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a b s t r a c t

We introduce various methods that combine forecasts using constrained optimization
with penalty. A non-negativity constraint is imposed on the weights, and several
penalties are considered, taking the form of a divergence from a reference combination
scheme. In contrast with most of the existing approaches, our framework performs
forecast selection and combination in one step, allowing for potentially sparse combining
schemes. Moreover, by exploiting the analogy between forecasts combination and
portfolio optimization, we provide the analytical expression of the optimal penalty
strength when penalizing with the L2-divergence from the equally-weighted scheme.
An extensive simulation study and two empirical applications allow us to investigate
the impact of the divergence function, the reference scheme, and the non-negativity
constraint on the predictive performance. Our results suggest that the proposed models
outperform those considered in previous studies.
© 2021 International Institute of Forecasters. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Often, m different models can be used to produce a
set of forecasts ŷ = (̂y1, . . . , ŷm)T of a given random
variable y. In such cases, two strategies can be considered
to obtain an aggregated forecast ŷ: the best prediction can
e chosen (i.e., ŷ = ŷi⋆ , where model i⋆ ∈ {1, . . . ,m} is

selected according to some criterion), or the forecasts can
be combined into a single prediction (i.e., ŷ = Φ (̂y), for
some function Φ : Rm

→ R).1
The first strategy usually provides disappointing re-

sults, and it is now widely recognized that combining
models is preferable (Atiya, 2020; Granger & Ramanathan,

∗ Correspondence to: Voie du Roman Pays 34, B-1348 Louvain-la-
Neuve, Belgium.

E-mail addresses: francesco.roccazzella@uclouvain.be
(F. Roccazzella), paolo.gambetti@uclouvain.be (P. Gambetti),
frederic.vrins@uclouvain.be (F. Vrins).
1 Throughout the paper, we use the terms ‘‘forecast’’, ‘‘prediction’’

and ‘‘model’’ as synonyms. We denote matrices as bold capital letters,
while vectors and scalars are represented by bold lowercase letters and
lowercase letters, respectively.
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1984; Taylor, 2020). Most combination strategies include
wo stages. The first stage consists of removing poorly
erforming models via trimming based on rules of thumb
e.g., retaining a fixed percentage of models as in Aiolfi
Favero, 2005), formal tests (Amendola et al., 2020;

amuels & Sekkel, 2017), measures of interest (Granger
Jeon, 2004), or machine learning methods (Diebold &

hin, 2019) so that only k models out of m candidates are
ept. Then, the selected candidates are combined using a
ombination scheme, usually in a linear way (i.e., Φ (̂y) =
T ŷ where w is an m-by-1 vector of combining weights).
When the individual forecasts are unbiased, the most

tandard approach consists of minimizing a loss func-
ion featuring the aggregated forecast error under the
onstraint that the weights sum to 1.2 For instance, the
inimum-variance combination scheme w∗ is obtained

2 We have assumed individual forecasts to be unbiased throughout
the paper, but this assumption can be easily relaxed. If we reformulate
the optimal forecast combination problem in the form of a linear
regression problem the bias can be easily corrected by adding the
intercept to the model as discussed in Timmermann (2006).
ust combination of forecasts via constrained optimization and shrinkage.
021.04.002.

r B.V. All rights reserved.
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by minimizing E∥y−wT ŷ∥
2
2 under the constraint wT1 = 1

or, equivalently (Granger & Ramanathan, 1984):

w∗
:= argmin

w ∈ W
wT Sw where W := {w ∈ Rm

| 1Tw = 1} ,

(1)

where S is the population covariance matrix of models’
rediction error, vi := y − ŷi. The solution to (1) is

∗
= Ψ (S) where Ψ (M) :=

[
1TM−11

]−1 M−11.

n practice, S is typically unknown and must be estimated
rom the data. Given a sample of n observations, the
uality of the optimal scheme depends to a large extent
n the estimator of S . One possibility is to consider the
ample counterpart of S , i.e., Σ :=

1
nV

TV , where V is
the n × m matrix of realized prediction errors. However,
despite being consistent, Σ breaks down in high dimen-
sional frameworks (n ≪ m), and can be imprecise due
to sample size limitations or the presence of consider-
able background noise. Hence, the estimated w∗ will be
unstable and the corresponding predicting strategy will
perform poorly out of sample (Smith & Wallis, 2009).

Previous literature attempted to tackle this issue using
two distinct approaches. The first approach is to rely
on regularization (or shrinkage) techniques such as con-
strained optimization with penalty (COP), with shrinkage
towards equal weights (Diebold & Pauly, 1990; Diebold
& Shin, 2019).3 The second route is to impose some
onstraints on the combining weights, such as restricting
hem to be non-negative (Conflitti et al., 2015). In this
respect, it is worth noting that this field shares many sim-
ilarities with that of portfolio optimization in finance. The
popular investment strategy called the minimum-variance
portfolio (Markowitz, 1952) precisely corresponds to (1)
nd its performance suffers from the same shortcom-
ngs regarding the estimator Σ (DeMiguel et al., 2007;
ichaud, 1989).4 Shrinkage techniques on the weights

DeMiguel et al., 2009) or no-shortsales constraints cor-
esponding to the non-negativity restriction (Jagannathan
Ma, 2003) are similarly applied in that domain. In-

erestingly, however, the portfolio optimization litera-
ure also brings further solutions. For instance, it has
een proposed to combine the weights resulting from
dvanced (i.e., asymptotically unbiased but potentially
igh-variance) and naive (i.e., biased but low-variance,
uch as the equally weighted) schemes (Tu & Zhou, 2011).
nother proposed method is instead to alleviate the noise
mpacting Σ by using the shrinkage of the covariance
atrix, a convex combination of the sample covariance
atrix Σ and a highly structured covariance matrix Σ

Ledoit & Wolf, 2004b).5 These methods have never been

3 Diebold and Shin (2019) extend the standard COP method using a
two-step procedure: having selected a subset of forecasts using LASSO,
the weights of the selected forecasts are estimated by penalizing the L1
or L2 norm of the difference between the estimated and equal weights.
4 In that context, the vector of weights w represents the proportion

of wealth assigned to each asset, S represents the population asset
eturns’ covariance matrix and Σ is its sample estimator.
5 There are deep connections between these approaches, especially
hen minimum variance is the objective function. For instance, Σ = I
2

explored in a forecast combination context. In particular,
existing combination schemes still strongly rely on the
noisy estimator Σ of S (Claeskens et al., 2016).

More generally, the literature on forecasts combination
still suffers from several limitations. First, (i) by featur-
ing a model selection step, existing methods implicitly
assume the best forecasting strategy to be a sparse com-
bination of the candidate forecasts and/or they still rely
on the a priori identification of the forecasts to combine.
The decision regarding how to trim the set of the model
is generally arbitrary and can deteriorate the quality of
the combination (Winkler & Makridakis, 1983).6 Second,
(ii) COP schemes and the non-negativity constraint have
been explored independently so far; it is unclear under
what conditions combing the two might be beneficial.
Third, (iii) existing COP methods feature L1 or L2 penalty
to shrink the solution towards a reference scheme but
other divergence measures (possibly tailored to deal with
non-negative weights) remain unexplored. Finally, (iv)
methods that shrink the solution towards a reference
scheme often rely on cross-validation to estimate the
penalty strength. However, cross-validation can be harm-
ful in a small sample, and its properties are not trivial
when there is auto-correlation in forecast errors.

In this paper, we address the above gaps as follows.
Regarding (i), we design a robust single-step framework
that allows the obtaining of potentially sparse combin-
ing weights. This contrasts with the standard two-step
procedures which a priori assume the combination of
forecasts to be sparse (Aiolfi & Favero, 2005; Diebold &
Shin, 2019; Samuels & Sekkel, 2017). Regarding (ii), we
propose for the first time to combine the non-negativity
constraint with COP methods leading to COP+ schemes.
This restriction is shown to blend forecast selection and
weights estimation in a single step and helps mitigat-
ing estimation uncertainty (in line with the observa-
tions made in the literature on portfolio theory). We also
present and discuss the scenarios where dropping the
non-negativity restriction can be beneficial. We find that
this occurs only under specific circumstances: when a
candidate’s prediction errors are strongly positively corre-
lated to those of the other forecasts and when, at the same
time, its predictive ability is also significantly inferior.
Moreover, we contribute to (iii) by introducing new di-
vergence measures in COP (namely, elastic net and cross-
entropy) and study their performance. We find promising
results for cross-entropy (only valid when working under
the non-negativity constraint), which consistently out-
performs the standard L1 penalization. Eventually, (iv)

amounts to penalize the Euclidean distance between the weights and
the equally-weighted scheme (DeMiguel et al., 2009). Similarly, setting
an upper limit on the L2-norm corresponds to add a penalty to prevent
the weights to be too far from the equally-weighted scheme (DeMiguel
et al., 2009). Alternatively, imposing a constraint on the L1-norm on the
weights amounts to add a no short-sales constraint (DeMiguel et al.,
2009). This latter also corresponds to reducing the large elements of
the sample covariance matrix (Jagannathan & Ma, 2003).
6 For instance, forecasts tend to be highly correlated, and statistical

procedures such as LASSO often fail to correctly select the best subset
of forecasts (Zhao & Yu, 2006).
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we use the correspondence between the shrinkage esti-
mators of the sample covariance matrix (Ledoit & Wolf,
2004b) and the L2-norm penalty (DeMiguel et al., 2009)
to obtain an analytical expression for the optimal penalty
strength, thereby making the economy of a potentially
harmful cross-validation step in this case. In an exten-
sive simulation study and two empirical applications, we
find that these ‘‘explicit COP models’’ outperform cross-
validation based COP methods, the simple average fore-
cast, trimming methods, and other standard benchmarks
from previous studies. We document the flexibility and
robustness of the single-step combinations with explicit
penalty strength, methods called optimal and robust com-
binations of forecasts hereafter.

The remainder of this paper is structured as follows.
Section 2 describes the proposed optimal and robust com-
bination of forecasts. Section 3 includes the simulation
study. Section 4 is dedicated to empirical applications.
Section 5 concludes the paper.

2. The one-step optimal and robust combination of
forecasts

We now study the features of the proposed optimal
and robust combination of forecasts.

2.1. The optimal combination of forecasts with non-negative
weights

The proposed methods aim to blend forecast selection
and weights estimation in a single step. Let us briefly
explain how and why constraining the weights to be
non-negative and to sum to 1 implicitly selects which
forecasts to combine. Intuitively, if a candidate forecast j
has a higher covariance with other strategies than other
candidates, the optimization procedure will reduce wj
accordingly and eventually set it to 0 if the marginal con-
tribution of ŷj to the variance of the aggregate prediction
error is always larger than the other forecasts’ marginal
contributions. Furthermore, imposing non-negativity and
portfolio constraints also reduces the estimation error by
inducing a shrinkage-like effect on the sample covariance
matrix (Jagannathan & Ma, 2003).

