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Abstract

We study the polyhedral structure of variants of the discrete lot—sizing problem
viewed as special cases of convex integer programs. Our approach in studying convex
integer programs is to develop results for simple mixed integer sets that can be
used to model integer convex objective functions. These results allow us to define
integral linear programming formulations for the discrete lot—sizing problem in which
backlogging and/or safety stocks are present, and to give extended formulations for
other cases. Our results help significantly to solve test cases arising from an industrial
application motivating this research.
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1 Introduction

This article is motivated by a production planning problem from a well-known multina-
tional company encountered recently. The problem in question is a multi-item discrete
lot—sizing problem with backlogging and with additional complicating constraints, so
finding tight formulations for different variants of the discrete lot-sizing problem is a
principal topic of this paper. The second topic arose from the observation that the
different variants can also be viewed as convex integer programs (CIPs) with simple
piecewise affine objective functions and simple linear constraints. This second viewpoint
leads us to study the convex hulls of some simple mixed integer programs.

Below we outline the contents of the paper, and discuss some of the relevant literature.
In Section 2 we first motivate our results by presenting formulations of the discrete lot—
sizing problem variants that we study and indicating how the variants can be formulated
as C'IPs.

In Section 3 we look at convex integer programs, and in particular two functions:
the function ¢(z) = max{0, maxy—1 . g(arz — cx)} with z integer arising in separable
objective functions, and the function g(z) = max{0, maxy—; . x(br — 2;)} with z a K-
dimensional integer vector. We develop polynomial algorithms to solve unconstrained
instances of CIP with these functions, and we also discuss under what conditions the
approach can be extended to solve constrained instances of C'IP with these objective
functions.

In Chapter 13 of Ahuja et al. [1993], it is shown that it is possible to solve CIPs
of the form min{g(z) : Az > b,z € Z}{}, when g(z) = >, g;j(2;) is separable and A
is a network flow matrix, by breaking up the flow z; on arc j into separate flows zy;
for each cost segment of the integer closure g;, and then solving by a standard network
flow algorithm. This approach extends to the case where A is totally unimodular (TU),
since now it suffices to duplicate columns in the matrix. In Hochbaum and Shantikumar
[1990] a polynomial algorithm is given for C'IP where the objective g is separable, each
function of a single variable g; is an arbitrary (not necessarily piecewise linear) convex
function, and A is TU. The algorithm is based on solving successive linear programs, and
it depends on sophisticated proximity results. For cases of multi—variate convex integer
functions, we are not aware of research that discusses the complexity of solving C'IP.

Our approach is to seek to reformulate CIP as a linear program. This leads imme-
diately to a study of the convex hulls of the sets Xx = {(¢,2) € IRf X Z': g+ 2 > by,
fork=1,... ,K},and Y = {(¢,2) € IRI+ X ZE : p4 2, > by for k=1,... ,K}. The set
Xk with K =1 is the basic mixed integer set used to derive the mixed integer rounding
(MIR) inequality Nemhauser and Wolsey [1988], so Xk is a natural generalization. In
contrast to the approach in Ahuja et al. [1993], we start from the functions g;(z;), and
provide compact linear programming formulations that generate the integer closures gj,
and that also solve C'I P when the constraint matrix is TU.



For the set Y, Gilinliik and Pochet [1998] have shown that the mixing procedure
for MIR inequalities suffices to give a complete description of the convex hull. Here we
show also that there is a compact linear programming formulation solving C'I P when the
constraints are the dual of a network flow matrix. A compact formulation is also given
for a generalization of the set Y of the form {(¢,r,z) € R} x IRf XZE g+ 2z > by,
fork=1,... ,K}.

In Section 4 we apply our reformulation results for CIP to the discrete lot—sizing
problem. Results in the literature about this problem are scarce. For the discrete multi—
item constant capacity problem without backlogging, there exists a formulation as a
minimum cost network flow problem, so the problem is well-solved. Discrete lot—sizing
problems with startup costs and/or times have received considerable attention in the
literature (e.g. Fleischmann [1990, 1994], van Hoesel et al. [1994], van Eijl [1996], van
Eijl and van Hoesel [1997]), and in general they are more difficult than problems without
startup costs. For example, the constant capacity, multi-item discrete lot—sizing problem
with start—up costs is N P-hard. With a single item, it is polynomially solvable, but a
characterization of the convex hull by inequalities is not known.

We consider three variants of the basic problem involving backlogging and/or initial
stock variables. We first use our results for X and related sets to show how to formulate
the multi-item discrete lot—sizing problem with backlogging so that the resulting LP has
integral solutions. Then we consider a variant with initial stocks but without backlogging.
Here known results for CIP yield a polynomial reformulation that is tight in the single
item case. Finally we apply our results for CIP to derive a compact formulation for a
variant with both backlogging and initial stocks.

In Section 4 we present computational results for the practical instance, adapting it
in turn to each of the variants studied.

2 Motivation

In the discrete lot—sizing problems we will analyze, there are NI items and NT time
periods. Demand for item 4 in period ¢ is given by di. If item i is produced in a period,
C' is the amount that must be produced. The parameters hi, b}, and ¢} are the holding,
backlogging, and fixed set-up costs respectively. We assume throughout that all these
costs are nonnegative. We then introduce s, ri, and 3} to be the inventory, backlogging,
and set-up variables respectively.

The general Discrete Lot—sizing Problem can now be formulated as

N N ;
min 3577 3050 kst + 32500 050 bird + i X0 di (1)
st i+ Oy =di+si+ri (fori=1,..,NI,t=1,....NT (2)
ZZ 1yt<1f0rt—1 L NT (3)



ss>0fori=1,...,NI,t=0,...,NT (4)
ri>0fori=1,..,NI,t=1,...NT (5)
yic{0,1}fori=1,..,NI,t =1,..,NT. (6)

Equations (2) are the product conservation constraints, and inequality (3) ensures that
at most one item is produced (and thus one set-up takes place) in each period. Note
that variables s{ allow the possibility of buying in an initial stock of each product
Throughout we assume r{ = 0 for i = 1,..., NI. We will use the notation: dj, = Zu L d
for1<k<t<NT,andi=1,...,NI.

When initial inventory variables s} and backorder variables ri are not present, (1)—(6)
becomes the most basic discrete lot—sizing problem DLS. The problem with backlogging
but no initial inventory variables is called DLS B, the problem with initial inventory but
no backlogging is DLSI, and the model with backlogging and initial inventory variables
is DLSBI.

