
Shuvlvwhqw Lqhtxdolw| wkurxjk Vfkrrolqj=

wkh Uroh ri Olplwhg Vfkrro Fdsdflw|1

Hohqd GHO UH\W

Iheuxdu| 4</ 5334

Devwudfw

Fkloguhq ri hgxfdwhg sduhqwv v|vwhpdwlfdoo| shuirup ehwwhu dw vfkrro wkdq

fkloguhq ri xqhgxfdwhg sduhqwv1 Lw lv wkhq qdwxudo/ li wkh orfdwlrq ri idplolhv

lq wkh flw| iroorzv d vrfldoo| vwudwl�hg sdwwhuq/ wr revhuyh gl�huhqfhv lq sxeolf

vfkrro*v shuirupdqfhv hyhq zkhq wkh| duh lghqwlfdoo| �qdqfhg1 Iuhh vfkrro fkrlfh

lv qrw hqrxjk wr fkdqjh wklv rxwfrph1 Fdsdflw| fdqqrw eh fkdqjhg ryhuqljkw dqg

vfkrrov idflqj dq h{fhvv ghpdqg pd| eh irufhg wr wxuq dssolfdwlrqv grzq1 Li wkh

dlp ri wkh vfkrro lv wr pd{lpl}h h{shfwhg dfklhyhphqw ri fkloguhq/ wkrvh iurp

d ohvv idyruhg hqylurqphqw zloo eh uhmhfwhg �uvw dqg vhjuhjdwlrq zloo lqfuhdvh1

Lq rughu wr ryhufrph wklv qhjdwlyh uhvxow zh sursrvh d v|vwhp ri judqwv wr

glvdgydqwdjhg fkloguhq dv d phdqv wr �qdqfh sxeolf vfkrrov1

Nh| zrugv= Hgxfdwlrqdo Ilqdqfh1

MHO Fodvvl�fdwlrq= L 551

WFVHI/ Xqlyhuvlwã gl Vdohuqr +Lwdo|,1 H0pdlo= ghouh|Cxqlvd1lw

L dssuhfldwh wkh khosixo frpphqwv ri Qlfrodv Erffdug/ Lvdeho Julor/ Pdxulfh Pdufkdqg/ Slhuuh

Shvwlhdx/ Mdftxhv Wklvvh/ Ylqfhqw Ydqghqehujkh dqg [dylhu Zdxwk|1 Ixqglqj iurp Ixqgdflöq

Udpöq Duhfhv dqg wkh Hxurshdq Frplvvlrq wkurxjk wkh WPU Surjudp lv judwhixoo| dfnqrzohgjhg1

Wklv wh{w suhvhqwv uhvhdufk uhvxowv ri wkh Ehojldq Surjudp ri Lqwhuxqlyhuvlw| Srohv ri Dwwudfwlrq

lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v R!fh/ Vflhqfh Srolf| Surjudpplqj1 Wkh vflhqwl�f

uhvsrqvlelolw| lv dvvxphg e| wkh dxwkru1



4 Lqwurgxfwlrq

Pdq| duh ri wkh rslqlrq wkdw wkh wdvn ri sxeolf vfkrrov vkrxog eh wr surylgh htxdo

hgxfdwlrqdo rssruwxqlw| wr vwxghqwv ri khwhurjhqhrxv wdohqw dqg edfnjurxqg +Urhphu

^<5`,1 Lq uhdolw|/ vfkrrov v|vwhpdwlfdoo| idlo wr dwwdlq wklv remhfwlyh1 Wkh dlp ri wklv

sdshu lv wr dffrxqw iru wkh uroh ri olplwhg vfkrro fdsdflw| lq h{sodlqlqj wkh revhuyhg

shuvlvwhqw lqhtxdolw| lq sxeolf vfkrro*v shuirupdqfhv1

Ehfdxvh wkh vwxghqwv duh gl�huhqw/ dyhudjh vfkrro shuirupdqfhv duh prvw olnho| wr

gl�hu1 Pruhryhu/ d vpdoo lqlwldo gl�huhqfh ehwzhhq vfkrrov* dyhudjh shuirupdqfhv fdq

vhw r� d vhulhv ri uhdfwlrqv lq ghpdqg dqg vxsso| wkdw/ ihhglqj edfn lqwr hdfk rwkhu/

pd| uhvxow lq pd{lpxp gl�huhqwldwlrq1 Lq sduwlfxodu/ ghpdqg zloo pryh dwwudfwhg e|

wkh ehwwhu shuiruplqj vfkrro1 Lq wxuq/ vfkrrov frqiurqwhg wr dq h{fhvv ghpdqg pd|

eh deoh wr vhohfw wkh ehvw vwxghqwv dprqj wkhlu dssolfdqwv1 Dv d frqvhtxhqfh/ wkh

gl�huhqfh ehwzhhq vfkrro*v dyhudjh shuirupdqfhv zloo jurz ghhshu dqg ghpdqg zloo

lqfuhdvlqjo| dgguhvv wkh ehwwhu vfkrro/ zklfk zloo dv d uhvxow eh deoh wr ehfrph pruh

vhohfwlyh1 Zh zloo vwxg| wkh olplwv wr wklv fkdlq uhdfwlrq1

Suhylrxv olwhudwxuh kdv dwwulexwhg wkh revhuyhg v|vwhpdwlf gl�huhqfhv lq vfkrro*v dw0

wdlqphqwv wr wkh idfw wkdw sxeolf hgxfdwlrq pd| eh �qdqfhg dw wkh orfdo ohyho1 Wkhuh0

iruh/ ulfkhu glvwulfwv ehqh�w iurp odujhu dprxqwv ri ixqgv +Eìqderx ^<6` dqg ^<7`/ Ihu0

qdqgh} dqg Urjhuvrq ^<9`,1 Krzhyhu/ dqg dowkrxjk wkh vxemhfw uhpdlqv frqwuryhuvldo/

qr uhodwlrq ehwzhhq dwwdlqphqw dqg shu0sxslo h{shqglwxuh kdv ehhq v|vwhpdwlfdoo|

irxqg1 4

Lqvwhdg/ wkh vrflrhfrqrplf sur�oh ri wkh idplo| dqg/ deryh doo/ wkh fxowxudo edfnjurxqg

kdyh ri odwh ehhq lqfuhdvlqjo| uhfrjql}hg dv wkh pdlq ghwhuplqdqwv ri dfklhyhphqw ri

fkloguhq dw vfkrro1 D vwdwlvwlfdoo| vljql�fdqw dgydqwdjh ri 7 wr 4< ( ri wkh judgh kdv

ehhq irxqg lq Vflhqfh dqg Pdwkhpdwlfv h{dpv ri fkloguhq zkrvh idwkhuv krog d xql0

yhuvlw| ghjuhh dv frpsduhg wr fkloguhq zkrvh idwkhuv kdyh plqlpxp hgxfdwlrq lq 4;

RHFG frxqwulhv ru uhjlrqv15 Li/ dv lw kdv orqj ehhq dffhswhg/ wkh orfdwlrq ri idplolhv

lq wkh flw| iroorzv d vrfldoo| vwudwl�hg sdwwhuq +Kduwzlfn hw do1 ^:9`,/ gl�huhqfhv lq dy0

hudjh vfkrro shuirupdqfhv pd| eh h{sodlqhg e| wkh idfw wkdw sxeolf vfkrrov dvvhpeoh

4Vhh Ydqghqehujkh +<9, iru dq lqvljkwixo glvfxvvlrq ri wklv olwhudwxuh1
5WLPVV +4<<8,/ Wklug Lqwhuqdwlrqdo Pdwkhpdwlfv dqg Vflhqfh Vwxg|) LHD/ Dpvwhugdp/ wkh

Qhwkhuodqgv1 Vhh dovr +Ydqghqehujkh hw do +5333,,1
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fkloguhq olylqj lq wkh vdph qhljkerukrrg/6 l1h1 zlwk vlplodu vrflrhfrqrplf sur�ohv1

Vxssrvh wkdw zh ghflgh wr idflolwdwh wkh iuhh fkrlfh ri vfkrro dfurvv qhljkerukrrgv lq

rughu wr fkdqjh wklv sdwwhuq1 Doo sduhqwv zloo suhihu wkh ehwwhu vfkrro1 Vlqfh fdsdf0

lw| fdqqrw eh fkdqjhg ryhuqljkw/ vfkrrov idflqj dq h{fhvv ghpdqg zloo eh irufhg wr

wxuq vrph dssolfdwlrqv grzq1 Vfkrrov fdq jhqhudoo| revhuyh fkloguhq fkdudfwhulvwlfv

dqg edfnjurxqgv xsrq dssolfdwlrq ri wkhlu sduhqwv1 Li wkh| dlp dw pd{lpl}lqj wkh

dyhudjh shuirupdqfh ri wkhlu sxslov/ hdfk vfkrro zloo uhmhfw wkh fkloguhq zlwk orzhu

h{shfwhg shuirupdqfh dprqj wkrvh zkr dssolhg1 Wkhuhiruh/ wkh juhdwhu wkh ghpdqg

iru rqh vshfl�f vfkrro e| kljko| hgxfdwhg sduhqwv +l1h1/ wkh odujhu wkh gl�huhqfh lq

shuirupdqfhv,/ wkh orzhu wkh qxpehu ri fkloguhq ri ohvv hgxfdwhg sduhqwv wkdw zloo

h�hfwlyho| eh deoh wr dffhvv wklv vfkrro li lwv fdsdflw| lv olplwhg1 Pruhryhu/ lq wklv

fdvh/ iuhh vfkrro fkrlfh zloo surylgh wkh ehwwhu ri wkh vfkrrov zlwk d juhdwhu srzhu ri

vhohfwlrq= lw zloo eh wkh vfkrro dqg qrw wkh sduhqwv/ zkr zloo h{huw wkh �qdo fkrlfh1

Lq wklv sdshu/ zh frqvlghu wzr lghqwlfdo vfkrrov zlwk olplwhg fdsdflw| dqg d frqwlqxxp

ri sduhqwv wkdw fdq iuhho| fkrrvh vfkrro iru wkhlu fkloguhq1 Sduhqwv/ zkr gl�hu lq vnloov

+ru hgxfdwlrq,/ duh xqhyhqo| glvwulexwhg lq wkh flw|1 Dfklhyhphqw ri fkloguhq dw vfkrro

lv srvlwlyho| uhodwhg wr wkhlu sduhqwv* hgxfdwlrq ohyho1 Iru wklv uhdvrq/ vfkrrov suhihu wr

dgplw fkloguhq ri hgxfdwhg sduhqwv lq rughu wr pd{lpl}h wkhlu dyhudjh shuirupdqfh1

Lq wklv iudphzrun/ zh vkrz wkdw kljkhu prelolw| uhvxowv lq kljkhu vhjuhjdwlrq zkhq

vfkrrov* fdsdflwlhv duh olplwhg1 Wkhq/ zh vkrz wkdw wkh jryhuqphqw fdq lqgxfh d

juhdwhu pl{lqj ri fkloguhq w|shv zlwklq vfkrrov e| phdqv ri d judqw wr glvdgydqwdjhg

vwxghqwv gluhfwo| surylghg wr wkh vfkrro zkhuh wkh| hquroo1 D kljk ghjuhh ri prelolw|

zloo eh d qhfhvvdu| frqglwlrq iru wkh uhodwlyh vxffhvv ri wkh srolf|1 Ilqdoo|/ zh srlqw

rxw wkdw/ li vfkrrov sdvvlyho| dffhsw doo dssolfdwlrqv +wkdw lv/ zlwk xqolplwhg vfkrro

fdsdflwlhv, vxssruwlqj iuhh vfkrro fkrlfh fdq eh dq htxdol}lqj phdvxuh/ surylghg wkdw

doo sduhqw w|shv uhdfw lghqwlfdoo| wr wkh srolf|1

Wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 suhvhqwv wkh prgho dqg ghvfulehv wkh

lqwhudfwlrq ri wkh djhqwv1 Vhfwlrqv 6 dqg 7 dqdo|}h/ uhvshfwlyho|/ wkh rswlpdo fkrlfhv

6 Lqghhg/ hylghqfh iru d fhuwdlq ghjuhh ri frqwlqxlw| lq wkh frqfhqwudwlrq ri +ulfkhu, kljko| hgxfdwhg

idplolhv dv zh furvv flwlhv fdq eh irxqg hyhu|zkhuh1 Urxjko| vshdnlqj/ wkh frqfhqwudwlrq ri kljkhu

lqfrph idplolhv lv kljkhu dv zh pryh wrzdugv wkh Zhvw ri Orqgrq/ wkh Vrxwk0Zhvw ri Sdulv ru wkh

