INEXACT BASIC TENSOR METHODS
FOR SOME CLASSES OF CONVEX
OPTIMIZATION PROBLEMS

Yurii Nesterov

YN -
- UCL . <<\> |.|>)\
ouvdin CORE | st



CORE

Voie du Roman Pays 34, L1.03.01
B-1348 Louvain-la-Neuve

Tel (3210) 47 43 04
Email:lidam-library@uclouvain.be

https://uclouvain.be/en/research-institutes/lidam/core/core-reprints.html


https://uclouvain.be/en/research-institutes/lidam/core/core-reprints.html

OPTIMIZATION METHODS & SOFTWARE Ialngl‘ &franas
https:/doi.org/10.1080/10556788.2020.1854252 aylor &Francis Group
8 OPEN ACCESS | ® ek ot

Inexact basic tensor methods for some classes of convex
optimization problems

Yurii Nesterov

Center for Operations Research and Econometrics (CORE), Catholic University of Louvain (UCL),
Louvain-la-Neuve, Belgium

ABSTRACT ARTICLE HISTORY

In this paper, we analyse the Basic Tensor Methods, which use Received 15 June 2020
approximate solutions of the auxiliary problems. The quality of this ~ Accepted 18 November 2020
solution is described by the residual in the function value, which must KEYWORDS

1
be proportional to e i ,wherep > 1isthe orderofthe method and e High-order methods; tensor
is the desired accuracy in the main optimization problem. We analyse methods; complexity
in details the auxiliary schemes for the third- and second-order tensor bounds; convex optimization
methods. The auxiliary problems for the third-order scheme can be 2010 MATHEMATICS
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is a preliminary factorization of the Hessian of the objective func-
tion. For solving the auxiliary problem for the second order scheme,
we suggest two variants of the Fast Gradient Methods with restart,
which converge as O(klﬁ), where k is the iteration counter. Finally, we

present the results of the preliminary computational experiments.

1. Introduction

Motivation. Development of the theory of Tensor Methods in the last years created an addi-
tional motivation for the research on the efficient procedures for solving the corresponding
auxiliary problems. Indeed, without this technique, all results on the faster convergence of
the high-order methods remain only theoretical achievements. Starting from the paper [2],
in several articles [3-6,9] the authors analysed the possibility of using points satisfying an
approximate first-order optimality condition. However, it is not easy to analyse the com-
plexity of computing such points by the auxiliary optimization schemes. This is the reason
why we use in this paper a more traditional measure of inaccuracy, defined by the residual
in the function value.

Indeed, this measure is standard in the theory of Convex Optimization. There exist
a family of Fast Gradient Methods, which allow to solve the auxiliary problems much
faster and with worst-case complexity guarantees. In this paper in Section 2 we start from
deriving the natural conditions on the accuracy of the solution of the auxiliary problems,
acceptable for the Basic Tensor Method. This accuracy is naturally related to the desired
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accuracy of the main optimization problem. After that, in Section 3 we analyse the com-
plexity of the auxiliary problem for the third-order Tensor Method. We show that the
auxiliary problem is this case can be solved very efficiently by a simple gradient method
based on relative smoothness condition [1,8]. The most expensive operation in its imple-
mentation is the matrix factorization, which has to be done only one, in the beginning
of the auxiliary minimization process. Moreover, we show that this scheme admits a reli-
able stopping criterion, which properly describes the quality of the approximate solution.
Thus, we show that the computational cost of implementing the third-order methods is
essentially the same as that of the second-order schemes based on matrix factorization.

In the next Section 4 we analyse the complexity of the auxiliary problem in the regular-
ized second-order scheme. We show that the objective function in these problems, which
is the sum of a quadratic function and the cubic term, can be minimized very efficiently
by the Fast Gradient Methods with restarts. The complexity of this auxiliary optimization
problem is O(#), where § is the target accuracy. Thus, this approach have good chance
to compete with the existing technique for the second-order method. Our approach may
look similar to the developments in Section 6 of [16]. However, our scheme has no hidden
parameters and it can be implemented directly.

Further, in Section 5, we describe another variant of the Fast Gradient Method with flex-
ible restart, which can be applied to the auxiliary problem for the second-order methods.
It has the same worst-case complexity bound O(ng). Finally, in Section 6 we present the
preliminary computational results, which confirm our theoretical conclusions.

Notation and generalities. In what follows, we denote by [E a finite-dimensional real vec-
tor space, and by [E* its dual space, composed by all linear functions on [E. The value of the
linear function s € E* at point x € [ is denoted by (s, x). The most important example of
linear function is the gradient Vf (x) of the differentiable function f(-) at point x € [E. The
Hessian V2f(x) can be seen as a self-adjoint linear operator from | to E*.

Let us fix a positive definite linear operator B : E — [E*. Then we can introduce in the
primal and dual spaces the conjugate Euclidean norms:

x| = (Bx,x)'/?, x€E, |gl.=(gB '9)"/% geE"

In this paper, we work only with Euclidean norms defined by the above relations.
Recall that function F(-) is called uniformly convex of degree q > 2 if for any x and y €
dom F we have

F() = F() + (goy — %) + %qnx—ynq, (1)

where o is a positive parameter and g, is an arbitrary vector from subdifferential F(x).
Minimizing both parts of inequality (1) in y € dom F, we get

g,
in F(y)>F in{— P
yerﬁléﬁp 0 = (x)+rrnzlg{ rllgells + qr}

-1 =
e el )

= F(x) — —L
q0q

For p-times continuously differentiable function f(-), p > 1, with open convex domain
domf C E we can introduce its pth directional derivative at point x € domf along
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directions hy, . .., h, and denote it by

D)k, ... hpl

If hy=hforalli=1,...,p, we use a shorter notation DPf(x)[h]P. The norm of this

derivative is defined in the usual way:

IDYf @l = max {IDFCOlh. .oyl s Il < Li=1,....p}

..... hy

= max {IDf oA - IIn] < 1}

Similarly, the Lipschitz condition for the pth derivative has the following sense:

IDPf(x) — DPf ()] & max {D’f (o) [h)? = DF)[AP : 1] < 1}

<L,(Nlx—yl, xyedomf.

