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Chapter

Introduction

Modern physics understands the presence of four fundaiet@eactions governing phenomena we observe in
the universe: gravity, electro-magnetic force, weak anahsf nuclear forces. The Standard Model (SM) is the
theory developed through the last century to describe d@liede forces except for gravity. Gravity however is not
expected to play a role at current collider energies, whiegedbminant interactions are governed by the strong
and electro-weak forces.

The SM has been successfully confirmed in many of its aspeisigh an impressive amount of experimental
tests conducted at particle colliders. Neverthelessether many open questions and issues in particle physics, to
which the SM may or may not give an answer. The hope of thegbahysics community to find such answers
lies nowadays in the Large Hadron Collider (LHC) at CERN, ehhallows us to investigate the fundamental na-
ture of matter at smaller distances than ever before. Witlstonishing luminosity records and unprecedented
energies, the LHC has already led to the discovery of a spaldicle which shows all the properties of a SM-like
Higgs boson. However, along with the importance of such blgevement, the lesson we have learned so far is
that new physics, namely beyond the SM (BSM), does not shoim apspectacular way, rather it hides beyond
a huge amount of ‘ordinary’ SM background processes. Abldianderstanding of the SM processes which
constitute a background to new physics is thus mandatorydierdo perform any serious search at the LHC.

Since the LHC is a hadron collider, the main background isigerl by processes whose dynamics is governed
by the strong force, which is described at quantum level bytiieory of Quantum Chromodynamics (QCD). In
order for new physics to be discovered, it is therefore resmgso have full control over QCD driven effects. At
high energies, QCD becomes asymptotically free, thus aligwthe use of perturbation theory. However, higher
order effects in perturbative QCD are generally large andtrba included to a sufficient degree for comparisons
between theory and experiment to be meaningful.

On the theory side, the bottleneck in including these QChéiigorder effects is represented by the complexity
and difficulty of computations which need to be carried outrider to assess such effects. Prompted by the LHC
program, the theory community has made impressive breakgjs in the last twenty years, and now compu-
tations which were considered almost impossible can be datherelative ease. As a result, the panorama of
physical observables relevant for the LHC which have beenpetied at higher order in perturbative QCD has
grown larger and larger. The Next-to-Leading-Order (NL&jtsr is now fully automated and may— 2 pro-
cesses are now available also at Next-to-Next-to-Lea@irder (NNLO).

One important type of process at the LHC is the productiorirgjls top (or anti-top) quarks. Top quarks were
discovered for the first time at Tevatron in 1995 by both thé=GId DO experiments by studying top pair produc-



tion. In this reaction, pairs of top and anti-top quarks ampced via the strong interaction. This is the dominant
mode to produce top quarks at hadron colliders, but it is m@tanly one. Another possibility is represented by
the so-called ‘Single Top’ reaction, which takes place kiweak interaction and yields in the final state just one
top or anti-top quark. Compared with theproduction, Single Top production has a smaller crossiereboth

at Tevatron and at LHC. This, together with a difficult backgrd, made the search for Single Top at Tevatron
extremely difficult. This is not the case at the LHC, wher@ntks to higher energies of the proton beams and
luminosity, Single Top production has a sizeable crossiesec

Single Top production is the main subject of this dissestatiThe investigation of this production mechanism is
crucial for precision study of the SM and could very well beagegvay to BSM physics. Here we report some of
the main motivations for studying Single Top process.

The coupling between the Higgs boson and the top quark isibesidy a Yukawa coupling;,. The correspond-
ing mass term in the Lagrangian density for the top quark @axpressed in terms gf and the electroweak
symmetry breaking scale namely

m_ytv
t = —F=.
V2

A very recent (2014) combined measure from ATLAS, CMS, D@ @bF yieldsm,; = 173 GeV [1]. Given this
value of the top mass and given= 246 GeV, we see that the top-Yukawa coupling is of order unityisheans
that the top quark couples strongly to the Higgs field. Thigesahe top quark very important in studies of the
Higgs sector.

According to the SM, the coupling of the top quark to tfefield is of the form

(1.1)

Iw

V2

whereV,, is the CKM matrix element describing the mixing between adqaprk and anothet-type quark, and

gw 1S the electroweak coupling constant. We observe that tedigied coupling is flavour changing and purely

left-handed. This means that the top quark in a single-topgss should be polarized when produced. A further
advantage is represented by the top quark mass, which isgtlaat, in contrasts to other quarks in the SM, it

decays before it has the chance to hadronize. This meanbyttsitidying the decay products of the top quark,

the suggested polarization can be measured directly. &Sifgh process measurements would then allow for
verification of top polarization as predicted by the SM.

The top quark couples to the-field through a flavour preserving coupling of the form

Vig(t"qr) W, (1.2)

Jw g 8 2 5
1-- ) A=At Z,. 1.
4cos€wt[( 5 sin HU)'y 'y'y}t o (1.3)
In a potential scenario of flavour changing neutral currethis top quark could couple to a, hitherto unknown,
flavour changing fieldZ’ with a coupling of the form

Grct (k" + kay'y°) uz'. (1.4)

Since theZ’ boson would be much heavier than #fi€and Z, this coupling may only occur at sufficiently high
energies. Again, a direct measurements of the Single Tags<ection would allow for verification of the exis-
tence of such a channel.

Last but not least, Single Top production allows for a diedtaction of the CKM matrix elemerif,,.

At tree-level, three clearly distinct channels contribtdgeSingle Top production. Among these channels, we
focus our attention on Single Top trchannel, where an off-shédll’-boson is exchanged inchannel between
two hadronic currentg — W* + ¢’ andb + W* — ¢, thus producing the reactidn+- ¢ — t + ¢’. This channel
has the largest cross-section among the three productidesand is best measured by the experiments.



The work developed in this thesis is part of a more genergeptravhose aim is that of improving the precision of
the theoretical prediction for Single Top productiortiohannel by taking into consideration QCD quantum ef-
fects at higher orders. At present, analytical calculaiofhquantum corrections techannel Single Top inclusive
cross-section are available both at NLO-QGIX ¢ )) and NLO-EW (O(aw))- A fully numerical computation

of NNLO-QCD (O(«?)) contribution has recently become available too. Anahft@omputation of these cor-
rections is still lacking. Analytic results for NNLO-QCD wrections are of interests since they would provide a
robust cross-check to the numerical computation mentiabeste and would constitute the core for a fast numer-
ical evaluation of the cross-section. In this dissertati@present results for the set of Master Integrals des@ibin
the O(a?) corrections to the partonic procéss W* — ¢ + X and more in general to Form Factors for Charged-
Current-DIS with a massive particle in the final state. Infillowing we explain briefly how this set of Master
Integrals happens to constitute a partial result towardsthievement of analytical NNLO-QCD corrections to
inclusive Single Top irt-channel.

We consider QCD corrections to Single Toptiechannel within a Structure Function approach. This melats t
we take into account only those corrections which do not eohthe two hadronic currents. We call this type
of quantum correctionfactorizable since they affect only one single hadronic current at a.tikve neglect all
those corrections which involve cross-talk between the ¢dwwents. In this approximation, all the information
about QCD higher-order contributions to the single hadrauirrent is encoded in the Structure Functions (or
Form Factors) describing the current. Analytic expressifon Form Factors describing the massless current
q — W* + ¢ are already available up to NNLO-QCD, whereas the ones ®mihssive; # 0!) current
b+ W* — t are available only up to NLO-QCD. Our effort is thus concatgron the analytic calculation of the
inclusive cross-section for the partonic subprodessiW* — t + X at O(a?), whereX accounts for possible
extra radiation in the final state. This cross-section tleenyoluted with Parton Distribution Functions (PDFs),
will yield the massive Form Factors describing the hadreeactionp + W* — ¢, which sees a proton and on
off-shell W producing a top in the final state. The technique we use to aterthe cross-section analytically for
b+W* —>t+ X]O(ag) is that of Master Integrals, which has been developed ind$tetlenty years and proved
to be successful in many difficult computations.

The original work contained in this thesis thus consistdefdetermination and computation of the entire set of
Master Integrals needed to describe at NNLO in QCD the Sihgfemassive currerit+ W* — ¢ + X.

The structure of the thesis is thus the following. Chalisrdedicated to the physics of top quark, seen from both
a theoretical and experimental point of view. Particuléeraion is given to top quark production mechanisms and
especially to Single Top. Theoretical and experimentatcheararks are provided for production cross-sections
and for some other relevant observables in top physics.

Chaptefillustrates the basics of perturbative QCD, specially tinecsure of an observable computed at fixed-
order in QCD. In this chapter we also introduce the DIS-likegure applied to Single Top in-channel and we
explain in detail which partonic channels contribute at NON&and thus which partonic subprocesses we need to
compute analytically in order to extract the necessary Heantors.

In chaptei, we focus on the technique of Master Integrals. First we geally review Feynman integrals and
their properties. Then we introduce the defining propewies concepts of Master Integrals, explain the basic
principles on which this technique relies. Finally, chaf@eontains our original work. We report the final set of
Master Integrals obtained for the Charged Current(CC)-MESsive Form Factors and go in detail through the
explicit calculation of such set of integrals.

In order not to make the presentation of our work too heaycthimplete list of intermediate and final results for
the Masters is reported in the Appendix.

Finally, we close our dissertation with an outlook on theltslist which constitutes work in progress and which
we will accomplish hopefully in the near future in order tdheve our final result, nameli)channel Single Top
cross-section at NNLO-QCD.






Chapter

Top Physics

As we will show in detail throughout this chapter, althoughgie Top is not the dominant top quark production
mechanism, it yields a sizeable fraction of top quark evesgpecially at the LHC. Moreover, Single Top is an
interesting framework for SM parameters precision testfanthe discovery of possible new BSM physics. While
the theoretical status of top pair production is advancechpetitive theoretical predictions for Single top ard stil
in a very early stage. These considerations, together witexaerimental precision expected to increase in the
coming years, makes Single top an interesting field from tietwf view of both QCD fixed-order perturbative
computations and resumed calculations.

Particularly appealing is thechannel mode. It has the largest cross-section amongesioglchannels, it is
the best measured channel from experiments, and its quastdtnections happen to be pretty small, so that, by
combining the different available corrections (QCD and EWgould easily become one of the most precisely
predicted processes in the SM.

In this first chapter we aim to provide the pieces of informatiboth from a theoretical and experimental point
of view, which support these statements. The reader isdotred to the fundamentals of Top Physics which
constitute the necessary background in order to undergtenphysics underlying the project developed in this
thesis and the reasons why we focus our attention on Singlénfiechannel.

2.1 Top Quark Physics Overview - Theory

The framework in which nowadays we describes nature in itstrhmdamental aspects is the Standard Model
(SM). In this theory, three out of the four fundamental farpeesent in nature are unified, namely electric, weak
and strong forces. The formal framework in which the SM isifolated is that of Quantum Field Theory. In
particular, the SM belongs to the category of gauge theawiitls the gauge groupU (3) x SU(2) x U(1), where
SU(3) is the gauge group of strong interactions &f1d(2) x U(1) that of the electro-weak interactions. In the
following a basic knowledge of the SM will be taken for gramhtand attention will be focused directly on Top
Quark Physics, which is the general area of interest of tha'si@. First we review general top quark properties
and interactions in the SM. Then, we focus our attention gnqteark production and provide a list of the most
recent theoretical predictions and benchmarks for top yortian cross-sections. Finally, we spend the last two
subsections to briefly explain the privileged role that taprdg has in probing the SM Higgs sector and many BSM
physics scenarios.

1 For the reader who might need or want to dig more in detail éntihsis of the SM, we suggest referentes [99].1[102].
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2.1.1 Top quark properties and interactions in the Standard Model

The top quark is the up-type quark of the third family in the SB8&ch family of quarks consists of an up- and
down-type quark, which have electric char@e, = 2/3 and Q4own = —1/3 respectively. On top of that,
each family represents a weak-isospin doublet, so thapitslown-type members have weak quantum numbers
Tup = +1/2 andTye,n = —1/2 respectively. Quarks are charged under the strong interactbeing triplets in
the SU(3) group.

The most striking feature of the top quark is that, althoug particle appears to be point-like, its mass is huge,
roughly of the order of a gold nucleus. Top quark phenomagpols mainly driven by its large mass. Being
heavier than d¥ boson, it is the only quark that decays semi-weakly intd’aboson and & quark before
hadronization can occur. On top of that, it is the only quahlose Yukawa coupling to the Higgs boson is of order
one, meaning that the top quark plays a dominant role in theing of the Higgs mass. Because of this tight link
to the electroweak symmetry breaking sector, a deep urathelistg of all top quark properties, from its quantum
numbers to its interactions with the strong, weak and Higgdass, is a cornerstone for our understanding of
nature at the smallest distance scales. In general we calh ttee following points, which are nowadays driving
searches in Top Physics.

e Accurate knowledge of top-quark mass is a fundamental itgppitecision electroweak analyses.

e The Yukawa coupling of the top is proportional to the ratig/v, wherev is the vacuum expectation value
of the Higgs boson. Since this ratio approaches unity frolavlaehe coupling happens in turn to be very
close to unity. Furthermore, the proportionality of the #ula to the top mass is in itself an interesting
feature, since the top mass is the quark mass known with ttealbeuracy. These two properties together
makes the study of such coupling a priority in top physias¢siits precise measurement would provide a
stringent test of the electro-weak symmetry breaking (EY8tor of the SM.

¢ Unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) constssthe CKM-matrix elemenj;;, | to be close
to one, so that an accurate measurement of this CKM-magment is also very important. The extraction
of |V | can be achieved by studying top production and decays inlhe S

e Top physics is a possible window on Beyond-the-Standarddi(BSM) physics. Indeed, events con-
taining top quarks are backgrounds to certain new physimsgsses, so that a precise assessment of such
background becomes fundamental in indirect searches fot @Sticles.

In this section an overview of interactions and processeghiich top quark is involved in the SM is given, with
particular attention to the use that can be made of such gsesen order to gain better knowledge of certain
Standard Model parameters and top properties. At the enfteagection theoretical benchmarks for production
cross-section are reported.

Top Strong Interactions

The main production mechanisms for (anti)top quarks atdradolliders are through quark-antiquark annihilation
and gluon-gluon fusion (see diagrams in Bid), which both take place via the strong interaction. At Tewat

the quark-antiquark annihilation subprocess dominatesreas at the LHC gluon fusion dominates. The reason
for this resides mainly in the shape of Parton Distributioné&tions (PDF). Given a collision between two protons
carrying momentun®; and P, the square of the total energy of the partonic subprocegséipartonic center-
of-mass frame} is related to the energy of the hadronic collisi®through

s= (1P + x2P2)2 ~ 2x1x9 P - Py = 2122 S. (2.1)
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Figure 2.1: Tree-level diagrams for strong productiontqfair.
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Figure 2.2: HERAPDF1.5NNLO PDF evaluateddt= 10000 GeV. The behaviour for? = m? ~ 30000 GeV
is similar.

with 1 andxs being the fractions of momentum carried by the two initiatpas. The threshold fat production
is of courses > 4m?. It follows from Eq.B.J) that
s < 4m%

T1Xg = g =g . (22)
If we now takezx; = x» = z in Eq.[2.2), we get the condition > 2mt/\/§. This translates into the numerical
valuesz > 0.05(0.025) for a+/S = 7(14)TeV LHC, andz > 0.2 at Tevatron. Fi2shows PDFs, which con-
tain information about the probability of finding a given fmar species with momentum fraction betweeand

x + dx. By looking at this plot, it is clear that at the LHC tlge contribution will be the dominant one, whereas
at Tevatron the situation is reversed andd¢hevill give largest contribution to the cross-section.

Top quark pair production can be experimentally classifiecbeding to the decays of thd” bosons coming
from the decay of the two top quarks (see below for more in&diom about top decay). In the dilepton chan-
nel, namely when both/’s decay leptonically, the experimental signature corsi$two highpr leptons, large
missing transverse energg; and at least twad-jets. The branching fraction is comparatively small, b t



backgrounds, mostly +jets, are also fairly small. This makes the dilepton ch&aneideal place to obtain a
very clean sample af events. On the other hand, the hadronic channel, wherelatidecay hadronically and
thus the experimental signature is at least six jets, twheitb-jets, suffers from a huge background of QCD
multi-jet events. This makes measurementsgtgiroduction in this channel difficult, despite the large lotan
ing fraction. Finally the lepton+jets channel, where difedecays hadronically and the other leptonically, has
both large branching ratio and moderate background (mdBtyets). For this reason it is often referred to as
the golden channel Its signature is one highy lepton, £ and at least four jets. In both the lepton+jets and
dilepton channel, one typically considers only decays @ietrons or muons (including those from leptonic tau
decays), whereas final states with hadronically decaying éae experimentally much more challenging and are
often studied separately.

Top Weak Interactions

Top quarks also interact weakly. The charged-current wetgdtaction connects a top with a down, strange or
bottom quark, with an amplitude proportional to the cormesting CKM matrix element, respectively,, Vs or

Vi (FiglZd. Through charged-current weak interaction both produciind decay of top quarks can take place,
as described in the following.

= —iﬁ‘/tﬂ“(l —5)

S]]

Figure 2.3: Top weak current.

The weak production mechanism goes under the narSséngle Top productiorsince it allows for production of
one single top or antitop in association with a light quark,quark or al/, as it is illustrated in the tree-level
diagrams in FigZ.4 Starting from the left, the first diagram shows té boson exchanged ittchannel, the

second one ir-channel whereas in the third onéfais produced in association with the top.

Even though- ands-channel modes are enhanced by the Phase Space, thankgtesbace of just one heavy
particle in the final state, in general single top topologiwslve fewer jets compared t# production, and the
signal to background ratio is generally significantly smialso thatt production remains the dominant mecha-
nism to produce top quarks both at Tevatron and LHC.

Turning to analyse single channels, both at Tevatron and,lzHBiannel is the dominant contribution, at nearly
one third of thett cross-section. The next largest cross-section at Tevadrénom the s-channel subprocess
whereas at the LHC it comes from associatéd production. This might seem surprising because, having two
heavy particles in the final state, this subprocess is glasapppressed with respect to thheands-channel. But, at
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Figure 2.4: Tree-level Feynman diagrams for Single Top petidn.

the LHC, the gluon PDF gives a strong enhancement to thisreabgs, such as to compensate the Phase Space
suppression.

We observe that in thechannel subprocess there i$ & the initial state. Thé-PDF is mostly driven by gluon
radiation, meaning that tiequarks are most likely to originate from a splitting— bb. For this reason, thiedis-
tribution function cannot be extracted directly from glofis of experimental data as it happens for light quarks,
but is calculated from the initial conditidi{x) = 0 at x = m,; and evolved to higher values of the factorization
scaleu via the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (OGAP) evolution equations (for an introduction to
DGLAP equations, see Chapfgy. A more detailed discussion of Single Top production inirg a bottom in

the initial/final state will be given in Chapt@F in the context of a comparison between the 4-flavour andvdiia
scheme.

Cross-section measurements fathannel production have been provided both by LHC and Tewaby search-
ing for a signature given by one or more jets originating fithia light quark recoiling against the top, and-get
plus £7 from theW decay. The main background is given§#jets.

ThetW channel has not been observed at Tevatron, due to its velly@oss-section at Tevatron energies. This
mode is indeed challenging also at the LHC, since it intedet Next-to-Leading-Order (NLO) in QCD with top
quark pair production. Some methods have been implememtdient MC generators to allow an unambiguous
signal definition. According to the decays of the thic-bosons, this channel can be studied via different final
state signatures: dilepton channel, where Bétldecay into a charged lepton and a neutrino, or in the lepts-j
channel, where one 6 decays into lepton and neutrino, while the other one decagisamically into jets.

Finally, thes-channel has never been observed individually at Tevasiong only a combinett plus s-channel
cross-section has been measured. At the LHC, despite tHesoes-section, this channel is interesting for in-
direct searches of various new physics models and an isi@ich has already been carried out by the ATLAS
collaboration. The final state signature is given tyjat plus either a lepton ané; if the W decays weakly or
by additional jets if thdV decays hadronically. Backgrounds include maily+jets, QCD multi-jet production
andtt production.

Top decay is illustrated in F@.3

The top quark decays almost exclusivelytas+ bW. Since|Vy| > |Vid|, |Vis|, the decays — W (d, s)

are strongly suppressed. At NLO QCD, the total width of thedaarkl’; depends on four parameters, namely
Gr,my, mw, |Vip|. Atop mass of 172.5 GeV givds = 1.33GeV, whose inverse gives a lifetimg~ 5-102%s.



Figure 2.5: Top quark decay into quark ailboson.

As it will be discussed further in this Section, such shddtime implies that top quark decays before it can
hadronize, so thabponiumtt bound state cannot form.

The branching ratios for the decay of the top quark into ligharkss, d are strongly suppressed in the SM
(BR(t — Ws) ~ 0.2%, BR(t — Wd) ~ 0.005% ). Given the unitarity of the CKM matrix, the denominator of
the ratioR defined as

R Vi |?
[Vio|2 + |Vis|? + [Vaal?

(2.3)

is equal to 1. Thus, if unitarity of the CKM matrix holds, a rseeement ofR provides constraints ofV};|.
Measurements of? at the LHC will be briefly discussed in the next subsectiordicited to measurements of
properties of top quark.

2.1.2 Role of QCD in theoretical predictions and benchmarks

The increasing precision of experimental measurementpiptysics introduces now a new challenge also on the
theory side. Let us take the clearest example, namely iivelesoss-section fott production. The most precise
measurements, listed in HElgI34 have reached an unprecedented precisior df5% which, as underlined in
[33], challenges the current theory benchmark precision (tdibeussed in a while). For top quark weak pro-
duction, the scenario is slightly different. Experimergatcision is still quite larger then theoretical one even
in t-channel, which is the best measured among the three wedkgtion modes (see HBLI53. The situation

is expected to change in the future though. With the LHC Rurthianks to the higher energies and increased
luminosities, experimental error bars will decrease, deedifficult topologies like single top ones.

Given this picture, if a meaningful comparison between themd experiments is to be done, theoretical predic-
tions for both signal and background processes need in dube updated with increasing precision. Within the
framework of a perturbative approach to the SM, this meakiadainto account quantum corrections at higher
orders in the expansion around the coupling constants.gBhsLHC a proton-proton collider, and being, at the
LHC energies, the strong coupling constagiarger than the electromagnetic and weak ones, the mostisagn
enhancement in precision is given by QCD corrections.

While the details of how a cross-section for an hadronatetil process is computed will be given in the next
chapter, we provide here a list of theoretical benchmark®foproduction mechanisms.

With top pair production being the dominant production matithe LHC, efforts of the theory community have
concentrated mainly on this process, so that it is now onkeirtost precisely predicted LHC standard processes.
The NLO-QCD (O(a?)) corrections are known since more than 20 yefi, [98], [17], the mixed QCD-weak
corrections ofO(a2?«a) were computed ind6], [23, [25], [24], [85], [86], and the mixed QCD-QED ir{7[].
There are also calculations @fproduction at NLO-QCD which include the top quark decaysthectorrelations
between production and decay, such as the information otohguark spin. These results have been obtained in
the narrow-width approximation for top quarks produced loallg([21], [22], [©91], [26], [39] ). The NLO-QCD



differential cross sections for the productiontéfin association with 1 and 2 extra jets are availa®id,[[58)],
[92], [0}, [27], [28]. Probably the most notable progress is, in 2013, the finstatete calculation of the inclusive
and fully differential top-pair cross-section at NNLO-QCi@ported in[b4], where it was also directly supple-
mented with the previously computed Next-to-Next-to-Liegelog (NNLL) resumed result (see references in the
original paper[b4]). The results for the LHC cross-section at NNLO-NNLL as adtion of the center of mass
energy are plotted in F[@.6, together with experimental measurements at 7 and 8 Te\e kémently, results have
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Figure 2.6

also become available for the approximate N3LO (NNNLO) tajp pross-section. For instance the NNNLO soft-
gluon corrections have been released84| [during 2014, and in 2015 a N3LO approximated cross-sedtas
been obtained ifdg] by matching two contributions computed respectively ia lfigh- and low-energy limit.

Computations for Single Top cross-section are instead @ss ddvanced stage, even though theoretical results
for single top quark production are available at an everdasing level of sophistication. These include NLO-
QCD and EW predictions in four- or five-flavour scheme for bstdble (B1], [117, [74], [15]) and decaying
([4Q), 1, [43, [47], [107], [103, [&1], [6Q)) top quarks, resummations3d|, [82], [[12€]) and fixed order compu-
tations matched to parton showe@d], [65], [62]). Focusing on NLO-QCD corrections, it is interesting tadeo
that they are small, of the order of a few percent, forttehannel production. On the other hand, they are large
for the s-channel, of the order of fifty percent, both at Tevatron aktLCL Finally, corrections tal¥ associated
production are known to be moderate at both collidd®}.[ In this panorama, the most striking and up-to-date
result is the numerical computation, achieved in 2014, efaihlk of NNLO-QCD corrections to-channel single
top production (86]). The numerical approach has made it possible to addrehst®NNLO inclusive and fully
differential cross-section. Setting the renormalizato factorization scales = mq, it is found for inclusive
single topt-channel production that

° atLO = 53.8pb,

o oNLO = 55.1pb,

o oVNLO = 54 2pb.
It is interesting to observe that NLO and NNLO corrections af the same order of magnitude, namely a few
percent. This confirms that in the case of Single Top produdibo it is worth the effort to go beyond NLO.

For a more detailed discussion and interpretation of thasgbers, and for the complete list of numerical results,
includingt-channel anti-top production and transverse momentumilalisions, we refer the reader to the original



paper (above-mentioned).

2.1.3 Top quark and Higgs boson

As already mentioned briefly, the top quark is closely relatethe detection and study of the Higgs boson, mainly
because of its large mass. The paragraph that follows i€ dtedi to describe the topic more in detail.

As a loop-patrticle, the top quark plays an important role lectoweak precision analyses, as we briefly il-
lustrate in the following. There are five independent SM paaters (including gauge, matter and Higgs sectors) :
the three gauge couplings,g,¢’, respectively related to strong, and electro-weak intaras, the Higgs vacuum-
expectation value and the Higgs self-interaction coupling At tree-level the independent quantities reduce to
just threeg, ¢’, v, which are related to three very well measured quantities by

1 929/2
~ an 2+ g2

em

My =L ¥ gm (2.4)

2

From these three quantities all other electroweak quastin be predicted at tree-level, including the well known
relation between th# mass and th& massp andGr, Eq.2Z5).

1 1 4o
M2, == =M2|1 l1—— 2.5
W= g9 5 Mz + NGTEISYE (2.5)

Eq.[Z.9 can then be reformulated as

2GFp) . M}
M2 :Mwnh in2 = 1 — W 26
W sin? 0, s bw M2 (2.6)

Eq.[Z.8 holds at tree-level, but when one wants to go at one loopptesence of an extra terthr, which takes
into account one loop corrections, modifies B into

2 _m0/(V3Gr)

= ) 2.7
W sin29u,(1—Ar) (2.7)

The contribution of top quark tr is given through theb-loop in thelV self-energy and th&-loop in theZ self
energy (see diagrams in F@.0).

By computing 1-loop diagrams in FiZ{3), one obtains the expression E48).
_SGF’I’I’Lg 1
8\/§7r2 tan? Ow '

In the same way, also the Higgs boson gives its contributigZEd) to the 1-loop correctiod\r through the
diagrams in FigiZ.§).

(A7) top =~ (2.8)
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The resulting contributiofAr) ;445 iS given by

11GpM3 cos® 0w . m3

24+/272 B Mz
By inspection of EqZ.9), (2.9, we see that the main contribution is given by the top loopose expression
depends quadratically om., whereas the Higgs loops only contribute a logarithmic deleace onmp,ggs.
Nonetheless, both these heavy particles contribution&ntdhave to be taken into account in order to predict
My at 1-loop, implying that, at this perturbative order, thare five independent SM parameters , namely
Qem, Gr, Mz, mg, my,. These relations can also be used the other way around, ynaonpiedictmn;, starting
from precise measurements @f,,, Gr, Mz, m;, My,. This explains how the top quark and the Higgs boson
masses are closely related in the framework of precisiaireleak analysis.

(Ar)higgs =

(2.9)

Top and Higgs are also strongly related from the point of vawHiggs boson production through processes
mediated by the strong interactions. Such processediggs production in association with# pair andgluon
fusion The former is obtained by remembering the Yukawa couplofgbe Higgs boson to fermions Fig.0),
which allows for radiation of an extra Higgs from a top or &oytiin diagrams contributing tet production
(FiglZD). The latter is instead a process initiated by two gluonshvhhrough a quark loop, produce a Higgs in
the final state, as illustrated at tree-level in

—

f
N
/

f

Figure 2.9: Yukawa coupling of the Higgs boson to fermions.



Figure 2.10: Higgs production via gluon fusion.

While associated production withtapair is suppressed by the presence of three heavy particibs final state,
gluon fusion happens to be the dominant Higgs productiorhamgism at the LHC, as can be seen in the theoretical
predictions shown in Fig. 11 In the gluon fusion process, the role of top quark is domtinarprinciple, any type
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Figure 2.11: The SM Higgs boson production cross sectiona &mction of the hadronic center of mass
energyy/S, for pp collisions. Bands indicate theoretical uncertainties.

of quark can circulate in the fermion loop, but since the ldiggupling to fermions is proportional to the squared
maSSm§ of the fermion, contributions from lighter quarks propag@in the loops are suppressed proportionally
to mg. The main role is then acted by the top quark circulating enlttop. The leading top quark contribution
can be evaluated, with a good approximation, in the limjt — oo, by matching the Standard Model to an
effective field theory where the amplitude is evaluated feoneffective Lagrangian which describes the point-like
effective coupling of the Higgs to the gluons. The rolenof remains of great importance in this scenario, since,
in order to assess the validity of such effective approdeheffective result is to be compared with approximated
calculations of then, dependence based on asymptotic expansions. Gluon fudioa flseoretically best known
channel among those contributing to Higgs production. drizieler analytical QCD corrections are available up
to NNLO and since 2015 up to NNNLO (computed by summing thé 3ivsorders of the threshold expansion of
the cross-section, se6]]. Electroweak radiative corrections are computed at NiBereas virtual corrections
are available up to 2-loops. Also mixed QCD-electroweakexiions at orde(a«,) have been calculated.
QCD corrections at NLO and NNLO have been improved throughntfatching to the results which takes into
account the resummation of soft-gluon contributions dtfekt-to-next-to-leading logarithmic (NNLL) accuracy.
References can be found [@9).



Given its sensibly smaller cross-section at the LHC, theestthe art for Higgs associated production with a
tt pair is much less advanced. Currently, NLO QCD correctiomsiaterfaces between NLO QCD and parton-
shower Monte Carlo are available for this process (refexemee given in99]). These programs provide, up to
now, the most flexible tools for the computation of diffeiahtlistribution, ofpp — t£H, including experimental
cuts.

Both gluon fusion and production in association wittt pair, can provide important information on the top-Higgs
Yukawa coupling. As already mentioned, one striking featfrthe SM Higgs boson is its strong coupling to the
top quark relative to the other SM fermions. Based on itsdangss, the top-quark Yukawa coupling is expected
to be of order one. Since the top quark is heavier than the Higgson, its coupling cannot be assessed by
measuring Higgs boson decays to top quarks. However, thiglicg can be experimentally constrained through
measurements involving the gluon fusion production meisnas, assuming there is no physics beyond the SM
contributing to the loop. On top of that, the top quark Yukawapling can be probed directly through a process
that involves both a Higgs and top quarks explicitly recanstied via their final-state decay produdtéit associ-
ated production satisfies these requirements, so that aune@asnt of the rate affft¢ production provides a direct
test of the coupling between the top quark and the Higgs boson

2.1.4 Top physics as a window on Beyond-the-SM physics

We recap very briefly the BSM scenarios that have been explgpeto now with processes involving (anti)top
qguarks. Since it goes beyond the purpose of this thesis aed gie proliferation of BSM models and searches,
we do not report directly bounds found by experiments at ffemeand mainly at LHC in single searches, but refer
the reader td11]], where all bounds are listed and explained in detail.

e {t invariant mass distribution Many extensions of the SM predict new interactions, legdinnew par-
ticles that would decay predominantly inté pairs and may then show up, in the simplest scenario, as
resonances in the top quark pair invariant mass distributitew particles coupling predominantly to top
quarks could be realized in many different ways. They cowdspin-0 scalars or pseudo-scalars in su-
persymmetric (SUSY) or Two-Higgs-Doublet (2HDM) models, w&ell as spin-1 vector or axial-vector
particles, for instance a leptophobic topcolrboson. The shape of the invariant mass distribution is
studied separately in the low-energy (beldeV) and high-energy (abovieleV) regime, since for large
masses, the top quarks decay products tend to be collimated dedicated reconstruction algorithm is
necessary. In Fig2(12), the shape at Tevatron (left) and at LHC 7 TeV (right) arengho

e Flavour changing neutral currents (FCNG)n the SM at tree-level FCNC are forbidden, and also at loop
level are suppressed with respect to the dominant decay .nintdestingly, many SM extensions allows
for tree-level FCNC, which is translated into increaseddmted branching fractions for FCNC decays
of top quarks. Such extensions can be for instance 2HDM, M$®Mimal supersymmetric Standard
Model), topcolor assisted technicolor, super-symmett \&-parity violation. The privileged process for
searches of upper bounds on the branching fractions BRqy), BR(t — ¢Z), BR(t — qg) is Single Top
production. Since, in particular, the decay mode qg is very difficult to disentangle from the QCD multi-
jet background, a first dedicated search was also presep®OIAS for anomalous Single Top production
qg — t — bW, where better sensitivity should be achieved for the anousatouplingyg — ¢.

e AnomalousZ’r in t production- In some models like SUSY models with R-parity conservatiad little
Higgs models, partners of the top quark with masses belownarbTeV appear. In such scenarios, pair-
produced exotic top partnef8T" can decay each into an ordinary top and a neutral weaklyaictieg
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Figure 2.12: Left plot: Tevatron results for the invariarasa distribution\/;; for top quark pair production at
NNLO accuracy. Right plot: NNLO cross-section for the protion of single top quarks at the LHC 7 TeV, as a
function of the cut of the; of the top quark.

particle Ay, thus giving rise to the final stat6T — ttA,A,. From the point of view of experimental
detection, this final state has the same signature as a nerpralduction, but with increased missig.
A first search for such a final state has already been perfobop@dLAS.

e Same sign top quark pair productiersome models predict FCNC in the top quark sector mediatadeoy
t-channel exchange of a new bosgh This type of interaction would also give rise to same-s@mduark
pair production.

e Charged Higgs productionin 2HDM or SUSY models the existence of light charged HiggsdnH * is
predicted. Such particles can be produced for instancesideéicay of a quark top, through thes H b or
t — H~b, with subsequent decay of the charged Higgs bogbfis— 7v,. Searches have been performed
using both top pair production and Single Top events.



2.2 LHC as a top factory, experimental ‘state of the art’

This section is dedicated to give an overview on precisigngbysics at the LHC from an experimental per-
spective. In the entire section, particular emphasis iopubp production mechanisms, especially on the weak
production of single (anti-)top, which represents the sobpf this thesis.

The section is divided into two parts. In the first subsecti@review the experimental successes in measuring
top quark production cross-sections achieved thanks thigieenergies available at the LHC. In the second part
of the section, we report up-to-date measurements of somel&drvables related to Top physics which can
be indirectly extracted in experimental searches. In paldr we address measurements of top quark quantum
numbers and of the CKM matrix elemdi,|.

2.2.1 LHC experimental benchmarks: top quark production

Measurements fortt cross-section.

As it was already mentioned in the previous section, thengtioteraction mediates the leading production mech-
anism for top quarks, which reagg(pp) — tt at LHC(Tevatron). The final states for pair-production adieg-
order in QCD, can be the following (where the quarks in thel Bitetes evolve then into jets of hadrons):

1. all-jets channel tt — W*b W~=b — q'b ¢"q"b,
2. lepton+jets channel tt — Wb Wb — q¢'b 1~ 7,b+ 1T vb ¢ @b,

3. dilepton channel tt — Wb Wb — v, bl'ty b.
Although the symbol(l) refers in general to a lepton(anti-lepton), so that it cdosck, 1 or 7, most of the
analyses distinguish theand i from the 7 channel, which is more difficult to reconstruct. Otherwigethe
following, the symbol and the generic word ‘lepton’ will refer to the leptonic flavee, i, unless specified. The
reason whyr leptons are more challenging is that they have a very sHetinlie (approximately2.9 - 10~ '3s),
so that most of them decay before leaving the beam pipe. Thegydeither leptonically into a lighter lepton
(e or ©) and the corresponding flavour neutrino (BR 35%) or into hadrons (BR~ 65%). Since the cross-
section for the production of hadronic jets is much largantthe one for the production of jets coming fram
leptons, the challenge lies in rejecting the jets fakingandidates. When the leptons decay leptonically, this
is usually counted as signal in the dilepton or lepton+jetalfstates. Dedicated analyses are instead carried out
for hadronically decaying taus. In this case, two kinds @flgses are usually distinguished. On one side, there is
the dilepton channel with ong where bothi/” bosons decay leptonically, one into a light leptoor 1+ and the
other one into ar, the last one giving then rise to hadrons (hadrat)icOn the other side, also therjets case
is considered, where ori& boson decays directly hadronically, and the other one tepadly into a hadronic-.
Analyses involving hadronie leptons, as well as the all-jets channel are so difficult obsiy because of the huge
QCD multi-jets background. Finally, it must be stressed the number of jets in the final state could be actually
greater than the number of quarks listed in the final stategegldue to QCD extra radiation that can possibly lead
to extra-jets.
The most precise results are thus provided by the dileptdirgparticular the lepton+jets channels, because of the
best ratio between signal and background. The productitopgair has been observed since the discovery of top
quark, both at Tevatron and LHC. The first measurements warkerduring Run | at Tevatron &fS = 1.8TeV
and then made more precise during Run I\V& = 1.96TeV. Finally, since beginning of 2010, measurements
have been taken at LHC gfS = 7TeV andy/S = 8TeV. Itis interesting to measure the total production cross
sections in all possible final states, since the impact of peysics could affect different channels in different
ways. Indeed, all possible final states involving leptoets, and missing transverse energy have been measured by



the two colliders, except for final states involving two hamically decaying tausg3|. The results are in agreement
with benchmark theoretical predictions, which will be imrtuliscussed in the following. We report the most up-
to-date and precise measurements, which come from the Lig€riexents ATLAS and CMS, stressing that the
measurement of top pair production, because of its finad stablving essentially all physics objects and thus
being so complex, represented a major milestone achievib@ihHC Run | and Run Il program. Experimental
results are shown in Fi@(133, (.13, (Z.143, (Z.141. The first important feature, visible in all plots, is the
striking accord between measurements and theory preadsstiegardless of the final state channel in which the
analyses are performed. The worst experimental perforem@as already anticipated, in all-jets antjets
channels, but also in this case measurements and theorgragatble (see Fid2(13l)). Such accord between
theory and experiments provide a stringent test of the SMapdrticular of our theory of strong interactions.
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Figure 2.14: Summary of measurements of the top-pair pitoatucross-section at 8 TeV compared to the exact
NNLO QCD calculation complemented with NNLL resummatiorheTtheory band represents uncertainties due
to renormalisation and factorisation scale, parton deffigitctions and the strong coupling.

In Fig.(a) results quoted at; = 172.5GeV, whereas in Fig.(b) at the current world average= 173.5GeV.



Measurements for Single Top cross-section.

At the LHC, single top int-channel and/V¢ production have been observed, whereas only an upper basd h
been put ors-channel cross-section. Though for single top topolodiesstgnal to background ratio is generally
less favourable than for top pair production, at the LHC swatio is enhanced with respect to Tevatron.

The cleanest signature belonggtchannel, where a light quark jet recoils against the toplquehich decays in
turn into al¥ and ab, thus originating &-jet. TheWW can decay either leptonically, thus originating an isalate
lepton and missing energy or hadronically, thus giving tisadditional jets. The signature bthannel requires
then at least two jets, among which one has twa4&gged, and missing energy plus an isolated lepton in case
of a leptonically decayin@V. ThetIW associated production is particularly challenging, siac8lLO-QCD it
happens to share witfh the same final state, so that the two processes can interfér@so on a theoretical level

it is not clear how to define the signal. To overcome this pohltwo schemes have been proposed to define
thetW signal in [L2Q, [65]. The final states classification is indeed the same as fopapproduction, namely
dilepton, lepton+jets, all-jets. Finally, concerning thehannel, its signature is characterized by one charged
lepton, missing energy and twetagged jets. At present, it has never been measured gigcievatron, and the
LHC experiments only managed to put an upper bound, as cagenefiom Fid2. 15D

Due to the huge background to single top topologies composedly by QCD multijets,IV +jets, tt, Z+jets,
Drell-Yan, ATLAS and CMS used, on top of usuait and counainalyses, also Neural-Network (NN) and Boosted
Decision Tree (BDT) analyses, in order to increase the effimy in extracting the signal from background (see
109).

