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1 Introduction

D Le o practial astrants patioia are not aattinuasly rebalenad - T raders usually
reedjust thar pasitias after igil ant mowess in the uderbing assst price. [tmears
that hedging portiolics are disaetely rebalbncad acoading 1o reltive price moemants,
i e. aftler an inaeeee (Or deaesse) by a gven peraattace a- P icee moameantts beding to
these partbiomadl catias are best desaibed by a procsss whose Iogarittmic variatias
hae >adsizes @ar ja) ad ocour at randam times. Sudh a procsss is amarked pant
process an the real ine with ae dmasiaal mark space- T he real ne dpicts time
wvhi ke the marks desaribe the randam jumps taking place at randam times ofcoaunence of
aats. In this pgparwe analyse the pridng ofan gotion when stodk pricss Tl this Kind
of processes abo called spae-time pdnt processsss.- T he dynamics of sudh processes an
be estimated an hich frequency data. 4 s will beaome gpparantin the empircal sectian of
the pgper, aurpridng methodology albons an adequate  tofthe empirical atures of the
BNl stod<datain T ofbaing in phese with marketpractice-

T he paperis aganized as TOlbs.- [N Sedtian 2 we autine aur frianenarkk and bre y
partray the basic struciire of a marked pdnt processs using the martingalke gppraadh.- In
Sedtian 3 we daradterize the set of ecuivalent martincale messures (the marketis inaom-
pEte due 1O the presance of jumps and gotian prHass are no mae unigLely determined).
In Sectian 4 we g\e a pridng faomula when a pariauler dxdae is made within this set;
namely the minimal martingalke messure introducsd by FOLLMER and SCHWEIZER (€ 991 ).
A neplidtiom orte trading strategy is derived when this ddce is adgoted o build
hedgng partiolics - B oth sectias are dosely relaied to the Workk OFBUHLMAN, DELBAEN,
EMBRECHTS ad SHIRYAEV (996)and CoLwELL andELLioTT € 993).T woexampks are
fUrther analyzed - T he  iIsteampk aasists in a marked P dssan procsss with indegpen-
dentbinamial inaemats. T he sacod examp e conespads 1o a jump procsss bui it fian
te rendon-aassings of a E|tent (hidden ar undosernvebEe) geamnetric B ronnian motian .-
In Sedtian 5, we examine the aonvargance of the minimal pridng madel 1o the standard
BLACK-ScHOLES (973) madel when the price inaemait shrinks to zexo. T o exampkfy
sudh aaonvertae, e anry adtnumearial smulatias .- In Sedtian 6, an enpirical gop -
i is projided using 1Bl intraday trarsection datlaan el Y SE ( ewY ak Stok
Bdancge)- P arametars of the marked P dsson Gase are esimated and used &6 input o
aompute Eurgpean calll qotiaon pricss.- T hese prices are ampared with a BLACK-SCHOLES
pridng based an an histarical volati ity estimate fran daily dasding piass.- Section 7 aa-
cldes.

A W prook are gathered in an gopadix.

2 Framework

B efore reiening the aanagpts nesded to proassd Turther, we woull ke 1o referthe reeder
tOBREMAUD (981 ), KARR (986)adLAsT axd BRANDT (€ B ) (995)formare extasive
treatmertts of (marked) pdnt proasssss - B esides the expasitian ofF JACOD and SHIRYAEV

J5) (98 7)is ofpaamaurttinersst o the badgaund of this pgperin tarms ofinotatias
and aoapts-



L etus aasider asecpence of pasitive random \ariebks T; salisfangT; < T4, =
1 ;- Random emants 7, called the marks, ke \ales in the markk space E , and are
assodated with the randam times T; . T he randam elaments are de ned an the same
prdocbi ity space = ¢ ;F;P )-Eadh (5] ;)is sad o be amarked pantand the ssopence
@ ;;l ;D)) ofmarked partts is refened to as amarked pantproass @ PP ).

ThemarkspaeE is hereegual O fa; jag and thell PP desaribes the dynamics ofa
stok price :

S; =Soe*; O
thraugh the randon vaiablke - X
Xt = Ljs )
j:TjSt

bui lewith the marked parts (57 ;)- T he progess X is a purely discatinuols progess
with jumps? ; =¢ X, atrandam imesT; -T he jumps e ttevabs aor ja, ad so
dothe bgarttmic\ariatias ofte stodkprice ¢ bgS7;, =¢ X 7, -
TheproesX tEakes the form ofan integral process < de ned as the sum ofjumps :
Xi= X, =xe;
g <t
. . R,R
where X is the utsual notation for | ;> @dgdxx
T he integervaled random messure 1 (@A) an R £E  is the counting messure
assodated o the marked pantprocesss. Itisgven by @S p-69):
X
1A= Uax,201%sax,) @EAD
s>0

whete 2, genotes the D irac messure atpanty -
IFE [ 32 ; 1lis nieforallt @S p-72), sudh aproasss Gan be dsoomposed &6 -

j:TjSt
X =xo@ jOo)+ xXcP:

T he messure °© is a predicizbe messure, Galld the compeasator;, wWith the property that
1 §°is albbal martingake messure. T his messure can be disintegratied a6 @S p-67) -

