
Coupling Metric-Affine Gravity

to the Standard Model and Dark Matter Fermions

Claire Rigouzzo,a Sebastian Zellb

aLaboratory for Theoretical Particle Physics and Cosmology,

King’s College London, London, United Kingdom
bCentre for Cosmology, Particle Physics and Phenomenology – CP3, Université catholique de Louvain,
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Abstract: General Relativity (GR) exists in different formulations, which are equivalent in

pure gravity. Once matter is included, however, observable predictions generically depend

on the version of GR. In order to quantify the resulting ambiguity, we employ metric-affine

gravity, which encompasses as special cases the metric, Palatini, Einstein-Cartan and Weyl

formulations. We first discuss the interaction of fermions with torsion and non-metricity, also

commenting on projective symmetry. With a view towards the Standard Model, we then

construct a generic model of (complex) scalar, fermionic and gauge fields coupled to GR and

derive an equivalent metric theory, which features numerous new interaction terms. As a

first observable consequence, we point out that a gravitational mechanism for producing dark

matter in the form of singlet fermions can be used to distinguish between metric gravity and

other formulations of GR.
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1 The ambiguities of General Relativity

General Relativity (GR) has been confirmed by countless experiments, such as the recent

breakthrough discovery of gravitational waves [1]. Arguably, however, this theory is far from

being fully understood. An important question already arises on the classical level: Which

formulation of GR should one use? All options are fully equivalent in pure gravity, provided

that the action is chosen to be sufficiently simple. In other words, GR cannot distinguish

between its different versions, which puts all of them on the same footing. Therefore, the

formulations of GR do not represent a modification of gravity. Instead, they have to be

regarded as unavoidable ambiguity of GR.

Once matter is included, the equivalence is broken and the various versions of GR gener-

ically lead to distinct predictions. On the one hand, this is a very undesirable feature. In

principle, it becomes impossible to make unique predictions in all theories of matter coupled

to GR. One the other hand, an opportunity arises for using measurements to derive informa-

tion about GR: One can constrain the choice of formulation by observations. In the present

paper, we shall contribute to this goal. Throughout, our approach will be minimal, i.e., we

shall solely consider those ambiguities that are forced upon us by gravity. Consequently, we

only employ models that are equivalent to metric GR in the absence of matter.

1.1 Indistinguishable formulations

Gravity can be described by means of the geometry of spacetime, which is determined by the

metric gµν and the affine connection Γα
µν . Here gµν defines distances on the manifold and

Γα
µν makes it possible to parallel transport tensors along curves. In the original version of

GR [2], two constraints were imposed on the affine connection, namely Γα
µν is assumed to be:

1. Torsion-free, Γα
µν = Γα

νµ , and

2. Metric-compatible: ∇αgµν=0 .

These two hypotheses uniquely determine the affine connection to be the Levi-Civita connec-

tion Γ̊α
βγ = 1

2g
αµ(∂βgµγ+∂γgµβ−∂µgβγ) (see [3, 4]). The affine connection therefore becomes

a function of the metric, which implies that gµν is the only degree of freedom: This is the

metric formalism of gravity. In this case, geometry is Riemannian and fully determined by

the curvature of spacetime.

There is a second option: One can take the affine connection and the metric to be

independent fundamental variables [5–15].1 This leads to two deviations from a Riemannian

geometry. The first one is torsion Tα
βγ . It arises from the anti-symmetric part of the affine

connection, Tα
βγ = 1

2(Γ
α
βγ − Γα

γβ), and causes the non-closure of infinitesimal parallelogram

[9–12]. If only torsion is included in addition to curvature, this leads to the Einstein-Cartan

(EC) formulation of GR [9–15]. The second possible deviation from Riemannian geometry

1Translations of [6] and [9] are provided in [16] and [17], respectively. The works [13–15] are translated in

[18] and we refer to [19] for a historical discussion.
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consists in non-metricity Qαµν . It corresponds to a non-vanishing covariant derivative of

the metric, Qαµν = ∇αgµν , and causes a change of vector length during parallel transport

[5, 7, 8]. A theory that features non-metricity on top of curvature can be regarded as Weyl

formulation of GR.2 Ultimately, if one includes all three geometric properties of gravity –

curvature, torsion and non-metricity – a general metric-affine version of GR is obtained [39–

42]. This formulation stands out since no assumptions are made on the nature of the affine

connection. Finally, one can consider teleparallel theories, in which curvature is assumed

to vanish [14, 15, 43–49] as well as purely affine models, where the only dynamical field is

the affine connection [8, 13, 50, 51]. Reviews of Einstein-Cartan/metric-affine gravity are

provided in [52–56] and an overview of various versions of GR can be found in [57–59]. We

display a schematic summary of the different formulations of GR in fig. 1.

Figure 1. Scheme of the different formulations of GR and their relationship. In grey you can find

the extreme cases: Metric-affine is the most general formulation while Minkowski corresponds to the

absence of gravity. Figure inspired by [60].

Remarkably, even though those formulations may look drastically different, they are

indistinguishable for sufficiently simple theories. If no matter is coupled to GR, and if the

gravity sector is just the Einstein-Hilbert action
∫
d4x

√
−g R, where R is the Ricci scalar,

then all formulations are fully equivalent.3 This is because the solution of the equations

2This is different from gravitational models that exhibit Weyl-invariance (see e.g., [20–38]).
3If – possibly in the presence of matter – the purely gravitational part of a theory only consists of R, we shall

use the term Palatini formulation. Such a situation can be regarded as special case of the Einstein-Cartan,
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of motion for Γα
βγ yields the Levi-Civita connection Γ̊α

βγ : We recover “dynamically” Γ̊α
βγ ,

without having to make assumptions about its nature (see also [61, 62]). This implies that the

most general formulation of GR, metric-affine gravity, reduces to the usual metric formalism

for a sufficiently simple choice of action. Therefore, an inherent ambiguity is contained in GR

since the theory is unable to distinguish between its different formulations.

One can find motivations for employing one or the other version of GR. As previously

stated, metric-affine gravity requires no assumptions about the connection. Correspondingly,

it can be seen as the most general formulation, which encompasses the metric, Palatini and

EC versions as special cases. Nevertheless, EC gravity, where only torsion and curvature are

present, is interesting for two reasons. On the one hand, it can be derived by gauging the

Poincaré group [63–65]. This puts gravity on the same footing as the other forces of the

Standard Model (SM), which could provide a promising avenue to a deeper understanding of

gravity. On the other hand, torsion arises naturally when coupling fermions to gravity because

it is necessary to couple internal and spacetime indices [64, 66, 67]. More generally, there

are conceptual advantages to treating the metric and the affine connection as independent.

Firstly, there is no need for infinite counterterms to define boundary terms [68]. Moreover, it

can be argued that it is preferable to derive the Levi-Civita connection from its own equations

of motion instead of assuming a priori that is has a particular form. Having said that, there

is no irrefutable argument to prefer any of the formulations and we have to regard all of them

as intrinsic part of GR.

1.2 Breaking the equivalence

There are two ways to break the equivalence between the different assumptions about the

geometry of spacetime. The first one is to introduce terms with higher derivatives through

curvature-squared contributions like R2, RµνR
µν etc. Schematically, one can understand

this because the Riemann tensor progressively loses its symmetry properties when deviating

from the Riemannian geometry. For example, in the metric-affine formulation of gravity,

R(αβ)µν ̸= 0 [69]. Therefore, a term Rα
αµνR

βµν
β vanishes in the metric formulation whereas

it is non-trivial in the metric-affine case. Hence, the two formulations will be inequivalent.

It is important to note, however, that curvature-squared terms generically lead to new

propagating degrees of freedom. Amongst them, some will be unhealthy, in particular due

to a ghosts-like instability, i.e., a kinetic term with the wrong sign [70–75]. Whereas there

are certain combinations of curvature-squared terms that only lead to healthy propagating

degrees of freedom in the linear spectrum [76–98], these new particles cause a deviation from

the metric version of GR already in pure gravity. Consequently, models with non-linear

curvature contributions can generically no longer be regarded as equivalent formulations of

GR and we shall not consider them in the following. As a side remark, we note that in very

special circumstances terms with higher powers of curvature do not lead to any additional

propagating degrees of freedom (see discussion in [99]).

Weyl or metric affine versions (see discussion in [59]).

– 4 –



The second way to break the equivalence between the different formulations of GR is

through the interaction with matter. In certain cases, e.g., for fermions, this happens even

when the coupling to gravity is minimal [64, 100]. In other situations, a difference between the

various versions of GR only arises for a non-minimal coupling. For example for a scalar field

ϕ, the simplest term one can consider is of the form (1 + ξϕ2)R, where ξ is a real parameter.

Such a contribution, which is motivated by the renormalization properties of a scalar field in

a curved background [101], breaks the equivalence between the formulations of GR and one

can construct numerous other non-minimal interaction terms [53, 66, 102–116]. The direct

coupling of torsion/non-metricity with the scalar field sources Tα
βγ/Qαµν , i.e., the equations

of motion for Γα
βγ symbolically lead to Tα

βγ ∼ ξ∂ϕ2/M2
P and Qαµν ∼ ξ∂ϕ2/M2

P , respectively.

This shows that the different formulations of GR become distinguishable at sufficiently high

energies. It is important to note, however, that no additional dynamical particles emerge

from torsion and non-metricity, i.e., the only propagating gravitational degree of freedom is

still the massless spin 2 graviton.

Since their equations of motions are algebraic, it is possible to solve for torsion and non-

metricity. Plugging the result back into the original action, one can derive an equivalent form

of the theory, in which the effects of torsion and non-metricity are replaced by a specific set

of new operators, which are of higher mass dimension and mediate interactions between the

matter fields. Once no non-minimal coupling is present any more, the indistinguishability of

the different versions of GR is restored and so one can speak of an equivalent metric theory.

In it, the choice of gravitational formulation manifests itself in the precise form of higher-

dimensional operators.

Summarizing, one can say that relaxing assumptions about the geometry of spacetime rep-

resents a selection criterion for singling out specific higher-dimensional interactions among

matter fields [59, 99].4 In the special case of EC gravity, where only torsion is consid-

ered and non-metricity is assumed to be absent, the equivalent metric theory was derived

for numerous choices of matter fields, gravitational action and non-minimal coupling terms

[66, 99, 103, 106, 111–113, 117–123]. So far, [99] represents the most complete study in the

EC formulation since it includes all fields of the Standard Model (SM) and encompasses as

special cases all previously mentioned works [64, 66, 103, 106, 111–113, 117–123]. Moreover,

systematic criteria were proposed in [99] for constructing an action of matter coupled to GR.

Their goal was to ensure equivalence to the metric formulation in pure gravity while impos-

ing as few restrictions as possible. This was achieved by only allowing for contributions that

are linear in curvature and at most quadratic in torsion. As discussed above, doing so is

sufficient for ensuring that in pure gravity no additional propagating degrees of freedom exist

apart from the massless graviton. In certain cases, however, excluding contributions with

higher powers of curvature is not necessary for attaining this and corresponding models were

discussed in [97, 124–140].

4Evidently, one could have included such higher-dimensional operators at the start, but then an effective

field theory approach would dictate that one should include all possible operators. In contrast, torsion and

non-metricity only give rise to a small subset of possible higher-dimensional operators.
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Also in metric-affine gravity, where assumptions about the vanishing of torsion or non-

metricity are avoided, various models have been proposed and analyzed [105, 108, 109, 114,

141]. These studies mostly relied on a different approach, in which solutions for torsion and

non-metricity are obtained in terms of the energy-momentum- and hypermomentum-tensors

[109, 141]. Equivalent metric theories were derived in [59, 115, 116, 142] (see also [143, 144]

for investigations in bumblebee gravity), but so far a matter sector that is big enough to

accommodate the SM has not been considered.

1.3 Phenomenological implications

In the absence of irrefutable conceptual arguments to single out one or the other formula-

tion of GR, it is crucial to derive from them observables predictions. In this way, one can

use measurements to reduce the ambiguity that arises from the different versions of GR.

Phenomenological and cosmological implications of EC (or Palatini) gravity have been an-

alyzed in [66, 112, 113, 118, 119, 122, 142, 145–179], among others (see [180] for a recent

review focusing on inflation). A list of corresponding studies in metric-affine gravity includes

[109, 115, 116, 181–198], where we note that additional propagating degrees of freedom arise

from gravity in some of the above mentioned works.