‘We now show how two of the variants can be viewed as instances of CIP.

2.1 Viewing DLS with Backlogging as a C'IP
For DLSB (recall 36 =0, for i =1,...,NI), we can aggregate the constraints (2) giving

szyu = dy, + 54 —

This leads to an equivalent formulation

mmZ Et 1max{ht(C” Zu 1yu dilt) —bl(cl Zu 1?Ju dit)}+2 Zt 1Q£yt
(7)
SN yi<1fort=1,..,NT, (8)
yie{0,1}fori=1,..,NI,t =1,..,NT. (9)

Defining variables z} = ZZZI y!, we can rewrite (7)—(9) as

min 3210 300 max{hi(C2f — di,), —bi(C2f — di)} + X Sl gy (
ztzzz (Y fori=1,...,NI,t=1,..,NT (11

leyt<1f0rt—1 S NT (

yie{0,1}fori=1,..,NI,t=1,..,NT. (



Now the function
Hi(v) = max{hj(C'v — di;), —b{(C'v — di,)}

is convex for ¢ = 1,..., NI and t = 1,..., NT, and the constraint set (11)—(13) can be
viewed as a flow in the network shown in Figure 1.

Figure 1: Network representation of DLS

So DLSB has been reformulated as a problem of minimizing a sum of separable,
piecewise linear convex functions, subject to network flow and integrality constraints.
The reformulation of DLS as a CIP is similar.

2.2 Viewing DLS with Initial Stocks as a C'IP
For DLSI, aggregating the constraints (2) gives

t

i i i _ i i

so+C Zyu_ 1t 1 S
u=1

Now eliminating the variables s! for i = 1,... ,NI and t = 1,... , NT leaves the con-
straints 36 >0 and



t
so+C' Yyl > dyy.
u=1
Now assuming that the optimal value is bounded, there exists an optimal solution with

¢
st = max{0, {nax (dby — C’ZZyu )} fori=1,...,NI.

u=1

Again letting 2} = >'_, v, we can write DLSBI as

manNI h{y max{0, max(dj, — C* )}+Zl 1 2= lqtyt
2=yl fori=1,.,NI,t=1,..,NT
leyt<1f0rt—1 L NT
yie{0,1}fori=1,..,NI,t =1,...,NT.
Now the functions

0/ (4, 2ivr) = By mac{0, max(di, — C'2)}

appearing in the objective are convex and piecewise affine for each 4, so this is an instance
of C'IP with the same network constraints as in DLSB. The reformulation of DLSBI
as a CIP is similar.

3 Integer Programs with Convex Objective Functions

We consider convex integer programs of the form
(CIP) min{g(z) : Az > b,z € Z"} (14)

where ¢ is convex and piecewise affine. A natural question to ask is for which convex
functions g and constraints (A4, b), the convex integer program CIP is polynomial. Here
we have the more specific goal of reformulating C'IP as a compact linear program. We
are therefore interested in the sets

Epi(g) = {(¢,2) € RL x R" : ¢ > g(z)}, the epigraph of g,
Y(g) ={(¢,2) € R' x Z": ¢ > g(2)}, and
conv(Y(g)).

Note that conv(Y(g)) is in turn the epigraph of a function g, called the integer closure of
g. We will study three specific functions: first those of the form ¢(z) = max{0, maxy (arz—
cr)} where z € Z!, secondly g(z) = max{0, maxy(bx — 2;)} where z € Z¥, and finally a
generalization of the latter involving an additional K continuous variables.



3.1 Functions of a Single Variable - Separable Functions

Suppose that we have the function h(z) = maxz—o1,.. x(a,z — ¢)) where each pair

(ay,c,) is necessary in the description of h, and a; < @) < ... < af. Now setting

ap = ay, — ag, cp = ¢, — ¢y for k=0,..., K, we can write h(z) = ayz — ¢ + g(z) where
g(z) =max{0,a1z —c1,... ,axz — cx}

with 0 = ag < a1 < ... < ag. We first study ways to model g and its epigraph, and
then how to model its integer closure g.

Observation 1. The breakpoints by, = ==L for k = 1,..., K satisfy by < ... < bg

A —Qak—1
as each pair (aj, ¢}) is necessary in the description of g(z).

Observation 2. ayz—cy = (ap_12—cp1)+(ap—agp_1)(z—br) = S0 (ai—a;_1)(z—bi),
k=1,..,K. Let by = —oo and b 11 = 0o. Then ayz—c; = max{0, max;—1 . g(a;z—c;)}
if and only if by, < 2z < b4, for k=0,..., K.

Observation 3. For any z in the domain of g,

9(2) = Ypy (ak — ap—1)(z — b)*
= min{Zﬁil(ak —ax_1)0f 10 > 2z —bg, 0, >0, fork=1,... ,K}
= max{Zi(:luk(z —bg):0<wup <ap—ax_qfork=1,... K}.

Now we add the restriction that z be integer, and show how to calculate and model g.
We will derive three formulations, two of them involving additional variables.

Note that in fact some of the linear segments defining g are not needed in the descrip-
tion of g. In particular only the segments k in which the interval [by, bxi1) contains an
integer point are necessary. Below we will initially assume that the redundant segments
have been removed, and thus |by| < |bg4+1] for all k.

The basic integrality result we need involves a very simple mixed integer set

XK:{(G,Z)EIRfXZ:JkZZ—bk fork=1,... ,K}.

Let fr = bp—|bx| for k =1, ..., K. We now show that it suffices to add the K inequalities
or > (1= fr)(z— [br]), known as mixed integer rounding (MIR) inequalities (Nemhauser
and Wolsey [1988]), to obtain the convex hull.

The proof is based on a simple Lemma.

Lemma 1 For z € R, let 0}, = max{0,z — by, (1 — fr)(z — |bx])}.
a) If by ¢ Z°,



i) o = z — by if and only if z > [bg],

it) o, = 0 if and only if z < | by,

iii) o, = (1 — fr)(z — |br]) if and only if |bx| < z < [by].

b) If by, € Z*,

i) o =z — by if and only if z > |bg],

it) o, = 0 if and only if z < |bg].

