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Abstract. It is well-known that each solution of the mKdV equation gives rise, via the
Miura transformation, to a solution of the KdV equation. In this work, we show that a
similar Miura-type transformation exists also for the “good” Boussinesq equation. This
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also at the level of the underlying Riemann–Hilbert problems and this is in fact how we
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1. Introduction

The Boussinesq equation was derived in [2] as a model for small-amplitude waves prop-
agating in shallow water. There are two different versions of the Boussinesq equation,
often referred to as the “good” and “bad” Boussinesq equations [26]; this work focuses on
the “good” Boussinesq equation given by

utt − uxx + (u2)xx + uxxxx = 0. (1.1)

Equation (1.1) is relevant for multiple applications [2, 12, 30, 34, 35] and possesses a rich
mathematical structure, partly due to its integrability [17, 35, 36]. The well-posedness of
(1.1) has been thoroughly studied (see e.g. [1, 9, 14, 16, 19, 22]) and asymptotic questions
have also been investigated [8, 13, 23, 24, 32].

In this paper, we construct a Miura-type transformation for (1.1). Our main result is
the discovery that each complex-valued function q satisfying

iqt −
1√
3
qxx + 2

√
3q̄q̄x = 0, (1.2)

gives rise, via an explicit non-linear transformation, to a solution u of (1.1). More precisely,
we have the following.

Theorem 1.1 (Miura transformation for the “good” Boussinesq equation). If q(x, t) is a
complex-valued solution of (1.2), then

u(x, t) = − 4√
3

(
9

2

∣∣∣q( x

31/4
, t
)∣∣∣2 + 3Re

[
e

2πi
3 qx

( x

31/4
, t
)])

+
1

2
(1.3)

is a real-valued solution of the “good” Boussinesq equation (1.1).

Two concrete examples of applications of the transformation (1.3) are provided in Sec-
tion 6.

The assertion of Theorem 1.1 can be verified by a long but straightforward computation.
However, as we will explain in this paper, the Miura transformation (1.3) can also be
derived in a systematic manner. The underlying idea is that, thanks to its integrability, the
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“good” Boussinesq equation has a Riemann–Hilbert (RH) problem associated to it. This
RH problem is singular and, after a transformation, this singular behavior manifests itself
as a double pole in the solution at k = 0, where k is the spectral parameter. Associated
to the singular RH problem is a regular RH problem, which has the same jumps as the
singular problem but no pole at k = 0. The integrable equation associated to this regular
problem turns out to be equation (1.2). As we describe in this paper, it is possible to relate
the solutions of the regular and singular RH problems explicitly. This leads to an explicit
relation between the associated integrable equations, which is exactly the transformation
(1.3).

1.1. Background. In 1968, Miura [28] introduced an explicit transformation that maps
solutions q of the modified Korteveg–de Vries (mKdV) equation

mKdV: qt + qxxx − 6q2qx = 0 (1.4)

to solutions u of the Korteveg–de Vries (KdV) equation

KdV: ut + uxxx − 6uux = 0. (1.5)

More precisely, if q satisfies (1.4), then

u = qx + q2 (1.6)

satisfies (1.5). The mapping (1.6) from q to u is the Miura transformation. The Miura
transformation was instrumental in the early days of the development of a theory for
nonlinear integrable PDEs and has many applications; for example, it was used by Miura,
Gardner, and Kruskal to construct infinitely many conservation laws for the KdV equation
[29]. In fact, the transformation (1.6) is a reflection of a much deeper correspondence
between the mKdV and KdV equations that extends to the associated RH formulations.
The present paper was inspired by work of Fokas and Its [15] where this correspondence is
discussed, see [15, Proposition 2.3 and Remark 2.5]. Roughly speaking, the correspondence
exists because the RH problem associated to KdV is singular and the associated regular
RH problem (i.e., the RH problem with the same jumps, but with no singularity) is the
RH problem for mKdV, see Section 7 for details. It is possible to relate the solutions of
the regular and singular RH problems explicitly and this is one way to arrive at the Miura
transformation (1.6).

The relationship between the RH problems for mKdV and KdV is analogous to the
relationship between the RH problems for equations (1.1) and (1.2); the only difference
is that whereas the solution of the RH problem for Boussinesq is a 3 × 3-matrix-valued
function with a double pole at the origin, the solution of the RH problem for KdV is
a 2 × 2-matrix-valued function with a simple pole at the origin. Other than that the
constructions underlying the Miura transformation (1.6) and the transformation (1.3) are
conceptually identical; this is why we refer to (1.3) as a Miura transformation.

Equation (1.2) was listed as an integrable system obtained by reduction in [27] and
was, as far as we know, first studied in [20]. In [6], a Riemann–Hilbert representation for
the solution of the initial value problem for (1.2) was derived and used to obtain formulas
for the long-time asymptotics. Other works analyzing aspects of 3 × 3 RH problems for
integrable evolution equations include [3–5, 8, 10, 11, 18, 25, 33].

1.2. Outline of the paper. Our main result is stated in Section 2. It describes the
correspondence between the RH problems associated to (1.1) and (1.2), and how it leads
to the transformation (1.3). Several basic properties of the solution of the RH problems
for (1.1) and (1.2) are derived in Sections 3 and 4, respectively. The proof of the main
theorem is presented in Section 5 and two illustrating examples are given in Section 6.
A detailed account of the correspondence between the RH problems associated to mKdV
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and KdV, and how it leads to the Miura transformation (1.6), is included in Section 7.
Appendix A reviews some facts related to the initial value problems for the Boussinesq
equation and equation (1.2) on the real line. In Appendix B, we consider soliton solutions
of (1.2).

2. Main result

Before we can state our main result, we need to introduce RH problems associated
to (1.1) and (1.2). Instead of considering a RH problem directly related to (1.1), it is
convenient to first transform (1.1) into the equation

utt +
1

3
uxxxx +

4

3
(u2)xx = 0 (2.1)

by means of the transformation

û(x, t) =
4√
3
u

(
x

31/4
, t

)
+

1

2
. (2.2)

It is easy to see that if u satisfies (2.1), then û satisfies (1.1). Following [11, 35], we rewrite
(2.1) as the system {

vt +
1
3uxxx +

4
3(u

2)x = 0,

ut = vx.
(2.3)

A Riemann–Hilbert approach to the system (2.3) was developed in [7] and we will work
with the RH problem for (2.3) constructed in [7]. This RH problem has a jump contour

Γ consisting of six rays oriented away from the origin as in Figure 2.1. Let ω := e
2πi
3 and

define {lj(k), zj(k)}3j=1 by

lj(k) = ωjk, zj(k) = ω2jk2, k ∈ C. (2.4)

For 1 ≤ i ̸= j ≤ 3, let θij = θij(x, t, k) be given by

θij(x, t, k) = (li − lj)x+ (zi − zj)t.

Given two functions r1 : (0,∞) → C and r2 : (−∞, 0) → C, we define the jump matrix
v(x, t, k) for k ∈ Γ by

v1 =

 1 −r1(k)e
−θ21 0

r∗1(k)e
θ21 1− |r1(k)|2 0

0 0 1

 , v2 =

1 0 0
0 1− |r2(ωk)|2 −r∗2(ωk)e

−θ32

0 r2(ωk)e
θ32 1

 ,

v3 =

1− |r1(ω2k)|2 0 r∗1(ω
2k)e−θ31

0 1 0
−r1(ω

2k)eθ31 0 1

 , v4 =

1− |r2(k)|2 −r∗2(k)e
−θ21 0

r2(k)e
θ21 1 0

0 0 1

 ,

v5 =

1 0 0
0 1 −r1(ωk)e

−θ32

0 r∗1(ωk)e
θ32 1− |r1(ωk)|2

 , v6 =

 1 0 r2(ω
2k)e−θ31

0 1 0
−r∗2(ω

2k)eθ31 0 1− |r2(ω2k)|2

 ,

(2.5)

where vj denotes the restriction of v to the subcontour of Γ labeled by j in Figure 2.1.
Let Dn, n = 1, . . . , 6, be the open subsets displayed in Figure 2.1.

We can now state the RH problem for (2.3). We denote the solutions of the RH problems
associated to (1.2) and (2.3) by m and M , respectively.

RH problem 2.2 (RH problem for M). Let r1 : (0,∞) → C and r2 : (−∞, 0) → C
be given functions. Find a 3 × 3-matrix valued function M(x, t, k) with the following
properties:
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Figure 2.1. The contour Γ and the open sets Dn, n = 1, . . . , 6, which decompose the
complex k-plane.

(a) M(x, t, ·) : C \ Γ → C3×3 is analytic.
(b) The limits of M(x, t, k) as k approaches Γ \ {0} from the left (+) and right (−) exist,

are continuous on Γ \ {0}, and satisfy the jump condition

M+(x, t, k) = M−(x, t, k)v(x, t, k), k ∈ Γ \ {0}, (2.6)

where v is defined in terms of r1 and r2 by (2.5).
(c) As k → ∞, k /∈ Γ, we have

M(x, t, k) = I +
M (1)(x, t)

k
+

M (2)(x, t)

k2
+O

(
1

k3

)
, (2.7)

where the matrices M (1) and M (2) depend on x and t but not on k, and satisfy

M
(1)
12 = M

(1)
13 = M

(2)
12 +M

(2)
13 = 0. (2.8)

(d) There exist matrices {M(l)
1 (x, t)}+∞

l=−2 such that, for any N ≥ −2,

M(x, t, k) =

N∑
l=−2

M(l)
1 (x, t)kl +O(kN+1) as k → 0, k ∈ D̄1. (2.9)

Moreover, there exist complex coefficients α, β, γ, δ, ϵ depending on x and t such that

M(−2)
1 (x, t) = α(x, t)

ω 0 0
ω 0 0
ω 0 0

 , (2.10)

M(−1)
1 (x, t) = β(x, t)

ω2 0 0
ω2 0 0
ω2 0 0

+ γ(x, t)

ω2 0 0
1 0 0
ω 0 0

+ δ(x, t)

0 1− ω 0
0 1− ω 0
0 1− ω 0

 ,

(2.11)

and the third column of M(0)
1 (x, t), denoted by [M(0)

1 (x, t)]3, is given by

[M(0)
1 (x, t)]3 = ϵ(x, t)

1
1
1

 . (2.12)
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(e) M satisfies the symmetries

M(x, t, k) = AM(x, t, ωk)A−1 = BM(x, t, k)B, k ∈ C \ Γ, (2.13)

where

A :=

0 0 1
1 0 0
0 1 0

 and B :=

0 1 0
1 0 0
0 0 1

 . (2.14)

Remark 2.3. We show in Section 3 that the solution M of RH problem 2.2 is unique
if it exists. Moreover, we review in Appendix A how the initial value problem for (2.3)
can be solved in terms of the solution M of RH problem 2.2; in the context of the initial
value problem, the functions r1(k) and r2(k) are defined in terms of the given initial data
q0(x) = q(x, 0) and can be thought of as nonlinear Fourier transforms of q0. For the
present purposes, there is no need to assume that r1(k) and r2(k) originate from any
initial data.

