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SHAH: SHape-Adaptive Haar wavelet transform for
images with application to classification

Catherine Timmermans and Piotr Fryzlewicz

Abstract—We propose the SHAH (SHape-Adaptive Haar)
transform for images, which results in an orthonormal, adaptive
decomposition of the image into Haar-like components, arranged
hierarchically according to decreasing importance, whoseshapes
reflect the features present in the image. The decomposition
is as sparse as it can be for piecewise-constant images. It is
performed via an iterative bottom-up algorithm with quadra tic
computational complexity; however, nearly-linear variants also
exist. SHAH is rapidly invertible.

We use SHAH to define the BAGIDIS semi-distance between
images. It compares both the amplitudes and the locations ofthe
SHAH components of the images and is flexible enough to account
for feature misalignment. Performance of the SHAH+BAGIDIS
methodology is illustrated in regression, classification and clus-
tering problems and shown to be very encouraging.

A clear asset of the methodology is its very general scope: it
can be used with any images or more generally with data that
can be described as graphs or networks.

Index Terms—Adaptive transformations, greedy algorithms,
multiscale, sparsity, dissimilarity, statistical learning.

I. I NTRODUCTION

I N this paper, we develop a new paradigm for investi-
gating gray level images. Our main proposal is a new

transformation for such images, termed the SHape-Adaptive
Haar (SHAH) transform. We will often use the acronym
SHAH to refer to the transform itself. The input to SHAH
is an object called an Intensity Network, made up of a graph
(whose nodes are the pixels and the edges define a topology
accounting for neighborhood relationships between the nodes),
a codebook (which encodes the location of the nodes) and a
set of intensities associated with the nodes. With some abuse
of terminology, our use of the term “image” below will often
imply that there is an Intensity Network associated with that
image.

The SHAH transform encodes the Intensity Network in a
unique, invertible, and (often) sparse way. SHAH describes
the image in a hierarchical (multiscale) fashion, as a ranked
collection of weighted level differences between pairs of zones
in the image, the most informative ones being ranked first.
Thus, it provides a natural decomposition of the image as a
set of features ordered according to their importance for the
image description. It bypasses the classical ‘dyadic’ notion of
wavelet scale.
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Two representations of the SHAH transform are described in
the paper. Firstly, SHAH can be viewed as a series of recursive
operations on the Intensity Network, which is how it is im-
plemented in practice in order to minimise the computational
effort. The operations start on the pixel-to-pixel level and then
proceed to larger and larger regions of the image in a ‘bottom-
up’ fashion. Secondly, SHAH is a projection of the image on a
particular image-adapted multiscale orthonormal basis; hence
the name ‘shape-adaptive’. This interpretation of SHAH helps
understand its hierarchical nature and potential for obtaining
sparse representation of images. From this perspective, the
transform may be seen as a particular Haar-like transform,
and our work might be seen as a two-dimensional extension
of the one-dimensional Unbalanced Haar transform of [1].
We emphasise again that unlike the traditional Haar wavelet
transform, the Haar-like basis in our construction is itself
adapted to the features of the image.

The second contribution of this work is to propose a new
dissimilarity measure for images, taking as its input the SHAH
transforms of both images. Our SHAH-based dissimilarity
measure uses a weighted norm to compare the SHAH sig-
natures (i.e. outputs of the SHAH transform) of the two
images, and can be shown to be a semi-distance. It may be
interpreted as follows: either image gets hierarchically encoded
in a different basis that is best suited to it. We then compare
both the bases themselves and the projections of the images
onto them. The resulting semi-distance is termed BAGIDIS

(Bases Giving Distances), for compatibility with [2] where
a related idea was suggested for comparing one-dimensional
signals and which our approach extends.

The BAGIDIS semi-distance between images compares both
the intensities and the locations of features in the image.
Therefore, it may be able to capture the similarity of images
that are misaligned, which is often desirable in practical
applications. Depending on the problem at hand, the focus
of BAGIDIS can be placed on intensity differences, location
differences along one axis or the other, or any combination of
those at different hierarchical levels in the description of the
images.

As it can be used in association with any distance-based
algorithm, BAGIDIS may be used in a wide range of statistical
problems, such as prediction, classification, data visualization,
testing, etc. For instance, it can be used in association with
multidimensional scaling [3], functional nonparametric regres-
sion and discrimination models [4] or k-NN algorithms [5].

It is worth emphasizing that the methodology we propose
applies to more general data structures than merely images,
although we restrict ourselves to the latter in the present work.
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Both the SHAH transform and the BAGIDIS semi-distance can
be applied to any data that can be encoded as an Intensity
Network, i.e. a graph whose nodes are associated with a given
intensity and are rooted in a normed, not necessarily two-
dimensional, space.
The paper is organised as follows. Section II defines the SHAH
algorithm and describes some of its properties. Section III
introduces the BAGIDIS semi-distance for comparing images
and discusses how it can be used in association with distance-
based algorithms. Unusually, we defer the literature review
to Section IV; this is done so that we can locate our work
within the vast existing image processing and graph theory
literature with a more detailed picture of our methodology in
mind. Section V investigates some simulated and real data
examples, and Section VI concludes.

