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Abstract. We study the convergence of the last iterate in subgradient methods applied to4
the minimization of a nonsmooth convex function with bounded subgradients. Using a novel proof5
technique that tracks distances to varying reference points, we derive tight worst-case convergence6
rates for the (projected) subgradient method with constant step sizes or step lengths. We identify7
the optimal constant step size for a given number of iterations N , yielding a last-iterate accuracy8
smaller than BR√

N+1

√
1 + log(N)/4, where B bounds subgradient norms and R bounds the initial9

distance to a minimizer. We also propose a new optimal subgradient method based on a linearly10
decaying sequence of step sizes, which achieves a rate for the last iterate equal to BR√

N+1
, matching11

the theoretical lower bound. Finally, we show that no universal step size sequence can attain this rate12
across all iterations, highlighting that the dependence of the step size sequence in N is unavoidable.13

Key words. convex optimization, nonsmooth optimization, subgradient method, constant step14
size, constant step length, convergence rate, last iterate, optimal subgradient method15

MSC codes. 90C25, 90C60, 49J5216

1. Introduction.17

1.1. Subgradient methods. Subgradient methods are iterative techniques for18

solving nonsmooth convex optimization problems, studied by N. Shor and others in19

the 1960s [20, 21]. They are both simple and widely used, and continue to be actively20

studied. New variants have been recently developed that can handle a wider range of21

optimization problems, see [2, 8] and the references therein.22

Let X ⊆ Rn be a convex set and f be a convex function whose domain contains23

X. Consider the following convex optimization problem24

min
x∈X

f(x).(1.1)25

The set of subgradients of function f at a point x, denoted as ∂f(x), is given by

∂f(x) = {g ∈ Rn such that f(y) ≥ f(x) + ⟨g, y − x⟩ holds for all y ∈ domf}.

The class of projected subgradient methods is given in Algorithm 1.1, where26

PX(·) stands for the Euclidean projection on X. An instance of the method requires27

to define the sequence of N step sizes {hk}1≤k≤N , where N is the number of iterations28

to perform. Moreover, if xk = xk+1 in in Algorithm 1.1, then xk will be an optimal29

solution., and the algorithm terminates.30

For the method to be well-defined, we will assume the following throughout the31

paper:32

Assumption 1.1.33

1. The subdifferential ∂f(x) is nonempty for every x ∈ X.34
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2 M. ZAMANI, F. GLINEUR

Algorithm 1.1 Projected subgradient method with generic step sizes

Parameters: number of iterations N , sequence of positive step sizes {hk}1≤k≤N .

Inputs: convex set X, convex function f defined on X, initial iterate x1 ∈ X.

For k = 1, 2, . . . , N perform the following steps:
1. Select a subgradient gk ∈ ∂f(xk).
2. Compute xk+1 = PX

(
xk − hkg

k
)
.

Output: last iterate xN+1

2. The set X is closed, convex and nonempty.35

The first assumption is necessary to compute a direction for the next iterate. It holds36

for example if set X is contained in the relative interior of the domain of function f .37

The second assumption ensures that the projection on X is well-defined and unique.38

1.2. Convergence rates. Unlike the gradient method, the subgradient method39

is not a descent method, meaning that inequality f(xk+1) ≤ f(xk) does not necessarily40

hold at each iteration. For this reason, most convergence rates for the subgradient41

method describe the best iterate, or an average of the iterates, see for example [1, 12,42

21, 14]. Convergence results typically require two more assumptions:43

Assumption 1.2. Function f has B-bounded subgradients on set X, meaning44

x ∈ X and g ∈ ∂f(x) ⇒ ∥g∥ ≤ B.45

Note that a convex function f is Lipschitz continuous with modulus B if its subgra-46

dients are B-bounded on its domain.47

Assumption 1.3. Function f admits a minimizer x⋆, and the distance between48

initial iterate x1 and x⋆ is bounded by a constant R, that is49

∥x1 − x⋆∥ ≤ R.50

For example, under these assumptions, the best iterate of the subgradient method51

with generic positive step sizes {hk} will satisfy (see e.g. [1, 12, 21])52

(1.2) min
1≤k≤N+1

f(xk)− f(x⋆) ≤
R2 +B2

∑N+1
k=1 h2

k

2
∑N+1

k=1 hk

.53

The same bound can be shown to also hold for the average iterate defined as54

xavg =

N+1∑
k=1

wkx
k with wk =

hk∑N+1
k=1 hk

.55

Note that these rates depend on step size hN+1 that is not used in the algorithm (i.e.56

they are valid for any value of hN+1 ≥ 0). This already indicates that the simple57

bound (1.2) may not be optimal. If we know constants B and R, it can be shown58

that the optimal choice of step sizes, i.e. which minimizes the rate, consists of the59

following constant sequence60

hk =
R

B

1√
N + 1

which implies min
1≤k≤N+1

f(xk)− f(x⋆) ≤ BR√
N + 1

.61
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EXACT CONVERGENCE RATE OF SUBGRADIENT METHOD 3

A final remark is that this last result cannot be improved. Indeed, it is known that62

no sequence of step sizes in Algorithm 1.1 can achieve a rate better than BR√
N+1

[7,63

Theorem 2]. This lower bound is actually valid for any black-box method that moves64

in a direction combining past subgradients at each step, see beginning of Section 565

for more details.66

1.3. Rates on the final iterate. From the above it appears that subgradient67

methods are both simple and efficient, matching the best possible convergence rate.68

Nevertheless, we observe two drawbacks: first, the optimal sequence of step sizes hk =69
R
B

1√
N+1

requires knowledge of constants B and R and, more importantly, depends on70

the number of iterations N .71

Second, these worst-case convergence rates only hold for the best or the average72

iterate, and nothing is guaranteed about the sequence of iterates, or in particular73

about the last iterate. As the final iterate is commonly selected in practice as the74

output of the subgradient method [11], analyzing its convergence rate may be of75

interest. In some situations the sequence of iterates computed by the subgradient76

method is itself under study, e.g. when the subgradient method is an adjustment77

strategy for approaching a stable state of some system; see [17].78

The question of last-iterate convergence rates was previously raised in [19]. In79

[16] the authors introduce a modified subgradient method with double averaging for80

which the whole sequence of iterates converges with the rate O( 1√
N
). Moving back to81

standard subgradient methods as described by Algorithm 1.1, a lower bound of order82

O( log(N)√
N

) for the convergence rate for the last iterate is established in [9, 10] for a83

specific choice of step sizes hk = R
B

1√
k
. The authors also prove a high probability84

upper bound with the same order O( log(N)√
N

) in the stochastic case. Finally, we can85

find in [11] a subgradient method with a different choice of step sizes for which a86