To conclude the discussion about experimental benchmarmksyould like to mention, without entering into
details, two recent major achievements.

e The recently claimed observation at the LHTAH) of +t1¥ andttZ associated production, which are of
fundamental importance to test top quark electroweak coggl

e The possibility to measure, thanks to the great abundantepofjuarks produced at the LHC, not only
inclusive cross-sections, but also differential disttibns do,;/dX anddo,/dX, whereX is some relevant
quantity describing the kinematics of the top(anti-top}wtt system. Differential distributions provide
even more stringent tests of QCD, can be used to validate trgéviCarlo models and finally provide an
interesting framework for the detection of new physics,ahhiould manifest itself in deviations from the
expected SM shape of the distributions. Further infornmatian be retrieved irfgH], [117].
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Figure 2.15: (a): Summary of the ATLAS and CMS Collaboratmeasurements of the single top production
cross-sections in the t-channel at 8 TeV. The measurementsoapared to a theoretical calculation based on
NLO QCD complemented with NNLL resummation computed assgnai top mass of 172.5 GeV. In the lower
part, best measurements are reported.

(b) : Summary of ATLAS and CMS measurements of the single toplyction cross-sections in various channels
as a function of the center of mass energy. Forstishannel only an upper limit is shown. The measurements are
compared to theoretical calculations based on: NLO QCD, K@D complemented with NNLL resummation
and NNLO QCD (t-channel only).



2.2.2 Measures of top properties and SM observable from Top physics

Top quark mass, spin and charge.

The top mass is the best measured property of top quark, ginéewill become clear in the rest of this section,

it has a fundamental role in precision tests of the Standardeé¥! Since the dominant and most precise measured
cross-section both at LHC and Tevatrontisair production, usually measurementsnof are extracted from
this process. Nonetheless, it is worth mentioning thatkhao LHC high energies and thus increased number of
events, a first attempt to extraet; also from a combined signal of and¢-channel Single Top data has recently
been done ing9). Restricting attention to th& production, the lepton-+jets channel yields the most peatisa-
surements because of its good signal to background ratith@ngiresence of a single neutrino in the final state.
The combination of both LHC and Tevatron analys@}) @ave the most up-to-date valuem} = 173.34 & 0.76,
wherem, is the parameter which identifies the top mass in the MontéoGamulator used to extract the mea-
surement. One open theoretical issue regards the intatiorebf such result , since the MC mass, namely the
parameter used in the Monte Carlo to identify the top masspis renormalized field theory mass and it is not
even clear how it is related to the top mass as defined fominsta theMS or in the on-shell scheme. Discussion
of such topic goes beyond the scope of this text, but thegsted reader might find out more [irg].

To conclude the discussion about top mass, it should be oredithat another possibility, which allows to by
pass this interpretation issue, is that of extractimgfrom the measured cross-section using the theoretical re-
lation between the mass and the production cross-sectioch Sossibility has been widely explored and some
references can be found i@9].

Thanks to its huge mass, and consequently its very shotidite (I; * ~ (1.5GeV) 1), the top quark is the only
quark which decays before its spin can be flipped by the sthotegactions. Indeed, the evolution of a heavy
quark produced with definite spin in a high-energy hadroaoltision, can be roughly explained as follows. After
a time-scale of)(Ag?lCD) (with Agep =~ 200MeV) after it has been produced, the heavy quark is likelyios p
up a light quark of opposite spin from the vacuum and hadeomito a meson. The interaction between the two
opposite spin brings the meson into a spin-zero state afgieal time ofO((AéCD/mQ)*l), beingmg the
mass of the heavy quark. This implies that after this typticaé, the heavy quark is depolarized. Given the value
of m;, one can see that top quark actually decays before the digatian mechanism comes into play, so that its
spin is observable in the angular distribution of its decapdpcts.

In ¢¢ production, and in general in unpolarized QCD reactionsgtearks are produced unpolarized. The argument
is very simple and makes use of parity being a symmetry of QiCihow that, if the initial partons are unpolarized
(namely thepp collision is unpolarized), then the probability to prodymesitive-helicity or negative-helicity top
qguark must be the same, namely top quarks cannot be prodetadzpd. Despite all this, the spin of the
pair are correlated, which can be translated by saying Heatate for opposite-helicitt production is greater
than that of same-helicit§t production. Spin correlations have now been conclusivedgsared at LHC by both
ATLAS and CMS. In gluon fusion production mode, the angulatribution between the two leptonsihdecays

to dileptons is sensitive to the degree of spin correlat{sas references given ia9)).

On the other hand, when the top quark is produced via the weekakction, it is 100% polarized and its spin
orientation stays encoded in the angular distribution ®fdi¢écay products. Therefore, observables which are
sensitive to such information can be designed and direotigsured. Focusing attention tighannel Single top
production, one possibility is given by the forward-backs#vasymmetryA in the top quark rest frame, which is
defined by

N (cos@l(,t;p) > 0) - N (cos@l(,t;p) < 0) 1

A= = iptOél. (210)

N (cos@l(f;p) > 0) + N (cos@l(f;p) < 0)



The angle91(_t;p) is the angle between the lepton coming from top decay andgheduark produced together with
the top quark. The polarizatioR, denotes the alignment of the top quark spin with the lightrgquaomentum,
whereas the spin analysing powerquantifies the alignment of the lepton with the top-quarkisgiheoretical
expected values for these quantities Bre= 0.98 anda; = 1. The most up-to-date measurement from CMS is
based on data recorded duripgcollisions aty/S = 8TeV at the LHC and yield®, = 0.82+ 0.34 andq; = 1.

The top quark charge is2/3e in the SM or—4/3e in some exotic models, such as Mirror Quark Doublet Models
([52), [BQ], [1]). Top quark is the the only quark whose electric charge lsabe@en measured through production
at threshold irete™ production. Luckily, its charge can be inferred from its @gproducts. However, this is not
straightforward, due to the fact that the original top cleaggts ‘diluted’ in the case where the quarks coming
from its decay hadronize into jets and also the charge obdérnvthe decay products has to be matched to either
at top or an antitop. Measurements at the Tevatron havededline hypothesis that the top has an exotic charge
of —4/3e at the 95% CL. In the same way, ATLAS and CMS presented meamsnis of the top charge in the
lepton+jets channel{ production mode) and the exotiet/3e charge could be excluded with high significance
by both of them. Another possibility to access the top quérdrge is the measurement of the cross-section of
the production of top pairs in association with a photon,cluhis clearly sensitive to the electromagnetic coupling
of the top. The cross-section foty production, thanks to the enhancement due to the preseree @f the

final state, is already accessible during Run | at the LHC,atpifior energies of/S = 7TeV (ATLAS already
presented a first measurement of such cross-section at t8¢. lHHdwever, more detailed tests of the couplings at
thetty vertex are only possible with larger integrated luminesiti

For further information and references about the top quankgrties discussed above and other properties that
can be measured in the context of a Standard Model top quarkedirect the interested readerd .

CKM matrix element |Vip|.

In the SM, the CKM matrix is predicted to be unitary. Once tmitarity of the CKM matrix is assumed, a
measurement of the rati defined in EqZ.3) provides a direct measure of the CKM matrix elemi@si|. The
quantity R can be measured by measuring the probability of a top quatkday into dV and a first, second, or
third generation quark. In other words,

BR(t — Wb)

"= 8RR >we)

, with BR(t — Wq) = BR(t — Wd) + BR(t — Ws) + BR(t — Wb), (2.11)

so that a measurement &f boils down to measuring the branching ratios BR for the fxdssiecay channels.
This can be achieved by studying the decays of top quarksupeatiin pair via the strong interactions, or singly
produced via the weak interaction modes. We report in thieviahg values obtained by the LHC, with data
collected at/S = 8TeV.

In £ production, CMS measure = 1.02370 03¢ and R > 0.945 at 95% C.L., by comparing the number of
events with 0,1,2 taggéddjets in the lepton+jets channel and also in the dileptomoka

In single top production, at the LHC only thtechannel and thél’t associated production are accessible, and
a measure ofVy,| is extracted for each of these channels separately. In-@@nnel, whose cross-section at
the LHC is more than three times as largesazhannel and¥V¢ combined, ATLAS find|V;,| = 1.04101, with
[Vip] > 0.80 at 95% C.L. We stress that a significant discrepanci ¢br equally|V;,|) from unity would imply
space for BSM physics, but all measurements performed at Wbl now are in very good agreement with the
SM predictions.



Chapter

PQCD and CC-DIS

3.1 Basics of perturbative QCD

In this section the basic notions of the theory of strongratBons (QCD) are presented. Firstthe QCD Lagrangian
and corresponding Feynman rules are introduced. Theninwith framework of perturbative QCD, we introduce
the formula that allows to compute the cross-sections fdrdrinitiated processes. Finally, we review the current
panorama of QCD fixed-order predictions.

3.1.1 QCD Lagrangian, guantum numbers and Feynman rules

Strong interactions are described bg#& (3) Yang-Mills theory withn ¢ quark fields transforming in the funda-
mental representation of the gauge group. The degree afdre@ssociated to th&€U(3) group is callectolor,
so that, in a more general non-abelian theory with gaugey$éi( N..), the quarks will carry color index with
a=1,...,N.. The QCD Lagrangian can be written as the sum of two pieces

L=Ly+L, (3.1)

L, andL, include respectively the quark and gluon kinetic term. Idiaidn to that,£, describes the interaction
of quarks with gauge fields where&g the gauge fields self-interactions. These two sectors takéollowing
form

Ly = Pa(i(D)ab — m)s (3.2)

1
Ly =—TH(FLFL), (3.3)

where the trace is in color space apds the fermion field in the fundamental representatior56%(V.). The
covariant derivativé) and the gauge field strengthare defined as

(ﬂ))ab = ’Y'uauisab - igs’Y#GﬁtaAb (34)

Fi, ==[Du, D)) = (0,G) — 0,Gy + gs fAPCGRGT) . (3.5)

1
g

33
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Figure 3.1: Feynman rules of QCD.

The fABC are the structure constants $f/(3). They are defined through the commutators of the generators
of the group (first definition in E436))

[t4, 5] = if*B%c,  Tr[t"] = Tre®. (3.6)

The second definition in E@[E) gives instead the normalization of the trace of a produgtesferators, which is
commonly chosen to b&€; = 1/2. The main difference with the theory of electromagnetieiiattion (QED)
and more in general with abelian gauge theories is given &pthsence of the termfABCGﬁ’Gf, which has
to be inserted in order to preserve the gauge invarianceedhéory under locadU (3) transformations

o — €00 @y, (3.7)

GO4C _, if” (@)t” (Gctc _ iauec(w)tc) o0 (@)t"
Js
wheref“ (x) are eight arbitrary real functions of the space-time paositi. Such non-abelian term in the La-
grangian is responsible for the self-interactions of glfielus.

Perturbation theory applied to QCD relies on the idea of @eweby-order expansion in a small coupling =
j—; < 1. In this framework, some given observalflecan then be predicted as

f=fo+ fras + f202 + fza2 + ... (3.8)

where one might calculate just the first one or two terms ob#rees, with the understanding that remaining ones
should be small.

The principal technique to calculate the coefficiefitef the above series is through the use of Feynman diagram-
matic (or other related) techniques. The interaction gestiarising from the QCD Lagrangian, are reported in
Figl3d It is well known that in order to perform perturbation theavith the Yang-Mills Lagrangian EdB(J),

(33 one needs to choose a gauge. As a consequence, a gaugesiringnd a ghost Lagrangian enter B,

(2.3. The final QCD Lagrangian thus reads

EQCD =L+ Egaugeffi:cing + Eghost- (39)

There are different possible choices for the gauge fixinggmust Lagrangian, but we limit ourselves to quote the
two most popular classes of gauge fixing. The most commordy gauges are the so-calledvariant gauges
defined by

1
Egauge—fiwing = _ﬁ(auGZ)2; ‘Cghost = 8u(na)T (ngnb) ) (310)



where) is an arbitrary gauge parameter ani a complex scalar field in the adjoint representation whicéys
Fermi statistics. In a covariant gauge the gluon propagawiven by

a ab ! Pubv
Au?/(p) =9 b}? (_guu + (1 - )‘) 22 ) ) (3-11)

which becomes particularly simple for tlynman gaugehoice A = 1. Another convenient choice are the
so-calledaxial gaugesdefined by
1 1 a2
Egauge—fiwing = T3y (n GH) s (312)
2\
where again\ is an arbitrary parameter amdan arbitrary vector. The nice property of axial gauges is ghast
fields are not required. On the other hand, the gluon propagas a more complicated form

' >+ Ap)pup
Aab _ 5abL — G NuPv o (n v . 3.13
,uv(p> p2 Ip + n-p (’I’L ']?)2 ( )

Again a simplification occurs if one choosebght-cone gaugedefined by the conditions? = 0, A = 0. In this
gauge, the gluon propagator happens to contain only a sunpolaization of physical states, or, in other words,
only transverse gluon polarizations (namely physical bpespagates.

Axial gauges are usually quite useful when studying gererglerties and behaviour of QCD amplitudes, whereas
covariant gauges are very convenient for real computatidndeed, the gauge choice we do for our NNLO
computation is Feynman gauge, so that we can deal with a irapfesgluon propagator, but we have to include
also ghost diagrams.

3.1.2 pQCD@Hadron Colliders

Colliders like Tevatron and LHC are designed to investigatenomena involving high-momentum transfers (more
precisely large transverse momenta), say in the range 50t&8WeV. It is well known that in this energy regime
the QCD coupling is small, and we would then hope to applyypbétion theory. Yet, the initial state involves
protons, at whose mass scate, ~ 1GeV, the coupling is not weak. And the final states of collielents involve
the presence of lots of hadrons, which are not perturbaiiliere We are then faced with the problem that exact
perturbative methods can’t deal with low momentum scales itievitably enter the description of a collision,
nor with the high multiplicities that events have. Despliiefas, it turns out that we are reasonably successful
in making predictions for collider events. In the followipgragraphs, we briefly illustrate the formalism that
allows us to reach this goal, by explaining the structuré @@D cross-sectiogsassume in such formalism and
in particular how we deal with the presence of hadrons inrift&l stat.

The simplest observables in QCD are those that do not invaltial-state hadrons and that are fully inclusive
with respect to details of the final state. One example isdteé tross-section fart e~ — hadrons, for which one
can avoid caring about the difficulties coming from the pneseof hadrons in the initial state. This cross-section,
which we will address in the following simply asis formulated as a perturbative seriesain If one aims at
computing the terms of this series beyond LO, the first cotuzsgpgssue that must be taken into account is the
running ofa,. Indeed, most higher-order computations are carried otinvDimensional Regularization (see
for a complete treatment of DR), in order to handle the ulbiet divergences appearing in loop diagrams
and possibly also the infra-red divergences arising fromspkspace integrations. In the process of going from 4

1In the context of this thesis, we take into consideratiory dually inclusive cross-sections, but material on the singe of differential
distribution can be found in_[99].

2The ideas and formalism regarding the treatment of hadritsei final state go beyond the purpose of this thesis but material can
be found in[[210].



to d = 4 — 2e dimensions, one introduces an arbitrary sgalbaving dimension§F]! in energy units, in order
to keep consistent dimensions for all quantities. If onetaém compare his theoretical prediction forvith ex-
perimental data, the dependence on such unphysical gt¢els to be eliminated. This is achieved by introducing
an energyenormalization scalg:r, large enough such that the coupling is small, and by fixirgudue ofa

at this new chosen scale. This can be done by meaning of thdmalin renormalizationprocedure, which we
do not discuss in this context since it goes beyond the perpbthis thesﬁ Let us consider the renormalized
eTe™ — hadrons cross-sectiom at all orders(we maintain the same notation for simplicifyis total cross-
section cannot depend on the conventions chosen to fix tleematization point. This consideration allows to
conclude that- must obey a Callan-Symanzik equation Bgl#).

0 0
— — ) = 0. 14
g+ Ba) | o sus) =0 (3.14)
By dimensional analysis, one can write
o="Sf <i2a> (3.15)
S 10

with ¢ a dimensionless constant. Then, implies thatf depends on its argument only through a running
coupling constantys(Q?) = g2/4x, evaluated at)? = s. The coupling constany is defined to satisfy the
renormalization group equation

o
dlog(Q/pr)

supplied by the initial condition,(1r) = a,. Thep function is in turn a perturbative quantity and admits thus
anag-expansion

g="15(9), (3.16)

Blas) = —aZ(by + bias + baa + ...). (3.17)

At this point we take the chance to make a little digressioartalyse the quantities the govern the running of
and how they are related to the well-known phenomer@afinemenandasymptotic freedonmNow, for abelian
theoriespy happens to be negative, so that the coupling constant sesé strength with the energy. In the case
instead of non-abelian theories, the sigri@flepends on the chos&t/ (V.) group, i.e. on the field content of
the theory. For the particular case of QCD, the first two coieffits of the3-function read

b — 11C4 — 2ny _ 170%75C’Anf —3Cpnp
T T o T 2472 ’

(3.18)

whereC'4 = N, andny is the number of ‘light’ flavours, namely those whose masewgl thary:z. Such terms
arise from respectively the gluon and massless fermiongibations to the gluon self-energy at 1-loop. Given
N. = 3, we gethy = 331_;:” , which impliesby > 0 (and thus5(cs)1-100p < 0) if ny < 33/2. Given that in the
SM, we have three generations of quarks, namely no more thdlawurs, the QCD3-function can’t happen to
be positive. On the other side, for abelian gauge theor@sithation is reversed. Since the tefih is zero (there
are no self-interactions of gauge boson fields, so gaugensatmnot contribute loops to their own self-energy!),
the first term of theg-function read$, = —n /3 and it is thus always negative.

Now, the QCDg-function being negative, implies that the strong couplingbecomes weaker at higher ener-
gies, i.e. the theory almost becomes a free theory, in whighlksg and gluons do not interact. This behaviour is
commonly known assymptotic freedonConversely, at low momentum scales the coupling growsigtrgiving
rise to the so-calledonfinementnamely quarks and gluons being tightly bound into hadré@sch behaviour
of the running ofa also tells very clearly that a perturbative approach to Q@B & limited range of validity,
namely at energies higher than a certain scale. This scdletésmined by solving the Renormalization Group

SRenormalization is discussed in any standard QFT text-bewth as for instancE [102]



Equation (RGE) EQ3.16 and is found to bé\ocp ~ 200MeV. This is the energy regime at which the strong
coupling diverges. In conclusion, we can say that the Celgmanzik or RGE equation instructs us to replace the
fixed renormalized coupling with the running coupling constant, (@), with @ of the order of the hard scale
governing the process in order for the all-order crossiaetd be independent on the choice of renormalization
scheme.

Now, what happens in everyday life, is that we never deal withioss-section containing an infinite number of
terms in thex,-expansion. A realistic theoretical prediction for QCD ssesection will contain indeed only the
very first terms in the expansion. Given this, it is intemggtto see what happens when we replace the fixed
renormalized coupling with the running coupling in a theimad prediction for the cross-sectientruncated at a
certain order inv,. The renormalized cross-section at NLO can be written

onzo = oro(l+ cras(pr)), (3.19)

wherec; contains both real and virtual 1-loop corrections. Giver@gpansion of the running coupling

i) = 0.(Q) - 20a@)n (Y1) + 0(cd). (3.20)
we can rewrite EqZ.I9 as
onro(pur) = oro <1 + 104 (Q) — 2¢1bpa?(Q) In (%) + O(af)) . (3.21)

This tells us that as we vary the renormalization scale foediption up taO(«s) (NLO), we effectively introduce
O(a?) (NNLO) pieces into the calculation: by generating some fageof NNLO terms, we are probing the
uncertainty of the cross-section associated with the ngsiill NNLO correction.

If we calculate the actual NNLO cross-section for gengrait will have a form

onnro(pr) = oro (14 cros(pr) + c2(pr)o? (1r)) - (3.22)

We observe then that thie coefficient now depends qry. This is necessary because the second-order coefficient
must cancel thé€(a?) ambiguity due to the scale choice in EZiZJ). This constraints how, depends oy

ea(ir) = c2(Q) + 2¢1bp02(Q) In <%R> . (3.23)
If we now expressed y n 1.0 in terms ofa(Q), we would find that the residual dependenceugnappears en-
tirely at O(a3(Q)), namely one order further than in E@.ZJ). In other words, when we truncate the expansion
at a given order” and substitute the fixed renormalized coupling with the migicoupling, we are always left
with a residual dependence g, of ordera”*!. Given this fact, a first consideration to one can do is that th
1r dependence that affects a cross-section at a given petiierbedera” is a probe of the impact of the missing
a1 term.

On top of that, one should consider that the choice of theeviduy.  is totally arbitrary. In principle, in order to
obtain a realistic value for the cross-section, it seemsailke choice to sgir = @, whereQ is the typical hard
scale of the process. But again, this is just an arbitraryoehemd other choices might be equally good. If we stick
to our example and consider NLO real correctiongte™ — ¢g, namely the processte™ — ¢gg, the most
energetic gluon that could be produced would have en&rgy(@ /2, so maybe we should choogg = (/2. On

the other hand, if we consider NLO virtual corrections, ingaliagrams we would integrate over gluon energies
that go beyond), so maybeur = 2Q would be as reasonable. It is clear then that;teresidual dependence
translates into an uncertainty, which inevitably affectedi-order theoretical predictions. If we had an arbityaril



large number of terms in the, expansion, the scale dependence would disappear exatgyadtice this never
happens and we always deal with a finite number of terms. Asaerpience, a residualk dependence, and
thus an uncertainty related to the choice.gf, will always affect our prediction. But, if the perturbagigeries

is converging, we can expect then such uncertainty to slasnke compute more and more terms in the expansion.

We are now ready to move on to a more complicated case, namualy-sections for hadron-initiated processes.
Let us start with a very naive picture of a hadronic collisiéa very high energy, most of the collisions between
hadrons will involve only soft interactions of the constitis quarks and gluons. Such interactions cannot be
treated using perturbative QCD, becauseis large when the momentum transfer is small. In some colisi
however, two quarks or gluons will exchange a large momentuperpendicular to the collision axis. Then, the
elementary interaction takes place very rapidly compawete internal time scale of the hadron wave-functions,
so that we can think of describing this ‘hard’ collision betm two of the constituents of the colliding protons in
perturbation theory.

The general underlying idea is thus that whenever we havetania process governed by a typical scgjé
which satisfies the conditio:m,%/@2 < 1, with my, being the mass of the initial-state hadrons, we can think of
factorizing the description of our process into two parta.dde side we have the partotiard scatteringwhich
takes place at a scalg? wherec, is small and can then be described in perturbative QCD. Owttner hand,

we have instead the internal structure of the initial hadsay proton at the LHC, which is governed by a typical
scale of the order of the mass of the hadron. The couplinganmtO(mg), with m,, being the mass of a proton,
blows up, and we enter in confinement regime, where we carsganoymore the tools of perturbative QCD to
describe the internal dynamics of the proton.

Given this, the first ingredient we need is indeed the peatiive computation of partonic cross-sections, which
can be carried out at the desired order indheexpansion. On top of that, in order to get predictions fairba-
initiated cross-sections, we need some other ingredieithadonnect the hadron- to the parton-level description
and describe the non-perturbative internal structureehtdron. This second ingredient is represented by Parton
Distribution Functions (PDFs), which cannot be computegenturbation theory and contain the information
about the (non-perturbative) structure of the proton. Tehisive cross-section for the production of a final state
V in the collision of two hadrona, ho will then look like

(o]
o(hihy = S+X) =) al(uf) Z/dwld@fi/hl (@1, 1) fi/na (22, 1) %
n=0 i,j
J A2

Tij—S+X ($1$25; ,LL%%):LLQFaSV) X <1 +0 (@)) . (3.24)
In this expressioi is the center-of-mass energy of the hadronic collisjop, is the probability distribution for
parton: in hadronh, 21, x2 are the parton momentum fractions, adis the set of kinematic variables describing
the final state’. The parton-level cross-section;_. s+ x is technically calledtoefficient functiomnd it contains
all the information about the hard scattering. Last but east . is the already mentioned renormalization scale,
whereasur is the so-calledactorization scalewhose presence we quickly motivate in the following lines.
The majority of the emissions that modify a parton momentuencallinear to that parton and do not depend
on the fact that the parton will interact with another panttma hard scattering. It is thus natural to view these
emissions as modifying the proton structure rather thangopart of the coefficient function for the parton hard
interaction. Technically, one uses a procedure caltdlihear factorizatiorto give a well-defined meaning to this
distinction. This factorization between PDFs and coefficfenction happens through the introduction of a new
unphysical scale.» whose meaning can be understood roughly as follows: emissidth transverse momenta
aboveu r are ‘hard emissions’ and, as such, they are included in tefficient function, whereas ‘soft emissions’
(with transverse momenta belgug) are considered part of the proton structure descriptiahthos they are
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Figure 3.2: Single real and virtual QCD radiation from thiéiah and final state of a generic process
accounted for within the PDFs.

Let us discuss a bit more in detail how this happens.
We consider a generic hard procéssith cross-section;, and examine in particular the cross-section/favith
an extra gluon in the final state;, ,. If we parametrize momenta as in Fi§.Z8, we can write

asCr dz dk:%

T 1—2@7

Ohtg > Oy, (3.25)
with k7 = E'sinf ~ FE6. If we avoid distinguishing a collineay + ¢ pair from a plain quark (namely we
measure an IR-safe observable), it is well known that theillerdent part of the gluon emission contribution
always cancels with a related virtual correction sketcinefig.[Z.20) and given by

a,Cp dz %
T lfzk%'

(3.26)

Oh+V = —0ph
Now let us examine what happens for the initial-state $pdjitwhere the hard process occurs after the splitting.
In this case the momentum entering the hard process is mbd#je — zp (Fig.8.29 and we can write

a,Cr dz %
T lfzk%’

og+n(p) = on(2p) (3.27)
where it is assumed that, is governed by a hard scag¢ > kr, so that we can ignore the extra transverse
momentum entering;, and retain only the dependence®f on the longitudinal componenip. For virtual
terms, the momentum entering the process is unchange@@a), so that the virtual cross-section reads

Cr dz dk?
Qoo C% 97 (3.28)

T 1—=z k%

0g+n(p) = —on(p)

The total cross-section thus gets contributions two kirfd®atributions, proportional to either, (p) or o, (2p).

a.Cp [ dk2 [ dz
Ogth + Ovin =~ r / k—gT/ [on(2p) — on(p)]. (3.29)
0 T Jo 1 —%

T 1

It is important to stress that the integration o¥ér has an upper bound which is fixed by the hard scale of the
hard scattering process: the approximations on which allafgument relies are valid as long as the transverse



momentum emitted in the initial state is much smaller th@mntomentum transfer@ present in the hard process.
The integration over is finite because in the region of the soft divergence 1, the difference of the hard cross
sectionsy;, (zp) — op(p) tends to zero (in presence of radiation going soft, a Bdt@#inematic is recovered).

In contrast to that, thé integral diverges in the collinear limit: the cross-sectiwith an incoming parton (and
virtual corrections) appears not to be collinear safe. Thésgeneral feature of processes with incoming partons.
In order to bypass this issue, it makes sense to introduce/ acede .. -, which acts as a cut-off in separating the
perturbative region, where the hard process takes plaoetfie non-perturbative region to which the description
of the proton internal structure belongs. In other wordsmestioned at the beginning of the discussion on
divergencesyr separates the ‘soft’ emissions which occukat < pr and are thus factorized into the proton
structure from the ‘hard’ emissions, which occur instead-at> pr and belong then to the hard scattering
process.

The presence of a non-integrable divergence that somehedsite be regulated and absorbed with a scale choice
into some ‘constant’ of the theory (here the PDFs), remirffdserenormalization for the coupling constant. The
difference are that here we are faced with a infra-red (@edlr) divergence rather than with an ultraviolet one,
and that, unlike the coupling, the PDFs are not fundameraiameters of the theory. Nevertheless, as for the
coupling, the freedom in choosing the scale entering thelagigation, here.r, implies that the dependence on
ur of both PDFs and coefficient functions is fixed by a group dfedéntial equations which go under the name
of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLARYquations. They read at LO

Of;(x, 13 2 1
2 fz/gL%uF) -y aséiF) z %Pig)j(z)fj/p (%M%) _ (3.30)
The functionPi(ifj (z) to be convoluted with the PDFs is the first-order (LO) termhef perturbative expansion in

a of the so-calledplitting functionP;_, ;(z) and can be interpreted as the probability for a propagatmgppi

to emit another parton and continue propagating after thestom as partor. After LO, the coefficient functions

are alsqur dependent.

The choice of factorization scale is arbitrary, but if ons rdinite number of terms in the perturbative series, the
ur-dependences of the coefficient functions and PDFs wilyfolimpensate each other. Given oiNyterms of

the series, a residuél(aY +1) uncertainty is associated with the ambiguity in the choice .

The picture that emerges from these arguments is that therigeradronic cross-section computed at orggr

will always be affected by an uncertainty of orde} ™! connected to the residual dependencegrandr, .

This is whyscale variationhas become a standard procedure to assess this type ofaimiest by convention
one fixesup = ur = @, and vary then separately- andup in the range? /2 < p; < 2Q. The envelope con-
taining the curves obtained through these variations dess/the final uncertainty band due to scale-dependence
which accompanies the fixed-order prediction.

It is then clear that LO predictions for QCD observables argdneral not very accurate, since they are plagued
by large uncertainties, coming from missing higher-orderections. This often results in a strong dependence
of the predictions on the renormalization and factorisaicales, and moreover in many cases , Higgs production
in gluon fusion (73, [8], [104)) being the most famous , perturbative higher-order cdizas can be large and
may completely invalidate the LO approximation. That's wigy definitely need to go beyond LO in perturbation
theory in order for our theoretical fixed-order predictibmbe reliable.

The structure and features of QCD observables discusskd preévious paragraphs holds at all-order in perturba-
tion theory and provide the general framework and consistehecks for any fixed-order computation in QCD.

In the next subsection, we will dedicate some space to retfiewtatus of the art for QCD fixed-order predictions,
quoting in particular some of the most recent and strikirsyits.



3.1.3 Panorama of fixed-order computations results

NLO computations have been carried out over a period of ad@years. Over the last few years, a lot of progress
has been made towards automation of such kind of computati@hby now NLO sector has been almost com-
pletely automated. The main difficulty, as it is well knows,represented by the fact that one has to consider
both virtual and real corrections, which are affected byedént kinds of singularities. Ultra-violet (UV) sin-
gularities affect only virtual corrections and are remoteugh renormalization of the coupling, masses and
wave-functions. Infra-red (IR) singularities are instgaesent in both virtual and real corrections. For inclusive
cross-sections soft IR singularities cancel between mdvirtual diagrams, and the same happens to final-state
collinear singularities. Initial-state collinear singtities instead have to be factorized into the PDFs. The fi-
nal physical observable must be a finite quantity, and thegémequirement (for both inclusive and exclusive
observables) is that it has to be infra-red and collineag.s&eneral methods exist to handle and cancel IR sin-
gularities at NLO[63],[48]. For many years the bottleneck has been the computatiomeofelevant one-loop
amplitudes, but in the last years this issue has undergopa@mous progress. The traditional approach based
on Feynman diagrams is now complemented with new powerfthoas based on recursion relations and unitar-
ity. The general one-loop amplitude is expressed as a sumavik 1-loop scalar 4-,3-,2-point functions (namely
boxed, triangles, bubblgsplus a finite remainder term. The coefficients of thesegirais can be computed by
taking suitable multiple cuts (se@2]). These progress led to the ‘NLO revolution’, namely thenptete au-
tomation of NLO computations, through the release of a nurabgeneral packages and codes meant to compute
automatically NLO amplitudes and/or cross-sections. Agihrese tools, we cit€oSam([122]), OpenLoops
([47]), Hel ac- NLO ([81]), NJet ([1Q]), Bl ackHat ([20]), MadG aph5_aMC@\LO ([3]). Among the most
recent and striking NLO-QCD results, we quote the compaoradif inclusive cross-sections and some differential
distributions for Higgs production in association with upthree jets fp — H + 37, [53), five jets production

(pp — 57, [11]), W production in association with up to five jetsp(— W + 57, [19)]), unified ¢t and associated
Wt production in 4F-scheme4®)).

Even in this panorama, where NLO computations are in suchdsanzed stage, NNLO calculations are still
needed and become particularly useful in some specific cases

e processes whose NLO corrections are comparable to LO batitms, for instance Higgs production at
hadron colliders,

e benchmark processes measured with high experimentalamc(g.g.c., measurements frort e~ event
shape variabled)” andZ production, heavy quark hadroproduction),

e processes relevant to determine PDFs or that can hide nesicglsjgnal (e.g. higi’ jet hadroproduction),

e important background processes (e.g. vector boson paiuption).

The difficulties affecting a NNLO computation are of the sanature of those already described for a NLO
computation, namely the renormalization of UV singulastand cancellation of the IR ones, but the patterns of
renormalization and specially of IR poles cancellation icmmore involved than at NLO. Over the last twenty
years, analytical computations, with explicit cancediatof IR singularities, have become available for inclusive
cross-sections of some standard processes: DIS struatwtdns (L37], [133, [132), single hadron production
([104, [10§, [[107, [©3), DY lepton pair production [{2]), Higgs boson production(7d, [8], [104]). On top

of this, an analytical computation for the dilepton rapjdiistribution in Drell-Yan process has been carried out
in [5], by modelling the phase space constraint with an ‘effectpiropagator. Recently, more results have been
achieved also in the computation at NNLO of cross-sectionpffocesses which are described by more than one
dimensionless scale. We cite here some of them:

e top pair production as already mentioned in chap{{54], 2013), both the inclusive and fully differential
cross-section at NNLO were computed numerically and maltttéhe NNLL resumed result;



¢ diphoton productionthe fully differential cross-section fgip — v+~ -+ X has been computed numerically

in [49) (2011);

e photon and vector boson associated productitre next logical step after diphoton production was the
computation ofpp — V + v + X cross-section wher¥ is either alW or a Z; parton-level amplitudes
for double-virtual and real-virtual contributions werengputed over more than twenty years i64[, [[4],
[56], [42]) and the computation was finally completed with double mgaiton amplitudes and numeric
integration over the phase space or double-real and reabVcontributions in 2012[1]), thus yielding
the final inclusive and differential cross-sections;

e vector bosons productiorthe inclusive cross-section fpp — V'V’ + X has been obtained very recently
through a completely analytical computation [B8], [69], [[77], [[7Q] and there is at the moment work in
progress towards the fully differential cross-section.

We would like to stress that the computation of differentiigtributions at NNLO is in general a formidable task
and that a lot of effort has been done in understanding howitigeilarities of double-real, real-virtual and double
virtual contributions are structured and how the calcalattan be organized into finite pieces that can be inte-
grated numerically.

We would like to conclude this brief review of the status o #irt for fixed-order computations by quoting one
of the most recent and probably most impressive resultsghatine computation, already mentioned in chapter
[2 of inclusive Higgs production in gluon fusion at NNNLO-QCThis is the first calculation which goes beyond
the NNLO barrier. It is based on a method to perform a seripa®sion of the partonic cross-section around the
threshold limit to an arbitrary order. The expansion is perfed to sufficiently high order as to obtain the value
of the hadronic cross-section at NNNLO in the large top miasi.|For a more detailed description of technical
details and results we send the reader to the original reder§].

In such rich and dynamical panorama of higher-order QCD iptieds, is integrated our computation for Sin-
gle Top inclusive cross-section irchannel, which we finally address in the next section.



3.2 t-channel Single Top in a DIS-like approach

We introduce in this section the project which constitutesrhain subject of this thesis, namely the computation
of NNLO-QCD corrections to Single Top production drchannel. First, we explain how this process can be
described in a Charged-Current Deep-Inelastic-Scag€@-DIS) framework, and we introduce CC-DIS Form
Factors, which are the objects of our computation. We dswaimsch kind of diagrams is neglected at NNLO in this
picture and the numerical importance of such contributidien, we give the detailed structure of massless and
massive Form Factors which build up thehannel Single Top cross-section up to NNLO-QCD and weudisc
how the computation of the NNLO corrections to these Fornmdtads naturally organized.

Finally, we dedicate some space to specific issues that nisg/iargeneral in the computation of higher-orders
corrections, and that affect also our particular case.

3.2.1 CC-DIS picture of t-channel Single Top

A Let us consider the tree-level partonic cross-section fiogl® Top production (Fig3.3). This can be easily

Figure 3.3: Tree-level diagram for Single Top production-channel (in a 5-flavour scheme).

interpreted as the interaction of two weak currents, takilage via the exchange ofl& boson int-channel. At
LO-QCD, these two weak currents describe the subprocesses

q(p1) = ' (p2) + W*(q), bps) + W*(q) — t(ps). (3.31)

The first subprocess in EB.GJ only contains massless quarks, whereas the second orereoatmassive top.
Thus we will refer to these subprocesses respectiveighisandmassive current

The momentum conservation relation for the inittal~ 2 processp; + p, — p2 + p; gets ‘split’ into two
momentum conservation relations for the+ 1 subprocesses

P1=p2+4q, Pb+q=Dp;. (3.32)

Given these relations, it is clear that each of these sulegees is described by only two independent momenta.
Since we are considering an inclusive cross-section, namelare integrating over momenta of particles in the
final state, the fixed’ momenta on which the two subprocesgliéfnally depend will be respectivelyp,, ¢} and

{ps, ¢}. This holds also at higher orders, because again, monigrthextra emitted quarks or gluons will be
integrated out. The s&t = {p1, ¢} is sufficient to describe the light current, because no aiteensional scale

is involved in the subprocegs— ¢’ + W*. In the case of the massive current, on top of the indepemdemtenta

b, ¢, there is alson? playing the role of independent dimensional scale. Thuesntassive current depends upon
the quantities,, = {ps, ¢, m?}. Since, as it will become clear in a few lines, form factommely the objects
we use to encode information about higher orders corregtiare scalar quantities (they have no free Lorentz

4For the reader who is already familiar with DIS-like approdo higher-order computation, we suggest to go directhhatend of this
subsection, where the expression for the hadronic crag®sen terms of structure functions is given.



indexes), it convenient to switch to set of scalar variablEise equivalent ‘scalar’ sets we use are respectively
Vi = {2p1-q,q} andV,, = {(py + q)?, Q% , m?} ( for simplicity we kept the same names for these sets). Since
(py + q)? is the squared energy in the center of mass of the collisibmd®n the virtuall’ and theb quark, we

will set s = (py + ¢)2. The mathematical description of this tree-level partqumincess fully reflects this idea of
factorization into two weak subprocesses. The crosseseEt|.3.33, differential with respect to the/ virtuality

Q? = —¢* > 0, is given by the contraction of two rank-2 tens6téV;) andC(V,,) in Eq.[3.39, containing the
results of traces respectively over the light and massiwaitaic lines.

do _ G
dQ?  64ms2

o 1 , 1
P () (—gw + 4 q“) (—gﬂy + 951 ) C (V). (3.33)

iy ) QT iy ) Q2 miy
with

CoP(V) = 4(2p1 - )g°° + 16pSp] — 8ie*py p1, — 8(pSa” + p)q%)
CH (Vi) = —4(2py - 9)g"" + 16p} iy + Si€wpypya” + 8(¢"py + Py q”) (3.34)

ands = (p1 + p)*.

What happens if we consider now higher-order QCD corresttorthe tree-level process F8.8? In general,
given at-channel process happening via the weak interaction of @umibnic currents, we can think of dividing
QCD corrections into two categories

o factorizable correctionsthey involve QCD real and virtual radiation affecting jaste quark line,

e non-factorizable correctionsn the opposite, these corrections link the two quark lthesugh both virtual
and real gluon emissions.

For the sake of clarity of the argument we are presenting, @gpone the discussion of the structure and im-
portance of non-factorizable contributions at the end of subsection. For the moment we limit ourselves to
underline that these kind of corrections are pretty smalbihpared to the factorizable ones. Given this, we can
think of making a good approximation by retaining only factable corrections at higher orders.

In this perspective, the factorized description of the psscthat naturally happens at LO (333, (8.39), is
conserved also at higher orders, the only difference béiagthe rank-2 tensors(V;) andC(V,,) describing

the two currents need to be generalized in order to take ittoumnt information about the now included QCD
corrections. We stress that such factorization is posbietause, since we are neglecting cross-talks between the
two weak currents, both matrix elements and phase spacemygetely factorizell.