2. Inexact basic tensor methods

In this paper, we consider a convex optimization problem in the following composite form:

xeriiél\p{l’(x) =f()+¥Y®),

where f(-) is a smooth convex function and W (-) is a closed convex function such that

dom ¥ C int (domf).

3)

Let us assume that the problem (3) is solvable and denote by x* € dom W one of its optimal

. f
solutions, F e p (x*).

We assume that f () is p-times continuously differentiable (p > 1) and its p-th derivative

satisfies Lipschitz condition:

IDPf(y) — DPFO Il < Lp(H)llx — yll, %,y € dom .

It is well known (e.g. [15]) that this condition implies the following bound:

FO) —frpWl = ly — x|IP*!, %y e domf,

H
P+ D!
p
def 1 - _
fo) = ) DGy -
k=0
where H > L, (f). On the other hand, if

H > pLy(f),

then function

def _
Prp () = fip() + lly — x||P+!

H
@P+D!

(4)

(5)

(6)
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is convex (see Theorem 1 in [12]). Therefore, for generating test points in the minimization
methods for problem (3) we can use solution of the following auxiliary problem:

min {Fepn @ < grpn(0) + ¥ @} )

xedom ¥
Our main assumption is as follows.

Assumption 2.1: Function W (-) is simple enough for having problem (7) tractable.

However, even with this assumption, usually we cannot compute an exact solution of
problem (7) in a closed form (unless, may be, for p = 1). This is the reason why we need
to describe somehow the quality of the approximate solutions.

Definition 2.1: Let § > 0 be a measure of inaccuracy in problem (7) and x € dom W.
Denote by T = T, 5 (x) any point in dom W satisfying the following inequality:

Fzpu(T) < min Fzph(x) + 4. (8)
xedom ¥
We refer to the point Ts ;, (%) as to result of Inexact Tensor Step of degree p from the point x.

Let us choose a starting point xp € dom W. We assume that the level sets of the objective
function in problem (3) are compact:

Re() € max {llx ="l Fx) < FGxo)) < +oo. (9)
Denote
1
Cpaa(xo) = Z(Lp(f) + HRE (xo). (10)

Our Basic Tensor Method consists of the Preliminary Step and the Iteration Process. The
goal of the Preliminary Step is to compute an appropriate starting point for the Iteration
Process.

Lemma2.1: Let§ < I%CP,H(xo). Then
FropH(Tsp,H(x0)) — F* < Cpp(x0). (11)

Proof: Indeed, for T = T 1 (xp) we have

Faopit(T) £ 8+ mi Frop () + W(x) + T, 7+
1n X X X — X
xo.p:H - xedom ¥ *op P+ D! 0
5) L +H
25+ min {F(x)-i——P(f) ||x—xo||P+1}
xedom W (P+1)!
L,(H+H
P * +1
<8+ F+ ———|Ix" — x|?
T I oll

9 1
<F.+68+ mcp,H(xo) < Fi + Cpr(x0). u
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Thus, after one Inexact Tensor Step, the residuals in the function value do not depend
anymore on the size of derivatives of degree smaller than p + 1.
For analysing the Iteration Process, we need the following result.

Lemma 2.2: Let x € dom V¥ and
F(x) < min{F(xo), Fx + Cpp(x0)}. (12)

Then for T = Tjsp,H(X) we have

_ p [F&) —F,
Fipn(T) < F(¥) — —— | =2 7*
pH(T) < F(Xx) [ Cott (o)

P
S } (F®) — Fy) + . (13)

Proof: Indeed, for T = T p(x) we have

(8) _
Fzpu(T) <8+ min {f)‘c,p(x) +V¥(x) + llx — xIIPH}
xedom ¥

_H
(p+ D!

©) L +H _ _
< § + min F(x)—i—Lllx—xllpH:x=ocx*+(1—oz)x
0<a<1 (p+ 1!
(©)) L +H
<8+ min {aF.+ (1 —a&)F&) + Loﬂ’“RP“(xo)
0<a<l P+ 1!
— 5+ min |aF, + (1 - )F® + ——aP*' Cpri(x0)
0<a<l * p+1 PHIZOI(
= 1
The optimal solution in the latter optimization problem is ¢* = [g;x;(_xi‘; ]? < 1.Itremains
to substitute it in the objective function. u

Now we are ready to analyse the following Inexact Basic Tensor Method.

Initialization. Choose positive parameters § and H.

P

o 1Cp,H(xo)-

Preliminary Step. Compute Ty = Tg,p,H(xo) with § < (14)

Set x; = arg min,{F(x) : x € {xo, To}}.

Iteration k > 1. Compute xgy1 = Ts 5 (Xk).

Denote by € > 0 the desired accuracy of the approximate solution of problem (3).
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Theorem 2.1: Let sequence {xk}]{:ll be generated by Inexact Basic Tensor Method with

p £t
5 < ———, €’ (15)
20 + DG/ (x0)
and H > pL,(f). Assume also that
Fixp) —Fs>¢, k=1,...,T+1. (16)
Then forallk =1,...,T we have
F(xx) < min{F(xo), Fx + Cp,u(x0)}, 17)
1
p F(xx) — Fx :| ?
F <F — F —Fy). 18
(Xk41) = Flxr) 040 [ Cort (o) (F(xk) — Fy) (18)
Moreover,
Cp.H(X0)

F(xry1) — Fy < (19)

—
T

(1 + 2(p+1))
Proof: Let us prove the relations (17) and (18) by induction. Since H > L,(f), we have

(11)
F(To) < Fxypa(To) < Fi+ Cpu(xo).

Hence, in view of the choice of the point x;, condition (17) is satisfied for k = 0.
Assume it is satisfied for some k > 0. Then, by Lemma 2.2 we have

®) (13) p [FGw) —F7p
F(xk+1) < Fypu(k41) < F(xg) — o [ Cp]jH(xO) } (F(xi) —Fo) +6
(15) p [ F(xx) — Fs , p e
< Flxx) — [ ] (Flp) = Fo) + ———— 7 —— € ?
D701 Gt ¢ 2p+ DCYh (x0)
16) p F(xx) — Fs ] ’
F _ F — F* .
< F(xy) 20+ D) [ Cort (o) (F(xx) )

Hence, F(xr+1) < F(xx) and we see that inequality (17) is valid for xj4;.
Thus, we have proved that inequalities (17) and (18) are valid foralk = 1,..., T.