Note that M(x, t, k) has a double pole at k = 0 as a consequence of (2.9) in the generic
case when α is non-zero. The RH problem associated to (1.2) has the same form as RH
problem 2.2 except that its solution m(x, t, k) does not have a singularity at the origin.

RH problem 2.4 (RH problem for m). Let r1 : (0,∞) → C and r2 : (−∞, 0) → C be
some given functions. Find a 3 × 3-matrix valued function m(x, t, k) with the following
properties:

(a) m(x, t, ·) : C \ Γ → C3×3 is analytic.
(b) The limits of m(x, t, k) as k approaches Γ \ {0} from the left (+) and right (−) exist,

are continuous on Γ \ {0}, and satisfy the jump condition

m+(x, t, k) = m−(x, t, k)v(x, t, k), k ∈ Γ \ {0}, (2.15)

where v is defined in terms of r1 and r2 by (2.5).
(c) As k → ∞, k /∈ Γ, we have

m(x, t, k) = I +O(k−1). (2.16)

(d) There exist matrices {m(l)
1 (x, t)}+∞

l=0 such that, for any N ≥ 0,

m(x, t, k) =

N∑
l=0

m
(l)
1 (x, t)kl +O(kN+1) as k → 0, k ∈ D̄1. (2.17)

Remark 2.5. We show in Section 4 that the solution m of RH problem 2.4 is unique if
it exists, and that m automatically satisfies the same symmetries (2.13) as the solution
M of RH problem 2.2; we have included (2.13) as part of the formulation of RH problem
2.2 to ensure uniqueness of the solution M .

Our main result is formulated under the the following two assumptions on the spectral
functions r1(k) and r2(k).

Assumption 2.6. Assume r1 and r2 satisfy the following properties:

(i) r1 ∈ C∞((0,∞)) and r2 ∈ C∞((−∞, 0)).

(ii) The functions r1(k), r2(k), and their derivatives ∂j
krl(k) have continuous boundary

values at k = 0 for l = 1, 2 and for all j = 0, 1, 2, . . ., and there exist expansions

r1(k) = r1(0) + r′1(0)k + 1
2r

′′
1(0)k

2 + · · · , k → 0, k > 0, (2.18a)

r2(k) = r2(0) + r′2(0)k + 1
2r

′′
2(0)k

2 + · · · , k → 0, k < 0, (2.18b)

which can be differentiated termwise any number of times.
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(iii) r1(k) and r2(k) are rapidly decreasing as k → ±∞, i.e., for each integer N ≥ 0,

max
j=0,1,...,N

sup
k∈(0,∞)

(1 + |k|)N |∂j
kr1(k)| < ∞, (2.19a)

max
j=0,1,...,N

sup
k∈(−∞,0)

(1 + |k|)N |∂j
kr2(k)| < ∞. (2.19b)

Assumption 2.7. Assume r1 and r2 satisfy

r1(0) = ω, r2(0) = 1.

Remark 2.8. The RH problems 2.2 and 2.4 can be formulated for any choice of the
functions {rj(k)}21 and they give rise to solutions of (1.1) and (1.2), respectively, for a
very large class of such functions. Here, we will restrict ourselves to functions {rj(k)}21
satisfying Assumptions 2.6 and 2.7. These assumptions are natural from the point of view
of the initial value problem for the “good” Boussinesq equation (2.3), in the sense that
they are fulfilled for generic solitonless Schwartz class initial data, see Appendix A.

The following is our main result.

Theorem 2.9 (Miura correspondence for “good” Boussinesq). Let r1(k) and r2(k) be such
that Assumptions 2.6 and 2.7 hold. Define the 3× 3-matrix valued jump matrix v(x, t, k)
in terms of r1 and r2 by (2.5). Let N be an open subset of R× [0,+∞) and suppose RH
problem 2.4 has a (necessarily unique) solution m(x, t, ·) for each (x, t) ∈ N .

(a) The function q defined by

q(x, t) = lim
k→∞

(
km(x, t, k)

)
13

(2.20)

is smooth and satisfies (1.2) for (x, t) ∈ N .

(b) The functions m
(1)
33 (x, t) and m

(2)
13 (x, t) are well-defined by

m
(1)
33 (x, t) = lim

k→∞
k
(
m33(x, t, k)− 1

)
, (2.21a)

m
(2)
13 (x, t) = lim

k→∞
k2
(
m13(x, t, k)−

q(x, t)

k

)
. (2.21b)

(c) Define A(x, t) and B(x, t) by

B(x, t) = y1(x, t)

ω ω2 1
ω ω2 1
ω ω2 1

 , (2.22a)

A(x, t) = y2(x, t)

ω2 ω 1
ω2 ω 1
ω2 ω 1

+ y3(x, t)

ω2 1 ω
1 ω ω2

ω ω2 1

 , (2.22b)

where {yj(x, t)}31 are real-valued and given by

y1 = ωm
(2)
13 + ω2m

(2)
13 − (ωq̄ + ω2q)m

(1)
33 + 2|q|2

− (1− ω)q̄2 − (1− ω2)q2,

y2 =
ωq − q̄

1− ω
, y3 =

ω(q − q̄)

1− ω2
. (2.23)

Then the 3× 3-matrix valued function M(x, t, k) defined by

M(x, t, k) =

(
I +

A(x, t)

k
+

B(x, t)

k2

)
m(x, t, k) (2.24)

satisfies RH problem 2.2 for each (x, t) ∈ N .
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(d) The function u defined by

u(x, t) = −3

2

∂

∂x
lim
k→∞

k
(
M33(x, t, k)− 1

)
, (2.25)

is smooth and real-valued on N and satisfies the “good” Boussinesq equation (2.1) for
(x, t) ∈ N . Moreover, if

v(x, t) = −
√
3 Im

(
6q3 − 3qq̄x + 6ω2qqx + ωqxx

)
, (2.26)

then u and v satisfy the system (2.3) on N .
(e) The solutions u and q are related by the Miura-type transformation

u(x, t) = −9

2
|q(x, t)|2 − 3Re

(
ωqx(x, t)

)
, (x, t) ∈ N . (2.27)

Proof. See Section 5. □

Remark 2.10. The Miura transformation of Theorem 1.1 follows immediately from (2.27)
and (2.2).

3. Properties of the solution M of RH problem 2.2

We establish several properties of the solution M of RH problem 2.2. Throughout this
section, we assume that N is a (not necessarily open) subset of R × [0,+∞) and that
M(x, t, ·) satisfies RH problem 2.2 for each (x, t) ∈ N .

Lemma 3.1 (Asymptotics of M as k → ∞). For each (x, t) ∈ N , M(x, t, k) admits an
expansion of the following form as k → ∞:

M(x, t, k) = I +
M

(1)
33

k

ω2 0 0
0 ω 0
0 0 1

+
M

(2)
33

k2

ω 0 0
0 ω2 0
0 0 1


+

M̃
(2)
13

(1− ω)k2

 0 1 −1
−ω 0 ω
ω2 −ω2 0

+O(k−3), (3.1)

where M
(1)
33 (x, t), M

(2)
33 (x, t), and M̃

(2)
13 (x, t) := −(1−ω)M

(2)
13 (x, t) are real-valued functions

of (x, t) ∈ N .

Proof. Combining the large k asymptotics (2.7) with the symmetries (2.13), we obtain

M (1) = ω2AM (1)A−1 = BM (1)B,

M (2) = ωAM (2)A−1 = BM (2)B.
Recalling the definitions (2.14) of A and B, and using the conditions in (2.8), we find that

M(x, t, k) = I +
M

(1)
33

k

ω2 0 0
0 ω 0
0 0 1

+
1

k2

ωM
(2)
33 ω2M

(2)
13 M

(2)
13

ωM
(2)
13 ω2M

(2)
33 M

(2)
13

ωM
(2)
13 ω2M

(2)
13 M

(2)
33

+O(k−3), (3.2)

and that M
(1)
33 ,M

(2)
33 are real-valued. The last condition in (2.8) implies that ω2M

(2)
13 +

M
(2)
13 = 0. Hence (1− ω)M

(2)
13 is real-valued and the desired conclusion follows. □

Lemma 3.2 (Reality of α, β, γ, δ, ϵ). If r1 and r2 satisfy Assumptions 2.6 and 2.7, then
the functions α, β, γ, δ, ϵ in (2.10)–(2.12) are real-valued and

r′1(0) = (1− ω2)
xα(x, t) + β(x, t) + δ(x, t)

α(x, t)
for all (x, t) ∈ N . (3.3)
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Proof. We fix (x, t) ∈ N and omit the (x, t)-dependence for convenience. The main idea
is to combine the jump relation (2.6) with the symmetries

M1(k) = AM3(ωk)A−1 = BM6(k)B, k ∈ D̄1, (3.4)

where Mn, n = 1, . . . , 6, denotes the restriction of M to Dn. The jumps for M are not
analytic in k, but they can be Taylor expanded as k → 0. The existence of the all-order
expansion (2.9) of M1 implies together with (2.6) the existence of similar expansions for
M2, . . . ,M6. We define the following formal series:

ML
j (k) :=

+∞∑
l=−2

M(l)
j (0)kl, vLj (k) :=

+∞∑
l=0

v
(l)
j (0)kl, j = 1, . . . , 6. (3.5)

The matrix Mj coincides to any order with ML
j as k → 0, k ∈ D̄j , and the matrix vj

coincides to any order with vLj as k → 0, k ∈ Γj . Using the symmetries (3.4), we obtain

ML
1 (k) = AML

3 (ωk)A−1 = AML
1 (ωk)v

L
2 (ωk)v

L
3 (ωk)A−1

= AML
1 (ωk)A−1vL6 (k)v

L
1 (k), (3.6)

ML
1 (k) = BML

1 (k)v
L
1 (k)

−1B = BML
1 (k)Bv

L
1 (k). (3.7)

Using (3.6) and considering the terms of O(k−2) and O(k−1), we obtain

M(−2)
1 = ωAM(−2)

1 A−1(v6v1)(0), (3.8)

M(−1)
1 = ω2AM(−1)

1 A−1(v6v1)(0) + ωAM(−2)
1 A−1(v6v1)

′(0). (3.9)

On the other hand, Taylor expanding the jump condition M+ = M−v along each of the
six rays of Γ, we find the relations

(v1v2v3v4v5v6)(x, t, 0) = I, ∂j
k(v1v2v3v4v5v6)(x, t, 0) = 0, j = 1, 2, . . . (3.10)

These identities give rise to relations between the values of r1, r2, and their derivatives at
k = 0. In particular, since r1 and r2 satisfy Assumption 2.7, (3.10) is satisfied with j = 1
and j = 2 if and only if

r′1(0) = −ωr′1(0), (3.11)

r′2(0) = −r′2(0), i.e. r′2(0) ∈ iR, (3.12)

ωr′′1(0) + r′′2(0) = −
(
r′′1(0) + ωr′′2(0)

)
+ 2ωr′1(0)r

′
2(0). (3.13)

Substituting (3.11) into the first column of (3.9), we deduce (3.3). On the other hand,
the first three orders of (3.7) yield

M(−2)
1 = BM(−2)

1 Bv1(0), (3.14)

M(−1)
1 = BM(−1)

1 Bv1(0) + BM(−2)
1 Bv′1(0), (3.15)

M(0)
1 = BM(0)

1 Bv1(0) + BM(−1)
1 Bv′1(0) + BM(−2)

1 Bv′′1(0)

2
. (3.16)

From the first column of (3.14), we deduce that α ∈ R. The second column of (3.15)
implies that δ ∈ R, and then the first column of (3.15), together with (3.3), shows that
β ∈ R and γ ∈ R. From the third column of (3.16), we infer that ϵ ∈ R. □

Lemma 3.3. M has unit determinant.
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Proof. Fix (x, t) ∈ N . The determinant detM(x, t, ·) is analytic in C\{0} and approaches
1 as k → ∞. The behavior (2.9) of M1(x, t, k) as k → 0 implies by a direct computation
that detM has at most a simple pole at k = 0. Thus,

detM(x, t, k) = 1 +
f(x, t)

k
,

for some function f(x, t). On the other hand, by (3.1), detM(x, t, k) = 1 + O(k−3) as
k → ∞ and thus f(x, t) = 0. □

Lemma 3.4. The solution M of RH problem 2.2 is unique.

