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ABSTRACT
Several recent works address the impact of inexact oracles in the
convergence analysis ofmodern first-order optimization techniques,
e.g. Bregman Proximal Gradient and Prox-Linear methods as well
as their accelerated variants, extending their field of applicability.
In this paper, we consider situations where the oracle’s inexactness
can be chosen upon demand, more precision coming at a compu-
tational price counterpart. Our main motivations arise from oracles
requiring the solving of auxiliary subproblems or the inexact compu-
tation of involved quantities, e.g. a mini-batch stochastic gradient as
a full-gradient estimate. We propose optimal inexactness schedules
according to presumed oracle cost models and patterns of worst-
case guarantees, covering among others convergence results of the
aforementionedmethods under the presence of inexactness. Specif-
ically, we detail how to choose the level of inexactness at each
iteration to obtain thebest trade-off between convergence and com-
putational investments. Furthermore, we highlight the benefits one
can expect by tuning those oracles’ accuracy instead of keeping it
constant throughout. Finally, we provide extensive numerical exper-
iments that support the practical interest of our approach, both in
offline and online settings, applied to the Fast Gradient algorithm.
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1. Introduction

Typical iterative optimization schemes rely on key ingredients often referred to as oracles
[6]. Inwhat concerns continuous optimization, with respect to both convex and nonconvex
realms, the vast majority of the papers use two distinctive types of oracles at each iteration,
namely the informative and computational ones [22].

(I) Informative: One assumes the possibility to obtain differential information about the
objective (zero, first, . . . , higher-order) at successive query points.

(II) Computational: One assumes the ability to update sequences of iterates following
some rules, often involving the resolution of easy or, at least, not too complicated,
subproblems.
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By default, one considers implicitly that both oracles yield error-free outputs. Never-
theless there exist cases for which such commodity appears unreasonable, e.g. when the
objective value stands as the result of a non-trivial optimization problem (I) [27] or when
one cannot solve exactly subproblems in (II) [14]. Unfortunately, more andmore problems
of practical interest exhibit a structure that does not allow for exact oracles. Therefore there
has been put a lot of efforts over the past years in dealingwith inexactness about informative
and computational oracles in order for widely spread algorithms (Bregman Proximal Gra-
dient, Prox-Linear, their accelerated variants, etc.) [5,21,26] to remain applicable in such
scenarios. As argued in the previous paragraph, a common source of inexactness is due
from the necessity of numerically solving auxiliary non-trivial optimization problems to
produce oracles’ outputs.

Example 1.1 (saddle-point problems): For instance, [3] analysed the Gradient Method
(GM) that allowed for what they defined as (δ, L,μ) inexact oracles. Consider saddle-point
problems of the type

F∗ = min
x∈Rd

{
F(x) := max

u∈Rn
G(u)+ 〈Au, x〉

}
> −∞, (1)

where G is L(G) smooth and μ(G) > 0 strongly-concave and A ∈ Rd×n is a matrix. They
showed that F is L(F) = λmax(AAT)

μ(G)
smooth, μ(F) = λmin(AAT)

L(G)
strongly-convex and its

gradient is given as ∇F(x) = Au∗(x) where u∗(x) is the exact minimizer of

max
u∈Rn

G(u)+ 〈Au, x〉. (2)

In the general case, (2) cannot be solved exactly. Nevertheless, it can be approximately
solved up to δ > 0 global accuracy quite efficiently, e.g. by dedicated accelerated first-order
methods [13]. That is, instead of u∗(x), one can provide ux ∈ Rn such that

G(u∗(x))+ 〈Au∗(x), x〉 − (G(ux)+ 〈Aux, x〉) ≤ δ (3)

and use approximate information in GM: F̃(x) = G(ux)+ 〈Aux, x〉 − δ, ∇F̃(x) = Aux.
Thereby and luckily enough, it happens that one can tune the quality of oracles by ade-
quately choosing the amount of computational time spent on these problems. Looking back
at the above example, it iswell known that the numberω of iterations onemust undertake to
solve (2) up to δ accuracy (3) scales as κ(G)−

1
2 log(δ−1) where κ(G) = μ(G)/L(G). After

N steps of GM involving a sequence of such inexact gradients with parameters {δk}N−1k=0 at
iteration k = 0, . . . ,N − 1 while using a constant stepsize L−1 = (2L(F))−1, it is proven in
[3] that for

x̂N =
∑N−1

k=0 (1− κ)N−1−k xk∑N−1
k=0 (1− κ)N−1−k

the following guarantees held:

F(x̂N)− F∗ ≤ M(N)+ 3
∑N−1

k=0 (1− κ)N−1−k δk∑N−1
k=0 (1− κ)N−1−k

(4)

with κ = 4−1κ(G),M(N) = 2−1 LR2 (1− κ)N and R initial distance to aminimizer of (1).
One observes the additive impact of such inexactness on GM’s convergence.
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It is worth noting that inexactness also naturally occurs in the context of stochastic gra-
dient methods. Within such framework, one can tune stochastic gradient and/or Hessian’s
bias by averaging more or less sample gradients and/or Hessians [7,9].

Despite the fact that convergence guarantees under a different level of inexactness at
each iteration are well-established in the literature, very few works devise specific inex-
actness schedules as in [4,25]. This can provably constitute a miss of opportunity. Akin
to our introductory example, let us assume that we dispose of relations linking the qual-
ity of oracles (δ) with the computational efforts invested in the creation of their output
(ω). It is possible to retrieve optimal inexactness schedules taking into account the trade-
off between the computational price and the harm in terms of convergence guarantees,
e.g. (4), of the prescribed oracle precision. We detail our optimality criteria in Section 3.
Informally, we aim in this work at answering the question:How can we make the most of a
computational budget when using optimization methods dealing with oracle inexactness?

1.1. Related work

At first sight and as is often the case in mathematical optimization research, the goal of our
work can be summed up simply as an improvement of a worst-case convergence bound.
Indeed, under the models we motivate in Section 2 and the assumptions we introduce in
Section 3, we solve a specific instance of non-linear allocation problems to provide our
enhanced inexactness schedules in terms of convergence guarantees per computational
cost unit.

How straightforward might it sound, to the best of our knowledge there actually exists
not so many previous works on that subject, i.e. trade-off optimality for iterative algo-
rithms dealing with controllable inexactness. We contrast, however, this last sentence by
reassuring that a bunch of new papers propose criteria involving parameter fixed relative
inexactness (see [10,18] and references therein). In opposition with the framework of abso-
lute inexactness, computational costs to achieve relative inexactness are by nature prone to
uncertainty and worst-case guarantee dependencies on this parameter often appear quite
opaque. One usually leaves the relative inexactness parameter as fixed to a conservatively
low wished terminal accuracy. Authors of [13] studied a mix between relative and absolute
inexactness, highlighting the positive impact of incorporating absolute oracle accuracy.

With a similar approach to ours, [12] focus on (Accelerated) Proximal Gradient algo-
rithms as analysed by [20] in their seminal paper. Unlike us, they do not show explicit
closed-forms, i.e. analytical value for δk, method’s level of inexactness at iteration k =
0, . . . ,N − 1 as in (4), and their results remain mainly theoretical.

More recently, [25] comes up with specific schedules for the inexactness in the auxiliary
subproblems they deal with to lower the overall computational load afterN ∈ N iterations.
Our more general results encompass theirs if we were concerned with the same context of
inexact Augmented Lagrangian. As a byproduct of an asymptotical analysis, i.e. N →∞,
[24] whose follow-up resides in [13], suggest to use inexactness schedules that decrease
sufficiently fast tomaintain (up to a logarithmic factor) the rate of convergence of the error-
free, i.e. exact, counterpart of the algorithms at scope. In [4] were tried online (adaptive) as
well as purely offline schedules in what concerns the accuracy of the inexact higher-order
tensor steps. Both last works provide non-constant inexactness schedules but none of them
brings into balance (inexact) oracles’ computational complexities.
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1.2. Contributions

Let us consider an iterative algorithm involving controllable inexactness, e.g. GM as
depicted in the previous paragraph. We can state our main contributions as follows.

• First, considering fixed the numberN ∈ N of inexact oracle calls, we propose a system-
atic offline procedure to devise the amount δk of inexactness to adopt at each iteration
k ∈ {0, . . . ,N − 1} based on an oracle cost model and algorithm’s guarantees. To that
end, we solve a rather general non-linear assignment problem, result of independent
interest. Building upon this, we present closed-form results about the optimal inexact-
ness schedules for a broad class of oracle cost models, directly inspired from practical
scenarios.

• Second, we propose an online heuristic extension in which neither N nor the overall
computational budget allocated must be fixed beforehand.

• Third, we conduct numerical experiments that sustain the validity of our approach,
either offline or online, by comparing it against (a) constant inexactness schedules and
(b) non-constant inexactness schedules from the literature [13,24].We emphasize on the
fact that our strategy is fully implementable.

1.3. Outline

At the end of the present section, we clarify our notations and define the useful concept
of descending rank. In Section 2 are motivated and then explained the concept of Tunable
(Inexact) Oracles, i.e. we develop the models of costful (inexact) oracles and convergence
under an inexactness schedule which we illustrate thanks to three examples serving as
guidelines.We then proceed to Section 3 in which we show all the contributions teased just
above. This section represents the main content of this paper. We conclude by quantifying
the computational savings of our approach on the aforementioned guideline examples in
Section 4.

1.4. Preliminaries

We introduce some handy notations and a definition extensively used in this paper.

Sets N = {1, . . . ,∞} will refer to the set of strictly positive integers. R+ (respectively R−)
contains all the non-negative (respectively non-positive) real numbers. We denoteR++ =
R+\{0} and R−− = R−\{0}. Let n ∈ N, we define [n] = {0, . . . , n− 1}.
Sequences Our enumerating indices start at 0. We write column vectors v ∈ Rn as v =
(v0, . . . , vn−1)T . Depending on the context, we will equivalently write v ≡ {vk}n−1k=0 .

Shorthands e ∈ Rn stands as the vector of size n full of 1. For any S ⊆ [n], eS is defined
as follows: (eS)k = 1 if k ∈ S and 0 otherwise. On the other hand, 0 ∈ Rn stands as the
vector of size n full of 0, i.e. 0 = e∅. For any v ∈ Rn, we define the subvector (v)S of size
|S| ≤ n whose values are taken from v at indices in S .
Operations on vectors Let p ∈ R and u, v ∈ Rn. We proceed to entry-wise operations like
vp = (vp0, . . . , v

p
n−1)T , u
 v = (u0 · v0, . . . , un−1 · vn−1)T , uTv =

∑n−1
k=0 uk · vk and |v| =
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(|v0|, . . . , |vn−1|)T More generally, applying any operator o : R → R in an element-wise
fashion on a vector v is authorized: o(v) = (o(v0), . . . , o(vn−1))T .

p-norms For any p ≥ 1 and any v ∈ Rn, the p-norm of v reads ||v||p = (eT |v|p) 1
p .

