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Abstract
Ehm et al. (2016) defined forecast dominance, or Bregman dominance as dominance
for every Bregman loss function. This letter explores Bregman dominance to com-
pare competing candidate pure premiums. An actuarial interpretation is given for
the expectation of extremal consistent loss functions characterizing Bregman domi-
nance, showing their relevance in the context of insurance pricing. An effective testing
procedure for Bregman dominance is proposed based onMurphy diagrams and its per-
formance is evaluated through a simulation study. Compared to the existing literature,
the proposed testing procedure is easier because it exploits the independence and
homogeneity assumptions made in insurance studies and focuses on the conditional
mean. An application to a Swiss motor insurance data set demonstrates the potential
of the proposed procedure.

Keywords Insurance pricing · Model comparison · Bregman dominance · Murphy
diagram · Statistical test

1 Setting

Given a response Y (claim number or claim amount) and a set of features X1, . . . , X p

gathered in the vector X , actuarial pricing aims to evaluate the pure premium μ(X) =
E[Y |X] as accurately as possible. To this end, the function x �→ μ(x) = E[Y |X = x]
is approximated by a (working, or actual) pure premium x �→ π(x) based on an
additive or piece-wise constant score. Once fitted on the training data set using an
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494 M. Denuit et al.

appropriate learning procedure, this produces estimates, or predicted values π̂(x) for
μ(x).

The developments in this paper hold the training set as fixed. Precisely, π̂ is assumed
to have been obtained by minimizing the average empirical loss given some training
set and all formulas in the text are meant given this training set. The respective per-
formances of competing models can then be assessed on the basis of a validation set
{(Yi , X i ), i = 1, 2, . . . , n}, that has not been used to obtain π̂ . Provided the valida-
tion set comprises a large number of independent and identically distributed random
vectors (Yi , X i ), this allows us to perform calculations with a generic random vector
(Y , X), independent of, and distributed as the observations contained in the training
set. This assumption is retained throughout the paper.

2 Bregman dominance

Patton [9] established that Bregman loss functions are those attaining theirminimum at
the expected value of the response, subject to weak regularity conditions. The class of
Bregman loss functions is then said to be strictly consistent for the (conditional) mean
functional. We refer the interested reader to [5] for a general overview of consistency
in statistics.

Since pure premiums correspond to conditional expectations, every Bregman loss
function is thus eligible to fit π̂ . See e.g. Table 1 in [6] as well as [8] for examples of
Bregman loss functions. Interestingly, all deviance functions associated to Exponential
Dispersion distributions are Bregman loss functions.

We refer the reader to [4] for a general account of model comparison in an insurance
context. As pointed out in 2015 by Patton (the reference is now updated to Patton,
2020), rankings of two predictors may depend on the specific consistent loss function
used for out-of-sample evaluation. That iswhy [2, 3, 14, 16] and [1] proposed graphical
tools and hypothesis tests to assess the robustness of empirical forecast rankings. In
their terminology, one predictor dominates another if it performs better with respect
to every consistent loss function. This approach leads to Bregman dominance when
considering pure premiums. Stated precisely, π̂2 outperforms π̂1 in terms of Bregman
dominance if the inequality E[L(Y , π̂2(X))] ≤ E[L(Y , π̂1(X))] holds true for every
Bregman loss function L . This guarantees that the better performance of π̂2 compared
to π̂1 is robust across all Bregman loss functions.

3 Murphy diagram

Krüger and Ziegel [6] established that π̂2 outperforms π̂1 in terms of Bregman domi-
nance if, and only if,

E
[

(t − Y )
(

I[π̂2(X) > t] − I[π̂1(X) > t])] ≤ 0 for all t ∈ R, (1)

where I[·] is the indicator function (equal to 1 if the event appearingwithin the brackets
is realized and to 0 otherwise). Note that in applications to insurance pricing, π̂k is
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Comparison Of Predictors’ Performance In Insurance Pricing 495

positive and finite for k ∈ {1, 2} so that condition (1) is automatically fulfilled for
every t < 0 and we can restrict our attention to finite values of t ≥ 0. Therefore, we
will assume below that the set on which (1) must hold to get dominance is a compact
subset–� say–of the positive real line.