@)= KEGdxx

where & is a predicizebk integrebke inaessing processs ad K is a trarsitian kermel il ar=
tincpks of e sartxa@ § ©) are abo allked ampeasated sums of jumps.
In the Olloning we wark with pasitiardgpedattmarkiing € B p-18 ad186) :

A ssumptian! (@mpeasatorsped Gatian)
The amparsator° @ G A R, £E salis es -

@)= KEGdxx

where © is a predickebk inegebke irneasi{lgplo:e;s asolely atinuos wr L. ime,
Kisapdadiitylemelm E such tat & N KED< +1,adl il ;5 ae
andticnally indgeencantgven () such tetP ¢ ; 2 d( ;) )= K ;d9)-
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T he marked pantprocess (57 ;) is called a pasitia-dependatt K-marking of the
pantprocss ([ ;) - T he marks have aprdogbi ity kermel K ad the armmak of the inare-
mertts are govarmed by the process ©. T he proasss © iepireserss the intasity ofthe amival
times of jumps ad is the compersatior assodated 1o the counting messure of the pant
process () - T he absolute aottinuity hypothesis ensures thak the setof >ed times of
discotinuity ofX  is empty and et the R adaHl ikodym derinative | ; = de=ctis well
de ned.T he procsss | is called the directing intiersity- R ecall that the stendard P dssan
process conespacks o the aastantdirecting inersity Gee -

@)= d& d<x

adxa@ j°) =x=t, j .t
Bvenwally o the sake ofintapretation Etus emark that the aompasatormay abo
be renritien :
G, EEdd
+1G, G+ L[EE Y

X
= i<ty

J

where G ; [d;d)is the regulnersion ofthe aanditical distribuian of @ 1.1 57 1 )WILE
Fr;, @S p-136 arl B dh.4 axd6). In particulrift ; (@)= G ; (AL£E ) the pantprocess
( ;) hesaampasatorg =° () ;tEE )whidh reeds &6 -

X ZT]-+1At F,@B)

o = . F 1D

J
T he distribution F ; (D represants the aaditianal distribution of te amal time T4
wirt Fr, - The aunentinfomation setF; is made ofthe aunat and past realisatias
oftell PP _H axe ,; cn be inempreted s a aditiaal hevard functian (rdocbi ity
ga'sily fUnction divided by survival Tunctian)- B esides te kermel KEGAX) is gven by
M <t<1;. 3P € j+1 2 FFT; 5T 51 )whidh meers thattitconespancs o the aconditianal
distribuion oftre mark? ;1 Wt Fr, adT;; -
I avthat the setting is gven we may tum 1o the nextstep : the dharadterizatian of
the egquinalent martingale messures -

3 Equivalent martingale measures

Fan HArrissoON ad Kreps (979), HArRrIsSSON ad Priska (981), DELBAEN ad
SCHACHERMAYER (994), we know thatt in ader o price derivative assets, We nesd
ehtibit an equinalat messure under whidh discounted pricss are martingpks - W e ke
here as discount fedtor or rum@iaire a ssiings acoout whae gomth riaie 1, an e
rendam time internal - ;1 ;T Jlsatis es :

rr, =0T §1; (€))]



with% > ( 2
T he discoutted stok price is then egual 1O -
S‘t :JS#;
c+ )

JT;<t
orin ashorter notatian using the D oifansb ade epaantial -
St =S+=EQR X%

V\i‘lh Rt = rd't -
L etus introduce the discounted excess retum process (G >Qsudh that o t 2115750
= ~
i i l+ rT].

+©0=1(,3 )= : ®

1+ m

T he equihvalentmartingale messures are then daradterized by the Tolloningpropasi ian
(G2 aBOBUHLMAN, DELBAEN, EMBRECHTS ad SHIRYAEV (996))-

P rpasiion! @Eunakent martincale messures)
U nder A ssumptian 1, te equinvalent marincgple messures Q are daracerized by teir
casity pro=ss © reline P -

Mz, Z il
W =E . EH(S:X)JG i% ©
wrere H is a predicebke praess satisfingH+ 1 > 0 as-ad
z,z
0= . EQ-I(S:X)+ L EGOP: ©

T heproess ™ isaP -martingpkesudh that”; istheR adaH ikodym dervatinved) =P, -
T he proeess H hes the intapretatian of a jump risk premium praoess. Eguatian G)
inraducss rstrictias an this proasss butdoss not ed toaunigue equinalentmartingale
messure (market incompkteress). In ector t 21 ;7,1 I the process shauld satisfy
HEGO=hOwithh )+ 1 > ( as.ad
Z
1= @GO 1 QK150

T hen the discounted price S will be a martingake undarthe conrespading messure Q) -

*For a marked point process where the directing intensity ¢ and the kernel K (¢,dz) depend on time,
we cannot use the usual deterministic savings account 8; = exp (pt). Arbitrage is not precluded in such a
case.



