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Chapter 1

Introduction

1.1 Modelling and managing longevity risk

Different demographic studies have shown that human life expectancy has significantly in-
creased worldwide over the past few decades. According to the Office for National Statistics
(ONS), the global average life expectancy increased by 5.5 years between 2000 and 2016,
which is the fastest increase since the 1960s. The main explanations for this trend are the
significant increase in infants’ longevity that characterized the early 1900s and the advances
in medicine and medical technology (the use of antibiotics and vaccines etc.). In the Euro-
pean Union, life expectancy at birth has also increased by 2.81% over the last 10 years.

Figure 1.1: Life expectancy at birth in the world

This increase in longevity is impacting most developed countries, and a study made by
the Belgian Statistical Office (Statbel), shows that Belgium is not an isolated case as we can
see in the following figure:
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Figure 1.2: Life expectancy at birth in Belgium, Statbel

Clearly, mortality is improving from year to year, and this trend will likely continue
increasing in the future years.

Although a higher longevity is a sign of progress, it is also one of the major challenges of
the twenty-first century and a considerable financial concern for most life insurers, annuity
providers and governments. Consequently, even if this longevity risk has not been a priority
for academics due to its long-term aspect, they have now become more interested in the
issue.

Currently, companies are attempting to address the problem and develop new innovative
ideas to cover this longevity risk, especially with the Solvency II directives. The first challenge
is to correctly model the evolution of longevity to obtain accurate future predictions. The
regulator requires the integration of mortality risk analysis into stochastic valuation models,
and we know from the literature that mortality can be more accurately measured by utilizing
stochastic models (see Cairns et al. [6]), given that such models are better able to capture the
uncertainty inherent in the problem. Several stochastic mortality models have been proposed
by researchers. The leading statistical model used for mortality in the existing literature is
the discrete time model developed by Lee and Carter [14] (time series technique).

The choice of this particular model was recommended by two U.S. Social Security Tech-
nical Advisory Panels. An alternative modelling technique is based on the use of continuous-
time stochastic processes for describing the force of mortality, and Milevsky and Promis-
low [22] were the first to propose a stochastic force of mortality model. Since then, several
other stochastic models have been proposed, using the analogy between mortality and inter-
est rate (Dahl [9], Biffis [5], Denuit and Devolder [10], Luciano and Vigna [21], Schrager [23]).
Some of the suggested models were inspired by the natural analogy between mortality inten-
sities, and interest rates or default rates in credit risk. In particular, by using affine processes
for intensity of mortality, the survival function for an individual can be given in a closed
form, which is extremely useful for pricing mortality/longevity-linked securities (exactly like
zero coupon bonds in finance).

Because the longevity risk affects the pricing of life products sold by insurers, it is im-



1.1. Modelling and managing longevity risk 3

portant to distinguish between two fundamentally different sources of risk: unsystematic
and systematic mortality risk. The unsystematic risk refers to the risk associated with the
random development of an insurance portfolio: even if mortality rates are known, the actual
number of deaths remains uncertain. But according to the law of large numbers, this risk
can be alleviated by increasing the portfolio, and if the insurance portfolio becomes infinitely
large, the unsystematic mortality risk is eliminated. Thus, the unsystematic mortality risk
is diversifiable. The systematic risk represents the uncertainty linked to the global future
mortality. That is, it concerns the whole population and this cannot be diversified. There
are only a few options available to hedge this systematic risk (Cairns et al [7] and Li and
Haberman [16]). One is reinsurance, in which the risk is transferred to a reinsurer who is
willing to take it on. However, this option has some serious limitations: on the one hand, the
cost of this customized protection is high, and on the other hand, the capacity of reinsurers
is limited because longevity risk cannot be diversified. Consequently, only a few reinsur-
ers accept taking on longevity risk. The second option is to transfer this longevity risk to
the financial market through securitization. In recent years, some longevity derivatives have
arisen. These products are based on mortality/longevity rates, similar to those traded in the
financial market. Blake and Burrows [3] proposed the use of survivor bonds to transfer the
longevity risk to the capital markets. Subsequently, many authors have focused on longevity
derivatives. The following table reports some of the longevity-linked products suggested in
the literature:
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Longevity products Mechanism

Longevity bond (Blake

and Burrows [3],

Dowd [11])

Coupons are based on survivor

index (on the percentage of the

reference population who are still

alive).

Longevity swap

(Dowd [11], Dowd et

al. [12])

Consists on exchanging a serie of

future cash flows corresponding to

the realized survival rate (based on

the reference population who are

still alive) of a given population, in

return for fixed survival rates

agreed at the inception of the

contract.

Survivor option

(Dowd [11])

The call holder receives a payoff

equals to Max(T p̂x − T px, 0) at

maturity, and the the pull holder

receives a payoff equals to

Max(T px − T p̂x, 0) where T q̂x is

the survival fixed rate and T px is

the realized survival rate.

q-forward (Coughlan et

al. [8])

is an agreement to exchange at a

future date T (the maturity of the

contract), an amount equal to the

realized mortality rate of a given

population cohort (floating leg), in

return for a fixed survival rate

agreed at the inception of the

contract (fixed rate payment).

Mortality option

(Cairns et al. [7])

The payoffs are similar to those of

the Survivir option, with the

survival rate being replaced by the

realized mortality rate

S-forward (LLMA [20]) This contract is similar to the

q-forward derivative, but the

realized mortality rate is replaced

by the realized survival rate.

Longevity nominal

choosing swaption

(Bensusan et al. [1])

It is a tool for transferring interest

rate risk from insurers to banks:

the insurer exchanges a fixed

interest rate for a floating interest

rate, according to its expectations

on the evolution of its

policyholders’ future mortality and

on interest rates.

Table 1.1: Some mortality/longevity-linked securities proposed in literature
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Even if these derivatives can be constructed in theory, their practical implementation
turns out to be problematic. In fact, just a handful of longevity/mortality-linked securities
have been announced or launched in the capital market. In the following we give some of
these products:

• Longevity bonds: two types of longevity bonds have been issued in the market:
coupon-based bonds that pay decreasing coupons based on a cohort survival index
(EIB/BNP bonds), and principal at risk longevity bonds that pay coupons, and whose
principal depends on an index measuring the difference between two mortality rates
(Kortis/Swiss Re)[4].

• Mortality bonds: inspired by Cat Bonds, bonds issued so that insurers and reinsurers
can be protected against natural disasters. If the loss occurs under predefined condi-
tions, investors lose some or all of the return and even the nominal value of the bond.
This way insurers partially protect themselves against the risk of a sudden increase in
mortality by sharing it with other investors. Mortality Bonds work in the same way:
the principal amount of the bond is linked to a mortality rate, and if the mortality
rate exceeds the expected threshold, investors will lose part or all of their investment.
The first mortality bonds were released by Swiss Re in 2003 (VITA1), and then other
similar bonds (VITA2 and VITA3) were launched later (2004 and 2007)

• Longevity swaps: longevity swaps can mainly take two forms, depending on whether
they provide a custom-made cover or a standardized index-based cover [2]. In 2008 JP
Morgan contracts a customized swap with Canada life, and a standardized swap with
Lucida.

• Longevity options: call option with underlying indexed to a longevity product.
Deutsch Bank has launched in 2013 a 10-year maturity out-of-the-money option based
on a 5-year cohort of men and women aged between 55 and 79 (population of England,
Wales and the Netherlands). It is an OTC product that allows its holders to make
gains if the actual longevity rates are higher than those of the underlying asset.

Unlike the classical financial derivatives, these securities were not sufficiently attractive
for investors, mainly due to different reasons depending on the type of the security. For
instance, the standardized products are based on transparent indexes of a population that
differ from those utilized by the insurer. Indeed, unlike professional reinsurers, financial
investors are not experts in insurance risks and consequently need public indexes to avoid
any manipulation. Therefore, these standardized products leave the insurer uncovered against
the basis risk, which can be very high. Customized securities eliminate this problem since
the longevity risk is completely covered, however, this full protection is usually expensive.

Moreover, pricing could be the main reason these linked securities have failed to survive.
At present, the longevity market remains immature and incomplete, with an evident lack of
liquidity. As a result, we lack data for pricing purposes, which leads to the absence of mark-
to-market prices for the longevity derivatives. Different pricing methods have been proposed
in the literature, and the majority of these techniques were inspired by the classical pricing
methods used in the financial market, such as risk-neutral, Sharpe and Wang approaches.
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However, these methods require market data to calibrate the risk parameter (market price
of risk, Sharpe ratio and Wang parameter).

In addition, a good pricing method should be consistent with the directives of Solvency II,
as these products are primarily used by insurers or reinsurers. The main concern of Solvency
II is to protect policyholders, and keep the insurer solvent by requiring the hold of a solvency
capital requirement (SCR) based on the risks that the insurer faces. This SCR is defined as
the value-at-risk (VaR) of the variation of the own funds over a one-year period, subject to
a confidence level of 99.5%. According to the regulator, insurance liabilities are computed as
the sum of a best estimate plus a risk margin (RM). This latter is determined by the cost
of capital approach based on future SCRs.

1.2 Purpose and contribution of the thesis

The main purpose of this thesis is to propose a longevity hedging and pricing framework in
line with the directives of Solvency II, in a stochastic continuous-time environment. In each
chapter we focus on a specific issue.

As mentioned previously, the first challenge is to properly describe the evolution of
longevity and provide accurate predictions. Luciano and Vigna [21] have studied the appro-
priateness of affine processes, such as the Ornstein-Uhlenbeck, Feller and Vasiçek processes,
in modelling mortality intensities. Their approach focused on analyzing and comparing the
fitting of the survival curve provided by these models on historical data. The authors re-
port that non-mean reverting affine processes are more accurate for modelling the force of
mortality. These results have been based on reversion models with a fixed target, which is
not in line with the increasing trend of mortality intensity. Our contribution in this the-
sis is to re-examine this comparison by considering fixed-target mean-reverting models and
mean-reverting models with a moving target. More specifically, we study in Chapter 2
the impact of adding a time-dependent long-term mean element to the Ornstein-Uhlenbeck
and Feller processes. Using different calibration and forecasting tests, we show that adding
a time-dependent long-term exponential target to the selected processes seems to be more
suitable to describe mortality of individuals.

Chapter 3 is devoted to elucidating the pricing framework of S-forward and survival
swap (S-swap) contracts. Some authors have been inspired by the pricing methods used in
finance such as Sharpe, risk-neutral and Wang approaches. However, due to the illiquidity
of the longevity market, the longevity risk premium cannot be observed, and therefore the
calibration of these longevity parameters could be a source of discussion. Levantesi and
Menzietti [15] have provided an approach that makes it possible to avoid this problem:
they have proposed in a discrete-time environment a pricing method for S-forward contracts
inspired by the directive of Solvency II. That is, the price is computed as the sum of the
best estimate and the RM, which is determined by the cost of capital approach based on the
SCR.

This pricing method is also based on one parameter: the cost of capital percentage. But
in this case, this parameter does not need to be estimated because of its regulatory value
in Solvency II (6% at present). Nevertheless, their framework is not entirely consistent with
the one-year view of Solvency II since the VaR is computed over a multi-year horizon. In
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our framework, we propose a pricing approach more in line with Solvency II and based
on successive one-year SCR using stochastic affine processes for mortality (the Hull and
White and the CIR extended models selected in the previous Chapter). We also study the
consistency between the Cost of Capital approach and three important classical pricing
methods used in finance: risk-neutral, Wang transform and Sharpe ratio.

Due to the eventual mismatch between the reference population and the portfolio to be
hedged, these proposed longevity securities allow only for immunizing the portfolio against
a portion of the systemic longevity risk, leaving the insurer exposed to the basis risk. In
the longevity pricing literature, the general tendency was to ignore this basis risk, but this
mismatch can be highly important due to different factors (Li et al. [17]). Recently, some
few works focusing on this risk have been published (for instance Haberman et al. [13] and
Villegas et al. [24]). These frameworks were based on the spread between a two-population
mortality model for assessing demographic basis risk.

In Chapter 4 we present different possibilities for describing the mortality intensity of
the insurer’s portfolio by modifying the trend, the volatility, or both in the force of mortality
process, under the Hull and White model. Our second important contribution consists in
evaluating the basis risk through a survival exchange forward (S-exchange) instrument, for
which we provide fair prices using the Cost of Capital approach and the three classical pricing
approaches considered in Chapter 3. Moreover, we provide a comparison between different
hedging options depending on the insurer’s risk aversion.

Up to this point of the thesis, we have considered the case of an insurer using one S-
forward contract per cohort to hedge its longevity risk. Namely, if we assume that the insurer
holds a portfolio of policyholders belonging to n cohorts, n individual S-forwards contracts
related to these n cohorts should be purchased. This same insurer can also cover the longevity
risk by entering one global S-forward for the n generations, if such a product is available.
However, in this second case the eventual correlation between cohorts’ mortality should be
taken into account. To do so, we need to develop a multi-population model that allows for
the incorporation of dependence factors.

Some multi-population models that have been proposed in literature are based on the
Lee-Carter model, to which an additional common factor between the multiple populations
is added (see for instance the models presented by Li and Lee [19], Haberman et al. [13],
and Li et al. [18]). Our first contribution in this respect is presented in Chapter 5, where
we propose a multi-generation approach based on the Hull and White model. The idea con-
sists in incorporating risk factors, which allows for the introduction of the inter-generational
correlation between generations with different levels. We have also provided the global S-
forward prices in closed form under the Cost of Capital, risk-neutral and Sharpe approaches
for different correlation levels. In addition, to measure the impact of including this depen-
dence, we have compared the S-forward prices both with and without taking into account
the correlation between generations.

1.3 Published material

In this thesis, we have replicated the text of each previously submitted or published paper to
facilitate an independent reading of the different chapters. Chapter 2 has been published in
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the European Actuarial Journal (EAJ 2020), Chapter 3 has been published in Risks (2019),
and Chapter 5 has been published in Risks (2020). Chapter 4 have been submitted.
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Chapter 2

Mean reversion in stochastic
mortality: why and how ?

1

Abstract

Life insurance companies use stochastic models to forecast mortality. Accord-
ing to the literature, non-mean reversion models are more suitable for mortality
modelling than mean reversion models with a fixed long-term target. In this pa-
per, we adopt stochastic affine processes for the force of mortality and study the
impact of adding a time-dependent long-term mean reversion level to two non-
mean-reverting processes. We calibrate the models to different generations of the
Belgian population and assess these models’ abilities to predict mortality using
different statistical methodologies. The backtest shows that the survival curves
provided by the mean-reverting processes are closer to reality. Thus, we con-
clude that incorporating a time-dependent target into these considered models
improves their performance significantly.

2.1 Introduction

For life insurance companies and pension funds, mortality risk has been traditionally
estimated using a simplified approach to reality, based on deterministic life tables pro-
jected from historical mortality rates and added safety margins. While this traditional
method may be prudent for risk management, it does not account for uncertainty re-
lated to mortality evolution, since a deterministic mortality scenario is applied to risk
management and pricing. Ultimately, this approach may lead to a flawed evaluation of
life insurance products. Moreover, under the Solvency II Framework Directive, solvency
capital must be held to avoid the risk of ruin. This capital is related to the risk of devi-
ation of future mortality based on life expectancy and, therefore, should use stochastic
projections. Thus, stochastic models for mortality are needed to measure the trend of
improvement in mortality over the next few decades, along with associated uncertainty
in the projections. By modelling mortality as a stochastic process, reserves can expand
to include uncertainty associated with future development of mortality intensity. This

1Zeddouk, F. and Devolder, P. Mean reversion in stochastic mortality: why and how? (2020), European
Actuarial Journal, 10, 499–525.
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method should allow for a more accurate assessment of future commitments that ac-
count for the systematic risk of mortality. Moreover, the development of mortality and
longevity-related securities requires the use of stochastic models to accurately price
financial instruments according to demographic risks.

To better predict longevity risk, research and development efforts have recently focused
on stochastic mortality models. The Lee-Carter model [12], was the first model to
consider increased life expectancy trends in age mortality dynamics and has been
used for stochastic forecasts of the U.S. Social Security system and other aspects
of the U.S. federal budget (see Congressional Budget Office of the United States 2).
Even though data are typically reported at discrete intervals (e.g. annually), other
models have considered the development of mortality rates in continuous time. Since
the 2000s, with requirements of Solvency II for the assessment of mortality risk, both
insurance companies and academic researchers have become increasingly interested in
continuous-time stochastic mortality models, and various continuous-time stochastic
mortality models have been proposed in the literature. Our framework focuses on
mortality and modelling the survival function of individuals with one-factor short-rate
models which are used in finance to model changes in the term structure of interest
rates. The similarities between mortality and interest rate dynamics were exploited by
Milevsky and Promislow [14], Cairns et al.[3], Biffis [2], Dahl [6], Schrager [16], and
Denuit and Devolder [7] to model the force of mortality, using tools and techniques
developed in interest rate modelling.

In this context, the eventual mean-reverting property of the model is essential. The
analogy between interest rates and the force of mortality models motivates the issue
of mean reversion models. The mean reversion concept is highly intuitive and com-
bines long-term convergence to an equilibrium level (the trend of the process), with a
stochastic noise (the diffusion part of the model). Milevsky and Promislow [14] were the
first to propose a stochastic force of mortality model. Several stochastic affine models
facilitate mean-reverting characteristics; however, according to Cairns et al. [4], affine
stochastic models should not incorporate mean-reverting elements. Moreover, Luciano
and Vigna [13] state that non-mean-reverting affine processes are better for modelling
the force of mortality. These conclusions were based on fixed-target reversion models
(e.g., the Vasiçek model).

We revisit this comparison by considering fixed-target mean-reverting models as well
as moving-target mean-reverting models. Not surprisingly, a fixed-time target is incon-
venient in representing the evolution of time on mortality intensity, which increases
with age. Thus, examining a mean-reverting model with an increasing target is more
relevant, especially with an exponential target consistent with the classical Gompertz
model. Hence, we explore the impact of adding a time-dependent long-term mean el-
ement to the Ornstein-Uhlenbeck (OU) and Feller processes. In this paper, we show
that introducing a moving target in the mean reversion process strongly improves the
performance of these models when compared to non-mean-reverting models.

2Congressional Budget Office Of The United States, ”Long-Term Budgetary Pressures and Policy Op-
tions.” (1998))
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This paper is organised as follows. Section 2.2 offers a brief review of the longevity
risk, and presents the considered mean and non-mean reversion processes. Section 2.3
provides an in-depth comparison between these models using statistical methodologies,
including calibration, mortality trend estimation, and backtesting. Section 2.4 presents
a multicohort vision, and Section 2.5 concludes this paper.

2.2 Models presentation

We model mortality using a single explanatory variable: the intensity of mortality µx
at age x defined by:

µx = lim
4→0

P[x < T̄ ≤ x+4 | T̄ > x]

4
, (2.1)

where T is a random variable representing the future lifespan of an individual.
Within our framework, we model the intensity of mortality µx(t) as a continuous
stochastic process, defined on the real probability space (Ω,F ,P) and adapted to its
natural filtration (Ft)0≤t≤T . Thus, µx+t is written as: µx(t, ω), with ω an element of the
probability space (Ω,F ,P). Therefore, the starting point of our modelling describes the
dynamics of the mortality through the specification of a stochastic differential equation
(SDE). Afterwards, we focus on the survival process, which represents the index at time
t of an individual initially aged x, and alive at time t to survive T − t years more. For
one individual, the survival process is defined as follows:

S(x, t, T, ω) = e−
∫ T
t µx(u,ω)du. (2.2)

At time t, the survival probability is obtained by accounting for the expectation of the
survival process (2.2), i.e.:

T−tpx+t = EP[S(x, t, T, ω) | F t]. (2.3)

Several stochastic mortality models have been proposed in the literature. According to
Luciano and Vigna [13], constant mean reversion models are not suitable to describe
the mortality of individuals; thus, non-mean reversion models work better.
While we aim to study two mean reversion models, we first incorporate a moving
mean-reverting target, inspired by the Gompertz model, and compare the perfor-
mances between a mean reversion model with a constant mean level and a non-mean
reversion model. Therefore, we consider the following five affine stochastic processes:

• Ornstein-Uhlenbeck (OU)
• Feller
• Vasiçek
• Hull & White (HW)
• Cox-Ingersoll-Ross extended (CIR)

For simplicity, we write µx(t, ω) = µx(t) to represent the intensity of mortality of an
individual having the age x + t at time t, and w(t, ω) = w(t), a standard Brownian
motion.
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The advantage of considering affine models for modelling µx(t) is the ease of finding
an explicit expression for the survival probability (2.3). Therefore, for affine processes
under technical conditions (see Duffie et al. [8]), the properties of the classical stochastic
process allow to write:

T−tpx+t = EP[S(x, t, T, ω) | F t] (2.4)

= eα(t,T )−β(t,T )µx(t),

where α(.) and β(.) are two deterministic functions and solutions of the Riccati gener-
alized ordinary differential equations that can be determined numerically, and in some
cases analytically (see for instance Duffie et al. [9]).

2.2.1 Non-mean reversion models

Ornstein-Uhlenbeck model

The force of mortality is assumed to satisfy the SDE:

dµx(t) = aµx(t)dt+ σdw(t), (2.5)

with a > 0, σ > 0 and w(t) a standard Brownian motion.
As the OU model is Gaussian, we can easily find the expression of the survival proba-
bility by determining its distribution. We can also use the affine framework that gives
the following system of ODEs for α(t, T ) and β(t, T ) (see for example [13]):{

dα(t,T )
dt

= 1
2
σ2β(t, T )2

dβ(t,T )
dt

= aβ(t, T )− 1
(2.6)

with boundary conditions α(T, T ) = β(T, T ) = 0.
By solving the system (2.6) we find:{

α(t, T ) = σ2(T−t)
2a2

+ σ2

4σ3 e
2a(T−t) − σ2

a3
ea(T-t) + 3σ2

4a3

β(t, T ) = 1
a
(1− ea(T−t)).

(2.7)

The solution µx(t) of the SDE (2.5) is:
(0≤s≤t≤T )

µx(t) = µx(s)e
a(t−s) + σ

∫ t

s

ea(t−u)dw(u). (2.8)

In this model, the force of mortality has always a strictly positive probability of be-
coming negative. This probability is given by:

P[µx(t) < 0 | F s] = Φ

− µx(s)e
a(t−s)

σ
√

e2a(t−s)−1
2a

 = Φ(ζ(a, σ)), (2.9)

where Φ(.) is the distribution function of a standard normal random variable.
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The function ζ(a, σ) is an increasing function of σ and a decreasing function of a.
With this model, we can obtain negative values of µx(t), which is a disadvantage, but
in practice, this probability tends to be very small, since the values of σ and a are
respectively small and high enough. This is confirmed by calibration results in our
simulation.

Feller model

The SDE of the Feller process describing the force of mortality dynamics is given by:

dµx(t) = aµx(t)dt+ σ
√
µx(t)dw(t), (2.10)

with a > 0, σ > 0 and w(t) a standard Brownian motion.
Compared to the OU process, the Feller process avoids negative values for the force of
mortality but can reach zero with a positive probability.
In a Feller setting, α(.) and β(.) are determined using the Feynman-Kac representation
theorem [11].
The survival probability (2.4) is the solution of the following differential equation
(PDE): {

∂p
∂t

+ aµx
∂p
∂µx

+ 1
2
σ2µx

∂2p
∂µ2x
− µxp = 0

0px+t = 1.
(2.11)

By substituting (2.4) in the PDE (2.11), we obtain a system of Riccati’s ODE that
α(t, T ) and β(t, T ) must verify:

dα(t,T )
dt

= 0
dβ(t,T )
ds

= 1− aβ(t, T )− 1
2
σ2β2(t, T )

α(T, T ) = β(T, T ) = 0.

(2.12)

The unique solution of system (2.12) is given by:
α(t, T ) = 0

β(t, T ) = 1−e(b(T−t))
c+d·e(b(T−t))

β(T, T ) = 0,

(2.13)

with b =
√
a2 + 2σ2, c = b+a

2
and d = b−a

2
.

2.2.2 Mean reversion models

Vasiçek model

The Vasiçek model of mortality is given by (see for instance [13]):

dµx(t) = (a− bµx(t))dt+ σdw(t), (2.14)

with a > 0, b > 0, σ > 0, w(t) a standard Brownian motion.
The drift of this model presents a mean reversion to a constant target a

b
, realised with

a speed b.
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As the Vasiçek model is affine, the survival probability takes the form:

T−tpx+t = eα(t,T )−β(t,T )µx(t), (2.15)

α(t, T ) and β(t, T ) are given by (see for instance [13]):
α(t, T ) = (a

b
− σ2

2b2
)(1
b
(1− exp(−b(T − t))− T + t)

− σ2

4b3
(1− exp(−b(T − t))2)

β(t, T ) = 1
b
(1− e−b(T−t)).

(2.16)

Luciano and Vigna [13] considered the OU, Feller, and Vasiçek models and demon-
strated that non-mean-reverting models outperform mean-reverting models. This find-
ing leads us to question the idea of mean reversion. Nevertheless, the poor perfor-
mance of the Vasiçek model is not surprising, not due to its mean-reverting property,
but rather because of its fixed-target a

b
. Indeed, contrary to interest rates models, the

force of mortality has, in essence, an increasing trend with age and thus with time in
equation (2.14). Therefore, it seems essential to recheck the performance of the mean-
reverting models with an increasing target. A natural candidate in this perspective is
to use as increasing target an exponential form, in line with the classical Gompertz
model.

HW model

In order to assess the impact of using a moving target instead of a fixed target, we con-
sider the Hull and White model [10], a time-dependent extension of the Vasiçek model,

where the force of mortality tends to return to a moving-target ξ(t)
b

with restoring force
b. The expression of the model is as follows:

dµx(t) = (ξ(t)− bµx(t))dt+ σdw(t), (2.17)

with b > 0, σ > 0, w(t) a standard Brownian motion, and ξ(t) a deterministic function.
The form of the target is naturally given by an exponential function, with the same
kind of evolution as the trend of the non-mean-reverting models:

ξ(t) = AeBt, (2.18)

with A and B two strictly positive constants. ξ(t) corresponds to the classical function
of Gompertz, which expresses that the force of mortality increases exponentially with
age, where A

b
is the baseline mortality at age x, and B is the senescent component.3

3The Gompertz model is an exponential process given by:

µx(t) = A
′
eB(x+t)

= A
′
eBxeBt

= µx(0)eBt.
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The Hull and White model is then given by:

dµx(t) = b(
A

b
eBt − µx(t))dt+ σdw(t). (2.19)

If we consider that A
b

= µx(0), this equation becomes:

dµx(t) = b(µx(0)eBt − µx(t))dt+ σdw(t). (2.20)

Since the Hull and White model is Gaussian, we can easily find the expression of
the survival probability by determining its distribution. We can also use the affine
framework that gives the following system of ODEs for α(t, T ) and β(t, T ):{

dα(t,T )
dt

= β(t, T )ξ(t)− 1
2
σ2β2

dβ(t,T )
dt

= β(t, T )b− 1,
(2.21)

with the boundary conditions α(T, T ) = β(T, T ) = 0.
α(t, T ) and β(t, T ) are given by:


α(t, T ) = A

b [e−bT e
(B+b)T−e(B+b)t

B+b − eBT−eBt
B ]− σ2

2b2
[1
b (1− e

−b(T−t))− T + t]

− σ2

4b3
(1− e−b(T−t))2

β(t, T ) = 1
b (1− e

−b(T−t)).