We consider the following constrained minimization
problem (the covariance matrix is always assumed to be
positive definite in population in the sequel):

w∗
:= argmin

w ∈ W+

wTΣw where W+
:= {w ∈ W | minw ≥ 0}.

(2)

This expression is similar to (1) except that the optimiza-
tion set is now W+ (the set of non-negative weights sum-
ming to one) and that the (unknown) covariance matrix S
has been replaced by its sample counterpart, Σ . The opti-
mal solution is known analytically and can be retrieved by
imposing the Karush-Kuhn–Tucker (KKT) conditions (Ja-
gannathan & Ma, 2003):

Proposition 1. The solution to the optimization problem

(2) is given by

3

w∗
:= Ψ +(Σ ) where Ψ +(M) :=

M−1η(M)
ηT (M)M−1η(M)

(3)

and η(M) is a conformable column vector whose jth element
is defined as follows:

ηj(M) :=

{
0 if

[
M−11

1TM−11

]
j
≤ 0

1 otherwise .

Conflitti et al. (2015) notice that Proposition 1 is a
special case of LASSO regression since the non-negativity
restriction and the sum to one constraint imply that the
weight vector belongs to the unit simplex, and therefore
weights have a unitary L1-norm.

2.2. Constrained optimization with penalty (COP) on the
weighting scheme

We introduce the COP combination scheme as the
solution to an optimization problem on W+. Similarly
to (2), we directly consider the sample covariance ma-
trix of prediction errors in the objective function. The
minimum-variance objective function is associated with
a penalty term, whose purpose is to shrink the solution
towards a predetermined reference scheme w ∈ W+

sing some divergence measure. To study the impact of
he non-negativity constraint, we define COP+ and COP
s follows.

efinition 1 (Constrained Optimization with Penalty - COP).
he COP weighting scheme with non-negativity constraint
OP+, is defined as
∗

δ := argmin
w ∈ W+

wTΣw + δd (w, w) , (4)

where δ ≥ 0 is the penalty strength and d (·, ·) := Rm
×

Rm
→ R+, (u, v) ↦→ d (u, v) is a divergence measure

between two vectors.
COP takes the same form as (4) but where W+ is

replaced by W .

The coefficient δ controls the impact of the penalty,
whereas d (w, w) quantifies the ‘‘distance’’ between w
and the reference scheme w. The divergences that will
be considered in our simulation study and the empirical
applications are:

• elastic net (EN): d (u, v) = a ∥u − v∥1 + (1 − a)
∥u − v∥2

2 where a ∈ [0, 1] ,
• cross-entropy (CE): d (u, v) =

∑m
j=1 uj ln

(
uj
vj

)
where

u, v ∈ W+.

otice that the L1 and L2 distances are special cases of EN
ith a = 1 and a = 0, respectively, and do not require to

impose non-negativity, in contrast with CE.

2.3. The shrinkage direction of combining weights

Potentially, any vector satisfying w ∈ W+ can be
taken as w in (4); for example, w can represent a combi-
nation strategy that the forecaster believes to be suitable
for a particular predictive problem or can express some
prior belief about the exclusion of a model from the
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set of candidate forecasts. Nevertheless, in practice, we
often prefer a fixed reference point to alternatives that re-
quire the estimation of individual losses, as the latter can
be subject to estimation error. In particular, the simple
average wE

:= 1/m seems a natural reference scheme. As-
igning equal weights often performs quite well for both
inite samples (Smith & Wallis, 2009) and the popula-
ion (Aruoba et al., 2012). Moreover, the equally-weighted
cheme is rather intuitive: shrinking the weights towards

wE amounts to penalize for the L2-norm of the weights,
since the constraint

w − wE
2
2 coincides with ∥w∥

2
2 on

W . Finally, this choice can also offer some computational
advantages, as it often simplifies the optimization prob-
lem. For example, the COP estimators of the combining
weights are known in closed-form (see Appendix A for a
simple proof):

Proposition 2. In the special case where w = wE and
d (u, v) = ∥u − v∥2

2, the COP+ and COP weighting schemes
in Definition 1 are respectively given by:

w∗

δ = Ψ +(Σ δ) or Ψ (Σ δ) where Σ δ := Σ + δI ,

(5)

ith I the m-by-m identity matrix.

Nevertheless, shrinking the combining weights
owards equality can significantly damage the predictive
erformance if the individual prediction error variances
ruly differ among candidate forecasts. In this case, con-
idering the inverse-loss weighted average as a reference,
.e., w = wIL where wIL

i := [σ 2
i

∑m
i=1 1/σ

2
i ]

−1, σ 2
i := Σi,i, is

more appealing alternative to equal weights. However,
he former is data-driven and, therefore, is subjected
o estimation error. There is no clear way to balance
isspecification and estimation error in the reference
cheme. Hence, in the empirical section, we test whether
estricting ourselves to equal weights offers a signifi-
ant disadvantage compared to the inverse-loss weighted
verage or whether the misspecification introduced in
he former is balanced by an increased sensitivity to
stimation error in the latter.

.4. Robust combination methods and the shrinkage estima-
or of the covariance matrix

In the previous section, we derived a forecast combina-
ion scheme that makes use of constrained optimization
ith penalty to estimate the optimal set of weights, but
ther methods can be adopted. In particular, we can con-
ider shrinkage estimators of Σ . This approach has been
eveloped in a series of papers by Ledoit and Wolf (2003,
004a, 2004b, 2012, 2017), who introduced linear and
onlinear shrinkage techniques to reduce the instability of
he estimated covariance matrix in a portfolio optimiza-
ion context. As recalled in the introduction, this consists
f combining the sample covariance matrix (which can
e easily computed and is asymptotically unbiased but
rone to estimation error) with a highly structured esti-
ator (that contains relatively little estimation error but

ends to be misspecified and biased). Transposing this
4

echnique to our forecast combination problem leads to
he following combination scheme:

efinition 2 (Constrained Optimization with Shrinkage
COS) of the Covariance Matrix). The COS weighting scheme
ith non-negativity constraint, COS+, is defined as

∗

λ := argmin
w ∈ W+

wTΣλw where Σλ := (1 − λ)Σ + λΣ ,

(6)

λ ∈ [0, 1] is the shrinkage intensity and Σ is the reference
covariance matrix. COS takes the same form as (6) but
where W+ is replaced by W .

This problem takes the same form as (2), hence, the
solution to COS+ and COS are simply w∗

λ = Ψ +(Σλ) and
Ψ (Σλ), respectively.

As explained above, shrinkage towards equal weights
is natural and standard. Moreover, Timmermann (2006)
shows that this combining scheme is optimal when the
covariance matrix of the prediction errors satisfies Σi,i =

σ 2 and Σi,j̸=i = ρσ 2. Thus, shrinking towards equal
weights can indirectly be achieved by shrinking the sam-
ple covariance matrix towards a special reference matrix,
namely, the covariance matrix that would be implied if
equal weights indeed represented the optimal combination
strategy. Without loss of generality (see Appendix B),

Σ
E

:= σ 2I, where σ 2
:=

1
m

m∑
i=1

σ 2
i . (7)

We can extend this framework to consider other ref-
erence matrices Σ that are closely related to alternative
reference weighting schemes. For example, we can indi-
rectly obtain the inverse-loss weighted average as refer-
ence weights by shrinking the sample covariance matrix
towards a specific reference Σ

IL
. This requires choosing

Σ
IL
i,i := σ 2

i and Σ
IL
i,j := 0, ∀i ̸= j . (8)

2.5. A closer look at COP and COS methods

Despite following different approaches, the optimal
weighting schemes in COP and COS are closely related. In
particular, in the field of portfolio optimization, DeMiguel
et al. (2009) show that there is a correspondence between
COS and the portfolio that solves the minimum-variance
problem, subject to the additional constraint that the
norm of the portfolio-weights vector is smaller than a
given threshold. A similar relation holds in the context of
constrained optimization with penalty.

Proposition 3. The COS model (6) with reference covari-
ance matrix Σ = Σ

E
given in (7) corresponds to the COP

model (4) with w = wE , d (u, v) = ∥u − v∥2
2 and δ =

λ
1−λ

σ 2 .

The proof of Proposition 3 is trivial. Provided that λ >

0,7 Σλ can be rescaled by (1 − λ) to obtain Σ̃λ :=
Σλ

1 − λ

7 The λ = 0 case corresponds to δ = 0, i.e., no shrinkage.



F. Roccazzella, P. Gambetti and F. Vrins International Journal of Forecasting xxx (xxxx) xxx

n

C
s
Σ
e
T
w

δ

c

δ

a
v
c
t
O

g
c
t
s
a
b

C
(
i
F
e
a

λ

ˆ
ˆ

ˆ
o

= Σ +
λ

1 − λ
σ 2I . Considering Σ̃λ instead of Σλ does

ot impact the COS weighting scheme 2 in the sense that
wλ = Ψ (Σλ) = Ψ (Σ̃λ); similar expressions hold for
OS+. The equivalence between COP and COS schemes
imply results from the fact that in this specific case,˜

λ takes the same form as Σ δ in (5) for the considered
xpression of δ. The equivalence holds exactly ∀λ ∈ [0, 1).
he equivalence also holds in the limiting case since both
eighting schemes converge to equal weights, i.e.,
λ→1
= +∞ and wδ

λ→1
= wE

= wλ . (9)

Proposition 3 has an important implication for the
choice of the penalty strength δ. In fact, expressing δ =

g(λ) extends the use of an estimated shrinkage intensity
in the COS with reference Σ

E
to the COP (with L2 diver-

gence and with equal weights as reference scheme), and
vice versa.

