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Abstract

The theoretical literature on inequality of opportunity formulates basic properties
that measures of inequality of opportunity should have. Standard methods for the
measurement of inequality of opportunity determine the inequality in counterfac-
tual outcome distributions that are constructed by statistical methods. We show that,
when standard parametric procedures are used to construct the counterfactuals, the
choice of inequality measurement method and the statistical specification interact to
determine whether the resulting measure of inequality of opportunity satisfies the
basic properties.
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1 Introduction

Theories of equality of opportunity, see, e.g., Dworkin (1981a; b), Arneson (1989),
Cohen (1989), Roemer (1993; 1998) put individual responsibility in the forefront
in the assessment of the distribution of outcomes. Individuals’ outcomes such as
their income level, educational attainment or health status, are determined by two
kinds of factors. On the one hand, there are circumstances, factors that are beyond
individuals® responsibility. On the other hand, there are efforts, factors for which
individuals are responsible. Inequalities that are due to circumstances are deemed
ethically unacceptable while those arising from efforts are not considered offensive.
Hence, the outcome inequalities associated with these two factors should be treated
differently.!

Following Fleurbaey and Peragine (2013) closely, we formulate two desirable
properties that a measure of inequality of opportunity should have. The idea that
inequalities that are due to unequal circumstances are offensive is reflected in the
compensation principle: a Pigou-Dalton transfer reducing inequalities between
individuals that have the same efforts (such that the resulting inequalities are due to
circumstances) should decrease inequality of opportunity. The idea that inequalities
that are due to differences in efforts are not offensive is reflected in the utilitarian
reward principle: a Pigou—Dalton transfer reducing inequalities between individu-
als that have the same circumstances (such that the resulting inequalities are due to
efforts) should not affect inequality of opportunity.

As a result, disentangling inequalities due to circumstances from those due to dif-
ferences in efforts is key for empirical contributions. Both parametric and non-par-
ametric methods are used for this purpose and to construct counterfactual outcome
distributions in which all inequalities are due to circumstances or to efforts. Inequal-
ity of opportunity is then measured as the inequality in a counterfactual where all
inequalities are only due to circumstances (the direct method), or as the difference
between the inequality in the actual outcome distribution and the inequality in a
counterfactual where all differences in inequality are only due to efforts (the indirect
method). It is unclear whether these approaches result in measures of inequality of
opportunity that are consistent with the basic principles mentioned above. The key
point of this paper is that the choice of measurement method (direct versus indi-
rect) and statistical method (non-parametric versus parametric, and for the latter also
the parametric specification) interact to determine whether the resulting measure of
inequality of opportunity satisfies the basic properties. For instance, the standard
method of measuring inequality of opportunity by the inequality in the counterfac-
tual that contains each individual’s predicted outcome conditional on his circum-
stances satisfies utilitarian reward if the predicted value is obtained through a linear
least squares regression. If, however, it is obtained through a loglinear least squares
regression (as is common practice when the outcome of interest is income), the

! Economists developed social criteria and ways to measure inequality of opportunity based on the
dichotomy between circumstances and efforts. Overviews of this literature are Ferreira and Peragine
(2016), Roemer and Trannoy (2015) and Ramos and Van de gaer (2016).
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standard method fails to satisfy utilitarian reward. On the one hand, this key point
helps to explain why many theorists are critical about much of the empirical litera-
ture. On the other hand, it makes researchers aware that the choice of the empirical
specification can have important consequences for the theoretical properties of their
measure of inequality of opportunity.

The functional form used in parametric empirical analyses usually depends on the
nature of the dependent variable and on the specification that one is used to in the
literature. For inequality in PISA scores, for instance, Ferreira and Gignoux (2014)
use a simple linear specification. So does Milanovic (2015) for years of schooling.
For inequality of opportunity for income, a loglinear specification is almost univer-
sally used, see, e.g., Bourguignon et al. (2007), Ferreira and Gignoux (2011), Hass-
ine (2012), Marrero and Rodriguez (2012), Singh (2012), Niehues and Peichl (2014)
and Milanovic (2015). When the outcome of interest is binary or categorical, non-
linear probability models are commonly used. Foguel and Veloso (2014) and Tran-
noy et al. (2010), for instance, use a logit model to study inequality of access to edu-
cation, and self-assessed health status, respectively, while Rosa Dias (2009) employs
an ordered probit to examine self-assessed health status. In this paper we do not
deal with nonlinear probability models, because it is much harder to define equal-
izing transfers for ordinal outcomes. The non-parametric methodology, developed
by Checchi and Peragine (2010) and applied to university access by Brunori et al.
(2012) constructs counterfactuals as group averages.

The structure of the paper is as follows. Section 2 introduces the notation, the
basic distinction between direct and indirect measures of inequality of opportunity,
and the different counterfactuals used in the empirical literature. The basic princi-
ples, compensation and utilitarian reward, are formalized in Sect. 3, while the results
are presented in Sect. 4. Section 4.1 argues that indirect measures of inequality of
opportunity can never satisfy utilitarian reward. Section 4.2 discusses the case when
the counterfactual is constructed on the basis of a linear least squares estimate. It
shows that some measures always satisfy one of the principles. We also derive suf-
ficiency conditions under which other measures satisfy the principles, and show that
some measures never satisfy some principles. For counterfactuals constructed on the
basis of a loglinear least squares estimate, Sect. 4.3 demonstrates that the measures
never satisfy the principles. Section 4.4 shows that measures based on the non-par-
ametric methodology always satisfy one of the two principles. The conclusion is
contained in Sect. 5.

2 Measuring inequality of opportunity using counterfactuals

Let N = {1,...,n}, be the set of individuals. In theoretical work, N is the popula-
tion; in empirical work N is typically a sample of individuals drawn from a popula-
tion. The purpose of our work is to see how empirical approaches perform when
used in the theorists’ set-up. Therefore, it is best to think about N as the population.
We assume that the outcome we observe for individual i is such that Pigou—Dalton
transfers of this outcome can be meaningfully defined. We call this outcome indi-
vidual i’s income, y; € R_ . Following the literature on equality of opportunity, we
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want to compensate her for some of her characteristics, the vector of circumstances
(VNS R4, while we want to hold her accountable for the vector of efforts € € R 2
Define

where ¢;/ and e;/ are the transpose of ¢; and e;, respectively. Throughout we will
assume that C and E are given and that the researcher is fully informed about the
values of Y, C and E. This is not an innocuous assumption. The consequences of
unobserved circumstances and efforts is discussed elsewhere, see, e.g., Roemer and
Trannoy (2015) or Ramos and Van de gaer (2016), and is not the focus of the present
paper, where we analyze a set-up that is as close as possible to that used in theoreti-
cal work. A dataset d is a triplet (Y, C, E). The set of all possible data sets is

D= {(Y,C,E) LY e R

++

C e R™ E e R }

A measure of inequality of opportunity is a function M : d € D — R such that
M(d) > M(d’) means that inequality of opportunity in d is higher than in d’.
Let the function [ : Z € Ri L R, be a measure of inequality, i.e., a func-
tion satisfying two properties. First, it satisfies the Pigou-Dalton transfer princi-
ple, meaning that, for all Y,Y € IRK " that are such that there exist~s 6€R,, and
LJEN :y;=y; =862y, =y;+6,and forall k & {i,j} : ¥, =y, [(Y) < I(Y). Sec-
ond, it Eatisﬁes anonymity, meaning that, for all Y,Y € IR'jr " that are sugh that the
vector Y can be obtained from the vector Y by permuting its elements, /(Y) = I(Y).

The two most popular ways to measure inequality of opportunity are the direct
and the indirect approach. Direct measures determine the amount of inequality of
opportunity as the inequality in a counterfactual income distribution Y¢ in which all
inequalities due to differences in effort have been eliminated, such that the remain-
ing inequality is solely due to differences in circumstances:

MP(d) = 1(Y¢(d)). ey

Indirect measures determine the amount of inequality of opportunity by comparing
the inequality in the actual distribution of income, Y, to the inequality in a counter-
factual income distribution Y9 where there is no inequality of opportunity. This
results in the measure

M (@) = 1Y) - 1(Y*@)). 2)

2 In most applications, some characteristics are categorical; they are taken on board by dummy vari-
ables. This does not affect any of the analysis that follows, except that taking average values of charac-
teristics as reference values (see Sect. 4.2) becomes hard to defend. In such a case it makes more sense to
take for instance the median as a reference.
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To compute either of these measures a counterfactual distribution of income has to
be constructed using the information in the dataset d. This can be done either with
a parametric or a non-parametric approach. Three types of specifications have been
used to construct counterfactual distributions parametrically. Individual i ’s income,
¥;» 1s assumed to depend on her circumstances ¢; and her efforts, e;, such that

vi=g(c,e) where g:R* xR - R,,.