Proof. Suppose M and N are two solutions. By Lemma 3.3, detM and detN are iden-
tically equal to one. In particular, the inverse transpose NA := (N−1)T of the matrix N
can be expressed in terms of its minors. Expanding this expression for NA as k → 0 in
D1 and using (2.9), we find, as k ∈ D1 approaches 0,

NA
1 (x, t, k) =

1

k2

0 0 ∗
0 0 ∗
0 0 ∗

+
1

k

0 ∗ ∗
0 ∗ ∗
0 ∗ ∗

+O(1). (3.17)

Similarly, expanding the expression for NA as k → ∞ and using (3.1), we find

NA(x, t, k) = I − N
(1)
33 (x, t)

k

ω2 0 0
0 ω 0
0 0 1

+
1

k2

{
(N

(1)
33 (x, t)2 −N

(2)
33 (x, t))

ω 0 0
0 ω2 0
0 0 1


+

Ñ
(2)
13 (x, t)

1− ω

 0 ω −ω2

−1 0 ω2

1 −ω 0

}+O(k−3), k → ∞, (3.18)

where Ñ
(2)
13 = −(1− ω)N

(2)
13 . By (2.9) and (3.17), we have, as k ∈ D̄1 approaches 0,

MN−1 =

{
α

k2

ω 0 0
ω 0 0
ω 0 0

+
1

k

∗ ∗ 0
∗ ∗ 0
∗ ∗ 0

+

∗ ∗ ϵ
∗ ∗ ϵ
∗ ∗ ϵ

+O(k)

}

×

{
1

k2

0 0 0
0 0 0
∗ ∗ ∗

+
1

k

0 0 0
∗ ∗ ∗
∗ ∗ ∗

+O(1)

}
= O(k−2), (3.19)

showing that MN−1 has at most a double pole at k = 0. Since MN−1 is analytic for
k ∈ C \ {0} and approaches the identity matrix as k → ∞, we conclude that

M(x, t, k)N(x, t, k)−1 = I +
P (x, t)

k
+

Q(x, t)

k2
(3.20)

for some matrices P (x, t) and Q(x, t). In fact, keeping track of the terms of order k−2 in
(3.19), we see that

Q1j = Q2j = Q3j , j = 1, 2, 3. (3.21)

Furthermore, the symmetries (2.13) hold for M and N and hence also for MN−1. Thus,
P and Q have the form

P =

ω2P33 ωP13 P13

ω2P13 ωP33 P13

ω2P13 ωP13 P33

 , Q =

ωQ33 ω2Q13 Q13

ωQ13 ω2Q33 Q13

ωQ13 ω2Q13 Q33

 ,
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where P33, Q33 are real-valued and P13, Q13 are complex-valued functions. Together with
(3.21), this implies that

Q = Q33

ω ω2 1
ω ω2 1
ω ω2 1

 . (3.22)

On the other hand, substituting the expansion (3.1) of M and the transpose of the
expansion (3.18) of NA into the left-hand side of (3.20) and identifying coefficients of k−1

and k−2 in the resulting equation, we conclude that

P = (M
(1)
33 −N

(1)
33 )

ω2 0 0
0 ω 0
0 0 1

 , (3.23)

Q =
(
M

(2)
33 −M

(1)
33 N

(1)
33 + (N

(1)
33 )2 −N

(2)
33

)ω 0 0
0 ω2 0
0 0 1


+

M̃
(2)
13 − Ñ

(2)
13

1− ω

 0 1 −1
−ω 0 ω
ω2 −ω2 0

 . (3.24)

In order to reconcile the expressions (3.24) and (3.22) for Q, we must have Q = 0, and
then (3.20) becomes

M(x, t, k)N(x, t, k)−1 = I +
M

(1)
33 (x, t)−N

(1)
33 (x, t)

k

ω2 0 0
0 ω 0
0 0 1

 .

Since the determinant of the left-hand side is identically equal to one, we conclude that

M
(1)
33 −N

(1)
33 = 0. This shows that M = N and completes the proof of the lemma. □

4. Properties of the solution m of RH problem 2.4

We establish several properties of the solution m of RH problem 2.4. Throughout this
section, we assume that N is a (not necessarily open) subset of R × [0,+∞) and that
m(x, t, ·) satisfies RH problem 2.4 for each (x, t) ∈ N .

Lemma 4.1. The solution m of RH problem 2.4 is unique.

Proof. The determinant detm is analytic in C \{0} with a removable singularity at 0 and
approaches 1 as k → ∞. Hence detm = 1. Thus, if m and n are two solutions, then n is
invertible and n−1 is O(1) as k → 0. Hence, mn−1 is an analytic function of k ∈ C \ {0}
with a removable singularity at 0 such that mn−1 → I as k → ∞. Thus mn−1 = I. □

Lemma 4.2. The solution m obeys the symmetries

m(x, t, k) = Am(x, t, ωk)A−1 = Bm(x, t, k)B, k ∈ C \ Γ. (4.1)

Proof. Since the jump matrix v obeys the symmetries

v(x, t, k) = Av(x, t, ωk)A−1 = Bv(x, t, k)
−1

B, k ∈ Γ, (4.2)

the functions Am(x, t, ωk)A−1 and Bm(x, t, k)B also satisfy RH problem 2.2. The lemma
follows by the uniqueness established in Lemma 4.1. □
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Lemma 4.3 (Asymptotics of m as k → 0). Suppose r1 and r2 satisfy Assumption 2.6.
There exist formal power series {mL

j (x, t, k)}6j=1 of the form

mL
j (x, t, k) =

+∞∑
l=0

m
(l)
j (x, t)kl,

such that m(x, t, k) coincides with mL
j (x, t, k) to any order as k ∈ D̄j tends to 0. More

precisely, for any N ≥ 0, (x, t) ∈ N , and j = 1, . . . , 6,

m(x, t, k) =
N∑
l=0

m
(l)
j (x, t)kl +O(kN+1), k → 0, k ∈ D̄j . (4.3)

The formal power series mL
1 satisfies

mL
1 (x, t, k) = AmL

1 (x, t, ωk)A−1vL6 (x, t, k)v
L
1 (x, t, k), (4.4)

= BmL
1 (x, t, k)Bv

L
1 (x, t, k), (4.5)

where {vLj }6j=1 are defined in (3.5). In particular, the first coefficients satisfy the relations

m
(0)
1 = Am

(0)
1 A−1(v6v1)(0), (4.6a)

m
(1)
1 = ωAm

(1)
1 A−1(v6v1)(0) +Am

(0)
1 A−1(v6v1)

′(0), (4.6b)

m
(0)
1 = Bm(0)

1 Bv1(0), (4.6c)

m
(1)
1 = Bm(1)

1 Bv1(0) + Bm(0)
1 Bv′1(0). (4.6d)

If r1 and r2 also satisfy Assumption 2.7, then

v1(0) =

 1 −ω 0
ω2 0 0
0 0 1

 , (v6v1)(0) =

 1 −ω 1
ω2 0 0
−1 ω 0

 ,

v′1(0) =

 0 (1− ω2)x− r′1(0) 0
(ω − 1)x− ω r′1(0) 0 0

0 0 0

 ,

(v6v1)
′(0) =

 0 1− ω2 ω − 1
ω − 1 0 0
ω − 1 ω − 1 0

x+

 0 −r′1(0) ω2r′2(0)
−ωr′1(0) 0 0
ω2r′2(0) r′1(0)− r′2(0) 0


and the leading coefficient m

(0)
1 has the form

m
(0)
1 =

 m
(0)
11 m

(0)
12 m

(0)
33

ω2m
(0)
11 +m

(0)
33 −m

(0)
12 ω(m

(0)
12 −m

(0)
33 ) m

(0)
33

ωm
(0)
11 +m

(0)
12 ω2m

(0)
12 +m

(0)
33 m

(0)
33

 (4.7)

for some real-valued functions m
(0)
11 and m

(0)
33 and some complex-valued function m

(0)
12 such

that

2Re (m
(0)
12 ) = m

(0)
33 . (4.8)

Proof. For notational convenience, we omit the (x, t)-dependence of several quantities.
The existence of the formal power series mL

1 follows directly from condition (d) of RH
problem 2.4. The existence of the other formal series mL

j , j = 2, . . . , 6 then follows from



12 C. CHARLIER AND J. LENELLS

the symmetries (4.1) of m. Since the jumps vj can be Taylor expanded as k → 0, a Taylor
expansion of (4.1) together with (4.2) implies that

mL
1 (k) = AmL

3 (ωk)A−1 = AmL
1 (ωk)v

L
2 (ωk)v

L
3 (ωk)A−1 = AmL

1 (ωk)A−1vL6 (k)v
L
1 (k)

and

mL
1 (k) = BmL

6 (k)B = BmL
1 (k)v

L
1 (k)

−1B = BmL
1 (k)Bv

L
1 (k),

which proves (4.4) and (4.5), and in particular the relations (4.6).
If r1 and r2 satisfy Assumption 2.7, then we find as in the proof of Lemma 3.2 that the

relations (3.11)–(3.13) hold. Using these relations, we can express r′1(0), r
′
2(0), and r′′2(0)

in terms of r′1(0), r
′
2(0), r

′′
1(0), r

′′
1(0), and r′′2(0). This leads to the asserted expressions

for v1(0), v
′
1(0), (v6v1)(0), and (v6v1)

′(0). Using the explicit expression for (v6v1)(0), a

computation shows that (4.6a) implies that m
(0)
1 has the form (4.7) for some complex-

valued functions m
(0)
11 , m

(0)
12 , and m

(0)
33 . The relation (4.6c) then implies that m

(0)
11 and m

(0)
33

are real-valued and that m
(0)
12 satisfies (4.8). □

Lemma 4.4. Suppose r1 and r2 satisfy Assumption 2.6. For each (x, t) ∈ N , there exists
an asymptotic expansion

m(x, t, k) = I +
m(1)(x, t)

k
+

m(2)(x, t)

k2
+O(k−3), k → ∞, (4.9)

where the coefficient matrices {m(j)}21 have the form

m(1) =

ω2m
(1)
33 ωm

(1)
13 m

(1)
13

ω2m
(1)
13 ωm

(1)
33 m

(1)
13

ω2m
(1)
13 ωm

(1)
13 m

(1)
33

 , m(2) =

ωm
(2)
33 ω2m

(2)
13 m

(2)
13

ωm
(2)
13 ω2m

(2)
33 m

(2)
13

ωm
(2)
13 ω2m

(2)
13 m

(2)
33

 (4.10)

for some real-valued functions {m(j)
33 }21 and complex-valued functions {m(j)

13 }21.