The aim of insurance ratemaking, or actuarial pricing is to evaluate the pure pre-
miumas accurately as possible. Thismeans that the target is the conditional expectation
μ(X) of the response Y . Thus, the goal is to estimate the unknown μ(X) and not to
predict response values. This point is crucial for proper understanding of insurance
ratemaking: predicting the actual losses Y is meaningless since the very nature of
insurance is to compensate losses within large groups. If actuaries were able to pre-
dict the response Y accurately, insurance would even become useless because every
policyholder would be charged his or her actual losses. Instead, actuaries are only
interested in the true pure premium μ(X) because insurance exploits the fact that
individual departures Y − μ(X) just cancel each other when they are summed over a
sufficiently large portfolio. We refer the reader to [7] for more details about the very
aim of insurance ratemaking, which is not to predict the actual losses Y but to create
accurate estimates of μ(X), which is unobserved. This point of view differs from the
literature devoted to predictive accuracy and forecast dominance.

Inequality (1) possesses a nice interpretation in terms of performances of the can-
didate pure premiums π̂1 and π̂2 as it can be rewritten as

E
[

(μ(X) − t)I[π̂1(X) > t]] ≤ E
[

(μ(X) − t)I[π̂2(X) > t]] for all t ∈ �. (2)

Inequality (2), which is equivalent to (1), compares π̂1 and π̂2 with the help of the true
pure premium μ(X). Now, (2) explains why the actuary should consider π̂2 as being
superior to π̂1 when (1) holds true. Inequality (2) requires that whatever the threshold
t , the average excess of true pure premium μ(X) over threshold t when the candidate
premium exceeds this threshold is larger for π̂2 compared to π̂1. When this holds for
every t , it means that π̂2 better captures the behavior of the true pure premium above
any selected threshold t than π̂1. The same interpretation holds with shortfalls since
(1) can be rewritten as

E
[

(t − μ(X))I[π̂1(X) ≤ t]] ≤ E
[

(t − μ(X))I[π̂2(X) ≤ t]] for all t ∈ �.

Of course, since the true pure premiumμ(·) is unknown in applications, the inequal-
ities withμ(X) remain conceptual and only serve to provide actuaries with an intuitive
meaning for (1) and its relevance in insurance studies. In practice, the inequalities with
the observed response Y replacing the true pure premiumμ(X) can be estimated from
the available data and can be used to assess the performances of the candidate pure
premiums π̂1 and π̂2 under consideration.

Subtracting E[(μ(X)− t)+] to both sides of inequality (2), we recover the extemal,
or elementary scores identified by Ehm et al. ([2]), but where Y is replaced withμ(X).
However, the interpretation given by these authors in the context of forecasting does
not translate to insurance ratemaking.
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496 M. Denuit et al.

Denoting as

Lt (π̂k(X),Y ) = 1

2
(t − Y )I[π̂k(X) > t] (3)

the extremal consistent loss function of [2] for the mean indexed by the parameter
t ∈ � (up to a term that does not depend on π̂k(X)), k = 1, 2, we see that (1) is
equivalent to E[Lt (π̂2(X),Y )] ≤ E[Lt (π̂1(X),Y )] for all t ∈ �.

Ehm et al. [2] used the extremal consistent loss functions (3) to graphically compare
performances of two predictors. Those graphs are known as Murphy diagrams; see,
e.g., [4] for applications to insurance. Coming back to the interpretation of (1) in
terms of performances of candidate pure premiums, we see that Murphy diagrams
actually assess the accuracy of the pricing structure. The actuary must then favor
candidate premiums leading to smaller expected loss (3) because this means that
the corresponding premium better capture the behavior of the true, unknown pure
premium.

While the Murphy diagram is a useful tool, it only provides graphical evidence
of the performance differences but gives no formal statistical justification. [3, 6] and
[14] already developed statistical tests for Bregman dominance based on the extremal
consistent loss functions of [2]. However, these authors consider forecasts based on
time series whereas the present paper considers predictions made from independent
data as commonly found in insurance. This allows us to propose a simple testing
procedure of Kolmogorov-Smirnov type.

EveryBregman loss function can be recovered as aweighted average of the extremal
consistent loss functions (3). Let us illustrate this result with the classicalmean squared
error (MSE):

E

[∫ ∞

0
Lt (π̂k(X),Y )dt

]

= 1

2
E

[

∫ π̂k (X)

0
(t − Y )dt

]

= 1

4
E
[

(π̂k(X) − Y )2 − Y 2] (4)

which reduces to theMSE since the second term does not involve the predictor π̂k(X).
This shows that MSE is an aggregation of the finer information provided by Murphy
diagram.