As the functional form g is unknown, the parametric approach imposes a functional
form to estimate the equation, yielding the function

2(ci. e, u;) where 2 : R x R* xR — R,,. 3)

The effect of specification errors go into the estimated random term, %;, which is
defined implicitly by the equation y;, = 'g(ci,ei,ﬁi). Its estimate is determined by
the chosen functional form g and the dataset d. Some counterfactuals treat it as a
circumstance, others as an effort (see below). Other counterfactuals are based on
estimates of incomes as a function of, alternatively circumstances and random varia-
tion, or efforts and random variation:

2%(c;uf) where 2°: R xR — R,,, 4
g (e, uf) where 3 : R xR - R,,. 5)

In the first (second) equation, the effect of omitted efforts (circumstances) are taken
over by circumstances (efforts) to the extent that these two are correlated. The rest
of their effect as well as specification errors go into the estimated random term, ﬁlc
(1), which is defined implicitly by the equation y; = 8¢ (¢;, 7€) (y; = 8% (e;, 1% )).

The following parametric counterfactuals have been or can be proposed for the
direct approach:

' =2%¢,0), (6)

=g (ea;), ™

¥ =2(c;.€0), ®)

¥t =28(c.eq), ©)

¥ = Y (e e0). (10)
IN.| &

where N, = {k € N such that ¢, = ci}, the set containing all individuals that have
the same circumstances as individual i; |Ni, | is the cardinality of that set. In (7)—(9), €
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is a vector of reference values for efforts. Use of counterfactual (6) implies that one
measures the inequality that is due to circumstances, including the indirect correla-
tion between circumstances and efforts. Counterfactual (7) measures all inequalities
that are due to circumstances and random terms that are not correlated with effort.
In (8), differences in random terms are treated as efforts (i.e. inequalities due to dif-
ferences in random terms are legitimate), while in (9) they are treated as circum-
stances.® Counterfactual (10) is similar in spirit to (8), but instead of taking a refer-
ence value for effort, the average outcome of each circumstance group is taken. The
most popular counterfactual is Y¢!; it was used, e.g., by Rosa Dias (2009), Ferreira
and Gignoux (2011), Ferreira and Gignoux (2014), Brunori et al. (2012), Marrero
and Rodriguez (2012), Foguel and Veloso (2014) and Niehues and Peichl (2014).
Fleurbaey and Schokkaert (2009) suggest to use Y and Y. Pistolesi (2009) used
Y4, We are unaware of applications of Y2 and Y.

Non-parametric procedures rely on averaging. The non-parametric counterfactual
for the direct approach becomes

1
¥Wo=— ) W
IN:.| ke, ‘ an

which is the average income of all those having the same circumstances as individ-
ual i. It was proposed in Van de gaer (1993) and developed in Checchi and Peragine
(2010).

Changing some of the elements used to construct the parametric counterfactu-
als would/could suggest other possible counterfactuals. One could in (6) replace
the zero by @. However, 2¢(¢;, ") = y; and counterfactual income would be
equal to actual income. Similarly in (10) the zero could be replaced by 7, , but, as
fg\(ck,ek,ﬁi) =y,, the counterfactual reduces to the non-parametric counterfactual
(11). Once could in (7) replace ’u\f by a zero, but then everybody would have the
same counterfactual income. In both (7) and (9) the choice of reference effort could
be replaced by an averaging procedure as in (10). In both cases, the counterfactual
reduces to the non-parametric counterfactual (11).

For the indirect measurement approach the following parametric counterfactuals
have been or can be proposed:

i =3"(e.0). (12)
v =8(e.uy), (13)
v/ =2(c.¢.0), (14)

3 As in actual applications it is unclear whether the u; should be treated as a circumstance or effort,
Fleurbaey and Schokkaert (2009) suggest to compute inequality of opportunity in both cases. This holds,
of course, also when using an indirect measure of inequality of opportunity.
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yEOt =3(C e 10;), (15)

1
YOS
Y —N—EN: . €, 0 ’ (16)

where N,; = {k € N such that e, = ¢, } the set of individuals having the same efforts
as individual i; |N,i| is the cardinality of that set. In (13)—(15) ¢ is a vector of refer-
ence values for circumstances. The inequality in counterfactual (12) measures the
inequality that is due to the direct effect of efforts as well as the part that is due to
the correlation between efforts and circumstances. The inequality in counterfactual
(13) reflects all inequalities that are due to efforts and random terms that are not cor-
related with circumstances. In (14), differences in random terms are treated as cir-
cumstances, while in (15) they are treated as efforts. Counterfactual (16) is similar
in spirit to (14), but instead of taking a reference value for circumstances, the aver-
age outcome of each effort group is taken. Counterfactual YZ! was used in Trannoy
et al. (2010), YZ9? was used in Bourguignon et al. (2007), Singh (2012) and Hassine
(2012). Fleurbaey and Schokkaert (2009) suggested Y293 and YE94. Brunori et al.
(2012) applied Y293 and YF94. The latter was also applied by Bourguignon et al.
(2007) and Pistolesi (2009). We are unaware of applications of Y2,

Also in the indirect approach a non-parametric counterfactual can be constructed.
The non-parametric counterfactual for the indirect approach becomes

1
EO6 _ _ 1
W& (17

which is the average income of all those having the same effort as individual i. Chec-
chi and Peragine (2010) proposed this counterfactual.

Also here changing some of the elements present in the construction of the par-
ametric counterfactuals suggests other possible counterfactuals. One could in (12)
replace the zero by 4 u . However, g (ci,ﬁiE ) =y, and counterfactual income would
be equal to actual i income. Similarly in (16) the zero could be replaced by i, , but,
as §(ck, e, ’ﬁi) =y, the counterfactual reduces to the non-parametric counterfactual
(17). Once could in (13) replace ’u\lc by a zero, but then everybody would have the
same counterfactual income. In both (13) and (15) the choice of reference circum-
stance could be replaced by an averaging procedure as in (16). In both cases, the
counterfactual reduces to the non-parametric counterfactual (17).

3 Measurement perspective

Both theorists and empiricists use the information in the dataset d to construct a
measure of inequality of opportunity. The empiricists use the dataset d in order to
obtain a good estimate of parametric relationship (3), (4) or (5) to construct the
counterfactuals or estimate the counterfactuals non-parametrically. Next, they com-
pute a direct or indirect measure of inequality of opportunity, respectively (1) or (2).
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The theorists take a measurement theory perspective. It requires that the measure
of inequality of opportunity responds to changes in the dataset in a way compatible
to the intuitions prescribed by equality of opportunity principles. Let the set of all
datasets compatible with Y, C and E be

4=<4 X,CE) : XeR}, andix,» = i}’i

The domain A C D. It keeps not only the set of individuals fixed, but also their char-
acteristics C and E, as well as the total income. It allows us to state how the measure
of inequality of opportunity should respond to income redistributions between indi-
viduals. As both the direct and indirect approach use standard inequality measures to
measure the inequality in the counterfactual distribution, we are interested in norma-
tive equality of opprtunity properties involving Pigou—Dalton transfers of income.
Two prominant properties involving Pigou—Dalton transfers have been proposed in
the literature (see, e.g., Fleurbaey and Peragine 2013).

The first property, compensation, requires that, when 2 individuals i and j have
the same efforts, and i has a higher level of income than j, then transferring an
amount of money 6 from i to j, without resulting in i having a lower income than j,
decreases inequality of opportunity, as their income difference, which is entirely due
to circumstances, diminishes.* o

COM (Compensation) For all d = (Y, C,E) and d = (Y, C,E) € 4 that are such
that there exist 6 € R, and i,j €N : ¢; = ¢ and y, =y, — 6 Zijzyj+5, and for
allk & {i,j} : 3, =y, we have M(d) < M(d)

The idea that people are responsible for their efforts can be expressed by a second
property, utilitarian reward, which also makes a statement about the effect of a par-
ticular kind of Pigou—Dalton transfer on inequality of opportunity. The starting point
is that one should be neutral towards income differences that are only due to differ-
ences in efforts. Hence, when individuals i and j have the same circumstances and i
has a higher income than j, then, as the difference in incomes is due to efforts only,
transferring an amount of money é from i to j without resulting in i having a lower
income than j, should not affect inequality of opporturiity.5 -

UR (Utilitarian Reward) For alld = (Y, C,E) andd = (Y, C,E) € A4 that are such
that there exists 6 € R, andi,j EN : ¢; = ¢; andy, =y, — 6 2’)7j =y; + 6, and for
allk & {i,j} : 3, = ¥, we have M(d) M(d)

We know from the literature on fair compensation that it is very difficult to rec-
oncile compensation and reward principles (see, e.g., Bossert 1995; Fleurbaey
1995, 2008 or Fleurbaey and Maniquet 2011). The same is true here: COM and UR

4 Fleurbaey and Peragine (2013) labelled this property “Ex-Post Compensation”. In the Conclusion we
discuss the alternative “Ex-Ante Compensation” principle.

