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Introduction

The design of linearising controllers for nonlinear dyna-
mical systems has been a very active research area for more
than a decade [7], [12] and has already given rise to a number
of applications in various fields including robotics [4], chemical
and biochemical processes [5], [6], [1] and electric motors [2].
Several papers have been dedicated to the design of nonlinear
control laws for electric generators . In [9], the full state feed-
back linearising regulator is designed for a synchronous gene-
rator described by a fifth-order dynamical model with two con-
trol inputs, the rotor angular acceleration and the field excita-
tion voltage. [3] concentrates on the design of a state feedback
linearising controller on the basis of a fourth-order nonlinear
model with one control input, the rotor field voltage. In [8], the
same model as in [3] is used to design a SISO (single input
single output) input-output linearising controller where the con-
trolled output is the generator terminal voltage and the control
input, the rotor field voltage.

In this paper, we shall concentrate on the design of a
MIMO (multi input multi output) input-output linearising control
scheme for an autonomous power system. As for any nonlinear
system, the objective is to introduce in the controller design
the well-known nonlinearities of the system dynamics in such a
way that the closed-loop dynamics are linear. Unlike in the
abovementioned papers [9], [3], [8], where the feedback linea-
risation is based on Park’s equations, here the control design
is based on the autonomous power system state equations,
and therefore does not require the double transformation of the
variables to be manipulated. Moreover in the abovementioned
papers [9], [3], [8], the generators are assumed o be con-
nected to an infinite bus: although this assumption may be
acceptable (although not perfect) for a large power systems,
this is clearly not acceptable for mini autonomous systems (as
the one being studied here). The dynamical model of the auto-
nomous power system has been deduced by considering the
Lagrange method, and it has been validated on a laboratory-
scale power system [11]. Here we have considered an input-
output linearising control law, whose design is mathematically
less involved than a full state feedback linearising control
scheme, but which is based on the assumption of stable zero
dynamics. Moreover the control problem is a multivariable one,
i.e. the control of the power system frequency and the load
voltage by acting on the excitation voltage and on the dc motor
mvoltage.

The paper is organised as follows. Section 2 briefly
recalls the basics of the input-output decoupling linearisation.
Section 3 introduces the dynamical model of the autonomous
power system being studied. Section 4 deals with the design of
the input-output linearising controller for the autonomous
power system and wiith the analysis of the zero dynamics. And
finally section 5 presents simulation results which illustrate the
performance of the linearising controller.

Multivariable input-output decoupling
linearising control

The conirol problem

Let us briefly recall the basics of the input-output
decoupling linearising control design. Let us first consider a
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system with n states, m inputs and m outputs whose dynamics
are described by the following nonlinear state space model:

=2k

=100+ Z gy ()

yy=h(g j=1tom (2)

where x is the state vector (x €R"), and u and y are the input
and output vector (with the same dimension (=m}):

Uy Vi
Uy Yo

u=| L ov=| ©
Un Ym

Assume that the control objective consists of control-
ling the m outputs by acting on the m inputs. If v is the external
input, the input-output linearisation of the system (1) (2) con-
sists of designing a feedback law:

u=0o(x)+ BxVv (4)

and a change of coordinates:

z=| T =T (5)

such that with the coordinates z(x), the closed-loop dynamics
of the output variable vector y is linear and decoupled.

The controller design

Let us consider the following vector of characteristic
numbers :

defined as follows:

(Lt .. Lo lPh)=(0...0)
fork=0to g—1 {7)
(Ly L LgmLJ)h)#(O .0) (8)

where Ly L¥h; is defined as follows:

- dh,

k= Lt (10)
8 I (L,

w@m=J¥%¥4ﬂg (1)

i.e. each characteristic number ¢, is the minimal integer for
which Ly L h; is not identically zero.
Let us also define the following decoupling matrix:

LonFhy (0

LgnF?hy (¥) (12)
Lgm LP™ 0y (x)

It is shown in [12] that:

LF1 1 hy (x) :
= : + D(x)u (13)

Lem* D b, ()

hif1 7 ()
hem* 9 ()

=L{x) + D) u (14)

It can be shown (e.g. [7], [12]) that if D(x) is.non singu-
lar, then there exists a solution to the input-output decoupling
linearising control problem. In that case, the linearising decou-
pling feedback law is given by introducing in equation (4) the
following expressions for a (x) and B (x):

a(x) == [DX)1" LX) (15)
B(x) = [D()]” (16)

