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Abstract

Frailty models adjust for between-cluster variability in survival data
by including a cluster-specific random factor, the frailty term, in the
Cox model. The frailty term acts on the hazard rate in a multiplica-
tive way and is assumed to be constant over time. This assumption is
questionable in some particular settings, e.g., in cancer clinical trials
on chronic myeloid leukemia. We therefore relax this assumption and
consider frailty models with time-varying frailties. Instead of work-
ing with hazard models, we rather model the log cumulative hazard
function, making use of the mixed model framework, and introduce
a time-varying random effect at that level. Simulations demonstrate
that the proposed method has acceptable size and power to detect
time-dependent clustering. The method is applied to data from a mul-
ticentre clinical trial in patients with chronic myeloid leukemia.

1
Introduction

The Cox model is one of the basic models for survival data, e.g. time to death
in cancer clinical trials. The model, however, requires independent (homoge-
neous) data up to measured covariates. For clustered survival data, we can
use shared frailty models which adjust for the cluster-to-cluster variability
by including a random factor, the frailty term, in the Cox model. Frailty
models are therefore well suited for the analysis of large-scale clinical trials
conducted at multiple sites (Legrand et al., 2006).
∗marco.munda@uclouvain.be
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In the standard frailty model, the frailty term is assumed to be constant
over time. For some particular studies, this assumption is known to be ques-
tionable. For example, the cancer clinical trial on chronic myeloid leukemia
(CML) analysed in Wintrebert et al. (2004) is one such study. Patients first
receive bone marrow transplantation, whence they are at risk of death due
to transplant-related causes. Within that period, substantial heterogene-
ity between transplant centres can be foreseen. Thereafter, heterogeneity is
expected to decrease.

Following Massonnet et al. (2008), Teodorescu et al. (2010), and López-
de-Ullibarri et al. (2012), survival models can be based on the logarithm of
the cumulative hazard. The key idea is that, on the logarithmic scale, the
cumulative hazard function has a linear model structure. Random effects
can then be introduced at that level, leading to a linear mixed effects model.
While the counterpart of the frailty model in the mixed model world is the
simple random intercept model, more complex data structures can be stud-
ied in this framework, provided that enough data information is available.
Furthermore, linear mixed effects models can easily be handled by standard
software, e.g. the proc mixed in SAS.

To model decreasing (or, more generally, time-varying) heterogeneity
between clusters on a time-to-event endpoint, we therefore propose to model
the logarithm of the estimated cumulative hazard as a linear mixed effects
model with time-varying random effects.

In Section 2, we introduce the time-varying frailty model and we show
how to estimate the fixed effects and how to predict the time-varying random
effects using the mixed model methodology. The way the proposed model
can be used to test for declining variability between clusters is illustrated in
Section 3 for the CML data. In Section 4, we run simulations to assess the
performance of the method. Concluding remarks and given in Section 5.

2
Time-varying frailty model

We consider the following data structure. Observations are partitioned into
s clusters, and each cluster is divided into two groups by a dichotomous
covariate x (e.g., a treatment indicator or a prognostic biomarker whose
value is used to partition the population into two risk groups). Let hij(t)
denote the hazard rate at time t for individual j of cluster i (j = 1, . . . , ni;
i = 1, . . . , s). The frailty model is defined as

hij(t) = h0(t) exp(wi + xijβ) (1)

where h0(·) is a baseline hazard function, xij is the value of the covariate
(0 or 1), β is the unknown fixed effect parameter, and wi is the log-frailty,
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hereafter called random effect, of cluster i. An alternative formulation for
model (1) in terms of the cumulative hazard function Hij(t) =

∫ t
0 hij(v) dv

is
Hij(t) = H0(t) exp(wi + xijβ)

with H0(t) =
∫ t

0 h0(v) dv. Since we use mixed models, a convenient choice
for the distribution of the wi’s is the normal distribution with mean 0 and
variance θ.