Of particular importance for the present work is a possible implication of the formulations

of GR for dark matter. Among the proposed candidates, singlet fermions are especially well

motivated since they can – in the form of right-handed neutrinos – additionally provide an

explanation for the observed neutrino masses. For a long time, however, it was difficult

to implement the production of fermionic dark matter in the early Universe while obeying

observations constraints [199–204] (see [205] for a review). In [167], it was demonstrated

that EC gravity features a new and natural mechanism for generating singlet fermions.5 It

can produce the observed abundance of dark matter in a wide range of fermion masses and

moreover leads to a characteristic momentum distribution of dark matter, which can serve to

probe this proposal. So far, however, it has remained unclear if a gravitational production of

singlet fermions is possible in other formulations of GR apart from EC gravity.

In the present work, we pursue three goals:

1. We will couple GR to a matter sector that includes a complex scalar field, fermions

and vector gauge bosons and therefore contains the SM. To this end, we employ the

metric-affine formulation since it encompasses as special cases the metric, Palatini,

EC and Weyl versions. As in [59], we will solve for torsion and non-metricity and

derive an equivalent metric theory. Our result unifies all previously mentioned models

[59, 66, 99, 103, 106, 111–113, 115–123]. In particular, we will show that we reproduce

as special cases the theory [99] of the SM coupled to EC gravity and the model [59] of

a real scalar field interacting with GR in the metric-affine formulation.

2. Along the way, we shall discuss the coupling of fermions to torsion and non-metricity.

Moreover, we will develop further the criteria of [99] for coupling matter to GR. We

5Dark matter production from dynamical torsion was discussed in [162].
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show that in the presence of gauge fields, the previous proposal allows for certain terms

with more than two derivatives and then devise refined conditions for coupling matter

to GR.

3. Finally, we will show that a gravitational production of fermionic dark matter is not

only possible in EC gravity [167], but it also occurs naturally in the metric-affine (as well

as Weyl) formulations. Therefore, this mechanism can be viewed as a generic prediction

of GR outside the metric version. Also observable predictions are universal and largely

insensitive to the different formulations of GR, as long as they feature an independent

affine connection.

The paper is organized as follows. In section 2, we introduce the different geometrical

aspects of gravity. Moreover, we discuss the coupling of GR to matter fields, in particular

fermions. We then proceed to present the refined selection rules for constructing an action

of matter coupled to gravity in section 3 and comment on the relationship to the criteria of

[99]. In section 4, the most general action satisfying the selection rules is constructed, where

the matter sector is composed of a complex scalar field, fermions and vector fields. Numerous

terms are present due to the existence of torsion and non-metricity, but we can solve for the

latter two quantities to obtain an equivalent metric theory. We show that the presence of

torsion and non-metricity leads to specific geometric-induced interaction terms for the fermion

and scalar field and give their expressions. In contrast, no such contributions emerge for the

gauge fields. In specific limits, we also reproduce results of [99, 167]. Finally, in section 5,

we study the phenomenology of the new interaction terms for the fermion and show that the

gravitational production of dark matter proposed in [167] can also be naturally realized in

metric-affine gravity. We conclude in section 6. In appendix A we discuss in more detail the

covariant derivative of fermions and appendix B contains details about the computation of

section 4.

Conventions. Greek letters denote spacetime indices and Latin letters are reserved for

Lorentz indices. Both the spacetime metric gµν and the Minkowski metric ηαβ have signature

(−1,+1,+1,+1). Square brackets denote antisymmetrization, T[µν] ≡ 1
2(Tµν − Tνµ), and

round brackets indicate symmetrization, T(µν) ≡ 1
2(Tµν + Tνµ). For the gamma matrices we

use the convention

{γA, γB} = −2ηAB , γ5 = −iγ0γ1γ2γ3 = iγ0γ1γ2γ3 , (1.1)

and for the Levi-Civita tensor we take:

sϵ0123 = 1 = −ϵ0123 . (1.2)

The covariant derivative of a vector Aν is defined as

∇µA
ν = ∂µA

ν + Γν
µαA

α , (1.3)

i.e., the summation is done on the last index of the Christoffel symbol. Finally, we work in

natural units MP = ℏ = c = 1, where MP is the reduced Planck mass.
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2 The geometry of gravity

2.1 Curvature, torsion and non-metricity

We shall give a brief overview of gravitational geometry and refer the reader to [57, 59] for

more details. Our starting point is a differentiable manifold equipped with a metric gµν and

a connection Γα
βγ . They are a priori independent objects: The metric defines distance on the

manifold whilst the connection allows to parallel transport vectors. The latter determines the

Riemann tensor

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ . (2.1)

Then the curvature of spacetime reads

R = gσνRρ
σρν , (2.2)

corresponding to the rotation of vectors along infinitesimal closed curves [4, 206]. Next, we

need to specify the properties of the connection. One possibility is to impose symmetry in

the lower indices, Γα
βγ = Γα

γβ, as well as metric compatibility, ∇̊µgαβ = 0. This uniquely

leads to the Levi-Civita connection Γ̊α
βγ , which is a function of the metric:

Γ̊α
βγ =

1

2
gαµ(∂βgµγ + ∂γgµβ − ∂µgβγ) . (2.3)

If assumptions about the connection are dropped, however, then two additional geometric

properties arise in addition to curvature R (see fig. 2).

Figure 2. Schematic representation of the change of a vector under parallel transport due to the

presence of: a) curvature b) torsion c) non-metricity. Figure taken from [59].

The first one is torsion,

Tα
βγ ≡ Γα

βγ − Γα
γβ , (2.4)
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and corresponds to the non-closure of infinitesimal parallelograms. Secondly, we have non-

metricity,

Qγαβ ≡ ∇γgαβ , (2.5)

which leads to the non-conservation of vector norms under parallel transport. We can uniquely

decompose the full connection Γα
βγ into the Levi-Civita part Γ̊α

βγ and non-Riemannian con-

tributions:

Γγ
αβ = Γ̊γ

αβ(g) + Jγ
αβ(Q) +Kγ

αβ(T ) , (2.6)

where Kγ
αβ(T ) is the contorsion tensor that depends solely on torsion, whilst Jγ

αβ(Q) is the

disformation tensor that is a function of non-metricity only. The requirement ∇αgµν |Jγ
αβ=0 =

0 leads to

Kαβγ =
1

2
(Tαβγ + Tβαγ + Tγαβ) , (2.7)

and imposing Γγ
[αβ]|Kαβγ=0 = 0 implies

Jαµν =
1

2
(Qαµν −Qναµ −Qµαν) . (2.8)

Contorsion is anti-symmetric in the first and last indices, Kαβγ = K[α|β|γ], while disformation

is symmetric in last two indices, Jαβγ = Jα(βγ). It is clear from eqs. (2.7) and (2.8) that

contorsion (respectively disformation) and torsion (respectively non-metricity) encode the

same information, because we can go from one to the other with a bijective transformation.

Since torsion and non-metricity each carry three tensor indices, it is convenient to split

them further into vector- and pure tensor-parts. This is done by contracting all possible

indices following the symmetry properties. For torsion, we obtain [53, 109, 110]:

the trace vector: Tα = gµνT
µαν , (2.9)

the pseudo trace axial vector: T̂α = ϵαβµνTβµν , (2.10)

the pure tensor part: tαβγ that satisfies gµνt
µαν = 0 = ϵαβµνtβµν . (2.11)

Torsion can be be reconstructed in terms of these irreducible pieces as:

Tαβγ = −2

3
gα[βTγ] +

1

6
ϵαβγν T̂

ν + tαβγ . (2.12)

Similarly, we can split further non-metricity into three contributions [53, 109]:6

a first vector: Qγ = gαβQ
γαβ , (2.13)

a second vector: Q̂γ = gαβQ
αγβ , (2.14)

the pure tensor part: qαβγ that satisfies gαβq
γαβ = 0 = gαβq

αγβ . (2.15)

6We remark that this decomposition is not irreducible since qαβγ can be further decomposed into a fully

symmetric part and a remainder.
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In terms of the components of eqs. (2.13) to (2.15), non-metricity can be decomposed as

follows:

Qαβγ =
1

18
[gβγ(5Qα − 2Q̂α) + 2gα(β(4Q̂γ) −Qγ))] + qαβγ . (2.16)

Correspondingly, we can express contorsion and disformation as:

Kαβγ =
1

12
ϵαβγδT̂

δ − 2

3
gβ[αTγ] + 2t[α|β|γ] , (2.17)

Jαβγ =
1

9
gα(βQ̂γ) +

1

18
gβγ(−5Q̂α +

7

2
Qα)−

5

18
gα(βQγ) + 2qα(βγ) . (2.18)

Those expressions, like all equations involving decomposition into irreducible components,

can be verified using the companion Mathematica notebook [207]. Moreover, we can split

curvature (2.2) as [59]:

R = R̊+ ∇̊α(Q
α − Q̂α + 2Tα)− 2

3
Tα(T

α +Qα − Q̂α) +
1

24
T̂αT̂α +

1

2
tαβγtαβγ

− 11

72
QαQ

α +
1

18
Q̂αQ̂

α +
2

9
QαQ̂

α +
1

4
qαβγ(q

αβγ − 2qγαβ) + tαβγq
βαγ .

(2.19)

We shall briefly point out that R is invariant under projective transformations [40, 50, 208–

212]

Γγ
αβ → Γγ

αβ + δγβAα , (2.20)

where Aα = Aα(x) is an arbitrary covariant vector field. The geometric vectors transform as

(see [59, 69]):

Tα → Tα + 3Aα, T̂α → T̂α, Qα → Qα − 8Aα, Q̂α → Q̂α − 2Aα . (2.21)

Thus, generic terms composed of torsion and non-metricity are not projectively invariant –

only their specific combination contained in R is.

So far, we have considered the basis induced by the metric gµν , to which we refer by Greek

indices and that transforms covariantly under diffeomorphisms. Alternatively, one can use a

second (internal) basis, that we label with capital Latin indices and that exhibits covariance

under local Lorentz transformation, whilst the metric is fixed to being Minkowski ηAB [4]. We

can go from one basis to the other via tetrads eµA, i.e., V
µ = eµAV

A and inversely V A = eAµV
µ

for a vector V A. In particular, we have

ηAB = eµAe
ν
Bgµν ⇔ gµν = eAµ e

B
ν ηAB . (2.22)

The form of the covariant derivative is different for the two bases. While the affine connection

Γα
µν acts on spacetime indices, the spin connection wAB

µ corresponds to the internal basis:

∇µV
ν = ∂µV

ν + Γν
µαV

α , ∇µV
A = ∂µV

A + ω A
µ BV

B . (2.23)

Compatibility of the covariant derivative in the two bases, i.e., ∇µV
ν = eνA∇µV

A, implies7

ω A
µ B = e A

ν eλBΓ
ν

µλ − eλB∂µe
A
λ . (2.24)

7Alternatively, it is also possible to consider two independent connections [213].
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Correspondingly, the projective transformation (2.20) acts as

ω A
µ B → ω A

µ B + δABAµ , (2.25)

i.e., only a part symmetric in the Latin indices is generated.

According to eq. (2.6), we can split the spin connection in its Riemannian part,

ω̊ A
µ B = e A

ν eλBΓ̊
ν
µλ − eλB∂µe

A
λ , (2.26)

and contributions due to torsion and non-metricity:

ω A
µ B = ω̊ A

µ B + e A
ν eλBJ

ν
µλ + e A

ν eλBK
ν
µλ . (2.27)

The symmetry of contorsion, Kαβγ = K[α|β|γ], implies that:8

Qγαβ = 0 ⇐⇒ ωµAB = ωµ[AB] . (2.28)

We conclude that the spin connection is antisymmetric in the Latin indices if and only if

non-metricity vanishes.

2.2 Coupling to fermions and vector fields

An important reason for introducing the spin connection w AB
µ is that it is necessary to couple

fermions to gravity. As detailed in appendix A (see e.g., also [112, 113, 214]), the covariant

derivative of a spinor field Ψ reads

DµΨ = ∂µΨ+
1

8
ω AB
µ (γAγB − γBγA)Ψ . (2.29)

Now we can plug in the split (2.27) of the spin connection. We use γµγνγρ = −gµνγρ −
gνργµ + gµργν + iϵσµνργσγ

5 to derive from eqs. (2.17) and (2.18) that

Kαµβγ
µ
(
γαγβ − γβγα

)
= 2Kαµβ(−2gαµγβ + iϵρµαβγργ

5) = 4γαTα − iγαγ5T̂α , (2.30)

Jαµβγ
µ
(
γαγβ − γβγα

)
= Jαµβ(−gµαγβ − gαβγµ + gµβγα) = 2γα(Qα − Q̂α) . (2.31)

Next we consider a generic kinetic term [66, 111] of the fermionic field and decompose it

into its Riemann part and contributions due to torsion and non-metricity:

i

2
Ψ̄(1− iα− iβγ5)γµDµΨ+ h.c.