Qruwk ri Pdgulg1
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ri vfkrrov dqg sduhqwv1 Vhfwlrq 8 surylghv dqg glvfxvvhv doo srvvleoh htxloleuld xqghu

olplwhg fdsdflw|/ zlwk dqg zlwkrxw vshfl�f judqwv wr glvdgydqwdjhg vwxghqwv1 Vhfwlrq

9 vkrzv krz/ li vfkrrov dffhsw doo wkh dssolfdwlrqv/ wkh fkdqfh wkdw d glvdgydqwdjhg

vwxghqw pd| dwwhqg wkh ehwwhu vfkrro fdq lq idfw lqfuhdvh/ dv wklv vfkrro ehfrphv

odujhu lq vl}h1 Ilqdoo|/ vhfwlrq : frqfoxghv1

5 Wkh Prgho

Wkhuh lv d frqwlqxxp ri S @ 4 sduhqwv lq wklv hfrqrp|1 Rqh kdoi ri wkhp duh

kljk vnloohg ru hgxfdwhg +m @ K, dqg wkh rwkhu kdoi duh orz vnloohg +m @ O,1 Hdfk

sduhqw kdv rqh fklog wkdw dwwhqgv vrph vfkrro l1 Wkh dfklhyhphqw ri wklv fklog/ vml >

lv d ixqfwlrq ri wkh lqsxwv surylghg e| erwk wkh vfkrro +lqyhvwphqw shu sxslo, dqg

wkh sduhqw +krph hgxfdwlrq,1 Fkloguhq ohdyh vfkrro l wr sxuvxh kljkhu hgxfdwlrq ru

zrun1 Lq dq| fdvh wkh h{dfw ydoxh ri wkhlu dfklhyhphqw dw vfkrro lv qrw revhuyhg e|

ixwxuh surihvvruv ru hpsor|huv1 Lqvwhdg/ wkh odwwhu zloo nqrz wkh ydoxh ri wkh dyhudjh

shuirupdqfh ri fkloguhq dw wkh vfkrro wkh| dwwhqghg +Vl> l @ 3> 4, dqg zloo xvh wklv

lqirupdwlrq1 Lq wklv vhqvh/ fkloguhq fdq eh dvvxphg wr ohdyh vfkrro hqgrzhg zlwk Vl=

Wklv dvvxpswlrq doorzv wr dffrxqw iru wkh uroh ri vrfldo qhwzrunv/ zklfk wkurxjk shhu

h�hfwv/ uroh prghov/ mre frqwdfwv ru qrupv ri ehkdylru zloo kdyh dq lpsruwdqw h�hfw

rq rssruwxqlwlhv lq dgxow olih +Eìqderx ^<9`,1

Idplolhv duh orfdwhg dorqj wkh olqh 3 � 4 dqg glvwulexwhg lq d zd| vxfk wkdw/ zkhq

prylqj wrzdugv wkh hdvw/ wkh sursruwlrq ri kljko| hgxfdwhg sduhqwv lqfuhdvhv dw udwh

41 Wkhq/ dw orfdwlrq {> wkhuh duh { +(, idplolhv ri w|sh K dqg +4� {, +(, idplolhv ri

w|sh O= Hdfk idplo| lv wkxv fkdudfwhul}hg e| m @ K>O dqg {1
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Iljxuh 4= Glvwulexwlrq ri Idplolhv1

Zh frqvlghu wzr vfkrrov l @ 3> 4 sodfhg dw { @ 3 dqg { @ 4 uhvshfwlyho|17 Wkh

shuirupdqfh ri fkloguhq ri m0sduhqwv dwwhqglqj vfkrro l lv

vml @ �mnl +l @ 3> 4 m @ K>O,

zkhuh nl lv shu0vwxghqw lqyhvwphqw dw vfkrro l 1 Lq rughu wr uh hfw wkh h�hfw ri krph

hgxfdwlrq ru wkh idplo| edfnjurxqg rq dfklhyhphqw dw vfkrro zh dvvxph

�K A �O A 3

Ohw Kl dqg Ol eh wkh qxpehu ri fkloguhq ri K dqg O sduhqwv uhvshfwlyho| hquroohg dw

vfkrro l= Wkh fdsdflw| ri hdfk vfkrro lv lghqwlfdo dqg olplwhg wr rqh kdoi ri wkh pdunhw/

vr wkdw Kl . Ol @ 4@5 dw erwk vfkrrov= Khqfh/ wkh dyhudjh surgxfwlylw| rewdlqhg e|

fkloguhq dw vfkrro l lv

Vl @ 5+Kl�
K . Ol�

O,nl +4,

Vfkrrov fduh iru wklv dyhudjh shuirupdqfh ri wkhlu sxslov/ wkdw surylghv wkhp zlwk

uhfrjqlwlrq dqg suhvwljh1

Sduhqwv fkrrvh vfkrro iru wkhlu fkloguhq1 Lq rughu wr gr vr/ wkh| dqwlflsdwh dqg frpsduh

wkh dyhudjh shuirupdqfhv ri sxslov dw hdfk vfkrro/ lqirupdwlrq wkdw zloo surylgh wkhlu

fkloguhq zlwk d vljqdo lq wkh pdunhw iru kljkhu hgxfdwlrq dqg2ru oderu1

7 Lw fdq eh vkrzq wkdw erwk ohwwlqj vfkrrov eh forvhu wr hdfk rwkhu dqg doorzlqj iru d juhdwhu

vhjuhjdwlrq ri idplolhv lq wkh flw| zloo rqo| h{dfhuedwh wkh uhvxowv lq vhfwlrq 81
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Zh pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw fkloguhq*v lqqdwh delolwlhv duh lghqwlfdo1

Wkxv wkh rqo| gl�huhqfh lq shuirupdqfhv lv gxh wr wkh gl�huhqw vrfldo ruljlq ri sduhqwv

dqg shu0sxslo lqyhvwphqw e| wkh vfkrro1 Xwlolw| ghulyhg e| d m0sduhqw orfdwhg dw {

zkhq vhqglqj khu fklog wr vfkrro 3 dqg wr vfkrro 4 lv uhvshfwlyho|=

ym+V3> {, @ V3 � fm { +5,

ym+V4> {, @ V4 � fm+4� {, +6,

zkhuh fm vwdqgv iru prelolw| frvwv ri m0sduhqwv=

Li a{m lv wkh orfdwlrq ri wkh m0sduhqw zkr lv lqgl�huhqw dprqj vfkrrov/ wkhq

a{K @
4

5
.

V3 � V4

5fK
+7,

a{O @
4

5
.

V3 � V4

5fO
+8,

dqg wkh qxpehu ri dssolfdqwv ri hdfk w|sh dw hdfk ri wkh vfkrrov lv uhsuhvhqwhg lq

�jxuh 5 dqg jlyhq e|

GK
3 @

a{5
K

5
+9,

GK
4 @

4

5
� a{5

K

5
+:,

GO
3 @

4

5
� +4� a{O,

5

5
+;,

GO
4 @

+4� a{O,
5

5
+<,

%H

x

LD0

LD1

HD1

HD0

Hx̂

Lx̂

Iljxuh 5= Ghpdqg e| K dqg O sduhqwv1
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Wrwdo ghpdqg iru Vfkrro 3 lv wkhq=

G3 @
4

5
� +4� a{O,

5

5
.

+a{K,5

5
+43,

dqg wrwdo ghpdqg iru vfkrro 4

G4 @ 4�G3 @
4

5
.

+4� a{O,
5

5
� +a{K,5

5
+44,

Wkhq/ vlqfh a{K > a{O 5 ^3> 4` zh fdq zulwh

G4 � G3 +, +4� a{O, � a{K +, a{K . a{O � 4

Wkh jryhuqphqw surylghv wkh ixqgv lq wkh irup ri d shu0vwxghqw yrxfkhu wkdw/ jlyhq

wkdw vfkrro fdsdflw| lv jlyhq/ lv htxlydohqw wr d oxps0vxp dprxqw I= Dv wkhuh duh

glvdgydqwdjhv dvvrfldwhg wr wkh hgxfdwlrq ri fkloguhq ri O0sduhqwv/ dq dgglwlrqdo

judqw ! pd| eh surylghg shu O0fklog hquroohg lq rughu wr lqgxfh vfkrrov wr dgplw

wkhvh fkloguhq dqg vxssruw wkhlu hgxfdwlrq1 Wkhq/ shu0vwxghqw lqyhvwphqw dw vfkrro l

lv

nl @
I . !Ol

Kl . Ol

@ 5+I . !Ol, +45,

vlqfh Kl . Ol @ 4@5=

Hdfk shulrg wkh lqwhudfwlrq ehwzhhq vfkrrov dqg sduhqwv wdnhv sodfh lq wzr vwdjhv1

Iluvw/ sduhqwv dsso| wr vfkrrov1 Vlqfh fdsdflw| lv olplwhg/ wkh vfkrro idflqj wkh odujhvw

ghpdqg vhohfwv +dprqj dssolfdqwv, wkh fkloguhq lw zdqwv wr nhhs1 Wkh rwkhu vfkrro lv

irufhg wr wdnh wkh uhpdlqlqj fkloguhq1 Vfkrrov revhuyh wkh w|sh ri sduhqwv/ lqirupdwlrq

wkdw wkh| xvh wr ghflgh rq dgplvvlrqv1

Ehiruh dqdo|}lqj lq ghwdlo wkh fkrlfhv ri vfkrrov dqg sduhqwv/ ohw xv gh�qh wzr olplwlqj

sdwwhuqv ri fkloguhq uhsduwlwlrq dprqj vfkrrov wkdw zloo eh xvhg dv srlqwv ri uhihuhqfh

lq wkh uhvw ri wkh sdshu1

Qr0fkrlfh ehqfkpdun= Li sduhqwv fdqqrw fkrrvh vfkrro iru wkhlu fkloguhq/ exw duh

dvvljqhg wr wkh vfkrro forvhvw wr wkhlu krphv +l1h1 a{ @ 4@5, lw lv vwudljkwiruzdug wr

vkrz wkdw wkh glvwulexwlrq ri fkloguhq w|shv zlwklq vfkrrov zloo eh vxfk wkdw O3 @ 6@;

dqg O4 @ 4@;= Vfkrro 4 zloo kdyh d kljkhu dyhudjh shuirupdqfh wkdq vfkrro 31 Dv

glvfxvvhg lq wkh lqwurgxfwlrq/ wklv lv wkh w|sh ri vlwxdwlrq wkdw prwlydwhg wkh �uvw

:



yrxfkhu sursrvdov1

Hjdolwduldq ehqfkpdun= Li fkloguhq duh htxdoo| glvwulexwhg dprqj vfkrrov/ O3 @

O4 @ 4@7> dyhudjh vfkrro shuirupdqfhv zloo eh lghqwlfdo1 Wkhq V3 @ V4= Lq rxu vhwwlqj/

wklv lv wkh xowlpdwh remhfwlyh ri wkh jryhuqphqw1

6 Fkrlfh ri Vwxghqw Pl{ e| Vfkrrov

Lq wklv prgho/ gxh wr wkh �{hg fdsdflw| dvvxpswlrq/ wkh vfkrro idflqj wkh odujhu ryhudoo

ghpdqg ghwhuplqhv wkurxjk lwv fkrlfh ri K ru O wkh pl{ ri vwxghqwv lq erwk vfkrrov1

Zh duelwudulo| fkrrvh Ol dv wkh yduldeoh ri uhihuhqfh1 Li G3 @ G4 @ 4@5> ghpdqg

htxdov fdsdflw| lq erwk vfkrrov dqg qr fkrlfh lv dydlodeoh wr dq| vfkrro1 Rwkhuzlvh/

wkh vfkrro zlwk odujhvw ghpdqg/ khqfhiruwk wkh ohdglqj vfkrro/ fkrrvhv zkr wr nhhs

dqg zkr wr uhmhfw xs wr wkh srlqw lq zklfk ixoo fdsdflw| lv phw18 Wkh rwkhu vfkrro

kdv wr dffrpprgdwh/ wdnlqj wkh uhvw ri wkh fkloguhq lq wkh pdunhw1

Dw wklv vwdjh ghpdqg Gl lv jlyhq1 Li vfkrro l lv wkh ohdglqj vfkrro +Gl A 4@5, lw

fkrrvhv Ol wkdw pd{lpl}hv

Vl @ 7

��
4

5
� Ol

�
�K . Ol�

O

�
+I . !Ol, +46,

Wkh fkrlfh ri Ol lv frqvwudlqhg e| wkh w|sh ri ghpdqg dgguhvvhg wr wkh ohdglqj vfkrro1

