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We develop a finite-sample theory for estimating the coefficients and for the prediction of multiple stable autore-
gressive processes that (i) share an unknown lag order but (ii) can differ in their individual sample sizes. Our
technique is based on penalisation similar to hierarchical, overlapping group-Lasso but requires a new mathemat-
ical set-up to accommodate (i) and (ii). The set-up differs from existing work considerably, for example, in that
we estimate the common lag order directly from the data rather than using extrinsic criteria. We prove that the
estimated autoregressive processes enjoy stability, and we establish rates for both the estimation and prediction
error that can outmatch the known rates in our setting. Our insights on the lag selection and the stability are also
of interest for the case of individual autoregressive processes.
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1. Introduction

Today’s time-series data in areas such diverse as macroeconomics and finance, weather predictions, and
brain imaging often come in the form of a panel or multivariate vectors. Such data are, therefore, often
high dimensional. The high dimensionality motivates the search for underlying structures across the
different dimensions of the data. A popular modeling framework in this context is (parametric) vector
autoregression (VAR). VAR assumes that the serial dependence is limited by a common maximal lag-
order for all components. However, as the number of component series is increased, VAR models have
the known tendency to become overparametrized.

To address this issue, regularized LASSO-type approaches for estimating the parameters in these
models have been proposed (Nardi and Rinaldo, 2011). These approaches tend to outmatch more tradi-
tional ones, which select a lag order through AIC, BIC, or similar, assuming that a universal lag order
applies to all components simultaneously. However, it was not until recently that these Lasso-type ap-
proaches also incorporated the notion of lag structure and/or lag order selection. Recently, Nicholson
et al. (2020) embedded the selection of the lag structure into a convex regularizer. Their key modeling
tool has been a group LASSO with nested groups, which guarantees that the sparsity pattern of the
lag coefficients honors the VAR’s ordered structure; for more details on the literature on dimension re-
duction methods which address the VAR’s overparametrization problem we refer to Section 2 of their
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work. However, importantly, Nicholson et al. (2020) focus on a single multivariate stable autoregres-
sive process and assume perfect information on the maximum lag. Another clear shortcoming is the
fact that components of the observed multivariate time series need to be of the same length, a constraint
that is inherent to VAR-modelling.

A field that regularly deals with time series of very different lengths is natural-language processing
(NLP). Research in NLP has made tremendous progress on the machine-learning front in recent years;
for example, ever since appearance of the pioneering work of Vaswani et al. (2017), attention-based
time-series models such as Transformers have generated a glut of research papers over the last few years
(see, for example, Li et al. (2019) and references therein). The inputs to these models are texts, which are
treated as a time series consisting of individual (embedded) words or language tokens. Naturally, these
time series can be considered to be independent of each other, and they can differ quite substantially
in their lengths, but it is imaginable that at least similar types of text might have common lags. While
our linear models are still very far from complex network models such as Transformers, the example
indicates the interest in dealing with time series of different lengths.

This paper proposes a method to analyse multiple stable autoregressive processes of (potentially)
different lengths in the framework of regularized LASSO, where the regularization is achieved via an
overlapping hierarchical group-norm that induces sparsity at the group level. In doing this, we have
adapted the use of hierarchical overlapping group-LASSO, proposed in Mairal et al. (2011) — and
recently put to use to deal with the single VAR case in Nicholson et al. (2020). We show that, even in
absence of any information on the maximum lag of the processes, the proposed framework estimates
the true lag and the coefficients of the AR model accurately when the number of samples is sufficient.
Moreover, we are able to prove that the model fitted with the AR coefficients returned by this proposed
method is stable. As our results on statistical guarantees are essentially of non-asymptotic nature, which
is interesting even in the context of observing a single time series, we first review the (sparse) literature
on those non-asymptotic results in a time-series context.

Essentially, the very scarce literature dealing with algorithmic learning of single VAR-coefficients
using LASSO-based methods observes that, algorithmically, the method by Mairal et al. (2011) (and its
computationally faster implementation using a technique in Tseng (2008)) can be employed in learning
vector autoregressive process via certain group-LASSO analysis, to address — in the presence of prior
information on the true unknown lag order — estimation of order L vector-autoregressive models of
dimension M, abbreviated VAR, (L) in the sequel.

Our work can be seen as fitting a common (i.e. “diagonal vector”) autoregressive model to a multi-
variate time series of dimension M and diagonal AR coefficient matrices, that is, a panel of M observed
(univariate) “similar” time series — but of in general not equal lengths n,,, 1 <m < M. Our notion of
similarity here resembles the idea behind factor models, namely, that unobserved (and actually not
modeled) “latent” phenomena (such as an intrinsic memory or lag mechanism of a common hidden
market indicator) proposes to use the the same lag order L for each of the (potentially different length)
time series in the panel. Notice that, because of multiple AR processes of unequal lengths, one can not
‘simply diagonalize’ the settings of the references cited above to estimate the AR-coefficients.

We address the challenging question on how to choose, solely from the information available in
the model for the observed data, the common appropriate lag order L that allows us to phrase and
solve our problem via a penalised LASSO approach. We derive non-asymptotic bounds on the mul-
tivariate one-step ahead prediction error and estimate the collection of the autoregressive coefficients
B=(BY"s.... B} )1<m<m under the paradigm of sparseness. Assuming that there is a common true un-
known lag order L that generated our M time series, our estimation pipeline is based on a modification
of a hierarchical group LASSO approach and uses the algorithm in Nicholson et al. (2020) — for fitting
a common model — as a subroutine. We first determine an appropriate (minimal) upper bound L > L
depending essentially on the sample size np;i, of the shortest observed time series component (and on
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M, of course) from a thorough analysis of the theoretical complexity of our group-LASSO based ap-
proach. With this appropriate L, necessary to embed our autoregression problem into the framework of
high-dimensional multivariate regression, we transfer existing technology on LASSO estimation (with
overlappmg hierarchically constructed groups) to our problem. We derive statistical guarantees for the
estimators 3, solution of our aforementioned learning algorithm, and for the estimator L (essentially
taken from the support of B). More specifically we deliver non-asymptotic bounds on the multivariate
one-step ahead prediction error, on the estimation error of 8, on the false discoveries for the support
of B, and quite innovatively on the stability of the fitted model. For the latter, we show that the fitted
autoregressive model of order L with estimated coefficients /3 fulfils the conditions of the true model
for stability (via a more explicit concept of e-stability that we introduce to asses the difficulty of the
statistical estimation problem).

In the following paragraphs, we are more explicit about the exact nature of our contributions moti-
vated from the existing limitations of the current approaches we found in the literature.

Current limitations (L) and our contributions (C)

Some of the questions that are not sufficiently addressed in recent existing work on non-asymptotic
time series analysis are as follows.

L1 Viaan application of Mairal et al. (2011), it is now known that an approach based on LASSO with
overlapping groups can determine the component-wise lag orders L, of stable, high-dimensional
vector autoregressive processes (including the “cross-over” lag order L;; of the dependence of
the i-th component on the j-th component of a VAR model). The relevant formulation based on
(dual) convex programming is computationally attractive and intriguing more generally, but it
requires a uniform upper-bound on the L;;’s as a parameter both in their theoretical bounds and in
practice. The current literature either ignores this issue altogether or sets those bounds based on
model selection such as AIC or BIC or via Bayesian shrinkage, whose suitability is unclear here.
In fact, if an external lag selection method outputs an incorrect lag order, then deriving statistical
guarantees for the LASSO as formulated in equation (3.7) will be difficult or even impossible
to achieve. Our approach avoids this problem by integrating lag order selection within parameter
estimation via the LASSO. Moreover, we thereby avoid some potential loss of sample-efficiency
that would occur if we used an external lag selection method such as AIC or BIC, e.g., on sample-
splitting. Finally, our method has the clear advantage to be more time efficient than one that would
carry out order selection via AIC/BIC for each of the M time series separately.

C1 We establish a suitable estimate of the lag order.

Our estimate of this lag order guarantees the following:
1. the smallness of the empirical prediction risk (see Theorem 4.4 and the discussion following
the theorem),
2. aresulting tuning parameter that is not too large (see Corollary 4.6), and
3. the restricted eigenvalue property of the data matrix to hold (Theorem 4.7 and the Corol-
lary 4.8 immediately after that).
In this sense, our estimated lag order is optimal for our setup.

L2 Real world applications often involve multiple univariate, decoupled time series of varying
lengths — an example of such occurrence is discussed in the introduction section. This would
translate to VAR modeling with diagonal coefficient matrices. However, purely transferring exist-
ing results from a VAR (L) modeling approach can be cumbersome in practice for situations in
which the number of available samples for each individual component time series is not the same:
obviously needing to chop off the samples in order to work with the minimal individual sample
size could result in weaker theoretical guarantees and practical performances (see below).