(2.22)

By short calculations we find that the force of mortality in the HW model is given by:
(0≤s≤t≤T )

µx(t) = µx(s)e
−b(t−s) +

A

b+B
(eBt − eBs−b(t−s)) + σe−bt

∫ t

s

ebudw(u), (2.23)

and, conditionally on F s, normally distributed with the following expectation and
variance: 

EP[µx(t) | F s] = µx(s)e
−b(t−s) + A

b+B
(eBt − eBs−b(t−s))

V arP[µx(t) | F s] = σ2

2b
(1− e−2b(t−s)).

(2.24)

As in the OU model, for each time t, the intensity of mortality can be negative with a
positive probability:

Φ

−µx(s)e−b(t−s) + A
b+B

(e(Bt − eBs−b(t−s))√
σ2

2b
(1− e−2b(t−s))

 = Φ(ψ(A,B, b, σ)), (2.25)

which is usually negligible in practice.
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Cox-Ingersoll-Ross (CIR) extended model

The CIR model was developed by Cox et al. [5] and is known as square root process.
We consider here an extension of the CIR by considering a time-dependent long-term
mean. The CIR extended process for the force of mortality is characterised by:

dµx(t) = (ξ(t)− bµx(t))dt+ σ
√
µx(t)dw(t), (2.26)

with b > 0, σ > 0, w(t) a standard Brownian motion.
To compare the two models, we choose the same expression for ξ(t) as for the model
of Hull and White (Gompertz model).

Unlike the model of Hull and White, this process has the advantage of ensuring the
positivity of the intensity of mortality, and due to the presence of the square root,
the intensity process can never be negative. The intensity process can reach zero, but
in practice, this probability is negligible. In our framework, we prevent the intensity
process from reaching 0 by imposing the following sufficient condition (e.g., Mishura
and Posashkova [15]): A > σ2

2
.

Nevertheless, this improvement has a price in the sense that the intensity of mortality
cannot be handled analytically.
The CIR model is affine but not Gaussian, (2.26) is a complicated stochastic process
with a distribution difficult to evaluate. We use the Feynman-Kac representation to
determine the survival function. By short calculations we get:{

dα(t,T )
dt

= ξ(t)β(t, T )
dβ(t,T )
dt

= bβ(t, T ) + 1
2
σ2β2(t, T )− 1,

(2.27)

with the boundary conditions α(T, T ) = β(T, T ) = 0, and γ = (b2+2σ2)
1
2

2
.

α(t, T ) and β(t, T ) are given by:
α(t, T ) = 2A

∫ T
t

eBs(eγ(T−s)−e−γ(T−s))
(2γ+b)eγ(T−s)+(2γ−b)e−γ(T−s)ds

β(t, T ) = sinh(γ(T−t))
γ cosh(γ(T−t)+ 1

2
b sinh(γ(T−t)) .

(2.28)

2.3 Models comparison

In this section, we evaluate the effectiveness of the aforementioned models to predict
mortality using statistical methodologies. We calibrate the models on historical and
projected mortality data. Next, we compare the mortality trend for the different mod-
els. Then, we assess the quality of these calibrations by performing a backtest. Finally,
we use the models to predict mortality.

2.3.1 Calibration

We aim to calibrate our models on different historical survival processes, corresponding
to four different cohorts of individuals, born in 1900, 1915, 1965, and 1970, respectively,
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and initially aged 50 years old. Hence, we calibrate our models on mortality data of
the Belgian population (unisex data) considering the following assumptions:

• We consider the 1900 and 1915 generations, we use historical data from the Human
Mortality Database4, we have unisex annual death rates for ages 0 to 110, from the
years 1841 to 2015;
• We consider the 1965 and 1970 generations, we use projected data from the IABE
projected generational mortality table5 starting from the year 2015 to 2060.
• Initial age of observation x0 = 50.
• µ50(0) = − ln(s50), where s50 is the one-year survival probability for an individual
initially aged x0 = 50.

We have chosen these particular generations and x0 = 50 as initial age of observation
to have approximately the same number of observations (50 for historical data and 45
for projected data).
Let (s1, s2, ....sn) be the annual survival probabilities assumed to be functions of both
the age and the calendar year extracted from both life tables. We denote by tp̂50 the
probability that an individual aged x0 = 50 reaches age x0 + t. tp̂50 is computed as
follows:

tp̂50 =
50+t−1∏
i=50

si. (2.29)

Let tjpx(θ) be the function to calibrate and defined by equation (2.3), where θ is
the vector of the model’s parameters. To estimate θ, we use Least Square Estimation
(LSE). While there are many ways to calibrate each of these models, different calibra-
tion techniques yield different results. For instance, we could estimate the parameters
using the maximum likelihood (MLE) or method of moments techniques. However, for
this study, the LSE method was the easiest to implement. We minimise the least square
errors on the survival probabilities computed between the observed survival probabil-
ities (around which we want to calibrate our models) and the predicted mortality by
the stochastic model:

R = min
θ

n∑
j=0

(jpx(θ)− j p̂x)
2. (2.30)

For the Least Square minimisation, it is necessary to specify the initial parameters
where the R routine starts searching the minimum of (2.30). To solve this non-linear
system, we use the generalised Newton-Raphson method provided by R. Since the final
result is highly sensitive to these starting values, we generate various initial parameters
randomly and calculate some optimisation steps. The values with minimal residual are
taken as start parameters for the final LS optimisation, which supplies the final param-
eters. We use this type of algorithm as well for all other calibration issues described in
the following sections.

4Available at www.mortality.org
5Mortality projection for the Belgian population (2015), available at https://www.iabe.be
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Non-mean reversion models

We calibrate the OU and Feller models to the data using the above described algorithm.
We find the optimal parameters reported in Table 2.1.

1900 1915 1965 1970

µ50(0) 0.007909195 0.005820909 0.002850792 0.002600332

OU-error 0.005885259 0.003403252 0.055996630 0.018659380
a-OU 0.080696570 0.082023980 0.078277481 0.074116615
σ-OU 0.000000129 0.000000130 0.000000177 0.000000036

FELL-error 0.005885342 0.003403291 0.055996670 0.018659451
a-FELL 0.080687850 0.082019520 0.078272931 0.074114700
σ-FELL 0.000001527 0.000010657 0.000001104 0.000011621

Table 2.1: Optimal parameter values for the survival function in the non mean-reverting
models.

The values of the parameters are quite coherent in both models, and parameter a has
a decreasing trend. The values of σ are very small which confirms that the volatility of
the mortality is much lower as compared to the financial market. Also, the residuals
are more important for younger generations.
Figures 2.1 and 2.2 present calibration results graphically. As predicted by Table 2.1
above, we see that the fit is acceptable for older generations and poor for younger
generations:

Figure 2.1: Survival functions, 1900,1915,1965 and 1970 generation for OU model.



2.3. Models comparison 21

Figure 2.2: Survival functions, 1900,1915,1965 and 1970 generation for Feller model.

Mean reversion models

Table 2.2 reports the optimal calibration parameters for Vasiçek, HW and CIR models:

1900 1915 1965 1970

µ50(0) 0.007909195 0.005820909 0.002850792 0.002600332

Vasi-error 0.355228820 0.379264950 0.345576900 0.145937100
Vasi-a 0.002379388 0.001945061 0.000852597 0.000997105
Vasi-b 0.023799120 0.020618021 0.009913990 0.055305637
Vasi-σ 0.000027800 0.000009621 0.000307905 0.000652782

Vasi-a/b 0.009977980 0.094337871 0.085999420 0.018029101

HW-error 0.000049506 0.002591606 0.006926344 0.003449854
HW-A 0.004333549 0.004015638 0.000239767 0.000307570
HW-B 0.084061184 0.084626391 0.109395638 0.100627916
HW-b 0.472769826 0.650482593 0.104155542 0.138550587
HW-σ 0.030988143 0.000444231 0.000408286 0.000519610

HW-A/b 0.009166298 0.006173321 0.002302015 0.002219915

CIR-error 0.000116668 0.002568589 0.007464623 0.004277590
CIR-A 0.005041583 0.003145545 0.0002742925 0.000608089
CIR-B 0.088362257 0.084695177 0.1086040555 0.097400314
CIR-b 0.665089137 0.491036196 0.1276709251 0.329482866
CIR-σ 0.021254297 0.036289101 0.0191874838 0.021601300

CIR-A/b 0.007580312 0.006405933 0.0021484340 0.001845586

Table 2.2: Optimal parameter values for the survival function in the mean-reverting models.
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The residuals of the Vasiçek model are very large for the four generations (10−1), and
low for HW and CIR models as compared with the OU and Feller non-mean reversion
models above. We also notice that the volatility of the Vasiçek model (Vasi-σ) is very
low as compared with the other two models.

As expected, the starting point of the target strongly decreases with the generations;
however, less intuitively, B seems more important for the younger generations, which
could be explained by the fact that the target is much lower for the younger generations.
Figures 2.3, 2.4 and 2.5 present the calibration results graphically. The fit is very poor
for the Vasiçek model and very satisfying for the HW and CIR models, as we cannot
distinguish the two survival functions.

Figure 2.3: Survival functions, 1900,1915,1965 and 1970 generation for Vasiçek model.
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Figure 2.4: Survival functions, 1900,1915,1965 and 1970 generation for HW model.

Figure 2.5: Survival functions, 1900,1915,1965 and 1970 generation for CIR model.

Calibration analysis

To conclude, we plot the calibration errors (i.e,. the differences between the observed
survival probabilities and their theoretical counterparts for all generations). Table 2.3
represents a summary of the errors for each model and each generation:
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1900 1915 1965 1970

OU 0.005885259 0.003403252 0.055996630 0.018659380
Feller 0.005885342 0.003403291 0.055996670 0.018659451

Vasiçek 0.355228820 0.379264950 0.345576900 0.145937100
HW 0.000049506 0.002591606 0.006926344 0.003449854
CIR 0.000116668 0.002568589 0.007464623 0.004277590

Table 2.3: Calibration errors, all models.

The four graphs in figure 2.6 show that the Vasiçek fitting error is very large, which
confirms the conclusions of Luciano and Vigna [13] against mean reversion models;
thus, the Vasiçek model is not appropriate to describe mortality. In general, the OU
and Feller models give similar acceptable errors. The HW and CIR models can fit the
observed data with a smaller error. Therefore, we conclude that adding a variable long-
term mean level following a Gompertz law leads to a significant improvement in the
fit, and the mean reversion models perform better than non-mean reversion models,
with the condition of using a variable target.

Figure 2.6: Calibration errors: Vasiçek, OU, Feller, HW and CIR, different generations.

To compare the quality of each model relative to each of the other models, we follow
the routine used by Apicella et al. [1]: we compute the Bayesian Information Criterion
(BIC). This model selection method allows selecting the model that provides a good fit
for the data without losing generality from overfitting the data. This model selection
method identifies the model with the best balance of goodness of fit between data and
complexity. The BIC is given by:

BIC = n ln(
R

n
) + k ln(n), (2.31)
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where n is the number of observations, k is the number of parameters and R the
residual found with the LSE method.
In Table 2.4 we report the BIC criteria for all models and different generations:

1900 1915 1965 1970

BICOU -444.5423 -471.9283 -293.3974 -342.8498
BICFeller -444.5416 -471.9277 -293.3973 -342.8497
BICV asiçek -235.6147 -232.3411 -207.6941 -246.4859
BICHW -675.6233 -477.7269 -379.8322 -411.1972
BICCIR -632.7620 -478.1730 -424.8321 -452.6713

Table 2.4: BIC values for all models and different generations.

The two non-mean reversion models, OU and Feller, provide almost identical BIC
values for all generations, which is not surprising because both models have the same
number of parameters and give close residuals. BIC values of the HW and CIR models
are also close for the same reason. We clearly see the gap between the BIC of the two
mean reversion models and non-mean reversion models. For all generations and in all
the cases, the non-mean reversion models have the highest BIC values as compared
with the HW and CIR models. The Vasiçek model is the model with the highest BIC
criteria and should be eliminated. Therefore, we keep the Hull and White and CIR
models for reference, as well as the OU and Feller models for further testing.

2.3.2 Best estimate of future mortality

To look at the mortality trend, we compare the best estimate of µx(t) for different
generations in order to illustrate the longevity pattern. We provide the mean of µ50(t)
for the generations 1900, 1915, 1965 and 1975, from age 50 until age 95, using the
optimal parameters found in subsection 2.3.1.

Non-mean reversion models

Figure 2.7 reports the mean of µ50(t) for the four generations for the OU and Feller
models:

Figure 2.7: Mean of µ50(t) for generation 1900, 1915, 1965 and 1970, OU and Feller models.
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Mean reversion models

Figure 2.8 reports the mean of µ50(t) for the four cohorts for the HW and CIR models:

Figure 2.8: Mean of µ50(t) for generation 1900, 1915, 1965 and 1970, HW and CIR models.

For all models, the older the generation, the higher the mean of µx(t); however we
observe that for HW and CIR models, the mean of µx(t) appears to increase more
rapidly with age.

2.3.3 Backtesting

In this section, we check if, after the calibration of our models on a portion of the
historical survival curve, they can extend it correctly. Hence, we perform backtesting.
Using historical data of the generation 1900, we consider:

• x0 = 50,the initial age of observation ;
• N = 50, the total amount of historical data;
• N0, the portion of historical data we use for calibration;
• δ = N0

N
, the ratio of data used to total data.

The backtest consists on varying δ from 20% to 100% to see if the survival curves
provided by the models meet reality.

Non-mean reversion models

Ornstein-Uhlenbeck model

We calibrate the models to the portion of the observed survival function; then, we stock
the optimal parameters and the global error, which refers to the difference between the
curve projected by the model and the historical one. For the OU model, we obtain the
following results:
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N0 Age δ Global error a σ

10 50-60 20% 0.779266417 0.057915586 0.000001304
20 50-70 40% 0.076667020 0.073191902 0.000000237
30 50-80 60% 0.009913895 0.078843759 0.000000006
40 50-90 80% 0.005931298 0.080496310 0.000001238
50 50-100 100% 0.005885259 0.080696570 0.000000129

Table 2.5: Backtesting OU model, generation 1900.

Figure 2.9: Evolution of the fitting quality of the OU model according to the portion of
observed data considered.
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Feller model

N0 Age δ Global error a σ

10 50-60 20% 0.779101200 0.057919067 0.000203210
20 50-70 40% 0.076726301 0.073188955 0.000038991
30 50-80 60% 0.009921382 0.078842051 0.000010750
40 50-90 80% 0.005931992 0.080494890 0.000024904
50 50-100 100% 0.005885342 0.080687850 0.000001527

Table 2.6: Backtesting Feller model, generation 1900.

Figure 2.10: Evolution of the fitting quality of the Feller model according to the portion of
observed data considered.

Both models OU and Feller, need an important volume (δ ≥ 80%) of information to
correctly complete the historical curve. Below this value, both models overestimate the
survival function.



2.3. Models comparison 29

Mean reversion models

HW model

N0 Age δ Global error A B b σ

10 50-60 20% 0.003464492 0.002733086 0.088094733 0.334805279 0.001641703
20 50-70 40% 0.000594809 0.003718993 0.085592503 0.400761822 0.027073209
30 50-80 60% 0.000245888 0.006525992 0.081024406 0.690103707 0.053059593
40 50-90 80% 0.000051370 0.004631080 0.083927720 0.509788920 0.033306650
50 50-100 100% 0.000049506 0.004333549 0.084061184 0.472769826 0.030988143

Table 2.7: Backtesting HW model, generation 1900.

Figure 2.11: Evolution of the fitting quality of the HW model according to the portion of
observed data considered.
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CIR model

For the CIR model we obtain the following results:

N0 Age δ Global error A B b σ

10 50-60 20% 0.009092467 0.003205452 0.086116506 0.397389283 0.051463759
20 50-70 40% 0.003353861 0.003299728 0.092763104 0.431962054 0.023858361
30 50-80 60% 0.000321363 0.004015533 0.089673479 0.518644014 0.077440960
40 50-90 80% 0.000139469 0.003613061 0.088649272 0.450780512 0.068252594
50 50-100 100% 0.000116668 0.005041583 0.088362257 0.665089137 0.021254297

Table 2.8: Backtesting CIR model, generation 1900.

Figure 2.12: Evolution of the fitting quality of the CIR model according to the portion of
observed data considered.

In the backtesting strategy, the HW and CIR models perform better than OU and
Feller model; the fit is very satisfying when δ ≥ 40% for both models when compared
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with non-mean reversion models that require more data to fit the historical survival
function correctly6.

2.4 Multicohort vision

In this section, we plot the mortality surface to represent the survival functions of
different cohorts simultaneously. To have enough values, we calibrate the models to
projected data.

2.4.1 Mortality surface

Let us define Sf (x0, 65, z), the survival forward probability between age 65 and age z
for an individual aged x0 at time 0 (2015 in our example), and assumed to be alive at
age 65. We define this probability as the ratio between the two corresponding survival
probabilities:

Sf (x0, 65, z) =
z−x0px0

65−x0px0
. (2.32)

This definition is similar to the concept of forward rates in the interest rate theory.
Taking into account (2.2), (2.3) and (2.4), this probability is explicitly given by:

Sf (x0, 65, z) = Sf (x0, z) (2.33)

=
EP(S(x0, 0, z−x0))

EP(S(x0, 0, 65− x0))
(2.34)

=
eα(0,z−x0)−β(0,z−x0)µx0 (0)

eα(0,65−x0)−β(0,65−x0)µx0 (0)
. (2.35)

To plot the mortality surface, we follow these steps:

• We consider 11 cohorts of individuals initially aged from 55 to 65 years in 2015;
• We calibrate the models on projected data for the different cohorts (from the age x0

until the end of the projected life table);
• We consider that all individuals survive until the age of 65;
• We use the models to project the survival functions for the 11 cohorts from the age
of 65 until the age of 105;
• We plot the mortality surface in three dimensions.

6This result allows to consider using only a portion of historical data for calibration, especially when
projected data is not available
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Non-mean reversion models:

Figure 2.13: Forward survival surface for individuals aged from 55 to 65 in 2015, projected
from the age 65 to 105, OU and Feller models.

Tables 2.9 and 2.10 present the annual survival probabilities given by the OU and
Feller models, which are used to plot the three-dimensional figure above:

Projection age z Sf (55, z) Sf (58, z) Sf (61, z) Sf (64, z)

70 0.94270999 0.94086362 0.94000700 0.94073165
75 0.86324605 0.85867284 0.85584838 0.85594137
80 0.75692340 0.74867934 0.74240724 0.73964739
85 0.62208501 0.60956896 0.59843903 0.59017254
90 0.46416890 0.44786853 0.43160361 0.41629487
95 0.29981629 0.28209663 0.26297026 0.24269607
100 0.15614449 0.14104335 0.12407613 0.10538469
105 0.05896950 0.04987813 0.03973097 0.02901933

Table 2.9: Predicted forward survival probabilities with OU model, different cohorts.

Projection age z Sf (55, z) Sf (58, z) Sf (61, z) Sf (64, z)

70 0.94270779 0.94059967 0.93981972 0.94066064
75 0.86323974 0.85786186 0.85519102 0.85559036
80 0.75691057 0.74695390 0.74089639 0.73871205
85 0.62206344 0.60658881 0.59570571 0.58833943
90 0.46413823 0.44358153 0.42757920 0.41348398
95 0.29978022 0.27708191 0.25826448 0.23939465
100 0.15611136 0.13656292 0.12000066 0.10264470
105 0.05894795 0.04713311 0.03741897 0.02763406

Table 2.10: Predicted forward survival probabilities with Feller model, different cohorts.
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Mean reversion models:

Figure 2.14: Forward survival surface for individuals aged from 55 to 65 in 2015, projected
from age 65 to 105, HW and CIR models.

Tables 2.11 and 2.12 present the annual survival probabilities given by the HW and
CIR models, which are used to plot the three-dimensional figure above:

Projection age z Sf (55, z) Sf (58, z) Sf (61, z) Sf (64, z)

70 0.962835443 0.960325946 0.957746038 0.950056248
75 0.904339900 0.899711357 0.897777534 0.884516037
80 0.811135375 0.803912194 0.801521846 0.784853820
85 0.669693860 0.659217546 0.652808569 0.635412171
90 0.477145956 0.463747219 0.451074084 0.435174359
95 0.261767768 0.248404861 0.233137192 0.220321818
100 0.090383387 0.081991900 0.072303009 0.064728824
105 0.013744286 0.011454980 0.009139222 0.007139386

Table 2.11: Predicted forward survival probabilities with HW model, different cohorts.

Projection age z Sf (55, z) Sf (58, z) Sf (61, z) Sf (64, z)

70 0.96289906 0.960181543 0.957353056 0.949143243
75 0.90423742 0.899746640 0.893606531 0.882913764
80 0.81075621 0.804358436 0.793837357 0.783807917
85 0.66912780 0.659968649 0.645760840 0.635573943
90 0.47668261 0.464236350 0.450115603 0.435762844
95 0.26168739 0.248033054 0.239427926 0.219823304
100 0.09058580 0.081125847 0.079370316 0.063408897
105 0.01386676 0.011058342 0.011505930 0.006615424

Table 2.12: Predicted forward survival probabilities with CIR model, different cohorts.
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A comparison between Tables 2.9, 2.10 and Tables 2.11, 2.12 shows that HW and CIR
models are once again more efficient: the forward survival probabilities provided by
HW and CIR models, are more in line with the improvement of longevity for younger
generations.

2.4.2 Parameter smoothing

Next, we examine the evolution trend of the HW and CIR models’ parameters. We
focus on smoothing B, A

b
and σ following these three steps:

1. We use projected data for calibration and consider individuals aged from 55 to
85 years old in 2015.

2. We draw the data points related to each parameter and each age;

3. We use smooth non-linear functions to approximate these data points.

We find the following results:

Figure 2.15: Non-linear regression applied to the different parameters, HW model.
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Figure 2.16: Non-linear regression applied to the different parameters, CIR model.

From these figures, we see that parameter B is very stable7. The initial level of the
target A

b
increases exponentially with age, which is also in line with the Gompertz

assumption.

2.5 Conclusion

In this paper, we described the stochastic evolution of mortality using affine processes.
We considered five kinds of stochastic processes that differ in their drift and stochastic
part, and their survival probabilities were provided in closed form and studied analyti-
cally. The intensity processes were calibrated to the Belgian population, using historical
data for old generations and projected mortality tables for younger generations. For
each model, we performed different calibration tests and assessed their ability to fore-
cast mortality. As a result, we showed that adding a time-dependent long-term mean
to the selected processes seems to be more appropriate to describe the death intensity
of individuals, satisfying most of the reasonable criteria for a good mortality model.
Moreover, we proposed procedures for mortality forecasting and mortality trend as-
sessment, which describe the future evolution of mortality within a single cohort and
between different cohorts, respectively. Furthermore, we voluntarily confined ourselves
to one-factor, non-jump basic models in order to focus on our research question con-
cerning the eventual mean reversion mortality property. We conclude that while the
mean reversion aspect is not suitable for mortality when using a fixed target, it is en-
tirely appropriate when using a variable target linked to the increase in mortality with
age. For further research, an interesting study would be to consider different functions
for the floating target and assess the performance of the mean-reverting models.

7This stability confirms the adequacy of Gompertz model.
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Chapter 3

Pricing of longevity derivatives and
Cost of Capital

1

Abstract

Annuities providers become more and more exposed to longevity risk due
to the increase in life expectancy. To hedge this risk, new longevity deriva-
tives have been proposed (longevity bonds, q-forwards, S-swaps...). Although
academic researchers, policy makers and practitioners have talked about it for
years, longevity-linked securities are not widely traded in financial markets, due
in particular to the pricing difficulty. In this paper, we compare different existing
pricing methods and propose a Cost of Capital approach. Our method is designed
to be more consistent with Solvency II requirement (longevity risk assessment is
based on a one-year time horizon). The price of longevity risk is determined for
a S-forward and a S-swap but can be used to price other longevity-linked secu-
rities. We also compare this Cost of Capital method with some classical pricing
approaches. The Hull and White and CIR extended models are used to repre-
sent the evolution of mortality over time. We use data for Belgian population to
derive prices for the proposed longevity linked securities based on the different
methods.

3.1 Introduction

Significant improvements in longevity have been experienced in most developed coun-
tries. For annuity providers, longevity risk, i.e., the risk that future mortality trends
differ from those anticipated, constitutes an important risk factor.
Under the new European regulatory environment for the insurance industry, Solvency
II, it becomes a requirement for insurers to measure and evaluate longevity risks (Lev-
antesi and Menzietti [17]). As a consequence, the level of the capital required for
longevity is increasing (EIOPA 2011 [14]), and this creates the need for some longevity
risk management solutions.
In the past, annuity providers were only able to transfer the longevity risk to rein-
surer who can offer a standardized, or a customized hedging with no residual basis

1Zeddouk, F. and Devolder, P. Pricing Longevity Derivatives and Cost of Capital (2019), Risks, 7(2),1–29
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risk, but this risk transfer arrangement has become increasingly expensive and present
a large counterparty credit risk. In addition, the capacity of reinsurers is limited be-
cause longevity risk cannot be diversified, and as a consequence, just few reinsurers
accept taking longevity risk (Blake [3]). Hence, finding other alternatives to transfer
the longevity risk, notably securitization, became a necessity (Cox et al. [10]; Li et al.
[18]). Another de-risking approach for a pension provider are the pension buy-in and
the pension buy-out (D’Amato et al. [11]).

In recent years, some longevity derivatives arose. These products are based on mor-
tality/longevity rates, similar to those existing in the financial market (Blake et al.
[4])
The two main longevity-linked securities that were proposed in the literature are
longevity bonds (Blake and Burrows [5]), and Survival swaps (Dowd et al. [13]).
Longevity swaps are considered better because their transaction costs are lower, are
more flexible and could be customized to suit individual circumstances. Moreover, they
do not require the existence of a liquid market. Therefore, longevity swaps appear to
be the most relevant derivative to consider for hedging longevity risk.

Like the interest rate swaps, the survival swaps can be broken down into a collection
of more simple derivatives: the Survival-forwards (Coughlan et al. [9]).
These derivatives have attracted many researchers and practitioners who have pub-
lished many papers on this subject, but because of the pricing difficulties, and the fact
that these products remove only the longevity risk, they are still not widely traded in
the financial market (Lin et al. [19]).
Some authors have introduced a new methodology inspired by Solvency II: the pricing
of longevity derivatives using the Cost of Capital approach. A version of this method
has been proposed by Levantesi and Menzietti [17] in a discrete time model.

In this paper, we generalize this approach in two directions: first we use a risk mea-
surement more in line with Solvency II and based on successive one-year time horizons;
secondly we model longevity risk with continuous-time processes, as they offer analyt-
ical tractability and can be used for the pricing of financial instruments. We also study
the consistency between this Cost of Capital approach (COC) and three important
classical pricing methods used in finance: risk-neutral pricing, Wang transform and
Sharpe ratio.

This paper is organized as follows: in Section 3.2, we give the general pricing frame-
work for the S-forward with the classical the COC approach, then the same framework
is provided in Section 3.3 for the S-swaps. In Section 3.4, we translate the theoretical
framework into a numerical illustration, enabling the analysis of the consistency be-
tween the proposed and the existing classical pricing approaches. We show that none
of these methods is completely consistent with the COC approach. Finally, in Section
3.5 we conclude.

3.2 Survival-forwards

As an interest-rate swap is essentially a portfolio of forward-rate agreement (Hull [15]),
the survival swap can be broken down into a collection of a more simple derivative:
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the Survival-forward. Therefore, we will begin our study by focusing on them.