Frqvlghu �uvw wkh vlwxdwlrq zkhuh vfkrro 3 lv wkh ohdglqj vfkrro1 Dgplvvlrqv ri K0

fkloguhq duh olplwhg e| GK
3 1 Iurp +9,9

K�

3 � +a{K,5

5

zklfk/ vlqfh Kl . Ol @ 4@5> fdq eh zulwwhq

O�

3 � 4

5
� +a{K,5

5
+47,

8Dv d uhvxow/ vrph idplolhv pd| hqg xs vx�hulqj prelolw| frvwv wkdw duh kljkhu wkdq zkdw wkh|

zrxog eh zloolqj wr sd|1 Wklv idplolhv zrxog lq wklv fdvh suhihu qrw wr vhqg wkhlu fkloguhq wr vfkrro/

exw zloo eh irufhg wr e| odz1
9Wkurxjkrxw wkh sdshu/ W vwdqgv iru rswlpdo fkrlfh1

;



Rq wkh rwkhu kdqg/ dgplvvlrq ri O0fkloguhq duh erxqghg deryh e| O0sduhqwv* ghpdqg

iru vfkrro 3/ GO
3 1 Iurp +;,

O�

3 � 4

5
� +4� a{O,

5

5
+48,

Olnhzlvh/ li vfkrro 4 lv wkh ohdglqj vfkrro/ zh kdyh iurp +:,

K�

4 � 4

5
� +a{K,5

5

wkdw zh fdq zulwh

O�

4 � +a{K,5

5
+49,

dqg/ iurp +<,

O�

4 � +4� a{O,
5

5
+4:,

Iurp wkh pd{lpl}dwlrq ri +46, vxemhfw wr +47, dqg +48, ru +49, dqg +4:, uhvshfwlyho|

zh rewdlq=

+�O � �K,+I . !Ol, . +Kl�
K . Ol�

O,! ? 3 li orzhu olplw rq Ol elqglqj

+�O � �K,+I . !Ol, . +Kl�
K . Ol�

O,! A 3 li xsshu olplw rq Ol elqglqj

+�O � �K,+I . !Ol, . +Kl�
K . Ol�

O,! @ 3 dw wkh lqwhulru vroxwlrq

Li wkh orzhu olplw rq Ol lv elqglqj/ vfkrro l zloo ghflgh wr nhhs wkh ihzhvw srvvleoh O0

fkloguhq1 Wkdw lv wr vd|/ wkh dgplvvlrq ri rqh pruh fklog ri w|sh O dozd|v ghfuhdvhv wkh

sd|r� ri wkh ohdglqj vfkrro1 Li h{lvwlqj/ shu O vwxghqw doorfdwlrqv ! duh lqvx!flhqw wr

frpshqvdwh wkh gl�huhqfhv lq shuirupdqfh ri wkh fkloguhq gxh wr wkh glvvlplodu idploldu

edfnjurxqgv1 Wkhuhiruh/ zkhq ! lv vpdoo uhodwlyh wr +�K ��O,/ vfkrrov zloo dffhsw doo

wkh dssolfdwlrqv e| K0sduhqwv dqg xvh dgplvvlrqv ri O0fkloguhq rqo| wr �oo fdsdflw|1

Lq rwkhu zrugv/ wkh vfkrro idflqj dq h{fhvv ghpdqg zloo uhmhfw wkh dssolfdwlrqv ri dv

pdq| glvdgydqwdjhg fkloguhq dv srvvleoh/ xqohvv lw lv vx!flhqwo| frpshqvdwhg iru qrw

grlqj vr1

Li wkh xsshu olplw rq Ol lv elqglqj/ Ol zloo eh vhw dw wkh pd{lpxp ohyho dydlodeoh wr

<



wkh ohdglqj vfkrro1 Lq rwkhu zrugv/ wkh dgplvvlrq ri rqh pruh O0fklog dozd|v sd|v

r� ehwwhu1 Wklv lv gxh wr wkh idfw wkdw ! lv odujh dv frpsduhg wr wkh gl�huhqfh lq

shuirupdqfhv ri O zlwk uhvshfw wr K fkloguhq1 Wkhq/ wkh vfkrro zlwk pruh O0fkloguhq

zloo hqmr| odujhu ixqgv dqg zloo eh deoh wr shuirup ehwwhu lq vslwh ri lwv orzhu txdolw|

lqsxwv1

Ilqdoo|/ dw wkh lqwhulru vroxwlrq O�

l zloo eh rswlpdoo| fkrvhq e| wkh ohdglqj vfkrro dw

O�

l @
5+�O � �K,I . �K!

7+�K � �O,!
+4;,

Lq jhqhudo/ wkh dgplvvlrq ri rqh dgglwlrqdo O0fklog uhgxfhv wkh dyhudjh shuirupdqfh ri

wkh vfkrro gxh wr khu rzq orzhu shuirupdqfh1 Krzhyhu/ wkh �surgxfwlrq� srvvlelolwlhv

ri wkh vfkrro lqfuhdvh gxh wr wkh kljkhu ixqgv dvvrfldwhg wr wkh dgplvvlrq ri O wkurxjk

!= Dw wkh lqwhulru vroxwlrq wkhvh wzr h�hfwv pxvw frxqwhudfw hdfk rwkhu1

Qrwh wkdw vlqfh wkh remhfwlyh ixqfwlrq lv wkh vdph/ wkh rswlpdo dgplvvlrqv ohyho lv

lghqwlfdo lq erwk vfkrrov1 Krzhyhu/ gxh wr wkh xqhyhq glvwulexwlrq ri idplolhv lq wkh

flw|/ wkh frqvwudlqwv duh qrw +vhh +47, wr +4:,, dqg iru wklv uhdvrq wkh pd{lpl}dwlrq

surjudpv duh qrw wkh vdph1 Lq rwkhu zrugv/ dowkrxjk rswlpdolw| lv dfklhyhg dw wkh

vdph srlqw e| erwk vfkrrov/ wkh frqglwlrqv xqghu zklfk hdfk ri wkh vfkrrov zloo eh

deoh wr dwwdlq wkh pd{lpxp zloo gl�hu1

Frqvlghu qrz d pdujlqdo lqfuhdvh lq wkh judqw wr glvdgydqwdjhg vwxghqwv != Lq rughu

iru wkh sodqqhu*v exgjhw iru vfkrrov E @ 5I . +O3 . O4,! wr uhpdlq edodqfhg +l1h1

gE @ 3, zh qhhg pdujlqdo lqfuhdvhv lq !> g!> wr eh dffrpsdqlhg e|

gI @ �4

7
g!

Exgjhw edodqfhg ulvhv lq ! wkhq kdyh wkh iroorzlqj h�hfw rq dgplvvlrqv ri O0fkloguhq

e| vfkrrov= �
gO�

l

g!
� 4

7

gO�

l

gI

�
g! @

I

5!5 .
4

;!
@

7I . !

;!5 A 3

Zh fdq wkxv frqfoxgh wkdw O�

l lv prqrwrqlfdoo| lqfuhdvlqj lq exgjhw0edodqfhg lqfuhdvhv

ri != Zkhq ! vpdoo/ wkh orzhu olplw rq Ol lv elqglqj dqg vfkrro l pd{lpl}hv lwv sd|r�

dw wkh orzhu srvvleoh dgplvvlrqv ri O1 Zkhq ! lv odujh/ wkh xsshu olplw rq Ol lv

elqglqj dqg vfkrro l pd{lpl}hv lwv sd|r� dw wkh kljkhvw srvvleoh dgplvvlrqv ri O=

Rxu sureohp pd| vhhp wulyldo dw wklv srlqw= jlyhq ghpdqg dqg wkh exgjhw/ lw vx!fhv

43



wr fkrrvh I dqg ! lq d zd| vxfk wkdw/ iurp +4;,/ wkh Hjdolwduldq Ehqfkpdun lv

dwwdlqhg1 Krzhyhu/ zh qhhg wr yhuli| wkdw vxfk d glvwulexwlrq ri sxslov dprqj vfkrrov

lv frpsdwleoh zlwk wkhlu ghpdqg1 Qh{w vhfwlrq vwxglhv wkh fkrlfh ri vfkrrov e| sduhqwv1

Lw zloo pdnh fohdu wkdw vhohfwlyh dgplvvlrq srolflhv e| vfkrrov pd| qrw eh wkh rqo|

uhvsrqvleoh iru vhjuhjdwlrq1

7 Fkrlfh ri Vfkrro e| Sduhqwv

Dw vwdjh 4 ghpdqg uhvxowv iurp wkh dqwlflsdwlrq ri vfkrro shuirupdqfhv e| sduhqwv1 Li

ghpdqg h{dfwo| htxdov fdsdflw| lq erwk vfkrrov wkh pl{ ri vwxghqwv zloo eh ghwhuplqhg

e| sduhqwdo fkrlfh1 Rwkhuzlvh/ wkh ohdglqj vfkrro zloo uhmhfw vrph ri wkh dssolfdqwv

dqg ehfrph wkh xowlpdwh uhvsrqvleoh iru wkh pl{ ri fkloguhq w|shv zlwklq vfkrrov1

Uhfdoo wkdw

G4 @ 4�G3 @
4

5
.

+4� a{O,
5

5
� +a{K,5

5

zkhuh a{K > a{O duh gh�qhg e| +7, dqg +8,1

Zh dvvxph wkdw fK @ fO @ f= Wkhuhiruh/ a{K @ a{O @ a{= Zlwkrxw fkdqjlqj wkh pdlq

uhvxowv/ wklv dvvxpswlrq zloo vlpsoli| wkh h{srvlwlrq dqg/ deryh doo/ doorz wr pdnh

frpsdulvrqv dprqj htxloleuld zlwk dqg zlwkrxw wkh judqw wr glvdgydqwdjhg vwxghqwv1

Vlqfh

V3 � V4 @
�
5I +�K � �O,� !�O

�
5+O4 � O3,

wkhq/

a{ @
4

5
.

V3 � V4

5f
@

4

5
.

�
5I +�K � �O,� !�O

�
f

+O4 � O3, +4<,

Lw lv qrz vwudljkwiruzdug wr yhuli| wkdw li O�

3 @ O�

4 @ 4@7> ghpdqg lv vxfk wkdw

a{ @ 4@5 dqg/ khqfh/ vfkrrov gr qrw kdyh dq| fkrlfh srzhu1 Fkloguhq duh glvwulexwhg

dv lq wkh Qr0Fkrlfh Ehqfkpdun +O3 @ 6@; dqg O4 @ 4@;,1 Wkhuhiruh/ wkh Hjdolwduldq

Ehqfkpdun fdq qhyhu eh dwwdlqhg1 Pruhryhu/ wkh glvwulexwlrq ri fkloguhq dffruglqj wr

wkh Qr0Fkrlfh Ehqfkpdun jhqhudwhv gl�huhqfhv lq dyhudjh dwwdlqphqw wkdw/ surylghg

wkdw wkh fkrlfh ri vfkrro lv iuhh/ zloo lpso| gl�huhqfhv lq ghpdqg1 Wkhuhiruh/ xqohvv
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prelolw| frvwv duh odujh hqrxjk/ wklv ehqfkpdun zloo qrw eh dq htxloleulxp vroxwlrq1

Ohw xv/ krzhyhu/ frqfoxgh wkh dqdo|vlv ri ghpdqg ehiruh ghulylqj wkh htxloleuld ri wklv

jdph ehwzhhq vfkrrov dqg sduhqwv1

Wkh idfwru
�
5I +�K � �O,� !�O

�
lq +4<, wudqvirupv gl�huhqfhv lq fkloguhq pl{ zlwklq

vfkrrov +O4 � O3, lqwr gl�huhqfhv lq vfkrro shuirupdqfhv V3 � V4= Wkh vljq ri wklv

wudqvirupdwlrq fulwlfdoo| ghshqgv rq wkh vl}h ri wkh judqw != Li 5I +�K � �O, A !�O>

wkh vfkrro zlwk d kljkhu sursruwlrq ri K0w|sh fkloguhq dozd|v shuirupv ehwwhu +vlqfh

O4 � O3 @ K3 � K4 gxh wr olplwhg vfkrro fdsdflw|,1 Wkhq/ sduhqwv/ lq wkhlu vhdufk

iru vfkrro txdolw|/ zloo wu| wr dyrlg vfkrrov zlwk kljkhu sursruwlrqv ri O fkloguhq1 Li