4 Option pricing with the minimal martingale measure

A very pgoulerr messure amag ecuinalent martingple messures is the minimal martin-
gk messure introduced by FOLLMER and SCHWEIZER (991 )- T his messure is minimal
amagallmartingake messures in the sense thatt, gpartfrom twmingdiscounted prGss into
martincakss, It kaves undienged the remaining structure of the madel. In particulr o
thaogoalty reltias are kgptin aaattinuous framenakk Gee SCHWEIZER (991 1 992a)Tor
afulldisassian, add HOFMANN, PLATEN and SCHWEIZER ( 992) faran ilLminating use
in stodhestic volti ity madek)- T his messure is aamputatically aonveniattand inducss
nice aanvergaee prgperties RUNGGALDIER ad SCHWEIZER (995), PRIGENT (995),
MERCURIO ad VORST (996), LESNE, PRIGENT and SCAILLET @000)). SCHWEIZER

((993) shons that in same Gasss the eedtatian of e ral paya® under the minimal
messure is equal 1o the \vale of the varianae gotimal hedging strategy (o the \ariance
gotimal messure ss= eg- FOLLMER and SONDERMANN (986), BouLEAU ad LAMBER-

ToN ((989), DUFFIE and RICHARDSON (991 ), ScHWEIZER (992b,994), GOURIEROUX,
LAURENT ad PHAM (998), LAURENT ad ScAILLET (998))- T his \ale ar goprod-
matian price gves the initial anount required to implEment a riskeminimizing straegy -
Sudh astrategy is in gereral notselF nenang and inlvolves ananvenishing hedging ast.
H oneveras som as the minimal messure is a prdoabi ity messure, this \valle is an actual
noarbitrage price (tis the ee below sinee the jump size is baunded). Cancaming ex-
istence and unigueness of the minimal messure, we reer to ANSEL and STRICKER (992,
1993). W e aan now proceed 1o ansner what Tom  this messure takes in aur franenark
G abo ColwELL ad ELLioTT (993))-

P rpasitian 2 (minimal prdoebi ity messure)
U ncerA ssumption | , e minimal martingake messure P is a prasti iy messure darec-
Erizzd by it dasity proess ™ eltve P -
= -
" =E GOSH=C §i°) ; Q)
\MHEﬂtZIJ ;Tj+1]l:

Y G N IREC N &
ST, p ;K115

Ifne relte this propasitian ©oP ripasitian! ,wehae ot 21 ;7,1 1) &)= f\} (029

i PR GED N EREE)
, — -RE— Jo j+1s +(T . -
e s T k%

0 neetheR adodl ikadym derative ;. is aamputed, itis stragitiornard toderive the
price C; =C &S;)ofFaantingeitdam with nal paya®C ( ;S )- Fora Eurgean call
gtiawthmaturity T andstrilkteprice K, the ralpaya®is G i K)r =max( ;S i K)-
B y teking its expectation under P after an adequiate discounting, we cet -

CESO=E” 61 aK},fg;))ﬁb; )




whidh bBecs 1o :

P rpasiion 3 (inimal gotian price)
U ncerd ssumptian 1 , e calll price gven by e minimal martingake messure is -

CasD=E" Gr iK}I;Fg;))%f I o
%
wth T ER: FER )= ¢+ ad:
Jit<T;<T
A % A z.z I
~ = C+Hhe,Dep i FIG>KG; Ak,
b u<T;<T t E

L etus spedalize this qotian pridng Tamulb an tvo exampks .-
BEampk! -l arkedP dssan process

The rsteampk assts in a marked P dsson pracess with indgpendant binamial
marks. T he anespading aampersatorsped Galianis -

A ssumptian 2 (narked P dissaon proaeess)
The amparsator @G A R L £15; jag sais es :

@Y=, AK @)
wt
K@ = p if dxk=a;
lip if dk= ja
T his eampke is partiaularly suited Torempircal purpcsss since the aastantpaame-
ters . andp eanessily beestimated fram intraday price data (G the enpircali Istratian
belon)_W e gestimmediakely fram P rpaaitian 3 -

Caodllexy!l (@tion price - marked P dsson proaess)
U nderA ssumption 2, e minimal calll price is gven by (0wt :

A
T - 2@apt £Q5; i i p)

" JA<T;<T 'Ai(rj?a?m +(@;; ia¥( ilo)i(rj;Z 2 a1

1
RACEVGIECHRD W)
(@ ap+ +@ iy ip)

ep W@ "TIiT



W hen te interest rate is setegual O zao ¢ =0 ); we have an analvtic Tamulh Tor
te allprice. FHon (0 ad (1), te aAllpriceisgven by -

-

c@sd=" Lm0 X MG 3@ iy sl X

ne0 o 1M it

w = 1 ik@P@il);

“d Lik@pGail);

K = CEr@il) ipEPGDil).
PEP@ilY+ ¢ iDEPGDilY’

. _ CEP@ild)+ C iDE@PGIl)).
PEP@ilY+ ¢ iDEPGDiIlY

T he alLe of tte call ean thus be dotained by tEking a weidted sum of recombining

binomial tress . Sane reniting enebles us 1o dotan the simplerfom -

=
n A !

x br x ' 3
_ > S n= L - i (2i-n)a) - .
‘ (';ST)_n:o nt © z‘:oi!(nii)!bsq P S i + 7 2
with :
_ P. _ 1
P= @i et =
b= ¢i).: (05