O( 1√
N
) convergence rate for the last iterate is obtained when the feasible set X is87

bounded. For more discussions on this topic, the interested reader can refer to [18].88

In this paper, we continue to explore this question and contribute in two ways.89

First, we establish in Section 3 exact convergence rates for the last iterate of the90

subgradient method with either constant step sizes or constant step lengths. These91

results are based on a key lemma presented in Section 2, which generalizes the stan-92

dard analysis of subgradient methods. Second, we present in Section 5 an optimal93

subgradient method for which the last-iterate convergence rate matches exactly the es-94

tablished lower bound for black-box nonsmooth convex optimization problems, namely95

for which we have f(xN )− f(x⋆) ≤ BR√
N+1

, improving the constant in the rate of [11]96

by an order of magnitude.97

2. Key lemma for convergence proofs. All convergence rates established98

in this paper will be derived from the following key lemma. Its proof is based on99

tracking the distance between the current iterate and a different reference point at100

each iteration (∥xk − zk∥ in the proof below, where zk is constructed as a convex101

combination of the iterates and an arbitrary feasible point—typically x⋆). In classical102

analyses of subgradient methods, convergence rates are often derived by bounding103

the distance between the current iterate and a fixed optimal solution, leveraging the104

subgradient inequality at the current iterate xk and x⋆. By introducing the auxiliary105

sequence {zk}, our analysis gains additional flexibility, as it enables the application of106

the subgradient inequality at xk and x1, . . . , xk−1, x⋆. This refinement enables sharper107

convergence estimates by aggregating information across iterates. Note however that108
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4 M. ZAMANI, F. GLINEUR

a consequence of the above is that classical analyses hold for star-convex functions,109

while our improved version does not.110

Lemma 2.1. Let f be a convex function and let X be a closed convex set. Suppose111

that x̂ ∈ X, hN+1 ≥ 0 and 0 < v0 ≤ v1 ≤ · · · ≤ vN ≤ vN+1. If Algorithm 1.1 with the112

starting point x1 ∈ X generates iterates and subgradients {(xk, gk)} for 1 ≤ k ≤ N+1,113

then114

N+1∑
k=1

(
hkv

2
k − (vk − vk−1)

N+1∑
i=k

hivi

)
f(xk)− v0

N+1∑
k=1

hkvkf(x̂) ≤(2.1)115

v2
0

2

∥∥x1 − x̂
∥∥2 + 1

2

N+1∑
k=1

h2
kv

2
k

∥∥gk∥∥2 .116

Note that this inequality can also be equivalently written117

N+1∑
k=1

ck
(
f(xk)− f(x̂)

)
≤ v2

0

2

∥∥x1 − x̂
∥∥2 + 1

2

N+1∑
k=1

h2
kv

2
k

∥∥gk∥∥2118

with coefficients ck defined as ck = hkv
2
k − (vk − vk−1)

∑N+1
i=k hivi, since one can show119

that
∑N+1

k=1 ck = v0
∑N+1

k=1 hkvk using summation by parts.120

121

Proof. Let vN+2 = vN+1 and z0 = x̂. We define a dummy variable xN+2 =122

PX(xN+1 − hN+1g
N+1). Let zk be defined as follows,123

zk =
(
1− vk−1

vk

)
xk + vk−1

vk
zk−1, k ∈ {1, . . . , N + 2}.(2.2)124

Due to the definition zk may be written as a convex combination of x1, . . . , xk, x̂.125

Indeed,126

zk = 1
vk

k∑
i=1

(vi − vi−1)x
i + v0

vk
x̂.(2.3)127

By (2.2), we have vk+1

∥∥xk+1 − zk+1
∥∥ = vk

∥∥xk+1 − zk
∥∥. Using the non-expansiveness

of the projection operator and the fact that zk ∈ X, we obtain∥∥PX(xk − hkg
k)− zk

∥∥ ≤
∥∥(xk − hkg

k)− zk
∥∥ .

Thus,128

v2k+1

∥∥xk+1 − zk+1
∥∥2 ≤ v2k

∥∥(xk − hkg
k)− zk

∥∥2129

= v2k

(∥∥xk − zk
∥∥2 + 2hk⟨gk, zk − xk⟩+ h2

k

∥∥gk∥∥2)130

≤ v2k
∥∥xk − zk

∥∥2 + 2hkv
2
k

(
f(zk)− f(xk)

)
+ h2

kv
2
k

∥∥gk∥∥2 ,131

where the last inequality follows from the subgradinet inequality. Hence,132

hkv
2
k

(
f(xk)− f(zk)

)
≤ v2

k

2

∥∥xk − zk
∥∥2 − v2

k+1

2

∥∥xk+1 − zk+1
∥∥2 + v2

kh
2
k

2

∥∥gk∥∥2 .133
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EXACT CONVERGENCE RATE OF SUBGRADIENT METHOD 5

Summing up these inequalities over k ∈ {1, . . . , N + 1}, we obtain134

N+1∑
k=1

hkv
2
k

(
f(xk)− f(zk)

)
≤ v2

1
2

∥∥x1 − z1
∥∥2 − v2

N+2

2

∥∥∥xN+2 − zN+2
∥∥∥2

+

N+1∑
k=1

h2
kv

2
k

2

∥∥∥gk∥∥∥2

.135

As x1 − z1 = v0
v1

(
x1 − x̂

)
, we get136

N+1∑
k=1

hkv
2
k

(
f(xk)− f(zk)

)
≤ v2

0

2

∥∥x1 − x̂
∥∥2 + N+1∑

k=1

h2
kv

2
k

2

∥∥gk∥∥2 .(2.4)137

On the other hand, by Jensen’s inequality and (2.3), we get138

N+1∑
k=1

hkv
2
k

(
f(xk)− f(zk)

)
≥

N+1∑
k=1

hkv
2
kf(x

k)−
N+1∑
k=1

k∑
i=1

hkvk(vi − vi−1)f(x
i)(2.5)139

− v0

N+1∑
k=1

hkvkf(x̂).140

Inequalities (2.4) and (2.5) imply the desired inequality and the proof is complete.141