5I +�K � �O, ? !�O wkh vshfl�f judqw ! lv odujh hqrxjk wr pruh wkdq frpshqvdwh

wkh glvdgydqwdjhv dvvrfldwhg wr wkh orzhu fxowxudo edfnjurxqg ri O0w|sh fkloguhq lq

wkh dyhudjh shuirupdqfh ri wkh vfkrro1 Lq wklv fdvh/ wkh ehwwhu shuiruplqj vfkrro zloo

eh wkdw zlwk pruh glvdgydqwdjhg fkloguhq +dqg pruh ixqgv,1 Frqvhtxhqwo|/ sduhqwv

zloo wu| wr dyrlg vfkrrov zlwk kljkhu sursruwlrqv ri K fkloguhq1

Prvw hylghqfh rq hgxfdwlrqdo surgxfwlrq ixqfwlrqv whqgv krzhyhu wr xqghuplqh wkh

odwhu fdvh1 Lqghhg/ hgxfdwlrqdo dwwdlqphqw vhhpv hvvhqwldoo| fruuhodwhg wr hdfk fklog*v

vrflr0hfrqrplf edfnjurxqg1 Dv lw zdv h{sodlqhg lq wkh lqwurgxfwlrq/ dowkrxjk wkh

vxemhfw lv vwloo frqwuryhuvldo/ qr v|vwhpdwlf uhodwlrq ehwzhhq dwwdlqphqw dqg shu0sxslo

h{shqglwxuh kdv ehhq irxqg1 Iru wkh vdnh ri jhqhudolw|/ zh zloo uhihu wklv dqdo|vlv wr doo

srvvleoh ydoxhv ri != Vwloo/ wkh uhdghu vkdoo nhhs lq plqg wkh h{lvwlqj hylghqfh dqg wdnh

zlwk fdxwlrq wkh uhvxowv frqfhuqlqj �kljk� ohyhov ri ! zklfk lpso| wkdw glvdgydqwdjhg

vwxghqwv duh suhihuuhg e| vfkrrov1

Rq ehkdoi ri wudfwdelolw|/ ohw xv gh�qh

F � f

5I +�K � �O,� !�O
+53,

D orzhu mFm lpsolhv d kljkhu uhvsrqvlyhqhvv ri sduhqwv wr gl�huhqfhv lq wkh pl{ ri

fkloguhq w|shv zlwklq vfkrrov +ru dqwlflsdwhg gl�huhqfh lq shuirupdqfhv,1 Khqfh/ F

uhsuhvhqwv vrph vruw ri zhljkwhg prelolw| frvw wdnlqj dffrxqw iru erwk xqlw wudqvsruw

frvwv f dqg vfkrro gl�huhqfhv lq dyhudjh shuirupdqfh gxh wr wkh vrflrhfrqrplf sur�oh

ri wkh sxslov1 Zh fdq wkhq zulwh

a{ @
4

5
.

V3 � V4

5f
@

4

5
.

+O4 � O3,

F
+54,
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Qrwh wkdw/ iru dq lqwhulru a{ lw pxvw eh wkh fdvh wkdw/ li F A 3/

4

5
.

+O4 � O3,

F
� 3 / F

7
. O4 � 4

7
/ O4 � 4

7
� F

7
+55,

4

5
.

+O4 � O3,

F
� 4 / O4 � 4

7
� F

7
/ O4 � 4

7
.

F

7
+56,

dqg/ li F ? 3>

4

5
.

+O4 � O3,

F
� 3 / F

7
. O4 � 4

7
/ O4 � 4

7
� F

7
+57,

4

5
.

+O4 � O3,

F
� 4 / O4 � 4

7
� F

7
/ O4 � 4

7
.

F

7
+58,

Li wkh gl�huhqfh lq O hquroophqwv dw hdfk vfkrro lv �wrr odujh� ++55, dqg +56, ru +57,

dqg +58, qrw vdwlv�hg uhvshfwlyho|, ghpdqg zloo uhdfw �vkrrwlqj� wr d fruqhu vroxwlrq

+}hur ru rqh,1 Lq rwkhu zrugv/ wkh odujh gl�huhqfh lq vwxghqw pl{ zlwklq wkh wzr

vfkrrov zloo pdnh lw zruwkzkloh iru doo sduhqwv wr lqfxu wkh prelolw| frvw dvvrfldwhg

wr wdnlqj wkhlu fkloguhq wr wkh vfkrro zlwk wkh odujhu dyhudjh shuirupdqfh1 Wkxv/ doo

ghpdqg zloo wxuq wr wklv rqh vfkrro1

Zh fdq wkhq gh�qh/ iru F A 3

a{ @

;AAAAAAAAA?AAAAAAAAA=

4 li O4 A
4

7
.

F

7

4

5
.

O4 � O3

F
li

4

7
� F

7
� O4 � 4

7
.

F

7

3 li O4 ?
4

7
� F

7

+59,

dqg/ iru F ? 3

a{ @

;AAAAAAAAA?AAAAAAAAA=

4 li O4 ?
4

7
� F

7

4

5
.

O4 � O3

F
li

4

7
� F

7
� O4 � 4

7
.

F

7

3 li O4 A
4

7
� F

7

+5:,
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8 Htxloleulxp

Dw htxloleulxp/ rswlpdo dgplvvlrqv pxvw eh frpsdwleoh zlwk h�hfwlyh ghpdqgv1 Iluvwo|

zh vwxg| wkh wzr olplwlqj fdvhv lq zklfk hlwkhu wkh orzhu ru wkh xsshu olplw rq O duh

elqglqj lq wkh ohdglqj vfkrro +lw suhihuv rqo|K0w|sh ru rqo| O0w|sh fkloguhq dv sxslov,1

Wkhq zh zloo glvfxvv wkh lqwhulru vroxwlrq1 Lq rughu wr ghwhuplqh wkh htxloleulxp pl{

ri fkloguhq zlwklq vfkrrov lq hdfk fdvh zh surfhhg dv iroorzv= �uvw zh orrn iru d

�{hg srlqw vxfk wkdw wkh fkrlfh ri vfkrrov fruuhvsrqgv wr dydlodeoh ghpdqg dqg yhuli|

zkhwkhu wkh vroxwlrq lv lqwhulru> wkhq/ zh fkhfn iru vwdelolw|1 Fruqhu vroxwlrqv duh

lqghshqghqwo| frqvlghuhg1

814 Htxloleulxp zlwkrxw wkh Vshfl�f Judqw

D sduwlfxodu dqg lqwhuhvwlqj fdvh lq zklfk wkh orzhu olplw rq Ol lv dozd|v elqglqj lv

wkdw lq zklfk vfkrrov duh �qdqfhg e| phdqv ri d oxps0vxp wudqvihu dorqh1: Zh wkhq

frqvlghu lq wklv vxevhfwlrq htxloleulxp zlwkrxw vshfl�f judqwv1

Zkhq wkh orzhu olplw rq O lv elqglqj/ vfkrrov dgplw d plqlpxp ri fkloguhq ri O0w|sh

sduhqwv1 Wkhq/ vlqfhK0sduhqwv duh deoh wr uhjlvwhu wkhlu fkloguhq dw wkh vfkrro ri wkhlu

fkrlfh/ wkhlu ghpdqg dorqh lv uhvsrqvleoh iru wkh htxloleulxp pl{ ri fkloguhq w|shv1

Iurp +47,/ +49, dqg +54,/ jlyhq wkdw O3 . O4 @ 4@5> zh fdq zulwh wkh iroorzlqj

htxloleulxp frqglwlrqv iru wkh fdvh lq zklfk wkh orzhu olplw rq Ol lv elqglqj

O3 � 4

5
� 4

5

�
4

5
.

4

5F
� 5O3

F

�5

+5;,

O4 � 4

5

�
4

5
.

5O4

F
� 4

5F

�5

+5<,

zkhuh/ vlqfh ! @ 3> F @ f@5I +�K � �O, A 3=

Rqfh zh dffrxqw iru wkh idfw wkdw O3 @ 4@5 � O4 lw lv fohdu wkdw +5;, dqg +5<,

duh wkh vdph frqglwlrq= lqghshqghqwo| ri zklfk vfkrro kdv wkh ohdglqj srvlwlrq/ wkh

htxloleulxp frqglwlrq lv wkh vdph1 Zh uhihu wkh dqdo|vlv wr vfkrro 41 Vlqfh ghpdqg

iru vfkrro 4 zloo eh odujhu zkhq lw hquroov ohvv O0fkloguhq/ O4 ? 4@7 zloo jxdudqwhh

:Dw wkh hqg ri wklv vhfwlrq lw zloo dsshdu fohdu wr wkh uhdghu wkdw � 	 2E�M 3 �u�8*�M lv hqrxjk

wr pdnh wklv frqvwudlqw elqglqj�
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wkdw vfkrro 4 lv wkh ohdglqj vfkrro=

Zh �qg wzr ydoxhv ri O4 5 ^3> 4
5 ` wkdw vdwlvi| +5<, zlwk htxdolw|=

OD
4 @

4

7

�
4 .F5 � F � F

s
5� 5F .F5

�
+63,

OE
4 @

4

7

�
4 .F5 � F .F

s
5� 5F .F5

�
+64,

Iljxuh 6 ehorz ghslfwv wkh urrwv ri +5<, wrjhwkhu zlwk wkh olplwlqj ydoxhv ri O4 wkdw/

iru d jlyhq F> vxssruw dq lqwhulru a{ dffruglqj wr +59,1 Zh xvh wklv �jxuh wr h{sodlq

zkdw zloo eh vkrzq irupdoo| lq sursrvlwlrqv 4 dqg 51

C

2/1

4/1

BL1

AL1

44
1

1
C

L +=

44
1

1

C
L −=

1

Iljxuh 6

Qrwh �uvw wkdw OD
4 grhv qrw vdwlvi| wkh frqglwlrqv iru lqwhulru ghpdqg +55, zkhq

f � 5I +�K��O, +ru F ? 4,= wkh gl�huhqfhv lq dgplvvlrqv dqg khqfh lq shuirupdqfhv

duh wrr odujh uhodwlyh wr prelolw| frvwv wr vxvwdlq d glvwulexwlrq ri ghpdqg dprqj wkh

wzr vfkrrov wkdw doorzv iru wklv htxloleulxp pl{1 Li OD
4 lv fkrvhq e| vfkrro 4 zkhq

F ? 4 lw zloo dwwudfw doo ghpdqg1 Wkhq/ vlqfh wkh orzhu olplw rq O4 lv elqglqj/

dgplvvlrqv ri O4 zloo eh plqlpxp/ l1h1 }hur +dqg qrw OD
4 ,1

Zh wkhq lqyhvwljdwh zkhwkhu fruqhu vroxwlrqv iru ghpdqg a{ @ 3 +O4 @ 3, dqg a{ @ 4