3.2.1 Definition and structure

A Survival forward (or S-forward) is an agreement between two counterparties to
exchange at a future date T (the maturity of the contract), an amount equal to the
realized survival rate of a given population cohort (floating leg), in return for a fixed
survival rate agreed at the inception of the contract (fixed rate payment).

Figure 3.1: S-forward

For easiness of representation, we consider the notional amount equal to one monetary
unit. The payoff of the S-forward is then given by:

Payoff(T ) =
T
px − T

p̂x , (3.1)

where
T
px is the realized survival rate (FT measurable), and

T
p̂x is a fixed probability

of an individual aged x at time 0 to be alive at age x+ T (F0 measurable).

3.2.2 Assumptions

In order to price the S-forward and S-swap, we will need to make some assumptions.
For the whole paper we will consider the following:

• The longevity is stochastic through one explanatory variable, the mortality inten-
sity denoted by µx(t, ω), which represents the force of mortality for an individual
aged x+ t at time t.

• For this mortality intensity, we consider two affine stochastic time-continuous
models (Luciano and Vigna [21]):

1. Hull & White model (HW):

dµx(t) = (ξ(t)− µx(t))dt+ σdw(t). (3.2)

2. Cox-Ingersoll-Ross (CIR) extended model:

dµx(t) = (ξ(t)− µx(t))dt+ σ
√
µx(t)dw(t). (3.3)
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with ξ(t) = AeBt and A,B, b, σ positive numbers, w(t) a standard Brownian motion
under the real world probability measure P.
The CIR model guarantees the positivity of the force of mortality.

• The spot interest rate r(t, ω) is stochastic and is solution of an SDE of the form:

dr(t, ω) = h(t, r)dt+ z(t, r)dw̄(t, ω), (3.4)

where h and z are two given functions.

• w and w̄ are independent standard Brownian motions under the real probability
measure P.

• We denote by V (t, T ) the price at a given time t of an S-forward with maturity
T .

• The survival index at time t of an individual initially aged x, alive at time t and
surviving T − t years more is given by the following process:

I(x+ t, T − t) = e−
∫ T
t µx(u,ω)du. (3.5)

• tp
obs
x = e−

∫ t
0 µx(s)ds is the observed survival function (F t measurable).

• The two models being affine, the expectation of their survival index is directly
given by (Dowd et al. [13]):

EP(I(x+ t, T − t) | F t) = eαP(t,T )−βP(t,T )µx(t). (3.6)

1. In the HW model we have:
α
HW

P (t, T ) = A
b [e−bT e

(B+b)T−e(B+b)t

B+b − eBT−eBt
B ]− σ2

2b2
[1
b (1− e

−b(T−t))− T + t]

− σ2

4b3
(1− e−b(T−t))2

β
HW

P (t, T ) = 1
b (1− e

−b(T−t)).

(3.7)

2. In the CIR extended model we have:{
α
CIR

P (t, T ) = 2A
∫ T
t

eBs(eγ(T−s)−e−γ(T−s))
(2γ+b)eγ(T−s)+(2γ−b)e−γ(T−s)ds

β
CIR

P (t, T ) = sinh(γ(T−t))
γ cosh(γ(T−t)+ 1

2
b sinh(γ(T−t)),

(3.8)

with γ = (b2+2σ2)
1
2

2
.

• P (t, T ) = EQ(e−
∫ T
t r(s)ds | F t) is the price at time t of a zero coupon bond with

maturity T under the risk-neutral probability measure Q.

• There is no basis risk: the insurer’s reference population is the same as in the
longevity linked security.

• There is no counterparty default risk.
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3.2.3 S-forward pricing by Cost of Capital

There is an ongoing debate and many authors have addressed the question of how to
price longevity-linked securities, but the calibration of the market price of longevity risk
remains an open question as “ in one hand, there is a quest for actuarial or economic
methods of how to derive prices “conceptually” and, on the other hand, there is the
problem of how to derive prices given a certain methodology, i.e. what data to use for
calibration purposes ”(Bauer et al. [2]).
Some authors have suggested that, following the directive of Solvency II, the price of
longevity linked securities could be associated with the Solvency Capital Requirement
(SCR) to cover unexpected losses (Börger [6]).

Laventesi and Menzietti [17] have proposed to price a S-forward using the risk margin
implicit within the calculation of the technical provisions as defined by Solvency II.
The overall idea is based on linking the price of longevity-linked securities with the
capital that the insurer should hold to cover unexpected losses: according to Solvency
II, insurance liabilities that cannot be hedged are evaluated as the sum of a best
estimate and a risk margin (RM), which is the market value of the uncertainty on
insurance liabilities. The RM is determined by the cost of capital approach based on
the SCR, the capital required to cover with 99.5% probability the unexpected losses
on a one-year time horizon.
In other words, by entering an S-forward, the insurer can lower its exposition to the
longevity risk and in consequence, the SCR for longevity risk can be mitigated, or even
reduced to zero if the longevity risk is completely covered, and so does the correspond-
ing RM. Hence, the price of an S-forward should not be higher than the cost of holding
the SCR, otherwise insurers will not be interested in buying it. In fact, this approach
provides an estimation of the maximum price that the insurer would be willing to pay
to transfer longevity risk.
Let us consider a T-years S-forward contract.

Figure 3.2: T-years S-forward contract

Under this approach, the price of the S-forward at time t is given by:

V
COC

(t, T ) = BEP
t +RMt, (3.9)

where BEP
t is the best estimate, equal to the discounted expectation of the payoff of

the S-forward at time t under the real-world measure, and RMt the risk margin.
At time 0, we obtain:

V
COC

(0, T ) = BEP
0 +RM0, (3.10)

where BEP
0 is as follows:

BEP
0 = P (0, T )(EP(I(x, T )−

T
p̂x). (3.11)
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The risk margin is defined as the present value of future returns on the successive
SCRs:

RM0 = C%
T−1∑
i=0

SCRi P (0, i+ 1), (3.12)

where SCRi is the solvency capital Requirement to cover with 99.5% probability the
unexpected losses for year i, and C is the Cost of Capital rate (6% in Solvency II).
These future SCRi are random variables. In order to compute the initial risk margin
RM0, we need to use their estimation at time 0 denoted by: ˆSCRi = SCRi |0.
The risk margin at time 0 becomes then:

RM0 = C%
T−1∑
i=0

ˆSCRi P (0, i+ 1). (3.13)

In order to determine the price of an S-forward, we will need to calculate the estimation
the future solvency capitals. Solvency II provides different methods to calculate these
capitals. We will consider the VaR method, that measures the potential loss in value
of a risky asset or liability over a defined time horizon for a given confidence level, say
99.5% (Solvency II standard).

Levantesi and Menzietti’s specification

A first approach developed by Levantesi and Menzietti [17] is based on the VaR of the
payoff at 99,5% from the moment of calculation until maturity, as represented by the
following figure:

Figure 3.3: Computation of the successive SCRi in the Levantesi and Menzietti’s specification

Explicitely, the SCRi are given by:

SCRi = VaR99,5%(P (i, T )Payoff
T

VaR99,5% −BEP
i ) (3.14)

= P (i, T ) VaR99,5%(I(x, T )−T p̂x)−P (i, T )(EP( I(x, T )−
T
p̂x)) (3.15)

= VaR99,5%(P (i, T )(I(x, T )−
T
p̂x))−P (i, T )(EP(I(x, T )−

T
p̂x))(3.16)

= P (i, T )(I(x, i)[VaR99,5%(I(x+ i, T − i))− EP( I(x, T ))] (3.17)

SCRi |0 = P (i, T )[EP(I(x, i)) VaR99,5%(I(x+ i, T − i)− EP( I(x, T ))]. (3.18)
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From expression (3.18), we can see that the Value-at-Risk is measured on the whole
interval [i, T ].

The price of the S-forward is then equal to:

V
COC

(0, T ) = P (0, T )(EP(I(x, T ))−
T
p̂x) (3.19)

+ 6%

T−1∑
i=0

P (i, T )P (0, i+ 1)
[
EP((I(x, i)) VaR99,5%(I(x+ i, T − i))− EP( I(x, T ))

]
.

Our specification

To be more consistent with the logic of Solvency II, we propose to adopt another
formulation: the SCR at time i should cover with 99.5% probability the unexpected
losses on a one-year time horizon (the interval [i, i + 1]), and we consider mortality
evolution’s up to time i, and from i+ 1 to T according to their best estimates:

Figure 3.4: Computation of the successive SCRi at time 0 in our specification

Then the expression of the SCRi becomes:

SCRi = VaR99,5%[BEP
i+1P (i, i+ 1)−BEP

i ], (3.20)

where:

BEP
i+1 = (I(x, i+ 1)EP( I(x+ i+ 1, T − i− 1)−

T
p̂x))P (i+ 1, T ) (3.21)

BEP
i = (I(x, i)EP( I(x+ i, T − i)−

T
p̂x))P (i, T ). (3.22)

The SCRi is then given by:

SCRi = P (i, T ) VaR99,5%[I(x, i+ 1)EP( I(x+ i+ 1, T − i− 1))− I(x, i)EP( I(x+ i, T − i))]
= P (i, T )I(x, i)[VaR99,5%(I(x+ i, 1))EP( I(x+ i+ 1, T − i− 1))− EP( I(x+ i, T − i))].

(3.23)

Therefore, the estimation of SCRi |0 can be given by:

SCRi |0= P (i, T )EP(I(x, i))[VaR99,5%(I(x+i, 1))−EP( I(x+i, 1))]EP( I(x+i+1, T−i−1)). (3.24)
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The risk margin at time 0 is then equal to:

RM0 = 6%
T−1∑
i=0

[EP(I(x, i))[VaR99,5%(I(x+ i, 1))− EP( I(x+ i, 1))]

× EP( I(x+ i+ 1, T − i− 1))P (0, i+ 1)P (i, T ). (3.25)

Finally, the price of the S-forward with the COC approach is:

V
COC

(0, T ) = P (0, T ) (EP[ I(x, T )−
T
p̂x])

+ 6%
T−1∑
i=0

[EP(I(x, i))[VaR99,5%(I(x+ i, 1))− EP( I(x+ i, 1))]

EP( I(x+ i+ 1, T − i− 1))P (0, i+ 1)P (i, T ). (3.26)

Let us now apply these methods using two particular mortality models.

HW model

To determine the explicit expression of the price, we need to compute:

VaR99,5%(I(x+ i, 1)) = VaR99,5%(e−
∫ i+1
i µx(s)ds).

In general, we have:

VaR99,5%(I(x+ t, T − t)) = VaR99,5%(e−
∫ T
t µx(s)ds) = VaR99,5%(eX(t,T )). (3.27)

We know that:

I(x+ t, T − t) = e−
∫ T
t µPx(u,ω)du = eX(t,T ). (3.28)

One can show that under the real-world risk measure P, we have :

X(t, T ) ∼ N(m(t, T ), n(t, T )2). (3.29)

So the survival index I is log-normally distributed with:{
m(t, T ) = µx(t) (e−b(T−t)−1)

b − AeBt

B(b+B)(eB(T−t) − 1)− AeBt

b(b+B)(e−b(T−t) − 1)

n2(t, T ) = σ2

b2
[T − t− 1−e−b(T−t)

b − (1−e−b(T−t))2
2b ].

(3.30)

Then we have:

VaR99,5%(I(x+ t, T − t)) = em(t,T )+zηn(t,T ), (3.31)

where zη = η is the quantile of a normal distribution N(0,1).
We consider η = 0, 995, zη = 2, 58 (Solvency II standard). Finally, the price of the
S-forward at time 0 becomes:

V
HW

COC
(0, T ) = P (0, T )(eα

HW

P (0,T )−β
HW

P (0,T )µx(0) −
T
p̂
x
)

+ 6%

T−1∑
i=0

[
eα

HW

P (0,i)−βHW
P

(0,i)µx(0)[em(i,i+1)+zηn(i,i+1)

− eα
HW

P
(i,i+1)−β

HW

P
(i,i+1)µx(i)]eα

HW

P
(i+1,T )−β

HW

P
(i+1,T )µx(i+1)

]
P (0, i+ 1)P (i, T ), (3.32)
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with µx(i) = EP(µx(i)) and, α
HW

P
(., T ), β

HW

P
(., T ) are given by (3.7)

CIR model

Let us here consider that the intensity of mortality follows the CIR process. Same as

in the HW model, we will need to determine VaR99,5%(e−
∫ i+1
i µx(s)ds), but as it is not

easy to find an analytical solution, we will need to simulate it numerically. The price
of the S-forward is then given by:

V
CIR

COC
(0, T ) = P (0, T )(eα

CIR
P (0,T )−βCIRP (0,T )µx(0) −

T
p̂
x
)

+ 6%

T−1∑
i=0

[
eα

CIR
P (0,i)−βCIRP (0,i)µx(0)[VaR99,5%(e−

∫ i+1
i

µx(s)ds)

− eα
CIR
P (i,i+1)−βCIRP (i,i+1)µx(i)]eα

CIR
P (i+1,T )−βCIRP (i+1,T )µx(i+1)

]
P (0, i+ 1)P (i, T ), (3.33)

where α
CIR

P (., T ) and β
CIR

P (., T ) are given by (3.8).

Pricing at any time t:

Following our same reasoning, we give the expression of SCRi at any time t (0 < t < i)
under the COC approach:

Figure 3.5: Computation of the successive SCRi at any time t in our specification

VCOC (t, T ) = P (t, T )I(x, t)EP( I(x+ t, T − t))

+ 6%

T−1∑
i=t

I(x, t)EP( I(x+ t, i− t))[VaR99,5%(I(x+ i, 1))− EP( I(x+ i, 1))]

× EP( I(x+ i+ 1, T − i− 1))P (i, T )P (t, i+ 1). (3.34)
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HW model

We determine under our philosophy the price of an S-forward at time t(0 < t < T )
using HW model:

V
HW

COC
(t, T ) = P (t, T )[

t
pobsx · eα

HW

P (t,T )−β
HW

P (t,T )µx(t) −
T
p̂
x
]

+ 6%

T−1∑
i=t

[
tp
obs
x · eα

HW

P (t,i)−β
HW

P (t,i)µx(t)[em(i,i+1)+zηn(i,i+1)

− eα
HW

P (i,i+1)−β
HW

P (i,i+1)µx(i)]eα
HW

P (i+1,T )−β
HW

P (i+1,T )µx(i+1)
]
P (i, T )P (t, i+ 1). (3.35)

CIR model

Let us here consider that the intensity of mortality follows a CIR process. The price
of the S-forward at time t (0 < t < T ) becomes:

V
CIR

COC
(t, T ) = P (t, T )[

t
pobsx · eα

CIR

P (t,T )−β
CIR

P (t,T )µx(t) −
T
p̂
x
]

+ 6%

T−1∑
i=t

[
t
pobsx · eα

CIR

P (t,i)−β
CIR

P (t,i)µx(t)[VaR99,5%(e−
∫ i+1
i

µx(s)ds)

− eα
CIR

P (i,i+1)−β
CIR

P (i,i+1)µx(i)]eα
CIR

P (i+1,T )−β
CIR

P (i+1,T )µx(i+1)
]
P (i, T )P (t, i+ 1). (3.36)

3.2.4 Comparison with classical methods

We develop in this section the pricing of the S-forward contract, following other alter-
native theoretical formulas to compare with formula (3.34):

• The risk-neutral approach (Cairns et al. [7]);

• The Wang transform (Wang [23]);

• Sharpe ratio (Milevsky et al. [22]).

Numerical comparisons will be given in section 3.4.

Risk-neutral approach

The risk-neutral pricing is a technique widely used in quantitative finance to compute
the values of derivatives, and could be adapted to price longevity-linked securities.
As discussed in some papers, (see for example Cairns et al. [8]), this approach is
not ideal to price longevity derivatives as the longevity market is immature, and this
method requires the availability of a considered amount of data. But it is interesting
to explore the risk-neutral pricing formula for comparison purposes.
Under the risk-neutral probability measure Qλ, the price of an S-forward at time t is
given by:

VQλ(t, T ) = P (t, T )[tp
obs
x EQλ(I(x+ t, T − t))−

T
p̂x | F t], (3.37)

where λ is the market price of longevity risk.
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We first consider the HW model to get an explicit expression of the S-forward price.
We assume that µx(t) follows the HW process given by (3.2).
Let us introduce the market prices λ(t, µx(t)) associated with longevity risk, and let
w∗(t, ω) = w(t, ω)−

∫ t
0
λ(t, µx(s))ds.

We consider a model with a constant market price of risk λ(t, µx(t)) = λ.
The SDE of the force of mortality under the risk-neutral measure becomes:

dµQλ
x (t) = (ξ(t)− bµx(t) + σλ)dt+ σdw∗(t). (3.38)

From equation (3.38), we see that a positive value of λ would increase the drift of the
force of mortality. To follow the same insurer’s logic, by overestimating the survival
process expected value and underestimating the mortality, we have to choose a negative
value for λ.
Under the risk-neutral measure, the survival probability takes the form:

EQλ(I(x+ t, T − t)) = e
αHWQλ

(t,T )−βHWQλ
(t,T )µx(t)

, (3.39)

where αHWQλ (t, T ) and βHWQλ (t, T ) are given by:
α
HW

Qλ (t, T ) = A
b [e−bT e

(B+b)T−e(B+b)t

B+b − eBT−eBt
B ]− σ2

2b2 [ 1b (1− e−b(T−t))− T + t]

− σ2

4b3 (1− e−b(T−t))2 − σλ
b (1− exp(−b(T − t))

β
HW

Qλ (t, T ) = 1
b (1− e(−b(T−t)).

(3.40)

Hence, the price of the S-forward at time t with the risk-neutral approach is as follows:

V
HW

Qλ (t, T ) = P (t, T )(tp
obs
x
e
αHWQλ

(t,T )−βHWQλ
(t,T )µx(t) −

T
p̂x). (3.41)

CIR model

Let us now assume that µx(t) follows the CIR process given by (3.3).
We introduce the market prices λ(t, µx(t)) associated with longevity risk, w∗(t, ω) =
w(t, ω)−

∫ t
0
λ(t, µx(s))ds.

Under the Real-world probability measure P, w∗ is a Brownian motion with drift, and
therefore is not a martingale. According to Girsanov’s theorem, w∗(t, ω) is a standard
Brownian motion under the risk-neutral measure Q.
The SDE of the force of mortality becomes:

dµQλ
x (t) = (ξ(t)− bµx(t) + λσ

√
µx(t))dt+ σ

√
µx(t)dw

∗(t). (3.42)

The survival probability takes also the form: EP(I(x+t, T−t)) = e
αCIRQλ

(t,T )−βCIRQλ
(t,T )µx(t)

We assume that the market price of longevity risk has the following classical form:
λ = κ

√
µx(t), where κ is a constant.

Equation (3.42) then becomes:

dµQλ
x (t) = (ξ(t)− (b− σκ)µx(t))dt+ σ

√
µx(t)dw

∗(t). (3.43)
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The parameters αCIRQλ (t, T ) and βCIRQλ (t, T ) are given by:
α
CIR

Qλ (t, T ) = 2A
∫ T
t

eBs(eγ(T−s)−e−γ(T−s))
(2γ+b−σκ)eγ(T−s)+(2γ−b+σκ)e−γ(T−s)

ds

β
CIR

Qλ (t, T ) = sinh(γ(T−t))
γ cosh(γ(T−t)+ 1

2
(b−σκ) sinh(γ(T−t)) ,

(3.44)

with γ = ((b−σκ)2+2σ2)
1
2

2
.

Finally the price is given by:

V
CIR

Qλ (t, T ) = P (t, T )[tp
obs
x
e
αCIRQλ

(t,T )−βCIRQλ
(t,T )µx(t) −

T
p̂x ]. (3.45)

Wang transform approach

The Wang transform method is a distortion approach that is based on a distortion
operator (Leung et al. [16]). In the insurance context, this operator converts the best
estimate of the survival index into its risk equivalent using a specific price of risk. This
procedure was presented by Dowd et al. [13] as a pricing method used in the pricing of
several over-the-counter longevity swaps in practice, and used for instance by Denuit
et al. [12])
The Wang distortion risk measure is given by:

ρgδ(x) =

∫ ∞
0

gδ(F̄x(s))ds, (3.46)

where x is a continuous non-negative random variable.
F̄x(s) is its decumulative function, and gδ is the distortion function associated with
the distortion parameter δ and given by:

gδ(s) = Φ(Φ−1(s) + δ), (3.47)

where Φ(.) is the cumulative standard normal distribution
Then:

ρg
δ
(I(x+ t, T − t)) =

∫ ∞
0

Φ(Φ−1(F̄I(x+t,T−t)(s)) + δ)ds. (3.48)

The price of the S-forward at time t is then given by:

V
Wang

(t, T ) = P (t, T )[tp
obs
x
ρg

δ
(I(x+ t, T − t))−

T
p̂x | F t]. (3.49)

HW model

To obtain an explicit expression of the S-forward price with HW model, we need to
determine the formula of ρg

δ
(I(x+ t, T − t)).

The Wang distortion of a log-normal distribution is still log-normal with a corrected
drift parameter:
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eN(m(t,T ), n2(t,T )) −→ eN(m(t,T )+δn(t,T ),n2(t,T )), (3.50)

so:

ρgδ(I(x+ t, T − t)) = em(t,T )+δn(t,T )+
n(t,T )2

2 . (3.51)

The price of S-forward with Wang approach at time t is finally given by:

V
HW

Wang
(t, T ) = P (t, T )[tp

obs
x em(t,T )+δn(t,T )+

n(t,T )2

2 −
T
p̂x)]. (3.52)

CIR model

Because of its complicated distribution, it is not easy to find an explicit formula for
ρgδ(I(x+ t, T − t)). Hence, we will need an SDE discretization scheme.
For the CIR model, the Euler discretization scheme is as follows:

µx(t+ ∆t) = µx(t) + (ξ(t)− bµx(t))∆t+ σ
√
µx(t)∆w(t). (3.53)

In order to simulate the survival index I(x+ t, T − t), we make a classical assumption
often encountered in life insurance theory: we suppose that the force of mortality is
piecewise constant between each point computed by the above Euler discretization.

The Sharpe Ratio approach

The Sharpe ratio method was used for instance by Milevsky et al. [22] and by Loeys
et al. [20] to price q-forwards. It is a standard deviation principle that does not use a
transformation of survival probabilities.
In liquid financial markets, the Sharpe ratio provides a benchmark for the determina-
tion of risk premia. The Sharpe ratio is given by:

S
market

=
rp − rf
σp

, (3.54)

where rp is the expected return of the portfolio, rf is the risk free rate and σp is the
standard deviation of the portfolio return.
Using the analogy to the Sharpe ratio in financial market, the Sharpe ratio in the insur-
ance context (Barrieux and Verrart [1]) is equal to the excess payoff on the longevity-
linked securities over its best estimate divided by its standard deviation.

S
Insurance

=
V (X)− EP(X)

σP(X)
. (3.55)

According to this approach, the price of the S-forward is given by:

V
Sharpe

(t, T ) = P (t, T )(tp
obs
x
EP( I(x+ t, T − t))−

T
p̂x

+ Stp
obs
x

√
VarP(I(x+ t, T − t))), (3.56)
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where S is the chosen fixed Sharpe ratio, and VarP(I(x + t, T − t)) is the variance of
the survival index.
HW model

The variance of the survival process is as follows:

VarP(I(x+ t, T − t)) = VP(eX(t,T )) = VP(eN(m(t,T ), n(t,T )2)), (3.57)

then:

VarP(I(x+ t, T − t)) = (en(t,T )2 − 1)e2m(t,T )+n(t,T )2 . (3.58)

The price of the S-forward at time t, is then given by:

V
HW

Sharpe
(t, T ) = P (t, T )

(
t

pobs
x
EP[ I(x+ t, T − t)]−

T
p̂x

− Stpobsx

√
(en(t,T )2 − 1)e2m(t,T )+n(t,T )2

)
. (3.59)

CIR model

We have:

VarP(I(x+ t, T − t)) = EP[ I(x+ t, T − t)2]− EP[ I(x+ t, T − t)]2, (3.60)

where:

EP[ I(x+ t, T − t)2] = EP(e−
∫ T
t 2µx(s)ds) = eα

CIR∗
P (t,T )−βCIR∗P (t,T )2µx(t), (3.61)

and:

d2µx(t) = ((2ξ(t)− 2bµx(t))dt+
√

2σ
√

2µx(t)dw(t). (3.62)

α
CIR∗

P (t, T ) and β
CIR∗

P (t, T ) are then given by:α
CIR∗

P (t, T ) = 4A
∫ T
t

eBs(eγ
∗(T−s)−e−γ∗(T−s))

(2γ∗+b)eγ∗(T−s)+(2γ∗−b)e−γ∗(T−s)ds

β
CIR∗

P (t, T ) = sinh(γ∗(T−t))
γ∗ cosh(γ∗(T−t)+ 1

2
b sinh(γ∗(T−t)) ,

(3.63)

with γ∗ = (b2+4σ2)
1
2

2
.

α
CIR

P (t, T ) and α
CIR∗

P (t, T ) can be solved numerically. The variance of the survival index
under the real world probability is:

VarP(I(x+ t, T − t)) = eα
CIR∗
P (t,T )−βCIR∗P (t,T )2µx(t) − e2[αCIRP (t,T )−βCIRP (t,T )µx(t)]. (3.64)

Finally, the price of the S-forward is as follows:

V
CIR

Sharpe
(t, T ) = P (t, T )

(
t
pobs
x

eα
CIR
P (t,T )−βCIRP (t,T )µx(t) −

T
p̂
x

+
t
pobs
x

S

√
eα

CIR∗
P (t,T )−βCIR∗P (t,T )2µx(t) − e2[α

CIR
P (t,T )−βCIRP (t,T )µx(t)]

)
. (3.65)
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3.3 Survival-Swaps

As we mentioned previously, the S-swap is considered as the sum of S-forward contracts.