Compared to the standard analysis of subgradient methods, additional flexibility142

is provided by the sequence of weights {vk}. Note that by setting vk = 1 for all k and143

x̂ = x⋆ in (2.1), we get144

N+1∑
k=1

hk

(
f(xk)− f⋆

)
≤ 1

2

∥∥x1 − x⋆
∥∥2 + 1

2

N+1∑
k=1

h2
k

∥∥gk∥∥2 .(2.6)145

from which it is straightforward to derive the standard convergence rate (1.2) with146

respect to the best objective value or the average of iterates [1, 12].147

In order to establish a last-iterate convergence rate via Lemma 2.1, one should148

choose appropriate values for the N + 3 parameters, v0, . . . , vN+1 and hN+1, so that149

coefficients ck are zero for all k except cN+1. One can actually see with some algebra150

that all parameters are uniquely determined if we assign values to vN+1, hN+1 and151

the coefficient cN+1 of f(xN+1) in (2.1).152

After the submission of this paper to arXiv, some authors extended Lemma 2.1153

to broader settings; see [13]. In this interesting line of work, Defazio et al. [3, 4]154

investigate the convergence of the stochastic subgradient method with respect to the155

last iterate. They also establish the optimal step sizes presented in Section 5 for the156

stochastic setting, based on [3, Theorem 3]. In the sequel, we show that a deterministic157

counterpart of [3, Theorem 3] can be derived directly from Lemma 2.1.158

Proposition 2.2. Let w1, . . . , wN+1 be a sequence of positive numbers and let159

S =
∑N+1

i=1 wi. If Algorithm 1.1 with the starting point x1 ∈ X and step sizes hk =160
wk

S

∑N+1
i=k+1 wi generates iterates and subgradients {(xk, gk)} for 1 ≤ k ≤ N + 1, then161

we have162

f(xN+1)− f(x⋆) ≤ 1
2S

∥∥x1 − x⋆
∥∥2 + 1

2S

N+1∑
k=1

w2
k

∥∥gk∥∥2 .(2.7)163
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6 M. ZAMANI, F. GLINEUR

Proof. The proof follows from a direct application of Lemma 2.1. Let Sk =164 ∑N+1
i=k+1 wi for k ∈ {0, . . . , N}. We define165

vk =

√
S

Sk
k ∈ {0, . . . , N},166

vN+1 = vN , x̂ = x⋆ and hN+1 =
w2

N+1

S . It is readily seen that 0 < v0 ≤ v1 ≤ · · · ≤167

vN ≤ vN+1. For each k ∈ {1, . . . , N}, a direct computation yields168

hkv
2
k − (vk − vk−1)

N+1∑
i=k

hivi =
wk

Sk
−
(

wk

√
S

Sk−1Sk

)(
Sk−1√

S

)
= 0.169

In addition, hN+1v
2
N+1 − (vN+1 − vN )

∑N+1
i=N+1 hivi = 1. On the other hand, we have170

h2
kv

2
k =

w2
k

S for k ∈ {1, . . . , N + 1}. Substituting the above relations into (2.1), we171

obtain (2.7) and the proof is complete.172

It is worth noting that for any step sizes h1, . . . , hN , there exist w1, . . . , wN+1173

that satisfy the assumptions of Proposition 2.2; see [3, Theorem 9].174

3. Subgradient method with constant step sizes. In this section, we inves-175

tigate the convergence rate of Algorithm 1.1 when the step size is constant for each176

iteration. Moreover, following the standard presentation of such convergence results,177

we assume that this constant step size is chosen proportionally to the ratio R
B , namely178

we define hk = hR
B (k = 1, . . . , N) for some h > 0. This normalization leads to slightly179

simpler expressions for the rates, which become proportional to a common factor BR.180

3.1. Increasing sequences {sα,k}k≥1. Before we prove our results we need to181

introduce a family of real sequences. Let α ≥ 1 be a real parameter. We define the182

sequence {sα,k}k≥1 recursively as follows183

sα,1 = α, sα,k+1 = sα,k + 1
sα,k

.(3.1)184

The next proposition lists some properties of these sequences that will be used later.185

Proposition 3.1. Any sequence {sα,k} defined by (3.1) satisfies the following for186

all k:187

(a) sα,k+1 = α+
∑k

i=1
1

sα,i
188

(b) s2α,k+1 = α2 + 2k +
∑k

i=1
1

s2α,i
189

(c) β > α implies sβ,k > sα,k190

(d) limα→+∞ sα,k = +∞.191

Proof.192

(a) This follows from telescoping in the sum of defining equalities sα,i+1 = sα,i+
1

sα,i
193

for i ranging from 1 to k.194

(b) Squaring the defining equality gives s2α,i+1 = (sα,i +
1

sα,i
)2 = s2α,i + 2 + 1

s2α,i
.195

Summing for i ranging from 1 to k and telescoping provides the result.196

(c) This follows from the fact that s 7→ s+ 1
s is strictly increasing when s ≥ 1.197

(d) This follows from limα→∞ sα,1 = +∞ and the fact that each sequence {sα,k} is198

strictly increasing.199

The sequence in the particular case α = 1 will play a central role in our convergence200

rates. We denote {s1,k} by {sk} for convenience, meaning that201

s1 = 1, sk+1 = sk + 1
sk

202
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EXACT CONVERGENCE RATE OF SUBGRADIENT METHOD 7

and provide the following estimate of its asymptotic behavior.203

Lemma 3.2. For any k ≥ 2 we have204

√
2k ≤ sk ≤

√
2k + 1

2 log (k − 1).205

Proof. To prove the left inequality, since s2i+1 = s2i +
1
s2i

+ 2 ≥ s2i + 2, we have by206

induction that s2k ≥ s22 + 2(k − 2) = 2k (using s2 = 2). To prove the right inequality,207

we use (b) in Proposition 3.1 to obtain208

s2k = 1 + 2(k − 1) +

k−1∑
i=1

1
s2i

≤ 2k − 1 + (1 + 1
2

k−1∑
i=2

1
i ) ≤ 2k + 1

2 log(k − 1),209

where the first inequality follows from s2k ≥ 2k, and the second from the upper bound210

on harmonic numbers
∑k

i=1
1
i ≤ log(k) + 1.211

It is worth noting that {sk} is employed for tuning the parameters of a primal-dual212

subgradient method in [15].213

3.2. Convergence rate for the last iterate. We now turn to proving a con-214

vergence rate for the last iterate of the subgradient method with constant step sizes.215

With the choice of constant step size explained above hk = R
Bh for some positive216

parameter h, we obtain Algorithm 3.1.

Algorithm 3.1 Projected subgradient method with constant step sizes

Parameters: number of iterations N , normalized step size parameter h > 0

Inputs: convex set X, convex function f defined on X with B-bounded subgra-
dients, initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆.