5 This principle has also been called “Utilitarianism for Equal Circumstances” by Fleurbaey (2008). We
discuss an alternative, “Liberal reward” in the Conclusion. It has to be observed that not everyone in the
literature endorses the reward principles; several authors suggest that only compensation is the core part
of opportunity egalitarianism. See Roemer and Trannoy (2015) for a discussion.
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are incompatible. To see this, consider four individuals: N = {1,2,3,4}, ¢; = c¢,,
€3 = Cy4, €; = €3, €; = €,, Incomes y;,y,,y; and y, such that y; <y, <y; <y,and a
transfer 6 < (y; — y,)/2 such that it satisfies the conditions in the properties we are
using. The following Table gives the income distribution after the transfer.

Considering the transfers column-wise the new income distribution arises after
two Pigou—Dalton transfers between individuals having the same efforts. By COM,
inequality of opportunity decreased. Considering the transfers row-wise the new
income distribution arizes after two Pigou—Dalton transfers between individuals
having the same circumstances. By UR inequality of opportunity did not change. As
the two properties judge the change in the income distribution differently, they are
incompatible.

Hence we know that there does not exist any measure of inequality of oppor-
tunity that satisfies both COM and UR. Confronted with such an incompatibility,
the standard approach in the theoretical literature is to weaken (at least) one of the
properties to obtain properties that are compatible. That, however, is not the focus of
our paper. Instead, we turn to the question whether, or under which conditions, the
procedures that are most frequently used in the empirical literature satisfy the basic
properties COM or UR.

4 Results
4.1 Impossibility

For indirect measures of inequality of opportunity, UR requires that the change
in measured inequality in the counterfactual induced by a Pigou—Dalton transfer
between individuals with the same circumstances exactly equals the change in meas-
ured inequality in the actual distribution of income. This can only hold for all ine-
quality measures if the counterfactual equals the actual income distribution, which
goes against the idea that the counterfactual represents a situation with equality of
opportunity, a situation in which all inequalities are due to differences in efforts
only. This results in the following impossibility.

Proposition 1 No indirect measure of inequality of opportunity can satisfy UR.

4.2 Linear least squares

Define average income puy, = 1 EJ 1Y, the average value of circumstance &,

1 Z i1 Cik and y the d© ~dimensional vector containing pyq as k-th element
for all ke {1 dc} The average value for effort g, pp, = 1 EJ | €jg> and pig 1s the
df-dimensional vector containing the Mg as g -th element for all q € { ., dE }
Let E; be the n-dimensional vector with zeros everywhere, except for its i — th
element which equals one, 1 the n-dimensional vector of ones, X¢=C- 1!,
XE = E — 1pgt, X = [XC XE|, YP =Y —upy,
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i) "
=] : and VA=|: |
i, v,

where A € {C,E,CE}. The equations that have to be estimated to construct the
counterfactuals are, in deviational form,

YP =X4p" + UL (18)
The corresponding least squares estimator of the coefficient vector 4 is
bt = (XVXA)TXVYP, (19)

Performing a Pigou—Dalton transfer 6 from observation i to j changes the least
squares estimates of the coefficient vector, which affects the constructed counterfac-
tuals and, thereby, the values of direct and indirect measures of inequality of oppor-
tunity. The following Lemma gives the relationship between b, the least squares
estimate after the Pigou—Dalton transfer, and bA.

Lemma 1 A Pigou—Dalton transfer 6 from observation i to j changes the least
squares estimator of the coefficient vector into b*, given by

b= b+ S (x -,
n l]

1
with 8" = TXVXA, x' = XVEjand x;' = XVE;

The Lemma shows which elements will be important to determine the effect of
the Pigou—Dalton transfer. First, observe that x gives the j-th column of the
matrix X%, which contains the values for the Varlables of individual j in the
matrix X#'. Hence, if the transfer takes place between two individuals with
exactly the same values for the variables in X4, the estimate of the coefficient
vector will not change. Second, observe that S# is the covariance matrix of the
variables in X#. The inverse of this covariance matrix enters the expression in
Lemma 1. If X4 contains only one variable, S# is the variance of that variable,
such that (S*)~!is a positive scalar. If both circumstances and efforts are included
in the matrix X4, and these variables are not correlated, both S* and its inverse
are block-diagonal. This implies that the estimated coefficient vector of circum-
stances is not affected by differences in efforts between i and j, and the estimated
coefficient vector of efforts is not affected by differences in circumstances
between i and j.

We want to establish whether, with counterfactuals determined by least squares
estimate (19), the measures of inequality of opportunity defined in Sect. 3 respond
to Pigou—Dalton transfers as required by properties COM and UR. We find that few
measures obey one of the properties, others don’t and still others satisfy proper-
ties under some assumptions. In particular the following assumptions turn out to be
helpful.
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CIM Circumstances are one-dimensional and the transfer goes from some-
one with better circumstances to someone with worse circumstances: d¢ = 1 and
i1 > ¢y ~

Eu Reference efforts are equal to average efforts: e = .

Cp Reference circumstances are equal to average circumstances: € = p.

CORO Circumstances and efforts are not correlated.

One-dimensionality of circumstances is a very strong assumption to make. How-
ever, observe that in the literature on intergenerational mobility, one often draws les-
sons about inequality of opportunity (see O’Neill et al. 2000, and, for a recent exam-
ple Chetty et al. 2014), which requires a one-dimensional view of circumstances.
In addition, CIM requires monotonicity: the transfer goes from an individual with
better circumstances and higher income to someone with worse circumstances
and lower income. The determination of the value for reference efforts or circum-
stances is a tedious issue in the literature.’ In much of the empirical literature, refer-
ence values are simply set to their sample means, without much justification, see,
e.g., Bourguignon et al. (2007), Pistolesi (2009), Ferreira and Gignoux (2011) or
Singh (2012). There has been some debate about the implications of the correla-
tion between efforts and circumstances. Roemer (1993 and 1998) argued that nor-
matively relevant effort has to be measured such that it is, by construction, not cor-
related with circumstances since it is very hard to hold people responsible for efforts
if they are correlated with circumstances, which are, by definition, not under indi-
vidual control. Others, e.g., Rawls (1971), Dworkin (1981a and 1981b), Van Parijs
(1995) and Fleurbaey (2008) have argued that people should be responsible for their
tastes, even if these are correlated with their circumstances.

The following Proposition, proven in Appendix A.2, lists the properties of the
measures of inequality of opportunity.

Proposition 2 Using a linear specification and the least squares estimate of the
coefficient vector to construct the counterfactual, the following Table gives sufficient
conditions for the measures of inequality of opportunity to satisfy COM or UR.

Table 2 contains three types of results. First, the Table shows that some meas-
ures always satisfy one of the properties. If one wants a measure to satisfy COM,
one can use measure (b) or (f); if one wants a measure to satisfy UR, one can use
(a). To see the latter, observe that to construct counterfactual (a) only circumstances
are included in the regression. UR involves a Pigou—Dalton transfer between indi-
viduals having the same circumstances. From Lemma 1, this has no effect on the
least squares estimator of the coefficient vector. Therefore, the counterfactual, and
the inequality in the counterfactual will not be affected. The reason why measure

6 There are not many theoretical results about the consequences of the choice of reference values —for an
exception see Luttens and Van de gaer (2007). To solve the arbitrariness of the choice of reference value
Ramos and Van de gaer (2016) propose an averaging procedure. Garcia-Gémez et al. (2013) propose to
minimize the extent to which the theoretical principles are violated.
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(f), based on a regression including efforts only, satisfies COM is similar: the Pigou
Dalton transfer between individuals with the same efforts does not affect the least
squares estimator of the coefficient vector, such that the estimated counterfactual is
unaffected. The transfer decreases inequality in the actual income distribution, such
that the indirect measure of inequality of opportunity decreases. Counterfactual
(b) is also based on a regression containing only efforts. From Lemma 1, a trans-
fer between individuals having the same efforts has no effect on the estimated coef-
ficient vector. However, the transfer affects the estimated random term for 2 indi-
viduals: the estimated random term for individual i decreases with the amount &, for
individual j it increases with the same amount. Hence, inequality in the constructed
counterfactual decreases and the measure satisfies COM.