One of the possible forms in which we can write the most gdmark-2 tensor describing one of our fermionic
currents is

CHV(Vi) = — 4(2p . q)01 (Vi)g“” + CQ(Vi)leupu + C’g(Vi)8216'“,4)7[)’)(]V
+8C1(Vi)g"q” + Cs(Vi)8(¢"p” + p"q"), (3.35)

with

¢ V); being the set of variablég or V,,, on which the subprocess depends,

e p being the incoming fermion momentum, iz@. or py.

SFactorization of phase space holds at partonic level asdsmwe are considering the differential cross-section vegipect taQ?2.



The scalar coefficient’;(V;) (called Coefficient Functions (CF)) are extracted by canting the squared matrix
element multiplied by the phase space measure with theqiooge; given by

—(2p - q)%g" — 4¢*p"p” +2(2p - @) (p"q™" + ¢"p™)

P = TP (3.36)
Py :m x [ ((2p- q)?g" +4(3 — 2¢)¢*p"p") — 2(3 — 26)¢°(2p - ) (P"'q” + ¢"'D")

+2(1—€)(2p- 9)*¢"q"] (3.37)

i =i€(*ffj\51§a (3.38)

pi :129‘]‘\;1 (3.39)

prv _ =20 @)™ — 4G 26)(1;1(9:1?” :;]5[(5 —9)2p- )" +q"p") (3.40)

(3.41)

with M = 2p - q. We stress that, since the computation of higher-orderiburions is carried out in Dimensional
Regularization, the projectors are giveniia- 4 — 2¢ dimensions.
Starting from the general form EB.BH), we recover the tree-level tensors in B339 by setting

o C1(Vp) = Co(Vi) = C3(Vim) = C5(Vp,) = 1 andCy(V,,) = 0 (massive current),

o C1(V) =C5(V) =Cs(V)) = —1, Ca(Vy) = 1 andCy (V) = 0 (massless current).

TheC;(V;) are related to the standard Structure Functions {§8);) through the convolution with PDFs. Since
at higher orders new channels are opened, the organizdtiba €Fs (and consequently of SFs) can be quite in-
volved. We postpone the presentation of this organizatidheé next subsection, which will be dedicated entirely
to this issue.

For the moment we go directly one step further and preserdttheture of the hadronic cross-section for Single
Top int-channel, after making a brief recap of ideas presented npwo

All the argument presented up to now can be resumed as folldWe leading order procegs+ b — ¢’ + ¢t

is analogous to a charged-current deep-inelastic saajtéfiC-DIS). In fact, it is a double deep-inelastic scatter-
ing: the virtuall boson is probing both the hadron containing thguark and the hadron containing the light
quarkgq. In general, at higher orders this factorization does ntd bgactly anymore, due to cross-talk between
currents, but we can still think of neglecting such crodstand continuing ‘cutting’ our process in correspon-
dence of the-channelW boson (Figl84). This allows us to continue exploiting the analogy with -OCS,
thus computing the QCD corrections in terms of structurefions. Given two colliding protons with momenta
Py, Py, the differential hadronic cross-section is given by

1 g ’ 1 v 2 2, 2 2 1 2 2 2
dO' = ﬁél (g) WWM (I’l,Q )Wuu(mg,Q ,mt)(27r) Ed@ dWl dWQ, (342)

where

o W2 = (P, —q)?andW3 = (P, + q)? are the squared invariants masses of the hadron remnagitsi{irg
the top quark),

e S =2P, - P, isthe square of the hadronic center-of-momentum energy,



Figure 3.4: Single Top in-channel in a CC-DIS approach. Grey circular blobs reptesemections to weak
currents (factorizable contributions).

e 11, x5 are the ‘natural’ DIS variables encoding information abitwgt ratio between the hard scale and the
energy in the c.0.m of the (sub)process; they are thus dedined

Q? Q* +mf
= — ==t 3.43
T 2P1(_q), T2 2P2q ) ( )

by inverting the definition of¥? andW3 as follows
2P - (—q) = Wi + Q% 2Py-q=W; +Q? (3.44)
and by substituting these relations into the definition$efd;'s we get

Q° _ @+ mf

—_— = —_—". 3.45
gt Wi (3:49)

T =

In this way all quantities appearing in the hadronic cremstion EqB.42 are expressed in terms of
Q?, W2, W2 and the differential cross-section can be easily intedraterder to get the inclusive result.
The integration domain is identified as the physical regit#fined by the following inequalities

Wl 207
Wa > my,
Wi+ Wy < \/g,

1
Qi = 5 [ - WE = WE £ N/2(S, W2, W3)]
Ma, b, c) = a® 4 b* 4 ¢* — 2ab — 2ac — 2be. (3.46)

o WH(z1,Q%), W, (z2,Q?% m?) are the so-calletiadronic tensors

The hadronic tenso¥/,,,, are strictly related to the tensof%,, defined at parton-level (E@39). Indeed, the
W, have exactly the same structure of thig, but with the following replacements.



e The coefficient function§’;’s, are replaced by the structure functiafiss. These are directly obtained as
convolutions between th€;’s and the PDFs (see the next subsection for more details).

¢ Inside the tensor structures upon which the partonic/h@adtensors are decomposed, the momenta of the
incoming parton1, p, are substituted by the momenta of the incoming proteng>.

So, the light and massive hadronic tensors are decomposed as
WH (21,Q%) = — 4(2P1 - q) F1 (21, Q%) g™ + Fa(x, Q*)16P{' P}
+ F3(z1, QQ)SiEWMPqu + 8Fy(z1,Q%)q"q”
+ Fs(a1,Q%)8(¢" Py + Pl'q”) (3.47)
WH (19, Q% ,m?) = — 4(2P5 - q) Fy (12, Q%, m?) g™ + Fy(xa, Q*, m?)16 Py PY
+ Fy (22, Q% m)8i€u o Py q" + 8Fu(x2,Q°, m¥)g"q”
+ F5(z2, Q% m?)8(¢" Py + Plq”) (3.48)

One last comment is to be done about the structure funct@ralternatively coefficient functions, to which the
same considerations apply) that actually enter our contipatdf the quark struck by th&)” boson and the quark
into which it is converted are both massless, then the ctwigh which thelW” boson interacts is conserved, and
one hag" W, (z,Q?) = ¢"W,.(z,Q*) = 0. This condition can be realized onlyiif (z, Q?) = F5(x, Q) = 0.

If the quark into which the struck quark is converted is masssuch as the top quark, then the current is no longer
conserved, and’; (z, Q?, m?), F5(z, Q% m?) are non-vanishing, so in principle we have to take them ioto-c
sideration. But, in our particular case, since we are logkiha massive current interacting with a massless one,
Fy and F5 never enter the expression for the final cross-section. \Wappens, is the following. The hadronic
cross-section EQB(42 is obtained by contracting the hadronic tensors at eadexeith the square of th&/
propagator connecting them (as in E333). Due to current conservation of the light-quark tenseegt'q” /m3,

term in the numerator of thB” propagator does not contribute, so one simply contractsitbeéensors together.
Now, Iy and F5 are the coefficients of tensors which contaif) ¢ or both and these tensors give vanishing
contribution when contracted with the light-quark tenddrus we can conclude that, due to current conservation
of the light-quark tensor, the structure functiofisand F5, either in their massless or massive version, do not
enter our computation and this remains true at all orders.

Non-factorizable contributions.
Before proceeding, we discuss the nature and importancemsfactorizable corrections.

e NLO:
At NLO, diagrams where a gluon is exchanged between the tweiais are exactly zero because of the
color degree of freedom, since they are all proportionahéottace of a single Gell-Mann matrices.

T,

> >

I
|
l oc Tr[T,]Tr[T,] = 0
|
I

< L 0QQQ0

Figure 3.5: Example of (virtual) non-factorizable gluorcbange at NLO.

That's why at NLO the structure function approach gives #yale correct result, without approximations.



e NNLO:
At NNLO this is not true anymore, because this kind of cr@kst diagrams gives non-zero contribution.
But luckily, this clas@ of diagrams is suppressed by a faatd(rl /N ?2) with respect to the leading factoriz-
able corrections (see examples in Fgg, (3.1)).

Ta Tb |

3> 3>
> >

A
A

o Tr[TaTb]TT[TaTb] = &;ﬁ =2

Ta Tb

Figure 3.6: Example of (double virtual) non-factorizablean exchange at NNLO.

o Tr[T Ty Ty To)Ne = C3CaNe = 16

Figure 3.7: Example of (double virtual) factorizable gluthange at NNLO.

So, if we adopt a structure function approach, namely weewtghese class of diagrams, we can think of
making quite a good and safe approximation of the total NNk@3s-section.
This belief is reinforced by the fact that these diagramsase suppressed by the kinematic of the process.
Indeed, single-top production tachannel is mediated by the exchange of a virllialwhose propagator is

1 1

— . 3.49
t—m3, —Q*—mi, ( )

Q? is positive, so that the denominator of this propagatorvgagé negative and the propagator is then
maximum when@? — 0. The cross-section is dominated by the sni@iregion (seel§9]), but smallQ?
means that the energy exchanged between the two curreittfeisihd consequently that the interaction
between them happens at ‘large’ distance. In principleptigectly possible that a lo@? gluon is emitted
from a current and such gluon could then interact with theoturrent. But the hard scale of the process
is of orderm? + Q2 > @2, and this tells us that emissions characterize¢by- ? are to be considered
‘soft’ and as such do not contribute to the description oftthid process, but rather to the description of the
initial-proton structure. This kinematic argument praagda further source of suppression of this category
of diagrams.

One last argument, that further supports the reliabilityufapproximation, is represented by the estimation
that was done if13(Q of this class of cross-talk diagrams in the case of Higgslpotion in VBF. Indeed,

in that case, they were found to contribute 1% of the total \¢B¥ss-section. Of course, all the arguments

8In this context, by ‘class’ of diagrams, we refer to a gaugeiiant, finite subset of diagrams.



provided up to now are purely qualitative and a quantitagsttmation of the error introduced by neglecting
these diagrams needs to be provided. This will be one of tlaéwge would like to achieve in the close
future.

With these last considerations, we close this introductabysection where Single Topdrchannel was presented
as a double CC-DIS process. In the next subsection we antilgsstructure of the objects of our calculation,
namely CC-DIS Form Factors (or, equivalently Structuredtioms).

3.2.2 Structure of Form Factors up to NNLO-QCD

We briefly review the basic formulae for the CC-DIS structfinections Y with i = 1,2,3 andV € {W*}

ﬁ. We choose to report these formulae not only for completeimethe treatise of CC-DIS, but also for practical
purposes. Indeed, the way we implement Form Factors in andatone code which computes the tetahannel
cross-section is dictated by the way CC-DIS SF are orgarmineaitheoretical level.

As already anticipated, QCD factorization allows to expré structure functions as convolutions of the PDFs
in the proton and the coefficient function, which contain in turn information about the short-dis@nicard
scattering. The gluon PDF at the factorization sgalds denoted by (z, 1) and the quark (or anti-quark) PDF
by ¢;(x, ur) (or g;(x, ur)) for a specific quark flavour The quark PDFs appear in the following combinations,

nf nf
qS:Z(qi+qi)a q7Y§:Z(ql_Q1)a
i=1 i=1
q:;s.,i = (Q1 + qt) — (s, q;s_’i = (Qz - qt) - qxsa (350)

as the singlet distributiog, the (non-singlet) valence distributigfj, as well as flavour asymmetriq;“sﬂ..

For the charged current case willi*-boson exchange the DIS structure functitﬁl‘;’(gi are given by,
B 1 1 1 1 ny

Y 0.@%) = 30 [ s [ dyde s 3 (07 ) ¢

2 0 0 nf ; ( )

X {5q7;s(ya MF)CiTns(Zv Qa MR, ,U‘F) + qs (yv /’LF)C’L'.,q(Zv Qa KR, /’LF)

+g(y7/’LF)Ci,g(ZaQ7NRa,U‘F>}5 (351)
- , 1 /1 1 1
FY (z,Q%) = —/ dz/ dyd(z — yz)— (2v;a;) X
’ 2 Jo 0 ny ;
X {+5Q7ts(y7 NF)C;ns(Zv Qa KR, NF) + QXs(ya ,LLF>C¥n5 (Za Qv KR, ,UF)} ) (352)

wherei = 1,2 and the pre-factors in E§5lare f, (x) = 1/2, fo(x) = z. The asymmetryiq., parametrizes the
iso-triplet component of the proton, i.e. d and so on. Itis defined as

bgry= Y, > {lata)—(¢g+q)} (3.53)

i€u—type jed—type

The respective results fdﬁW+ are obtained from E@B(5D), (3.52 with the simple replacemedt;t, — —dqr ..
The vector- and axial- vector coupling constamtanda; are given by, = a; = 1/\/5.

“NB: We present formulae assuming massless structure @unsgtbut all these results holds for the massive case withtotucing any
modifications, except obviously for the variables the Skiselves depend upon



The perturbative expansion of the coefficient functiéfysn the strong couplingys up to two loops reads in the
non-singlet sector,

Cfns(z) =6(1 — x) + as {cg}q) + LMPq(g)}
1
+ a2 { e+ Ly (PR + ) (P - By)) + L (5Pq<8> (Pi ~ ﬂo))

+Lifoctl) + LrLafoPY } (3.54)

Ol =001 — ) + 0, { ) + Lar PR}

+a3 {c?%f + Lag (PD* + (P = 60)) + LA, ( Py (P — ﬂo))

9" 99

+Lafoctly + LnLuBoPQ } (3.55)

whereas = ag(pur)/(47) andi = 1, 2in Eq.[3559. The complete scale dependence, i.e. the towers of |bgasit
in Ly = In(Q?/u%) andLr = In(u%/u%), has been derived by renormalization group methods (see..g
in terms of splitting function:ﬂ(jl) and coefficientss; of the QCD beta function. Given the normalization of the
expansion parameter = «/(47), the conventions for the running coupling are

d oas  dag 11 2

N _Ue 2 3.56
dlnp24r  din 2 ~Poa fo=5Ca=3ny (3.56)

Note that the valence coefficient functi6tf’, . in Eq. [8.52) is defined as’y,,, = C5.,,, + C5 ... However, we

haveCs ., # 0 starting at three-loop order only, so that EZER) suffices withCy',,, = C5.,,, up to NNLO.
In the singlet sector we have

Ciq(z) =6(1 — ) + as {cgl) + LMPQ(S)}
+aZ { @E 4 Ly (Pq(ql)’jE + cg};(Pq(g) — Bo) + c(lg)Pg(g))
1 1
2 0)(p(0 0) p(0
+ Ly <§Pq(q)(Pq(q) = Bo) + §Pq(g)Pg(q))

+Lafoctl) + LnLuBoPQ } (3.57)

Ciyg(ll') =Qg {Cgl) + LMPq(S)}
(2),% 1),+ (1) p(o (1) p(0
+ag { + L (P( ot 4 c, Pq(g) +ciy (Pég) - ﬂo))

+ L%, <2Pq<f;>P<°> + 2Pq<§ (PO — ﬂo))

+LR500 + LRLMﬁop(O)} (3.58)

where again = 1,2 in EqB.57 The quark-singlet contribution contains the so-calleteginglet part(; , =
Cifs + Cips, 1. Py = P 4 PV and @ = 2% 1 ¢ in Eq.B5D. Starting at two-loop order we

i,ns ©,pS

haveC; s # 0. The coefficient functlons i in the massless case are known up to NNLO frdrd, [133,
[132, [94]. NNLO evolution of PDFs has been determined98][ [124, together with splitting funcuon?é?.
Needless to say that all products in equations fronfE54 to (8.59 are to be understood as Mellin convolutions.



3.2.3 Organization of a NNLO computation

We are now ready to explain how the computation-ohannel Single top up to NNLO is organized in the frame-
work of a Structure Function approach.

7~
- “ t
7
} o0 )
b
(a) Structure Functions contributions to Single top-ithannel at)(a2).

/ /

q q
—_ as a()
_ _ _

~ ~
~ 7 t+ - 7 t
—_ P ~
Z} ! )
b b

(b) Structure Functions contributions to Single tog-thannel at? (a2, as).



Figure 3.8: Structure Functions contributions to Singfeitot-channel aD(a? a?).



e LO: The LO-QCD contribution (Fig3d:8d) to the cross-section is simply given by the product of the
hadronic tensors containing SF evaluatedét?). We indicate the hadronic tensor containing SF evalu-
ated at the generic ordef, as(Wag)“" (the weak coupling is here tacitly implied). So, by considgthe
initial general formula for the hadronic cross-section(B@l2, we can write

($27 Q27m?) X

dono =4 (9_2>2 o (W)™ (1.Q%) (Wao)
ol Tog ] (Q2+m%V)2 al L ag

1
X (Qw)QEdQQdedWQQ. (3.59)

Qv

e NLO: The NLO-QCD contribution (Fig3:80) to the cross-section will be the sum of two terms, contajni
in turn the product of a hadronic tensor for one of the twoeniis at ordety, times the hadronic tensor for
the other current at order?, as in Eq[B.60).

dog =4 (9—2)2 b [(W )" (21,Q%) (Wao)
T 9g ] (Q2+m%/v)2 ag L ag
 (Wag)™ (1,Q%) (Wat),, (2, @2 m3)]

X (2w)2$dQ2dW12dW22. (3.60)

uv (‘T?a Q27m?)

e NNLO: Along the same line, the NNLO-QCD corrections containssine of three contributions, namely
all the possible ways in which the product of the two hadrdeitsors can yield a®(a?) quantity. So,
following Fig.(3.8), the contribution to the cross-section at this order cawiiigen as

1 (3" 1 y
dogz =554 (%) @y [(Wag)“ (21,Q%) (War) ,,, (2, Q% m7)

+ (Waz)™ (21,Q%) (Wag),,, (@2, Q% md) + (Wag) "™ (21,Q%) (Waz) ,, (w2, Q% m3)] x

1
X (Qw)QEdQQdedWQQ. (3.61)

pv Qv

To compute the analytical cross-sectibnup to ordern?, we obviously need the analytical results for all the three
contributions above listed (EB.E9, (360, (3.61) to be available. As anticipated in the introduction to Qiea

2, in order to reach this goal, we miss just one piece, hihkdid in green in Fig3.63), namely the massive
Form Factors at orde®(a?). The computation of these Form Factors, thanks to the p-Q@Btem formula
EgB.14 (introduced in Section 2.1), essentially boils down to tbeputation of massive Coefficient Functions
for charged-current DIS, which we obtain by computing thecsic subprocess(p,) + W*(q) — t(p:) + X at
the required orden?. Here, X identifies potential extra radiation emitted by the iniaald/or final fermion.
Furthermore, we have to take into account that by applyingging-symmetry to the diagrams for theitiated
procesd(py) + W*(q) — t(p:) + X, we can obtain diagrams initiated by a glugit,) + W*(q) — t(p:) +
b(py) + X or by a light quarkg(k1) + W*(q) — t(p:) + b(ps) + X. According to the particle which initiates
the process together with the virtdél-boson, we will classify diagrams as belongindptmitom, gluon, or singlet
channel Inside each channel, diagrams are then organized acgalithe number of virtual and real emitted
gluon or quarks, as

e Double Real (RR) the category of diagrams includes tree-level diagramsatoing two extra particles
(QCD radiation) in the final state;

e Real-Virtual (RV) : these diagrams instead contain one loop (virtual emiysiod one extra real particle
in the final state;



e Double Virtual (VV) : this last category contains two-loop diagrams.

The following table briefly recaps the classification acamgdo channels and type of radiative corrections.

| RR | RV | A%
* 0l * 17 * 21
bottom| [b+ W %t+X]§:gg7%:b5 b+ W %t+X]7X1:g [b+W* —t]
gluon | [g+W* = t+b+g] [g+W* = t+b] /
singlet [q+W* = t+b+ q]Ol / /

Table 3.1: Organization of the calculation of CC-DIS masd$ferm Factors ab(a?).

Each one of the subprocesses in TaBld)(is computed within the framework of Dimensional Regulatian,
which is the tool we choose to deal with IR and UV divergendesnensional Regularization is the standard
technique used in the majority of analytical higher-ordanputations, so its effectiveness and consistency have
been widely tested over the years and by now safely establisbespite the ‘safety’ of this technical tool, we
have to be particularly careful when using it, due to the gmes ofy; Dirac matrix in thebWW* — t vertex.

In general for perturbative calculations at higher-ordbespresence of the Dirac matrix is a nuisance since

it is a purely4-dimensional object and it can not be continued4dimensions in a straightforward way. While
computationally-efficient ways to deal withy in DR exist (seel@8]), they are typically complex and not only
transparent. Fortunately, there is a simple way to deal wjtim our case:ys is taken in all diagrams (RR, RV,
VV) to be anti-commuting in all dimensions.

Indeed, since we never get axial anomalies from diagranwdvied in our process, any prescription for theis
good as long as it is consistently used in all the differeates of the computation and this is actually what we
carefully do!

Before proceeding to illustrate the technique we use perfartual and real integrations analytically (see next
Chapter, n.3) we spend still a few words to discuss the chafifl@vour-scheme. Actually, when presenting the
organization of our diagrams above, we tacitly assumed thr&ing scheme to be in a 5-flavour scheme, but we
never motivated this choice. In the following and last sekisa, we address this topic and introduce some ideas
which may further improve our 5-flavour NNLO results in theéuiie.

3.2.4 my-correction: 4F- versus 5F- scheme

As anticipated in the previous sections, we choose to cartyor computation in a 5F-scheme, where all the
quark flavours except for the top are massless, includetlthuark. The reason for choosing this scheme is quite
intuitive. The hard scale of Single Top productionig B, Since we haven? < m?, it is a priori a sensible
choice to neglectn?, thus considering thé-quark massless. This preliminary and quite obvious stateme-
quires though some further reflection.

Single Top production in-channel was originally dubbdd’-gluon fusion [L2§, because it was thought of as a
virtual T striking a gluon to producet pair, as shown in Figd9. If the b in the final state is at high transverse
momentum fr), the first on the left of these diagrams is indeed the leadiagr diagram for this process. If
we instead integrate over thg: of the b, we obtain an enhancement from the region wherebtiseat low pr,

8Actually, for the sake of precision, we point out that thereot hard scale 2 + m% (as widely discussed i [118]). But, since the

cross-section is peaked arou@d ~ 50GeV, namely around values 6§2 much smaller tharm%, we can safely take the hard scale to be

2
my.
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Figure 3.9: Leading-Order diagrams for Single Top produrcti ¢-channel in 4F-scheme.

nearly collinear with the incident gluon. Indeed, if thequark is massless, this diagram is not only enhanced, but
singular when the findl-quark is collinear with the incoming gluon. This kinematanfiguration corresponds to
the incoming gluon splitting into a reab pair. The propagator of the internauark in the diagram is therefore
on-shell and thus infinite. In reality thHequark is not massless and its mass regulates the collimaarlarity
which exists in the massless case (luckily!).

So, if we adopt a 4f-scheme and indeedsgt# 0, we will see the collinear singularity manifesting itseff i
the total cross-section as terms proportionaltidQ? + m?)/m?], which we approximate in the following as
In(m?/m}) (see the argument on th&-boson virtuality@? in the discussion over non-factorizable contribution
above). The total cross-section fdf-gluon fusion contains these logarithmically enhanceiger, In(m? /m3),

as well as terms of order; (both terms also carry a factor of,, which we omit in the following).

Furthermore, terms of order” In" (m? /m?) /n! appear at every order in the perturbative expansion in toegt
coupling, due to collinear emission of gluons from the int&db-quark propagator. This collinear enhancement is
desirable because it yields a larger cross-section, baoitaisakes the perturbative expansion less convergent.
Fortunately, this can be obviated. The DGLAP evolution ¢igma (introduced in the previous Section 3.1) are
indeed the formalism which allows to sum the collinear latfans to all orders in perturbation theory. Practically
speaking, one can sum these collinear logarithms by intiadwab distribution functiorb(z, %) and calculating
its evolution withu» (from some initial condition) via the DGLAP equations. Thhe b distribution is at all
effects a device to sum collinear logs. Since it is calcaldtem the splitting of a gluon into a collineab pair, it

is intrinsically of ordera In(u%./m3).

Once ab PDF is introduced, it changes the way one orders perturb#tiEory. The leading order process is now
q+b— ¢ +t, namely the ‘usual’ leading-order diagram showed infZEL.

Thus, driven by the need to resum collineay-logs, we have naturally introduced the idea of a 5-flavoheste,
whose spirit is the following. We set;, = 0, reorganize perturbative expansion starting from the Laress
q+b — ¢ +t, and take into account collinear logarithm®In" (m?/m?)/n! at all orders by convolving this
partonic process with &PDF.

The LO cross-section for+p — ¢’ +t is of ordera, In(m? /m3), due to the>-PDF (where the factorization scale
is set indicatively equal to the hard scale of the processehaur ~ m;). The LO cross-section fdi’-gluon
fusion ( + p — ¢’ + t + b) contains terms of both order, In(m?/m?) andas, but the formers, beingy, = 0,
appear now as effective divergeneed /e (poles in DR!). Such poles must to be subtracted manuatigesihe
collinear divergences they represent are already takenaictount in the distribution. After this subtraction
has taken place, thi&’ -gluon fusion cross-section contains ol «;) terms. Compared with the leading-order
proces® + p — ¢’ + t, theW-gluon fusionp + p — ¢'b + t is thus suppressed by a factofIn(m?/m?), and
not by a factor; as one might naively think!

The natural conclusion of this discussion is that the chofca 5F-scheme seems the most sensible one. The
conditionm,; = 0 allows for significant simplification the computation (oniendnsional scale less enters the



calculation!), and at the same time all the collinear latpanically enhanced terms are automatically accounted
for in theb-PDF. These are the motivations why we decided to use a 5&#seh

But, given this, we observed that there is the possibilitdaceven better. Up to now, we neglected a subtlety:
when performing the computation of diagrams B keepingm, # 0, the final result do not depend only
logarithmically onm,, but also through polynomial dependence (namely powertioms(m;)™. Them-logs,

as already said, are universal, so that they can be predittdborders and resumed in PDFs. This is not true for
mp-power corrections. This kind of terms is not universal and bas to compute the process by retaining the full
my-dependence, in order to be keep them into account. Now,ricase, since the very moment we sef = 0,
these terms are automatically lost.

But, we observed that we still have the possibility to retaiprpower corrections by performing some manipu-
lations on already existing numerical results. We will tatkm now on of5F-improved schemevhere with this
name we mean a 5F-scheme, enriched by the additional peeséng, power-corrections. Our aim is that of
obtaining a prediction for NNLO Single Topchannel in this scheme, by calculating analytically theONand
NNLO-QCD corrections in an ordinary 5F-scheme and, on tofhnaf, estimating the numerical contribution of
my, power-corrections (respectively at NLO and NNLO).

We explain in the following how we can numerically extractisypower-like corrections due to the presence of
the neglected-mass.

We observe that MCFM [@8]) already contains the exact numerical result fos p — ¢’ +t + b in a 4F-
scheme up t@(a?) (namely NLO in a 4F- and NNLO in a 5F- scherﬁe)Startlng from this numerical already
existent result, we are able to extract the desirggower-corrections. We explain in the following how our idea
works by taking structure functions &(«;) as an example. We also carry out a numerical analyses in trder
assess the impact of;, power-corrections ab(«a;). This is a good way to test if these corrections are indeed
small as expected.

We start computing analytically the coefficient functlcmL% (m¢, mp), which are exact in their dependence on
bothm; andm,. This is achieved by computing the cross-section for theopar sub-procesy s +g — t + b
keeping both the masses:, m; in the final state. In terms of Q%, m?, m?, these coefficient functions reads:

Cf, (5,Q% mi,mp) =
1 —4m§(m§ m? — QQ)S

Qe T 9%

my fmt+sf\/mb (m? — 5)2 — 2mZ(m? + s)

(@ 4N —md + s - i+ (m3 = 5)2 = 2m (m? + 5)

s
4mi (—mj + mi — Q*)s
—m?+mi+s— \/mz1 + (m? —s)2 = 2mZ(m? + s)

4m§(m§ —m?— Q2)5

m2 —m? + s+ \/m§+(mf —5)2 = 2mZ(m? + s)

+

(@ +52)(mE —m? + 5+ /mi + (M} — )2 — 2m3 (m3 + 5))
N S
Ami (—mj + mi — Q%)s
—m?+mi+s+ \/mz1 + (mi —s)2 —2mZ(m? + s)

Jr

9We stress again that the perturbative expansion is orgauifferently in 4F- and 5F-scheme. In a 5F-scheme, the diagrin Fig[[3.p)
belong to NLO, where as in a 4F-scheme they are LO diagramenWie add the first order of QCD corrections to these diagrémesge
will be classified as NNLO and NLO corrections respectivelyaisF- 4F-scheme. To try avoiding confusion, in the follayvime will refer to
QCD corrections by citing the explicit order éns, which is obviously scheme-invariant.



+(2my +2mi + Q' +2mP(Q% — 5) — 2mi (2m7 + Q7 — ) + %)
—((Q% + 5)(m} —m} + 5+ \fm} + (m? — 5)% — 2m3(m3 + 5))
(—((Q*+ 8)(m} = m? + 5 = /m} + (m? = 5)? — 2mF(m? + 5))))

—i—(2m§,1 +2mf —2miQ* + Q* 4+ 2mis + % — 2m§(2m? Q%+ s))

x log|

]

(Q% + 5)(=mf +mf + 5+ \fm} + (m? — 5)% — 2m3(m3 + 5))

T - i+ (m = 9) = 2mR(m? + o
(3.62)

Cy, (5,Q% mi,mp) =
- 1 ( —4mZ(mi + (m? 4+ Q%2 — 2mi(m? + 2Q%))s

(2(Q2 +5)%) m2 —m? +s— \/mg1 + (m? — 5)2 —2m2(mi + s)

QAQ" —4Q%s + s%)(m} —m? + 5 — \[mi + (mF — )2 — 2m3 (m} + 5))
74m?(m§ —2mim? +m} +2miQ? j 4miQ* +Q%Y)s

—m?+mi+s— \/mg1 + (m? — s)2 —2mZ(m? + s)
L Ami(my, + (mi + @) — 2mi(m? +2Q%))s

m2 —m? + s+ \/mg+ (m? — 5)% — 2mZ(m? + s)
L @Q —4Q% + ) mf —mi 45+ M+ (m? = )2 = 2mE(m? + 5))

s = 2 i + 23~ AP + Qs

—mZ+m?+s+ \/mg1 + (m? — 5)2 —2m2(m? + s)
+(2m§ — 2mpy (m —2Q” + 5) + (mi + Q") (2mi + Q" +2mi(Q” — ) + )
+m§(—2mf —9Q* +10Q%s + s> + 4771?(—4@2 +3)))

U@ +s)mE —mi s — yJmi + 0} — 92— 20} + 9))
(@ o) i+ s o+ O — 5 — 2m ok + 9))
—(2mp +2mf + mi(4Q* — 2s) — 2miy(mf — 2Q° + ) + Q*(Q" + 57)
+m?(f9Q4 +10Q%s + 32) —+ mg(me;1 +3Q* —2Q%s + s> + ZJme(félQ2 +3)))
g Q@ ) 4 m s i+ (m = 5)? = 2m (m? + 5))) |

((Q*+ s)(=mf +mf +5— \/m?f +(mf = 5)? = 2m(m7 + 5))))
(3.63)

Cgas (S7Q27m§7m2) =
1 4mi (—mj + mi — Q*)s
2@+
—m? +mi+s— \/mg1 + (mi — 5)2 — 2mZ(m? + s)
Ami (my —mi — Q*)s
—mZ+m? —s+ \/mg1 + (m? — 5)2 —2m2(mi + s)
Amiy (my —mi — Q°)s

m? —mf—&—s—l—\/mg—&—(m? —s)2 =2mZ(m? +s)

Jr

Jr




4m3 (—mjp +mi — Q%)s
—m? +mi+s+ \/mg1 + (m? — s)2 — 2mZ(m? + s)

+(2my — 2mi — 2miQ° — Q'+ 2mi (Q® — ) + 2mis — 5°)
~((Q2 + 5)(m} —m} + 5 — \/mi + (m? — )2 — 2mZ(m? + 5))
(—(@2 +5)(mE = m3 + 5+ /mi + (m3 — )2 = 2mZ(m? +5)))
—(2mp — 2m{ — 2miQ” + Q" + 2mi (Q° — ) + 2mi's + 5°)

((Q + 5)(—m3 +m + 5+ \fmi + (m} — )2 — 2m3(m} + 5)))

((Q* + ) (=m3 +m3 + 5 — y/md + (m? — )2 — 2mZ(m? +5))))

x log

]

0og

).

(3.64)

These coefficient functions, combined with a kinematic #esps into account the non-zero bottom mass, and
convoluted with the gluon pdf, give us the gluon structurections /. . (me;my), and thus thed(a) cross-
section forlV « +p — t 4+ b (LO in a 4F-scheme).

1
xX
Fiis (mtvmb) = / Cf]as (Tba)\bvmtamb)g(T_:)7 (365)
zp

where the new variables,, 7,, A, have substituted the old 7, A in order to keep into consideration the kinematic
effects ofm,; # 0. They are defined as:

Q2+(mt+mb)2 Y Q2+(mt+mb)2
S+ Q2 »To = s+ Q2

Q2

Ty = :
b Q2+ (me + mb)2

JAp = (3.66)
We note that in the limitn;, — 0, these variables become the usual variables )\ that we will use to parametrize
our 5F-coefficient functions (see Chapter 4).

By expanding in serieg} (m¢,m;) Eq.2.69 with respect tom;, we recover ab-th order the gluon struc-

ture functionsF;Y (m;,0) plus,as expected, the bottom collinear logarithm muttgblior the splitting function

P,y(1) % log ( ) and convoluted with gluon pdf, reminding us that still we iswra 4F-scheme, plus the desired
mp power-correctlons

1 2 1
P ) "5 [ g2, om0+ 108 (25 ) [ PuatriaE) + 0((mi)"),
(3.67)

Thus, if we denominate the:, power-like contributions ad\,,,, ., we can extract them by inverting H§.€%)
as follows

2
Amy,as = Fii (me,mp) — (Fig(th + log (M—I;> / Pqg(r ) (3.68)
° my

Numerical results for\,,, .. are listed in Tablel§2. These numerical results are obtained as follows. The
process[p +p—>t+ b] codf is run in MCFM and this gives numerical result for the crosst®n obtained by
using SF with a fullm,, m;, dependence, namely what we called (mt,mb) Then, following EqB.68, we
subtract to these numbers other two numerical contribation



e The collinearn,-logs, i.e.log (m ) f Pye(1)g(%) in EqB.68 This is evaluated thanks to a code kindly

provided by the authors 08B).

e Them,-finite plece[p +p—t+ b} . wh|ch is nothing but the usual Single Top cross-sectioninbth
with 5-flavour SF, i.e. thé? (m, 0) in Eq . This is numerically evaluated with a Fortran stand-alone
code.

Thus, the final formula we use to extratf,, ., iS

Ampa, =0 (p+p—t+D) o(p+p—>t+0d), o0 La, (My,pr), (3.69)

asAf

where we set,,, (my, ir) = log (—2’2) / Puy(1)g(%). As expected, they, power-corrections are really small,
U

of the order of 1%.

my FE})"g (mt’ 0) + ‘Cas (mb7 MF) F41)"g (mta mb) A'}nb

5. 0.580837E+02 0.594740E+02| 1.3903
10. 0.450045E+02 0.440248E+02| 0.9797
20. 0.307583E+02 0.302614E+02| 0.4969
50. 0.136691E+02 0.135635E+02| 0.1056
100. 0.504509E+01 0.502624E+01| 0.01885
172. 0.170256E+01 0.169942E+01| 0.00314
200. 0.119239E+01 0.119040E+01| 0.00199
250. 0.671987E+00 0.671188E+00| 0.000799
300. 0.402754E+00 0.402380E+00| 0.000374
me F52]’cg(mt,0)+£as (mp, o) F4f (my, myp) Az

5. 0.327305E+03 0.333435E+03| 6.13
10. 0.257184E+03 0.262072E+03| 4.888
20. 0.190570E+03 0.193535E+03| 2.965
50. 0.107625E+03 0.108575E+03|  0.95
100. 0.552100E+02 0.554425E+02| 0.2325
172. 0.264455E+02 0.265048E+02| 0.0593
200. 0.206773E+02 0.207108E+02| 0.0335
250. 0.138272E+02 0.138464E+02| 0.0192
300. 0.958540E+01 0.960012E+01| 0.01472
my Fg’}g(mt,O)nLEas (mp, pir) F4f (my, myp) A3

5. 0.696493E+00 -0.735704E+0Q -1.432197
10. 0.850068E+01 0.706911E+01| -1.43157
20. 0.120115E+02 0.113304E+02| -0.6811
50. 0.905847E+01 0.889955E+01| -0.15892
100. 0.434350E+01 0.431251E+01| -0.03099
172. 0.172013E+01 0.171415E+01| -0.00598
200. 0.125248E+01 0.124897E+01| -0.00351
250. 0.744482E+00 0.742965E+00| -0.001517
300. 0.464222E+00 0.463485E+00| -0.000737

Table 3.2:m,;, power-corrections & («; ) for Single Top int-channel.



At O(a?), the argument proceeds exactly the same way, but in thistease, logarithmic correction has a more
involved structure. So, by generalizing B84, we can write

FY (me,mu) my+0 FY,(me,0) + Loz (i, 1, 1h) + Dy a2, (3.70)

whereF? | (m.,m;) andF  (m,,0) are respectively the 4F- and 5F- structure functiahs, (7, 3., u7,) are

the corrections depending logarithmically o at ordera? andA,,, 2 is the desiredn, power-correction.
The practical formula we will use to extract numericafly,, .z

Appaz =0(p+p = ¢ +t+b+X)a2ap —0(@+p = ¢ +t+b)a,ar
—o(p = d +W)a, 50 X o(W* +p =t +D)a, ar

— Loz (i, p,15) —o(p+p—d +t+b+X) (3.71)

a,5f”

Eq.[8.73) is a bit more complex than the equivalent at ordg(Eq.[3.69), due to the more involved structure of
the cross-section at ordef. Indeed, in order to isolate the,, power-corrections,,,, .2 affecting the massive
current, we need to subtract two extra pieces,

e the cross-section in 4-flavour at ordey, namelyo(p +p — ¢ +t + B)asAf, which is included by default
in MCFM result up to the next perturbative ordsip +p — ¢’ +t+ b+ X)az af;

e the contribution given by the produetp — ¢’ + W*)q. 57 X o(W* +p — t + b)a, 45 Of the twoO(a)

currents, which is indeed affected by, power-corrections, but of order;, namelyA,,,, ...

Once we will have obtained the exact 5-flavour SF with ourwiwal computation, we will be able to use them
in Eq.[3.7), thus achieving the isolation &f,,,, ..

This concludes the chapter and the presentation of the glefnamework our computation takes place within.
Starting from the next Chapter, we will illustrate in detaié analytical techniques we used to carry it out.



Chapter

Master Integrals techniques

4.1 Fundamentals of Feynman integrals and Master integrals

Feynman integrals appear quite naturally in elementarnyglaphysics when quantities such as scattering ampli-
tudes or cross-sections are computed within the framewbpledurbation theory beyond the lowest order. The
problem of being able to compute Feynman integrals is furestaah to make a bridge between theory and exper-
iments, nowadays even more than in the past. Indeed, theshigitgies reached by the LHC have opened the era
of precision physics, both on the experimental and thezakside. To achieve this precision goal from the theo-
retical point of view, computation of physical observalitlegigher order in perturbation theory is required, thus
leading to the crucial problem of evaluating Feynman irdéggarising from complicated multi-loop and multi-leg
processes.

In this section the definition and fundamental propertieBeyfnman integrals will be presentedTf).

4.1.1 Feynman integral definition and properties

Any perturbative physical observable can be written at amgrgorder in perturbation theory as a sum over
Feynman graphs, often called also ‘diagrams’. To each dimadt we can associate, through Feynman rules, a
Feynman amplitude

n+1

GF ((J1, ceey Qn+1) = (27‘1‘)426 <Z Qz) FF (q“ ceey Qn) (41)

i=1

whereqy, ..., ¢, are the independemrixternal momentaFrom a mathematical point of view, external momenta
are those flowing into the external legs of the diagram, wiizgtiespond in a physical picture to the momenta
associated to physical particles involved into the proflesth ingoing and outgoing). Through this definition we
distinguish external momenta from internal momenta, wiihin turns the ones that, mathematically speaking,
flow into internal lines of the Feynman graph, thus corresiiogto virtual particles produced and annihilated in
the ‘black box’ of the process. We will call from now émop momenta set of all independent internal momenta.
A Feynman amplitudér (q1, ..., g, ), Which is a function of the independent external momenta,lmawritten

as a sum of integrals over loop momenta, each one of which Fewnman integral’. In principle integrals at
this stage can be tensor integrals, meaning they have fremtaindices, but when taking the square modulus
of Feynman amplitudes, or more in general when contractiagtwith appropriate projectors to extract physical
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predictions, they are turned into scalar integrals. Foctiral purposes, from now on we will always assume we
are dealing with scalar integrals.