Proof. Case a). o, = z—by, holds if and only if z—bg, > (1— fi)(z— | bx|) and z—by, > 0.
But

z2—bg > (1= fi)(z = b)) <= fuz = b — (1 — fi) [bx]
= fez = fu(1+ b)) <= 2 = [by].
Similarly, ox = 0 holds if and only if 0 > (1 — fx)(z — [bx]) and 0 > z — b. The first
inequality holds if and only if z < | b |. Finally the last possibility, o = (1— f%)(z— bk ]),
holds if and only if |b;] < z < [bg]. Case b) is similar. O
Theorem 2 conv(Xg) is described by the inequalities
op>z—bgfork=1,... K
ok > (1= fe)(z = [by)) for k=1,... | K
op>0fork=1,... K.
Proof. Let T be the polyhedron described by these inequalities. Clearly conv(Xg) C T.
Consider now a bounded face of T' of maximum dimension. As each o; must be minimal
on such a face, o, = max{0,z — bg, (1 — fr)(z — [bx])}. From the previous Lemma, it

follows that each such face is of the form [ < z < u with [,u € Z' or infinite. Thus T
has extreme points with z integral, and the claim follows. O

Now we present three formulations for conv(Y(g)), keeping in mind that 0 < a1 <
.<ag and by < ... < bg. Consider the polyhedron P:

¢ZZ}§:1ak5k (15)
0<st<bgy1—bpfork=1,... K—-1 (16)
Zleskzz—bl (17)
SR si> (1= fi)(z— b)) fork=1,... K, (18)
the polyhedron Q:

¢ = i (ar — ag-1)on (19)
op>z—bpfork=1... K (20)
o> (1= fi)(z— b)) for k=1,... |K (21)
op>0fork=1,... K, (22)



and the polyhedron R:

o>arz—cpfork=1,... | K (23)
¢ >ap_12—ck—1+ (a —ap—1)(1 — fx)(z — [bg]) for k=1,... | K (24)
¢ =>0. (25)

Before stating the main result, we derive a result for polyhedron R similar to that of
Lemma 1.

Lemma 3 For z € RY, let

¢ = min{0, mkin(akz —¢k), mkin(ak_lz —cp1+ (1= fr)(ax — ar—1)(z — [bx]))}-

a) If by ¢ Z*, for each k=1,.... K,

i) & = apz — c if and only if [by] < z < |bgs1], for each k =1,..., K,

it) ¢ = ag—12 — cp—1 + (ag — ap—1)(L = fi)(z — [b]) if and only if [bx| < z < [by], for
each k=1,...,. K, and

iii) ¢ = 0 if and only if z < |b1].

b) If by, € Z', for each k =1,..., K,

i) ¢ = axz — ¢ if and only if |bg] < z < |bgt+1], for each k=1,..., K, and

it) @ =0 if and only if z < |by].

Proof. a) i). For each k =1, ..., K,

agz — ¢ > ag—12 — cp—1 + (arp — ax—1)(1 — fi)(z — [bx))

if and only if

(ar —ar—1)z — (cx — cr—1) > (1 = fe)((ax — ar—1)z — (ax — ap—1)|br]),

which, dividing by (ax — agp—1) and using the definition of by, holds if and only if

z—by > (11— fi)(z — |bx]),

which holds if and only if z > [bg].
Similarly

akz — cx 2 agz — ¢k + (ag1 — ag) (1 — fr1)(z — [brt1])-

holds if and only if z < |bgy1]. Combined with Observation 2, the claim follows. The
arguments for ii) and iii), and for b), are similar. O

Now we can state the main result of this section.



Theorem 4 conv(Y (g9)) =projs..(P) =projs.(Q) = R.

Proof. It follows from Theorem 2 that projs .(Q) is integral in z. Combined with

Observation 3, this shows that projy .(Q) = conv(Y(g)). It is also easily seen that

projg .(P) Cproje .(Q) C R, as every inequality describing ) can be obtained from

those of P by taking o = Z]K:k sj, and every inequality describing R is valid for Q.
We now show that R Cprojy .(Q). Given (¢,z2) € R, let

¢" = max[0, max(axz — ), max(ap-12 = cp-1 + (ax = ap-1)(1 = fi) (z = [be)))]:
Case 1. If ¢* = agz— by, for some k, [b] < 2 < |by1] from Lemma 3. Set o; = (2 —b;)"
fori =1,..., K, so (20) and (22) are satisfied. Also for i < k, z > |bg] +1 > [b;] + 1

which implies o; > (1 — fi)(z — |bi]), and for i > k, z < |bg+1] < |bi+1] which implies
that o; = 0> (1 — f;)(z — |bi]), so (21) holds. Finally

(ai —ai—1)(z —b;) = agz —cx = ¢* < ¢

=
2
|
X
S
I
(-

and (19) holds.

Case 2. If " = ap_12—cp—1+ (ap —ag—1)(1 — fr)(z — | bx|) for some k, |by| < z < [b]
by Lemma 3. Set 0; = z —b; for i <k — 1,01, = (1 — fr)(z — |bx]) and o; = 0 for i > k.
Again fori < k—1, z > |bg] > |b;] + 1 implies 0, = z—b; > (1 — f;)(z—|b;i]). Fori =k,
|b | < 2z < [b] implies 0; = (1 — f;)(z — |bi]) > 2z —b;, and for i > k, 0, =0 > z — b;
and o, =02> (1 - fz)(Z - Lsz) Finally Zz'[il(ai — ai—l)ai = (b* < gf)

So we have shown that R Cprojs ,(Q). The argument that projg .(Q) C projs .(P)
is similar. It suffices to take sx = ox and s; =0y — 41 fori=1,... /K —1. O

The following example illustrates the results shown to this point. This example will
also be used later to illustrate some of our results for discrete lot—sizing problems.