+O4 @ 4@5, pd| wdnh sodfh dw htxloleulxp1 Sursrvlwlrq 4 vkrzv wkdw wklv lv lqghhg

wkh fdvh1

E| zd| ri frqwudvw/ OE
4 fruuhvsrqgv wr gl�huhqfhv lq dgplvvlrqv e| wkh vfkrrov wkdw
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duh vpdoo uhodwlyh wr wkh zhljkwhg prelolw| frvwv F ? 41 Khqfh/ wkh ehwwhu shuiruplqj

vfkrro +3 lq wklv fdvh, zloo qrw dwwudfw doo ghpdqg exw rqo| wkdw zklfk zloo doorz wkh

dgplvvlrq ri OE
4 vwxghqwv/ wkxv |lhoglqj dq htxloleulxp1 Krzhyhu/ wklv htxloleulxp lv

qrw urexvw wr jurxs0ghyldwlrqv +ru lv qrw vwdeoh,= li d vpdoo vhw ri fkloguhq duh pryhg

wr wkh rwkhu vfkrro/ wkhlu sduhqwv zloo qrw zdqw wr sxw wkhp edfn wr wkhlu ruljlqdo

vfkrro1 Lq idfw wkh h{lvwhqfh ri wklv htxloleulxp uholhv hqwluho| rq wkh idfw wkdw/ vlqfh

wkhuh lv d frqwlqxxp ri idplolhv/ hdfk ri wkhp lv dwrpohvv/ l1h1 xqdeoh wr fkdqjh wkh

rxwfrph e| ghyldwlqj1 Li doorfdwhg wr vfkrrov dffruglqj wr OE
4 qr vlqjoh sduhqw zloo

kdyh dq lqfhqwlyh wr ghyldwh1 Dqg |hw/ iurp wkh prphqw wkdw d ihz idplolhv uhdol}h

wkdw wkh| fdq ehqh�w iurp wxuqlqj wr wkh rwkhu vfkrro/ wklv htxloleulxp zloo idoo dsduw=

rqfh doo K0fkloguhq duh sxw lqwr wkh vdph vfkrro qrqh ri wkhlu sduhqwv zloo kdyh dq

lqfhqwlyh wr pryh wkhp zkhq F ? 4=

Ilqdoo|/ sursrvlwlrq 5 vkrzv wkdw/ zkhq F � 4> wkh htxloleulxp lv xqltxh dqg ghvfulehg

e| OD
4 1

Sursrvlwlrq 4 Dvvxph wkdw ! @ 3= Wkhq/ li F ? 4> wkhuh h{lvw wkuhh htxloleuld1 Wzr

ri wkhp duh vwdeoh dqg lqyroyh wrwdo vhjuhjdwlrq ri fkloguhq w|shv1

Surri1 Wkh surri kdv vhyhudo sduwv1 Zh �uvw vkrz wkdw OD
4 lv qrw dq htxloleulxp

zkhq F ? 4= Wkhq zh vkrz wkdw OE
4 lv dq htxloleulxp dqg uhihu wr wkh Dsshqgl{

iru d surri ri lwv lqvwdelolw|1 Ilqdoo|/ zh vkrz wkdw erwk O4 @ 3 dqg O4 @ 4@5 duh

htxloleulxp glvwulexwlrqv ri fkloguhq dprqj vfkrrov zkhq F � 4=

Sduw 41 OD
4 ? 4@7� F@7 lpso|lqj/ iurp +59,/ wkdw a{ @ 3= Wkhq/ O�

4 @ 3 9@ OD
4 =

Sduw 51 Frqvlghu OE
4 zkhq F ? 4= Idplolhv ri w|sh0K olylqj dw

a{+OE
4 , @

4

5
.

5OE
4 � 4

5

F
@

F .
s
5� 5F .F5

5

ghulyh dq lghqwlfdo xwlolw| ohyho iurp vhqglqj wkhlu fkloguhq wr vfkrro 3 ru 4

yK+V3+O
E
4 ,> a{+O

E
4 ,, @ yK+V4+O

E
4 ,> a{+O

E
4 ,, @ I +�K . �O,� f

5

Doo K0idplolhv olylqj dw { A a{+OE
4 , suhihu vfkrro 4= dowkrxjk wkh| ghulyh wkh vdph

ehqh�w iurp vfkrrolqj ri wkhlu fkloguhq dw vfkrro 4 wkdq wkh idplo| zkr lv lqgl�huhqw

dprqj vfkrrov/ wkhlu lqfxuuhg frvwv duh orzhu/ vlqfh wkh| olyh forvhu wr vfkrro 41 Iru wkh

vdph uhdvrq/ doo K0idplolhv olylqj dw { ? a{+OE
4 , suhihu vfkrro 31 Dovr/ a{+O

E
4 , 5 +3> 4,
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zkhq F ? 4=

Dv lw lv vkrzq lq Dsshqgl{ D/ wklv htxloleulxp lv qrw urexvw wr jurxs ghyldwlrqv1

Sduw 61 Li O4 @ 3> wkh xwlolw| wr wkh K0idplolhv olylqj ixuwkhvw iurp vfkrro 4 +{ @ 3,

lv

y4 @ V4+O4 @ 3,� f @ 5 �KI � f

Li rqh ri wkhvh idplolhv ghflghg wr pryh khu fklog wr wkh forvhvw vfkrro 3/ vkh zrxog

wkhq ehqh�w iurp xwlolw|

y3 @ V3

�
O3 @

4

5

�
@ 5 �OI

Vlqfh f ? 5+�K � �O,I wklv idplo| grhv qrw kdyh dq lqwhuhvw wr fkdqjh vfkrro1

D vlplodu dujxphqw vkrzv wkdw li doo K0fkloguhq dwwhqg vfkrro 3 qr vlqjoh K0idplo|

zloo kdyh dq lqfhqwlyh wr fkdqjh vfkrro zkhq F ? 4= Wkhq/ O4 @ 4@5 lv dovr dq

htxloleulxp=

Erwk O4 @ 3 dqg O4 @ 4@5 duh urexvw wr %0ghyldwlrqv +vhh Dsshqgl{ E,1

Wkhuhiruh/ zkhq vfkrrov duh �qdqfhg e| oxps0vxp wudqvihuv dqg F ? 4> vwdeoh htxl0

oleuld lqyroyh wrwdo vhjuhjdwlrq= hlwkhu doo K dwwhqg vfkrro 4 dqg doo O vfkrro 3 ru ylfh

yhuvd1 Wkh gl�huhqfh lq vfkrro*v dyhudjh shuirupdqfhv lv h{wuhph1

Sursrvlwlrq 5 Dvvxph wkdw ! @ 3= Wkhq/ li F � 4> wkhuh h{lvwv d vlqjoh vwdeoh

htxloleulxp1 Wklv htxloleulxp lv vxfk wkdw vfkrro 4 lv wkh ohdghu dqg lqyroyhv pruh

vhjuhjdwlrq wkdq wkh qr0fkrlfh ehqfkpdun/ dowkrxjk lw dssurdfkhv wklv srlqw ri uhihu0

hqfh dv F $ 4=

Surri1 OE
4 A 4@5 zkhq F � 4> khqfh lw fdqqrw wdnh sodfh1 Qhlwkhu O4 @ 3 qru

O4 @ 4@5 duh htxloleulxp rxwfrphv zkhq F � 4= Wr vhh wklv mxvw qrwh wkdw zkhq

F � 4

a{K @
4

5
.

O4 � O3

F

;?= ? 4 li O4 @ 4@5

A 3 li O4 @ 3

khqfh O�

4 @
a{5
K

5
A 3 dqg O4 @

4

5
� O�

3 @
a{5
K

5
?

4

5
=

4:



Wkh htxloleulxp/ ghwhuplqhg e| OD
4 5

�
4

7
� F

7
>
4

7
.

F

7

�
> lv xqltxh dqg vwdeoh= Dovr/

olpF $ 4 OD
4 @

4

;

Wkhuhiruh/ dw wkh xqltxh dqg vwdeoh htxloleulxp fruuhvsrqglqj wr dq| F � 4 +ru

f � 5I +�K � �O,, wkh ohdglqj vfkrro 4 zloo dgplw rqo| O�

4 ? 4@;> wkxv lqfuhdvlqj vhj0

uhjdwlrq zlwk uhvshfw wr wkh qr0fkrlfh ehqfkpdun1 Zh fdq qrz ghslfw +vwdeoh, htxl0

oleuld dv d ixqfwlrq ri zhljkwhg prelolw| frvwv ri K0idplolhv zkhq vfkrrov duh htxdoo|

�qdqfhg dqg sduhqwv duh iuhh wr fkrrvh vfkrro iru wkhlu fkloguhq1 Wkh olqh O4 @ 4@7

+lpso|lqj O3 @ 4@7, uhsuhvhqwv wkh Hjdolwduldq Ehqfkpdun +vfkrrov htxdoo| vkduh

fkloguhq w|shv,1 Frqyhuvho|/ wkh olqh O4 @ 4@; +O3 @ 6@7, uhsuhvhqwv wkh Qr0Fkrlfh

Ehqfkpdun1

C1

1L

2/1

4/1

8/1

Iljxuh 7= Htxloleuld zkhq ! @ 3=

Vlqfh wkh htxloleulxp rxwfrph whqgv wr wkh Qr0Fkrlfh Ehqfkpdun dv F whqgv wr

lq�qlw|/ zh fdq frqfoxgh wkdw iuhh vfkrro fkrlfh zloo rqo| fkdqjh wkh qr0fkrlfh glv0

wulexwlrq ri fkloguhq lq vfkrrov li prelolw| frvwv duh orz uhodwlyh wr wkh gl�huhqfhv lq

shuirupdqfhv ri fkloguhq w|shv1 Exw li zhljkwhg prelolw| frvwv duh orzhu/ wkhq iuhh

fkrlfh ri vfkrrov zloo uhvxow lq juhdwhu vhjuhjdwlrq dqg glvfuhsdqf| ri dyhudjh shuiru0

pdqfhv zkhq vfkrrov kdyh olplwhg fdsdflw| dqg duh oxps0vxp �qdqfhg1

4;



Qrwh wkdw/ lq rxu prgho/ gl�huhqw sduhqw w|shv djuhh rq zkdw lv jrrg iru wkhlu fklo0

guhq dqg vx�hu lghqwlfdo +xqlw, prelolw| frvwv1 Pruhryhu/ gl�huhqfhv lq lqfrph gr qrw

sod| d uroh lq ghpdqg iru vfkrrolqj1 Wrwdo vhjuhjdwlrq dqg wkh pd{lpxp gl�huhqfh

lq vfkrro dyhudjh shuirupdqfhv uhvxow iurp wkh idfw wkdw vfkrrov ri olplwhg fdsdflw|

fdq fkrrvh wkhlu sxslov dprqj doo dssolfdqwv1 Dv zh glvfxvvhg lq wkh lqwurgxfwlrq/

wkhuh duh d ihz uhdvrqv zk| zh frxog eh lqwhuhvwhg lq fkdqjlqj wklv1

815 Htxloleulxp zlwk d Odujh Vshfl�f Judqw

Frqvlghu qrz wkh rwkhu h{wuhph fdvh1 Qrw rqo| zh doorz iru d judqw ! exw dovr

lw lv vx!flhqwo| odujh uhodwlyho| wr oxps0vxp wudqvihuv wr pdnh wkh xsshu olplw rq

Ol elqglqj iru wkh vfkrro hqmr|lqj wkh ohdglqj uroh1 Iurp wkh frqglwlrqv iru wkh

pd{lpl}dwlrq ri +46, jlyhq lq vhfwlrq 716/;

! A
5+�K � �O,I

�K � 7+�K � �O,Ol

Wkhq/ wkh ehqh�wv lq whupv ri odujhu ixqgv dvvrfldwhg wr wkh dgplvvlrq ri O fkloguhq

rxwzhljkw wkh h�hfwv ri wkhlu orzhu pdujlqdo dfklhyhphqw1 Wkh ohdglqj vfkrro zrxog

olnh wr dgplw dw ohdvw dv pdq| O vwxghqwv dv kdyh dssolhg1 Iurp +48,/ +4:, dqg +54,/

zh fdq zulwh

O3 � 4

5
� 4

5

�
4

5
� 4

5F
.

5O3

F

�5

+65,

ru

O4 � 4

5

�
4

5
� 5O4

F
.

4

5F

�5

+66,

zkhuh wkh ghqrplqdwru ri F> 5I +�K � �O, � !�O fdq qrz eh srvlwlyh ru qhjdwlyh1

Lq rwkhu zrugv/ sduhqwv pd| qrz suhihu wkh vfkrro zlwk pruh K0fkloguhq dv ehiruh/

ru wkh| pd| suhihu wkh vfkrro zkhuh wkhuh duh pruh O= Lw zloo fhuwdlqo| ghshqg xsrq

zkhwkhu wkh ehwwhu vfkrro kdv pruh vwxghqwv ri rqh ru wkh rwkhu w|sh1 Lq wxuq/ wklv

zloo ghshqg xsrq wkh vl}h ri ! dqg wkh delolw| ri wklv yduldeoh wr frpsohwho| ryhufrph

wkh qhjdwlyh h�hfw ri glvdgydqwdjhg fxowxudo edfnjurxqgv rq dyhudjh shuirupdqfhv

;Vrph fdxwlrq lv uhtxluhg zkhq/ olnh lq wklv fdvh/ olplwlqj ohyhov ri � duh h{suhvvhg dv d ixqfwlrq

ri u�c zklfk ghshqgv lwvhoi rq �� Krzhyhu/ wklv zd| ri surfhhglqj juhdwo| vlpsol�hv wkh h{srvlwlrq1

Zh wkhq vwlfn wr lw zkloh fduhixoo| yhuli|lqj h{0srvw wkh ydolglw| ri wkh lqhtxdolw|1

4<



ri wkh vfkrrov1 Zh kdyh douhdg| glvfxvvhg wkh frqwuryhuvldo qdwxuh ri wklv srvvlelolw|1

Wkh fdvh lq zklfk vfkrrov pd| hqg xs suhihuulqj O fkloguhq dv d uhvxow ri d odujh !