4 Testing for Bregman dominance

Consider two predictors π̂1(X) and π̂2(X) valued in the sets �1 ⊆ R and �2 ⊆ R,
respectively, and let � = [min(�1 ∪�2),max(�1 ∪�2)] ⊆ R be a compact interval.
From (1), we want to test the null hypothesis

H0 : E[

(t − Y ) (I[π̂2(X) > t] − I[π̂1(X) > t]) ] ≤ 0 for all t ∈ �

against the alternative
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H1 : E[

(t − Y ) (I[π̂2(X) > t] − I[π̂1(X) > t]) ]

> 0 for some t ∈ �.

Let

D(t) := E
[

(t − Y ) (I[π̂2(X) > t] − I[π̂1(X) > t]) ]

, t ∈ �, and D := sup
t∈�

D(t).

The null hypothesis H0 is then equivalent to D ≤ 0. A natural estimator Dn(t) of
D(t) is

Dn(t) = 1

n

n
∑

i=1

(t − Yi ) (I[π̂2(X i ) > t] − I[π̂1(X i ) > t]) .

A test statistic of Kolmogorov-Smirnov type can then be defined as

Tn = sup
t∈�

√
nDn(t).

The test will reject the null hypothesisH0 at level β ∈ (0, 1) if the value of Tn exceeds
some critical value cβ . The critical values cβ can be obtained by studying the limiting
behavior of the empirical process

√
n(Dn(t) − D(t)) under the null hypothesis. We

have the following result.

Proposition 4.1 Assume that the second moment of Y exists, i.e. E[Y 2] < ∞. Then,
when D(t) = 0, which is at the boundary betweenH0 andH1, the empirical process√
nDn(t) converges weakly to a Gaussian process with mean zero and covariance

function

�(t1, t2) := E
[

(t1 − Y )
(

I[π̂2(X) > t1] − I[π̂1(X) > t1]
)

(t2 − Y )
(

I[π̂2(X) > t2] − I[π̂1(X) > t2]
)

]

. (5)

The proof of Proposition 4.1 is given in Appendix A. From Proposition 4.1 and the
continuous mapping theorem, it follows that a Kolmogorov-Smirnov type test can be
derived by rejecting the null hypothesis H0 at the asymptotic level β ∈ (0, 1) when

Tn = sup
t∈�

√
nDn(t) > cβ, (6)

where the critical value cβ can, in principle, be obtained fromProposition4.1.Although
Proposition 4.1 shows that Tn in (6) is a natural test statistic for the problem consid-
ered, computing the critical value cβ is challenging as it requires the computation of
�(t1, t2), which is impractical due to the unknown distribution of (Y , π̂1(X), π̂2(X)).
Hence, we propose in Appendix B a Monte Carlo procedure to perform the test, fol-
lowing [15]. A simulation exercise is performed in Appendix C, demonstrating that
the procedure described in Appendix B achieves the correct nominal β-level constraint
and maintains power under the alternative hypothesis.
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5 Case study

5.1 Data set

We consider the Swiss motor insurance data set used inWüthrich [12] and inWüthrich
and Buser [13] consisting of 500 000 insurance policies. This is a simulated data set
which as often been used in the literature. In the present setting, it has the advantage to
contain the true pure premium μ(X) so that we can illustrate the intuitive meaning of
Murphy diagram in terms of the assessment of the superiority of some candidate pure
premium. Of course, the analysis can be conducted without the knowledge of μ(X),
as it is the case with a real data set.

For each policy i (i = 1, . . . , 500 000), the data set records the numbers of claims
Yi filed by the policyholder i , the corresponding exposure-to-risk ei ≤ 1 and the
features X i = (Xi1, . . . , Xi8) where Xi1 is the age of the driver (age), Xi2 is the age
of the car (ac), Xi3 is the power of the car (power), Xi4 is the fuel type of the car
(gas), Xi5 is the vehicle brand (brand), Xi6 is the area code of the living place of the
driver (area), Xi7 is the population density at the living place of the driver (dens),
and Xi8 is the Swiss canton of the license plate of the car (ct).

This data set is unique because the values eiμ(X i ) of the true model are also pro-
vided. In fact, the number of claims Yi has been generated from a Poisson distribution
with mean eiμ(X i ). We partition the dataset into a training set D and a validation
set D. The training set D comprises 80% of the observations from the entire dataset,
while the validation set D contains the remaining 20% of observations.

5.2 Models under consideration

The observations (Yi , X i ) are assumed to be independent. Given X i = xi and the
exposure-to-risk ei , the response Yi is assumed to follow a Poisson distribution with
mean eiμ(xi ). Thus, μ(xi ) represents the expected annual claim frequency for poli-
cyholder i . Our objective is to estimate the function x �→ μ(x) using the observations
(Yi , X i ) in the training set D.

