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1 Introd uction

D uetopracticalconstraints portfolios arenotcontinuouslyrebalanced.Traders usually
readjusttheirpositions aftersignī cantmoves in theunderlyingassetprice. Itmeans
thathedgingportfolios arediscretelyrebalancedaccordingtorelativepricemovements,
i.e.afteranincrease(ordecrease)byagivenpercentagea.Pricemovements leadingto
theseportfoliomodī cationsarebestdescribedbyaprocesswhoselogarithmicvariations
have x̄edsizes(aor¡a)andoccuratrandom times.Suchaprocess isamarkedpoint
process on the reallinewith onedimensionalmarkspace. T he realline depicts time
whilethemarksdescribetherandomjumpstakingplaceatrandomtimesofoccurrenceof
events.Inthispaperweanalysethepricingofanoptionwhenstockpricesfollowthiskind
ofprocessesalsocalledspace-timepointprocesses.T hedynamicsofsuchprocesses can
beestimatedonhighfrequencydata.A swillbecomeapparentintheempiricalsectionof
thepaper,ourpricingmethodologyallowsanadequate t̄oftheempiricalfeaturesofthe
IB M stockdataintopofbeinginphasewithmarketpractice.

T hepaperisorganizedasfollows.InSection2 weoutlineourframeworkandbrie° y
portraythebasicstructureofamarkedpointprocessusingthemartingaleapproach.In
Section3 wecharacterizethesetofequivalentmartingalemeasures(themarketisincom-
pleteduetothepresenceofjumpsandoptionpricesarenomoreuniquelydetermined).
InSection4 wegiveapricingformulawhenaparticularchoiceismadewithinthis set,
namelytheminimalmartingalemeasureintroducedbyFÄollme r andSchwe ize r (1 991 ).
A nexplicitform forthetradingstrategyisderivedwhenthischoiceisadoptedtobuild
hedgingportfolios.BothsectionsarecloselyrelatedtotheworkofBuh lman,D e lbae n,
Embre ch tsandShiryae v (1 996)andC olwe llandElliott (1 993).Twoexamplesare
furtheranalyzed.T he r̄stexampleconsists inamarkedPoissonprocesswith indepen-
dentbinomialincrements.T hesecondexamplecorrespondstoajumpprocessbuiltfrom
therandom-crossings ofalatent(hiddenorunobservable)geometricBrownianmotion.
InSection5,weexaminetheconvergenceoftheminimalpricingmodeltothestandard
Black-Sch ole s (1 973)modelwhentheprice incrementshrinks tozero.Toexemplify
suchaconvergence,wecarryoutnumericalsimulations.InSection6,anempiricalappli-
cation is providedusingIB M intradaytransactiondataonthe N Y SE (N ewYorkStock
Exchange).Parameters ofthemarkedPoissoncaseareestimatedandusedas inputto
computeEuropeancalloptionprices.ThesepricesarecomparedwithaBlack-Sch ole s
pricingbasedonanhistoricalvolatilityestimatefrom dailyclosingprices.Section7con-
cludes.

A llproofsaregatheredinanappendix.

2 Framew ork

B eforereviewingtheconceptsneededtoproceedfurther,wewouldliketoreferthereader
toBr¶e maud (1 981),Karr (1 986)andL ast andBrand t (L B )(1 995)formoreextensive
treatmentsof(marked)pointprocesses.B esidestheexpositionofJacod andShiryae v
(JS)(1 987)isofparamountinterestforthebackgroundofthispaperintermsofnotations
andconcepts.
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L etusconsiderasequenceofpositiverandom variables TjsatisfyingTj< Tj+ 1,j=
1 ;:::.R andom elements Z j,calledthemarks,takevalues inthemarkspaceE ,andare
associated with the random times Tj. T he random elements are dē ned on the same
probabilityspace:(­;F;P ).Each(Tj;Z j)issaidtobeamarkedpointandthesequence
((Tj;Z j))jofmarkedpoints isreferredtoasamarkedpointprocess(M P P).

T hemarkspaceE ishereequaltofa;¡ag andtheM P P describesthedynamicsofa
stockprice:

St=S 0eX t; (1)

throughtherandomvariable:
X t=

X

j:Tj·t
Z j; (2)

builtwiththemarkedpoints (Tj;Z j).T heprocess X is apurelydiscontinuous process
withjumps Z j=¢ X Tjatrandom times Tj.T hejumpstakethevaluesaor¡a,andso
dothelogarithmicvariationsofthestockprice:¢ logSTj=¢ X Tj.

T heprocessX takestheformofanintegralprocessx¤¹ dē nedasthesumofjumps:

X t=
X

j:Tj·t
¢ X Tj=x¤¹t;

wherex¤¹tistheusualnotationfor
Rt
0
R
Ex¹(dt;dx):

T he integer-valued random measure ¹(dt;dx)on IR + £E is the countingmeasure
associatedtothemarkedpointprocess.Itisgivenby(JS p.69):

¹(dt;dx)=
X

ş 0
I1f¢ X s6= 0g²(s;¢ X s)(dt;dx);

where²v denotestheD iracmeasureatpointv.
IfE [

X

j:Tj·t
jZ jj]is n̄iteforallt(JS p.72),suchaprocesscanbedecomposedas:

X =x¤(¹¡º)+ x¤º:
T hemeasureº is apredictablemeasure,calledthecompensator,withthepropertythat
¹¡º isalocalmartingalemeasure.T hismeasurecanbedisintegratedas(JS p.67):

º(dt;dx)=d¤tK(t;dx);

where¤isapredictableintegrableincreasingprocessandK isatransitionkernel.M ar-
tingalesofthesortx¤(¹¡º)tarealsocalledcompensatedsumsofjumps.