Famula ( 2) in ot arespads 1 alulting the epectatian of the payaR directly
uckertrell inimalll artingakell essure P a5 in ecuation Q). Indeed uncer P we hae
tat S, is amarked P dsson process with inEnsilyPend trasition kemel K Ga)= b
T he mgppings (3) ad (4) can be dotainad by gpopMing 6 Trsanov theorem Tor jumps
@S pl57)- Interestingly, we abo rewer the proparty of the standard binamial madel
Cox, Ross and RUBINSTEIN ( 979)) that the riskcneutral up-moe @) and donnmoe
( i  prdosbiities do not degpend an histarvical prdoebi ities. Famulka (2) is asum
of standard binamial pridng Tamulee weidhted by the prdosbi kties of the expaattial
distribution. T he pridng Tomula can thus be derived analvticallly by integrating wir L.
10 the epaatial distribution and by waghting the di®@ent passible qotian payc®s by
thairbinamial prdosbi kties -

W hen': &0 ae canotbud rmeaombining tress.H onever; the price of aurgotian an
be aomputed viall ate Carb integratian by simulating the stodk price procsss directly
under 2 CrFequatian @)X T his ensures better numerical stabi ity then simulating under
P and wsingequatian (0 ). T he intersity and transition karmel under 2 ase daevacterised
by :



B = Bax=¢ i ).

p RQ;;a)+ 1
RED = p=——jr =
J1

with :
X pE@r:a C ipx@ i) :
(o (PRSI Ll (I Be) ol (PRSI £2))
@G i G id)
(o (FERTE:) L (BN §'e) ol (PRSI £°))
BEampk?2 |l atentgeametric B ronnian motian

AC; >0 = i=(;1;

iId;;a = 1

L etus arstitute the sestofbanmiarsB = Byepja;j Z b- T he randon aasings of
sudh bariers by the aottinuaus proasss $tsatisfing =S, = mdk+ sdl ; de ne aprice
process S ofthe orm (O)-Q)- Itis eauch ke : epX; =S\ B . T he entire path
of the geamnetric B ronnian matian is assumed 1o be not doservebE and the aotinuaus
time proasss driving the jumps is thus et (hidden)- T he distributional features of the
Oanetric)B ronnian motian can nevertheless be usad o identi iy the distribution of the
Jump proess X -

T he aoditianal distribution ofanival times is daracterized by the prdocsbiity thata
B ronnian motiocnwith driftescepes the aamidar fa; jag - T his prdoabi ity can be deduced
fian the trivariate distribution ofthe runningminimum,, runningmaxdmum and end \alle
ofaB ronnian matian Revuz and Yor (994)p -10 4)afterasuiteble dhange ofmessure
to incopaate the presence of a drift Gee abo Kunitomo ad IKEDA (992), GEMAN
ad Yor (994), HE, KersTEAD ad REBHOLZ (998))- T he acondiiaal distributian
of marks is gven by the prdosbiity that a B ronnian motian with drift hits ae barvier
before the otther (KARLIN and TAYLOR (97/5)p-361)-

Casuatiywve ripleaxein thiseampkl ssumptian! by themare predse assumptian:

A ssumptian 3 (atent geametric B ronnian motian)
The amparsator @G A R . £15; jag salis es :

CEI)=,  AK@X)
were ort2]f ;T 1l:

= igs(t i Tj)b=5(t il

ad
e'a/s® i
K@D = —mygrae  1F k=&
e—m/a/s2 )
= it dk= ja

ama/s? 4 @n’a/s?
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wthm =m j =2 ad

300 o Mg sl Mgy akal-
S@) — élkma/s2 © aj U_| ka ;i © iai p|.i| ka
e sI u s u
= o0 B 3
Ey—ve lJl3aim’u i4la'IT plairﬂu i4la'”’/4
e © spﬂ 1© s u

In this ssting the survival Tuncian S ) is egual 1o the prdosbi ity thata B ronnian
motian Ives duing atime periad u betnen ja ad a, oreguinalatly 1o the prdocbi ity
that the runing minimum and maxdmum stay ébowe ja ad belowv a, respectinvely G
Durrie and LaNDO (997) Tor similar computatias of hezard rate proassess in defaulic
aattmaklin)-W e ae nowvabke tog\e the gotian pridng formula.

Cordlixy 2 (@otion price - Eentgeametric B ronnian motian)
U nderA ssumption 3, e minimal calll price is gven by (0 ) with :

A 1
o Y 20GEKE 20 KGR

VT e EGDR@ KGay 1772
@0 ;oK@ (0 iadKGaYy
V10 ;K@ t(;; idKGD

To dose this section it ramairs 1 eibit the ampasitian @, ;A,) of the hedging
strategy Which generates C (0 ;S7)-T he processes A and A riepresanit the quantities hed
in the risky ad riskiess asset, respectively- T he discounted price of the aatingentdaim
is denoted = C (€5,)=C S ER »)-

P rpasiian 4 Minimal trading stvategy)
U nderA ssumptian 1, te minimal tedingstiategy @ ;A )is gven by -