=
i

2
Ψ̄γµD̊µΨ+

i

16
Ψ̄(1− iα− iβγ5)(4γαTα − iγαγ5T̂α + 2γα(Qα − Q̂α))Ψ + h.c.

=

(
i

2
Ψ̄γµD̊µΨ+ h.c.

)
− 1

8
Ψ̄γ5γαΨT̂α

+
1

4
α
(
2Tα +Qα − Q̂α

)
Ψ̄γαΨ+

1

4
β
(
2Tα +Qα − Q̂α

)
Ψ̄γ5γαΨ .

(2.32)

8The implication from the right to the left can be verified by noticing that imposing J(α|β|γ) = 0 implies

J(α|β|γ) = − 1
2
Qβαγ = 0.
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First, we can discuss a minimal coupling, α = β = 0. In this case, we reproduce the well-

known result that fermions only couple to the axial part T̂α of torsion [64] and that no

interaction with non-metricity arises (see [215–221]).9 In contrast, we observe that non-zero

α and β generically lead to a coupling of fermions to both torsion vectors Tα and T̂α as well

as to both non-metricity vectors Qα and Q̂α.

Finally, we shall comment on projective invariance of the fermionic kinetic term. Since

project transformation only generate a part symmetric in the internal indices (see eq. (2.25)),

it is clear that the covariant derivative (2.29) is unaffected even in the presence of non-minimal

couplings. This agrees with the result (2.32), where projective invariance can be verified by

plugging in the transformations (2.21). Because of this projective symmetry, non-minimal

couplings of fermions as shown in eq. (2.32) cannot distinguish between effects of the parity-

even torsion vector Tα and a certain combination of the non-metricity vectors Qα and Q̂α.

This can lead to a certain universality with regard to the different formulation of GR, as

exemplified in section 5.2.

At this point, we can discuss two approaches for coupling fermions two gravity.

Option 1: “Gravity first” The first option is to start from gravity, as we have also done

in our presentation. In this case, one must begin by making a choice about the geometry of

gravity, i.e., select which of the three features curvature R, torsion Tα
βγ and non-metricity

Qαβγ are present. (As we have argued, not making any assumptions about the vanishing of

R, Tα
βγ or Qαβγ may be a preferred possibility, which leads to the metric-affine formulation

of GR.) Subsequently, one can decide how gravity couples to fermions. As is evident from eq.

(2.32) (see also appendix A), only the interaction with the Riemannian spin connection ω̊µ

is necessary for ensuring gauge invariance under local Lorentz transformations. In contrast,

there is a freedom concerning the coupling with torsion and non-metricity. In particular, two

extreme cases are viable, as will also be evident from our theory (4.1). One the one hand,

one can consider a situation in which fermions interact with gravity exclusively through

the Riemannian term Ψ̄γµD̊µΨ. On the other hand, there can be independent couplings of

fermions to all vector parts of torsion and non-metricity.

Option 2: “Matter first” An alternative point of view is to start from matter fields –

specifically fermions – in flat spacetime. In this case, one can derive GR by gauging the

Poincaré group [63–65]. This option is significantly more constraining. First, it leads to the

EC formulation, i.e., curvature and torsion arise whereas non-metricity does not appear. As

evident from appendix A (see eqs. (A.2), (A.4) and (A.10)), the reason is that the inhomo-

geneity arising from a partial derivative of fermions is anti-symmetric in the internal indices

and therefore the compensating gauge field ω AB
µ obeys the same property. As discussed in eq.

(2.28), this corresponds to a situation without non-metricity. Second, gauging the Poincaré

9Further discussions about the coupling of fermions to the torsionful teleparallel formulation of GR [14, 15,

43–47] can be found in [47, 222–231].
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group can only generate a kinetic term of the form (2.32) and in the simplest case only a

minimal coupling arises, where α = β = 0.

In the following, we shall mainly follow the first approach, although our result encompass

as special case also the predictions of the second option. It is important to emphasize that

although non-metricity cannot be regarded as a consequence of gauging the Poincaré group,

its coupling to fermions is fully consistent.

Vector fields Finally, we make a brief remark about the use of covariant derivatives when

coupling vector fields to gravity. First, we consider an Abelian gauge field Ãµ. In Riemannian

geometry, partial and covariant derivatives are interchangeable since

D̊[µÃν] = ∂[µÃν] , (2.33)

where we used that Γ̊α
[µν]Ãα = 0. However, this changes once the Christoffel symbol is no

longer symmetric in its lower indices. In this case, using a covariant derivative is inconsistent

since a coupling Tα
µνÃα would break invariance under gauge transformations Ãν → Ãν + ∂νϵ.

Therefore, the field strength tensor of an Abelian gauge field in metric-affine gravity reads:

Fµν = 2∂[µÃν] . (2.34)

Analogously, also non-Abelian gauge fields must not couple directly to Γα
µν .

3 Constructing the action

3.1 Selection rules

As detailed in the introduction, our goal is to consider gravitational theories that are as

general as possible while still being equivalent to metric GR in the absence of matter. In

order to achieve this, criteria for constructing an action of gravity coupled to matter were

already devised in [99]. We shall develop further the conditions of [99], where we employ the

derivative counting put forward in [112]. We propose the following two conditions:

I. The action should contain no operator with more than two derivatives, where the con-

nection Γγ
αβ counts as one derivative.

II. The action should only feature operators of mass dimension not greater than 4.

Additionally, we require Lorentz invariance and locality as well as invariance under all gauge

groups in the matter sector. We shall briefly outline our motivation for choosing the two

criteria listed above, before providing a more detailed discussion below.

We begin by commenting on the derivative counting contained in condition I.). That the

Levi-Civita connection Γ̊γ
αβ features one derivative is evident from eq. (2.3). As discussed in

[112], this represents a first reason for also counting the full connection Γγ
αβ as one derivative.

Then the decomposition (2.6) of the connection implies that also contorsion Kγ
αβ as well as
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disformation Jγ
αβ correspond to one derivative. In turn, this is equivalent to associating one

derivative to torsion Tγαβ and to non-metricity Qγαβ.

The purpose of restricting ourselves to two derivatives in condition I.) is to ensure that

the coupling of gravity and matter does not lead to new propagating degrees of freedom in

addition to those already present in the matter sector and the two polarizations of the massless

graviton. Including more than two derivatives generically causes the presence of additional

propagating degrees of freedom, although there are exceptions. A particular consequence of

criterion II.) is that the matter sector is renormalizable. This implies that non-renormalizable

effects only arise due to gravity, i.e., curvature, torsion and non-metricity. Since GR is not

renormalizable independently of the chosen formulation, this can be viewed as a minimal

approach to non-renormalizability.

3.2 Equivalence in pure gravity

First, we consider the situation in the absence of matter. In this case, the action can only

feature two kinds of fields. On the one hand, we have the metric gµν , which has mass

dimension 0 and contains no derivative. On the other hand, we have the connection Γγ
αβ or

components thereof, such as torsion and non-metricity. All these fields have mass dimension

1 and by the derivative counting introduced above, all of them correspond to one derivative.

This implies that in pure gravity, the number of derivatives is equal to the mass dimension

so that condition I.) implies condition II.). Thus, we only need to consider the former.

Since Riemannian curvature R̊ is quadratic in the connection Γ̊γ
αβ (see eq. (2.1)), criterion

I.) amounts to restricting ourselves to terms linear in curvature and quadratic in torsion and

non-metricity. Consequently, the most general theory of pure gravity that obeys criterion 1.)

is of the form [59]

L ∼ R̊+ cTTT
µTµ + cTQT

µQµ + cQQQ
µQµ + . . . , (3.1)

where cTT , cTQ and cQQ are arbitrary real parameters and Tµ and Qµ are defined in eqs. (2.9)

and (2.13). Only an exemplary selection of possible contributions due to torsion and non-

metricity is displayed in eq. (3.1) and the dots represent further terms that are quadratic in

torsion and non-metricity and that can be formed using the six tensors Tµ, T̂µ, tαβγ , Qµ, Q̂µ,

qαβγ . Each of these contributions comes with an a priori unknown coefficient. Moreover, we

left out in eq. (3.1) contributions of the form ∇̊µT
µ since they correspond to full derivatives.

One can wonder why we included in eq. (3.1) only the Riemann part R̊ of the full curvature

R. As is evident from eq. (3.1), the difference of R and R̊ consists of terms that are already

present in action. Therefore, replacing R̊ by R can be absorbed by a shift of the coefficients

cTT , cTQ, etc. (see [99] for more details). Conversely, we note that the theory (3.1) has the

same structure as the full Ricci scalar R, with the only difference that specific coefficients are

replaced by arbitrary ones.10 Finally, we remark that one can construct another contribution

10More precisely, the model (3.1) contains all contributions quadratic in torsion and non-metricity whereas

R only features the subset of terms that are parity-even.
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linear in curvature, namely the so-called Holst term [102, 103, 106, 107]:

ϵµνρσRµνρσ =
1

3
T̂α(Qα − Q̂α + 2Tα)− ∇̊αT̂

α +
1

2
ϵβγδλt

δλ
α tαβγ + ϵαγδλq

αβγt δλ
β , (3.2)

which is parity-odd. In analogy to eq. (2.19), we separated contributions due to torsion and

non-metricity. There is no Riemannian part, ϵµνρσR̊µνρσ = 0, because of the symmetries of

R̊µ
νρσ. Therefore, including the Holst term in the action would only lead to a shift of some

of the coefficients.

From the Lagrangian (3.1) we can determine torsion and non-metricity by their equations

of motions. Since they only appear quadratically, the solution is given by

Tγαβ = Qγαβ = 0 , (3.3)

i.e., torsion and non-metricity vanish dynamically. Hence, theories of the form (3.1) are

equivalent to the metric formulation of GR. This shows that the restriction to two derivatives

in criterion I.) ensures equivalence to metric GR in the absence of matter.

Once we include more than two derivatives, the equivalence to GR in the metric for-

mulation is generically lost. If for example we allow for four derivatives, we can among

others include terms that are quadratic in the Ricci scalar R̊ or the Ricci tensor R̊µν . As is

well-known, such contributions generically lead to additional propagating degrees of freedom

[70–75].11 Hence, they break the equivalence to metric GR already in the absence of mat-

ter. We must mention, however, that one can construct specific theories that do not obey

our restriction to two derivatives but nevertheless do not feature any additional propagating

degrees of freedom apart from a massless graviton [99]. Thus, criterion I.) is sufficient for

ensuring equivalence to the metric formulation of GR but not necessary.

3.3 Effect of matter

Next, we discuss the effects of including matter. To begin with, we shall only consider a real

scalar field φ. This situation was already discussed in our previous paper [59], to which we

refer the reader for more details. The most general Lagrangian that obeys criteria I.) and II.)

is of the form [59]:12

L ∼R̊+ ξh2R̊+ (cTT + c̃TTφ
2)TµTµ + (cTQ + c̃TQφ

2)TµQµ + (cQQ + c̃QQφ
2)QµQµ

+ ξTJ
(φ)
µ Tµ + ξQJ

(φ)
µ Qµ + . . .+ Lm ,

(3.4)

where the matter Lagrangian Lm is only a function of φ and ξ, ξT , cTT , c̃TT , etc. are arbitrary

real coefficients. Moreover, we defined

J (φ)
µ = ∂µφ

2 . (3.5)

11Some of the new particles cause inconsistencies since they correspond to ghosts, i.e., have a kinetic terms

with the wrong sign, but there exist combinations of contributions with more than two derivatives that only

lead to healthy particles in the linear spectrum [76–98].
12The precise form of the action is displayed in eqs. (4.1) till (4.4).
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As before, the dots represent further analogous terms in which Tµ and/or Qµ are replaced

by some of the other tensors shown in eqs. (2.9) to (2.11) as well as (2.13) to (2.15). Each of

these additional contributions comes with an a priori undetermined coupling constant.

In eq. (3.4), we have assumed as in [59] that φ obeys a discrete symmetry φ → −φ.
This condition is not essential and we impose it because the Higgs field of the SM (in unitary

gauge) exhibits this property. Apart from the discrete symmetry, however, φ represents at

this point an arbitrary scalar field, not necessarily connected to the Higgs boson. Once matter

is present, condition II.) matters. Without it, we could have included in addition to quadratic

terms higher powers of φ. Moreover, we remark that the non-minimal coupling to the Levi-

Civita Ricci scalar, φ2R̊, already exists in the metric formulation of GR. Loosely speaking,

one could therefore say that eq. (3.4) consists of all terms that are on the same footing as

this non-minimal coupling to R̊.