3.3.1 Definition and structure

A Survival swap (or S-swap) is a collection of S-forwards exchanged at a predetermined
calendar times [t1, ...., tn]. Schematically, an S-swap can be represented as follows:

Figure 3.6: S-swap structure

3.3.2 S-swap Pricing under the cost of capital approach

Let P (s, t1, t2, ..., tn) denote the price of an S-swap at time s (with s < t1 < t < ... < tn).
Under the assumption of non-existence of arbitrage opportunities, the price at time s
of an S-Swap with t1, t2, ..., tn as exchange dates is given by:

P (s, t1, t2, ..., tn) =
n∑
i=1

V (s, ti), (3.66)

where V (s, ti) is the S-forward price in an approach and a model that have to be
specified.
Let us consider an S-swap with n cash flows. The price at time s of an S-swap is given
by:

P
COC

(s, t1, t2, ..., tn) =
n∑
j=1

BEs,tj +
n∑
j=1

RMs,tj , (3.67)

where BEs,tj and RMs,tj are as follows:

BEs,tj = P (s, tj)[I(x, s)EP( I(x+ s, tj − s))− tj p̂x], (3.68)

and

RMs,tj = 6%

tj−1∑
i=s

SCRi,tj |s P (s, i+ 1). (3.69)
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We finally find the price of the S-swap at time s:

P
COC

(s, t1, t2, ..., tn) =

n∑
j=1

[
P (s, tj)(I(x, s)EP( I(x+ s, tj − s))− tj p̂x)

+ 6%

tj−1∑
i=s

P (i, tj)P (s, i+ 1)I(x, s)EP( I(x+ s, i− s))[VaR99,5%(I(x+ i, 1))

− EP( I(x+ i, 1))]EP( I(x+ i+ 1, tj − i− 1))
]
. (3.70)

HW model

If we consider that the force of mortality follows the HW process, the price under the
Cost of Capital approach is given by:

P
HW

COC
(s, t1, t2, ..., tn) =

n∑
i=1

[
P (s, tj)(sp

obs
x eα

HW
P (s,ti)−βHWP (s,ti)µx(s) − tj p̂x)

+ 6%

tj−1∑
i=s

P (i, tj)P (s, i+ 1)sp
obs
x [eα

HW
P (s,i)−βHWP (s,i)µx(s)(em(i,i+1)+zαn(i,i+1))

− eα
HW
P (i,i+1)−βHWP (i,i+1)µx(i)eα

HW
P (i+1,ti)−βHWP (i+1,ti)µx(i+1)

]
. (3.71)

CIR model

If we consider that the force of mortality follows the CIR process, the price under the
Cost of Capital approach is given by:

P
CIR

COC
(s, t1, t2, ..., tn) =

n∑
i=1

[
P (s, tj)(sp

obs
x eα

CIR
P (s,ti)−βCIRP (s,ti)µx(s) − tj p̂x)

+ 6%

tj−1∑
i=s

P (i, tj)P (s, i+ 1)sp
obs
x [eα

CIR
P (s,i)−βCIRP (s,i)µx(s) VaR99,5%(e−

∫ i+1
i

µx(s)ds)

− eα
CIR
P (i,i+1)−βCIRP (i,i+1)µx(i)eα

CIR
P (i+1,ti)−βCIRP (i+1,ti)µx(i+1)

]
. (3.72)

3.4 Numerical illustration

In this section we give the numerical results of the prices of different S-forwards, using
the approaches studied previously for the Belgian population.
We use the following assumptions:

• An insurer with a portfolio of pure endowment contracts paying a lump sum of
1e at maturity T , and who is interested in hedging the longevity risk;

• N0 = 10000 initial policyholders for each cohort;

• Individuals aged 65, 70, or 75 years old in 2015;

• Payment of 1e to each policyholder alive at time T ;
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• Calibration and fixed leg based on projected data from the IA|BE unisex projected
generational mortality table2;

• The riskless interest rate is constant (equals to 1%).

The fixed rates used for different ages and maturities are reported in Table 3.1:

T/Age 65 70 75

µx(0) 0.0105677 0.0160885 0.0263359
T = 5 0.9419321 0.9101241 0.8507335
T = 10 0.8658090 0.7865578 0.6473974

Table 3.1: The fixed survival rates
T
p̂x for different ages and maturities.

3.4.1 Calibration

We calibrate our models to the data, using the Least Square Estimation method.

HW model

In order to determine the parameters of the survival function, we calibrate the HW
model on projected mortality data for each cohort as explained in the beginning of
this section.
The optimal parameters are given by Table 3.2:

Age A B b σ

65 0.00231775 0.11562220 0.25062948 0.01770006
70 0.00517446 0.11645594 0.32024870 0.02352572
75 0.01008112 0.11656453 0.32687591 0.06456541

Table 3.2: Optimal parameters values for the survival function in the HW model

CIR model

The optimal parameters for the three generations are summarized in Table 3.3:

Age A B b σ

65 0.00239811 0.11537936 0.26181448 0.00186426
70 0.00507981 0.11650159 0.31192722 0.00621368
75 0.01573756 0.11389749 0.55079961 0.02816582

Table 3.3: Optimal parameters values for the survival function in the CIR model

2IA|BE Mortality projection for the Belgian population, 2015. Available from:
https://www.iabe.be/nl/iabe-mortality-tables
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3.4.2 S-forwards COC prices

Table 3.4 gives the the prices found under the COC approach, using HW and CIR
models for mortality:

HW model CIR model
BE RM Price BE% RM% BE RM Price BE% RM%

x0 = 65, T = 5 45.87512 6.75613 52.63125 87.16% 12.83% 44.28595 10.68733 54.97327 80.55% 19.44%
x0 = 65, T = 10 76.53061 11.86875 88.39936 86.57% 13.42% 74.69407 22.70057 97.39464 76.69% 23.30%
x0 = 70, T = 5 28.58322 21.38396 49.96718 57.20% 42.79% 28.47494 16.53768 45.01261 63.25% 36.74%
x0 = 70, T = 10 26.35731 35.16336 61.52067 42.84% 57.15% 24.18322 33.45732 57.64054 41.95% 58.04%
x0 = 75, T = 5 7.24736 75.30577 82.55310 91.22% 8.78% -4.96041 55.56708 50.60666 -9.80% 109.80%
x0 = 75, T = 10 -11.20288 112.83990 101.63710 -11.02% 111.02% -14.28582 90.50064 76.21482 -18.74% 118.74%

Table 3.4: Comparison between the prices of the different S-forwards with HW and CIR
models

In order to have a better idea of the magnitude of these S-forward prices, we can link
them with the original price of the pure endowment contract received by the insurer.

The premium P of this pure endowment contract is given by:
T
Ex = T

p̂x
(1+i)T

, with i the
technical interest rate.
Table 3.5 reports a comparison between the premium P and the price of the S-forward
S price, considering a technical rate of 0.5% and using COC approach for both models
of longevity.

HW model CIR model
P S price HC P S price HC

x0 = 65, T = 5 9187.329 52.63125 0.57% 9187.329 54.97327 0.60%
x0 = 65, T = 10 8444.847 88.39936 1.04% 8444.847 97.39464 1.15%
x0 = 70, T = 5 8297.805 49.96718 0.60% 8297.805 45.01261 0.54%
x0 = 70, T = 10 7671.854 61.52067 0.80% 7671.854 57.64054 0.75%
x0 = 75, T = 5 8877.084 82.55310 0.93% 8877.084 50.60666 0.57%
x0 = 75, T = 10 6314.525 101.63710 1.61% 6314.525 76.21482 1.20%

Table 3.5: Comparison between the prices of the pure endowment and S-forward contracts

We can see that the hedging cost denoted by HC = S price
P

is around 1%.

3.4.3 Consistency with the classical pricing methods

In this section, we compare numerically the COC approach with other methods devel-
oped in subsection 3.2.4. In order to check the consistency between COC and each of
these methods, we compute the value of the parameters of the three methods; these
parameters are computed such that the COC price is equal to the price given by the
considered methods. We can say that a method is consistent with the COC approach
if its parameters are quiet stable for different ages and maturities.
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Risk-neutral approach

In this method we determine the market price of longevity risk, generating the same
price as the one found with the COC method.

HW model

Under the risk-neutral method, and under the assumptions considered previously, the
price at time 0 is:

V
HW

Qλ (0, T ) = e−rT ( e
α
HW

Qλ
(0,T )−βHWQλ

(0,T )µx(0) −
T
p̂x). (3.73)

The market price of risk λ is determined such that this risk-neutral price is equal to
the cost of capital price. If this coefficient is stable, it means that the two methods are
consistent. Table 3.6 gives the values of λ when we use the HW model for longevity:

S-forward COC price Market price of longevity risk

x0 = 65, T = 5 52.63125 λ= -14.40%
x0 = 65, T = 10 88.39936 λ= -22.61%
x0 = 70, T = 5 49.96718 λ= -15.53%
x0 = 70, T = 10 61.52067 λ= -25.47%
x0 = 75, T = 5 82.55310 λ= -19.33%
x0 = 75, T = 10 101.63710 λ= -37.53%

Table 3.6: Equivalent market price of longevity risk in the risk-neutral approach, HW model

CIR model

Under the risk-neutral approach, and considering that the intensity of mortality follows
the CIR model, the price of the S-forward is:

V
HW

Qλ (0, T ) = e−rT ( e
α
CIR

Qλ
(0,T )−βCIRQλ

(0,T )µx(0) −
T
p̂x). (3.74)

Table 3.7 represents the different values of the market price of longevity risk.

S-forward COC price κ Market price of longevity risk λ = κ
√
µx(0)

x0 = 65, T = 5 54.97327 -0.743 λ= -7.64%
x0 = 65, T = 10 97.39464 -0.533 λ= -5.48%
x0 = 70, T = 5 45.01261 -0.609 λ= -7.72%
x0 = 70, T = 10 57.64054 -0.436 λ= -5.53%
x0 = 75, T = 5 50.60666 -0.468 λ= -7.06%
x0 = 75, T = 10 76.21482 -0.297 λ= -4.83%

Table 3.7: Equivalent market price of longevity risk in the risk-neutral approach, CIR model

Clearly, the two methods are not completely consistent, even if the parameters seem
to be more stable in the CIR model.
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Consistency with Sharpe Ratio

We will now compute the value of the Sharpe ratio corresponding to the S-forward
price found with the COC method.

HW model

The price with this approach using HW model is given by:

V
HW

Sharpe
(0, T ) = e−rT

(
eα

HW
P (0,T )−βHWP (0,T )µx(0) − T p̂x + S

√
(en(0,T )2 − 1)e2m(0,T )+n(0,T )2

)
.

(3.75)
Table 3.8 gives the equivalent Sharpe ratio generating the prices found with COC
approach.

S-forward COC price Sharpe parameter

x0 = 65, T = 5 52.63125 S=9.62%
x0 = 65, T = 10 88.39936 S=9.55%
x0 = 70, T = 5 49.96718 S=10.13%
x0 = 70, T = 10 61.52067 S=10.43%
x0 = 75, T = 5 82.55310 S=11.47%
x0 = 75, T = 10 101.63710 S=13.91%

Table 3.8: Equivalent Sharpe parameters, HW model

CIR model

With the CIR model, the price of the S-forward at time 0 is given by:

V
CIR

Sharpe
(0, T ) = e−rT

(
eα

CIR
P (0,T )−βCIRP (t,T )µx(t) − T p̂x

+ S

√
eα

CIR∗
P (0,T )−βCIR∗P (0,T )2µx(0) − e2[αCIRP (0,T )−βCIRP (0,T )µx(0)]

)
(3.76)

Table 3.9 presents the different values of the Sharpe parameter under the CIR model:

S-forward COC price Sharpe parameter

x0 = 65, T = 5 54.97327 S=15.35%
x0 = 65, T = 10 97.39464 S=17.44%
x0 = 70, T = 5 45.01261 S=16.17%
x0 = 70, T = 10 57.64054 S=17.55%
x0 = 75, T = 5 50.60666 S=16.45%
x0 = 75, T = 10 76.21482 S=17.61%

Table 3.9: Equivalent Sharpe parameters, CIR model

We can see that for both mortality models, Sharpe parameters have a better stability.
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Consistency with Wang transform

We will now compute the value of the Wang transform parameter corresponding to
the COC S-forward price.

HW model

Table 3.10 gives the different values of the Wang parameter under the CIR model:

S-forward COC price Wang parameter

x0 = 65, T = 5 52.63125 δ = 9.62%
x0 = 65, T = 10 88.39936 δ = 9.55%
x0 = 70, T = 5 49.96718 δ = 10.12%
x0 = 70, T = 10 61.52067 δ = 10.41%
x0 = 75, T = 5 82.55310 δ = 11.44%
x0 = 75, T = 10 101.63710 δ = 13.48%

Table 3.10: Equivalent Wang parameters, HW model

CIR model

For the CIR model we use numerical simulation to compute the Wang Transform
parameters corresponding to the COC prices. We get the following results:
Table 3.11 gives the different values of the Wang parameter under the CIR model:

S-forward COC price Wang parameter

x0 = 65, T = 5 54.97327 δ = 16.29%
x0 = 65, T = 10 97.39464 δ = 16.49%
x0 = 70, T = 5 45.01261 δ = 16.89%
x0 = 70, T = 10 57.64054 δ = 17.91%
x0 = 75, T = 5 50.60666 δ = 16.55%
x0 = 75, T = 10 76.21482 δ = 17.75%

Table 3.11: Equivalent Wang parameters, CIR model

Synthesis

The Cost of Capital approach is parameterized by one variable: the Cost of Capital
rate, which is fixed by regulation (6% in Solvency II nowadays). This legal and unique
parameter value can be seen as a benchmark, and allows us to find equivalent values
of the parameters in the three other methods. The simulations presented above show
that:

• None of the classical pricing methods is completely consistent with the COC
approach, which is not surprising (the COC price (formula (3.26)) is based on a
multiperiod formula);
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• Sharpe ratio and Wang transform methods seem closer to COC than risk-neutral
approach;

• The values found for Sharpe and Wang methods are quite similar. In Appendix
A we present for the HW model, complete results for ages between 55 and 85,
and maturities from T = 1 to T = 15.

Remark: smoothing

Taking into account the irregular form of all these prices due to the use of gross
mortality parameters for each age (formulas (3.2) and (3.3)), we can smooth these
parameters. Appendix B gives the methods used for this smoothing. Appendix C gives
then the smoothed prices with COC method in the HW model.

3.5 Conclusion

In this paper, we have developed in continuous-time a new way to price longevity
linked securities based on the Cost of Capital approach, consistent with the directive
of Solvency II. We considered two examples of stochastic time-continuous processes for
longevity, Hull & White and CIR extended. This COC method has been compared with
three classical methods used in finance: the risk-neutral, Wang and Sharpe methods.
More precisely, we have found the parameters of these three methods giving equivalent
prices to the COC approach with 6% COC charge, as mentioned in the Solvency II
regulation. Even if none of these methods is consistent with the COC approach, it
appears that Wang transform and Sharpe ratio methods are more similar to COC
than risk-neutral method. In this paper we did not take into account the basis risk.
We could use this proposed COC method to price other longevity linked securities that
take into account this risk, for instance the exchange forwards and exchanged options.
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Appendices

Appendix A

Figure 3.A.1: S-forward prices under the Cost of Capital approach, HW model

Figure 3.A.2: Consistency between risk-neutral and Cost of Capital method, HW model
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Figure 3.A.3: Consistency between Sharpe and Cost of Capital method, HW model

Figure 3.A.4: Consistency between Sharpe and Cost of Capital method, HW model
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Figure 3.A.5: 3D presentation of the S-forwards prices and the corresponding parameters in
the classical methods
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Appendix B

Parameter Fitted model Error Pseudo-R2

A

a+ bx+ cx2 0.004228 0.9300884
a= 2.675e-01
b= -8.947e-03
c= 7.481e-05

B

a+ bx+ cx2 0.001877 0.5578862
a= 1.968e-02
b= 2.872e-03
c= -2.154e-05

b
ax4 0.1431 0.5408143

a= 1.968e-02

σ
ae−bx 0.02138 0.1448673

a= 0.0002570
b= -0.0560466

Table 3.B.1: Non-linear regression results, HW model.
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Appendix C

Figure 3.C.1: S-forward prices under the Cost of Capital approach with smooth parameters,
HW model

Figure 3.C.2: Consistency between risk-neutral and Cost of Capital method with smooth
parameters, HW model
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Figure 3.C.3: Consistency between Sharpe and Cost of Capital method with smooth param-
eters, HW model

Figure 3.C.4: Consistency between Wang and Cost of Capital method with smooth param-
eters, HW model
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Figure 3.C.5: 3D presentation of the S-forwards prices and the corresponding parameters in
the classical methods
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Chapter 4

Longevity pricing and hedging in
the presence of population basis
risk

Abstract

Hedging the basis risk is a challenging issue for pension funds and insurers,
who are increasingly resorting to longevity-linked securities to transfer their
longevity risk. These derivatives are based on population data rather than their
own policy data, which may lead to a potential loss due to data mismatch. This
paper proposes different possibilities to hedge the basis risk, using S-forward
contracts under the Cost of Capital approach and other classical pricing
methods. We assess and analyze different hedging strategies for firms facing
basis risk, utilizing the Hull and White model to represent the evolution of
mortality over time. We give different numerical examples to illustrate each
possibility using data for the Belgian population.

4.1 Introduction

Annuity providers such as insurers and pension funds are exposed to increased longevity
risk. This later can be broken down into two types of risks: the unsystematic and sys-
tematic longevity risks. The unsystematic longevity risk refers to a possible adverse
development of the policyholders longevity. According to the law of large numbers, the
unsystematic longevity risk can be eliminated by increasing the portfolio size. As for
the systematic longevity risk, which refers to the risk associated with the overall mor-
tality improvement across the whole population, it cannot be diversified by increasing
the portfolio size, but can be mitigated by entering longevity-linked securities such
as survivor bonds, q-forwards, S-forwards, or S-swaps (Blake and Burrows [5], Dowd
et al. [13], Barrieu and Veraart [2], Levantesi and Menzietti [19], and Zeddouk and
Devolder [31]). Some of these financial instruments have been traded over-the-counter
(OTC), but because of the pricing difficulties, and the fact that these products only
allow for a partial hedging of the systematic longevity risk (leaving a residual amount
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of risk known as basis risk), they are still not widely traded in the financial market.
The payoffs of these financial instruments are determined by longevity indices based
on one or more reference populations (for instance the national population). Therefore,
the longevity experience of the annuity provider’s population may not coincide with
the reference populations, (see for example Li and Hardy [20] and Coughlan et al. [10]).

The importance of this mismatch between the two populations depends on different
factors, such as demographic differences (e.g., age profile, sex, socioeconomic status),
the volatility of the portfolio to be hedged in comparison with the reference population,
and the difference between the payoff structures of the hedging tool and the insurer’s
portfolio (Li et al. [21]).
Many authors have focused on the evaluation of the basis risk. For instance, De Rosa
et al. [8] provided a model for assessing the basis risk in longevity and explored its
effect on the hedging strategies of pension funds and annuity providers. Haberman
et al. [15] and Villegas et al. [27] proposed a framework to choose a two-population
mortality projection model for assessing demographic basis risk. Plat [25] proposed a
stochastic model for the spread between the national and the small populations, which
allows insurers to evaluate mortality rates and assess the basis risk; see also Coughlan
et al. [10], Dahl et al. [7], Li and Hardy [20], Ngai and Sherris [24], Tzeng et al. [26],
and Li and Luo [22].

The main objective of our paper is to propose a simple framework to assess and evaluate
the basis risk, by associating it to the payoff of a longevity-linked security: we liken this
basis risk to a longevity derivative that we define and call Survival exchange forward
(S-exchange), whose price corresponds to the hedging cost of this risk. To achieve this
goal, we need a model able to describe the two population’s mortality. Many authors
have proposed stochastic multi-population models for mortality such as Bayraktar and
Young [3], Barbarin [1] and Dahl et al. [7].
In our study, the mortality model should not only be able to forecast mortality, but
must also enable the valuation of longevity derivatives. Affine models could be good
candidates because they meet these criteria (Huang et al.[16] and Xu et al. [29]). More
specifically, in our framework we use the Hull and White process to provide three
multipopulation models, by modifying the trend, the volatility or both.

Once the basis risk is modelled, our other contribution consists in providing fair prices
of the proposed hedging instrument in closed form when possible, using the Cost
of Capital method, which is in line with the directives of Solvency II. In addition,
we use some other classical pricing approaches for comparison purposes. Then, we
provide different hedging options using longevity derivatives, depending on the insurer’s
strategy and risk aversion.

This paper in organized as follow: in Section 4.2, we propose a multi-population model
to describe mortality for the reference and insurer’s population. In Section 4.3, we
briefly give the definition of the S-forward contract, then in Section 4.4, we define
the S-exchange contract and we give closed-form formulas of its price using the Cost
of Capital approach, under three different mortality spreads between the reference
and the insurer’s population. In Section 4.5, we compute the prices of the proposed
security using the classical methods, the risk-neutral, Sharpe and Wang approaches.
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In Section 4.6, we give a numerical illustration of the prices using Belgian data. We
provide sensitivity tests related to the different parameters in Section 4.7, and different
longevity hedging strategies are then proposed in Section 4.8. Finally, in Section 4.9,
we conclude.

4.2 Multi-population modeling in continuous time

In order to assess the basis risk, we need to use a model that is able to capture the
mortality trends in the reference population and in the insurer’s population, whose risk
is to be hedged. We will model mortality using a single explanatory variable, which is
the intensity of mortality µx at age x defined by:

µx = lim
4→0

P[x < T̄ ≤ x+4 | T̄ > x]

4
, (4.1)

where T is a random variable that represents the future lifetime of an individual.

Within the framework of our study, we are going to model the intensity of mortality
µx(t) that represents the force of mortality for an individual aged x + t at time t,
as a continuous stochastic process, defined in the real space of probability (Ω,F ,P)
and adapted to its natural filtration (Ft)0≤t≤T . Thus µx+t is written as: µx(t, ω), with
ω an event of the space of probability (Ω,F ,P). Therefore, the starting point of our
modelling will be to describe the dynamics of the mortality through the specification
of a stochastic differential equation (SDE). Afterward, we will focus on the survival
process, that represents the index at time t of an individual initially aged x, alive at
time t, and surviving T − t years more. For one individual, the survival index is defined
as follows:

I(x+ t, T − t) = e−
∫ T
t µx(u,ω)du. (4.2)

4.2.1 Assumptions

In our setting, we have chosen to use a stochastic continuous-time model for mortality,
to benefit from the pricing framework used in finance. Among these approaches, we
considered an affine model, whose general formula is given by:

dµx(t) = (f1(t) + f2(t)µx(t))dt+
√
f3(t) + f4(t)µx(t)dw(t), (4.3)

where f1(t), f2(t), f3(t), f4(t) are deterministic functions, and w(t) a standard Brow-
nian motion.

Our choice was motivated by the fact that with an affine model, we can get an ex-
plicit formula of the longevity index which allow the pricing of longevity derivatives.
We choose in particular the Hull and White model (HW), which is a cohort mortal-
ity model1 since Zeddouk and Devolder [30] showed that this model is suitable for
describing the force of mortality of the Belgian population. In fact, they presented

1This model describe how the mortality of an individual aged x at time t evolves over time, rather than
modelling age-period mortality like in the Lee-Carter and CBD models
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a comparison between different affine processes such as Ornstein Uhlenbeck, Feller,
Vasiçek and CIR extended models, and showed (using different tests such as goodness-
of-fit testing and backtesting) that the HW model gives a very accurate prediction
of the survival function. In addition, the HW model was also used by Zeddouk and
Devolder [31] for mortality to price Survival-forwards and Survival-swaps.

• For the national reference population mortality, we consider the HW model (Hull
[17]):

dµx(t) = (ξ(t)− bµx(t))dt+ σdw(t), (4.4)

with ξ(t) = AeBt and A,B, b, σ all positive numbers, w a standard Brownian motion
under the real world probability measure P. ξ(t) is chosen such that it follows the well
known Gompertz formula.
The reason behind the choice of the HW model for mortality and ξ(t) as a long term
target was discussed in detailed by Zeddouk and Devolder [30].

• The HW model being affine, the expectation of the survival index related to the
national population is directly given by (Duffie et al. [14]):

EP(I(x+ t, T − t) | F t) = eαP(t,T )−βP(t,T )µx(t), (4.5)

where α(t, T ) and β(t, T ) are given by (see for instance Zeddouk and Devolder [30]):


α(t, T ) = A

b
[e−bT e

(B+b)T−e(B+b)t

B+b
− eBT−eBt

B
]− σ2

2b2
[1
b
(1− e−b(T−t))− T + t]

− σ2

4b3
(1− e−b(T−t))2

β(t, T ) = 1
b
(1− exp(−b(T − t)).

(4.6)

• The spot interest rate r(t, ω) is stochastic and is solution of an SDE of the form:

dr(t, ω) = h(t, r)dt+ z(t, r)dw̄(t, ω), (4.7)

where h and z are two given functions.

• w and w̄ are independent standard Brownian motion under the real probability
measure P.

• We denote by V (t, T ) the price at a given time t of an S-forward with maturity
T.

• P (t, T ) = EQ(e−
∫ T
t r(s)ds | F t) is the price at time t of a zero coupon bound with

maturity T under the risk-neutral probability measure Q.

• There is no counterparty default risk.

As mentioned in the introduction, many models have been proposed in the literature
to represent the mortality evolution of two or more related populations (Villegas et
al. [27]). But the majority of the models proposed were based on discrete-time stochas-
tic mortality models such as the Lee-Carter model.

In our study, the HW model will also be used to describe the insurer’s population
mortality. To do that, we investigate three possibilities:
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1. As the insurer’s portfolio is a subpopulation of the national population, we can
consider that the intensity of mortality of the two populations have the same
drift and basic volatility, but the insurer’s population has an additional volatility
related for instance to its reduced size (extra vol).

2. We consider that the subpopulation and the national population have the same
volatility, but a different long term mean-reverting target (constant shift).

3. We consider that the subpopulation has a different mean-reverting level, as well
as an additional volatility (extra vol and constant shift).

4.2.2 First possibility (extra vol)

We consider that the mortality intensity of the two populations have the same drift
and volatility, but the insurer’s population has an additional volatility that could be
related to its small size. For the insurer’s population, we can then write:

dµ′x(t) = (ξ(t)− bµ′x(t))dt+ σdw(t) + σ
′
dw

′
(t), (4.8)

where w
′
(t) is a standard Brownian motion under the real probability measure P,

related to the extra volatility of the insurer’s population. Because the insurer’s popu-
lation is a subpopulation of the national population, it is reasonable to consider that
w and w

′
are dependent. Let:

σ̃w̃(t) = σw(t) + σ
′
w
′
(t). (4.9)

So the total volatility of the subpopulation is:

σ̃ =
√
σ2 + σ′2 + 2ρσσ′, (4.10)

where ρ is the correlation coefficient: ρ(t) =Cov(w(t),w
′
(t)). From (4.9) we have:

w̃(t) =
σ

σ̃
w(t) +

σ
′

σ̃
w
′
(t). (4.11)

Using the Cholesky decomposition for correlated Brownian motions, formula (4.11)
can be written as:

w̃(t) =
σ

σ̃
w(t) +

σ
′

σ̃
(ρw(t) +

√
1− ρ2w̄(t))

=
σ + σ′ρ

σ̃
w(t) +

σ
′
√

1−ρ2

σ̃
w̄(t), (4.12)

where w(t) and w̄(t) are now independent. The expectation of the survival index related
to the insurer’s cohort is given by:

EP(I(x+ t, T − t)ins) = eα
′
(t,T )−β′ (t,T )µ′x(t), (4.13)

α′(t, T ) and β
′
(t, T ) are given by:
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
α
′
(t, T ) = A

b

[
e−bT e

(B+b)T−e(B+b)t

B+b
− eBT−eBt

B

]
− (σ2+σ′2+2ρσσ′)

2b2

[
1
b
(1− e−b(T−t))− T + t

]
− (σ2+σ′2+2ρσσ′)

4b3
(1− e−b(T−t))2

β
′
(t, T ) = β(t, T ).

(4.14)
Let us look at the form of the spread between the two mortality intensities. We denote
this spread by θx(t), defined as the difference between the mortality intensity of the
insurer and the national population. We have:

dθx(t) = dµ′x(t)− dµx(t)
= −b(µ′x(t)− µx(t))dt+ σ

′
dw

′
(t)

= −bθx(t)dt+ σ
′
dw

′
(t). (4.15)

The spread θx(t) given by (4.15) follows the Ornstein Uhlenbeck process, which is
mean-reverting to 0. Its variance is bounded by its asymptotic value:

lim
t−→+∞

Var(θx(t)) =
σ
′2

2b
. (4.16)

In this case, we have a real basis risk because the spread is stochastic.
Let us remark that the initial level of the two mortality intensities can be different:
µx(0) 6= µ′x(0) (level effect). We can also observe that, since the spread has a mean
reversion level equal to 0, and a bounded variance (formula (4.16)), there is no diver-
gence between the two populations as discussed, for instance by Villegas et al. [27] and
Li and Hardy [20].