Fog)—F, (7

)
Denoting now & = < 117, we can rewrite (18) as follows:

CpH(X0) —
p pt1
Ek—bnn > ———=5&", k=1...,T. (20)
=2+ 0k
Since function m is convex for T > —1, we have



OPTIMIZATION METHODS & SOFTWARE 7

Hence
ﬁz 1 : _1_fk+1—€k_
G (14 Bps) i P
Consequently,
;_;_;<£_ ) L EcEn @
oo &7 &7 \gh ) g" T 204D
Summing up these inequalities for k = 1,. .., T, we get
S S SO
g g 200+ 2(p+1)
And this is inequality (19). |

Corollary 2.1: Condition (16) cannot remain valid more than for

20+ 1) [—CP’Z(xO)]P (22)

iterations of method (14).

Surprisingly enough, condition (15) shows that the high-order methods require less
accurate solutions of the auxiliary problem (7). Thus, for the first-order methods (p = 1)
we need

8 = 0(e?).
The second-order methods require

8 = 0(?),
and for the third-order schemes it is enough to have

§ = 0(*P).

In the next two sections, for the last two cases, we are going to discuss the iteration
complexity of the specific auxiliary methods computing the points Ts , 7 (xx).

3. Inexact third-order method

In this section, we consider a third-order method for solving the following problem
min (F() € £ + W), (23)

xedom W

where function f(-) is convex and its third derivative satisfies Lipschitz condition

ID*f(x) — D’ < Ls(Plx —yl, xy€E. (24)

Function W(-) in this problem is a simple closed convex function with dom ¥ € domf.
We assume that the problem (23) is solvable and denote by x* one of its optimal solutions

with F, & F(x*).
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As it was shown in Section 2, problem (23) can be solved by Inexact Tensor Method (14)
provided that we are able to compute approximate solutions of the problem (7) satisfying
the condition (8). In our case,

1
03 a() = f(x) + (Vf(%),y — x) + 5<V2f(5c)(y —X),y—X)
l 3r/= =13 E =4

+6Df(x)[y x] +24lly x[°.

As it was suggested in [12], we are going to solve this problem using the framework of
relative smoothness (see [1,8]). However, for our goals we need to provide its complexity
analysis with more details.

Let us consider a minimization problem, which is more general than the problem (7):

.= min_ {q>(x) o+ \Il(x)] — d(x*), x* edomV, (25)

where ¢(-) is a continuously differentiable convex function, and W(-) is a simple closed
convex function with dom ¥ € dom ¢. In our framework, we also need a simple scaling
function d(-) with domd D dom W, which is strictly convex and continuously differ-
entiable. Then, we can define the Bregman distance between two points x and y from

dom d:
Ba(x,y) = d(y) — d(x) — (Vd(x),y — x) = 0.
We assume that the smooth part of the objective function in problem (25) satisfies the
following relative smoothness conditions:
BeBa(x,y) = By(x,y) = ¢(y) — p(x) — (Vo(x),y — x)
< LyBa(xy), xyedomW, (26)

where Ly, > j1,>0. Denote y, = 'Z—;’ <1.
The right-hand side of inequality (26) suggests the following minimization scheme.

Choose xy € dom W. For k > 0 iterate: @)
7

Xf+1 = argxer({:)irlnlw {0 + (Vo). x — xi) + Lo Balxx) + ¥ (x)} .

Note that the next point in this method satisfies the following variational principle: for all
x € dom W we have

(Vo(xi) + Lo (Vd(xk1) — Vd(xi), x — Xp1) + V() = W) (28)
For analysing performance of method (27), we need to introduce the following aggregated

objects.

o The average value of the objective function:

by Yo

N
= —F "0 —y)NFo(.
1-(1- V(p)N =1
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e The aggregated model of the objective function:

N-1
N(x) = l_y—“’mN D=y e ) + (Vo) x — %) + 1 Balxi %)
k=0

(1-
+ W(x).
Note that in view of the first inequality in (26), we have

IN(x) < D(x), x € domW. (29)
In the above definitions, we extend our notation onto the case yy = 0 in a continuous
way:

. Yo 1
hm —N = —.
Ypd0 1 — (1 = yp) N

Let us prove the following result.

Lemma 3.1: For any N > 1 we have:
1. N 1
EQN + Balxen, x) < (1 = )" Ba(xo, %) + L—(/N(x), x € dom V. (30)
Proof: Note that for any k > 0 we have:
Ba(xit1, %) = Ba (x> x) = d(x) — d(Xp1) — (Vi (k1) X — Xjey1)
—d(x) + d(x) + (Vd(xp), x — x)
= (Vd(xk) — VAd(Xk41), X — Xit1)
— d(xkt1) + d(xi) + (V) xier1 — xk)
= (Vd(xk) — VAd(Xk41), X — Xk1) — Ba(Xs Xk1)-
Therefore,

(28) 1
Ba(xkr1,%) < Balxk, x) + L—[(V(ﬂ(xk))x — Xg41) + V() — W )] — Balxrs Xk41)
(4

1
= Ba(xp, x) + L—[w(xk) + (Voxe), x — xx) + Y (x)]
(Y

1
- L—[(P(xk) + (Vo (xr), X1 — xk) + Lo Ba (ks Xxr1) + W (X p1)]
(%4

26) 1 1
= Paliox) + o) + (Vo i), x — xi) + W] — — P (i)
¢ 4

1
= (1= ¥)Baloex) = P (Xks1)
¢

1
+ o) + (Vo) x — xi) + 1y fala x) + W )],
¢
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Summing up these inequalities for k = 0, ..., N — 1, we get the relation (30). |

Lemma 3.1 has two important consequences. First of all, we can estimate the rate of
convergence of method (27).