II. T HE SHAPE-ADAPTIVE HAAR TRANSFORM FOR

IMAGES

The SHape-Adaptive Haar (SHAH) transform for images
is an algorithmic tool for encoding images in a sparse, data-
driven, invertible, hierarchical way. The input to SHAH is an
object we call an Intensity Network, constructed as follows.
Consider a gray level image, stored as a real-valued matrix
of dimensionN × M . Then, draw anetworkon this image.
Each pixel is anodeof this network, and each node is related
by edgesto its four nearest neighbours (in the left, right,
top and bottom directions respectively). This graph structure
mathematically encodes the idea of neighbourhood between
the pixels of the image; more complex topologies are possible
but we do not pursue it in this work. Associate an orientation
to the edges so that each of them consists in an input node
and an output node. Give a unique label to each node. Store
the mapping relating those labels to the Cartesian coordinates
of the pixels in a codebook. Moreover, associate a uniform
weight to all the nodes of the network, as the information
they store (i.e. the value of the related pixel) isa priori equally
important in the image description. The object comprising the
pixel values (theNM real values stored in anN×M matrix)
and the graph structure (which consists of theNM nodes and
2NM−N−M edges) rooted in space through the codebook is
termed anIntensity Network. An example of such an Intensity
Network can be found in Figure 2.

Smoothing the image:The idea of the SHAH transform
is to progressively smooth the image in a data-adaptive way,
while retaining as much information as possible about the
current image in each smoothing step. In practice, compute
(weighted) differences between pairs of neighbour nodes along
each edge. Those differences are calleddetails. Identify the
smallest detail (in absolute value) and replace the values of the
corresponding linked nodes by their (weighted) average. Then,
reduce those two nodes to a single node in the network, which
is given a larger weight due to the increased number of pixels
it encodes. Finally, update the graph structure of the network
consequently, by removing the edge between the linked nodes.
Since the detail being replaced is the smallest one, the lossof
information is the smallest possible. This reduction process is
iteratedNM − 1 times, up to the point where the image is

Fig. 1. A schematic illustration of the SHAH algorithm. Illustrations refer
to the first iteration of the algorithm.

finally reduced to a single node. Figure 1 illustrates the first
iteration of this smoothing process. Figure 4 shows an example
of how the graph structure might evolve along the reduction
process.

Encoding the transform:At each iteration of the algo-
rithm, store the labels of the nodes that are reduced as well as
the (weighted) difference between them. Thus, each iteration
returns three values: the input node label, the output node label
and the selected detail, the latter being the (weighted) value
at the output node minus the (weighted) value at the input
node of the edge. There areNM − 1 iterations for reducing
an N ×M image to a single node, associated with a unique
real value for the reduced image. The complete reduction
process can thus be stored in two column vectors: one of
them encodes the(NM − 1) edges and the other encodes
the (NM − 1) detail coefficients, which can be interpreted
as intensity differences. Both of the vectors are constructed
element by element, from bottom to top. In addition, the (very)
top element of either vector stores, respectively, a degenerate
edge linking the remaining node to itself, and the associated
value of intensity. Those two vectors combined with the spatial
information stored in the codebook define the SHAH transform
of the image. Although more details on the SHAH transform
will be provided later on in this Section, an illustration can
already be found in Figure 3.

A. The SHAH algorithm

In this section, we provide the algorithmic details of the
SHAH transform.

Input: an image described as an Intensity Network:The
Intensity Network (IN) of an imageI is defined as a set
{D(p), E IN, X(p)}, where

• D(p) is a codebook. It encodes the coordinates of thep
points in the image, identified by labelsl = 1 . . . p. Those
points are the locations of thep nodes of the network.

• E IN is a graph. It is a ranked set ofE oriented edges
ǫl = (j, k), l = 1 . . . E, with j, k ∈ {1, . . . , p}, j 6= k,
identifying the linked nodes. In the case when no natural
orientation exists for the edges, any choice is equally
convenient but an orientation is required for the transform
to be invertible.
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Fig. 2. Right: a typical Intensity Network. Left: the image it refers to. The
codebook encodes thelocation of the pixels. The graph structure encodes the
neighbourhood relationshipsbetween the pixels. The intensity vector encodes
the valuesof the pixels.

• X(p) is a vector of intensities. It is a real-valued vector
of lengthp encoding the intensities of the imageI at the
successive points defined inD(p).

A typical example is as follows.

• The imageI is a gray level image ofN × M pixels
encoded as a matrixA.

• D(p) = {(j, k)}j=1...N,k=1...M with j, k defining row and
column indices inA. The points are labelledl = 1 . . . p,
with p = NM .

• X = {Xl}l=1...p, whereXl = ajk is the gray level of
the pixel with coordinates(j, k) associated with the label
l in A.

An example is provided in Figure 2. This typical form of the
Intensity Network will be used for all examples and applica-
tions in this paper. However, more complex networks can also
be considered. On the other hand, a simple one-dimensional
example of an Intensity Network would be a sampled curve,
with edges linking the consecutive measurement points. In
this setting, our methodology would permit the analysis of
a time series or, more generally, a univariate signal. The one-
dimensional version of SHAH, termed Unbalanced Haar (UH)
was introduced in [1] and applied to curve classification in [2].