Example 1
Let h be defined by

71

1 7
h(z) = —1z+2,— —, =2 — —}.
(z) = max{—1z + 2, 3’ 3% 16}

R

It is easily checked that the slopes are nondecreasing, and the description of h is nonre-
dundant. Now the function h can be rewritten as h(z) = —1z 4+ 2 + g(z), where

10



3

g(z) = max{0, Vi g, gz ~ 16

with breakpoints b; =

3 9 9 39
Epi(g) = R xR :p>22-2 6> 27— 2
pi(g) = {(¢,2) € RL x 0> 2— 0> e 1o}

39

3 9 9
Y(g):{(d)?'z)elR}szl(ZSZZZ_g)QSZéZ_E}v

and, by Theorem 4,

3 3 3 9 15 27 9 39
Y(g))=R= RLxRU:p>Z2—-S9>"2—Z2,¢>—2——.¢>-z——}.
COIIV( (g)) R {(¢,Z)E + X ¢_ 8Z 8a¢_ 4Z 8a¢_ 162 16>¢_ 82 16}

whereas P is the polyhedron

¢ > 351+ o
0<s1<2,892>0
81-1—5222—%
51+522%(z—1)
sg > (2 — 3),

and @ is the polyhedron

¢>3201+ 20,

0122—%
O'QZZ—%
o1 >1(z-1)

o1 20,092 > 0.

o3 > 1(2—3)

From Theorem 4, we know that proj, )P = proj( )@ = R = conv(Y (g)).
In Figure 2 the epigraphs of g and its closure g are shown. The inequalities (24) are
indicated as dashed lines, and the part of Epi(g) cut off by these inequalities is in black. O

11



9

Figure 2: The epigraphs of a convex function and its closure

When we drop the assumption that |by] < |[bg4+1] for all & (while still keeping the
hypothesis that g is nonredundant with by < bgyq for all k), @ remains an integral
polyhedron, and proj4 .y P = proj, .yQ = conv(Y(g)) is still integral. However, in this
case, we have to modify the formulation of R slightly to ensure that R = conv(Y (g)) still
holds. Let U ={k : k > 1, |bp_1] < |bk]}. For k € U, let p(k) denote the predecessor of
kin U. The constraints (24) in formulation R now take the form

k
¢ > apyz — Cpy + Z (aj —aj—1)(1 — fj)(z — [bg]) for k € U.
J=p(k)+1

Observe that the breakpoints {bk}ﬁil are crucial to the formulations P and ) indepen-
dently of the values of the slopes {aj} . This, plus their simplicity, and the fact that

12



it is often natural to describe a function g in terms of the variables {sy} or {0y} suggest
the use of one of the formulations P or () rather than formulation R.

We now also take into account the constraints in CIP.

Theorem 5 If z € R" and g(z) = Z?Zl 9j(z;) with each function g; a piecewise linear
convex function of a single variable, and A is totally unimodular, the polyhedron

(¢j,25) € conv(Y(gj)) for j=1,...,n
Az <b
z>0

1s integral whenever b is integral.

Proof. Using the same argument as in the proof of Theorem 2, it follows from Lemma 3
that all maximal bounded faces of R are of the form : [; < z; <wvjforj=1,... K, Az <
b where [;,v; are integers or infinite. As A is TU, the face is integral, and the claim
follows. O

3.2 Functions of the Form g(z,...,2,) = max;_;__ ,(b; —z;)*.

Gunliik and Pochet [1998] provide a complete answer to the question of how to model
conv(Y(g)) without additional constraints. In addition a case involving additional con-
straints almost as general as those treated below is dealt with in Pochet and Wolsey

[1994]. Let fy = by — |bt| fort =1,... ,n.

Proposition 6 The polyhedron

p+zj>bjforj=1,...,n (26)
¢ > Z;:l(ftp = fto_ ) (b, ] — 2)
fOI'&H].SPSn,OthO<ft1S...Sftp (27)
&> 30 (fry = fro) (0,1 — 2) + (1= fip) ([0, ] — 26, — 1)
foral 1< P<n0=fi, <fo, <...<fip (28)
Az <b (29)
6,2 >0 (30)

is integral (in z) when A is the dual of a network flow matriz and b is integer.

Proof. We consider the different faces of the polyhedron in which s is bounded. Note
that in such a face, at least one of the inequalities (27), (28) and ¢ > 0 holds at equality.

13



The following claims essentially follow from the separation algorithm for the mixing

inequalities (Pochet and Wolsey [1994], Giinliik and Pochet [1998]).
i) ¢ = 0 if and only if z; > [b;] for all j.
i) ¢ = >0y (fiy, = fi1)([b3,] — 2;,) if and only if
12 [b21—| — 2 Z Z [bip-l — Zip 20
[bi,] —2i, > [bj] —zjfori, 1 <j<ipandp=1,...,P
0> H)]—‘ — Zj for j > ip.
i) ¢ = >0y (fi, — fi, ) ([0i, ] = 2i,) + (1= fip)([biy] = 1 — 2,) if and only if
[biy] = 2y = .. 2 [bip] = zip 2 [biy ] =1 —2;, 20

[bi,] —2i, > [bj] —zjfori,_ 1 <j<ipandp=1,... P

[biy] =1 — 2 > [bj] — 2 for j >ip.

Thus every face is of the form

lij < zi—zj <wgfori,je{l,... ,n}
l; <zj<wjforje{l,...,n}
Az < b,

with l;;,1; either integer or —oo, and v;;, v; either integer or +oo, and the claim follows.

a

As an alternative to the exponential description of conv(Y (g)) provided by the mixing
inequalities, we now give a simple derivation of an extended formulation from Pochet

and Wolsey [1994].

Proposition 7 An extended formulation for conv(Y (g)) where Y (g) = {(¢,2) € R} x

Z" ¢+ 2 >b; fori=1,... ,n}is
¢ > Z?:O fidi +p
2 >3 o[by— filds —pfort=1,... ,n

Dol =1
nw>0,0;,>0fori=1,...,n

14



(here fo =10).

Proof. The n+1 extreme points {¢/, 2/ }i—o of conv(Y'(g)) are given by #° = 0,20 = [b]
fort=1,...,n,and ¢/ = fj,zg = [by — fj] for t =1,... ,n as j varies over {1,... ,n}.
Following Balas [1979], the convex hull of the union of these points is given by the
constraints (31)-(34) with (31) and (32) as equalities, and u = 0. Letting e; be 5 unit
vector, and 1 be the vector of all 1’s, the claim follows as the extreme rays of Y (g) are
(9,2) = (1,0), (¢,2) = (0,€e5),7 = 1,...,n, and (¢,z) = (1, —1) represented by the
variable . O

Theorem 8 Let Y(g) = {(¢,2) € RL x Z" : ¢+ 2z > b; fori =1,...,n}, let A be
an m X n matriz, b € R™ and A(g) = {(¢,2) € Y(g9) : Az < b}. If A is the dual of
a network flow matriz, and if b € Z™, then an extended formulation for conv(A(g)) is
given by (31)—(34) and the constraints Az < b.