As usual, we extend the notation with p = ∞ and set ||v||∞ �= max{|vk| | k ∈ [n]}.
In what concerns matrices, the p-norm of any element V ∈ Rn×d translates to

||V||p = sup
u�=0

||Vu||p
||u||p .

Unless stated otherwise, we understand norms and distances as Euclidean ones (p = 2)
throughout this paper, i.e. ||v|| := ||v||2 and ||V|| := ||V||2.
Lipschitz continuity g : Rn → Rd is L Lipschitz (continuous) with respect to a p-norm if
for any y, x ∈ dom(g), ||g(y)− g(x)||p∗ ≤ L ||y− x||p with p∗ = p · (p− 1)−1.

Inequalities Let L : � ⊆ R → R ∪ {∞}, J : � ⊆ R → R ∪ {∞} be two functions. Let
dom(L) = dom(J ), we consider the following:

L � J ⇔ L(σ ) ≥ J (σ ), ∀ σ ∈ �

L � J ⇔ L(σ ) > J (σ ), ∀ σ ∈ dom(J )

For any u, v ∈ Rn, we also note:

u � v⇔ uk ≥ vk, ∀ k ∈ [n]

u � v⇔ uk > vk, ∀ k ∈ [n].

Definition 1.2 (descending rank): Let ν ∈ Rn and let ρ : [n]→ [n] be a bijection such
that the vector ν̂ = (νρ(−1)(0), . . . , νρ(−1)(n−1))T is sorted in descending mode.

For any k ∈ [n], we call ρ(k) the descending rank of νk (with respect to ρ).

Remark 1.1: It comes that if ρ(k) = j, then νk is, according to the sorting induced by ρ,
the (j+ 1)th biggest element of ν.

2. Tunable ( inexact) oracles

Here below we aim at defining the class of Tunable Oracles Methods (TOM) from which
one can benefit by adapting the amount of inexactness in the oracles involved at each iter-
ation. Prior to this goal, we recall some findings about methods incorporating inexactness
and we introduce our assumed oracle cost model. Finally, we substantiate the concept of
Tunable Oracles Methods with thee complete examples serving as common thread.

2.1. Impact of inexact oracles

The worst-case behaviour analysis of iterative methods relying on inexact oracles displays
some favourable structure. Let N ∈ N be the number of performed iterations, one defines
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the total amount of inexactness at iteration k ∈ {0, . . . ,N − 1} as δk. Researchers come up
with convergence models

C(N) ≤ E({δk}N−1k=0 ) (5)

where

• C(N) acts as a positive gauge one aims to minimize
• E : RN+ → R+ informs about convergence under the impact of a sequence {δk}N−1k=0 .

C gauges include gradient mapping norms [5], functional gaps [3,21].
As in Example 1.1 inequality (4), a possible instance for our model could show up as

F(x̂N)− F∗︸ ︷︷ ︸
C(N)

≤ M(N)+ 3
∑N−1

k=0 (1− κ)N−1−k δk∑N−1
k=0 (1− κ)N−1−k︸ ︷︷ ︸

E({δk}N−1k=0 )

Remark 2.1: Within the error-free framework, i.e. δk = 0 for every integer k,

lim
N→∞ E({0}N−1k=0 ) = 0.

When accounting for errors, one theoretically observes convergence only up to E({δk}N−1k=0 )

accuracy. It can happen that the schedule {δk}N−1k=0 does not decrease sufficiently fast leading
to a well-known phenomenon referred to as error-accumulation in the literature [2]. This
latter translates to

lim
N→∞ E({δk}N−1k=0 ) = ∞.

2.2. Cost of inexact oracles

Without loss of generality, one can define a reference inexactness δ̄ > 0 together with con-
stants 0 ≤ m < 1 < M < ∞ such that the inexactness of the oracles fall in the segment
� := [m δ̄,M δ̄]. This means that at each iteration k ∈ {0, . . . ,N − 1}, one allows the user
to freely pick up any δk ∈ �. As previously unveiled, such request costs a computational
tribute, namely Bk(δk) ≥ 0. Suitable for a variety of applications [5,7,13], we suggest the
oracle cost model

Bk(δk) = bk h(δk), (6)

where

• bk > 0 denotes the cost distortion of iteration k
• h : � → R+ dictates how the cost fluctuates with δk.

Recalling once again the introduction, one identifies the a priori number ωk of inner
iterations to obtain δk inexact information about F as a multiple of

Bk(δk) =
√

κ(G)−1︸ ︷︷ ︸
bk

log(δ−1k )︸ ︷︷ ︸
h(δk)

.
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Remark 2.2: When unknown or when no argument justifies that any iteration turns out
to be less expensive than another, we arbitrarily set bk = 1 for any integer k ≥ 0. Let us also
point out that in the absence exogenous indication,m = 0 andM = ∞.

2.3. Tunable oraclemethod

An instance of Tunable Oracle Methods (TOM) stands as an N-step iterative algorithm
A whose iterations involve a notion of controllable δ-inexactness as in (6) such that A
converges in the sense of (5). Furthermore, to truly exploit such controllable feature, we
require the explicit knowledge of {bk}N−1k=0 , E and h, up to a multiplicative constant factor.
Such desire emphasizes the offline nature focus of the paper at this stage. We make use of a
priori information about the behaviour ofA and the expected cost one should encounter
while requesting a schedule of {δk}N−1k=0 inexact oracles. We explain later on how to take
advantage of FOM in an online setting.

2.4. Guideline examples

Throughout the sequel, we make use of the following:

• � : Rd → R ∪ {∞} proper closed convex function, not necessarily smooth.
• � : Rq → R closed convex function, L� < ∞ Lipschitz continuous and simple, i.e. its

proximal operator can be computed at negligible cost .1

• c : Rd → Rq a smooth map with L∇c < ∞ Lipschitz continuous Jacobian ∇c.

Combining these ingredients, we finally introduce f = � ◦ c and F = f +� nonconvex,
nonsmooth in the general case. We will assume that

< /p >< p > F∗ = min
x∈Rd

F(x) > −∞.

Example 2.1 (Composite convex optimization with inexact proximal operator): The
inexact Accelerated Forward–Backward algorithm (iAFB) from [13] tackles so-called con-
vex composite problems, ubiquitous in image processing [1]. The specificities of this class
read: q = 1, � = idR, convexity (respectively μ ≥ 0 strong-convexity) of c (respectively
�) thus f = c and ∇f is Lf = L∇c Lipschitz continuous. Among other appealing features,
iAFB presented therein allows for � whose proximal mapping is not simple, e.g. in sparse
overlapping groups regularization [19]. At z ∈ Rd, λ > 0, the primal–dual pair of problems
related to the proximal step of a function φ translates to

min
x∈Rd

{
�p(x; λ, z,φ) := 1

2
||x− z||2 + λφ(x)

}
(P)

max
v∈Rd

{
�d(v; λ, z,φ) := 1

2
(||z||2 − ||z − λv||2)− λφ∗(v)

}
, (D)

whereφ∗ is the Fenchel conjugate of φ. iAFB produces iterates xk, yk, zk, vk thanks to coeffi-
cients λk ∈ O(Lf ) and Ak ∈ �(k2) for any integer k ≥ 0. Either iAFB employs predefined
sequence of stepsizes {λ−1k }k∈N and then Ak, accounting as certificate sequence, can be



OPTIMIZATION METHODS & SOFTWARE 671

computed in advance, i.e. offline, or it adopts Armijo line search to adapt to local smooth-
ness λk and one only has access to Ak for iterations k′ ≥ k, in an online fashion. Following
authors’ notations, (xk+1, vk+1) stems as a δk inexact output from the proximal step oracle
at iteration k ≥ 0 if

PDλφ(x, v; z) := �p(x; λ, z,φ)−�d(v; λ, z,φ) ≤ δk (7)

with x = xk+1, v = vk+1 − μ xk+1, λ = λk
1+λkμ

, φ = � − μ
2 || · ||2 and z = yk−λk∇f (yk)

1+λkμ
.

Under this notion of inexactness, after N ∈ N steps, the following guarantees hold:

F(xN)− F∗︸ ︷︷ ︸
C(N)

≤ 4R2 +∑N−1
k=0 (Ak+1 · (1+ μλk)

2 · λ−1k ) δk

AN︸ ︷︷ ︸
E
(
{δk}N−1k=0

)
, (8)

where R < ∞ denotes the distance from x0 to the set of global minimizers of F.
The presumed oracle cost, i.e. the work Bk(δk) needed to produce (xk+1, vk+1) fulfill-

ing (7) remains problem dependent. It is also highly influenced by the technique employed
to solve the pair (P) / (D). In [13], authors deal with CUR factorization problemwith sparse
overlapping groups regularization. They simply use FISTA, a fast first-order method, to
solve (D) yielding a linked sequence of primal recovered iterates (P). In the present set-
ting, it is shown in [11] that the primal–dual gap decreases sublinearly as ω−1k where ωk
denotes the number of steps of FISTA in (D). Then, for an arbitrarily chosen bk = 1 (see
Remark 2.2), we model the cost as

Bk(δk) = δ−1k︸︷︷︸
h(δk)

. (9)

Example 2.2 (Composition of convex function optimization): The paper [5] considers
the most general setting for which global optimality is, obviously, out of reach. Let us focus
on a singlemethod analysed therein, the inexact Prox-Linear algorithm, iPL in short terms.
Given z ∈ dom(�) and t>0, one defines the functional

Ft(·; z) = �(·)+ �(c(z)+∇c(z)(· − z))+ t−1

2
|| · −z||2.

We call δ inexact solution (x+, ξ) of the minimization of Ft(· ; z) a pair fulfilling the
properties: ||ξ || ≤ δ and

x+ ∈ arg min
x∈Rd

�(·)+ �(ξ + c(z)+∇c(z)(· − z))+ t−1

2
|| · −z||2.

In the case of an exact (x+, 0) (i.e. δ = 0 inexact) solution, the proximal gradient mapping
Gt(x) at zwith stepsize t ≤ (L� L∇c)−1 stands as the vectorGt(x) = t−1(x− x+) if and only
if F(x+) ≤ Ft(x+; z). Its norm constitutes a measure of stationarity [5] that generalizes the
gradient norm in the smooth unconstrained optimization framework. When calling up



672 G. VAN DESSEL AND F. GLINEUR

{δk}N−1k=0 inexact solutions at successive iterates z = xk ∈ dom(�) and stepsizes t = tk ∈
]0, (L� L∇c)−1], iPL produces iterates {xk}k≥0 such that:

min
k′∈{1,...,N}

||Gtk(xk′)||2︸ ︷︷ ︸
C(N)

≤
∑N−1

k=0 4 t−1k
(
F(xk)− F(xk+1)+ 4 L� δk

)
N︸ ︷︷ ︸

E
(
{δk}N−1k=0

)
. (10)

Again, the oracle cost should be derived from the complexity of the inner method used to
obtain the sequence of {δk}N−1k=0 inexact solutions at pairs {(xk, tk)}N−1k=0 . When no further
specific structure is taken as granted, excepted an easy proximal mapping of � (unlike
the previous example (8)), [5] suggests to exploit duality. At any iteration k ≥ 0, one can
compute a δk inexact pair (xk+1, ξk+1) as previously explained by finding a subgradient ξk+1
of the (negated) Fenchel conjugate function of Ftk(· ; xk) whose norm does not exceed δk.
With the oracles at hand and accounting for the fact that this conjugate boils down to a
sum of a smooth convex term and a proximable nonsmooth convex function, A-HPE from

[15] ensures a minimal subgradient norm of orderO(tk||∇c(xk)||2 ω
− 3

2
k ) after ωk A-HPE

iterations.
Hence, it comes that the number of A-HPE iterations required to get a δk inexact pair

scales as t
2
3
k ||∇c(xk)||

4
3 δ

− 2
3

k . Obviously, one does not know in advance the value ||∇c(xk)||
since it relies on xk, only computable from iteration k ≥ 0. Remark 2.2 then suggests that
any γ > 0, e.g. γ = 1, can serve as artificial upper bound so that either iPL uses predefined
stepsizes {tk}k∈N (offline) or adjusted stepsizes (online).