4.2.3 Second possibility (constant shift)

The insurer’s intensity of mortality is given by:

dµ′x(t) = (ξ′(t)− bµ′x(t))dt+ σdw(t). (4.17)

where ξ(′t) = g · ξ(t), and g is a positive constant.
In this case, the expression of α

′
(.) to put in formula (4.5) becomes:

α
′
(t, T ) =

g ·A
b

[
e−bT

e(B+b)T − e(B+b)t

B + b
− eBT − eBt

B

]
(4.18)

− σ
2

2b2
[
1

b
(1− e−b(T−t))− T + t]− σ2

4b3
(1− e−b(T−t))2.

The spread θx(t) between the mortality intensity of the national population, and the
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insurer’s one in the second possibility is given by:

dθx(t) = (ξ
′
(t)− ξ(t)− b(µ′x(t)− µx(t))dt

= (ξ′(t)− ξ(t)− bθx(t))dt. (4.19)

In this case, we do not have a real basis risk since θx(t) is a deterministic mean-reverting
function without any noise.

4.2.4 Third possibility (extra vol and constant shift)

The insurer’s intensity of mortality is given by:

dµ′x(t, T ) = (ξ′(t)− bµ′x(t))dt+ σ̃dw̃(t). (4.20)

The spread θx(t) between the mortality intensity of the national population and the
insurer’s is given by:

dθx(t) = (ξ′(t)− ξ(t)− b(µ′x(t)− µx(t))dt+ σ
′
dw

′
(t)

= (ξ′(t)− ξ(t)− bθx(t))dt+ σ
′
dw

′
(t). (4.21)

θx(t) is a mean-reverting process to a floating target ξ′(t)− ξ(t). In this case we have
three effects:

• Level effect: µ′x(0) 6= µx(0)

• Target effect: ξ′(t) 6= ξ(t)

• Volatility effect: presence of additional variance

In this case the expression of α
′
(.) is given by:

α
′
(t, T ) =

g ·A
b

[
e−bT

e(B+b)T − e(B+b)t

B + b
− eBT − eBt

B

]
−(σ2 + σ′2 + 2ρσσ′)

2b2

[1

b
(1− e−b(T−t))− T + t

]
−(σ2 + σ′2 + 2ρσσ′)

4b3
(1− e−b(T−t))2. (4.22)

Remark 1 We can alternatively choose ξ(′t) such that g is a time-dependent function
that follows the Gompertz form, namely, ξ′(t) = g(t) · ξ(t), with g(t) = g · eϑt, ϑ is a
positive constant, in this case the expression of α

′
(.) is given by:

α
′
(t, T ) =

g ·A
b

[
e−bT

e(B+b+ϑ)T − e(B+b+ϑ)t

B + b+ ϑ
− e(B+ϑ)T − e(B+ϑ)t

B + ϑ

]
−(σ2 + σ′2 + 2ρσσ′)

2b2

[1

b
(1− e−b(T−t))− T + t

]
−(σ2 + σ′2 + 2ρσσ′)

4b3
(1− e−b(T−t))2. (4.23)
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4.3 S-forward

4.3.1 Description of the product

A Survival forward (or S-forward2) is an agreement between two counterparties to
exchange at a future date T (the maturity of the contract), an amount equal to the
realized survival rate of a given population cohort (floating leg), in return for a fixed
survival rate agreed at the inception of the contract (fixed rate payment).

For easiness of representation, we consider the notional amount equal to one monetary
unit. The payoff of the S-forward is then given by:

Payoff(T ) = I(x, T )−
T
p̂x , (4.24)

where I(x, T ) is the realized survival rate, and
T
p̂x is a fixed survival rate of an indi-

vidual aged x at time 0 to be alive at age x+T (F0 measurable). With this derivative,
the insurer can hedge the longevity risk by being the fixed leg payer of an S-forward: if
the realized survival rate is higher than the fixed rate at the maturity of the contract,
he gets a positive payment which can be used to compensate the higher longevity risk
arising from annuity contracts. However, the realized survival rate is usually computed
based on the reference national population. Hence, by using this derivative, only a
portion of the systemic risk can be covered, letting the insurer exposed to the basis
risk.

4.3.2 Pricing of the product

Many authors have shed light on how to price longevity-linked securities, using different
methods usually used in quantitative finance, such as risk-neutral, Sharpe ratio, and
Wang approaches (Barrieu and Veraart [2]). These techniques could be adapted to
price longevity-linked securities. Nevertheless, these approaches require the assessment
of longevity risk parameters (market price of longevity risk (risk-neutral approach),
Sharpe coefficient (Sharpe method) or Wang coefficient (Wang approach)), which is
not easy due to the lack of data in the longevity derivatives market.
In the new regulatory context of Solvency II, another approach is to be more con-
sistent with the corresponding valuation. Therefore, some authors have introduced a
new methodology inspired by Solvency II: the pricing of longevity derivatives using the
Cost of Capital approach. A version of this method has been proposed by Levantesi
and Menzietti [19] in a discrete time model, and another version has been presented
by Zeddouk and Devolder [31] in continuous time models. The overall idea behind the
Cost of Capital method is based on linking the price of longevity derivatives with the
capital that the insurer should hold to cover unexpected losses: according to Solvency
II, insurance liabilities that cannot be hedged should be computed as the sum of the
best estimate (BE) plus a risk margin (RM), which is the potential costs of transfer-
ring insurance obligations to a third party if the insurer fails. The RM at time 0 is
determined by the Cost of Capital approach based on the future remuneration on the

2The concept of S-forward was first introduced in Life and Longevity Markets Association (LLMA), 2010
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successive SCR:

RM0 = C%
T−1∑
i=0

SCRi |0 P (0, i+ 1). (4.25)

where SCRi |0 is the estimation at time 0 of the solvency capital requirement to cover
with 99.5% probability the unexpected losses for year i, and C is the Cost of Capital
rate (6% in Solvency II). P (0, i+ 1) is the discount factor.
The price at time 0 is then given by:

VCOC(0, T ) = BEP
0 +RM0, (4.26)

Namely, the insurer can by an S-forward contract to lower his exposition to the
longevity risk and as a consequence, the corresponding SCR can be mitigated, or even
reduced to zero if the longevity risk is completely covered, and so does the correspond-
ing risk margin RM. Moreover, this approach has the advantage to be parameterized
by the Cost of Capital rate, which is fixed by regulation (6% in Solvency II nowadays).
This legal and unique value can be seen as a benchmark, which is not the case for the
classical pricing methods.

4.4 S-exchange pricing with C.O.C approach

In this paper, we focus on how to cover the remaining risk called basis risk, by us-
ing another derivative called “ S-exchange contract”. In the literature, the price of
longevity derivatives is usually computed without taking into account the basis risk.
In this section, we will evaluate this risk, and determine the price of a financial tool
that allows for the protection against this basic risk.

Definition

An S-exchange forward is an agreement between the insurer and an investor to
exchange at a future date T (the maturity of the contract), an amount equal to
the realized survival rate of a given national population, i.e the longevity index, in
return for the realized survival rate of the insurer’s cohort population. For easiness
of representation, we consider the notional amount equal to one monetary unit. The
payoff at maturity T of the S-exchange forward is then given by:

Payoff(T ) = I(x, T )ins − I(x, T ), (4.27)

where I(x, T )ins = e−
∫ T
0 µ′x(s)ds is the realized survival rate of an individual from the

insurer’s cohort population in a model to be specified (F0 measurable), and I(x, T ) =

e−
∫ T
0 µx(s)ds the longevity index of the national population in a model to be specified.

Under the Cost of Capital approach, the price of this derivative is given by:
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Proposition:

The price of the S-exchange contract at time 0 under the Cost of Capital ap-
proach is given by:

VCOC(0, T ) = P (0, T )(EP(I(x, T )ins)− EP(I(x, T )))

+ 6%

T−1∑
i=0

VaR99,5%

[
ΨiI(x+ i, 1)ins − ΦiI(x+ i, 1)− Λi

]
× P (i, T )P (0, i+ 1), (4.28)

where:

Ψi = EP(I(x, i)ins)EP( I(x+ i+ 1, T − i− 1)ins)

Φi = EP(I(x, i))EP( I(x+ i+ 1, T − i− 1))

Λi = EP(I(x, i)ins)EP( I(x+ i, T − i)ins)
− EP(I(x, i))EP( I(x+ i, T − i)). (4.29)

Proof:

We recall that under the COC approach, the price of any product is given by
(Zeddouk and Devolder [31]):

VCOC(t, T ) = BEP
t +RMt, (4.30)

where BEP
t is the best estimate under the real-world measure, of the payoff of the

S-forward at time t, and RMt the risk margin. The price of the S-exchange forward at
time 0 is given by:

VCOC(0, T ) = BEP
0 +RM0, (4.31)

where BEP
0 is as follows:

BEP
0 = P (0, T )(EP(I(x, T )ins)− EP(I(x, T ))). (4.32)

The risk margin is defined by the present value of the future remunerations on the
successive SCR:

RM0 = 6%
T−1∑
i=0

SCRi P (0, i+ 1). (4.33)

The future SCRi are random variables. To compute the initial RM we need to use
their estimation at time 0 denoted by SCRi |0. The risk margin at time 0 is then given
by:

RM0 = 6%
T−1∑
i=0

SCRi |0 P (0, i+ 1). (4.34)
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The SCRi are given by:

SCRi = VaR99,5%[BEP
i+1P (i, i+ 1)−BEP

i ], (4.35)

where:

BEP
i+1 = (I(x, i+ 1)insEP( I(x+ i+ 1, T − i− 1)ins)

−I(x, i+ 1)EP( I(x+ i+ 1, T − i− 1)))P (i+ 1, T ), (4.36)

and

BEP
i = (I(x, i)insEP( I(x+ i, T − i)ins)

−I(x, i)EP( I(x+ i, T − i))))P (i, T ). (4.37)

The SCRi are then given by:

SCRi = P (i, T ) VaR99,5%

[
I(x, i+ 1)insEP( I(x+ i+ 1, T − i− 1)ins)

−I(x, i)insEP( I(x+ i, T − i)ins)− I(x, i+ 1)EP( I(x+ i+ 1, T − i− 1))

+I(x, i)EP( I(x+ i, T − i)))
]
. (4.38)

Formula (4.38) is assumed to be equivalent to:

SCRi = P (i, T ) VaR99,5%

[
I(x, i)(I(x+ i, 1)insE( I(x+ i+ 1, T − i− 1)ins)

−EP( I(x+ i, T − i)ins))− I(x, i)(I(x+ i, 1)(EP( I(x+ i+ 1, T − i− 1))

−EP( I(x+ i, T − i)))
]
. (4.39)

Then their estimations at time 0 are given by:

SCRi |0 = P (i, T ) VaR99,5%

[
EP(I(x, i)ins)(I(x+ i, 1)insEP( I(x+ i+ 1, T − i− 1)ins)

−EP( I(x+ i, T − i)ins))− EP(I(x, i))(I(x+ i, 1)EP( I(x+ i+ 1, T − i− 1))

−EP( I(x+ i, T − i)))
]
. (4.40)

The SCRi |0 can be then written as:

SCRi |0= P (i, T ) VaR99,5%[ΨiI(x+ i, 1)ins − ΦiI(x+ i, 1)− Λi], (4.41)

where Ψi,Φi and Λi are constants given by:

Ψi = EP(I(x, i)ins)EP( I(x+ i+ 1, T − i− 1)ins)

Φi = EP(I(x, i))EP( I(x+ i+ 1, T − i− 1))

Λi = EP(I(x, i)ins)EP( I(x+ i, T − i)ins)
− EP(I(x, i))EP( I(x+ i, T − i)). (4.42)

Finally, the risk margin at time 0 is then equal to:

RM0 = 6%
T−1∑
i=0

VaR99,5%[ΨiI(x+ i, 1)ins − ΦiI(x+ i, 1)− Λi]P (i, T )P (0, i+ 1). (4.43)
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4.5 S-exchange pricing under other classical

methods

We can also compute the S-exchange prices under three other pricing methods often
used in quantitative finance:

• The risk-neutral approach (Cairns et al., [9])

• Wang transform (Wang [28])

• Sharpe ratio (Milevsky et al.[23])

The aim is to compare the results found with these methods to those found with the
COC method, as developed in section 4.4.

4.5.1 Risk-neutral method

Under the risk-neutral probability measure Qλ, the price of an S-exchange contract at
time t is given by:

VQλ(0, T ) = P (0, T )[EQλ(I ins(x, T )− I(x, T ))] (4.44)

= P (0, T )( e
α′Qλ

(0,T )−β′Qλ(0,T )µ′x
Qλ (0) − eαQλ (0,T )−βQλ (0,T )µ

Qλ
x (0)).

We introduce the market prices λ(t, µx(t)) associated with the longevity risk, and we
consider a model with a constant market price of risk λ(t, µx(t)) = λ.
Using the HW model for longevity and considering the first possibility, the force of
mortality under the risk-neutral measure for the national population µQλ

x and the
insurer’s population µ′x

Qλare given by:

dµQλ
x (t, T ) = (ξ(t)− bµQλ

x + σλ)dt+ σdw∗(t) (4.45)

dµ′Qλx (t, T ) = (ξ
′
(t)− bµ′Qλx + σλ)dt+ σdw∗(t) + σ′λdw

∗′
(t). (4.46)

Let w∗(t, ω)= w(t, ω)−
∫ t

0λ(t, µ′x(s))ds, and w
′∗(t, ω) = w′(t, ω)−

∫ t
0 λ(t, µ′x(s))ds.

And let:
σ̃w̃∗(t) = σw∗(t) + σ

′
w
′∗. (4.47)

Formula (4.46) becomes:

dµ′Qλx (t, T ) = (ξ
′
(t)− bµ′Qλx + σλ)dt+ σ̃λdw̃∗(t). (4.48)

So the total volatility of the subpopulation is:

σ̃ =
√
σ2 + σ′2 + 2ρσσ′, (4.49)

where ρ is the correlation coefficient: ρ(t) =Cov(w∗(t),w∗
′
(t)).

From (4.47) and (4.49) we have:

w̃∗(t) =
σ

σ̃
w∗(t) +

σ
′

σ̃
w∗
′
(t). (4.50)
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Using the Cholesky decomposition for correlated Brownian motions, formula (4.50)
becomes:

w̃∗(t) =
σ

σ̃
w∗(t) +

σ
′

σ̃
(ρw∗(t) +

√
1− ρ2w̄∗(t))

=
σ + σ′ρ

σ̃
w∗(t) +

σ
′
√

1−ρ2

σ̃
w̄∗(t), (4.51)

where w∗(t) and w̄∗(t) are independent. Using the HW model, the price becomes:

VQλ(0, T ) = P (0, T )( e
α′Qλ

(0,T )−β′Qλ(0,T )µ′x
Qλ (0) − eαQλ (0,T )−βQλ(0,T )µ

Qλ
x (0)), (4.52)

where: 
αQλ(0, T ) = A

b

[
e−bT e

(B+b)T−1
B+b − eBT−1

B

]
− σ2

2b2

[
1
b (1− e

−bT )− T
]

− σ2

4b3
(1− e−bT )2 − λσ

b (1− e−bT )

βQλ(0, T ) = 1
b (1− e

−bT ).

(4.53)

For α′Qλ(0, T ) and β
′
Qλ(0, T ), they take different values for each possibility. For in-

stance, for the third possibility we obtain:


α′Qλ(0, T ) = g·A

b

[
e−bT e

(B+b)T−1
B+b − eBT−1

B

]
− (σ2+σ′2+2ρσσ′)

2b2

[
1
b (1− e

−bT )− T
]

− (σ2+σ′2+2ρσσ′)
4b3

(1− e−bT )2 − λ
√
σ2+σ′2+2ρσσ′

b (1− e−bT ))

β′Qλ(0, T ) = 1
b (1− e

−bT ).

(4.54)

4.5.2 Sharpe ratio method

The price of the S-exchange under the Sharpe approach is given by:

V
Sharpe

(0, T ) = P (0, T )(EP( I(x, T ))− EP( I ins(x, T )) (4.55)

+S
√

VarP(I ins(x, T )− I(x, T ))),

where S is the chosen fixed Sharpe ratio, and VarP(I(x, T )) is the variance of the survival
index. We have:

VarP(I ins(x, T )− I(x, T )) = EP[ I ins(x, T )− I(x, T )− EP( I ins(x, T )− I(x, T ))]2. (4.56)

Under the first and the third possibility, this variance could be computed numerically,
but under the second possibility we can obtain an explicit formula.



84 Chapter 4. Longevity pricing and hedging in the presence of population basis risk

4.5.3 Wang method

We will now compute the S-exchange price under the Wang approach. The Wang transform
method is a distortion approach that is based on a distortion operator. In insurance context
this operator converts the best estimate of the survival index into its risk equivalent using a
specific price of risk. This procedure was presented by Dowd et al. [13] as a pricing method
used in the pricing of several over-the-counter longevity swaps in practice, and used for
instance by Denuit et al. [12]. The Wang distortion risk measure is given by:

ρgδ(x) =

∫ ∞
0

gδ(F̄x(s))ds−
∫ 0

−∞
(1− gδ(F̄x(s)))ds, (4.57)

where x is a continuous random variable. F̄x(s) is its decumulative function, and gδ is the
distortion function associated with the distortion parameter δ and given by:

gδ(s) = Φ(Φ−1(s) + δ), (4.58)

where F(.) is the cumulative standard normal distribution. then:

ρg
δ
(Iins(x, T )− I(x, T )) =

∫ ∞
0

Φ(Φ−1(F̄(Iins(x,T )−I(x,T ))(s)) + δ)ds (4.59)

−
∫ 0

−∞
(1− Φ(Φ−1(F̄(Iins(x,T )−I(x,T ))(s)) + δ))ds

The price of the S-exchange is given by:

V
Wang

(0, T ) = P (0, T )[ρg
δ
(I ins(x, T )− I(x, T ))] (4.60)

Like in the Sharpe ratio method, for the Wang approach we can obtain under the second
possibility an explicit formula for the price.

4.6 Numerical illustrations

In this section, we give the numerical results of the prices of different S-exchange contracts,
using the COC method and the classical approaches for the Belgian population. We use the
following assumptions:

• An insurer with a portfolio of pure endowments contracts paying a lump sum of 1e at
maturity T in case of survival;

• N0=10 000 initial policyholders for each cohort;

• Individuals aged 65 or 70 years old in 2015;

• Payment of 1e to each policyholder alive at time T;

• Calibration is based on projected data from the IA|BE unisex projected generational
mortality table.
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• The risk-less interest rate is considered constant (equals to 1%);

• The parameters λ, S and δ have been chosen to be quite similar to the values usually
suggested in the literature (see for instance Barrieu and Veraart [2], Cui [11]). These
parameters are reported in Table 4.1:

Parameter Values
λ -20%
S 10%
δ 10%

Table 4.1: The classical methods’ parameter values.

We calibrate the HW model on projected mortality data for each cohort using the Least
Square Estimation. The optimal parameters are reported in Table 4.2:

Age µx(0) A B b σ
65 0.0105677 0.002398110 0.115379365 0.261814487 0.001864268
70 0.01608859 0.005079817 0.116501598 0.311927223 0.006213681

Table 4.2: Optimal parameter values for the survival function in the HW model.

Zeddouk and Devolder [31] have computed the prices of the S-forward contracts under
the Cost of Capital approach, using HW model for mortality and the assumptions made in
this paper. The prices as well as the fixed legs are reported in Table 4.3:

S − forward price fixed leg
x0 = 65, T = 5 52.63125 0.94193
x0 = 65, T = 10 88.39936 0.86580
x0 = 70, T = 5 49.96718 0.91012
x0 = 70, T = 10 61.52067 0.78655

Table 4.3: The prices and the fixed legs of the different S-forwards under the Cost of Capital
approach.

4.6.1 S-exchange prices under the first possibility

The Cost of Capital approach

Using the first possibility, we determine the price of the different S-exchange derivatives
under the Cost of Capital approach. We consider the following parameters:

• σ′ = 20%σ

• ρ = 0.5

• µ′x(0) = µx(0)



86 Chapter 4. Longevity pricing and hedging in the presence of population basis risk

Table 4.4 gives the comparison between the prices of the different S-forward, and S-exchange
contracts under the 1st possibility found under the COC approach:

S − forward price S − exchange price
x0 = 65, T = 5 52.63125 2.48922
x0 = 65, T = 10 88.39936 5.52361
x0 = 70, T = 5 49.96718 8.89376
x0 = 70, T = 10 61.52067 17.88005

Table 4.4: Prices of the different S-forward and S-exchange contracts under the 1st possibility,
COC method.

The risk-neutral approach

We use the same assumptions made in section 4.3 to compute the prices of the different
S-exchange contracts. Table 4.5 presents the prices of the different contracts under the risk-
neutral method, using the 1st possibility to describe the force of mortality of the insurer’s
population:

S − forward price S − exchange price
x0 = 65, T = 5 55.24155 1.12973
x0 = 65, T = 10 86.98154 1.41983
x0 = 70, T = 5 55.95713 3.72324
x0 = 70, T = 10 53.61137 4.97062

Table 4.5: Prices of the different S-forward and S-exchange contracts under the 1st possibility,
risk-neutral method.

The Sharpe ratio method

Now we compute the price of the S-forwards and S-exchange for the Sharpe method under
the 1st possibility. Table 4.6 reports the S-forwards and S-exchange prices for different ages
and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 52.88389 0.88968
x0 = 65, T = 10 88.89517 1.50233
x0 = 70, T = 5 49.55169 3.23218
x0 = 70, T = 10 59.66057 5.82333

Table 4.6: Prices of the different S-forward and S-exchange contracts under the 1st possibility,
Sharpe method.

The Wang method

Now we compute the price of the S-forwards and S-exchange for the Wang method under
the 1st possibility. Table 4.7 reports the S-forwards and S-exchange prices for different ages
and maturities:
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S − forward price S − exchange price
x0 = 65, T = 5 52.88651 0.93152
x0 = 65, T = 10 88.90408 1.23266
x0 = 70, T = 5 49.57395 3.00687
x0 = 70, T = 10 59.72016 6.06159

Table 4.7: Prices of the different S-forward and S-exchange contracts under the 1st possibility,
Wang method.

Comparison

To summarize, we report in Table 4.8 the different S-exchange prices computed using the
first possibility:

COC Risk-neutral Sharpe Wang
x0 = 65, T = 5 2.48922 1.12973 0.88968 0.9315238
x0 = 65, T = 10 5.52361 1.41983 1.50233 1.232661
x0 = 70, T = 5 8.89376 3.72324 3.23218 3.006879
x0 = 70, T = 10 17.88005 4.97062 5.82333 6.06159

Table 4.8: Comparison between S-exchange prices under the different methods, 1st possibility.

Under the first possibility, the classical methods provide quite similar prices, that become
higher with age and maturity. These prices are much more important under the COC method,
especially for the age of 70 years old.

4.6.2 S-exchange prices under the second possibility

The Cost of Capital approach

We consider the following parameters:

• g = 0.9

• µ′x(0) = g · µx(0)

Table 4.9 gives the the prices of the contracts under the COC approach using the second
possibility:

S − forward price S − exchange price
x0 = 65, T = 5 52.63125 49.48473
x0 = 65, T = 10 88.39936 105.81050
x0 = 70, T = 5 49.96718 80.38255
x0 = 70, T = 10 61.52067 170.68800

Table 4.9: Prices of the different S-forward and S-exchange contracts under the 2nd possibility,
COC method.
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Risk-neutral approach

Table 4.10 reports the S-forwards and S-exchange prices under the risk neutral method, for
different ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 55.24155 49.48929
x0 = 65, T = 10 86.98154 107.25240
x0 = 70, T = 5 55.95713 79.80213
x0 = 70, T = 10 53.61137 172.32600

Table 4.10: Prices of the different S-forward and S-exchange contracts under the 2nd possi-
bility, risk-neutral method.

Sharpe method

Table 4.11 represents the S-forwards and S-exchange prices under Sharpe approach, for
different ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 52.88389 49.47635
x0 = 65, T = 10 88.89517 107.2783
x0 = 70, T = 5 49.55169 79.74338
x0 = 70, T = 10 59.66057 172.47010

Table 4.11: Prices of the different S-forward and S-exchange contracts under the 2nd possi-
bility, Sharpe method.

Wang approach

Table 4.12 reports the S-forwards and S-exchange prices under Wang approach, for different
ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 52.88651 49.47637
x0 = 65, T = 10 88.90408 107.27841
x0 = 70, T = 5 49.57395 79.74367
x0 = 70, T = 10 59.72016 172.47280

Table 4.12: Prices of the different S-forward and S-exchange contracts under the 2nd possi-
bility, Wang method.

Comparison

To summarize, we report in Table 4.13 the different S-exchange prices computed using the
second possibility:
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COC Risk-neutral Sharpe Wang
x0 = 65, T = 5 49.48473 49.48929 49.47635 49.47637
x0 = 65, T = 10 105.8105 107.25240 107.27830 107.2784
x0 = 70, T = 5 80.38255 79.80213 79.743380 79.74367
x0 = 70, T = 10 170.68800 172.32610 172.47010 172.4728

Table 4.13: Comparison between S-exchange prices under the different methods, 2nd possi-
bility.

Under this possibility, we get more or less the same S-exchange prices with the four
methods.

4.6.3 S-exchange prices under the third possibility

The Cost of Capital approach

• σ′ = 20%σ

• ρ = 0.5

• g = 0.9

• µ′x(0) = g · µx(0)

Table 4.14 gives the the prices found under the COC approach, using HW for mortality:

S − forward price S − exchange price
x0 = 65, T = 5 52.63125 51.95998
x0 = 65, T = 10 88.39936 111.19450
x0 = 70, T = 5 49.96718 88.37966
x0 = 70, T = 10 61.52067 188.27620

Table 4.14: Prices of the different S-forward and S-exchange contracts under the 3rd possi-
bility, COC method.

The risk-neutral approach

Table 4.15 reports the S-forwards and S-exchange prices for different ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 55.24155 50.62522
x0 = 65, T = 10 86.98154 108.69150
x0 = 70, T = 5 55.95713 83.55947
x0 = 70, T = 10 53.61137 177.41610

Table 4.15: Prices of the different S-forward and S-exchange contracts under the 3rd possi-
bility, risk-neutral method.
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The Sharpe ratio

Table 4.16 reports the S-forwards and S-exchange prices for different ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 52.88389 53.42589
x0 = 65, T = 10 88.89517 116.88090
x0 = 70, T = 5 49.55169 86.51790
x0 = 70, T = 10 59.66057 188.85620

Table 4.16: Prices of the different S-forward and S-exchange contracts under the 3rd possi-
bility, Sharpe method.

The Wang approach

Table 4.17 reports the S-forwards and S-exchange prices for different ages and maturities:

S − forward price S − exchange price
x0 = 65, T = 5 52.88651 50.68662
x0 = 65, T = 10 88.90408 108.56590
x0 = 70, T = 5 49.57395 85.32901
x0 = 70, T = 10 59.72016 177.48020

Table 4.17: Prices of the different S-forward and S-exchange contracts under the 3rd possi-
bility, Wang method.