C2 Applying a hierarchical group norm enables us to derive prediction guarantees that depend on
the average number of samples per component (instead of the minimum number of samples per
model, as would be the case had we translated naively to a M-dimensional VAR model). More
specifically, availability of perfect information on the true lag Ly and ny = Lo + 11, ,ny =
Lo + Ty (respective) number of samples for the M individual components yields the following:
the VAR, (L) translation would result in the following provable upper-bound on error (see Basu
and Michailidis (2015)), stating that with high probability

. log(M2L
1B~ Bla=0|y| 2t L) | (L
Nimin M
whereas the error from the algorithm we describe is of the order (see equation (4.17) below)
X log(ML
IB-Bl.=0 \/—g(D o). (12)

Here D =T + - - - + T)y is the total number of “postsamples” (7}, := n,, — Lg). Furthermore, our
strategy results in weaker dependency of the error on the behaviour of the reverse characteristic
polynomial on the unit disk, unlike in the relevant VAR, (L) model translation (compare with
Basu and Michailidis (2015)). Our bound of the effective noise, namely (see (4.6)),

2 3n
P|=N.(XTU z—] <6.
[D (X0 2VL

requires a set of ‘post’-samples of cardinality

D >

802 (1+€2+€™%) (ML)
log| —| ,
con 0

a saving of a factor of M that results due to an appropriate application of a dual norm bound, and
it is not obvious to us if such a bound would follow naively from existing results for single VAR
mentioned in the references cited above.

L3 Recall that a (univariate) autoregressive process X; = a1 X;—1 +---+arXy— + U; is stable if the
“reverse characteristics polynomial” 1 — a1z — - - - —az.z" has no complex roots on the closed unit
disk; it is known that stability implies stationarity (see Section 2 below). But what about stability
for fitted autoregressive models? While this question has an affirmative answer in the special
case of Yule-Walker estimation of the coefficients of a univariate autoregressive process (known
however to be less efficient), the question of stability or stationarity of the process reconstructed
from the parameters estimated by LASSO-based approaches does not seem to have been addressed
in the literature. However, starting with a stable process to have generated the input observations
of these devised algorithms, it is reasonable to expect that the reconstructed process be stable (and
thus, multi-step predictions be reliable as well).

C3 We show, in Theorem 4.11, that the process reconstructed from the parameters returned by our al-
gorithm is stable when the samples available as input are generated by stable processes. As Basu
and Michailidis (2015) showed, a measure of stability for an autoregressive process is, equiva-
lently, a boundedness criteria on the spectral density, and the boundedness in the Fourier domain
translates in a sense to ‘smoothness’ of the process in the temporal domain. Thus, as, intuitively,
the stable autoregressive processes form a ‘smooth’ subclass, it is desirable that any algorithm for
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learning the parameters of processes from this smooth subclass should return estimators lying in
this subclass; in this paper, this is ensured by Theorem 4.11. To the best of our knowledge, this
important aspect of time series estimation has been hitherto neglected in the literature.

It is important to mention here that the results in this paper demonstrate that our overlapping
group-LASSO approach yields a stable process when the underlying process is stable as well.
The aim of the paper is not to choose the most optimal tuning parameters or some absolute con-
stants, but rather to show existence of these proposing reasonable candidates for such parame-
ters/constants.

Organization of the paper

The paper is organized as follows. In Section 2, we recall relevant definitions from existing literature,
and we set notations. In Section 3, (1) we specify the model and formulate the learning problem as
a regularized group-LASSO with overlapping group norm, where the data matrix is a block-diagonal
matrix — each block of which consists of the data matrix that treats a least-squares problem corre-
sponding to the associated component time series; (2) we present the learning algorithm based on the
group-LASSO problem. Section 4 contains the bulk of the technical contents, in particular, the proof
of the statements of the main results, already presented at the end of Section 3. This Section 4 is di-
vided into four subsections: Subsection 4.1 presents an oracle inequality bounding the one-step-ahead
prediction error (Theorem 4.2), as well as a high-probability bound on the effective noise of the model
(Theorem 4.4). Subsection 4.2 starts with restricted eigenvalue bounds (Proposition 4.7) for the blocks
of the data matrix, and goes on to integrate the blockwise results to finally arrive at an estimate (The-
orem 4.10) of the error in estimating the AR-coefficients. Finally, combining the results from these
subsections, stability of the estimated AR model (Theorem 4.11) has been established in Subsection
4.3. All proofs of technical and auxiliary results are deferred to a series of subsections of Section 7.

2. Preliminaries

2.1. General notations

e M, (F) denotes the ring of d X d matrices with entries in the field F € {R, C}, and for M € M;(F),
we write M T for the transpose; if F = C, then M* denotes the conjugate transpose.

e Dis the complex closed unit disk D := {z € C: |z] < 1}, and its boundary is 9D :={z € C: |z| = 1}.

e For any integer d > 0, if x € R?, then |x|, = VxTx, and $97! := {x e R¢ : | x|, = 1}; in particular,
under standard identification C = R?, we have S! = dD.

e For integer n > 0, we will denote the set {1,2,--- ,n} by [n].

e For a vector 3, = (/A?m’l, - ,ﬁm’L) and an integer 0 < Ly < L, we write

Bu(Lo) = B1s By - @2.1)

2.2. Notations for autoregressive process

Conventions: We use X,Y,Z,... to denote random variables, and X,Y,Z, ... to denote random
vectors. On the other hand, we use a, b, c, . .. to denote real (or complex) constants, and a, b, c, . ..
for vector-valued constants.



Notations: e For d-dimensional autoregressive process
Xy =A1X; 1+ +AL X + Uy, 2.2)
and z € C, we write
Ay =l-Ajz—-—Arz-. (2.3)

e [ will denote an initially determined ““ad-hoc" upper-bound on the true lag of the process in
(2.2), and L the true lag.

Definition 2.1 (Weak stationarity). A d-dimensional time series {X; };cz is said to be weakly sta-
tionary if the following holds: a) E[||X,||§] < oo for all t € Z, b) E[X;] = u for all ¢t € Z, and ¢)
E[X, X ,]=T(h) forallz,h € Z.

Definition 2.2 (Strong stationarity). A d-dimensional time series {X;};cz is said to be strongly
stationary if for each integer n > 0, and all integers t,--- ,f,, h, the distributions of the vectors
(X#5++, Xs,) and (X, 4p, -+, Xy, +5) are identical.

Definition 2.3 (Autoregressive time series). A d-dimensional time series {X; };<z is autoregressive
of lag at most L > 0 if there are d X d matrices Ay, ---, A such that

X =A\ X;_ 1+ +ALX;— + Uy . 2.4)
holds for all ¢ € Z, for some random white noise process {U; };ez.

Associated to each d-dimensional lag-L autoregressive process {X; };ez — as in equation (2.4) —
is the associated order-1 process X; = AX,_; + U;, where

_[A1sL.AL (U
R ] o

and Aj_, is the block matrix (A;---Ar_1).

Definition 2.4 (Stability). A d-dimensional lag-L autoregressive process {X;};cz — as in equation
(2.4) — is said to be stable if det(I- Az) # 0 for |z| < 1. Equivalently, the process is stable if det(A;) #
0 for |z| < 1.

Definition 2.5 (Reverse characteristic polynomial). The polynomial det(A;) is called the reverse
characteristic polynomial of the process in equation 2.4.

We note the equality det(I — Az) = det(A;). In particular, the process in equation (2.4) is stable if
and only if every eigenvalue of A is inside the open unit disk.

Definition 2.6 (e-stability). A stable autoregressive process, as in equation (2.4), is said to be e-stable
for an € € (0, 1) if the following holds:

€ < min | det(A,)| < max |det(A,)| <€ (2.6)

lz|=1 |z
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Remark (A). By maximum modulus principle, this is equivalent to saying that

€ < min | det(A,)| < max |det(A,)| <e !,
<1 |<1

lz |z
The lower-bound here is a convenient quantification of the notion of stability, which demands that
min|;|<; | det(A,)| > 0. Note that we also require the upper bound to derive our statistical guarantees.

A well-known fact about autoregressive processes is the following: see Liitkepohl (2005, proposi-
tion 2.1) for details.

Lemma 2.7 (Stability implies weak stationarity). A stable autoregressive process is weakly station-
ary.

3. Statistical Model and Estimator

This section introduces our statistical model and estimator, and presents an algorithm to learn the
parameters of the model from observed samples.