Bk(δk) = t
2
3
k︸︷︷︸
bk

δ
− 2

3
k︸︷︷︸

h(δk)

. (11)

Note that if dom(�) is bounded with known diameter, one can use regularization and
apply Nesterov fast gradient method (FGM) on strongly-convex composite objectives to

obtain an enhanced t
1
2
k ||∇c(xk)|| δ

− 1
2

k complexity [17]. We emphasize that stopping criteria
are readily available to check whether δk accuracy has been reached.

Example 2.3 (Robust optimization on convex hull): Closely related to [13,21] extends
the analysis of FGM under the presence of inexactness by allowing f to be smooth and
convex relative to some Legendre kernel function [11], covering the so-called Bregman
setting. Therefore, their results also encompass the Euclidean setting which we stick to for
the sake of simplicity.We assume that� represents an indicator function of a convex subset
X ⊆ Rd, q = 1, � = idR and c isμ ≥ 0 strongly convex. That is, f isμ ≥ 0 strongly convex
and ∇f = ∇c is Lf = L∇c Lipschitz continuous. Let � = {θi}ni=1 be a collection of n ∈ N

vectors from Rd dubbed as scenarios and let σ > 0. In robust optimization, one might be
interested in minimizing the function

f : X → R, x→ f (x) = μ

2
||x||2 + max

θ∈conv(�)
〈θ , x〉 − σ

2
||θ − θ̄ ||2

for some anchor scenario θ̄ , e.g. θ̄ = n−1
∑n

i=1 θi.
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In other words, one would like to minimize a (regularized) linear objective taking into
account that the cost vector could be any convex combination of previously encountered
costs {θi}ni=1. Akin to Example 1.1, we deduce that the exact gradient of f at any x ∈ X reads
∇f (x) = μx+ θ∗(x) where θ∗(x) = argmaxθ∈conv(�) 〈θ , x〉 − σ

2 ||θ − θ̄ ||2 and gradient’s
Lipschitz constant Lf = σ−1.

An approximate maximizer θx ∈ conv(�) of the problem defining f at x that verifies

〈(θ∗(x)− θx), x〉 + σ

2
(||θx − θ̄ ||2 − ||θ∗(x)− θ̄ ||2) ≤ δ (12)

can be used to construct f̃ (x) = μ
2 ||x||2 + 〈θx, x〉 − σ

2 ||θx − θ̄ ||2 � f (x) and ∇ f̃ (x) =
μx+ θx � ∇f (x), providing (2δ, 2Lf + μ,μ) inexact information as originally under-
stood in [2]. [21] show that FGM ([21], Algorithm 2) involving a sequence of {δk}N−1k=0
inexact information and fixed stepsizes produces a final iterate xN such that

F(xN)− F∗︸ ︷︷ ︸
C(N)

≤ R2 + 2
∑N−1

k=0 Ak+1 δk

AN︸ ︷︷ ︸
E
(
{δk}N−1k=0

)
, (13)

where, once again, R < ∞ denotes the distance from x0 to the set of global minimizers
of F. As for iAFB, the coefficients Ak for k ≥ 0 serve as convergence certificates and are
involved in subtle convex combinations of iterates within FGM. In the present setting,Ak’s
value can be determined beforehand, Ak ∈ O(max{k2, (1+ 1

4
√

μ/(μ+ 2Lf ))2k}).
Let O = [θ1, . . . , θn]T and let κ̂ := λmin(OOT)

λmax(OOT)
. By using another version of FISTA

described in [23], one can take advantage of possible strong convexity, i.e. κ̂ > 0, of the
usual reformulation of the inner problem :

max
θ∈conv(�)

〈θ , x〉 − σ

2
||θ − θ̄ ||2 = max

w�0, ||w||1=1
〈OTw, x〉 − σ

2
||OTw− θ̄ ||2.

Assuming that κ̂ > 0, just as in Example 1.1, one can link the workωk to obtain δk accurate
θxk at iteration k ≥ 0 by writing

Bk(δk) =
√

κ̂−1︸ ︷︷ ︸
bk

log(δ−1k )︸ ︷︷ ︸
h(δk)

, (14)

whereas in the absence of strong convexity, i.e. κ̂ = 0, one would rather set Bk(δk) =√
λmax(OOT) δ

− 1
2

k as common for smooth convex optimization [17]. We explain in
Section 4 how one can easily monitor the quality of an approximate solution for (12).

Remark 2.3: Usually, the workload ω ∝ B(δ) to obtain (the output) of δ inexact oracles
stays by nature an integer quantity, e.g. a number of inner iterations (Examples 2.1, 2.2
and 2.3). For the sake of simplicity, however, we will accept that it varies continuously as
in the formulas (9), (11), (14).
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3. Optimal inexactness schedules

Now that the impact and the cost of inexact oracles have been introduced, we can elaborate
about the main objective of this paper. We assume for the time being that N ∈ N is fixed.
One can try to suffer the smallest possible effect from inexact oracles to ensure the best
worst-case convergence upper-bound. Obviously, one would like each δk to match its best
valuemδ̄. However, sometimes one cannot afford a schedule {δk = mδ̄}N−1k=0 if one limits the
overall computational budget. On the other hand, when not obliged to, it is not advisable to
ask for theworst oracle accuracy at each iteration, i.e.Mδ̄, yielding the inexactness schedule
{δk = Mδ̄}N−1k=0 .

Thereby, we propose to solve a master problem that aims at devising the optimal trade-
off between the costs of oracles and worst-case guarantee harms due to their inexactness.
We start by providing our blanket Assumptions A and B.

3.1. Framework

From now on we will make a little abuse of notation about the reference inexactness δ̄ > 0.
Depending on the context, this latter will either depict a real value, an N-step inexactness
schedule {δk = δ̄}N−1k=0 or even the corresponding vector in R

N+, i.e. δ̄ e.

Assumption A: We have access to a � 0, ∃ Ẽ : R+ → R+ strictly increasing with

E(δ) := E({δk}N−1k=0 ) = Ẽ
(N−1∑

k=0
ak δk

)
(15)

We now invoke Assumption B suggesting that one is able to predict the overall cost B(δ)

of a schedule of inexactness δ. Furthermore, some technicalities about the structure of the
function h from (6) are stated.

Assumption B: We have access to b � 0 and h : � → R+ differentiable, invertible, strictly
decreasing with

B(δ) :=
N−1∑
k=0

Bk(δk) =
N−1∑
k=0

bk h(δk) (16)

h′ : dom(h′) ⊇ int(�) → Im(h′) ⊆ R− must be invertible and strictly increasing.

Remark 3.1: AssumptionA tells us that on any subset ofRN+, minimizingE({δk}N−1k=0 ) boils
down to minimizing

∑N−1
k=0 ak δk, i.e. a minimizer of aT δ stays optimal for E(δ).

Remark 3.2: In what concerns our examples, one can identify problem-dependent con-
stants C1,C2 > 0 such that Ẽ admits a shared structure s→ Ẽ(s) = C1 + C2 s.

In their adaptive online versions, sometimes practically more attractive, parameters λk
(iAFB) and tk (iPL) are not known in advance since they rely on line searches at iter-
ation k ≥ 0. Unfortunately, they influence the values of ak/bk’s. Thenceforth, Exam-
ples 2.1 and 2.2 would fail to satisfy Assumption A and/or B. Nevertheless, as already
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argued, one can fix λk ≤ L−1∇c (iAFB), t−1k ≥ L� · L∇c (iPL) for every k ≥ 0 and avoid
the line searches. In such offline circumstances, both {ak}k≥0 and {bk}k≥0 become acces-
sible and the assumptions are fulfilled. If taken constants, i.e. for every k ≥ 0, λk = λ,
tk = t for well-chosen λ, t ∈ R+, then Ak ∈ O(max{k2, (1−√

μ/Lf )−k}) for iAFB, Ak ∈
O(max{k2, (1+ 1

4
√

μ/(μ+ 2Lf ))2k}) in FGD and tk ∈ O(1) in iPL.

3.2. Master problems

Accuracy controlled
In its most standard version, we design a master problem δ∗(N, δ̄,m,M) for which the
degrees of freedom reside in the accuracies of the N iterations of our TOM, i.e. δ ∈ R

N+.
Given a reference δ̄ ∈ R+ precision, we implicitly deduce the total allocated computational
budget as

∑N−1
k=0 Bk(δ̄) = (

∑N−1
k=0 bk) h(δ̄).

Controlling δ ∈ [mδ̄, Mδ̄]N , we minimize the bound E(δ) under the budget constraint
B(δ) = B(δ̄). Taking into account Assumptions A, B and Remark 3.1, one translates

δ∗(N, δ̄,m,M) ∈ arg min
m δ̄� δ�M δ̄

N−1∑
k=0

ak δk s.t.
N−1∑
k=0

bk h(δk) = B(δ̄). (17)

3.2.1. General solutions
We present a first theoremwhich will proved to be useful to guarantee some consistency in
the optimal schedules. Its scope encompasses more general structured non-linear resource
allocation problems. Related results can be found deeply rooted in the literature, the reader
should refer to [8] and the references therein.

Theorem 3.1: Let N ∈ N, � = [l, u] ⊆ R and D>0. Let {nk}N−1k=0 and {dk}N−1k=0 be two
sequences of continuously differentiable functions on � and {nk}N−1k=0 elements are further-
more strictly increasing on �. If for every k ∈ [N], the ratio Ik = n′k/d

′
k is strictly increasing

and strictly negative on � then any solution σ ∗ of

min
σ∈�N

N−1∑
k=0

nk(σk) s.t.
N−1∑
k=0

dk(σk) = D (18)

admits as a property that for all pairs of indices (k1, k2) ∈ [N]2,

Ik1 � Ik2 ⇒ σ ∗k1 ≥ σ ∗k2 (19)

Moreover,

Ik1 � Ik2 ∧ σ ∗k1 , σ
∗
k2 ∈ ]l, u[⇒ σ ∗k1 > σ ∗k2 . (20)

Proof: We prove Theorem 3.1 in Appendix A.1. �

Example 3.2: The reader can get more insight thanks to the following example.
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For every k ∈ [N], let σ → nk(σ ) = (k+ 1)3 σ , σ → nk(σ ) = − log(σ ), l = 1 and
u = 105. The functional ratios Ik are given by

Ik :]l, u[→ R, σ → Ik(σ ) = n′k(σ )

d′k(σ )
= (k+ 1)3

−σ−1
= −(k+ 1)3 σ−1.