Ry GO K115,

T e RS X @

L s Y ((FSRANID S RFD I

ep

ad :
Ar=C @S iAS:; a6
ort 2 ;T vt - A, GO=C (;:S1,€)i C[;:57,)-

5 Convergence to the Black-Scholes model

H rtherto we did not put mudh structure an the distributias of armival times and marks -
L etus spedfy tham in ader to getanvargae o the BLACK-ScHOLES madelwhen the
inaementa shnnks o zero.
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IntheBLACK-ScHOLES madel, the stodk price evolhes acoading to ageometricB ron-
nian motian : ~
A !
s
Si=Soep @i X+, ; D

and the ssvings acountbhvale acocading o - ep@GH-W euse if Toranerae in prdo-
ebilly,a’dﬁéP) Torwesk anvargene an D the space of cadieg Tuncias endoned with
the astomary S kaddhaod tpokgy- W eindexall relbvantguantities by a, and anvergenee
shaud be understood when Etting a go to zero.

P rpasiion 5 (@nvercene)
UnderA ssumptionl, if:

+epf @ik (D)
Lt S ()
ten : = -~ vl 91 kil
2 =1
sevy F ) SreriE T CTPRNE @)D

P ipasitian 5 embadies the aanvergence ofthe incomp iete madkel based an the marked
pant proess 1 the BLAcK-ScHOLES model. Indssd the prapasitian states the jdnt
aonvergae of the saquence ofdiscounted stodk pricss ad R adadl ikodym dexivatinves of
the minimal messure. W e reaognize in @0 ) the welHkonn diange ofFmessure fran e
historical prdosbi ity 1o the risk neutral messure of the imiting complkete modkel A s usual
anvergae of aattingent daim priass wWill be ensured under gpprpriae antinuity and
equiintegrabi ity anditias an the paycRs.

I avwe aralyze in sane deta b the marked P dsson madel . Foraomputaticnal aanve-
nience we setthe intersst rate equal 1 zaro.

P rpasiion 6 (@nvergenae - marked P dsson proaess)

Undert ssumptian 2 and¥% =0, ifp* j1=2 »ma@s’))and | »>s’=&, ten :
2 M M hlhll

6iW ) SoE@tr s XE TW,

P ripaeitian 6 gves the aonditian an the prdosbi ity [ ad the directing intersity | ©
sothat the marked P dsson madel adnddes with the BLACK-ScHoLES madelinthe Imitt
Figae ! shons the smaoth fom ofthe converganee dotained Tor Eurgpean calll pian
pricss when using ecuatian (2)- T he rumeral eampke is dessiged with - Sy =100,
m=5%,5s=25%,K=100,adT =025_T hestraiditineis te BLACK-SCHOLES pna
equal 14 9835, \thbiredashed Ir@g'\.esirepriceccmpuled by the marted P dssm
makelwithp = 'ma=2 + € je*) =@ jead ® == .
Finally, we are abk 1o deliver the analogous result 1o propasition ¢) Tor the Elent
gaametric B ronnian motion Geee- Same rnumearical results showv that the aanvargance is
vary similarbut ss snooth because of the use of simulatians -
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P rpasition 7 (@onvercgenee - et geaometric B ronnian motian)
U nderh ssumption 3 and%: =0 :

3 - o MK K 11
s B soE@te 1 OE W

495

491

485

4.8¢

Call Price

475

4.7+ "

4_65 T T T T T T T
8.00% 7.00% 6.00% 5.00% 4.00% 3.00% 2.00% 1.00%

a

Figare | - Canverganee of otiaon prass - marked P dsson process

6 An empirical illustration : IBM transaction data

T hissecianilLstrates theempirical gpp ication ofthe marked P dssonmadel tothe pridng
of Eurcpean call qotias? T he mackel parameters | and p are estimated fiam intraday
transection data. T he datawere extracted from the T redes and Q uotes D atsbase (A Q
D atabese) relesed by thell Y SE T he dosenatias are the tradss of IB Il stodk recorded
aery saaod fram marketening @ 30 £ 0 ) tomarketdossure (690 90 )-T hey axsistof
486 51 3 trarsactias begming an T hursday January 2t 1 997 and ending an W ednesday
Septamber3) th 1997 @ maths)-

T he estimatrs are dotained by maxdmum lkelihood- T he estimatorof | is the inverse
ofthe enpiral aerace ofduratias betnean tho suaessive reltive price dangss Gecall
tatifevats OllowvaP dsson distributian, time irnterak are eqpaattially distributed).
T he estimatr of p is the doserved propartian of pasitive varatias- To testthe rull
hypothesis thatthe duratias are epaattially distributed, we use ateststatisticbesed an
the equality betnean the meen and the sterndard deviatian Gee eg- CHESHER and SPADY
(99! ) or CHESHER, DHAENE, GOURIEROUX, axd ScAILLET (999)), and a B cotstrgp
procedure toaccountfor nitesampke beldistartias W e asidermaoek with ebsolute
\arfatiansizes arangngfrom (| 25% 5% - Canman practice an the marketis tordoalbne
after eltive \variatias by 3% ar4% - A N dosened path of kg S; Tortte IBIl stoK s
pbtied an Figure 2 _ Itaconespacs o the periad fron Jauary to Septamber 97 with the
Jjunpsizeza=3% .Tabk! patsteasstimatasof, andp, with tharrespective standard

3Gauss programs developed for this section are available on request.
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deviatias within bradets, and the rumber b)) of doserved relative price diangss Tor
each absolite \ariatian size_ T he intarsity estimate is in | /ec. and shauld be multiplied
by6l Gec) £60 Min) £65 (aus) £250 das) =585 )00 in ader O getan
amualized intlasity. T he hypothetized expanantial behaviar of the duratias is rejected
atthe5% sigi cance bvel Tormadek with too nanrowv rdbalendng bauncs @ - 2% ). Far
thesignl catmadek, ajump is epected every 2,4 and 6 days ra=3% ;4% ;ad 5%,
respectively- T he upmoe prdosbi fities are not & from ae half.