For k = 1, 2, . . . , N perform the following steps:
1. Select a subgradient gk ∈ ∂f(xk).
2. Compute xk+1 = PX

(
xk − hR

B gk
)
.

Output: last iterate xN+1

217

Most of the effort in obtaining our convergence rate will be spent in obtaining the218

following lemma.219

Lemma 3.3. Let f be a convex function with B-bounded subgradients on a convex220

set X, and let α ≥ 1. Let x̂ ∈ X be a reference point. Consider N iterations of221

Algorithm 3.1 with step size parameter h > 0, starting from an initial iterate x1 ∈ X222

satisfying ∥x1 − x̂∥ ≤ R. We have that the last iterate xN+1 satisfies223

f(xN+1)− f(x̂) ≤ BR

(
1
2

(
sα,N+1

√
h− 1

sα,N+1

√
h

)2
+ 1−Nh

)
.(3.2)224

Proof. To prove inequality (3.2), we employ Lemma 2.1. Assume that

vk =
1

sα,N+1−k
, k ∈ {0, 1, . . . , N},

This manuscript is for review purposes only.
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and vN+1 = sα,1. It is seen that 0 < v0 ≤ v1 ≤ · · · ≤ vN+1. Suppose that hN+1 = hR
B .225

By using Proposition 3.1 (a), one can verify that for k ∈ {1, . . . , N},226

v2k − (vk − vk−1)

N+1∑
i=k

vi =
1

s2α,N+1−k
−
(

1
sα,N+1−k

− 1
sα,N+2−k

)(N+1−k∑
i=1

1
sα,i

+ sα,1

)
227

= 1
s2α,N+1−k

−
(

sα,N+2−k

sα,N+1−k
− 1
)
= 0.228

Furthermore,229

v2N+1 − vN+1(vN+1 − vN ) = sα,1(
1

sα,1
) = 1,230

v0

N+1∑
k=1

vk = 1
sα,N+1

(
N∑

k=1

1
sα,1

+ sα,1

)
= 1.231

Hence, by Lemma 2.1, we obtain232

f(xN+1)− f(x̂) ≤ Rh
2B

N+1∑
i=1

v2k
∥∥gi∥∥2 + Bv2

0

2Rh

∥∥x1 − x⋆
∥∥2233

≤ BRh
2

N∑
i=1

1
s2α,N+1−k

+ BRhα2

2 + BR
2hs2α,N+1

234

= BR

(
1
2

(
sα,N+1

√
h− 1

sα,N+1

√
h

)2
+ 1−Nh

)
,235

where the last equality follows from Proposition 3.1. Hence, we derive the desired236

inequality and the proof is complete.237

The following theorem now uses Lemma 3.3 with the choice x̂ = x⋆ to obtain a238

last-iterate convergence rate for the subgradient method with constant step sizes.239

Theorem 3.4. Let f be a convex function with B-bounded subgradients on a con-240

vex set X. Consider N iterations of Algorithm 3.1 with step size parameter h > 0,241

starting from an initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer242

x⋆. We have that the last iterate xN+1 satisfies243

f(xN+1)− f⋆ ≤

BR (1−Nh) when h ≤ 1
s2N+1

,

BR
(
( 12s

2
N+1 −N)h+ 1

2s2N+1h

)
when h > 1

s2N+1
.

244

Proof. We prove the theorem by plugging a suitable value for α into inequality
(3.2) written for the choice x̂ = x⋆ , since it holds for any α ≥ 1. In the first case,
when h ≤ 1

s2N+1
, we may select by Proposition 3.1 a value of α ≥ 1 such that

sα,N+1

√
h− 1

sα,N+1

√
h
= 0

which leads to the desired inequality. In the second case where h > 1
s2N+1

one can245

choose α = 1 to obtain the inequality.246

It is interesting to compare this last-iterate convergence rate to the one holding247

for the best iterate. Plugging hk = R
Bh into the rate (1.2), we obtain that248

min
1≤k≤N+1

f(xk)− f(x⋆) ≤ BR
(

1
2

1
(N+1)h + 1

2h
)
.249
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Using the bounds 2N + 2 ≤ s2N+1 ≤ 2N + 2 + 1
2 log(N) from Lemma 3.2, we250

rewrite the rate for larger steps from Theorem 3.4 in the following slightly weaker but251

easier to interpret form:252

f(xN+1)− f(x⋆) ≤ BR
(
(1 + 1

4 log(N))h+ 1
4(N+1)h

)
.253

Finally, when using the constant step size h = 1√
N+1

, which gives the optimal rate254

BR√
N+1

for both the best and the average iterate, we obtain instead for the last iterate255

f(xN+1)− f(x⋆) ≤ BR√
N + 1

(
5
4 + 1

4 log(N)
)
,256

which shows a logarithmic loss.257

A last interesting remark is that Lemma 3.3 can be used with a reference x̂ that258

is not a minimizer. In essence, it shows that subgradient methods converge to any259

sublevel set of the objective function with the same worst-case rate, provided the260

constant R in its numerator is taken as the distance from the initial iterate to that261

sublevel set.262

3.3. Tightness of the convergence rate. A convergence rate is said to be263

exact (or tight) if there exists a problem instance achieving that rate. We now show264

that the convergence rates we obtained for the subgradient method with constant step265

sizes are exact.266

In the case of shorter steps (h ≤ 1
s2N+1

), it is readily seen that the convergence267

rate in Theorem 3.4 is exact. Indeed, it is enough to consider an unconstrained268

optimization univariate problem (n = 1, X = R) with objective function f(x) = B|x|269

and the initial point x1 = R.270

In the case of longer steps (h > 1
s2N+1

), the following theorem illustrates that the271

convergence rate in Theorem 3.4 is also exact. To establish exactness, we may assume272

without loss of generality that R = B = 1. Before we get to the theorem, we need to273

present a lemma.274

Lemma 3.5. Let ϕ1 : R → R given by ϕ1(x) = |x|, and let ϕk : Rk → R be defined275

as follows,276

ϕk(x) = max{x1,
√
1− 1

s4k
ϕk−1(x̄1)− 1

s2k
x1},(3.3)277

where x̄1 =
(
x2, . . . , xk

)T
. Then, ϕk may be written as a piece-wise linear function278

ϕk(x) = max1≤j≤k+1⟨gj , x⟩, such that g1 = e1,279

∥gj∥ = 1 j ∈ {1, . . . , k + 1}, ⟨gi, gj⟩ = ⟨gmin(i,j), gmin(i,j)+1⟩ i ̸= j,(3.4)280

and281

⟨gj , gj+1⟩ ≥ ⟨gj+1, gj+2⟩ j ∈ {1, . . . , k + 1}.(3.5)282

Furthermore,
∑k

j=1⟨gj , gj+1⟩ = k − 1
2s

2
k+1 and283

i∑
j=1

⟨gj , gj+1⟩ ≤ 0, i ∈ {1, . . . , k}.(3.6)284
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Proof. We establish the lemma by induction. By the definition of f1, it is readily
seen that whole statements hold for k = 1. Suppose that k ≥ 2 and fk−1(x) =
max1≤j≤k⟨gj , x⟩. By the definition, we get ϕk(x) = max1≤j≤k+1⟨ĝj , x⟩, where

ĝ1 = e1, ĝj+1 =
√

1− 1
s4k

(
0
gj

)
− 1

s2k
e1, j ∈ {1, . . . , k}.