Second, the Table provides sufficiency conditions under which some measures
satisfy the principles. One-dimensionality of circumstances is a condition that occurs
frequently in the Table as one of the sufficiency conditions for COM. Consider, for
instance, the popular counterfactual (a), and a Pigou—Dalton transfer between indi-
viduals having the same efforts (but different circumstances). The scalar covariance
matrix equals the variance of the one-dimensional circumstance, which is strictly
positive, such that its inverse is also strictly positive. Hence, provided i had bet-
ter circumstances than j, Lemma 1 says that the least squares estimated coefficient
decreases. As a result, the inequality in the estimated counterfactual decreases and
the measure satisfies COM. Absence of correlation between efforts and circum-
stances often helps to establish properties of the inequality measures when the coun-
terfactual relies on bE. Consider, for example, counterfactual (d). Observe that the
constructed counterfactual is independent of the estimated coefficient vector for cir-
cumstances, as, for every individual, the effect of a change in this vector on the coun-
terfactual due to its effect through ¢; is exactly off-set by its effect on the estimated
random term %,. The coefficient vector for efforts has an effect (as the effect through
e is not off-set by the effect on the estimated random term as the latter depends on
¢;). However, remember the discussion following Lemma 1. In the absence of corre-
lation between efforts and circumstances, the estimated coefficient vector of efforts
is not affected by the differences in circumstances between i and j, such that also this
effect drops out. As a result, the effect of a Pigou—Dalton transfer between individu-
als having the same efforts on the counterfactual is equal to the effect on the actual
income distribution: a Pigou—Dalton transfer between i and j. Hence, inequality in
the counterfactual decreases, and the measure satisfies COM. Observe that, in the
absence of correlation between efforts and circumstances (e) has the same properties
as (a) and (j) as (f). Comparing the averaging procedures with the reference value
procedures (compare (e) with (c), and (j) with (h)), the averaging procedures sat-
isfy properties under weaker assumptions than the reference value procedures. The
use of average values as reference values by itself does not help to guarantee that
an inequality of opportunity measure has desirable properties, but in conjunction
with other assumptions the properties of the measure can sometimes be established.
Consider counterfactual (c). As the estimated coefficient vector of efforts is multi-
plied into € — ug, with reference efforts equal to average efforts, the counterfactual
is independent of the estimated coefficient vector of efforts. A transfer between indi-
viduals having a different value for the one-dimensional circumstance (but the same
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efforts) will affect the estimated value of its regression coefficient in a way propor-
tional to the inverse of the variance of that circumstance multiplied by the difference
in circumstance between j and i; if i had better circumstances than j, the estimated
regression coefficient decreases, and the inequality in the counterfactual decreases,
such that COM is satisfied. We verified that one-dimensionality of efforts does not
help direct measures to satisfy UR. On the contrary, it ensures that inequality in the
counterfactual is affected.

Third, some measures do not satisfy certain properties under any of the assump-
tions made. We clearly see Proposition 1 reflected in the Table: none of the indirect
measures satisfies UR. We also see other negative results for the measures in which
the random variation is used in the construction of the counterfactuals. The direct
measures with counterfactuals (b) and (d) do not satisfy UR, as this would require
that the inequality in the counterfactual does not change. However, the Pigou—Dal-
ton transfer always changes the estimated random terms for individuals i or j, affect-
ing the counterfactual and thereby the inequality in the counterfactual. The indirect
measures with counterfactuals (g) and (i) do not satisfy COM. The reason is that
even in situations where the estimated coefficients do not change, the change in the
estimated random terms has an effect on the value of the inequality measure for the
counterfactual distribution that may be larger or smaller than the change in the value
of the inequality measure for the actual income distribution.

We conclude this section with some relevant observations for practitioners. If one
only has information on circumstances, such that only counterfactuals based on b€
can be constructed, measures that satisfy UR are available, but no measure that sat-
isfies COM is available. The opposite occurs in case one only has information on
efforts. Finally, there are only three measures of inequality of opportunity in Table 2
that are not dominated by any other, in the sense that there does not exist another
measure that requires weaker assumptions to satisfy the properties. These are meas-
ures (a), (b) and (f).

4.3 Loglinear least squares

The equations that have to be estimated to construct the counterfactuals are now, for
A e {C,E,CE},

10g(Y) = th1peyy = X' + V4, (20)

where p,0y) = 1 Y, log(y;) and the corresponding least squares estimator of atis

-1
a = (XVXY) T XY [10g(Y) = th10r)) - 1)
Also here, performing a Pigou—Dalton transfer 6 from observation i to j changes

the least squares estimate of the coefficient vector. Lemma 2 gives the relationship
between a?, the least squares estimate after the Pigou—Dalton transfer, and a“.

Lemma 2 A Pigou—Dalton transfer 6 from observation i to j changes the least
squares estimator of the coefficient vector into 2%, given by
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Table 1 Incompatibility

between COM and UR €1 =€ € =€
G =C n+é y2—6
G =0 y3—6 Vi +6

Y1 <Yy <y3<y,andé < (y3 —,)/2

Table 2 Conditions for the measures to satisfy COM and UR

Measure COM UR

Panel A: Direct measures

@ ¥' =3%(¢;,0) CIM +
(b) yi? =g (e, 0F) + —

© ¥ =2(c.e,0) Ep and CIM Eu and CORO

CORO and C1M
(d)y* = §(cl,é ) CORO -
@y |N | Yien, 8(cx- €, 0) CORO and C1IM CORO
Panel B: Indirect measures

0y =2"(e,,0) + _

(&) v/ =3°(c.af) - -

() yf?? =2(c. ¢,0) Cu and CORO -

(i) y7* = §(E e, ;) - -

() yE» = |N I Yen, &(ck. €. 0) CORO —

“_

Note: A “+” means that the measure always satisfies the property in the column; a means that the

measure does not satisfy the property under any of the assumptions considered

at=a'+ 1(SA)—1 [(xm + x{‘A.],
n J )

with S4 = %XA’XA, Xjf‘ = XA’Ej, x! = XVE;,, A =log(y;+6)—log(y) and
= log(y; — 6) — log(y,).

In Lemma 2 we see an element that we did not encounter in Lemma 1: 4; and 4,
which depend on Y; and Y, respectively. We know that 4; >0 > 4, and that
'A]| > |4,]. We see two ingredients we also encountered in Lemma 1. First, the

covariance matrix S* plays exactly the same role as in Lemma 1. If X contains only
one variable, the scalar (S4)~! will be positive. If both circumstances and efforts are
included in X4, and these variables are not correlated, the estimated coefficient vec-
tor of circumstances (resp. efforts) is not influenced by the efforts (resp. circum-
stances) of i and j. Second, the values of XJ{4 and xiA are also present. How they affect
the estimated coefficient vector depends not only on the covariance matrix of the
variables in X* but also on the values of 4; and 4,. Hence, contrary to Lemma 1, a
transfer between two individuals with the same Values for x and x affects the esti-
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mated coefficient vector. It will be this feature which destroys the positive results
found in Table 1.

The estimated coefficient vector (21) is used to determine the counterfactuals
(6)—(10) and (12)—(16) (see Lemma A3 in Appendix A.3). The counterfactual is
influenced because the Pigou—Dalton transfer has an effect on the estimated coef-
ficients, and increases the mean log of income (Lemma A4 in Appendix A.3).
We can verify whether the way the inequality of opportunity measures respond to
Pigou-Dalton transfers is in accordance with the prescriptions in the properties
COM and UR. The result is proven in Appendix A.3 and stated in Proposition 2.

Proposition 3 Using a loglinear specification and the least squares estimate of the
coefficient vector to construct the counterfactual, none of the measures of inequality
of opportunity satisfies COM nor UR.

The strong results in Table 2 (i.e. that UR is satisfied by (a) and COM by (b) and
(f)) relied on the fact that the vector of coefficient estimates is unaffected by a
Pigou—Dalton transfer between individuals j and i when x = X . Due to the pres-

ence of 4; and 4; in Lemma 2, these results do not hold any longer The results for
which the absence of correlation is important also relied on the same principle. It
remains true that due to the absence of correlation one part of the coefficient vector
is not affected by differences in XJT‘ 4; and X?Ai. However, the other part of the coeffi-
cient vector no longer drops out because that part of X?Aj no longer equals the cor-
responding part of XfAl-. Finally, the other results in Table 1 relied on C1M. With
one-dimensional circumstances, from Lemma 2, the scalar

A.
@ >at et <L

We show the implications of this expression in Fig. 1.
Pigou—Dalton transfers that take place bitween individuals above and to the left
of the line through the origin with slope —-X > 1 decrease the estimated coefficient

A, thereby decreasing the inequality in the estlmated counterfactual. The opposite
occurs for transfers between individuals below that line. Hence, even transfers
between individuals with the same circumstances (x‘lf‘ = xj/.‘) will affect the inequality
in the estimated counterfactual. Inequality in the estimated counterfactual increases
(decreases) if they both have circumstances better (worse) than average.7

We have seen that, when measuring inequality of opportunity for income, a log-
linear specification is standard (see the references in the Introduction). Proposition 3
suggests that, with a loglinear specification, none of the resulting measures satisfies
any of the basic principles that a measure of inequality of opportunity should have.