The extension that we propose is of form

Hij(t) = H0(t) exp(wi(t) + xijβ) (2a)

That is, the wi’s are time-dependent at the cumulative hazard level. Using
a logarithmic transformation, we have

log (Hij(t)) = log (H0(t)) + wi(t) + xijβ (2b)

Model (2b) provides the bridge between the survival model (2a) and the
linear mixed effects model (see Section 2.1).

2.1 Towards the linear mixed effects model

Let Tij be the event time of individual j from cluster i, possibly right-
censored by a non-negative random variable Cij , where Cij is independent
of Tij (j = 1, . . . , ni; i = 1, . . . , s). For each i and j, the random variables
that we observe are Yij = min(Tij , Cij) and ∆ij = I(Tij ≤ Cij), together
with the covariate xij ∈ {0, 1}. We denote by H(k)

i (·) the cumulative hazard
function common to all individuals of cluster i with xij = k (k = 0, 1).

To arrive at a linear mixed effects model, we need “pseudo-responses”
which will serve as responses in equation (2b). In group k of cluster i, the
pseudo-responses φ̂ik,` are obtained by estimating φik,` := log(H(k)

i (t`)) on
a fixed grid of time points t`; ` = 1, . . . , L. Using the data from cluster i,
{(yij , δij , xij) | j = 1, . . . , ni}, we take φ̂ik,` = log(Ĥ(0)

i (t`) exp(kγ̂i)), with
Ĥ

(0)
i (·) an estimator of H(0)

i (·) and γ̂i the fixed effect parameter estimate
obtained from the Cox model fitted to the data of cluster i. For Ĥ(0)

i (·),
we propose a modification of the Breslow cumulative baseline hazard curve
using a parametric fit to estimate H(0)

i (t`) for t` below the first or above the
last event time of cluster i (Moeschberger & Klein, 1985); cf. Appendix A.

In terms of the pseudo-responses, we have

φ̂ik,` = β0,` + wi,` + kβ + eik,` (3)

with β0,` := log(H0(t`)), wi,` := wi(t`), and eik,` := φ̂ik,` − φik,`. Model (3)
is a linear mixed effects model with the following assumptions:∣∣∣∣∣∣∣

w = (w1,1 . . . w1,L . . . . . . ws,1 . . . ws,L)′ ∼ N(0,G)
e = (e10,1 e11,1 . . . e10,L e11,L . . . . . . es0,1 es1,1 . . . es0,L es1,L)′ ∼ N(0,R)
Cov(w, e) = 0
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where the forms of the G and R matrices are specified in Section 2.2 and
in Section 2.3, respectively. For more details on the model structure, we
refer the reader to Appendix B where we give the matrix formulation for
model (3).

2.2 Random effects covariance structure

Random effects pertaining to different clusters are assumed to be indepen-
dent so that

Cov(wi,`, wi′,`′) = 0 if i 6= i′

Consequently, the G matrix has a block diagonal structure, with s blocks of
size L × L. We further assume that the blocks are identical. The common
block matrix specifies the covariance structure between the L random effects
within the same cluster. Many different choices can be made (Littell et al.,
2000). When the t`’s are equally spaced, a popular choice is the first-order
autoregressive structure (AR(1)), i.e.,

Cov(wi,`, wi,`′) = θ ρ|`−`
′| (θ > 0, 0 < ρ < 1)

In words, the between-cluster variation is the same at any point (Var(wi,`) =
θ for ` = 1, . . . , L) while association between pairs of random effects within
the same cluster declines with increasing distance in time (Cor(wi,`, wi,`′) =
ρ|`−`

′|). However, the fact that the variance remains constant over time
makes it impossible to assess whether the cluster-to-cluster variability is
changing over time. For that purpose, an autoregressive structure with
heterogeneous variances (ARH(1)) is more appropriate, i.e.,

Cov(wi,`, wi,`′) =
√
θ`
√
θ`′ ρ

|`−`′|

2.3 Residual covariance structure

In model (3), the error term eik,` adjusts for the fact that we have substituted
an estimate for φik,`. The R matrix specifies the covariance structure of the
error terms. By construction, however, this information cannot be recovered
from the pseudo-data (the latter do not contain any replicate for given i,
k, and `). In addition to the pseudo-responses, therefore, the raw data also
have to provide an estimate ofR. This can be done by bootstrap resampling.