+F ? 3, vkdoo wkhq eh frqvlghuhg zlwk fdxwlrq1

81514 K vwxghqwv duh suhihuuhg e| vfkrrov

Ohw xv �uvw frqvlghu F A 3 ru/ htxlydohqwo|

! ?
5I +�K � �O,

�O

Dv ehiruh/ +65, dqg +66, duh htxlydohqw htxloleulxp frqglwlrqv1 Zkhq wkh xsshu olplw

rq O4 lv elqglqj/ zh �qg wzr urrwv ri O4 5 ^3> 4
5 ` wkdw vdwlvi| +66, zlwk htxdolw|=

OF
4 @

4

7

�
4 .F . F5 � F

s
5 . 5F . F5

�
+67,

OG
4 @

4

7

�
4 .F . F5 .F

s
5 . 5F . F5

�
+68,

Iljxuh 8 ehorz ghslfwv wkhvh urrwv ri +66,1

Fohduo|/ iurp wkh �jxuh/ wkh rqo| lqwhulru htxloleulxp lv jlyhq e| OF
4 +OG

4 grhv qrw

vdwlvi| +56,,1 Sursrvlwlrq 6 vkrzv wkdw OF
4 lv lq idfw wkh rqo| htxloleulxp zkhq wkh

xsshu olplw ri Ol lv elqglqj1
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C

DL1

CL1

1/2

1/4

44
1

1
C

L −=

44
1

1
C

L +=

1

Iljxuh 8

Sursrvlwlrq 6 Dvvxph wkdw

5I +�K � �O,

�O
A ! A

5I +�K � �O,

�K � 7+�K � �O,OF
4

Wkhq/ wkh htxloleulxp lv xqltxh dqg vwdeoh dqg lqyroyhv pruh pl{lqj ri fkloguhq w|shv

wkdq wkrvh uhvxowlqj dw wkh Qr0Fkrlfh Ehqfkpdun1 Krzhyhu/ wkh htxloleulxp pl{

dssurdfkhv wklv srlqw ri uhihuhqfh dv F $ 4=

Surri1 Wkh orfxv ri dgplvvlrqv ri O frpsdwleoh zlwk ghpdqg ohyhov lv uhsuhvhqwhg

e| hlwkhu OF
4 ru OG

4 = Lq idfw/ vlqfh OG
4 grhv qrw vdwlvi| +56,/ lw fdqqrw eh dq lqwhulru

htxloleulxp1 Lq frqwudvw zlwk wkh fdvh zkhq wkh orzhu olplw iru O4 zdv elqglqj/ wkh

fruqhu vroxwlrq O4 @ 4@5 lv qr orqjhu dq htxloleulxp1 Wkh uhdvrq lv wkdw/ li vfkrro

4 dgplwv doo O> lwv dyhudjh shuirupdqfh zloo eh orzhu wkdq wkdw ri vfkrro 3 +! lv qrw

odujh hqrxjk wr pdnh wkh ehvw vfkrro fkrrvh O�

l A 4@7,= Wkhq/ ghpdqg zloo wxuq wr

vfkrro 3/ wkdw zloo ehfrph wkh ohdghu1 Li/ rq wkh rwkhu kdqg/ vfkrro 3 lv wkh ohdghu/ lw

zloo qrw fkrrvh O3 @ 3 +zklfk zrxog lpso| wkdw O4 @ 4@5, vlqfh ! lv odujh1 D vlplodu

dujxphqw vkrzv wkdw O4 @ 3 +O3 @ 4@5, lv qrw dq htxloleulxp zkhq wkh xsshu olplw

rq O4 lv elqglqj1

Htxloleulxp lv wkhq uhsuhvhqwhg e| OF
4 +F, ? 4@7> wkdw vdwlv�hv +55, dqg +56, dqg lv
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urexvw wr ghyldwlrqv/ zlwk

olpF $ 3 OF
4 @ 4@7

olpF $ 4OF
4 @ 4@;

Qrwh wkdw

F $ 3 / f@
�
5I +�K � �O,� !�O

� $ 3

F $ 4 / f@
�
5I +�K � �O,� !�O

� $ 4

Rq wkh rwkhu kdqg/ wkhuh h{lvwv d udqjh ri ! wkdw vxssruwv wklv htxloleulxp/ vlqfh iru

wkdw udqjh wr h{lvw zh qhhg

4

5
�O ?

4

5
�K � 5+�K � �O,OF

4 / 5+�K � �O,OF
4 ?

4

5

�
�K � �O

� / OF
4 ?

4

7

zklfk lv lqghhg wkh fdvh1 Khqfh/ wkh grpdlq ri ! lq wklv sursrvlwlrq lv qrq hpsw|1

Htxloleulxp zkhq wkh xsshu olplw rq O lv elqglqj zlwk F A 3 +K vwxghqwv duh

suhihuuhg e| vfkrrov ru ! ? 5I +�K � �O,@�O , lv ghslfwhg lq �jxuh 91 Lw dssurdfkhv

wkh Hjdolwduldq Ehqfkpdun dv F whqgv wr }hur dqg wkh Qr0Fkrlfh Ehqfkpdun dv F

whqgv wr lq�qlw|1

1L

C

8/1
4/1

2/1

Iljxuh 9= Htxloleulxp zkhq ! �odujh�1

E| frpsdulqj �jxuhv 7 dqg 9 zh fdq vhh wkdw/ lq whupv ri uhgxflqj wkh gl�huhqfhv
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lq vwxghqw pl{ zlwklq vfkrrov +dqg khqfh lq dyhudjh shuirupdqfhv,/ l1h1 dssurdfklqj

wkh ehqfkpdun O3 @ O4 @ 4@7> d vxevwdqwldo lpsuryhphqw fdq wdnh sodfh iru orz/

srvlwlyh/ ohyhov ri F= Wklv vxjjhvwv wkdw d ohyho ri ! vx!flhqwo| odujh wr pdnh wkh

xsshu olplw rq Ol elqglqj frpelqhg zlwk wkh vxevlgl}dwlrq ri wudqvsruw frvwv +uf,

pd| suryh h!flhqw lq uhgxflqj gl�huhqfhv lq vfkrrov* shuirupdqfhv1 D �wrr odujh�

judqw !> deoh wr pdnh vfkrrov suhihu O vwxghqwv/ frxog krzhyhu |lhog shuyhuvh h�hfwv/

dv lw zloo vkruwo| eh fodul�hg1

81515 O vwxghqwv duh suhihuuhg e| vfkrrov

Frqvlghu qrz wkh fdvh F ? 3 ru

! A
5I +�K � �O,

�O

Wkh judqw dvvrfldwhg wr glvdgydqwdjhg vwxghqwv lv vr odujh wkdw wkh ehvw vfkrro zloo

eh wkdw zklfk pdqdjhv wr hquroo wkh odujhu qxpehu ri O= Lq wklv fdvh/ qrw rqo| vfkrrov

wu| wr dgplw dv pdq| O dv srvvleoh +wkh xsshu olplw rq O lv elqglqj, exw dovr/ sduhqw*v

ghpdqgv wxuq wr wkh pruh shuiruplqj vfkrro/ wkdw lv qrz dwwhqghg e| d kljkhu sur0

sruwlrq ri O uhodwlyh wr K0fkloguhq= Wkhuhiruh/ lq frqwudvw zlwk wkh uhvw ri wkh sdshu/

Ol A 4@7 fruuhvsrqgv wr rswlpdo fkrlfhv ri vfkrro l1

Lq idfw/ wklv sureohp lv v|pphwulf wr wkdw ghvfulehg e| sursrvlwlrqv 4 dqg 5 zkhq

vfkrrov dgplw dv pdq| K0fkloguhq dv srvvleoh dqg sduhqwv suhihu vfkrrov zkhuh wkhuh

duh pruh K= Lq wkdw fdvh/ dgplvvlrqv ri Kl A 4@7 zhuh rswlpdo fkrlfhv ri vfkrro

l= E| zulwlqj K lqvwhdg ri O zh fdq gluhfwo| rewdlq wkh htxloleuld fruuhvsrqglqj wr

! A 5I +�K � �O,@�O=

Sursrvlwlrq 7 Dvvxph wkdw ! A 5I +�K � �O,@�O= Wkhq wkhuh h{lvw wkuhh htxloleuld

zkhq �4 ? F ? 31 Wzr ri wkhp duh vwdeoh dqg lqyroyh wrwdo vhjuhjdwlrq1 Zkhq

F ? �4 wkh htxloleulxp lv xqltxh dqg vxfk wkdw vfkrro 3 lv wkh ohdghu1 Lw lqyroyhv

pruh vhjuhjdwlrq wkdq wkh Qr0Fkrlfh Ehqfkpdun/ dowkrxjk lw dssurdfkhv wklv srlqw ri

uhihuhqfh dv F $ �4=

Surri1 Wdnh +66, dqg uhsodfh F e| eF @ �F A 3= Wkh frqglwlrq lv qrz +5<, lq

whupv ri eF= Wkhuhiruh/ wkh ghulydwlrq ri wkh htxloleuld iroorzv wkh vwhsv ri sursrvlwlrqv

4 dqg 51
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816 Wkh Lqwhulru Vroxwlrq

Wkh dlp ri wklv vhfwlrq lv wr ghwhuplqh wkh grpdlq ri doo srvvleoh htxloleulxp doorfd0

wlrqv ri fkloguhq wr vfkrrov1 Qrwh �uvw wkdw lqwhulru htxloleuld fdq rqo| wdnh sodfh li

F A 3= Zkhq F ? 3 wkh xsshu olplw rq O4 lv dozd|v elqglqj1

Zh nqrz iurp +5<, dqg +66, wkdw dq lqwhulru vroxwlrq iru O4 zkhq a{ 5 +3> 4, pxvw eh

vxfk wkdw

O4 � 4

5

�
4

5
.

5O4

F
� 4

5F

�5

O4 � 4

5

�
4

5
� 5O4

F
.

4

5F

�5

Wkhvh lqhtxdolwlhv duh vdwlv�hg/ uhvshfwlyho| li

OD
4 � O�

4 � OE
4

dqg

OF
4 � O�

4 � OG
4

Wklv olplwv wkh grpdlq ri lqwhulru vroxwlrqv wr wkh vxuidfh ehwzhhq OD
4 dqg OF

4 =

Li/ rq wkh rwkhu kdqg/ a{ lv frqvwudlqhg dw 3 ru 4> lqwhulru vroxwlrqv ri Ol +l @ 3> 4,

fdq wdnh sodfh surylghg wkdw O4 ? 4@7 � F@7 = < wkh dgplvvlrq ri d vx!flhqwo| orz

qxpehu ri O e| wkh vfkrro suhihuuhg e| doo sduhqwv zloo qrw uhgxfh lwv ghpdqg1

Wklv ixoo| ghwhuplqhv wkh duhdv lq �jxuh :1

<Wr ehwwhu xqghuvwdqg �jxuh 45 qrwh wkdw uf $ �*e3 �*e lv htxlydohqw wr u� : �*e n�*e1
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C

min
02

1
L−

max
02

1
L−

max
1L

min
1L

*

*
* *

*

*

*

*
* * *

*

1

4/1

2/1

Iljxuh :

Zh fdq qrz ghwhuplqh wkh olplwlqj ohyhov ri !> ! dqg ! wkdw vxssruw dq lqwhulru

htxloleulxp zkhq vfkrro 4 lv suhihuuhg e| doo sduhqwv= Lq wklv fdvh plqlpxp dgplvvlrqv

ri O dw vfkrro 4 duh jlyhq e| Oplq
4 dqg pd{lpxp dgplvvlrqv ri O duh jlyhq e| Opd{

4

lq �jxuh ;= Iurp wkh �uvw rughu frqglwlrqv iru pd{lpl}dwlrq zkhq qhlwkhu frqvwudlqw

lv elqglqj dw O�

4 @ Oplq
4 / O�

4 @ Opd{
4 uhvshfwlyho|/

! @
5+�K � �O,I

�K � 7+�K � �O,Oplq
4

dqg ! @
5+�K � �O,I

�K � 7+�K � �O,Opd{
4

Zkhq vfkrro 3 lv ohdglqj Oplq
3 @ 3> Opd{

3 @ 4@7�F@7= Wkhq/ wkh �uvw rughu frqglwlrqv

jlyh xv wkh olplwlqj ohyhov ri !> ! dqg !> wkdw vxssruw dq lqwhulru htxloleulxp zkhq

vfkrro 3 lv wkh ohdghu

! @
5+�K � �O,I

�K
dqg ! @

5+�K � �O,I

5�K � 7+�K � �O,+ 47 � F
7 ,

Qrwh wkdw ! � ! vlqfh Oplq
4 � Oplq

3 = Krzhyhu/ li ! A ! +Oplq
4 A 3,> qr htxloleulxp lq

zklfk vfkrro 3 lv wkh ohdglqj vfkrro fdq wdnh sodfh +vhh �jxuh :,1 Rq wkh rwkhu kdqg/

Opd{
4 A +4@7� F@7,=Khqfh/ ! A !=

Wkhq/ vlqfh wkh sd|r�v ri vfkrrov 4 dqg 5 duh frqfdyh dqg/ khqfh/ wkh lqwhulru vroxwlrqv

duh xqltxh/ zh fdq zulwh wkh iroorzlqj sursrvlwlrq1
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Sursrvlwlrq 8 Iru doo ! ? ! ? !> wkhuh h{lvwv dq lqwhulru htxloleulxp jlyhq e|

O�

4 @
5+�O � �K,I . �K!