The crucial novelty in eq. (3.4) as compared to the case of pure gravity displayed in eq.

(3.1) is the presence of terms linear in torsion or non-metricity, which couple to J
(φ)
µ . These

contributions act as source terms in the equations of motion and hence it follows that torsion

and non-metricity no longer vanish. Schematically, we get

Tµ ∼ ξTJ
(φ)
µ , Qµ ∼ ξQJ

(φ)
µ , (3.6)

where again we restricted ourselves to exemplary contributions. We see that Tµ and Qµ

indeed feature one derivative, and so our derivative counting introduced in condition I.) is

self-consistent.

Plugging the solutions (3.6) back into our initial theory (3.4), we arrive at a Lagrangian

of the form:

L ∼ R̊+ ξφ2R̊+ f(φ2)J (φ)
µ J (φ)µ + Lm . (3.7)

Here f(φ) contains no derivatives, only depends on φ2 and is determined by the various

coupling constant that appear in eq. (3.4). Since solely the Levi-Civita connection appears

in eq. (3.7), we have derived an equivalent representation of our theory in the metric for-

mulation of GR, in which the effects of torsion and non-metricity are replaced by a specific

set of operators in the matter sector with mass dimension greater than four. It follows from

conditions I.) and II.) that these new terms feature at most two derivatives, and hence they

do not lead to any additional propagating degrees of freedom. Condition II.) is essential for

the predictiveness of our approach. Without it, we could have included from the beginning

arbitrary higher-dimensional operators in Lm and the specific subset of terms that are con-

tained in f(φ2)J
(φ)
µ J (φ)µ and that arise due to torsion and non-metricity would not bring

any new information (see also footnote 4). In other words, requirement II.) demands that

non-renormalizable operators can only arise from coupling to gravity. Of course, such a point

of view can be motivated by the fact that GR is non-renormalizable from the outset. Needless

to say, imposing conditions I.) and II.) amounts to an assumption and its viability remains

to be determined. Arguably, the best way for doing so is to derive observable predictions and

to compare them to measurements.
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Scalar field We have seen that a real scalar field φ can couple to terms that are quadratic

in torsion or non-metricity. Moreover, the term J
(φ)
µ as displayed in eq. (3.5) interacts linearly

with any of the four vectors Tµ, T̂µ, Qµ and Q̂µ and hence sources torsion and non-metricity.

Going beyond a real scalar field, we shall next discuss which other terms can source torsion

or non-metricity, where we largely follow [99]. First, we consider a complex scalar field Φ. If

no other conditions are imposed, we can decompose it into two real scalar fields Φ1 and Φ2

as Φ = 1/
√
2(Φ1 + iΦ2). Then what we discussed above separately applies to Φ1 and Φ2.

More interesting is the case in which Φ is charged under a local U(1)-symmetry, as is

e.g., the case for the Higgs doublet in the SM. Then its absolute value,

|Φ|2 = 1

2
φ2 , (3.8)

allows for the same couplings as a real scalar field. On top of that, a second term can act as

a source, namely the gauge-invariant current

J (Φ)
µ =

i

2

(
Φ⋆D̊µΦ− (D̊µΦ)

⋆Φ
)
. (3.9)

Here D̊µ = ∂µ− ieÃµ is the gauge-covariant derivative, where e is the gauge coupling and Ãµ

represents the gauge field. Just like J
(φ)
µ , the current J

(Φ)
µ has mass dimension 3 and features

one derivative. Hence it can also couple linearly to the four vectors Tµ, T̂µ, Qµ and Q̂µ.

Fermion field Next, we consider a fermion field Ψ. Our discussion both applies to the case

in which Ψ is part of the SM and to fermions that are singlets under the gauge groups of the

SM. Since we need to form bilinears, which by themselves already have mass dimension 3, it

is clear that fermions cannot couple to terms quadratic in torsion or non-metricity. However,

we can form two source terms from the vector and axial currents:

J (V )
µ = Ψ̄γµΨ , (3.10)

J (A)
µ = Ψ̄γ5γµΨ , (3.11)

where γµ and γ5 correspond to gamma matrices. Just like the contributions discussed before,

J
(V )
µ and J

(A)
µ carry one spacetime index and have mass dimension 3. Therefore, requirements

I.) and II.) imply that the interaction of the fermionic currents with torsion or non-metricity

is fully analogous to the case of a scalar field, i.e., J
(V )
µ and J

(A)
µ can couple linearly to any of

the four vectors Tµ, T̂µ, Qµ and Q̂µ. However, a difference to the scalar sources exists since

J
(V )
µ and J

(A)
µ do not contain a derivative. Correspondingly, the interaction of fermions with

torsion and non-metricity leads to contributions of the form

Tµ ∼ Ψ̄γµΨ+ . . . , Qµ ∼ Ψ̄γµΨ+ . . . , (3.12)

which do not contain a derivative. In this sense, associating a derivative to torsion and

non-metricity represents an assumption when it is exclusively sourced by fermions [112].
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At first sight, a second category of terms seems to exist for coupling fermions to torsion

or non-metricity. Namely, we can use the pure tensor parts tµνρ and qµνρ to construct the

following terms:

Ψ̄γµγνγρΨtµνρ , Ψ̄γµγνγρΨqµνρ . (3.13)

However, using the property of the Dirac algebra, we have that γµγνγρ = −gµνγρ − gνργµ +

gµργν + iϵσµνργσγ
5 and hence the two terms displayed in eq. (3.13) can be recast as (see also

[99]13):

Ψ̄γµγνγρΨtµνρ = −2Ψ̄γαΨtµ µα + iΨ̄γαγ5Ψϵαµνρtµνρ , (3.14)

Ψ̄γµγνγρΨqµνρ = −Ψ̄γαΨq µ
αµ . (3.15)

It is now clear that these terms vanish due to the properties of the pure tensor parts shown

in eqs. (2.11) and (2.15). Therefore, we do not need to include them.

Gauge field Finally, we discuss the effects of gauge fields, where we momentarily specialize

to the case of U(1). Due to the requirement of gauge invariance, the most elementary building

block from which we can try to construct a coupling term is the field strength tensor Fµν (see

eq. (2.34)). Since it already contains a derivative, it follows from condition I.) that it can

only interact with a linear power of torsion or non-metricity. However, there is no torsion or

non-metricity term with two spacetime indices. The same conclusion applies to gauge groups

beyond U(1), with the only difference that in this case an additional obstruction appears since

the field strength tensor also carries an index of the gauge group. Thus, our requirements

for constructing an action of matter coupled to metric-affine gravity do not allow for a direct

coupling of gravity to gauge fields.

Summary In summary, terms that are quadratic in torsion or non-metricity can only couple

to a real scalar field φ (or equivalently the absolute value of a complex scalar field) via

C = φ2 . (3.16)

There are four contributions (3.5), (3.9), (3.10) and (3.11) for coupling matter linearly to

torsion or non-metricity. The former two arise for scalar fields, where the second one only

exists in the complex case, and the latter two are due to fermions. Thus, a source term

generically reads

Jµ = a(φ)J (φ)
µ + a(Φ)J (Φ)

µ + aV J (V )
µ + aAJ (A)

µ . (3.17)

Here a(φ), a(Φ), aV and aA are a priori undetermined coupling constants. There is no direct

coupling between a gauge field and torsion or non-metricity. Moreover, no source term exists

for the pure tensor parts tαβγ and qαβγ .
14 For Jµ given in eq. (3.17), we can solve for torsion

and non-metricity and plug the result back into the action. In full analogy to eq. (3.7), this

leads to

L ∼ R̊+ ξφ2R̊+ f(φ2)JµJ
µ + Lm . (3.18)

13Note that there are sign differences as compared to [99]; see eq. (4.12) and footnote 19 further below.
14See [232] for a proposal to source the pure tensor parts from a field with spin 3/2.
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As before, f(φ2), which is sensitive to all coupling constants related to torsion and non-

metricity, only depends on φ2 and contains no derivatives. It follows from eq. (3.17) that

the contribution proportional to JµJ
µ generically contains ten different types of quadratic

interactions among the different sources terms.

3.4 Relationship to previous works

In a very similar setting as ours, criteria for constructing an action of gravity coupled to

matter were already proposed in [99]. In order to compare them to our requirements, we

shall first repeat the conditions of [99]:

1. In the purely gravitational part of the action, only operators of mass dimension not

greater than 2 should appear.

2. The matter Lagrangian action should only feature renormalizable operators in the flat

limit, i.e., for gµν = ηµν and Γα
µλ = 0.

3. Gravity and matter should only interact via operators of mass dimension not greater

than 4.

In the following, Arabic numerals shall refer to the criteria of [99] whereas Roman ones belong

to our requirements listed section 3.1.

On the one hand, our conditions I.) and II.) imply 1.) to 3.): Since in pure gravity

the number of derivatives and the mass dimension of an operator coincide, requirement 1.)

follows from I.). As in the absence of gravity non-renormalizability only arises from operators

of mass dimension greater than 4, criterion II.) implies 2.). Finally, it is evident that 3.) also

follows from II.).

On the other hand, our conditions I.) and II.) are slightly stronger than 1.) to 3.). In

order to see this, we shall consider a U(1)-gauge field with field-strength tensor Fµν (see eq.

(2.34)) and couple it to the pure tensor part tαµν of torsion with a term

Lt = D̊αFµνt
αµν , (3.19)

where D̊α is only covariant with respect to gravity. Since this contribution contains three

derivatives, it is incompatible with our requirement I.). In contrast, it is admissible according

to the criteria 1.) to 3.) of [99]. In the presence of the term (3.19), tαµν no longer vanishes

but receives a contribution of the form

tαµν ∼ D̊αFµν +
2

3
gα[µD̊σFν]σ , (3.20)

where we took into account that tαµν only couples to the pure tensor part of D̊αFµν .
15 After

plugging the solution for torsion back into the action, a contribution with four derivatives of

15Correspondingly, tαµν as shown in eq. (3.20) fulfills gανtαµν = 0 and ϵαβµνtαµν = 0, in accordance with

its definition (2.11).
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the form D̊αFµνD̊αFµν will arise, among others. The term (3.19) is not the only contribution

with more than two derivatives that would be permissible according to conditions 1.) to 3.).

Other examples include TµAµF
µν as well as D̊αF̃µνt

αµν with F̃µν = ϵµνρσF
ρσ (see [97]).

Thus, conditions 1.) to 3.) would allow from some terms with more than two derivatives

but only when an Abelian gauge field is involved. It is not clear why gauge fields should play a

special role with regard to derivative counting. Moreover, criteria 1.) to 3.) would run counter

to our guideline of finding an action that is as general as possible while excluding terms with

more than two derivatives. Finally, the term (3.19) was not included in the action of EC

gravity coupled to matter constructed in [99], even though it conforms to the requirements

1.) to 3.) used there. Rather, employing our criteria I.) and II.) in the EC formulation of GR

would lead to the theory considered in [99].16 Concerning our previous paper [59], in which

we studied the theory of a scalar field coupled to metric-affine gravity, we remark that our

criteria and the conditions of [99] lead to identical results. Thus, the model of [59] can be

derived equally well from our newly proposed requirements or the ones of [99].

4 Standard Model coupled to metric-affine gravity

4.1 The theory

Having set up our selection rules, we can now write down the most general Lagrangian. In

the gravity sector we consider the generic metric-affine formulation of GR, where curvature,

torsion and non-metricity are a priori present. Then we wish to couple it to all types of matter

present in the SM: scalar, fermion and vector fields. For now the only restriction that we

impose is selection rule I), limiting the number of derivatives. Then the most general action

following the criteria listed above can be decomposed in three parts:

S = Smetric + Ssources + Squadratic , (4.1)

with

Smetric =

∫
d4x

√
−g
[1
2
Ω2R̊− V (Φ,Ψ, Fµν)

− K̃1g
αβD̊αΦD̊βΦ

⋆ +
iK̃2

2
(Ψ̄γµD̊µΨ− D̊µΨγ

µΨ)− 1

4
K̃3g

µαgνβFµνFαβ

]
,

(4.2)

Ssources =

∫
d4x

√
−g
[
− Jα

1 T̂α − Jα
2 Tα − Jα

3 Q̂α − Jα
4 Qα

]
, (4.3)

16Needless to say, this fact was part of our motivation for proposing conditions I.) and II.). We thank

Georgios Karananas and Misha Shaposhnikov for discussions about this point.
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and

Squadratic =

∫
d4x

√
−g
[
B1QαQ

α +B2Q̂αQ̂
α +B3QαQ̂

α +B4qαβγq
αβγ +B5qαβγq

βαγ

+ C1TαT
α + C2T̂αT̂

α + C3TαT̂
α + C4tαβγt

αβγ

+D1ϵαβγδt
αβλtγδλ +D2ϵαβγδq

αβλqγδλ +D3ϵαβγδq
αβλtγδλ

+ E1TαQ
α + E2T̂αQ

α + E3TαQ̂
α + E4T̂αQ̂

α + E5t
αβγqβαγ

]
.