Comparison

To summarize, we report in Table 4.18 the different S-exchange prices computed using the
third possibility:

COC Risk-neutral Sharpe Wang
x0 = 65, T = 5 51.95998 50.62522 53.42589 50.68662
x0 = 65, T = 10 111.19450 108.69150 116.88090 108.5659
x0 = 70, T = 5 88.37966 83.55947 86.51790 85.32901
x0 = 70, T = 10 188.27620 177.41610 188.85620 177.4802

Table 4.18: Comparison between S-exchange prices under the different methods, 3rd possi-
bility.

Under this third possibility, the S-forward prices given by Wang and risk-neutral ap-
proaches are more or less similar. Overall, the Sharpe method provides the highest S-exchange
prices in comparison with the four methods.
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4.7 Sensitivity test

In this section, we will perform a sensitivity test for the prices, best estimates and risk
margins computed under the COC approach. For each possibility, cohort and maturity, we
vary one parameter and consider other parameters fixed, and we see how the price of the
S-exchange contract under the COC method changes. For illustration, we provide in the
Appendix section the sensitivity test for the classical methods under the third possibility.

4.7.1 First possibility

In the first possibility, to compute the prices of the S-exchange contracts we have chosen
σ′ = 20%σ and ρ = 0.5. Now we will use different values of σ′ and ρ, and see how the price
changes. The different prices, BE and RM are reported in Tables 4.19, 4.20 and 4.21:

σ′ ρ
10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 1.2560 2.4892 4.2621 6.2730 2.3410 2.4892 2.7980
x0 = 65, T = 10 2.8349 5.5236 8.3154 13.9834 5.3298 5.5236 5.7838
x0 = 70, T = 5 4.2763 8.8937 15.3118 22.7217 7.5817 8.8937 9.5652
x0 = 70, T = 10 7.8704 17.8800 24.8066 47.9071 15.0588 17.8800 20.4783

Table 4.19: Price sensitivity test for σ′ and ρ parameters under COC approach, 1st possibility.

σ′ ρ
10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 0.0299 0.0654 0.1063 0.2045 0.0109 0.0654 0.1199
x0 = 65, T = 10 0.10628 0.2318 0.3768 0.7246 0.0986 0.2318 0.4251
x0 = 70, T = 5 0.2783 0.6072 0.9868 1.8978 0.1012 0.6072 1.1133
x0 = 70, T = 10 0.8530 1.8613 3.0249 5.8183 0.3101 1.8613 3.4128

Table 4.20: Best estimate sensitivity test for σ′ and ρ parameters under COC approach, 1st

possibility.

σ′ ρ
10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 1.2260 2.4237 4.1558 6.0685 2.3301 2.4237 2.6780
x0 = 65, T = 10 2.7286 5.2917 7.9386 13.2588 5.1925 5.2917 5.3587
x0 = 70, T = 5 3.9979 8.2864 14.3250 20.8238 7.4805 8.2864 8.4518
x0 = 70, T = 10 7.0173 16.0186 21.7817 42.0887 14.7486 16.0186 17.0654

Table 4.21: Risk margin sensitivity test for σ′ and ρ parameters under COC approach, 1st

possibility.

4.7.2 Second possibility

In the second possibility, to compute the prices of the S-exchange contracts we have chosen
g = 0.9. Now we will consider different values for g and see how the price changes. The
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results are reported in the Tables 4.22, 4.23 and 4.24:

g
0.5 0.7 0.9 1.1

x0 = 65, T = 5 250.2315 149.2817 49.4847 -49.0785
x0 = 65, T = 10 543.6788 321.6998 105.8105 -103.7540
x0 = 70, T = 5 411.7152 244.9485 80.3825 -78.1786
x0 = 70, T = 10 905.0097 526.3405 170.6880 -162.5489

Table 4.22: Price sensitivity test for g parameter under COC approach, 2nd possibility.

g
0.5 0.7 0.9 1.1

x0 = 65, T = 5 249.9182 149.1292 49.4378 -49.16796
x0 = 65, T = 10 550.2550 325.7032 107.1109 -105.6799
x0 = 70, T = 5 405.1099 240.8466 79.5514 -78.8294
x0 = 70, T = 10 900.6148 527.4891 171.6711 -167.6422

Table 4.23: Best estimate sensitivity test for g parameter under COC approach, 2nd possi-
bility.

g
0.5 0.7 0.9 1.1

x0 = 65, T = 5 0.3133 0.1524 0.0468 0.0894
x0 = 65, T = 10 -6.5761 -4.0034 -1.3003 1.9259
x0 = 70, T = 5 6.6053 4.1018 0.8311 0.6508
x0 = 70, T = 10 4.3949 -1.1486 -0.9830 5.0932

Table 4.24: Risk margin sensitivity test for g parameter under COC approach, 2nd possibility.

4.7.3 Third possibility

In the third possibility, to compute the prices of the S-exchage contracts, we have chosen
g = 0.9 , σ′ = 20%σ and ρ = 0.5. Now we will compute the price using different values of
g, σ′ and ρ, then we see how the price changes. The results are reported in the Tables 4.25,
4.26, 4.27:

g σ′ ρ
0.5 0.7 0.9 1.1 10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 253.0618 151.8753 51.9599 -46.4201 50.7853 51.9599 53.5352 56.3035 51.8764 51.9599 52.3302
x0 = 65, T = 10 548.6933 326.8021 111.1945 -98.6251 108.3595 111.1945 113.5351 119.6683 110.5150 111.1945 111.4551
x0 = 70, T = 5 424.6750 252.2611 88.3796 -70.4250 84.3369 88.3796 92.7267 103.0981 87.4360 88.3796 90.6162
x0 = 70, T = 10 927.0974 544.8262 188.2762 -148.6811 179.8440 188.2762 197.5176 218.0175 183.5376 188.2762 193.0048

Table 4.25: Price sensitivity test for g, σ′ and ρ parameters under COC approach, 3rd pos-
sibility.
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g σ′ ρ
0.5 0.7 0.9 1.1 10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 249.9851 149.1950 49.5036 -49.1024 49.4680 49.5036 49.5448 49.6435 49.4489 49.5036 49.5585
x0 = 65, T = 10 550.5031 326.8020 107.3459 -98.6252 107.2186 107.3459 107.4928 107.8453 107.1500 107.3459 107.5417
x0 = 70, T = 5 405.7455 241.4701 80.1642 -78.2276 79.8323 80.1642 80.5473 81.4666 80.1503 80.1642 80.6749
x0 = 70, T = 10 902.7108 529.4879 173.5772 -165.8245 172.5446 173.5772 174.7687 177.6292 171.9880 173.5772 175.1659

Table 4.26: Best estimate sensitivity test for g, σ′ and ρ parameters under COC approach,
3rd possibility.

g σ′ ρ
0.5 0.7 0.9 1.1 10%σ 20%σ 30%σ 50%σ 0 0.5 1

x0 = 65, T = 5 3.0801 2.6820 2.4562 2.6816 1.3173 2.4562 3.9903 6.6600 2.4275 2.4562 2.7717
x0 = 65, T = 10 -1.8093 0.8587 3.8486 6.8260 1.1409 3.8486 6.0423 11.8230 3.3649 3.8486 3.9133
x0 = 70, T = 5 18.9304 10.7905 8.2154 7.8026 4.5046 8.2154 12.1794 21.6314 7.2857 8.2154 9.9412
x0 = 70, T = 10 24.38662 15.3382 14.6990 17.1434 7.2994 14.6990 22.7488 40.3882 11.5489 14.6990 17.8388

Table 4.27: Risk margin sensitivity test for g, σ′ and ρ parameters under COC approach, 3rd

possibility.

4.8 Different longevity hedging strategies

In this section, we will define and compare different longevity hedging strategies using the
Cost of Capital approach. For each strategy, we determine the Solvency Capital Required
that the insurer should hold to cover unexpected losses, as well as the best estimate at time
0.

Depending on his risk aversion, the insurer can choose to hold an SCR, and/or to totally
or partially hedge the longevity risk. More precisely, we will compare the following possible
strategies:

1. The insurer can choose to hold an SCR, and not resort to the financial market or
reinsurance to hedge the longevity risk.

2. He can choose to only hedge a portion of the systemic longevity risk by entering an
S-forward, and hold the SCR corresponding to the basis risk.

3. In addition to the purchase of an S-forward, he can choose a total protection against
the longevity risk by entering an S-exchange contract (assuming that such product is
available in the financial market, or proposed by an investor).

4. The insurer can choose a total protection without entering an S-forward and an S-
exchange, but simply by transferring the total longevity risk to a reinsurer who accepts
to take it. The cost of this protection is also assumed to be computed using the Cost
of Capital approach.

• Auto-protection: holding an SCR (S1)

In this strategy, the insurer manages himself the longevity risk by holding successive annual
Solvency Capitals following the directives of Solvency II. We denote by

T
p̂x a fixed survival
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rate of an individual aged x at time 0 to be alive at age x+T (F0 measurable). The premium
paid by the insured is based on this fixed rate.

The best estimate in this case is given at time 0 by:

BEP
0 = P (0, T )(EP(I(x, T )ins −

T
p̂x) (4.61)

The expression of the successive solvency capitals under the COC approach is given by
Zeddouk and Devolder [31]:

SCRi = V aR99,5%[BEP
i+1P (i, i+ 1)−BEP

i ] (4.62)

where:

BEP
i+1 = (I

ins
(x, i+ 1)EP( I

ins
(x+ i+ 1, T − i− 1)− T p̂x))P (i+ 1, T )

BEP
i = (I

ins
(x, i)EP( I

ins
(x+ i, T − i)− T p̂x))P (i, T ). (4.63)

Therefore, the estimation of SCRi |0 can be given by:

SCRi |0 = P (i, T )EP(I
ins

(x, i))[V aR99,5%(I
ins

(x+ i, 1))− EP( I
ins

(x+ i, 1))]

× EP( I
ins

(x+ i+ 1, T − i− 1)), (4.64)

and the hedging cost in this strategy is equal to 0.

• Partial hedging: S-forward (S2)

The insurer choose to partially hedge the longevity risk (its systemic part), by entering an
S-forward. In this case, he should pay the price of the S-forward, and hold the SCR to cover
the eventual losses related to the basis risk. The best estimate at time 0 is given by formula
(4.32), and the estimation of the SCRi at time 0 are given by formula (4.40).

• Total hedging: S-forward + S-exchange (S3)

In this strategy the insurer prefers not to hold the SCR, and to be totally protected against
the longevity risk. The cost of this protection is equal to the sum of the S-forward and
S-exchange contracts prices.

• Reinsurance (S4)

Instead of buying an S-forwrad and an S-exchange, the insurer can directly resort to a
reinsurer who accepts to totally cover the longevity risk. In this case, the SCR is equal to
0. For example, if the reinsurer uses the COC approach to compute the price of the total
protection, the price of this protection should be equal to:

VCOC (0, T ) = P (0, T ) (EP[ Iins(x, T )− T p̂x])

+ 6%
T−1∑
i=0

[EP(Iins(x, i))[V aR99,5%(Iins(x+ i, 1))− EP( Iins(x+ i, 1))]

× EP( Iins(x+ i+ 1, T − i− 1))P (0, i+ 1)P (i, T ). (4.65)
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For illustration, we will now compute the different hedging strategies using the third pos-
sibility to describe the insurer’s mortality, under the COC method. Our aim is to compare
the different strategies that reflect the risk aversion of the insurer. We use the same data
considered in the numerical illustration part of section 4.6. We restrict ourselves to two ini-
tial ages, 65 and 70 years old, for a maturity of T=5 years. Table 4.28 reports a comparison
between the hedging strategies under the COC approach in the third possibility:

x0 = 65, T = 5 x0 = 70, T = 5

Price BE0 SCRt Price BE0 SCRt

S1 0 95.31299

t=0 17.03330

0 108.13463

t=0 68.72862

t=1 17.35925 t=1 69.15855

t=2 17.43082 t=2 69.21941

t=3 17.27303 t=3 68.94691

t=4 16.90103 t=4 68.35740

S2 52.63125 49.50369

t=0 4.98812

49.96718 80.16426

t=0 12.48208

t=1 7.82119 t=1 23.93022

t=2 8.53356 t=2 29.12340

t=3 10.54643 t=3 39.51281

t=4 13.38823 t=4 48.05535

S3 104.59125 0 0 138.34670 0 0

S4 100.38690 0 0 128.80417 0 0

Table 4.28: Comparing different longevity hedging strategies using the Cost of capital ap-
proach, 3rd possibility.

• In case S1, the insurer does not buy any protection, but he must hold the SCRs
corresponding to the longevity risk (the systemic and the basis risks). This strategy
would only cost him the cost of holding these SCRs (6% of the SCRs), but he might
totally or partially lose the SCRs if things go wrong. In this strategy only, the insurer
is not exposed to the credit risk.

• In case S2, the insurer enters an S-forward contract, which is an exchange traded
derivative based on the national population index, covering him just partially (systemic
risk). Therefore this insurer should hold smaller SCRs corresponding to the remaining
basis risk, which he also risks losing totally of partially. In this strategy, the insurer
is exposed to the credit risk, but this risk is limited since it is spread between a large
number of investors.

• In case S3, the insurer buys two protections: he first buys an S-forward from the
financial markets, then enters an S-exchange derivative which is a customized contract
(OTC). Hence, he will be fully covered against the longevity risk and will not need to
set aside an SCR. The credit risk is more important in this case since it is related to
the financial market(S-forward) and the S-exchange’s seller.

• In case S4, the insurer delegates the risk to a reinsurer, and as in case S3 there is no
need to hold SCRs. The cost of this protection is also assumed to be computed using
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the Cost of Capital approach. This strategy represents the highest credit risk since it
is related to one entity.

Besides S1, whatever the strategy the insurer chooses, the risk will not be completely
mitigated as there is a credit risk that should be taken into account in the risk transfer
decision. The credit risk represents a state where the counterparty (in our case the financial
market or the reinsurer) is unable to fulfill its financial obligations in a timely manner, or
even to pay them at all. Neither the financial market nor the reinsurer is completely free
from default risk, and therefore, the insurer has to hold a capital for this extra credit risk.
However, the level of this risk is more important for the reinsurer than for the financial
market. The assessment of this risk is beyond the scope of this paper, we refer the interested
reader to Biffis et al. [4] for more details.

The choice of the best hedging strategy depends on the insurer’s risk aversion. Moreover,
it is difficult to know at time 0 with certainty the best strategy in terms of the cost: if the
insurer chooses S1 or S2, the cost of the hedging strategy will be known only at maturity of
the contract, since it depends on whether or not the SCRs are used to cover the risk. For
example, S1 would be better than S3 if the SCRs are not needed, otherwise S1 would be
more expensive than S3 and S4. We can also remark that from S1 to S3, the expectation of
the cost (BEP

0 + Price) increases, and this can be explained by the fact that the more the
insurer protects himself against the longevity risk, the higher the cost will be.

4.9 Conclusion

In this paper, we have developed in continuous-time a framework to assess the basis risk
through the pricing of a longevity derivative. We have first proposed three variants of the
Hull and White process, able to capture the mortality trends in the reference population and
in the insurer’s population, whose risk is to be hedged. We have associated the basis risk
to a longevity derivative called S-exchange, that we have priced under the Cost of Capital
method consistent with Solvency II. This approach has been presented as a new benchmark,
and compared with other classical pricing methods. In addition, we have proposed different
hedging strategies depending on the insurer’s risk aversion. For further research, we can price
non-linear longevity derivatives such as longevity option.

Appendix

We provide a sensitivity test for the prices computed under the traditional pricing ap-
proaches. For each method, we vary the longevity parameter (Market price of risk, Sharpe
ratio and Wang parameter) and we see how the price of the S-exchange contract under these
method changes. We provide the sensitivity test for the 3rd possibility, and we have fixed the
values of σ′, ρ and g as follows:

• σ′ = 20%σ

• ρ = 0.5

• g = 0.9
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4.A.1 Risk-neutral

Let us now consider different values for the market risk λ and see how the prices computed
under the risk-neutral method and the third possibility change:

λ
−10% −20% −30% −50%

x0 = 65, T = 5 50.0641 50.6252 51.1869 52.3120
x0 = 65, T = 10 108.0183 108.6915 109.3656 110.7164
x0 = 70, T = 5 81.8591 83.5594 85.2652 88.6930
x0 = 70, T = 10 175.4931 177.4161 179.3461 183.2274

Table 4.A.1: Price sensitivity test for the market price of risk λ under risk-neutral approach,
3rd possibility.

4.A.2 Sharpe Ratio

Let us now consider different values for the Sharpe ratio S and see how the prices computed
under the Sharpe method and the third possibility change:

S
5% 10% 20% 30% 50%

x0 = 65, T = 5 51.4643 53.4258 57.3859 61.31286 69.1344
x0 = 65, T = 10 112.1124 116.8809 126.3752 135.9036 155.0207
x0 = 70, T = 5 83.3895 86.5179 93.0575 99.3063 112.2471
x0 = 70, T = 10 181.2285 188.8562 204.0879 219.3157 249.7922

Table 4.A.2: Price sensitivity test for the Sharpe ratio S, 3rd possibility.

4.A.3 Wang approach

Let us now consider different values for the Wang parameter δ and see how the prices
computed under the Sharpe method and the third possibility change:

δ
5% 10% 20% 30% 50%

x0 = 65, T = 5 49.84796 50.6866 51.3921 52.5178 55.3607
x0 = 65, T = 10 107.7274 108.5659 110.9378 112.1098 115.6294
x0 = 70, T = 5 82.48541 85.3290 86.56772 88.1180 94.6438
x0 = 70, T = 10 174.9321 177.4802 184.0956 188.0815 200.0472

Table 4.A.3: Price sensitivity test for the Wang parameter δ under the Wang approach, 3rd

possibility.
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Chapter 5

Longevity modelling and pricing
under a dependent multi-cohort
framework

1

Abstract

We propose a multi-cohort model that is able to capture the mortality correlation
between different cohorts. The model is based on the Hull and White process to which
we incorporate inter-generational risk factors, by modifying its stochastic part. We
provide a pricing framework for a new survival forward contract under the Cost of
Capital, risk-neutral and Sharpe approaches, allowing to cover the global multi-cohort
longevity risk. We give numerical illustrations for Belgian cohorts, and we compute the
price of the longevity derivative under the proposed methods, for different correlation
levels.

5.1 Introduction

Insurance companies and pension funds are constantly exposed to mortality risk, and they
are, therefore, becoming increasingly interested in longevity-linked securities to transfer this
risk. However, only a few longevity derivatives have been launched for various reasons. One
important cause is that no consensus has yet been reached regarding the best model for
the mortality risk. Many continuous-time stochastic mortality models for a single generation
have been proposed by a number of researchers, including [21, 7, 2, 3, 24, 19].
However, the common trend in the evolution of the longevity of different populations is
relevant, and it should be taken into account by entities seeking to hedge their exposures to
mortality and/or longevity risk, as discussed in detail in [6]. In this way, these entities can
assess the overall longevity risk, and reduce the basis risk between their own population and
population associated with the hedging instruments.
Consequently, researchers have lately become more interested in developing multi-population
models for the evolution of longevity rates (see, for instance, [23, 5, 9, 13]).

1Zeddouk, F.; Devolder, P. Longevity Modelling and Pricing under a Dependent Multi-Cohort Frame-
work. Risks 2020, 8, 121.
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These multi-population mortality models are based on the assumption that the mortality
experiences of the populations are linked together, and do not diverge in long term. Ac-
cording to [5], this assumption could be justified by the long-term mortality evolution and,
therefore, can be applicable to longevity risk modelling.
Some multi-population models that have been proposed in the literature are based on the
generalization of the well-known Carter model [15]. These models capture the mortality
dependence by including an additional common factor between the multiple populations
(see, for instance, the models that were presented by [18, 11, 17, 8]). In addition, [14] have
proposed a model for the mortality intensity using common factors that affect all the cohorts,
as well as specific factors that only affect specific cohorts.
In this paper, we consider a typical life insurer holding a portfolio of individuals with dif-
ferent ages, and who needs to hedge the longevity risk. We attempt to capture the eventual
correlations across generations while using a multidimensional continuous-time mortality en-
vironment based on the Hull and White model. We first consider a portfolio of two different
cohorts, where the correlation is based on the introduction of two risk factors modelled by
independent Brownian motions; we then generalize our framework to n cohorts.
We assess the longevity risk related to these n generations through the pricing of a new
longevity derivative that we call Global Survival forward contract (GS-forward). Therefore,
we need to use a pricing approach in order to compute the price of this derivative. The
different pricing approaches proposed in the literature are mainly based on the traditional
pricing methods used in finance, such as the Sharpe ratio, the risk-neutral, and the Wang
approaches, which have been adapted in the longevity context. However, these methods
require the assessment of the risk premium, which is not easy due to lack of data in the
longevity market. In the literature, some authors use life annuities or announced longevity
bonds for calibration, or consider values usually used in finance. For instance, [4, 20] have
used the longevity bond announced by BNP/EIB in 2004 for calibration. Moreover, these
classical pricing methods are not necessarily consistent with the directives of Solvency II,
which is an important issue for insurance companies. The Cost of Capital method (COC)
allows for avoiding these issues, since this method is consistent with Solvency II, and the
Cost of Capital rate is fixed by the regulator. This approach has been used by [16, 26] to
price longevity derivatives, such as S-forward contracts, allowing to hedge the longevity risk
for individuals belonging to one given cohort. The consistency between this Cost of Capital
and the aforementioned classical methods have been discussed in detail in [26].
Our aim is to determine, in closed form, the price of the GS-forward derivative under the
Cost of Capital, risk-neutral (see [4]), and Sharpe approaches [22, 2] in the case of a multi-
cohort portfolio with correlated mortality experiences, as well as to compare the price of a
GS-forward with the corresponding individual S-forward contracts.
This paper is organized, as follows: in Section 5.2, we present the multi-dimensional model for
two cohorts, we study the correlation between these two cohorts, and we provide the general
pricing framework for the GS-forward under the COC, risk-neural, and Sharpe methods.
Next, we generalize this framework for n cohorts in Section 5.3. In Section 5.4, we present
a numerical illustration enabling the comparison of the different GS-forward prices and also
between these GS-forward prices and individual S-forwards prices. Finally, in Section 5.5 we
conclude.
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5.2 Cohort-Based Longevity Model: Two Cohorts

In order to describe the force of mortality, we have used an affine model that allows for
the valuation of longevity derivatives ([12, 25]). In particular, we have chosen the Hull and
White process (HW), which is a cohort mortality model. [27] provided a comparison between
different stochastic time-continuous models, and have shown that this model can accurately
predict the mortality of the Belgian population. Moreover, the HW model was also used by
[26] for mortality in order to price Survival-forwards and Survival-swaps. We first focus on
the case of a portfolio of two different cohorts, then we generalize our study for n cohorts.

5.2.1 Correlation between Two Forces of Mortality

We consider two different cohorts Y and Z of individuals initially aged x0 = y and x0 = z
at time t = 0.
The evolution of the mortality intensity of the two cohorts are assumed to be given by:

dµy(t) = (Aye
Byt − byµy(t))dt+ σydwy(t) (5.1)

dµz(t) = (Aze
Bzt − bzµz(t))dt+ σzdwz(t), (5.2)

where Ay, By, by, σy and Az, Bz, bz, σz all positive constants, wy and wz are two dependent
Brownian motions.
Using the Cholesky decomposition for correlated Brownian motions, Equations (5.1) and
(5.2) can be alternatively written as:

dµy(t) = (Aye
Byt − byµy(t))dt+ σy(ρydw1(t) +

√
1− ρ2

y dw2(t)) (5.3)

dµz(t) = (Aze
Bzt − bzµz(t))dt+ σz(ρzdw1(t) +

√
1− ρ2

z dw2(t)), (5.4)

with:
wy = ρyw1 +

√
1− ρ2

y w2, (5.5)

and
wz = ρzw1 +

√
1− ρ2

z w2, (5.6)

where w1 and w2 are two independent Brownian motions (independent risk factors), and ρy
and ρz are two risk parameters that link the mortality intensity of the cohorts Y and Z to
the two risk factors.
The forces of mortality that are given by Equations (5.3) and (5.4) are now based on two
independent Brownian motions, generating risk factors that affect the mortality of the two
cohorts, and allowing to introduce the inter-generational correlation with different levels.
The solutions of the SDEs (5.3) and (5.4) are given by:

µy(t) = µy(0)e−byt +
Ay

by +By

(eByt − e−byt) + σye
−byt

∫ t

0

ebyudwy(u) (5.7)

µz(t) = µz(0)e−bzt +
Az

bz +Bz

(eBzt − e−bzt) + σze
−bzt

∫ t

0

ebzudwz(u), (5.8)

wy and wz being given by (5.5) and (5.6).
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In order to measure the correlation between the forces of mortality of the two cohorts at any
time t, we compute the correlation corr(µy(t), µz(t)) that is induced by the model.
We first determine the covariance between the two forces of mortality:

Cov(µy(t), µz(t)) = EP[(µy(t)− EP(µy(t))(µz(t)− EP(µz(t)))]

= σyσze
−(by+bz)tEP

[ ∫ t

0

ebyudwy(u) ·
∫ t

0

ebzudwz(u)

]
. (5.9)

Using the Ito multidimensional formula (see for instance [10]), formula (5.9) becomes:

Cov(µy(t), µz(t)) = σyσze
−(by+bz)t

∫ t

0

e(by+bz)u · ρwy ,wzdu

=
σyσz

(by + bz)
(1− e−(by+bz)t)ρwy ,wz , (5.10)

where ρwy ,wz is the correlation factor between wy and wz given by:

ρwy ,wz = ρyρz +
√

1− ρ2
y

√
1− ρ2

z. (5.11)

Finally, the correlation Corr(µy(t), µy(t)) is:

Corr(µy(t), µz(t)) =
Cov(µy(t), µz(t))√

VarP(µy(t))
√

VarP(µz(t))

= ρwy ,wz
2
√
bybz

by + bz

1− e−(by+bz)t

√
1− e−2byt

√
1− e−2bzt

=

(
ρyρz +

√
1− ρ2

y

√
1− ρ2

z

)(
2
√
bybz

by + bz

1− e−(by+bz)t

√
1− e−2byt

√
1− e−2bzt

)
(5.12)

=

(
ρyρz +

√
1− ρ2

y

√
1− ρ2

z

)
ϕy,z(t). (5.13)

where ϕy,z(t) is given by:

ϕy,z(t) =

(
2
√
bybz

by + bz

1− e−(by+bz)t

√
1− e−2byt

√
1− e−2bzt

)
. (5.14)

Remark 1 From (5.12), we can see that, if by = bz, which means that the reversion force
of mortality is the same for the two noises, then ϕy,z(t) = 1, and Corr(µy(t), µz(t)) will be
time-independent. In this case, we have also three possibilities:

• The two noises are independent, namely ρy = 1 and ρz = 0 or ρy = 0 and ρz = 1, then
Corr(µy(t), µz(t)) = 0;

• The two noises are perfectly correlated, namely ρy = ρz = 1, or ρy = ρz = 0, then
Corr(µy(t), µz(t)) = 1;

• The two noises are partially dependent, namely 1 < ρyρz < 0, then Corr(µy(t), µz(t)) =

ρyρz +
√

1− ρ2
y

√
1− ρ2

z;

If by 6= bz, then we have three possibilities:
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• The two noises are independent, namely ρy = 1 and ρz = 0 or ρy = 0 and ρz = 1,
then Corr(µy(t), µz(t)) = 0;

• The two noises are perfectly correlated, namely ρy = ρz = 1, or ρy = ρz = 0, then
Corr(µy(t), µz(t)) = ϕy,z(t) (now not necessarily equal to 1);

• The two noises are partially dependent, then Corr(µy(t), µz(t)) becomes a function of
time t (now not necessarily a constant).