One can check that we have (3.4) for ĝ1, . . . , ĝk+1. Furthermore, it is seen that (3.5)285

holds for j ∈ {2, . . . , k + 1} due to the definition of ĝj . For j = 1, we get286

⟨ĝ1, ĝ2⟩ − ⟨ĝ2, ĝ3⟩ = − 1
s2k

+ 1
s2k−1

(1− 1
s4k
)− 1

s4k
= −1− 1

s2k
+ (1 + 1

s2k−1
)(1− 1

s4k
)287

= (1 + 1
s2k
)
(
(1− 1

s2k
)(1 + 1

s2k−1
)− 1

)
= (1 + 1

s2k
)
s2k−s2k−1−1

s2k−1s
2
k

≥ 0,288

where the last inequality follows from s2k = s2k−1 +
1

s2k−1
+ 2.289

Now, we prove the second part. We have290

k∑
j=1

⟨ĝj , ĝj+1⟩ = − 1
s2k

+ (1− 1
s4k
)

k−1∑
j=1

⟨gj , gj+1⟩+ k−1
s4k

=291

= (1− 1
s4k
)(k − 1− 1

2s
2
k) +

k−1
s4k

− 1
s2k

= k − 1
2s

2
k+1,292

where the last equality follows from s2k+1 = s2k + 1
s2k

+ 2. It is readily seen that (3.6)293

holds when i = 1. For the case i ≥ 2, the inequality follows from Proposition 3.1,(b),294

as s2k ≥ 2k for k ≥ 2, which completes the proof.295

Theorem 3.6. Let N be a number of iterations and h > 1
s2N+1

. Then there exists296

a convex function f : RN+1 → R and x1 ∈ RN+1 such that297

i) The function f is Lipschitz continuous with modulus one;298

ii) 0 ∈ argmin f(x);299

iii) Algorithm 1.1 with initial point x1 with ∥x1∥ = 1 and step size h may generate
xN+1 with

f(xN+1) = (12s
2
N+1 −N)h+ 1

2s2N+1h
.

Proof. We construct a piece-wise linear function that satisfies all given conditions.
Let f : RN+1 → R given by

f(x) = max
(
0,
√
1− 1

h2s4k
ϕN (x̄1) +

1
hs2k

x1

)
,

where ϕN given in Lemma 3.5. By Lemma 3.5, f can be expressed in the form
f(x) = max0≤k≤N+1⟨ĝk, x⟩, where ĝ0 = 0 and

ĝj+1 =
√

1− 1
h2s4k

(
0
gj

)
+ 1

hs2k
e1, j ∈ {1, . . . , N + 1}.

Furthermore, we have ∥ĝi∥ = 1,300

⟨ĝi, ĝj⟩ = ⟨ĝmin(i,j), ĝmin(i,j)+1⟩ = (1− 1
h2s4k

)⟨gmin(i,j), gmin(i,j)+1⟩+ 1
h2s4k

.(3.7)301

and302

⟨ĝj , ĝj+1⟩ ≥ ⟨ĝj+1, ĝj+2⟩ j ∈ {1, . . . , N + 1}.(3.8)303
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for i, j ∈ {1, . . . , N + 1} with i ̸= j. As ∥ĝk∥ = 1 for k ∈ {1, . . . , N + 1}, the function304

f is Lipschitz continuous with modulus one. We have f(0) = 0. Hence, 0 ∈ ∂f(0),305

which implies that 0 ∈ argmin f(x).306

Suppose that x1 = e1. In what follows, we establish that307

ĝk ∈ ∂f

(
x1 − h

k−1∑
i=1

ĝi

)
, k ∈ {1, . . . , N + 1}.(3.9)308

To this end, we just need to show that for k ∈ {1, . . . , N + 1}

⟨ĝi, x1 − h

k−1∑
j=1

ĝj⟩ ≤ ⟨ĝk, x1 − h

k−1∑
j=1

ĝj⟩, i ∈ {0, . . . , N + 1}.

Assume that i > k. By (3.7), we have309

⟨ĝi, x1 − h

k−1∑
j=1

ĝj⟩ = 1
hs2k

− h

k−1∑
j=1

⟨ĝmin(i,j), ĝmin(i,j)+1⟩ =310

1
hs2k

− h

k−1∑
j=1

⟨ĝmin(k,j), ĝmin(k,j)+1⟩ = ⟨ĝk, x1 − h

k−1∑
j=1

ĝj⟩.311

For i < k, we have312

⟨ĝi, x1 − h

k−1∑
j=1

ĝj⟩ = 1
hs2k

− h

i−1∑
j=1

⟨ĝmin(i,j), ĝmin(i,j)+1⟩ − h− h(k − i− 1)⟨ĝi, ĝi+1⟩ ≤313

1
hs2k

− h

k−1∑
j=1

⟨ĝmin(k,j), ĝmin(k,j)+1⟩ = ⟨ĝk, x1 − h

k−1∑
j=1

ĝj⟩,314

where the last inequality follows from (3.8) and |⟨ĝmin(k,i), ĝmin(k,i)+1⟩| ≤ 1. Moreover,
it follows from (3.6),

⟨ĝk, x1 − h

k−1∑
j=1

ĝj⟩ ≥ 0.

The above equations imply (3.9). By (3.9), it is seen that Algorithm 1.1 with initial
point x1 and step size h may generate the following points

xk = x1 − h

k−1∑
j=1

ĝj k ∈ {2, . . . , N + 1}.