In momentum-space language, Feynman integrals are definedegrals over 4-dimensional spa&é: (or d-
dimensional spacé?k, after we will have introduced Dimensional Regularizajioner integrands which are
rational functions of external and internal momenta givgrpboducts of Feynman propagators raised to some
powers (either positive or negative). The generic (4-dis@mal) Feynman integral thus admits the following
representation

d*ky...d*kp,
F al,..., / / Eal EaN (42)
wherek;,i = 1, ..., h are loop momentay; are integer indices, and the denominators are given by
E.= Y Alpi-pj—m;, (43)
i>j>1

with » = 1,..., N. Momentap; are either independent internal (loop) momenta € k;, i = 1,...,h), or
independent external momenya

The matrixA in Eq.[4.3 normally leads to quadratic propagators, but in some calseslinear propagators can
appear. This is for instance the case of propagators ledt #ie expansion of a given Feynman integral in a
specific kinematic limit, as will become clear in section.4.3

We postpone the discussion of how a given amplitude can beewras a sum of such Feynman integrals to the
next section, where it will be presented within the framehef teduction of such amplitude to master integrals.
From now on the definition of Feynman integrals Bcg( will be our starting point to discuss about Feynman
integral properties.

Divergences

Many 4-dimensional Feynman integrals are ill-defined beealivergences can arise from one or more regions of
the integration domain. Divergences can be of differene¢$y heultraviolet (UV) divergences are those coming
from the region of large loop momenta. The degree of UV digagg of an integral can be easily determined via
power-counting. Let's take for instance the generic bubbfeur dimensions

' d*k
O e T o

with unit exponents;; = ay = 1. If we sendk to infinity, so thatk is much larger than any other parameter,
namelyk? > m?, k2 > m3, k? > k- ¢ > ¢* , we get the asymptotic behaviour

koo [ dk
Bla) =" [ = (4.5)
which leads to a logarithmic divergence. Similar powersging arguments lead to the formula which gives the

UV degree of divergence of a generic integral

w:4h—2L+an (4.6)
!

with L being the number of internal momentathe number of independent internal (loop) momentagnithe
degree of the polynomial appearing at numerator. The iatégtJV convergent iftv < 0, while it will be loga-
rithmic, linear, quadratic,... UV divergentwhen= 0, 1, 2, ... respectively.



The other category of divergences that can occur in Feynmizgrials are the so-callédfra-red (IR) diver-
gences. They are generated by regions of the integratiomitomhere loop momenta become small or parallel
to certain external momenta. We can distinguish differgpes of IR divergencessoft (off-shell on-shellor
threshold divergences andollinear divergences.

Soft off-shell IR divergences arise when external momeateassume general value (without being on the mass-
shell or at threshold) and the integration momenta becomesraall. If we take for instance again the generic
1-loop bubble Eq49) with a1 = 2, as = 1, m; = 0, ma # 0 andq?® # m3, we get for smalk

4
50" s [ ey “n

which gives again a logarithmic divergent result. Theresarglarities between the properties of UV and off-shell
IR divergences. Also in the latter case, one can define a flarmhich gives the degree of divergence of the
integral. This kind of divergences is absent in theoriescWlaictually describes physical phenomena, though they
can appear in expansions of Feynman integrals in partiginamatic limits.

Soft on-shell IR divergences appear when external momeataramass-shell or at threshold and the Feynman
diagram happens to be singular in these particular confignisa We can use again B4.4) witha; = 1, as = 2,

my = 0, ma # 0 and we takey on the mass-shell ag = m3

4 1 4
d*k k—0 / d*k (4.8)

B(q) = L L
0= e 1] e
Once more this integral has clearly a logarithmic diverdettaviour which would be not be presengif#£ m3.
The 1-loop bubble can also give rise to a soft threshold deece if we choose; = as = 2, m; = me = m and
we take the external momentupat threshold®m, namelyg? = 4m?. We start from
d*k
B =
0= | Pl w7

(4.9)

and if we make shift of the loop momentum— & + Z (the integration measure is invariant under translations)
we get

/‘ d*k
[(k+q/2)? = m?[(q/2 = k)* —m?]?

d*k k—0 d*k
— = = 4.11
/[k2+q-k]2[k2*q-k]2 /(q-k)4 (@41
which is logarithmic divergent.
Last but not least, collinear divergences may arise wheo@hoomentum becomes collinear or anti-collinear to

an external one. We can make an example by taking the 1-lemte with massless internal propagators and
massless independent external momentandps.

B(q) = (4.10)

T( )_/ d*k
PUP2) = | G2 = 2p, k) (K2 — 2ps - k)R

(4.12)

This integral has an on-shell soft divergenceffor> 0, with all components scaling to 0 in the same way. But, at
the same time, it also has a divergenceifet 0 butk? ~ 0 andk is parallel to eithep; or p,, provided thap,
andp- be light-like. Indeed, i:> — 0, the integrand goes like/((p; - k)(p2 - k)k?). If we take therk collinear

to sayp,, we will getp; - k = |p||k|(1 — cos ) with § — 1. Now, if we add the integration measure rewritten in
spherical coordinates we get a behaviduos /(1 — cos 6) ~ df/6 which gives a divergent logarithm.

This concludes this brief presentation of the most impdrégand common kinds of divergences that Feynman
integrals can exhibit. In the next section we present pat@enepresentations for Feynman integrals, which
constitute a powerful tool not only for integration itselfttalso for the analyses of these divergences.



Parametric representations, Regularization and Properties of Feynman Integrals

Feynman integrals admit parametric representations wdllotv to transform them into multi-dimensional inte-
grals over a certain number of one-dimensional positiMaadintegration variables. The bulk of these represen-
tations is given by the so-calledrepresentatior{or Schwinger representatipnwhich sees a sca&Feynman
propagator in momentum spagk(p) rewritten as an integral over a parameter as follows

~ 1

D = 4.1
l(p) (pg —m2 ¥ io)al ( 3)
(=)™ /Oo ar—1_i(p?—m?)
=1 doga)* ™ e"P a 4.14
o) Jo (@19
which becomes fora; = 1
D(p) = / daei® —m*)e (4.15)
0

Now, to obtain the representation for a generic (scalaggiratl, one starts by replacing propagators with their
representation

d*ky...d*k
Fr(gi, ...y qn) / /Eaf EaNL (4.16)
—(a1+...an)
/d4k1 /d by : x
T(an)
></ dal.../ dayay! 1...a?valei(alEﬁ“""aNEN). (4.17)
0 0

Then, one considers the argument of the exponential, wh@lfuinction of external momenjaand loop momenta
k; and rewrites it as

C= (OélEl + ...+ aNEN) = kiMijkj — Qij/’j + J (418)

where M is anL x L matrix, Q(«;, g;) is an L-dimensional vector and = J(«;a;,m?,q;,q;) is a scalar
function.

By performing some manipulations, one manages to rewréértiegrals over the loop momeritain Eqid.17as
Gaussian integrals, which can be then easily carried owd fiflal result for thev-parametrization thus reads

iL=(a1tan) det (M) "2aL/2 [ L a1 _iF@
F; = o ey 4.1
F(qh 7(Zn) F(al)F(aN) /Hdaja] € ) ( 9)
7j=1
with & andF being strictly related to the functiof as follows
U =det(M), F=—det(M)J+QMTQ. (4.20)

Practically speaking/ and F are polynomials in the--parameters of homogeneous degree respectively equal to
LandL + 11

The representation throughparameters is interchangeable with another one, whicheaitained with a simple
change of variables and goes under the nant@pfiman representation

(—1)mtFongl/2D(ay + ... + ay — L/2)
Hilil I'(a;)

1We discuss here parametric representation of the onlyrs€ajmman integrals, since this is what we will actually nizethe following
for our computation (see Chapter 4).

2For computation purposes, we point the reader who might teamiake use of this useful representation tolhe hemat i ca package
UF. mby A.Smirnov which compute thie and F polynomial automatically and which has been successfidgdun our project.

Fr(qi, .. qn) =




T a1+...+aN72(L+1)

N N U(z)
aj—1
X / | | dzjz;’ "0 <1 — E 171) F(a)m+an 2L (4.21)
j=1 i=1

As we already pointed out, Feynman integrals can be ill-@efirsince some region of the integration domain
can lead to a divergent result. To deal with this, usuallyhsategrals areegularizedthrough the introduction
of aregularization parameteat the integrand level, such that the final result of the irgtegn is a well-defined
function of this parameter and the initial divergence ioxered by taking a specific limit of the parameter. Thus
the purpose of regularization is that of making the diveogemanifest itself as a singularity of the regularization
parameter, so that it can be isolated and easily handled.

A number of different types of regularization are availatrethe market, but we will take into consideration in this
context only the one that we used extensively in our comjmutaivhich isdimensional regularization (DRY his
technique consists of promoting the number of dimensiam # tod = 4 — 2e. Roughly speaking, what happens
is that the final result of the integration will be a well-defihfunction of the regularization parametewhich, if
expanded around the physical limait- 0, will contain polesl /¢, 1/¢2,etc..... representing the divergences of the
original integral.

In particular, ifd is taken to be a complex-valued variable the main featuréroédsional regularization turns
out to be the proof that Feynman integrals are analytic fanstof ¢ in the complex plane! This gives the
possibility to always perform an expansion of the result &sarent series around ~ 0, thus recovering the
poles ine mentioned above. When we promote the dimension fromd} tbe derivation of ther and Feynman
representations does not change much: the only differertbat one should now perforiadimensional Gaussian
integrals over the loop momenta, which indeed can be domenwieffort. The final results for such representations
in d-dimensions read

- (atean) deb(M)-2xba/2 [N
Fr(q1, s qn) = dajor! e, 4.22
F((hv g ) I‘(al)...l"(aN) /]]___‘[1 ajaj € ( )
—1)mttan g Ld/2D (g 4 . 4 ay — Ld/2
FF(le"'vQﬂ) :( ) ( - ~ / )

sz'vzl I'(ai)
(z)a1+...+aN7d(L+l)/2
(

N N U
a;—1
X/dejzjf 5<12zi> F @y e (4.23)
j=1 i=1

The parametric representations and Eq.Z3 are a useful tool not only for integration itself of Feynman
integrals, but also for the analyses of their convergenddartheir expansion in given kinematic limits. We will
made extensive use in particular of EGd3 in our computation, as it will be shown in the next chapter.

In the following we briefly state some important properti€s-eynman integrals, without providing any proof
since this would go beyond the purpose of the present thEsesfirst three properties are general to all Feynman
integrals, regardless of the adopted regularization seherhereas the last two of them are specific to Feynman
integrals regularised in DR.

1. Scalar integrals are invariant under fh@nca® group This implies that the integral is a function of only
those Lorentz-invariants that can be built starting froemal momenta.

2. Integrals transform in a covariant way undiatations This means that one can always extract the dimen-
sion in powers of energy of the integral and thus deal witmaedtisionless integral which will be a function
of dimensionless ratios of those independent kinematiatifiess that can be built stating from independent
external momenta.



3. Lorentz invariance identitied_1): given a scalar integral’(q, ..., gz) depending orE external momenta,
the following identities hold

E

0 L0
{ o =5 | Fa1,..,qp) = 0. 4.24
; <Ql aqi“ q?, 8q1u> (Q17 7(]E) 0 ( )

They follow from the invariance of the integral under Loremtansformation of the external momenta
K K WV
4G — g Teg;-

4. Integration by parts IdentitiedBPs), namely the possibility of integrating by parts ahdasys neglecting
surface terms.

d 1
d%%y... | d%k; |— - k; =
/ ' / g [%j (kf —mP)a...(kf —m3)ax !

The formal argument for which this identities hold reliestba fact that this is the integral irdimensions

of the total divergence of the vector in curly brackets. 1 tdaen be transformed into the flux of this vector
over a spherical surface with radius— oo and which goes to zero. A less formal but more intuitive
argument is the following: the integral is invariant undantslations along the directions of the vedtor

/ddkif(ki) = / d(k; + ) f (ki +€) (4.25)
but the partial derivative with respect to vectgris the generator of translations along the direction of this
vector
0

so the generator of shift must integrate to zero!
In any case, for the complete proof of IBPs we send the readbetpape12]] where they were originally
discussed.

5. Any scaleless integral in DR is zero.
This property can be proved by use of an auxiliary analytiutarization, using pieces of the integraldn
representation considered in different domains of theleggation parameters.
We can consider as an example the massless tadpole diaghéch,aan be reduced by meanscoparam-
eters to a scaleless one-dimensional integral

dk °
yeai —igﬂ'd/Q/ doa2. (4.27)
0

This integral is divided into two parts, from 0 to 1 and fromdlcb and these two parts are integrated.
Results are found to be equal except for opposite signs,hwead to zero value. An important subtlety in
this procedure should be pointed out. These two pieces cg@wue different regions of the DR regulater
but DR guarantees that each one of them can be extended thaoafytic continuation to the entieeaxis,

so that the result effectively sums up to zero.

For a complete treatment of Dimensional Regularizationitsoroperties we send the reader to the original paper
[119 where DR was first introduced by Veltman and 't Hooft and te praper from Wilsor129, which followed
immediately afterwards.



4.1.2 Master Integrals: definition and overview

When computing higher order perturbative corrections tgsgtal quantities, a large number of apparently differ-
ent integrals appears. In particular, increasing the nurobleops and/or external legs, more and more different
dimensional scales enter the description of the final rebuls introducing more and more difficulties in the eval-
uation of the integrals.

In the framework of dimensional regularization, many pdwigechniques have been developed in order to make
the computation of such corrections feasible. The main gbalch techniques is that of sensibly reducing the
number of Feynman integrals that need to be computed ethpllzy relating the original huge amount of integrals
needed to describe the process to a much smaller set. In@&edidentities (plus some other types of identities
that will be presented later on in this thesis) can be usedtabish a number of relations between the integrals.
These relations turn out to be simple linear equations winiablve the integrals and only rational functions of the
invariants and of the dimensional regularization paramet8olving this system of equations finally allows one,
as anticipated above, to express most of the integralsnmstef a relatively small subset of irreducible integrals,
the so-calledMaster Integralswhich are then to be computed explicitly.

So, given the problem of computing contribution at a givetheniin perturbation theory to an observable, we can
give the following definition of Master Integrals.

Master Integrals form a set of integrals such that any otheyrfman integral appearing in the problem can
be expressed as a linear combination of the elements ofehisTis set thus satisfies the requirements of being
closed with respect to IBPs and minimal.

In other words, a set of Master Integrals is a solution of Bfed system of equations such that

e its elements cannot be further reduced by applying IBPstfieset isclosed under IBPs operation

e the number of elements is the minimal one necessary in oodéné previous property to hold.

Consequently, master integrals (MlIs) have all the progenf standard Feynman integrals, plus those that derive
from the above definition. We would like to stress that, gigesystem of IBPs identities, one can usually determine
an ensemble of equivalent solutions for it. This implied thae always has the freedom to change the set of Mls
and this amounts to simply a change of basis in the space tBBP®gsystem solutions.

Roughly speaking, the computation of a given observablegatem order in perturbation theory, is thus naturally
split into two parts

¢ the reduction of the original set of integrals coming frora thatrix elements to a set of MIs as small as
possible,

o the explicit computation of the Mls.

A lot of effort has been made in the past twenty years to impadhthis machinery.

In non-trivial applications, such as two-loop correctigihe system of equations one has to solve to carry out the
reduction can easily grow to include hundreds or thousah@sjoations, so that one must resort to the use of
computer algebra. In the last years many public and privapdéamentations for the automatic reduction to master
integrals have become available, many of them relying o ép®rta algorithm(7].

After the problem of reduction is completed, one is left wihiat of solving the masters. Traditional techniques,
such asw- , Feynman or Mellin-Barnes parametric representationofreourse available to solve each of the
master integrals. But, as the number of loops and extergalifeereases, also the number of propagators does
and these traditional methods are not feasible anymoréd®#wese traditional techniques at the beginning of the



nineties the method of differential equations has beengeeg and over the years has proven to be very powerful
in a large number of computations. In this method, diffdedriquations for the integrals under consideration are
derived, by differentiating at the integrand level withpest to external scales upon which the integrals depend.
The master integrals are then determined by solving suééreliftial equations and matching them to appropriate
boundary conditions.

The rest of this chapter will be dedicated to go more intoitletahe master integral technique, with particular
emphasis on those techniques that we used extensively ioapoputation and that cannot yet be carried out
automatically, namely the solution of masters throughedéhtial equations. Among the next three sections,
the first will be dedicated to reduction, the second to methfod solving the masters and the third will focus
in particular on some recent ideas developed in the field bitiso via differential equation, which has been

exploited in the present project.



4.2 Reduction of Scalar Matrix Elements to Master Integrals

Let us imagine we want to compute the contribution to a ceader in perturbation theory to the inclusive cross-
section for a particular physical process via master imtggchniques. Which steps should one take to obtain the
set of masters describing such quantity from scratch? Tusan will be entirely dedicated to describe how a
set of master integrals is obtained within the frameworkashputation of perturbative quantum corrections to an
observable.

4.2.1 Topologies and classification of scalar Feynman Integrals

We assume that the reader is already familiar with matrimel#s generation for a given process, so we just
sketch how it works without entering into details. First Reyan graphs are generated. For processes with a large
number of loops/legs, and thus described by a large numlgraphs, this happens normally through the help of
an automatic generator. Then, a mathematical expressamséxiated to each graph through Feynman rules, thus
giving what is usually called a Feynman diagram. At this etagr process is then described by a sum of Feynman
diagrams, usually referred to as Feynman amplitude. Fargsses involving particles with spin different from
zero, (amputated) amplitudes are tensor quantities, ryatney have free Lorentz indices. These free Lorentz
indices are then saturated when one takes the square maduhes amplitude and contracts it either with the
polarisation tensor or with suitable projectors in ordeeithher compute a cross-section or extract form factors.
When such contraction is performed a scalar quantity isidda which we will always refer to in the following
asscalar amplitude

Also we stress that in the following we will always work in Demsional Regularization. Given a process¢. —

g3+ ...+ qn which depends oV external momentay, ..., ¢y andZ loop momentd,, ..., [, the scalar amplitude

A at this point looks like

N(qi-q5,q: -1, - 1)
EP LB

Alqr, . qn; by oy 1) :/ddll... dily, (4.28)
where the numerator in the integrand is a polynomial in &l lbssible scalar products that can be built out of
the independent internal and external momenta whereasetienunator is a product af/ inverse propagators
Eq.@3.

In order to obtain quantities with a physical meaning, ngnietlusive cross-sections or form factors, one has
then to integrate EJ(29 over the Phase Space for the— 2 particlesgs, ..., gn in the final state.

7= [ s [ dlansild — md).8i(ak ~ mAED (@ +an ~ (an+ ok )X
X A(qlv"'v(IN;llv'-'vlL)- (429)

Even if it is not necessary for the following discussion, weuwd like to consider starting from now the most
general case in which the technique of master integrals earséd. Indeed, this technique was developed at the
beginning with the purpose of dealing with integrationsrahe only loop momenta, meaning that it was meant
to be applied to perform integrations at level of scalar aimgés Eq@.28, thus leaving phase-space integrations
to traditional techniques.

Later on, the possibility to treat phase space integrals@s integrals was introduced, consequently leading to
the idea of applying master integrals to both loop and plsasee integrations’]. This idea relies on what is
commonly calledeverse unitaritywhich essentially consists in using the Cutkosky rule ptaeedelta-functions

by differences of propagators

2ims(p? —m?) — ! ! ( ! ) . (4.30)

p2—m2+i0_p2fm27i0: p% — m?2



Leaving details for the following subsection, for the moma&a can say that this allows us to substitéHeinctions
with cutpropagators in the phase space measure, and, conseqiosingigif phase space integrals as loop integrals.
Once in Eqlf.29 we have performed one phase space integral with the momesdaservatiom-function and

we have rewritten the remaining on-sh&llunctions using reverse unitarity,

oo [t [ unin

1
(r)‘. ((q1+q2_(q3+ PRI —m?v) A(qr, - ansly, 1) (4.31)

If we now substitute the explicit expression for the scatapbtude Eql.28, we get

i=N-—1

af/ H dqu/Hddl X

1 1 s ;
X ( 7 _ 2) ( 2 _ ;2 ) A a(ij’qz (lsz’l ), (4.32)
43 —m3/. (@ +q— (g3 +..qv-1))> —mi /. By By

In Eq.E.32 it is eventually clear that from this stage on loop and pres#ce integrations can be treated in
the same way, so that we can think of applying master integezghnique not only at level of scalar amplitude
(Eql4.29 but also at level of cross-section (ER2.

Keeping this in mind, from now on we will address the generathematical issue of reducing to master integrals
a quantity which has the following features:

e itis a function of a numbeE of ‘external’ momentay, ..., qg

e it can be generically written as the integral over a numbef ‘loop’ momentak,, ..., k; of a certain
integrand

¢ the integrand has the generic form of a polynomial in all thegible scalar products that can be built using
momentay, ..., ¢, k1, ..., k; over a denominator given by products of inverse propagators

145, i - Ky ki - k)

Aqr, .. qB) / H ddk JEI Ea]EM J (4.33)
By By

This generic quantity!l will have the physical meaning of either a scalar amplituda oross-section depending

on the precise physical observable one might want to compute

We start now manipulating E@33 as follows. First, we expand in order to write it as the sum of inte-
grals each one over a ratio having at the numerator a monamtia¢ scalar products and at the denominator the
product of propagators, which are actually scalar Feynmiggials.

y a515a52 -Saisl\l
Alq, o qe) =Y ci (g1, a8 /Hdk T EaEAﬁ , (4.34)
p By
where

e we pulled the scalar products between external momentédeutse integrals and encoded them in the
coefficients; (¢1, ..., g ) which have then the form

E

ci(qunqe) = ] (@ gm)®in (4.35)

l,m=1



¢ we have indicated witly, ..., Sis all the possible independent scalar products that one agastroet of the
typeq; - k;, ki - k; using all the independent external and loop momenta.

The number of all possible scalar product of the typek;, k; - k; is fixed by the formula

I(I+1)
2
The key observation now is that the amplitude has been widtea linear combination of scalar integrals FE&4)
but the ensemble of these integrals is usually not lineadgpendent, meaning that we still have room to manipu-
late this expression and reduce the number of integralsaaipypgn this linear combination. The linear dependence
is induced by the fact that factors appearing at denomirea®built up themselves from scalar products. This
implies two things. First, the number of linearly independgropagator$ E1, ..., £y } that we can build giverd
loop momenta and’ external momenta is fixed by the expression fixing the numiresdalar products, namely
Eq.[4.39. Second, we can think of expressing each scalar producta¢rator as a linear combination of inverse
propagator§ £, ..., Eyr }. More in general, we can think of the sétS, ..., Sy, } and{ E1, ..., E) } as two bases
in the space of all possible linear combinations of scaladpcts. In this perspective expressing scalar products
as linear combinations of a set of selected independentseveropagators is nothing but a change of basis in
this space. So, assuming that our scalar amplitude natyradvides a set of\/ linearly independent inverse
propagator§ £y, ..., Ear }, we can perform this change of basis

ng = +I1E. (4.36)

M
Si=> Biy(Ej—b;) (j=1,..,7) (4.37)
j=1

where B and b are respectively an invertibl®& x M matrix and an)M -dimensional vector whose elements
just depend on the scalar products between external momenga and internal masses?. We can now use
this change of basis to simplify EG.B39: in each term appearing in the sum we substitute scalarugtedt
numerators with their decomposition EE7), we expand again, perform all simplifications between matog
and denominator that may occur and finally obtain a scalaliardp which is a linear combination of Feynman
integrals written in terms of only inverse propagator begiog to the se{ E1, ..., Ex }

I Mo,
Aqi, ..., qr) = Zc; (g1, ., qE) / H dk, H E; K (4.38)
i p=1 j=1

We can now introduce the concept of ‘topology’ which will beensively used in the rest of this thesis and which
states in a formal way the idea of sets of independent prapemas basis in a space. We defiopologyT” a set
{FE, ..., E)} of inverse propagatork; which is minimal and complete in the sense that any scalatymtoof a
loop momentunk; with either a loop momenturky; or an external momentupy can be uniquely expressed as a
linear combination of thé’; and of the kinematic invaria

Given our topologyl” = {F1, ..., E)r }, we can classify all the scalar integrals appearing in tme isuEq. .38
according to it. Indeed, once an order for the propagatotBanset]” is conveniently fixed, we can associate
to each integral @/-dimensional vector whose entries correspond to indices (owers) of propagatois;
belonging to the topology. We establish this correspondéyadopting the following notation

M

I i
/ [T [ B — 11T {al,, a,, ... aln,, })- (4.39)

p=1 Jj=1

We also definesubtopologyany subsef” of inverse propagator which can be constructed starting fagiven
original topologyT'. It is appropriate at this point to discuss an issue whictceams the identification of topolo-
gies. In our discussion so far, we took for granted that pgapas appearing in the scalar amplitude naturally

31t must be stressed that a topology is defined only up to shiiffse loop momenta.



make up a topology, in a sense that we assumed them to beljinedependent and in a number equalib
with M given by EqE38). In real computations, this perfect scenario rarely happ&Jsually one has to deal
with two possible variations of this scenario, which mighppen one at a time or also at the same time. First,
the propagators might not be a linearly independent sets ptablem can be solved with the help drtial
fractioning Let us consider the simplest situation, we have a séf gfropagators from the scalar amplitude and
three of them satisfy the following relation of linear dedence

E; = Ej + E. (4.40)

This means that this particular set bf propagators is not a topology. But we can create an idemtiorder to
get rid of one of them in favour of the other two. Indeed, weehav

E; + Ex
P By (4.41)
L;
Now, if we take the simplest ‘problematic’ integrand, naynel
1
—_ (4.42)
E,E;E}),
and apply to it the identity we get
1 Ei+E, 1 1 1
= = . 4.43
E,E;E}, E;, E,E;E, FE?E; + E?E; ( )

We have split our original integral containing the three etggent propagators in the sum of two new integrals
which contain each just two of these propagators, namely or@ propagators which are linearly dependent. At
this point we are left with the task of assigning these irdégto suitable topologies. These are easily obtained by
taking the original sed/ and replacing in turn propagatat andE;, with otherauxiliary propagators constructed
ad hocto complete the set in such a way that linear dependenceaséieat In this way we get from the initial set
two new sets of\/ propagators, linear independent and such that they comsjrectively the first and the second
integrand that result from partial fractioning.

Actually, partial fractioning can be more involved thansthbut this example is meant just to convey the general
philosophy of partial fractioning:

e exploit the linear dependence between propagators to ramhstientities that allow to build integrands
containing just product of independent propagators

e manipulate the initial set of propagators by eliminating ptopagators and adding new auxiliary ones such
that in the end they give rise to topologies and such thaethgsologies actually contain the newly built
integrands.

The other problem that might arise concerns the numbef propagators that are naturally contained in a scalar
amplitude. It can be a priori either smaller or bigger thaatimber) given by Eq#.38 required to build a
topology. Inthe first caser < M, itis sufficient to add one or more auxiliary propagatorsrithes to complete the

set in such a way to get a topology out of it. In the second ease, M, the set ofin propagators is not linearly
dependent, so again we can exploit partial fractioning duice it to a smaller set of independent propagators.

To conclude we might say that it is often necessary to plaly tth partial fractioning and auxiliary propagators

to get to a form for the scalar amplitude as that describedgidE8. From now on, keeping in mind the
framework of a general computation, we will assume that@lrtecessary in this sense has been done, so that we
have arrived to a form of the amplitude as in Bg38 and in the next section we can start explaining how such
expression is reduced to master integrals.




4.2.2 ldentities between Feynman Integrals

In this subsection we will address the problem of furthemuag a scalar amplitude in the form E4.39 by
means ofntegration By Part{IBPSs) identitieﬂ.

Roughly speaking, the idea is to write down, using IBPs, tesy®f linear equations for scalar Feynman integrals
belonging to a certain topology and solve this system wisipeet to a small set of integrals in terms of which all
the others will be expressed through linear relations gitatis belonging to this set found by solving IBPs systems
of equations are what we will call from now on Master Integi@llis). Mls are thus characterized by the property
of beingirreducible in a sense that they cannot be expressed as linear conaisiafisimpler integrals.

To give an idea of how this works, we shall start from the sespkxample one can think of, namely the massive
tadpole for generic index of its only propagator (in the daling we omit the dependence on invariants and
dimension for brevity)

d
F(a) = / (&. (4.44)

k2 — m2)a

We apply the IBP identity to this integral

) 1
d _— —_—
/d i il (4.45)

with & - k = % - k. If we carry out derivatives we get
(d —2a)F(a) — 2am?*F(a+1) =0 (4.46)

which can be solved to give the following recurrence refatio

d—2a+2

B = o e

F(a—1), (4.47)
telling us that any Feynman integral with integer 1 can be expressed recursively in terms of one intefj(a)
which we therefore consider as a master integral, namelgtagrial that cannot be further reduced, as follgws

(=D*(1 = d/2)a

(a — 1)l(m2)e—1 L. (4.48)

F(a) =
Let us pick up now a slightly more difficult example, namelg tmassless 1-loop bubble with generic indices
ai, ag.

dk
Fion.en) = [ Gty (49

We apply IBP with respect to the integration momentum

0 1
d—— -k =0
/ Ok (k?)*[(q — k)?)e
(4.50)
and obtain the following relation
(d —2ay —az)F(a1,a2) — asF(a; — 1,as + 1) 4+ asq®F(a1, a2 + 1) = 0, (4.51)

4IBPs have been introduced in the previous section in theegoof properties of dimensionally regularized Feynmaagnals.
5In the mathematical notatiofm), is the Pochammer symbol.



which can be rewritten as
aquF(al, ag + 1) =asF(a; — 1,a2 + 1) + (2a1 + a2 — d)F(a1, az). (4.52)

If we now shift the indexat, we can write

S
(az —1)g?

This relation relates an integral whose indices sum up té a2 on the L.h.s. to integrals whose indices sum up
to a; + a2 — 1 on the r.h.s., thus enabling us to reduce the sum of the isdice a,. From the denominators we
see that this relation holds only fag > 1. What if for instancei, = 1? Then we can use the symmetry property
of this specific integraF(a1,a2) = F(az, a1) (which comes from the invariance of the integral under thi#é sh
k — q — k) to exchange andas in this relation and then sat = 1. This gives us

F(al,ag) = — [(d — 2(11 — a2 + 1)F(a1,a2 — 1) — (ag — 1)F(a1 — 1,(12)] . (453)

d— ay — 1
(a1 —1)g*
This last relation enables us to reduce the indeto 1. So, Eq4.53 and Eq.59) together enable us to express
any integral of the given family in terms of the only masteegral F'(1, 1), so that

F(al, 1) = — F((Il — 1, 1) (454)

F(ai,a2) = c(ay,aq,d)F(1,1) (4.55)

where C is a rational function of the regulatbe= 4 — 2¢ and of the only scale of the integrajs.

We can extrapolate from this example what happens in a marergksituation. By explicitly performing on
the integrands derivatives appearing in the IBPs and esimgshen scalar products appearing at numerators in
terms of the chosen basis of inverse propagafdrs ..., s}, one obtains identities of the form (we use the
notation of Eqi{.39)

M
0=c I[Ta {aElvaEw <y OB }] + ZaE1dZI[T7 {aElaaEza v Op; + ka < QB }]
1=1
1,M
+ Z aEieijI[T, {aEl,aEQ, . ap,; + k, ceey an — Dy AE }] (456)
i#]

involving three kinds of amplitudes

e the original scalar integral itsef[T’, {ag,,ap,, ..., ag,, H;

e scalar integrald [T, {ag,,ap,,...,as, + k,...,ag,, }] with one of the indices increased by some integer
numberk,ag, — ag, + k (i = 1,...M). These terms originate from the derivation of the facmﬁfi.
Obviously these terms are absent for indices being equartm meaning that it is impossible to generate
an absent denominator by differentiation. This implieg tB®s applied to a scalar integral belonging to a
certain subtopolog¥” can never produce scalar integrals belonging to a topolageb thanr”;

e scalarintegral$[T’, {ag,, ag,,...,ag, +k,...,ag; —p, ..., ag,, }] with one index increased by some integer
k,ap, — ap, + k and another decreased by some other intege;, — ax;, — p. These terms originate
from the derivation of the factoEfE" together with the cancellation of a power EfEJ with inverse
propagators generated at numerators.

The coefficients,d;,e;; are functions ot and of the invariants on which the original integral depends
The IBPs identities constitute a system of linear equationghich the unknowns are the scalar integral them-
selves. The oldest approach, developed in the originaladi the IBPs (7],[?]), involves a symbolic solution of



the identities, treated as recurrence equations in theasdin the two examples we gave above one can actually
see this kind of method at work, though just in the two easi#isations one can imagine. In the general case, one
introduces operators raising or lowering one of the indices

iEIT, {ag,, o am,, o apy } = I[T,{ag,, - ap, £ 1,...,am, }] (4.57)

and tries to combine equations in such a way that a scalaraites written in terms of amplitudes all containing
lowering operators, so that reduction to simpler subtogieocan thus be achieved. The main disadvantage is that
a careful, case-by-case, inspection of the equations isrest] Also, when the system of equations starts becom-
ing huge, solving for generic values of the indices mightdmee cumbersome and in some cases impossible.
More recently, a new approach radically different from thevipus one was proposed i87]. This method, com-
monly known as théaporta algorithm does not attempt to solve systems of IBPs containirigfamite number of
equations (i.e. for generic values of the indices of propargabut systems made offiaite number of equations
generated by specifying some carefully chosen values &inttices. Indeed, it is observed that in practice large
values of the indexes; do not matter, so that one is able to truncate the initialfinite system of equations at
certain, usually small, values of thg and thus deal with a finite system of linear equations. Theegsyss solved
using the well-known Gauss elimination method. The solutioves the expressions of the integrals as linear
combinations of the master integrals with rational coedfits in the DR parameter This approach has the big
advantage of being suitable for completely automatic datmns, since it does not require inspections of single
identities one-by-one. On the other side, it may requireg@el&PU time and very long intermediate expressions
may be generated, but with some tricks also the entity oktpesblems can be reduced.

For a detailed description of the algorithm and example, evelghe reader to the original paper where this was
first published (87]).

In our project we made extensive use of tiet hemat i ca implemented version of this algorithm, which is
delivered in theFl RE packagelI1d. In particular we used the latest version of the packAdd][ which allows

for performing reduction both witivat herat i ca and withc++. However, this is not the only automatic code
available for reduction to master integrals. Various impdatations exist and the interested reader may find cita-
tion of a complete list of them iri7fg).

One last remark we would like to make is about the compatjbdf reverse unitarity mentioned in the previ-
ous subsection, with IBPs reductid@j.| Given that we are addressing the computation of a crostsese once the
phase spacé-functions are replaced by the difference of two cut propageas in Eqi4.30), we can apply IBPs
two cut scalar integrals in the same way we would apply thestandard loop integrals. Indeed, the prescription
for the imaginary part of the two propagators in the r.h.sE@fid.30 is irrelevant for the differentiation. There-
fore the IBP relations for the two descendants of these twodéave the same form as the IBP relations for the
original integral without the cut. It is then allowed to appéverse unitarity, thus getting cut scalar integrals, and
then apply to them IBP reduction. Reduction will work exgttie same way it works for loop integrals, with the
exception that whenever a cut inverse propagator appeamagnator in an integral, that integral is zero (Indeed
one has to remember that cut propagatorgdtenctions representing on-shell constraints!).

At this stage, we can consider the problem of reduction ofvargscalar amplitude to master integrals solved.
In the next two sections, we will address the issue of comgutie masters themselves.



4.3 Master Integrals Computation - Part 1

Once the reduction to master integrals is performed, oredtisvith the issue of computing explicitly the masters.
In this section we shall address this topic. One has usuatlysposal several methods to compute the masters.
Among the traditional ones, there ateand Feynman parameters and Mellin-Barnes parametricseptation.
These methods have been used extensively over the yeansgfdoop and two-loop computations, but they have
some disadvantages. When the number of external and/on@htines start to grow, the number of possible
inverse propagator appearing at denominator in the integrerease. Since all these methods rely on some way
of representing each Feynman propagator as an integraa@egtain parameter, integrands involving many prop-
agators give rise to multi-fold parametric integrals withigh number of dimensions (i.e. integration variables),
which can easily become pretty cumbersome to be solvedhé&unbre, these methods address the computation
of each integral separately from the others, so that whemdingber of master integrals increases, typically in
multi-loop/leg computation, the number of integration®eocarried out becomes really challenging.

In this kind of scenario, one might typically want to expleibperties of master integrals, namely the fact of being
a closed irreducible set of integrals belonging to one oremiopologies, to try to find a more efficient strategy to
solve them.

An alternative method, which goes under the nam®ifferential EquationfDE), indeed uses such properties
and has proved successful and very powerful since its deredat in the nineties. Since we heavily relied on this
particular strategy for the computation of all master inédgjin our project, the rest of chapBwill focus specif-
ically on this strategy. In particular, we will review allglingredients and basics of the method in the present
sectiorﬁ, whereas in the following one we will enter in the details ofme quite recent further developments
which make the DE method even more efficient and maybe pavweaih¢owards automation of Mls computation.
Since we used very little of the ‘traditional’ methods in @amputation, we decided not to give a full treatment
of them.

4.3.1 Generation of Differential Equations for Master Integrals

Once the Mls have been identified, we can derive differegplations for them with respect to the external
invariants of which they are functions by using again |BRatiens together with the fact that the Mls are a basis
in the vector space of a certain category of Feynman intedpalonging to a given topology. Three steps must
essentially be taken.

e One chooses which set of independent external invariafdéb@evants to use to express results for the Mis
(which will be then functions of these invariants).

e Then one derives differential operators in the externaiii@nts by observing that derivatives with respect
to them can be expressed as derivatives with respect tm@kteomenta through the chain rule.

e The set of differential operators is applied to each madteis allows to express the derivative of a Ml as
a linear combination of other Feynman integrals belonginthé same topology or to its subtopologies. In
order to understand this step, we recall from section 3&,dkrivatives of Feynman integrals, in this case
with respect to external momenta, do not produce new prdpegm the integrand denominator. In other
words, derivatives of Feynman integrals with respect temd momenta will always produce as a result
integrals which belong to the same topology or to subtogekdf the original integral.

o After applying derivatives, not all the integrals appegrat r.h.s are masters! IBP reduction is then applied
to these integrals, thus reducing those that are not maségrals to linear combinations of these masters.

°[2), [125]




e As aresult we end up with a system of first order, usually cedidiifferential equations for the masters.
We shall illustrate how this works in practice with a very icaxample, which will then be useful as part of the
Single Top NLO computation reported in Chapter 4.

Let us take the 1-loop bubble with an internal magsand depending on one external momentsVe take both
indices of propagators to be equal to 1.

F(¢*,m*1,1,d) = / Ak . (4.58)
Y (k* —m?)(q — k)?
This integral depends on two scalgsandm?. However, we know from Section 3.1 that it is always possible
pull out from a Feynman integral its dimension in powers cdrgy and deal with dimensionless integrals. Since
it is simpler to deal with dimensionless integrals, thisxaaly what we want to do! So we make this integral
dimensionless by multiplying it for the inverse power ofdimension in powers af.?, which corresponds in this
case tom?c. The integral we obtain in this way is then a function of théyatimensionless ratios that we can
build starting from the external invariants, in this casst ju= 7%—1

J d4 26k
F(z,1,1,¢) = m? //{:Q—mQ myAEE (4.59)

We now turn to derive the differential operator which gives terivative with respect to as a function of the
derivative with respect te:? by using the chain rule.

d dr \7' d @ \ ' d z\-1 d m? d
d__<W) W‘<(_1)(m2)2> =) Ge=raw (4.60)

So, we obtain

d . m2 d . A2k
dr —F d(CB,l,LE) ?d— |:(m2) /(kg )(q_k)2:|
B m_ 6 1 d4 QEk, m2 . d4 QEk
v { /(kL L e )(q—w}
1 d4—26k, . d4—2ek
i {( —em i T /(ktm%?(q—k)?]
i [EF“d 21,16 + Fr,2,1,0)] (4.61)

At this stage we inspect integrals appearing on the r.hgwanapply IBPs to the new integral*?(z, 2, 1, ¢) to
see if it can be further reduced. This is actually the caseedime reduction gives us

1

m2 2

F(¢?,m?2,1,¢) = -

) ) )

[(1—26)F(¢?,m* 1,1,¢) — F(¢?,m?,2,0,€)] (4.62)
and if we multiply both sides bym?)1*<, we obtain the dimensionless relation

1
Fol,2,1,¢) = — [(1—2¢)F*(2,1,1,¢) — F*(,2,0,¢)] . (4.63)

Atthis point we can decide either to ke€p?(x, 2, 0, ¢) as a master integral or to further reduce ift¢f' (x, 1, 0, ¢)
through

F2,2,0,¢) = (1 — €)F*(x,1,0,¢). (4.64)



In this case we get

Fol(z,2,1,€) = % [(1—2¢)F*(x,1,1,¢) — (1 — €)F*(2,1,0,¢)] (4.65)

which substituted in EE.6] gives

d 1 1-2 1-—

ﬁF“d(x, Lle=-— [Fad(:zz, 1,1,¢€) <e+ - ;) - (1 — ? F(z,1,0,¢€) ]| . (4.66)
We have a obtained a differential equation f&t¢(z, 1, 1, ¢) which we can solve if we know the inhomogeneous
term F%4(z,1,0,¢). The latter has a smaller number of propagators, namelyldahigs to a subtopology of the
initial one. So, in a bottom-up approach, where we startisglfrom the smallest subtopologies up to the bigger
ones, this term can taken to be known and the differentish&gu can thus be integrated.