Note that neither Proposition 6 nor Theorem 8 hold when A is TU, and it is not
clear whether there is a polynomial algorithm for optimization over A(g) when A is TU.

3.3 Functions of the Form g(z,7) = max;_y__,(b; —r; — z;)*.
Here
Y(g) = {(¢,7,2) ERLXRE XZ": ¢p+ri+ 2z > b fort =1,...,n}.

For such sets, we can define valid “mixing” inequalities for conv(Y(g)) that are
analogous to the inequalities (27) and (28):

<Z> + Z;I)D:l Tp > Z;I)D:l(ftp - ftp_1)(“)tp-| - Z)?

forall 1 < P <mn,fy, <...< fip (35)
S+ iy > (fr, = fo ) (b, ] — 2) + (1= fip) ([0 ] — 20, — 1),
forall 1 <P <mn, fy, <...< fip. (36)

However, these inequalities do not suffice to give a description of conv(Y'(g)).
Example 2
Let n =3 and b = (2.1,0.4,0.6), and consider

p+r1+21>21
p+re+202>04
@+1r3+23>0.6

b,r>0,z¢eZ5
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It is straightforward to check that the inequality
¢+ 0.5r1 + 0.5r9 + 0.5r3 + 0.3521 + 0.229 + 0.2523 > 1.2

is valid and facet-defining for conv(X). Clearly it is not a mixing inequality of the form
(35) or (36). O

We do not know a characterization of the facets of conv(Y'(g)), but there is an extended
formulation.

Theorem 9 An extended formulation for conv(Y (g)) is

¢ > fidi + p (37)

re > ot fort=1,...,n (38)

202> ] + D, (G -39 =D ifisfu Bi—p—vyfort=1,...,n (39)
fi<difort=1,...,n,i=0,...,n (40)

Yigdi=1 (41)

B, 0, p,v >0, (42)

where fo =0, ff = fo — fi if fi < fv and f} =1+ fi — fi if fi > fu.
To prove this, we need the following lemma.

Lemma 10 In each extreme point of conv(Y (g)), either ¢ = 0, or else there exists a
t € {1,...,n} such that both ry =0 and ¢ + z = b;.

Proof. Let (¢,7,2) € Y(g) be such that ¢ > 0, and either 7 > 0 or ¢ + z > by,
t=1,...,n. If ¢+ 7 + 2z > b for all t, then (¢,7,2) is clearly not an extreme
point of conv(Y(g)). Solet 7 = {t = 1,...,n: ¢+ 7 + 2z = b}, and let T = {t =
1,..,n : t € T}. By hypothesis, for each t € 7, r, > 0 must hold. Now define
€ = min{¢, minge7 [7y], min,c7 [ + 7+ + 2z — be]}. It is clear that ¢ > 0, and thus the
following two points are in Y (g):

§Z5:¢_5—6;T‘t:ft—i—e,tET,T‘t:Ft,tET;Zt:Zt,tzl,...,n
b=¢o+er=m—etcT rn=rtcT,z=%t=1,...,n

Moreover, (9,7, Z) is a convex combination of these points and so cannot be an extreme
point of conv(Y (g)). The claim follows. O

16



Proof of Theorem 9: Given Lemma 10, it follows that conv(Y (g)) has the following
extreme points:

Case 0: ¢ = 0. (Variable §p = 1). A
For each j = 1,...,n, either r; = 0 and z; = [b;] (variable 3} = 0), or r; = f; = fj,
zj = |b;]| (variable ﬂ? = 1). Thus, in this case, both (38)—(39) hold at equality for
j=1,...,n, where § and 3 take the values indicated in the above sentences.

Case i: r; =0 and ¢ + z; = b; (variable ¢; = 1) for some i € {1,... ,n}.

If f; > fi, either r; = 0,z; = [b; — fi] = [b;] (variable 8/ = 0), or 7; = f; — f¢, 2; = | b;]
(variable ﬁlj =1). If f; < fi, either r; =0, 2; = [b; — fi] = [bj — 1] (variable ﬂlj =0), or
rj =14 f;— fi,zj = |bj —1] (variable 3/ = 1). If f; = fi, then r; = 0, 2; = bj — fi = | b;]
must hold, or else (¢,r,2) is not an extreme point of conv(Y (g)). Thus, in this case as
well, (37)—(39) hold at equality for j = 1,... ,n, where 6 and [ take the values indicated.

Therefore, similarly to the proof of Proposition 7, the convex hull of the extreme points
of conv(Y(g)) is exactly the projection of (37)-(42), with (37)—(39) at equality and
p=0=uw;for j =1,... n, onto the (¢,r,2) space. The result follows as the ex-
treme rays of conv(Y(g)) are (¢,7,2) = (1,0,0), (¢,r,2) = (0,e;,0),j = 1,...,n,
(p,r,z) = (0,0,e5),5 = 1,...,n, (¢,r,2) = (1,0,—1) represented by the variable p,
and (¢,r,z) = (0,e;, —e;) represented by the variable v; for j =1,... ,n. O

This extended formulation is related to that presented in Subsection 3.2, but because
of the extra continuous variable in each term b; — r; — z;, it requires a quadratic rather
than linear number of extra variables. Moreover, here it can be shown that dual network
flow constraints in general cannot necessarily be added without losing integrality.

4 The Discrete Lot—sizing Problem

Here we consider the four variants of the discrete lot—sizing problem presented in Section
2, and apply the results of Section 3 to these models. Our goal is two-fold: to describe
the convex hull of the solution sets for the different variants, if possible, and to give at
an extended formulation that can be used easily in practice, for which computational
results will be presented in the next section. Recall that DLSBI can be formulated as
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NI NT NI NT NI NT
min» Y hisi+ > Y biri+ > gy (1)

, , d=1t=0 =1 t=1 i=1 t=1
sy 1+ +Cly=d;+s;+ri_fori=1. ,NI,t=1,...NT (2)
NI
Zyég lfort=1,..,NT, (3)
o=l
si>0fori=1,.,NI,t =0,..,NT (4)
rg>0fori=1,..,NI,t=1,...NT (5)
yie{0,1} fori=1,...NI[,t=1,..,NT (6)

and that DLS, DLSB, and DLSI can be obtained from this formulation by setting the
variables 36 and/or r! to 0 as appropriate. The solution sets of each the four variants of
(2)-(6) are denoted X PLSBI X DLS xDLSB anq XPLSI pespectively.

We first take note of the “additional” constraints that we will encounter.