2.6. Estimation of penalty strength

The estimate of w∗

δ in Definition 1 depends on the
hosen divergence measure d (·, ·), the reference scheme

w, and the penalty strength δ. One option for selecting
is to rely on standard k-fold cross-validation, but more
dvanced methods such as the forward-looking cross-
alidation technique used in Diebold and Shin (2019),
ould be considered as well. Cross-validation can mitigate
he consequences of a subjective choice of d (·, ·) and w.
nce δ has been found, we simply solve (4) by imposing

the KKT conditions.
However, cross-validation forces us to choose how

many observations to retain for validation, which im-
plicitly reduces the information set that can be used for
the estimation of Σ , thereby potentially amplifying es-
timation error. When working with small samples, few
additional observations can make the difference between
singularity and more stable estimates of Σ . In this re-
ard, Varoquaux (2018) shows that k-fold cross-validation
an strongly underestimate the variance of the predic-
ion errors in small samples, causing forecasters to ‘‘over-
hrink’’ towards the reference weighting scheme. Hence,
closed-form expression for the penalty strength would
e highly desirable.
We provide this contribution by relying on the COP-

OS equivalence mentioned in Proposition 3. Following
Ledoit &Wolf, 2004b), we estimate the optimal shrinkage
ntensity λ∗ by minimizing the expected value of the
robenius norm of the difference between the shrinkage
stimator of the covariance matrix and the true covari-
nce matrix of prediction errors S , i.e.,
∗

:= argmin
λ ∈ [0,1]

E
(1 − λ)Σ + λΣ − S

2
2 . (10)

with solution (Ledoit & Wolf, 2003):

λ∗
=

π − k
γ

, (11)

π =

m∑ m∑
Var

(
Σi,j

)
,

i=1 j=1

5

k =

m∑
i=1

m∑
j=1

Cov
(
Σi,j, Σ i,j

)
,

γ =

m∑
i=1

m∑
j=1

Var
(
Σi,j

)
+

(
Σ i,j − Si,j

)2
.

By denoting the asymptotic variance and the asymptotic
covariance as AsyVar and AsyCov, respectively8 and using
the assumptions of i.i.d. data and finite fourth moments,
is a consistent estimator of λ∗ (Ledoit & Wolf, 2003):

λ∗
=

1
n

π̂ − k̂
γ̂

, (12)

π =

m∑
i=1

m∑
j=1

AsyVar
(√

nΣi,j
)

,

k̂ =

m∑
i=1

m∑
j=1

AsyCov
(√

nΣi,j,
√
n Σ i,j

)
,

γ =

m∑
i=1

m∑
j=1

(
Σ i,j − Σi,j

)2
.

Clearly, the optimal shrinkage intensity λ∗ depends
n the reference Σ that we have selected. Indeed, while

the π̂ and k̂ measure respectively the instability of the
elements of the sample covariance matrix9 and the co-
variances between the elements of the reference and the
sample covariance matrices,10 γ̂ measures the degree of
misspecification of Σ . For example, if we impose the
reference matrix in (7), Σ = Σ

E
, then a completely

inappropriate choice for the reference σ can easily neu-
tralize the COS by coaxing λ∗

= 0. However, by setting σ

as in (7), we avoid running into this problem since they
assume a priori that the considered predictive strategies
have the same performance (i.e., the same variance of the
prediction error) and that possible differences are due to
chance. We note δ̂∗

:=
λ̂∗

1−λ̂∗
σ 2 the penalty strength in

Proposition 3 associated with λ = λ̂∗. 11

2.7. Negative or non-negative weights

Forecast selection and the reduction in the estima-
tion error come at the cost of misspecification if the
constraint w ∈ W+ is violated in population. Imposing
non-negative weights in portfolio selection may not look

8 We refer to Appendix D for the explicit formula to compute λ̂∗ .
The consistent estimators of π̂ , k̂ and γ̂ are derived using the linear
shrinkage estimator of the covariance matrix described in Ledoit and
Wolf (2003, 2004a, 2004b) and adapting the reference matrix and the
notation to our framework.
9 The sum of the asymptotic variances of the elements of Σ scaled

by
√
n.

10 The sum of asymptotic covariances of the entries of reference
matrix with the entries of the sample covariance matrix scaled by
√
n. Notice that restricting the elements of Σ to be constant and/or

independent of Σ implies that k̂ = 0. This is the case when we shrink
towards equal weights.
11 By contrast, it does not depend on the optimization problem
underlying the combination scheme nor on constraints that could be
imposed on the latter.



F. Roccazzella, P. Gambetti and F. Vrins International Journal of Forecasting xxx (xxxx) xxx

s
(

s
I
a
t
w

s
T
s
a
l
w
d
o
s
t

e
v
i
b
o
o
t
I
f
t
W
n
(

F
L

m

r

3

t

f
b
m

like a good idea as, perhaps, short and long positions could
be the appropriate solution to the portfolio optimization
problem at hand (Green & Hollifield, 1992). Nevertheless,
as underlined in Section 1, imposing a non-negativity
constraint on the weights might still be beneficial because
it rules out extreme solutions that essentially result from
estimation errors: w ∈ W+ implies 0 ≤ wi ≤ 1
and, when dealing with the minimum-variance objective
function, coincides with an L1-constraint on the weights;
ee, e.g., DeMiguel et al. (2009) and Jagannathan and Ma
2003).12

In forecasting, negative weights would arise in very
pecific circumstances (Bunn, 1985; Smith &Wallis, 2009).
n particular, this depends on the difference in the vari-
nce of prediction errors between models, on the correla-
ion across candidate forecasts, and the number of models
ith superior performance.
For example, consider a set of 20 forecasts where a

ubset of them significantly under-performs the others.
able 1 displays the minimum difference in RMSFE neces-
ary to attribute an optimal weight of −0.05, −0.1, −0.2
nd −0.5 to a candidate forecast for a fixed level of corre-
ation across prediction errors.13 The presence of negative
eights seems to be beneficial the more a candidate’s pre-
iction errors are positively correlated to the ones of the
ther forecasts. Nonetheless, this requires inferior (and
ometimes considerably worse) performance compared to
he best forecasts.

Nevertheless, negative weights generally suggest the
xistence of a noise forecast, i.e., a prediction that indi-
idually does not help to predict the target, but whose
nclusion in the combination of forecasts is only justified
y the objective of minimizing the in-sample variance
f prediction errors. It is well known that the inclusion
f such forecasts can negatively impact the stability of
he combining weights (Bunn, 1981; Dickinson, 1973).
mposing the non-negativity constraint acknowledges this
act directly in the estimation step: this differs from
he use of trimming methods in a pre-screening phase.
e further discuss the properties of negative and non-
egative weights for COP schemes in the simulation study
Section 3) and the empirical applications (Section 4).

3. Monte Carlo simulations

We study the behavior of the combinations of forecasts
based on constrained optimization with penalty in a con-
trolled environment. Specifically, we analyze their sensi-
tivity to various specifications of the variance–covariance
matrix of prediction errors and to the choice of the penalty

12 Note that some authors restrict the weights to belong to some
interval [a, b], where the bounds are computed from the data. For
example, Behr et al. (2013) show that when the investment universe
is large enough, one typically gets 0 ≈ a < b ≤ 1.
13 Throughout the paper and in this simulation exercise, we assume
the individual forecasts to be unbiased. In the case of biased forecasts,
the bias can be corrected by reformulating the optimal forecast combi-
nation problem in the form of a linear regression problem and adding
the intercept to the model as discussed in Timmermann (2006) and
indicated in footnote 2. Alternatively, the minimum-variance objective
function can be adjusted to account for a bias–variance tradeoff.
6

function d (w, w). We also examine the impact on the
performance of the non-negative restriction w ∈ W+

compared to w ∈ W . Table 2 summarizes the combination
strategies under consideration.

In the following sections, we consider several COP
methods (Definition 1), namely, COP1, COP2, COPEN, and
COPE+, which are associated with L1, L2, elastic net, and
cross-entropy divergences, respectively. The considered
reference scheme w (equal weights or inverse
loss-weights) is indicated by the subscript E or IL. Min-
imization is performed over W except for the models
with the non-negative restriction, where it is performed
on W+. We indicate these latter with a + superscript.14
or example, COP2_IL+ refers to the COP scheme with
2 penalty, reference scheme wIL and w ∈ W+, whereas
COP2_IL is similar except that w ∈ W . Note that in
these approaches, the penalty strength δ is chosen using
cross-validation.

We also consider two COS methods (Definition 2) that
rely on the analytical expression for the shrinkage inten-
sity λ̂∗, given in (7). For instance, COS_IL+ and COS_IL
use λ = λ̂∗ and shrink towards the reference covariance
atrix Σ

IL
, with and without non-negativity constraint,

respectively. When considering Σ
E
, Proposition 3 sug-

gests that COS_E is equivalent to COP2_E provided that
δ = δ̂∗. These equivalent COP-COS models are hence
eferred to as COPS_E+ and COPS_E.

.1. Simulation designs

We study a set of m = 20 candidate forecasts of a
arget variable y ∼ N (0, σ 2

y ), where a subset of k forecasts
exhibits superior performance. As before, we denote by ŷi
the ith forecast and by vi = y− ŷi its prediction error. The
vectors of forecasts and prediction errors are noted ŷ and
v, respectively. We consider two scenarios for S .

In scenario (a) we form forecasts using ŷi = y + vi
where v ∼ N (01, S) is independent of y. To model the fact
that k models exhibit superior performance, we postulate
that their RMSFEs are, on average, 50% lower than the
last m − k ones.15 Hence, we set Si,i = α2 for i ∈

{1, . . . , k}, Si,i = (2α)2 for i ∈ {k + 1, . . . ,m} and Si,j̸=i =

r
√
Si,iSj,j. Notice that, with a 50% difference in perfor-

mance, the best forecasting strategy can feature negative
weights, especially when the correlation across prediction
errors is considerable. Hence, we use this scenario to
study whether the non-negative restriction significantly
penalizes COP schemes.

In scenario (b), we deal with the case where m − k
orecasts are ‘‘pure noise’’. Intuitively, an optimal com-
ination strategy is expected to identify the k superior
odels while assigning negligible weights to the m − k

uninformative forecasts. In this setup, we model the ith
forecast as ŷi = y + ϵi for i ∈ {1, . . . , k} and ŷi = ϵi
for i ∈ {k + 1, . . . ,m} where E[ϵi] = 0, E[ϵ2

i ] = α2 and

14 Recall that non-negativity is always required when using COPE.
15 We also considered scenarios in which the k superior models
provide RMSFEs that are on average either equal or 10%, 30% and 70%
lower than the inferior candidates. The results are comparable and
available upon request.
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Table 1
Differences in performances (% RMSFE) between the k superior forecasts and m−n inferior forecasts needed to achieve negative weights of different
magnitude. These differences in performances are computed for distinct levels of correlation among the candidate forecast errors and for a different
number k of superior models.
ρ Minimum negative weight −5% Minimum negative weight −10%

k = 1 k = 2 k = 5 k = 10 k = 15 ρ k = 1 k = 2 k = 5 k = 10 k = 15

0.01 >100% >100% >100% >100% >100% 0.01 >100% >100% >100% >100% >100%
0.1 >100% >100% >100% >100% >100% 0.1 >100% >100% >100% >100% >100%
0.25 >100% >100% >100% >100% >100% 0.25 >100% >100% >100% >100% >100%
0.5 >100% >100% >100% 27% 16% 0.5 >100% >100% >100% >100% 34%
0.75 >100% >100% 16% 8% 5% 0.75 >100% >100% >100% 13% 8%
0.9 33% 13% 5% 3% 2% 0.9 >100% >100% 8% 4% 3%