Tebk! :-Paamneterestimates oriBll  stodk (N percand

| a | . | p__ [ Wb ]
025 [ 0 2849 @ 0054)] 50 52 @ 45)] 12501
05 || 00846 ¢ 0027)| 50 87 ( 82)| 345
025 | 00407 0017)| 5120 € 18)] 19
I |[00242 ¢ 0013)] 51 55 € 53)| 1065
2 [[00050 @0004)] 5360 @35)| 222
3 [[00021 €0002)] 5591 G15)| 93
4 (00010 Q0001)] 5900 74l)| 44
5 [[00007Q0001)] 6000 @94)] 30
4.7
4.6 1
4.5 4
4.4 4
4.3
4.2 4
4.1 ; ; T i T ; T T
01/97 03/97 05/97 07197 09/97

Figuwe?2 Il PP besed anIBll stodk price with &=3%

W iththese estimates we may aompare qotian pricss gven by tre marked P dssonmacel
and the BLACK-ScHOLES madel W e use an histarical gppraach o estimate the volti ity
in the BLAck-ScHOLES madel (Unortunatiely, we do not have gotian data 1O aampute
implied voltikties)- T he voHti ity estimatar is the standard deviation of daily dasing
pricss fram T hursday Jauary 2nd 1997 © T hursday ! ardh 27th 1997 @ maths).- T his
d\dcearrespatbiom?sla‘chcb-w ecetavolt ity estimate of2 1 9% , whidh gves
an arualized volti ity & 250 )0oF34 67% T his is albo dose 1O the anrualized volati ity
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aomputed an thewvwnoke dateset - 31 98% -T heinterestrate is Een equal 5% -T hemar
ity ofthe Eurgpeen callqotian is threemats - T heinftial stodkprice S is normalized
0100 ad strike pricss K exoressad in peraatage of spot price (rotmaeyness degee)
arcbetneen A% ad110% -Tabke2 oy gwes the resulis Tor the statistically signi Gt
maodek of Tabk! Il ateCarbintegatiahwth 200 )00 replicatias is used to aluble
epectatian Q)- T o redue the \variane of the simulEtias, we use S as anrdl \ariate
device_l ote thatthe empirical martingality of S is satis ed up toapredsion ofat best
1073 A Hcall pricss are bebw their BLACK-SCHOLES ecuinvalats . Fram putcall parity,
itabko implies thatall put pricss will be belon tharBLACK-SCHOLES coutaparts. T he
pricss fra= 5% are higerthen fTora= 4% - T his is due 1o the canpersatian of the
bnerintersty by the higheruomove prdoshi kty/-

Tabk 2 -0 ption pricss (N pera1d)

| a]| KsSg [ Pdsson| BS |
3] 9 013314013529
95 [ 00997 | 010231
100 007215 ]00703
105 | 005097005340
110 ][ 003482 ] 003693

4 )] 012858 | 0 13529
95 009415 | 010231
100 006583 | 00703
105 || 004491 | 0 05340
110 002973 | 0 03693

5 el 013052 | 013529
95 009660 | 010231
100 006907 00703
105 || 004805 | 0 05340
110 003284 | 003693

7 Concluding remarks

T his pgper prapaess eplidt fomulee Tar pridng aatingent daims vwhen the underling
pricaollons amarked pantprocsss - T he fomula relies anaminimalmartingale gppraedn -
I'tis partiaularly suited Tor disaete hedgng in vwhich partiolias are anlly rebalanced after
>&d reltie price \vaiatias.- T he practical use ofthe priang macel is ilLstrated with a
marted P dsson madel estimated an high frecuency rarsaction data T he marked P dissm
mackl is shonn o be bk toproice agoad  tor lge vaiation sizes butnotforsmall
sizes_H onever, aurtheaetial framenarkenaompasses \ery ganeral dynamics Torthe stodk
price. A wide range of empirical gpplicatias baesed an mare sophisticated econanetric
maodek, eg- develped Tormiacstruciure theary, Gan thus be prapased - T he relevanae of
sudh extersias is Eftto uture ressardn.
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APPHEI DIX :
P roof of P rpasitian 1