Output: the SHAH transform of the Intensity Network:
The SHAH transform of an imageI is defined as the set
{D(p), EOUT, d(p)}, where

• D(p) is the samecodebookas in the input.
• EOUT is a graph. It is a ranked set ofp oriented edges

ǫl = (j, k), l = 0 . . . p− 1, with j, k ∈ {1, . . . , p}, j 6= k
identifying the linked nodes. Edgeǫ0 links to itself and
j = k for this edge.

• d is a vector ofintensity differences. It is a real-valued
vector of lengthp encoding the intensity differences
associated with the edges successively defined inEOUT.
The value d0 is an intensity instead of an intensity
difference.

As an example, the output of the SHAH transform of the
Intensity Network from Figure 2 is in Figure 3.

The algorithm: The algorithm, detailed below, is also
illustrated in Figure 4.

Fig. 3. SHAH of the Intensity Network from Figure 2.

Fig. 4. A schematic illustration of SHAH applied to the imagefrom Figure
2. The network is iteratively reduced by one node at each iteration. The nodes
selected for reduction are indicated in gray. The labels of the input and output
nodes as well as the detail coefficients returned at iteration k are indicated
below each image.

The SHAH algorithm

Input:
INTENSITY NETWORK= {D(p), EIN, X}

Output:
SHAH= {D(p), EOUT, d}

Notation:
Index i tracks the current iteration;
E(i) is the set of edges in the network at iterationi: E(i) = {ǫl =
(j, k)}
X(i) is the value of the nodes remaining in the network at iteration
i.
j(i) = {wl}l=1...p−i is a set of weights associated with thep− i

nodes remaining in the network at iterationi.
Initialization:

i := 1;
E(1) := EIN

X(1) := X

for j = 1 . . . p, wj := 1.
Iteration #i:

1) Compute ‘details’dl along each of the edgesǫl = (j, k) in
E(i):
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dl :=
wj

√

w2
j
+w2

k

Xk − wk
√

w2
j
+w2

k

Xj .

2) Select an edgeǫl∗ with the minimum absolute value of detail:
l∗ := argminl |dl|.
In case of multiple equal minimum values|dl|, select the
smallest indexl. Note ǫl∗ = (j∗, k∗).

3) ‘Smooth’:
Xj∗ :=

wj∗Xj∗+wk∗Xk∗

√

w2
j∗

+w2
k∗

.

Xk∗ := Xj∗ .

4) Encode the partial value of SHAH:
EOUT
p−i := (j∗, k∗).

dp−i := dl∗ .

5) Reduce the network and prepare next iteration:
UpdateEi by replacing all indexesk∗ by j∗.
Discard duplicate edges inEi, retaining only the first occur-
rence of each edge.
This definesE(i+1).

w(i+1) := { w1, . . . , wj∗−1,
√

w2
j∗

+w2
k∗

, wj∗+1,

. . . , wk∗−1, wk∗+1 . . . wp−i+1}.

X(i+1) := { X1, . . . ,Xj∗−1,Xj∗ ,Xj∗+1,

. . . ,Xk∗−1,Xk∗+1 . . . Xp−i+1}.

i := i+ 1.
6) Back to Step 1, until length(X(i)) = 1.

Final step:
EOUT
0 := (j∗, j∗).

d0 := X(p)
√

p
.

B. Computational complexity

In the version described above, the computational complex-
ity of the SHAH algorithm is quadratic in the number of
pixels, i.e. is of computational orderp2. This is because at
each iterationi, all the edges are examined.

However, other variants of the SHAH algorithm are pos-
sible, with substantially reduced computational complexity.
We outline some ideas below; they will be reported in detail
elsewhere.

• Examination of a fixed number of edges.Substantial
computational cost can be saved if only a pre-set number
of edges (not exceeding a constant), are examined at each
iteration i. The edges can be selected in a deterministic
or random way. This would result in an algorithm of
computational orderp, i.e. linear in the number of pixels.

• Two- or multi-stage algorithm.For an image of sizeN ×
N , firstly divide the image into(N/k)2 non-overlapping
sub-images, each of sizek×k. Execute the algorithm on
each sub-image separately (stage 1), then execute it on
the resultingN/k ×N/k matrix of coefficientsd0 from
each sub-image (stage 2). The computational complexity
is then(N/k)2k4 + (N/k)4, which attains its minimum
whenk = N1/3, resulting in the complexity ofN8/3 =
p4/3. The algorithm can be executed similarly in more
stages than one, bringing the computational complexity
arbitrarily close to linear, if the number of stages is large
enough.

• Removal of multiple nodes at once.In the version de-
scribed above, one node is removed at each iteration.
An alternative might be to remove multiple nodes, cor-
responding to a number of smallest detail values. For

example, removing half of the remaining nodes at each
iteration brings the complexity of the algorithm within a
logarithmic factor of linear.

If, in addition to the output described in Section II-A, the
SHAH algorithm stores the filter coefficientwj∗/

√

w2
j∗ + w2

k∗

used at each iterationi, the inverse SHAH transform is per-
formed by simply reversing the steps of the SHAH algorithm.
The computational complexity of the inverse SHAH transform
is then linear in the number of pixels.

C. Properties of SHAH

In this section, we briefly summarise the key mathematical
properties of SHAH. The proofs are straightforward, so we
omit them.