Inthefollowingweworkwithposition-dependentmarking(L B p.1 8 and1 86):

A ssumption1 (compensatorspecī cation)
T hecompensatorº(dt;dx)onIR + £E satis̄ es:

º(dt;dx)=d¤tK(t;dx);

where¤ is a predictable integrable increasingprocess absolutelycontinuous w.r.t.time,
K is a probabilitykernelon E such that

R
E(x

2 ^ 1 )K(t;dx)< +1 , and Z 1;Z 2 ;:::are
conditionallyindependentgiven(Tj)jsuchthatP (Z j2dxj(Tj)j)=K(Tj;dx).
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T hemarkedpointprocess (Tj;Z j)j is calledaposition-dependentK-markingofthe
pointprocess(Tj)j.T hemarkshaveaprobabilitykernelK andthearrivalsoftheincre-
mentsaregovernedbytheprocess¤.T heprocess¤representstheintensityofthearrival
times ofjumps and is thecompensatorassociatedtothecountingmeasureofthepoint
process (Tj)j.Theabsolutecontinuityhypothesis ensures thatthesetof x̄edtimes of
discontinuityofX is emptyandthattheR adon-N ikodym derivative¸t=d¤t=dt iswell
dē ned.T heprocess¸ iscalledthedirectingintensity.R ecallthatthestandardPoisson
processcorrespondstotheconstantdirectingintensitycase:

º(dt;dx)=¸dt²1(dx);

andx¤(¹¡º)t=x¤¹t¡¸t.
Eventuallyforthesakeofinterpretationletusremarkthatthecompensatormayalso

berewritten:

º(dt;dx)=
X

j
I1fTj< t·Tj+ 1g

Gj(dt;dx)
Gj([t;+1 [£E )

;

whereGj(dt;dx)istheregularversionoftheconditionaldistributionof(Tj+ 1;Z j+ 1)w.r.t.
FTj(JS p.1 36 orL B ch.4 and6).InparticularifF j(dt)=Gj(dt£E )thepointprocess
(Tj)jhasacompensator¤t=º([0 ;t]£E )whichreadsas:

¤t=
X

j

ZTj+ 1^t

Tj

F j(ds)
F j([s;+1 [)

:

T hedistribution F j(dt)represents theconditionaldistributionofthearrivaltime Tj+ 1
w.r.t.FTj. T hecurrentinformationsetFTj ismadeofthecurrentandpastrealisations
ofthe M P P.H ence ¸tcanbe interpretedas aconditionalhazard function(probability
densityfunctiondivided bysurvivalfunction). Besides thekernelK(t;dx)is given byP

jI1 fTj< t·Tj+ 1gP (Z j+ 1 2dxjFTj;Tj+ 1)whichmeansthatitcorrespondstotheconditional
distributionofthemarkZ j+ 1 w.r.t.FTjandTj+ 1.

N owthatthesettingisgivenwemayturntothenextstep :thecharacterizationof
theequivalentmartingalemeasures.

3 E quivalent martingale measures

From Harrisson and Kre ps (1 979), Harrisson andPliska (1 981 ), D e lbae n and
Schach e rmaye r (1 994),weknowthatinordertopricederivativeassets,weneed to
exhibitanequivalentmeasureunderwhichdiscountedprices aremartingales.W etake
here as discountfactorornum¶eraire a savings accountwhose growth rate rTj on the
random timeinterval:]]Tj¡1;Tj]]satis̄ es:

rTj=e½(Tj¡Tj¡1)¡1 ; (3)
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with½ > 0 .2

T hediscountedstockpriceisthenequalto:

~St=
StY

j:Tj·t
(1 + rTj)

;

orinashorternotationusingtheD ol¶eans-D adeexponential:

~St=St=E(R t);

withR t=r¤¹t.
L etusintroducethediscountedexcessreturnprocess±(t;x)suchthatfort2]]Tj;Tj+ 1]]:

±(t;x)=±(Tj;Z j)=
eZ j¡

³
1 + rTj

´

1 + rTj
: (4)

T heequivalentmartingalemeasuresarethencharacterizedbythefollowingproposition
(seealsoBuhlman,D e lbae n,Embre ch tsandShiryae v (1 996)).

P roposition1 (equivalentmartingalemeasures)
U nderA ssumption 1 , the equivalentmartingale measures Q are characterized by their
densityprocess ´ relativetoP :

´t=E
µZt

0

Z

E
H(s;x)d(¹¡º)

¶
; (5)

whereH is apredictableprocesssatisfyingH+ 1 > 0 a.s.and

0 =
Zt

0

Z

E
(H(s;x)+ 1 )±(s;x)dº: (6)

T heprocess´ isaP -martingalesuchthat´tistheR adon-N ikodymderivativedQ t=dPt.
T he processH has the interpretation ofa jump risk premium process. Equation (6)
introducesrestrictionsonthisprocessbutdoesnotleadtoauniqueequivalentmartingale
measure (marketincompleteness). In factfort 2]]Tj;Tj+ 1]]the process should satisfy
H(t;x)=hj(x)withhj(x)+ 1 > 0 a.s.and

0 =
Z

E
(hj(x)+ 1)±(Tj;x)K(Tj+ 1;dx):

T henthediscountedprice ~S willbeamartingaleunderthecorrespondingmeasureQ .
2 For a marked point processw here the d irec tingintensity ¸tand the kernelK (t;d x) d epend ontime,

w e cannot use the usuald eterministic savingsac count ¯t= exp (½t).Arb itrage isnot preclud ed insuch a
case.
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4 O ptionpricingw ith the minimalmartingale measure

A verypopularmeasureamongequivalentmartingalemeasures is theminimalmartin-
galemeasureintroducedbyFÄollme r andSchwe ize r (1 991).T hismeasureisminimal
amongallmartingalemeasuresinthesensethat,apartfromturningdiscountedpricesinto
martingales,itleavesunchangedtheremainingstructureofthemodel.Inparticularor-
thogonalityrelationsarekeptinacontinuousframework(seeSchwe ize r (1 991 ,1 992a)for
afulldiscussion,andHofmann,Plate nandSchwe ize r (1 992)foranilluminatinguse
instochasticvolatilitymodels).T hismeasureiscomputationallyconvenientandinduces
nice convergence properties (R unggaldie r and Schwe ize r (1 995),Prige nt (1 995),
M e rcurio and V orst (1 996), L e sne ,Prige nt and Scaille t (20 0 0 )). Schwe ize r
(1 993)shows thatin somecases theexpectationofthe n̄alpayo®undertheminimal
measureis equaltothevalueofthevarianceoptimalhedgingstrategy(forthevariance
optimalmeasureseee.g.FÄollme r andSond e rmann(1 986),Boule auand L ambe r-
ton(1 989),D uffie andR ichard son(1 991 ),Schwe ize r (1 992b,1 994),G ouri¶e roux,
L aure nt andPham (1 998), L aure nt andScaille t (1 998)).T his valueorapproxi-
mationpricegives theinitialamountrequiredtoimplementarisk-minimizingstrategy.
Suchastrategyis ingeneralnotself-̄ nancingandinvolvesanon-vanishinghedgingcost.
H oweverassoonastheminimalmeasureisaprobabilitymeasure,thisvalueisanactual
no-arbitrageprice(itis thecasebelowsincethejump sizeis bounded).Concerningex-
istenceanduniquenessoftheminimalmeasure,werefertoAnse l andStricke r (1 992,
1 993).W ecannowproceedtoanswerwhatform thismeasuretakes inourframework
(seealsoC olwe ll andElliott (1 993)).