We fit generalized additive models (GAMs) on D with Poisson deviance loss and
log-link function using the R package gam. More precisely, we fit two GAMs produc-
ing the following predictors:

• π̂GAM1, using one feature, namely X1 (age);
• π̂GAM2, using two features, namely X1 (age) and X6 (area).

In both models, the effect of the covariate age is captured by splines, and we do not
consider interaction terms.

We also train gradient boosting trees (GBTs) on D with Poisson deviance loss and
log-link function with the help of the R package gbm. The bagging fraction γ is set
at 0.5. The shrinkage parameter κ is set at the low value 0.01. The size of the trees is
controlled by the interaction depth ID. We fit two GBTs on 80% of the observations in
D and the optimal values for the number of trees T are determined by minimizing the
out-of-sample Poisson deviance loss computed on the remaining 20% of observations
in D, producing the following estimators:
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Table 1 Out-of-sample
estimates (on D) of the
generalization error

μ 279.23 · 10−3

π̂GAM1 313.26 · 10−3

π̂GAM2 312.74 · 10−3

π̂GBT1 291.74 · 10−3

π̂GBT2 279.75 · 10−3

Table 2 Values of p̂ for
B = 500. The null hypothesis
H0 :
E
[

(t − Y ) (I[π̂2(X) > t] − I[π̂1
(X) > t]) ] ≤ 0 for all t ∈ � is
rejected at the level 0.05 when
p̂ < 0.05

π̂2
μ π̂GAM1 π̂GAM2 π̂GBT1 π̂GBT2

μ / 0.000 0.000 0.000 0.272

π̂GAM1 1.000 / 0.000 0.908 0.960

π̂1 π̂GAM2 1.000 0.000 / 0.924 0.962

π̂GBT1 1.000 0.000 0.000 / 0.976

π̂GBT2 0.980 0.000 0.000 0.000 /

• π̂GBT1, using features X1 (age) and X6 (area) and ID = 2;
• π̂GBT2, using all 8 available features and ID = 2.

We expect π̂GBT1 to produce better results than with the GAMs because we allow for
interaction effects between feature components age and area. Moreover, π̂GBT2 is
expected to perform better than the others since it uses all features, unlike the other
models considered.

In Table 1, we compute out-of-sample estimates (onD) of the generalization errors
(with the Poisson loss function) for the four models under consideration as well as
for the true model. As expected, we notice that π̂GAM2 slightly outperforms π̂GAM1

and that π̂GBT1 outperforms π̂GAM2. Moreover, π̂GBT2 has the lowest error among
the four models considered. It is interesting to notice that the error of π̂GBT2 is very
closed to the one of the true model μ, so that π̂GBT2 seems to be a good candidate to
approximate μ.

5.3 Testing for Bregman dominance

Table 2 contains the values of p̂ of our testing procedure computed on the validation
set D with B = 500. We observe that the null hypothesisH0 is always rejected when
π̂1 = μ, as expected, except for π̂2 = π̂GBT2. Similarly, H0 is always rejected when
π̂1 = π̂GBT2 except for π̂2 = μ, as expected. Hence, for π̂GBT2 and μ, our test cannot
determine if either of the two models outperforms the other in terms of Bregman
dominance. Moreover, for π̂1 = π̂GAM1 (resp. π̂1 = π̂GAM2), we do not reject H0,
except for π̂2 = π̂GAM2 (resp. π̂2 = π̂GAM1). Therefore, for π̂GAM1 and π̂GAM2, one
can say that neither model outperforms the other in terms of Bregman dominance.
Finally, for π̂1 = π̂GBT1,H0 is rejected for π̂2 = π̂GAM1 and π̂2 = π̂GAM2 and is not
rejected for π̂2 = π̂GBT2 and π̂2 = μ, which is not particularly surprising here.
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Figure 1 displays Murphy diagrams for the extremal consistent loss functions
Lt (π̂(X),Y ) defined in (3). More precisely, it shows the estimates of E

[

Lt (π̂(X),Y )
]

on the validation set D for the models π̂ under consideration as well as for the
true model μ. It is interesting to notice that Murphy diagrams almost coincide for
π̂ = π̂GBT2 and π̂ = μ, which confirms the difficulty of our test in distinguish-
ing between these two models. Also, one sees that Murphy diagrams intersect for
π̂ = π̂GAM1 and π̂ = π̂GAM2, which suggests that neither model dominates the
other, as confirmed by our testing procedure. Notice that the difference in MSE can be
obtained (up to a constant factor) as the area between the curves in Figure 1 as shown
by (4).