Proof. The existence of an expansion of the form (4.9) follows from Cauchy’s formula

m(x, t, k) = I +
1

2πi

∫
Γ

m−(x, t, s)(v(x, t, s)− I)

s− k
ds, (4.11)

together with the fact that r1(k) and r2(k) are smooth, and have rapid decay as k → +∞
and as k → −∞, respectively (see Assumption 2.6). Formula (4.10) is then a consequence
of the symmetries established in Lemma 4.2. □

5. Proof of Theorem 2.9

Suppose that r1(k) and r2(k) satisfy Assumptions 2.6 and 2.7 and define v(x, t, k) by
(2.5). Assume that m(x, t, k) solves RH problem 2.4 for all (x, t) ∈ N , where N is an
open subset of R× [0,+∞).

By Lemma 4.1, the solution m is unique. By Lemma 4.4, the function q(x, t) is well-
defined by (2.20). Viewing (4.11) as a singular integral equation for m− and using that
r1(k) and r2(k) have rapid decay as k → ∞, standard arguments imply that m(x, t, k) and
q(x, t) are smooth functions of (x, t) ∈ N , see e.g. [21, Section 5] for details in a similar
situation. Assertion (a) of Theorem 2.9 then follows from the following lemma.

Lemma 5.1. Define q(x, t) by (2.20) for (x, t) ∈ N . Then m satisfies the Lax pair
equations {

mx − k[J,m] = Um,

mt − k2[J2,m] = Vm.
(x, t) ∈ N , k ∈ C \ Γ, (5.1)
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where U and V are defined in terms of q by (A.2) and (A.3), and J = diag(ω, ω2, 1). In
particular, q satisfies (1.2) for (x, t) ∈ N .

Proof. Since detm = 1, the inverse m−1 is well defined. Recalling the definition (2.5) of
the jump matrix v, we can write

v(x, t, k) = ekJx+k2J2tv0(k)e
−kJx−k2J2t

with a matrix v0(k) independent of x and t. This yields

vx = k[J, v] and vt = k2[J2, v],

from which we deduce {
mx,+ = mx,−v + km−[J, v],

mt,+ = mt,−v + k2m−[J
2, v],

k ∈ Γ,

or, equivalently, {
mx,+ + km+J = (mx,− + km−J)v,

mt,+ + k2m+J = (mt,− + k2m−J)v,
k ∈ Γ.

Therefore, the functions

(mx + kmJ)m−1 and (mt + k2mJ2)m−1

are analytic for k ∈ C \ {0}. As k → ∞, they are O(k) and O(k2), respectively, and as
k → 0 they are O(1). Hence there exist 3 × 3-matrix valued functions {Fj(x, t)}1j=0 and

{Gj(x, t)}2j=0 such that{
mx + kmJ = (kF1 + F0)m,

mt + k2mJ2 = (k2G2 + kG1 +G0)m.
(5.2)

The Lax pair equations (5.1) follow from (5.2) if we can show that

F1 = J, F0 = U , (5.3a)

G2 = J2, kG1 +G0 = V, (5.3b)

where U and V are given by (A.2) and (A.3), respectively.
To prove (5.3), we note that the terms of O(k2) as k → ∞ of (5.2) show that G2 = J2,

and the terms of O(k) and O(1) then yield

F1 = J, G1 = [m(1), J2], (5.4a)

and

F0 = [m(1), J ], G0 = [m(2), J2]− [m(1), J2]m(1). (5.4b)

An explicit computation of these equations gives F0 = U and

G1 =

 0 (ω2 − 1)q̄ (1− ω2)q
(ω − 1)q 0 (1− ω)q̄
(ω − ω2)q̄ (ω2 − ω)q 0

 , (5.5)

G0 =

 0 (1− ω)ū (1− ω2)u
(1− ω2)u 0 (1− ω)ū
(1− ω)ū (1− ω2)u 0

 , (5.6)

where u = m
(2)
13 − m

(1)
33 q + q̄2. After substituting these expressions for {Fj}10 and {Gj}20

into the compatibility condition mxt = mtx and simplifying, we find the relation

kF1,t + F0,t + (kF1 + F0)(k
2G2 + kG1 +G0)
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= k2G2,x + kG1,x +G0,x + (k2G2 + kG1 +G0)(kF1 + F0). (5.7)

The terms of order k in (5.7) yield

F1G0 + F0G1 = G1,x +G1F0 +G0F1. (5.8)

Using the explicit formulas for F0, F1, and G1, we find that (5.8) is equivalent to

u =
1− ω

3ω
(qx − 3q̄2). (5.9)

The relations (5.3) follow by substituting (5.9) into (5.6).
The terms of order 1 in (5.7) yield

F0,t + F0G0 = G0,x +G0F0,

or, equivalently,

qt = (1 + ω)ux =
1− ω2

3ω

(
qxx − 6q̄q̄x

)
(5.10)

where we have used (5.9) in the last step. Since ω = e
2πi
3 , it follows that q satisfies

(1.2). □

Assertion (b) follows from Lemma 4.4 and (2.20).
Let y1, y2, and y3 be the real-valued functions defined in terms of q and m by (2.23).

Let

T (x, t, k) = I +
A(x, t)

k
+

B(x, t)

k2
, k ∈ C \ {0}, (x, t) ∈ N , (5.11)

where A(x, t) and B(x, t) are given in terms of y1, y2, and y3 by (2.22), and define M by

M(x, t, k) = T (x, t, k)m(x, t, k). (5.12)

Assertion (c) is a consequence of the next lemma.

Lemma 5.2. M(x, t, k) defined by (5.12) satisfies RH problem 2.2 for each (x, t) ∈ N .

Proof. Since M = Tm, the function M is analytic for k ∈ C \ Γ and satisfies the same
jump conditions as m on Γ. Moreover, since y1, y2, and y3 are real-valued functions, it is
easy to check that the factor T has unit determinant and obeys the symmetries

T (x, t, k) = AT (x, t, ωk)A−1 = BT (x, t, k̄)B
for (x, t) ∈ N . Since m obeys the same symmetries by Lemma 4.2, M does as well.

Let us prove that M satisfies (2.9) as k → 0 with coefficients fulfilling (2.10)–(2.12) for
some choice of the functions α, β, γ, δ, ϵ. We deduce from Lemma 4.3 and the definition
(5.12) of M that M has an expansion of the form (2.9) as k ∈ D̄1 approaches 0. The first
few coefficients are given by

M(−2)
1 = Bm

(0)
1 , (5.13a)

M(−1)
1 = Bm

(1)
1 +Am

(0)
1 , (5.13b)

M(0)
1 = Bm

(2)
1 +Am

(1)
1 +m

(0)
1 , (5.13c)

where {m(l)
1 }2l=0 are the coefficient in (4.3). We substitute the expression (4.7) for m

(0)
1

into (4.6b) and solve the six entries in the first two rows of this equation for m
(1)
31 , m

(1)
32 ,

m
(1)
13 , m

(1)
21 , m

(1)
22 , and m

(1)
23 . Substituting the resulting expressions as well as the expression

(4.7) for m
(0)
1 into (5.13) and using that r′2(0) ∈ iR, long computations show that M

(−2)
1 ,

M
(−1)
1 , and M

(0)
1 have the structure specified in (2.10)–(2.12), where α, β, γ, δ, ϵ are given
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explicitly in terms of r′1(0), r
′
2(0), {yj}31, and the entries of m

(0)
1 and m

(1)
1 . This shows

that M has the desired behavior as k → 0.
We finally show that the asymptotics (2.7) hold as k → ∞ with matrix-coefficients M (1)

and M (2) satisfying (2.8). As k → ∞, m obeys the expansion (4.9). Hence M satisfies

M = I +
M (1)

k
+

M (2)

k2
+O(k−3), k → ∞,

where

M (1) = A+m(1), M (2) = B +Am(1) +m(2). (5.14)

Using that {yj}31 are given by (2.23), we conclude that the three conditions in (2.8) are
satisfied. This completes the proof. □

Using (5.14), we can write the definition (2.25) of u(x, t) as

u(x, t) = −3

2

∂

∂x
M

(1)
33 (x, t) = −3

2

∂

∂x

(
A33(x, t) +m

(1)
33 (x, t)

)
, (5.15)

By considering the terms of order k−1 of the (33)-entry of the first equation in (5.1), we

infer that m
(1)
33 satisfies

∂

∂x
m

(1)
33 (x, t) = 3|q(x, t)|2, (x, t) ∈ N . (5.16)

Substituting this into (5.15) and using the definition (2.22) of A(x, t), we obtain

u(x, t) = −3

2

∂

∂x

(
ωq − q̄

1− ω
+

ω(q − q̄)

1− ω2

)
− 9

2
|q(x, t)|2 = −3Re

(
ωqx(x, t)

)
− 9

2
|q(x, t)|2,

which is the Miura transformation (2.27). Since q is smooth, it follows from (2.27) that
u is smooth and real-valued on N . Since q solves (1.2), it also follows from (2.27) that u
satisfies the “good” Boussinesq equation (2.1) and that {u, v}, with v defined by (2.26),
satisfy the system (2.3) on N . For completeness, we give in the next lemma an alternative
proof of the latter two facts; this lemma also shows that M satisfies the Lax pair equations
associated to (2.3).

Lemma 5.3. For (x, t) ∈ N , define u(x, t) by (2.25) and define v(x, t) by (2.26). Then
M satisfies the Lax pair equations{

Mx − k[J,M ] = UM,

Mt − k2[J2,M ] = VM,
(5.17)

where U and V are given in terms of u and v by (A.7). In particular, for (x, t) ∈ N , u
and v satisfy (2.3) and u satisfies (2.1).

Proof. Since T and m have unit determinant, so does M ; hence the inverse M−1 is well
defined. Since M = Tm, we have

(Mx + kMJ)M−1 = TxT
−1 + T (kF1 + F0)T

−1 (5.18a)

and

(Mt + k2MJ2)M−1 = TtT
−1 + T (k2G2 + kG1 +G0)T

−1, (5.18b)

where {Fj}1j=0 and {Gj}2j=0 are the functions in (5.2). It follows from the definition of T

that the functions in (5.18a) and (5.18b) are analytic for k ∈ C \ {0}. Moreover,

TxT
−1 + T (kF1 + F0)T

−1 = kJ +O(1) as k → ∞,

TtT
−1 + T (k2G2 + kG1 +G0)T

−1 = k2J2 +O(k) as k → ∞,
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and we also verify from a direct computation that

TxT
−1 + T (kF1 + F0)T

−1 = O(k−2) as k → 0,

TtT
−1 + T (k2G2 + kG1 +G0)T

−1 = O(k−2) as k → 0.