P roposition2 (minimalprobabilitymeasure)
U nderA ssumption1 ,theminimalmartingalemeasure P̂ isaprobabilitymeasurecharac-
terizedbyitsdensityprocess ^́ relativetoP :

^́t=E
³
(¡® ~S ±)¤(¹¡º)t

´
; (7)

wherefort2]]Tj;Tj+ 1]]:

®t=
R
E ±(Tj;x)K(Tj+ 1;dx)

~STj
R
E ±2 (Tj;x)K(Tj+ 1;dx)

: (8)

IfwerelatethispropositiontoProposition1 ,wehavefort2]]Tj;Tj+ 1]],Ĥ(t;x)= ĥj(x)
with:

ĥj(x)=¡
R
E ±(Tj;v)K(Tj+ 1;dv)R
E ±2 (Tj;v)K(Tj+ 1;dv)

±(Tj;x):

O ncetheR adon-N ikodymderivative^́tiscomputed,itisstraightforwardtoderivethe
priceCt=C(t;St)ofacontingentclaimwith n̄alpayo®C(T;ST).ForaEuropeancall
optionwithmaturityT andstrikepriceK,the n̄alpayo®is(ST¡K)+ =max(0 ;ST¡K).
B ytakingitsexpectationunderP̂ afteranadequatediscounting,weget:

C(t;St)=E P̂
·
(ST ¡K)+

E(R t)
E(R T)

jFt
¸
; (9)
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whichleadsto:

P roposition3 (minimaloptionprice)
U nderA ssumption 1 ,thecallpricegivenbytheminimalmartingalemeasureis :

C(t;St)=E P
·
(ST ¡K)+

E(R t)
E(R T)

^́T
^́t
jFt

¸
; (1 0 )

with:E(R t)=E(R T)=
Y

j:t< Tj·T
(1 + rTj)

¡1 and:

^́T
^́t

=
Y

j:t< Tj·T
(1 + ĥj(Z j))exp

Ã
¡

ZT

t

Z

E
Ĥ(s;x)K(s;dx)d¤s

!
:

L etusspecializethisoptionpricingformulaontwoexamples.

Example1 :M arkedPoissonprocess

T he r̄stexample consists in amarked Poisson process with independentbinomial
marks.Thecorrespondingcompensatorspecī cationis:

A ssumption2 (markedPoissonprocess)
T hecompensatorº(dt;dx)onIR + £fa;¡ag satis̄ es:

º(dt;dx)=¸dtK(dx);

with

K(dx) = p if dx=a;
= 1 ¡p if dx=¡a:

T hisexampleisparticularlysuitedforempiricalpurposessincetheconstantparame-
ters¸ andpcaneasilybeestimatedfromintradaypricedata(seetheempiricalillustration
below).W egetimmediatelyfrom Proposition3 :

Corollary1 (optionprice:markedPoissonprocess)
U nderA ssumption2,theminimalcallpriceisgivenby(1 0 )with:

^́T
^́t

=
Y

j:t< Tj·T

Ã
1 ¡ ±(Tj;a)p+ ±(Tj;¡a)(1 ¡p)

±(Tj;a)2 p+ ±(Tj;¡a)2(1 ¡p)
±(Tj;Z j)

!
(1 1)

exp

Ã
¸((Tj+ 1 ^T)¡Tj)

(±(Tj;a)p+ ±(Tj;¡a)(1 ¡p))2

±(Tj;a)2 p+ ±(Tj;¡a)2(1 ¡p)

!
:
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W hentheinterestrateis setequaltozero(½ = 0);wehaveananalyticformulafor
thecallprice.From (1 0 )and(1 1 ),thecallpriceisgivenby:

C (t;ST)=
1X

n= 0

(̧ T)n

n!
e(¡(1¡°)̧ T)

Ã nX

i= 0

n!
i!(n¡i)!

(ṕ u)i((1 ¡p)́ d)n¡i
³
S 0e((2 i¡n)a)¡X

´
+

!
;

where:

´u = 1 ¡k(exp(a)¡1 );

d́ = 1 ¡k(exp(¡a)¡1 );

k =
(p(exp(a)¡1 )+ (1 ¡p)(exp(¡a)¡1 ))
p(exp(a)¡1 )2 + (1 ¡p)(exp(¡a)¡1 )2

;

° =
(p(exp(a)¡1 )+ (1 ¡p)(exp(¡a)¡1 ))2

p(exp(a)¡1 )2 + (1 ¡p)(exp(¡a)¡1 )2
:

T he value ofthe callcan thus be obtained by takingaweighted sum ofrecombining

binomialtrees.Somerewritingenablesustoobtainthesimplerform :

C (t;ST)=
1X

n= 0

³
b̧T

ń

n!
e¡b̧T

Ã nX

i= 0

n!
i!(n¡i)!

bpi(1 ¡bp)n¡i
³
S 0e((2 i¡n)a)¡X

´
+

!
; (1 2)

with:

bp =
ṕ u

(1 ¡° )
=

1
ea + 1

; (1 3)

b̧ = (1 ¡° )̧ : (1 4)

Formula(1 2)infactcorrespondstocalculatingtheexpectationofthepayo®directly
underthe M inimalM artingale M easure bP as inequation(9).Indeedunder bP wehave
thatSt is amarkedPoissonprocesswith intensity b̧andtransitionkernelcK(t;a)= bp:
T hemappings (1 3)and(1 4)canbeobtained byapplyingG irsanovtheorem forjumps
(JS p.1 57).Interestingly,wealsorecoverthepropertyofthe standardbinomialmodel
(C ox,R oss andR ubinste in(1 979))thattherisk-neutralup-move(bp)anddown-move
(1 ¡bp)probabilities donotdependon historicalprobabilities. Formula(1 2)is asum
ofstandard binomialpricingformulaeweighted bytheprobabilities oftheexponential
distribution.T hepricingformulacanthus bederivedanalyticallybyintegratingw.r.t.
totheexponentialdistributionandbyweightingthedi®erentpossibleoptionpayo®sby
theirbinomialprobabilities.