The fact that φ̂i0,` and φ̂i1,` (` = 1, . . . , L) are constructed using only
the data from cluster i results in a block diagonal structure for R, with s
blocks of size 2L × 2L. In addition, block i differs from block i′ because
clusters are generally not identical in terms of sample size and event rate.
We obtain an estimate of Cov(eik,`, eik′,`′) as follows. First, we draw B
bootstrap samples from cluster i of the original data (cf. Appendix C). For
each bootstrap sample, we calculate the pseudo-responses φ̂?ik,` and φ̂?ik′,`′ .
An estimate of Cov(eik,`, eik′,`′) then follows from the empirical covariance
between the φ̂?ik,`’s and the φ̂?ik′,`′ ’s.
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2.4 Fitting the model

Model (3) can be fitted in SAS by means of proc mixed where the parms
statement is used to fix the residual variance components. A SAS program
(including R code via proc iml) implementing the procedure is available as
supplementary material.

2.5 Testing for decreasing heterogeneity

To see whether “a time-constant cluster-to-cluster variability” is a reasonable
model assumption, we can test the null hypothesis

H0: θ1 = · · · = θL

against the alternative

H1: ∃`, `′ ∈ {1, . . . , L} : θ` 6= θ`′

Under H0, each block of G has a homogeneous AR(1) structure. The AR(1)
structure has 2 parameters (θ and ρ) as compared to L + 1 parameters
(θ1, . . . , θL, and ρ) for the ARH(1) structure. Model comparison can be done
via a (restricted) likelihood ratio test (Littell et al., 2006, Section A1.6).

For the CML study considered in Section 3, however, we are mostly in-
terested in decreasing heterogeneity among clusters. In that case, we rather
consider the ordered alternative

H1: θ1 > · · · > θL

To account for the ordering specified under H1, we rely on the ordered
heterogeneity family of tests (Rice & Gaines, 1994a,b). An ordered het-
erogeneity test can be used to convert almost any non-directional test into
a directional one when a specific ordered test is not available or is though
to implement. The test statistic consists of combining a measure of evi-
dence against H0 with the independent ordering information specified under
H1. In our case, the test statistic becomes TO = rs(1 − plrt), with plrt
the p-value obtained from the (non-directional) likelihood ratio test, and rs
the Spearman correlation between {θ1, . . . , θL} and {θ̂1, . . . , θ̂L}. The test
statistic TO becomes increasingly large as the data increasingly refute the
null hypothesis in the direction of the alternative hypothesis (Rice & Gaines,
1994a). Critical values are tabulated in Rice & Gaines (1994b).

3
Example

We consider the CML data used in Wintrebert et al. (2004). The data
consists of 4177 CML patients treated at 215 transplant centres among which
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1610 deaths (≈ 40%) were recorded. To obtain good pseudo-responses,
sufficient data information is required within each cluster. In the CML
data, however, many centres are quite small (number of patients per centre:
min = 1, 1st quartile = 3, median = 10, mean = 19.43, 3rd quartile = 23.5,
max = 280) and substantial data information is censored (≈ 60%). We thus
drop the centres that do not contribute much information (< 50 patients).
In total, our analysis is based on 1767 CML patients from 19 centres among
which 706 deaths were recorded (censoring rate ≈ 60%).

We account for the effects of five known risk factors (patient age, disease
stage, time interval from diagnosis to transplant, donor type, and donor-
recipient sex combination). To avoid the “curse of dimensionality”, we in-
corporate the covariate information into the EBMT risk score (Gratwohl,
2012), a validated prognostic index ranging from 0 to 7 points, from which
we identify a “low-risk group” (EBMT risk score = 0, 1, 2, 3) and a “high-
risk group” (EBMT risk score = 4, 5, 6, 7). Table 1 shows the repartition of
the patients in the CML data. Fitting the standard frailty model (1), we
find a hazard ratio of ĤR = exp(β̂) = 2.140 (95% CI: [1.827, 2.507]) and
θ̂ = 0.025.