7+�K � �O,!

Iru ! ? ! ? ! wkhuh lv d vhfrqg lqwhulru htxloleulxp jlyhq e|

O�

3 @
5+�O � �K,I . �K!

7+�K � �O,!

Zh kdyh vhhq wkdw edodqfhg exgjhw lqfuhdvhv ri ! fdq lqgxfh vfkrrov wr dgplw

fkloguhq iurp glvdgydqwdjhg hqylurqphqwv1 Krzhyhu/ wkh judqw dovr d�hfwv wkh udqjh

ri srvvleoh lqwhulru vroxwlrqv/ l1h1 wkh plqlpxp dqg pd{lpxp ydoxhv ri dydlodeoh O=

Lqghhg/ dv ! lqfuhdvhv/ ghpdqgv whqg wr htxdol}h1 Wklv pdnhv wkh udqjh ri dydlodeoh

fkrlfhv ri O olh forvhu wr wkh Qr0Fkrlfh Ehqfkpdun1

Lqghhg/ rqfh ! A ! / wkh xsshu olplw ri O uhpdlqv elqglqj dw Opd{
4 dqg ixuwkhu

lqfuhdvhv lq wkh shu O0fklog doorfdwlrq ! rqo| d�hfw wkh vl}h ri F1 Wkh srlqw ! @

5I +�K � �O,@�O A ! hpehgv dq lpsruwdqw fkdqjh ri uhjlph1 Lw lpsolhv wkdw wkh

dgydqwdjhv uhodwhg wr wkh hquroophqw ri ehwwhu dfklhylqj K0w|sh fkloguhq duh orvw lq

idyru ri O0w|shv1 Wkh judqw ! wkhq kdv wkh shuyhuvh h�hfw ri uhsolfdwlqj wkh htxloleuld

fruuhvsrqglqj wr iuhh fkrlfh ri vfkrro zkhq vfkrrov duh �qdqfhg e| oxps0vxp wudqvihuv

dorqh1

Wkh iroorzlqj wdeoh vxppdul}hv wkh rswlpdo ihdvleoh fkrlfhv ri O e| vfkrro 4 iru jlyhq

!= Wkh olplwlqj rswlpdo dgplvvlrqv ri O fkloguhq> Oplq
4 > Opd{

4 > Oplq
3 dqg Opd{

3 duh

wkrvh ghslfwhg lq �jxuh :1

! ?
5I+�K

��O,
5�K

�7+�K
��O,Oplq

4

O�

4 @ Oplq
4

mV3 � V4m pd{lpdo
5I+�K

��O,
5�K

�7+�K
��O,Oplq

4

? ! ?
5I+�K

��O,
5�K

�7+�K
��O,Opd{

4

O�

4 lqwhulru

5I+�K
��O,

�K
�7+�K

��O,Opd{

4

? ! ?
5I+�K

��O,
�O

O�

4 @ Opd{
4

mV3 � V4m plqlpdo
5I+�K

��O,
�O

? !
O�

4 @ 4@5� Oplq
3

mV3 � V4m pd{lpdo
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Vlploduo|/ wkh rswlpdo ihdvleoh fkrlfhv ri O iru vfkrro 3 jlyhq ! duh

! ?
5I+�K

��O,
�K

O�

3 @ Oplq
3

mV3 � V4m pd{lpdo
5I+�K

��O,
�K

�7+�K
��O,Oplq

3

? ! ?
5I+�K

��O,
�K

�7+�K
��O,Opd{

3

O�

3 lqwhulru

5I+�K
��O,

�K
�7+�K

��O,Opd{

4

? ! ?
5I+�K

��O,
�O

qr htxloleulxp

5I+�K
��O,

�O
? !

O�

3 @ 4@5� Oplq
4

mV3 � V4m pd{lpdo

9 Sdvvlyh Vfkrrov

Lq rughu wr xqghuolqh wkh lpsruwdqfh ri olplwhg vfkrro fdsdflw|/ frqvlghu/ wr frqfoxgh/

wkh fdvh lq zklfk vfkrrov sdvvlyho| dffhsw doo dssolfdwlrqv1 Lq wklv fdvh/ sduhqwv fdqqrw

vlpso| frpsduh wkh devroxwh qxpehu ri K lq erwk vfkrrov/ dv wkh vfkrro zlwk pruh K

pd| dovr eh wkh rqh zlwk pruh O= Vxssrvh wkdw wkh| frqvlghu lqvwhdg wkh gl�huhqfh

ehwzhhq wkh qxpehu ri K dqg O dw hdfk vfkrro1 Ghpdqg zloo wkhq eh ghwhuplqhg e|

{� @
4

5
.

K3 � O3 �K4 . O4

5f
@

4

5
.

O4 �K4

f
+69,

vlqfh K3 .K4 @ 4@5 dqg O3 . O4 @ 4@5=

Vfkrrov ri xqolplwhg fdsdflw| hquroo qrz hyhu| dssolfdqw1 Wkxv

O4 @
+4� {�,5

5
dqg K4 @

4

5
� {�5

5
+6:,

Dw htxloleulxp lw pxvw eh wkh fdvh wkdw ghpdqg doorzv iru vxfk doorfdwlrq ri fkloguhq

wr wkh vfkrrov=

{� @
4

5
.

4

f

�
+4� {�,5

5
� +

4

5
� {�5

5
,

�
Wklv htxloleulxp frqglwlrq kdv wzr vroxwlrqv=

{d @
4

5

�
f. 4�

s
f5 . 4

�
{e @

4

5

�
f. 4 .

s
f5 . 4

�
{e lv odujhu wkdq 4 iru doo f dqg wkhuhiruh qrq0ihdvleoh1 Ghpdqg fdqqrw uhpdlq frq0

vwudlqhg dw { @ 4 vlqfh/ li doo wkh fkloguhq zhuh dwwhqglqj wkh vdph vfkrro/ vrph ri

5:



wkh K sduhqwv zrxog suhihu wr vhqg wkhlu fkloguhq dorqh wr wkh rwkhu rqh1

Wkhuhiruh/ wkh rqo| htxloleulxp lv wkdw ghvfulehg e| {d= Wkh fruuhvsrqglqj glvwulex0

wlrq ri fkloguhq dprqj vfkrrov lv/ iurp +6:,

K4 @
4

5
� 4

;

�
f. 4�

s
f5 . 4

�5

O4 @
4

;

�
4� f.

s
f5 . 4

�5

ghslfwhg lq �jxuh ;

c

1L

1H
2/1

8/3

8/1

Iljxuh ;

Qrwh wkdw vfkrro 3 whqgv wr glvdsshdu dv prelolw| frvwv idoo/ vlqfh wkh joredo dprxqw

ri sxslov lq vfkrro 4 whqgv wr 4+doo wkh pdunhw, zkhq prelolw| frvwv whqg wr }hur1 Wklv

lv zkdw kdv wudglwlrqdoo| ehhq fodlphg e| iuhh vfkrro fkrlfh dgyrfdwhv1 Pruhryhu/

jlyhq wkh dvvxphg glvwulexwlrq ri idplolhv lq wkh flw|/ dv wkh vl}h ri wkh ehwwhu vfkrro

lqfuhdvhv iurp 425/ wkh qxpehu ri O fkloguhq wkdw jhw wr dwwhqg wklv vfkrro lv odujhu

wkdq wkh qxpehu ri qhz K fkloguhq +O4�4@; A K4�6@;,1 Khqfh/ li vfkrrov zhuh deoh

dqg zloolqj wr sdvvlyho| dffhsw doo dssolfdwlrqv +dqg doo idplolhv zhuh htxdoo| preloh,

lw frxog eh wkh fdvh wkdw iuhh vfkrro fkrlfh surylghg lq idfw glvdgydqwdjhg fkloguhq

zlwk ehwwhu rssruwxqlwlhv wr dwwhqg wkh ehwwhu vfkrro1

Wklv uhvxow uhtxluhv d fhuwdlq qxpehu ri txdol�fdwlrqv1 Lq wkh �uvw sodfh/ lw lv zruwk

5;



qrwlqj wkdw qrw hyhq xqghu wkh prvw idyrudeoh dvvxpswlrqv lv iuhh vfkrro fkrlfh d

Sduhwr lpsurylqj srolf|1 Wkhuh duh dozd|v zlqqhuv dqg orvhuv wkdw duh gl!fxow wr

zhljkw djdlqvw hdfk rwkhu1 Wklv lv wkh uhdvrq zk| qhlwkhu dqdo|wlfdo qru hpslulfdo

zrun vhhp frqfoxvlyh rq wkh ghvludelolw| ri wklv phdvxuh1 Rq wkh rwkhu kdqg/ wkhuh lv

vrph hylghqfh wkdw prelolw| frxog eh pruh frvwo| iru glvdgydqwdjhg idplolhv1 Li wklv

lv wkh fdvh/ wkhq fkrlfh pd| rqo| eh h�hfwlyho| dydlodeoh iru ehwwhu hqgrzhg idplolhv1

Ilqdoo|/ zh kdyh vkrzq wkdw olplwhg vfkrro fdsdflw| lqwhqvl�hv vhjuhjdwlrq ri fkloguhq

w|shv zlwklq vfkrrov/ suhyhqwlqj doo srvvleoh ghvludeoh h�hfwv ri iuhh vfkrro fkrlfh iurp

wdnlqj sodfh1 Ri frxuvh/ vfkrrov frxog dovr fkrvh wr lqfuhdvh fdsdflw|1 Dowkrxjk wklv

lvvxh ghvhuyhv ixuwkhu uhvhdufk/ zh gr qrw �qg wklv dowhuqdwlyh yhu| olnho| d sulrul1

Olplwhg fdsdflw| surylghv wkh ohdglqj vfkrro zlwk wkh srzhu wr vhohfw wkh ehvw lqsxwv

wr wkh surgxfwlrq ri whdfklqj1 Zh �qg txlwh xqolnho| wkdw wklv vfkrro vkdoo eh zloolqj

wr jlyh xs wkh srzhu wr vhohfw wkh ehvw shuiruplqj vwxghqwv lq rughu wr eh deoh wr

dffhsw pruh dssolfdwlrqv ri glvdgydqwdjhg fkloguhq1

: Frqfoxglqj Uhpdunv

Lq rxu prgho/ wkh Hjdolwduldq Ehqfkpdun zloo xqghu qr flufxpvwdqfhv uhvxow dw htxl0

oleulxp1 Wklv lv gxh wr wkh idfw wkdw dq| dwwhpsw wr htxdol}h vfkrrov zloo pdnh sduhqwv

lqgl�huhqw dprqj wkhp1 Wkhq/ fkloguhq zloo dwwhqg wkh vfkrro wkdw lv forvhvw wr wkhlu

krphv1 Exw vlqfh idplolhv/ wkdw gl�hu lq hgxfdwlrq ohyho/ duh xqhyhqo| glvwulexwhg

lq wkh flw|/ vfkrrov zloo kdyh xqhyhq doorfdwlrqv ri fkloguhq w|shv1 Dqg vlqfh fklo0

guhq*v dfklhyhphqwv gl�hu dffruglqj wr wkhlu edfnjurxqg/ dyhudjh shuirupdqfhv ri

wkh vfkrrov zloo gl�hu dqg sduhqwv zloo qr orqjhu eh lqgl�huhqw dprqj wkhp1 Dv zh

kdyh vhhq/ sduhqw*v uhdfwlrq wr wkhvh gl�huhqfhv surylghv wkh ehwwhu vfkrro zlwk d

srzhu wr fkrrvh dprqj fkloguhq wkdw h{dfhuedwhv vhjuhjdwlrq li vfkrrov duh oxps0vxp