T heproofaxsists in nding the adequaie restriction an the dhange ofmessure d) =P
0 that the discouited stodk price S is a ol martingalke under the newmessure Q - It
paralek the develpmeants in BUHLMAN, DELBAEN, EMBRECHTS and SHIRYAEV (996).
W edanote by M ;. Q ) the setofalll lbbcal martingalkess underQ - T he dasity process ™
of) reHtivetoP Ganbe rewitien thenks tothe theoram ofrepreserttation ofmartingalss -
Mz, Z il
=B . LHEX 9 5

where the pradiciebk procsss H sati es same integrabi ity aaditias @S p-1 72) ad
H+1 >0 as.sine’ isstrictly pasitive-
Furtrermae S; 2 M, .Q ) ifad aw ifS;"; 2 M,,.€ )- FHan IS ad Yas
fomus PrOTTER (990 )p-7AB,REVUZ aad Yor (994)p-354)we hae :
nz,z il
S:+=E . Ei(s;x):lL + HGR i °)+ HG>XDEG; X

R, R
T his implies that g prHG;>)+ 1 XE;>P shauld be egual 1© zexro in ader 1 get
S:7 ¢ 2 M 1, @ D), hidh ends the proof.

P roof of P ropasitian 2

i e know fign Anser and STRICKER (9921993) tatifl j®¢ 1™ > 0 as.ad
EP sq)ogsgsg2 < +1 ,the minimal martingake mesaure is a prdocbi ity messure dar-
acterised by its da sty procsss ™ reltinve toP -

N=EGOI X
withll™ a lbally baundad integrabe martinpgpke and ® a prediciebe procsss satisiing -
S=I"+ @M I i;

and where the dot denoies the stodestic integratian of a predicisblke procsss wrl. a
samimartingalke- T he predicizebE praess @ is gven by the relatian -

®th~ o I it th; Ql)

where A is the pradiciebe baunded part of S -

In aur Geee tte martingpke part of S isegqal O - I7 = G j°)ad it pre-
dictzbk guedratic\ariation @Ggkebradedeqalto -~ I~ i= Gy =® QS 1 33 p-R)-
Furttermare A = G1)<P vwhidh gves eguatian @) using reltion @1 )-B esides sinee the
Jump size is baunded, ! is astrictly pasitive lobcal martingake and the minimal martingale
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messure is a prdosbi ity messure.
P roof of P rpasitian 4

W efollovCoLweLL and ELLiorT (993)-
0 ntheaehad, sinceC is aP -martingake, itaimes fian the martincake represaita-
o theoem ad [0S Bnmatat :

CE&SD=CC:Sod+ A i®); @2

Wth A, Q=C ;S €D i C ;S )rt2 ;T Ik
0 n the otherharnd we haae G2 eg-SCHWEIZER (991 ) :

CE&SD=CC;:Spd+ @S, + ;5 @)

where j; isamartingale underP .
T his proess iepresas the ast assodated with the treding strategy, and can be
reniten ram Q2)ad @3) -

i=Aag §°)i @S
Sinee itis amartingpke underP , we deduce fram -
Ao iD=Aa o) AaC i)

ad :
@st = @sHaE O+ @EsH<P;
‘that the Tolloning eouality should hold

A jo)= @SH)cr:
Using?® = (A + 1Y ad the epression of A, the resuliclons.
P roofF of P ropasitian 5

Caditas (8)(9) ad the jump baundsdness esure the aaonvargene of e st
D oltbnsD ade epaattial EG ) to E(( i ¥ k+ SV ) @S 311 p.432). Since te
martincake part of the discounted prce is unifomly tight (the jumps are baunded ad
the predicizebE partis insresaing) we aanclude the anvergence of the secad D olfirs-
D adeepaattial ™ = E (8S)a@? §j°) &asinPrIGENT (995)P rpasitian3 3 or
LESNE, PRIGENT and SCAILLET Q000 )P rpasitian! -
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P roofF of P ropasitian 6

Caditias (8)ad (9)ofP rpasitian 5 can be renmitien as -

ﬁ“E(é’ i+ e igfl ildl):: P
S @ipt et il i)

FHan Taylorepasias, itanbevan ed tatboth cadtiasaesatis edif-p* §1=2 >»>
mae@s?)ad _ ¢ »s?=a T he stated resulitis then adirectaaseguenee of? ripasitian 5 -

m;

S

P roofF of P rapasitian 7

DT hewesk aonvargenee of the stodk price is immediatiely deduced fran the aastiuc-
o ofX ¢ sinee : @
Sp K i@iXx+si j-a

te€[0,T

G215 330 and33L p36wWtht =X¢ j @ i S+ s, adYs =@ i 5+ s ).

i T o deduce the wesk anvergane of the dasity proess we nesd st to esteblish
thatX ¢ hes the property U T @niform tightness see MEMIN and SLoMINsky (991 ) for
ade niian). In ader t do so, we will ned the olbning key Emma whidh gves the
behaviaroftrel gplae trarstam of the expectatian ofthe numberof jumps Torsmall a.
I'ts proofis gven belon.