7 Figure 1 can be adjusted to illustrate the result for linear least squares. In that case 4; = -4, =0, the
red line coincides with the 45 degree line, and a Pigou-Dalton transfer between 1nd1v1duals with the
same circumstances has no effect on the estimated coefficient.
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Fig. 1 The effect of a Pigou—Dalton transfer with loglinear least squares and one-dimensional circum-
stances

This is bad news for what has become standard practice. However, if one were to
claim that the relevant outcome is not income, but the log of income (for instance
because it might be assumed that individual utilities can be measured that way) and
a measure of inequality in the distribution of the log of (counterfactual) incomes is
used in (1) or (2), then the transfers in the properties should apply to transfers in log
income, which means that we are in the framework of Sect. 4.2, and the results from
Proposition 2 apply.®

More precisely, consider the factor proportional transfer principle, in which,
with 6 > 0 the income of the rich individual is divided by a factor 1 + 6 , while the
income of the poor individual is multiplied by 1 + §, without resulting in a post
transfer income for the rich individual that is lower than the post transfer income of
the poor individual.” Replacing the standard Pigou-Dalton transfer in the COM and
UR properties by such factor proportional transfers, it becomes clear that use of the
loglinear specification (20) and a measure of inequality in the distribution of the log

8 Actually, the empirical literature finds estimates close to one of the constant elasticity of marginal util-
ity (see e.g. Layard et al. 2008; Gandelman and Hernandez-Murillo 2013), which could give empirical
support to a loglinear specification as the best approximation to modeling individual utility as a function
of income.

° This principle is different from the proportional transfer principles considered in Fleurbaey and Michel
(2001). We discuss this in Appendix B.
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of (counterfactual) incomes in (1) or (2) means that the results from Table 2 apply to
these factor proportional transfer versions of the COM and UR properties. Observe
that it is crucial that the inequality measure is defined on the distribution of the log
of incomes. This is, as far as we are aware of, never done in the inequality of oppor-
tunity literature. The mean log deviation is commonly used, but it is not suited, as
it is the average value of the log of mean income divided by income. The standard
deviation of the log of incomes, or any standard inequality measure defined on the
distribution of the log of incomes are alternatives that are more coherent with the
basic intuitions of inequality of opportunity measurement.

When measuring inequality of opportunity for income, a loglinear specification
is almost universally used, and usually one uses the direct measure with counter-
factual (6). The loglinear specification is motivated by its empirical fit; the use of
a specification involving only circumstances is motivated by the absence of data on
efforts. The results in this paper provide an additional and important motivation for
this approach: if, in the properties, the transfers are defined as factor proportional
transfers, then none of the other approaches in the literature satisfies the COM and
UR principle under weaker assumptions. Moreover, it dominates the only other
approach that only needs information on incomes and circumstances (the indirect
measure with counterfactual (13)), which requires in addition to one-dimensionality
of circumstances, that reference circumstances are set equal to their empirical aver-
ages in order to satisfy COM.

That the standard procedure is not dominated by any other, and that it always
satisfies UR (with factor proportional transfers) are strong arguments in favor of
the standard practice. Without information on efforts, it is the best one can do, but
if circumstances are not one-dimensional it does not satisfy COM. Hence, it gives
priority to the UR principle above the COM principle. Our results show that there
exist measures that satisfy factor proportional transfer versions of the COM prop-
erty, such as the direct measure with counterfactual (7) or the indirect measure with
counterfactual (12), but they require information on efforts.

4.4 Non-parametric approaches

The properties of the non-parametric procedures to construct counterfactuals
are easy to derive. It is clear that the counterfactual defined in (11) is unchanged
if a Pigou—Dalton transfer occurs between two individuals having the same cir-
cumstances. Hence it immediately follows that when this counterfactual is used
in the direct approach (1), the resulting measure of inequality of opportunity sat-
isfies UR always and hence cannot satisfy COM. The counterfactual defined in
(17) is unchanged if a Pigou—Dalton transfer occurs between two individuals hav-
ing the same efforts. Hence, as the inequality in the actual income distribution has
decreased, it immediately follows that when this counterfactual is used in the indi-
rect approach (2), the resulting measure of inequality of opportunity satisfies COM
always and hence cannot satisfy UR. We summarize the results in the following
Proposition.
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Proposition 4 The non-parametric counterfactual (11) in the direct approach
always satisfies UR and never satisfies COM. The non-parametric counterfactual
(17) in the indirect approach always satisfies COM and never satisfies UR.

At this point, it is worth pointing out that Ferreira and Peragine (2016) recently
proposed an alternative non-parametric method that satisfies COM. They construct a
counterfactual in which every individual’s income is divided by the average income
of those that have the same effort as he does. Inequality of opportunity is then meas-
ured by a relative inequality index defined over this counterfactual.

5 Conclusion

The theoretical literature on inequality of opportunity formulates some basic proper-
ties that measures of inequality of opportunity should have. The principle of com-
pensation pleads for a reduction of inequality between individuals that have the
same efforts. Utilitarian reward says that a transfer between individuals having the
same circumstances should not affect inequality of opportunity.

The empirical literature tries to quantify the amount of inequality of opportunity.
It has evolved in ways rather disconnected from these principles. This is especially
so in the dominant part of the literature, which measures inequality of opportunity
by means of counterfactuals, estimated through statistical procedures that are com-
mon to model the outcome of interest, such as income, education or health. As a
result, the theoretical properties of the measures are obscured, and many theorists
feel uneasy with the empirical work.

Bridging the gap between the theoretical and the empirical literature was one
of the main goals of this paper. We have shown that some counterfactuals based
on estimates from a linear least square specification yield measures that satisfy
some of the desirable properties. This set of counterfactuals can be extended if
additional assumptions, which have been previously used or discussed in the liter-
ature, are imposed. Contrary to this, no single measure of inequality of opportu-
nity satisfies the desirable properties when counterfactuals are based on estimates
from a loglinear specification. This is worrying, as this specification is commonly
used when one is interested in inequality of opportunity for income. However,
provided one assumes logarithmic utility, transfers are defined in terms of utility,
and a measure of inequality of the distribution of log of incomes is used, the pre-
vious results are restored. This is, provided a right inequality measure is used, an
additional motivation for what has become the standard approach in the measure-
ment of inequality of opportunity for income, which measures the inequality in a
counterfactual distribution, constructed on the basis of a loglinear least squares
regression of incomes on circumstances only. In terms of incomes, this approach
always satisfies the factor proportional transfer version of the utilitarian reward
principle, and provided circumstances are one-dimensional and monotonic, it
also satisfies the factor proportional transfer version of compensation. It is not
dominated by any of the other approaches we considered. Finally, when non-par-
ametric averaging procedures are used to construct counterfactuals in the direct
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approach, the resulting measure of inequality of opportunity always satisfies
utilitarian reward. Doing the same for the counterfactual in the indirect approach
results in a measure of inequality of opportunity that satisfies compensation.

The choice of measurement method (direct or indirect) and, with parametric
methods, the choice of the functional form used to estimate and construct the
counterfactual interact to determine the measure of inequality of opportunity’s
properties. So far these choices were based exclusively on their convenience,
goodness of fit or what one is used to in a particular context. One should be aware
these choices affect the properties of the measure of inequality of opportunity.