And the immersion law is given by the following rela-
tionships:

=T1=|—$0)h1,---:Z;1+1=To1+1=|-$01) hy (a7
4=T, Z:ﬁow) =1{"h, .., (18)
zh 1 =TzL o= L h, forallj = 1tom (19)
Zyy =0y, ..., 2, = O, Where r=jg1(o,- + 1) (ZQ)
LW hy = vy, ™ hy = vy @1)

In the coordinate system (z(x), the solution is the com-
bination of two submanifolds of dimension r and n-r, respecti-
vely. The equivalent normal form of the original system is writ-
ten als follows:

010...0 0
0010. ..
R I
z'= 0... |2+ V) (22)
..... 1.
..... 01
0. . ... 0] 1
zr+1
b= 0 () (23)
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Dyhamical model of the autonomous
power system

The autonomous power system under study is schema-
tised in Figure 1. The dynamical model has been developed by
considering the Lagrange laws. This led to a full order state
space model and a reduced order model (which has been
obtained from the full order one basically by assuming that the
mechanical time constants are larger than the electrical ones
and that the power system is electrically and electromagneti-
cally balanced). Both models have been validated on the basis
of experimental data (for further details, see [11], [10]. The
reduced order model which has been used for control design
is written as follows: ‘ :

Rm Kan
I, e
Ry
d b _ Ti lig
dt " Kyp Foo 3pKkE , .
Q Tlm——\‘r)—mthln(ZO)
R
5 Q- 1g(o)
- —d L. 9 —d
S
L 0
AQ Vm
+ 0 g (24)
0 0 Yig
0 0

where I, is the armature current of the motor, I the synchron-
ous machine excitation current, Q the power system frequency,
J the electromagnetic power angle, v,, the HP amplifier voltage,
Vi, McFadden amplifier voltage, Ry, the armature resistance of

the motor, L, the armature inductance of the motor, K, the tor-

que constant, p the number of poles, Ry, the excitation circuit
resistance, Ly the inductance of the synchronous machine
exciter, J the moment of inertia of all the rotating masses, F the
damping coefficient, K, the synchronous machine electromo-
tive force coefficient, Ly the synchronous motor cyclic induc-
tance, R, the load resistance per phase, A, the HP amplifier
gain and A, the McFadden amplifier gain,

The following values have been identified for the sys-
tem parameters [11], [10]:

Ry = 047 (Q), L, = 0.03 (H), K,, = 0.582 (V.s/rad), (25)
J = 0.1359 (Kg.m?), F = 0.0029 (N.m.s/rad) (26)
)

p=2 Ry=239 (Q), Ly=8 (H), L, =00175 (H) (27
Ry = 0.6 (Q), Ky = 0.26 (V.s/Arad) (28)
Ag=146, Ay =22 (29)

Design and analysis of the input-output linearising
controller of the autonomous power system
Definition of the control problem

The control problem is basically a multivariable conirol
problem. Indeed in an autonomous power system, the sympli-
fying assumption that the excitation loop allows to control the
voltage and to stabilise the speed is unfortunately not always
valid.

The outputs of the autonomous power system are the
power system frequency Q and the load voltage V, (see Figure
1). The power system frequency is a state variable of the nonli-
near dynamical model of the system (24), and the load voltage
is related to the system equations via the following relation-
ship:

Vo = Ky iy Qcos (6) (30)

dc motor Synchronous machine
=
T Y
s —od
Lim ¥
Rrq {'m lg* L-M |
f Rm mmm—— 3
AN shaft

}
oD J
i | -
amplifier F

This can be formalised as fol-
lows :

v Q - h
y{yz}@glfgmos(@ {hz}m)

Assume that we wish to control
both outputs by acting on the dc motor
voltage V,, and on the excitation
voltage Vy, or more precisely the value
of the voltages applied to both HP and
McFadden amplifiers, v, and vy, i.6..

omputer
compute “Vm L_.E.D.L%dﬂ_l

JE——=\

u \/
McFadden trans- U= [;J = Iiva (32)
@ amplifier ducer 2 fg
1 I B
LABMASTER |A/N s J Let us compute the character-

Yo

istic numbers o; from equations (7) and
(8). If we consider the values of the

Fig. 1: Schematic view of the autonomous power system.

state variables such that:

151'
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g # 0,Q# Oand0<6<—2~ (33)

we can conclude, after somewhat long but straightfor-
ward calculations, that:
oy=1,0,=0 - (34)

Note that there is no problem in excluding for the linea~
rising conirol design the singular points of (33) since these do
not correspond to standard operation values of the autono-
mous power system.