On � = [l, u], nk’s and dk’s are continuously differentiable and nk’s are increasing while
Ik’s are strictly increasing and strictly negative. In addition, if k1 ≤ k2,

Ik1 � Ik2

since for every σ ∈ �, Ik1(σ ) = −(k1 + 1)3 σ−1 ≥ −(k2 + 1)3 σ−1 = Ik2(σ ).

Reordering In the casewhere all the ratios {Ik}N−1k=0 can be ordered, i.e. there exists a bijective
mapping τ : [N]→ [N] such that for all pair of indices (k1, k2) ∈ [N]2,

τ(k1) < τ(k2) ⇒ Ik1 � Ik2 . (21)

Theorem 3.1 suggests that the entries {σ ∗k }N−1k=0 of an optimal solution σ ∗ of (18) can be
ranked as well. Provided a suitable comparison vector ν ∈ RN , we advocate the usefulness
of ρ, descending rank function based on ν to act like a τ function above, i.e. for any k ∈ [N],
we would have

ρ(k) = τ(k). (22)

As a reminder fromDefinition 1.2, we write ρ(k) = j if νk is the (j+ 1)th largest element of
ν. It follows from Theorem 3.1 that σ ∗k must correspond to the (j+ 1)th largest element of
σ ∗. As displayed in Theorem 3.3, 3.1 applies verbatim to problem (17) by picking for every
k ∈ [N], nk(σk) = ak σk, dk(σk) = bkh(σk) and D = B(δ̄). One valid comparison vector
that fulfils (21) and (22) would be νk = bk/ak.

Let δ∗ be an optimal solution for (17). We summarize last paragraph’s key content by
underlining the fact that the biggest the value of bk/ak will be, the biggest the optimal
inexactness at iteration k ∈ [N], according to our master problem, will be as well.

ρ(k1) < ρ(k2) ⇒ νk1 =
bk1
ak1

≥ bk2
ak2

= νk2 ⇒ δ∗k1 ≥ δ∗k2 .

We are now ready to state a general theorem about master problem (17).

Theorem 3.3: Let Assumptions A and B hold with (a, b) ∈ R
N×2
++ , m<1<M and

h : [mδ̄,Mδ̄]→ R+ being convex. ∃N⊕,N" ∈ {0, . . . ,N − 1}, λ∗ ∈ R such that ∀ k ∈
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{0, . . . ,N − 1},

δ∗k =

⎧⎪⎪⎨
⎪⎪⎩
M δ̄ k ∈ ⊕ := {k̃ | ρ(k̃) < N⊕}
(h′)(−1)

(
ak λ∗
bk

)
k ∈ T := {k̃ |N⊕ ≤ ρ(k̃) ≤ N − 1− N"}

m δ̄ k ∈ " := {k̃ | ρ(k̃) > N − 1− N"},
(23)

where ρ(k) depicts the descending rank of νk = bk/ak, λ∗ satisfies the equality

N−1∑
k=0

bk h(δ̄)−
⎡
⎣h(Mδ̄)

⎛
⎝∑

k∈⊕
bk

⎞
⎠+ h(mδ̄)

⎛
⎝∑

k∈"
bk

⎞
⎠
⎤
⎦ =

∑
k∈T

bk h
(

(h′)(−1)
(
ak λ∗

bk

))
(24)

and δ∗ stands as a solution of (17).

Proof: The proof of Theorem 3.3 is given in Appendix A.2. �

Remark 3.3: If all the entries of ν ∈ R
N++ differ, their ordering is unique, so becomes δ∗

as shown in Appendix A.3.

Remark 3.4: One only need to know ak (respectively bk) up to a common factor Ka > 0
(respectively Kb > 0). That is, it is sufficient to know ãk (respectively b̃k) such that for
any k ∈ [N], ak = Ka ãk (respectively bk = Kb b̃k). In Theorem 3.3, instead of looking for
λ∗, one then searches for another constant λ̃∗ = λ∗ Ka/Kb that would act like λ̃∗ ãk/b̃k =
λ∗ ak/bk.

Example 3.4 (Toy example): Wewant here to give a first glimpse about the upcoming opti-
mal schedules that will apply for (among others) situations reflected in Examples 2.1, 2.2
and 2.3. To this purpose, we clarify the above notations bywriting explicitlywhat they entail
given an academic toy example rightfully meeting Assumptions A and B.We consider that
the impact coefficients and relative costs of oracles are given for any k ∈ {0, . . . ,N − 1 = 79}
by

ak = (k+ 1) bk =

⎧⎪⎨
⎪⎩

3
420 0 ≤ k < 20
2
420 20 ≤ k < 40
8
420 40 ≤ k < 80.

The reference inexactness parameter is chosen as δ̄ = 10−4 andm = 0 < 1 < M = 2.
The oracle cost h : [0, 1]→ [0,∞) is convex, differentiable and fluctuates poly-

logarithmically with 0 ≤ δ ≤ 1 as δ → h(δ) = log2(δ−1). h′ is negative and strictly
increasing from [0, 1] to (−∞, 0], its inverse (h′)(−1) : (−∞, 0]→ [0, 1] exists for−ω < 0

−ω → (h′)(−1)(−ω) = 2ω−1W0(ω/2),

where W0 depicts the Lambert W function on its 0-branch. Here, Theorem 3.3 applies.
Obviously, limδ→0 h(δ) = ∞ translates to " = ∅ ⇔ N" = 0. From that point, we can
efficiently solve KKT conditions. They inform that for our present problem instance,
N⊕ = 10. Fortunately, the indices k ∈ [80] for which νk values are the N⊕ biggest fall in
⊕ = {0, . . . , 9}. We can conclude that the set T contains the indices {10, . . . , 79}.
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Figure 1. Inexactness schedules: reference, raw optimal {δ∗k }N−1k=0 and sorted optimal {δ∗
k̃ | ρ(k̃)=k}

N−1
k=0 .

We summarize the calculated optimal schedules for (17) in (25) bearing in mind that
λ = −λ∗ � 27.5757. Figure 1 graphs the optimal inexactness schedule in (25).

δ∗k =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2 · 10−4 k ∈ {0, . . . , 9}(
2 (3/420)
(k+1) λ

)
W0

(
(k+1) λ
2 (3/420)

)
k ∈ {10, . . . , 19}(

2 (2/420)
(k+1) λ

)
W0

(
(k+1) λ
2 (2/420)

)
k ∈ {20, . . . , 39}(

2 (8/420)
(k+1) λ

)
W0

(
(k+1) λ
2 (8/420)

)
k ∈ {40, . . . , 79}.

(25)

3.2.2. Closed-form solutions
In this section, we focus on analytical closed-form solutions we can obtain from the previ-
ous theoremswhen specifying a certain type of h function, related to the practical examples
motivating our oracle cost model (6). Yet, it usually remains to seize the correct values of
N⊕ (number of iterations either performed at worst oracle accuracy or involving the least
computational efforts) and N" (number of iterations either achieved with the best oracle
accuracy or demanding the heaviest computational efforts).

To circumvent a cautious search for the right pair (N⊕,N") ∈ {0, . . . ,N − 1}2, one
can immediately detect whether N⊕ = 0 = N" with a simple trial in constant time. It is
essentially what we achieve in Corollaries 3.5 and 3.6. In such circumstances,⊕ = ∅ = "
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(Theorem 3.3), i.e. the transient set T that normally collects the k-indices of iterations asso-
ciated with νk values smaller than theN⊕ biggest and bigger than theN" smallest involves
here all the iterations, i.e. T = {0, . . . ,N − 1}.
Functional family Let us formally declare a meaningful functional family of h functions
that captures our applications of interest. For any r>0, we define the convex function hr :
R+ → R++ and the inverse of its derivative (h′r)(−1) : R−− → R+

hr(δ) = δ−r ⇒ (h′r)
(−1) (−ω) =

(ω

r

)− 1
r+1 . (26)

Corollary 3.5: Let AssumptionsA and B hold with (a, b) ∈ R
N×2
++ , m<1<Mand h = hr :

[m δ̄,M δ̄]→ R+. If m δ̄ � δ � M δ̄ with

δ = δ̄ ·
⎛
⎝∑N−1

k=0 (bk ark)
1

(r+1)∑N−1
k=0 bk

⎞
⎠

1
r

· (b
 a−1
) 1
r+1 , (27)

then δ is optimal for (17).

Remark 3.5: Corollary 3.5 simply tells that if δ from (27) is feasible for our master prob-
lem (17) under the choice h = hr, then it must be optimal. For the sake of completeness, we
also provide in Appendix A.4 closed-form schedules in what concerns an extended family
of hr functions. It includes the logarithmic model h0(δ) = log(δ−1) from our introduc-
tory Example 1.1 as a pathological case r → 0 and N⊕,N" are not necessarily zero. As a
drawback consequence, the employed notations become heavier.

Interpretation Rather intuitively, an iteration whose impact coefficient ak is bigger harms
more the upper-bound E({δk}N−1k=0 ) on the objective gauge C(N) (cfr. (5)) thus requires
more precision, i.e. a small δk. However its associated cost model Bk(·) = bk h(·) (cfr. (6))
eventually reweights the accuracy of the oracle through bk according to its relative compu-
tational burden with respect to the other iterations. Hence, δ∗k are governed by compound
impacts νk = bk/ak,

δ∗k ∝
(
bk
ak

) 1
r+1

. (28)

At fixed a, b, as r approaches 0, the oracles appear cheap and one can gain a lot by experi-
encing large deviations from δ̄. Conversely, we observe that if r tends to infinity then the
cost of oracles spikes so that the constant schedule at δ̄ inexactness level, feasible, becomes
optimal. Indeed, at any iteration, requesting an oracle accuracy even slightly better than δ̄

turns out to be extremely expensive and not affordable. Thus wemust observe T = [N] if r
is large enough. Another situation in which one can easily predict that T = [N] or, equiv-
alently, N" = 0 = N⊕, arises when m = 0 andM = ∞. Indeed, akin to Example 3.4, the
oracle cost blows up for δ → mδ̄ = 0.