ρ Minimum negative weight −20% Minimum negative weight −50%

k = 1 k = 2 k = 5 k = 10 k = 15 ρ k = 1 k = 2 k = 5 k = 10 k = 15

0.01 >100% >100% >100% >100% >100% 0.01 >100% >100% >100% >100% >100%
0.1 >100% >100% >100% >100% >100% 0.1 >100% >100% >100% >100% >100%
0.25 >100% >100% >100% >100% >100% 0.25 >100% >100% >100% >100% >100%
0.5 >100% >100% >100% >100% >100% 0.5 >100% >100% >100% >100% >100%
0.75 >100% >100% >100% >100% 16% 0.75 >100% >100% >100% >100% >100%
0.9 >100% >100% >100% 7% 5% 0.9 >100% >100% >100% >100% >100%
Table 2
List of the considered predictive algorithms and forecast combination methods. Minimization is performed over W except for the models with
he non-negative restriction, where it is performed on W+ . We indicate these latter with a + superscript, e.g., CO+ .
Combination methods Acronym Weights

Standard methods
Simple average forecast SA wE

Loss-based weighted average forecast IL wIL

Constrained optimization CO(+) Ψ (+)(Σ )
partially-egalitarian LASSO DS_egal_lasso wDS

Trimmed averages
Trimmed simple average forecast T-SA-p 1/card(Mp) if i ∈ Mp , 0 otherwise.
Trimmed simple average forecast via cross-validation T-SA-CV 1/card(Mp) if i ∈ Mp , 0 otherwise.
Trimmed-MCS simple average forecast T-MCS-α 1/card(Mα) if i ∈ Mα , 0 otherwise.

Constrained optimization with shrinkage direction equal weights
COP with L1 penalty COP1_E(+) argminwTΣw + δ|w − wE

|1

COP with L2 penalty COP2_E(+) argminwTΣw + δ|w − wE
|
2
2

COP with EN penalty COPEN_E(+) argminwTΣw + δ

[
a|w − wE

|1 + (1 − a) |w − wE
|
2
2

]
COP with EN penalty and shrinkage towards 0 COPEN argminwTΣw + δ

[
a|w|1 + (1 − a) |w|

2
2

]
COP with cross-entropy COPE_E+ argminwTΣw + δ

∑m
j=1 wj ln

(
wj
1/m

)
COS with reference Σ

E
≡ COP with L2 penalty and δ̂∗ COPS_E(+) Ψ (+)(Σ δ̂∗ ) = Ψ (+)(Σ E

λ̂∗ )

Constrained optimization with shrinkage direction inverse loss-weights
COP with L1 penalty COP1_IL(+) argminwTΣw + δ|w − wIL

|1

COP with L2 penalty COP2_IL(+) argminwTΣw + δ|w − wIL
|
2
2

COP with EN penalty COPEN_IL(+) argminwTΣw + δ

[
a|w − wIL

|1 + (1 − a) |w − wIL
|
2
2

]
COP with cross-entropy COPE_IL+ argminwTΣw + δ

∑m
j=1 wj ln

(
wj/w

IL
j

)
COS with reference Σ

IL and λ̂∗ COS_IL(+) Ψ (+)(Σ IL
λ̂∗ )

We denote with the superscript + the CO, COP1, COP2 and COPEN schemes with non-negative restriction, w ∈ W+

Notes. We denote the cardinality of the set A as card(A). For example, Mp is the subset of forecasts containing m − p candidates, such that
ard(Mp) = m − p. We denote the trimmed simple average forecast as T-SA-p once the worst p models have been excluded. We consider the
ossibility of estimating the number of models to discard via cross validation in T-SA-CV. Mα is the subset of forecasts that are included in the
uperior set of models with confidence level α (Hansen et al., 2011). We denote the simple average forecast derived from the candidate forecasts
ncluded in Mα as T-MCS-α. Hence, T-MCS-α represents the simple average forecast that includes only the candidates having at least a probability
of belonging to the superior set of models. For the elastic net divergence measure, we set a = 0.8. Following (Diebold & Shin, 2019), the

artially-egalitarian LASSO consists of selecting the subset of forecasts to combine in the first step, and shrinking the combining weights of the
elected candidates (wDS ) towards equal weights (using L1 divergence measure). We estimate the penalties via 5-fold cross validation both in the
irst and second step.
w
c
e
a

[ϵiϵj̸=i] = rα2. In this case, the population covariance
atrix of prediction errors takes the form

= α2
+ σ 211 , S = rα2

+ σ 211
i,i y {i>k} i,j̸=i y {min(i,j)>k}

7

here 11{.} is the indicator function. Notice that σ 2
y and α

ontrol the signal to noise ratio (SNR) in this simulation
xercise. We set σ 2

y = α = 1, which is representative of
scenario where the SNR = 1.
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In both scenarios (a) and (b), we consider four designs,
based on the number of superior forecasts k. In design
1, only the first two candidate forecasts have superior
predictive performances (k = 2) for scenario (a) or must
be identified for scenario (b); design 2, design 3 and design
deal with k = 5, k = 10 and k = 15, respectively.
We compare the considered combination schemes

(Table 2) with the optimal forecasting strategy w∗. In
particular, we compute the relative distance between the
root mean square forecast error (RMSFE) of the strategy
under consideration and that of the benchmark w∗.16
Specifically, for the ith combination scheme, we compute
the performance criterion

µi =
RMSFEi

RMSFEw∗

− 1 . (13)

We simulate n = 1030 observations (30 for training
and 1000 for testing) for 500 replications. The difference
in size between the training and testing sets should not be
surprising. While having 1000 observations in the testing
sample provides a rather accurate measurement of pre-
dictive performance, having 30 observations in the train-
ing sample is representative of a realistic scenario where,
relative to the number of candidate forecasts, few obser-
vations are retained for estimating combining weights,
and most of the data are used to train the individual
candidate forecasts.17

3.2. Simulation results

We now discuss how combination methods perform
across the considered scenarios. Since results are com-
parable across designs, Fig. 1 only includes the results
of design 1 and design 4 while we refer to Appendix E
for design 2 and design 3. For each design, the left-hand
side (LHS) panel refers to scenario (a) (superior models
yield RMSFEs that are 50% lower than the inferior can-
didates) and the right-hand side panel (RHS) to scenario
(b) (the best forecasting strategy is sparse). We refer to
Appendix F for an additional proof of the consistency of
COS methods in discarding the pure noise forecasts.

We sort the combination schemes (y-axis) based on
their average performances across the four correlation
levels, which are indicated using colors (yellow r = 0,
orange r = .25, red r = .5 and black r = .9). The closer
he combination strategy is to the origin of the axes, the
loser its average performance to the optimal forecasting
trategy w∗.
Fig. 1 points out that the performances depend on the

orrelation level r of prediction errors and on whether
he best forecasting strategy is sparse or not. Indeed, as
nticipated in Section 2.7, negative weights are likely to

16 Note that while w∗ is implied by S , the considered forecast
combination methods only rely on the sample counterpart of S ,
.e., Σ :=

1
nV

TV .
17 T-MCS methods that use bootstrapping to estimate the MCS rely
n 1000 replications of the training set. Methods that use a validation
old to estimate the penalty strength retain 5 observations from the
raining set and rely on the remaining 25 observations for estimating
he covariance matrix of prediction errors.
8

arise when r > .90, which penalizes the strategies that
estrict combining weights to be non-negative.

In scenario (a) (LHS panel), we confirm this fact: non-
egative COP methods outperform their negative coun-
erparts when r ≤ .50, but underperform the latter
hen r = .90. Such an impact can be so considerable
o flip over the overall ranking. For example, in design 1,
OPS_E+ and COS_IL+ perform the best when r ≤ 0.5,
ut rank only fourth and sixth overall due to the poor
erformance in high correlation case. This can also hold
or unpenalized methods: in design 3, while CO (i.e., the
ombination that only minimizes the in sample variance
f prediction errors) generally performs poorly, the bene-
its of dropping the non-negative constraint when r = .90
s so considerable to counteract the superior performance
f CO+ (same as CO but with non-negativity constraint)
n the other cases. We can generalize this finding to COP
ethods but not to COS: the non-negativity constraint
oes not penalize methods that rely on a closed-form
xpression for the shrinkage intensity. Both in design 1
nd design 4, restricting the weights to be non-negative
ffers an advantage: COPS_E+ and COS_IL+ outplay their
ounterparts COPS_E and COS_IL.
The non-negative restriction on the combining weights

ffers a significant advantage when w∗ is sparse. In sce-
ario (b), (RHS panel) COP methods with non-negative
eights always outperform their negative counterparts,
oth when the penalty strength is estimated via cross-
alidation and via the analytical formula. In this case,
he correlation level is no longer the main driver of the
ariability of the performance across combination strate-
ies. Only T-MCSs remain particularly sensitive to the
orrelation among prediction errors.
Fig. 1 also underlines the generally poor performance

f trimming methods: both T-MCSs and T-SAs rank among
he worst strategies together with IL and SA. Further-
ore, estimating the number of forecasts to discard using
ross-validation (T-SA-CV) does not offer any significant
dvantage. Only T-SA-5 performs remarkably well in the
esign 4 of scenario (b) but the reason is clear: conditional
n identifying the right candidates, T-SA-5 coincides with
he best forecasting strategy w∗ for that design.

The partially-egalitarian LASSO procedure (DS_egal_
asso) is competitive with COP methods only when r =

90 and when w∗ is not sparse. We also confirm the fore-
ast combination puzzle: CO performs poorly, especially
hen r ≤ .50, where it performs worse than the simple
verage forecast (SA), IL, and T-SAs.
This simulation study sheds the light on four aspects

f great practical relevance for the use of combination
trategies in forecasting.
First, all COP and COS methods perform remarkably

ell, especially compared to trimming-based combina-
ion strategies in all considered designs. In particular, it
s difficult to identify a unique trimming method that is
ptimal under various specifications of S . In general, how-
ver, forecast selection is inappropriate when correlations
mong the prediction errors of candidates are particularly
ow (r = 0). Conversely, COP methods limit the impact of
ubjective choices on the number of models to discard.
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Fig. 1. Relative RMSFE with respect to the true optimal forecast combination w∗ . In the left-hand side panel, superior models yield RMSFEs
hat are 50% lower than the inferior candidates (scenario a) and in the right-hand side panel the best forecasting strategy is sparse (scenario b).
ombination schemes are ordered according to their average performances across correlation levels. In design 1, the first two candidates have superior
redictive performance; in design 4 the first fifteen candidates have superior performance. Right panels show the outstanding performance of the
on-negativity constraint in scenario (b). The same holds true for scenario (a), but only for moderate correlation levels.
m
g

Second, the choice of the penalty function (L1, L2, EN,
nd cross-entropy) does not remarkably affect predictive
erformance when w ∈ W+. Conversely, if w is unre-
tricted, the L1 divergence measure may negatively affect
erformance depending on the shrinkage direction (wE vs

wIL) and the DGP under consideration.
Third, the non-negative restriction penalizes perfor-

mance only when forecast errors are strongly correlated
across candidate forecasts. Otherwise, in the other cases,
9

it significantly improves predictive ability. We do not find
any relevant difference between using equal weights or
inverse loss-weights as reference scheme unless L1 is
involved.