1) SHAH as a data-driven orthonormal decomposition of
the image.At iteration i of the SHAH algorithm, each
dp−i can be represented as the inner product of the
original imageX and an imageΨp−i, where

• Ψp−i is selected in a data-driven way at each
iteration i,

• Ψp−i has mean zero, except wheni = p,
• Ψp−i is orthonormal to all previously selectedΨk,

k > p− i.
Therefore,{Ψk}

p−1
k=0 is an orthonormal basis and

X =

p−1
∑

k=0

dkΨk. (1)

Further, due to the Parseval identity, the total energy
(i.e. the sum of squares) ofX equals

∑p−1
k=0 d

2
k. An

example of the basisΨk is provided in Figure 5. The
orthonormality ofΨk is a simple consequence of the
orthonormality of the ‘detail’ and ‘smooth’ filters used
at each iteration of the algorithm. SHAH is, obviously,
an invertible transform.

2) Hierarchical nature and Haar-like character of the basis
Ψk. Let supp(Ψk) denote the support ofΨk, i.e. the
domain on which it is non-zero.

• For eachk = 1, . . . , p−1, supp(Ψk) consists of two
contiguous adjacent zones such thatΨk is constant
positive on one and constant negative on the other.
Ψ0 is positive and constant on the entire domain.

• The structure of the basisΨk is hierarchical is the
sense that if the supports ofΨl and Ψk overlap
and l < k, then supp(Ψk) must be contained either
within the zone whereΨl is positive or the zone
where it is negative.

These properties are reminiscent of the Haar wavelet
basis. However, here, the key difference is that the
supports ofΨk are determined by the data and can
have arbitrary contiguous shapes, as is apparent from the
example in Figure 5. This is because the basis images
Ψk are chosen adaptively from the data at each iteration
of the algorithm.

3) Sparsity of representation and energy concentration.
• For eachk = 1, . . . , p−1, if supp(Ψk) is contained

within a region whereX is constant, then the
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Fig. 5. Basis functions{Ψk}k=p−1...1 for the image of Figure 2, obtained
in the order of their construction, from rankk = p − 1 (top left) to rank
k = 1 (bottom right). The remaining basis functionΨ0 is constant. The basis
functions are orthonormal and, except forΨ0, reflect level changes between
contiguous zones in the image.

correspondingdk = 0. This is a consequence of
the mean-zero property ofΨk.

• Consequently, by the construction of the SHAH al-
gorithm, for a piecewise-constant imageX , the final
elements of the vector(d0, d1, . . . , dp−1) will be
zero. The only non-zero elements, besides possibly
d0, will be d1, . . . dZ−1, whereZ is the number
of zones of contiguous identical values inX , the
notion of contiguity being defined by the linkage
structure of the network. Therefore, SHAH encodes
the edges of such an image in the sparsest possible
way. See Figure 6 for an illustration.

• For non-piecewise-constant (e.g. noisy) images, the
SHAH algorithm is an attempt to achieve the same
effect, i.e. to concentrate as much energy of the
imageX in as few initial coefficientsd1, d2, . . . as
possible, and therefore to represent its significant
features sparsely. An illustration of this property
will be provided in Section V.

We also mention that SHAH can be seen as a process of
iterative dimension reduction of the image, with minimum loss
of information at each step. Alternatively, it can be interpreted
as an agglomerative-type algorithm where pixels, each initially
forming a separate zone, get progressively grouped into con-
tiguous zones according to a specific criterion.

We end this section by defining a particular arrangement of
the information contained in the output of SHAH, which we
term thesignatureof the image. We define is as a matrix of
dimensionp × 5, whosekth row, k = 0 . . . p − 1, is related
to rank k in the basis expansion (1). Its first two elements
contain the Cartesian coordinates(x1, y1) of the input node at
rank k, next two – the Cartesian coordinates(x2, y2) of the
output node at rankk. The final element isdk. An example
is given in Figure 7. This notation will be useful to us in the
next sections.

III. T HE BAGIDIS SEMI-DISTANCE BETWEEN IMAGES

The BAGIDIS semi-distance for curves was introduced in
[2] as a data-driven and highly adaptive way for comparing
curves with possibly misaligned sharp local patterns. Its good

Fig. 6. The “space invader” image (top row), being a black andwhite image
with 8 zones of contiguous identical values, numbered from 1to 8. 2nd and
3rd rows: basis functionsΨk associated with the non-zero detail valuesdk,
from rankk = 7 (second row, left) to k = 1 (third row, right).

Fig. 7. The signature of the image from Figure 2.

classification and discrimination performance was reported in
[2], [6], [7]. In this section, we extend BAGIDIS to images.

BAGIDIS for curves takes as its input the Unbalanced Haar
[1] decompositions of both curves. Similarly, BAGIDIS for
images will operate on the SHAH transformations of both
images. BAGIDIS does not require preliminary knowledge of
what the images may represent. This sets it apart from many
methods based onlandmarks, which are designed for images
containing particular features.

A. Definition

The BAGIDIS semi-distance provides a measure of the
dissimilarity of pairs of images observed on the same grid
of measurements. The compared images are first described
through their Intensity Networks, with an identical codebook
and an identical graph component. The SHAH transforms
of both images are then computed and represented as their
signaturess(i)k = (x

(i)
1k , y

(i)
1k , x

(i)
2k , y

(i)
2k , d

(i)
k ) for i = 1, 2.