(4.4)

Here Smetric gathers all term that are torsion- and non-metricity-free and therefore would also

exist in the metric formulation of GR. All sources for torsion and non-metricity are in Ssources,

and terms that are quadratic in torsion and/or non-metricity are collected in Squadratic.

Note that in the second line of eq. (4.2), D̊α denotes the Riemannian covariant derivative,

which contains couplings to gauge fields. In the case of fermions, D̊µΨ, as defined in eq.

(2.29), moreover includes the Riemannian spin connection ω̊ A
µ B (see eq. (2.26)). In contrast,

the field strength tensor Fαβ, which is defined in eq. (2.34), only contains partial derivatives.

To simplify notations we did not indicate the dependency of the functions in front of the

term, except for the potential V (Φ, ψ, Fµν). At this point, without applying selection rule II,

all of these functions may depend on the complex scalar field Φ and on the fermion ψ, but

not on the field strength Fµν . This is due to the fact that we consider an action with no more

than two derivatives, following selection rule I).

4.2 Effective action

As the equations of motions are algebraic, solutions can be explicitly found. Since there are

no source terms for the pure tensor parts tαβγ and qαβγ in eq. (4.3) (see discussion in section

3.3), they have to vanish:

tαβγ = qαβγ = 0 . (4.5)

Once we find the solutions for Tα,T̂α, Qα and Q̂α, we can plug them back into the action (4.3)

and (4.4) to obtain an equivalent effective action. The details of these computations, such

as solutions of equation of motion and conformal transformation of the metric and fermionic

field, can be found in appendix B. Picking up all pieces, the final Lagrangian reads:

S =

∫
d4x

√
−g
[1
2
R̊− V (Φ,Ψ, Fµν)

Ω4
− 3

Ω2
gαβD̊αΩD̊βΩ− K̃1

Ω2
gαβD̊αΦD̊βΦ

⋆

+
iK̃2

2Ω3
(Ψ̄γµD̊µΨ− D̊µΨγ

µΨ)− 1

4
K̃3g

µαgνβFµνFαβ +
1

Ω2

4∑
i≤j=1

LijJ
α
i Jj,α

]
.

(4.6)

In this form, we have effectively integrated out torsion and non-metricity, the effects of which

are completely mapped to the sum of ten source-squared terms, weighted by the Lij coeffi-

cients shown in appendix B.1 (eq. (B.13)). Via a conformal transformation of the metric, we

also went to the Einstein frame where gravity is minimally coupled to matter. This resulted
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in a modification of the potential term, of the scalar and fermionic kinetic terms and the

apparition of new geometry induced interaction terms.

We are now in a good position to impose the selection rule II. By limiting the mass

dimension of interactions between matter and gravity to 4, this criterion restricts heavily the

form the couplings can take:17

K̃i = ki0 , Ω2(φ) = f0 + ξφ2 , Di(φ) = di0 + di1φ
2 , i = 1, 2, 3 ,

Jα
j = a

(φ)
j D̊αφ2 + a

(Φ)
j Sα + aVj V

α + aAj A
α, Cj(φ) = cj0 + cj1φ

2 , j = 1, 2, 3, 4 ,

Bk(φ) = bk0 + bk1φ
2 , Ek(φ) = ek0 + ek1φ

2 , k = 1, 2, 3, 4, 5 .

(4.7)

where we also took into account the discrete symmetry φ→ −φ and we recall the definition

of the currents:18

Sα =
i

2

(
Φ⋆D̊αΦ− (D̊αΦ)

⋆Φ
)
, (4.8)

Vα = J (V )
α = Ψ̄γαΨ , (4.9)

Aα = J (A)
α = Ψ̄γ5γαΨ , (4.10)

and of φ, which is defined as the real part of the complex scalar field Φ through:

φ =
√
2|Φ| . (4.11)

Let us discuss briefly the form of the terms above:

• The kinetic terms are already of mass dimension 4, hence K̃i(h) can only be a dimen-

sionless constant. Note that we can set the constant ki0 = 1 without loss of generality

by a redefinition of the scalar, fermionic and vector field.

• The scalar curvature R can only be coupled to φ2 because R carries mass dimension 2,

and the only scalar of mass dimension 2 one can construct is φ2. For example, terms

involving two spinor fields are discarded because they have mass dimension 3. One can

also set f0 = 1 by a general field redefinition.

• All the quadratic couplings B’s, C’s, D’s and E’s can accommodate both a constant

and a φ2-term.

• The 4-vector currents are comprised of four possibles terms, as previously discussed in

section 3.3 (see eq. (3.17)).

17Evidently, the restriction to mass dimension 4 only applies in the initial Jordan frame, not the Einstein

frame where matter is minimally coupled to gravity. This is the essence of our approach, in which only specific

higher dimension operators are generated due to the deviation from Riemannian geometry.
18Currents already have been defined in eqs. (3.9), (3.10) and (3.11) (see also eq. (3.17)), but we want to

use a more compact notation here, in accordance with previous literature.
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• In terms of the parameters used in eq. (2.32), we would obtain [99]19

aV1 = 0 , aA1 =
1

8
, aV2 = −α

2
, aA2 = −β

2
,

aV3 =
α

4
, aA3 =

β

4
, aV4 = −α

4
, aA4 = −β

4
.

(4.12)

Let us now substitute all the other expressions in the action. By plugging in eq. (4.7)

into the expressions for the Lij coefficients given in eq. (B.13) and performing an additional

conformal transformation of the fermion field, we obtain the full equivalent theory (see eqs.

(B.18) to (B.27) in appendix B.2):

LAA = Ω2

∑3
n=0 P

(AA)
n φ2n

D
AµA

µ , (4.13)

LV V = Ω2

∑3
n=0 P

(V V )
n φ2n

D
VµV

µ , (4.14)

Lφφ = Ω−2

∑3
n=0 P

(φφ)
n φ2n

D
D̊µφ2D̊µφ

2; , (4.15)

LΦΦ = Ω−2

∑3
n=0 P

(ΦΦ)
n φ2n

D
SµSµ; , (4.16)

LAV = 2Ω2

∑3
n=0 P

(AV )
n φ2n

D
AµV

µ , (4.17)

LAφ = 2

∑3
n=0 P

(Aφ)
n φ2n

D
AµD̊

µφ2 , (4.18)

LAΦ = 2

∑3
n=0 P

(AΦ)
n φ2n

D
AµS

µ , (4.19)

LV φ = 2

∑3
n=0 P

(V φ)
n φ2n

D
VµD̊

µφ2 , (4.20)

LV Φ = 2

∑3
n=0 P

(V Φ)
n φ2n

D
VµS

µ , (4.21)

LφΦ = 2Ω−2

∑3
n=0 P

(φΦ)
n φ2n

D
SµD̊

µφ2 , (4.22)

with

D =

4∑
m=0

Omφ
2m . (4.23)

All terms have the same form, namely a fraction of polynomials of φ. The numerator is a

polynomial of order 6 whilst the denominator is the same for all expressions and is of order 8.

The coefficients Pn are identical up to the subscript (AA), (V V ) etc. The difference simply

19The sign of aA
1 differs as compared to [99]. (This can be absorbed by altering the convention (1.2) of the

Levi-Civita tensor.) As a result, some terms in the equivalent metric theory derived in [123] change sign.
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amounts to the ai’s coefficients displayed in eq. (B.18) to eq. (B.27). So overall, there are 5

independent polynomials in the common denominator and 4 in each numerator. The exact

form of the polynomials can be found using the companion Mathematica notebook [207].

Then the final action can be expressed as:

S =

∫
d4x

√
−g
[1
2
R̊− V (Φ,Ω3/2Ψ, Fµν)

(1 + ξφ2)
− 3ξ2

4(1 + ξφ2)2
gαβD̊αφ

2D̊βφ
2 − 1

1 + ξφ2
gαβD̊αΦD̊βΦ

⋆

+
i

2
(Ψ̄γµD̊µΨ− D̊µΨγ

µΨ)− 1

4
gµαgνβFµνFαβ + LAA + LV V + Lφφ + LΦΦ

+ LAV + LAφ + LV φ + LV Φ + LφΦ

]
.

(4.24)

Let us analyze the numbers of parameters in the action for each field of the Standard

Model in the presence of torsion and non-metricity. Looking at each part of the action, we

can make the following comments:

• The quadratic action Squadratic defined in eq. (4.4) only couples to the real scalar field.

Indeed, after imposing selection rule II), all the functions Ai, Bi, Ci, Di, Ei can only

depend on the scalar field Φ, see eq. (4.7). Since there are two parameters in each of

the function and eq. (4.4) contains 17 quadratic terms, 34 parameters arise.

• The action Ssources defined in eq. (4.3) features sources for the complex scalar field as

well as for the fermion. As can be seen in the definition (4.8) of currents, there are 2

currents for the complex scalar field – one for the real part and one for the complex

part – and 2 currents for the fermion – one for the vector part and one for the axial

part. Each of these currents exist in four copies, corresponding to the four irreducible

vector representations of torsion and non-metricity.

• Finally, we can discuss the metric action Smetric defined in eq. (4.2). In this part of the

action, we do not consider the kinetic term as an independent coupling because we can

always canonicalize them by a field redefinition. By the same token, we do not consider

the Planck mass in this parameter counting, because it is dimensionful whereas all other

couplings to torsion and non-metricity can be chosen to be dimensionless. Therefore,

the only term that results in an independent parameter is the non-minimal coupling of

the scalar curvature to the scalar field.

Therefore, we see that each fields does not contribute equally to the parameter counting in

the presence of torsion and non-metricity. For example, a complex scalar field comes with

17+1+8 = 26 independent parameter whilst a fermionic field comes with 8 coupling to torsion

and non-metricity. A gauge vector field does not couple directly to torsion or non-metricity,

given our selection rules. The contributions are summarized in tables 1 and 2, where we also

included the parameter counting for the Standard Model. We assumed for simplicity that

fermions couple universally to gravity (see also [167]). Since there is one complex scalar field,
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the Higgs boson, adding all contribution together gives 34+16+1 = 51. Since there is always

the possibility of a global rescaling of the fractions shown in eqs. (4.13) to (4.22), we have to

subtract one coupling constant so the total number of independent parameters is 50.

Squadratic Ssources Smetric Total

Pure Gravity 17 0 0 17

Complex scalar field 17 8 1 26

Fermionic field 0 8 0 8

Gauge vector field 0 0 0 0

Standard Model 17 + 17 = 34 8 + 8 = 16 1 34 + 16 + 1 = 51

Table 1. Summary of the number of independent couplings in metric affine theory for different particle

content.

Squadratic Ssources Smetric Total

Pure Gravity 10 0 0 10

Complex scalar field 10 8 1 19

Fermionic field 0 8 0 8

Gauge vector field 0 0 0 0

Standard Model 10 + 10 = 20 8 + 8 = 16 1 20 + 16 + 1 = 37

Table 2. Summary of the number of independent couplings in metric affine theory for different particle

content, after taking into account that tαβγ = qαβγ = 0.

4.3 Known limits

Reproducing [59]: In [59], the only matter field present is a real scalar field. Therefore

to reproduce previous results we need to set the kinetic terms for the fermion and the vector

field to zero in eq. (4.6). We also take the limit where a
(Φ)
j , aAj and aVj vanish in eq. (4.7).