Observation 4. The constraint matrix arising in the system

2 ="yl forallit
Syt <1 forallt
yi >0 for all 4,¢

is a network matrix, see Figure 1, and is thus totally unimodular (T'U).

Observation 5. The constraint matrix arising in the system

z=3" Ly forallt
0<y <1 forallt

can be written in the z-space as

0§Z1§1
0<z—2-1<1 forallt>2

and is thus the dual of a network flow matrix.

4.1 The Basic Problem DLS

Recall here that ri = 0, for i = 1,..,NI,t = 1,..,NT and s}, = 0 for all i. By
summing the equations (2) for periods 1 up to ¢, we obtain Ztu:1 Clyl = di, + st

Eliminating si, the objective function (1) becomes min Zf\i 11 i\]: 7; diyi + Kprs where
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G =qi+C" SN hiand Kprg = — SN SN pidi, fori=1,..,NTandt =1,..., NT,
and the nonnegativity of s leads us to replace (2) by

t
C'Y oy = iy (43)
Dividing (43) by C? and rounding leads to the Gomory cut (Gomory [1960])

7

t
2 0=l

which clearly has the same set of integer solutions as (43). So Observation 4 immediately
implies the following result.

Theorem 11 (Folklore). conv(XPLS) is described by the constraints

Pk lyt<1f0rt—1 . NT

Sty > (c—ﬂ, fori=1,..,NI,t=1,..,NT
yi>0fori=1,..NI,t=1,.., NT.

4.2 With Backlogging DLSB

Here again the goal is to find a description of conv(X PL9B)

as above, we aggregate the constraints (2) giving

. Adopting the same approach

t

C'S = dfy+si =

u=1

and then eliminate either the variables si or the variables r}.
Eliminating the variables r¢, we can rewrite DLSB as

min 32 SV hist 4+ 0 S0 Givi + Kprss
si>CY Lyl —di, for all it
s@ > 0 for all 7,¢
> yi <1 forall t
yi >0 for all 4,1t
yi € Z for all i,t
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where E% = hf; + bﬁ, cﬁ = qé - ZNT b, and Kprsp = Zfill i\g bidit-

u=t “u
Now we can combine Theorem 4 with formulation () and K = 1, and Observation 4
showing that the additional constraints are network constraints. Then from Theorem 5

we have

XDLSB)

Theorem 12 cony( s described by the constraints

SN yi<ifort=1,...,NT (44)

si>C3 )yl —di, fori=1,... NI,t=1,... ,NT (45)
si>C1— Syl — [Ge]) fori=1,... NIt =1,... ,NT (46)
siyi>0fori=1,... NI,t=1,... ,NT (47)

where fi = (él%f - L%J for all 7,t. Note that in practice it is not necessary to eliminate

the r? variables. It suffices to keep the original formulation and just add the additional
constraints (46).

The same argument allows us to treat problems with backlogging and target safety
stock levels, denoted DLSBSS. For each item, let SS* be the target safety stock level,
and suppose that in each period the stock costs as a function of net inventory v! =
Oty — di, are given by

—0qv + apSSt for v <0,
hi(v) = az(SS" —v) for 0<wv <SS
az(v — S8%) for v > 95

= —a1v+ @SS" 4+ max{0, (a1 — az)v, (g — ag)v + (az + az)(v — SSY)}.

An example of such a function with a; = 1, as = 0.25, and agz = 0.125, is illustrated in
Figure 3.
Alternatively for each ,t pair, we have that v} = s} — 1y, sj,r; > 0 and

st =5t 452 0< s <8852 >0, (48)
with corresponding costs
oqr,f + aa(SSE — sél) + agsf;z. (49)

Note that si' represents the amount of positive stock lying between 0 and SS?, and si2
the amount exceeding S5 with si = sil + si2.

Now we use formulation P in Theorem 4, and Observation 4 for the additional con-
straints. Then Theorem 5 gives:
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Figure 3: An example of the function A’

Theorem 13 conv(XPLSBSS) is given by:
s+ 52> OISyl —di, for all it (50)
S 82> CU(1— (S yh — ¢ for all i, ¢ (51)
2> Ci(1— f2)(4_ i — (%) for all it (52)
>y <1forallt (53)
0< s%l < 8510 < 3%2,0 < yl% <1 for all 4,¢t (54)

where (}! = {%J,ffl = % — ¢, (2 = Lditgfslj and fi2 = w — (2 for all i,t.
Again it is not necessary to eliminate the backlog variables. In practice it suffices to
write the initial formulation using (48) and (49) and add the constraints (51)-(52).

The example below illustrates how the results in Section 3 apply to DLSBSS. In
this example, we consider one item and one time period and take values d¢, S, and C*

that have all been scaled so that C* = 1.
Example 1 (continued)

For a given i and ¢, let di = 1.5, SS* = 2, a; = 1, ay = 0.25, ag = 0.125. Further, let
C'" = 1. Thus we can define

‘ —1v+0.5 for v <0,
H'(v) = 025(2—wv) for 0<wv<2
0.125(v —2) for v >2
= —1v+ 0.5+ max{0,0.75v,0.75v + (0.375)(v — 2) };
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thus H is the net inventory cost function, where v is the net inventory (i.e., stock minus
backlog). We next define net inventory cost for i and ¢ as a function of 2z} = > _ vi:

hi(zl) = max{—1z} +2,—0.252} + 0.875,0.125z} — 0.4375}.

But this function is the same as h(z) defined earlier in Example 1; therefore, we can
define

Gi(2) = max{0,0.75z — 1.125,1.125z — 3.1875},

(the same function as g(z)) and use this to obtain the polyhedral descriptions listed
earlier in this example and illustrated in Figure 2. More specifically, for this example
the constraints (54), (50)—(52), take the form

0< s <2520
R
i+ 2 3et - 1
si? > 5(2 —3)
and thus correspond exactly to the formulation of polyhedron P. Note here that ¢j' = 1,
il 1 i2_3andfi2_lm
t =36 = t = 32

4.3 With Initial Stock Variables DLSI

Here we consider first the single item case, and drop the superscript ¢ for simplicity. As
usual, we aggregate the constraints (2) giving

t
30+Czyu:d1t+3tv

u=1

and then eliminate the variables s; for t > 1 leading to the reformulation

min hoso + Y1y @yt + Kprsi
50 > dip — szzl yu fort =1,...,NT,
S0 2 0
0<y <lfort=1,.. NT,
ywE€Zfort=1,...,.NT,
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where hg = S hty G = @ + C 25 hy, for t = 1,...,T, and Kprsy = — S i, heday.
Now implicitly using the substitution z; = 25:1 Yu, for t = 1,..., NT, we can use
Propositions 6 and 8 to give a reformulation of the convex objective function, noting that
Observation 5 shows that the additional constraints are dual network flow constraints.