Our paper is a first analysis of the issues involved, and it has several shortcom-
ings. First, the only reward principle we considered was utilitarian reward. Lib-
eral reward is the most prominent reward principle in the axiomatic literature on
fair allocations (see, e.g., Bossert 1995, and Fleurbaey and Maniquet 2005), and
fair social orderings (see, e.g., Fleurbaey and Maniquet 2005, 2008 and Fleur-
baey and Maniquet 2011). It states that government taxes and transfers should
respect differences in incomes that are due to differences in responsibility. Hence,
to incorporate the idea of liberal reward, one also needs information on net trans-
fers. It is well known that also liberal reward is incompatible with compensation
-see Bossert (1995) and Fleurbaey (1995). The axiomatic literature proceeded to
formulate weakened versions of compensation and liberal reward and formulated
redistribution mechanisms that satisfy these weakened versions (see, e.g., Bossert
and Fleurbaey 1996). Devooght (2008) and Almas et al. (2011) propose to use the
income resulting from these redistribution mechanism to define a norm income
distribution and to measure inequality of opportunity by aggregating the devia-
tions of individual’s actual incomes from their norm incomes. The computation
of the norm incomes relies on counterfactuals that are estimated using similar
methods as the ones described here. Hence similar issues to the ones studied here
also arise for that approach. Second, the only compensation principle we ana-
lyzed was the Ex-Post Compensation principle COM. The alternative is Ex-Ante
Compensation, which requires that a transfer from an individual i that belongs
to a better-off type to an individual j that belongs to a worse-off type, meaning
that the average income of those that have the same circumstances as i is higher
than the average income of those that have the same circumstances as j, should
decrease inequality of opportunity. This principle does not require that the indi-
viduals between which the transfers take place have the same efforts. Hence, typi-
cally, the effect on the counterfactuals constructed using the parametric methods
can go either way, depending on, for instance, whether the effort of i is larger
than of j or the other way around. Hence the principle will not be satisfied, except
when least squares is used, counterfactual (a) is constructed and C1M is assumed.
The non-parametric method for the direct approach always satisfies the Ex-Ante
Compensation principle. Third, we only considered the most commonly used
econometric models found in the literature. Researchers are using more and more
advanced techniques to construct counterfactuals. Which, if any, of the basic
properties the resulting measures of inequality of opportunity have is an impor-
tant topic for future work.
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Appendices

A Proofs

A.1 Notation
Define, for all individuals / € N the following vectors:

C _ !
X = [01,1 ~ Hcy - Clge — HCdC] ;
E _ !
X = [el,l ~Hpr - €gr — ﬂEdE] ,

cC _ = =7
Xl = [Cl,l - Cl Cl,dc - CdC] 5

XIEE = [el’l _El el,dE —EdE:I,.

Hence, xlC (XICC) is the d®-dimensional vector of the deviation of circumstances of
individual / from their mean (reference) values, and x* (x*) is the d*-dimensional
vector of the deviation of his efforts from their mean (reference) values. Next, define
the (d€ + dF)-dimensional vectors

CE !
X = [Cl,l ~ Hcy - Clac T Heae € T Her - Gge T l‘EdE] ’
XICE = [C/,l — Hey - Clac — Hege €1 — Mgy --- €ge — llEdE]’,
XFE = [ = Her -+ Cae = Heae €1y = My - € — Hgge] s
X =[0...0 ey — 2 . epqe — e s

c0 _ = = /
Xl _[Cl,l_cl"'cl,dc_cdc OO],

and the n-dimensional vectors E; =[0...010...0] and : = [1 ... 1], such that E;
has zeros everywhere, except for its i-element which equals one and all elements in
1 are equal to one.

A.2 Proof of Proposition 2

Proof of Lemma 1 Define Y = Y + 8(E; — E;), which is the vector Y after a Pigou—
Dalton transfer of an amount 6 from observation j to i. After the transfer we estimate
the equation in deviational form

Y2 =Y — iy, = XAP + U2, (A1)

For the least squares estimate b* = (x4 XA)_IXA’ Y? we obtain
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(XA/XA)_le/YD + (XA/XA)_le/ (E] _ Ei)a
from which the expression in the Lemma follows immediately. O

Lemma A1 Under the assumption of linearity and using the least squares estimator,
the counterfactuals (6)—(10) and (12)—(16) become

= 82
¥ = py +yP = xFE, (A-3)
¥ =y + XD, A4
=y X @9
¥ =y + ﬁ D xCEpeE (A.6)
I-| keN,
yfm = uy +X1E’bE’ (A7)
= )5 =
yf03 =py + XCE/bCE (A.9)
yfo4 =1y +y1 CO'bCE, (A.10)
y[E()S = Uy + Z XCE' cE (A.11)
| &,

Proof of Lemma A1 Equations (A.2), (A4), (A.6), (A7), (A.9) and (A.11) are
straightforward. The others are only slightly more complicated. We prove (A.3); the
proof of the others i 1_s analogous From (7), with the linear specification, and, for all
individuals / € N, x [e — Mgy - Cgp — ,uEdp] we have

W2 = py + x"4e'bE + 0F

= py + XEmuEle +le _ X:E/bE
= 1y +y1 ( Er _XEﬂE/>bE
=y +yP — xEEBE,
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which is expression (A.3). O

Using this Lemma, that the covariance matrix of the variables in X4, $4 = 1XA’XA,
and adding a tilde to denote the counterfactuals after the transfer, it is neasy to
obtain the following expressions for the effect of the Pigou—Dalton transfers on the
counterfactuals.

Lemma A2 The change in the estimated counterfactuals of a Pigou—Dalton transfer
6 from observation i to j is

~ 4
yll _yl — C’(SC) (x ) (A.12)
¥ 6
2_y2=5P —yP - EE/(SE) (x x0), (A.13)
~ 6 _CE _
y 3 yl nXlCEl(SCE) l(XjCE _ XiCE)’ (A14)
~c C oy 6 -
yl4 yl4 — le _ le _ _XOE/(SCE) I(XJCE _ X]CE)’ (A15)
~S _6_1 xCE!(§CEY~1 (xCE _ xCE
yl _y[ nN z ( ) (Xj _Xi )’ (A16)
| - | keN,,
~ o -
FEOI _ yEOl - XlEf(SE) 1(XjE - xP), (A.17)
~ ~D b CCrgCy-
FEO2 _ yEO2 Z 5D _ D _ ;XICC’(SC) '(xjc -xO), (A.18)
~ 0T -
nyS ylE03 — X]CE/(SCE) I(XjCE _ XiCE)’ (A19)
-~ 6 -
FEO4 _ yEO4 Z D _ (D _ Oy C0r(gCEy 1(ijE - xF). (A.20)

~ 6 1 _
FEOS _ EOS Z XEE/(SCE) I(XjCE —x

! ! CE)
|Nl| keN,

i /) (A.21)
Proof of Proposition 2 Due to the similarity of the proofs, we first prove parts (a) and
(), followed by parts (b) and (g), (c) and (h), and, finally, parts (d) and (i).

Consider part (a) of the Proposition and Eq. (A.12). Observe that, 27 | 1 =0,
such that, from (A.12), Z?:l y Zz . yc1 The mean of the counterfactual has not
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changed, and there is no need to normalize the counterfactual distribution to study
the effects of a Pigou—Dalton transfer.

Take ch = xic. From (A.12), 3' =)¢!, such that the counterfactual has not
changed. Hence, UR is satisfied. Take xf =x{. Under CIM, (S)7! >0 and

¢;1 > ¢jy. From (A.12) we immediately have that the value of the counterfactual
decreases (increases) for those observations for which xIC > (<)0, i.e. for which
¢;; > (<)ucy. Hence, 1(Y€!) decreases and the measure satisfies COM.

Consider part (f) of the Proposition, and Eq. (A.17). Observe that, 27:1 xf =0,
such that, from (A.17), 3, 77°" = 37" y*©!. The mean of the counterfactual has
not changed, and there is no need to normalize the counterfactual distribution to
study the effects of a Pigou—Dalton transfer.

Take ij =x{. From (A.17), 37" = yr°!, such that the counterfactual has not
changed. However, the Pigou—Dalton transfer decreases the inequality in the income
vector Y, such that /(Y) decreases, and thus /1(Y) — 1 (YEOI) decreases. Hence COM
is satisfied. Take x{* = x{. In case @* = 1,(§*)™' > 0. Let¢;; > ¢;,. From (A.17), we
have that for those observations for which e;; > (<)ug,, the counterfactual decreases
(increases). Hence the transfer decreases inequality in YFC!. However, it also
decreases the inequality in Y in a different manner, and the effect on 1(Y) — 1(Y=0")
is ambiguous, such that UR is not even satisfied with one-dimensional effort.

Consider part (b) of the Proposition and Eq. (A.13). We have

noo~c2 n c2
21y _ = é(ME _ é)/(SE)—l(XjE _ XiE). (A22)

n

n n

Take ij = xf . From (A.22), the mean of the counterfactual has not changed. We

then see from (A.13) that ’)772 - yl”2 = 37[D - y?, such that the inequality in the coun-
terfactual declines and the measure satisfies COM. Take XJC = xic . If e = pg, from

(A.22), the mean of the counterfactual has not changed, and no normalization of the
counterfactual is necessary to analyze the consequences of the Pigou—Dalton trans-
fer. When d* = 1, (S¥)~! > 0, and assuming that e;; > ¢;;, from (A.13) the change in
the counterfactual is larger (smaller) than the change in the actual income distribu-
tion for those with e;; > (<)ug;, and inequality of opportunity changes. Hence the
measure does not even satisfy UR under Ey with one-dimensional efforts.
Consider part (g) of the Proposition and Eq. (A.18). We have
D A

= — =(pe — (89 (xE —x9). (A.23)
n n n J !