Corollary 3.1: For any N > 1 we have
by — i < (1= 1) LyBalxo, x). (31)
Proof: Indeed, it is enough to apply inequalities (30) and (29) to x = x™*. ]

Another important consequence of inequality (30) is the verifiable stopping criterion
for method (27). Assume that we know an upper bound Dy for the size of the solution:

Ba(x0,x™) < Dy. (32)
Then,
1. 6o N 1
— &y < min | (1 — )" Balx0, %) + —Ln() : Balx0, %) < Do
Ly x L,
.
= (1= )" Do + — min {en() : Palxo,x) < Do}
(4
(29) 1
< (1= y)"Dy + —D(x").
L‘ﬂ
Thus,
Oy — @y < Oy — min{ly() : fa(x0, %) < Do} < (1 = y)"LyDo.  (33)

Note that the lower bound for the optimal value ®,, the estimate
o= mxin{ZN(x) ¢ Ba(xo,x) < Do}, (34)

can be easily computed. In order to satisfy the stopping criterion (33) with accuracy § > 0,
it is sufficient to ensure the inequality

(1 — yp)NLyDy < e "NL,Dy < 8.

Thus, we need
L L,D
20 290 (35)
12 3

iterations at most.
Let us show how this machinery works for Inexact Basic Tensor Method of degree three.
For simplicity, we consider the case W (x) = 0, x € [E. For computing the result of Inexact
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Tensor Step from a point x € [E, we need to solve the auxiliary problem (25) with

def
() = () = Prau().
In accordance to Section 5 of [12], a natural scaling function for this problem is as follows:

LT DBy,

24 (36)

1 1
dr,?c(x) = 5 <1 - ?) (sz(J_C)(X —X), X — X)

/| H
where 7 = W > 1. Then
+

1
V2, 2(x) < V2p(x) < ’—lvzdr,;c(x). xeE.
‘E’ J—

Letuschoose 7 = 2 (this correspondsto H = 12L3(f)). Then ity = 1,L, = 3,and y, = %
Thus, with this choice, the method (27) has global linear rate of convergence dependent
only on the absolute constant.

At the same time, since function p4(x) = % || x||# is uniformly convex with constant o4 =
;11 (see, for example, Lemma 4 in [10]), we have

IVF@ 1% = &) = (Vf(R), % — ¥) = (VoR), % — %) = oallx — %*|I*,

where x* = arg min,cg ¢x 3,1 (x). This means that we can choose

Do = (41Vf @)} (37)

for computing by (34) the lower estimate £3; of the optimal function value. It can be used
in the stopping criterion of the Inexact Tensor Method:

Oy — L < 6. (38)

LyDo
3
It remains to discuss the complexity of one iteration of the process (27) with scaling

function (36). Without loss of generality, we can assume that x = 0. And let E = R" with
B = I,,, the identity matrix. In this case, V2f(0) is a symmetric #n x n-matrix, which can be
factorized as follows:

In accordance to (33), this inequality will be satisfied in 3 In iterations at most.

V3f(0) = UTU",
where U € R™", UUT = I, and T € R™*" is a symmetric tri-diagonal matrix. Introduc-
ing new variables y = UTx, we can rewrite our objective function as follows:
1 o2 1. s, Hy 4
0() = (Vf(0),2) + S (VO %) + DO + Ity

1 1 H .
= () + 5 (D) + DFOIP + Il < £0),
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where g, = UTVf(0). Similarly, our scaling function (36) can be written in the following
form:

~ 1 1 3 - DL
&) = 5 (1 - ;) () + T s

This transformation can be done by the standard Linear Algebra technique in O(n?) oper-
ations. Now, we can apply method (27) with W (-) = 0 for minimizing function & (y) using
the scaling function d (). At each iteration of this scheme, the most expensive operations
are as follows.

e Computation of the gradient
1 orrs 2 H o
VED) =g+ Ty + SU DS O + Iyl

This computation needs O(n?) operations plus the operations necessary for computing
the vector D*f(0)[h]? € R" with h € R". The second computation usually is not very
expensive. Indeed, in many situations it can be arranged by the fast backward differen-
tiation which complexity is proportional to the complexity of computing the function
value f(x) (see, for example, [7]).

e Computation of the next point by solving the auxiliary optimization problem

;gggﬂvé(yk),y — k) + LBy )}

where d; W =5(Dy,y) + §|| y||‘(12) with certain positive constants a and b. In view of
definition of the Bregmann distance, this problem is as follows:

a b
i > L - T) - p
;gﬁr;{(gk »+ ¢(2< yy>+4||y||(2)>}

o +1, (S + 2z, ) = 1,20
_;relﬁknnrgag( (8K ) ® E(}’;)’) 5"”)’”(2) Wzr >

where g = VE(yr) — Ly(aTy, + bl ykIIé)yk). Exchanging in this presentation mini-
mum and maximum, we come to the following univariate dual problem:

b 1 _
I?Zag( {—L(pzrz — E([QT + brl,] lgk>gk>} >

which can be easily solved by any method for univariate convex minimization. Note
that the computational cost of the function values and the derivatives in this problem is
proportional to .

Thus, we have seen that the computational cost of one iteration of the Inexact Tensor
Method is basically the same as that of the standard second-order schemes.
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4. Inexact second-order method

Let us study now the efficient implementations of the second-order methods for solving
the following minimization problem:

min f(x), (39)
xeE
where function f () is convex and its second derivative satisfies Lipschitz condition

IV (x) — VDI < La(H)lx—yl, xyeE. (40)

As usual, we assume that the problem (39) is solvable and x* is one of its optimal solutions
with f, = f(x*).

Inexact Basic Tensor Method (14) becomes now an Inexact Newton Method with Cubic
Regularization. The efficiency of an exact version of this scheme was studied first in [14].
In its inexact variant, we need to compute an approximate solution of problem (7) with

1 H
Fron(y) =f() + (Vf(x),y —x) + E(sz(ﬁ?)(y —X)hy—X)+ 3 ly —xI° (@41

Let us show how this can be done by the first-order methods.
Let us consider the auxiliary minimization problem (7) in a more general form:

xedom

min {cp(x) & o) + w(x)} : (42)

where ¢(-) is a continuously differentiable convex function, and ¥ (-) is a simple closed
convex function with dom v € dom ¢. The role of function v/ (-) here is different from the
role of W(-) in (7). Since in (39) W(-) = 0, we use function ¥ (-) to model the regularization
term in the objective function (41).