Theorem 14 When NI = 1, conv(XPLST) is described by the inequalities

so>di—CY Y (55)
50> 01 Clfey = fop )y — S0y )
forall 1 <P <n,0=f, < fr, <...< fip (56)
s0> 301 Cft, — frp) (e, — S ) + O = fop) Oy — S0y — 1)
forall 1< P<n,0<fi, <fo, <...<fip (57)
s0>0,0<y <lfort=1,...,NT, (58)

where n; = (%1 and f; = % - L%J, for t = 1,...,T, or equivalently as the (s,y)
projection of

s0 > C Y 1o fior + Ch, (59)

St u = SN[ — f10 —pfor t =1, NT (60)
Sh o =1 (61)

w>0,0,>0, fort=1,...NT (62)

0<y <lfort=1,.. NT (63)

(here fo =0).

Note that Pochet and Wolsey [1994] have given a complete description of the constant
capacity lot—sizing problem with Wagner-Whitin costs. DLST is a face of this polyhedron
obtained by setting x; = C'y; where z; is the variable amount produced in period ¢t. So
the above theorem is also a corollary of this earlier result.

For the multi-item case with NI > 1, the complexity of DLSI is not known. The
following two item example shows that the intersection of the convex hulls of the single-
item polyhedra and the linking constraints Zfi Il yi <1fort=1,...,NT does not give
the convex hull even for NI = 2.

Example 3
Let NI = 2 and NT = 4. Let C' = C? = 10 with demands d' = (2,6,6,2) and

d? = (4,4,4,4). One facet of the convex hull is induced by
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25t + 52 4 18yl + 16ya + 12y + 4y? + 292 + 6y2 > 34.
This inequality is clearly not a mixing inequality of the form (56) or (57). O

Nevertheless the above results suggest that the reformulations of Theorem 14 should
provide a good approximation to conv(XPE5T) even when NI > 1.

4.4 With Backlogging and Initial Stocks DLSBI

XDLSBI)

Again it is natural to ask whether one can find a formulation for conv( when

NI =1. It is easy to find valid inequalities for this model.

Proposition 15 The mizing inequalities

So + 25:1 Tty > 25:1 C(ftp - ftp_1)(77tp - Zzpzl yu)
forall 1< P <n0=fi,<fo, <...<fip
50 + Z;]::l Tt, = 25:1 C(ftp - ftp_1)(77tp - fo’:l yu) +C(1 - ftp)(ntl - 211:1 Yu — 1)
forall 1< P <n0<fi, <fa, <...<fip

are valid for XPLSBI ywhen NT = 1.

Unfortunately Example 2 is easily converted into an instance of DLSBI showing that
these inequalities do not suffice to describe conv(XPF5B!) even when NI = 1.

Using the results of Theorem 9, we know that a stronger formulation is given by
(37)-(42). For the general case (NI > 1), this leads to the reformulation

sh > CPSONT fisi 4 Oyt for i =1,..., N1, (64)
ri > COSINT LB+ Ol for i =1,...,NI,t =1,...,NT, (65)

et Y 2 = L+ g i (66 = Bi) = X pin g Bie — 1 — Vi
fori=1,...NI,t=1,..., NT,
i < fori=1,..,NI[,t=1,..NT,u=0,...NT
SIS =1, fori=1,..., NI,
8,0, v >0
Suyi<1 fort=1,..,NT
yi>0 fori=1,...NI,t=1,..,NT.
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Here again f¢ =0 fori=1,... ,NI, and

i{fi—ff i L= i
L+ fo— it fu<fi

ut —

Unfortunately, the (s,r,y) projection of (64)-(69) is not necessarily integral, even when
NI = 1. The reason is that in this case, the substitution z; = Zizl Yu, fort =1,..., NT,
yields a formulation like (37)-(42), but with additional constraints. Even though these
constraints are dual network flow constraints, there are still many examples where the
addition of such constraints to (37)-(42) yields fractional extreme points. However, it
again appears likely that (64)-(69) provides a good approximation of the convex hull in
both the single and the multi-item cases.

It is possible to define an extended formulation for DLSBI with NI = 1 that is
similar to (64)-(69), but with even more variables; thus DLSBI is polynomially solvable
when NI =1. As with DLSI, the complexity when NI > 1 is not known.

5 Computational Results

In this section we test the reformulations proposed in Section 4 on the original practical
problem motivating this research and its variants.

The practical problem encountered is a version of DLSB with NI = 30 and NT =
60, and with additional complicating constraints that limit the choice of production
sequences. Specifically each item either belongs to a basic family or to one of five special
families, and production of one or more items from a special family must be followed by
production of items from the basic family. This (original) instance is called DLSB — o.
The (pure) instance without the complicating constraints is DLSB — p. We have also
created two instances of a variant with safety stock levels denoted DLSBSS — o and
DLSBSS — p. Using the same data we have also created two instances of DLST and
DLSBI respectively. The reformulated instances are indicated by an “r” at the end of
their names.

The data (including the capacities and demands) are taken from the original practical
instance. There is a unit holding cost hi = 0.25, for all i,¢, and a unit backlogging cost
bi = 1.0 for all i,t. For the models DLSI and DLSBI, we assign an initial cost of

¢ = 2.0 for all 4, based on the assumption that it is more expensive to buy in initial
inventory than to have backlogging in a single period.

All the instances were solved with a commercial mixed integer programming system
XPRESS, version 12 (Dash Associates [2000]) The tests were run on a Pentium II PC
(450 MHz) with 128 Mb of RAM, running under Windows NT 4.0. In all the runs
the root node LP was solved with the barrier algorithm. The barrier algorithm, the
cut generation, and the branch—and—bound process were run with the system defaults.
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(Note that the cuts that XPRESS generates have nothing to do with the inequalities
added in our reformulations of DLSB and DLSBSS.)