We generalize now the knowledge we have acquired from trasmgle by synthesizing in general formulas for
the generation of DE for Mls.

Let us begin by taking a generic scalar integral which dep@mda set ofV invariantss = {sy, ..., sy} built out

of E external momenta

F(s1,...,sn) = | d%kid%k E® .. B9, 4.67
1 M

Let us consider the quantities

O0F (s)

Ojk(s) = L v
"

G,k =1,2,...,E) (4.68)

By the differentiation rules we have

N N
0sq OF(s) < 0sa ) OF(s)
O:(s) = g E = E _ ) 4.69
ik(S) = Qi — O, O5q P 95 Okp) Osa ( )

According to the available number of the kinematic invatsathe r.h.s. of EG4.69 and the r.h.s. of EG{E9
can be equated to form the following system

N
0sq \ F(s) OF(s)
o = q; 4.70
az::l <qj7# 8%7#) Jsqa o Gk, ( )
. . (s) ; OF(s)
which can be solved in order to expre@%%af in terms oqu_#m.

Eq.[4.70 holds for any functionF'(s). Let us now assume thdt = Fj(s) is a master integral belonging to a
set{Fy, F», ..., F,} of MIs describing a certain topology. We apply to it the opergerforming derivative with
respect to a certain external invariant. This correspotidspugh the action of this operator, to a linear combi-
nation of derivatives of the master with respect to extemmafenta and masses. These derivatives are integrals
themselves, belonging to the same topology as the{Mis..., F},}, to which we can apply IBPs reduction. By
doing so, we reduce the r.h.s. to a linear combination of NMigs expressing the derivative of the masker

with respect to a certain invariant as a linear combinatibthe ensemble of MIs themselves. If we apply this
procedure to each master, we get a systeffirgtforder differential equations the ensemble of variablesfor

the MIs{F1, ..., F,}

3]
—Fj(s,e) = Aj(s,€)Fj(s,e) + ZAk(s,e)Fk(s,e) ji=1,..,p. (4.71)
95a Py

For the sake of precision, we point out that in the set of M, ..., F},} we include master integrals for the topol-
ogy into consideration plus those for all its possible spbtogies, since the latter appear in the inhomogeneous



terms in almost all cases.

Once the system of differential equations is written down for a given set of Mls, the problem of solving
the MIs amounts to being able to integrate such equationsreriching them with proper boundary conditions.
Now it is essential to point out that while the problem of IBfluction is always solved in closed formdifand

this is usually possible), the same does not happen for thislggn concerning the solution of the MIs. There
exists a very tiny category of Feynman integrals, mainlyoipfunctions, which are solvable in closed form in

e. In most cases, given the complexity of the integrals, itas possible to determine these integrals as exact
functions of the regulatar. Also, it happens very often that the results for these natisgvill have to be expanded
anyway around — 4, which corresponds to— 0. Given these facts, one usually addresses the computdtion o
Mis expanded as Laurent seriesinfo do so, one substitutes the ansatz

Fi(s,e)= Y " FM(s)+ 0 (enH) (4.72)
k=ng
whereng corresponds to the first power érthat contributes to the series, whereass the maximum order we
require in the solution and after which the series is trueatalf n is negative, it corresponds to the highest pole
of the integral. When expanding systematicallyiall the MIs and all the--dependent coefficient appearing in
Eq.[@. 73, one obtains a system of chained differential equationshie coeﬁicientsngk) of the Laurent expan-

sions of the masters. The first equation, correspondingetdigihest pole, involves only the coefficieﬂ}”“) as
unknowns. The next equation, corresponding to the nextipaleinvolves theFj(”““) as unknowns and usually

Fj("”) in the inhomogeneous terms, but, since the equation forigteekt pole is considered solved, such a term
is considered known. The same approach is adopted for tlseguent equations: if we are solving the equation
for the k-th order of the expansion, all coefficients at previous madll appear in its inhomogeneous term, but
in a bottom-up approach these are knowns.

Experience shows that typical functions occurring in Fegnrimtegrals are certain classes of iterated integrals,
elliptic functions and possibly generalizations therdoi still an open problem that of predicting in general, &or
given Feynman graph, what class of functions it is descrityedh the next subsection we will introduce the main
class of functions in terms of which most results for Feyniméegrals are expressed. These functions go under
the name of5oncharov polylogarithmer Multiple polylogarithmsor Generalized Harmonic Polylogarithms

4.3.2 Multiple PolyLogarithms: an overview

Many Feynman integrals can be expressed in terms of clagsilydogarithms and Nielsen polylogarithms. Start-
ing from the ordinary logarithm

Inz= ﬂ, (4.73)
1 t
we can generalize it as follows
. sdt ,
Lin(2) = / ?LG,l(t), Lii(z) = —In(1 — 2). (4.74)
0

Eq.[4. 79 defines recursively that class of functions which goes utiteename otlassical polylogarithmsThis
class of functions can be further generalized to a widesclealedNielsen polylogarithmglefined as

(=1)rtp=1 L (Int)»=n(1 — 2t)]P
EET /0 t dt. (4.75)

These functions are sufficient to describe large classesyirRan integrals, but not all of them. Specially some
multi-loop and multi-legs integrals can give rise to newssks of functions. Among these new classes, the most

Snp(z) =



common are the so-calledultiple polylogarithmgMPLSs). Since this is indeed the class of functions that we
needed in our computation to express results for our masegrials,we will give some more details about it in
the following. MPLs are a multi-variable extension of defined recursively via the iterated integral

G(al,...,an;z):/ di G(azy ..., an;t) (4.76)
0 t*al

with G(z) = 1 anda;, z € C. The numbenr of the indicess; is calledweightof the MPL, and they can be other
constants or variables. In the special case where all t@re zero, we define

n

/—/H 1
G(0,...,0;2) = Eln” z. (4.77)

Iterated integrals form ahuffle algebrawhich allows one to express the product of two MPLs of weighand
n9 as a linear combination with integer coefficients of MPLs eightn; + no

G(a1, ooy @ny; 2)G(Any 1y ooy Gy tng; 2) = Z G (Ao (1)) 5 Qo(ny+n2)s 2)s (4.78)

oc€X(ny,n2)

whereX(ny,ns) is the set of all shuffles ofi; + n2 elements, namely the set of all permutationsf+ ns
elements witho(1) < ...o(n1) ando(ny + 1) < ... < o(n1 + n2). In other words, we consider all possible
ways of shuffling the indices,, .., a,,, of the first element of the product with the indicgg +1, ..., @n,+n, Of
the second element in such a way that each of these shufflesrwes the initial ordering of the indices of both
factors in the product.

It is possible to find closed expressions for special clas§ddPLs in terms of classical polylogarithms. For
instance, fon # 0, we have

G(Op_1,a;2) = —Liy, (2 , G(on,ap;z)z(—1)1’sn,,,(§), (4.79)

——
where we used the usual vector notatipn= (a, ...,a). Given the definition of MPL Ed4.76, which we can
rewrite conveniently for our purposes as

G(al,d’;z):/ dty G(aty), (4.80)
0

tl — a
the derivative with respect tois trivial

2G(al,c'i;z) N G(d; 2). (4.81)

0z z—ay

For the derivative with respect to the first argument, we get

0 1 Z— a2
“Za i, 2) = Glar,d@; 2) —
8(11 (al, a2, &; Z) a] — ag (ah % Z) (Z — (11)((11 - (12)

G(as,d; z), (4.82)

and for the derivative with respect to the second argument

- 1 - 1
—G(ay,a9,a3,d;2) = G(ag,as,d; z) +
8a2 a1 — ag a — as

ayp —ag

(a1 — a2)(az — as)

G(ar,az,d; z)+

G(a1,as,d; z). (4.83)

These identities can be checked by taking double derivatinel verifying that the result does not depend on the
order of derivation. In this process, one should use diffepartial fractioning identities to get to the desired



result. Also, these identities hold when the arguments éwikight vector are all different. In case some of
them are equal, then some of the denominators in the eqsatimve vanish.
Let’s consider now the case of the derivative with respettéd:-th argument, fok > 2:

o 2 dt fe—2 g d
—G(@; 2) :/ ! / — L Z Glag, argrs i thet)
0 0

8ak tl — aq ' tk,1 — Ak—1 8ak

_/Z dt /tm dti—1
0o t1—a1 Jy th—1 — arp—1

1
(7G(ak,ak+2,...;tk_1)

A — Ak+1
_ b1 — ki G(Apt1, Qt2s - tk—l)) . (4.84)
(th—1 — ax)(ax — arq1)
By replacing
B lk—1 — Qrg1 o
(tk—l — ak)(ak —ak + 1)(tk_1 —ap—1)
_ 1 1 . Ap—1 — Ak+1 1 (4 85)
ap—1 —aptp—1 —ar  (arp—1 —ax)(ax — apq1) te—1 — ap—1
and integrating the resulting expression we get
0 . 1 . 1 .
8—G(a;z) = ———G(ylp—1,.52) + ————G (e heg1, 3 2)
af ap—1 — Ak A — Qk+1
Fk—1 — Gietl Gy gy s 2), (4.86)

(ap—1 — ag)(ar — agr1)

where the hat marks the missing arguments. Again, if twoecutsvea; anda ;11 are equal, the arguments above
should be modified.
There is a last special case for taking derivatives witheesfo the last argument

8 1 Ap—1

G =g _ . = G a ) T N,
. (@, an_1,an; 2) S (@, an; 2) (@n_1 — an)an

G(a@,an—1;2). (4.87)

Using the expressions above for the derivatives of MPLs, e@tday the total differential

. - Z— Qi
dG (a1, a2,d, an—1,an; z) =G(ag, d, an—1,an; z)d1n ( )

ap — az

+ G(al, a,tp_1,0n; Z)dln (M) 4o
a2 — as

+ G(a1,az2,d,an—1;2)dIn (an_;i_an) ) (4.88)
Eq.[4.89 is the basic result on which we relied in the majority of cagecompute our master integrals. It has
been implemented intbat herat i ca routines and widely used to integrate the differential ¢igna for the
masters.

In particular, we found out that the category of functiorsttive need to describe our results is a subset of those
defined in Eq4.76. Indeed, in physics MPLs usually show up with the entriethefindex vector chosen from a
limited set, often called thalphabetof the problem under consideration. In the simplest cageitha {—1,0, 1},
these functions are callétarmonic Polylogarithm¢HPLs) [105. In multi-scale integrals the; often depend on
another variable, in which case one speakswai-dimensional Harmonic Polylogarithnf2dHPLSs), which were
first introduced in[§6]. The latter are actually the restricted category of MPLg&ims of which our results are
expressed.



4.3.3 Boundary Conditions: Expansion by regions of Feynman Integrals

Eq.[4.89 constitutes the milestone for the integration of DiffeialEquations (Eq4.73) written for the masters.
Then, the only piece we are missing to complete the pictute@tomputation of Mis via DE are the boundary
conditions. Computing a boundary condition (b.c.) for arfagn integral means being able to obtain the value
of the integral in a given kinematic limit, obviously befdteowing the general functional form of the integral
itself (which is the result we want to achieve at the end oftadl procedure!). This kinematic limit can be freely
chosen on the basis of computational simplicity and it gpoads to a particular value of a given ratio of external
invariants (dimensional scales) on which the integral depe In the case of an integral depending on just two
dimensional scales, this limit corresponds to a preciserkatic point, so that the resulting b.c. for such an inte-
gral will simply be a number. For multi-dimensional intelgtane has at disposal a certain number of ratios that
can be built out of the external invariants. When computiograary conditions, one has the freedom to choose
the number of ratios which are going to be constrained toipeelues. If the b.c. is computed by fixing only a
subset of these ratios, the integral to be evaluated wik lrasmaller number of scales and the resulting b.c. will
be a function of those ratios that have been left free. Otiserane can also choose to compute a multiple limit
and fixing all the possible ratios on which the multi-dimemsil integral depends, and in this case the resulting
b.c. will be again a pure number.

Given these premises, it is clear that the computation ohaty conditions reduces to the mathematical problem
of compute the value of an integral in a particular limit of frarameters on which it depends, without carrying out
the analytic integration in the case of general value ofdlpegameters. We present the problems one encounters
when trying to achieve this goal by means of an example.

Let us consider the massless triangle in 4 dimensions

a4k
F(¢*,p*q-p) =/k2(q7k)2(p+k)2- (4.89)

The integration is over the four components of the loop mdmkr= (ko, k) and the integral is a scalar quantity,
so the result of integration will be a function of the two exi@ momenta, ¢ through the possible scalar invariants
that one can build out of them?, p?, ¢ - p). Let us imagine we are interested in obtaining the valuhisfitegral

in a particular kinematic configuration, identified by thendiion ¢? > p?. Then we address the question: is it
possible to computém, .2 F(¢?,p?, q - p) without computingF” for general values of its arguments?

For simplicity we switch to euclidean metric, so thaip, ¢ € R* and the square modulus of the generic vector
lis given byl? = I2 + 12. In euclidean metric we hawg, p> > 0 and the condition? >> p? is equivalent to

lg| > |p|, which in turn is realized only if there exists a compongrduch thaty; > p;, Vj. Given this, we can
classify ratios of invariants as follows

2

S (4.90)

p p
At this point the simplest idea one can come up with to sol® pinoblem is that of exchanging the order of
operations by applying first the limit and then the integnatbperators. This amounts to expanding the integrand
around the chosen kinematic limit, namely in our case to s&iekelyp to zero in the integrand denominator, and
then trying to integrate the result of the expansion.
Before showing explicitly what happens when we exchangsetloperations with our example, let us point out
the two requirements that we would like our result to have.

e First, we would like the integrals we get on the r.h.s. aftex éxpansion to be Feynman integrals and
not other types of functions. This appears rather naturedibse Feynman integrals are the fundamental
objects we are dealing with and it is better to have them irettpainsion rather than, say, some artificially
introduced parametric integrals.



e The second ‘natural’ requirement is that we would like oualffiresult to be an expansion in powers and
logs of the small parameter around which we are expandingéhathe small ratio(s) of invariants which
identify the kinematic limit in which we want to compute ountegral).

Going back to our example, when we sentb zero at the integrand level in our toy-integfélp?, ¢%, ¢ - p) we
obtain

" d*k
/ OErEDE (4.91)

This integral is clearly ill-defined, since it is logaritheailly divergent wherk gets small. Thus we expect the
result to behave likéog(p?). Through the introduction for example of a dimensional ecgl which allows
us to compute divergent integrals obtained from expandirgcan explicitly get the above-mentionked-type
behaviour. Indeed, once we know that this divergent beluiaziomes from the small integration region, what
does is cutting the integration domain into two parts, trepasating the small from the largeregion

. 4
~ Ot 2 g :i/ Ak 4.92
fomall fsmall (p 4,4 p)|\p\,\k\<<\q\ q2 k|<A (/{:2)(])+k)2' ( )

We call the contribution from the smallregion f,,.;; and we denote Witlfigl)a” the first term of the expansion
around the limitk < ¢. We would like to stress that in such linditcan be as small gsso that we have to keep
both the dependence dnandp in the integrand. This integral can be carried out for exanipl introducing
spherical coordinates, and the result is

dr ™ ., A rdr 2 p?
small = —&5 sin” 6d6 ~——1 — | - 4.93
Foma q? /0 st /0 r2 4 2|p|r cos 6 + p? q? . <A2 ( )

Eq.Z23 exhibits thelog(p?) behaviour we expected, but we observe that the price we pagifois that of
introducing a spurious dependence of the integral on a mysipal parameteA which acts at all effects as a
regulator.

It comes natural to wonder if EBQ3 is the only contribution t& in the limit |¢| > |p|... obviously nothing
preventgp| from being much smaller thag| also wherk is not close to zero! What happens in this case? Again
we introduce an intermediate scalesuch thaip| < A < |g| to divide the integration domain in two regions,
and pick up the largé region this time

d*k
0
Jiarge fl(ar)ge =F*, ¢ q )|ipl<ikl g = / (4.94)

ki (K2)2(q — k)%
We stress that this time we can safely serid 0 in the integrand sincg is large and thus regulates the divergence
1/(p + k)%. On the other hand we cannot touch the teim@g — k)? because nowk| and|q| may happen to be
comparable. The result of the integration is

log(A?/¢?)

flarge = *27'(2 q2 .

(4.95)

We observe that we get a result which is constant?imnd exhibits the leading power behaviourgify namely
1/¢%.

Now we recall that the original integrdf in the limit |p| < |q| is given by the sum of the two pieces we just
computed respectively in the small and lakgesgions

. In(p?/q*) — 2
B O (4.96)



We observe that, having taken into account all possiblgiaten regions that contribute in the limif] > |p|,
when we sum over these contributions the dependence onghlater cancels between the different pieces and
we are left with a result which depends only on physical qitiast

We are pretty happy with this result, but this was quite a ngase where it was still possible to introduce a
dimensional scalé\ and carry out integrations of the different pieces with sjgla¢ coordinates. In real life,
this will almost never be the case because of the complekitytegrals. Thus we address now the issue if it is
possible or not to arrive to the same result without splittime integration domain into regions through an explicit
dimensional scald. An even worse problem is represented by the fact that if weoarforming computations in
the framework of a gauge theory, the introduction of an exgtut-off’ breaks gauge-invariance, which we want
to avoid, if possible.

A solution to these issues is provided by the use of a diffesgre of regulator, i.e. DR. Let us pick up the same
1-loop triangle but this time we work in DR, so we promote tiraehsion in which the integration variabldive
from4tod =4 — 2e.

We can rewriteF” as the sum off;4,.4e and fomqu, then extend the integration domain to the entire spacetim bo
these contributions and subtracting at the same time thdapvas follows

1 dAk d*k
lim F(¢* p? q-p =—/ 7+/ TS IET T
g V= Juan TR T Jon G220 B2

1 d*k " d*k
:q_Q/ ) (p + k) +/ (2)2(q — k)2

1 d*k d*k
R [q_z /k>1\m+/k<1\ W] ' (4.97)

We can now manipulate the counter-term we are subtractirexpginding at first order the integrands according
to the region of integration

1 d*k " d*k
- [q_ foor T T +/|k|<A F2(q - k)?] -
1 d*k " d*k
oo [q_ Joor T+ e <kz2>2<q>21 -

The counter-term amounts to a scaleless integral and timeg, we work in DR, to zero.
So we are left with the following expression for our integral

1 d4l€ d4l€
lm F(. 2 2_/ +/ . 4.99
|p|1<1<r|1q| (¢p°,q-p) e (k2)(p + k)2 (k?)2(q — k)? ( )

The two integrals in EJ4.99 can be easily solved in DR, giving

lim F(q2,p2,q.p)wﬁd/2<F(1E)QF(e) 1 T(1-¢°T() 1 )
Ip[<Iql

[(2-2¢) ¢(p?)c T1—-2¢) (¢°)'*
. 1 2/,2\ _ 2
0 p2lnle7/e) =2 (4.100)

q

We report result EG4.100) for the sake of completeness, but the interesting notioteasn from this example is
contained one step before, namely in B9, which tells us that the initial problem of computing thésigral
in a particular kinematic limit without computing it for geral values of its parameters is solved!
Eq.[4.99 has the following properties:



e the initial integralF'(¢2, p%, ¢ - p), depending on 3 invariants, is replaced by the sum of twagnate de-
pending each on just one scajé or ¢2),

¢ each of these two integrals is also homogeneous with regpéot expansion parametet,
e they are (simpler) Feynman integrals and not other claddesctions,

e DR is essential, since it allows us to write the r.h.s. insgcontributing in different regions of the in-
tegration domain as integrals over the entire domain angidi the same time overlapping between these
regions,

o the operation of limit and integration in general do not camerand when exchanging their order, namely
when taking the operation of limit under integration sigre thave to pay attention to take into account
all the possible regions of the integration domain that aamtribute non-zero terms in the kinematic limit
under study;,

o the final result EqZ.I00) is an expansion in powers and logs of the rafigq®> which constitutes the small
parameter in which we expand the integral.

If we look back at the requirements we listed above, we glessé that our result meet them!

From this very basic example, we can thus extrapolate thergeguidelines to compute the asymptotic value
of a Feynman integral in a given limit of its parameters (inéd masses and external invariants).

1. Divide the space of the loop momenta into varisegionsaccording to the kinematic limit into consid-
eration andexpand the integranth a Taylor series with respect to parameters that are cereidsmall
there (NB: both loop and external momenta must be taken omsideration when looking for regions and
expanding the integrand according to the region!).

2. In every region integrate the expanded integrand ovewtiae integration domainsing DR.

3. Sum the resulting contributions from all regiosstting scaleless integrals to zero
This procedures goes under the namé&xyansion by Regioref Feynman integrals.

Despite the lack of a rigorous mathematical proof statirggdbrrectness of Expansion by Regions (at least for
those limits that are typical of Minkowsky space, hamely wheomenta are located on some singular surface,
either on a mass shell or at threshold), there are some ‘iexpetal’ general features that still have not been
observed to break down in any particular situation. Expegetells us that in all limits the resulting expansion of
an integral is always a series in powers and logs of the srasadirpeter of the expansion. If we have an integral
that, for simplicity, depends on just two dimensional ssafer instance an internal mass® and an external
off-shellnesg)? > 0, its expansion around = m?/Q? < 1 will have the general form

o 2h

F(Q*m?) ~ (Q)* Y Y Coja" v/ z, (4.101)

n=n0 j=0

where we pulled out the overall dimensional fadiQF )~ andw is the degree of divergence of the graph associated
to F.

The sum over runs from some minimal value. The indexcan generally take, in some limits, not only integer
but also half-integer values. The second ingéxbounded, for any, by twice the number of loops.



According to a standard definition of an asymptotic expamsichen we truncate the series at an arbitrary order
N, the remainder is defined as

N 2h
Ry(Q%m?) = F(Q*m*) — (@) Y > Cnja"ln’z (4.102)

n=Ng j=0
and itisO(z"), namely forQ such thatd < @ < B, there exisC > 0 ande > 0 such that
VRN (Q%, Q%) < C (4.103)

for 0 < 2 < e. When we compute multi-dimensional integrals in multipiegdmatic limits these formulae get
slightly more complicated, but the essence remains the .s@awdh small parameter is multiplied by a dimension-
less ‘scaling’ variable: and we deal with the resulting function ofin the limitz — 0.

Another ‘experimental’ fact is the existence of a non-zemius of convergence of the asymptotic expansion of
any Feynman integral in any given limit, which becomes a amental property in the moment we want to substi-
tute the value of an integral in a kinematic point with thdesobtained through Expansion by Region truncated
at a certain order.

At this point we would like to add a couple of remarks befordiag our discussion on Expansion by Region.
First, we would like to stress the importance of DimensidRedjularization in this kind of procedure. Indeed, it
allows to provide simple prescriptions for the integralsget on the r.h.s. after the expansion, in a sense that
we can keep them as dimensionally regularized integrals tbeewhole integration domain and these are much
easier quantities to deal with and to compute than integeglslarized with a dimensional cut-off. However a
remark is in order at this point. The initial integral that meed to expand can be divergent itself. In this case, we
need DR to regularize the ‘original divergences’ intrinsiche integral itself. On top of that, as we saw, when
we expand we can get additional divergences from the regionsibuting to the expansion. It can happen then
that the singular regions have divergences which are natatgg by the DR parameter, and an additional analytic
regulator needs to be introduced in order to take care oéteeisa divergences.

Finally we want to emphasize that, even once this proceduExpansion by Regions has been understood and
established, the problem of computing Feynman integradsprecise limit is not trivial. Indeed, when looking at
the three main steps listed above to perform the expansienwill immediately understand that the main issue
has been in some sense forced into the first point. Despitotih@utational complexity that may still be required
to compute r.h.s. integrals arising from the expansionptbet difficult part remains that of finding all possible
regions contributing to the value of the integral in a paftic kinematic configuration. In the case of multi-loop
integrals identification of relevant regions becomes higlain trivial due to the interplay between parameters (i.e.
external invariants) and integrations variables (loop raota or their components). We will not go further into
the discussion of these open problems since this goes bélyemairpose of this thesis, but we refer the interested
reader to referenced1€¢ and [10Q, the former being a general review of Expansion by Regiahthe latter a
recent approach to automation of this procedure.



4.4 Master Integrals Computation - Part 2: Canonical Basis

We want to conclude this chapter about Master Integralsnigaies with a section entirely dedicated to some
recently developed ideas which have repeatedly proveresafid in improving the method of Differential Equa-
tions for Feynman integrals and which have been extensiwsgy in our computation.

In the previous sections we saw that, given a certain togplag have the freedom to choose the preferred
set of Master Integrals, since each set has equivalentlsotbeof a basis for the space of Feynman integrals be-
longing to that topology. We can exploit this feature of Migich is part of the definition of master integral itself,
to simplify the system of Differential Equations which is ame to give us the solution for a given set of masters.
Indeed, experience shows that DE system can look very diffexccording to the particular choice of Mis basis
we make, meaning that a proper choice of basis can consigaiaiplify the system of differential equations. A
clever change of basis is one that is able to diagonalize leaat triangularize the DE system order by order in
the DR parametet, thus guaranteeing the integrability of the system.

The ideas we are going to present in the rest of the sectida &gproach in a systematic way this issue of finding
an optimal basis of master integrals. The material predestaainly based on the recent papers of J. H&%h [
[78], to which we refer the reader who might want to find out moretlthis topic.

4.4.1 Feynman integrals singularities and Canonical form of Differential Equa-
tions

In order to understand what an optimal choice is for the bafsieasters, one should start asking himself what
the optimal choice is for the differential equations, whinhkes their integration as easy as possible. To give an
answer to this question, one first has to analyse the sirusaructure of Feynman integrals. Actually the kind
of singular behaviour that Feynman integrals can exhilviés¢ricted by the fact that they admit parametric repre-
sentations such asand Feynman representations 82 [4.23. Divergent regions can be found by inspecting
the divergences in the space®fr Feynman parameters and from such an analysis it folloatsithdivergent
regions an integral has a power-like behavidur (z — x)?, wherexy, is the singular point angd is a certain
exponent. This means that Feynman intedﬂactan have onlyegular singularities]. Furthermore parametric
representation B4.22 [4.23exhibit only a linear dependence from the DR parameterthe exponents. We can
summarize in the following two propertis

e Feynman integrals only have regular singularities in tmekiatic variables

"We remind the reader that in the following we will always ddes Feynman integrals as complex functions of one or monapbex
variables, so that the common language will be that of coxngtalysis.

8A regular singularityof a functionf is an isolated singularity whose growth is bounded by anbaigie function.
To be more precise, suppobkis an open subset @, the pointa is an element ot/ and f is a complex differentiable function defined on
some neighbourhood aroumgexcludinga, U\{a}. Complex functions can exhibit four classes of singulesiti

e Isolated singularities f is not defined at, although it does have values definediof{a}.
— ais aremovablesingularity if there exists a holomorphic functigrdefined on the whole subsEtsuch thatf(z) = g(z) for
all z in U\{a}. The functiong is then a continuous replacement ftor

— a is apoleor equivalently aregular (or non-essentidlsingularity if there exists a holomorphic functigndefined onlJ with
g(a) # 0 andn € N such thatf(z) = g(z)/(z — a)™ for all z in U\{a}.

— a is anessentialsingularity of f if it is neither a removable singularity nor a pole or altéively, if and only if the Laurent
series off in a has infinitely many powers of negative degree.

e Branch cuts is a line or a curve excluded from the domain to introducecaniEal separation between discontinuous values of the
function. The functionf will then have distinctly different values on each side & branch cut.

9We stress that a steady mathematical proof of such propéstigill lacking. But common knowledge continues confirgnineir validity.



¢ the scaling exponents near a singularity are linear in

These properties are essential to understand not only viditie optimal form of the differential equations for
Feynman integrals, namely what we will define in the follogvas ‘canonical form’, but also how to reach such
form.

We definecanonical form of the differential equation for a given ftion f that particular form which makes
the singularity structure of manifest. If we specialize in particular to our subject denest, i.e. Feynman in-
tegrals, given the two above-mentioned properties of Feynimtegrals this means that the differential equations
can contain only regular singularit@in the kinematic variables and that the dependencedadrthe coefficients
can be only of linear type.

Before discussing in detail how the canonical form for a deDifferential Equations for Feynman integrals
can be reached, let us illustrate with a simple example haweiiks in practice.
Let us consider the following 2-loop (dimensionless)integrals describing the phase space of two massless and
one massive particle in the final state.

3—d

— [ d%,d%k 5 4.104
m= [ YT R W W -] (4.104)

S2id(l€1 + k2)2
k2k3[(p +q — k1 — k2)? —m?]’

my = / A%y dks (4.105)
with p, ¢ being the initial state momenta= (p + q)?, k1, k2 being the outgoing massless particles momenta and
km = p + q — k1 — k2 being the momentum of the outgoing massive particle withsmals= k2.

The dimensional version of these integrals depend on tweiéional scales: the external invariargnd the in-
ternal massn?. The evolution with respect tois trivial since it just contains the information about thménsion

of the integral in powers of energy. The only non trivial ewan is thus with respect to:?. When we consider
the integrals in their dimensionless version EqL0Y, they will depend on the only ratio of invariants we can
build out of s andm?, namely

S
and the differential operater, will read
0, = 80p,2. (4.107)

If we let this operator acting on the integrals EgI0%, we get

{ d,my = mo (gé:i:g B 3(—212+e)) +my (E;fz + *5:5)

N

which we can rewrite in matrix notation as

3—4e + —14e 3(—=1+¢) o 3(=1+¢)
= —1+=z 2z 2(—14=z 2z —
o= | % -1 (4.108)
2 + 2z 2z

10|n the theory of differential equations in the complex plahehe points ofC are classified interdinary points at which the equation’s
coefficient aranalytic functionsandsingular points at which some coefficient has a singularity. Then, amongusar points, a distinction is
made between gegular singular pointswhere the growth of solutions is bounded by an algebraictfon, and arirregular singular points
where the full solution set requires functions with highesvgth rates.



with 7 = (m1,m2). The system is coupled and it does not make the singularitgtstre of the integrals manifest.
Indeed it is true that the DE has regular singular points at 0, z = 1 as expected, but their dependence:on
does not tell us anything about the behaviour of functi@nsms in these singular limits.

But we can now choose the following different basis to désctihe same topology

5—d

M, = [ d d% 5

' (/ D262 ((p + g — F — k2)® —m?]

g d d szd
2 | d%k1d“k 1-—
w2 [, 2<k%>2k§[p+q—k1—k2>2—m212>( ?)
5—d

M, = [ d%;d? 5 41

5 /d k1d%ks TR £ 4= — ) — (4.109)

which is connected to the original basis by the transforomatin matrix form)

M= ( ¢t et o o ) R (4.110)
with M = (My, M) and
1*364’26 —3(1 — 3e + 2¢%)
1(1—3e+2€¢?) —3(1—3e+2¢?)

B —2—|— 6 —4e®  —3(1 — 3e + 2€?)
143 - —3(1-3e+26%)

- ( —88+ 12 +192¢ — 128¢2  —3(1 — 3e + 2¢2) )

—19—|— 34386 — 24 —3(1— 3e+2€%)
—176 + 24 + 384€ — 256¢>  —3(1 — 3¢ + 2¢2)
d— e 4.111
( —44+ % 496 — 646>  —3(1 —3e+2¢?) ( )
The differential equations for the new basis in matrix riotatead
- de | 2¢ G -
d.M = 1—; L : i | -M (4.112)

Despite the complexity of EG{I10 and Eq.II), this change of basis leads to the new system of differentia
equations Eq4. 113, which is not only at a first glance simpler than EqI08, but also it has the fundamental
property of depending linearly ahand having no constant term én This property, together with the fact that
equations only have regular singular points, guarantesstiie singularity structure of the integrals is made
manifest at the level of the equations themselves.

Such form of the differential equations, which is indeed twhea define as ‘canonical’, is desirable not only for
its beauty and elegance, but specially for two main featutgish makes integration and matching to boundary
conditions as simple as possible.

e Once the solution is written as an expansios in

M = Z M *) (4.113)

and plugged into the system, the system decouples ordedey iore and at each order inthe r.h.s. of the
equations is known and can thus be integrated.

e The behaviour of the solutions in singular limits can be reéaectly from the differential equations. Let us
consider for instance the limit — 0. Keeping only the leading term on the r.h.s.

Zo -
.M = 6—0 .M. (4.114)



we find the solution

lim M (z,€) = 2% Mo(e) (4.115)

z—0

wherelM (e) is the vector of boundary conditions (which are in this casestants) and, is the matrix of
coefficients which are singular in the— 0 limit, namely those that are proportionalt@z

2 —6
Zy = . 4.116
: ( : ) (4.116)
The matrix exponential evaluates to
st — (3720 66T (4.117)
1—2z7¢ —24327°¢

so that solutions are different linear combinations ofeti#ht terms:* where the exponents are of the
typea = me, namely linear ire with m being an (semi-)integer numt@ In particular, the exponents
happen to be the eigenvalues of the matrices of coefficiemgving in the singular limit considered. For
instance, in this case the eigenvaluesZgfare {0, —1} and indeed all terms appearing in EBL.I1J are
linear combinations of the scalings", z—¢}! This is exactly the type of behaviour for the solution that
we expect given the analysis of Feynman integrals divergtitat we carried out at the beginning of the
section.

We would like to emphasize that the singularity structurthefequations does not always reflect so neatly the sin-
gularity structure of the solution as it happened in the gdarabove. Indeed the ‘matrix’ nature of the equations
allows for ‘spurious’ singularities to occur. Let’s takeetfollowing purely mathematical example

Ouflze)={ 7 9 fla.e) (4.118)
T 22 1+x
The singularity— 2 is not a regular one. Given the simple differential equation
a
0 f(z) = — f(a) (4.119)

its solution is of the typef(z) = exp~*/* fo. Whenz approache$ this function exhibit a singular behaviour
which is not bounded by any algebraic function, so that tinigidarity in z = 0 is classified as an essential one.
Now, we know that if the vector of unknowrysis a vector of Feynman integrals, essential singularit@sot
appear. This means that a term liké /22 is a spurious singularity which can be removed with an apate
manipulation. And indeed we can get rid of it by performinghdnge of basis’, namely by defining

R 1 0
f=Tqg, T= ( 1 1 ) (4.120)
which leads to

1 1 0 1 0 0
Gg=¢c|— - J. 4121
09 E{x(l 0)+1+z<—1 1)]9 (@120

We will discuss in the following how algebraic simplificati® can be performed on a basis of integrals in order to
reach a canonical form for their differential equations.

11 Constant terms in EG(Z.1]17) are to be read@$ with m = 0.



4.4.2 Looking for canonical form of DE: an algebraic approach

In order to describe how the expected singularity struabfitbe integrals can be made manifest, or in other words
how the canonical form of the equations can be achieved, Wéowus on the case where the integrals depend on
just one kinematic variable, for simplicity. In the case of multi-dimensional integgalepending on more than
one dimensionless scales, all the presented algebraiguniations will hold, but in this case one should apply
them to each partial differential equation (PDE) in ordesitaplify the entire set of PDE describing the evolution
of the integral.

We start from equations for some chosen basis of masterrim;eﬁ obtained at the end of an IBP reduction
procedure

— —

O f(x,€) = Az, €) f(x,€), (4.122)

whereA is an N x N matrix where information about the kinematics is encodedntthe structure of the IBP
relations it follows thatd depends on: ande in a rational way.

Dependence orx

The form of the differential equations we are seeking is ghahthe singularities of the DE correspond to those
of the original Feynman integrals. The latter, we reca#, ragular singularities, namely of the type(z — x)®,

for some values ofv and beingry the singular points. This means that if we inspect the behawf the DE
Eq.[d123 near a singular point, say= 0 without loss of generality, we can expardas

Az, e) = % ZxkAk(e), (4.123)
k>0

for some value op with p > 1. Because the system of DE is regular singular ia- 0 there exists some basis
change

f=T3G, 0.j(w,e) = Blw,e)jlx,e) (4.124)
described by an invertible matrik,
B=T7'AT —-T719,T (4.125)

for which the matrixB describing the DE system in the new basis has 1
1
B(z,¢) = —By(e) + O(a?). (4.126)
X

Consequently, near each singular point the solution haddsieed behaviour?°(¢). Without entering the details,
we just point the interested reader to the mathematicahtitiee [L2] , [[14] where the problem of the degree of
singularity of a DE system was studied and it was shown thdeunertain conditions the order of the singular
term can be reduced by means of a transformation which isnaltiin =. It follows that removing spurious
singularities at one singular point does not influence thebieur at other points (except at infinity), so that the
following form for the DE system can be algorithmically rbéad (for simplicity we maintain the namffor the
basis, even though a basis change has been performed)

O flz,€) = [Z xali—(;)k + p(x, e)] flz,e) (4.127)

k

wherep(z, €) is polynomial inz and contains, if non zero, a spurious singularity at infiniéy possible way
to remove an eventual such singularity consists in introdpanother singular point which has the property to



balance the transformation at infinity.
In the end the form

8a:f(:17,e) = [Z %] f(x,e) (4.128)

k
is reached, where only regular singularities are manifest.

Dependence or
Given the DE system in the form Ed.(28, the solution around a singular point, say agais 0 without loss of
generality, takes the form

f= P(x, e)zao(e)ﬁ)(e), (4.129)
where o (e) is a boundary vector, independentiofatz — 0, and
P(z,e) =T+ > 2™ Pp(e) (4.130)
m>1

is a matrix polynomial whose expansion can be determinaarseely from the information in EQ(129. This
shows clearly how EJ(I29 already contains all the information about the scalindnefintegrals in the singular
points. To be more specific, the solution around the singudémt 25, is a linear combination of terms whose
scaling powers are the eigenvalues of the maiige).

From this consideration arises spontaneously the queisttbe dependence oncan be further simplified. By
construction (from IBPs) the dependencecois rational. Poles ire are spurious and can be removed with a
procedure which is similar to the removal of spurious diesrces in: [127], [13].

For a polynomial dependence enthe main cases can be identified. If the r.h.s. of the DB(s), then the
solution at each order incan be obtained in terms of iterated integrals. If the r.étarts atO(¢®), the solution
may be more complicated. So the issue boils down to the qurestwe can construct a transformation that
removes the part of the matrix on the r.h.s. of EE.I28 and what the nature of such transformation is. The
answer to this question depends on the nature of the DE. Otheesf following situations can happen.

1. Removing the term amounts to choosing a rational normalization factothat the needed transformation
matrix 7" is rational.
Let us give a simple example. Given the— 2 proces® + g — k + k,,,, we consider the dimension-less
cut integral representing the phase space for the emis$iammassless particle with momentutrand a
massive particle with momentuky, = p+q — k

. §2—4/2qdf
= 4.131
1) /kQ(erq—k)Q—m2 (@130
with s = (p + ¢)? andz = m?/s. The differential equation for such integral reads
1-2¢ 1—¢€
= ) 4.132
0.7(:) = 1) | T e + 1] (4132

We can get rid of terms which are homogeneous through the simple rational transformati@h =
(I —=2¢)(—1+€)/((1 - 2)z), so that if we define

(1—2¢e)(—1+¢)

9(z) = Wﬂz) (4.133)
we get forg
0:9(=) = 9(2) [— T ﬂ (4.134)

which is exactly the desired canonical form of the equation.



2. Removing thec® term can be done using algebraic functi%s the transformation matrif’ contains
not only rational functions but also algebraic ones, butetimmes a change of variables restores a purely
rational dependence in the DE system.