W hen½ 6=0 onecannotbuildrecombiningtrees.H owever,thepriceofouroptioncan
becomputedviaM onteCarlointegrationbysimulatingthestockpriceprocess directly
underbP (cfequation(9)):T hisensuresbetternumericalstabilitythansimulatingunder
P andusingequation(1 0 ).T heintensityandtransitionkernelunderbP arecharacterised
by:
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db¤t = b̧dt=(1 ¡° )̧ dt;

cK(t;a) = bp=
p
³
bh(Tj;a)+ 1

´

I(Tj;a)
;

with:

bh(Tj;x) = ¡±(Tj+ 1;x)
p±(Tj+ 1;a)+ (1 ¡p)±(Tj+ 1;¡a)
p±2 (Tj+ 1;a)+ (1 ¡p)±2 (Tj+ 1;¡a)

;

I(Tj;a) = 1 ¡(p±(Tj+ 1;a)+ (1 ¡p)±(Tj+ 1;¡a))2
p±2 (Tj+ 1;a)+ (1 ¡p)±2 (Tj+ 1;¡a)

:

Example2 :L atentgeometricBrownianmotion

L etusconstitutethesetofbarriers B =fS 0 expja;j2IZ g.Therandom crossingsof
suchbarriersbythecontinuousprocess ¹S satisfyingd¹St=¹St=mdt+ sdW tdē neaprice
process S oftheform (1)-(2).Itis enoughtotake:expX t= ¹St\ B .T heentirepath
ofthegeometricBrownianmotion is assumedtobenotobservableandthecontinuous
timeprocessdrivingthejumps isthuslatent(hidden).Thedistributionalfeaturesofthe
(geometric)B rownianmotioncanneverthelessbeusedtoidentifythedistributionofthe
jump process X .

T heconditionaldistributionofarrivaltimesischaracterizedbytheprobabilitythata
B rownianmotionwithdriftescapesthecorridorfa;¡ag.T hisprobabilitycanbededuced
fromthetrivariatedistributionoftherunningminimum,runningmaximumandendvalue
ofaB rownianmotion(R e v uzandYor (1 994)p.1 0 4)afterasuitablechangeofmeasure
toincorporatethepresenceofadrift(seealsoKunitomo and Ike da(1 992), G ¶e man
andYor (1 994),H e ,Ke irste ad and R e bholz(1 998)).T heconditionaldistribution
ofmarks is givenbytheprobabilitythataBrownianmotionwithdrifthits onebarrier
beforetheother(KarlinandTaylor (1 975)p.361 ).

ConsequentlywereplaceinthisexampleA ssumption1 bythemorepreciseassumption:

A ssumption3 (latentgeometricBrownianmotion)
T hecompensatorº(dt;dx)onIR + £fa;¡ag satis̄ es:

º(dt;dx)=¸tdtK(dx);

wherefort2]]Tj;Tj+ 1]]:

¸t=
·
¡d
dt
S(t¡Tj)

¸
=S(t¡Tj);

and

K(dx) =
em 0a=s2

e¡m 0a=s2 + em 0a=s2
if dx=a;

=
e¡m 0a=s2

e¡m 0a=s2 + em 0a=s2
if dx=¡a;
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withm0=m¡s2 =2 and

S(u) =
+ 1X

k= ¡1
e4km

0a=s2
½·
©

µa¡m0u¡4ka
s
p
u

¶
¡©

µ¡a¡m0u¡4ka
s
p
u

¶¸

¡e¡2 am 0=s2
·
©

µ
3a¡m0u¡4ka

s
p
u

¶
¡©

µ
a¡m0u¡4ka

s
p
u

¶ ¾̧
:

Inthis settingthesurvivalfunction S(u)isequaltotheprobabilitythataBrownian
motionlivesduringatimeperiodu between¡aanda,orequivalentlytotheprobability
thattherunningminimum andmaximum stayabove¡aandbelowa,respectively(see
D uffie and L ando (1 997)forsimilarcomputations ofhazardrateprocesses indefault
eventmodelling).W earenowabletogivetheoptionpricingformula.

Corollary2 (optionprice:latentgeometricBrownianmotion)
U nderA ssumption3,theminimalcallpriceisgivenby(1 0 )with:

^́T
^́t

=
Y

j:t< Tj·T

Ã
1 ¡ ±(Tj;a)K(a)+ ±(Tj;¡a)K(¡a)

±(Tj;a)2K(a)+ ±(Tj;¡a)2K(¡a)
±(Tj;Z j)

!

exp

Ã
¡(±(Tj;a)K(a)+ ±(Tj;¡a)K(¡a))2
±(Tj;a)2K(a)+ ±(Tj;¡a)2K(¡a)

logS((Tj+ 1 ^T)¡Tj)

!
:

Toclose this section itremains toexhibitthe composition (Át;Ãt)ofthe hedging
strategywhichgenerates C(T ;ST).T heprocesses Á andÃ representthequantitiesheld
intheriskyandrisklessasset,respectively.T hediscountedpriceofthecontingentclaim
isdenoted: ~C(t;St)=C(t;St)=E(R t).