Decoupling matrix D(x)
The decoupling matrix is readily deduced from (12) and

(24):
» 2
Anknb _ 30Ke Ag  gin 29)
JL AL, °
D) = m ¢ g {35)
0 KEAQ Ity COS (J)
- ) fg
D, D
_| P be (36)
0 D,

KK A
The determinant of D{x) is equal to JmeL ——-91, cos(0). Therefore

D(x) is invertible if ; # 0 and 0 # 2— In that case, The inverse

of D{x} is then equal to:

AJLKm - AGKIELE lig Sin (20)
D'1(X)= mf\mP mmbg (37)
0 _be
B K Agligcos(0)
Ds D
| s bs (38)
0 Dy
L

Linearising control law

‘The functions a(x) and B(x) introduced in equation (4)
and defined in equations (15) and (16) are here equal to:

K
—~De Ly — Dl
aly) = 511 gL (39)
D: D
By =| (40)
0 Dy
L.

with:
L =—53“—"(‘E—:+Ji)lm+<—f;~$@) 0
+ %%:‘H g;—}g) 12 sin (20) (41)
- 3;1: [0- ROt (5)] cos (2)
Ly =—K, LFi—fgfgl,ngos (6)
FKhgoos @) 121~ F o (42)

J J

33) 212 sin (25)

“K L Q1 —%—th(é)]sin(é)
g

Normal form and zero dynamics

The dimension of the considered linear decoupled sub-
manifold is equal to 2 + 04 + 0, = 3. In this submanifold, the
immersion law z = T(x) of the original nonfinear system is rea-
dity deduced from equation (13) and takes the following form:

Zi=1§'hx) =hi(x)=0Q (43)
73 =1%h(x) = hy(x) = Kq li; Qcos(d) (44)
. K F SpK

1_1_m _ T
71 =12 In ] Q 2L, fg sin(20) (45)
Z) =V, (46)
4=V (47

The dimension of the submanifold which becomes
unobservable by feedback is equal to 4 - (2 + 01 + 0,) = 1. We
know (e.g. [7]) that if the distribution G = Span(gy, .., Om) i$
involutive, we can find ® = [z,,1, .., Z,]" such that Ly®(x) =0 (i
=1 to m) and such that the Jacobian matrix of the global
transformation (T(x) ®(x))" is non singular. Here the involutivity
condition is fulfilled since the Lie bracket {g; g,] = 0 and
belongs to the subspace generated by Span (g; gz). The partial
differential equation system [Lg1®(x) Leo®{x)] = 0 has to be
solved in order to deduce ®(x), i.e.:

An 0
Lin
o aw o wl | o A 0
aly 8l 0Q 89 Lg = (48)
o 3 ob 90 0 0 0
Ty Ay 90 30
0 0
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t is straightforward from the above equations that a
function O(x) independent of I, and &, will be the solution of
the equations (48). A possible choice is then:

OX) =0 =5 = 4(x) . (49)

where G is the steady-state value of the electromagnetic
power angle 8. The dynamics of ® are given by the following
equation:

. R -

=12~ g (24 +9) (50)

]

Finally the normal form of the decoupled linearised sys-

tem is written as follows:

Let us now study the stability of the zero dynamics.
These are defined by the dynamics of z, at the equilibrium
values of z}, 73 and zb, i.e. if we denote by Q the steady-state
value of z}:

. - R -
74=0-— —L‘;—tgm +9) (55)

By considering trigonometric rules, the above equation
(55) can be rewritten as follows:

____Bg 2 _ ig(zy)
Zy= L, (tg°0+ 1) Ry 9(z) 190) (56)

The analysis of the zero dynamics is intrinsically local.
Let us consider the following candidate Lyapunov function
V =12z Its time derivative is equal to:

2] 01 0|z 00
Vi R f
1| = i1+ |1 o (51) s__ Bo oo Z49(24)
Zy 0 00 Zp v v L, tg0 + 1) T 9z0190) (57)
2 0 0 0| |2 0 1
If we restrict the values of z, to the domain ] - 2., 2 [
. 1 Ry _ and by recalling that we have considered values of & ranging
=23 —— L_tg (zs + ) (82)  between 0 and - (0 <5 <Z.), it is straightforward to check
g that the zero dynamics (55) will be (locally) asymptotically
. stable for — <z, <. and 0 <& <. Therefore, we can say
Y1 =14 (53) that the linearising decoupling control law is applicable fo the
autonomous power system within the bounds defined above for
Yo =174 (54) z, (i.e. in other words as long as 0 does not "deviate” too much
120 70
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Fig. 2a+b: Decoupling linearising control of an autonomous power system.

Fig. 2 c+d; Decoupling linearising control of an autonomous power system.
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from its steady state value (note that this deviation may be
quite large, particularly if & is small)).

Computation of the external inputs v .

The external inputs v; and v, are computed by using
the following equation:

i

v=w+C 2 (58)
2}

where w is the external reference signal and a control gain
matrix whose values are chose by considering a pole
placement approach.

Simulation Results

The decoupling linearising control law (4) (39) (40) has
been tested.in simulation. Figures 2 to 5 show several-typical
simulation results, where the closed loop poles have been
assigned to the following values:

Frequency loop (Q): = p; =~2.5, p, = —0.02 (59)
Voltage loop (Vo) : = p3 = —0.985 (60)

This gives the following gain matrix C:

Cm 1 -255 0 (61)

0 0 -00985

The following initial conditions have been considered :
m(0) =2A, Iy =0A, Q(0) = 400 rad/s, 5(0) = 0 rad (62)

Figure 2a shows the external inputs v,{t) and v, (1), and Figure
2b the inputs vy(t) and vy(t). Note that the variations of the
inputs remain close to 6 Volts, which corresponds to the satu-
ration signal of the power amplifiers of the N/A circuit. The
closed loop behaviour of the state variables 1, kg, Q and O are

ava

1ea -
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130 ~

ER TR
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a Bl 2 El
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Fig. 3: Closed loop response to a step of the frequency reference signal w.

Fig. 4 Closed loop response to a step of the voltage reference signal w,.

shown in Figures 2¢ and 2d. Figure 2 shows that it is possible
to start from an arbitrary initial condition in the admissible state
space, and to converge to the desired set point. Moreover
since the system is decoupled, v,(f) only acts on Q, and the
value of the input uy results from the combination of the two
inputs v4(t) and v,(t) in expression (4): this explains why in this
specific example, uy is not varying very much, at least in com-
parison with u,.

Figure 3 shows the output V; and Q when a step of 50
rad/s (i.e. 7.96 Hz) is applied to the reference signal of the fre-
quency, wy. In Figure 4, we can see the time evolution of the
outputs when a step of 50 Volts is applied fo the reference sig-
nal of the voltage, w,. Note in both cases the effectiveness of
the decoupling on the closed loop behaviour of both outputs,
and that the controlled output y, (y,) closely follows the exter-
nal output v; {v,). We have deliberately chosen the same time
scale for both Figures 3 and 4 in order to emphasise that the
speed loop is slow compared to the voltage loop.

Finally Figure 5 shows the closed loop performance of
the system when a load variation (a step of - 15Q) is applied to
the system. Note the fast response of the system, which
remains stable.

w20

T A
—‘¢QJ‘ r_—_—_' [

“oa -
i

Vo (Volts)

A
L ARe=-15Q

Fig. 5: Closed loop response to a disturbance step of the load Ry,

Conclusions

In this paper we have considered the application of
multivariable input-output linearisation to a laboratory-scale
autonomous power system. The control problem considered

Journal A: vol. 36, n° 2, 1995
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- Autonomous power system:

here is multivariable and consists of controlling the power sys-
tem frequency and the load voltage by acting on the excitation
voltage and on the dc motor voltage, The nonlinear dynamical
model has been derived by using the Lagrange laws and has
been the object of an experimental validation based on real-life
data from a laboratory-scale power system. The nonlinear
dynamical model has been used for the derivation of the input-
output decoupling linearising controller. The stability of the
zero dynamics has been analysed, and the performance of the
linearising controller has been illustrated by simulation results.
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