In addition, if not obliged to, one has no advantage to choose an inexactness parameter
arbitrarily large δ → Mδ̄ = ∞.
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Remark 3.6: Sticking to our main thread, let us express a possible asymptotical trend of
optimal schedules of inexactness for Example 2.1 (μ = 0, constant λk) based on (28)

δ∗k ∝ A−
1
2

k+1 ∈ O(k−1)

Illustration We illustrate now the application of our previous theorems on an instance
closely related to Example 2.1. Indeed, whenμ = 0 and λk ∈ O(1) for any integer k ≥ 0, it
is known that ak ∈ �(k2), see, e.g. [21]. We display the evolution of quantitiesN⊕ Figure 2
and δ∗k Figure 3 with oracle’s complexity parameter r and the factor of maximal toler-
ated inaccuracy M. Let m = 0 and let the reference inexactness tolerated be δ̄ = 10−4. In
what follows, N" = 0 in any situation since the oracle cost model hr(δ) = δ−r explodes
as δ → 0 = mδ̄. Accordingly, we assume for any k ≥ 0 that bk = 1 and ak = (k+ 1)2. We
highlight two observations of interest.

� Figure 2:N⊕ > 0 ifN itself is big enough andMδ̄ constrains our master problem (17),
i.e. M → 1. In this latter case, the computational savings on intend to invest in late
iterations requiring more care must be spread out on more early iterations since the
biggest δk from any optimal schedule {δ∗k }N−1k=0 cannot take a value that falls way above
the reference δ̄. In other words, Mδ̄ does not allow one to save a lot of efforts in the
iterations linked with the smallest impact factors.

� Figure 3: The variability in the optimal schedules for inexactness {δ∗k }N−1k=0 heavily
depends on the oracle cost parameter r, as emphasized by the power (r + 1)−1 in the

Figure 2. N⊕ grows with selected N, this effect starts earlier when (17) is more constrained, i.e.M→ 1.
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Figure 3. N fixed, r → 0 means cheaper oracles and thus more aggressive schedules (see r = 50−1).

relationship (28). Our findings discussed in the previous paragraph are graphically
confirmed, e.g. when r = 50, δ∗k � δ̄ for every k ∈ {0, . . . ,N − 1}.

3.3. Practical extensions

This part of our work is dedicated to direct extensions of the results unveiled so far.
We adapt them to practical scenarios beyond the initial scope of TOM. First, we inves-

tigate the modifications one should undertake to apply the concept of tunable oracle
when, instead of the oracles’ accuracies one would like to monitor the computational
work invested in producing their outputs. Second and as previously hinted, we propose
an online strategy which preserves the structure of optimal inexactness schedules without
the knowledge of N.

3.3.1. Work controlled
In some cases, one would like to manually specify the time spent at each iteration. In other
words, instead of deciding δk that would a priori lead to a cost of Bk(δk), we process the
otherway around.We choose the amount of computationsωk ∈ [ωM ,ωm] andwe expect to
incur a level of inexactness δk ∼ B(−1)

k (ωk). Therefore, we can equivalently fix a reference
total work ω̄ that acts as a surrogate for the budget term

∑N−1
k=0 Bk(δ̄). We rewrite the

objective from master problem (17) as

N−1∑
k=0

ak δk ∼
N−1∑
k=0

ak B(−1)
k (ωk) =

N−1∑
k=0

ak h(−1)
r (ωk/bk) .
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Note the homogeneity of hr allows to write for any η > 0, β ≥ 0, r>0 and � ⊆ R
N+,

argmin
ω∈�

N−1∑
k=0

h(−1)
r (ωk · η/bk) = argmin

ω∈�

N−1∑
k=0

h(−1)
r (ωk/bk) . (29)

This ensures that bk must only be known up to a common constant multiplicative fac-
tor, as previously assumed. We formulate the work controlled counterpart of (17) in (30),
assuming that h = hr

ω∗(N, ω̄,ωm,ωM) ∈ arg min
ωM �ω�ωm

N−1∑
k=0

ak h(−1)
(
wk

bk

)
s.t.

N−1∑
k=0

ωk = ω̄. (30)

Let us state the analogous version of Corollary 3.5 regarding the work controlled frame-
work. Again, the interested reader can look at Appendix A.4 that displays a full version
with N⊕ and N" not necessarily zero.

Corollary 3.6: Let Assumptions A and B hold with (a, b) ∈ R
N×2
++ , ωM < ω̄/N < ωm and

h = hr : R+ → R+. If ωM � ω � ωm with

ω = ω̄ · (b
 ar)
1

r+1∑N−1
k=0 (bk ark)

1
(r+1)

, (31)

then ω is optimal for (30).

Remark 3.7: Despite being very similar, problems (17) and (30) are not perfectly equiv-
alent in general. They do share the common goal of minimizing E subject to a budget
constraint B. Nevertheless, one can see (30) as a version of (17) where the bounds on the
achievable δk at iteration k ∈ {0, . . . ,N − 1} vary. Indeed, we have the following bounds:

δk ∈
[
B(−1)
k (ωm), B(−1)

k (ωM)
]
. (32)

However, in the neutral case where b ∝ e, these bounds are constant and can be written as
[mδ̄, Mδ̄] for any δ̄ > 0 and well-chosen 0 < m ≤ M parameters.

Interpretation Just as in (28), it is not difficult to construe results from Corollary 3.6 by
advocating that

ω∗k ∝
(
bk ark

) 1
r+1 . (33)

We have already seen that when ak grows, linked oracle’s accuracy δk should evolve
inversely proportional. As a consequence, the computational cost ωk rise accordingly. One
should pay attention to the role of bk in (33). It seems like a bigger bk implies a bigger ωk,
which turns out to be true. Meanwhile, a bigger bk is prone to curb the demand for highly
accurate oracles in (28) hence intuitively reducing oracle’s work ωk. Yet, there is no con-
tradiction. Combining (28) and Assumption B, we can capture the overall marginal effect
of bk in

ωk = bkh(δk) ∝ bk
(
(bk/ak)

1
r+1

)−r = b
1

r+1
k a

r
r+1
k .

Finally, let us assert that bk’sweighting impact diminishes as r →∞,ω∗k becoming asymp-
totically proportional to the impact coefficient ak. Conversely when r → 0, the suggested
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oracle cost somehow flattens. It ultimately depends only on bk, constant in the absence of
further knowledge (see Examples 2.1 and 2.3).

3.3.2. Online version
So far, we have assumed that the choice of N was exogenous and well thought. Unfortu-
nately, there is no one fits all approach to adequately fixN. Usually, one runs an optimization
algorithm and stops it as soon as a relative tolerance, tracked alongside the iterations, is
observed. Let δ∗ (respectively ω∗) be an optimal solution of (17) (respectively (30) for a
specified N ∈ N and h = hr. Hidden behind equation (27) (respectively (31)) and empha-
sized by (28) (respectively (33)), one can retrieve a recursion rule linking the optimal
inexactness parameters of two distinctive iterations, say k̂ and k. Let δ∗k ∈ [mδ̄,Mδ̄] then
for any k̂ ∈ [N], one can recover

δ∗
k̂
= max

⎧⎨
⎩mδ̄, min

⎧⎨
⎩Mδ̄,

(
bk̂
ak̂
· ak
bk

) 1
(r+1)

δ∗k

⎫⎬
⎭
⎫⎬
⎭ . (34)

Following the same logic, a recursion exists for ω∗k ∈ [ωM ,ωm],

ω∗
k̂
= max

⎧⎨
⎩ωM , min

⎧⎨
⎩ωm,

(
bk̂ a

r
k̂

bk ark

) 1
(r+1)

ω∗k

⎫⎬
⎭
⎫⎬
⎭ . (35)

Therefore, in practice, one can adopt a reference situation accounting for a lower bound of
Nr iterations then compute its inherent offline optimal schedule. For any iteration k̂ ≥ Nr,
one can extrapolate using the recursion rules explained right above.

Rationale. The extrapolated schedules obtained with (34), (35) present the advantage
to preserve the right ratios δ∗

k̂
/δ∗k and ω∗

k̂
/ω∗k as if we knew the number of iterations

performed by our Tunable Oracles Method (TOM) when exited. In addition, it does
not break our practical assumption of relative knowledge of ak’s and bk’s since we only
involve ratioswiping out any commonmultiplicative constant. Finally, such online schedule
allows for bk/ak’s that are not necessarily pre-computed. As mentioned earlier, in various
adaptive methods such coefficients are defined by the final result of local line-search tech-
niques [5,13,21]. This feature of our online strategy dramatically extends the applicability
of our approach, endowing it with local information exploitation, allowing for possible
non-monotonicity in the parameters δk or ωk used.

4. Numerical experiments

We present three experiments that showcase both our elaborated offline and online tech-
niques for TunableOracleMethods (TOM).We emphasize that we are primarily concerned
with showing that our approach effectively improves the efficiency of known existing
methods such as FGM [21].

The first experiment serves to validate our theoretical optimal offline schedules for var-
ious levels of parameters, i.e. r (oracle cost parameter), δ̄ (reference inexactness) and N
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(number of performed iterations). To stick to our theoretical framework as much as pos-
sible, we generate inexact oracle outputs by adding artificial noise to the gradients used in
FGM. The noise is chosen according to a simulated oracle cost one would invest to control
the level of inexactness. Confirming that our optimal schedules also perform better in a
practical setting is important, as numerical optimization methods (with or without inex-
actness) typically perform better than their worst-case guarantees in practice. Within this
setting, we show the superiority of our schedules compared to a constant schedule approach
with matching overall computational cost.

In the second and third experiments, we investigate how the offline and our heuristic
online approach behave within a real case where inexactness naturally emerges. Experi-
ments 1, 2 and 3 rely on the problem motivated in Example 2.3 but Experiment 3 allows
for line search within FGM hence turning it into an onlinemethod.

Our code is freely available on GitHub so that one can observe that the reported results
are representative of the usual performances.

Test problem and data generation

Wedescribe a robust optimization task involving a regularization parameterμ ≥ 0 and data
vectors � = {θi}ni=1,

θi ∼ N
(
0, Id/p

) ∀ i ∈ {1, . . . , n}
a collection of n ∈ N scenarios from Rd (p>0). We consider the classical problem where
one minimizes the worst outcome of the regularized linear objective only over the previ-
ously seen scenarios, i.e. one wishes to minimize a regularized objective μ

2 ||x||2 + 〈θ , x〉
over the unit simplex, i.e. � := {x ∈ Rd | x � 0, ||x||1 = 1} for a meaningful cost θ based
on historical data about its value, stored in O = [θ1, . . . , θn]T ,

min
x∈�

max
θ∈�

〈θ , x〉 + μ

2
||x||2 = min

x∈�
max

θ∈conv(�)
〈θ , x〉 + μ

2
||x||2. (36)

4.1. Experiment 1— softmax optimization under synthetic noise

In a large-scale setting, solving (36) using the standard epigraph reformulation might
be prohibitive and is sometimes replaced by a smoothed version of the robust objective,
leaving the feasible set intact, i.e. no extra constraint. Let υ > 0, the problem becomes2

F∗ = min
x∈Rd

F(x)︷ ︸︸ ︷
υ−1 log

(
n−1

n∑
i=1

exp(υ · 〈θi, x〉)
)
+ μ

2
||x||2

︸ ︷︷ ︸
f (x)

+χ�(x)︸ ︷︷ ︸
�(x)

. (37)

Solving (37) using FGM requires the ability to compute (in-)exact information about f
at any query point x ∈ X := �, i.e. (f̃ (x),∇ f̃ (x)) � (f (x),∇f (x)). Here, the value of f (x)
and its gradient ∇f (x) are available in closed form for (37) hence discarding the need for
schedules of inexactness. However, one could think about a game where one has to pay

https://github.com/guiguiom/TunableOracleMethods
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Table 1. Illustration of Assumptions A and B.

h(δk) ∝ ak ∝ bk

Example 2.1 δ−1k Ak+1 · (1+ μλk)
2 · λ−1k 1

Example 2.2 δ
− 2

3
k t−1k t

2
3
k

Example 2.3 log(δ−1k ) / δ
− 1

2
k Ak+1 1

δ−r (r>0) or − log(δ) (r = 0) to obtain ∇f (x) corrupted by a noise of limited radius α δ

depending on parameter r ≥ 0 , i.e. one gets ∇ f̃ (x) such that

∇ f̃ (x) = ∇f (x)+ α δ · u, (38)

with u ∼ U({u ∈ Rd | ||u|| = 1}). From [3], one can deduce that (f (x),∇ f̃ (x)) as defined
above provides a (4α δ,υ · ||O||2 + μ,μ) inexact information.