3.1. Statistical Model

We start with the model. Suppose that we observe time-samples generated by M univariate autoregres-
sive process, for which we know a uniform upper-bound L of the true lag-order. Then, we can aggregate
these M univariate lag at most L autoregressive processes

1 _ plyl 1yl L.
X, = :31Xt_1+"'+:3LXt—L+Ur’

3.0
xM = pMxM 4 g XM UM

In this paper, we work under the simplified assumption that the true lag of all the M component
processes is identical, namely, Lo, and that L > L is generic; neither Lo nor L is known a priori.
Additionally, we assume mean-zero, Gaussian white-noise innovations; that is, for each m € [M] the
set {U["}+ez consists of independent mean-zero, univariate Gaussians with coordinate-wise standard
deviation o, € (0, 00). Additionally, we assume that for each ¢ € Z, the noise variables Utl, R UtM
are independent. We summarize the parameters of the model in a matrix ® € RM*L via ©,,; := B" o
refer to groups of parameters more easily later. Our goal is 1. to estimate the parameters of all models
simultaneously; and 2. to assess the lag Lo, which is assumed to be the same over all M processes.

We make the following assumption on the absolute value of the smallest S-coefficient, which is
widely known as 8-min assumption in the LASSO literature; see, for example, Bunea (2008). We note
that this assumption will only be needed to achieve the bound in Theorem 3.1 after A-thresholding; in
particular, when no thresholding is employed, the analysis in this paper does not require the assumption.

Assumption 1 (8-min assumption). There is an absolute constant cg > 0 such that the true autore-
gressive coefficient vector B satisfies

Bl 20 = BT >cp. (3.2)



Broadly speaking, this assumption ensures that the non-zero coefficients can be detected in the first
place.
We now set out to define a regularizer. Let n; denote the total number of samples from

_plyl J J
_’BlXt—l+ +,8LXtL+Ut,

and T; := nj — L. The main idea is as follows. Suppose that L > Ly is some integer, and for
eachre{-L+1,...,1,....,Tn} and m € {1,..., M}, we have an observation x};* of X;". Denote

m =B ... BT foreach m € [M], and let B:= (B],....B,)". We define Gi.....Gr C SmL =
{1,2,..., M} x{1,2,...,L} by

p={1,2,... M}y x{l,l+1...,L} (3.3)

for all / € {1,..., L}. The groups are nested: G| D> - > Gr. Let Bg, € RMX(L~I+1) be the submatrix
of O, consisting of columns having index larger or equal to /. We set the group norm to be

IBlg : Z«/M(L—m 1Bg, Iz (3.4)

where  |Bg, e =

is the Frobenius norm of B, . We will alternatively write N (/) for the group norm ||| g, for the sake
of notational ease.
The overall post-sample size is denoted

D:=T\+--+Ty.

In order to estimate the coefficient vector 8, we propose solving the following constrained convex
program

2
(" =By = = P )T+ AUBlg (3.5)

R

| M
minimize Z

m:l

~
I
—

with an appropriate tuning parameter A > 0. The objective function can be put in a concise form. For
this, we define the vector y € RP | the matrix X € RP x(M L), and the parameter 8 € RML as follows:

1 1 .2 2 M T.
=(xl,...,le,xl,...,xTz,---,xl xTM)
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B:

It is immediate that
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1 T
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XTag—1o > XTI
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M Ty
2 2
D D =B = = B )” =y~ X

~
Il
—_

m=1

In conclusion, the above estimation program is equivalent to

—~ . 1
B € argmin{ =y - XBI5 +lBlg |-
ﬂERML D

(3.6)

(3.7)

Hence, the estimator can be cast as a modified group-lasso estimator, which means that we can use
established group-lasso algorithms that allow for overlapping groups (Mairal et al., 2011). In essence,
the above estimator generalizes the elementwise estimator HLagF in Nicholson et al. (2020) to multiple
time series. Note that in strong contrast to ordinary LASSO estimators, as well as any group-LASSO
estimators with non-overlapping groups, our estimator enforces sparsity by setting coefficients as fol-
lows: using as input only an upper-bound to the true-lag Lo — all coefficients indexed between Lq + 1
and L are set to zero whilst those with indices smaller or equal to L are not. This is precisely achieved
by the penalty obtained via the nested groups G| 2 --- 2 Gr.

Example (Regularizer). We consider the case of two univariate lag (at most) three autoregressive

processes; that is, M

=2 and L = 3. The corresponding groups are the following:

G1={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)} 3
gz = {(172)’ (1’3)’ (2’ 2)’ (2’ 3)} 5
g?’ = {(1’3)’ (2’3)} .

Thus, the group norm of 8 € R¥3 is

186 = VB[ (BD? + (B2 + (BY)? + (B3)% + () + (822

+ VAJ(BL + (B2 + (B2 + (B2
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+ V2,(B)2 + (BY)2.

Notice that, when the (regularized) LASSO sets a certain group (say the second group above) to 0, it au-
tomatically sets all the following groups to 0 as well. More specifically, when the (regularized) LASSO
sets B, 0, then the hierarchical structure G; 2 Gi41 2 - -+ means that for all r > 0, each coordinate of
Bg,,, comes as a coordinate of B , thus ensuring B, =0 for each r > 0.

In what follows, we use the following notations. For m € [M] and [ € [L], and 7 < T,,, we write

v .= wm,--. ,U%':n)T;

XD = (XX )T

- (3.8)
X" = (X LX)

xm = (x(mD ] x by,

Moreover, we will write Xi’;’) to denote any of the variables XJ”,’ for j’ < j.

3.2. Estimation Pipeline

Learning autoregressive coefficients of multiple time series of potentially different lengths and iden-
tical true lag is more complex than just the usual group-LASSO problem, where the groups form a
partition of the index set. From a methodological perspective, some immediate technical challenges
are 1. deciding on what L should be taken in the formulation of the convex problem (3.5), 2. how to
disentangle the dual of the group norm (in order to apply Holder’s inequality to derive oracle prediction
guarantees as in subsection 4.1 below); from a practical perspective, the challenge lies in incorporating
the varying number of samples into the convex problem.

We now give a high-level overview of our estimation pipeline (described below) that takes as input
the multiple time series, and forms the appropriate convex problem in the form of (3.7), and solves
this convex problem via using the stochastic proximal gradient method appeared in Nicholson et al.
(2020) as a subroutine. In essence, the idea is to start looking into the data set to first find the samples
corresponding to the component which has the minimum number of samples (breaking ties arbitrarily).
We then use this component to find the initial input lag, L, as described in (4.22). In the next step, we
solve the regularized least-squares problem in (3.5) — where the penalty function is the group norm
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N, discussed further below (see (3.4)). The rate of convergence of the procedure is quadratic in number
of computational steps as discussed in the work cited above.

Algorithm 1: AR Coefficient Estimation Pipeline

Data: samples from component stable processes, parameters A > 1 and § > 0, stability
parameter € € (0, 1)

Result: estimated lag Lo, and estimated autoregression coefficient vector 8

1. Let npyj, be the minimum number of samples from the components. Solve for L (see equation
(4.22)):

ML
Nmin = L+ 84Ael 2 L1og (T) .

2. Use the learning algorithm in Nicholson et al. (2020) as subroutine to solve the convex problem
in (3.7) with L as above; call the output S.

3. If B, = B,y for all m,m’ € [M] (equivalently, the component time series are from identical AR
process), return Lo :=max{; : |(B,),] > A} and B := (By, -~ , B)), where (refer Equation (2.1) for
notation)

| M
Bo=; Z B (Lo);
m=1
else, return

Lo :=max{j : |B;1~1| > A for some m € [M]},

and B=(Bi(Lo), -+, Bm(Lo)).

The following statement is the main theorem on the theoretical properties of the output of the esti-
mation pipeline. This theorem is essentially a summary of the results contained in Section 4, and will
be discussed in all detail in subsections 4.2.2 and 4.3, as indicated below.

Theorem 3.1 (Main Theorem). Let 8 be the output of the group-LASSO in (3.7) above, with

Llog(%)

1 _ 3 _ _
A=24(84Ae)2¢ o Cu2 (L4 €2+ €7 YT

where { =673€*, and L > Ly satisfying
ML
Nmin = L+ 84Ael > Llog (T) .
Suppose that the B-min condition (3.2) holds with cg = A. If the total number D of post-samples satisfies

4
ML
D>3. (84Ae)c§(1 relqe™h? (@) (€)M LIL? log (T) log(2L),

Omin
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Tno?

@ = min
me[M] D

and if Tpin > 84eA¢ 2 Lolog L, then the following holds with high probability:

1. the estimation error is given by

max

3
) 81(84Ae) LLyo2 C;(1+e2+e) |log (%)
1B-Bl2 <

lae? D
2. ifSy={j: |ﬁj| > A}, then the false discovery is bounded by the following inequality:

3 3
243(844¢)TLLE 02, C2 (1+ €2+ |log (%)
lae?d D

[Sa\supp(B)| <

3. the AR-models — fitted with coefficients ﬁo returned by the Algorithm 1 ("AR Coefficient Estima-
tion Pipeline") — are stable, with high probability.

Proof of Theorem 3.1. Subject to the stated S-min condition (3.2), this follows immediately from
Theorem (4.10) in combination with Theorem (4.11). O]

In the pipeline above, it is necessary to consider two distinct stability parameters A > 1 and ¢, as it is
not possible to integrate them into a single parameter — due mainly to the different number of samples
from the component processes in our set-up.