Fourth, COPS_E+ and COS_IL+ yield the minimum
odel risk relative to the considered combination strate-
ies. Compared to COP1, COP2, COPEN, and COPE+, the an-

alytical expressions of the shrinkage intensity in COPS_E
and COS_IL allows us to make full use of the training
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set to estimate the covariance of prediction errors. This
is a crucial advantage for more precisely estimating the
combining weights.

4. Empirical study

In the empirical study, we consider two prediction
roblems taken from economics. In these applications, we
rain the individual algorithms using 70% of the data, build
orecasts combinations on 10% and keep the remaining
0% for testing.18 In the following sections, we present
he evaluation criteria used to compare the considered
redictive strategies and the predictive algorithms that
re used to form the candidate forecasts.

.1. Evaluation criteria

We must define some evaluation criteria for compar-
ng the predictive strategies. For this purpose, we consider
he RMSFE19 and two statistical procedures: the Diebold–
ariano test (hereafter DM, Diebold & Mariano, 1995)
nd the model confidence set (hereafter MCS, Hansen
t al., 2011).
The DM tests whether one model is superior to an-

ther for a given confidence level. Formally, let the loss
ifference between forecast i and j for observation t
e dti,j =

(
vt
i

)2
−

(
vt
j

)2. The DM tests whether H0 :

DM =
E[di,j]
σ [di,j]

= 0, with DM ∼ N (0, 1). However, the

riginal test can be oversized in small samples and not
obust to the heavy-tailed distributions of the forecast
rrors. To tackle these problems, we consider a scaled
M statistic ∼ standard t-student(df ), as proposed by
arvey et al. (1997).
The MCS tests whether a subset of methods enters

ointly in the superior set of models by repeatedly test-
ng the null hypothesis of equal predictive performance
ith significance level α. Let M0 be the set of all fore-
asting models (both individual candidates and forecasts
ombinations), and let M∗ be the superior set of mod-
ls. Formally, the MCS tests H0 : E

[
di,j

]
= 0, ∀i, j.

f the null hypothesis is rejected, then the procedure
liminates the model with the greatest relative loss from
he set M. This procedure is sequentially repeated until
he null hypothesis is not rejected at the chosen prob-
bility level α. We compute the MCS p-values via boot-
trapping (10000 replications) and using the Oxford MFE
oolbox publicly available at https://www.kevinsheppard.
om/code/matlab/mfe-toolbox/.

18 This choice implies that only 21 observations are retained for
constructing forecast combinations when predicting the Chicago Fed
National Activity Index, and 51 observations are retained for predicting
Boston housing prices. The results are robust to a large estimation
window, and these additional analyses are available upon request.
19 We transform the target variable to have unitary variance given
the information available in the training set. Therefore, RMSFE and
RMSPFE (RMS-Percentage-FE) display comparable results unless the
variance of the y variable significantly differs in the testing set. We
present both the RMSFE and RMSPFE in Appendix G.
10
4.2. Individual predictive algorithms

We consider individual forecasts from 13 standard pre-
dictive algorithms that are publicly available on software
such as MATLAB. Table 3 lists the predictive algorithms
used to form candidate forecasts.

We estimate the hyperparameters of all the considered
models via 10-fold cross-validation. Ensemble methods
such as gradient boosted regression tree (GBRT), random
forest (RF) and feed-forward neural network (NN) meth-
ods consist of 1000, 1000 and 5 base learners, respec-
tively. This choice is an appealing compromise between
computational time and out-of-sample results. Further-
more, datasets are standardized (unitary variance and
zero-mean), and predictors are cross-sectionally normal-
ized to be within [−1, 1]. These procedures are standard
in the field of machine learning; see Gu et al. (2020)
or a financial case. Combination methods that rely on
alidation to estimate the penalty strength use 5-fold
ross-validation.

.3. Empirical study I: Boston housing prices

In the first application, Boston housing prices are pre-
icted using 14 attributes (e.g., per capita crime rate,
verage number of rooms per dwelling, or % lower status
f the population). This dataset consists of 507 obser-
ations, and it is freely available at http://lib.stat.cmu.
du/datasets/boston. Although it was originally studied
o provide quantitative estimates of the willingness to
ay for air quality (Harrison & Rubinfeld, 1978), it is
ommonly used in the literature to benchmark predictive
lgorithms (Ben-Porat & Tennenholtz, 2017; Breiman &
riedman, 1985; Quinlan, 1993).
Fig. 2 presents RMSFE for different combination strate-

ies classified in two-step combinations, cross-validation-
ased COP methods and one step combining strategies. In
his latter group, we also include the performance of the
x-post best candidate forecasting. The vertical dotted line
arks the threshold to beat before joining the superior
et of models at 10% significance level. We refer the DM
tatistics to Appendix G.
In Fig. 2, we notice that despite using standard algo-

ithms, our results are competitive with those of
ther predictive exercises on the same dataset (aver-
ge RMSFE ≈.36,20 see https://www.kaggle.com/c/boston-
ousing/leaderboard). Nevertheless, the benefit of com-
ining forecasts, especially via COP and COS methods,
emains clear. Indeed, COPS_E, COS_IL (both with and
ithout the non-negative weights), COP2_E+, COP2_IL+

nd COPE_IL+ rank as the best forecasting strategies.
OP2_IL, COPE_IL+ and the two-step partially-egalitarian
ASSO of Diebold and Shin (2019) stand on the edge of
he superior set of models.

20 In our application the data are standardized; therefore, to compare
our results to the leaderboard, we compute the average of the mean
square forecast error of the 20 best models in the leaderboard, which
gives ≈ 10.88. Then, we compute

√
10.88/84.58 = 0.3586 ≈ 0.36,

where 84.58 corresponds roughly to the variance of the target variable
in the data set.

https://www.kevinsheppard.com/code/matlab/mfe-toolbox/
https://www.kevinsheppard.com/code/matlab/mfe-toolbox/
https://www.kevinsheppard.com/code/matlab/mfe-toolbox/
http://lib.stat.cmu.edu/datasets/boston
http://lib.stat.cmu.edu/datasets/boston
http://lib.stat.cmu.edu/datasets/boston
https://www.kaggle.com/c/boston-housing/leaderboard
https://www.kaggle.com/c/boston-housing/leaderboard
https://www.kaggle.com/c/boston-housing/leaderboard


F. Roccazzella, P. Gambetti and F. Vrins International Journal of Forecasting xxx (xxxx) xxx
Table 3
List of the considered predictive algorithms.
Predictive model Abbreviation MATLAB function

Generalized linear models
Ordinary least squares OLS fitlm
LASSO L1 lasso
Ridge L2 lasso
Elastic net EN lasso
Linear SVM with L1 regularization svmL1 fitrlinear
Linear SVM with L2 regularization svmL2 fitrlinear
Partial least squares PLS plsregress

Regression trees
Gradient boosted trees GBRT fitrensemble
Random forests RF fitrensemble

Feed-forward neural networks (# of neurons per layer)
1 Hidden layer (8) NN1 fitnet
1 Hidden layer (16) NN2 fitnet
2 Hidden layers (8 - 4) NN3 fitnet
2 Hidden layers (16 - 8) NN4 fitnet
Fig. 2. Predicting Boston housing prices, out of sample results. Performance of the forecasts combination schemes grouped in two-step
combinations, cross-validation based COP methods, and one-step combining strategies. The vertical dotted line marks the threshold to overcome to
join the superior set of models at 10% significance level.
11
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Table 4
Predicting Boston housing prices, combination weights.

OLS L1 L2 svmL1 svmL2 EN PLS RF GBRT NN1 NN2 NN3 NN4

DS_egal_lasso . . . . . . . .25 .25 .25 .25 . .
CO .90 .77 (2.23) (.23) (.23) .02 1.00 .40 .15 .27 .27 .15 (.23)
COPEN .08 .09 . . . . .27 .18 .16 .09 .08 .12 (.06)
COP1_E .08 .08 .05 (.06) .08 .08 .08 .08 .22 .09 .08 .08 .08
COP2_E .08 .08 .08 (.05) (.05) (.05) .08 .08 .20 .20 .20 .08 .08
COPEN_E .38 .71 (1.31) (.54) (.29) .03 1. .42 .17 .10 .15 .18 .01
COPS_E .14 .15 (.04) (.27) (.26) (.05) .35 .25 .20 .16 .16 .19 .02
COP1_IL .03 .03 .03 .03 .03 .03 .03 .09 .09 .15 .15 .15 .15
COP2_IL .09 .09 (.04) (.04) (.04) (.04) .09 .09 .21 .21 .21 .09 .09
COPEN_IL .05 .08 .02 .05 (.36) (.30) (.02) .50 .26 .19 .14 .15 .13
COS_IL .12 .13 (.03) (.22) (.21) (.05) .27 .23 .20 .17 .20 .22 (.04)
CO+ .03 . . .04 . . .03 .18 .36 .14 . .11 .11
COP1_E+ .07 .07 . . . .07 . .08 .20 .14 .14 .08 .14
COP2_E+ .08 . . . . . . .14 .21 .27 .15 .15 .
COPE_E+ .06 .06 .06 .03 .03 .03 .03 .09 .21 .15 .09 .09 .09
COPEN_E+ .04 .04 .04 .04 .04 .04 .04 .10 .15 .13 .13 .10 .10
COPS_E+ .02 .03 . . . . .02 .15 .25 .31 . .11 .11
COP1_IL+ .05 .05 .05 .02 .02 .02 .02 .08 .14 .14 .14 .14 .14
COP2_IL+ .04 . . . . . . .13 .19 .19 .19 .19 .07
COPE_IL+ .03 .03 .03 .03 .03 .03 .03 .09 .12 .15 .15 .15 .15
COPEN_IL+ .02 .02 .02 .02 .02 .02 .02 .14 .14 .14 .14 .14 .14
COS_IL+(r = 0) .02 .03 . . . . .02 .16 .25 .31 . .11 .11

Notes. We denote with · candidates that have been discarded and with (·) negative weights. Weights do sum to 1 before rounding, differences are
due to the approximation to two decimal digits to enhance readability.
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Among COP and COS schemes, the L2 penalty offers the
best predictive performance, while L1 performs the worst.
This result does not depend on the reference combination
strategy. Thus, shrinking towards equal weights or inverse
loss-weights does not impact performance. However, this
has one exception: COPE_E+ performs significantly worse
than COPE_IL+.