P roposition4 (minimaltradingstrategy)
U nderA ssumption 1 ,theminimaltradingstrategy(Át;Ãt)is givenby:

Át=
R
E
~ÁTj(x)±(Tj;x)K(Tj+ 1;dx)

~STj
R
E ±2 (Tj;x)K(Tj+ 1;dx)

; (1 5)

and:
Ãt= ~C(t;St)¡Át~St; (1 6)

fort2]]Tj;Tj+ 1]]with: ~ÁTj(x)= ~C(Tj;STje
x)¡ ~C(Tj;STj).

5 Convergence to the B lack-Scholesmod el

H ithertowedidnotputmuchstructureonthedistributionsofarrivaltimesandmarks.
L etusspecifythem inordertogetconvergencetotheBlack-Schole smodelwhenthe
incrementashrinkstozero.

1 0



IntheBlack-Sch ole smodel,thestockpriceevolvesaccordingtoageometricBrow-
nianmotion:

¹St=S 0 exp

Ã
(m¡s2

2
)t+ sW t

!
; (1 7)

andthesavingsaccountvalueaccordingto:exp(½t).W euse P¡! forconvergenceinprob-

ability,and
L(ID )¡! forweakconvergenceonID thespaceofcadlagfunctionsendowedwith

thecustomarySkorokhodtopology.W eindexallrelevantquantitiesbya,andconvergence
shouldbeunderstoodwhenlettingagotozero.

P roposition5 (convergence)
U nderA ssumption 1 ,if:

±¤ºat
P¡! (m¡½)t; (1 8)

±2 ¤ºat
P¡! s2 t; (1 9)

then: ³
~S at;^́

a
t

´L(ID 2 )¡!
µ
¹Ste¡½t;E

µm¡½
s

W t

¶¶
: (20 )

Proposition5 embodiestheconvergenceoftheincompletemodelbasedonthemarked
pointprocess totheBlack-Sch ole s model. Indeed the proposition states the joint
convergenceofthesequenceofdiscountedstockpricesandR adon-N ikodymderivativesof
theminimalmeasure.W erecognizein(20 )thewell-knownchangeofmeasurefrom the
historicalprobabilitytotheriskneutralmeasureofthelimitingcompletemodel.A susual
convergenceofcontingentclaim priceswillbeensuredunderappropriatecontinuityand
equiintegrabilityconditionsonthepayo®s.

N owweanalyzeinsomedetailsthemarkedPoissonmodel.Forcomputationalconve-
niencewesettheinterestrateequaltozero.

P roposition6 (convergence:markedPoissonprocess)
U nderA ssumption2 and½=0 ,ifpa ¡1 =2»ma=(2s2)and¸a »s2 =a2 ,then:

(S at;^́
a
t)
L(ID 2 )¡!

µ
S 0E(mt+ sW t);E

µ
m
s
W t

¶¶
:

Proposition6 givestheconditionontheprobabilitypa andthedirectingintensity¸a

sothatthemarkedPoissonmodelcoincideswiththeBlack-Sch ole smodelinthelimit.
Figure1 showsthesmoothformoftheconvergenceobtainedforEuropeancalloption

priceswhenusingequation(1 2).T henumericalexample is designedwith: S 0 = 1 0 0 ,
m=5%,s=25%,K=1 0 0 ,andT =0 :25.T hestraightlineistheBlack-Schole sprice
equalto4.9835,whilethedashedlinegives thepricecomputedbythemarkedPoisson
modelwithpa =

¡
ma2 =s2 + (1 ¡e¡a)

¢
=(ea ¡e¡a)and¸a =s2 =a2.

Finally,weareabletodelivertheanalogous resulttoproposition(6)forthelatent
geometricBrownianmotioncase.Somenumericalresults showthattheconvergenceis
verysimilarbutlesssmoothbecauseoftheuseofsimulations.
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P roposition7(convergence:latentgeometricBrownianmotion)
U nderA ssumption3 and½=0 :

³
~S at;^́

a
t

´L(ID 2 )¡!
µ
S 0E(mt+ sW t);E

µ
m
s
W t

¶¶
:
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Figure1:Convergenceofoptionprices:markedPoissonprocess

6 Anempiricalillustration:IB M transac tiond ata

T hissectionillustratestheempiricalapplicationofthemarkedPoissonmodeltothepricing
ofEuropeancalloptions.3 T hemodelparameters ¸ and p areestimatedfrom intraday
transactiondata.T hedatawereextractedfrom theTradesandQ uotes D atabase(TA Q
D atabase)releasedbytheN Y SE.T heobservationsarethetradesofIB M stockrecorded
everysecondfrommarketopening(9:30 :0 0 )tomarketclosure(1 6:0 0 :0 0 ).Theyconsistof
486,51 3 transactionsbeginningonThursdayJanuary2th1 997andendingonW ednesday
September30 th1 997(9 months).

T heestimatorsareobtainedbymaximumlikelihood.T heestimatorof¸ istheinverse
oftheempiricalaverageofdurationsbetweentwosuccessiverelativepricechanges(recall
thatifeventsfollowaPoissondistribution,timeintervalsareexponentiallydistributed).
T he estimatorofp is theobserved proportion ofpositive variations. Totestthe null
hypothesisthatthedurationsareexponentiallydistributed,weuseateststatisticbasedon
theequalitybetweenthemeanandthestandarddeviation(seee.g.C h e sh e r andSpady
(1 991 )or C h e sh e r, D hae ne , G ouri¶e roux,and Scaille t (1 999)),and aBootstrap
proceduretoaccountfor n̄itesampleleveldistortions.W econsidermodelswithabsolute
variationsizesarangingfrom0.25% to5%.Commonpracticeonthemarketistorebalance
afterrelativevariations by3% or4%.A nobservedpathoflogStfortheIB M stockis
plottedonFigure2.Itcorrespondstotheperiodfrom JanuarytoSeptember97withthe
jumpsizea=3%.Table1 reportstheestimatorsof̧ andp,withtheirrespectivestandard

3G aussprogramsd eveloped for thissec tionare available onrequest.
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deviationswithinbrackets,andthenumber(N b.)ofobservedrelativepricechanges for
eachabsolutevariationsize.T heintensityestimateis in1 /sec.andshouldbemultiplied
by 60 (sec.) £ 60 (min.) £ 6.5 (hours)£ 250 (days)= 5,850 ,0 0 0 in ordertogetan
annualizedintensity.T hehypothetizedexponentialbehaviorofthedurations is rejected
atthe5% signī cancelevelformodelswithtoonarrowrebalancingbounds(a·2%).For
thesignī cantmodels,ajump isexpectedevery2,4 and6 daysfora=3%;4%;and5%,
respectively.T heupmoveprobabilitiesarenotfarfromonehalf.