Test instances As suggested by Example 2.3, let us now try out FGM on problem (37)
with fixed stepsize L−1 = (υ · ||O||2 + μ)−1 and different values of μ, r, N, δ̄ while
using sequences of inexact information tuples parametrized by schedules {δk}N−1k=0 .
That is, for each instance (μ, r,N, δ̄) ∈ {0, 10−1} × {1} × {10, 500, 1000, 5000, 10000} ×
{10−1, 10−3, 10−5} or (μ, r,N, δ̄) ∈ {0, 10−1} × {0} × {10, 500, 1000, 5000, 10000} × {9 ·
10−3, 10−4, 10−6}, we compare our offline optimized approach {δk = δ∗k }N−1k=0 where δ∗
solves (17) with vectors (a, b) specified in Table 1, m = 0 and M = 100 (we allow the
inexactness from our tunable approach to be a hundred times worse than the reference δ̄)
with the constant schedule {δk = δ̄}N−1k=0 . We define the simulated cost of inexact oracles as
N/δ̄ =∑N−1

k=0 (δ∗k )
−1 (r = 1) and−N log(δ̄) = −∑N−1

k=0 log(δ∗k ) (r = 0)3 and match it to
the total cost of the constant δ̄ reference schedule. Finally, to tame the effects of the random-
ness inherent to our synthetic inexact information production, we aggregate the obtained
results from FGM over 5 runs with 5 different starting points drawn as x0 ∼ U(�). Here
below, the dimensions read (d, n,α, p) = (100, 500, 100, 10).

Estimation of F∗ Regarding this simple example, F∗ is estimated by the value of F at the
output from a noise-free FGM applied for 3 · 105 iterations.
Results Figures 4 and 5 show the evolution of the terminal primal optimality gap F(xN)−
F∗ = f (xN)− F∗ after N iterations of FGM (output iterate xN is in �) using the variants
of inexactness schedules described above. Each dot plotted on these graphs represents the
averaged performance over the 25 = 5 · 5 independent runs of either our tunable or the
constant approach for a single instance (μ, r,N, δ̄).

As predicted by the theory, the tunable inexactness schedule reached a better terminal
primal optimality gap for every setting tried. Not surprisingly, the gains were dramati-
cally more impressive when the discrepancy within impact coefficients {ak}N−1k=0 was high.
Intuitively, when such coefficients do not vary at all, our optimized tunable approach boils
down to the constant schedule and no gain is to expect at all. Table 1 recalls that ak = Ak+1
for any k ∈ [N] and Remark 3.2 suggests that {Ak}k∈N grows sublinearly (respectively lin-
early) when μ = 0 (respectively μ > 0). Therefore, settings in which μ > 0 are the most
promising in terms of gains in favour of the tunable approach, thanks to the inherent high
variance of impact coefficients. Figure 5 undoubtedly confirmed this hope with substantial
gains for our tunable approach although problem’s conditioning stays relatively small, i.e.
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Figure 4. (No regularization, μ = 0) — Softmax optimization with synthetic noise: (a) logarithmic
oracle cost (r = 0) and (b) inversely proportional oracle cost (r = 1).

Figure 5. (Regularization, μ > 0) — Softmax optimization with synthetic noise: (a) logarithmic oracle
cost (r = 0) and (b) inversely proportional oracle cost (r = 1).

μ/L � 10−5. Both Figures 4 and 5 show that the benefits of high discrepancy in impact
coefficients (hence in optimal inexactness schedules, see (28)) are enhanced by cheap ora-
cles, i.e. r → 0. We point out as a generic comment that for a small number of iterations,
the additive effect of inexactness does not dominate the error-free convergence bound and
one can barely observe any difference between our optimized approach and other inexact-
ness schedules. Finally, one can observe that some of the results linked to more accurate
reference inexactness of δ̄ ≤ 10−5 led to poorer primal optimality gaps for N = 102. This
unexpected phenomenon can be explained by the fact that for bigger values of δ, (38)might
actually yield more aggressive and successful descent directions, compared to plain accu-
rate gradients, again in a regime where the additive impact of inexactness is of secondary
importance.

4.2. Experiment 2 & 3— robust optimization over convex hull

As depicted in Example 2.3, onemay choose an anchor scenario θ̄ ∈ conv(�) and a param-
eter σ > 0 to regularize the innermaximization problem in (36) (right-hand side) yielding
a smoothed outer level objective [16]. Then, a challenging task consists of minimizing the
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worst possible outcome of the inner-regularized objective over the convex hull of all the
scenarios, i.e.

min
x∈�

max
θ∈conv(�)

〈θ , x〉 − σ

2
||θ − θ̄ ||2 + μ

2
||x||2. (39)

To that end, we adopt the anchor θ̄ = n−1
∑n

i=1 θi and construct the problem

F∗ = min
x∈Rd

F(x)︷ ︸︸ ︷
μ

2
||x||2 + max

w�0, ||w||1=1
〈OTw, x〉 − σ

2
||OTw− θ̄ ||2︸ ︷︷ ︸

q(w;x)︸ ︷︷ ︸
f (x)

+χ�(x)︸ ︷︷ ︸
�(x)

. (40)

Again, as motivated in Example 2.3, we use FISTA from [23] with amomentum depending
on the number κ̂ = λmin(OOT)

λmax(OOT)
in order to get wx � 0, ||wx||1 = 1 ensuring

f (x)−
(μ

2
||x||2 + q(wx; x)

)
≤ δ. (41)

Then (f̃ (x),∇ f̃ (x)) = (
μ
2 ||x||2 + q(wx; x),μx+ OTwx) provides (2δ, 2 · σ−1 + μ,μ)

inexact information about f, tuple used within FGM to solve problem (39).
We monitor the quality of a candidate w(ω)

x at any point x ∈ � after ω inner iterations
thanks to the Frank–Wolfe gap FW(ω), which is defined as follows:

FW(ω) = max
j∈[ω]

max
w�0, ||w||1=1

q(w(j)
x ; x)+ 〈∇q(w(j)

x ; x),w− w(j)
x 〉 − q(w(ω)

x ; x). (42)

As soon as the Frank–Wolfe gap satisfies FW(ω) ≤ δ we have that the quality w(ω)
x ful-

fils (41). In order to speed-up computations to obtain approximate solutions of the inner
problem, we give as starting point of FISTA the solution obtained at the last oracle call.

Estimation of F∗ Let x̂∗ ∈ � be the best known solution to (40). Then, by convexity of the
objective, we estimate a lower-bound for F∗ as follows:

F∗ = min
x∈�

f (x) ≥ min
x∈�

μ

2
||x̂∗||2 + q(wx̂∗ ; x̂∗)︸ ︷︷ ︸

f̃ (x̂∗)

+〈μx̂∗ + OTwx̂∗︸ ︷︷ ︸
∇ f̃ (x̂∗)

, x− x̂∗〉 + μ

2
||x− x̂∗||2,

(43)
where wx̂∗ represents the w candidate that achieved 10−10 precision when computing an
approximate pair (f̃ (x̂∗),∇ f̃ (x̂∗)) � (f (x̂∗),∇f (x̂∗)) with respect to criterion (41).

Offline schedules (Experiment 2)
Test instances Here, we run FGM with stepsize L−1 = (2σ−1 + μ)−1 for a pre-
defined number of iterations N. We have tested the two following settings in
terms of scaling and dimension: (d, n, p, σ) = (100, 500, 5−1, 10−3) and (d, n, p, σ) =
(1000, 500, 5−1, 10−3). The first setting led to κ̂ = 0 hence implying that the ora-
cle cost parameter r equals 1

2 whereas under the second setting κ̂ > 0 and r is
taken as 0, recalling the arguments of Example 2.3. For each instance (μ, r,N, δ̄) ∈
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{0, 10−1} × { 12 } × {10, 500, 1000, 5000} × {10−1, 10−3, 10−5} or (μ, r,N, δ̄) ∈ {0, 10−1} ×
{0} × {10, 500, 1000, 5000} × {9 · 10−3, 10−4, 10−6}, we obtain our tunable δ∗ by solving
problem (17) in the very same fashion as Experiment 1. Although the overall computa-
tional cost of our tunable {δk = δ∗k }N−1k=0 schedule is meant to coincide with the computa-
tional cost of the constant schedule {δk = δ̄}N−1k=0 , the oracle cost model does not always
perfectly fit the true encountered computational costs required to produce the inexact
information tuples. Therefore, we record the total number of inner iterations

∑N−1
k=0 ωk as

well as the final primal accuracy about (40) for fair comparisons. This latter entails the com-
putation of f (xN) = F(xN), also performed at 10−10 precisionwith respect to criterion (41)
(see above). Here, x̂∗ stems as the output of FGM for 8 · 103 iterations with constant inex-
actness level of 10−8 when r = 0. Because of much more expensive oracles, we execute
only 5 · 103 iterations at inexactness level 10−7 to produce x̂∗ when r = 1

2 . To reduce the
eventual initialization bias x0 ∼ U(�), we averaged the results of 10 repetitions.