Take XjC = Xic . From (A.23), the mean of the counterfactual has not changed. We
then see, from (A.18) that 5502 — yFO =3P — yP_such that the change in the coun-
terfactual is identical to the change in the actual income distribution: in both distri-
butions we get a Pigou—Dalton transfer from i to j. However, nothing guarantees that
the change in 1(Y) — I(Y£9?) will be the same, such that the measure does not sat-
isfy UR. Take xf =x{. If ¢ = yc, from (A.23), the mean of the counterfactual has

not changed, and no normalization of the counterfactual is necessary to analyze the
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consequences of the Pigou—Dalton transfer. With this reference value, with one-
dimensional circumstances such that (S)~! > 0, and assuming that c;; > c;y (Le.
under C1M), from (A.18), we have that the change in the counterfactual is'larger
(smaller) than the change in the actual distribution for those with ¢;; > (<) ;. How-
ever, this does not guarantee that 1(Y) — I(Y?92) decreases, and so even under these
assumptions COM need not be satisfied. If ¢ # p, it follows from (A.23) that the
mean of the counterfactual has changed. Under CIM, ¢; > ¢;, such that, if
¢, < (>)Hc), the mean increases (decreases), and this can counter the effect on ine-
quality of opportunity that arises from the fact that, assuming that ¢; > ¢;;, from
(A.18), we have that the change in the counterfactual is larger (smaller) than the
change in the actual distribution for those with ¢;; > (<)c. A similar issue occurs in
the following cases if the mean of the counterfactual changes; for that reason, we
focus on cases where the mean remains constant.

The counterfactuals in (c), (d), (e), (h), (i) and (j) of the Proposition rely on esti-
mates of bE, such that SCE, the estimated covariance matrix of circumstances and
efforts plays a role. Define the following matrix

_ ACC ACE
(St = [AEC AEE]'

In case circumstances and efforts are not correlated, their covariance is zero, and
SCE is block diagonal. The inverse of a block-diagonal matrix is also block diago-
nal, such that, if efforts and circumstances are not correlated, A€ = (AECY contains
only zeros.

Consider part (c) of the Proposition and Eq. (A.14). Observe,

2 Y _ i yfs
n n

+ 2@ - ) [AFRS = xO) + APEGE - xE)|. (A24)

Take € = . The mean of the counterfactual has not changed. First, with ij = xlc ,

from (A.14),

~ 3, 0
3 _ 3 CIACE[E _ (E
=y +;X1 A [xj —xi].

If, in addition, A°E = 0, we get ’y? = le3: the transfer has no effect on the counter-

factual Y. Hence, in this case, the measure satisfies UR. Second, with XJ.E = XiE,

from (A.14),

~ 3 0

Vi =+ XA [xf - xf], (A25)
If, in addition d = 1 such that A°C > 0, and ¢;, > ¢j» from (A.25), the counter-
factual for those observations for which ¢;; > (<)p., decrease (increase), such that
I(Y®®) decreases and the measure satisfies COM.

Take € # pg, A€ = 0 and xf = x{'. From (A.24), the mean of the counterfactual

has not changed, and, from (A.14), we obtain again (A.25), and the same conclusion
follows: under C1M the measure satisfies COM.
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Consider part (h) of the Proposition and Eq. (A.19). Observe,

21_1 yfos 21 lyEO3
n

o — t[acc,oCc  oC CE( E _ oF
+ 2@ - o) [A € -xO) + A (Xj—xi)].

(A.26)

Take ¢ = p¢. The mean of the counterfactual has not changed. First, with ij = xiE,

from (A.19),

] X;

FEOS — yEO3 | éXlE/AEc [XJC _ C].
If, in addition, A€ = 0, we get yEO3 yEO3 the transfer has no effect on the coun-
terfactual. However, /(Y) falls, hence I(Y) 1(YE93) decreases, and the measure sat-
isfies COM. Second, with ch = xiC , from (A.19),

FEO3 = yEOS 4 6XF/ AEE [XJE _ XIE] (A27)
If, in addition ¢* = 1 such that A¥¥ > 0, and ¢;; > ¢;, from (A.27), we have that the
counterfactual for those observations for which e, > (<)ug; decreases (increases).
Hence the transfer decreases inequality in YZ93. However, since the inequality in Y
decreases in a different way, the effect on I(Y) — I(YZ93) cannot be determined and
the measure does not even satisfy UR in the one-dimensional case.

Take € # e, AF =0 and ij = xlc . From (A.26), the mean of the counterfactual
has not changed, and, from (A.14), we obtain again (A.27), and the same conclusion
follows: the measure does not satisfy UR even in the one-dimensional case.

Consider part (d) of the Proposition and Eq. (A.15). Observe,

n ~c4 n c4
Rl B0,y [ArCisg -5+ AP -] (429
n n

n

Take € = ug. The mean of the counterfactual has not changed. First, with ch = xic s

from (A.15),

~ 4~ é

-yt =30 =P - —x AT = xp). (A.29)
With this reference value, with one-dimensional efforts such that AZE > 0, and
assuming that e;; > e;, from (A.29), the change in the counterfactual is larger
(smaller) than the change in the actual income distribution for those with

e;; > (<)ug;, and inequality of opportunity changes. Hence the measure does not
satisfy UR. Second, with XJE = XIE from (A.15),

o 5
=yt =57 =07 = SxTAR - X)), (A.30)

If, in addition, AE€ = 0, yl - y] =3 — yP, such that inequality in the counterfac-
tual decreases and the measure satisfies COM.
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Take € # ug, AFC = 0 and xE = x’. From (A 28), the mean of the counterfactual

has not changed, and, from (A. 15) we obtain y! yl — yl = yl — yl , meaning that ine-
quality decreased. Hence the measure satisfies COM.
Consider part (i) of the Proposition and Eq. (A.20). Observe

n ~Eo4 04
-1y Y, —
Zl‘ln ! El ! - g(yc -c [ACC(ij —x) + AF(xS — xf)].
(A31)

Take ¢ = yc. The mean of the counterfactual has not changed. First, with XjE = xiE,
from (A.20),

- x{). (A.32)

~ o
ylE04 yfm—y] yD ;XIC/ ACC(xC

If in addition d = 1 such that A°© > 0, and ¢;; > ¢;;, by A.32, the change in the
counterfactual for those observations for which ¢;; > (<)u,, is larger (smaller) than
the change in the actual income distribution. Hence inequality in the counterfactual
increases more than the inequality in the actual income distribution. However, this
does not guarantee that /(Y) — I(YF9%) decreases, and so even under these assump-
tions COM need not be satisfied. Second, with ij = ch , from (A.20),

0
y;s04 y;504 _ yl yD ;XC/ ACE(xE — X;E)'

If, in addition, A°F = 0, from (A.20), 5% — yFO* =3P — yP "and the change in the
counterfactual is identical to the change in the actual income distribution: in both
distributions we get a Pigou—Dalton transfer from i to j. However, nothing guaran-
tees that the change in I(Y) — I(Y?9%) will be the same, such that the measure does
not satisfy UR.

Take ¢ # pc, AE = 0 and XJ = x{. From (A.31), the mean of the counterfactual

has not changed, and, from (A.15), we obtain again y* — yf0* =3 — yP_ Again,

the change in the counterfactual is identical to the change in the actual income dis-
tribution: in both distributions we get a Pigou—Dalton transfer from i to j. However,
nothing guarantees that the change in 1(Y) — I(Y%9%) will be the same, such that the
measure does not satisfy UR.
Consider part (e) of the Proposition and Eq. (A.16). Observe,
~ n

o _ s » 481 . R XCE/(§CF) 1 (xCE _ xCF)

n n nn = |N.| keN, ! '

Since Y, ﬁ ZkeN,_ x* =0, the d© + d*-dimensional null vector, the mean of

the distribution has not changed. First, with ch = x¢ and CORO from (A.16),

PO =y + o1 2 E’AEE(Xf —x{).
|N1 | keN,
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The i-th element in the vector —— ™ ZkeN’ xE is |N I 2ken, i — Hg;» the difference

between the average value of effort i of those that have the same circumstance as [
and the average value of effort i in the population. Under CORO, the distribution of
efforts conditional on circumstances is independent of the value of circumstances
xE i E
and equals the uncondltlonal distribution. Hence —— |N i ZkeN . 1s equal to the d

-dimensional null vector, yl = y}’cs and the measure satisfies UR.

Second, with xf = XlE from (A.16),

s s 51 ACC
y15=y5+ ZXEE’[AEC](XJ.C—XiC).
|Nl | keN,.

Under CORO, this reduces to

~ o
=y + xC’ACC(ij —x{).