Concerning T-SAs, the difference in predictive perfor-
mance strongly depends on how many candidate fore-
casts we discard in the trimming phase. The findings
of Aiolfi and Favero (2005) and Granger and Jeon (2004)
re confirmed: among trimmed simple average strategies,
hose discarding most of the candidate forecasts perform
est. Nevertheless, we cannot identify a clear pattern
egarding the optimal number of models to discard. For
xample, while T-SA-7 ranks among the best performers
nd it is included with at least 10% in the superior set
f models, T-SA-3,5,9 and 11 perform significantly worse
nd have less than 10% probability of being included. T-
CSs perform poorly and strongly depend on the choice
f the significance level in the model confidence set. Over-
ll, the choice of the number of candidate forecasts to
onsider in T-SAs and T-MCSs is subjective. Conversely,
OP methods do not require any preliminary decision
bout whether to trim and by how much: they only rely
n the estimated covariance matrix of prediction errors to
erform selection and combination in a single step.
Table 4 reports the combining weights and confirms

hat the weights are constrained to be non-negative for
orecast selection. Yet, the use of different divergence
easures for COP implies different optimal combination
chemes. For example, the ‘‘sharp’’ edges of the L1 penalty
ends to force some of the weights to be exactly equal to
/k. Conversely, L2 better tolerates small deviations from
he reference and increases weights variability, which in
his case results in better predictive performance.
p

12
We also notice that, among COP methods that rely on
ross-validation, only COP1_E+, COP2_E+ and COP2_IL+

rovide sparse solutions: the non-negative restriction
lays a crucial role in this. Also notice, that while COPS_E+

imply discards the candidates that display negative
eights in COPS_E, we cannot make the same analogy

or cross-validation-based methods. In the latter case,
he performance in the validation fold depends on the
stimated weights that depend on the non-negativity
estriction. Conversely, COPS_E+, COPS_E and COS_IL+,
OS_IL have respectively identical penalty strengths, since
he estimation of λ̂∗ is independent of the estimation of
he weights.

However, although the weights can differ between
OP methods, they largely agree on the relevance of the
andidate forecasts: linear models are either discarded or
lay a marginal role in the aggregate forecast. In con-
rast, NNs, GBRT, and RF are always included and are the
ain drivers of the aggregate forecast. We also confirm

he particular behavior of the DS_egal_lasso: it selects a
mall subset of the candidates and it sets their weights to
quality.

.4. Empirical study II: Chicago fed national activity index

The second application aims to predict the Chicago Fed
ational Activity Index (CFNAI), a monthly index mea-
uring the current economic activity in the United States.
he index, publicly available at https://fred.stlouisfed.org/
eries/CFNAI, is a weighted average of 85 monthly in-
icators of national economic activity (e.g., production
nd income, employment, personal consumption, hous-
ng, sales, and inventories). The CFNAI is constructed to
ave an average value of zero and a standard deviation
f one. Zero values indicate that the US economy is ex-

anding at its historical trend rate of growth, negative

https://fred.stlouisfed.org/series/CFNAI
https://fred.stlouisfed.org/series/CFNAI
https://fred.stlouisfed.org/series/CFNAI
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Fig. 3. Predicting Chicago Fed National Activity Index (CFNAI), out of sample results. Performance of the forecasts combination schemes grouped
cross two-step combinations, cross-validation based COP methods and one step combining strategies. The vertical dotted line marks the threshold
o overcome to join the superior set of models at 10% significance level.
alues indicate below-average growth, and positive values
ndicate above-average growth.

We predict 1-step ahead values of CFNAI using a large
ataset of backward-looking and forward-looking vari-
bles. We retrieve the backward-looking variables from
he monthly dataset of the Federal Reserve Bank of St.
ouis (FRED-MD) and transform the original series accord-
ng to the work of McCracken and Ng (2016). We also
nclude measures of macroeconomic, financial and real
ncertainty from (Jurado et al., 2015) and Ludvigson et al.
2015). We retrieve the forward-looking variables from
he black Chip Financial Forecasts (BCFF) database. This
atabase relies on a survey of professional forecasters that
ncludes the expected term structure of U.S. interest rates,
xpected real GDP, price level (GDP price deflator and
13
Consumer Price Index) and the expected level of the major
currency index. BCFF also includes the average expected
yield for home mortgages, and the yield of Aaa- and Bbb-
rated corporate bonds. We use the first three principal
components to summarize the information of the term
structure of expected yields. We further compute the
standard deviation and the conditional asymmetry (Bow-
ley, 1920) to capture the dispersion and the skewness
of the empirical distribution of forecasts, respectively.
We count 125 predictive variables. Our sample starts in
January 2001 and stops in May 2018 (209 monthly ob-
servations). We train the individual models using 146
observations, form a combination of forecasts using 21
observations, and keep the remaining 42 observations for
testing. Thus, COPS_E and COS_IL have 21 − 13 = 8
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Table 5
Predicting Chicago Fed National Activity Index (CFNAI), combination weights.

OLS L1 L2 svmL1 svmL2 EN PLS RF GBRT NN1 NN2 NN3 NN4

DS_egal_lasso . . . . . . . . . . . 1. .
CO (.09) (.93) .01 .99 1. (.46) .55 .10 (.18) (.67) (.02) 1. (.31)
COPEN . . . 1. . . . . . . . . .
COP1_E .05 .08 .08 .11 .08 .08 .08 .08 .08 .08 .08 .08 .08
COP2_E (.03) .03 .04 .14 .12 .04 .04 .16 .06 .06 .05 .23 .06
COPEN_E .05 .08 .08 .11 .08 .08 .08 .08 .08 .08 .08 .08 .08
COPS_E (.08) (.09) (.08) .34 .48 (.20) .02 .49 (.17) (.17) (.17) .90 (.26)
COP1_IL .01 .08 .08 .10 .10 .08 .08 .08 .08 .08 .08 .08 .07
COP2_IL (.04) .03 .04 .15 .13 .04 .04 .16 .05 .06 .06 .23 .05
COPEN_IL .01 .08 .08 .10 .10 .08 .08 .08 .08 .08 .08 .08 .07
COS_IL (.08) (.10) (.11) .38 .60 (.24) .01 .49 (.19) (.20) (.20) .92 (.28)
CO+ . . . .54 .33 . . . . .13 . . .
COP1_E + .05 .08 .08 .11 .08 .08 .08 .08 .08 .08 .08 .08 .08
COP1_IL+ .01 .08 .08 .10 .10 .08 .08 .08 .08 .08 .08 .08 .07
COP2_E+ . . . .27 .26 . . .24 . .10 . .13 .
COP2_IL+ . . . .31 .27 . . .21 . .09 . .13 .
COPE_E+ .05 .08 .08 .11 .08 .08 .08 .08 .08 .08 .08 .08 .08
COPE_IL+ .01 .08 .08 .10 .10 .08 .08 .08 .08 .08 .08 .08 .07
COPEN_E+ .03 .07 .07 .09 .09 .08 .07 .10 .08 .07 .07 .10 .07
COPEN_IL+ . .07 .08 .11 .10 .08 .07 .10 .07 .08 .08 .11 .07
COPS_E+ . . . .26 .24 . . .25 . .08 .05 .13 .
COS_IL+(r = 0) . . . .30 .27 . . .21 . .09 . .13 .

Notes. We denote with · candidates that have been discarded and with (·) negative weights. Weights do sum to 1 before rounding, differences are

due to the approximation to two decimal digits to enhance readability.
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degrees of freedom, while methods that rely on 5-fold
cross-validation have only 17−13 = 4 degrees of freedom
or computing Σ .

Note that in this predictive exercise, the time dimen-
ion can affect the predictive ability of the individual
odels and, consequently, combination methods. There-

ore, as a robustness check, we also consider an expanding
indow to estimate the individual models, to form the
ombination of forecasts, and to form evaluation statistics.
his means that we estimate the individual models and
he combining weights 42 times. The training set, made
f the data available up to time t , is partitioned in two
olds. The combination fold is composed of 21 observations
elected randomly from the training set and is used to
stimate the combining weights. The other fold is used
o train the individual models. Results are robust to this
econd specification and we refer to Appendix H for the
esults that build on the expanding window specification.

Fig. 3 presents the obtained RMSFEs; the Diebold–
ariano statistics are provided in Appendix G. The results
re in line with the previous findings.
In Fig. 3, we remark that the COP and COS methods

ignificantly outperform our main benchmarks, i.e., SA,
O+ (Conflitti et al., 2015) and DS_egal_lasso (Diebold
Shin, 2019). The use of a single step method with

enalization is what marks the difference between being
xcluded (SA, CO, CO+, and DS_egal_lasso) and being
ncluded in the superior set of models (COP and COS
chemes). On the one hand, despite imposing the non-
egative constraint on the weights improves the perfor-
ance (CO+ outperforms CO), this restriction alone is
ot sufficient to be included in the superior set of mod-
ls (CO+ is excluded). On the other hand, the partially-
galitarian LASSO (DS_egal_lasso) actually collapses to
N3 (see Table 5), which however is not the best can-
idate forecast in the testing set: this underlines how the
ailure to identify the model(s) in the first step can have
 t

14
relevant consequences on performance. We can draw
similar conclusions on T-SAs and T-MCSs.

T-SAs are competitive with the best forecasting strate-
gies, but it remains difficult to determine the right num-
ber of models to discard: while TSA_3,_9, and TSA_7 are
included in the superior set of models, TSA_5 and TSA_11
are excluded. As stressed earlier, a wrong choice for this
number can be very harmful: TSA_11 ranks among the
worst-performing strategies overall. T-MCS methods are
always excluded from the superior set of models. Con-
versely, COS+ schemes are always included in the su-
perior set of models and, at 10% significance level, their
performance is not statistically different from the best
ex-post forecasting strategy, i.e., RF.

Table 5 gives an overview of the estimated weights.
e find evidence that COP methods can achieve spar-

ity; i.e., they combine only a subset of the available
andidate forecasts. Furthermore, as in the previous appli-
ation, COP and COS methods and largely agree on which
odels to select and on the weight to assign to each
f them. Interestingly, we notice that COS_IL, COP2_IL,
nd COPS_E, COP2_E respectively estimate almost iden-
ical combining weights. Furthermore, the non-negativity
estriction does not play any role in COP1_E+, COP1_IL+,
nd COPEN_IL+ because the corresponding weights are
ositive even when the non-negativity constraint is re-
axed.