Let us assume that the gradient of function ¢(-) is Lipschitz continuous:

IVo(x) = VoW« < Li@llx—yl, x,y € domy. (43)

For convex function, this condition is equivalent to the following inequality (see, for
example, Section 2.1.1 in [13]):

1
(Vo) = Vo), x —y) = mllvw(x) —Vewli, xyedomy.  (44)
On the other hand, we assume that function ¥ (-) is subdifferentiable and uniformly convex
of degree p+1 withp > 1:

(o
V() =Y+ (goy —x) + ﬁlly —x|PT!, x,y € domy, (45)

where g, € 9 (x) and the parameter of uniform convexity o, is positive.

Note that usually the assumptions on smoothness and uniform convexity are introduced
for the whole objective function ®(-). However, we will see that the separation of these
assumptions allows us to construct much faster algorithms. It seems that in the first time
such a separation was studied in [11] for a strongly convex composite part ¥/ (-).
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Let us estimate efficiency of Composite Gradient Method as applied to problem (42).

Choose xy € dom /. For k > 0 iterate:

(46)
Xip1 =arg min {o(x) + (Vo(x), x — x¢) + 3Hllx — x> + ¥ (0} .
xedom ¢
Lemma4.1: Let H > Li(¢). Then
1 / 2
D (x) — O (xp41) > E”(D (D5 (47)

where @' (xj41) = Vo (xky1) — Vo(xi) — HB(xpqp1 — xx) € 9P (Xkq1).

Proof: The first-order optimality condition for the auxiliary minimization problem in (46)
is as follows:

(Vo) + HB(Xgq1 — %K) X = Xpg1) + ¥ (%) = ¥ (Xkq1), Vx edomy.  (48)

This means that the vector g = —(V(xx) + HB(xk+1 — xx)) belongs to the subdifferen-
tial 3y (xk41)- At the same time,

(5) H
D (xpr1) < o) + (Volxk), X1 — xk) + 3||xk+1 — xll* + ¥ (Xp1)

(48) H X
< o(xx) + (Volxr), Xkr1 — xx) + 5||xk+1 — x|l
+ (Vo (xr) + HB(Xkq1 — Xp)> Xk — Xpg1) + ¥ (o)

1
= ®(xi) = S Hllxe — xi
Let us define now @ (xg41) = Vo (xk+1) + gk € 9P (xk+1)- Note that

1 G )12 = IV xkt1) — Vo lxx) — HB(xkr1 — xi0) |12
= IV (xt1) — Voo ll2 — 2H(Ve (x41)
— Vo (xi) %1 — xk) + H xer1 — xkll

(44)

<

(1—£) Vo) — Vol |12
< Li(@) O Xf+1 OXE) |

2 2 2 2
+ H |lxkp1 — xkll” < H X1 — xkell”

Substituting this inequality in the previous one, we get inequality (47). ]

Now we can prove the rate of convergence of the method (46).
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Theorem 4.1: Let H > L1(¢). Then

1 1]«
Q(xp) — Py < [(1 + ;) (B, 1 + (P (x0) — D)%) - ?} , (49)

2
def 1 _pF1 ,p+l 1 -1
where Byr1 = (35 G;H(PT)Ha)(, and o = f;—l

Proof: In view of inequality (47), we have:

2p

2 1 +1 1 P+l
O () — P(ky1) = 5o (1’70;+1(q>(xk+1) - cb*))

- 2H
1 2 P+1 14+a
pt1 1+o
= —o0 —_ D (x - o R
0 pH( , ) (@ (xi) = )
h 2p p—1 .
where @ = =5 — 1= fast Denoting now & = By i (@ (xx) — P4), we get

E— & = &7, k=0

Hence, in view of Lemma A.1,

- 1 o o e
D (xx) — Py < Bp,}l [(1 + ;) (I + B, y(P(x0) — Ps)7) - ;]

e ) g @ - o0n . L
= —_ X — . —_ .
o pH 0 * t
And this is inequality (49). n
Let us apply the result of Theorem 4.1 to the objective function (41). In this case,
H =13
Vo) =—lly —xI".

Hence,p = 2and o = £ = % Note that for this choice of the composite term we have

+1
H/1\"' H
0’3:— —_ = —
2 \2 4

(see, for example, Lemma 4 in [10]). Therefore,

5o (1 H§44/33_2
2H= 5\ 3 3 T 81H'

Thus, the rate of convergence of the Composite Gradient Method (46) is of the order

°(&)

This is much faster than we could expect from a non-accelerated gradient scheme. Recall
that the usual rate of convergence of such a method, which does not take into account the
properties of composite term, is of the order O(%) (see [11]).

s
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Having in mind this encouraging observation, let us look at the performance of the
Composite Fast Gradient Method as applied to problem (42). For the convenience of
readers, let us present here a variant of this method with predefined number of iterations.

Input: Starting point xg € dom ¥ and number of steps N > 1.

Define Qq(x) = %llx — x0|? and set Ag = 0, vo = x.

Fork=0,...,N—1do

2
Y1 _ 1

agr1+Ax T Hi'

(a) Choose Hi > 0 and find aj4; from the equation

(b) SetAyi1 = Ak + ag1, ™k = X’;ﬁ »and yp = (1 — 7)xg + v

(c) Update Qi1 (x) = k(%) + ak1lo(e) + (Vo (o), x — k) + ¥ (0)].

(d) Compute vy = arg mingedomy k1) and xgy1 = (1 — T Xk + TkVit1-

(e) Accept Xt if 9(xkr1) < @) + (Vo) x — yi) + e llxisr — xell.

Output: Point T(xo, N) % xy.

(50)
In view of Rule (c) of method (50), it is easy to see that for all x € dom  we have

1
x) = Jllx— xol|* + Ap® (x). (51)
On the other hand, we can prove the following statement.