To investigate whether the centre-to-centre variability decreases over
follow-up time, we fit model (3). Pseudo-responses are calculated on a grid
of L = 5 time points equally spaced between t1 = 1 month and t5 = 9
months, which is approximately the time it takes for a patient to recover
and to produce normal blood cell levels (The Leukemia & Lymphoma So-
ciety, 2013). To obtain an estimate of the residual covariance matrix, we
draw B = 500 bootstrap samples (cf. Section 2.3).

Regarding the fixed effect obtained from model (3), we find ĤR = 2.141
(95% CI: [1.726, 2.656]), similar to what we have obtained from the stan-
dard frailty model.

Figure 1 shows the empirical best linear unbiased predictions (EBLUP’s)
of the random effects under the ARH(1) specification for the G matrix (cf.
Section 2.2). The values of the variance at the different time points (i.e. the
diagonal elements of each block of G) are given at the bottom of Figure 1.

The likelihood ratio statistic (AR(1) versus ARH(1)) equals 15.907. The
asymptotic sampling distribution under H0 is a chi-squared distribution with
L − 1 = 4 degrees of freedom so that plrt = 0.003. The correlation coeffi-
cient between the observed ordering (5, 4, 3, 2, 1) and the expected ordering
(5, 4, 3, 2, 1) equals rs = 1. Thus, TO = 0.997. For L = 5, the critical region
C at the 5% significance level is C = {TO > 0.509}. We therefore reject H0
and we conclude that the data display declining centre-to-centre variability.
Figure 1 indicates that there is heterogeneity between centres during the
first few months following transplantation, but not much afterwards.
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Table 1 – Repartition of the patients in the CML data set. In parentheses
are the number of events.

centre low-risk high-risk total
x = 0 x = 1

1 31 (8) 19 (7) 50 (15)
2 41 (13) 11 (3) 52 (16)
3 52 (12) 6 (6) 58 (18)
4 48 (15) 11 (4) 59 (19)
5 53 (9) 7 (12) 60 (21)
6 49 (17) 12 (6) 61 (23)
7 52 (13) 10 (11) 62 (24)
8 53 (16) 14 (8) 67 (24)
9 52 (16) 16 (9) 68 (25)
10 41 (23) 27 (3) 68 (26)
11 55 (20) 15 (8) 70 (28)
12 60 (20) 12 (8) 72 (28)
13 51 (21) 21 (9) 72 (30)
14 66 (16) 7 (16) 73 (32)
15 67 (27) 14 (9) 81 (36)
16 85 (29) 21 (10) 106 (39)
17 121 (42) 64 (41) 185 (83)
18 145 (61) 78 (32) 223 (93)
19 206 (82) 74 (44) 280 (126)

total 1328 (460) 439 (246) 1767 (706)
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ŵi,`

θ̂`:

Figure 1 – Empirical best linear unbiased predictions (EBLUP’s) as a func-
tion of time. The evolution of the variance over time is shown below the
x-axis.
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4
Simulation study

To provide further insight into the method, we present a small simulation
study that we have conducted in a context close to the CML study.

4.1 Data generation

We consider s = 19 clusters with the same number of observations per cluster
as in the CML data (cf. Table 1). Observations within a cluster are randomly
allocated to two groups with an allocation ratio of 3:1 to reflect the structure
of Table 1. Two scenarios are examined. In the first scenario (time-constant
frailties), event times are generated from model (1). In the second scenario
(time-varying frailties), event times are generated from model (2a). In both
cases, censoring times are generated from an exponential distribution whose
rate parameter is chosen to control the amount of censoring in the data,
either 60% (like in the CML data) or 20%. We take β = log(2), and we use
an exponential distribution at baseline (so that h0(t) = λ for all t > 0) with
a low event rate of λ = 0.05.