Consequently, only Lφφ will be modified, which is expressed as:

Lφφ = Ω−2

∑3
n=0 P

(φφ)
n φ2n

D
D̊µφ2D̊µφ

2 . (4.25)

The action will be much simpler and given by:

S =

∫
d4x

√
−g
[
1

2
R̊− 1

2
K(φ)gαβ∂αφ∂βφ− V (φ)

Ω4

]
. (4.26)

Gathering together all contributions to the kinetic term of the scalar field, we obtain an

expression for the modified kinetic term:

K(φ) =
1

1 + ξφ2

(
1 +

6φ2ξ2

1 + ξh2
− 8φ2

∑3
n=0 P

(φφ)
n φ2n∑4

m=0Omφ2m

)
, (4.27)

which exactly reproduces eq. (3.16) of [59] if we relabel φ→ h and absorb the factor of 8 into

the polynomials P
(φφ)
n .
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Reproducing [99]: In [99], all matter fields are present. However, the EC formulation of

GR is employed, i.e., non-metricity is assumed to be absent. Therefore, we need to set Jα
3 ,

Jα
4 , all Bi’s and E′

is coefficients to zero. This simplifies greatly the form of the solution for

torsion:

Tµ =
−C3J

µ
1 + 2C2J

µ
2

Z
, T̂µ =

−C3J
µ
2 + 2C1J

µ
1

Z
, (4.28)

with the common denominator:

Z = 4C1C2 − C2
3 . (4.29)

Only L11, L12 and L22 will contribute:

Ssources + Squadratic =

∫
d4x

√
−g
Ω2

[
(Jα

1 )
2L11 + (Jα

2 )
2L22 + Jα

1 J2αL12

]
, (4.30)

with the Lij being much simpler:

L11 = − C1

4C1C2 − C2
3

, L12 =
C3

4C1C2 − C2
3

, L22 = − C2

4C1C2 − C2
3

. (4.31)

The corresponding torsion-induced interactions are:

LAA = Ω2C1(a
A
1 )

2 + C2(a
A
2 )

2 − C3a
A
1 a

A
2

C2
3 − 4C1C2

AµA
µ (4.32)

LV V = Ω2C1(a
V
1 )

2 + C2(a
V
2 )

2 − C3a
V
1 a

V
2

C2
3 − 4C1C2

VµV
µ , (4.33)

Lφφ = Ω−2C1(a
(φ)
1 )2 + C2(a

(φ)
2 )2 − C3a

(φ)
1 a

(φ)
2

C2
3 − 4C1C2

D̊µφ2D̊µφ
2 , (4.34)

LΦΦ = Ω−2C1(a
(Φ)
1 )2 + C2(a

(Φ)
2 )2 − C3a

(Φ)
1 a

(Φ)
2

C2
3 − 4C1C2

SµSµ , (4.35)

LAV = Ω2 2C1a
A
1 a

V
1 + 2C2a

A
2 a

V
2 − C3(a

A
2 a

V
1 + aA1 a

V
2 )

C2
3 − 4C1C2

AµV
µ , (4.36)

LAφ =
2C1a

A
1 a

(φ)
1 + 2C2a

A
2 a

(φ)
2 − C3(a

A
2 a

(φ)
1 + aA1 a

(φ)
2 )

C2
3 − 4C1C2

AµD̊
µφ2 , (4.37)

LAΦ =
2C1a

A
1 a

(Φ)
1 + 2C2a

A
2 a

(Φ)
2 − C3(a

A
2 a

(Φ)
1 + aA1 a

(Φ)
2 )

C2
3 − 4C1C2

AµS
µ , (4.38)

LV φ =
2C1a

V
1 a

(φ)
1 + 2C2a

V
2 a

(φ)
2 − C3(a

V
2 a

(φ)
1 + aV1 a

(φ)
2 )

C2
3 − 4C1C2

VµD̊
µφ2 , (4.39)

LV Φ =
2C1a

V
1 a

(Φ)
1 + 2C2a

V
2 a

(Φ)
2 − C3(a

V
2 a

(Φ)
1 + aV1 a

(Φ)
2 )

C2
3 − 4C1C2

VµS
µ , (4.40)

LφΦ = Ω−2 2C1a
(φ)
1 a

(Φ)
1 + 2C2a

(φ)
2 a

(Φ)
2 − C3(a

(φ)
2 a

(Φ)
1 + a

(φ)
1 a

(Φ)
2 )

C2
3 − 4C1C2

SµD̊
µφ2 . (4.41)

This exactly reproduces the main results of [99], equations (52) to (61), where we show in

table 3 the correspondence between the different notations.
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Current paper Tµ T̂µ C1 C2 C3 aV1/2 aA1/2 a
(Φ)
1/2 a

(φ)
1/2Dµφ

2

Paper [99] vµ aµ Gvv
2

Gaa
2 Gav −ζa/vV −ζa/vA −Za/v

S −∂µZa/v
Φ

Table 3. Correspondence of notations between the present analysis and [99].

5 Implications for production of fermionic dark matter

5.1 Review of Einstein-Cartan portal to dark matter

As reviewed in the introduction, the choice of formulation of GR can have important impli-

cations for dark matter. We shall discuss this in the scenario of [167], where a fermion ΨN ,

which is a singlet under all gauge groups of the SM, is added to the field contents of the

SM. The observation of neutrino masses provides a strong motivation for considering such

a scenario since a mixing of singlet fermions with active neutrinos can generate masses for

the latter via the well-known seesaw mechanism [233–238] (see [205] for a review). For the

present discussion, however, it is inessential if ΨN couples directly to SM-neutrinos, provided

the mixing is small enough to obey observational constraints, e.g., due to bounds on X-rays

signals from radiatively decaying dark matter [205]. In the metric formulation of GR, pro-

duction mechanisms arising from a mixing of ΨN with active neutrinos have been proposed

[199, 200]. Here the difficulty consists in producing a sufficient abundance of dark matter

while at the same time satisfying the upper bounds on the strength of mixing coming from X-

ray constraints. Whereas this is not possible for the so-called non-resonant production [199],

a resonant production [200] can be implemented [201]. However, this requires a fine-tuning

of parameters [202–204] and constrains the mass of ΨN is a narrow range [205].

In [167], a gravitational generation of ΨN was studied in the EC formulation of GR.

This mechanism was dubbed Einstein-Cartan portal to dark matter and its starting point are

non-minimal fermionic kinetic terms for both ΨN and the fermions of the SM (see eq. (2.32)):

i

2
Ψ̄(1− iα− iβγ5)γµDµΨ+ h.c , (5.1)

where we assume that the coupling to gravity is universal, i.e., identical for all fermions.

After solving for torsion, the resulting equivalent metric theory features effective four-fermion

interactions [123] (cf. eqs. (4.13), (4.14) and (4.17))

LAA ≃ 3β2 − 3

16
AµA

µ , (5.2)

LV V ≃ 3α2

16
VµV

µ , (5.3)

LAV ≃ 3αβ

8
AµV

µ . (5.4)

Since the current Vµ and Aµ contain sums over all fermion species, processes arise in which

two fermions of the SM annihilate and produce two ΨN -particles. This leads to the abundance
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ΩN of ΨN [167]:

ΩN

ΩDM
≃ 3.6 · 10−2Cf

(
MN

10 keV

) (
Tprod
MP

)3

, (5.5)

where ΩDM is the observed abundance of dark matter,MN is the mass of ΨN and Tprod repre-

sents the highest temperature at which ΨN are produced, such as the reheating temperature

of a hot Big Bang. Moreover, the factor Cf is sensitive to whether ΨN is Dirac or Majorana:

CD =
9

4

{
45
(
1 + α2 − β2

)2
+ 21

(
1− (α+ β)2

)2
+ 24

(
1− (α− β)2

)2}
, (5.6)

CM =
9

4

{
24
(
1 + α2 − β2

)2
+ 21

(
1− (α+ β)2

)2}
, (5.7)

corresponding to the former and latter case, respectively. It is evident from eq. (5.5) that

depending on the values of the non-minimal couplings α and β, the observed abundance of

dark matter can be generated in a wide range of masses, fromMN ∼ 1 keV toMN ∼ 108GeV,

and without a fine-tuning of parameters.

Four comments are in order regarding this Einstein-Cartan portal to dark matter.

• The equivalent metric theory considered in [167] also contains scalar-fermion interac-

tions of the form shown in eqs. (4.18) and (4.20). This leads to a second channel for

producing ΨN , namely from the annihilation of two Higgs particles. For certain param-

eter choices, this process can lead to a higher abundance of ΨN than the one due to

four-fermion interaction displayed in eq. (5.5) [167]. In the following, we shall focus on

the generation of ΨN from fermion annihilation.

• If a connection to neutrinos is made, the mixing of ΨN with active neutrinos has to be

sufficiently small due to X-ray constraints discussed above as well as the requirement

that dark matter should be approximately stable on cosmological timescales [167, 239].

As a result, the contribution ofMN to the mass splitting of active neutrinos is negligible

and two other sterile neutrinos are required to generate the observed mass differences.

This can be achieved in the framework of the νMSM, which extends the particle content

of the SM by three right-handed neutrinos [240, 241] (see [242] for a review). One of

them, which can be identified with ΨN , acts a dark matter whereas the mass splittings

arise from the other two right-handed neutrinos. Moreover, the latter can generate

the observed baryon asymmetry in our Universe via leptogenesis [243, 244] (see [242,

245–248] for reviews and recent developments). Because of the small mixing of ΨN ,

a prediction of the νMSM is that the lightest active neutrino is practically massless

[240, 241]. This statement still holds in the whole range of MN that arises from the

Einstein-Cartan portal to dark matter [167].

• The lower bound on MN around 1 keV arises since hot dark matter is incompatible

with observed small scales in the power spectrum, as e.g., inferred from Lyman-α mea-

surements (see [205]). In contrast, a value of MN around a few keV, corresponding
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to warm dark matter, has interesting observational consequences. First, the produced

ΨN -particles have a characteristic momentum distribution, which may serve to confirm

or exclude this proposal of producing dark matter due to the effects of gravity [167].

Secondly, the non-negligible momenta that arise in this scenario may fit Lyman-α data

better than pure cold dark matter [249, 250].

• The Einstein-Cartan portal to dark matter is independent of a possible phase of infla-

tion since only a sufficiently high temperature Tprod is required in the early Universe.

However, it is interesting to consider this gravitational production of fermions after a

period of inflation driven by the Higgs field [251]. This proposal of Higgs inflation is

highly sensitive to the choice of formulation of GR [115, 122, 147, 166, 213]. We shall

consider the Palatini version [147] since it has favorable properties with regard to quan-

tum corrections [252] (see discussions in [253–255]). In this scenario, choosing universal

energy scales in the scalar and fermionic sector leads to α ∼ β ∼
√
ξ, where ξ ≈ 107

[167]. Then the observed abundance of dark matter is produced for MN around a few

keV, which leads to the observationally interesting case of warm dark matter discussed

above.

5.2 Portal to dark matter in metric-affine and Weyl gravity

Now we shall study a gravitational production of fermions in the metric-affine formulation of

GR. We consider the case in which the scalar field φ has a negligible expectation value. This

is true even if we identify φ with the Higgs field and take into account scenarios of Higgs

inflation, as long as inflation has ended and reheating has been completed. Keeping only the

leading terms in small φ, we obtain from eqs. (4.13), (4.14), (4.17), (4.18) and (4.20):

LAA ≃ P
(AA)
0

O0
AµA

µ , LV V ≃ P
(V V )
0

O0
VµV

µ , LAV ≃ 2
P

(AV )
0

O0
AµV

µ , (5.8)

LAφ ≃ 2
P

(Aφ)
0

O0
AµD

µφ2 , LV φ ≃ 2
P

(Aφ)
0

O0
AµD

µφ2 . (5.9)

All expressions for the polynomials in the numerator and denominator can be found using

[207] and are also displayed in appendix B.3. First, we shall consider the limit of EC gravity.

In the absence of non-metricity, the previous interaction terms reduce to:

LAA ≃ c10(a
A
1 )

2 + c20(a
A
2 )

2 − c30a
A
1 a

A
2

c230 − 4c10c20
AµA

µ , (5.10)

LV V ≃ c10(a
V
1 )

2 + c20(a
V
2 )

2 − c30a
V
1 a

V
2

c230 − 4c10c20
VµV

µ , (5.11)

LAV ≃ 2c10a
A
1 a

V
1 + 2c20a

A
2 a

V
2 − c30(a

A
2 a

V
1 + aA1 a

V
2 )

c230 − 4c10c20
AµV

µ . (5.12)

If we specialize momentarily to the non-minimal fermionic kinetic terms shown in eq. (2.32),

then eq. (4.12) fixes aV1 , a
A
1 , a

V
2 and aA2 in terms of α and β. Moreover, a purely gravitational
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action that only consists of the term 1
2R leads to c10 = −1

3 , c20 =
1
48 and c30 = 0, as is evident

from eq. (2.19). Plugging these choices back into eqs. (5.10) to eq. (5.12), we reproduce the

result of [123] as displayed in eqs. (5.2) to (5.4).