Hence there exist 3 × 3-matrix valued functions {fj(x, t)}0j=−2 and {gj(x, t)}1j=−2 such
that {

TxT
−1 + T (kF1 + F0)T

−1 = kJ + f0 +
f−1

k + f−2

k2
,

TxT
−1 + T (k2G2 + kG1 +G0)T

−1 = k2J2 + kg1 + g0 +
g−1

k + g−2

k2
.

(5.19)

The Lax pair equations (5.17) are a consequence of (5.18) and (5.19) if we can show that

f0 +
f−1

k
+

f−2

k2
= U , kg1 + g0 +

g−1

k
+

g−2

k2
= V, (5.20)

where U and V are given by (A.7). To prove (5.20), we substitute (5.3) and the definition
(5.11) of T into (5.19) and identify coefficients of powers of k. Recalling the definitions
of u and v, the identities in (5.20) follow from long but straightforward computations in
which we use the relation (5.9). The facts that u and v satisfy (2.3) and that u satisfies
(2.1) follow from the compatibility of the Lax pair equations (5.17). □

The proof of Theorem 2.9 is complete.

6. Examples

We give two explicit examples to illustrate the transformation (1.3) of Theorem 1.1.

6.1. Example 1. Equation (1.2) admits the family of traveling wave solutions

q(x, t) = − c
√
3ω2e

i
√

3
2

c(x−ct)

2 sin
(
3
√
3

2 c(x− ct)
) , (6.1)

parametrized by the wave speed c ∈ R. The solution in (6.1) is smooth in the xt-plane

except on the lines 3
√
3

2 c(x − ct) ∈ πZ. Applying Theorem 1.1, we find that, for any

c1 = 31/4c ∈ R,

u(x, t) =
1

2

(
1− 3c21

sin2
(
1
2c1(x− c1t)

))
is a solution of the “good” Boussinesq equation (1.1) everywhere in the xt-plane except
on the lines 1

2c1(x− c1t) ∈ πZ.
The solution (6.1) is a (singular) one-soliton of (1.2) and we explain in Appendix B how

it can be derived.

6.2. Example 2. Equation (1.2) admits the exact solution

q(x, t) =
4(4e2x − 1)e

−2x− it√
3
(
1 + 4e2x − 4ex+i

√
3t
)

128 cos(
√
3t)− 108 sinh(x) + 63 sinh(3x)− 180 cosh(x) + 65 cosh(3x)

. (6.2)

This solution is smooth in the xt-plane except when the denominator vanishes; this hap-
pens when

t =
2πN ± arccos

(
1

128(108 sinh(x)− 63 sinh(3x) + 180 cosh(x)− 65 cosh(3x))
)

√
3
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for some N ∈ Z. An application of the Miura-type transformation of Theorem 1.1 to (6.2)
yields the following (singular) solution of (1.1):

u(x, t) =
2− 32

(
1 + 2

√
3
) (

y + 4y3
)
cos(

√
3t+π
3 ) + 16y2

(
8
√
3 + 5− 4 sin(4

√
3t+π
6 )

)
+ 32y4

4
(
4
√
3y sin( t√

3
)− 4y cos( t√

3
) + 4y2 + 1

)2 ,

where y := exp(3−1/4x). This solution is smooth whenever the denominator is nonzero.
The solution (6.2) is a (singular) breather soliton of (1.2); we show in Appendix B how

to construct such solitons and how we arrived at the solution in (6.2).

7. KdV and mKdV

The Miura transformation (1.6) maps solutions of the mKdV equation to solutions
of the KdV equation. Underlying this transformation is a correspondence between the
associated Riemann–Hilbert problems. In this section, we describe this correspondence;
we refer to [15, Proposition 2.3 and Remark 2.5] for an earlier description.

Our goal is to give a detailed treatment of the mKdV/KdV correspondence with a
particular emphasis on the analogy between that correspondence and the correspondence
between the “good” Boussinesq equation and equation (1.2) presented in Sections 2–5. To
make this analogy more transparent, in this section, we write M and m for the solutions
of the RH problems associated with the KdV and mKdV equations, respectively (in the
rest of this paper, M and m denote the solutions to the RH problems associated with
the Boussinesq equation and equation (1.2), respectively). Similarly, the quantities U , V,
A, B, s, etc., are defined differently in this section compared to earlier sections; but they
play analogous roles here, so that the comparison between this section and the rest of the
paper becomes evident.

7.1. Reflection coefficients. We first define the reflection coefficients rmKdV and rKdV

associated with mKdV and KdV. Let {σj}3j=1 be the three Pauli matrices. The mKdV

and KdV equations (1.4) and (1.5) both admit Lax pairs of the same form:{
Xx − [L, X] = UX,

Xt − [Z, X] = VX,
(7.1)

where L = −ikσ3, Z = −4ik3σ3, and U(x, t, k) and V(x, t, k) are given by

U =


−qσ2 = i

(
0 q

−q 0

)
(mKdV),

u

2k
(iσ3 − σ1) =

u

2k

(
i −1

−1 −i

)
(KdV),

(7.2)

V =



(
−2ikq2 4ik2q + 2iq3 − 2kqx − iqxx

−4ik2q − 2iq3 − 2kqx + iqxx 2ikq2

)
(mKdV),

−2ku

(
0 1

1 0

)
+ ux

(
0 −i

i 0

)
+

2u2 − uxx
2k

(
i −1

−1 −i

)
(KdV).

Define the 2 × 2-matrix valued function X(x, k) as the unique solution of the Volterra
integral equation

X(x, k) = I −
∫ ∞

x
e(x−x′)L̂(k)U(x′, 0, k)X(x′, k)dx′, (7.3)
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and define the scattering matrix s(k) by

s(k) = I −
∫
R
e−xL̂(k)U(x, 0, k)X(x, k)dx,

where eL̂UX := eLUXe−L. The mKdV reflection coefficient rmKdV(k) associated to the
initial data q0(x) is defined by

rmKdV(k) = −s21(k)

s22(k)
, k ∈ R, (7.4)

where X and s are constructed with U = −q0σ2; the KdV reflection coefficient rKdV(k)
associated to the initial data u0(x) is defined by the same formula (7.4) except that X
and s now are constructed with U = u0

2k (iσ3 − σ1).

7.2. Solution of the initial value problem. In what follows, we state the RH problems
associated to mKdV and KdV and recall without proofs how they can be used to solve the
initial value problem on the line. For simplicity, we assume that no solitons are present;
this means more precisely that we assume that (s(k))22 is nonzero for Im k ≥ 0 for both
mKdV and KdV.

Given solitonless initial data q0 in the Schwartz class S(R), the solution q(x, t) of the
initial value problem for the mKdV equation is given by

q(x, t) = 2 lim
k→∞

(
km(x, t, k)

)
12
, (7.5)

where m is the unique solution of the following RH problem with r(k) taken to be the
reflection coefficient rmKdV(k) associated to q0(x) = q(x, 0).

RH problem 7.1 (RH problem for mKdV). Let r : R → C be a given function. Find a
2× 2-matrix valued function m(x, t, k) with the following properties:

(a) m(x, t, ·) : C \ R → C2×2 is analytic.
(b) The boundary values of m(x, t, k) as k approaches R from the left and right exist, are

continuous, and satisfy

m+(x, t, k) = m−(x, t, k)v(x, t, k), k ∈ R, (7.6)

where v is defined in terms of r(k) by

v(x, t, k) :=

(
1− |r(k)|2 −r(k)e−tΦ(ζ,k)

r(k)etΦ(ζ,k) 1

)
,

Φ(ζ, k) := 2i(ζk + 4k3), ζ :=
x

t
. (7.7)

(c) As k → ∞, m(x, t, k) = I +O(k−1).

Similarly, for solitonless initial data u0 ∈ S(R), let r(k) be the KdV reflection coefficient
rKdV(k) associated to u0(x) = u(x, 0). In the generic case when r(0) = i, the solution
u(x, t) of the initial value problem for the KdV equation is given by

u(x, t) = 2i∂x lim
k→∞

(
kM(x, t, k)

)
22

where M is the unique solution of the following RH problem.

RH problem 7.2 (RH problem for KdV). Let r : R → C be a given function. Find a
2× 2-matrix valued function M(x, t, k) with the following properties:

(a) M(x, t, ·) : C \ R → C2×2 is analytic.
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(b) The limits of M(x, t, k) as k approaches R \ {0} from the left and right exist, are
continuous on R \ {0}, and satisfy

M+(x, t, k) = M−(x, t, k)v(x, t, k), k ∈ R \ {0}, (7.8)

where v is defined in terms of r(k) by (7.7).

(c) As k → ∞, M(x, t, k) = I + k−1M (1)(x, t) +O(k−2), where the matrix M (1) satisfies

M
(1)
12 = 0.

(d) There exist complex-valued functions α(x, t), β(x, t), γ(x, t), δ(x, t) such that

M(x, t, k) =
α(x, t)

k

(
0 1
0 i

)
+

(
β(x, t) −i(γ(x, t) + δ(x, t))
iβ(x, t) γ(x, t)− δ(x, t)

)
+O(k) (7.9)

as k → 0, Im k ≥ 0.
(e) M satisfies the symmetries

M(x, t, k) = AM(x, t,−k)A−1 = BM(x, t, k)B, k ∈ C \ R, (7.10)

where A and B are defined by

A =

(
0 −1
1 0

)
, B =

(
0 1
1 0

)
. (7.11)

7.3. Properties of the reflection coefficients. Suppose that q0 and u0 are solitonless
initial data in the Schwartz class S(R). Then rmKdV : R → C and rKdV : R → C are both
in the Schwartz class and obey the symmetry

r(k) = −r(−k) for k ∈ R. (7.12)

For KdV, the simple pole of U at k = 0 implies that s(k) has an expansion at the origin
of the form

s(k) =
s(−1)

k
+ s(0) + s(1)k + · · · as k → 0, (7.13)

where, for some constant s(−1) ∈ R,

s(−1) = s(−1)

(
−i 1
1 i

)
. (7.14)

For generic initial data, the coefficient s(−1) is non-zero; in this case, it is easy to see from

(7.13)–(7.14) that r(0) = limk→0− s21(k)
s22(k)

= i. The matrix s satisfies s(k) = As(−k)A−1 =

Bs(k)B and det s(k) = 1, from which we get |r(k)|2 = 1 − 1/|s22(k)|2 for k ∈ R \ {0}. It
follows that whereas the reflection coefficient for mKdV is everywhere smaller than 1 (i.e.,
|rmKdV(k)| < 1 for all k ∈ R), the reflection coefficient for KdV generically satisfies

|rKdV(k)| < 1 for k ∈ R \ {0} and rKdV(0) = i. (7.15)

This has the important implication that the Miura transformation u = qx + q2 maps
Schwartz class solutions of mKdV onto a small (measure zero) subset of all Schwartz class

solutions of KdV. More precisely, only solutions u for which the associated coefficient s(−1)

vanishes arise as images of mKdV Schwartz class solutions on the line.
On the other hand, the RH problems 7.1 and 7.2 can be formulated for any choice of r(k)

and generate solutions of mKdV and KdV, respectively, for a very large class of functions
r(k). Solutions corresponding to functions r(k) which do not satisfy the above constraints,
will not correspond to Schwartz class solutions, but to solutions with singularities and/or
a lack of decay at spatial infinity. The Miura transformation is local in the sense that
wherever a solution q of mKdV is smooth, the Miura transformation q 7→ u = qx + q2 is
well-defined and generates a KdV solution u.
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7.4. The Miura correspondence. Underlying the Miura transformation is a correspon-
dence between RH problem 7.1 and 7.2. This correspondence exists for a large class of
spectral functions r(k). We will restrict ourselves to the class of functions r ∈ S(R) such
that r(0) = i and r(k) = −r(−k) for k ∈ R. In view of (7.15), this class contains the
reflection coefficients relevant for generic Schwartz class solutions of KdV on the line. Our
results are summarized in two theorems. The first theorem (Theorem 7.3) describes how
to go from mKdV to KdV, i.e., how to construct a solution M of RH problem 7.2 given a
solution m of RH problem 7.1, and how the corresponding solutions of KdV to mKdV are
related by the Miura transformation. The second theorem (Theorem 7.4) describes how
to go in the opposite direction, from KdV to mKdV. The analogy between Theorem 7.3
and Theorem 2.9 should be evident.