Table1 :Parameterestimates forIB M stock(inpercent)

a ¸ p N b.
0 .25 0 .2849 (0 .0 0 54) 50 .52 (0 .45) 1 250 1
0 .5 0 .0 846 (0 .0 0 27) 50 .87(0 .82) 371 5
0 .75 0 .0 40 7(0 .0 0 1 7) 51.20 (1 .1 8) 1 789
1 0 .0 242 (0 .0 0 1 3) 51.55 (1 .53) 1 0 65
2 0 .0 0 50 (0 .0 0 0 4) 53.60 (3.35) 222
3 0 .0 0 21 (0 .0 0 0 2) 55.91 (5.1 5) 93
4 0 .0 0 1 0 (0 .0 0 0 1 ) 59.0 9 (7.41 ) 44
5 0 .0 0 0 7(0 .0 0 0 1 ) 60 .0 0 (8.94) 30

Figure2 :M P P basedonIB M stockpricewitha=3%

W iththeseestimateswemaycompareoptionpricesgivenbythemarkedPoissonmodel
andtheBlack-Schole smodel.W euseanhistoricalapproachtoestimatethevolatility
in theBlack-Schole s model(unfortunately,wedonothaveoptiondatatocompute
impliedvolatilities).T hevolatilityestimatoris thestandarddeviationofdailyclosing
pricesfrom ThursdayJanuary2nd1 997toT hursdayM arch27th1 997(3 months).T his
choicecorrespondstomarketstandards.W egetavolatilityestimateof2.1 9%,whichgives
anannualizedvolatility(£

p
250 )of34.67%.Thisisalsoclosetotheannualizedvolatility
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computedonthewholedataset:31 .98%.T heinterestrateistakenequalto5%.T hema-
turityoftheEuropeancalloptionisthreemonths.TheinitialstockpriceS 0 isnormalized
to1 0 0 andstrikepricesK expressedinpercentageofspotprice(spotmoneynessdegree)
arebetween90 % and1 1 0 %.Table2 onlygivestheresultsforthestatisticallysignī cant
modelsofTable1.M onte-Carlointegrationwith20 0 ,0 0 0 replications isusedtocalculate
expectation(9).Toreducethevarianceofthesimulations,weuse ~ST ascontrolvariate
device.N otethattheempiricalmartingalityof~ST issatis̄ eduptoaprecisionofatleast
1 0 ¡3.A llcallpricesarebelowtheirBlack-Schole s equivalents.From put-callparity,
italsoimpliesthatallputpriceswillbebelowtheirBlack-Schole s counterparts.T he
prices fora= 5% arehigherthanfora= 4%.T his is duetothecompensationofthe
lowerintensitybythehigherupmoveprobability.

Table2 :O ptionprices(inpercent)

a K=S 0 Poisson B S
3 90 0 .1 331 4 0 .1 3529

95 0 .0 9976 0 .1 0 231
1 0 0 0 .0 721 5 0 .0 750 3
1 0 5 0 .0 50 97 0 .0 5340
1 1 0 0 .0 3482 0 .0 3693

4 90 0 .1 2858 0 .1 3529
95 0 .0 941 5 0 .1 0 231
1 0 0 0 .0 6583 0 .0 750 3
1 0 5 0 .0 4491 0 .0 5340
1 1 0 0 .0 2973 0 .0 3693

5 90 0 .1 30 52 0 .1 3529
95 0 .0 9660 0 .1 0 231
1 0 0 0 .0 690 7 0 .0 750 3
1 0 5 0 .0 480 5 0 .0 5340
1 1 0 0 .0 3284 0 .0 3693

7 Conclud ingremarks

T his paperproposesexplicitformulaeforpricingcontingentclaimswhentheunderlying
pricefollowsamarkedpointprocess.T heformulareliesonaminimalmartingaleapproach.
Itisparticularlysuitedfordiscretehedginginwhichportfoliosareonlyrebalancedafter
x̄edrelativepricevariations.T hepracticaluseofthepricingmodelis illustratedwitha
markedPoissonmodelestimatedonhighfrequencytransactiondata.T hemarkedPoisson
modelisshowntobeabletoprovideagood t̄forlargevariationsizesbutnotforsmall
sizes.H owever,ourtheoreticalframeworkencompassesverygeneraldynamicsforthestock
price.A widerangeofempiricalapplications basedonmoresophisticated econometric
models,e.g.developedformicrostructuretheory,canthusbeproposed.T herelevanceof
suchextensions islefttofutureresearch.
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A P PEN D IX :

ProofofProposition1

T heproofconsistsin n̄dingtheadequaterestrictiononthechangeofmeasuredQ =dP
sothatthediscountedstockprice ~S is alocalmartingaleunderthenewmeasure Q .It
parallelsthedevelopmentsinBuh lman,D e lbae n,Embre ch tsandShiryae v (1 996).

W edenotebyM loc(Q )thesetofalllocalmartingalesunderQ .T hedensityprocess´
ofQ relativetoP canberewrittenthankstothetheoremofrepresentationofmartingales:

´t=E
µZt

0

Z

E
H(s;x)d(¹¡º)

¶
;

where the predictable processH satī es some integrability conditions (JS p.1 72)and
H+ 1 > 0 a.s.since´ isstrictlypositive.

Furthermore ~St 2 M loc(Q )ifand only if ~S t́ t 2 M loc(P ). From Ito's and Yor's
formulas(Protte r (1 990 )p.78,R e v uzandYor (1 994)p.354)wehave:

~S t́ t=E
µZt

0

Z

E
±(s;x)d¹ + H(s;x)d(¹¡º)+ H(s;x)±(s;x)dº

¶
:

T his implies that
Rt
0
R
E(H(s;x)+ 1 )±(s;x)dº shouldbeequaltozeroinordertoget

~S t́ t2M loc(P ),whichendstheproof.