Also, we separately mention the two cases (of B,,’s being identical (or not) for all m) in order to
specifically emphasize that in the first case, our algorithm requires a smaller number of samples than
in the later case (which allows savings of a factor of M in the sample complexity).

Descent algorithms like the proximal gradient method used in the subroutine above might produce
small non-zero valued parameters as numerical artifacts. One could consider other types of algorithms
instead, but the required number of computational steps could be much higher. Moreover, those arti-
facts, and statistical false positives more generally, can also be controlled by standard A-thresholding
as mentioned in the algorithm.

4. Statistical Guarantees

This section contains the main theoretical results of this paper. We begin with deriving bounds for
the one-step ahead prediction error, first formulated by an oracle inequality (see Theorem 4.2), which
depends on the tuning parameter A of our least-squares penalisation approach. Then we control this
tuning parameter by controlling the effective noise of our Lasso-optimisation problem. Both things
together will finally yield more explicit rates of our one-step ahead prediction error. The second part
of this section treats control of the estimated autoregressive coefficients, including control of false
discovery for their support (Theorem 4.10). In the end we present our result on stability of the estimated
AR-model (Theorem 4.11).

To start with, we briefly recall the notion of the dual norm of our group-LASSO norm N defined
above.
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Our underlying space is R™ L. Observe that

B NB) =Y VIGll- 1Bg2

isanorm for any G = {Gy, - - - , G} that covers [ M L]. However, this norm is singular at any point where
all the coordinates in a group vanish. Moreover, in presence of a vanishing group, all the coordinates in
all of the smaller-sized groups will vanish, which is important in our analysis, since we will basically
care about sparse solutions. Thus, we can not appeal to differential techniques to get bounds on the
norm, but rather need to appeal to the dual norm approach.

RML RML

Definition 4.1 (Dual norm). For anorm N on , the dual norm Ny (@) of @ €

solution of the following convex program:

is the optimum

maximize (@, )

subjectto N(B) <1.

The dual norm is used to encapsulate the effective noise of LASSO. More explicitly, the dual norm
shows up in the form N, (XTU), called the effective noise of the LASSO in equation (3.7). Recall
that the effective noise vector XU can be thought of as the “projection” of the noise vector U on the
column space of X, and thus, Ny (X TU) is a measure of the “true” noise present in the data.

In Appendix 7.4, we obtain a generic bound on the dual norm, which will be used to obtain the
statistical guarantees of this paper.

4.1. Prediction Error

Here we now give the announced theoretical results on non-asymptotic bounds for the one-step ahead
prediction error, first formulated by an oracle inequality (see Theorem 4.2), then in the following sub-
section including control of the tuning parameter A by control of the effective noise of our Lasso-
optimisation problem. This enables us to formulate concrete rates of the prediction error. Note that this
approach delivers an explicit way of how to select L (via equation (4.8), and subsequently (4.22)) the
input parameter for Step 2 of Algorithm 1 ("AR Coefficient Estimation Pipeline").

4.1.1. Oracle Prediction Error

The problem (3.7) has a solution because, given any specific realization of the time series (thus, effec-
tively, fixing y and X) and any 4 > 0, the convex function

f1(B)= 1y - XBI3 + 1Bl @

is continuous, and

fa(B) =c0.

l1Bll2—e0

This also shows that we can consider this as a convex program on a compact domain, because we
should (at least in theory) be able to restrict the domain of minimization to be an £2-ball of suitable
radius, say R, x .y € (0, 00). Let B be a solution of this convex program.

Now write the time series observations in the matrix form as X. We are interested in an estimate of
the ’risk’, equivalently, the in-sample, one-step-ahead mean squared forecast error E[[|y — X ,B ||§ /D | X].
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In the derivations below, we follow a well-known approach for its control, as appeared (for example) in
Lederer (2021, Chapter 6). We defer the proof to Subsection 7.1.

Theorem 4.2 (Prediction Guarantee). Suppose that A > %N*(XTU), where N (a) = ZZL: VGl -
||(l’(21) . Write 7*=D"! (T 0'12 +--- 4+ TMO—I%d)’- then

1 212 —2 . 1 2
Sy - XBI3 1 x| <7+ min, ( SIX(B- )3 +2N (@),
In particular, the following inequality holds:
n12 2 : 2
B|ly - XBI3 1 x| -B|ly - xBI3 1 x| < min (1X(B-a)l}+2DN (@) .

If. moreover, A > %N*(XTU), then

1 A A A A
SE[ly - XBI3 | x| <7+ S min {3N(B-B).3N(B) - N(B)} (42)
Consequently,
1 5 2 )
SE|ly-xB3 1 x| <7+ 24 NI6el- 18 - Bl - (43)

This result is in the form of standard oracle inequalities in high-dimensional statistics Lederer (2021,
Chapter 6). It shows that the estimator minimizes the one-step-ahead mean-squared forecast risk up to
a complexity term that is linear in the tuning parameter and the model complexity. Hence, the above
bound yields an upper bound for the rate convergence once we can control the tuning parameter A via
an upper bound on the effective noise.

To proceed, we need the following bound on the dual of the overlapping hierarchical group-norm N;
its proof appears in Subsection 7.4.
RM L,

Proposition 4.3 (L® norm bounds dual norm, general case). Suppose a € and

L
N(@) =) VM(L-1+Dlapl,
=1

where laplz:=

L M

2
Z Z Ym-1)+j
Jj=l m=1

Then Ny (@) < L2 | @]co.

Thanks to Theorem 4.2 and Proposition 4.3, in order to find the smallest tuning parameter A fulfilling
1> 4N, (XTU)/D it suffices to derive a high-probability upper-bound on D! Lt |XTU|lw (Which is
precisely the bound on the dual norm of X U).
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4.1.2. Control of the Effective Noise for bounding the tuning parameter

We can prove the following high-probability bound on the tuning parameter (equivalently, on the effec-
tive noise). Again, its proof appears in Subsection 7.2. Note that this is a major inequality, and while the
arguments are well-known, we have applied those arguments to the case where the sparsity enforcing
regularizer is induced by the overlapping group norm.

Theorem 4.4 (Bound on the Effective Noise). Let Cy := Tinax/Tmin- For any n > 0 satisfying

SCﬁoﬁm(l +e e

> 4.4
nz i ; (4.4)
andany 6 >0, if D =T + - - - + Ty, satisfies
802 (1+e2+e* ML
ps SmmI+er+e), (—) , (4.5)
con 0
then the following inequality holds:
2 3n
P|=Nu(X'U)>—=| < 6. (4.6)
SN (XT0) 2 L

Here cy > 0 is the absolute constant from the Gaussian concentration inequality (see Proposition 7.4).

The interpretation of the above result is that for the LASSO oracle inequality (Theorem 4.2) to hold with

high probability, it is sufficient to choose A to be just as large as (377)/(2VL), but it is not necessary

to take it larger. Indeed, equation (4.6) shows that the probability that 2/DNy(X” U) is larger than

3n/2VL is small; thus, we may assume (2/D)Nyx (X7 U) < 3n/2VL, to hold with probability 1 — 6.
The above result bounds the tails of the effective noise. For any A > 1, we will now set

3 Llo%(%)
n= COVXCSC;U[%AX T,

for some absolute constant Cy > 0 and parameter C. > 0 that depends only on the stability parameter
€. Henceforth, we take

Llog (%)

3
n:=8(844e)2 7 (1+€ 2+ 5_4)Cﬁ2 02 — (4.7)

which is obtained by plugging-in values of Cy and C¢ — as in the proof of Lemma 4.5 below — into
Equation (4.7); we do not attempt to optimize these constants.

Lemma 4.5 (Data-dependent selection of L). There is an absolute constant C € (0, o) and a param-
eter C¢ > 0 that depends only on the stability parameter € > 0 such that if n is as in (4.7) and

ML
Timin < 84Ael*Llog (T) , (4.8)

then the inequality (4.4) holds.



16

This results shows that there is a suitable r for our theories to hold. The question of finding such an
in practice will need to be discussed in more applied future work.

Proof. We set Cy := (12)3V84e, and
Ce=e*(1+e2+e).

Note that
D
CﬁTmin =Tmax > v 4.9)

Now, with 77 as in (4.7), the inequality (4.4) is ensured by the following sequence of inequalities:

(844¢)2¢7 [Llog (HL) > \Tin

- (84Ae)%§—1c§,/uog(%) > ,/%

3 ML 8Cyo2. (1+e2+e
o 80 e (e retyCloz, JEEE) ST i )

O

The inequality (4.8) provides for the theoretical support of our choice of L in formulating the pe-
nalized least squares program in (3.7). The explicit nature of the parameters in the proof above is
crucial here, in order to satisfy both (4.4) and (4.5) above, as well as remaining compatible with the
requirements involving the restricted eigenvalue property (as in Corollary 4.8) below. Note that the cur-
rent LASSO-based literature often ignores combining the requirements coming from standard oracle
inequality type result (Theorem 4.2) and the restricted eigenvalue type results.