BAGIDIS compares imagesI(1) andI(2) hierarchically in the
following way.
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dBAGIDIS (I(1), I(2))

=

p−1
∑

k=0

(

αk(x
(1)
1k − x

(2)
1k )

2 + βk(y
(1)
1k − y

(2)
1k )

2

+ γk(x
(1)
2k − x

(2)
2k )

2 + δk(y
(1)
2k − y

(2)
2k )

2

+ ǫk(d
(1)
k − d

(2)
k )2

)1/2

=

p−1
∑

k=0

∥

∥

∥
s
(1)
k − s

(2)
k

∥

∥

∥

2,pk

(2)

wherepk = (αk, βk, γk, δk, ǫk) is a vector of parameters in
R

5
+. Notation ‖·‖2,pk

indicates that the contribution of rank
k to the distance is a semi-2-norm, weighted by the parame-
terspk. The semi-norm property arises since the parameters

αk, βk, γk, δk and ǫk can be0 so that
∥

∥

∥
s
(1)
k − s

(2)
k

∥

∥

∥

2,pk

= 0

does not necessarily implys(1)k = s
(2)
k . However, (2) satisfies

the triangle inequality and the property thatdBAGIDIS (I, I) = 0.
Such rich parameterization tends to be unmanageable in

practice. The following more constrained form might be more
appropriate:

dBAGIDIS (I(1), I(2))

=

p−1
∑

k=0

wk

(

λx

(

(x
(1)
1k − x

(2)
1k )

2

+ (x
(1)
2k − x

(2)
2k )

2
)

+ λy

(

(y
(1)
1k − y

(2)
1k )

2

+ (y
(1)
2k − y

(2)
2k )

2 + λD(d
(1)
k − d

(2)
k )2

)1/2

(3)

wherewk is a non-negative weight function andλx, λy, λD

are scaling parameters satisfying0 ≤ λx, λy, λD ≤ 1 and
λx+λy+λD = 1. The parametersλx, λy, λD are responsible
for variations along thex axis, along they axis, and changes in
the intensity, respectively. (3) is a direct extension of BAGIDIS

for curves from [2].

B. Discussion of theBAGIDIS semi-distance

BAGIDIS compares the signatures of the two images, which
can be viewed as “paths” in theR5 space. The hierarchy
induced by SHAH makes the paths comparable from one
image to another. One might expect the initial parts of the
paths to reflect the main (most important) features of the
images, and their final parts to reflect patterns of decreasing
importance and ultimately noise.

The choice of the parameterspk is key. As is often the
case in this type of problems, the selection rule should be
flexible enough for BAGIDIS to be able to extract relevant
information about the discriminative patterns in the images,
but on the other hand constrained enough to prevent overfit.
Later, we discuss the choice ofpk in some practical settings.
In addition,pk may be used to incorporate prior knowledge
of the differences between the images. Finally,pk can also
be used as an exploratory tool for diagnosing what makes the
images different.

Thanks to the SHAH transform underlying the BAGIDIS

semi-distance, the latter fully takes into account the notion
of neighbourhood between the pixels, which permits the
identification of important regions/features in the image and
ultimately their comparison in a simple way. A key property
is that BAGIDIS compares both the locations and intensities
of the patterns. Finally, we emphasise the fact that BAGIDIS

does not require any preliminary smoothing or registrationof
the images.

C. Practical use ofBAGIDIS

BAGIDIS can fit within any distance-based method for
dataset visualization, unsupervised discrimination or predic-
tion in a supervised setting. Multidimensional scaling [3],
Ward’s hierarchical algorithm [8] and nonparametric func-
tional regression [4] are examples of algorithms that can
be used with BAGIDIS in those different areas, respectively.
Furthermore, the descriptive statistics and tests, specifically
designed for BAGIDIS for curves [2], can be extended to
images. Key to all these uses is a suitable selection of the
parameters to be used in formula (3), which is typically
achieved through an optimization strategy, and done differently
depending on whether the problem falls into the ‘supervised’
or ‘unsupervised’ learning category. We now discuss the two
cases in detail.

Supervised learning: Leave-one-out cross-validation
within a training set, optimising either e.g. the mean square
error (MSE) of prediction (in regression problems) or the num-
ber of misclassifications (in classification problems), canbe
used to select the parameters of BAGIDIS in supervised learn-
ing. Theoretical efficacy of such a scheme has been proved in
the case of functional nonparametric kernel regression [4]in
[6]. To save computational time, the examples of Section V
use a CV scheme where the weightswk in (3) are chosen to
be a step function taking the value of 1 up to a certain rank
k (to be chosen via CV) and 0 thereafter. A computationally
cheaper alternative, also illustrated in Section V, might be to
only select those components of the signature that significantly
relate to the response, e.g. through a significant correlation
with the response in the case of regression problems.