With one-dimensional circumstances, therefore,
~5_ 5,0 C\-1,.C _ C
VP =+ = len = Hed ST = e,

and the variance of the one dimensional circumstance, S¢ > 0. CIM implies that
| < c . Hence we get yl < yl for those with ¢;; > pc;, which by C1M is for
those that have a higher than average income. Similarly, 'ifs > y,”5 for those with
¢y < Hcy» which by C1M is for those that have a lower than average income. Hence
we the transfer reduced inequality; COM is satisfied.
Consider part (i) of the Proposition and Eq. (A.21). Observe,

~E05 n _EO5
h Yy _ 21 o1 Z XCEI(SCE) (XCE E)
n n nnll|Nl|keN,

Since 21—1 W ZkeN xCE' = 0, the d€ + dE-dimensional null vector, the mean of

the distribution has not changed. First, with ij = x{ and CORO, from (A.21),

SEOS _ \EOS O EINEE(E _ E
v, =y x AP (xS = x).

Hence, under CORO and with one-dimensional effort,

~EOS E05

1) _
Y=Y, ; [en - MEl](SEE) l(xf - Xf)'

and it cannot be guaranteed that the change in inequality is equal to the change in
inequality in the actual income distribution. Hence UR is not satisfied.
Second, with xf = xiE, from (A.21),
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~ 6 1 ACC
51 = 8ok T e of - x0).
n |Nl| keN,

Under CORO, this reduces to

~EOS5 EO5
Vo =y

S IO

L Z XA —xF).
|N -l| kEN, !
cr
k

between the average value of circumstance i of those that have the same effort as /
and the average value of circumstance i in the population. Under CORO, the distri-
bution of circumstances conditional on efforts is independent of the value of effort
and equals the unconditional distribution. Hence |N_lz| > ren, x(' is equal to the d©

-dimensional null vector, yf“ = yf05, and the measure satisfies COM. O

The i-th element in the vector IN_lzI Zien, X 18 m 2en, Cui — Hci» the difference

A.3 Proof of Proposition 3

Proof of Lemma 2 Define Y = Y + (S(Ej —E,), which is the vector Y after a Pigou—
Dalton transfer of an amount 6 from observation j to i. After the transfer, for
A € {C,E, CE}, we estimate the equation in deviational form

108(Y) = thy5 5, = X*T* + VA, (A.33)
Observe that
log(‘?) =log(Y) + (log(yj +6)— log(yj))Ej + (log(yl- —6)— log(yl-))Ei,
and that
1
Hiog® = Hiogr) + - [log(y; + 8) — log(y;) + log(y; — 6) — log(y,)].
such that the least squares estimate,
~ -1 =~
at = (XVx4) XY [log(Y) - l,ulog(;)], (A.34)
can be written as
=t (XA/XA)—le/‘

[Ej (log(yj +6)— log(yj)) + Ei(log(y,- —-6)— log(y,-))
(1/n)(log(y; + 8) — log(y;) + log(y; — 8) — log(y)))].

AsS* = %XA’ X4, XVE; = x}“, XAE; = x and (1/n)X*'1 = 0, we obtain the expres-
sion in the Lemma. |
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Lemma A3 Under the assumption of loglinearity and using the least squares estima-
tor, the counterfactuals (6)—(10) and (12)—(16) are defined by

C

10g(¥") = Hypger) + X/ 'S, (A.35)
log(y{?) = log(y)) — x'a", (A.36)
10805%) = Higger, + X 2", (A37)
log(y") = log(y)) — x)*'a*, (A.38)

108()’1 ) = Higgry T 707 |N | XCE,aCE’ (A.39)
1| ken,

108(VE") = Mgy, + X) 0%, (A.40)
log(yF%?) = log(y;) — x'aC, (A41)

1085F%) = Mgy, + X2, (A42)

log(yf?*) = log(y,) — x{”a*, (A.43)

1087 %) = gy + 7 D, XCF'aE (A.44)
IN &,

Using Lemma 2, it is straightforward to prove Lemma A4.

Lemma A4 Define A; = log(y;+6) —log(y;) and A; =log(y; — 6) — log(y;). The
change in the estimated counterfactuals of a Pigou—Dalton transfer 6 from observa-
tionitojis

log@;l) _ lOg(yll) _ —[A + A] 1 C/(SC)— [ JCA] +XiCAi], (A45)

, . 1 _rE _
log(3}?) — log(y;?) = log()) — log(y)) — ;XfE’(SE )~

(A.46)
X [foj + xiEA,-] ,
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10gG}) — logv7%) =+ [ 4, + 4] + —x(F/(SEy

(A.47)
X [ijEAj +xiCEAi],
. i 1 _
log(3}") — log(y;") = log()) = logly) =~ (S™)™! s
X [XCEA +XCEA] (A48
5 i il
. 1 _
log(G*°) — log(y®) = — [A +A]+ N lz xCE/(SCEy!
I] keN, (A.49)
X [ijEAj +xiCEAi],
1 _
log(37°") — log(y;°") = [A + 4]+ —x (85
X [XEA~ +XEA~] (A0
T | i
1 6 recne
log(y”") — log(»**) = logGi) — log(y) = —x{ (8!
. . (A.51)
X [Xj 4 +x; Ai],
l0g(F%%) — log(y%%) = 1 [A +A]+1 XCE/(SCEy 1
A52
X [XCEA» +XCEA-] ( )
s i
log(77%*) — log(y;®*) = log(3;) — log(y;) — C°’<SCE>—
o o (A.53)
X[Xj Aj+xi Ai],
£05 EO5 1 CEl yQCEN—1
10g(Gy ) — log(y; ) = ~ [A +4 ]+—ﬁ > xCH(SE)
Nl e, (A.54)

CE CE
X[Xj 4 +x Ai].

Proof of Proposition 3 The left hand side in the equations of Lemma A4 give the per-
centage change in the estimated counterfactual. First, observe that, in (A.45), (A.47),
(A.49), (A.50) (A.52) and (A.54), the first term is the same for all observations, and
so has no effect on the inequality of the counterfactual, provided a relative measure
of inequality is used. The problem to sign the effect of the transfer on the inequality
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measure is that the second term will be different for different observations, and will
never disappear (not even when the transfer is between individuals having the same
circumstances and/ or efforts - except, when, in addition they have the same income
level, but in that case there is no Pigou—Dalton transfer). Hence, these measures sat-
isfy neither COM nor UR. Second, observe that in (A.46), (A.48) (A.51) and (A.53),
the first term, log(y;) — log(y)), is zero for all observations, except for i and j. Again,
however, the problem is that the other term never vanishes, making it impossible to
assess the effect of the transfer on the inequality in the counterfactual income distri-
butions. Hence we obtain Proposition 3. a

B Alternative proportional transfer principles

Let y, be individual i’s income before the transfer, 7 individual j’s income before the
transfer, 'y, individual i’s income after the transfer, and ij individual j’s income after
the transfer. Throughout we require

Yi>i 2y >y

such that the transfer goes from individual i to individual j, and also after the transfer
i has at least as much income as j. Different proportional transfer principles impose
different conditions on the transfers.
The Factor Proportional Transfer Principle (this paper) requires that, with

A>1,

~ _ Y d5. =v. - A

Yi—zan Y=Y A B.1)
The Proportional Transfer Principle (Fleurbaey and Michel 2001, p. 4) requires
that, with 6 > 0,

’)71' — yz(l - 5) andyj = yj(l =+ 5) (BZ)

The Proportional Ex-Post Transfer Principle (Fleurbaey and Michel 2001, p. 4)
requires that, with 6 > 0,

Yj
1-6

Vi

T 145

5 and y, = (B.3)
Assuming that the transfer described in the principle is desirable (because it
decreases inequality), the following Proposition formulates the logical relationship

between the three transfer principles.
Proposition C The Proportional Transfer Principle is stronger than the Factor Pro-
portional Transfer Principle, which is stronger than the Proportional Ex-Post Trans-

fer Principle.

Proof of Proposition C
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(a) Comparison of (B.2) and (B.1). Consider the case where the transfer implies the
same transfer in favor of the poor individual, i.e. A = (1 + 6). In that case, the
income after transfer for the rich person under (B.1) is higher than the income
of the rich person under (B.2), as

= =(-8)1+8) <12z S\ (1-¢)
A 1+s 7 '
Hence, all transfers that are acceptable under (B.1) are also acceptable under
(B.2), but the reverse does not hold true.

(b) Comparison of (B.1) and (B.3). Consider the case where the transfer implies the
same transfer in favor of the poor individual, i.e. A? = 1/(1 — 6). In that case, the
income after transfer for the rich person under (B.3) is higher than the income
of the rich person under (B.1), as

Vi

1-82=1-80+8 <1 L > (1-298)y;
( )1+ 6) <=>1+5>( )Yi

_%
A
Hence, all transfers that are acceptable under (B.3) are also acceptable under

(B.1), but the reverse does not hold true.
O
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