. Conclusions

Constrained optimization with penalty and shrinkage
echniques have been successfully used in finance, and
hey are at the heart of asset allocation strategies. In
his paper, we point out that these methods also provide
n appealing route for forming forecast combinations.
n particular, we design a robust single-step framework

hat allows the obtaining of potentially sparse combining
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weights. We show that these methods, relying on con-
strained optimization with penalty (COP) or with shrink-
age of the covariance matrix (COS) and the non-negativity
constraint on the combining weights, limit the subjectiv-
ity in the trimming phase because they do not require
any predetermined selection rule or predetermined com-
bination strategy; they rely on the estimated covariance
matrix of prediction errors.

We also present and discuss the scenarios where drop-
ing the non-negativity restriction can be beneficial. We
ind that this occurs only under specific circumstances:
hen a candidate’s prediction errors are strongly posi-
ively correlated to those of the other forecasts and when,
t the same time, its predictive ability is also significantly
nferior. Moreover, we introduce new divergence mea-
ures in COP (namely, elastic net and cross-entropy) and
tudy their performance. We find promising results for
ross-entropy (only valid when working under the non-
egativity constraint), which consistently outperforms the
tandard L1 penalization. Eventually, we use the corre-
pondence between the shrinkage estimators of the sam-
le covariance matrix (Ledoit & Wolf, 2004b) and the
2-norm penalty (DeMiguel et al., 2009) to obtain an
nalytical expression for the optimal penalty strength,
hereby making the economy of a potentially harmful
ross-validation step in this case.
In an extensive simulation study and two empiri-

al applications, we document the flexibility and robust-
ess of the single-step combinations with non-negative
eights and explicit penalty strength (or shrinkage in-
ensity). We find that these models outperform cross-
alidation based COP methods, the simple average
orecast, trimming methods and other standard bench-
arks from previous studies.
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ppendix A. Proof of Proposition 2

Specializing the optimization problem to the Euclidean
istance between w and the equally-weighted scheme
ields (1),

∗

δ := argmin wTΣw + δ
w − wE

2
2 .
w ∈ W [

15
The penalty term is developed by making use of the fact
that w ∈ W+

⊂ W:

∥w − 1/m∥
2
2 = wTw − 3/m .

By discarding the constant and grouping the quadratic
terms,

w∗

δ := argmin
w ∈ W+

wT (Σ + δI) w ,

which takes a similar form as (2). The proof is concluded
by applying Proposition 1, replacingΣ byΣ+δI (observe
that because Σ + δI is positive definite, which is always
assumed to be true, Σ and δ ≥ 0 are positive definite).
Notice that this result holds for a weighting scheme w ∈

W .

Appendix B. Proof of equivalence: A general case

The general form of the reference covariance matrix
associated with the equally weighted scheme can be writ-
ten as Σ = σ 2((1 − ρ)I + ρE

)
, where E is a conformable

matrix of ones. It is easy to see that the optimization
problem (6) associated with the specific reference matrix
above collapses to that associated with ρ = 0 under the
w ∈ W+ constraint. Indeed, for every λ ∈ [0, 1], the
objective function can be decomposed as

wTΣλw = wT
(
Σ +

λ

1 − λ
(1 − ρ)σ 2I

)
w

+
λ

1 − λ
ρσ 2wTEw .

Due to the restriction w ∈ W+, the last term collapses
to the constant λρσ 2/(1 − λ), which can be discarded.
Hence, the cost function is that of a COS scheme with
Σ = σ 2I and shrinkage intensity λ

1−λ
(1 − ρ). Thus, we

can set ρ = 0 without loss of generality.

Appendix C. A bayesian reformulation of the cop prob-
lem

We motivated the use of COP and COS schemes with
non-negativity constraint to improve the stability of the
combining weights when the sample covariance matrix
is poorly estimated or when the number of candidate
forecasts is greater than the number of available obser-
vations. Nevertheless, we can also motivate the use of
shrinkage from a Bayesian perspective. On the one hand,
it is a way to incorporate prior information into the es-
timation of combining weights as suggested by Diebold
and Pauly (1990). On the other hand, a Bayesian reformu-
lation of COP helps the forecaster to quantify the uncer-
tainty around the estimated weights and incorporate the
doubts about the non-negative restriction on the combin-
ing weights.

In this section, we reformulate the COP problem with
L1 and L2 divergence measure in a Bayesian framework.
We restrict ourselves to consider the reference scheme
wE since Bayesian prior should not depend on the spe-
cific sample under analysis. Following Granger and Ra-
manathan (1984), we recast the optimal forecast combi-
ation as a linear regression problem. Denoting by Y :=

y, ..., y], the n×m matrix containing m copies of y, and
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by V the n × m matrix containing the realized forecast
errors, we can reformulate the CO regression problem as

w∗
:= argmin

w∈W

1
n

[
y − Ŷw

]T [
y − Ŷw

]
= argmin

w∈W

1
n
[y − (Y + V ) w]T [y − (Y + V ) w] .

Recalling that 1Tw = 1, we notice that Yw = y. Therefore,

w∗
:= argmin

w∈W

1
n
[Vw]T [Vw]T = argmin

w∈W
wTΣw .

Finally, we can retrieve COP2 by adding the appropri-
ate penalty term. In Proposition 2, we show that when
shrinkage towards equal weights, the solution to COP2_E
consists of shrinking diagonal elements of Σ by δ. In
this case, the posterior mode coincides with the Ridge
estimate of w when reformulating COP2 in the form of
a linear regression problem (see for example Hastie et al.,
2008). In particular, by using the Gaussian likelihood, the
Normal-inverse-Wishart distribution as prior and appro-
priately rescaling the weights to sum to 1, we obtain
the Bayesian reformulation of COP2_E (see Geweke, 2005,
for an introduction to Bayesian regression models). Simi-
larly, we can retrieve COP1_E by imposing a Laplace prior
(centered on the reference weighting scheme) on the
weights. COP1_E can be easily implemented by modifying
the Gibbs sampler proposed by Park and Casella (2008) to
center the Laplace prior around wE .

Notice that we neither directly impose a truncated
Gaussian (COP2_E) or a truncated Laplace (COP1_E) prior
on the weights nor truncate the posterior distribution in
[0, 1]. Indeed, despite we can quantify the uncertainty
on the estimated weights also when restricting weights
to be non-negative, dropping this assumption permits us
to also incorporate the doubts about the non-negative
restriction itself. While the underlying hypothesis is that
negative weights signal noise forecasts that should be
discarded as discussed in Section 2.1, if the posterior indi-
cates that a weight is significantly negative, the Bayesian
framework would have helped us identify a case where
this restriction is violated in population. The mode, but
most importantly the dispersion of the posterior distri-
bution of the weights, should guide the forecaster on
whether to include or discard a subset of forecasts. How-
ever, dropping the non-negative restriction comes at one
cost: COP1_E and COP2_E cannot perform forecast selec-
tion and therefore handle high dimensional combination
problems.

Appendix D. The analytical formula for the optimal
shrinkage intensity

Following Ledoit and Wolf (2003, 2004a, 2004b), we
present the analytical formula to estimate the optimal
shrinkage intensity for COS methods. This formula for λ∗

makes the linear shrinkage estimator of Σ asymptotically
optimal, i.e., it asymptotically minimizes the Frobenius
Norm (quadratic loss function) of the difference between
the true and the shrinkage estimator Σ̂λ as the number
of observations and the number of variables go to infin-

ity together. As indicated in (12), the optimal shrinkage

16
intensity is

λ∗
=

1
n

π̂ − k̂
γ̂

,

π =

m∑
i=1

m∑
j=1

AsyVar
(√

nΣi,j
)

,

k̂ =

m∑
i=1

m∑
j=1

AsyCov
(√

nΣi,j,
√
n Σ i,j

)
,

γ =

m∑
i=1

m∑
j=1

(
Σ i,j − Σi,j

)2
.

hile γ̂ can be easily computed from (12), the formulas
or π̂ and k̂ are less straightforward. Following the work of
edoit and Wolf, we provide the corresponding formulas
elow.
Denoting the zth realized forecast error of the ith model

nd ith model’s sample average forecast error with Vz,i
nd V·,i, respectively, we start by considering π̂ , i.e., a
onsistent estimator of π (Lemma 1 p. 612 Ledoit & Wolf,
003)

π̂ =

m∑
i=1

m∑
j=1

π̂ij , (D.1)

ij =
1
n

n∑
z=1

[(
Vzi −

1
n
V·i

)(
Vzj −

1
n
V·j

)
− Σij

]2

. (D.2)

Notice that π and its consistent estimator π̂ do not de-
pend on the reference matrix Σ . Conversely, consider k̂,
i.e a consistent estimator of k (Lemma 2 p. 612-613 Ledoit
& Wolf, 2003).

k =

m∑
i=1

m∑
j=1

k̂ij .

By construction, k̂ depends on the reference matrix Σ .
WhenΣ = Σ

E
= σ 2I , the covariance each element of the

ample covariance matrix and the identity matrix scaled
y σ 2 is constantly equal to zero. Therefore, in the case of

COS_E(+), the consistent estimator of the optimal shrink-
age intensity λ̂∗, is given by λ̂∗

=
π̂
γ̂
. This corresponds to

the optimal shrinkage intensity derived in Theorem 2.1 in
Ledoit and Wolf (2004a).

Conversely, in the case of COS_IL(+), i.e., when Σ =

Σ
IL
, the reference matrix depends on the sample estima-

tor of the covariance matrix of prediction errors. While
the off-diagonal elements of Σ

IL
are restricted to be zero,

i.e., Σ
IL
ij,i̸=j = Σ , the elements on the diagonal of Σ

IL
are

the sample estimates of the variances of prediction errors,
i.e., Σ

IL
ii = Σ i,i. In this case, we obtain

kij =

{
0 if i ̸= j
π̂ii otherwise .