Moreover, we get315

f(xN+1) = ⟨ĝN+1, xN+1⟩ = ⟨ĝN+1, x1 − h

N∑
j=1

ĝj⟩ = 1
hs2N+1

− N
hs4N+1

− h(1− 1
h2s4N+1

)316

N∑
j=1

⟨gN+1, gj⟩ = ( 12s
2
N+1 −N)h+ 1

2s2N+1h
,317

where the last equality follows from Lemma 3.5, and the proof is complete.318
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3.4. Optimal constant step size. In what follows, we determine the optimal319

constant step size for Algorithm 1.1, i.e. the value of h that minimizes the rate320

established in Theorem 3.4, and derive the resulting optimal last-iterate convergence321

rate for this class of subgradient methods.322

Theorem 3.7. Let f be a convex function with B-bounded subgradients on a con-
vex set X. Consider N iterations of Algorithm 3.1 starting from an initial iterate
x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆. The optimal value of the
step size parameter h is given by

h⋆ =
1

sN+1

√
s2N+1 − 2N

,

and with that choice the last iterate xN+1 satisfies323

f(xN+1)− f(x⋆) ≤ BR
√

1− 2N
s2N+1

.324

Proof. To get the optimal step size suffices to minimize the function H : R+ → R
given by

H(h) =

1−Nh h ∈ [0, 1
s2N+1

)

( 12s
2
N+1 −N)h+ 1

2s2N+1h
h ∈ [ 1

s2N+1
,∞).

It is readily seen than H is a differentiable convex function, decreasing on its first325

piece, and the above minimizer h∗ can be found by solving H ′(h⋆) = 0 on the second326

piece.327

Plugging this optimal h∗ in the rate Theorem 3.4 completes the proof.328

A simpler, slightly weaker bound is obtained using 1− 2N
s2N+1

=
s2N+1−2N

s2N+1
≤ 2+ 1

2 log(N)

2N+2 ,329

leading to330

f(xN+1)− f(x⋆) ≤ BR√
N + 1

√
1 + 1

4 log(N) = O

(√
logN
N

)
331

which emphasizes the logarithmic loss compared to the best-iterate convergence rate.332

4. Subgradient method with constant step lengths. To compute steps in333

Algorithm 3.1 requires identifying a bound B on the maximum norm of any subgradi-334

ent, which may be difficult. Alternatively, one can adapt the subgradient method to335

remove the need to know such a bound, leading to an algorithm using constant step336

lengths (also sometimes said to use normalized steps or directions [14]). We still need337

to express this constant step length as a fraction t of the initial distance R (removing338

the requirement to know R appears to be much more difficult). Since the length of339

a step is equal to ∥hkgk∥, this implies the choice of step sizes hk = tR
∥gk∥ for each340

k. Algorithm 4.1 below presents the subgradient method with constant step length.341

Note that when gk = 0 we set tR
∥gk∥g

k = 0 in Algorithm 4.1 .342

We give below a convergence rate for Algorithm 4.1 by using Lemma 2.1.343

Theorem 4.1. Let f be a convex function with B-bounded subgradients on a con-344

vex set X. Consider N iterations of Algorithm 4.1 with step length parameter t > 0,345

starting from an initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer346

x⋆. We have that the last iterate xN+1 satisfies the following rate347
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Algorithm 4.1 Projected subgradient method with constant step lengths

Parameters: number of iterations N , step length parameter t > 0

Inputs: convex set X, convex function f defined on X with B-bounded subgra-
dients, initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆.

For k = 1, 2, . . . , N perform the following steps:
1. Select a subgradient gk ∈ ∂f(xk).

2. Compute xk+1 = PX

(
xk − t R

∥gk∥g
k
)
.

Output: last iterate xN+1

i) If t ∈ (0, 1
s2N+1

], then348

f(xN+1)− f(x⋆) ≤ BR (1−Nt) .349

ii) If t ∈ [ 1
s2N+1

,∞), then350

f(xN+1)− f(x⋆) ≤ BR
(
( 12s

2
N+1 −N)t+ 1

2s2N+1t

)
.351

Proof. We employ Lemma 2.1 to establish the theorem. Let hN+1 = tR
B and352

vN+1 = α for some α ≥ 1. Suppose that hk = tR
∥gk∥ , k ∈ {1, . . . , N}. We define vk353

recursively as follows,354

vk =
hN+1∑N+1

i=k+1 hivi
, k ∈ {N, . . . , 1, 0}.(4.1)355

It is seen that 0 < v0 ≤ v1 ≤ · · · ≤ vN ≤ vN+1. For k ∈ {1, . . . , N}, we have356

hkv
2
k − (vk − vk−1)

N+1∑
i=k

hivi = vk−1

N+1∑
i=k

hivi − vk

N+1∑
i=k+1

hivi = 0.357

Furthermore,

hN+1v
2
N+1 − (vN+1 − vN )hN+1vN+1 = hN+1, v0

N+1∑
k=1

hkvk = hN+1.

On the other hand, by (4.1), we get vN = 1
α and358

1
vk

= hk+1

hN+1
vk+1 +

1
vk+1

≥ vk+1 +
1

vk+1
, k ∈ {0, . . . , N − 1},359

where the last inequality follows from ∥gk+1∥ ≤ B. One can infer by induction that360

vk ≤ 1

sα,N+1−k
, k ∈ {0, . . . , N}.361

Hence, by using Lemma 2.1, we obtain362

f(xN+1)− f(x⋆) ≤ v2
0

2hN+1

∥∥x1 − x⋆
∥∥2 + t2R2

2hN+1

N∑
k=1

v2k +
hN+1B

2v2
N+1

2363

≤ BR

(
1
2

(
sα,N+1

√
t− 1

sα,N+1

√
t

)2
+ 1−Nh

)
,364
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where the last inequality resulted from Proposition 3.1. The rest of the proof is365

analogous to Theorem 3.4.366

5. Optimal subgradient methods.367

5.1. Lower bound on last-iterate convergence rate. The convergence rate
of any black-box method that relies on subgradients cannot be arbitrarily small. More
precisely, for any method that moves at each iteration in a direction belonging to the
span of the current and past subgradients, it is known that the accuracy of last iterate
must obey a lower bound of the order Ω( 1√

N
). Nesterov [14, Theorem 3.2.1] proposes

a Lipschitz continuous function f with modulus B > 0, for which any subgradient
method that calls the first-order oracle N times satisfies

f(xN+1)− f(x⋆) ≥ BR

2(2 +
√
N + 1)

,

where ∥x1 − x⋆∥ ≤ R. Drori and Teboulle [7] improved the above-mentioned lower368

bound and obtain the following369

f(xN+1)− f(x⋆) ≥ BR√
N + 1

.(5.1)370

Note that this exact optimal convergence rate has been established for variants of the371

subgradient method with momentum terms, see [5, Corollary 3] and [22, 23].372

Since this lower bound plays a central role in this work, we provide a short self-373

contained proof. Given a number of iterations N , consider function374

f(x) = max{0, x1, x2, . . . , xN+1} =
[

max
1≤k≤N+1

xk

]
+

375

with B = 1 and x∗ = 0, and pick starting point x1 = (1, 1, . . . , 1) with R =
√
N + 1.376