Lemma 4.2: Let the acceptance condition be satisfied at all iterations of method (50). Then
forallk =0,...,N we have

Ad(r) < QY min Q). (52)
xedom ¥

Proof: Note that all functions Q(-) formed by this method are strongly convex with con-
vexity parameter one. Since Ay = 0, condition is trivial for k = 0. Let us assume that it is
satisfied for some k > 0. Then

Q1 = UWks) + a1 le ) + (YO, Vi1 — k) + ¥ ks
> QF + ka1 — vl + arp1 o) + (Vo) vierr — yi) + ¥ (Ver1)]
> Akp () + ak1 [o ) + (Vo0 virr — yi)] + v — viell?
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+ A (xp) + a1 (V1)
> Ak19 k) + (Vor), a1 (Vi — i) + AxGo — yi)) + 3 1vieer — vill®
+ Agp1 ¥ (Xgg1)
H
= Akt1 [<P()’k) + (Vo) X1 — yi) + 7||Xk+1 —)’k||2] + Apr1¥ (X1 1)

(e
> Apr1P(xpg1).

|
Finally, we need to estimate the rate of growth of coefficients Ay.
Lemma 4.3: Let all Hy in the method (50) satisfy condition
Hi <yLi(), k=0,...,N—1. (53)
Then forallk = 0,...,N we have
k(k +2) (54)
47/L1 @’

Proof: Indeed, for k = 0 the inequality (54) is valid. Assume that it is valid for some k > 0.
Then, in view of the Rule (a) of the method, we have

apy1 = [1 VT AR 2 5 Ll( ) [1+ VT +arLi@a] = T (w)
Therefore,
_ k(k+2)+2(k+2) k+1D(k+3)
A=At a2 T T T oL
|

In method (50), it is possible to introduce an internal search procedure for updating the
parameters Hy, which estimate the actual Lipschitz constant L;(¢) in (43). For practical
efficiency of this method, it is important to keep Hy as small as possible. However, for the
sake of simplicity, in what follows we assume that the constant L; (¢) is known and we take

He=1Li(p), k=0,...,N—1. (55)

In this case, in view of inequality (5) with p = 1, the acceptance condition is satisfied.
Moreover, we have

k(k+2
k= (K ). (56)
4L1(9)
Consequently, the estimates (51) and (52) give us the following rate of convergence:
2L — A*12
D (xx) — *_M, k=1,...,N. (57)

k(k+2)

We can summarize our observations in the following statement.
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Theorem4.2: Let T = T(xo, N) be the output of the process (50) with parameters Hy defined
by (55). Then

2

2Li(p) [p+1 =
O(T) — &, < m [m(cb(xo) - d’*)j| . (58)

Proof: Indeed, since the composite term of the objective function ®(-) in problem (42) is
uniformly convex, we have

Up+1
p+1

llxo — x*[IPT! < @ (x0) — P
It remains to use inequality (57). [ |

Let us consider now the following upper-level process for solving the problem (7). Recall

—p1
that o = T

Input: Point xy € dom v and parameter sz > 1.

For t > 0 iterate: (59)

1. Define N; = («/1 + st — 1—‘ and compute Xy+1 = T(xt, Ny).

2. Choose xj41 = argmin {®(x) : x € {xp,...,% Xe11}}

Performance of this method is described by the following statement.

Lemma 4.4: Let ty > 0 be the first integer such that

1 p+ 1\ |
(. — Y ( ) . 60
p —<1><x0>—<1>*[ o (2 } (60)

Then for all t > to we have
1 t—to
D (x) — Py < <;) (P (x0) — D). (61)

Proof: In view of Rule 2 in method (59), for t = ty, inequality (61) is trivial. Assume it
is valid for some t > t;. Note that the choice of N; in method (59) ensures the following
inequality:

Ni(N; +2) = »*". (62)
Therefore,

2

O (xpy1) — (@) — %)TH

68 2Li(9) [P—I—l

o, <
Ni(Nt +2) | 0p+1
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2

© 2L1(¢) [p+ 1 P
< LN @) — o)
n” Op+1

2

61) 2L 1/1\ " P
P 2Lie) [” + (—) (Q(xo)—¢*)i|

7ot | oppr \

2

(@ (x) — <1>*)] "

2Li(@) 0 [p+ 1
= P Opt1

2

(@ (xo) — @)} (@) — D)

_ 2Ly [P+1

— it Opt1

% 1 (O—P‘Fl )P‘ZH
2L1 ()2 \p+1

1\ 1t
= (;) (D (x0) — DPx).

After K iterations of the procedure (59), let us estimate the total number My of the
low-level steps, which is equal to the number of calls of oracle of problem (42).
Consider first the situation ty > 0. Note that at each iteration t > 0 we have

o o 1 o 1 o
Ni < V14 29 = 302'/1 4 3079t < 30271 4 5%7‘“) =2t 4 5%77{

Therefore,

K K K o
1 o p 1 22 KFD
AR SUTE) SPS S (RS
t=0 2 t=0 —0 2(1 — 2 2) »2 —1
%% ) %%(K-i-l)

_2(%%—1) %7 —1

(1)
Ife < @(xx) — Pu < (LK (P (x0) — @461, then 3K < L(@(xg) — ®,) 5. Hence,

w7 —2 2D z
Mg < + ~(P@0) = D) |

T 207 —1)  xI-—1

On the other hand, since t; > 0, we have

2
1 1\ |
otz gl T (227
D (xg) — Dy Op+1
1

%7 —2 1717 p+1 1% 2
My < —5—+|- @ 2L1(p) s
2(x2 — 1) € »n?2 —1 Op+1

Hence,
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For the second case, we have typ = 0 if and only if

1

1> ! 2L()%<p+1)pila©d>(x)—<b
“ ot -0 | o O

1
2
[ZLl(w)% (P + 1)“ }
GP+1

In this case, if € < ®(xg) — O, < ()—lf)K(CD(xo) — ®,), then »K < é(<1>(xo) — ).
Hence,

v

(D (x) — B)?

<
A
X
[
[\
| —
A
X
DIR N
| wIR
—

(D (xp) — Bu) 2.

AN

©

|

[\]
1
| —
1
©

X
NIR
|

—

Thus, we have proved the following theorem.
Theorem 4.3: If the point xx, K > 1, in the process (59) satisfies inequality
D(xg) — Dy > €,

then the total number My of the lower-level steps in this method cannot exceed the following
bound:

) 1y %
P ) 172 p+1 i
My < ——"" +|= -max { D (xg) — Dy, | 2L1 (@) 2 :

T 207 —1) el »71-1 Opt1

(63)
The optimal value of parameter 3 is defined by the equation

2 =4, (64)

The optimal value (64) can be obtained by minimizing the factor for the maximum in
the estimate (63). Thus, in view of the rules of the process (59), the choice

N, =2!, t>0, (65)

is optimal. Indeed, since

V144 —1 <2t <144, t>0,

then [+/1 + 4f — 17 = 2%, The choice (65) corresponds to 57 =2, and the estimate for
the total number of internal steps can be written now in the following form:

1%
o

Mg <4 |:§i|2 max { D (xp) — Dy, 2 |:2L1((p) (p + I)M] . (66)

O'p+1
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Let us point out the consequences of the estimate (63) for our main problem of interest,
the problem (42) with ®(y) = Fz2,u(y) (see (41)). As we have already seen, in this case

=2 = = —
, o , O .
p 3

1

3

Besides that, we have one more parameter in the complexity bound (63):
Li(9) = Amax(Vf (3)).