Theorem 7.3 (From mKdV to KdV). Let r ∈ S(R) be such that r(k) = −r(−k) for
k ∈ R and r(0) = i. Define the 2 × 2-matrix valued jump matrix v(x, t, k) in terms of
r(k) by (7.7). Let N be an open subset of R × [0,+∞) and suppose RH problem 7.1 has
a (necessarily unique) solution m(x, t, ·) for each (x, t) ∈ N .

(a) The function q defined by

q(x, t) = 2 lim
k→∞

(
km(x, t, k)

)
12

(7.16)

is smooth and real-valued on N and satisfies the mKdV equation (1.4) for (x, t) ∈ N .
(b) Define A(x, t) by

A(x, t) = −q(x, t)

2

(
−i 1
1 i

)
. (7.17)

The 2× 2-matrix valued function M(x, t, k) defined by

M(x, t, k) =

(
I +

A(x, t)

k

)
m(x, t, k) (7.18)

satisfies RH problem 7.2 for each (x, t) ∈ N .
(c) The function u defined by

u(x, t) = 2i∂x lim
k→∞

(
kM(x, t, k)

)
22

(7.19)

is smooth and real-valued on N and satisfies the KdV equation (1.5) for (x, t) ∈ N .
(d) The solutions u and q are related by the Miura transformation

u(x, t) = qx(x, t) + q(x, t)2, (x, t) ∈ N . (7.20)

Theorem 7.4 (From KdV to mKdV). Let r ∈ S(R) be such that r(k) = −r(−k) for
k ∈ R and r(0) = i. Define the 2 × 2-matrix valued jump matrix v(x, t, k) in terms of
r(k) by (7.7). Let N be an open subset of R × [0,+∞) and suppose RH problem 7.2 has
a (necessarily unique) solution M(x, t, ·) for each (x, t) ∈ N and that the function δ(x, t)
in (7.9) is nonzero on N .

(a) Define B(x, t) by

B(x, t) =
α(x, t)

2δ(x, t)

(
−i 1
1 i

)
, (x, t) ∈ N , (7.21)

where α(x, t) and δ(x, t) are the functions in (7.9). The 2× 2-matrix valued function
m(x, t, k) defined by

m(x, t, k) =

(
I +

B(x, t)

k

)
M(x, t, k) (7.22)

satisfies RH problem 7.1 for each (x, t) ∈ N .
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(b) The function u defined by (7.19) is smooth and real-valued on N and satisfies the KdV
equation (1.5) for (x, t) ∈ N .

(c) The function q defined by (7.16) is smooth and real-valued on N and satisfies the
mKdV equation (1.4) for (x, t) ∈ N .

(d) The solutions u and q are related by the Miura transformation

u(x, t) = qx(x, t) + q(x, t)2, (x, t) ∈ N . (7.23)

(e) For (x, t) ∈ N , it holds that

δxx(x, t) = u(x, t)δ(x, t), q(x, t) =
δx(x, t)

δ(x, t)
, α(x, t) = δx(x, t). (7.24)

Remark 7.5. Given u, the Miura transformation (7.23) can be viewed as a Ricatti equa-
tion for q. The relations in (7.24) can be interpreted as the standard procedure for obtain-
ing the solution of this Ricatti equation in terms of the solution of a second-order linear
ordinary differential equation. Indeed, (7.24) expresses the solution of u = qx + q2 as
q = δx/δ where δ is the solution of the second-order equation δxx = uδ.

Remark 7.6. Let us comment on the assumption in Theorem 7.4 that the function δ(x, t)
be nonzero on N . It is clear from (7.24) that the inverse Miura transformation u 7→ q
may introduce singularities at the points where δ vanishes. At these points RH problem 7.1
does not have a solution. For example, as discussed above, for r(k) associated to generic
Schwartz class solutions of KdV, there is a solution M(x, t, k) of the RH problem for KdV
for any (x, t) ∈ R × [0,+∞). But the corresponding solution of mKdV will not be in the
Schwartz class (because if it were, we would have |r(0)| < 1) and the best we can say is
that it will be a smooth solution of mKdV on the set where δ(x, t) is nonzero.

7.5. Proof of Theorem 7.3. Suppose r ∈ S(R) satisfies r(k) = −r(−k) for k ∈ R and
r(0) = i, and assume that m(x, t, ·) is a solution of RH problem 7.1 for all (x, t) in some
open subset N of R×[0,+∞). Since det v = 1, standard arguments show that the solution

m is unique. Moreover, since r(k) = −r(−k) for k ∈ R, we have

v(x, t, k) = Av(x, t,−k)−1A−1 = Bv(x, t, k)
−1

B, k ∈ R,

so that Am(x, t,−k)A−1 and Bm(x, t, k)B also obey RH problem 7.1; by uniqueness,

m(x, t, k) = Am(x, t,−k)A−1 = Bm(x, t, k)B, k ∈ C \ R, (7.25)

By Cauchy’s formula,

m(x, t, k) = I +
1

2πi

∫
R
m−(x, t, s)(v(x, t, s)− I)

ds

s− k
. (7.26)

It follows from (7.25), (7.26), the fact that r ∈ S(R), and standard theory for singular
integral equations (see e.g. [31, Chapter 2]) that

m(x, t, k) = I +
m(1)(x, t)

k
+

m(2)(x, t)

k2
+O(k−3), k → ∞, (7.27)

where the coefficient matrices {m(j)}21 have the form

m(1) =

(
−m

(1)
22 m

(1)
12

m
(1)
12 m

(1)
22

)
, m(2) =

(
m

(2)
22 m

(2)
12

−m
(2)
12 m

(2)
22

)
, (7.28)

where m
(1)
12 ,m

(2)
22 are real-valued and m

(1)
22 ,m

(2)
12 are purely imaginary. In particular, q =

2m
(1)
12 is well-defined by (7.16) and real-valued. Smoothness of m (and hence also of q) as
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a function of (x, t) ∈ N follows from (7.26) and the rapid decay of r(k). Standard dressing
arguments now show that m(x, t, k) obeys the Lax pair equations{

mx + ik[σ3,m] = Um,

mt + 4ik3[σ3,m] = Vm,
(x, t) ∈ N , k ∈ C \ R, (7.29)

where U and V are defined in terms of q by (7.2). In particular, q satisfies (1.4) for
(x, t) ∈ N . This completes the proof of part (a).

To prove (b), define A(x, t) and M(x, t, k) as in (7.17)–(7.18). It is immediate that
M(x, t, k) is analytic for k ∈ C \ R and obeys the jump relation (7.8) on R \ {0}. By

(7.27) and (7.18), we have M(x, t, k) = I + k−1M (1)(x, t) + O(k−2) as k → ∞, where

M (1) = m(1) + A satisfies M
(1)
12 = m

(1)
12 + A12 = 0. The symmetry relations (7.25) and

A(x, t) = −AA(x, t)A−1 = BA(x, t)B imply that M obeys (7.10).
We next show that there exist functions α(x, t), β(x, t), γ(x, t), δ(x, t) such that (7.9)

holds. We deduce from (7.26), the fact that r ∈ S(R), and standard theory for singular

integral equations that there exist matrices m(0)(x, t) and m(1)(x, t) such that

m(x, t, k) = m(0)(x, t) +m(1)(x, t)k +O(k2) as k → 0, Im k ≥ 0.

Substituting this expansion into (7.18), we obtain

M(x, t, k) =
Am(0)

k
+ (m(0) +Am(1)) +O(k), k → 0, Im k ≥ 0. (7.30)

By (7.25), the leading coefficient obeys m(0) = Am(0)A−1v(0). Since r(0) = i, we have

v(x, t, 0) =

(
0 i
i 1

)
, and hence m(0) =

(
m

(0)
11 i(m

(0)
22 −m

(0)
11 )

im
(0)
11 m

(0)
22

)
. (7.31)

Substitution into (7.30) shows that (7.9) holds with α := 1
2(m

(0)
11 − 2m

(0)
22 )q, β := m

(0)
11 +

iq
2 (m

(1)
11 + im

(1)
21 ), and appropriate choices of γ and δ. This completes the proof of (b).

Let us finally prove (c) and (d). From (7.29), we see that 2i∂xm
(1)
22 = q2. Hence, defining

u by (7.19), we find u = 2i∂xM
(1)
22 = 2i∂x(m

(1)
22 + A22) = q2 + qx. This proves (d) and,

since q satisfies (1.4), it also implies that u satisfies (1.5). This completes the proof of
Theorem 7.3.

7.6. Proof of Theorem 7.4. Suppose r ∈ S(R) satisfies r(k) = −r(−k) for k ∈ R and
r(0) = i, and assume that M(x, t, ·) is a solution of RH problem 7.2 for all (x, t) in some
open subset N of R× [0,+∞).

We first show that the solution M is unique. The symmetries (7.10) and the fact that

M
(1)
12 = 0 imply that

M(x, t, k) = I +
M

(1)
22

k

(
−1 0
0 1

)
+O(k−2), k → ∞, (x, t) ∈ N , (7.32)

where iM
(1)
22 is a real-valued function of (x, t) ∈ N . It follows from (7.32) and (7.9) that

detM(x, t, k) = 1 +O(k−2) as k → ∞,

detM(x, t, k) = O(1) as k → 0.

Since detM is analytic for k ∈ C \ {0}, we infer that M has unit determinant. Suppose
that M and N are two solutions of RH problem 7.2. By the above argument, detM and



MIURA TRANSFORMATION FOR THE “GOOD” BOUSSINESQ EQUATION 23

detN are identically equal to one. In particular, the inverse N−1 exists and is given by

N−1 =

(
N22 −N12

−N21 N11

)
.

Expanding this expression for N−1 as k → 0, Im k ≥ 0, and using (7.9), we find

N−1(x, t, k) =
αN (x, t)

k

(
i −1
0 0

)
+ βN (x, t)

(
0 0
−i 1

)
+

(
O(1) O(1)
O(k) O(k)

)
(7.33)

as k → 0, Im k ≥ 0. Similarly, expanding the expression for N−1 as k → ∞ and using
(7.32), we find

N−1(x, t, k) = I +
N

(1)
22 (x, t)

k

(
1 0
0 −1

)
+O(k−2), k → ∞.