Remark (B). On choosing L via equation (4.8) The use of such an upper-bound L conforms with the
(by now) well-known restricted isometry property of sub-sampled Gaussian matrices (that is, matrices
whose entries are iid Gaussian) in the compressed-sensing literature; for more details, see (for example)
Candes and Tao (2006, section 1.E) and the references therein.

For D as in (4.5), this gets us the following bound:

2 ) 3 2 4 Llog (%)
P | Nx (BXTU) > 12(84Ae)2{  opaxCy2 (1 +€ " +€7) DM <9,
In view of Theorem 4.4, we correspondingly set
Llog (%)
1=24(844e)7 ¢ 02 Cr(1+e 4 e\ — 27 (4.10)
max “ff DM

to force (4.2) to be true.
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Remark (C). From the above, we note that A decreases when any of M, D increases (as the function
x~'logx — 0 when x — o). This is intuitive since larger M requires that LASSO must not set too

many coefficients to 0, and larger the D better the non-regularized estimator is as approximation of the
true coefficients.

Together with Theorem 4.2, the above yields the following bound:
Corollary 4.6 (Concrete rates of Prediction Error ). Suppose that

ML
2 LIOg(T)
O max DM ’

T olw

n= 8(844e)7 ¢ (1+e2+e™)C

as set in Equation (4.7) above, and

D>

802 (1+€2+€™) ML
log| — | -
con 0

Then, the following inequality holds with probability at least 1 — §:
1 A —
E [5||y - XBI3 | X] -7

Llog(%)

DM N(a)|.

. 1 2 24 L 5 3 -2 —4
< min | SIXB-@B+ 7 (440 07, CF (14 e

4.2. Estimating error of parameters, false discoveries

We now deliver the treatment of assertions 1. and 2. on estimation error and support (via control of
false discoveries) of our Main Theorem 3.1. For this we need to cope with the Restricted Eigenvalue
Property as it typically arises in LASSO analysis (see Basu and Michailidis (2015)).

4.2.1. Control of the restricted eigenvalue property

Our prediction guarantees stated so far did not impose restrictions on the minimum number of samples
from each component. For estimation and stability guarantees, however, we need to demand a mini-
mum number of those samples. In particular, we will need the following proposition, on the restricted
eigenvalue property of the Gram matrix X ' X. The proof presented in Subsection 7.3 follows the same
lines of arguments as in Basu and Michailidis (2015). Because of the non-uniform nature of the block
dimensions of the data matrix in (3.6), as well as the individual weights assigned to the components of
the coefficient B, we can only hope for a block-wise result as stated below.

The following proposition delivers a lower bound on the error-expression ||vam||§ with v, the

m—th component of B-pB.

Proposition 4.7 (Bound on the Restricted Eigenvalue). For any parameter § > 0 and all vectors
v=],....v;,)T € RM, the following inequality holds with { := 2ET46 and s, even positive integers:
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. Tno2 2 2
P [Vm € [M] inf (IIvamH% e | P —Ilvmllf)) > 0]
vm€RL 2 Sm

>1 —ZZex ( T mm{g’ ¢ }+smmin{logL,log(21eL/sm)}) .

As mentioned above, a proof of Proposition 4.7 appears in Subsection 7.3.

Setting

2
Sm = 2{81}22LJ

we get the following immediate corollary to Proposition 4.7:
Corollary 4.8 (Bound on the Restricted Eigenvalue for specific s,,,). If
Tnin = 84e§"2 logL,

where { =673€*, then the following holds:

. T,,02 € 8Llog L
P[Vme[M] me(anmu%—'”T'"nvmug(l— g ))20]

v €R Tm§2
M
>1-2 Z e
m=1

Proof. We use ||[v,,|? < L||vm||§ in Proposition 4.7.

4.2.2. Bounds on estimation error of the autoregressive coefficients, and false discovery

4.11)

(4.12)

(4.13)

(4.14)

This section contains the bound on the error of estimation of the autoregressive coefficients, and the

false discovery.

The following is a compact notation used in the proof of the theorem below (also in the proof of

Theorem 4.2).

Definition 4.9 (Notation).

Ly
Nerg®) = Y VIGel - Ivlg, -
t=1

(4.15)

The theorem below bounds the £2-error in estimating the autoregressive coefficients 8, as well as

the size of the set of false positives, using the penalized LASSO formulation as in (3.7).
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Theorem 4.10 (Bounds on the Estimation Error and False Discovery). Let B be the solution to the
group-regularized LASSO in (3.7) with A as in Equation (4.10) above — namely,

Llog (%)

1 _ 3 _ —
A=24(84Ae)1¢ " opy Cy2 (1 + e 2+ €Y D

where { = 673€*, which correspond to n as in Equation (4.7); if

T 2
@:= min Im (4.16)
me[M] D
and
2 2, 4
DZSO'maX(1+e +€ )log(ﬂ),
con 0
then, for any parameter 6 > 0, the inequality
3
A 81(844e)> LLoo2, C2(1+e2+€e) |log (%)
— < 4.17
15~ Bl e - @.17)
holds with probability at least
M -
(1—5)(1—22[%), (4.18)
m=1

provided Tin > 84e Al "> Lolog L with { = 673€*.

Moreover, introducing the notation Sy :={j : | Bl| > A}, then the false discovery is bounded by the
following inequality holding with probability as in (4.18) above:

max

lae?d D

3 3
243(84A¢)? LLY 02 C(1+e+e) 1og(%)

|Sa \ supp(B)| < (4.19)

Remark (D). In the above, the term inside the square root decreases asymptotically, and the terms
outside may change or stay fixed (depending on how the number of samples for each component in-
creases).

Proof of Theorem 4.10. For ease of notation, write

A

v:i=pB-p.
By Proposition 4.7 above (which can be applied since Tiin > 84eZ~21og L), one has

1 1 &
SIXv15 2 5 > 1Xwvmly

m=1

2 i 0T I ”2(1 8L10gL)
v —_—

& op TR Tnd?

I

=

(SR
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To this, we now apply inequality (7.4), that is,

SIX(B- BB <3NL, (B~ ).

which yields
i3 < N<L0(V)
27/1L() VM
|| Il2
8ave?
27ALoVM L
= vl < TR
8ae

With the choice of A as in equation (4.10), namely,

Jre)
A= 24(84Ae)2§’ maXCﬁ (1+e +€e7) DM ,
it now follows that
81(84A¢)} LLoo2 €} (142 + ) |log (ML)
vl < - :
Jae D

as claimed. To get the bound on the false discovery, write S := supp(f); the bound on the false discovery
can be obtained as follows:

S2\SI= D) 1 20(B)

JE[MLI\S

= D g a®)

JE[ML\S

<t > Wl

Je[ML\S

by Remark (F) in Subsection (7.1) <= Z [Pl
JES

3VLo, .
< 20|

which yields the bound in (4.19) by inequality (4.17). O
Remark (E). For the explicit choice of A as in equation (4.10), namely,

Llog (%)

A=24(84Ae)2 77! mdxcﬁ (1+e2+e% S
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with £ = 673€%, the inequality (4.19) becomes

3
81(ML)IL

1S2\ supp(B)] < ——

(4.20)

4.3. Stability of the estimated AR model

We finally prove that the coefficients estimated as per the overlapping-group-LASSO in (3.7), with 4
as in (4.10), lie in the region for stability of univariate lag-L autoregressive processes, even when the
number of post-samples is ’not too large’. More specifically, we have the following theorem.

Theorem 4.11 (Stability Guarantee). Let A > 1 be a parameter and let B be the output of the group-
LASSO in (3.7) above, using D post-samples, where

0239.(84Ae)c§(1+e 4)2( m“) (e30) ZM“L2L310g(M§ )1og(2L) 4.21)

min

If Tin > 84¢AL 2L log L, and L satisfies
ML
Nmin = L + 84Ael 2 Llog (T) , (4.22)

with £ = 673€*, then the AR-models — fitted with coefficients BO returned by Algorithm 1 ("AR Coeffi-
cient Estimation Pipeline") — are stable, with probability as in (4.18) — in the following scenarios:

1. when all the time series are different realizations of a unique underlying stochastic process, a > 1,
and

1o
_MZBm;

2. when all the time series are realzzanons of dlfferent underlying stochastic processes (equivalently,
all the B,,,’s are different), a > 2, and ﬁo —ﬁ

The lower bound on T}y, aligns with the upper bound in Equation (4.8) as L > L. The stated value
of npin chooses the smallest value of L to satisfy both the upper and lower bound on Tpyjp.