Now we shall go beyond this specific choice of parameters. First, already in EC gravity

the coupling of fermions to gravity generically features more than the two parameters α and

β. Namely, there are four a priori independent coupling constants even in the absence of non-

metricity (see eq. (4.7)). This makes the three coefficients of the AµA
µ-, VµV

µ- and AµV
µ-

interactions, which are shown in eqs. (5.10) to (5.12), independent. While a quantitative

analysis of such a situation remains to be performed, it is clear that the qualitative features

of the Einstein-Cartan portal to dark matter remain unchanged even for three independent

four-fermion interactions.

Next, we can discuss other formulations of GR. As noted in [59], EC gravity, which

features curvature and torsion, and Weyl gravity, in which curvature and non-metricity are

present, are equivalent for analogous choices of source terms. As a result, the gravitational

production of fermionic dark matter can equally well be implemented in the Weyl formulation.

Only a small difference arises when instead of coupling fermionic currents to irreducible

representations of torsion and non-metricity, one employs a non-minimal kinetic term (5.1)

since in this case the coupling of T̂ to fermions has no counterpart in Weyl gravity (see eq.

(2.32)). Instead of eqs. (5.2) to (5.4), one gets

LAA ≃ b10(a
A
3 )

2 + b20(a
A
4 )

2 − b30a
A
3 a

A
4

b230 − 4b10b20
AµA

µ =
3β2

16
AµA

µ , (5.13)

LV V ≃ b10(a
V
3 )

2 + b20(a
V
4 )

2 − b30a
V
3 a

V
4

b230 − 4b10b20
VµV

µ =
3α2

16
VµV

µ , (5.14)

LAV ≃ 2b10a
A
3 a

V
4 + 2b20a

A
3 a

V
4 − b30(a

A
4 a

V
3 + aA3 a

V
4 )

b230 − 4b10b20
AµV

µ =
3αβ

8
AµV

µ . (5.15)

For sufficiently large α and β, these operators have the same effect as their counterparts (5.2),

(5.3) and (5.4) in EC gravity. Once independent couplings of fermions to torsion and/or non-

metricity are included, corresponding to eq. (4.7), EC and Weyl gravity – and hence their

respective portals to fermionic dark matter – are fully equivalent.

Finally, we go to metric-affine gravity, which encompasses both the EC and Weyl formu-

lations as special cases. For the same choice of action as in [167], we can exploit the fact that

R and the covariant derivative of fermions are projectively invariant to set the combination

Qα − Q̂α to zero. This removes the coupling of fermions to non-metricity (see eq. (2.32))

and so we recover the result of the EC formulation as shown in eqs. (5.2) to (5.4). Thus,

these interactions can equivalently be viewed as predictions of metric-affine gravity, where

no assumption is required about the vanishing of non-metricity. If instead we allow for more

general choices of coupling constants, the four-fermion interactions in EC gravity, as displayed

in eqs. (5.10) to (5.12), will also be indistinguishable from those in metric-affine gravity shown

in (5.8): Dark matter is produced from the three possible four-fermion interactions, mediated

by AµA
µ-, VµV

µ- and AµV
µ-terms, which come with three a priori independent coefficients.
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Nevertheless, some quantitative features may be different as compared to the situation in-

vestigated in [167], both due to the independence of the four-fermion interactions and the

importance of the scalar-fermion channel mentioned above. We leave a detailed investigation

of these questions for the future.

We have demonstrated that the gravitational portal to dark matter proposed in [167] is

not specific to the EC formulation of GR. It also exists in Weyl and metric-affine gravity with

qualitatively the same features: A production of fermionic dark matter can be implemented

in a wide range of masses and without a finetuning of parameters. Moreover, a characteristic

primordial momentum distribution arises which can be used to probe this mechanism in the

case of warm dark matter. In summary, one can regard a gravitational portal to fermionic

dark matter as a generic feature of GR. In other words, the absence of this mechanism in

metric gravity appears as a peculiarity specific to this formulation of GR.

6 Conclusion

Our current understanding of fundamental physics rests on two pillars, namely the Standard

Model (SM) of particle physics and General Relativity (GR) as the description of gravity. Far-

reaching puzzles arise when the two are combined. Already at the classical level, a question

has remained unanswered about which formulation of GR one should employ. Since all of them

are fully equivalent in pure gravity, they have to be regarded as equivalent incarnations of one

and the same theory and thus represent an inherent ambiguity of GR. Once GR couples to

matter such as in the SM, the various versions of GR are no longer equivalent and generically

lead to distinct observables predictions. Thus, it is important to explore how concrete effects

depend on the formulation of GR.

To this end, we have employed metric-affine gravity. This formulation of GR is special

for two reasons. First, no assumptions are required about the geometry of gravity. Instead,

curvature, torsion and non-metricity are determined dynamically through the principle of

stationary action. Second, this version of GR encompasses the metric, Palatini, EC and Weyl

formulations as special cases and so the results obtained in metric-affine gravity can be carried

over automatically to these other incarnations of GR.

In a first step, we discussed the coupling of gravity to different matter fields. (Complex)

scalar fields and fermions generically interact with both torsion and non-metricity, sourcing

these two geometric features. In contrast, an analogous coupling is absent for vector fields

because of their gauge symmetry. Subsequently, we refined the criteria of [99] for constructing

an action of matter interacting with GR. The goal of such selection rules is to avoid assump-

tions as far as possible while still ensuring equivalence to the metric formulation of GR in the

absence of matter. In particular, they preserve the property that the only propagating degree

of freedom is the massless spin 2 graviton. Correspondingly, our criteria that we developed

in section 3.1 aim at capturing the minimal ambiguity that is inevitably contained in GR.

Using these selection rules, we subsequently constructed in eqs. (4.2) to (4.4) a model for

coupling (complex) scalar fields, fermions and gauge bosons to metric-affine gravity. In this
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way, we extended our study [59], in which we only considered a real scalar field, to encompass

all fields of the SM. Subsequently, we brought our theory to an equivalent form in the metric

formulation of GR, which leads to new geometry-induced interaction terms stemming from

the underlying presence of torsion and non-metricity. Together with the corresponding Math-

ematica code [207], this lays the groundwork for investigating phenomenological implications.

As a first example, we discussed a new mechanism for producing fermionic dark matter

candidates, which was first discovered in the EC formulation [167]. We showed that this

gravitational portal to dark matter is not unique to EC gravity but also exists in the Weyl

and metric-affine versions of GR with very similar predictions. This universality partly arises

as consequence of projective invariance of a non-minimal coupling of fermions to gravity.

Therefore, observational signatures of this gravitational dark matter production, such as a

characteristic primordial momentum distribution, can serve to distinguish metric gravity from

other formulations of GR. As a second phenomenon, it is known that scenarios of inflation

driven by the Higgs field are sensitive to the version of gravity [59, 115, 122, 147, 166, 213,

251]. Evidently, further approaches are needed to constrain and ultimately determine the

formulation of GR that is realized in Nature.
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A Covariant derivative of fermions

We shall review the construction of the covariant derivative of a fermion in gravity. Our

starting point is the spin connection ω AB
µ as introduced in eq. (2.23) via the derivative of a

vector V A:

∇µV
A = ∂µV

A + ω A
µ BV

B . (A.1)

In the non-coordinate basis, one is free to perform a Lorentz transformation as it preserves

the form of the metric: ηA′B′ = ΛA
A′ΛB

B′ηAB. Importantly, the Lorentz transformation can be

different at every point, making it local. Since a local Lorentz transformation ΛA′
A(x) acts as

V A′
= ΛA′

A(x)V
A, requiring covariance of ∇µV

A implies [4]

ω A′
µ B′ = ΛA′

AΛ
B
B′ω A

µ B − ΛC
B′∂µΛ

A′
C , (A.2)

where we drop the x dependence in the Lorentz transformation in the following. Crucially, we

observe that the inhomogeneous part of the transformation is anti-symmetric in the internal

indices. This holds true even if ω
(AB)

µ ̸= 0, i.e., if non-metricity is present. Moreover,
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we note that ω AB
µ transforms homogeneously under diffeomorphisms. Now we consider an

infinitesimal transformation,

ΛA
B = δAB + ωA

B , (A.3)

where ωBA = −ωAB are the generators of the Lorentz group. Then eq. (A.2) yields

δωµAB = ω C
A ωµCB + ω C

B ωµAC − ∂µωAB . (A.4)

A generic element Λ of the Lorentz group can be represented as [256]:

Λ = e−
i
2
ωABJAB

, (A.5)

and the generators JAB
R determine the transformation of a representation ϕi:

δϕi = − i

2
ωAB

(
JAB
R

)i
jϕ

j . (A.6)

For example, for a four-vector we have [256]:

(Jµν
vector)

ρ
σ = i (ηµρδνσ − ηνρδµσ) , (A.7)

whereas a Dirac spinor corresponds to:(
JAB
spinor

)ρ
σ
=
i

4
(γAγB − γBγA)ρσ , (A.8)

with the gamma matrices γA as defined in eq. (1.1). Note that the factor of i
4 is the right

convention to ensure that the generators satisfy the Lorentz algebra:[
Jκλ, Jµν

]
= igλµJκν − igκνJµλ − igλνJκµ + igκµJνλ . (A.9)

For a spacetime-dependent ωAB(x), the partial derivative of a Dirac spinor therefore trans-

forms as

∂µψ
′ = ∂µ (Λψ(x)) = Λ

(
∂µψ(x) +

1

8
∂µωAB(γ

AγB − γBγA)ψ(x)

)
. (A.10)

Therefore, covariance is lost for ∂µωAB ̸= 0. We can use the spin connection ω AB
µ to restore

covariance by defining

Dµψ = ∂µψ +
1

8
ω AB
µ (γAγB − γBγA)ψ . (A.11)

Indeed, it follows from eq. (A.4) that an infinitesimal local Lorentz transformation yields

δ (Dµψ − ∂µψ)
′ = −1

8
∂µωAB(γ

AγB − γBγA)ψ(x) , (A.12)

which precisely cancels the inhomogeneous contribution of eq. (A.10).
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B Details of computations to find the effective action

B.1 Solving for torsion and non-metricity

Varying the action with respect to the six tensors Tα, T̂α, tαβγ , Qγ , Q̂γ and qαβγ , we obtain

six equations of motions. For the action given in eq. (4.1), they are:

2C2T̂
α + C3T

α + E2Q
α + E4Q̂

α = Jα
1 ,

2C1T
α + C3T̂

α + E1Q
α + E3Q̂

α = Jα
2 ,

2B2Q̂
α +B3Q

α + E3T
α + E4T̂

α = Jα
3 ,

2B1Q
α +B3Q̂

α + E1T
α + E2T̂

α = Jα
4 ,

2B4qαβγ + 2B5q(βα)γ + 2D2ϵαλδ(βq
λδ
γ) +D3ϵαλδ(βt

λδ
γ) − E5t(βγ)α = 0 ,

2C4tαβγ + 2D1ϵαλδ[βt
λδ
γ] +D3ϵαλδ[βq

λδ
γ] + E5q[βγ]α = 0 .