By (7.9) and (7.33), we have, as k approaches 0, Im k ≥ 0,

MN−1 =
αNβM − αMβN

k

(
i −1
−1 −i

)
+O(1), (7.34)

showing that MN−1 has at most a simple pole at k = 0. On the other hand, expanding
MN−1 as k → ∞ we get

M(x, t, k)N(x, t, k)−1 = I +
M

(1)
22 −N

(1)
22

k

(
−1 0
0 1

)
+O(k−2). (7.35)

Since MN−1 is entire, Liouville’s theorem together with (7.34) and (7.35) show that

M(x, t, k)N(x, t, k)−1 = I +
M

(1)
22 −N

(1)
22

k

(
−1 0
0 1

)
,

but this is only compatible with (7.34) if M
(1)
22 −N

(1)
22 = 0, i.e., if MN−1 = I. This proves

that the solution M is unique.
We next show that the functions α, β, and δ in (7.9) are real-valued. Using the symmetry

(7.10) and suppressing the (x, t)-dependence for conciseness, we obtain

M+(k) = BM+(k)v(k)−1B = BM+(k)Bv(k), k ∈ R \ {0}. (7.36)

Inserting expansion (7.9), the terms of O(k−1) and O(1) of (7.36) yield the relations

α

(
0 1
0 i

)
= Bᾱ

(
0 1
0 −i

)
Bv(0),(

β −i(γ + δ)
iβ γ − δ

)
= Bᾱ

(
0 1
0 −i

)
Bv′(0) + B

(
β̄ i(γ̄ + δ̄)

−iβ̄ γ̄ − δ̄

)
Bv(0).

Since

v(0) =

(
0 i
i 1

)
, v′(0) =

(
0 2x− r′(0)

−2x+ r′(0) 0

)
.

these relation imply that α, β, δ are real-valued.
Assume now that the function δ(x, t) in (7.9) is nonzero on N . Then m(x, t, k) is well-

defined by (7.22) for (x, t) ∈ N . Clearly, m(x, t, k) is analytic for k ∈ C \ R, obeys the
jump relation (7.6) on R \ {0}, and satisfies m(x, t, k) = I + O(k−1) as k → ∞. As a

consequence of the reality of α and δ, we have B(x, t) = −AB(x, t)A−1 = BB(x, t)B. It
follows that m obeys the symmetries in (7.25). Moreover, as k → 0, Im k ≥ 0, we have

m(x, t, k) =

(
B(x, t)

k
+ I

){
α(x, t)

k

(
0 1
0 i

)
+

(
β(x, t) −i(γ(x, t) + δ(x, t))
iβ(x, t) γ(x, t)− δ(x, t)

)
+O(k)

}
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=
1

k

{
α(x, t)

(
0 1
0 i

)
+B(x, t)δ(x, t)

(
0 −i
0 −1

)}
+O(1) = O(1).

Thanks to (7.25), m is non-singular also as k → 0 from the lower half-plane. It follows
that m(x, t, ·) satisfies RH problem 7.1 for every (x, t) ∈ N , completing the proof of (a).
An application of Theorem 7.3 then immediately yields also assertions (b)–(d). Comparing
(7.18) and (7.22), we conclude that

I +
A(x, t)

k
=

(
I +

B(x, t)

k

)−1

,

which holds if and only if q = α/δ. On the other hand, substituting m = (I + B/k)M
and the expansion (7.9) of M into the x-part of the Lax pair (7.29) and considering the
terms of O(1) of m12x + im22x, we obtain the relation δx = qδ. We conclude that δx = α
and q = δx/δ; substitution of q = δx/δ into the Miura transformation (7.20) then gives
u = δxx/δ. This completes the proof of Theorem 7.4.

Appendix A. The initial value problems

We recall the origin of RH problem 2.2 and 2.4 and how they can be used to solve
the initial value problems for (2.3) and (1.2) on the real line. We also discuss the origin
of Assumptions 2.6 and 2.7 on the spectral functions r1 and r2. The material in this
appendix can be found in [6, 7, 20].

A.1. The initial value problem for (1.2). Let ω = e
2πi
3 , define {lj(k), zj(k)}3j=1 by

(2.4), and define J , L, and Z by

J = diag(ω, ω2, 1), L = kJ = diag(l1, l2, l3), Z = k2J2 = diag(z1, z2, z3).

Equation (1.2) is the compatibility condition of the Lax pair equations [20]{
Xx − [L, X] = UX,

Xt − [Z, X] = VX,
(A.1)

where k ∈ C is the spectral parameter and

U =

 0 (1− ω2)q̄ (1− ω)q
(1− ω)q 0 (1− ω2)q̄
(1− ω2)q̄ (1− ω)q 0

 , (A.2)

V = k

 0 (ω2 − 1)q̄ (1− ω2)q
(ω − 1)q 0 (1− ω)q̄
(ω − ω2)q̄ (ω2 − ω)q 0


+ (q̄x − 3q2)

0 ω 0
0 0 ω
ω 0 0

+ (qx − 3q̄2)

 0 0 ω2

ω2 0 0
0 ω2 0

 . (A.3)

Given initial data q0(x) = q(x, 0) in S(R), we define the spectral functions r1(k) and
r2(k) as follows. Let X(x, k) and XA(x, k) be the unique solutions of the Volterra integral
equations

X(x, k) = I −
∫ ∞

x
e(x−x′)L̂(k)(U0X)(x′, k)dx′, (A.4a)

XA(x, k) = I +

∫ ∞

x
e−(x−x′)L̂(k)(UT

0 X
A)(x′, k)dx′, (A.4b)
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where U0(x, k) = U(x, 0, k) and L̂ denotes the operator which acts on a 3× 3 matrix A by

L̂A = [L, A] (i.e., eL̂A = eLAe−L), and UT
0 denotes the transpose of U0. Let

s(k) := I −
∫
R
e−xL̂(k)(U0X)(x, k)dx, sA(k) := I +

∫
R
exL̂(k)(UT

0 X
A)(x, k)dx. (A.5)

The two spectral functions {rj(k)}21 are defined by{
r1(k) =

(s(k))12
(s(k))11

, k ∈ (0,∞),

r2(k) =
(sA(k))12
(sA(k))11

, k ∈ (−∞, 0).
(A.6)

The functions (s(k))11 and (sA(k))11 which appear in the denominators of (A.6) are
analytic in D1 and D4, respectively, see [6]. We refer to the initial data q0 as solitonless
if (s(k))11 and (sA(k))11 are nonzero for k ∈ D̄1 and k ∈ D̄4, respectively.

It is shown in [6, Lemma 2.2] that the spectral functions {rj(k)}21 satisfy the properties
in Assumption 2.6 for any solitonless initial data in the Schwartz class. Moreover, it is
shown in [6, Theorem 1] that if q(x, t) is a Schwartz class solution of (1.2) on R × [0, T )
with solitonless initial data q0(x) = q(x, 0), then RH problem 2.4 has a unique solution
m(x, t, k) for any (x, t) ∈ R × [0, T ) and the solution q(x, t) can be obtained for any
(x, t) ∈ R× [0, T ) from the formula

q(x, t) = lim
k→∞

km13(x, t, k).

Remark A.1. The spectral functions {rj(k)}21 associated to solitonless Schwartz class
initial data q0 for (1.2) do not satisfy the properties in Assumption 2.7. Instead they
satisfy |r1(0)| < 1 and |r2(0)| < 1, see [6, Lemma 2.2]. An analogous situation occurs also
for mKdV and KdV, where the reflection coefficient r(k) for mKdV satisfies |r(0)| < 1,
whereas the reflection coefficient for KdV generically satisfies r(0) = i, see Section 7.3.

A.2. The initial value problem for (2.3). The system (2.3) also admits a Lax pair of
the form (A.1). More precisely, (2.3) is the compatibility condition of (A.1) provided that
U and V are given by (see [7])

U(x, t, k) = U (2)(x, t)

k2
+

U (1)(x, t)

k
, (A.7a)

V(x, t, k) = V(2)(x, t)

k2
+

V(1)(x, t)

k
+ V(0)(x, t), (A.7b)

with

U (2) = −v + ux
3

ω ω2 1
ω ω2 1
ω ω2 1

 , U (1) = −2u

3

ω2 ω 1
ω2 ω 1
ω2 ω 1

 ,

V(2) =
−3vx + uxx

9

ω ω2 1
ω ω2 1
ω ω2 1

 , V(0) =
2u

3

 0 ω ω2

ω2 0 ω
ω ω2 0

 ,

V(1) =
v

3

−2ω2 ω2 ω2

ω −2ω ω
1 1 −2

+
(1− ω)ux

9

 0 1 −1
−ω2 0 ω2

ω −ω 0

 .

The functions r1(k) and r2(k) are still defined by (A.6) but with U0(x, k) = U(x, 0, k) given
by (A.7). We refer to the initial data {u0(x) = u(x, 0), v0(x) = v(x, 0)} as solitonless if
(s(k))11 and (sA(k))11 are nonzero for k ∈ D̄1 \ {0} and k ∈ D̄4 \ {0}, respectively.

The double poles of U and V in (A.7) imply that each of the four functions s11, s12,
sA11, and sA12 that appear in (A.6) has at most a double pole at k = 0 [7]. Furthermore,
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s12 has a double pole if and only if s11 has a double pole, and sA12 has a double pole if and
only if sA11 has a double pole. We say that the initial data {u0(x), v0(x)} is generic if the
behavior of these functions is generic at k = 0 in the sense that

lim
k→0

k2(s(k))11 ̸= 0, lim
k→0

k2(sA(k))11 ̸= 0.

It is shown in [7, Theorem 2.3] that, for any generic solitonless initial data in the
Schwartz class, the spectral functions {rj(k)}21 satisfy the properties in Assumptions 2.6
and 2.7. Moreover, it is shown in [7, Theorem 2.6] that if {u(x, t), v(x, t)} is a Schwartz
class solution of (2.3) on R×[0, T ) with generic solitonless initial data, then RH problem 2.2
has a unique solution M(x, t, k) for any (x, t) ∈ R×[0, T ) and the solution {u(x, t), v(x, t)}
can be obtained for any (x, t) ∈ R× [0, T ) from the formulas

u(x, t) = −3

2

∂

∂x
lim
k→∞

k
(
M33(x, t, k)− 1

)
,

v(x, t) = −3

2

∂

∂t
lim
k→∞

k
(
M33(x, t, k)− 1

)
.

(A.8)

Appendix B. Soliton solutions of (1.2)

In this appendix, we construct soliton solutions of (1.2); in particular, we derive the
exact solutions in (6.1) and (6.2).