L emma
ITN  denotes e number of jJumps an te tme interal [ ;tlwe have Torsmall a :

ZOO
. e uN fﬁ))égi
I on, recall thakX [ = =) + xa@? j°*) -Aan Caditian (i)2)ofT hearam 1 4
of MEMIN and SLoMINSKY (991), we hae to dek ttatV ar@ %) is 1 ¢*stodestically
baunded whare B ¢ is the baunded \ariation partofX ¢ ( e. X)) H ere, sincee X is
an inaessing process, We hae -
z Zy
SpVax= )= XK'@PE . jdc
0,7 E 0
I asoer, foralll > ( ,weget:
z Zy | Z Zy
ll[(E><K“(d><))£ . e = L—(E>d<“(d<))£H[ . Rie |

R
Recallitatﬂ[éjcb]zH[Nta].Hmceﬁcmired)o,ebﬂma,V\e deduce by
aotinLity of tre inverse L gplece trarsfom that, Torsmallaand >edt, B[ |, ‘B> 5t
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R / B /
| oeakothat ;XK' @)>» L& sinee K@> 3 + 32:¢ T herefreve gt -

&> ;9 ;h[swpV ax=P)> L Kk 2
(0,71

SoV ar@ *)is 1 *stodestically baunded, and we andiude tothe unifom tigtness ofX @ -

Seaod, sine ;) = @'t+ sl ;) is atiruas, ad sine X ¢ anvags X ad
satis & the prparty U T , we deduce fiam P ripasitian 2 2 ofF MEMIN and SLOMINSKY

(99) tthat the martincpke part <@ ¢ § ©*) ofX ¢ anvargss 1o the martincgke @1 )
and that the baunded variation partx=* anvergess 1o the baunded variatian partnt.
T heretae we get fram direct T aylorepasias -

+ept f mit
2ot St

T he bBst aadition guarantess the aonvergenae of the pradidisble aampensator of the
martincaks £ o@° § °*)_ Il aeower, sine the jumnps of these martingalkes are unifomly
baunded, the ssquene @ ©@® § °%)), satis es teUT niform tightness) acaditian.
Aan Equation @), astandard T aylor exparsian of®¢ proves that®* weaekly aonverges
0O Withe, =75 .

= From all these resuls the aonvergance of the seaond D olrsD ade epanential ¢ =
E (8So@® §j°*) Tolons immediately a5 in PRIGENT (995) P rpasiian 33 aor
LESNE , PRIGENT and SCAILLET @000 )P rpasiian! -

P roofFofL. emma

L etus rstampute trel eplbee trarstom of BN A}
W edaotebyT_, ., the rsttime the B ronnian matian with driftescepes fram the
ineral[ ja;+ aj:
T ot =inflU> 0;W , + MuB[ix+ab:
Cadder the ssquae & ). ofi i d_randon vaiables where all 2, hae the same distrii-
butonasT_, 1, -ThenTorall k2N *, the Tolloning ecuality is veri ed :

IN _KI=I[2+:+3 -]

I aoeoer, recall et if il is aprdosbility an 1 withadasity p then :
zZ, Z. z_ z.
ep@r= ‘P O=[ePOF+>» e Or=> P Ox
0 0 0 0

L etus danote : Z
L 1 G)=» e[z + =+2 -x
0
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V\hdnseq,allo» et iN? _ K, adabkoegal o € ; ¢)Y by indgpendene of
te3

Sinee :

AN =KI=AN? _KJi BN? _k+ 1}

weget:

R Reo

» CetINH f50 e—ftéj S KEIN G =Kpx
P ke CeCaNy KR “eftl[wbkﬂm
P k= 1k(k »)ll!, k41 Q)

1 K@i 2 &+ 1D k+1@)"‘ Al YWY ) »

whidh rally ghes :

N

— _ L Q))

&t a 1 .
» e-"mN = L1 Gy =—"YZ2_:
0 [ t]:t k=1 l(j 1 iLIQ))

Farm =0, we hae @paaitial martingak) -

2
>
| [eq:)é)w T a,4a i ET—a,—&—a)]:]- ;

fram whidh we deduce :

| [“ [QOQ)W T o +a)__T_a +a]3>@(l T—a +a ]—1 ;

C h@a)“ [9@(. T—a +a)]_ 1:

T hayrekae : |

% e’y

Fom 60 andforallt> 0,

1 [9@(. »T —a -‘ra)T_a +a<t] 1 [ J7:t 9@(. »T—a +a)T_a +a<t]

wherell,, =m'u+ W ,, isaB ronnian motian uder 1 by gophingt irsanov thearem -
oy sine 28§ =ep@\; i -, vedt:

1 [ J7:t 9@(. »T—a -‘ra)T_a +a<t]
= B[H [ep@, i 2 OFr, . PG ol .1

=0[ep@\r . i G+ BN o adr . <l
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= 1[0 ep@ 1, JWr. poliC+ 5 ¥ ol <]
=Ch@a[epiC+ %Y ook . . .<i1
T hen, by convergane with respectto t, we et -

C hm'a)
\.1 -
Ch@ 2»+ m*)

1EPGHT 1 JI=CET [P § - s

Firally .
oo . N t“]:t: ]__ o C I'-(rn,a) -
0 >Ch@ 2»+ m*) i Ch@ma)

ad, o te proesss @t+ s ;) with thevolatifty s :
z 1 _ Ch@las)

S RN =" SIS ULes :
0 YCh@s 2»+ @’==2)) j C hfaes?)

T hen aT aylorepasian keds 1o the stated result -

Z
_ 1 &
eétl[Nta]i»ggi
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