(B.1)

For the vector parts Tα, T̂α, Qα and Q̂α, the solutions are:

Tα =
1

Z

4∑
i=1

Jα
i Xi , T̂α =

1

Z

4∑
i=1

Jα
i Yi , Qα =

1

Z

4∑
i=1

Jα
i Vi , Q̂α =

1

Z

4∑
i=1

Jα
i Wi . (B.2)

The common denominator reads

Z = 4B1

(
B2(−4C1C2 + C2

3 ) + C1E
2
4 + C2E

2
3 − C3E3E4

)
+ 4B2C1E

2
2 + 4B2C2E

2
1 − 4B2C3E1E2 +B2

3(4C1C2 − C2
3 )

+B3(−4C1E2E4 − 4C2E1E3 + 2C3E1E4 + 2C3E2E3)

− E2
1E

2
4 + 2E1E2E3E4 − E2

2E
2
3 ,

(B.3)

and the numerators are:

X1 = 4B1B2C3 − 2B1E3E4 − 2B2E1E2 −B2
3C3 +B3E1E4 +B3E2E3 ,

X2 = −8B1B2C2 + 2B1E
2
4 + 2B2E

2
2 + 2B2

3C2 − 2B3E2E4 ,

X3 = 4B1C2E3 − 2B1C3E4 − 2B3C2E1 +B3C3E2 + E1E2E4 − E2
2E3 ,

X4 = 4B2C2E1 − 2B2C3E2 − 2B3C2E3 +B3C3E4 − E1E
2
4 + E2E3E4 ,

(B.4)

Y1 = −8B1B2C1 + 2B1E
2
3 + 2B2E

2
1 + 2B2

3C1 − 2B3E1E3 ,

Y2 = 4B1B2C3 − 2B1E3E4 − 2B2E1E2 −B2
3C3 +B3E2E3 +B3E1E4 ,

Y3 = 4B1C1E4 − 2B1C3E3 − 2B3C1E2 +B3C3E1 − E2
1E4 + E1E2E3 ,

Y4 = 4B2C1E2 − 2B2C3E1 − 2B3C1E4 +B3C3E3 + E1E3E4 − E2E
2
3 ,

(B.5)

V1 = 4B2C1E2 − 2B2C3E1 − 2B3C1E4 +B3C3E3 + E1E3E4 − E2E
2
3 ,

V2 = 4B2C2E1 − 2B2C3E2 − 2B3C2E3 +B3C3E4 − E1E
2
4 + E2E3E4 ,

V3 = 4B3C1C2 −B3C
2
3 − 2C1E2E4 − 2C2E1E3 + C3E1E4 + C3E2E3 ,

V4 = −8B2C1C2 + 2B2C
2
3 + 2C1E

2
4 + 2C2E

2
3 − 2C3E3E4 ,

(B.6)
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W1 = 4B1C1E4 − 2B1C3E3 − 2B3C1E2 +B3C3E1 − E2
1E4 + E1E2E3 ,

W2 = 4B1C2E3 − 2B1C3E4 − 2B3C2E1 +B3C3E2 + E1E2E4 − E2
2E3 ,

W3 = −8B1C1C2 + 2B1C
2
3 + 2C1E

2
2 + 2C2E

2
1 − 2C3E1E2 ,

W4 = 4B3C1C2 −B3C
2
3 − 2C1E2E4 − 2C2E1E3 + C3E1E4 + C3E2E3 .

(B.7)

Plugging back the solutions for torsion and non-metricity into the action (4.1), we see that

the source part (4.3) simplifies to:

Ssources =

∫
d4x

√
−g 1

Z

4∑
i=1

[
− Jα

1 JiαYi − Jα
2 JiαXi − Jα

3 JiαWi − Jα
4 JiαVi

]
, (B.8)

while the quadratic contribution (4.4) becomes

Squadratic =

∫
d4x

√
−g 1

Z2

4∑
i,j=1

Jα
i Jjα

[
B1ViVj +B2WiWj +B3ViWj

+ C1XiXj + C2YiYj + C3XiYj

+ E1XiVj + E2YiVj + E3XiWj + E4YiWj

]
.

(B.9)

Now we have effectively integrated out torsion and non-metricity but the matter sector is

still non-minimally coupled to gravity through the term Ω2R̊ in Smetric given (see eq. (4.2)).

To simplify the analysis, we go to the Einstein frame where gravity is minimally coupled to

the matter sector. We achieve this by doing a conformal transformation of the metric:

gαβ → Ω−2gαβ , gαβ → Ω2gαβ ,

e A
µ → Ω−1e A

µ , eµA → Ω1eµA ,√
−g → Ω−4√−g ,

gαβR̊αβ → Ω2[gαβR̊αβ + 6gαβ(∇̊α∇̊β ln(Ω)− ∇̊α ln(Ω)∇̊β ln(Ω)] .

(B.10)

Torsion is not affected since it is completely independent of the metric. Note that technically,

non-metricity transforms non-homogeneously under this conformal transformation, but at this

point this is irrelevant since we have integrated out both torsion and non-metricity from the

action. One can see from eq. (B.10) that the scalar curvature R̊ transforms inhomogeneously

due to the non-trivial dependence of the Levi-Civita connection Γ̊γ
αβ on the metric gµν . This

leads to a modification of the kinetic terms of the matter sector, depending on the function

Ω. After applying criterion II, we shall see that Ω can only be a function of the norm φ of the

complex scalar field Φ. Therefore only the kinetic term of the complex scalar field will receive

contribution from the inhomogeneous part of the transformation of the scalar curvature. After

performing the conformal transformation (B.10), the metric action becomes:

Smetric =

∫
d4x

√
−g
[1
2
R̊− V (Φ,Ψ, Fµν)

Ω4
− 3

Ω2
gαβD̊αΩD̊βΩ

− K̃1

Ω2
gαβD̊αΦD̊βΦ

⋆ +
iK̃2

2Ω3
(Ψ̄γµD̊µΨ− D̊µΨγ

µΨ)− 1

4
K̃3g

µαgνβFµνFαβ

]
.

(B.11)
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We recall that the gamma matrices come with a tetrad γµ = e A
µ γA, so this is why the kinetic

term for the fermionic field in eq. (B.11) gets shifted by a factor of Ω−3, whereas the kinetic

term for the complex scalar field is only shifted by Ω−2. We note that the kinetic term for the

vector field does not change. On the other hand, the sources and quadratic part of the action

are simply multiplied by a factor of Ω−2, coming from the combination of the determinant of

the metric and a hidden metric tensor there to contract indices.

Finally, we can write suggestively the sum of these two ”effective” actions as:

Ssources + Squadratic =

∫
d4x

√
−g
Ω2

[
(Jα

1 )
2L11 + (Jα

2 )
2L22 + (Jα

3 )
2L33 + (Jα

4 )
2L44

+ Jα
1 J2αL12 + Jα

1 J3αL13 + Jα
1 J4αL14

+ Jα
2 J3αL23 + Jα

2 J4αL24 + Jα
3 J4αL34

]
,

(B.12)

where the Lij are coefficients that depend only on the other parameters.20 We can express

them compactly as:

L11 = −Y1

Z
+

Q11

Z2
, L22 = −X2

Z
+

Q22

Z2
, L33 = −W3

Z
+

Q33

Z2
, L44 = −V4

Z
+

Q44

Z2
,

L12 = −Y2 + X1

Z
+

2Q12

Z2
, L13 = −Y3 +W1

Z
+

2Q13

Z2
, L14 = −Y4 + V1

Z
+

2Q14

Z2
,

L23 = −W2 + X3

Z
+

2Q23

Z2
, L24 = −V2 + X4

Z
+

2Q24

Z2
, L34 = −W4 + V3

Z
+

2Q34

Z2
,

(B.13)

where the coefficients Qij are given by:

Qij =B1ViVj +B2WiWj +B3V(iWj) + C1XiXj + C2YiYj

+ C3X(iYj) + E1X(iVj) + E2Y(iVj) + E3X(iWj) + E4Y(iWj) .
(B.14)

As a result, we obtain eq. (4.6) shown in the main part.

B.2 Explicit interaction terms

Next we perform a field redefinition of the fermionic field Ψ to canonically normalize its

kinetic term:

Ψ → Ω3/2Ψ. (B.15)

After this second conformal transformation of the fermionic field and also taking into account

eq. (4.7), the action reads:

Smetric =

∫
d4x

√
−g
[1
2
R̊− V (Φ,Ω3/2Ψ, Fµν)

(1 + ξφ2)
− 3ξ2

4(1 + ξφ2)2
gαβD̊αφ

2D̊βφ
2

− 1

1 + ξφ2
gαβD̊αΦD̊βΦ

⋆ +
i

2
(Ψ̄γµD̊µΨ− D̊µΨγ

µΨ)− 1

4
gµαgνβFµνFαβ

]
.

(B.16)

20More explicitly, Lij solely depends on the remaining coefficients of interest, i.e., B1, B2, B3, C1, C2, C3,

E1, E2, E3 and E4.
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Clearly the potential term V may change after this second transformation and the fermionic

currents defined in eq. (4.9) and eq. (4.10) will also be shifted to:

Vα → Ω2Vα , Aα → Ω2Aα . (B.17)

Substituting the 4-current Jα
i given by eq. (4.7) into eq. (B.12), we arrive at interactions of

the form V -V , V -A, V -S, etc which can be written compactly as:

LAA = Ω2(
4∑

i≤j

Lija
A
i a

A
j )AµA

µ , (B.18)

LV V = Ω2(
4∑

i≤j

Lija
V
i a

V
j )VµV

µ , (B.19)

Lφφ = Ω−2(

4∑
i≤j

Lija
(φ)
i a

(φ)
j )D̊µφ2D̊µφ

2 , (B.20)

LΦΦ = Ω−2(
4∑

i≤j

Lija
(Φ)
i a

(Φ)
j )SµSµ , (B.21)

LAV = 2Ω2(
4∑

i≤j

Lija
A
(ia

V
j))AµV

µ , (B.22)

LAφ = 2(
4∑

i≤j

Lija
A
(ia

(φ)
j) )AµD̊

µφ2 , (B.23)

LAΦ = 2(
4∑

i≤j

Lija
A
(ia

(Φ)
j) )AµS

µ , (B.24)

LV φ = 2(
4∑

i≤j

Lija
V
(ia

(φ)
j) )VµD̊

µφ2 , (B.25)

LV Φ = 2(
4∑

i≤j

Lija
V
(ia

(Φ)
j) )VµS

µ , (B.26)

LφΦ = 2Ω−2(
4∑

i≤j

Lija
(Φ)
(i a

(φ)
j) )SµD̊

µφ2 . (B.27)

Notice that all the buildings blocks we need are the Lij coefficients, which we have derived

previously. The sum on i,j consists generally of 10 terms, because the whole expression is

symmetric in i,j. All types of interactions are spawn, and the form of equations is identical

up to that point. The only difference comes from the power of the Ω factors. Indeed, because

of the conformal transformation of the metric and of the fermion field, each term acquires

a different power of Ω depending on the presence of fermionic current. From eqs. (B.18) to

(B.27), we can derive eqs. (4.13) to (4.22) in the main part.
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B.3 Portal to dark matter in metric-affine gravity

The polynomials in eqs. (5.8) and (5.9) are given as follows. The common denominator reads

O0 =4b30c20e10e30 − 2b30c30e20e30 − 2b30c30e10e40 + 4b30c10e20e40 − 4b20c20e
2
10 − 4b20c10e

2
20

− 4b10c20e
2
30 − 4b10c10e

2
40 + 4b20c30e10e20 + 4b10c30e30e40 + b230c

2
30 − 4b230c10c20

− 4b10b20c
2
30 + 16b10b20c10c20 + e220e

2
30 + e210e

2
40 − 2e10e20e30e40 ,

(B.28)

and the polynomials in the numerators all have the same form:

P
(◦•)
0 = a

(◦
1 a

•)
1

(
b230c10 − 4b10b20c10 − b30e10e30 + b20e

2
10 + b10e

2
30

)
+ a

(◦
2 a

•)
2

(
b230c20 − 4b10b20c20 − b30e20e40 + b20e

2
20 + b10e

2
40

)
+ a

(◦
3 a

•)
3

(
b10c

2
30 − 4b10c10c20 − c30e10e20 + c20e

2
10 + c10e

2
20

)
+ a

(◦
4 a

•)
4

(
b20c

2
30 − 4b20c10c20 − c30e30e40 + c20e

2
30 + c10e

2
40

)
+ a

(◦
1 a

•)
2

(
−b230c30 + 4b10b20c30 + b30e20e30 + b30e10e40 − 2b20e10e20 − 2b10e30e40

)
+ a

(◦
3 a

•)
4

(
−b30c230 + 4b30c10c20 + c30e20e30 + c30e10e40 − 2c20e10e30 − 2c10e20e40

)
+ a

(◦
1 a

•)
3

(
b30c30e10 − 2b30c10e20 − 2b10c30e30 + 4b10c10e40 − e40e

2
10 + e20e30e10

)
+ a

(◦
1 a

•)
4

(
b30c30e30 − 2b20c30e10 + 4b20c10e20 − 2b30c10e40 − e20e

2
30 + e10e40e30

)
+ a

(◦
2 a

•)
3

(
b30c30e20 − 2b30c20e10 + 4b10c20e30 − 2b10c30e40 − e30e

2
20 + e10e40e20

)
+ a

(◦
2 a

•)
4

(
b30c30e40 + 4b20c20e10 − 2b20c30e20 − 2b30c20e30 − e10e

2
40 + e20e30e40

)
,

(B.29)

where ◦ and • can take the value V , A, φ.
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model,” JCAP 09 (2019) 050, arXiv:1904.03545 [gr-qc].

[160] H. Zhang and L. Xu, “Inflation in the parity-conserving Poincaré gauge cosmology,” JCAP 10
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