Let us give the following simple example. We start from thetsyn

- 0 0 N
Oxf(x,€) = < e 2ten ) f(z,€) (4.135)
4—x (4—z)x
and apply the transformatioh— 7' f with 7' = diag(1,1/,/1 — 4/z). We obtain
o 0 0 o
Onf(,€) = e< 1 1 ) f(z,€) (4.136)
Vo=t o1

which makes the r.h.s0(¢). Furthermore in this case a rational form of the system carebevered by
applying the variable change= —(1 — y)?/y.

3. Removing the: part is possible through a transformation but this lead®hations containing elliptic or
even more complicated functions. As it is pointed oudB][ a necessary but not sufficient condition to get
elliptic functions is that the DE system remains coupledete = 0. This comes from the fact that elliptic
functions satisfy higher order differential equations #md is equivalent to a system of coupled first order
equations.

Concerning Feynman integrals, the simplest case wheredhi®ccur is the two-loop sunrise with equal
masses (se&§) for references), which indeed requires elliptic functda be expressed.

4.4.3 Properties of canonical form and Iterated Integrals

We suppose now that, given a certain system of differentjghons, we have managed to simplify both the
and thee dependence, thus arriving at the canonical form in whictstrstem only contains regular singularities
and thee dependence is totally factorized from the kinem@ic

—

Orf(x,€) = eA(x)f(x, €) (4.137)
with f being the vector of unknown functions aridoeing aN x N matrix. Such DE system can be solved with

Picard’s method of successive approximati@[] which we briefly recall in the following.

Picard integration. Let’s consider the ordinary DE system

%X(t) = AWX(1), X(to) = Xo. (4.138)

This is equivalent to the system of integral equations

X(t)—Xo= /t A(s)X (s)ds. (4.139)

to

The method consists in solving the system recursively. Vilaee

Xny1(t) = Xo+ /t A(8)X,,(s)ds forn > 0. (4.140)

to

12An algebraic functionis a function that can be defined as the root of a polynomiab#on Quite often algebraic functions can be
expressed using a finite number of terms, involving only ladgie operations addition, subtraction, multiplicatiativision, and raising to a
fractional power.

13 Again we suppose to have equations depending on just onangiiaméess variable, but all the following argument holdhidzal also in
the case of systems of partial differential equations.



The first couple of terms of the solution will give
t
to

Xo(t) = Xo + /t A(s)dsXo + /t A(s)ds / s A(s) X

to to to

(4.141)
Assumingt, < t, the second term in the expansion can be written as
/ A(SQ)A(Sl)dSldSQXO. (4142)
to<s1<s2<t

Continuing in the same way, we can formally write the lifXi{¢) = lim, . X,(t) as X (t) = T(t,t0)Xo,
whereT'(t, ty) is given explicitly by

T(t,tg) =1, + Z/ A(sp)A(Sp—1)..-A(s1)ds1...ds,. (4.143)

n>1 to<s1<...<sp<t

The r.h.s. is an infinite sum of iterated integrals, which witfarmally define in the following, and we recognize
in T'(t,t9) the expanded form of a path-ordered exponential, so thatweuvcite the solution in the compact form

X(t) = P el A x (4.144)

being P the path-ordering operator. We recognize in the well known Dyson series, written in the gen-
eral case in which matrice$(s;) evaluated in different points on the path do not commute.

If we now go back to our DE system for a set of Feynman integeaisl rewrite it for convenience in differ-
ential form

df(x, €) =c¢ d;l(x)f(x, €), (4.145)
we see that indeed the solution can be written in compact &rapath-ordered exponential
f(:z:, €)=Pe° Je dAﬁ)(e) (4.146)

whereC is a path connecting the boundary conditions, for instanee0, to x andﬁ)(e) is the vector of boundary
conditions. If we now expand the exponential around 0, we find a perturbative solution in terms of iterated
integrals, where the entries dfl determine the integration kernel. The power of the candfiocen Eq.@.137,
and in particular of the factorization effrom the kinematics, is that when the system is solved in sugértur-
bative approach around= 0, we are guaranteed that order by ordet the system, which is originally coupled,
decouples, thus allowing us to carry out integration.

At this point it is necessary to define more precisely whattaraied integral is, together with its basic prop-
erties.

Iterated integrals. Let k be a real or complex number afdd a smooth manifold ovet. Lety : [0,1] — M be a

piecewise smooth path oW, and letwy, ..., w, be smoothk-valued 1-forms on\/. The ordinary line integral is
given by

. 1
/ﬁ w1 = /0 fl(tl)dtl (4147)



and does not depend on the choice of the parametrizgtigrof .
The iterated integral ab, ..., w,, along~ is defined by

gl 0<t1<...<t, <1

More generally, we call iterated integrakdinear combination of such integrals.
Iterated integrals satisfy the following basic properties

1. The iterated integraafw w1 ...wy, does not depend on the choice of parametrization of the-path

2. If y71(t) = v(1 — t) denotes the reversal of the paththen

/ W1y, = (71)"/ Wy W] (4.149)
vt ¥
3. The shuffle algebra product formula holds
/wl...w,./w7.+1...w,.+s = Z Wo (1) -Wor(rts) (4.150)
v v oeXn(r,s) 7

whereX(r, s) is the set of possible shuffles
N(rs)={ccX(r+s):07 (1)< ...<o t(r)ando ' (r+1)<..<o '(r+s)} (4.151)
andX(n) is the set of permutations dn, ..., n}.
Given the definition above of iterated integrals, we recpgiinmediately that Multiple Polylogarithms constitute
a subset of them obtained by requiring the 1-farm..., w,, to be logarithmic 1-form. Experience shows that
in the majority of cases, MPLs are sufficient to express thetism for an unknown set of Feynman integrals.
Whenever this is the case, the canonical form of the DE sy&tethe set of integrals can be further constrained

to assume a precise shape. In the next subsection we wilfssntlis particular case of canonical form, which
finds in multi-loop/legs computations broad applicatiod arnich has been extensively used in this project.

4.4.4 d-log canonical form: Properties and recursive integration

Let us consider the case where the differential equatiomdegut into the form

— ~ =

df(z,e) = e(dA)f(x,¢€) (4.152)
with
A= Z Ay log ak(m)l (4.153)
k
and
ap =T — Tk (4.154)

with x;, being the locations of the singularities. In other words s&uane we have managed to put the DE system
in a canonical form where the total differential of the matioefficient is dogarithmic 1-formwhose arguments
are rational linear functions of the dimensionless vadabl(this can be generalized to the multi-variable case
straightforwardly by replacing with ' in Eq.4.1523 and B.153).



We stress that E@{I59 holds whenever this representation can be reached vemedtiransformations only. In
the general case, where the d-log representation is redlcfmd)h algebraic transformations, the entrigswill
exhibit an algebraic dependence enWe will assume in the following that a proper remapping clvags be
found such that, starting from the general case of algebependence of they, a linear dependence can always
be restorefld. Given this, we take Ed{I53, (@153 and B.15) as starting point and we discuss in the following
their properties.

e Multiple Polylogarithms. First, we discuss the category of functions appearing énsthlution. As it
was pointed out, the solution of a DE system in canonical fizrigiven by iterated integrals. But in this
particular case, since we are integrating logarithmicrinfg it is immediate to see that the iterated integrals
we get are by definition Multiple Polylogarithms! Indeeduasial we can solve EELI52 pertubatively in
e and the contribution of)(¢™) to the solution will be an iterated integral of the form

fult) = fon) + /0<t o fi(t)dty ... fo(tn)dty, (4.155)

Wherefo(”) is the initial condition at orde® (") and the weight functiong; (¢1), ..., f»(t,) are the of the
type fi(t;) = 1/(x — x;) wherex; belongs to the seftz; } of singular points of the equations. So the first
striking feature of a d-log representation is that the sofutan be written entirely in terms of MPLs.

It is important to stress that starting from a general d-Egresentation (not necessarily of ‘rational type’)
the solution can always be written in terms of MPLs, almostdbfinition. If the dependence on the di-
mensionless variables of the d-log form is rational, therLBI&re straightforwardly obtained, as it has just
been showed. On the other hand, if we start from a d-log forntaining algebraic dependence enthe
solution we get might look very ugly and far from being jusireer combination of MPLs, but in principle
it can be rewritten entirely in terms of MPLs via suitablenséormations acting on the iterated integrals in
terms of which the solution is originally written.

e Uniform transcendentality. The second property follows directly from the first one, efnirom the pos-
sibility of writing a solution entirely in terms of MPLs.
Itis possible to introduce for MPLs, the conceptegree of transcendentalifyy( /) of a functionf, which
is defined as the number of iterated integrals needed to dbfirfanctionf, e.g.7 (log) = 1, T (Li,) = n
etc.... It also hold§ (f1f2) = T(f1) + T(f2). Constants obtained at special values are also assigned
transcendentality, for instaneeta valuedt is set7(¢,,) = . Algebraic factors have degree zero. If a
functionf is a sum of terms, we say thatasuniform (degree of) transcendentalithen all its terms have
the same degree. In the following we will address the conaggégree of transcendentality also with the
word ‘weight’ since for a MPL these two quantities happenéaliie same. On top of that, we define such

14While we can always assume that such a remapping existsress shat no algorithm is available to find it in the generakca
15We recall thatzeta valuesare values taken by tHRiemann zeta function

u —1
C(z) = F(x)/ (4.156)

for integer arguments = n,n € N. The equivalent definitions which can be derived from thevipies ones are zeta values as the sum of a
series (known ap-serie$
1
¢(n) = P (4.157)
k=1

and zeta values as the result of multiple integration

¢(n) = / G iz dai LA (4.158)

0 17 z 1.’21



functionspureif their degree of transcendentality is lowered by takingeawdhtive, i.e.7(d f) = T(f)—1.
This implies that transcendental functionsfitannot be multiplied by algebraic coefficients, which would
otherwise be ‘seen’ by the differential operators. A reraht& property of the solution of a d-log canonical
system of equations is that each term indkexpansion is &-linear combination of pure MPLs of the same
weight. For a generic integral basis, this is not true and¢isalts looks more complicated, with terms of
different weights being mixed and prefactors of MPLs beilgghraic functions of the kinematic variables.
Finally, if weight -1 is assigned tg then the solution of a d-log form has uniform weight zero.

These properties make the solution to a canonical basigplarly compact and elegant. But on top of that they

have importance on a practical level for two reasons. Hiey fare a good way to check if the solution we have

found for the system is correct or not, since this solutiorsiiue uniform and pure. Second, they can become
a guiding principle for finding an appropriate integral Isasthis approach is not based on purely mathematical
simplification of the DE system as we showed above, but itslieatead with the original integral representation.

Since we did not use this second type of approach in our grejecdo not develop it in the present thesis, but we

refer the interested reader {6g], where a basic explanation can be found.

Integration of d-log Differential Equations.

To conclude the section, we report on an algorithm to integral-log system of equations recursively iff 77]).
This is actually the method we applied in our project to in&g the master integrals. Since we dealt in our
specific case with master integrals depending on two direrisiss variables, i.e. we actually had to integrate
system of PDEs, we are going to illustrate how the algorithonks in this specific multi-variable case with an
example taken from our own computation, but obviously theegalization to a higher number of variables is
straightforward.

The method consists in integrating separately in eachblareand order by order in. We take one of our bases
of master integrals

Mi(2,y,¢€)
MQ(Za Y, 6)
v M3(Za Y, 6)
M, = 4.159
ty (Zvyae) M4(Z,y,6) ( )
MS(Za Y, 6)
Mﬁ(za Y, 6)
related to a certain topology for which we wrote down differential equations in d-log foas
thl(Zay76> = Ah(zvyae) 'Mtl(zvyae)- (4160)

Ay, is the matrix of coefficients of the differential equationsthe following matrices and masters are intended
to depend on, y, €)

Av, = Z14y + 204, + ZYi, + Y14, 4+ YO0, (4.161)
-4 0 000 0 0
1 0000 0 0
1 0000 0 0

Zlyy=¢| 0 0 0 0 0 —1 0[dlog(l—z) (4.162)
-1 0 0 0 0 -2 0
0 0000 —4 0
-1 0 0 0 0 -4 0



2 -6 0 0 0 0 O
1 -3 0 0 0 0 O
o o o0 O 0 0 O
Z0,,=€el0 0 0 -1 0 0 0 |dlog(z) (4.163)
o 0 0 —4 0 0 2
o o0 0 2 0 0 O
o o o0 0 0 0 -1
0O 0 0 0O 0 0 0
0O 0 0 0O 0 0 0
-1 0 -3 0 0 O 0
ZVi, =e| 0 0 3 -4 0 —2 2 |dlogly+z) (4.164)
1 0 O 4 0 2 =2
o 0 3 -4 0 -2 2
1 0 6 -4 0 -2 2
o0 o0 o0 0 0 O
o0 o0 O 0 0 o0
o0 -1 0 0 0 O
Yip=¢| 00 0 0 0 0 1 |dlog(l+y) (4.165)
o0 o0 0 -2 0 O
o0 -3 4 0 2 -2
o0 o0 4 0 0 O
0 0 0O 0 0 0 O
0 0 0O 0 0 0 O
0 2 2 0 0 0 O
YO0, =]l 0 0 -3 4 0 2 -3 |dlog(y). (4.166)
0 0 0O 0 0 0 O
0 0 0O 0 0 0 O
0 -3 -6 4 0 2 -3

The vector of solutions will be given by a Laurent series atbu= 0

=3
My, = > MPe +0(e) (4.167)

i=—1

We establish to integrate first inand then iny. The partial DE inz and iny at a given order i reads

DM (2,9) = (Ay,), (2, 9) MV (z.y) (4.168)
0, M (2,y) = (Ar,), (z,9) MV (2,y) (4.169)

with

(Ay)), = Z1y, + 204, + ZY3,
(At1 )y = Y1t1 + Y0t1 + ZY;51 (4170)

We integrate Eq4.168 and find a solution up to an arbitrary functiompfo be fixed

N (z,) = B (y) + / 4=’ (An), () V(). (4.171)



To fix Hﬁ?) (y), we insert the solution we just found HE.I7)) into Eq.A.189, thus finding a differential equation
for ﬁg?)(y)

a,h (y) = (Bw), ) (y) (4.172)

where the matriX By, ), (y) is related in a non trivial way te4;, ), (z,y). Integrating this equation we get
R (y) = ¢ dy' (B Ny 4.173
i (Y) + [ dy' (Bu), W)hy, () (4.173)

whereC(™ is a vector of constants which must be determined by impasiegalue of the function in a specific
point(z, 7).

We apply all this to our vector of integrals. We start fromerd = —1, where our ansatz is just a vector of
constants

cgo)/e
céo)/e
céo)/e
Mt(;l)(z7y): 0510)/6 ) (4.174)
cgo)/e
céo)/e
C(70)/6

We insert this into Eq4.168 and by integrating in terms of Goncharov Polylogarithms,determine the depen-
dence orx of the ansatz at ordér= 0

N (2,y) = {2 = 3§)G1{0}, 2] - (VG ({1}, 2) + M (v),
(cf” = 3c)G ({0}, 2) — eV G({1}, 2) + ha(y),
AVG({1},2) + (= =3¢ G({ -y}, 2) + hs(y),
—ef?G({0},2) — VG ({1}, 2)

+ (3 — 4cf — 2c8” +2¢)G({~y}, 2) + ha(y),

(—4c” +2¢)G({0}, 2) — (2 + 2¢87)G ({1}, 2)

+ (e 4”4 2¢” — 2 G({-v}, 2) + hs (1),

2¢{7G({0},2) — 4 G ({1}, 2)

+(3e8” — acf” — 2c8” + 2)G({~y}, 2) + he(y),

— G ({0}, 2) — (1 +4c)G({1}, 2)

(el + 6ef” —acf? — 2 + 2"\ G({=y}, 2) + hr(y) | (4.175)

In order to determine the vector of functiohgy), we insert EqM.I75 into they-partial d.e. and find

hi(y) =0
ha(y) =0
dlog(y)(ct” — 28 +ef”) + cfVdlog(y + 1) + hj(y) = 0
D dlog(y) + hy(y) = P dlog(y + 1) (4.176)

dlog(y)(ct” +4ci” +2¢” — 2¢”) = 2¢dlog(y + 1) + R (y)
(dlog(y) — dlog(y + 1))(3¢S” — 4cf” —2c8” +26(7) = hiy(y)
dlog(y)(c\” — 3¢5 — ) + el dlog(y + 1) = hy(y)




The solution to this system of differential equations is

hi(y) =0+ cgl)
ha(y) = 0+ 5"
hs(y) = ) G({~1},y) + (—c” + 260 — )G ({0}, y) + 5V

ha(y) = SV G({~1},y) — 2 G({0},y) + i

(4.177)
ha(y) = —2eG({~1},9) + (2 + 4 + 2V — 2)G({0}, v)
e
5
he(y) = (=3¢ + 4c? +2¢” — 282G ({1}, v)
+(3ey” — el — 27 + 257) ({0}, y) +
hr(y) = 4e§”G({=1},y) + (1 = 3¢ — 7)G{0}, ) + ¢
We have thus determined our solution at order 0 up to a vector of b.c.
o
&
o4
AN — 64(11) . (4.178)
o
i
o

We proceed by iterating the same procedure in order to agstdtigher orders in.

Boundary conditions are then determined typically throegpansion by region at every orderdmnd matched
to the solution.

This concludes this section dedicated to the canonical fifrdifferential equations together with the chapter on
Master Integrals computation. In the next chapter, theerdrif this chapter will be applied to our computation,
so that more and perhaps clearer examples of the explaioksdad! be provided.



Chapter

Master Integrals for CC-DIS Form Factors

5.1 NLO Form Factors

In this section we present a simple example of computatiarMaster Integrals. The quantities we choose to
calculate are unrenormalized massive coefficient funstionCC-DIS at NLO, namely the Single Top subprocess
b+W* = t+ X atO(as).

5.1.1 From diagrams to scalar amplitudes

Charged-Current Single Top production starts at o€@er) (Leading-Order) with the proces§,) + W*(q) —
t(pe).

Z‘M!Born —

Figure 5.1

We start by drawing diagrams which contribute ther®atv, ), which we will refer to as NLO in the following.
At NLO we have to distinguish between

e real emissioncontributions.
b(pp) + W*(q) — t(pt) + g(k) : An extra gluon is radiated and is thus present in the finé sta a real
particle.
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W*

(@) (b)

Figure 5.2

g(pw) + W*(q) — t(pt) + b(k) : By applyingcrossing symmetrio the two previous diagrams, we ob-
tain two diagrams for a gluon-initiated process with a tog an anti-bottom in the final state.

*

W W
7777 ¢ 7777 b
—

_(_
i./\/l(f’R = : ng,R — .
—_ —
: &
() (b)

Figure 5.3

e virtual emission contributions.

b(pp) + W*(q) — t(p¢) : Virtual gluons are emitted and reabsorbed giving riseeidexandself-energy
1-loop corrections for the bottom and top quarks. Since onlynected and amputated Feynman diagrams
contribute to the S-matrix, actually the only contributiiggram is 1-loop correction to the vert@(.

(@) (b)

Figure 5.4

1Concerning the self-energy diagrams, the one containiagdittom self-energy evaluates to zero in our 5F schenie{: 0) because the
1-loop self-energy of a massless particle is a scalelessfdHubble and thus equal to zero in DR! The diagram conggithia top self-energy

instead is not zero in our computation becams% > 0. Indeed this diagram, computed off-shell namely by keepiflg:é m% provide the
renormalization counter-term for the vertex diagram indheshell scheme.



With our ownMat hemat i ca code we translate Feynman diagrams into mathematical gsipres, namely am-
plitudes, and we take the square modulus of the sum of thepétades. At this stage, the objects we obtain
have all Lorentz indexes saturated except for the ones abffhrehell boson, which will be contracted with the
ad hoc projectors in order to extract form factors. Since w&eelto include only contributions @(«;), the
square modulus of the amplitudes will contain the squareutusdf the sum of real emission diagrams and the
contraction of the virtual diagrams with the Born amplitu@ae nature of the contributing sub-processes, namely
bottom andgluoninitiated naturally divides the computation into two [gatiecause, having different particles in
the initial and final states, these two sub-processes caalikdb each other when we take the square modulus of
the amplitude. We can thus compute separately the coritibodbming from thebottom channel

v v j%
(JiMP2 ()" = (|iM’{’R+ng’R|2) 2R [((ng’VmMBOM) } (5.1)
and the one coming from ttgguon-channel
A92 w1 ga Ry eg B2\
(iM9P(@))™ = (liMP™ -+ img ™) (5.2)
In the following, we take”; as an example to illustrate how the generic coefficient fonet; is computed.

Example: Cq

The natural thing to do is to divide the computation by chas@eottom and gluon) and, inside each channel
to analyse separately real and virtual contributions. s tase, we concentrate on the bottom channel because
it involves both real and virtual contributions and can basidered then slightly more complex than the gluon
channel, which at NLO involves only real diagrams. On theepotiand, it must be said that the gluon real dia-
grams require the computation of one more master integthln@spect to the bottom ones. This additional master
has been computed by us with the method of differential eégusit We decide nonetheless not to report this Ml
calculation here, since in the next section the method émiftial equations will be widely used and described
in all its power and splendour by applying it to 2-loops masteegrals.

We proceed to compute the bottom contribution to NLO forntdex

Projectors onto coefficient functions are linear comboratiof five fundamental tensor structures

{g,ul/a Py, Db, Pb, Qv + Pv, Qs 4y epbql“’}' (5-3)

In the particular case of';, the first three structures contribute. We thus start byreeting all our squared
amplitudes with these tensors, to obtain the pieces we waldnin the following to construct the desired form
factor. In the bottom channel, by using momentum consemati = p, + ¢ — k to get rid ofp, we obtain for the
reals

. . nv
AT = (JiMPT 4 iME ) g =
8(—2+d)*(k-po(mi —q-q) +pp-a(mi+2k-q—2py,-q—q-q))
(k- k— 2k - py)?
2 x 8(d —2)(4(k - pp)* +pb-q(2(d —6)(k-q—pb-q) + (d—4)(mi —q-q))
(k-k—2k-pp)(m? —2pp-q—q-q)
k- pb((d—2)m? +4k - q —8pb-q+q- q(4 — d)))
(k-k—2k-pp)(m? —2pp-q—q-q)
8(d—2)((d—2)py - (g — k)(mi — ¢*) —2py - q(dmi — (d —2)(=k - q+pv - g+ ¢*))) (5.9)
(m7 —2py - q — ¢?)?

+

+



bR bR bR 2\ MY 32(d — 2)(k - pp)2(k - pp — b - q)
Apyp, = (|ZM1 + My ) (pb“pby) = (k -k — 2k - pp)? (5.5)
. . pv
AZ’;} = (|ZME{’R + ZMZ’R|2) (pbuq:/ +pb,/1u) =
_ (32— 2)k-py(mipy g+ (k-po—pp-a)(=2k-q+2pb -4 +q-q)
(k- k — 2k - pp)?)
L 2x16(d = 2)k - py(=2(ps - )24 po-qm?+2k-py—q-q)+k-ppq-q) (5.6)
(k-k—2k-pp)(m? —2pp-q—q-q)
and for the virtuals
ALY = (ER [((i/\/lg’v) * iMBOT")W] g,w) =
1
d%l x
/ Yl =20 p)(mZ =1yl — 2l q—q-q))
x [8(d = 2)(A(1 - po)* + ((d = Dl -1y + 401 - @)y - q
- py((2 = dym? + 4l g+ 4Apy - g+ (d — 4)g- )] (5.7)
. . orn\*¥
Ay = (ER [((ZMZ’V) xiMP ) } (pb”pbu)) =0 (5.8)
. . orn #V
Ay = (R[(GMEY) 5 im®) ] (y,00) ) =
_ /ddh 16(d — 2)ly - po(2(pe - 9)° + 11 po a- g+ Py g(=mi +2h P +q-q) (5.9)
(-l —=2l - pp)(m? —li-lh =2l - q—q-q))

We have thus obtained with scalar objects written in ternscafar products that constitute the building block for
F} and also some of the other coefficient functions. Since we tleam in more than one coefficient functions,

we decide to perform reduction to master integrals direatlyhe level of these contractions, namely before
constructing coefficient functions.

5.1.2 Reduction and Mls computation

We now explain briefly how reduction to Mls is achieved, byitaktheg,,, contractionsA’;vR, A‘;V as examples.
First, we remind that we are going to use master integrahtigctes to compute both real and virtual integrations.
This implies that the extra-gluon Phase Space measureveited to cut propagators via reverse unitarity

/ dkdpisy (k)64 (02 — m2)6@ (py + g — k — pe) —

d 1 1
- /d k (F)M <(pb Tq—_k2_ m?)wt (5.10)

and cut propagators are then added to the real contribuBorikat the object we need to compute is

1 1
cOR — /ddk (—) < ) AbTE 5.11
7 kQ cut (pb + q— k)Q - m? cut 7 ( )

For the virtuals instead, we need to integrate just overghetomentum, so that thanks to momentum conserva-
tion we will have

/ A1 dpeds (p? — m2)6™ (py + q — pe) = / A1 6((py + g)° — m3), (5.12)

thus obtaining

crV =6(s— mf)/ddllAZ’V. (5.13)



Now, the first step towards reduction is expanding out prislaied powers appearing at numerator in integrands of
Eq.65.13), (EI3, so that such integrands are written as linear combinatida certain number of scalar Feynman
integrals having at numerator only monomials in the scaladpcts. The coefficients in front of the integrals will
be functions containing scalar products of the only extermm@mentapy, g.

Then, the second step is the identification of topologiesblé to express all our scalar integrals. We remind that
we call ‘topology’ a family of propagators which is minimaldcomplete in a sense that it contains the minimum
number of propagators required to express all independatargproducts in terms of them. This implies that the
set of propagators in a topology is linearly indepengent

For more complicated processes than the one under exaarirthiére might be a proliferation of topologies
coming from different diagrams. One observes that usualhgesof these topologies happen to be actually the
same, up to a shift of integration momenta. In these sitoatibis usually worth to spend some time to identify
among all the possible topologies given by diagrams thosedte actually independent. Indeed, this allows to
perform reduction to MIs on a smaller number of topologibsstdecreasing since the beginning the number of
Mis to be taken into consideration and also the computaltiima it takes to perform the reductions.

Now, in our NLO example, diagrams contributing are very favd aimple, so the situation is simplified with
respect to the above-mentioned picture.

e RealcontributionC}-".
We have 3 independent scalar produgis- k, ¢ - k, k*}, so that topologies for these diagrams will contain
3 propagator@. From phase space diagrams in this specific case only on®tpyparise

"% = {k?, (pp — k)*, (po + ¢ — k)* —m;}. (5.14)

It is important to mark that the first and third elementg8f* are the inverse of cut propagators. In other
words they have to be understood as follows. These quanttie zero when they appear at numerator,
whereas they actively contribute to form the integrand ef ffinase Space integrals when they appear at
denominator.

e Virtual contributionClV".
Obviously also in this case we have 3 independent scalauptsfby, - 11, ¢+ 11,12}, so that again topologies
for these diagrams will contain 3 propagators.
We have one single topology describing the virtuals

T = {1, (=), (1 + ) = m}}. (5.19)

Now that we have found which topologies describe real artdaiidiagrams in the bottom chanﬁelwe associate
to each scalar integral appearing in the integrands irBELfly, (5.13 an ordered set of indices where index
corresponds to the inverse power with which propagator reurnbf the topology appears in the integral. This
set of indices, together with the topology to which it refe@mpletely identifies the integral. For instance for the
Phase Space we will have

/ddk: (%)m ((pb . jk)Q — mg) = 1[T"% {1,0,1}]. (5.16)

2see chaptdrl4 for more details.

3 This can be verified by using the formula given in section 4hfchy allows to compute the dimension of a topology given theber of
internal and external independent momenta

4We stress that in general topologies are independent optiwfie contraction we are considering. This means thanftaince in the case
under inspection topologies Hq.(5l14), (8.15) have beanddy analysing the contractioﬂg’R, CS’V with the g,,, tensor, but the same
topologies apply to contractions with all the other tensarctures EqL(513). In other words, this just confirms thitegobvious statement that
once we decompose the squared amplitude times the PhaserBpasure on a basis of tensors, the original singularitgtstre is conserved
untouched in each coefficient of the decomposition. It migtgipen though that some diagrams gives zero contributitves wontracted with
some of these structures and in this case the set of topslograing from that specific contraction is only a subset obifewhich is needed

to describe all contractions.




We thus rewrite thg,,,, contribution to bottom coefficient functions as

Cof = —a(d—2)%(mi — )T, {1,1,1}]
~2x8(d=2)(I[T"F,{1,0,1}]((d — 4)(mi — 5) — 2Q°)

m? —s

2(mi + Q*)(Q” + s)I[T™F,{1,1,1}])
+ mZ—s

4(d—2) (A= 2)(m? = TR {1, ~1,1)] +4mF Q7 + )T, {1,0,1}])
— e (5.17)

coV =5(s —m3) {4(d —9) (2I[Tb7v7 {0,0,1}] — 27, {0, 1,0}] — 2Q*[T™", {0,1,1}]

_QI[Tb,V7 {17 -1, 1}] + QI[Tb,V7 {17 070}} - ((d - 6)m§ + (d - S)QQ)I[Tb,V7 {17 0, 1}}
—2(m? + Q)T™Y, {1,1,0}] — 2(m? + QHA[T"Y, {1,1, 1}])} . (5.18)

We collect all scalar integrals appearing in BqId, (5.1 and belonging to the given topologi@$: 7, 7%V
and we reduce them to masters. After running the reductioim Mat hemat i ca packageFl RE, we see that
expressions in EQRIY, (5.19 can actually be expressed in terms of only 3 master integral
e one Ml for the real contribution, namely the Phase SpacH itse
Masteq = [T {1,0,1}] = /ddk (%) < ! 5 2> (5.19)
k cut (pb+q_k) —my cut

o two for the virtual contribution, namely the massive tadpol

1 1— 1
Mastep = I[7%", {0,0,1}] " 2474 /ddllﬁ (5.20)
T —my

and the bubble with one massive propagator and external imoime

1
Masteg = I[7%",{1,0,1}] = /ddl . 5.21
By substituting the reduction into E&.0J, (518 we obtain the compact expressions
16(1 — 2€)(1 —€)?s
bR —Mastef < —
C, astey Q2 15)
16(—1+ €)(Q* + e(m} — 5) — U2 pitde)
a m? — s
+8(1 —€)(—4m? + 7(1_6)(21?_8)2 Q%+ ) (5.22)
(mt2 — s)2 '
bV — 5(5*7’1?) A(—1
=+ (—1+4¢)x

(1 — 2¢€)em?Q?
x (Mastes((12 — 7(4 — 2€) + (4 — 2€)*)my} — 2(1 — 2e)m;Q* + (2 — 2¢)Q*)
—(1 — 2¢)Mastem? (—2em} + 4*m?Q? + (4 + 6e — 2(4 — 2€)e)Q*)) . (5.23)



At this point, we can repeat the same procedure for all cotitnras with tensor structures in BB and we can
start constructing coefficient functions by using the peties defined in E34J). For instance, we get fa?; in
terms of master integrals

2(s + 2625 — e(m? + 2s)

(@ +5)?
2(2¢2(m} — 5)2 = 2(m} + Q)s + e(m? + 5)(m} +2Q° + 5))
c(m? — 512(Q2 + 5)

Cf’R =Mastey {

+((*1+6)m§ 72(752’)+6)mfs+ (1+e)52)} (5.24)
(m3i — s)2s
bV d(s —m7)
O =t T ragmmE 1 )
x ((—1+ e)Mastes((—1 + 2¢)m? + Q?)
—(=1+ 2¢e)Mastesm; (2Q° + e(m] — Q%) + 2¢*(m] + Q?))) . (5.25)

At this stage we just need the expressions for the masterhidivery simple case, we do not need computing
none of them, since they are only simple 1-loop integrals ¢tha be found in literature without any effort. In
particular the tadpole and the phase space are very basgraM, so we just report in the following results for
them. We want to express final results for NLO coefficient fioms in terms of the set of variabl¢s, z, y }, with

z =m?/s andy = Q?/s. Within this perspective, results for the masters are dif@expressed in terms of these
variables, withs appearing always in front as a prefactor carrying infororatibout the dimension of the integral
and multiplying a certain function of, y which carry instead information about the non trivial degemce of the
integral onm? and@?. We also introduce the dependence on the 't Hooft mass ofriioeal regularizatiop?,
namely a dimensional scale that we need to introduce whekimgpin DR, in order to ensure the coupligg to
remain dimensionless when switching from 4itdimensions.

s\ ¢ 5. T'(1—¢)
Mastef = [ — 1)l 5.26
sser = () 0-91 520
Mastef = —s (%) 27T (1 + €)e” (5.27)
I

The 1-loop bubble, namely Masteiis also really simple, but we carry out the one-line compaitethat allows

to obtain it to sketch how integration with Feynman paramsaterks in a very basic ca

The integral depends on two dimensional scales, i.e. thegriat massn? (or alternativelys, since in Born
kinematic it holdss = m?) and the external invariad®?. By applying Feynman parametric representation to
Eq.5.23), integrating over one of the two parameters usingdtfienction and expressing the result in terms of
our set of variables, namely y, we get

() . ! - (z1)~¢
Mastep = (u2> I( )/0 d T p— (5.28)

The integral can be carried out in closed fornziin terms of Hypergeometric functions, thus giving

s\ ¢ T(1 4 y)~“csc(em)Hypergeometrig., (1 —€,6,2 —¢, u}{_—y))
Mastep = | — . (5.29)

w2 I'2—e)

We underline that all masters are here expressed in closediic: because of their simplicity. In more involved
computations, this is normally not possible and mastegiats can then be computed only as seriestimncated

5More involved examples can be found[in [115].



at a certain order. In the next section, where we will comfotm factors at the next perturbative order, i.e.
O(a?), this will be actually the case.

Once we have the coefficient function written in terms of raessand also results for the masters , we actually have
all the necessary ingredients so that the computation caomh&dered almost finished, up to a renormalization

procedure. By inserting the results for the Mis B2, 5.27), (5.29 into Eq.(.29, (5.29 and expanding in,
we get

€

CE( o 2
P R R et Y

chF = (%)_6 ((_% - % + i(—S +7r2)) (1+y)s(1 - 2)

(24 4y + 22)log(1 — 2) 22 2(1+4y+y°) y+7) (5.30)
1+y 1+y 2(14y) 2 '
Now, concerning the virtual diagrams, we get from the vedieyram
b,V,vertex S - 1 1—-2In (1 + y)
Cy = <E) 0(1—2)(1+vy) <€—2f
48y + w2y — (12 + 36y) In (1 + ) + 12yIn (1 + y)* — 24yLi, (%)
— (5.31)
12y

Real and virtual contributions are then to be combined ireotd get the unrenormalized coefficient functién
When we sum them up all soft poles must cancel and the rempoleg can only represent either UV divergences
or IR collinear divergences coming from the initial statetBthese kinds of remaining divergences are then to be
removed by means of, respectively, a renormalization andssrfactorization program. We also remind that in
our expressions we do not get final state collinear polesusecae have a massive top radiating in the final state,
but in case we had them they should cancel as well when congpieial and virtual contribution. This recaps
the strategy that one would adopt in a higher order commutatiamely first assembling all the contributing
pieces and then performing renormalization and mass faatan. In our case simple NLO computation, since
the UV poles just appear in the virtuals, we may also rendmadirst the UV divergences in the virtual vertex
diagram (thus performing a renormalization at level of Erdjagrams) and then assembling it with the reals and
performing mass factorization (namely renormalizatiothefinitial state collinear poles).

Performing UV renormalization means in general to renoizealinning coupling, wave-function and mass. We
follow the usual choice, namely to renormalize the runniagpting in MS and wave-function and mass in the
on-shellscheme. At NLO level though, the scenario happens to be guitglified and it turns out that the only
wave-functions need to be renormalized. This can be acthleyeneans of appropriate counterterms. Following
[29], the bare and renormalized coefficient functions satiséyrelation

C = 2,52 23/ Chare(al™) (5.32)

where we dropped for the moment the various indices whichtifyecoefficient functions for simplicity. Indeed

we can neglechQUb2 because, being the bottom mass equal to zero in our computatian on-shell scheme the

expansion of this quantity will reaﬂ;/b2 =1 +5221/,)2, with 6Z21/b2 = 0. By performing the perturbative expansion



of the various left quantities (see agd®®], Eqg.(3.2)), we get at 1-loop level

bare

1
o — oD + §6Z2(}Z)C(Ol) (5.33)

with ¢V being the sum of real and virtual parts, i.e. in our case

bare

C(ll) _ Ci),R _i_cyi),v,'uertew7 (534)

lbare

%) peing the LO contribution to the coefficient function whichaur case is simplﬁfoz) = 1, and finally
5Z2(71tl) being the proper counterterm which performs 1-loop wavetion renormalization. Theexpansion for
this counterterm, truncated &(<°) reads

aneso s\ f 3
7 — —— =2 . .
=8 (2) (-2 2) oo 55

By adding EqE.39), (530 and BE.37) as prescribed by E&(33), (539, and adding the proper color facto-
we obtain the renormalized coefficient function

-(3) ot ool )]

(-1 2 z))

Jr

+5(1—2)(1+y) <4+ %2 —3In(1+y)— w Fln(1 +y)? — 2Lis <#y)>

—2(1+y) <2 anl:z«Z)L - [1 i ZL)

7Ty z+dyztyiz+ 2P 2(1+2y+z)ln(172)}

—— -+ + (5.36)

2 2 2(1+ ) 1+y

We observe that the double pole, which is a product of a elitimes a soft singularity, gets cancelled between
real and virtual contribution, as expected. The UV pole isorenalized, and we are left precisely with just
one single collinear pole, due to emission of a real gluomftbe massless bottom in the initial state. Mass
factorization is then the last step we need to take in ordgeta finite result.

At NLO, mass factorization is very simple, since we know thatcollinear pole must multiply a coefficient which
is exactly the appropriate splitting function, and in thisgse casé, /,(z,y).

Now, in order to recognize the splitting function, one shiophy particular attention because, due to our variable
choice, the splitting will not be manifest. Indeed, the matiDIS-like variables for Single Top would be

7t T , A=—2%¥ = _9
s+Q  1+y mi+Q>  1+y

_mi+Q®  z+y Q* y (5.37)

in terms of which the product P, ,,(7) would reads

1 L (MY By 2
6Pq,q(T) = 6C’F ( 2 25(1 T)+ = (I4+7)]. (5.38)
By performing the necessary change of variables, one caly eaavince himself that the coefficient of the'e
pole appearing in EE(39 is the correct splitting functio®, ,, reported in EqB.38. After cancelling this last

collinear divergence, which is reabsorbed intotihwdf, we can finally write our final result EB.39.
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3 1+y
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—2(1+y) (2 anli_z)] _ |
+
7Ty z+4yz+y2z+z2 2(1+2y+z)ln(l—z)}

1—2z

—Z
—= -z (5.39)

2 2 2(1+y) 1+vy

In this section we aimed at giving a simple example of how affi@ader computation works in QCD, via Master
Integrals technique. We achieved this goal by showing hoedetermines and computes Master Integrals for
massive CC-DIS a®(a,) in QCD, thus getting the renormalized coefficient functicas for instance the one
reported in EqR.39 for the bottom channel.

We stress that renormalized coefficient functions at NLCfandamental also for the computation of form factors
at the next perturbative order, since they constitute thieling blocks for the construction of collinear countert-
erms necessary to renormalize the NNLO coefficient funstion

In the next two sections of chapfive will proceed to illustrate how the techniques of Mastéedmnals works in
the case 00 () corrections, which is more involved because of the largerimer of Masters and their increased
complexity.



5.2 Master Integrals for CC-DIS at O(a?)

In this section we present the computation of the set of masgtegrals describing thé(a?) (NNLO) contribu-
tion to form factors.

At this perturbative order, three independent channelspea, namelypottom, gluon, singlethannel. It is thus
natural to address the computation of NNLO form factors #énexiplanation channel by channel.

Then, inside each channel the contributing subprocesdebenidentified and, for each of them, sets of inde-
pendent topologies and master integrals will be determifbults for all master integrals are obtained via the
method of Differential Equations (DE). All double real (R&)d real-virtual (RV) Mlis are our original results.
They have been all computed by using DE in canonical formciwiie report in detail in the Appendix for all
topologies involved. Since one of the most complicated stepthe computation of these masters is the determi-
nation of boundary conditions, this part will be addressedadtail throughout the section.

The double virtual (VV) masters instead, where alreadylabtg in 29, [I37], [9], [18], [37]. For these Mls,
we do not report systematically system of DE, but we take tance to use them as example to show how non-
canonical DE can be integrated. Boundary conditions inlsteare directly extracted by the above-mentioned
references, to which we redirect the reader who might wakihtev more about this specific topic.