With respect to these parameters, the bound (63) on the analytical complexity of prob-
lem (42) is as follows:

1 213 é
MK§4|:li| max ¢(&)—¢*,2{2L1(¢,) (E) ]
€ H

1 1
175 _ 9-28L3(p) | ®
=4|:Ei| max{CD(x) - Q*,T} . (67)
Choosing now € = & (xx) — D, we get the following relation:
4\° ) 9.2813(p)
B (xg) — by < (M—K> max{cb(x) — <I>*,H—21¢}. (68)

To the best of our knowledge, this is the fastest sublinear rate of convergence known so far
in Convex Optimization. In certain situations, it looks even more attractive than the linear
rate. Recall that this complexity result corresponds to a first-order scheme (59) as applied
to the problem (42).

5. Flexible strategy for computing Newton step

Despite to the attractive complexity bound (67), the computational strategy (59) is very
rigid and cannot adjust to the favourable properties of a particular optimization problem.
In this section, we present a more flexible upper-level process, which is based on some vari-
ant of the Fast Gradient Method (50). It is applied to the auxiliary minimization problem
in the following form:

e of H
min o) = 0@ + v}, wm¥g|

x — xI1%, (69)
xedom
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where ¢(-) is a convex function with Lipschitz continuous gradient. The constant H > 0 is

supposed to be known.

Method B(x,H, L)

Define Qp(x) = %llx —X|%.Set Ag = 0,x0 =%, vo =% and Ly = L.

kth iteration (k > 0).

1. Find the minimal i > 0, defining the following objects:
e bound Hy = 2L,

2
e root aiy; > 0 of the equation @ep)” 1

Apta — He?
a,
o parameters Ax1 = Ak + d41 and 7 = ﬁ,

e points yx = (1 — T)xk + Tkvk and xx 1 = (1 — 7o)Xk + TVt

which ensure ¢ (x¢11) < @(yk) + (Vo (i), x — yk) + %lekﬂ — xil|*.
2. Update Ly = %Hk and

Qp11(%) = Q) + arr1ler) + (Vo) x — yk) + ¥ (0)].

with viy1 = argmineeg { Q) + arr1loi) + (Vor), x — yi) + ¥ 01},

Stopping criterion: F(x) — F(xy) > Ai,f, (%)2 for some k' > 1.

Output: Point B; 7 . &f X/, constant Lg iy ; = Ly, and linear function
K-
(0 = 75 Y00 aiale () + (Vo0 x — yi)l.

We are going to use this scheme at the lower level of the following procedure.

Input: Point 1y € E and parameters L < L1 (¢), R > ||ug — x*||.

SetLo=L.andry = R.
For t > 0 iterate:
1. Compute w11 = By, 1,.H-

2. Compute Z;"H = minyeg{ €y, 1, HX) + ¥ (x) ¢ llx — uell < 7).
3. Check stopping criterion 841 def F(ugy1) — €5, < 6.

1
4. If it is not satisfied, set r,] = (%&H) *and Lipy = Ly, 1,1

The rate of convergence of this procedure is given by the following statement.

(70)

(71)
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Lemma 5.1: Forallt > 0 we have
lur — x*|| < rp. (72)

Therefore F(x*) > £, t > 1. Moreover, for all t > 0 we have

5<<¥y E)ia )~ E)IR (73)
t = 2 12 uO * >

and

Hw@—asgﬂm—axtza (74)

Proof: For t = 0, inequality (72) is valid in view of the initial choice of the parameter R.
Assume it is valid for some ¢ > 0. Since

Cy 1, H(X) < @(x), x€E,

we have F(x*) > ¢}, | . Therefore, since function ¥ (-) is uniformly convex, we have

H w3 (45) N * H ;
E”utJrl —=x"|7 = Fluep1) — F(X7) <8¢0 = Flupg1) — &, 1,0 = FUMGRE

Thus, inequality (72) is valid for all t > 0.
Note that using the same arguments as in Lemma 4.2, it is possible to prove that at the
last step k' (¢) of the procedure (70) used at ¢-th iteration of the method (71), we have

F(ug41) < min {
xcE

m—wW+mMmm+wm}
2Ak’([)

< i _ 249

= i {2 Yo lloe = w1 4 L1, () + Y (x)
:

< +e5

— 2Ak/(t) ut,Lt,H

For t > 1 this means that

5. < r? 2.\ 1 _ (12 S 1/H %(F( ) Fue)
== — == uy) — F(u 5
+1 = 2880 g% 2Ap — \H t >\ t t+1

where the last inequality is just the termination criterion of method (70). Thus, for t > 1,
we come to the following inequality:

1 2 1 1
841 < 552 (F(ug) — Fy)3 < zfst-

For t = 0, by the stopping criterion in (70), we have

PR (L R
— = ug) — .
"= 2400 — 2 \12 07 T

Hence, inequality (73) is proved for all ¢ > 0.
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Similarly, for the function values with ¢t > 0, we have

Ny — x> @5 1 12 3
F(u1) — By < — < 7 (F(u) = F.)

24k 1) 24K (1)
20— ) (£ e — R
=5\H Ut * 12 253 U1
1
< =(F(us) — Fy).
2
And this is inequality (74). ]

Let us estimate now the total amount of iterations of the lower-level procedure (70) in
the method (71). For this, we need the following lemma.

Lemma 5.2: Any iteration of the method (70) satisfying the inequality
Ry - ko= 2 (2) 75)
%) — Z (=
satisfies also the stopping criterion of this scheme.