Proof of Theorem 4.11. 1. We start with the first case. The idea of the proof is as follows. All the
component ,Z?m’s of B are approximations of the same underlying Bo =B, for all m € [M].
Therefore, by the bound in Proposition 4.10 above and by convexity of the square function, their
mean must be £2-close to B, with D = O(M L(Z)L3 log(ML)log(2L)) many samples. Moreover,
the 0.5L~ '€ perturbation of the coefficients preserves stability of the e-stable process.

More explicitly, we have

2 2

1 &,
:‘M 2 BB
2 m=1 2

| M
convexity = < i Z 118, —ﬂm”%
m=1
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Lo~ 2
= 2718 Bl

and by Theorem 4.10, this yields

Mo,
(Z Mﬁm) -B
m=1

| BN
2 < \/—Mllﬂ—ﬂllz

81(84Ae)} LLyo maxc (l+e24e) log(MT)

< Zad \ D (4.23)

with high probability. Note that

2 2 2
= min T > Tmin iy > Tmin iy > Tmin (4.24)
me[M] D D MTmax — MCy
When
0239-(84Ae)c§(1+e 4)2( ““*) (€0) 2ML2L310g( )log(ZL)
Omin

this yields

i A 81(84Ae)2LL0 maxc (1+e2+e 1og(%)

m=1 B 2 é,a/EZ MD

er?. 1
S min
V3CyMa \ L1og(2L)
€ , 1

Since € € (0, 1), the stability follows by the triangle inequality. More explicitly, if B, := M~' (B, +
-+ + fB1), then for every z € D, we have :

15, =11=Bo- (2,25 .20
=1-By- (222 = (By = Bo) - (2.2 .20
> 1£po (DI = 1Bo = Boll2 - (2. 2%, .22

€ 1
/3 \ log(2L)
>0.

Evidently, this shows that the autoregressive process with [?0 coefficients is stable.



Estimation of stable parameters for multiple autoregressive processes 23

2. The arguments are similar in the second case. Since
9 5 -2 —42‘Tmax43—2 27273 ML
D>3 -(84Ae)Cﬁ(1+e +e ) | ——| (€0 "M°LyL’ log —~ log(2L),
Omin

by Theorem 4.10, for any m € [M] we have
1B = Bull2 < 1B = Bll2

1 2 2, 4 ML
81(84A4¢)} LLo02C7 (142 +e7) |log (ML)

max ﬁ

lae? D

<

€ 1
= % Llog(2L) "

As in the first case, this implies stability for each of the components.

4.24) =

5. Algorithmic Aspects

In this section we briefly introduce the main gazette of our algorithm — namely, the proximal operator
— to understand the procedure of solving LASSO as was done in Nicholson et al. (2020). To sketch
the outline of the standard procedure for solving regularized LASSO penalized with an overlapping
group-norm, we start with the following definition (see Mairal et al. (2011), for example).

Definition 5.1 (Proximal operator). Given a norm N on RM %, and a tuning parameter A, the associ-
ated proximal operator Prox x_, is defined for every @ € RML as the optimum value of the following
convex problem:

._ B
lj\r/f)}(d) = arg;n1n{2||ﬂ al; +/1N(ﬂ)} .

As established in Zhao, Rocha and Yu (2009), the proximal operator Prox »,y — for N as defined in

(3.4) — is the composition

Proxo---oProx

G1,4 gL,
of the proximal operators for the individual groups and can be computed inductively — starting from
Proxg, 1, which is the well-known soft-thresholding — in O (M L) computational steps. By Combettes
and Wajs (2005, Proposition 3.1(iii)b), the solutions to the regularized LASSO problem in (3.7) are
precisely the fixed points of the operator

24 ¢
ﬂr—>PAr/f)j( ,B+5X (y-Xp)|. 6.

Here we use an appropriate A (as given in (4.10) above). As Nicholson et al. (2020) observed, the
proximal operator can be evaluated via duality. The proximal gradient method of Mairal et al. (2011)
then finds the fixed point (which exists and is unique by convexity of (3.7)) of this proximal operator.
For pseudo-code of this procedure, see Nicholson et al. (2020), where an accelerated version of the
proximal descent method was employed for achieving quadratic convergence rate.
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6. Conclusion

We have established a set-up (see Equation (3.7) and the discussion preceding this equation) in which
LASSO — regularized with a hierarchical group norm — can be used to derive statistical guarantees in
terms of the one-step ahead prediction error (Theorem 4.2) in the realms of multiple e-stable (Definition
(2.6)) univariate autoregressive processes of different lengths but identical true lag Ly. The results
presented here assume no prior knowledge of the true lag (or any upper-bound of the true lag); in fact,
we show that the sample size itself suggests a certain upper-bound L of the true lag to be used for the
group-LASSO. Given an appropriately large sample size, this L will indeed be an upper-bound of the
true lag Lo, hence producing, via thresholding, a convenient estimator L of the true lag. Moreover, this
L will be of the order that is required for our theoretical guarantees to hold. We proved that the group-
LASSO formulated with a suitable tuning parameter A estimates the AR coefficients with an arbitrarily
high degree of accuracy. We also showed the support of the estimated coefficient-set approximately
matches the support of the original parameters (Theorem 4.10). Finally, we proved that the fitted models
with coefficients as estimated by the group-LASSO are e-stable (Theorem 4.11), a property that is
known in the literature solely for Yule-Walker estimates of the parameters of univariate autoregressive
processes.

Open Questions and Future Directions

From a theoretical perspective, it will be interesting to investigate adaptations of the group-LASSO
method to the case of multiple decoupled AR processes with multivariate components. We expect that
this will require, among others, (1) additional techniques to deal with the group-norm, and (2) integrat-
ing the stability issues and the restricted eigenvalue issues; these will be technically far more demanding
in the multivariate components settings. On the practical front, the most important question is to get a
better hold on the tuning parameter A (see Equation (4.10)), which requires better constant/parameters
than, for example, those appearing in the proof of Lemma 4.5. A better strategic control on these will
enable a more realistic initial estimate of . — to be used by the group-LASSO as an upper-bound on
the true lag Ly, and thereby producing a more efficient estimator L.

A further question is to see if our approach can be extended to deal with multiple AR process of
uneven lengths, where the corss-sectional innovations are correlated. In the current state, an immediate
obstruction is via the restricted eigenvalue property of the data matrix — which would be much more
difficult to analyze if the correlation has to be taken into account. Note that, for multiple AR time series
of equal length, we can follow the lag selection strategy here and embed the learning problem as a
diagonal VAR. Established work such as Basu and Michailidis (2015) will be applicable in deriving the
statistical guarantees, and Mairal et al. (2011)’s algorithm can be applied to learn the AR-coefficients.
Treating the unequal length cases would however require new ideas and techniques.

In a different track, it will be interesting to see if LASSO-based lag selection can be used to deal
with other time series models, such as factor models, non-linear high-dimensional time series - with
dependence across coordinates, GARCH-type time series, etc.
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7. Technical results

7.1. Proof of Theorem 4.2
Proof. Denote the data by X. Define the random vector U € R as follows:
U:=(U{,....U;,Ut,....Up - UM, U T

We note the following series of inequalities, all of which follow from linearity of expectation: here, we
write S for the true coefficient vector of the model. One has

B |ly - XBI3 | X|

=E|ly- X1 X| +E [IX(B- B3| X|

+2E [(y - XB.XB-XB) | X|
=E Wi 1 X|+E|1x(8-BIZ | X]

+2E [(U, XB - XB) | X]

=Tiof 4+ Tyl +B|IX(B - BIE | X| + 2B U X], X - XB)

=Tio2 4+ Tyl +1X(B- B3,

where the last equality follows from E [U | X] =U, and U L (X8 — X B). Therefore, we need to derive
an estimate of the error | X (8 — B) ||§ We notice that

M Tm

IXB-BB=) >, (Z m)x:'il)2 :

m=1t=

where {;"} denotes the true-parameters of the models. Using the fact that B is a minimizer of

L

1

Sly = Xal3+1) N,
=1

RML

over @ € , one derives

By = XBI3 + AN (B) < =y - Xal3 + AN (@)

= 5IXB-BI3 IX(B-a)l3+ z<U,X(,f5‘—CV)> +AN (@) = AN (B)

UIH UIH U —_

1X(8 - 01)||2+—<XTUﬂ @) + AN (@) - AN(B)
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for all @ € RM L By the Cauchy-Schwarz inequality, this implies
1 A 1 2 A R
HIXB-BI5 < SIX(B- )3+ SN(XTUIN(B =) + AN (@) - N(B))
1 A R
< BIIX(,B—G)II% +AN(B-a) + A(N(a) -N(B))

since A > %N*(X TU). Finally, the triangle inequality N'(8 — @) < N(B) + N () establishes the first
part of the theorem.