P roofofProposition2

W e knowfrom Anse l and Stricke r (1 992,1 993)thatif1 ¡®¢ ~M > 0 a.s.and
E P

h
sup0·s·T ~S 2s

i
< +1 ,theminimalmartingalemeasureisaprobabilitymeasurechar-

acterisedbyitsdensityprocess ^́ relativetoP :

^́ =E(¡®:~M );

with ~M alocallyboundedintegrablemartingaleand® apredictableprocesssatisfying:

~S = ~M + ®:h~M ; ~M i;

andwherethedotdenotes the stochastic integrationofapredictableprocess w.r.t.a
semimartingale.T hepredictableprocess® isgivenbytherelation:

®tdh~M ; ~M it=d~At; (21)

where ~A isthepredictableboundedpartof~S.
Inourcasethemartingalepartof ~S is equalto: ~M = (~S±)¤(¹ ¡º)and its pre-

dictablequadraticvariation(anglebracket)equalto:h~M ; ~M i=(~S ±)2 ¤º (JS 1 .33 p.73).
Furthermore ~A =(~S±)¤º whichgivesequation(8)usingrelation(21 ).B esidessincethe
jump sizeisbounded,^́ isastrictlypositivelocalmartingaleandtheminimalmartingale
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measureisaprobabilitymeasure.

P roofofProposition4

W efollowC olwe ll andElliott (1 993).
O ntheonehand,since ~C isaP̂ -martingale,itcomesfromthemartingalerepresenta-

tiontheorem andIto'slemmathat:

~C(t;St)= ~C(0 ;S 0)+ ~Á¤(¹¡º̂)t; (22)

with ~Át(x)= ~C(Tj;STje
x)¡ ~C(Tj;STj)fort2]]Tj;Tj+ 1]].

O ntheotherhandwehave(seee.g.Schwe ize r (1 991 )):

~C(t;St)= ~C(0 ;S 0)+ (Á ~S±)¤¹t+ ¡t; (23)

where¡tisamartingaleunderP .
T his process represents the costassociated with the trading strategy, and can be

rewrittenfrom (22)and(23):

¡= ~Á¤(¹¡º̂)¡(Á ~S ±)¤¹:

SinceitisamartingaleunderP ,wededucefrom :

~Á¤(¹¡º̂)= ~Á¤(¹¡º)+ ~Á¤(º¡º̂);

and:
(Á ~S±)¤¹ =(Á ~S±)¤(¹¡º)+ (Á ~S±)¤º;

thatthefollowingequalityshouldhold:

~Á¤(º¡º̂)=(Á ~S ±)¤º:

U singº̂ =(Ĥ+ 1 )º andtheexpressionofĤ,theresultfollows.

P roofofProposition5

Conditions (1 8)-(1 9)andthe jump boundedness ensuretheconvergenceofthe r̄st
D ol¶eans-D ade exponentialE(±¤¹at)toE((m¡½)t+ sW t)(JS 3.1 1 p.432). Since the
martingalepartofthediscounted price is uniformlytight(the jumps areboundedand
thepredictablepartis increasing)weconcludetheconvergenceofthe second D ol¶eans-
D adeexponential^́at=E

³
(¡® ~S±)¤(¹a ¡ºa)t

´
asinPrige nt (1 995)Proposition3.3 or

L e sne ,Prige nt andScaille t (20 0 0 )Proposition1.
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P roofofProposition6

Conditions(1 8)and(1 9)ofProposition5 canberewrittenas:

¸a
£
(ea ¡1 )pa + ¡

e¡a ¡1¢(1 ¡pa)
¤ ¡! m;

¸a
h
(ea ¡1 )2 pa + ¡

e¡a ¡1¢2 (1 ¡pa)
i
¡! s2 :

FromTaylorexpansions,itcanbeverī edthatbothconditionsaresatis̄ edif:pa¡1 =2»
ma=(2s2)and¸a »s2 =a2.T hestatedresultisthenadirectconsequenceofProposition5.

P roofofProposition7

i)T heweakconvergenceofthestockpriceisimmediatelydeducedfromtheconstruc-
tionofX a since:

sup
t2[0 ;T]

jX a
t¡((m¡s2

2
)t+ sW t)j·a

(seeJS 3.30 and3.31 p.31 6 withta =X a
t¡(m¡s2

2 )t+ sW tandY a
t =(m¡s2

2 )t+ sW t).

ii)Todeducetheweakconvergenceofthedensityprocessweneed r̄sttoestablish
thatX a hasthepropertyU T (uniform tightnessseeM ¶e minandSlominsky (1 991 )for
adē nition).Inordertodoso,wewillneedthefollowingkeylemmawhichgives the
behavioroftheL aplacetransformoftheexpectationofthenumberofjumpsforsmalla.
Itsproofisgivenbelow.

L emma
IfN a

t denotesthenumberofjumpsonthetimeinterval[0 ;t];wehaveforsmalla:
Z 1

0
e¡»tIE [N a

t]dt»
1
»2
s2

a2
:

N ow,recallthatX a
t=(x¤ºa)t+ x¤(¹a¡ºa)t.FromCondition(ii)2)ofT heorem 1 -4

ofM ¶e minandSlominsky (1 991),wehavetocheckthatV ar(B a)isIP a-stochastically
boundedwhereB a istheboundedvariationpartofX a (i.e.x¤ºa).H ere,sincex¤ºa is
anincreasingprocess,wehave:

sup
[0 ;T]

V ar(x¤ºa)=(
Z

E
xKa(dx))£

ZT

0
¸atdt:

M oreover,forallL > 0 ,weget:

IP [(
Z

E
xKa(dx))£

ZT

0
¸atdt> L ]· 1

L
(
Z

E
xKa(dx))£IE [

ZT

0
¸atdt]:

R ecallthatIE [
Rt
0 ¸

a
sds]=IE [N a

t].H encefrom theabovelemma,wecandeduceby
continuityoftheinverseL aplacetransformthat,forsmallaand x̄edt,IE [

Rt
0 ¸

a
sds]» s2

a2 t.
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N otealsothat
R
ExK

a(dx)» m 0
s2 a

2 sinceK(a)» 1
2 +

1
2
m 0a
s2 .T hereforeweget:

8²> 0 ;9L ;IP [sup
[0 ;T]

V ar(x¤ºa)> L ]< ²:

SoV ar(B a)isIP a-stochasticallybounded,andweconcludetotheuniformtightnessofX a.