Proof: Indeed, if inequality (75) is valid, then

Py, < BRI @ 112
Xg) — _— — | = (F(x) —
W5 ="54,  ~ 24, \H *

112 S/H\3 L pe g }
< E(ﬁ( (%) — *)) (E) (5( (x) — *))

4

1\3
= <E) (F(JAC) - F*)-
Therefore,

F — Feos (1 (- 3 - @ (o (! N\ 112\ 1 [12)
X) — o —F,) > = == ) === .
= 2 * 2) ) w\u) a\u
And this is the stopping criterion in the method (70). ]

Now we can bound from above the number of iterations k'(t). Indeed, in the
method (70) we can guarantee that

Lk < Ll(¢)r Hk < 2L1(‘P)> k > 0.

Therefore, in view of Lemma 4.3, we can guarantee the following growth of the coeffi-
cients Ag:
k(k+2
A > (k + )’
8L1(%)
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In accordance to the result of Lemma 5.2, this gives us the following bound on the number
of steps of method (70):

K <G (F(ut);—Fy t>0, (76)

where C; = /8L; ((p)(%)%. Let us give an upper bound for the number of the lower-level
iterations, which are necessary for solving problem (69) up to accuracy § > 0.

Lemma 5.3: Let for some N > 1 we have F(un) — Fy > §. Then
1/3
def , 24°C |1
My = E k(t)—21/6 I:g

Proof: Indeed, in view of inequality (74), we have

1
6

F(u) — F, >2N7's, 0<t<N.
Therefore,

S (in) <[0T e 2

t=0

Thus, our scheme has the same worst-case complexity bound as (59). However, it is
much more flexible. This will be confirmed by preliminary computational experiments
presented in the next section.

6. Preliminary computational experiments

In this section we discuss the results of the numerical experiments with Inexact Cubic New-
ton Method, which uses at each iteration an approximate solution of the problem (69) with
@(x) = fz2(x) computed by the method (71). Our objective functions have the following
structure:

m
fu@x) = pln (Z e““bx)—bi)/u) i
i=1

where p is a positive parameter. For minimization problem

min f,, (x) (77)

xeR"

we choose a starting point xpclose enough to the solution x* of our problem:
llxo — ™|l = 1.

Coefficients of the vectors a; € R" are randomly generated with uniform density in interval
[—1,1].
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Table 1. ¢ = 1073, u = 0.05.

Dim Iteration NumFunc FGM-Total FGM-Average Time (s)
100 1 19 1200 63.2 0.38
200 16 27 2780 1029 292
500 20 35 2468 70.5 14.75
1000 19 34 2838 83.5 66.8

Table 2. ¢ = 1074, 1 = 0.05.

Dim Iteration NumFunc FGM-Total FGM-Average Time (s)
100 14 22 2743 124.7 0.83
200 22 34 8257 2429 8.50
500 24 41 7337 178.9 43.39
1000 26 46 9429 204.9 22091

Table 3. ¢ = 1073, . = 0.05.

Dim Iteration NumFunc FGM-Total FGM-Average Time (s)
100 17 25 6994 279.7 2.03
200 30 48 30450 634.4 31.05
500 30 49 19010 387.9 112.06
1000 31 50 22036 440.7 515.44

In our experiments, the accuracy parameter § for the auxiliary minimization prob-
lem (69) was chosen in accordance to the theoretical recommendation (15) with p = 2,
where the exact values of Lipschitz constant and the distance were replaced by some
estimates, obtained during the minimization process. This was the only heuristic rule
in our tests. All other elements were implemented exactly as they are described in the
methods (14), (70), and (71).

Let us look at the results of our testing for different values of desired accuracy and
dimension. In the first column we put dimension of the problem. The second column
shows the number of iterations of the Inexact Cubic Newton Method. Next column dis-
plays the number of calls of oracle in the main minimization problem (77). Fourth column
shows the total number of iterations of the method (70) and next column shows the aver-
age number of iterations for computing one Newton step. The last column show the total
computational time.

As we can see from these tables, the Inexact Cubic Newton Method confirms its reputa-
tion of a fast method. The number of iterations and the number of calls of oracle is always
small. The growth of the average number of the gradient steps is a little bit faster that the
theoretical predictions. This gives us a good motivation to continue the research on the
efficient termination criterions for the auxiliary processes.
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Appendix

Lemma A.1: Let the sequence of positive numbers {&:}1>0 satisfies the following condition:

Ef - §t+1 = €t1++10t, t> 0, (Al)

where o € (0, 1]. Then for any t > 0 we have

1

& < % — [(1#) <1+sg>ﬂa. (A2)
(141 ma +£0) “

Proof: We are going to prove inequality

o > 0, (A3)

S—, =
S = (1+ at)l/e

with certain a > 0. Clearly, this inequality is valid for t = 0. Assume that it is valid for some t > 0,
but it is not valid for the next value. Then

&o 4y ) <1+ & )
(1+ at)l/e (1+ a(t + D)l/e l+at+1)/)"

Let us prove that, for a certain choice of g, this is impossible. Thus, we need to justify the following
inequality:

&o <1+ & ) - &o
(14 a(t+ 1)l 14a(t+1) ) ~ Q1 +at)l/e’

It can be rewritten as follows:
o 1/a
14+a(t+1) 14 at

. 1 . .
Denoting T = 17;, we get inequality

) & &)
+ T =
+a 1+art

T

> (1 +ar)/*, (A4)

which we want to ensure for all 7 € [0, 1]. Since « € (0, 1], the right-hand side of this inequality is
convex in 7, and its left-hand side is concave in 7. For T = 0, inequality (A4) is trivial. So, we need
to check only the case 7 = 1:

&

2> a4l
1+u_( +a)

1+
This is
14a
1+a+&>(1+a)« .
Hence, it is sufficient to ensure

1+a+$g23%“.
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For this, it is enough to choose a = 1‘% In(1 + 53‘ ). Thus, we come to a contradiction, which proves

the first part of inequality (A2). Its second part follows from the following relation:

“ & &'
In(1+ £%) = ln<1 1+sg)21+sg'

Remark A.1: Note that the middle part of inequality (A2) has a correct limit as « | 0. Indeed,
1/a
ot 1 at
lim 14+ ——&§ In(1 + & = lim—In(1+——£In(1+&) ) |=2"
a%( + g0 In +€0)> eXPLlfgan( + g0 In +§0)>]

This is compatible with the variant of inequality (A1) for « = 0, which is & > 2&.4,. U
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