4.1.1 Scenario 1 (time-constant frailties)

To generate tij , the jth event time of cluster i, from model (1), we use the
fact that, given wi randomly drawn from a N(0, θ) distribution, tij has an
exponential distribution with rate λ exp(wi + xijβ). We take θ = 0.22 to
mimic the initial between-centre variability in the CML data (cf. Figure 1).

4.1.2 Scenario 2 (time-varying frailties)

To generate the jth event time of cluster i from model (2a), we use the fact
that Sij(T ) ∼ U(0, 1), with

Sij(t) = exp {−Hij(t)}
= exp {− exp(log(λt) + wi(t) + xijβ)}

and we solve Sij(tij) = u for tij , where u is a uniform variate.
The specific time-dependency in the random effects that we consider is

depicted in Figure 2. The time-dependency dies out in time (wi(t) → 0 as
t → ∞). The actual value of the random effect in cluster i at time t = 0,
wi(0), is sampled from a N(0, θ) distribution. We take θ = 0.22, as above.
Given the random start, the way the time-dependency dies out is deter-
ministic. For details, we refer the reader to the web-based supplementary
material where we explain how Figure 2 is obtained.
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time (monhts)

0 3 6 9
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Figure 2 – Declining heterogeneity between clusters as used in the simu-
lation study. In this picture, the initial values correspond to the deciles of
the N(0, θ) distribution. In the simulations, the initial values are randomly
drawn from that distribution.
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4.2 Results

For each of 500 simulated data sets, we fitted model (3) at t` = 1, 3, 5, 7, 9
with both the AR(1) and the ARH(1) specifications for the G matrix. For
the latter, we recorded the EBLUP’s of the random effects along with the
estimated variances over time. Figure 3 displays averages at each time point
for the 60% censoring case (the results are similar in the 20% censoring case).
We also obtained the estimates of the fixed effect parameter β.

In the first scenario (time-constant frailties), the predictions of the ran-
dom effects do not, on average, show any systematic trend in time (cf. Fig-
ure 3a). The means of the estimated variances fluctuate around 0.197 (resp.
0.209 in the 20% censoring case), and the estimates of β have a mean value of
0.699 (resp. 0.691) and a standard deviation of 0.080 (resp. 0.061). Regard-
ing the ordered heterogeneity test, we have observed, in the context of these
simulations, slow convergence of the likelihood ratio statistic to the limiting
chi-squared distribution. For this reason, we have determined the null sam-
pling distribution using supplementary data sets. Based on the empirical
distribution, the rejection rate in the 500 simulated data sets for the ordered
heterogeneity test under the null hypothesis of constant heterogeneity, i.e.
the size of the test, corresponds to 0.064 (resp. 0.041).

In the second scenario (time-varying frailties), the predictions of the
random effects do follow, on average, the decreasing pattern of Figure 2 (cf.
Figure 3b). The estimates of β have a mean value of 0.694 (resp. 0.695) and
a standard deviation of 0.081 (resp. 0.062). The rejection rate in the 500
simulated data sets for the ordered heterogeneity test under the alternative
hypothesis of scenario 2, i.e. the power of the test, corresponds to 0.740
(resp. 0.840).

5
Discussion

We proposed a method to test for decreasing heterogeneity in clustered sur-
vival data by extending the frailty model to a time-varying frailty model.
Starting from the cumulative hazard representation, we embedded the frailty
model into the linear mixed model world via a logarithmic transformation
and we derived pseudo-responses for the linear mixed effects model by esti-
mating the logarithm of the cumulative hazard on a grid of time points.

The proposed method depends on a wise choice of the time points at
which the pseudo-responses are calculated. Often, the grid can be chosen
based on clinical or biological grounds. Further, note that, within each
cluster, sufficient data information is needed for accurate estimation of the
pseudo-responses. The slow convergence rate of the likelihood ratio statistic
that we observed in the simulations (where the grid was the same for each
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(a) scenario 1: time-constant frailties
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Figure 3 – Simulation results in the 60% censoring case.