In the following, we will choose a slightly different threshold for the tuning parameter A, as proposed
in the statement of theorem. Let v := 8 + B, and notice that the true lag L satisfies

Lo=max{¢e€[L]:|Bllg, #0}.
We have

N(B)~N(B) =N(B)~N(B+v)

Loy L 0
=3 iGdl 1Blg + Y, igel-1flg,
=1

€:L0+1

Ly L 0
=3 VIG 1B +vlg ~ Y, IGel - 1f+vlg,
=1

£=Lo+1
Loy Loy L
= > IGel 1Bl - > NNGel - 1B +vlg, - > ViGel - Ivlg,
t=1 £=1 £=Lo+1
Ly L
< > VG- Wlg = Y, Vigel-vlg.. (1)
=1 {=Ly+1

where the last step is due to the triangle inequality: |8+ vllg, > |Bllg, — IIVlg,. Suppose that A >
%N*(XTU). Using the fact that 8 is a minimizer of the objective % ly - Xa'||§ +AN (@), overa@ e RML,
one derives

~ N 1
Sy = XBI2+AN(B) < —ly - XBI5 + AN (B)

Tl T

= BIXB-BI3 <=(XTUB-B)+IN(B)-IN(B).

By the Cauchy-Schwarz inequality, this implies
1 A 2 N R
HI1XB- Bl < EN*(XTU)N(,B —B) +AN(B) - N(B))
<

N(B-B)+AN(B) - N(B) because A > %N*(XTU)

<

min {3N(B-B).3N(B) - N(B)} . (7.2)

N>~ N~
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The inequalities

0<IX(B-BIB<NB-B)+2NB - N,

and
. LO L
NB)-NB) < Y NGl Ivlg. = Y. VIGel - Ivlg,
¢=1 t=Lo+1
yield the following:
0<N(B-B)+2(N(B) - N(B)
Ly L
SNG)Y+2Y VG- lg -2 D VIGel - Ivlg,
=1 f=L()+1
Ly L
=33 VIGel - lg, = > VIGel - vlg, -
=1 {=Loy+1
That is, we have
L R Ly R
D VGl - 18- Blg, <3 ViGel- 18- Blg, (1.3)
t=Lo+1 =1
By equation (7.2), we then have
1 . & R
5IXB=B)I5 <21 ) ViGel- 18- Bls, (7.4)
=1

=2N<1,(B-B).

O

Remark (F). If, instead of N, we take standard £2-norm in R™Z (which correspond to the largest
group in NV), the argument leading to (7.3) yields

L L
Am Am
DU B= D BB
f:Lo+1 f:L0+1

1B - Br 1.

M

<3

~
]
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7.2. Proof of Theorem 4.4

Proof. Since Lemma 4.3 implies

2 12
_XT < _XT
(0] < g5

1
= — max max

\L me[M]le[L]

s

2
D ZUrth"_lz
t=1

it suffices, by an union bound argument, to find high-probability upper bound of the inner-product (see
equation (3.8) for notations):

Tm

Zm:U;nXﬁl

t=1

T = 2(U™, X"l =2 (7.5)

We now present standard bounding techniques, as appeared in (a previous version of) Basu and Michai-
lidis (2015), for example. One has

R S &

Hence, for any 1 > 0, an union bound argument, together with mutual independence of the Gaussian
random variable U Jm and the variables X Z’J for each j € [T,,], implies

T, S 3
D 1721

<P “(U(’"))T(U(’")) - Var(Um)| > %7

P

+P

| x0T (D) — Var(x™)| > %7]

+P

D
((U“") + X mDYT (m) 4 x(mDy _yar(x™ + U’”)’ > E"] .

Here, Var(Y) denotes the trace of the covariance matrix of the random variable Y. We now estimate
each summand separately, starting with

D
Pmin =P “(U(m))T(U(m)) _ Var(U(m))| > En] .
By the running assumptions, the vector U™ is Tj,-dimensional mean zero Gaussian having covariance

matrix 0',2,,I[Tm; by the inequality in proposition 7.4, one has

—<bn min{1 D1 }

pm,l,n < 26 80—,2'! vg(rgnTm . (76)

Next, we consider

D
Gty =P [|(x<’"”>>T<X<’"’”> ~ Var(X ") > En] .
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Recall that the random vector X ")) is mean-zero Gaussian with covariance matrix '™ mentioned in
equation (7.18) below. One has

Var(X D) = r(0M) = T, E[(X")?] .

From lemma 7.5, one has ™|, < e7202,; thus, proposition 7.4 yields

coDn

min{1, Dy }

.1y <2 Some? TSIt (7.7)

Finally, we consider
D
Fmy =P “(U("“ +xmYT(m 4 x Dy _ yar(x™ + U’")( > 77] .
Note that U + X ("D {5 3 mean zero Gaussian with symmetric covariance matrix 0" whose (t,5)-
entry (for ¢ > s) is given by
F = BL(X] + UM (X + U]
= E[(Xt"leS”il] +E[X;'ilU,m] + ]E[Xt'flUgn] + E[U,"’U;"]
=E[(X™, X" | +E[X", U] + 0 11=s .

Together with lemma 7.6, this implies

=(m 2.2 -4 2 2
I op < €20, + € o, + 0
= a',zn(l +el+e ™,
and by proposition 7.4, we fetch
coDn . Dn
- min{l,
Tmn < 2e 8o (lbe 2+e™) { 8 Tm (1+e 2+e™h) }. (7.8)

Now suppose that
SCﬁO'I%IaX(l +el+e™)
n= ;
M
then, the inequalities in (7.6), (7.7), and (7.8) are simplified as follows:

coDn
- 2
Pm,iy <2e S7m

coDn

Gm.1.p <2e Sme? (7.9

___<«Pn
Fmly <2e Sop, (lve2re™4)
Of these, the right hand side is the largest in the bottom-most inequality (7.9). Note that, the union
bound implies

Tm,l

3
Plsup|—=|> =7
mil D 2

3
<Y e[|t 3]
m,l
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< “Tml ]
le[L me
(0D77
(79) = <6 Z Z e 8(Tm(l+5’2+6 ).
le[Llme[M]

Thus, for any § > 0, in order to have the inequality
2 3n
PN, —XTU) > —] <d,
[ * (D 2L

it suffices to have

D
exp (— corn 0 (7.10)

<
8o m(1+e2 +e‘4)) ML

for each m € [M]. Equivalently, it suffices to have the following for each m € [M]:

L > log(—)
802 (1+e2+e4) 5
802 (1+€2 ML

et
equivalently, D>—" ) log (T) .
con

This is equivalent to

D > max

-4
(l1+e2+¢ )log(ML). (7.11)

con 5

It then follows from the argument above that

2 3n
Pl =Ny (XTU z—} <é (7.12)
pM =5

holds, provided

D>

802 (1 +€2+€™%) log (ML) .

con T

7.3. Proof of Proposition 4.7

We first observe what happens in the M = 1 case: this amounts to restricting X to the top left block
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Lemma 7.1 (Blockwise concentration inequality). For any integer s; > 0, write K(s1) :=Bg(s1) N
Bi(1). Then

T2 Amax (2
Pl sup PO -0 [> Dm0
v1€K(sy) 2m(f)
Ty min{Zy, &2
<2exp (—%W+slmin{logL, log(2leL/s1)}] - (7.13)

Proof of Lemma 7.1. Let v, € R be a fixed unit-normed vector. Then, u; := X|v is a random mean-
. . . . . X
zero Gaussian vector in R7!, with covariance matrix 2, 11 = [X v lvlTX IT] One has

L
X
(Evll)"’s = Z E [Xrl—jvlnl'vl,lxs!—l]

L
= Z vy ;E [Xrl_jxsl_l] V1

where I,  is the covariance of the vectors Xr(l) and X 51). Note that
tr(Zf,(ll) =E [tr(lelvlTXlT)]
=B [} |
= TlvlTF(l)vl ,
where I'(") is the autocovariance matrix of {th }. Moreover, one has by Lemma 7.5, the inequality

Amax (ZU1)
m(f)

15 lop <
By the inequality in Proposition 7.4, one has
PlJul s -] 2 4m 415 o | < D¢~ min{4i.7)
for any 1 > 0. In particular, this implies that for any fixed v € RL, the inequality
d

holds for any | > 0. Applying Lemma 7.7 with G := XlT X =TT we conclude that

AT 1 Amax (2 )

o 2
< 2¢~ 2 min{didi} (7.14)
m(f)

v (XX —T1r<1>)v1| >

4T glAmaX(ZUl)

g n(f)

sup |v1T(X1TX1 - T1F(1))v1‘ >
V|EK(S|)
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( Ty min{{1, {7}
<2exp S S

+ 51 min{log L, log(ZIeL/sl)}) (7.15)
holds for any integer s; > 1, and any {; > 0. O

Proof of Proposition 4.7

Proof. When s; > 0 is even, it follows from Lemma 7.8 that

1087141 Amax (Zu,) 2 2.
Pl su vl(XTXl—Tlr(l))v1 < Ivills + —Ivill
pape | m(f) 2T
Ty min{{y, 2
> 1-2exp (—#+s1min{logb 10g(21eL/s0)}) .