5.2.1 Bottom channel: b-initiated subprocesses at NNLO.
Double Reals [b + W* — t + X3 + X5]

0—loop

Topologies and Master Integrals fep,) + W*(q) — t(pe) + g(k1) + g(k2).

R

@ (b) (c)
2 S
(d) (e)

Figure 5.5: Tree-level diagrams for- W* —t+g+g

Diagrams contributing tb + W* — t + g + g are drawn in Fig.B We stress that the actual number of diagrams
contributing is ten, since for each of the diagrams inEIwe have to consider that we have two identical particles



(gluons) in the final state, so that the diagram is symmétuigeer exchange of the two gluon mome#gtars.
Given this symmetry, in the following we consider matrixraknts arising from only one particular assignment
of the gluon momenta, since to remaining ones can be obthieesimply exchanging; with k5 in the matrix
elements expressions. By taking the square modulus ofatizgin Fig5.3we obtain twenty-one different phase
space diagrams. The 3-particle (two massless and one rapghase space we need for the Double-Reals is given

by
1
PSs = /”””/d%%/”“[@}chJ Lﬁnﬁkéw“%+q‘kl‘“‘p”

/ddkl/ddkz {kl%]{k%] {(pwq—kzll k)2 _mgl (5.40)

If we now multiply the phase-space diagrams by the phasesspsegration measu&

11 1

R , 5.41
5§ oy ey (5.41)

dPSs3 =

we obtain that our twenty-one phase space diagrams can thesallibed by just 3 independent topologies

t1 ={kf, (k1 + po)? k3, (k1 + k2 — pu)*, (—k2 + pp)?,
—m; + (k2 +po + @)% —mi + (k1 + k2 — pp — q)°}
to ={ki, (k1 +po)*, k3, (=k2 +pp)?, —mi + (=k1 +py + 9)°,
—mi+ (k2 +py + )%, —mi + (k1 + k2 — pp — q)*}
ts ={k?, (k1 + ko)?, (=K1 4+ pp)?, k3, (k1 + ko — pp)?,
—mZ 4 (=ky +pp + @)%, —m? + (ky + ko — py — )}, (5.42)

corresponding to the three diagrams in [Big.

(@) (b) (©

Figure 5.6: Phase-space diagramafeiV* — ¢+ g+ g corresponding respectively to the independent topologies
t1,t9,13.

6 We omit from now on the symbd. of cut propagator for simplicity of notation.
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Figure 5.7: Independent topologiesite- W* — ¢ + g + g.

From now on, we will not think anymore in terms of diagramst iouterms of topologies and subtopologies,
meaning that, for the moment being, we will disregard thesatal meaning of diagrams and integrals and con-
centrate only on their mathematical features. We will theop a different convention also for drawings, since
we will not draw anymore Feynman diagrams, but topologiesiategrals. Each (sub-)topology or integral will
be represented by a graph. Each internal line correspongitopagator, whereas external lines represent fixed
(external) momenta. Massless lines are represented byahtimas. Massive lines correspondingief, Q2, s

are represented respectively by thick lines, double limes thick dashes lines. Topologies Ef42 will be
represented then by graphs in Bigl The determination of independent topologies for this sabgss is trivial
because set of propagators describing all diagrams otheRigh.6happen to be apparent subtopologies of those
in Eq.5.42), without need to perform any shift on loop momenta. By ailieg all scalar integrals given by matrix
elements and reducing them to master integrals, we get logvfing set of master integrals (Mls frod/ aster;

to Master; belong toty, from Masters to M astery1 10 to, from Masterys to Mastery7 to t3).

Master; = G(t1,{1,-1,1,0,0,0,1})
Masterg = G(t1,{1,0,1,0,0,0,1})
Masters = G(t1,{1,0,1,1,0,0,1})
Mastery = G(t1,{1,0,1,1,0,1,1})
Masters = G(t1,{1,1,1,1,0,1,1})
Masterg = G(t1,{1,-1,1,1,0,1,1})
Mastery = G(t1,{1,0,1,1,—1,1,1})

(5.43)
Masterg = G(t2,{1,0,1,0,0,0,1})
Masterg = G(t2,{1,-1,1,0,0,0,1})
Masterig = G(t2,{1,0,1,0,1,1,1})
Masteriy = G(to,{1,1,1,1,1,1,1})
(5.44)
Masterio = G(t3,{1,0,0,1,0,0,1})
Masterys = G(t3,{1,-1,0,1,0,0,1})
Masteri4 = G(t3,{1,0,0,1,1,0,1})
Masteris = G(t3,{1,0,0,1,1,1,1})
Masterig = G(t3,{1,-1,0,1,1,1,1})
Masteri7 = G(t3,{1,0,—1,1,1,1,1})
(5.45)

The only independent integrals are contained in the basihéofirst two topologies, , t» (Figh.8. Masters for
the third topologyt; are not independent since they can be obtained from magtesser; withi = 1,..., 11 by



(@) Master: (b) Masters (c) Masters
o | L | L |
| | |
“ oy — k1)?] * [(py — k2)?]
| | |
| | |
(d) Mastera (e) Masters (f) Masterg

(9) Mastery (h) Masterio (i) Masteri1

Figure 5.8: Set of independent Mls for- W* — t + g + g.
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)@? ands (only external).

appropriate shifts of integration momenta, so that from mewvill discard this basis, since it does not provide
any new independent integral. Inside the basig{fot,, all master integrals are independent exceptMarsters
and M asterg which coincide withMaster; and Masters. In order to determine these Mls, according to the
approach presented in Chagdeme transform each one of these basis into a canonical bfasitegrals, listed in

Eq.6.4D.



M = (1 —2)(2G(t1,{2,0,1,0,0,0,2}) + G(t1,{2,0,2,0,0,0,1}))

My = G(t1,{2,0,1,0,0,0,2})

M3 = 2¢(1 +y)G(t1,{1,0,2,1,0,0,1})

My =e(14+y)2zG(t1,{1,0,1,1,0,1,2})

Mg =221+ y)2G(t1,{1,1,1,1,0,1,1})

Mg = €e(1 +y)(1 — 2)G(t1,{1,0,2,1,0,1,1})

My = 2¢(1 +y)2G(t1,{1,0,1,1,0,2,1}) (5.46)

Mg = (1 — 2)(2G(t2,{2,0,1,0,0,0,2}) + G(t2, {2,0,2,0,0,0,1}))

My = G(t2,{2,0,1,0,0,0,2})

Mg = 2(1 — 2¢)G(t,{1,0,1,0,1,1,1})

My = 2(1+9)2(1 — 2)G(ta,{1,1,1,1,1,1,1}) (5.47)

For these integrals we are thus able to write a system of iqusah canonical form, which can then be integrated
using the procedure introduced in Section 4.4. We repos ter canonical system for topology to provide

an example of how such a system can look like. Results forrdaabbasis and canonical DE systems are
reported systematically for all topologies in the Appendtarting from here and throughout the rest of equations
appearing in this Chapter and in the Appendix, we will usesthert notation dL to indicate the differential of a
logarithm which we would otherwise write ddog.

dMy =e(—6MadL(z) + My (—4dL(1 — z) + 2dL(2)))
dMsy =e(—3MadL(2) + My (—dL(1 — z) 4+ dL(z)))
AN =e(2MadL(y) + M (2dL(y) — dL(1 + ) — 3dL(y + 2)) + My (dL(1 — 2) — dL(y + 2)))
dMy =e(My(4dL(y) — dL(z) — 4dL(y + z)) + Mg(2dL(y) — dL(1 — z) — 2dL(y + z))
+ M7(—3dL(y) + dL(1 4+ y) + 2dL(y + z)) + M3 (—3dL(y) + 3dL(y + z)))
dMs =e(—2MzdL(1 + y) + M7(2dL(z) — 2dL(y + z)) + My (—dL(1 — 2) + dL(y + 2))
+ Mg(—2dL(1 — 2) 4+ 2dL(y + z)) + M4(—4dL(z) + 4dL(y + z)))
dMg =e(My4(4dL(1 4 y) + 2dL(z) — 4dL(y + z)) + Mg(2dL(1 + y) — 4dL(1 — z) — 2dL(y + 2))
+ M (=20L(1 + ) + 20L(y + 2)) + Ms(—3dL(1 + ) + 3dL(y + 2))
M7 =e(~3MadL(y) + Ma(4dL(y) + 4dL(1 + y) — 4dL(y + 2))
+ Mg (2dL(y) — 4dL(1 — z) — 2dL(y + 2)) + M7 (—dL(1 — 2) + dL(y + 2))
+ M7(—=3dL(y) — dL(z) + 2dL(y + 2)) + M3(—6dL(y) + 6dL(y + 2))) (5.48)

By integrating such systems of differential equations, Wi the solution for our canonical integrals (and con-
sequently for our original integral too) up to a boundarydition to be determined in a chosen kinematic point.
The following paragraph is dedicated to explain how thisloamchieved.

Determination of boundary conditions for RR masters.

We use the threshold regian— 1 to fix the value of our integrals. This implies we need to deiae in some
way the behaviour of our integrals in this region, withoutiolisly knowing the general solution to the integrals
themselves.

Given the kinematic plane described by coordinates we decide indeed to determine the threshold behaviour in
a fixed point , identified by the coordinatés = 1,y = 0}. In other words we want to determine the asymptotic
behaviour of our integrals in the double linfit — 1,y — 0}, which corresponds actually to ~ m? and

Q? < s. In order to do this, we follow the procedure describedZjrejnd briefly reported in the following.

We rescale the momenta, ko of the extra particles emitted by the rescaling factor 1 — z, which encodes
information about the behaviour of such momenta in the tiolekregion.



Then, we expand the integrand and the integration measowe@dz = 0, so that we are able to extract the leading
(singular) behaviour of the integral in this kinematic goiWhen we perform such expansion some propagators
become linear in the integration momenta and some othenslysido not depend anymore on them, thus not
belonging anymore to the topology. In this last case, we l@agld to the topology some auxiliary propagators
which will not appear in the soft integrals but just serve pliepose of completing the topology and enabling us
to pass this topology to the reduction program FIRE.

We observe that in the soft limit all RR masters can be writteinear combinations of just twenft masters
which are the Phase Spagéaster, and Master, in Eq.5.43. These twosoft mastersan then be computed
explicitly with traditional techniques, such as Feynmarapaeters or Mellin-Barnes.

Again we use the integrals of topology to show explicitly how this procedure works. In particullet, us pick

up Masterg as defined in EqH43), and perform on it the above-mentioned soft expansion. ta¢ sy rescaling
gluon momenta ak; — zk1, ko — Zko

k;—Zzk;
Masterg i 1a/dd(2k1)dd(zk2)x

o (—2k1 + pp)?
(2k1)2(2k2)2(2k1 + Zho — pp)2(—mZ + (Zk1 + Zka — pp — @)2)(—m?Z + (—2Zk2 + pp, + 9)2)

z30 /ZQdddklddkgx

y Z(—2k1 - pp)
(2)*(k1)2 (k2)2(—22(k1 + k2) - pp)[2(s — 2k2 - (pp + @))][2(s — 2(k1 + k2) - (pp + @))]
_ 22—4e/ddk1ddk2 (=2k1 - pp)
((k1)2(k2)2(—2(k1 + k2) - pp) (s — 2k2 - (pp + @) (5 — 2(k1 + k2) - (Pp + @)
= 22_46Masterg, (5.49)

where we defined witM asterg, the integral over the soft propagators obtained after xipamsion inz. If we
apply the same procedure to the rest of the basis for topalggye obtain

Mastery — 2(4746)Masterf
Mastery — 2(3746)Master§
Masterg — 2(2_46)Master§
Mastery — 2(1_46)Masteri

Masters — Z(_46)Master§
Masterg — 2(4_46)Masterg

Mastery — 2(2745)Master$, (5.50)

where the soft integrald/ aster; are defined as

Master] = /ddklddkg 575 (=21 - pp)
(k2) (k3) (—2k1 - pp — 2k1 - ¢ — 2kg-, —2ka - q + )
1
Masters = / d%kyd%ks
’ (k2) (k2) (—2k1 - pp — 2k1 - q — 2ko - pp — 2ka - q + 5)
1
Masteri = /ddkld ko
’ (K2) (k2) (—2(k1 + k2) - pp)(—2k1 - pp — 2Ky - q — 2kg - pp — 2k - q + )
1
Masters = / d%kyd%ks x
: (K2) (k2) (=2ky - py — 2kg - py)(—2kg -y, — 2kg - q + 3)
1
X
(—2k1 - pp — 2k1 - q — 2ko - pp — 2k2 - q + )
1
Masters = /ddkld ko X
° (K2) (k3) (—2ky1 - py)(—2k1 - py — 2kg - pp)(—2k2 - pp — 2k - q + 9)

1
X
(—2k1 -pp —2k1 - q— 2ka - pp — 2ko - g+ 5)




Masterg = /ddklddkg 573 (=2F1 - po) X
(k2) (k3) (—2k1 - pp — 2kg - pp)(—2k2 - pp — 2k - q + 5)
% 1
(—2k1 -py —2k1 - q — 2ka - pp — 2ko - g+ 5)
Masters = /ddklddkg T (=2k2 - pp) x
(k2) (k3) (—2k1 - py — 2kg - pp)(—2ka - pp — 2k - q + 5)
% 1
(—2k1 -py —2k1 - q— 2ky -pp — 2k - q+s)

(5.51)

We have now to run the reduction program (FIRE in our casehen\faster; to check if they can be further
reduced. The soft topology to which these integrals beloaglevbe in principle

6 ={2°k1, 2(=2k1 - po), 2°k3, Z(=2k1 - py — 2k2 - py),
Z(—2k2 - pp), Z(—2k2 - pp — 2ka - g+ 8),Z2(—2k1 - pp — 2k2 - pp — 2k1 - q — 2k2 - ¢+ 5)}. (5.52)

We have no soft propagator which does not depend on the attegimomenta; , k2, but we encounter another
scenario where again the soft topology must be manipulatextder to obtain an ensemble of 7 independent
propagators. Indeed, in this case one of the 7 propagatof<em be written as linear combination of the others,
i.e. zZ(—2ks - pp) = Z2(—2(k1 + k2) - pv) — Z2(—2k1 - pp). So we drop this propagatof(—2k; - py)) and replace

it with another one-2k; - k5 in order to get a complete topology (namely a minimal closeskenble of linearly
independent propagators) which can be accepted by FIRE.Da&ree though, that in this case the propagator
zZ(—2ko - pp) that we are dropping out of the topology actually appearsimaf the integrals, namely/ asters,

but this problem can be easily solved by decomposing thgratas

—2(k ko) - — (—2k7q -
Masters = /ddklddkg — (=2(k1 +k2) -pp) — (—2k1 - pp) y
(K3) (k3) (—2k1 - pp — 2k - pp)(—2k2 -y, — 2ka - q + 5)
% 1
(—2k1 -pp — 2k1 - q — 2kg - pp — 2ka - q + 5)

= [ d%kyd%k !
/ YR TY (2) (2 - (o + @) + )20k + k2) - (pp +0) + 9)
Y I PR ) (—2k1 - pp)

/ v (k2) (k2) (—2k1 - pp — 2k2 - pp)(—2ka - pp — 2k - g+ 5) .

1

. (=2k1 -py — 2k1 -q — 2ka - pp — 2k2 - q+5)
The original integral has been written as a sum of two othtgirals of which the first one is new and the
second one is instead nothing butusterg. But, regardless of whether these integrals are new ormegrucial
point is that they do not contain anymore the linearly depemngropagator that we dropped. In this particular
case, they do not even contain the new propagafd; - ko, but this fact is rather irrelevant for the reduction
(and indeed in some other topologies we encountered thatisituwhere the new propagator, added to obtain
a complete topology, was indeed present in some soft irlsegfier decomposition or partial fractioning). By
performing reduction on all the soft integral$aster; with ¢ = 1, ...,6 and on the new integral obtained on the
r.h.s. of EqE.5J, we see that all these integrals shrink to linear combimatiof M aster§, Master; as defined

in Eq.6.43.

(5.53)

Master§ = —(1/4)(Q? 4 s)Master§

Masterg = Masterg,

Masters = —(((—3 + 4e)Masters)/((—1 + 26)(Q2 + 5)))
Masterj = Masterj

Masters = ((—1 + 4€)(2(3 — 10e + 8e2)Masters + €2s(Q? + s) Masters))/(3¢3s(Q? + 5)?)



Masterg = (4(—3 + 4e) Masters + (—1 + 36)s(Q? + s)Masteri)/(2(—1 + 2¢)s)
(=3 + 4e)Masters
(=14 2¢)s
4(—-3+ 4e)Master§ +(-1+ 36)8(@2 + s)Masteri
2(—1 + 2¢)s '
Computation of the two independestft mastersperformed by C. Duhr by means of Mellin-Barnes technique,
gives

Masters =

(5.54)

s T(1—e?
Mastery; = T(4— 40)
Mastor® — (1 —€)2 4(3 — 4¢) (T(1 — 36)1(2 — 2)T(1 + €)T'(1 + 2¢)
AT T4 " de) e(1+y) I(1—e)2
— 2Hypergeometrig g ({1,1 — 2¢, 1 — €}, {2 — 2¢,1 + €}, 1])). (5.55)

Thus, by plugging these results into B84 and then back into E(50), we are able to determine the values
of our integrals in the asymptotic lim{ts — m?, Q? < s}.
Before concluding this explanation, we would like to do sdmportant remarks.

e The procedure we just reported is actually nothing new. éddehat we did is Expansion by Region
(see Section 4.3) on Double-Real integrals, in order toaektheir leading behaviour in the double limit
{s = m? Q? < s}.

e At the beginning of the explanation we pointed out that 1 — z is the variable which encode the asymp-
totic behaviour of the extra-radiation momenta in the safit| because this limit is identified by all the
momentum components &f, k5 scaling as:. That's why, in order to extract the leading soft behavidur o
our integrals, we scaley, k2 by z, and we replace:? with s(1 — 2).

This would be correct without any further remark if we wereKimg for the onlys — m? limit of our
integrals. But we are actually looking for tldeublelimit s — m?, Q* < s! So, given that is the small
parameter of our expansion, this means that we should iciptérescale als@)? by z, namely make the
substitution? — zQ? in the propagators, and then expand.

But we observe that in our specific case, this is not needexduse, once we expand the scalar products
contained in our propagators, and substipfte= 0, p;, - ¢ = (s + Q?)/2, no propagator depend anymore on
Q2. This observation holds for all RR masters describing théobmchannel. Obviously, this implies that
our integrals will not exhibit singularities im = 0. Thus we can safely conclude that the leading behaviour
of Mls expansions in the limifz — 1,y — 0} is the same as the leading behaviour in the only limit 1

up toy-dependent corrections given by functions which are smfwoth — 0.

e We observe finally that performing Expansion by Region t@aobsoft behaviour of integrals which contain
only phase space integrations (no real loops!) is indeeilrias it can be seen by the above formulas, in
a sense that we always get only the hard region contribubiriget expansion. This is quite obvious if we
think of the nature of these integrals. The soft limit regaiall components of extra-radiation momenta
k1, k2 to be small compared ta But this same components are in this case the integrativables! The
usual scenario of Expansion by Region for loop integralsld/@ee some constraints imposed on some
ratio of external invariants to be small and loop momentallipfree to be ‘small’ or ‘big’ with respect to
this ratio. From the analysis of this interplay between mdeand integration momenta, one is then able
to determine all regions contributing. In this particulaise, we do not have such an interplay because
integration variables (i.e. componentsgf k2) are directly required to be small with the same scaling with
respect tos (and this implied the condition on the external invariants m? to be satisfied), meaning that
only one ‘region’ contributes to the desired limit!



Topologies and Master Integrals fep,) + W*(q) — t(ps) + b(k1) + b(ks).
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Figure 5.9: Tree-level diagrams for- W* — t +b+ b

Diagrams contributing td + W* — ¢ + b + b are drawn in Figg.8 By taking the square modulus of these
diagrams and adding the Phase Space integration meas@efl)we obtain ten different phase space diagrams
which happened to be described by just one independentigyol

ta ={k7, (k1 + k2)?, k3, (k1 + k2 — pu)?, (k2 + pb),
—mi + (k1 — q)°, —mi + (k1 + k2 — pp, — 0)°}, (5.56)

which is represented according to our convention inG:id

Figure 5.10: Independent topologiesite- W* — t + b + b.

When reducing all scalar integrals to masters, we get thevialg set of Mls, which are all new with respect to
the sets of masters obtained tor W* — t+ g+ g, except for the first three, namely fraiaster; to M asters.

Mastery = G(t4,{1,-1,1,0,0,0,1})
Masterg = G(t4,{1,0,1,0,0,0,1})
Masters = G(t4,{1,0,1,1,0,0,1})
Mastery = G(t4,{1,-1,1,0,0,1,1})
Masters = G(t4,{1,0,1,-1,0,1,1})
Masterg = G(t4,{1,0,1,0,0,1,1})
Mastery = G(tq,{1,-1,1,1,0,1,1})
Masterg = G(t4,{1,0,1,1,0,1,1})
Masterg = G(t4,{1,1,1,0,0,1,1})



Masterig = G(t4,{1,1,1,0,1,1,1})
(5.57)

Along the same path followed to solve integrals W* — ¢ + g + g, we perform a change of basis towards a
canonical one. This canonical basis and the correspongsteins of canonical DEs are reported in the Appendix
for the sake of brevity (see EB.8 and 6.9). We underline that the alphabet describing W* — t+g+ g
happens to be a subset of the alphabebferiW* — ¢ + b + b, which contains in addition the two new letters
1+y+2,1+2y+ 2.

ARt ={z,2—= Ly l+y,z+y,l+y+z1+2+2} (5.58)
The double limity — 0, z — 1 for Master; as defined in EqH59) reads

Master1 — 2574 Masters
Masters — 25749 ((—1 + €)sMastery)/(—10 + 8¢)
Masters — 227 (—(((=3 + 4¢) Master3) /(1 + 2¢)(Q° + 5))))
Masters — 2(3745)Master§
Masters — 25749 (=1 + €)sMaster3)/(—10 + 8¢)
Masters — 24749 (—(1/2)(Q* + s)Masters)
Mastery — 22749 (—(((=3 + 4¢)Masters) /((—1 + 26)(Q? + s))))
—((sMasters)/(4(Q° + 9))))

2(—3 + 4e)Masters)/(es)

Masterio — 274 (=(((=1 + 2¢)(—3 + 4¢)(—1 + 4e) Masters) /(€ s(Q? + s)))). (5.59)

=(1—4e¢)

(

(
Masters — 24749 (
Masterg — z (
(

Being thatMasters in Eq.B.5) is the same integral alasters in Eq.B.43, all the information needed to
compute masters fdr+ W* — ¢ 4 b + b are provided.

This concludes our discussion of the Double-Real mastegiats and we address in the next subsection the
Real-Virtual contribution.



l* [(h + k2)2] * [(Pb — k1 — k2)2]

(@) Mastera (b) Masters (c) Masterg

(d) Mastery (e) Masters (f) Masterg

(9) Masterio

Figure 5.11: Set of independent Mls flor- W* — ¢ + b + b.
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).



Real-Virtuals [b + W* — t + X}]

1—loop

Diagrams contributing t¢ + W* — t + g}, _,,,,, are drawnin Fi.12 Phase space for the Real-Virtual correc-
tions is a simple 2-particle (one massive and one masslasspoen by

1 1
pa= [ [t || (] o 0nvakom
c t tdec
1

= [at H [ m] (5:60)

The corresponding measure is {hus

1 1
dPSs = —

. 5.61
k2 (py+q— k)2 —mf 560

By contracting amplitudes for diagrams in Bgl2 with the one for the tree-level process- W* — t + g,
adding the 2-particle (one massive and one massless) ghasemeasure EBEI) and searching for independent
topologies, we find that three independent topologies i8R (drawn in Figs.13 are sufficient to describe alll
the Phase Space diagrams.

t1 ={k%, (k+pp)%, 18 —m?, (1 — @)%, (k+11 — )%, (k+11 —pp — )%, —mF + (—k +pp +0)%}
to ={k2, (k +pp) 2, 12, (1 +pp)2, —m? + (11 — @)%, —mZ + (k+ 11 — )2, —mZ + (~k +pp +¢)?}
ts ={k%, (k+pp)% 13, (4 +pp)2, (—k + 11+ pp)%, —m? + (L — @), —mF + (=k +pp + 0)%}. (5.62)

Reduction to master integrals result in the set of MIsS[EG3, where we decided this time to gather all master
integrals coming from the three topologies BEQ) into just one set of masters for which we will write and
integrate just one system of DE.

Mastery = G(t1,{1,1,0,1,0,2,0})
Mastery = G(t1,{1,1,0,2,0,1,0})
Masters = G(t1,{1,1,0,1,0,1,0})
Mastery = G(t1,{1,1,0,1,0,0,0})
Masters = G(t1,{1,1,0,1,1,1,0})
Masterg = G(t1,{1,1,0,1,1,0,0})
Mastery = G(t1,{1,1,0,0,1,0,1})
Masterg = G(t1,{1,1,0,1,1,0,2})
Masterg = G(t1,{1,1,0,2,1,0,1})
Masterig = G(¢1,{1,1,0,1,1,0,1})
Masteryy = G(¢1,{1,1,0,1,1,1,1})
Masterio = G(t2,{1,1,0,0,1,1,0})

7 We omit from now on the symbd. of cut propagator for simplicity of notation.



Mastery3 = G(t2,{1,1,0,1,0,0,1})
Masteri4 = G(t2,{2,1,0,1,0,0,1})
Masteris = G(t2,{1,2,0,1,0,0,1})
Masterig = G(t2,{1,1,0,1,0,1,1})
Mastery7 = G(t2,{1,1,0,2,0,1,1})
Masterig = G(t2,{1,2,0,1,0,1,1})
Masterig = G(t2,{1,1,0,0,1,1,1})
Mastergy = G(t3,{1,1,0,1,0,1,0}})
Mastergy = G(t3,{1,1,0,1,0,1,1})
Mastergo = G(t3,{2,1,0,1,0,1,1})
Mastergs = G(t3,{1,1,0,2,0,1,1})
Mastergqy = G(to,{1,1,1,1,1,1,1}) (5.63)

Once again, we transform the original masters&3 into the canonical set identified by H&.LJ, which
satisfies in turn the system of DEs in canonical form[&dJ), reported in the Appendilﬁ. The alphabet which
describes the system is found to be

ARV:{Z51727y51+y72+y71+y+z}' (564)

Canonical DE are integrated with the same method explam&thaptel, as for the Double-Reals masters.
The computation of the boundary condition is instead quifferént and definitely more tricky than that of the
RR case, so we will focus on it for the rest of the RV subsection

8We thank Dr. B. Mistlberger for kindly providing cross-cleto Eq.[6.10) and{6.11)
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(a) Box n.1 (b) Box n.2 (c) Boxn.3
(d) Triangle n.1 (e) Triangle n.2 (f) Triangle n.3
(g) Triangle n.4 (h) Triangle n.5 (i) Triangle n.6
/ %
() Bubble n.1 (k) Bubble n.2 () Bubble n.3 (m) Bubble n.4

Figure 5.12: 1-loop correctionsto+ W* — t + g



(b) t2

Figure 5.13: Independent topologiegter W* — t + gl1—i00p-

() Mastery

(d) Mastery

(9) Mastery

(b) Masters

(e) Masters

(h) Masters

(c) Masters

(f) Masters

(i) Masterg

Figure 5.14: Set of independent Mis for- W* — ¢ + g at 1-loop (M aster from 1 to 9).

Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond

respectively ton? (either internal or external)Q? ands (only external).



(@) Masterio (b) Master11 (c) Masteris (d) Masteraa

(e) Mastery7 (f) Masteris (9) Masterig

Figure 5.15: Set of independent Mls fior- W* — t + g at 1-loop (M aster from 10 to 24).
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).



Determination of boundary conditions for the b-channel RV masters.

We remind that our RV integrals depend on 3 dimensional scalem?, Q?}, which we recast into the set
{s.2=m}/s.y = Q*/s}.

Being the only dimensional scaleparametrizes the dimension of the integral in powers ofgndrhe evolution

of our integrals with respect tois then trivial. On the other hand, we do not have a priori arfigrimation about
the evolution with respect to andy. This information is extracted by integrating the systerdgf for the Mls.

For the rest of this subsection, we assume that DEs systeqi(E)) for the masters have already been inte-
grated.

We are left only with the determination of initial condit®nWe choose to compute them in the same double limit
z — 1 Ay — 0, which we used also for the RR (we remind that it correspondbé limit in which the real
emitted gluon is soft{ ~ m? ) and the virtuality of thé?* is much smaller thar (Q? < s).

The way we compute these initial conditions is the following

We are dealing with integrals where one integration vaeipis a ‘real’ loop momentum (belonging to a virtual
particle) and the other onkeis the momentum of a real emitted particle whose delta off@ihsess has been
replaced by &ut propagator.

In order to get the asymptotic behaviour of our integralshim ¢hosen limif{z — 1,y — 0}, we would like to
use Expansion by Region (3dg But this method is designed for pure loop momenta, whosepoments and
off-shellness can assume any value.

We cannot apply this method to the integration okgbecause: describes a real particlé{ = 0) and also it
must be softer than any other external momentum in ordesi@eethe threshold limig ~ m?.

The procedure we decide to adopt can be then resumed in thwiftg steps.

e We ‘cut’ again our integrals, namely transforming them baxtk real 1-loop integrals integrated over a
2-particles Phase Space.

e We apply Expansion by Region only to the puaréop integral.

o We finally integrate the result over tiseft Phase Space (the integration being thus over only the angula
variable).

2-particle Phase Space and invariants parametrization

We imagine now that we have cut our diagrams Phase Spacediags we said above, so that for the moment
we forget about the phase space integration over the reakbemiomi and we are thus left with 1-loop corrections
to the process

b(ps) + W*(q) — t(py + g — k) + g(k). (5.65)
We remind that for this process at any number of loops, therkatic is parametrized by two masses

Q*=—¢*, m{=(pp+q—k)?’ (5.66)
and two Mandelstam invariants am(ﬂ19

s=(+9? t=—k?> u=(g—k> (5.67)

Since in our process the off-shéll-boson acts only as external particle, its off-shelln@3swill never appear
as an internal mass in the purdoop integrals. Obviously the same holds for the Mandeistavariantss, ¢, u.
Consequently, the purieloop integrals will be functions of the kinematic invartarclassified as follows

9 The on-shellness and momentum conservation constrailtsythe relatiors + t + u = m% - Q2.



e internal massm?

e external scalesn?, Q?, s, t, u.

We choose to use as independent variables to describe @agsfy = {s, Q%, m?, \}, where\ = 1/2(1+cosf),
beingd the angle betweem, andk. In terms of this sef; , the remaining variables are expressed as

2
P L AT
S

22 2 2

B LA M\ Ul k)| C e (5.68)
S S

1s—m? 1 (s —m?)2]° .
= — 1 - . .
df2 8t s T(l1—e) { 4rs A=A dA (5:69)
The physical region is given by the volume in the parametacsgiven by
s>0ANQ*>0As>mi>0A0< A< 1. (5.70)

which defines also the sign of the remaining invariants0, w« < 0.

We perform a last change of variables going from&geto setSs = {z, vy, s, A}, where we introduce the usual
dimensionless variables y. As for the Double-Real masters, also in this case we defmegdhablez = 1 — z,
which captures the scaling of the extra radiation momentiagnhreshold limit { — 0). Our 1-loop integrals will
be then computed as expansions around the ‘small’ parameter

To be able to expand at integrand level arodné 0,y — 0, we need to know the scaling of the all invariants in
this limit:

m? — (1 —2)s

Q* — ys
t——z(1+y)(1—N)s
u—(=sy) —zA+(A—=1)y)s. (5.71)

Finally, in order to integrate the result of Expansion by Ragat 1-loop over the Phase Space, we need the
expression this latter in terms 6f(Eq.(5.72).

9(=3+2¢) p(—1+¢) ((1 _ )\)75)\7521725))

dfn = I'l—¢

(5.72)

1-loop topologies in the double limity — 0,z — 1

When we cut our RV integrals, we get a certain number of dul@p integrals, to be perform in the desired
kinematic limit. Among these integrals, we have 2-,3-,4apfunctions.

We describe in the following the computation via ExpansigrRegion of each one of these categories of func-
tions. The method is explained# We briefly recall here what the method consists of. Suppasevant to
compute a Feynman integral which dependigpru,,.. dimensional scales in a particular kinematic limit whis
identified by the ratio between two of these scales beinglsfoainstance: = a1 /a2 — 0. Obviously we want

to do this without needing to the integral in full kinemafithen, ‘expansion by regions’ consists in

e revealing ‘regions’ where the parameters of the Feynmaresgmtation of the integral scale as the expansion
parametes elevated to such integer power thatthandF polynomial result to scale homogeneously under
a global rescaling of all the parameters (these are themsgibich are supposed to contribute to the integral
non-zero contributions in DR),



e computing via traditional techniques (Feynman Parametel4ellin-Barnes) these regions,

e summing up the contributions from these regions. This igéisalt for our integral in the limi¢ — 0.
The most difficult part is revealing all the regions conttibg in a given limit. In our case fortunately this is quite,
because we are at 1-loop and we can quite safely rely on thkkse$Asy2. m([80]) which reveals these regions
automatically for us. Then computation of regions is careet via Feynman parameters. In the following we
analyse in detail topology by topology how this procedurekso

e BUBBLES

1. Massless bubble

po—k
bi(py - k) = /ddl !
Hei = =2 (k+ 1 —py— q)?
= F(e)/d$1d$25(1 — T — mg)(—t X1 mg)_€($1 + 1'2)_2+26 (573)

This integral depends on just one dimensional state—2p;, - k£ and theF polynomial is positive-
definite fort < 0, namely for physical values @f So, the dependence orof the result can be just
one:t elevated to the dimension (in powers of energy) of the irlegrhich means in this case, since
t <0, (—t)42=9/2 = (—t)~<. If we recall Eq[E.7D), then we see immediately that this integral
present a double branch-cut for< 1, A < 1. The result is simply (without needing to compute any
region)

(1-N"s"(y+1)°()"T(1 - ¢°T(e)

bl(zay7>\a S) = F(2—26)

(5.74)

If we expand ire we get logs ofz, which represent nothing but the above-mentioned branth-c
2. Massive bubble with internal massm? and external massQ?

1
(112 = m¢)(l - q)?

:F(e)/dw1d$25(1 — @1 — @) (w1 + a2)

ba(Q?, m?) :/ddll



X (21(Q%w2 +mi (x1 + 2))) ¢ (5.79)

This integral depend on 2 dimensional scales: the interaaksm? and the external magg?, which
we can re-parametrize by saying that it depends on one dioraisscale,sayn? which gives its
dimension in power of energy and then on the dimensionleigs@d /m?. It can be seen by analysing
the behaviour of either thé& polynomial or the denominators that no singularities ocsbien the
double conditions — m?, Q? < s} is realized. Indeedsy 2. mgives just the hard regiof0, 0} in
this limit. We also mark that the F polynomial is positivefidée in the physical region. By evaluating
the hard region, we get

bo(Q? < s,m? ~ 5) = —s T'(—1+¢). (5.76)

. Massive bubble with internal massm? and external massu

q—k

ba(—w, m?) =bg(— 2:/ddl
s(—u, my) =bg(—u, my) 1(lf—mf)(k:+l1—q)2

=I'(e) / dr1dxod(l — xq — xo)(x1 + xQ)_2+2€
X (1 (—us +mi (@1 +22)) 7 (5.77)

Exactly the same consideration holds for this integral asttie previous massive bubble. The F
polynomial is positive-definite in the physical regién < 0,m? > 0} and, since the integral depend
on —u/m?, the limit s — m? is clearly smooth. Moreover, if we also ask fQF < s, again the
external scale goes to zero (it would remaiik but & is soft!), but the integral, as in the previous case,
does not develop any new singularity thanks to the presefitbe internal scalen?. We conclude that
the double limit{s — m?, Q? < s} does not produce singularities and thus we just need to ctampu
the hard region, which reads again

b3(Q* < s,m? ~s) = —s T(—1+¢). (5.78)

For this particular topology and external mass, we also haevaluate the two integrals with dotted

propagators in Fif.1645.16h

q—k q—Fk

(a) (b)



For both these integrals the double limit is smooth, so trebwly have to compute the hard region,
as confirmed byAsy2. m (NB: The only pathological case may be that of integral veitmassless
dotted propagator, but also in this case the integral is@a@nt in the IR region, as it can be seen
from power counting). For these integrals we get

1
bulcwmd) = [
=511 + ey (v + 22) 12
X AL+ )z + (1= 2)(@1 = (1 + M)A +y)22)) 77 (5.79)
bi(Q? < s,m? ~5) =(s'T[1 +¢])/(1 —¢). (5.80)

1
bs(—u, m?) Z/ddh =)kt = 7P
=5 171 + €y oo (zy + mp) 712
X A1+ y)ze + (1 —2) (21 — (=1 + N)(1 +y)az)) 1~ (5.81)
b5(Q? < s,mi ~ ) =(s ' T[L +¢€])/((—1 + €)e). (5.82)

4. Massive bubble with internal massm? and external masss

Py +4q

2y _ d !
br(s, my) _/d h (I1 + pp)2(—m? + (I3 — q)?)

:F(e)/dw1d$25(1 — @1 — @) (w1 + a2) 2

x (vo(—sx1 +mi (w1 + 22))) ¢ (5.83)

This integral depends only on 2 dimensional scatg@xternal) andn? (internal). This implies that
the F polynomial is positive-definite in the regierc 0, m? > 0. Because of the condition< 0, this
region is non-physical and we will refer to it in the follovgas ‘euclidean’ or ‘non-physical’ region.
This tells us that the result for our integral will be a functiwhich takes complex values for physical
values ofs (s > 0) and this consideration holds in general, regardless ofdhieus limits we can take
for this function.

Now, let us consider also the fact that we are interestednmpeting not for general values of but
for s — m?, namely when the external scale approaches the internalTdrig kind of limit, typical

of Minkowsky space, is usually known ag-shelllimit of a Feynman integral, and experience warns
us that this limit might not be smooth. And this is indeed thee! If we askAsy2. mto give us the
expansions in the double lImflQ? < s, s — m3?} (which in this case reduces to ondy— m?), it
gives us two region§0, 0}, {0, 1} and from the second region we actually get a branch cut sanigy!
We dedicate the following paragraph to explaining the pdoce we use in order to determine exactly
the imaginary part acquired by the integral in the physieglan.

Analytical continuation Whenever we have to deal with integrals whose result is aptexrvalued




function, it is always good to compute them in a region wheey tare real (which is identified by the
condition that theF polynomial be positive-definite) and then analytically tone them back to a re-
gion of physical interest, where they develop then a nop-izeaginary part. Analytical continuation
is performed starting from the Feynman prescription ontirariants, which gives positive imaginary
part to external invariants (e.g.— s+ ¢0) and negative imaginary part to the external invariant (e.
m? — m? — i0). This procedure guarantees, if correctly carried outjrtreginary part of the result
to have the correct sign.

Now, if we were to compute the integral EG.83 for general value of, m?, we would simply com-
pute for negative and then continue back with the just-mentioned prescrpties s + i0. But since
we are interested in the value of the integral around thetpainm?, things are slightly more subtle.
In order to combine expansion arouad- 0 with analytical continuation, the following strategy re-
vealed itself more efficient, specially for the computatidmore complicated integrals (e.g. see the
Boxes computation below) which depend on other scales ooftegndm? .

In order to expand around — 0, we need to parametrize? ass(1 — z). Once we insert this
parametrization in thé& polynomial and we simplify it, we assist to a cancellationtef terms having
—s as a prefactor, and we are left with a polynomial whose sigmisdefinite because of the only
presence of terms havingsz as prefactors. Integra} is the easiest example where we can see this.

Fo, = wa(—sx1 + mf(zl + x2))
= xo(—sx1 + s(1 — 2)(x1 + 22))
= xo(sxe — sZ(x1 + 22)) (5.84)
It is clear then that the easiest thing to do is to computezfor 0, which means we are in the

unphysical region ‘above thresholdi? > s, and then continue back to physical valles z < 1. In
order to do so, we define for simplicity

T=-z —1<z<0for0<m?<s, 0<zform?>s. (5.85)

The last ingredient we need to work out is the prescripticemtalytically continuez, which we derive
from the prescription on as follows.

2 2 2

loz=p="0 4 T T 015 40
S s 410 S
(5.86)
This implies the following prescription
Z 2440, (5.87)
thus implying
T=—-%2——2—1i0=2(—1—1i0) = ze" ™. (5.88)

We can now start computing our integral.

HARD REGION{0, 0}

1%the consideration we are going to explain in the followindghwot only for this specific integral, but also for all othetdgrals (triangles
and boxes) whos& polynomials depend on bothandmf are characterized by the same kind of problems concerniegtibld expansion
and analytical continuation.