5.2.2 Correlation between Two Longevity Indexes

Now, let us study the correlation between two longevity indexes. The two longevity indexes
related to the two cohorts Y and Z at time t are given by:

Iy(y + t, T − t) = e−
∫ T
t µy(u,ω)du (5.15)

Iz(z + t, T − t) = e−
∫ T
t µz(u,ω)du, (5.16)

where Iy(y + t, T − t) is the longevity index of an individual of the cohort Y initially aged
y, alive at time t, and surviving T − t years more.
Let us compute the covariance of the two longevity indexes. This covariance is given by:

Cov(Iy(y + t, T − t), Iz(z + t, T − t)) = EP[(Iy(y + t, T − t)− EP(Iy(y + t, T − t)))
× (Iz(z + t, T − t)− EP(Iz(z + t, T − t)))]

= EP(Iy(y + t, T − t)Iz(z + t, T − t))− EP(Iy(y + t, T − t))
× EP(Iz(z + t, T − t))

= EP(e−
∫ T
t (µy(u,ω)+µz(u,ω))du)− eαy(t,T )−βy(t,T )µy(t)

× eαz(t,T )−βz(t,T )µz(t), (5.17)

where αy, βy and αz, αz are given by:


αy(t, T ) =

Ay
by

[e−byT e
(By+by)T−e(By+by)t

By+by
− eByT−eByt

By
]− σ2

y

2b2y
[ 1
by

(1− e−by(T−t))− T + t]

− σ2
y

4b3y
(1− e−by(T−t))2

βy(t, T ) = 1
by

(1− exp(−by(T − t))

(5.18)

and
αz(t, T ) = Az

bz
[e−bzT e

(Bz+bz)T−e(Bz+bz)t
Bz+bz

− eBzT−eBzt
Bz

]− σ2
z

2b2z
[ 1
bz

(1− e−bz(T−t))− T + t]

− σ2
z

4b3z
(1− e−bz(T−t))2

βz(t, T ) = 1
bz

(1− exp(−bz(T − t)).
(5.19)
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Let us now compute EP(e−
∫ T
t (µy(u,ω)+µz(u,ω))du).

For any given cohort of individuals aged x at time t, we have:

Ix(x+ t, T − t) = e−
∫ T
t µPx(u,ω)du = eXx(t,T ). (5.20)

Under the real-world risk measure P, we have:

Xx(t, T ) ∼ N(mx(t, T ), nx(t, T )2). (5.21)

Accordingly, the survival index Ix is log-normally distributed with Xx having a mean and a
variance given by:{

mx(t, T ) = µx(t)
(e−b(T−t)−1)

b
− AeBt

B(b+B)
(eB(T−t) − 1)− AeBt

b(b+B)
(e−b(T−t) − 1)

n2
x(t, T ) = σ2

b2
[T − t− 1−e−b(T−t)

b
− (1−e−b(T−t))2

2b
].

(5.22)

We have:

Xy(t, T ) ∼ N(my(t, T ), ny(t, T )2) (5.23)

Xz(t, T ) ∼ N(mz(t, T ), nz(t, T )2),

where:my(t, T ) = µy(t)
(e−by(T−t)−1)

by
− Aye

Byt

By(by+By)
(eBy(T−t) − 1)− Aye

Byt

by(by+By)
(e−by(T−t) − 1)

n2
y(t, T ) =

σ2
y

b2y
[T − t− 1−e−by(T−t)

by
− (1−e−by(T−t))2

2by
],

(5.24)

and{
mz(t, T ) = µz(t)

(e−bz(T−t)−1)
bz

− AzeBzt

Bz(bz+Bz)
(eBz(T−t) − 1)− AzeBzt

bz(bz+Bz)
(e−bz(T−t) − 1)

n2
z(t, T ) = σ2

z

b2z
[T − t− 1−e−bz(T−t)

bz
− (1−e−bz(T−t))2

2bz
],

(5.25)

then:
Xy(t, T ) +Xz(t, T ) ∼ N(myz(t, T ), n2

yz(t, T )), (5.26)

where {
myz(t, T ) = my(t, T ) +mz(t, T )

n2
yz(t, T ) = n2

y(t, T ) + n2
z(t, T ) + 2Cov(Xy(t, T ), Xz(t, T )).

(5.27)

The covariance Cov(Xy(t, T ), Xz(t, T )) is:

Cov(Xy(t, T ), Xz(t, T )) = EP[Xy(t, T )− EP(Xz(t, T )) · (Xy(t, T )− EP(Xz(t, T )))]. (5.28)

Using (5.7) and (5.8), we have:

Cov(Xy(t, T ), Xz(t, T )) = EP

[(∫ T

t
σye
−byt

∫ s

t
ebyvdwy(v)

)
ds ·

(∫ T

t
σze
−bzt

∫ s

t
ebzvdwz(v)

)
ds

]
= EP

[(
σy

∫ T

t

1− e−by(T−v)

by
dwy(v)

)
·
(
σz

∫ T

t

1− e−bz(T−v)

bz
dwz(v)

)]
= σyσzEP

[(∫ T

t

1− e−by(T−v)

by
dwy(v)

)
·
(∫ T

t

1− e−bz(T−v)

bz
dwz(v)

)]
.
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Using the Ito multidimensional formula, we have:

Cov(Xy(t, T ), Xz(t, T )) = σyσzρwy,wz

(∫ T

t

1− e−by(T−v)

by
· 1− e−bz(T−v)

bz
dv

)
= σyσzρwy,wz

1

bybz

(∫ T

t

(1− e−by(T−v)) · (1− e−bz(T−v))dv

)
= σyσzρwy,wz

1

bybz

[
(T − t)− 1− e−bz(T−t)

bz
− 1− e−by(T−t)

by
+

1− e−(by+bz)(T−t)

by + bz

]
= σyσzρwy,wzΨy,z(t, T ). (5.29)

where Ψy,z(t, T ) = 1
bybz

[
(T − t)− 1−e−bz(T−t)

bz
− 1−e−by(T−t)

by
+ 1−e−(by+bz)(T−t)

by+bz

]
Using (5.29), Equation (5.27) becomes:{

myz(t, T ) = my(t, T ) +mz(t, T )

n2
yz(t, T ) = n2

y(t, T ) + n2
z(t, T ) + 2σyσzρwy ,wzΨy,z(t, T ).

(5.30)

Let:

K(t, T ) = e−
∫ T
t (µy(u,ω)+µz(u,ω))du

= eXy(t,T )+Xz(t,T ). (5.31)

EP(K(t, T )) is then given by:

EP(K(t, T )) = emyz(t,T )+
n2yz(t,T )

2
). (5.32)

By replacing (5.32) in (5.17), we get:

Cov(Iy(y+ t, T − t), Iz(z+ t, T − t)) = emyz(t,T )+
n2
yz(t,T )

2 − eαy(t,T )−βy(t,T )µy(t) · eαz(t,T )−βz(t,T )µz(t). (5.33)

The correlation Corr(Iy(y + t, T − t), Iz(z + t, T − t)) is given by:

Corr(Iy(y + t, T − t), Iz(z + t, T − t)) =
Cov(Iy(y + t, T − t), Iz(z + t, T − t))

n̄y(t, T ) · n̄z(t, T )
, (5.34)

where n̄y(t, T ) and n̄z(t, T ) are the standard deviations that are related to the two longevity
indexes Iy and Iz.
Using (5.24) and (5.25), we can easily compute n̄y(t, T ) and n̄z(t, T ):

n̄2
y(t, T ) = e2my(t,T )+n2

y(t,T ) · (en2
y(t,T ) − 1)

n̄2
z(t, T ) = e2mz(t,T )+n2

z(t,T ) · (en2
z(t,T ) − 1).

We finally get:

Corr(Iy(y + t, T − t), Iz(z + t, T − t)) =
emyz(t,T )+

n2
yz(t,T )

2 − eαy(t,T )−βy(t,T )µy(t) · eαz(t,T )−βz(t,T )µz(t)√
e2my(t,T )+n2

y(t,T )(en
2
y(t,T ) − 1)

√
e2mz(t,T )+n2

z(t,T )(en
2
z(t,T ) − 1)

.

(5.35)
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Remark 2 We remark that, if the two noises are independent, namely ρy = 1 and ρz = 0
or ρy = 0 and ρz = 1, then:

• Cov(Xy(t, T ), Xz(t, T )) = 0;

• By elementary calculation, we find:

myz(t, T ) +
n2
yz(t, T )

2
= αy(t, T )− βy(t, T )µy(t) + αz(t, T )− βz(t, T )µz(t),

which means that:

Corr(Iy(y + t, T − t), Iz(z + t, T − t)) = 0.

5.2.3 S-Forward Pricing

An S-forward (called individual S-forward in this paper) is a financial product exchanging
at a fixed maturity T, the realized survival rate of a given population, in return for a fixed
rate that was agreed at inception.
For a notional amount equal to one monetary unit, the payoff of this product at maturity
becomes:

Payoff(T ) = I(x, T )−
T
p̂x , (5.36)

where I(x, T ) is the realized survival rate at maturity, and
T
p̂x is a fixed survival rate that

represents the probability to be alive at age x+ T for an individual initially aged x.
This derivative allows to hedge the longevity risk that is related to an individual belonging
to a given cohort. The pricing of this derivative under the COC approach as well as under
the classical methods (risk-neutral, Sharpe, and Wang) was discussed in detail in [26].

5.2.4 GS-Forward Pricing

We consider the case of an insurer holding a portfolio of policyholders belonging to the cohort
Y or Z. We assume that this insurer should pay one monetary unit to each individual alive
at maturity T .
The payoff of this global S-forward (that we call GS-forward) at time t is given by:

Payoff(T ) = Iy(y, T ) + Iz(z, T )− (
T
p̂y +

T
p̂z).

where
T
p̂y and

T
p̂z are two fixed survival rates related to cohorts Y and Z, of an individual

aged y + T and z + T , respectively, at time 0, to be alive at age y and z, respectively, (F0

measurable).

GS-Forward Pricing under the COC Approach

The price at time 0 under the COC approach is given by:

V
COC

(0, T ) = BEP
0 +RM0, (5.37)

where BEP
0 is as follows:
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BEP
0 = P (0, T )EP[Iy(y, T ) + Iz(z, T )− (

T
p̂y +

T
p̂z)].

The risk margin is equal to the present value of the required returns on the future Solvency
Capital Requirements (SCRs):

RM0 = C%
T−1∑
i=0

SCRi P (0, i+ 1),

where SCRi is the Solvency Capital Requirement that corresponds to the Value-at-Risk at
a confidence level of 99.5% on a one-year period, and C is the Cost of Capital nowadays
equal to 6% (Solvency II requirements).
The future SCRs being stochastic, we need to use an estimation of their future values at
time 0. This estimation is denoted by: ˆSCRi=SCRi |0 .
The initial risk margin is then given by:

RM0 = C%
T−1∑
i=0

ˆSCRi P (0, i+ 1).

Taking into account the Solvency II definition of the SCRs (Value-at-Risk at 99.5% on a one
year), the expression of the SCRi becomes:

SCRi = VaR99,5%[BEP
i+1P (i, i+ 1)−BEP

i ],

where:

BEP
i+1 = (Iy(y, i+ 1)EP( Iy(y + i+ 1, T − i− 1) + Iz(z, i+ 1)EP( Iz(z + i+ 1, T − i− 1))

− (T p̂y + T p̂z))P (i+ 1, T )

BEP
i = (Iy(y, i)EP( Iy(y + i, T − i) + Iz(z, i)EP( Iz(z + i, T − i)− (T p̂y + T p̂z))P (i, T ).

The SCRi is then given by:

SCRi = P (i, T ) VaR99,5%[Iy(y, i+ 1)EP( Iy(y + i+ 1, T − i− 1)) + Iz(z, i+ 1)EP( Iz(z + i+ 1, T − i− 1))

− Iy(y, i)EP( Iy(y + i, T − i))− Iz(z, i)EP( Iz(z + i, T − i))]

= P (i, T )[VaR99,5%[Iy(y, i)Iy(y + i, 1)EP( Iy(y + i+ 1, T − i− 1)) + Iz(z, i)I(z + i, 1)

× EP( Iz(z + i+ 1, T − i− 1))− Iy(y, i)EP( Iy(y + i, T − i))− Iz(z, i)EP( Iz(z + i, T − i))]

= P (i, T )[VaR99,5%[Iy(y, i)Iy(y + i, 1)EP( Iy(y + i+ 1, T − i− 1))− Iy(y, i)EP( Iy(y + i, T − i))
+ Iz(z, i)Iz(z + i, 1)EP( Iz(z + i+ 1, T − i− 1))− Iz(z, i)EP( Iz(z + i, T − i))]

= P (i, T )[VaR99,5%[Iy(y, i)(Iy(y + i, 1)EP( Iy(y + i+ 1, T − i− 1))− EP( Iy(y + i, T − i))
+ Iz(z, i)(Iz(z + i, 1)EP( Iz(z + i+ 1, T − i− 1))− EP( Iz(z + i, T − i))].

Therefore, the estimation of SCRi |0 can be given by:



112 Chapter 5. Longevity modelling and pricing under a dependent multi-cohort framework

SCRi |0 = P (i, T )[VaR99,5%[EP(Iy(y, i))((Iy(y + i, 1)EP( Iy(y + i+ 1, T − i− 1))− EP( Iy(y + i, T − i)))
+ EP(Iz(z, i))((Iz(z + i, 1)EP( Iz(z + i+ 1, T − i− 1))− EP( Iz(z + i, T − i)))]

= P (i, T )[VaR99,5%[EP(Iy(y, i))((Iy(y + i, 1)

× EP( Iy(y + i+ 1, T − i− 1))− EP( Iy(y + i, 1))EP( Iy(y + i+ 1, T − i− 1)))

+ EP(Iz(z, i))((Iz(z + i, 1)EP( Iz(z + i+ 1, T − i− 1))

− EP( Iz(z + i, 1))EP( Iz(z + i+ 1, T − i− 1)))]

= P (i, T )[VaR99,5%(ν · (Iy(y + i, 1)− EP( Iy(y + i, 1))) · θ + ξ · (Iz(z + i, 1)− EP( Iz(z + i, 1))) · η)],

where ν, θ, ξ, and η are constants given by:

ν = EP(Iy(y, i))

θ = EP( Iy(y + i+ 1, T − i− 1))

ξ = EP(Iz(z, i))

η = EP( Iz(z + i+ 1, T − i− 1)).

The risk margin at time 0 is then equal to:

RM0 = 6%

T−1∑
i=0

P (0, i+1)P (i, T )[VaR99,5%(ν·(Iy(y+i, 1)−EP( Iy(y+i, 1)))·θ+ξ·(Iz(z+i, 1)−EP( Iz(z+i, 1)))·η)].

The price of the GS-forward under the COC approach is finally given by:

V y,z
COC

(0, T ) = P (0, T )(EP(Iy(y, T )) + EP(Iz(z, T ))− (
T
p̂
y

+
T
p̂
z
))

+ 6%

T−1∑
i=0

P (0, i+ 1)P (i, T )[VaR99,5%(ν · (Iy(y + i, 1)− EP( Iy(y + i, 1))) · θ + ξ · (Iz(z + i, 1)

(5.38)

− EP( Iz(z + i, 1))) · η)].

GS-Forward Pricing under the Risk-Neutral Approach

The price of a GS-forward at time t under the risk-neutral probability measure Q, is given
by:

V y,z
Qλλ′

(0, T ) = P (0, T )[EQλλ′ (Iy(y, T ) + Iz(z, T ))− (
T
p̂y +

T
p̂z) | F0], (5.39)

where λ and λ′ are the two market prices of longevity risk that are linked to the two inde-
pendent risk factors, modelled by the two Brownian motions w1 and w2 (formulas (5.5) and
(5.6)).
We assume that the market price of risk is constant (λ(t) = λ and λ′(t) = λ′).
The two SDEs of the forces of mortality under the real-word measure P are given by formulas
(5.3) and (5.4). Under the risk-neutral measure, these formulas become:

dµQλλ′
y (t) = (Aye

Byt − byµy(t) + τσy)dt+ σy(ρydw
∗
1(t) +

√
1− ρ2

ydw
∗
2(t)) (5.40)
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dµQλλ′
z (t) = (Aze

Bzt − bzµz(t) + τ ′σz)dt+ σz(ρzdw
∗
1(t) +

√
1− ρ2

zdw
∗
2(t)), (5.41)

where:

• w∗1(t)= w1(t)−λt, and w∗2(t)= w2(t)−λ′t;

• τ = λρy + λ′
√

1− ρ2
y and τ ′ = λρz + λ′

√
1− ρ2

z.

We have:

EQλλ′ (I(y, T )) = eα
Qλλ′
y (0,T )−β

Qλλ′
y (0,T )µ

Qλλ′
y (0)

EQλλ′ (I(z, T )) = eα
Qλλ′
z (0,T )−β

Qλλ′
z (0,T )µ

Qλλ′
z (0),

where α
Qλλ′
y , β

Qλλ′
y and α

Qλλ′
z , β

Qλλ′
z are given by:

α
Qλλ′
y (t, T ) =

Ay
by

[e−byT e
(By+by)T−e(By+by)t

By+by
− eByT−eByt

By
]− σ2

y

2b2y
[ 1
by

(1− e−by(T−t))− T + t]

− σ2
y

4b3y
(1− e−by(T−t))2 − σyτ

by
(1− e−by(T−t))

β
Qλλ′
y (t, T ) = 1

by
(1− e−by(T−t))

and
α
Qλλ′
z (t, T ) = Az

bz
[e−bzT e

(Bz+bz)T−e(Bz+bz)t
Bz+bz

− eBzT−eBzt
Bz

]− σ2
z

2b2z
[ 1
bz

(1− e−bz(T−t))− T + t]

− σ2
z

4b3z
(1− e−bz(T−t))2 − σzτ ′

bz
(1− e−bz(T−t))

β
Qλλ′
z (t, T ) = 1

bz
(1− e−bz(T−t)).

GS-Forward Pricing under the Sharpe Approach

Let us now compute the GS-forward price under the Sharpe approach. The price at time 0
is:

V y,z
Sharpe

(0, T ) = P (0, T )
[
EP(Iy(y, T )) +EP(Iz(z, T ))− (

T
p̂y +

T
p̂z ) + S

√
VarP(Iy(y, T ) + Iz(z, T ))

]
, (5.42)

where S represents the Sharpe ratio, and VarP(Iy(y, T )) is the variance of the survival index.
Because Iy(y, T ) and Iz(z, T ) are dependent, we have:

VarP(Iy(y, T )+Iz(z, T )) = VarP(Iy(y, T ))+VarP(Iz(z, T ))+2Cov(Iy(y, T ), Iz(z, T )). (5.43)

The price under the Sharpe approach is finally given by:

V y,z
Sharpe

(0, T ) = P (0, T )
[
EP(Iy(y, T )) + EP(Iz(z, T ))− (T p̂y + T p̂z)

+ S
√

VarP(Iy(y, T )) + VarP(Iz(z, T )) + 2Cov(Iy(y, T ), Iz(z, T ))
]
. (5.44)
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From (5.23), VarP(Iy(y, T )) and VarP(Iz(z, T )) are given by:

VarP(Iy(y, T )) = e(2my(0,T )+n2
y(0,T )) · (en2

y(0,T ) − 1)

VarP(Iz(z, T )) = e(2mz(0,T )+n2
z(0,T )) · (en2

z(0,T ) − 1).

We have the expression of the covariance Cov(Iy(y, T ), Iz(z, T )) given by formula (5.33).
The expression of the variance VarP(Iy(y, T ) + Iz(z, T )) is given by:

VarP(Iy(y, T ) + Iz(z, T )) = e(2my(0,T )+n2
y(0,T )) · (en2

y(0,T ) − 1) + e(2mz(0,T )+n2
z(0,T ))(en

2
z(0,T ) − 1)

+ 2emyz(0,T )+
n2(0,T )

2
) − eαy(0,T )−βy(0,T )µyx(t) · eαz(0,T )−βz(0,T )µzx(0).

5.2.5 Consistency between S-Forward and GS-Forward Pricing
Methods

Let us now derive the price of the individual S-forward contract from the GS-forward’s price
formulas given in Section 5.2.4.
Under the real-world measure P, the mortality intensity formulas (5.3) and (5.4) can be
written as:

dµy(t) = (Aye
Byt − byµy(t))dt+ σydŵy(t) (5.45)

dµz(t) = (Aze
Bzt − bzµz(t))dt+ σzdŵz(t), (5.46)

where ŵy(t) = ρyw1(t) +
√

1− ρ2
y w2(t) and ŵz(t) = ρzw1(t) +

√
1− ρ2

z w2(t).
For each of the three pricing methods, we can determine the price of the individual S-forward
contract directly from the GS-forward price formula, by considering just one cohort.

• Cost of Capital approach:

The prices of the individual S-forwards under the Cost of Capital approach for cohorts Y
and Z are given by:

V y
COC

(0, T ) = P (0, T ) (EP[ Iy(y, T )− T p̂y]) + 6%
T−1∑
i=0

[EP(Iy(y, i))[VaR99,5%(Iy(y + i, 1))

− EP( Iy(y + i, 1))]EP( Iy(y + i+ 1, T − i− 1))P (0, i+ 1)P (i, T ) (5.47)

V z
COC

(0, T ) = P (0, T ) (EP[ Iz(z, T )− T p̂z]) + 6%
T−1∑
i=0

[EP(Iz(z, i))[VaR99,5%(Iz(z + i, 1))

− EP( Iz(z + i, 1))]EP( Iz(z + i+ 1, T − i− 1))P (0, i+ 1)P (i, T ) (5.48)

• Sharpe approach:

The prices of the individual S-forwards under the Sharpe approach for cohorts Y and Z are
given by:

V y
Sharpe

(0, T ) = P (0, T )
[
EP(Iy(y, T ))− T p̂y + S

√
VarP(Iy(y, T ))

]
V z
Sharpe

(0, T ) = P (0, T )
[
EP(Iz(z, T ))− T p̂z + S

√
VarP(Iz(z, T ))

]
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• Risk-neutral

The prices of the individual S-forwards under the risk-neutral approach for cohorts Y and
Z are given by:

V y
Qλλ′

(0, T ) = P (0, T )[EQλλ′ (Iy(y, T ))−
T
p̂y) | F0]

V z
Qλλ′ (0, T ) = P (0, T )[EQλλ′ (Iz(z, T ))−

T
p̂z) | F0].

Under the risk-neutral approach, formulas (5.45) and (5.46) can be written as:

dµy(t) = (Aye
Byt − byµy(t) + τσy)dt+ σydwy(t) (5.49)

dµz(t) = (Aze
Bzt − bzµz(t) + τ ′σz)dt+ σzdwz(t), (5.50)

where wy(t) = ρyw
∗
1(t) +

√
1− ρ2

y w
∗
2(t), and wz(t) = ρzw

∗
1(t) +

√
1− ρ2

z w
∗
2(t).

We can see that under the risk-neutral measure Qλλ′ , the drifts have been changed by adding
τσy and τ ′σz where τ = λρy + λ′

√
1− ρ2

y and τ ′ = λρz + λ′
√

1− ρ2
z.

If we consider the special case where ρy = 1, and only one risk parameter ρz = ρ, τ and τ ′

become:

τ = λ

τ ′ = λρ+ λ′
√

1− ρ2.

We define the market price of risk λ∗ for the two cohorts, as follows:

λ = λ∗

τ ′ = λρ+ λ′
√

1− ρ2 = λ∗.

We find that:

λ = λ∗

λ′ = λ∗
√

1− ρ
1 + ρ

.

For illustration, if we consider ρ = 0.95 and λ = −20%, we find that λ′ = −3.2%. We can
see that the values of λ and λ′ are very different, but the market prices of risk τ and τ ′ on
which the final price depends are equal.
We conclude that COC and Sharpe methods are coherent between global and individual
models; however, in the risk-neutral approach, we can also obtain coherency between the
models, but we have to impose conditions on the values of λ and λ′.

5.3 Cohort-Based Longevity Model: n Cohorts

Let us now generalize our study to n cohorts. We consider n different cohorts of individuals
initially aged x1, x2....xn at time t = 0, and we use the HW model for describing the evolution
of mortality of each cohort.
The mortality intensities that are related to these cohorts are given by:
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
dµx1(t)
dµx2(t)

.

.

.
dµxn(t)

=


A1e

B1t − b1µx1(t)
A2e

B2t − b2µx2(t)
.
.
.

Ane
Bnt − bnµxn(t)

dt+


1 ρ1,2 ρ1,3 . . ρ1,n

ρ2,1 1 ρ2,3 . . ρ2,n

. ρ3,2 1 . . .

. . . . . .

. . . 1 . .
ρn,1 ρn,2 ρn,3 . . 1




σ1dw1(t)
σ2dw2(t)

.

.

.
σndwn(t)

. (5.51)

where w1, w2...wn are independent.

We denote M =


1 ρ1,2 ρ1,3 . . ρ1,n

ρ2,1 1 ρ2,3 . . ρ2,n

. ρ3,2 1 . . .

. . . . . .

. . . 1 . .
ρn,1 ρn,2 ρn,3 . . 1



M is a symmetric n × n Matrix that represents the impact of the risk factors between two
cohorts ρi,j.
Formula (5.51) is the general case, since it includes n independent risk factors that affect
each cohort. We consider three particular cases in order to limit the number of risk factors,
and also to look at extreme situations. We study three possibilities that express how the
cohorts are correlated:

1. One common risk factor: the cohorts are equally dependent, which means that the
forces of mortality of these cohorts are given by:


dµx1(t)
dµx2(t)

.

.

.
dµxn(t)

=


A1e

B1t − b1µx1(t)

A2e
B2t − b2µx2(t)

.

.

.

Ane
Bnt − bnµxn(t)

dt+


σ1dw1(t)
σ2dw1(t)

.

.

.
σndw1(t)

.

In this case, the correlation is given by:

Corr(µxk(t), µxl(t)) = ϕxk,xl(t),

where ϕxk,xl(t) is given by:

ϕxk,xl(t) =
(2
√
bxkbxl

bxk + bxl

1− e−(bxk+bxl )t√
1− e−2bxk t

√
1− e−2bxl t

)
.

2. Two common risk factors: the cohorts are dependent with different degrees:


dµx1(t)
dµx2(t)

.

.

.
dµxn(t)

=


A1e

B1t − b1µx1(t)
A2e

B2t − b2µx2(t)
.
.
.

Ane
Bnt − bnµxn(t)

 dt+


ρ1

√
1− ρ2

1 0 . . 0

ρ2

√
1− ρ2

2 0 . . 0
. . . . . .
. . . . . .
. . . . . .

ρn
√

1− ρ2
n 0 . . 0




σ1dw1(t)
σ2dw2(t)

.

.

.
σndwn(t)

,
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where w1, w2 ...wn are n independent Brownian motions. In this case, the correlation
is given by:

Corr(µxk(t), µxl(t)) =
(
ρkρl +

√
1− ρ2

k

√
1− ρ2

l

)
ϕxk,xl(t),

3. One risk factor by cohort: the cohorts are completely independent:
dµx1(t)
dµx2(t)

.

.

.
dµxn(t)

=


A1e

B1t − b1µx1(t)

A2e
B2t − b2µx2(t)

.

.

.