An application of Lemma 7.5 implies that for

Ty min{¢y,¢2) .
§:=2¢~ "z 1 min{log L, log(2leL/sy)} ,

the conclusion of the following sequence of inequalities holds for all v; € RE with probability at least
1-9:

10877 {1 Amax (Zu,)

2
1X1v113 = T Amin (T 113 - (IIV1||§ + ;IIHII%)

m(f)
T Amin(Zu ) 10871 1 Amax (207, ’
D) o OB (2 2,

=11

Amin(ZUl) 1084’1 Amax(ZUl) 2 216Tl glAmax(EUl) 2
- il - vally-

M(f1) m(f) sym(f1)

We specialize to the case of univariate e-stable autoregressive time series, with Xy, = 0'12, and (by
e-stability)

e <m(fi) <M(fi) <€

Letting ¢; :=673¢*, we obtain

T; 2

. 2 1 22 2 2

P I:Vllglé‘L (||X1V1||2 ~ 5 i€ (||V1||2 - s—1||V1||1)) >0
>1— 26—%{12“0 min{log L, log(2leL/so)} (7.16)

Finally, we consider all the blocks of X T X; the deviation inequality above yields

. T,02e? 2
1nfL(||xmvm||§— g (nvmn%—s—nvmu%))w]

Ym€E 2 m

P [Vme[M]

M
>1-2 Z e—T’"ngﬂmmin{logL, log(21eL/sm)} ) (7.17)
m=1
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This proves the proposition. O

7.4. More on Dual Norms

Since Ny (0) =0, we will assume, in the following computation of the dual norm, that @ # 0. This
ensures Ny (@) > 0 too. Note that Ny (@) = Nix(|@|), where |@| = (Ja;],- -, |ar|); this is because N is
invariant under arbitrary sign changes of the coordinates of its argument. Thus, for Ny (@) =« - B, we
may assume (without loss of generality) that |@| = @ and | 8| = 8.

The advantage of the hierarchical group norm N () — in the setting of sparse recovery via regu-
larized least square regression — is that, while it sets any group of parameters to zero — because of
the hierarchy in the group structure — all variables in all groups that appear further down the order of
hierarchy are set to zero automatically. Thus, these norms are well-suited for determination of the true
lag order in the context of autoregressive process.

In order to use this group norm in our analysis, we need to collect some basic facts on the norm. Note
that the norm resembles ¢! at the group level, while within each group it is the £2 norm; from this, one
might expect that the dual of the norm should “resemble" the £*°-norm at the group level, and within a
group it should be £2. We will prove that this intuition goes quite well, in the sense that the actual dual
norm can be upper-bounded by this mixed £°>2 norm.

Lemma 7.2 (Dual norm is attained on the boundary).

Ni(a) = Nn(nﬂa)glw,ﬁ%

Proof of Lemma 7.2. Note that — by continuity of 8+ (a, B), compactness of the subset Cg := {8 :
N(B) < 1}, and since Ny (a) # 0 — there is nonzero B € Cg such that Ny (@) = (e, By). Suppose,
if possible, that B satisfies N(B;) < 1. In (0, +c0), the function ¢ — N (cf) is strictly increasing
(continuous) function; thus, there is ¢ > 1 such that cN'(B() = N (¢ ) < 1; one has

max{(a, B) : N(B) < 1} > (@, cBy)
=c-(a,By)
> (@, By)
=Nu(a),
which is a contradiction. O
RML

In order to facilitate our computations of the dual norm in , we start with the special case of
M = 1; after Proposition 7.3, we will extend this to the general case. Now, we define

L L
1 - _ 2
N(a)._z (L l+1)Zaj.
=1 7=l
Let us write @ = (0,a;, @41, - ,ay) for j € [L]. From now on, we assume that
1_[ a; #0.
JelL]

We have the following proposition.
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Proposition 7.3 (L*° norm bounds dual norm, M =1 case). The following inequality holds for any
a eRE:

N (@) < L3 el
Proof of Proposition 7.3. We apply the elementary inequalities

(VL =1+ 10B1ll = VL =T+ 11B)* = (L= 1+ D|B21l3 = (L =1+ DB
=(L-1+1) ) B}

j>l

2
=( /(L—l+1)2ﬁ§)
j>1

2
Cauchy-Schwarz = > (Z B j) R

j>1

to derive

L
NYB) =Y NL=T+TB2il

~

=

M=

~
I

(‘/L—l+1l,31|+2|ﬂjl)
1 j>1

:i(m+l—l)|ﬂl|
I=1

> VLIB|.

Since N (@) < [la[«N"(1), where 1 € R is the all-one vector, it suffices to show that N} (1) < L3
Since

Ni(l): max Z B,

NUB=1 e

and

L=N'(B)
= > VL-1+1]Bs)l

JelL]

> VL Z 1Bl

JelL]

the claim follows. O
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With the above proposition dealing with the case M = 1, we can now derive the proof of Proposition
4.3 dealing with general M.

Proof of Proposition 4.3. Again, it suffices to show that N (@) < L™ when a is the all-one vector.

Now, Ny (@) is the optimum value of the problem
maximize Z Bj
JE[ML]
subjectto  N(B)=1.

Write B ;) = (B1, BL+i> " Bm-nyr+) " and x; = \/MH,B(I) |l» for I € [L]; by Cauchy-Schwarz, we
have

L
Z ,B]'SZ)CZ.
1

je[ML] I=

Moreover, N (8) = N'' (x), where x := (x1, -~ ,x7); thus, the lemma follows by 7.3. O

7.5. Some known results used in the proofs

The following tail bound on the norm of Gaussian random vectors is well-known; see (Vershynin, 2018,
Theorem 6.2.1) for details.

Proposition 7.4 (Wright-Hansen inequality). There is an absolute constant cy > 0 such that the fol-
lowing statement holds. If ¢ ~ N(0,%) in R%, where ¥ is symmetric positive definite, then the following
holds for any T > 0:

1 o
P E|qTq—tr(2)| > 47[[Z]op | < 2e~c0dmin{ T

We need to collect some information about the multiple autoregressive time series model. Let T :=
min,, ¢[ar] T, and recall that we have written D =Ty +---+T)s. Let (™D pe the covariance matrix of

the random vector X "0 this is a symmetric matrix, and for any r,s € {1 = [,...,T,, — [} with r < s,
the stationarity of the time series yields

i =B X0 =B, (7.18)

Thus, we can write r(m .= 0m.D for the “auto-covariance" matrix.

Now, let further, for any two integers 7 > L > 0, 7, .I" denote the 7} L X T} L matrix, whose (r, s)-th
block is the covariance of the vectors (X, _1, X, _2,..., X,—r) and (Xs_1, X5_2,..., Xs—1).

The following lemma gives eigenvalue bounds of these block covariance matrices.

Lemma 7.5 (Eigenvalue bound for Toeplitz matrices). Let f(z) denote the reverse characteris-
tic polynomial of a stable univariate AR-process {X,}. Let m(f) = inf|; < |f(2)|? and M(f) =
SUP || < | f(2)|?. The following inequality holds:

Amin(ze)
M)

Amax(ze)
m(f)

< Amin(T,LF) < Amax(T,LF) <
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Proof of Lemma 7.5. This is immediate from (Basu and Michailidis, 2015, Proposition 2.3) if we
consider the stable dim-L. VAR process Y; := (X;_1,...,X;—L). O

The following bound appeared as of (Basu and Michailidis, 2015, Proposition 2.4b).

Lemma 7.6 (Basu-Michailidis). Ler A" denote the T,,-dimensional matrix with At(’r?) =E[X U .
The following inequality holds:

Amax (Z e, )M(fin)
m(f)

The following appeared as (Basu and Michailidis, 2015, Lemma F.2). Recall that My, (R) denotes the
algebra of all L x L real matrices, and S&~! the unit sphere in RL.

Amax (™) <

Lemma 7.7 (Basu-Michailidis). Suppose that G € M, (R) is a random symmetric matrix for which
the following inequality holds for every u € SE=1, Ty € N, and > 0:

B[ Gu| = C] < 2e7cTmn )

where C,c > 0 are parameters independent of n and u. Then the following inequality holds for any
integer sqg > 0:

P Sup uT Gu| > CT] < ze*CT] min{n,nz}+so min{logL,log(21eL/s0)} . (719)

lleello <so. llell2<1

The following result was obtained as (Loh and Wainwright, 2012, Lemma 12). Recall that, for any
integer so > 0, we denote

K(so) ={v eR": w2 < 1, Ivllo < s0} -

Lemma 7.8 (Loh-Wainwright). Suppose that G € My (R) is a symmetric matrix for which the follow-
ing holds:

sup \uT Gu\ <0.
llzello<so, Il ll> <1

Then, the following inequality holds:

2
sup |uTGu| <276 (||u||% + 5”“"%) . (7.20)

ucRL
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