�qdqfhg1

Lq frqwudvw/ dq dghtxdwh ohyho ri judqwv wr glvdgydqwdjhg sxslov gluhfwo| surylghg wr

vfkrrov dqg hyhqwxdoo| frpelqhg zlwk wudqvsruw vxevlglhv pd| wdnh xv duelwudulo| forvh

wr wkh Hjdolwduldq Ehqfkpdun= e| prgli|lqj wkh vfkrro*v lqfhqwlyhv wr dffhsw dssol0

fdwlrqv ri glvdgydqwdjhg fkloguhq zh fdq lqgxfh wkh htxdol}dwlrq ri dyhudjh vfkrro*v

shuirupdqfhv1

Lw kdv ehhq rxu jrdo wr xqghuolqh wkh uroh ri vfkrro*v fkrlfhv dv rssrvhg wr gl�huhqfhv

5<



rq wkh ghpdqg vlgh +olnh gl�huhqfhv lq prelolw| frvwv ru suhihuhqfhv, lq h{sodlqlqj wkh

shuvlvwhqw lqhtxdolw| ri sxeolf vfkrro shuirupdqfhv1 Lq rughu wr gr vr/ zh kdyh frq0

vwuxfwhg dq yhu| vlpsoh prgho ri sxeolf vfkrrolqj surylvlrq1 Vrph ri rxu dvvxpswlrqv/

dowkrxjk vwurqj/ duh xqhvvhqwldo wr rewdlq rxu uhvxowv= lw fdq eh vkrzq/ iru lqvwdqfh/

wkdw fkdqjhv lq wkh orfdwlrq ri wkh vfkrrov dqg wkh idplolhv gr qrw fkdqjh wkh qd0

wxuh ri wkh uhvxowlqj htxloleuld +dowkrxjk wkh| d�hfw wkh udqjhv ri ! iru zklfk hdfk

htxloleulxp uhvxowv,1 Rwkhu ihdwxuhv ri rxu prgho/ olnh wkh whfkqrorj| ri hgxfdwlrq

surgxfwlrq ru wkh sduwldo dqg vwdwlf qdwxuh ri wkh dqdo|vlv ghvhuyh wr eh fkdoohqjhg e|

ixwxuh uhvhdufk1 Dgglwlrqdo ihdvleoh h{whqvlrqv wr wklv slhfh ri zrun lqfoxgh wkh hq0

grjhqhl}dwlrq ri wkh fkrlfh ri uhvlghqfh/ wkh lqwurgxfwlrq ri sduhqwdo dqg2ru sxslov*v

h�ruw lq wkh hgxfdwlrq whfkqrorj| dqg wkh hqgrjhqhl}dwlrq ri vfkrro*v fdsdflw| fkrlfh1

Uhihuhqfhv

^4` Eìqderx/ U1 +4<<9,= Htxlw| dqg H!flhqf| lq Kxpdq Fdslwdo Lqyhvwphqw= Wkh

Orfdo Frqqhfwlrq1 Uhylhz ri Hfrqrplf Vwxglhv 96/ 56:05971

^5` Eìqderx/ U1 +4<<7,= Kxpdq fdslwdo/ lqhtxdolw| dqg jurzwk= D orfdo shuvshfwlyh1

Hxurshdq Hfrqrplf Uhylhz 6;/ ;4:0591

^6` Eìqderx/ U1 +4<<6,= Zrunlqjv ri d flw|= orfdwlrq/ hgxfdwlrq dqg surgxfwlrq1

Txduwhuo| Mrxuqdo ri Hfrqrplfv 43;/ 94<09851

^7` Hssoh/ G1 dqg Urpdqr/ U1 H1 +4<<;,= Frpshwlwlrq ehwzhhq sulydwh dqg sxeolf

vfkrrov/ yrxfkhuv dqg shhu jurxs h�hfwv1 Dphulfdq Hfrqrplf Uhylhz/ Pdufk/

ss1 660951

^8` Ihuqdqgh}/ U1 dqg Urjhuvrq/ U1/ 4<<9/ Lqfrph Glvwulexwlrq/ Frppxqlwlhv dqg

wkh Txdolw| ri Sxeolf Hgxfdwlrq/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 444+4, s1 4680

971

^9` Ihuqdqgh}/ U1 dqg Urjhuvrq/ U1/ 4<<:/ Nhhslqj Shrsoh Rxw= Lqfrph Glvwulexwlrq/

]rqlqj dqg wkh Txdolw| ri Sxeolf Hgxfdwlrq/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/

6;+4, s1 561
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^:` Judgvwhlq/ P1 dqg Mxvwpdq/ P1 +4<<<,= Sxeolf Vfkrrolqj/ Vrfldo Fdslwdo dqg

Jurzwk1 GS qr <<0< Prqdvwhu Fhqwhu iru Hfrqrplf Uhvhdufk +Ehq0Jxulrq Xql0

yhuvlw| ri wkh Qhjhy,1

^;` Kduwzlfn/ M1/ Vfkzhl}hu/ X1 dqg Ydudl|d/ S1 +4<:9,= Frpsdudwlyh Vwdwlfv ri d

uhvlghqwldo hfrqrp| zlwk Vhyhudo Fodvvhv1 Mrxuqdo ri Hfrqrplf Wkhru| 46/ 6<90

7461

^<` RHFG/ 4<<71 Vfkrro= d Pdwwhu ri Fkrlfh1 Fhqwuh iru Hgxfdwlrq Uhvhdufk dqg

Lqqrydwlrq+FHUL,1

^43` Urhphu/ M1 Surylglqj htxdo hgxfdwlrqdo rssruwxqlw|= sxeolf yhuvxv yrxfkhu

vfkrrov1 Vrfldo Sklorvrsk| dqg Srolf|/ yro </ qr 4/ 5<4063<1

^44` Ydqghqehujkh/ Y1 / ]dfkdu|/ P0G1 ) Gxsulh}/ Y1/ ) +5333,/ Lv Wkhuh dq

H�hfwlyhqhvv0Htxlw| Wudgh0r�B D furvv0frxqwu| frpsdulvrq xvlqj WLPVV whvw

vfruhv/ iruwkfrplqj lq Uhsruw rq Hgxfdwlrq Htxlw|/ Kduydug Hgxfdwlrq Uhylhz

Suhvv ) DLU2HVVL1

^45` Ydqghqehujkh/ Y1/ 4<<9/ Ixqfwlrqlqj dqg Uhjxodwlrq ri Hgxfdwlrqdo Txdvl0

Pdunhwv/ SkG Glvvhuwdwlrq/ FLDFR/ Orxydlq0od0Qhxyh +Ehojlxp,1

D Lqvwdelolw| ri uE
4 zkhq � 	 �

Zkhq Vfkrro 4 dgplwv OE
4 fkloguhq wkh orfdwlrq ri wkh idplolhv wkdw duh lqgl�huhqw

dprqj vfkrrov lv=

a{+OE
4 , @

4

5
.

5OE
4 � 4

5

F
@

F .
s
5� 5F .F5

5

Wkh xwlolw| wkh| ghulyh iurp vhqglqj wkhlu fkloguhq wr Vfkrro 4 lv wkh vdph dv li wkh|

vhqw wkhp wr Vfkrro 31 Iurp vxevwlwxwlrq ri OE
4 > a{+O

E
4 , dqg F @

f

5I +�K � �O,
lqwr

+5, dqg +6, zh rewdlq =

yK+V3+O
E
4 ,> a{K+OE

4 ,, @ yK+V4+O
E
4 ,> a{K+OE

4 ,, @ I +�K . �O,� f

5

Hyhu| K�idplo| ohdylqj dw { A a{+OE
4 , suhihuv Vfkrro 4 iru khu fklog dqg hyhu| K0

idplo| ohdylqj dw { ? a{+OE
4 , suhihuv Vfkrro 31
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Frqvlghu qrz d pdvv % ri K0idplolhv olylqj wr wkh uljkw ri a{+OE
4 ,1 Wkhlu xwlolw| iurp

vhqglqj wkhlu fkloguhq wr Vfkrro 4 lv

yK+V4+O
E
4 ,> a{+O

E
4 , . %, @ I +�K . �O,� f

5
. f % +6;,

Vxssrvh qrz wkdw wkhvh idplolhv ghflgh wr vhqg wkhlu fkloguhq wr Vfkrro 31 Wkh| zloo

eh dxwrpdwlfdoo| dgplwwhg wkhuh/ vlqfh vfkrrov suhihu K0fkloguhq1 Wkh plqlpxp O

wkdw Vfkrro 3 zloo dgplw lv wkhq

Oghy
3 @

4

5
�

�
a{+OE

4 , . %
�5

5
?

4

5
� OE

4 @
4

5
�

�
a{+OE

4 ,
�5

5

E| fkdqjlqj vfkrro wkh| lpsuryh wkh dyhudjh shuirupdqfh ri vfkrro 31 Wkh xwlolw| ri

wkhvh idplolhv lv wkhq Y K @ yK+V3+O
E
4 ,> a{+O

E
4 , . %,

Y K @ I +�K . �O,� f

5
. %55I +�K � �O, .

%I +�K � �O,

v
f5 . 7I +�O � �K,f. ;I 5+�O � �K,5

I 5+�O � �K,5
+6<,

Wkhuhiruh/ li zh frpsduh +6;, dqg +6<, zh fdq vhh wkdw lw vx!fhv wkdw

f % ? %I +�K � �O,

v
f5 . 7I +�O � �K,f. ;I 5+�O � �K,5

I 5+�O � �K,5
. 5%5I +�K � �O,

iru wkhvh idplolhv wr ehqh�w iurp ghyldwlrq1 Vrph pdqlsxodwlrq wudqvirupv wklv frq0

glwlrq lqwr

% A F �
s
5� 5F .F5

Vlqfh F �s
5� 5F .F5 ? 3 iru doo F ? 4> dq| % A 3 pdnhv wkh ghyldwlrq sur�wdeoh1

Qrwh wkdw/ dv % whqgv wr }hur wkh xwlolw| rewdlqhg zkhq ghyldwlqj frqyhujhv wrzdugv

wkh xwlolw| rewdlqhg zkhq qrw ghyldwlqj1

E Urexvwqhvv ri u4 ' fc u4 ' �*2 zkhq � 	 ��

Li O4 @ 3 wkh xwlolw| ghulyhg iurp vhqglqj wkhlu fkloguhq wr vfkrro 4 e| wkh % K0idplolhv

olylqj ixuwkhvw iurp wklv vfkrro +{ @ %,
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y4 @ V4+O4,� +4� %,f @ 5 �KI � +4� %,f

@ 5+�K � �O,I

�
5�KI � 5�OI . 5�OI � +4� %,f

5+�K � �O,I

�
@ 5+�K � �O,I

�
5�OI

5+�K � �O,I
. 4� +4� %,f

5+�K � �O,I

�
Vxssrvh wkdw wkh| fkdqjh vfkrro/ wkhq

y3 @ V3+O3,� % f @ 5�K%5I . 5�O+4� %5,I � % f

@ 5�OI . 5+�K � �O,I%5 � % f

@ 5+�K � �O,I

�
5�OI

5+�K � �O,I
. %5 � % f

5+�K � �O,I

�
Wkh fkdqjh zloo rqo| eh sur�wdeoh li

%5 � %F A 4� +4� %,F

%+%� 5F, A 4� F

zklfk lv qrw vdwlv�hg iru vpdoo ghyldwlrqv +% $ 3,=

Frqvlghu qrz O4 @ 4@5> K0idplolhv olylqj ixuwkhvw iurp vfkrro 3 +{ @ 4 � %, hqmr|

xwlolw|

y3 @ V3+O3,� +4� %, f @ 5�KI � +4� %,f

li wkh| fkdqjh wkhlu fkloguhq wr vfkrro 4

y4 @ V4+O4,� %f @ 5�K+4� +4� %,5,I . 5�O+4� %,5I � %f

@ 5�KI . 5+�O � �K,+4� %,5I � %f

Wkh fkdqjh zloo eh sur�wdeoh wr wkhvh % idplolhv li

5+�K � �O,+4� %,5I . %f ? +4� %,f

+4� %,5 . %F ? +4� %,F

+4� %,5 ? F+4� 5%,

zklfk lv qrw vdwlv�hg iru vpdoo ghyldwlrqv +% $ 3,1
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