� 13

simulated data set) appears to be related to the latter point.
We illustrated the method with the same CML data as in Wintrebert

et al. (2004) and we confirm the conclusion that heterogeneity between trans-
plant centres declines over time. Note that the way in which we extend the
frailty model is different from extensions given in Wintrebert et al. (2004)
where the random effects are time-dependent at the hazard level. Compared
to the latter, the method we proposed is very flexible in specifying the corre-
lation structure between the random effects and it avoids complex likelihood
functions that are difficult to maximise.
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Appendices
A
A hybrid estimator of the cumulative baseline hazard function

Given a sample of independent survival data (up to a vector of measured
covariates x), the Breslow estimator of the cumulative baseline hazard func-
tion is defined by

Ĥ0B(t) =
∑
ỹ`≤t

d`∑
j∈R(ỹ`) exp(x′jβ̂)

with ỹ1 < · · · < ỹr the ordered distinct event times, d` the number of
events at time ỹ`, and R(ỹ`) the set containing those individuals still under
observation just prior to ỹ`. This estimator suffers from two limitations:
(i) it returns zero below ỹ1 (regarding the logarithmic transformation, this
is a problem), and (ii) it remains constant beyond ỹr (estimates are thus
not reliable in the right tail). We therefore propose a hybrid estimator
by completing Ĥ0B(·) using a parametric distribution to estimate the tails,
namely,

Ĥ0(t) =


λ̂tρ̂ if t < ỹ1
Ĥ0B(t) if ỹ1 ≤ t ≤ ỹr
Ĥ0B(ỹr) + λ̂

(
tρ̂ − ỹρ̂r

)
if t > ỹr

with λ̂ and ρ̂ obtained by fitting a Weibull distribution to the data where
x = 0 under the constraint that λ̂ỹρ̂1 = Ĥ0B(ỹ1).

B
Model (3) in matrix notation

In matrix form, the linear mixed effects model is written as∣∣∣∣∣∣∣∣∣
Y = Xβ +Zw + e
w ∼ N(0,G)
e ∼ N(0,R)
Cov(w, e) = 0

where Y denotes the vector of responses, β and w are respectively the
vectors of fixed effects and random effects parameters, X and Z are the
corresponding design matrices, and e is the vector of random errors.

Below is the matrix form of model (3) for the particular case where s = 3
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and L = 2:

φ̂10,1

φ̂11,1

φ̂10,2

φ̂11,2

φ̂20,1

φ̂21,1

φ̂20,2

φ̂21,2

φ̂30,1

φ̂31,1

φ̂30,2

φ̂31,2



=



1 0 0

1 0 1

0 1 0

0 1 1

1 0 0

1 0 1

0 1 0

0 1 1

1 0 0

1 0 1

0 1 0

0 1 1




β0,1

β0,2

β

 +



1 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 1





w1,1

w1,2

w2,1

w2,2

w3,1

w3,2


+



e10,1

e11,1

e10,2

e11,2

e20,1

e21,1

e20,2

e21,2

e30,1

e31,1

e30,2

e31,2


Y = X β + Z w + e

In general, we have

X =
(
1s ⊗ IL ⊗ 12 1s ⊗ 1L ⊗

(0
1
) )

and

Z = Is ⊗ IL ⊗ 12

with In the n × n identity matrix and 1n the vector of length n with all
entries equal to 1.