Appendix

A Proof of Proposition 4.1

Let

gn(t) := √
nDn(t) = 1√

n

n
∑

i=1

(t − Yi ) (I[π̂2(X i ) > t] − I[π̂1(X i ) > t]) .

For t1 < t2, since D(t1) = D(t2) = 0 and the random vectors {(Yi , X i ), i = 1, . . . , n}
are i.i.d., it is easy to see that

E[gn(t1)gn(t2)] = E
[

(t1 − Y ) (I[π̂2(X) > t1] − I[π̂1(X) > t1])
(t2 − Y ) (I[π̂2(X) > t2] − I[π̂1(X) > t2])

]

.

Note that

gn(t) = t
√
n(F (n)

2 (t) − F (n)
1 (t)) − 1√

n

n
∑

i=1

Yi (I[π̂2(X i ) > t] − I[π̂1(X i ) > t])

where

F (n)
j (t) := n−1

n
∑

i=1

I[π̂ j (X i ) > t], j = 1, 2.

Since t → 1
n

∑n
i=1 Yi I[π̂ j (X i ) > t] is monotone, it is a VC-class of functions and it

is therefore Donsker. Moreover, since � is compact, there exists a C > 0 such that

|t F (n)
j (t)| ≤ CF (n)

j (t).

As the enveloppe of t → t F (n)
j (t) is square integrable, Theorem 19.14 of [11] directly

entails that it is Donsker. Now, since the sum of Donsker classes is Donsker (see for
instance [10]), the result follows.
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Fig. 1 Murphy diagrams for π̂GAM1 and π̂GAM2 in red, π̂GBT1 and π̂GBT2 in blue, and for μ in black

BMonte Carlo testing procedure

1. Generate B independent samples U1, . . . ,U B , where the bth sample Ub =
(Ub1, . . . ,Ubn) contains n independent standard Gaussian random variables.
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2. Compute

p̂ := 1

B

B
∑

b=1

I

[

max
t∈�

� (t, Dn(t),Ub) > max
t∈�

√
nDn(t)

]

,

where

� (t, Dn(t),Ub) := 1√
n

n
∑

i=1

(

(t − Yi ) (I[π̂2(X i ) > t] − I[π̂1(X i ) > t]) − Dn(t)
)

Ubi .

3. Reject the null hypothesis at the level β when p̂ < β.

C Simulated example

In this simulation exercise, μ(X), π̂1(X) and π̂2(X) are assumed to be uniformly
distributed over [a, b], with b > a > 0, μ(X) and π̂2(X) are supposed to be mutually
independent and μ(X) and π̂1(X) are made dependent through the use of a Gaussian
copula with a correlation coefficient ρ ≥ 0. Therefore, since E

[

(t − Y )I[π̂k(X) >

t]] = E
[

(t − μ(X))I[π̂k(X) > t]] for k = 1, 2, we have

E
[

(t − Y )I[π̂2(X) > t]] ≤ E
[

(t − Y )I[π̂1(X) > t]] for allt ∈ [a, b]
⇔ E

[

μ(X)|π̂2(X) > t
] ≥ E

[

μ(X)|π̂1(X) > t
]

for allt ∈ [a, b]
⇔ E

[

μ(X)
] ≥ E

[

μ(X)|π̂1(X) > t
]

for allt ∈ [a, b].

When ρ = 0, we get E
[

μ(X)|π̂1(X) > t
] = E

[

μ(X)
]

, so that this case coin-
cides with the boundary of the null hypothesis. Increasing the value of ρ increases
E
[

μ(X)|π̂1(X) > t
]

, so that the larger ρ, the further the data generating process is
from the null hypothesis.

For this simulation exercise, we assume that Y given X is Poisson distributed
with mean μ(X), which is a typical case in insurance when the response represents
the number of claims made by a policyholder over one year for instance, and we
suppose that a = 0.05 and b = 0.5. We consider ρ = 0, 0.1, 0.5, 1, and for each
value of ρ, we generate R = 1000 independent samples (Y1, π̂1(X1), π̂2(X1)), . . .,
(Yn, π̂1(Xn), π̂2(Xn)).

Figure 2 displays empirical rejection frequencies of the test performed using steps
1-3 of the Monte-Carlo procedure described in the previous section with B = 500 at
the nominal level β = 5% for sample sizes n = 500, n = 1000 and n = 1500. The
test satisfies the level constraint since the rejection frequencies for ρ = 0 are close
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Fig. 2 Empirical power curves of the test for various sample sizes

to the nominal level 5%. Moreover, the testing procedure shows higher power as n
increases.
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