In presenting results we list the number of rows, columns, and nonzero entries in the
matrix to illustrate the size of the initial problems and reformulations. For the solution
process, we list the value of the lower bound provided by the LP relaxation (LP), the
time it takes to solve the LP (LP time), the value of the lower and upper bounds on the
termination of the branch—and—bound algorithm, and the total time to solve the problem
(IP time)—note that this includes the time taken to solve the LP at the root node. An
asterisk * indicates that optimality was not proved within the given time.

5.1 DLSB and related models

First the two instances were run with the initial formulation provided by the user, and
then using the reformulation (44)-(47). We know that after reformulation DLSB — pr
will be solved just using linear programming. The results of these four runs are shown
in Table 1.

Instance | #col | #row | #non-0 LP | LP time | Best LB | Best UB | IP time
DLSB-p || 5160 | 1621 12668 | 1627056 1] 1759969 | 2188995 900*
DLSB-o 5520 | 2353 16723 | 2507612 3| 2711504 | 3274036 900*
DLSB-pr || 5160 | 3181 51974 | 1858181 7| 1858181 | 1858181 7
DLSB-or || 5520 | 3913 65863 | 3059263 15 | 3069539 | 3069539 56

Table 1: DLSB instances before and after reformulation

Note that for DLSB — p, the duality gap after 15 minutes is greater than 20 %. The
original practical instance DLSB — o is also intractable, but after reformulation it solves
within one minute.

We have also adapted the example to illustrate the effect of applying Theorem 5 to
DLSBSS, the problem with safety stocks. For the costs we have chosen a; = 1, a9 =
0.25 and as = 0.125 as in Example 1, and the safety stock is taken to be the average
demand SS°¢ = d}\%T. As reformulation we have taken (50)-(54).

Given the results of Section 3, we expect the reformulation of DLSBSS to be as

effective as that for DLSB. Table 2 shows that this is the case for our example.

5.2 DLSI and related models

In reformulating DLSI, we use the extended formulation (3)—(6), in addition to the
constraints (59)—(63) for each item. Since NI = 30, there is no guarantee that the LP
solution will be integer, even for the pure model.
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Instance #col | #row | #non-0 LP | LP time | Best LB | Best UB | IP time
DLSBSS-p || 7801 | 3182 18670 | 1526600 2 | 1551703 | 3267920 900*
DLSBSS-o 8161 | 3854 20943 | 2430161 3| 2629447 | 3412809 900*
DLSBSS-pr || 7801 | 6302 | 118510 | 1801956 26 | 1801956 | 1801956 26
DLSBSS-or || 8161 | 6974 | 120783 | 3012803 43 | 3024099 | 3024099 124

Table 2: DLSBSS instances before and after reformulation

Table 3 illustrates the advantages of using this reformulation. Note that the instance
DLSI — pr is solved by linear programming (without branching) even though NI > 1.
Also note that one result of the increased size of the reformulations is that the linear
programs take longer to solve. However, this is more than compensated for by the
improvement in the bounds.

Instance || #col | #row | #non-0 LP | LP time | Best LB | Best UB | IP time
DLSI-p || 3390 | 1621 7830 | 1627056 1| 1873472 | 2406455 900*
DLSI-o 3750 | 2353 11885 | 2143685 2 | 2296846 | 2779406 900*
DLSI-pr || 5250 | 3481 | 104685 | 2080225 11 | 2080225 | 2080225 11
DLSI-or || 5610 | 4213 | 108740 | 2436922 17 | 2436922 | 2436922 34

Table 3: DLSIT instances before and after reformulation

5.3 DLSBI and related models

Here we used the reformulation (3)—(6), (64)—(69). Note that in this case even if NI =1,
this reformulation is not guaranteed to be integral. Moreover, since using the reformula-
tion given by (64)—(69) increases the number of variables by quadratic order, there is a
question of the effect of this reformulation on the time it takes to solve the LP’s (at the
root node and in the branch—-and—bound tree). Nevertheless, we expect our reformula-
tion to be much tighter than the original formulation, tight enough to be worth the extra
time taken to solve the LP’s. This expectation is confirmed by the results in Table 4.

Note that the pure, reformulated instance solves at the root node, even though the-
oretically this is not guaranteed to occur. Even with the complicating constraints, our
reformulation allows us to find an optimal solution fairly quickly, although it takes a
little longer than 15 minutes to prove that it is optimal.
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Instance #col |  #row | #non-0 LP | LP time | Best LB | Best UB | IP time
DLSBI-p 5190 1621 12724 | 1627056 1| 1757539 | 2165615 900*
DLSBI-o 5550 2353 16779 | 2051161 2 | 2120799 | 2394840 900*
DLSBI-pr || 118650 | 115081 | 476839 | 1847029 182 | 1847029 | 1847029 182
DLSBI-or || 119010 | 115813 | 480894 | 2202354 425 | 2202486 | 2203063 900*

Table 4: DLSBI instances before and after reformulation

6 Conclusions

In this paper we have analyzed the polyhedral structure of some basic discrete lot—sizing
models. Our analysis was motivated by problems encountered in working with a large
international manufacturer. The models that we have considered have not been treated
often before in the literature, and for most of them we have provided basic polyhedral
results.

Our analysis of these lot—sizing problems has led us to consider related convex integer
programs. For separable functions, we have shown how to reformulate CIP as an LP
using specific MIR inequalities. For certain specific, non-separable functions, we have
given extended formulations that allow the corresponding C'I P to be reformulated as an
LP. These results enable to us define tight formulations for the lot—sizing problems in
question.

We wish to emphasize for practitioners that all the computational results reported
in Section 5 have been obtained using standard, commercial mixed integer programming
software. The formulations in Section 5 were written in an algebraic modeling language,
the data was entered in a spreadsheet, and then a matrix was output in a standard format
(such as MPS). This matrix was then read and optimized by a commercial mixed integer
programming solver. No special-purpose cutting plane strategies were implemented,
and no special optimization strategies were used. These formulations should therefore
be easy to use on other instances of discrete lot—sizing problems.

While much is known about the polyhedral structure of DLS with startup variables,
it is not clear that this knowledge is sufficient to solve DLSB, or the other models
considered here, when startup variables are present. The analysis of such models is a
challenging area of future research.

In addition, there is much that is still unknown about convex integer programming,
and in particular the borderline between theoretically easy and hard problems. Our
analysis suggests that even the simplest multi—variate functions pose more difficulties
than separable ones, but important issues remain unresolved. Such issues are other
possible areas of future research.
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