Unsupervised learning: In unsupervised learning,
we use the following procedure to select the parameters
of BAGIDIS in Section V. Consider the signatures
(x

(i)
1k , y

(i)
1k , x

(i)
2k , y

(i)
2k , d

(i)
k )p−1

k=0 of each of thei = 1, . . . , N
images. We view them as5p vectors of lengthN , which
define the5p variables, each of which may or may not be
included in the computation of the distance, depending on
the parameterization. We use vector quantization (in this case
the K-MEANS algorithm [9]) to define groups of variables
displaying similar behaviour. A suitable number of groups is
chosen in a heuristic way using an elbow criterion. In each
group one variable is randomly chosen as a representative
and is set to beactive (i.e. it is associated with parameter
1), while the other ones are set to beinactive (i.e. associated
with 0) in the semi-distance. The hope is that variables
with a significant discriminative role will have a sufficiently
different behaviour to form a group by themselves. Similarly,



SHAH: SHAPE-ADAPTIVE HAAR WAVELET TRANSFORM FOR IMAGES WITH APPLICATION TO CLASSIFICATION 7

it is hoped that the variables that do not carry discriminative
information will be sufficiently grouped so that they do
not have much weight in the semi-distance. This procedure
drastically reduces the dimensionality of the semi-distance.
It may be tested several times with different random choices
of the representatives in each group, in order to assess the
stability of the result.

IV. L ITERATURE REVIEW

The SHAH transform falls into the category of “multiscale
representation of images”. (Nonadaptively selected) wavelet
bases are a canonical example of a tool used to achieve
such representations, and early surveys of their use in image
processing can be found in [10] or [11]. Wavelets, although
widely used and relatively well understood, suffer from inef-
ficacies in capturing non-horizontal or -vertical featuresin an
image;curvelets[12] attempt to remedy this by using a more
flexible family of building blocks, which are also not selected
adaptively.

In contrast to wavelets or curvelets, the building blocks
Ψk of the SHAH transform are selected adaptively from the
data. A recent review of adaptive image representations can
be found in [13]. The principle of adaptivity (although not
the particular construction used in SHAH) is shared by a
number of “-let” transforms, includingbandletsof [14] (see
also [15] for a review of related techniques),wedgelets[16],
[17], tetrolets [18] and the Easy Path Wavelet Transform
[19]. Grouplets [20] preserve the classical notion of scale
and grid subdivision present in the Haar or lifting transforms
(see below for references to lifting), but equip the standard
Haar transform with an “association field” that groups together
points that are not necessarily neighbours. This leads, in a
context different from that in SHAH, to similar Haar-like
filtering operations with not necessarily equal weights as those
in SHAH. We emphasise that in contrast to grouplets, SHAH
completely circumvents the classical notion of wavelet scale.
Other approaches to image processing (in this case, denoising)
which can be viewed as adaptive but do not use the notion of
decomposition or hierarchy are, for example, adaptive weight
smoothing [21] and penalized regression on a graph [22]. A
recent review of image denoising techniques can be found in
[23].

Regarding the prediction of an external response from an
image, one may distinguish four broad families of meth-
ods, mostly originating from image classification and pattern
recognition literature. Firstly, methods which compare images
throughlandmarks, i.e. specific features present in each image
in a dataset, such as e.g. facial features (eyes, nose, mouth) in
face recognition problems [24]. The SHAH+BAGIDIS method-
ology does not fall into this class as it does not require any
prior registration of features. Moreover, it does not require
a preliminary knowledge of what the image represents. Sec-
ondly, methods that compare images through suitably chosen
vectors of features, such as colour histograms, measures of
image coarseness, contrast, etc., computed either for the entire
image [25] or localised [26], and then used in a distance
measure. The key difference with SHAH is that in this class

of methods, the dimensionality reduction process is non-
adaptive. Thirdly, methods that compute distances betweenthe
images directly, without relying on a preliminary dimension
reduction. These include the Euclidean (L2) Manhattan (L1)
and Hausdorff [27] distances. Finally, methods that initially
use dimension reduction via e.g. principal components [4],
which we feel SHAH+BAGIDIS bears the most similarity to,
although we emphasise again that one unique feature of SHAH
is that the decomposition it provides is into a set of particularly
simple functions, which may make it more interpretable than
these techniques. Moreover, as discussed in [2] and [6] in
the framework of curve comparison, computing a distance
between principal components is a powerful technique as long
as the significant patterns to be compared are perfectly aligned
across a dataset. This limitation was the initial motivation for
defining the BAGIDIS methodology for curves [2]. Another
interesting robust technique is IMED, [28]; however, unlike
BAGIDIS, it cannot be tuned to extract specific patterns in the
image. The problem of misalignement of patterns in images is
often tackled by registering the images [29] before computing
a distance between them. However, this implies that spatial
misalignment cannot be used as discriminative signal (unlike
in BAGIDIS).

We end this section with a brief review of existing wavelet-
like methods for graphs outside of the image context. [30]
and [31] define wavelets on graphs by studying eigenvalues
of the graph Laplacian; the latter takes the form of a matrix
encoding the connectivity of each node and edge. [32] uses the
powers of a diffusion operator as the scaling tool leading to
multiscale analysis. Several variants of their ideas [33],[34]
lead to different wavelet constructions. [35] uses then-hop
distance (the minimal number of edges one has to travel to
go from the central node to another) to define wavelets on
the graph. [36] uses the lifting algorithm akin to that of [37]
to construct wavelets on graphs using a bottom-up approach
where wavelets between the nearest nodes get constructed first.
Some authors also have defined wavelet transforms specifically
designed for the dendrogram: [38] uses Haar bases, while [39]
generalizes to unbalanced Haar. [40] iteratively reduces the
graph by replacing two (groups of) nodes by a single one,
but unlike in SHAH, the graph structure is not used in the
reduction process. The latter method is closely related to the
idea behindtreelets[41], defined for unordered data.