ResultsHere, we have plotted the terminal primal optimality gaps against the overall oracle
workloads

∑N−1
k=0 ωk afterN (outer-)iterations of FGM. Since the wall-clock times strongly

correlate with the workloads, we have chosen no to display duplicate figures other than
Figures 6 and 7. Again, each dot symbolizes the averaged performance tracked for one spe-
cific inexactness schedule for one specific instance defined by the vector (μ, r,N, δ̄). One
can observe that most of the trends highlighted in the paragraph about the results of our
synthetic first experiment still hold for this real second experiment. Notably, it looks like
that regularization plays a key role in the substantial superiority of our optimized tunable
approach. Again, this is understood by a variability of possibly several orders of magni-
tude in the value of impact coefficients {ak}N−1k=0 when μ > 0. In every case, our tunable
approach was more efficient, i.e. it dominated the constant approach in the Pareto sense
in the plane of reached primal optimality versus unit of workload spent in the inner prob-
lems. In Figures 6(a) and 7(a), the tunable schedule based on a reference inexactness δ̄ fixed
to 10−6 (yellow) did take more inner iterations for N = 500 than N = 1000. Although
not intuitive, this behaviour can be explained. It happens that oracles cost way less than
expected, especially for low requested accuracies. In what concerns Experiment 2, it could

Figure 6. (No regularization,μ = 0)—R.O. overConvexHull,offlinewithmultiple δ̄: (a) smooth strongly
convex inner problem (r = 0) and (b) smooth convex inner problem (r = 1

2 ).
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Figure 7. (Regularization, μ > 0) — R.O. over Convex Hull, offline with multiple δ̄: (a) smooth strongly
convex inner problem (r = 0) and (b) smooth convex inner problem (r = 1

2 ).

even happen that FISTA’s starting iterate at outer iteration k,w(0)
xk = w(ωk−1)

xk−1 , already fulfils
δk inexactness for free, i.e. ωk = 0. It turns out that our tunable approach for N = 1000
benefited more of such cheap-meal phenomenons since its linked schedule demands less
accurate oracles than the one withN = 500 in early iterations. Overall, a reference inexact-
ness δ̄ ∈ [10−3, 10−2] provided the best trade-off to reach a given primal accuracy target
within this offline setting.

Online schedules (Experiment 3)
Test instancesFinally, we runFGMwith adaptive stepsizesL−1k > 0 for any k ≥ 0.A stepsize
is validated at iteration k as soon as the inequality

f̃ (xk+1) ≤ f̃ (yk)+ 〈∇ f̃ (yk), xk+1 − yk〉 + Lk+1
2
||xk+1 − yk||2 + 2 δk (44)

holds for (2δk, σ−1 + μ,μ) inexact information tuples at feasible points xk+1 and yk
respectively. FGM increases by 3/2 the stepsize when an iteration succeeds, i.e. (44) passes,
and decreases it by a factor 2 otherwise. Note that (44) is always satisfied for Lk+1 ≥ σ−1 +
μ. Convergence guarantees like (13) are conserved [21] but now the impact coefficients
ak = Ak+1 depend on Lk+1 via the recursion (A0 = 0)

Ak+1(1+ μAk) = Lk+1(Ak+1 − Ak)
2 (45)

and are therefore not predictable in advance. This paves the way for the application of our
online approach (34) with Nr = 50. Nr is kept small in practice, its sole interest being to
specify the very first inexactness parameters before the online approach takes over. Yet,
one must simulate theNr first coefficients {ak}Nr−1

k=0 required to devise the offline optimized
schedule {δ∗k }Nr−1

k=0 from (17). To that purpose, one fakes the value of Lk+1 fixing it to L =
σ−1 + μ within (45) and uses the computed {ak = Ak+1}Nr−1

k=0 .
For each level of reference inexactness δ̄ ∈ {9 · 10−3, 10−4, 10−6}, we tried four different

inexactness schedules. That is for any iteration index k ≥ 0, the constant one δk = δ̄, the
heuristic online tunable (as described above) with ak = Ak+1, the fully sublinear mono-
tonically decreasing tuned as in [24] (poly-3), δk = δ̄ (k+ 1)−3 and the fully linear one
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[13] (linear) with δk = δ̄ (1−√μ/L)−k. For this experiment, x̂∗ (see (43)) is taken as
the output of adaptive FGM after at 3 · 103 iterations with constant inexactness of 10−12
for r = 0 and 10−8 otherwise for r = 1

2 . We have conducted five random initializations of
the settings; (d, n, p, σ) = (50, 100, 5−1, 10−3) which, akin to Experiment 2, led to κ̂ = 0
and thus r = 1

2 and (d, n, p, σ) = (200, 100, 5−1, 10−3) that gave κ̂ > 0 and, accordingly,
r = 0. Finally, we set the regularization to μ = 10−1.

ResultsWe decided to keep track of the primal objective value every 10 outer iterations, i.e.
when kmod 10 = 0,we did compute f̃ (xk) � f (xk)with precision 10−10. After the runs, we
turned these primal objective values into primal optimality gaps thanks to our estimation
of F∗.

We can observe on Figures 8, 9 and 10 that our online heuristic tunable inexactness
schedule adapts well to the error-free speed of convergence of FGM, symbolized by the
value of the main sequence {Ak}k∈N.

We recall that its starting growth is of order O(k2) but eventually, since μ > 0 in the
present experiment, a linear growth rate shows up lately [13,21]. It is worth noting that

Figure 8. (Regularization, μ > 0) — R.O. over Convex Hull, online with low accuracy δ̄: (a) smooth
strongly convex inner problem (r = 0) and (b) smooth convex inner problem (r = 1

2 ).

Figure 9. (regularization, μ > 0) — R.O. over Convex Hull, online with medium accuracy δ̄: (a) smooth
strongly convex inner problem (r = 0) and (b) smooth convex inner problem (r = 1

2 ).
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Figure 10. (Regularization, μ > 0) — R.O. over Convex Hull, online with high accuracy δ̄: (a) smooth
strongly-convex inner problem (r = 0) and (b) smooth convex inner problem (r = 1

2 ).

(linear) schedule was the best in the low reference inexactness regime. Nevertheless,
overall, neither (poly-3) or (linear) adapts as well as our schedule. Indeed, although
comparable to tunable when r = 1

2 on Figures 8(b), 9(b) and 10(b), poly-3 does not
take advantage of the regularization whereas linear appears way too conservative on
Figures 9 and 10, perhaps to preserve as much as possible the asymptotical rate of conver-
gence of the error-free counterpart of FGM.The reference constant schedule for inexactness
turns out to be competitive until error-accumulation (see Remark 2.1) undermines further
improvements.

5. Conclusion

In this paper, we considered a class of iterative algorithms, namely Tunable Oracle Meth-
ods (TOM), for which one can take advantage from the combined knowledge of both the
computational cost associated with the oracle calls and the impact of associated inexact-
ness on the convergence. We have shown how to choose optimally the level of inexactness
that should requested at each iteration.Our numerical experiments confirm the superiority
of these optimal schedules over the use of constant inexactness, for a given total compu-
tational budget, and also compare favourably with existing baselines from the literature.
Future work may include a tight analysis of other iterative methods that involve control-
lable inexactness, e.g. bilevel learning, for which we can also hope that optimal inexactness
schedules enhance the practical performances. Another direction for future researchwould
be to gain insight about random inexactness rather than the (possibly) adversarial model
considered in this paper. In this context, the goal could be to choose the appropriate amount
of work to drive the distribution of inexactness towards the local needs of the iterative
algorithm.

Notes

1. The existence of a closed-form or at the expense of an easy one-dimensional segment-search.
2. Note that the value of (37) differs at most by ε = μ+ n/υ from (36).
3. M δ̄ < 1 to ensure that any iteration costs a strictly positive amount of work.
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Appendix A. Miscellaneous proofs

A.1 Proof of Theorem 3.1

Proof: We proceed in two sequential steps: proving (19) then (20) with the help of (19). Let us
proceed by absurdum by assuming that there exists a pair of indices

(k1, k2) ∈ {0, . . . ,N − 1}2 such that

Ik1 � Ik2 ∧ σ ∗k1 < σ ∗k2 .

We consider the function

(σk1 , σk2) ∈ R
2 → f (σk1 , σk2) := nk1(σk1)+ nk2(σk2)+

N−1∑
k=0, k�=k1, k�=k2

nk(σ ∗k ) ∈ R+

Trivially, the entries σ ∗k1 and σ ∗k2 introduced before form a solution of the two-dimensional problem

min
σk1∈�, σk2∈�

f (σk1 , σk2) s.t. dk1(σk1)+ dk2(σk2) = D̃ = D−
N−1∑

k=0, k�=k1, k�=k2
dk(σ ∗k ).

Let us show that σ ∗k1 < σ ∗k2 is impossible under the hypotheses above. KKT necessary conditions
ensure the existence of λ̃ ∈ R, μ̃k1,⊕, μ̃k1," ≥ 0 and μ̃k2,⊕, μ̃k2," ≥ 0 with

n′k1(σ
∗
k1)+ λ̃ d′k1(σ

∗
k1) = (μ̃k1," − μ̃k1,⊕)

n′k2(σ
∗
k2)+ λ̃ d′k2(σ

∗
k2) = (μ̃k2," − μ̃k2,⊕)

(l− σ ∗k1) · μ̃k1," = 0

(l− σ ∗k2) · μ̃k2," = 0

(u− σ ∗k1) · μ̃k1,⊕ = 0

(u− σ ∗k2) · μ̃k2,⊕ = 0.

The only possible scenarios leading to l ≤ σ ∗k1 < σ ∗k2 ≤ u are achieved when μ̃k1,⊕ = μ̃k2," = 0
implying that

− n′k2(σ
∗
k2)+ μ̃k2,⊕
d′k2(σ

∗
k2)

= λ̃ = −n′k1(σ
∗
k1)− μ̃k1,"
d′k1(σ

∗
k1)

. (A1)

After elementary calculations, it must follow that

1+ μ̃k2,⊕
n′k2 (σ ∗k2 )

1− μ̃k1,"
n′k1 (σ ∗k1 )

=
Ik1(σ ∗k1)
Ik2(σ ∗k2)

< 1.

The inequality comes from the fact that {Ik}N−1k=0 functions are strictly increasing and strictly negative
on � while σ ∗k1 < σ ∗k2 . Indeed, our inductive step leads to

Ik1(σ ∗k1)− Ik2(σ ∗k1) ≥ 0⇒ 0 < Ik1(σ ∗k1)/Ik2(σ
∗
k1) ≤ 1,

because of the strict negativity of {Ik}N−1k=0 . One then notes Ik2(σ ∗k1) < Ik2(σ ∗k2).
Therefore, one should observe that

0 ≤ 1+ μ̃k2,⊕
n′k2(σ

∗
k2)

< 1− μ̃k1,"
n′k1(σ

∗
k1)

,

which turns out to be impossible since {nk}N−1k=0 functions are strictly increasing on �.
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We conclude that (19) is correct. To prove (20) on the other hand, let us imagine this time that
there exists a pair of indices (k1, k2) ∈ {0, . . . ,N − 1}2 such that

Ik1 � Ik2 ∧ l < σ ∗k1 ≤ σ ∗k2 < u.