Continuing the particular case where s = 3 and L = 2, G = Var(w) and
R = Var(e) = Var(Y |w) are block diagonal matrices,

G = diag(G1,G2,G3) and R = diag(R1,R2,R3)

with Gi and Ri the symmetric matrices

Gi =
(

Var(wi,1) Cov(wi,1, wi,2)
Var(wi,2)

)
and

Ri =


Var(ei0,1) Cov(ei0,1, ei1,1) Cov(ei0,1, ei0,2) Cov(ei0,1, ei1,2)

Var(ei1,1) Cov(ei1,1, ei0,2) Cov(ei1,1, ei1,2)
Var(ei0,2) Cov(ei0,2, ei1,2)

Var(ei1,2)


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The marginal variance of the pseudo-responses, given by ZGZ ′+R, is thus
a block diagonal matrix whose ith block is given by

Var



φ̂i0,1

φ̂i1,1

φ̂i0,2

φ̂i1,2


=


θ1 θ1

√
θ1
√
θ2ρ

√
θ1
√
θ2ρ

θ1 θ1
√
θ1
√
θ2ρ

√
θ1
√
θ2ρ√

θ1
√
θ2ρ

√
θ1
√
θ2ρ θ2 θ2√

θ1
√
θ2ρ

√
θ1
√
θ2ρ θ2 θ2

+Ri

C
Bootstrap for right-censored survival data

Given a sample of independent survival data (up to a vector of measured
covariates x),

{(yj , δj ,xj) | j = 1, . . . , n}

where yj is the time to event or censoring, whichever comes first, and δj
indicates whether yj is observed (δj = 1) or censored (δj = 0), a bootstrap
sample

{(y?j , δ?j ,xj) | j = 1, . . . , n}

can be drawn as follows (Davison & Hinkley, 1997, Algorithm 7.2, page 351).

For j = 1, . . . , n,

1. Generate t?j from the estimated event time survival function given by
Ŝ0(t)exp(x′j β̂).

2. If δj = 0, set c?j = yj ; otherwise, generate c?j from an estimate of
the censoring time survival function conditional on Cj > yj , i.e. from
Ĝ(·)/Ĝ(yj) with Ĝ(·) a Kaplan-Meier estimator of the censoring time
survival function.

3. Set y?j = min(t?j , c?j ) and δ?j = I(t?j ≤ c?j ).

D
Time-varying random effects generation

For data generation purposes, we assume that the differential equation∣∣∣∣∣∣∣∣
dwi(t)

dt = k1i exp
{
−
(
t− k2
k3

)2}
wi(0) = wi0

(4)
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describes the evolution in time of wi(t), where k1i is a parameter that governs
the increasing/decreasing rate, and where k2, k3 are two additional tuning
constants related to “where variation takes place and how long it lasts”. The
solution of (4) is given by

wi(t) = w0i + k1ik3
√
π

[
Φ
(√

2 t− k2
k3

)
+ Φ

(√
2 k2
k3

)
− 1

]
where Φ(·) denotes the distribution function of a standard normal random
variable. Taking

k1i = − w0i

k3
√
πΦ

(√
2 k2
k3

)
we obtain that the cluster-to-cluster variability dies out in time (wi(t)→ 0
as t→∞).

We now need to ensure that, for this choice of wi(t),

Hij(t) = H0(t) exp(wi(t) + xijβ)

does result in a cumulative hazard curve, i.e.,∣∣∣∣∣∣∣
1. limt→0Hij(t) = 0
2. limt→∞Hij(t) =∞
3. dHij(t)

dt ≥ 0 for all t

The first two conditions are satisfied. Assuming a Weibull baseline hazard
(h0(t) = λρtρ−1; λ > 0, ρ > 0), condition 3 can be rewritten as

λtρ exp(wi(t) + xijβ)
(
ρ

t
+ dwi(t)

dt

)
≥ 0

from which it follows that we must have

ρ

t
≥ −dwi(t)

dt (5)

for all t > 0 and i ∈ {1, . . . , s}. If wi(t) is increasing, then constraint (5)
always holds. Otherwise, this condition is most easily interpreted from
model (2b),

log (Hij(t)) = log (H0(t)) + wi(t) + xijβ

In that case, constraint (5) means that the rate at which log(H0(t)) (whose
derivative is ρ

t ) increases must be larger than the rate at which wi(t) de-
creases in order for log(Hij(t)), or equivalently for Hij(t), to be increasing.
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