V. A PPLICATIONS

A. The multizone noisy image

This example illustrates the ability of SHAH to segment a
noisy multizone image. We consider the image in Figure 8,
containing 6 different zones whose intensities vary between
0 and 50. We contaminate it with zero-mean Gaussian noise,
with standard deviationsσ set to 1, 5, 8. For each of those
noisy images, the SHAH transform is performed. If there were
no noise, the only basis matrices carrying the signal would be
Ψ0,Ψ1, . . . ,Ψ5. Figures 9, 10 and 11 show the three noisy
images, with successive levels of noise, and the associated
basis matricesΨ1, Ψ2 . . .Ψ5 (the basis matrixΨ0 is always
constant, by construction). Perfect extraction is achieved for
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Fig. 8. Multizone image without noise. The intensities of the pixels are
recorded on a black to white scale from 0 to 50.

Fig. 9. From top left to bottom right, by row:Multizone image withN(0, 1)
noise; its basis matricesΨ1 to Ψ5. The intensities of the basis matrices are
on a blue to red scale with white representing 0.

Fig. 10. From top left to bottom right, by row:Multizone image withN(0, 5)
noise; its basis matricesΨ1 to Ψ5. The intensities of the basis matrices are
on a blue to red scale with white representing 0.

Fig. 11. From top left to bottom right, by row:Multizone image withN(0, 8)
noise; its basis matricesΨ1 to Ψ5. The intensities of the basis matrices are
on a blue to red scale with white representing 0.

σ = 1 and σ = 5. When σ = 8, the algorithm still detects
the significant zones, although the shapes of the two least
significant ones (the cross in the middle and the triangle in
the bottom left) are not reproduced exactly. However, it is
remarkable that these zones have been identified at all, given
that even their visual identification in the noisy image is
challenging.

B. The moving pixel

We now illustrate the ability of BAGIDIS (versus competi-
tors) to capture the relevant variations of a signal regarding the
location or the intensity of a simple pattern in a noisy setting.

Three test scenarios are considered. They all involve5× 5
images whose noiseless pixels have values zero except at
one randomly selected location (the “moving pixel”) whose
intensity varies according to the scenario. In each case, a
dataset of 90 images (70 training + 20 test) is generated and
Gaussian noise with standard deviationσ is added. Each image
is related to a scalar valueY , determined according to the
scenario. The goal is to predictY .

• Scenario 1: Capturing the location of a moving pixel.
The noiseless intensity of the moving pixel is 10;Y is
the row index of the moving pixel. Maximumσ is 4.

• Scenario 2: Capturing the location of a moving
pixel with varying intensity. The noiseless intensity
of the moving pixel is chosen randomly from the set
{5, 10, 15, 20, 25} with equal probabilities;Y is the row
index of the moving pixel. Maximumσ is 10.

• Scenario 3: Capturing both the location and the
intensity of a moving pixel. The noiseless intensity of
the moving pixel and the maximum value ofσ are as in
Scenario 2;Y is the sum of the intensity and the row
index of the moving pixel.

In each scenario, we estimate a nonparametric functional
regression model [4] on the training set, using BAGIDIS and
its competitors (below). The mean square prediction error over
the test images is recorded, and averaged over 10 random
test/training splits.

The parameterization of the BAGIDIS semi-distance is cho-
sen by considering the correlationsρ between each component
of the signature (including the absolute value of the details)
at each rank, and the responseY . A test of significance is
applied on the correlations, withH0 : ρ = 0 andH1 : ρ 6= 0
with significance levelα = 0.1.

A PCA-based semi-distance, withk = 1, 3 or 6 compo-
nents, is obtained as follows:

dPCA
k (I(1), I(2))

=

√

√

√

√

√

k
∑

q=1

(

N
∑

x=1

M
∑

y=1

(I(1)(x, y)− I(2)(x, y))v̂q(x, y)

)2

,

where v̂q, q = 1 . . . k is the qth estimated eigenfunction and
the pair (x, y), x = 1 . . .N , y = 1 . . .M , identifies the
location of a pixel. The IMED distance is used in its non-
parameterized form (eq. (6) in [28]). No parameterization
is needed for the Euclidean or the Hausdorff distance. The
bandwidth of the regression estimator is chosen by cross-
validation in each case.

The results are illustrated in Figure 12 (as a function of
σ). The Euclidean distance and the PCA-based semi-distance
perform poorly, which is unsurprising as the images are
misaligned. IMED is quite competitive in Scenario 1 for low
noise levels, due to its robustness to misalignment. However,
it fails as soon as the intensity of the moving pixel varies
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Fig. 12. The moving pixel. Mean-square prediction error averaged over 10
repetitions, as a function ofσ, in Scenarios 1, 2, 3 (respectively from top to
bottom), for the competing methods.