Clearly, (19) already shows that σ ∗k1 �< σ ∗k2 . The only plausible scenario left resumes in l < σ ∗k1 =
σ ∗ = σ ∗k2 < u. Setting μ̃k1,⊕ = 0 = μ̃k2," in (A1) yields

−Ik2(σ ∗) = λ̃ = −Ik2(σ ∗).
Again, this contradicts our assumption that Ik1 � Ik2 . �

A.2 Proof of Theorem 3.3

Proof: A neutral schedule {δk = δ̄}N−1k=0 certifies, trivially, the feasibility of problem (17) whose basic
domain�N is compact. Since δ̄ ∈ int(�) =]mδ̄, Mδ̄[ is fixed, according to the definition of hwithin
Assumption B, we can write

0 <

N−1∑
k=0

bk h(δ̄) = B̄ < ∞.

Before diving into KKT conditions, let us point out two observations:

(1) Withm< 1, {δk = mδ̄}N−1k=0 is clearly not feasible since h is assumed to be strictly decreasing on
�.

(2) With M> 1, {δk = Mδ̄}N−1k=0 is clearly not optimal since the neutral schedule above is feasible
and

N−1∑
k=0

ak δ̄ = ||a||1 δ̄ < M ||a||1 δ̄ =
N−1∑
k=0

ak Mδ̄

as a � 0 according to Assumption (3.1).

Assumptions of Theorem 3.3 satisfy the ones required by Theorem 3.1 so that this latter applies
verbatim to problem (17) with nk(·) = ak (·) and dk(·) = bk h(·).

The negative sign of h′ ensures the soundness of our ranking (cfr. (21)).

ρ(k1) < ρ(k2) ⇒ νk1 = bk1/ak1 ≥ bk2/ak2 = νk2

leading to
Ik1(·) = ak1/(bk1 h

′(·)) � ak2/(bk2 h
′(·)) = Ik2(·).

Since n′k/d
′
k ratios are strictly increasing and negative, we can claim that there exists

N⊕,N" ∈ {0, . . . ,N − 1} defining two subsets ⊕ = {k | ρ(k) < N⊕}," = {k | ρ(k) > N − 1−
N"} of {0, . . . ,N − 1} such that δ∗k will be affected to the upper-bound u = Mδ̄ if k ∈ ⊕ whereas
it will be assigned the lower-bound l = mδ̄ if k ∈ ". By means of our two previous observations,

N⊕,N" < N.

If (⊕,") forms a partition of {0, . . . ,N − 1} with∑
k∈⊕

bk h(Mδ̄)+
∑
k∈"

bk h(mδ̄) = B̄, (A2)

then the inherent schedule δk = Mδ̄ for every k ∈ ⊕, δk = mδ̄ for every k ∈ "might be a solution
of (17). The structure of such schedule is identical to the one expected by (23).We consider nowother
possible solutions. KKT necessary conditions (see LICQ below) imply that if δ∗ is a local optimum
of (17), then there exist λ̃ ∈ R, μ̃", μ̃⊕ ∈ R

N+ (dual feasibility) such that equalities and equalities of
Table A1 are jointly satisfied. When the context is not misleading, we make the abuse of notation for
any δ ∈ �N , h′(δ) = (h′(δ0), . . . , h′(δN−1))T and h(δ) = (h(δ0), . . . , h(δN−1))T .
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�

Indeed, (17) enjoys the LICQ constraint qualification at any δ ∈ �N not matching the degener-
ate case (A2). At any feasible δ ∈ �N , the span of active constraints’ gradients always involve h′(δ)
whose entries are all non-zero, excepted eventually at k+ ∈ ⊕ where δk+ = Mδ̄ if h′(Mδ̄) = 0 (due
to the convexity of h and strict monotony of h′). Gradients of other active constraints are vectors ek+
for k+ ∈ ⊕ and ek− for k− ∈ " that are all linearly independent. Since we explicitly discard sched-
ules of (A2) type, it must exist an entry k ∈ {0, . . . ,N − 1} where bound constraints are inactive,
hence h′(δk) < 0. To obtain the 0 vector from a linear combination of active constraints’ gradients,
one should then take zero times h′(δ). If no bound constraint is active at δ then the induced lin-
ear combination immediately turns out to be the trivial one. Conversely, if some bound constraints
are active, then their associated coefficients in the linear combination must also be zero as shown
previously, giving rise again to the null combination.

Note that KKT conditions are sufficient since the relaxation (convex) of (17)

min
mδ̄�δ�Mδ̄

N−1∑
k=0

ak δk s.t.
N−1∑
k=0

bk h(δk) ≤ B̄ (A3)

would always lead to an optimal solution that tightens the budget constraint as a � 0 and h is strictly
decreasing. For writing ease, let us now denote

T = {0, . . . ,N − 1}\(⊕ ∪")

In line with the comments made so far, we look after a schedule {δ∗k }N−1k=0 of the form⎧⎪⎨
⎪⎩

δ∗k = M δ̄ k ∈ ⊕
δ∗k ∈ ]mδ̄,Mδ̄[ k ∈ T
δ∗k = m δ̄ k ∈ "

(A4)

for two positive integers N⊕,N" with 0 ≤ N⊕ + N" ≤ N − 1.
For any k ∈ T , stationarity requirement compels

ak + λ̃ bk h′(δ∗k ) = 0⇒ h′(δ∗k ) = −(λ̃ a−1k bk)−1 = ak λ∗

bk
⇒ δ∗k = (h′)(−1)

(
ak λ∗

bk

)
for λ∗ = −(λ̃)−1 ∈ R. Primal feasibility (budget) row of Table A1 translates to (24).

A.3 Uniqueness

Proof: We prove here the uniqueness of δ∗. For ease of writing, let us reuse the notation
N−1∑
k=0

bk h(δ̄) = B̄.

Aside from the fact that all the entries νk of ν supposedly differ, Assumption 3.1 about h certifies that
for any fixed N⊕, N", there can be at most one λ∗ ∈ R ensuring (24). Seen from a different angle,
for any couple (N⊕,N") there can be a single {δ∗k (N⊕,N")}N−1k=0 respecting both (23) and (24). Let

Table A1. KKT conditions for (17).

a+ λ̃ b
 h′(δ∗) = (μ̃" − μ̃⊕) Stationarity
mδ̄ � δ∗ � Mδ̄ Primal feasibility (bounds)
bT h(δ∗) = B̄ Primal feasibility (budget)
(mδ̄ − δ∗)
 μ̃" = 0 Complementary (–)
(δ∗ − Mδ̄)
 μ̃⊕ = 0 Complementary (+)
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us assume by absurdum the optimality of two such schedules. Then, there must exist two couples
(N⊕,1,N",1) and (N⊕,2,N",2) such that

N−1∑
k=0

ak δ∗k (N⊕,1,N",1) = u∗ =
N−1∑
k=0

ak δ∗k (N⊕,2,N",2).

Any schedule δ̂(t) in between for t ∈]0, 1[ with

δ̂
(t)
k = t · δ∗k (N⊕,1,N",1)+ (1− t) · δ∗k (N⊕,2,N",2)

for every k ∈ {0, . . . ,N − 1} would trivially also yield the optimal cost u∗. By convexity of the set
H ⊂ �N ,

H =
{

δ ∈ �N |
N−1∑
k=0

bk h(δk) ≤ B̄
}
,

we have that δ∗(N⊕,1,N",1) ∈ H ∧ δ∗(N⊕,2,N",2) ∈ H⇒ δ̂(t) ∈ H. We examine two mutually
exclusive situations.

(1)
∑N−1

k=0 bk h(δ̂
(t)
k ) < B̄. Then, it is possible to decrease at least one entry of δ̂(t) and obtain a

strictly better objective value meaning that δ∗(N⊕,1,N",1) and δ∗(N⊕,2,N",2) were not jointly
optimal: contradiction.

(2)
∑N−1

k=0 bk h(δ̂
(t)
k ) = B̄. In such scenario, the entire segment [δ∗(N⊕,1,N",1), δ∗(N⊕,2,N",2)]

must be an edge of H. We can quickly invoke continuity arguments suggesting the existence
of multiple schedules on that segment sharing both a common number of δ∗k = Mδ̄ (same N⊕
value) and a common number of δ∗k = mδ̄ (same N" value). Yet by linearity their objective
value would remain equal to u∗. As mentioned above, this is impossible because there exists at
most one valid schedule δ∗(N⊕,N") by pair (N⊕,N"): contradiction.

�

A.4 Closed-form schedules with cut-off

We extend the family of {hr>0} functions and incorporate the limiting case r = 0.
For any r ≥ 0,

hr(δ) =
{
− log(δ) r = 0
(δ)−r r > 0

⇒ (h′r)
(−1) (−ω) =

{
(ω)−1 r = 0(

ω
r
)− 1

r+1 r > 0.
(A5)

Wekindly remind thatwe only focus on instances of h functions positive on their respective domains.
BothTheoremsA.1 andA.2 immediately follow fromTheorem3.3, their respective proof is therefore
omitted.

Theorem A.1: Let Assumptions A and B hold with (a, b) ∈ R
N×2
++ , m< 1<M and h = hr≥0 :

[m δ̄,M δ̄]→ R+.
∃N⊕,N" ∈ {0, . . . ,N − 1}, λ̂ ∈ R such that ∀ k ∈ {0, . . . ,N − 1}

δ∗k =

⎧⎪⎪⎨
⎪⎪⎩
M δ̄ k ∈ ⊕ := {k̃ | ρ(k̃) < N⊕}
λ̂
(
bk
ak

) 1
r+1 k ∈ T := {k̃ |N⊕ ≤ ρ(k̃) ≤ N − 1− N"}

m δ̄ k ∈ " := {k̃ | ρ(k̃) > N − 1− N"},
(A6)
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where ρ(k) depicts the descending rank of νk = bk/ak, λ̂ > 0 is defined as

λ̂ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

δ̄ ·
[
M

∑
k∈⊕ bk ·m

∑
k∈" bk

�k∈T (bk/ak)−bk

]−(
∑

k∈T bk)
−1

r = 0

δ̄ ·
[(∑N−1

k=0 bk
)
−(

∑
k∈⊕ bk)M−r−(

∑
k∈" bk)m−r∑

k∈T (ark bk)
1

r+1

]− 1
r

r > 0
(A7)

and δ∗ stands as a solution of (17).

TheoremA.2: Let AssumptionsA and B hold with (a, b) ∈ R
N×2
++ ,ωM < ω̄/N < ωm and h = hr>0 :

R+ → R+.
∃N⊕,N" ∈ {0, . . . ,N − 1}, λ̂ ∈ R such that ∀ k ∈ {0, . . . ,N − 1}

ω∗k =

⎧⎪⎨
⎪⎩

ωM k ∈ ⊕ := {k̃ | ρ(k̃) < N⊕}
λ̂ (ark bk)

1
r+1 k ∈ T := {k̃ |N⊕ ≤ ρ(k̃) ≤ N − 1− N"}

ωm k ∈ " := {k̃ | ρ(k̃) > N − 1− N"},
(A8)

where ρ(k) depicts the descending rank of νk = (ark bk)
−1, λ̂ > 0 is defined as

λ̂ =
[

ω̄ − N⊕ ωM − N" ωm∑
k∈T (ark bk)

1
r+1

]
(A9)

and ω∗ stands as a solution of (30).
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