As long as f(xk) > 0, subgradient gk ∈ ∂f(xk) can be chosen as a basis vector ei377

for some 1 ≤ i ≤ N + 1 (and ∥gk∥ = B). Define the following induction hypothesis,378

which is easy to check for k = 1,379

(Hk) xk contains at least N + 2− k components equal to 1.380

Assume (Hk) holds for some k ≤ N . Then f(xk) ≥ 1, so subgradient gk can be381

chosen as some basis vector ei, and xk+1 can differ only by at most one component382

from xk, implying (Hk+1) holds. So we have proved that f(xk) ≥ 1 = BR√
N+1

for all383

1 ≤ k ≤ N + 1.384

A subgradient method for which the last-iterate accuracy would match this lower
bound, or at least its order Ω( 1√

N
) is certainly desirable [19]. Recently, Jain et al. [11]

introduced such a subgradient method when the feasible set X is bounded. Indeed,
they derive the following convergence rate for their proposed algorithm [11, Theorem
2.6]

f(xN+1)− f(x⋆) ≤ 15BD√
N + 1

,

where D = maxx,y∈X ∥x− y∥.385

5.2. Optimal subgradient method. In this section, we introduce Algorithm386

5.1, a subgradient method based on a new sequence of step sizes for which the last-387

iterate convergence rate matches the lower bound (5.1).388

We establish the optimal rate of convergence for Algorithm 5.1 using Lemma 2.1.389
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Algorithm 5.1 Optimal projected subgradient method

Parameters: number of iterations N

Inputs: convex set X, convex function f defined on X with B-bounded subgra-
dients, initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆.

For k = 1, 2, . . . , N perform the following steps:
1. Select a subgradient gk ∈ ∂f(xk).

2. Compute xk+1 = PX

(
xk − hkg

k
)
using step size step hk = R

B
(N+1−k)
(N+1)3/2

.

Output: last iterate xN+1

Theorem 5.1. Let f be a convex function with B-bounded subgradients on a con-390

vex set X. Consider N iterations of Algorithm 5.1 starting from an initial iterate391

x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆. We have that the last392

iterate xN+1 satisfies393

f(xN+1)− f(x⋆) ≤ BR√
N + 1

.(5.2)394

Proof. Suppose that vk’s are given as follows,

vk =
(N + 1)

3
4

N + 1− k

√
B

R
, k ∈ {0, . . . , N},

and vN+1 = vN . It is seen that 0 < v0 ≤ v1 ≤ · · · ≤ vN ≤ vN+1. In addition, let
hN+1 = R

B
1

(N+1)3/2
. For k ∈ {1, . . . , N}, we have

hkv
2
k − (vk − vk−1)

N+1∑
i=k

hivi =
1

N+1−k − (N + 2− k)( 1
N+1−k − 1

N+2−k ) = 0.

In addition,

v0

N+1∑
k=1

hkvk = 1
N+1

N+1∑
k=1

1 = 1, hN+1v
2
N+1 = 1.

By Lemma 2.1, we get395

f(xN+1)− f(x⋆) ≤ R
2B(N+1)3/2

N+1∑
i=1

∥∥gi∥∥2 + B
2R

√
N+1

∥∥x1 − x⋆
∥∥2396

≤ R
2B(N+1)3/2

N+1∑
i=1

B2 + B
2R

√
N+1

R2 =
BR√
N + 1

,397

and the proof is complete.398

5.3. Absence of optimal subgradient method with universal sequence of399

step sizes. It is seen that the step sizes in Algorithm 5.1 are dependent on the number400

of iterations, N . As conjectured in [11], it is not possible to introduce a universal401

infinite sequence of step sizes {hk}n∈N for which (5.2) would hold for all iterations,402

i.e. simultaneously for all N (this is sometimes called anytime convergence). Before403

we show this point, we need to present a lemma.404
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Lemma 5.2. Consider Algorithm 1.1 with h1 = 1
2
√
2
and N = 2.405

i) If h2 ∈ (0, 1
8
√
2
], then there exists f ∈ F(R2) with 1-bounded subgradients and x1

and such that
f(x3)− f⋆ = 1√

2
− h2,

where ∥x1 − x⋆∥ ≤ 1.406

ii) If h2 ∈ ( 1
8
√
2
,∞), then there exists f ∈ F(R3) with 1-bounded subgradients and

x1 and such that
f(x3)− f⋆ = h2 +

1
64h2

+ 16h2

(1+8
√
2h2)2

,

where ∥x1 − x⋆∥ ≤ 1.407

Proof. First we establish i). Let f ∈ F(R2) be given by

f(x) = max {x1 − 1, x2 − 1,−1} .

It is readily seen that x⋆ = 0 is an optimal solution to problem min f(x). Algorithm
1.1 with initial point x1 = 1√

2
(1, 1)T may generate the following points

x2 = x1 − 1
2
√
2
e1, x3 = x1 − 1

2
√
2
e1 − h2e2.

In addition, f(x3) − f⋆ = 1√
2
− h2 and we introduce an optimization problem with408

the desired properties.409

Now, we prove ii). Let γ = 32h2

(1+8
√
2h2)2

. One can show that γ ∈ [0, 1]. Suppose410

that411

ξ1 =

 γ

−
√

1− γ2

0

 , ξ2 =


γ√
1−γ2

8
√
2h2

−
√

(1− γ2)(1− 1
128h2

2
)

 , ξ3 =


γ√
1−γ2

8
√
2h2√

(1− γ2)(1− 1
128h2

2
)

 .412

It is readily seen that ∥ξk∥ = 1, i ∈ {1, 2, 3}. Let z1 = e1 and

z2 = e1 − 1
2
√
2
ξ1, z3 = e1 − 1

2
√
2
ξ1 − h2ξ

2.

Consider the following linear functions413

α1(x) = γ+⟨ξ1, x− z1⟩, α2(x) = γ + 1−γ2

32h2
− γ2

2
√
2
+ ⟨ξ2, x− z2⟩,414

α3(x) = h2 +
1

64h2
+ 16h2

(1+8
√
2h2)2

+ ⟨ξ3, x− z3⟩.415

We define f : R3 → R by

f(x) = max {0, α1(x), α2(x), α3(x)} .