This result is a particular case of optimal shrinkage inten-
sity in the case the constant correlation reference matrix
presented in Appendix B in Ledoit and Wolf (2004b).
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Appendix E. Simulation study: Results for Design 2 and Design 3

Fig. E.1. Relative RMSFE with respect to the true optimal forecast combination w∗ . Performance of the forecasts combination schemes for various
pecifications of the covariance matrix Σ v of the forecasts errors. Combination schemes are ordered according to their average performances across
orrelation levels. In each design, the candidates that have superior predictive performance yield RMSFEs that are 50% lower than the remaining
nes. In design 2, the first five candidates have superior predictive performance; in design 3 the first ten candidates have superior performance.
17
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Appendix F. Forecast selection using CO+ and COS(+)
methods

Table F.1
L2 norm of weights assigned to noise forecasts.

r = 0 r= 0.25 r=0.5 r=0.9

T = 30 αnoise = 10

CO+ 0.009 0.007 0.007 0.007
COPS_E 0.021 0.004 0.001 0.002
COS_IL 0.001 0.001 0.001 0.002
COPS_E+ 0.021 0.001 0.000 0.000
COS_IL+ 0.001 0.000 0.000 0.000

T = 30 αnoise = 1

CO+ 0.017 0.017 0.018 0.015
COPS_E 0.020 0.031 0.046 0.083
COS_IL 0.018 0.027 0.040 0.068
COPS_E+ 0.015 0.012 0.012 0.014
COS_IL+ 0.013 0.011 0.011 0.013

T = 100 αnoise = 10

CO+ 0.008 0.007 0.007 0.007
COPS_E 0.009 0.000 0.000 0.000
COS_IL 0.001 0.000 0.000 0.000
COPS_E+ 0.009 0.000 0.000 0.000
COS_IL+ 0.001 0.000 0.000 0.000

T = 100 αnoise = 1

CO+ 0.015 0.015 0.015 0.011
COPS_E 0.015 0.024 0.033 0.065
COS_IL 0.014 0.023 0.032 0.061
COPS_E+ 0.010 0.010 0.010 0.006
COS_IL+ 0.010 0.010 0.009 0.006

Notes. L2 norm of the estimated weights assigned to noise forecasts.
We model the i-th forecast as ŷi = y + ϵi for i ∈ {1, . . . , 10} and
yi = αnoiseϵi for i ∈ {11, . . . , 20} where E[ϵi] = 0, E[ϵ2

i ] = α2
= 1 and

E[ϵiϵj̸=i] = rαiα
2
j . Despite the reference weighting schemes wIL and wE

ssign non-zero weights to noise forecasts, an aspect that penalizes
OS’ selection ability, COS methods consistently discard noise forecasts.
he reason is that as the sample size increases, we also more precisely
stimate Σ : the shrinkage intensity λ∗ will asymptotically decay,

providing the consistency result of the linear shrinkage estimator of
the covariance matrix of Ledoit and Wolf (2003). Thus, the L2 norm of
the weights assigned to noise forecasts approaches zero as the sample
size increases. This holds for any level of correlation.

Appendix G. Performance of all the considered models
in the empirical studies

Table G.1
Forecasting Boston housing prices, out-of-sample performance.

Diebold-Mariano RMSFE RMSPFE
PPPPPPi

j: COPS-E+ COS-IL+

OLS ≪ ≪ .5639 .5713
L1 ≪ ≪ .5638 .5712
L2 ≪ ≪ .5687 .5761

svmLASSO ≪ ≪ .5963 .6041
svmRIDGE ≪ ≪ .5947 .6025

EN ≪ ≪ .5952 .6030
PLS ≪ ≪ .5845 .5922
RF ≪ ≪ .4567 .4627

GBRT ≪ ≪ .3763 .3812
NN1* = = .3280 .3323
NN2 ≪ ≪ .3578 .3625
NN3 = = .3320 .3364
NN4 = = .3304 .3348
SA ≪ ≪ .4135 .4183

(continued on next page)
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Table G.1 (continued).
T-SA-3 ≪ ≪ .3700 .3748
T-SA-5 ≪ ≪ .3363 .3411
T-SA-7 = = .3008 .3056
T-SA-9 = = .3206 .3254

T-SA-11 < < .3330 .3378
T-SA-CV ≪ ≪ .3700 .4048

T-MCS-60% = = .3217 .3264
T-MCS-80% ≪ ≪ .3578 .3626
T-MCS-90% ≪ ≪ .3578 .3626

IL ≪ ≪ .3789 .3837
DS_egal_lasso = = .3156 .3203

CO = = .3188 .3236
COPEN ≪ ≪ .3280 .3328

CO+ = = .3185 .3223
COP1_E+

≪ ≪ .3301 .3349
COP2_E+ = = .3100 .3148
COPE_E+ < < .3437 .3484

COPEN_E+
≪ ≪ .3435 .3482

COP1_IL+
≪ ≪ .3266 .3314

COP2_IL+ = = .3040 .3087
COPE_IL+ = = .3160 .3208

COPEN_IL+
≪ ≪ .3230 .3277

COP1_E ≪ ≪ .3665 .3713
COP2_E ≪ ≪ .3216 .3263

COPEN_E < < .3533 .3581
COP1_IL ≪ ≪ .3261 .3309
COP2_IL = = .3140 .3088

COPEN_IL < < .3243 .3290
COPS_E = = .3015 .3063
COS_IL = = .3006 .3054

COPS_E+ . = .3087 .3134
COS_IL+ = . .3086 .3133

Notes. The symbols <, ≪ and ≪ indicate that model j (column index)
surpasses model i (row index) at confidence levels of 90%, 95% and 99%,
espectively. Failure to reject the null hypothesis of equal predictive
erformance at a 10% significance level is indicated with ‘‘=’’.

able G.2
redicting Chicago Fed National Activity Index (CFNAI), out-of-sample
erformance.

Diebold-Mariano RMSFE RMSPFE
PPPPPPi

j: COPS-E+ COS-IL+

OLS ≪ ≪ 1.280 1.321
L1 = = .700 .723
L2 = = .698 .721

svmLASSO = = .757 .782
svmRIDGE = = .733 .757

EN = = .686 .708
PLS = = .718 .741
RF* = = .683 .706

GBRT = = .740 .764
NN1 ≪ ≪ .822 .849
NN2 ≪ ≪ .821 .848
NN3 ≪ ≪ .829 .856
NN4 ≪ ≪ .856 .884
SA = = .706 .729

T-SA-3 = = .689 .712
T-SA-5 = = .699 .722
T-SA-7 = = .693 .716
T-SA-9 = = .691 .714

T-SA-11 ≪ ≪ .724 .748
T-SA-CV = = .702 .725

T-MCS-60% = = .702 .725
T-MCS-80% = = .702 .725
T-MCS-90% = = .733 .757

IL = = .697 .719

(continued on next page)
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Table G.2 (continued).
DS_egal_lasso ≪ < .828 .855

CO < < .794 .820
COPEN = = .757 .782

CO+ < < .725 .748
COP1_E + = = .698 .721
COP2_E+ = = .694 .717
COPE_E+ = = .698 .721

COPEN_E+ = = .695 .718
COP1_IL+ = = .694 .717
COP2_IL+ = = .696 .719
COPE_IL+ = = .694 .717

COPEN_IL+ = = .691 .714
COP1_E = = .698 .720
COP2_E = = .686 .709

COPEN_E = = .698 .720
COP1_IL = = .693 .716
COP2_IL = = .688 .710

COPEN_IL = = .693 .716
COPS_E = = .694 .716
COS_IL = = .704 .726

COPS_E+ . = .694 .717
COS_IL+ = . .696 .719

Notes. The symbols <, ≪ and ≪ indicate that model j (column index)
surpasses model i (row index) at confidence levels of 90%, 95% and 99%,
respectively. Failure to reject the null hypothesis of equal predictive
performance at a 10% significance level is indicated with ‘‘=’’.

Appendix H. (Pseudo) out-of-sample time-series exer-
cise in Chicago Fed National Activity Index (CFNAI)

In the prediction exercise described in Section 4.4,
we randomly split the sample into 3 independent sub-
samples: training, testing, and a fold of 21 observations to
estimate the combinations of forecasts. Here, we test the
robustness of the proposed methods to time-series frame-
works, we re-conducted the forecasting exercise in CFNAI
using an expanding window to estimate the individual
models and to form the combinations of forecasts.

We start our prediction exercise in December 2014.
The training phase uses data available up to time t and
then we extend the data by using an expanding win-
dow. The training set, made of the data available up to
time t , is partitioned in two folds. The combination fold
is composed of 21 observations selected randomly from
the training set, and is used to estimate the combining
weights. The other fold is used to train the individual
models. Notice that the first iteration of this expand-
ing window setup and the exercise described in Sec-
tion 4.4 count the same number of observations available
for training (146 for the estimation of the candidate fore-
casts and 21 to form forecast combinations). However,
in the time series exercise, the size of the training set
increases by one observation at each iteration, expand-
ing the available information to estimate the baseline
forecasts (e.g., in the last iteration, we count 187 obser-
vations for the estimation of the candidate forecasts and
21 to form the forecast combinations).

Because of the time-series dimension, we compute the
Diebold-Mariano statistics by considering Newey-West
standard errors (Newey & West, 1987) where we se-
lect the bandwidth of the Bartlett kernel using an AR(1)
process. In the MCS test, we instead consider a block-

bootstrap procedure with a window of four observations
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Table H.1
Predicting Chicago Fed National Activity Index (CFNAI), (pseudo)
out-of-sample performance in time-series.

Diebold-Mariano RMSFE MCS
HH

HHi
j: COPS-E+ COS-IL+

OLS ≪ ≪ 0.928
L1 = = 0.512
L2 = = 0.512

svmLASSO ≪ ≪ 0.524
svmRIDGE ≪ ≪ 0.556

EN < < 0.517
PLS < < 0.535
RF = = 0.477 *

GBRT = = 0.513
NN1 < < 0.534
NN2 < < 0.531
NN3 ≪ ≪ 0.572
NN4 < < 0.549
SA = = 0.481 *

TSA_3 = = 0.476 *
TSA_5 = = 0.486
TSA_7 = = 0.488
TSA_9 = = 0.490

TSA_11 = = 0.504
T-MCS-60% = = 0.490 *
T-MCS-80% = = 0.494
T-MCS-90% = = 0.525

IL = = 0.478 *
DS_egal_lasso ≪ ≪ 0.557

CO ≪ ≪ 0.657
COPEN = = 0.461 *

CO+ ≪ ≪ 0.505
COP1_E+ = = 0.463 *
COP2_E+ = = 0.496

COPEN_E+ = = 0.467 *
COPE_E+ = = 0.460 *
COP1_IL+ = = 0.465 *
COP2_IL+ = = 0.500

COPEN_IL+ = = 0.471 *
COPE_IL+ = = 0.465 *
COP1_E = = 0.467 *
COP2_E = = 0.498

COPEN_E = = 0.494
COP1_IL = = 0.501
COP2_IL = = 0.495

COPEN_IL = = 0.485 *
COPS_E < < 0.527
COS_IL < < 0.540

COPS_E+
· = 0.484 *

COS_IL+ = · 0.483 *

Notes. The symbols <, ≪ and ≪ indicate that model j (column index)
surpasses model i (row index) at confidence levels of 90%, 95% and 99%,
espectively. Failure to reject the null hypothesis of equal predictive
erformance at a 10% significance level is indicated with ‘‘=’’. The
ymbol ∗ marks the strategies that join the superior set of models
t 10% significance level.

four months). In the MCS test, because of the time-series
imension, we consider a block-bootstrap procedure with
window of four observations.
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