Soliton solutions of (1.2) can be generated by adding poles to RH problem 2.4 and letting
the jump matrix v be the identity matrix. To see how to add the poles, let X(x, t, k) be
the solution of the Volterra integral equation

X(x, t, k) = I −
∫ ∞

x
e(x−x′)kJ(UX)(x′, t, k)e−(x−x′)kJdx′. (B.1)

For compactly supported initial data, the solution m(x, t, k) of RH problem 2.4 is related
to X for k ∈ D1 via

m(x, t, k) = X(x, t, k)exkJ+tk2J2
T1(k)e

−xkJ−tk2J2
, (B.2)

where T1(k) is given in terms of the entries of the scattering matrix s(k) in (A.5) by

T1(k) =

1 − s12
s11

m31(s)
m33(s)

0 1 −m32(s)
m33(s)

0 0 1


with mij(s) the (ij)th minor of the matrix s, see [6] (see also [7, Lemma 4.4] for a similar
situation with more details provided). The relation (B.2) implies that the three columns
[m]j , j = 1, 2, 3, of m(x, t, k) obey the following relations in D1:

[m]1 = [X]1, (B.3a)

[m]2 = −s12
s11

eθ12 [X]1 + [X]2, (B.3b)

[m]3 =
m31(s)

m33(s)
eθ13 [X]1 −

m32(s)

m33(s)
eθ23 [X]2 + [X]3. (B.3c)

B.1. One-solitons. One-soliton solutions arise when s11(k) has a simple zero at some
point k0 > 0.

Suppose s11 has a simple zero at k0 > 0 and that s12(k0) ̸= 0. According to (B.3b), it
follows that [m(x, t, k)]2 has a simple pole at k0 satisfying the residue condition

Res
k=k0

[m(x, t, k)]2 = e1e
θ12(x,t,k0)[m(x, t, k0)]1,
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where e1 := − s12(k0)
ṡ11(k0)

∈ C is a constant. Using the symmetrym(x, t, k) = Am(x, t, ωk)A−1,

we conclude that [m]1 and [m]3 have simple poles at ωk0 and ω2k0, respectively, and that
the following residue conditions hold:

Res
k=ωk0

[m(x, t, k)]1 = ωe1e
θ12(x,t,k0)[m(x, t, ωk0)]3, (B.4a)

Res
k=ω2k0

[m(x, t, k)]3 = ω2e1e
θ12(x,t,k0)[m(x, t, ω2k0)]2. (B.4b)

Together with the normalization condition m(x, t, k) = I +O(k−1) as k → ∞ this gives

[m(x, t, k)]1 =

1
0
0

+
ωe1e

θ12(x,t,k0)[m(x, t, ωk0)]3
k − ωk0

,

[m(x, t, k)]2 =

0
1
0

+
e1e

θ12(x,t,k0)[m(x, t, k0)]1
k − k0

,

[m(x, t, k)]3 =

0
0
1

+
ω2e1e

θ12(x,t,k0)[m(x, t, ω2k0)]2
k − ω2k0

. (B.5)

We evaluate the first equation at k = k0, the second equation at k = ω2k0, and the third
equation at k = ωk0. The top entries of the equations in (B.5) then give

m11(x, t, k0) = 1 +
ωe1e

θ12(x,t,k0)m13(x, t, ωk0)

k0 − ωk0
,

m12(x, t, ω
2k0) =

e1e
θ12(x,t,k0)m11(x, t, k0)

ω2k0 − k0
,

m13(x, t, ωk0) =
ω2e1e

θ12(x,t,k0)m12(x, t, ω
2k0)

ωk0 − ω2k0
.

This gives three algebraic equations which we can solve for the three unknownsm11(x, t, k0),
m12(x, t, ω

2k0), and m13(x, t, ωk0). Similarly, the middle entries of the equations in (B.5)
can be solved for m21(x, t, k0), m22(x, t, ω

2k0), and m23(x, t, ωk0). This gives explicit
expressions for

q(x, t) := lim
k→∞

km13(x, t, k) = ω2e1e
θ12(x,t,k0)m12(x, t, ω

2k0)

and

q̄(x, t) := lim
k→∞

km23(x, t, k) = ω2e1e
θ12(x,t,k0)m22(x, t, ω

2k0),

which can be verified to satisfy (1.2) for any choice of e1 ∈ C and k0 ∈ R. (The above
definitions of q and q̄ follow from [6, Eq. (3.11a)].) However, in the above computation, we
have not taken the B-symmetry of (4.1) into account; thus q̄ is in general not the complex
conjugate of q. A direct calculation shows that q̄ is the complex conjugate of q if and only
if

|e1|2 = 3k20.

Writing e1 =
√
3k0e

i arg e1 , this leads to the following class of (singular) one-soliton solu-
tions of (1.2):

q(x, t) = −1

2

√
3k0ω

2e
i
2(

√
3k0(x−k0t)+arg(e1)+

π
6 )

sin
(
3
2

(√
3k0(x− k0t) + arg(e1) +

π
6

)) . (B.6)

Letting c := k0 and arg(e1) = −π/6, we obtain the solution in (6.1).
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Remark B.1. The one-soliton solutions we found in (B.6) are singular. This is expected
because for regular solutions of (1.2) which decay as x → ±∞, s11(k) cannot vanish for
k ≥ 0. Indeed, for such solutions, |s12(k)/s11(k)| ≤ 1 for k ≥ 0 by [6, Eq. (A.2)]; hence, if
s11(k0) = 0 for some k0 ≥ 0, we must have s12(k0) = 0. But if s11(k0) = s12(k0) = 0, then

the B-symmetry s(k) = Bs(k)B implies that s22 and s21 also vanish at k0. Consequently,
det s(k0) = 0, which contradicts the fact that s(k) has unit determinant. This means that
(1.2) does not admit regular one-solitons with decay at spatial infinity.

B.2. Breather solitons. Breather solitons arise when s11(k) has a simple nonreal zero.
Suppose k0 is a simple zero of s11 in the open set D1 so that Im k0 > 0. Let us consider

the case where s21(k) also has a simple zero at k0. Then m33(s) = s11s22 − s12s21 and
m32(s) = s11s23 − s13s21 both vanish at k0. Taking the residues of (B.3b) and (B.3c) at
k0 and suppressing the (x, t)-dependence for brevity, we obtain

Res
k=k0

[m]2 = C1[m(k0)]1, Res
k=k0

[m]3 = C2[m(k0)]1,

where C1 = C1(x, t) and C2 = C2(x, t) are given by

C1 := −Res
k=k0

s12(k)

s11(k)
eθ12(x,t,k0), C2 := Res

k=k0

m31(s(k))

m33(s(k))
eθ13(x,t,k0).

We write these conditions as

m(k)

0
1
0

 = C1m(k)

1
0
0

 1

k − k0
+O(1), k → k0, (B.7a)

m(k)

0
0
1

 = C2m(k)

1
0
0

 1

k − k0
+O(1), k → k0. (B.7b)

Applying the symmetry m(k) = Am(ωk)A−1, we get

Am(ωk)A−1

0
1
0

 = C1Am(ωk)A−1

1
0
0

 1

k − k0
+O(1), k → k0,

Am(ωk)A−1

0
0
1

 = C2Am(ωk)A−1

1
0
0

 1

k − k0
+O(1), k → k0,

A2m(ω2k)A−2

0
1
0

 = C1A2m(ω2k)A−2

1
0
0

 1

k − k0
+O(1), k → k0,

A2m(ω2k)A−2

0
0
1

 = C2A2m(ω2k)A−2

1
0
0

 1

k − k0
+O(1), k → k0.

Replacing k with ω2k in the first and second equations, and replacing k with ωk in the
third and fourth equations, we can write these equations as

m(k)

1
0
0

 = ωC1m(k)

0
0
1

 1

k − ωk0
+O(1), k → ωk0, (B.8a)

m(k)

0
1
0

 = ωC2m(k)

0
0
1

 1

k − ωk0
+O(1), k → ωk0, (B.8b)
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m(k)

0
0
1

 = ω2C1m(k)

0
1
0

 1

k − ω2k0
+O(1), k → ω2k0, (B.8c)

m(k)

1
0
0

 = ω2C2m(k)

0
1
0

 1

k − ω2k0
+O(1), k → ω2k0. (B.8d)

Applying the symmetry m(k) = Bm(k̄)B to the equations in (B.7) and (B.8), we find
six further residue conditions. Altogether we find that there are twelve relevant residue
conditions given by

[m(k)]2 =
C1[m]1
k − k0

+O(1) and [m(k)]3 =
C2[m]1
k − k0

+O(1) as k → k0.

[m(k)]1 =
ωC1[m]3
k − ωk0

+O(1) and [m(k)]2 =
ωC2[m]3
k − ωk0

+O(1) as k → ωk0,

[m(k)]3 =
ω2C1[m]2
k − ω2k0

+O(1) and [m(k)]1 =
ω2C2[m]2
k − ω2k0

+O(1) as k → ω2k0,

[m(k)]1 =
C1[m]2
k − k̄0

+O(1) and [m(k)]3 =
C2[m]2
k − k̄0

+O(1) as k → k̄0.

[m(k)]2 =
ω2C1[m]3
k − ω2k̄0

+O(1) and [m(k)]1 =
ω2C2[m]3
k − ω2k̄0

+O(1) as k → ω2k̄0,

[m(k)]3 =
ωC1[m]1
k − ωk̄0

+O(1) and [m(k)]2 =
ωC2[m]1
k − ωk̄0

+O(1) as k → ωk̄0.

Hence, using that m → I as k → ∞,

[m(k)]1 =

1
0
0

+
ωC1[m(ωk0)]3

k − ωk0
+

ω2C2[m(ω2k0)]2
k − ω2k0

+
C1[m(k̄0)]2

k − k̄0
+

ω2C2[m(ω2k̄0)]3
k − ω2k̄0

,

[m(k)]2 =

0
1
0

+
C1[m(k0)]1

k − k0
+

ωC2[m(ωk0)]3
k − ωk0

+
ω2C1[m(ω2k̄0)]3

k − ω2k̄0
+

ωC2[m(ωk̄0)]1
k − ωk̄0

,

[m(k)]3 =

0
0
1

+
C2[m(k0)]1

k − k0
+

ω2C1[m(ω2k0)]2
k − ω2k0

+
C2[m(k̄0)]2

k − k̄0
+

ωC1[m(ωk̄0)]1
k − ωk̄0

.

We evaluate the first of the above equations at k0 and ωk̄0, the second at ω2k0 and k̄0,
and the third at ωk0 and ω2k̄0. This gives a system of equations for [m(k0)]1, [m(ωk̄0)]1,
[m(ω2k0)]2, [m(k̄0)]2, [m(ωk0)]3, and [m(ω2k̄0)]3. Solving this system and substituting the
resulting expressions into the formula

q(x, t) = lim
k→∞

km13(x, t, k)

= c2e
θ13(x,t,k0)m11(x, t, k0) + ω2c1e

θ12(x,t,k0)m12(x, t, ω
2k0)

+ c2eθ13(x,t,k0)m12(x, t, k̄0) + ωc1eθ12(x,t,k0)m11(x, t, ωk̄0), (B.9)

where we have written C1 = c1e
θ12(x,t,k0) and C2 = c2e

θ13(x,t,k0), we obtain a family of
breather soliton solutions of (1.2) parametrized by c1, c2 ∈ C and k0 ∈ D1. Applying the
Miura-type transformation of Theorem 2.9 to these solutions, we obtain solutions of the
“good” Boussinesq equation (1.1). The solution in (6.2) is obtained from (B.9) in the

special case when c1 = 0, c2 = 1, and k0 = e
πi
6 /

√
3.
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