Ane
Bnt − bnµxn(t)

dt+


σ1dw1(t)
σ2dw2(t)

.

.

.
σndwn(t)

,

where w1, w2 ...wn are n-independent Brownian motions. In this case, the correlation
is given by:

Corr(µxk(t), µxl(t)) = 0.

5.3.1 GS-Forward Pricing

We consider the case of an insurer holding a portfolio of policyholders belonging to the
cohorts X1, X2 , X3....Xn. We assume that this insurer should pay one monetary unit to
each individual alive at maturity T .
The payoff of this GS-forward at time T that is evaluated at time 0 is given by:

Payoff(T ) =
n∑
k=1

(
Ixk(xk, T )−

T
p̂xk
)
,

where
T
p̂xk is the fixed survival rate related to cohort Xk, and Ixk(xk, T ) the survival index

of an individual aged xk at time 0, to be alive at age xk + T .

GS-Forward Pricing under the COC Approach

The price at time 0 under the COC approach is given by:

V
G

COC
(0, T ) = BEP

0 +RM0 (5.52)

where BEP
0 is as follows:

BEP
0 = P (0, T )EP

[ n∑
j=1

(Ixj(xj, T )−
T
p̂xj )

]
.

The risk margin at time 0 is:

RM0 = C%
T−1∑
i=0

ˆSCRi P (0, i+ 1).

Subsequently, the expression of the SCRi is given by:

SCRi = VaR99,5%

[
BEP

i+1P (i, i+ 1)−BEP
i

]
,
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where:

BEP
i+1 =

( n∑
k=1

Ixk(xk, i+ 1)EP(Ixk(xk + i+ 1, T − i− 1)− T p̂xk )P (i+ 1, T
)

BEP
i =

( n∑
k=1

Ixk(xk, i)EP(Ixk(xk + i, T − i)− T p̂xk
)
P (i, T ).

The estimation of SCRi |0 can be given by:

SCRi |0 = P (i, T )
[

VaR99,5%

[ n∑
k=1

EP(Ixk(xk, i))((Ixk(xk + i, 1)

× EP(Ixk(xk + i+ 1, T − i− 1))− EP(Ixk(xk + i, T − i))
]]
.

RM0 is then equal to:

RM0 = 6%
T−1∑
i=0

P (0, i+ 1)P (i, T )
[

VaR99,5%

[ n∑
k=1

EP(Ixk(xk, i))((Ixk(xk + i, 1)

× EP(Ixk(xk + i+ 1, T − i− 1))− EP(Ixk(xk + i, T − i))
]]
.

Finally, the price of the GS-forward with the COC approach is:

V G
COC

(0, T ) = P (0, T )EP
[ n∑
k=1

(Ixk(xk, T )− T p̂xk )
]

+ 6%

T−1∑
i=0

P (0, i+ 1)P (i, T )

×
[

VaR99,5%

[ n∑
k=1

EP(Ixk(xk, i))((Ixk(xk + i, 1)

× EP(Ixk(xk + i+ 1, T − i− 1))− EP(Ixk(xk + i, T − i))
]]
. (5.53)

GS-Forward Pricing under the Risk-Neutral Approach

The price of the GS-forward at time 0 is given by:

V G
Qλk

(0, T ) = P (0, T )
[ n∑
k=1

EQλk (Ixk(xk, T )−
T
p̂xk | F0

]
, (5.54)

where λk is the market price of risk associated to the cohort xk.

GS-Forward Pricing under the Sharpe Approach

The price of the GS-forward at time 0 under the Sharpe approach is given by:

V G
Sharpe

(0, T ) = P (0, T )

 n∑
k=1

(EP(Ixk(xk, T ))−
T
p̂xk + S

√
VarP(

n∑
k=1

Ixk(xk, T ))

 , (5.55)

where S is the Sharpe ratio, and
T
p̂xk is the fixed rate that is related to the cohort Xk.
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Because Ixk(xk, T ) are dependent, we have:

VarP
( n∑
k=1

Ixk(xk, T )
)

=
n∑
k=1

VarP
(
Ixk(xk, T )

)
+ 2

n∑
k=1

n∑
l 6=k
l=1

Cov
(
Ixk(xk, T ), Ixl(xl, T )

)
. (5.56)

The price at time 0 under the Sharpe approach is finally given by:

V G
Sharpe

(0, T ) = P (0, T )

[
n∑
k=1

EP(Ixk (xk, T ))−T p̂xk+S

√√√√√√√
n∑
k=1

VarP(Ixk (xk, T )) + 2

n∑
k=1

n∑
l 6=k
l=1

Cov
(
Ixk (xk, T ), Ixl(xl, T )

) ]
,

(5.57)
where Cov(Ixk(xk, T ), Ixl(xl, T )) is given by (5.33).

5.3.2 Application to a Portfolio of Annuities

Life and pension annuities are typical products that allow retirees to obtain lifelong incomes.
For fixed lifetime annuities, the longevity risk is completely supported by the insurer or the
pension fund. Therefore, it is crucial for the annuity provider to hedge this risk, which is not
easy given the limited solutions available on the market.
Our pricing framework has the advantage to be flexible, as it can also be generalized to hedge
a portfolio of annuities: we consider a pension fund holding a portfolio of policyholders that
belong to the cohorts X1, X2, ..Xn, to whom he provides fixed annuities of one monetary unit
at each date t1, t2, ..., tm if the policyholder is alive.
For each cohort Xk, the annuity provider can mitigate the corresponding longevity risk by
entering a survival swap (S-swap).
This S-swap is considered to be an aggregation of S-forward contracts (see for instance [26]).
We denote, by P xk(0, t1, t2, ..., tm), the price at time 0 of an S-swap for the individuals
belonging to the cohort Xk, with t1, t2, ..., tm as exchange dates (0 < t1 < t2 < ... < tm).
Without arbitrage opportunities, the price of this S-swap is equal to the sum of the prices
of the corresponding individual S-forward contracts (see, for instance, [26]):

P xk(0, t1, t2, ..., tm) =
m∑
i=1

V xk(0, ti), (5.58)

where V xk(0, ti) is the price at time 0 of the individual S-forward contract related to a given
cohort Xk for a maturity ti.
Therefore, if we do not take into account the eventual correlation between cohorts, the price
of the S-swap for individuals that belong to the different cohorts X1, X2, ..Xn is given by:

P̄ xk(0, t1, t2, ..., tm) =
n∑
k=1

m∑
i=1

V xk(0, ti) (5.59)

Alternatively, if such product exists, the annuity provider can cover the longevity risk for
all individuals that belong to the different cohorts X1, X2, ..Xn, by entering one derivative
instead of a derivative by cohort, while taking the eventual correlation between cohorts into
account. The price at time 0 of this Global S-swap (GS-swap) is given by:
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PG(0, t1, t2, ..., tm) =
m∑
i=1

V G(0, ti) (5.60)

where V G(0, ti) is the price of the GS-forward contract.

5.4 Numerical Simulation

In this section, we compute the price of different GS-forward contracts based on the Belgian
population data, and using the different pricing methods.

5.4.1 Assumptions

To price the GS-forwards, we consider these assumptions:

• An insurer with a portfolio of pure endowment contracts paying 1e at maturity T ;

• Two maturities: T = 5 and T = 102.;

• N0=10 000 initial policyholders for each cohort;

• We consider two examples: individuals initially aged y = 55 and z = 60, or individuals
initially aged y = 60 and z = 65, old in 2015;

• According to the literature, the values of ρ are around 0.98 [14]. However, to have a
better idea on the price evolution, we consider the following values for ρ: 0.95, 0.98, 1
(in view of illustration, we also consider the extreme value ρ = 0);

• Data from the Belgian IA|BE unisex mortality table3;

• The risk-less interest rate denoted r, is considered constant, r = 1%;

• The optimal parameters for the HW model are given by Table 5.1:

Age in 2015 µx(0) A B b σ

55 0.00466531 0.00042258 0.11428187 0.11669113 0.00200113
60 0.00722197 0.00089226 0.11571836 0.15355787 0.00166015
65 0.01056770 0.00231775 0.11562220 0.25062948 0.01770006

Table 5.1: Optimal parameters value for the different cohorts, HW model.

2We limit ourselves to a short maturity of 5 or 10 years, since the market is reluctant to longer maturities
given the uncertainty related to longevity.

3IA|BE mortality projection for the Belgian population (2015) available at www.iabe.be.
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• The fixed rates are reported in Table 5.2:

T/Age 55 60 65

T = 5 0.9737899 0.9605744 0.9419321
T = 10 0.9395278 0.9107331 0.8658090

Table 5.2: The fixed survival rates
T
p̂x for different ages and maturities.

• For simplification purpose, we chose ρy = 1, and we consider only one risk parameter
ρz = ρ

The two mortality intensities for cohorts Y and Z given by (5.3) and (5.4) now become:

dµy(t) = (Aye
Byt − byµy(t))dt+ σydw1(t) (5.61)

dµz(t) = (Aze
Bzt − bzµz(t))dt+ σz(ρdw1(t) +

√
1− ρ2dw2(t)) (5.62)

ρwy ,wz and the correlation given by formula (5.13) become:

ρwy ,wz = ρ (5.63)

Corr(µy(t), µz(t)) = ρϕy,z(t)

5.4.2 Correlation between Cohorts

Before computing the prices of the GS-forward contracts, let us determine the correlation
between the cohorts. To do so, we first compute ϕy,z(t) for the two portfolios considered:

• x0= 55 and x0= 60 in 2015 (denoted ϕ55,60(t)); and,

• x0= 60 and x0= 65 in 2015 (denoted ϕ60,65(t)).

We use Belgian data from IA|BE and compute ϕ55,60(t) and ϕ60,65(t) for t = 1 to t = 10.
Table 5.3 presents the results:

ϕ55,60(t) ϕ60,65(t)

t = 1 0.9999436 0.9995160
t = 2 0.9997768 0.9981148
t = 3 0.9995068 0.9959374
t = 4 0.9991450 0.9931869
t = 5 0.9987058 0.9900917
t = 6 0.9982057 0.9868707
t = 7 0.9976623 0.9837081
t = 8 0.9970927 0.9807412
t = 9 0.9965130 0.9780582
t = 10 0.9959375 0.9757037

Table 5.3: Some values of ϕy,z(t).
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Now that we have the values of ϕy,z(t), we can compute the correlation between the forces
of mortality, and between the longevity indexes.
For ease of notation, we write: Corr(µy(t), µz(t)) = Corr(µy,z(t))
The correlation between the forces of mortality are reported in Table 5.4:

ρ = 0.95 ρ = 0.98 ρ = 1

Corr(µ55,60(T )) Corr(µ60,65(T )) Corr(µ55,60(T )) Corr(µ60,65(T )) Corr(µ55,60(T )) Corr(µ60,65(T ))

T = 5 0.9487705 0.9405871 0.9787317 0.9702899 0.9987058 0.9900917

T = 10 0.9461406 0.9269185 0.9760188 0.9561896 0.9959375 0.9757037

Table 5.4: Values of Corr(µy,z(T )).

The correlation between longevity indexes is given by (5.35). For ease of notation, we write:
Corr(Iy(y, T ), Iz(z, T )) = Corr(Iy,z(T )). Table 5.5 reports the results:

ρ = 0.95 ρ = 0.98 ρ = 1

Corr(I55,60(T )) Corr(I60,65(T )) Corr(I55,60(T )) Corr(I60,65(T )) Corr(I55,60(T )) Corr(I60,65(T ))

T = 5 0.9498743 0.9490736 0.9798716 0.9790453 0.9998698 0.9990265

T = 10 0.9495996 0.9475659 0.9795936 0.9774933 0.9995898 0.9974450

Table 5.5: Values of Corr(Iy,z(T )).

5.4.3 Pricing GS-Forwards

Let us now compute the prices of the different GS-forward contracts under the different
methods.

Pricing GS-Forwards under the Risk-Neutral Approach

Because the risk-neutral method is based on the expectation of the survival index, the price
of the GS-forward under this approach does not depend on ρ. This price is equal to the sum
of the prices of the individual S-forwards that are related to the corresponding cohorts:

V
y

(0, T ) + V
z

(0, T ) = P (0, T )[EQλ(Iy(y, T ))−
T
p̂y) | F0] + P (0, T )[EQλ′ (Iz(z, T ))−

T
p̂z) | F0]

= P (0, T )[EQλ(Iy(y, T )) + EQλ′ (Iz(z, T ))−
T
p̂y −T

p̂z) | F0]

= P (0, T )[EQλ(Iy(y, T ) + Iz(z, T ))− (
T
p̂y +

T
p̂z) | F0]

= V
y,z

(0, T ) (5.64)

Thus, we will only focus on the COC and Sharpe approaches.

Pricing GS-Forwards under the COC Approach

Let us now compute the price of the GS-forward while using the HW model under the COC
approach.
Table 5.6 reports the prices of the different GS-forwards V y,z

COC
(0, T ) for different ages, matu-

rities, and correlation levels:



5.4. Numerical Simulation 123

ρ = 0 ρ = 0.95 ρ = 0.98 ρ = 1

BE RM Price RM Price RM Price RM Price

V 55,60
COC

(0, 5) 71.0608 25.5553 96.6161 31.3349 102.3958 31.5374 102.5983 31.6411 102.7020
V 55,60
COC

(0, 10) 193.7744 63.4303 257.2047 76.1547 269.9291 76.5697 270.3441 76.7914 270.5658
V 60,65
COC

(0, 5) 84.1478 22.0132 106.1611 27.4256 111.5735 27.5616 111.7095 27.6549 111.8028
V 60,65
COC

(0, 10) 169.7714 18.2327 188.0041 27.1015 196.8729 27.5122 197.2836 27.6512 197.4226

Table 5.6: The prices of the different GS-forwards for different ages, maturities, and correla-
tions, Cost of Capital (COC) approach.

Pricing GS-Forwards under the Sharpe Approach

Let us now compute the price of the GS-forward under the Sharpe approach, while using
S = 10%, which is consistent with the values found in the literature (see for instance [1],
and [26]). Table 5.7 reports the prices of the different GS-forwards V y,z

Sharpe
(0, T ), as well as

the best estimates and the premiums P for different ages, maturities, and correlation levels:

ρ = 0 ρ = 0.95 ρ = 0.98 ρ = 1

BE P Price P Price P Price P Price

V 55,60
Sharpe

(0, 5) 71.0608 12.3187 83.3796 17.0625 88.1234 17.1910 88.2519 17.2761 88.3370

V 55,60
Sharpe

(0, 10) 193.7744 26.1532 219.9276 36.0616 229.8361 36.3305 230.1050 36.5088 230.2832

V 60,65
Sharpe

(0, 5) 84.1479 10.2784 94.4263 14.3410 98.4889 14.4507 98.5986 14.5234 98.6713

V 60,65
Sharpe

(0, 10) 169.7714 19.6761 189.4476 27.3093 197.0808 27.5159 197.2874 27.6528 197.4243

Table 5.7: The prices of the different GS-forwards for different ages, maturities, and correla-
tions, Sharpe method.

5.4.4 Comparison between Individual and GS-Forward Prices

In our framework, we consider an insurer with a portfolio of individuals that belong to two
different cohorts. Hence, to hedge the longevity risk, this insurer needs to buy a GS-forward
based on these two cohorts. Such a product can be available as an OTC derivative, but if
it is not the case, the insurer should enter two different S-forwards that correspond to the
two different cohorts. It could be interesting to check if these two situations are equivalent.
To do so, we compare the prices of the individual S-forward contracts to the prices of the
GS-forward. We denote, by V y(0, T ) and V

z
(0, T ), the prices of these S-forward contracts

at time 0 for a maturity T , simultaneously for cohorts Y and Z.
In order to measure the difference between buying a GS-forward for the whole portfolio, and
buying an individual S-forward by cohort, let us define ∆

y,z

ρ by the following:

∆
y,z

ρ (0, T ) =
V
y
(0, T ) + V

z
(0, T )− V y,z

(0, T )

V y,z(0, T )
.

We compute ∆ρ
y,z

(0, T ) for the Cost of Capital and Sharpe approaches.
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Cost of Capital Approach

Under the COC approach, the prices of the individual S-forward contracts for each cohort
Y and Z are reported in Table 5.8:

Prices

V 55
COC

(0, 5) 50.3640
V 55
COC

(0, 10) 143.2363
V 60
COC

(0, 5) 52.3390
V 60
COC

(0, 10) 127.3379
V 65
COC

(0, 5) 59.4699
V 65
COC

(0, 10) 108.2631

Table 5.8: The prices of the different individual S-forward contracts under the COC approach.

We report the values of ∆
y,z

ρ in Table 5.9:

ρ = 0 ρ = 0.95 ρ = 0.98 ρ = 1

∆ 55,60
ρ (0, 5) 6.300% 0.300% 0.102% 0.00098%

∆ 55,60
ρ (0, 10) 5.198% 0.231% 0.085% 0.00310%

∆ 60,65
ρ (0, 5) 5.320% 0.211% 0.089% 0.00550%

∆ 60,65
ρ (0, 10) 5.020% 0.289% 0.080% 0.00978%

Table 5.9: ∆
y,z

ρ (0, T ) values for different ages and maturities, COC approach.

Sharpe Approach

Under the Sharpe approach, the prices of these S-forward contracts for each cohort Y and
Z without the correlation effect are reported in Table 5.10:

Prices

V 55
Sharpe

(0, 5) 42.5466

V 55
Sharpe

(0, 10) 121.7403

V 60
Sharpe

(0, 5) 45.7909

V 60
Sharpe

(0, 10) 108.5467

V 65
Sharpe

(0, 5) 52.8839

V 65
Sharpe

(0, 10) 88.8951

Table 5.10: The prices of the different individual S-forward contracts under Sharpe approach.

We report the values of ∆
y,z

ρ in Table 5.11.
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ρ = 0 ρ = 0.95 ρ = 0.98 ρ = 1

∆ 55,60
ρ (0, 5) 5.940% 0.240% 0.097% 0.00062%

∆ 55,60
ρ (0, 10) 4.710% 0.196% 0.079% 0.00160%

∆ 60,65
ρ (0, 5) 4.490% 0.188% 0.077% 0.00350%

∆ 60,65
ρ (0, 10) 4.220% 0.183% 0.078% 0.00880%

Table 5.11: ∆
y,z

ρ (0, T ) values for different ages and maturities, Sharpe approach.

For the two approaches, we can see that:

• if ρ = 0, we observe a strong non-additive effect for the two random variables;

• if 0 < ρ < 1, the prices reflect the non-additive effect as well as the dependence effect
between cohorts;

• if ρ = 1, the values of ∆
y,z

ρ (0, T ) are almost equal to 0, which means that COC and
Sharpe approaches are additive when the two cohorts are completely correlated; and,

• when ρ decreases, the GS-forward contract becomes less expensive than individual
S-forwards.

5.5 Conclusions

In this paper, we have explored the correlation between the mortality of different cohorts,
and its impact in the pricing of the GS-forward contract under three pricing approaches.
To describe mortality, we have used the Hull and White model, into which we incorporate
risk factors, which allow for the introduction of inter-generational correlations with different
levels. We have provided the GS-forward price in closed form under the Cost of Capital,
risk-neutral and Sharpe methods for different dependence levels. In addition, to measure
the impact of including this dependence, we have compared both GS-forward and individual
S-forward prices. For the risk-neutral approach, the correlation between generations does
not have an effect on the GS-forward price, whereas, for the Cost of Capital and Sharpe
approaches, we have observed a significant correlation effect on the prices. For these two
pricing methods, if the cohorts are not perfectly correlated, the GS-forward becomes less
expensive than the sum of the respective individual S-forward contracts.
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Chapter 6

General conclusion and perspectives

Longevity risk is a fundamental concern for life insurers, whose primary role is to guaran-
tee, in the case of the policyholder’s survival, the payment of a lump sum or an annuity in
exchange for a premium. The increase in life expectancy has pushed reinsurers and the finan-
cial markets to propose longevity derivatives that allow insurers to transfer their longevity
risk. In this thesis, we have addressed different aspects of this longevity risk, such as the
modelling and pricing issues, from various angles.

6.1 Summary of the main results

The first important step in our risk assessment framework was to determine an appropriate
model allowing to predict mortality accurately. In Chapter 2, we provided a comparison
between mean and non-mean reversion continuous time models using statistical methodolo-
gies, such as calibration and backtesting. We have considered five different models, including
non-mean reversion models (Ornstein-Uhlenbeck and Feller), a mean reversion model with
a fixed target (Vasiçek), and mean reversion processes with a time-dependent long-term
level. For the reversion level, we considered an exponential form in line with the Gompertz
law. The Vasiçek model provided poor calibration results due to its fixed target, so it was
eliminated from the comparison. The calibration test and the backtesting indicated that the
CIR extended and Hull and White models perform better, and it can therefore be concluded
that incorporating a time-dependent target into the Ornstein-Uhlenbeck and Feller models
significantly improves their performance.

Subsequently, in Chapter 3, we used these two selected models to price two longevity
derivatives: survival forwards and survival swaps. We discussed the difficulties generated
by the use of the classical pricing methods used in finance (risk-neutral, Sharpe ratio and
Wang approaches) for pricing longevity securities, which are due to parameter calibration
issues related to the lack of data and instruments on the market. To solve this problem,
we proposed a pricing approach based on the Cost of Capital methodology consistent with
the directive of Solvency II. This technique enabled us to easily compute the prices of the
longevity derivatives without the need for market data, since the Cost of Capital rate is fixed
by the regulator. In fact, the Cost of Capital approach is parameterized by one variable, the
Cost of Capital rate, which is fixed by regulation (6% in Solvency II nowadays). This legal
and unique parameter value can be seen as a benchmark, and allows to find equivalent
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values of the parameters in the three other methods. The results obtained show that the
classical methods considered are completely different from the Cost of Capital method. This
could be explained by the fact that these methods are based on different methodologies and
conceptions. It is important for insurers to respect the directives of the regulator, and if they
enter a longevity derivative to cover the longevity risk instead of holding an SCR, the pricing
methodology used to compute the price and to determine the SCR should be coherent.

Hence, the Cost of Capital method approach is more appropriate for pricing longevity deriva-
tives. These longevity derivatives were based on the national population data rather than
the insurer’s own data, which may lead to a potential loss due to data mismatch, called the
basis risk. To measure this basis risk, in Chapter 4 we defined an S-exchange contract,
whose price corresponds to the hedging cost of this risk. We then developed different multi-
population models based on the Hull and White model by modifying the trend and/or the
volatility of the mortality intensity process, and we compared the results with the classical
pricing methods. Based on these results, we proposed different longevity hedging strategies
depending on the insurer’s risk aversion.

Finally, in Chapter 5 we took into account the eventual correlation between generations
and its impact in pricing the S-forwards contracts. The correlation between generations was
captured using a multi-cohort model based on the Hull and White process, into which we
incorporated inter-generational risk factors. We showed that when the cohorts are considered
correlated, the price of the global S-forward contract under the cost of capital and Sharpe
approaches becomes less expensive than the sum of the prices of the corresponding individual
S-forwards contracts.

6.2 General discussion: potential application

Longevity risk is a major issue for life insurers and reinsurers, especially given its system-
atic aspect. Moreover, in the context of the public social security schemes and the aging of
the population, the demand for fully funded pension products should increase in the next
decades. Therefore, it is crucial for life insurers to find appropriate solutions to hedge this
longevity risk from a marketing and a technical point of view. One possible solution is to
transfer this risk (partially or totally) to the financial markets. The advantage of this ap-
proach for insurers and reinsurers is of course quite clear. At the same time, from the investor
side, a big interest could also emerge because of the independence (or weak dependence) be-
tween the financial risks and the longevity risk. Another important point is the huge capacity
of transactions from the financial markets, in comparison with the available equities of the
reinsurers, limited by definition. Nowadays, we have to admit that securitization of longevity
risk is not yet widely developed. Clearly, a first step would be to develop traded products
based on national population indices permitting the financial markets to trust the official
outcomes of the product. Pricing these products remains a challenge; the use of pricing so-
lutions inspired more by finance than insurance (such as the cost of capital proposed in this
thesis) has two main advantages:

• For the buyer, its consistency with the solvency requirement of Solvency II
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• For the seller, its financial logic, closer to the philosophy of financial markets than
other pricing methods (financialization of the economy).

It will then result only a partial protection for the life insurer. Measuring and eventually
hedging the remaining part of the risk (called the basis risk) is also a subsequent question
to address. The logic proposed in this thesis could be then to stimulate the purchase of an
additional OTC product which is a customized solution that can be added to a more basic
product based on national population. In this thesis we have developed some new innovative
OTC derivatives in that direction (S-exchange contract).

6.3 Perspective and further research

The present work can be extended, among others, in five possible directions:

• Compared to the discrete-time models like Lee-Carter, the stochastic time-continuous
models facilitate the integration of jumps. Indeed, the stochastic differential equation
of the force of mortality can contain a jump part such as a Poisson process. Therefore,
a first promising area is to extend the considered mortality processes to a more general
setting, able to capture sudden events by including a jump effect, using a Poisson
process or a more general Levy process. By introducing jumps into a mortality model,
the intensity of mortality can suddenly change (either improving or worsening) due to
unexpected external events such as the current Covid-19 pandemic. These jumps can
be positive if the mortality worsens (in the case of wars or epidemics, for instance),
while they can be negative if mortality improves (in the case of medical progress, for
example). The jump component can be modelled in a way such that it has permanent
effects on mortality rates, or a transitory effect, where mortality rates pop up when
the catastrophic events happen, and fall back to the normal level when the events
end. This latter is designed to capture short-term catastrophic events such as the 1918
Spanish flu and the 2004 earthquake. It would be interesting to compare the models
with permanent jump effects to the models with transitory jump effects, and assess
their effectiveness in forecasting mortality, as well as their appropriateness in longevity
securitization pricing.

• In Chapter 2, we have chosen the Gompertz model as a target for the Hull and White
and CIR extended model, which is an intuitive choice given the increasing trend of
mortality over time. The calibration has also showed a stable behaviour of the expo-
nential coefficient, which confirms the appropriateness of this choice. Nevertheless, It
could be interesting to consider other time-dependent or even stochastic targets for
these models, and compare the results obtained. For instance, we can use as a target
the Svensson-Nelson-Siegel model that is widely used in finance especially for interest
rate structure.

• In our framework, we have only focused on pricing longevity forward and swap con-
tracts, which are linear derivatives. Our choice was motivated by the fact that these
kinds of assets are the most frequently traded and can form the basis for other longevity
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securities. However, our pricing approach can also be utilized to price other longevity
derivatives, such as survival bonds, or non-linear derivatives, such as survival options.

• The Cost of Capital method can be considered for derivatives subject to European
regulations (Solvency II). It would be interesting to see how to adapt this method for
derivatives subject to other regulations. For instance, it may be challenging to use this
Cost of Capital approach to price a longevity product based on the spread between two
longevity indices, one of which concerns a non-European population. This is the case,
for example, with the Kortis/Swiss Re bond issued in 2010. The pricing of such a hybrid
product could still be based on returns on shareholders’ needed capital. However, the
way to compute the required own funds and the remuneration rate should then be
adapted.

• Finally, in our pricing setup, we adopted the classical independence assumption usually
made in the actuarial literature between mortality risk and interest rate risk. This
assumption may seem acceptable in the short term; however, it also seems natural
that catastrophic risks, for instance, an earthquake or a severe pandemic such as the
COVID-19 crisis, will affect the economy and the financial markets. Furthermore, in
the long term, it is intuitive that demographic changes can affect the global economy.