(Scenarios 2, 3) as it cannot decouple the information about
intensity and location (which BAGIDIS is able to achieve).
The Hausdorff distance is the most successful in Scenario 3,
with BAGIDIS not far behind. However, the Hausdorff distance
does poorly in Scenarios 1 and 2 as it is not able to distinguish
between two images with a moving pixel of the same intensity
but at different locations. Its good performance in Scenario 3
is due to the fact that the part of the response that concerns
the location (with values in{1, 2, 3, 4, 5}) is dominated by the
part of the response related to intensity (with values> 5). In
summary, BAGIDIS is either the best or close to best in all
experimental settings.

C. Handwritten digits

In this Section, we use SHAH to analyse (both in a
supervised and in an unsupervised way) images of handwrit-
ten digits zero and one from the publicly available MNIST
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Fig. 13. Unsupervised learning for the handwritten digits recognition
problems. 9 multidimensional scaling representations of adataset of 100
images, with different random choices of the activated coefficients in the
groups determined by the K-MEANS algorithm.

database (http://yann.lecun.com/exdb/mnist/). The database
contains 70000 black-and-white 28x28 images of digits. We
use Brendan O’Connor’s code from https://gist.github.com/
39760 to read the data into R. We restrict ourselves to a small
subset of images of zeros and ones from the database.

Unsupervised learning:We consider 50 images of zeros
and 50 images of ones. We compute the set of pairwise
BAGIDIS distances between all images, with a parameteriza-
tion chosen according to a K-MEANS algorithm as described
in Section III-C. We then use multidimensional scaling to
produce a 2D projection, in which the points are labelled 0
or 1 according to which digit they represent. The procedure
is applied to two different datasets and repeated 9 times
for each, with different random choices in the K-MEANS

algorithm (see Section III-C for details). Figure 13 shows
the results for the first dataset; those for the other one are
very similar. The results are stable with respect to the random
choices in the K-MEANS algorithm. All 1s and most 0s form
separate well-identified groups, with a few 0s appearing to be
misclassified; despite this, we find this result very encouraging
for an unsupervised analysis with an unsupervised choice of
the parameterization.

Supervised learning:A nonparametric functional dis-
crimination model [4], with a k-NN algorithm, is trained on
a dataset of 70 images of ones and 70 images of zeros. It is
then tested on an independent set of 15 ones and 15 zeros.
The numberk of neighbours is selected using a local cross-
validation (routinefunopadi.knn.lcv from the compan-
ion website of [4], adapted for BAGIDIS.) We also perform
cross-validation to choose(λx, λy, λD) in formula (3); they
are chosen from the set{0; 13 ;

2
3 ; 1} under the constraint that

they sum to 1. Each combination of these values is tested with
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Fig. 14. Handwritten digits recognition: Investigation ofthe effects of the parameters and restricted cross-validation procedure. Left panel: results when
W ∈ {2; 5; 10; 20; 50}; right: W = 100.

several weight functionswk, the latter being step functions
with values 1 up to a rankk = W and 0 thereafter;W =
2, 5, 10, 20, 50 and 100 are tested. This experimental design
is repeated twice with different training sets and test sets.
The proportion of misclassification on the test set is recorded
for each configuration. Results are presented in Figure 14.
The results imply that the first ranks of the signature clearly
carry some discriminative information in the detail component.
However, one needs to look further down in the hierarchy
(between ranks 50 and 100) to achieve perfect discrimination.
This extra information lies in the components(x1, y1) and
(x2, y2) of the signature, indicating that some information
about the geometry of the image is needed. Given this, our
recommendation for the choice of the parameterization would
be (W = 100, λD = 0, λx = 0.5, λy = 0.5).

Cross-validation is, unfortunately, rather time-consuming.
We tested the following faster strategy. We considered the
formulation (2) of the semi-distance. Each component of the
signatures of the images in the training set was considered
separately, rank by rank. A t-test was performed for the
difference of the means of the values taken by that component
in either group (zero or one) of the images. The p-values
were recorded, and only those components with p-values
smaller than10−10 were assigned the weight of 1 in the
parameterization, with all other weights being set to 0. The
thus-trained model was used for discriminating the images in
the test set and the number of misclassifications was recorded.
The procedure was repeated 8 times with different training sets
and test sets. We obtained the average misclassification rate of
0.02.

Overall, we find these results encouraging, especially given
the small size of the training set and the fact that no prior
information about the images or the shapes of the discriminant
patterns are used in at any stage of the procedure.

VI. CONCLUSION

In this article, we have proposed the SHAH (SHape-
Adaptive Haar) transform for images, which results in an or-
thonormal, adaptive decomposition of the image into Haar-like
components, arranged hierarchically according to decreasing
importance, whose shapes reflect the features present in the

image. The decomposition is extremely sparse for piecewise-
constant images. It is performed via an iterative ‘generous’
(as opposed to ‘greedy’) bottom-up algorithm with quadratic
computational complexity; however, nearly-linear variants also
exist. SHAH is rapidly invertible.

Secondly, we have used SHAH to define the BAGIDIS semi-
distance between images. It compares both the amplitudes and
the locations of the SHAH components of the images and is
flexible enough to account for feature misalignment. Perfor-
mance of the SHAH+BAGIDIS methodology was illustrated in
regression, classification and clustering problems and shown
to be very encouraging.

A clear asset of the methodology is its very general scope:
it can be used with any images or more generally with any
data that can be described as graphs or networks.
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