One can show that x⋆ = 0 is an optimal solution to problem min f(x). By doing416

some algebra, one can check that Algorithm 1.1 with initial point x1 = e1 may417

generate the following points x2 = z2 and x3 = z3. It is seen that f(x3) − f(x⋆) =418

h2 +
1

64h2
+ 16h2

(1+8
√
2h2)2

, and the proof is complete.419

Now, we present an argument why there does not exist a sequence {hk} that
satisfies the convergence rate (5.2) for any arbitrary N . By contradiction, assume
that there exists such a {hk}. For the convenience suppose that B = R = 1. Due to
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the exactness of rates given in Theorem 3.4, we have h1 = 1
2
√
2
. By Lemma 5.2, one

can infer that a convergence rate of Algorithm 1.1 with h1 = 1
2
√
2
and N = 2 cannot

be lower than o = 0.5785. Note that o is computed by solving minh≥0 H(h), where
H is given by

H(h) =

{
1√
2
− h h ∈ [0, 1

8
√
2
]

h+ 1
64h + 16h

(1+8
√
2h)2

h ∈ ( 1
8
√
2
,∞)

.

On the other hand, o > 0.5775 > 1√
3
. Hence, it is not possible to have a universal420

sequence {hk} for which (5.2) holds for any N in the setting of Algorithm 1.1, and421

actually not even for the first two steps.422

In the setting of Algorithm 1.1, step sizes guaranteeing an optimal last-iterate423

convergence rate must depend on the total number of iterations. Note that Zhu et al.424

[26] recently proved that the universal sequence of step sizes hk = R
B
√
k
achieves the425

convergence rate of 3
2

BR√
N+1

for the average of any first N iterates, and [5, Corollary 4]426

achieves the optimal BR√
N+1

rate for all iterates of a variant of the subgradient method427

relying on line-search. We conjecture that the incorporation of suitable momentum428

terms in the subgradient method may lead to a universal optimal algorithm whose429

last-iterate convergence rate in O
(

BR√
N+1

)
would hold for all iterations.430

5.4. Optimal projected subgradient method using step lengths. In the431

last part of this section, we present Algorithm 5.2, an optimal subgradient method432

based on step lengths.433

Algorithm 5.2 Optimal projected subgradient method (step lengths)

Parameters: number of iterations N

Inputs: convex set X, convex function f defined on X with B-bounded subgra-
dients, initial iterate x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆.

For k = 1, 2, . . . , N perform the following steps:
1. Select a subgradient gk ∈ ∂f(xk).

2. Compute xk+1 = PX

(
xk − tk

gk

∥gk∥

)
with tk = R(N+1−k)

(N+1)3/2
.

Output: last iterate xN+1

In the forthcoming theorem, we provide a convergence rate for Algorithm 5.2.434

Theorem 5.3. Let f be a convex function with B-bounded sugbradients on a con-435

vex set X. Consider N iterations of Algorithm 5.2 starting from an initial iterate436

x1 ∈ X satisfying ∥x1 − x⋆∥ ≤ R for some minimizer x⋆. We have that the last437

iterate xN+1 satisfies438

f(xN+1)− f(x⋆) ≤ BR√
N + 1

.(5.3)439

Proof. The proof is analogous to that of Theorem 4.1. Let

uN+1 = (N + 1)
3
4

√
B
R , hN+1 = R

B(N+1)3/2
,
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and let hk = tk
∥gk∥ , k ∈ {1, . . . , N}. Let us define uk recursively in the following440

manner,441

uk =
1∑N+1

i=k+1 hiui

, k ∈ {N, . . . , 1, 0}.(5.4)442

It is readily seen that 0 < u0 ≤ u1 ≤ · · · ≤ uN ≤ uN+1, and443

hku
2
k − (uk − uk−1)

N+1∑
i=k

hiui = uk−1

N+1∑
i=k

hiui − uk

N+1∑
i=k+1

hiui = 0, k ∈ {1, . . . , N}.444

In addition,

hN+1u
2
N+1 − (uN+1 − uN )hN+1uN+1 = 1, u0

N+1∑
k=1

hkuk = 1.

Consider vk given in the proof of Theorem 5.1. As445

vk =
1∑N+1

i=k+1 vihi
∥gk∥
B

, k ∈ {0, 1, . . . , N},446

one can infer by induction that uk ≤ vk, k ∈ {0, 1, . . . , N + 1}. Thus, by Lemma 2.1,447

we get448

f(xN+1)− f(x⋆) ≤ u2
0

2

∥∥x1 − x⋆
∥∥2 + 1

2

N∑
k=1

h2
ku

2
k

∥∥gk∥∥2 + 1
2h

2
N+1u

2
N+1B

2
449

=
u2
0

2

∥∥x1 − x⋆
∥∥2 + 1

2

N∑
k=1

(
tk
B

)2
u2
kB

2 + 1
2h

2
N+1u

2
N+1B

2
450

≤ B
2R

√
N+1

R2 + R
2B(N+1)3/2

N+1∑
i=1

B2 =
BR√
N + 1

,451

where the last inequality follows from uk ≤ vk, k ∈ {0, 1, . . . , N +1}, and the proof is452

complete.453

6. Conclusion. Before concluding, we briefly explain how most of the theorems454

in this paper were initially discovered. We used the performance estimation prob-455

lem (PEP) methodology [6, 25], which allowed us to compute numerically the exact456

last-iterate convergence rate of subgradient methods applied to convex functions with457

bounded subgradients [24]. Assuming B = R = 1 without loss of generality, the458

values of the worst case accuracy for several choices of N and h were matched with459

explicit analytical expressions, which required some guesswork including the intro-460

duction of the sequence {sk}. The next step was to use the numerical values of the461

dual multipliers to identify PEP-style proofs of those convergence rates, then to guess462

analytical expressions for those multipliers. Finally, we observed that large parts of463

the obtained proofs could be simplified by rewriting them as Jensen-type inequalities.464

After further simplifications, this ultimately leads to the proof technique that was465

exposed in Section 2.466

To summarize, we have provided in this paper new convergence rates for the sub-467

gradient method with constant step sizes and constant step lengths, and proved their468
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tightness. Additionally, we have presented two optimal subgradient methods that at-469

tains the most favorable convergence rate achievable among subgradient algorithms.470

As avenues for future research, it would be valuable to investigate the convergence471

analysis of the (stochastic) proximal subgradient method with respect to the last it-472

erate by employing some result analogous to Lemma 2.1. Moreover, deriving tighter473

convergence rates for the stochastic subgradient method may be of interest.474
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