Second,since(X t)t=(m0t+ sW t)t is continuous,andsince X a converges toX and
satis̄ es the property U T ,wededuce from Proposition 2.2 ofM ¶e min and Slominsky
(1 991 )thatthemartingalepartx¤(¹a ¡ºa)ofX a convergestothemartingale(sW t)t
andthattheboundedvariationpartx¤ºa convergestotheboundedvariationpartm0t.
T hereforewegetfrom directTaylorexpansions:

±¤ºat
P¡! m0t;

±2 ¤ºat
P¡! s2 t:

T helastconditionguaranteestheconvergenceofthepredictablecompensatorofthe
martingales ±¤(¹a ¡ºa).M oreover,sincethejumpsofthesemartingalesareuniformly
bounded,the sequence (±¤(¹a ¡ºa))a satis̄ es the U T (uniform tightness)condition.
From Equation(8),astandardTaylorexpansionof®at provesthat®a weaklyconverges
to® with®t= 1

~St
m
s2 .

From alltheseresultstheconvergenceofthesecondD ol¶eans-D adeexponential^́at=
E
³
(¡® ~S ±)¤(¹a ¡ºa)t

´
follows immediately as inPrige nt (1 995)Proposition 3.3 or

L e sne ,Prige nt andScaille t (20 0 0 )Proposition1.

P roofofL emma

L etus r̄stcomputetheL aplacetransformofIE [N a
t].

W edenotebyT¡a;+ a the r̄sttimetheBrownianmotionwithdriftescapesfrom the
interval[¡a;+a]:

T¡a;+ a =inffu> 0 ;W u+ m0u62 [¡a;+a]g:
Considerthesequence(²k)k ofi.i.d.random variableswhereall²k havethesamedistri-
butionas T¡a;+ a.T henforallk2 N ¤,thefollowingequalityisverī ed:

IP [N a
t¸k]=IP [²1 + :::+ ²k·t]:

M oreover,recallthatifIP isaprobabilityonIR +¤ withadensitypthen:
Z 1

0
e¡»tp(t)dt=

Z 1

0
e¡»tdP (t)=[e¡»tP (t)]10 + »

Z1

0
e¡»tP (t)dt=»

Z1

0
e¡»tP (t)dt:

L etusdenote:
L k(»)=»

Z1

0
e¡»tIP [²1 + :::+ ²k·t]dt;
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which is equalto»
R1
0 e¡»tIP [N a

t ¸k]dt,andalsoequalto(L 1(»))k byindependenceof
the²k.

Since:
IP [N a

t=k]=IP [N a
t¸k]¡IP [N a

t¸k+ 1 ];

weget:

»
R1
0 e¡»tIE [N a

t]dt = »
R1
0 e¡»t(

P 1
k= 1kIP [N a

t=k])dt
=

P 1
k= 1k(»

R1
0 e¡»tIP [N a

t¸k]dt¡»
R1
0 e¡»tIP [N a

t¸k+ 1 ]dt)
=

P 1
k= 1k(L k(»)¡L k+ 1(»))

=
P 1

k= 1kL k(»)¡
P 1

k= 1(k+ 1)L k+ 1(»)+
P 1

k= 1 L k+ 1(»);

which n̄allygives:

»
Z1

0
e¡»tIE [N a

t]dt=
1X

k= 1
L 1(»)k=

L 1(»)
1 ¡L 1(»)

:

Form0=0 ,wehave(exponentialmartingale):

IE [exp(»W T¡a;+ a ¡
»2

2
T¡a;+ a)]=1 ;

fromwhichwededuce:

IE [IE [exp(»W T¡a;+ a)jFT¡a;+ a]exp(¡
»2

2
T¡a;+ a)]=1 ;

and:

Ch(»a)IE [exp(¡»
2

2
T¡a;+ a)]=1 :

T herefore:
L 1(»)=

1
Ch(a

p
2»)

:

Form06=0 andforallt> 0 ,

IE [exp(¡»T¡a;+ a)I1 T¡a;+ a< t]=IE [
dIP
d~IP

jF texp(¡»T¡a;+ a)I1 T¡a;+ a< t]

where ~W u=m0u+ W uisaB rownianmotionunder~IP byapplyingG irsanovtheorem.
N ow,since d IP

d ~IP
jF t=exp(m0~W t¡m 0

2

2 t),weget:

IE [ d IP
d ~IP
jF texp(¡»T¡a;+ a)I1 T¡a;+ a< t]

=IE [IE [exp(m0~W t¡m 0
2

2 t)jFT¡a;+ a]exp(¡»T¡a;+ a)I1 T¡a;+ a< t]

=IE [exp(m0~W T¡a;+ a ¡(»+ m 02
2 )T¡a;+ a)I1 T¡a;+ a< t]
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=IE [IE [exp(m0~W T¡a;+ a)jFT¡a;+ a]exp[¡(»+ m 02
2 )T¡a;+ a]I1 T¡a;+ a< t]

=Ch(m0a)IE [exp[¡(»+ m 02
2 )T¡a;+ a)]I1 T¡a;+ a< t]:

T hen,byconvergencewithrespecttot,weget:

IE [exp(¡»T¡a;+ a)]=Ch(m0a)IE [exp((¡»¡m0
2

2
)T¡a;+ a)]=

Ch(m0a)

Ch(a
q
2»+ m02 )

:

Finally: Z1

0
e¡»tIE [N a

t]dt=
1
»

Ch(m0a)

Ch(a
q
2»+ m02)¡Ch(m0a)

;

and,fortheprocess(m0t+ sW t)twiththevolatilitys:

Z 1

0
e¡»tIE [N a

t]dt=
1
»

Ch(m0a=s2)

Ch(a=s
q
2»+ (m02 =s2))¡Ch(m0a=s2)

:

T henaTaylorexpansionleadstothestatedresult:
Z 1

0
e¡»tIE [N a

t]dt»
1
»2
s2

a2
:
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