For the hard region we do not even need analytical contiondtécause in this region we simply set
zZ = 0in the F polynomial, thus eliminating since the beginning any araligin its sign.

bo(z.5) 00y = [ doas™ (e (1 +22) 7>

s7¢I'(e) (5.89)
1—2¢ '
REGION{0, 1}
bo(z.5) o) = 0" 25~ D(e) [ daa(a +22) a3
=s a2 (1 — T (—1 + 2¢)
= 25 T2 FI T2 (1 — )T (—1 + 2¢) (5.90)

We see that the branch cut start actuall)dt), so we need to compute the complete contribution to
this order, which includes actually the second term (Nexte¢ading-Order) in the expansion of the
hard region.

HARD REGION{0,0} at NLO=

_ .
br(Z, s)%L(g =-3s zZD(e). (5.91)
Thus our final result is
—-<r 1 ,
br(z—1,8) = 81 ;6) + —§S_€2F(6) — 2 mesTFI T2 (1 — T (—1 + 2¢). (5.92)
— z€
e TRIANGLES

1. Triangle with 1 internal mass m? and external masse§ Q?, t, m?}

| q
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Figure 5.16: Triangle n.1t;

@ —m)(lh —q)?(k+ 1 —pp — q)?

1
tl(Q27 —t, m%) :/ddl1
—142¢
:F(E)/ dmgdmgr(l + 6)(1 + x2 + 1‘3)
0



(mF(1+22) + 22(Q% — t w3)) ' ¢ (5.93)

This integral depends on 3 dimensional scales and, amorsg tealesin; is both internal and
external. So we are not guaranteed a priori thatAl@lynomial respects the rules of being positive-
definite for negative external masses and positive intenzases. But, in the case under study, this
is true if m? is considered as internal mass. is positive-definite for the physical values of param-
eters{Q? > 0,m? > 0,t < 0}. The regions given by Asy2.m for this integral are &0, 0,0},
{0,—1,-1}, {0,0,—1}}. Since the computation of regions does not present any gmabin this
case and we do not need any analytical continuation, we gpstrt results, without any intermediate
passage.

57T (e)
2€
4673/25717¢((1 = \) 2) ™€ esc(em)
el'(1/2 —¢)
s 1T((1 = A) 2) "2 ese(2em) (1 + €)

€

t1(Z,9,8) (0,00} =

t1(27 Y, S){O,fl,fl} = -

t1(27 Y, S){O,O,fl} = (594)

We mark that different regions may require the regulattr be positive or negative, depending on
which kind of divergence (IR or UV) it is supposed to reguiatthat region. But, since we are working
in DR, we are guaranteed that we can always make an analytimaoation ine of our results. This
means that we can perform, for instance, an analytic coatiiow in all regions which are initially
defined for negative. In general, the analytic continuation we have to do aréatrfactually simple
substitutions) because we never getlevated to an non-integer exponent (which would acquire a
complex phase). Indeedpnly appears il functions, inverse integer powers (namely explicit poles
1/€,1/€%,...) and incsc,sec. These functions are defined in the whole complex plane fexce
well-known isolated poles in), so as a matter of fact, we do not need to do concretely amyti@nce
we integrate in terms of these functions, analytic contiioumas automatically done for us.

That's why we list our results without worrying about thewes ofe for which these integrals are
obtained. So fot; we get by summing up regions

5717 (e)
2e
4673/257 1= (1 = A) 2) ™ csc(em)

el'(1/2 —¢)

75 17((1 = N) 2) "% ese(2em)T(1 + €)
€

In the same topology we also find other three integralst{, to, drawn in Figs. 1% with dotted
propagators for which we just report final results.

ti(z— 1,y —>0,s) =

ta(z = 1,y = 0,8) = t2(Z,¥,8) 10,00} +12(%,9,5)10,—1,-1} +t2(%,¥,5)0,0,—1}
s2T(2 4 ¢)
e(1+ 2¢)
s 27 ((1 = A)Z) " csc(em)T(—1 — €)
€(1+ e)I'(—2¢)
t2(2,9,8)0,0,—13 = —ms > “((1 = A)2) "% csc(2em)(1 + €), (5.95)

t2(Z,9,5) (0,00} = —

t2(27 Y, S){O,fl,fl} =+
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(a) Triangle n.2%5 (b) Triangle n.3:t3

Py —k \pb+qk

(c) Triangle n.9:tg

Figure 5.17

t3 (Z -1,y —0, S) = t3( 2 Y, ){0,0,0} + t3(27y7 ){0 —1,—1} +t3( ZY, ){0,0,71}
—2—
B $sT2T(1 —¢)
t3(z,y, S){o,o,o} = *m

_ s 27 (1 = N) 1Tz M ese(em)D(1 — €)
t3(Z,9,8){0,—~1,-1} = + TENEs
t3(2,9,8) 10,013 = 75~ (1 = N)2) 20 esc(2em)I (1 + ), (5.96)

to(z = 1,y = 0,5) = to(Z, ¥, 8){0,0,0y +t9(Z,¥,5)10,—1,0} + to(Z,¥,5){0,0,1}
STTT24 6
(1+26)e(1+¢)’
. 475727 ((1 = N)2) 2T (1/2 — T(1 — )L (e)T(1 + 2¢
to(,9,5)(0,-1,0) = (@=Vz) % )P =T (O(L + 20
8—2—6(1 _ /\)_1_62_1_6F(76)2F(2+e)

(1+ e)'(—2¢) :

to(Z,9,5) (0,00} = —

t9(27 Y, S){O,O,l} = (5.97)

2. Triangle with 1 internal mass m?2 and external masse§ Q?, u}

1
W@ ) = [



Figure 5.18: Triangle n.4y

:F(lJre)/ (1+x2+$3)71+26
0
% (Qz’zo — uxs + mi(l +x2 4+ x3)) 1€ (5.98)

Since we do not have overlapping between internal and exdtewariants (»? just appears as internal
mass), theF polynomial follows very simply the rule which assigns it iz sign for negative
external and positive internal invariants. Furthermoneces 7 does not depend os it results to
be positive-definite in the physical regig®@? > 0,¢ < 0,m? > 0} and we thus do not need any
analytical continuation. Last but not least, when we sgrfdr Q? — 0 andm? ~ s, theF polynomial
does not goes to zero, meaning that the integral will exlilsinooth behaviour in this double limit.
And indeedAsy?2. mgives us just the hard region for this topology, which reads

_ sTIT (1 +4¢
ta(z = 1,y = 0,) = ta(Z,9, 5)10,0,0y = (%E)E) (5.99)
3. Triangle with 2 internal massesm? and external masse§m?,s}
Dy +4q

pot+q—Fk k

/ N

Figure 5.19: Triangle n.5;

1
ts(mi,s) = /ddl
S0 = O G (= 0 — )k b — ) —m?)
=T(1+ e)/ (1 + 9 + x3) " T2 (—saa + mt? (za + (z2 + x3)%)) " <. (5.100)
0

The same considerations we did for bubbje(Eq.6.83) hold also for trianglets. The topology
depends on just 2 dimensional scales:?, andm? is both internal and external mass. This means
that, given positive internal negative and external iraats, theF polynomial is not guaranteed to
have positive sign. But once agafhappens to be positive-definite for negativand positiven?



(namely if we considem? as internal mass). The integral will be thus real fo& 0 but complex
for s > 0, so that we will need to perform analytical continuation nder to get the correct result.
Finally, since we want to compute am shelllimit of this integral, we know that it might develop
singularities in this limit, and this is indeed the case, asficmed byAsy2. m which gives us two
regions{{0, 0,0}, {0, 1,1} }, of which the second one develops a branch cut. We reporicékpthe
computation of the second region, since it requires somepukations.

HARD REGION{0, 0,0}

sTITT(1 +¢)

> (5.101)

t5(Z,9,5){0,0,0y = —

REGION{0, 1,1}

We perform the same kind of analytical continuation that eefgrmed for bubblé,;. Namely we
compute ‘above threshold’, i.e. far= —z > 0, and then we continue back to the physical region
‘below threshold’, i.e. z > 0, by using the prescription E88. We start then by making the
substitutionz — —z and computing foz > 0.

t5(2,9,8){0,1,1} = a72637176/ D(1+ €)(Zzs + (22 + 23)°) 17 F. (5.102)
0

This integral is tricky because of the presence of both liaed quadratic dependence of the integrand
on the integration variables. We can bypass this obstaclpelofprming the following change of
variables

—en/z, a3 =(1-En/z. (5.103)

The Jacobian of the transformation is

2 £
= ( S ) (5.104)
with determinant
det(J) = L. (5.105)

IZ‘2
The inverse transformation

&=

T

provides the integration domain expressed in terms of batesion the, n variables
0<é<l, 0<n<oo. (5.107)

So, our integral now reads
_ o —2e —1— e — 26 —1—€e —e€
t5(Z.3, 90,01y = DAL+ a5~ (@) / e [t + &0t

=a s ET 2 T(1— (2¢) / dee >
0

o 8—1—62—2662i7r611(1 o 6)11(*1 + 26) (5108)

Analytical continuation is performed in the last line of EgI0§. Our final result reads

sTITT(1+¢)
2¢
+ 571722 (1 — T (—1 + 2€). (5.109)

ts(z — 1,y - 0,s) = —



q q

(a) Triangle n.6%¢ (b) Triangle n.7:t7

Figure 5.20

4. Triangle with 2 internal massesm? and external masse§Q?,u}
In this topology we have two integrals.

1
mi + (11 = q)?)(=mf + (k+ 11— q)?)

t6(@%—um?) = [ a'h iz
:F(lJre)/ (1+x2+$3)71+26
0

x (mf (z2 + x3)(1 + x2 + 23) + (Q 22 — uws)) ' 7, (5.110)

)= /d Iy [112]2(=m2 + (11 — ¢)2)(—m2 + (k + 11 — q)2)

oo
:F(Q—i—e)/ (1-"—1’2-&-1}3)26
0

t7(Q27 —u, m?

X (mf(z2 + 23)(1 + @2 + x3) + (@22 — uws)) > ~C. (5.111)

The same considerations we have done for topote@lso hold for this topology, so that results for
this integral in the double limifz — 1,y — 0} correspond to the only hard region and read

—1—e
_ s I'(1+
tG(Z — 17?/ — 07 S) = t6(27y7 S){O,O,O} = %7 (5112)
—2—¢
_ s I'(2+¢
t7(z = 1,y = 0,5) = t7(2,¥,5){0,0,0} = ﬁ (5.113)

e BOX

1. Box with 1 internal massm? (1 massive propagator) and external massefu, t, Q2}

1
Y — )2k +11—q)%(k+ 11— pp — q)?

=I'(2+¢) / (1 + x2 + x3 + 24)%
0

b0w1(Q27u7t7p2,m2) z/ddll
p (17 —mg

2 2
X (—uzi123 — prx1Ts — tr2x4 + Q 122



Db pot+q—Fk
Figure 5.21: Box n.1box;

+ m?ml(ﬂcl + 2o + 3 + x4))_2_6. (5.114)

The genuineF, before any manipulations, depends on the external invar{a, ¢, p7, Q* = —¢*}.
Being its sign positive in the region identified by negatixéeenal and positive internal invariants,
is positive-definite in the physical regidm < 0,¢ < 0,p? < 0,Q%,m?}. We observe that, thanks to
a cancellation occurring in the polynomial, we can safetypge= m? without spoiling the sign of the
polynomial.

1
@ —m)(la = q)?(k+h —q)*(k+ 1l —pp — q)?

oo
=I'(2+ e)/ (1422 + 23 + 24)*
0

boxl(Q2,u,t,mf) :/ddll

X (—ux1x3 — troxa + Q2x1ﬂc2

+mfm1(:1c1 + 29 +IE3))_2_6. (5.115)
We obtain thus an integral which is real in the region of pbgkinterest and thus do not need
analytical continuationAsy 2. mgives three regions{{0,0,0,0},{0,—1,—1,-1},{0,0,0, —1}}.
Since integrations are quite simple and hand real-valugpubuwe report directly results for the
various regions.

boxi(z — 1,y — 0,8) =box1(Z,¥,8){0,0,0,0y +box1(Z,¥,8){0,—1,~1,-1}

+ box1(2,Y,5){0,0,0,~1} (5.116)
HARD REGION{0,0,0,0}
box (2 5) = _M (5 117)
1(#,Y,5){0,0,0,0} = (1+26)6(1+6) .
REGION{0, -1, —-1,—1}
e oo e 1 2MTD(=6)3T(1 + €)
= 1—e 2—e l—e_—1—¢€
box1(2,y,8)f0,~1,-1,—1} = a s 1-=X z T —oT(—2e) (5.118)
REGION{0,0,0, —1}
box1(Z,y,5){0,0,0,—1} = —a TP s TR = \) T2 % ese(2em) D (e). (5.119)

2. Box with 1 internal massm? (2 massive propagators) and external massgs, Q2,u}

1
b+ po)*((k+ 10— q) —=mi)((h — 9)* —m3)

b0$2(Q2757u7p?7mf) :/ddll )
Gl



oo
=r(2+e)/ (1+ 22 + 3 + 24)*
0

2 2
(—szows — ur14 — Pr 24 + Q X123

+m? (23 + 24) (21 + T2 + 33 + 24)) 7279 (5.120)

Following the usual ruleF is positive-definite for negative external invariafits< 0, p? < 0,u <

o 1.
1

"3
o
S
>
+
Q
I

>~

Figure 5.22: Box n.2bozx,

0, Q% < 0} and positive internal invariamt?. First we observe that we can safely spt= m? thanks
to a cancellation in thé& polynomial which guarantees the sign of the polynomial toain definite
(as it happened fdrox,). So we can rewrite

1
) +pp)?((k+ 11— q)? = mi)((lh — q)* — mi)

:F(2+e)/ (14 22 + 23 + 24)*
0

bon(Q{s,u,nﬁ) = /ddll E
1

(—sw2w3 — uT1T4 + QQJ?LTS

+m2 (w3 + 24)? 2124 + 23(T1 + 72))) 7279, (5.121)

We also clearly see that for this box, we have to deal withyditall continuation, since the result
is expected to be complex far > 0. Asy2. mgives us 2 regions{{0,0,0,0},{0,—1,0,0}} and
indeed the result for the second region happens to developalex phase. Since integrations are
quite trivial to perform and analytical continuation is @amsing the usual prescriptions E5g9, we
just report the final results for regions.

box2(z — 0,y — 1,8) = box2(Z, 9, 8){0,0,0,0y + box2(Z,¥,5)(0,-1,0,0}

—2—e€
_ s I'2+e¢
borate o) =~
box2(Z,y,8)50,-1,0,0} = a1 T2 T IR D (o)D) (2€). (5.122)

Now that all 1-loop integrals are computed, we can integitsgen over the Phase Space Bdi@), namely over
the angular variabl@. There is just one last subtlety that separates us fromrabtpihe initial condition and we
would like to spend a few words about it. Up to here we compitémbp topologies with only denominators and
with dotted propagators. This is because these 1-loopriateghere obtained by taking the basis in and
cutting away the Phase Space. Now, the point is that when wetaget the initial condition for instance for this
specific choice of basis (no numerators but dotted propagjate will have to integrate our 1-loop results not only
over the standard Phase Space, but also over ‘dotted PhasesSmamely combinations of one or more dotted
cut propagators. Whenever we get a dotted cut propagaiwisthot physical and a ‘dotted Phase Space’ cannot
be parametrized like an ordinary Phase Space[BEf)( So, we adopt the following strategy. We express the
‘dotted basis’ EqB.63 in terms of a basis with no dotted propagators but with natees (which is actually the
original bases given by theat hemat i ca version of the reduction prografi RE, [113). When we cut away
the Phase Space in the new basis, those masters which haresgaor can be distinguished into two categories



e the numerator does not contain the loop momenityrax.

/ddkddll (k + po)®
k213 (—k 4+ 11 +po)?(—mt? + (I — q)2)(—mt? + (=k + pp + q)?)
k+pp)?
dk ( T(k
[ O o T

. 1
with (k) = [ d%
O e e e e ey

(5.123)

In this case the 1-loop integral is one of the results obthai®ve and and then we parametrize the numer-
ator depending ok in terms of the Phase Space variables and integrate over it together with the Phase
Space.

e the numerator contains the loop momentijrex.

/ddkddll (h +pb)”
K213 (—k 4+ 11 + po)?(—mt? + (1 — q)2)(—mt? + (=k + ps + q)?)

1
d%k T (k
—)/ kz(fmt2+(*k+pb+q)2) ( )

) l1 +pb)2
with 77 (k) = /ddl (
(k) ! 2(=k+ U+ pp)2(—mt2 + (I1 — q)?)

(5.124)

In this latter case the 1-loop integral has a numerator. ihcjple we would need to compute a new 1-loop
integral, but practically speaking this is not necessagabse this new integrdl’(k) can be expressed as
a linear combination of the above computed 1-loop ‘mastéggrals. Once this reduction is done we just
need to carry out the integration oveof a standard Phase Space times the 1-loof” (k).

With this last paragraph, we have explained in detail all éf@mments needed to compute the Mls describing
[b+W* — t+ gli—100p- We can then conclude here the RV section for the bottom aia@omplete results for
the Mls are provided in the Appendix.



Double-Virtuals [b + W* — ¢]

2—loop
> > 7, 7,
(a) (b) (c) (d)
(e) ® (9) (h)
Cucd 4
A
0) 0) (k) ()

Figure 5.23: 2-loop corrections to+ W* — ¢

Diagrams contributing to the 2-loop corrections to theeaebt+ W* — ¢ are drawn in FigB.23. They give birth
to four independent topologies (H6.12% and Fig[B5.29).

YV = (12,2, 31 —pp)?, (2 +0p)%, (<l + 12 +pp)2%, —mZ + (I2 — @), —m? + (=11 +pp + 0)?}
YV = {12,13, (10 +12)2, (11 + 12 — pp)?, (I2 — pp)%, —m? + (4 +12 — pp — @)%, —mF + (11 — @)?}
YV = {12,3, (11 + )2, (l2 — pp)?, —m? + (1 — @), —m? + (~l1 + 12 +q)2, —m? + (2 +pp + )%}

YV = 3,3 - m?, (h + )% —mi + (1 — 9%, (1 + 1o +9)%, (2 + 9)%, (2 + pp +0)* - (5.125)



(@) (b) (©

(d)
Figure 5.24: Independent topologies for+ W* — t]o.
The master integrals obtained from the reduction of thesgrdims are listed in EG{I26. In Fig.5.29 we draw

the subtopologies to which master integrals with denorminagual to 1 correspond (the remaining masters are
obtained by multiplying these subtopologies by the appad@numerators).

1
—l1 + 1l +pp)2[—mt? + (I — q)?]

Master}"; = /ddllddlg 25
172

Masterd, o = | o o mr? (+ll<z; Zibl;n—mﬂ + (=l +py+9)°)
Master})¥; = [ d¥1yd%, 20+ l2)2[*gt2 + (1 — 9)2]
Master,}é‘é = [ d%1yd%, BEmt2 + (g — q)2][—int2 + (1 +12 —pp —9)?]
Master}g‘,g = [ d%,d%, l%(h T1)2[—mt2 1 (] — q)lj][—th + (1 +1lo —pp — )2
(11 +12)?

Masteryz"fl = ddllddlg

Bi2[—mt? + (I1 — q)2][-mt + (I1 + Iz —pp — @)?]
(1 + 1o — pp)?
2[=mt? + (1y — @)2][=mt? + (i1 + 12 — pp — 9)?]
1
2(ly +12)2 (12 — pp)2[-mt2 + (11 — ¢)2][-mt2 + (11 + 12 — pp — 9)?]
l2
Iy 2
1211 +12)2(la — pp)2[-mt2 + (11 — @)2][-mt2 + (I3 + 1o — pp — 0)2]
dy, 1
B12(1 +12)2(la — pp)2[-mt2 + (11 — @)2][-mt? + (I1 + 2 — pp — 9)?]
% !
*TEmt2 + (1 — 2)[—mt2 + (<15 + Iz + @)2][—mt2 + (s + pp + 0)2)
1
l
B-mt? + (11 — @)2][-mt? + (=l + 12 + )2][-mt2 + (l2 + pp + )?]
12
d, 2
Bl—mt? + (I1 — q)2][-mt? + (=11 + Iz + q)%][-mt + (I2 + pp + 0)?]
1
B13[—mt? + (=1 + 2 + q)2][-mt? + (2 + pp + 9)?]

Master})¥s = [ d¥yd%, =
1

Mastergg’/; =

Mastery;g =

Mastertv?,"/i =

Masterégé =

Mastertv?,"g =

/
/
/
/
/
/
Masterl}Ys = [ dinaty
/
/
/
/
/
/

Masterx))‘fl =



(11 +pp)?

213[-mt2 + (—l1 + Iz + )2][-mt2 + (I2 + pp + 9)?]
d, 1

12013 — mt2][(—11 + 12 + 9)?]

]Waster;g,g =

]Wasterxl‘ﬁ =

(13 — mt2][(ln + pp)2)[(~l1 + 12 +q)?]
a1 (11 +Pb)2
YRR 2] [(— + 1o + 9)2)

(11 +pp)? .
12012 — mt2][—mt? + (Iy — ¢)2][(—l1 + l2 + 9)2][(2 + pp + 9)?]

]\4asterxlfg =

]Wasterxl‘;l =

1
]\4aster,§2/2 = /ddllddlg

d%1,d%, (5.126)
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(@) Master)."; (b) Mastery,
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(c) M astergg
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(d)y M aster,}éfg
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(h) M asterxlg

Figure 5.25: Set of independent subtopologiedferiV* — ¢ at 2-loop.
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).

Results for all master integrals in H6.128 have been provided if2B], [37], [9], [18], [37] and were cross-
checked by us. For a complete list of them, we send the intstesader to the above-mentioned references. We
limit ourselves to provide for pedagogical purposes an gamwf how one of these integrals is computed through



standard Differential Equations, where by ‘standard’ weameot in canonical form. Let us pick up for instance
Master}’"] and define its dimensionless equivalent

Mastervv ad(y) = (m%)di[lMasterzg"/l’ad (v)
= (mf)_%]\4a5ter2/;‘7/1’ad(y). (5.127)

The D.E. forMasteer/l’“d(y) reads

d Ve, . 43— (@201 —y) — 4y)Master) 7" (v)
d—Master (y) = .
y(1+y)
(8 —3(4 - 26))Masterz/v2ad(y)
Wl +v) (5.128)

A first comment that needs to be made is that all VV mastersfgairdinary DES. This represents quite a big
simplification with respect to the RR and RV masters, for Wwhiee had to integrate partial DEs. The reason for
this lies in the kinematic of the double-virtual amplitugesich, given the absence of real emissions, coincides
with the Born kinematic. At tree-level the process is goeeriby only two dimensional scales, i.€)%, m?,
because the energy in the center of mass frame 06,tHé" pair s is exactly the needed amount to produce a
top in the final state, so that= m? holds. This implies that at two loops the dimensionles®rati= m? /s is
constant and equal to 1, so that the only variable on whiclmthgters can depend is actuajly= Q2/m?.

Now, the r.h.s of EQE.128 has a usual structure: it is the sum df@mogeneougrm, proportional to the integral
we want to solve, nameI;Mastert1 1, and aninhomogeneous termgiven by the linear combinations of other
integrals of the basis EE{I2§ with an equal or smaller number of propagators with reS]:lEMasteTtl 1 In

this specific case, the structure is particularly simple¢aithe inhomogeneous term contains the only integral
Master}’",, which constitutes indeed a subtopology of the originaégnal M aster)";. Now, the standard
method to solve differential equations in one variablehsas EqE.129, is the so-calledrariation of constants
method which can be found in any standard text-book of elementalgutus. A prerequisite for applying such
method is the knowledge of the inhomogeneous term, whicliéspre have to know the result fMasteerYQ

in order to be able to compufe aster)’"].

In other words, we have to adopt a bottom-up approach to shveystem of (coupled) differential equations
that we obtain for the entire basis. We start by solving DEgHie masters of the basis with the lowest number
number of propagators, and proceed then solving the masittr&n increasing number of propagators, till we
get to solve the biggest integrals appearing in the basi®adh ordern in the number of propagators, masters
which have been previously solved (namely with a number opagatorsn’ < m) enter the DEs as part of the
inhomogeneous terms, which is then totally known. So, assyime know the result foMaster}leQ, we show
how Eq.B.129 is solved order by order ig, taking as an example the first three non-trivial orders. &/ from

the observation that, being at two loops, the most singwtaatiour both integrald/aster),"; and Master}",

can exhibit is of the typé /e*. From the result fOMasteTXLYQ we know that this integral starts at ordefe?, so
that it admits the expansion

mD
2w 2(y)
Masterxl‘é(y) t462 + t46 + m?4’2(y) + mt 26(’!/) + mt 252(1/) + 0(e3), (5.129)

where the coefficientmgi)z(y) are known. Along the same line, we can write an ansatafaster}, ", in which
we have to include a priori also terms of ordge® and1/e?.

tll(y) mid @) i) mih)
2

Vv
Mastertl,l(y) = 3 i

+md 3 () +m ew) + miP ) + 0. (5.130)

€



Let us substitute in EJR{I28 both thec-expansions for the inhomogeneous and homogeneous ten(s.0[29
and EqB.130) and expand again inboth sides of EqH.128. We get for the first five coefficient in the expansion
of Master}"| (y) the following differential equations.

d (-4
d_y El 1) (y) =0
d (-3
2y W) =0
A m{ 3 ) - mi )
dy ot y(l+y)
Ao Z6mi ) b me 5 () 480 - ymi P ) dmi, )
dy dey(1+y)
—1 0 —1 0
A0 ZOmE ) +Ami ) + 81— y)mi 3 ) = dmi, () 5131
dy tt 4y(1 +y) ’ '

For brevity, we omit the next orderé(e), O(e?), and so on) in EJF.13) E)

Let us start integrating the first two orders, which are &ligind give simply constants as a result of the integration
mi ) =, mi P ) = (5.132)

Such constants, which appear as a result of the fact thatevpeaforming indefinite integrations on both sides
of the DE, have to be fixed by computing the integral in a fixatekaatic pointy = . The vector of bound-
ary conditions? = (c(=%, ..., ¢(?)) can be obtained from the explicit computation of the integrahe chosen
kinematic limit, by applying for instance the strategy ofgaxsion by Regions (previously illustrated in the case
of the RR and RV integrals). Alternatively one can study tingslar behaviour of the differential equation and
check whether there are or not spurious singularities, hasimegularities which do not have any precise physical
meaning (we remind the reader that the singular behaviotlveadifferential equation reflect that of its solution!).
In case a spurious singularity is present sayyfoe ', one can use it to extract the boundary conditions by
imposing the integral to be finite igf. This is indeed the case for the case study we have choserddnto study
the behaviour, we let the regulatogoing to zero in the differential equations, thus getting

d e’ ( 1 1 ) 8% (1 1 ) 8%
— Master =|—=+4+ —— | Master + (- ——— ) Master . 5.133
i t1.1(Y) i 1.1 (Y) J 1ty t4,2(Y) ( )

Given the physical boundanry > 0 and given that no physical divergence is expected at 0, this equation
exhibits a clear spurious singularity in = 0. Starting from the first non trivial order ia (heree=2) and by
requiring order by order in ER(I3) the r.h.s to be finite iy = 0, namely the coefficient of the/y pole to
be zero, the boundary conditioa’can be extract@. Without entering further in the discussion of boundary
conditions, which were not indeed computed directly by espuk assume the vector of boundary conditido
be known and show then how integration order by order works.

The vectoe reads up ta)(e")

1 5 1
é=(0,0, 0=, ==, —(—57 — 27° 5.134
7= (0.0, 35~ 2 o572, (5.134)
so that the two first order in EGI3]) simply amount to zero contribution. For the first non trivdeder, namely
O(e~%) we need to substitute in EB.A3) the inhomogeneous term(’i)(y) = 1/32 and we immediately

ta,

11 They have a structure similar to the one of the first five ordeorted in Eq{5.131) and the strategy to integrate tisetimei same as the
one that we illustrate in the following for the lowest order.
12This method cannot be applied to the first two orders, for tvkiie boundary conditions have to explicitly computed.



observe that given the structure of the r.h.s, we do not eged to integrate. It is sufficient to impose the r.h.s. to
be finite in the limity — 0 in order to extract the desired coefficient, nanteislljf)(y) = 1/32. Moving on to

O(e 1), and substitutingnff;é) (y) = 5/64 plus the results from the previous orders, we get the DE

d (1 3 5 1 1 (-1)

— = [+ — : 5.135
The homogeneous solution reads then

(71),hom(y) _ (1 + y)C[—l]

my ) (5.136)

with C[—1] being an integration constant. By applying the variatioeafstant method, we get as a solution to
the full equation

_ 5, G/ | o
32y 16y

5—2In(1+vy)) — % (5.137)

1
= E(
At this point we are ready this result fmg;i)(y) together with the known inhomogeneous coeffici;euﬁi?2 (y)
in the DE for the next order, namet9(e) and solve it in the same way we did @(¢~'). By repeating this
procedure order by order we can obtain the desired integrad the needed precision in

Our discussion of Double-Virtual contribution to CC-DISrRoFactors ends here. Further details and complete
results for master integrals and 2-loop Form Factors cantedin the above-cited references.



5.2.2 Gluon channel: g-initiated subprocesses at NNLO.

Double Reals [g+ W* =t + b+ g|

0—loop
AN\ e AP e W\%
A
T 1 A
— ’W?—‘—@ T
(a) (b) (c)

o oo T
1 A rooooo>
e i -
(d) (e) )]
AN\ 50>
I é_,__
- "

(@) (h)

Figure 5.26: Tree-level diagrams for- W* — t + b+ g

The Feynman diagrams for the Double Real (RR) contributig$.28) to the gluon channel can be generated
from scratch or obtained by applyirggossing symmetrio the Double Real diagrams for the bottom-initiated
subprocess+ W* — ¢t + g + g. We remind the reader that crossing symmetry is a properyngiitudes which
states that thé&-matrix for any process involving a particle with momentprim the initial state is equal to the
S-matrix for an otherwise identical process but with an aantiple of momentunk = —p in the final state. In
other words, given an amplitudet, it holds

M(p(p) + ... = ) =M (. = .+ (k) (5.138)

where¢ is the antiparticle ot andk = —p (see[L0Z). In our case, given the starting amplitudes 6p;,) +
W*(q) — t(p:) + g(k1) + g(kz), we can obtain amplitudes fei(ki) + W*(q) — t(p:) + g(k2) + b(ps) by
applying crossing symmetry defined @S (p, — —ps, k1 — —k1). Once crossing symmetry is applied, it is
convenient to rename particle momenta as

(=k1—=pp,—Pp—k1)
ﬁ

g(k1) + W7(q) — t(pt) + g(k2) + b(ps) g(ps) + W*(q) = t(pt) + g(k2) + b(k1), (5.139)

in order to maintain definitions of Mandelstam invariantghanged. By inspection of Fifa28, we see that
because of the appearance of tree-level diagrams with atnegige, already at this primary stage we can intu-
itively expect to get new topologies and master integralb vaspect to those already found in the bottom channel.



By taking the square modulus of diagrams [Big8and adding the 3-particle Phase Spaced{j, we get at a
first inspection 9 independent set of propagatordEL4Q).

tin = {{k1, (k1 + k2)?, (pp — k1)?, K3, (k1 + kg — pp)?, (k1 + k2 — @) — m7,
(k1 + k2 —pp — )% —mi},
(KT, oy — k1)%, k3, (k1 + ko — pp)?, (k1 — @)* —m, (k1 + kg — ) —m7,
(k1 + k2 —pp — )% — m?},
k3, (pp — k1)%, k%: (k1 + k2 — pp)?, (k1 — @)% —m7, (—k1 +pp + @)% —m7,
(k1 + k2 —pp — )% —m7},
(K3, (k1 + k2)?, (pp — k1)?, k3, (k1 + kg — @)% — m3, (=K1 +pp + @)2 = m?,
(k1 + k2 —pp — )% — m3},
{k3, (pp — k1)?, k§, (k1 — @)% = mi, (k1 + kg — a)® —mi, (—k1 +pp +a)° —m7,
(k1 + ko —pp — )% —mi},
{k3, (pp — k1)%, K3, (k1 + k2 — pp)?, (p — k2)?, (k1 + pp + )% — m7,
(k1 + k2 —pp — )% —m7},
(K3, k3, (k1 + kg — pu)?, (o — k2)?, (k1 — @)% = m3, (=k1 +pp +9)° —m7,
(k1 + k2 —pp — )% — m3},
(K3, (pp — k1)%, K3, (k1 + kg — pp)?, (0 — k2)?, (k1 — @) — mZ,
(k1 + ko —pp — )% —mi},
{k3, (o — k1)? kg, (pp = k2)%, (k1 = 9)* = m, (=k1 +pp +9)* = m,
(k1 + k2 —pp — )2 —m3}}
(5.140)
Only five among the sets of propagatorsin are topologies. The remaining four sets, listed in[zd4)),
contain linearly dependent propagators.

taep = {{kT, (k1 + k2)%, (b — k1)? K3, (k1 + k2 —pp)?, (k1 + k2 — @)® —m7,
(k1 + kg — py — )* = mi},
(K3, (oo — k1)%, K3, (k1 + k2 — pp)?, (k1 — @) — m7, (—k1 +pp + 9)% — m3,
(k1 + k2 —pp — @2 — m7},
(K, (pp — k1)?, k3, (k1 — @)* = m, (k1 + k2 — )® —mZ, (—k1 +pp + @)% —mi,
(k1 + kg —py — )* = mi},
(K3, (0o — k1)%, K3, (py — k2)?, (k1 — )2 — m7, (—k1 +pp + @)% — m3,
(k1 +ky —py — q)* = m7}} (5.141)
This implies that we have to perform partial fractioning boge scalar integrals containing products of such lin-

early dependent propagators. Let us explain with an exarplenstance, we consider the first set in BglA)),
which contains the set of linearly dependent propagatorGHEad.

(k1 + k2)?] = [(k1 + k2 — pb)?] — [(k1 + k2 — q)® = mi] + [(k1 + k2 — pp — q)° — mi] = 0. (5.142)

Among the scalar integrals described by this set of propagate also encounter integrals containing at denom-
inator products of these four dependent propagators. ler@odoerform the reduction to masters integrals on this
kind of integrals, we need to correct for this linear depemgeand this is achieved by designing a prgpeatial
fractioning rule For instance, given the relation E§.143, we design the partial fractioning rule H6.143.



1 1 1 1

[+ k2 — po)?][(kt + ko — )2 —mZ] 5+ Q2 [[(ka + k2 — )2 —m7]  [(ka + k2 — po)?]

[(k1 + k2)?]

(k1 + k2 — po)?][(k1 + k2 — q)? — m]]

[(py + g — k1 — k2)* — m{]

(k1 + k2 — pp)?][(k1 + k2 — q)? — m]]

(5.143)

If we apply Eq[E.143 to the simplest integral we can imagine, namely the oneatoimg the phase space and
a product of the only dependent propagators, we can rewatethe sum of integrals each one containing only a
subset of these propagators, so that the problem of lingemdience is solved.

/ddklddkz !
. (E31[R3][(k1 + k2)2][(k1 + k2 — pp)2][(k1 + k2 — @)% — m?][(k1 + k2 — pp — q)2 — m7]

/ddklkz !
. (F31[k3][(k1 + k2)2][(k1 + k2 — @)% — m?][(k1 + k2 — pp — )% — m7]
- /ddklkz s - 3
. [1[R311(k1 + k2)2][(k1 + k2 — pp)2][(k1 + k2 — pp, — @)% — m7]
B d, d 1
S A e G = P e 07 = A T e e = 97 =
1
(k31[k3][(k1 + k2)2][(k1 + k2 — pp)?])[(k1 + k2 — )2 — m7]

_ 1
s+ Q?

+/. A%, d% ks (5.144)
We see that none of the integrals appearing on the right hided$ Eq.5.149 contains now a set of linearly
dependent propagators, so that we achieved our goal. Iti@ddive observe that the term on the r.h.s. coloured
in red is zero, since it happens not to contain anymore thelfidlse space measure. The last step we need to take
to definitely get rid of the problems of linearly dependemgagators is to make sure that every scalar integral we
get after performing partial fractioning is actually cantd in a topology, or, in other words, that the propagators
contained in each of these scalar integrals actually rept@ssubset of a proper topology. We explain using again
the same example. Let us write down the set of topology of whie dispose up to now, given by E5.145.

tindep =1kT, (pp — k1)% k3, (k1 + ko — pp)?, (k1 — @)% —mF, (k1 + ko — q)® —m37,
(k1 + k2 —pp — @)* — mi},
{3, (k1 + k2)%, (py — k1), K3, (k1 + k2 — q)2 —mZ, (k1 + pp + )% — m7,
(k1 + k2 —pp — @) — mi},
{3, (pp — k1)?, k3, (k1 + k2 — pp)?, (b — k2)?, (=k1 +py + 9)° — m7,
(k1 + k2 —pp — )2 — mi},
{k3,k3, (k1 + k2 — pp)?, (o — k2)?, (k1 — @)% — m7, (—k1 +pp + @)% — m7,
(k1 + k2 — pp — 0)°
{k3, (pp — k1)?, K3, (k1 + k2 — pp)?, (o — k2)?, (k1 — @)% — mZ,
(k1 + k2 —pp — @)% —m?}} (5.145)

-mZ},

Now, if we look at the scalar integrals on the r.h.s. of Bd49, we see that the first and third integrals are indeed
subtopologies respectively of the second and the first tapes listed in EqH.I45%. But the second integral
happens to be a subtopology of none of the topologies ifBEd. To solve this problem we simply need to
create arad hoctopology that contains such integral. This can be done hystidjg the original set of dependent
propagator§k?, (ki +ks)2, (pp—k1)?, k2, (k1 +ka—pp)?, (k1 +ka—q)2 —m?2, (k1 +ka—pp—q)%> —m?2} (the first

in Eq.B5.142)) in order to get out of it a proper topologies that contaie three propagatofék;, + k2)2], [(k1 +

ko —pp)?], [(k1 + ko — p» — q)? — m?]. This is easily achieved by properly replacing one of theditly dependent
propagators in the set with a new propagator chosen sucththawo above-mentioned requirements are satisfied.



For instance, the first set in BE.{4) can be modified by replacin¢k; + k2 — q)? — m?] with [(k; — ¢)% —m?].
In this way we obtain the new topology

{3, (k1 + k2)?, (py — k1), k3, (k1 + k2 — po)?, (k1 — @) — mi, (k1 + k2 —pp — )° — mi }, (5.146)

which actually contains all propagators of the second iated in EqE.149 as a subtopology.

For completeness we report in the following all partial fraing rules we created and used for the other three
topologies containing linearly dependent propagatomrsaiathe last three sets of propagators in Ed4). The
relation of linear dependence is the same for all these 8ete so that we can design just one partial fractioning
rule (Eq.6.147) valid for the three of them.

! L1 [(ps + g — k1) — m3]
(k1 = po)?[(q — k)2 —mZ] s+ Q% [[(k1 — pv)?][(q — k1)? — mi]
1 1
- - 5.147
) T )7~ (o447
By proceeding in this way, namely performing partial fraoing and manipulating topologies where needed,
we end up with a certain number of independent topologiesriésg our process, but, after running reduction
to Mls, it turns out that the entire set of independent mastegrals is actually contained in only three of such

topologies, reported in E&{I49 and drawn in Fide.21

tF ={k3, (=k1 +pp)?, k3, (k1 + bz — pp)?, (k1 — @)% —m3, (k1 + ka — @)% — m7,
(k1 + k2 —pp — @)2 —m?}

t§ ={k3, k3, (k1 + k2 — pp)?, (—k2 +pp)%, (k1 — @)% —mZ, (—k1 +pp + )2 — m3,
(k1 + ko — pp — @) — m?}

t§ ={k?, (k1 + k2)?, (—k1 +pp)%, k3, (k1 + k2 — @)% — m?, (=k1 +pp + @)% — m7,
(k1 + k2 — pp — @)% —m?}. (5.148)

The sets of Master Integrals found in each of these topddagielisted in EqH, 149, 5.1505.151 We underline

E l 7
: /

@) (b) (©)

Figure 5.27: Independent topologiestg- W* — ¢t + b + g.

that not all of these masters are independent. Indeed werthsdime of these integrals repeated in more than one
topology, but for a matter of order in the computation we dedb keep the masters separated according to the
topology to which they belong instead of merging them inte big set. The set of independent Mls describing
double real contribution to the gluon channel contains ty«@me integrals.



Master$ = G[tY,{1,0,1,0,0,0,1}]
Master§ = G[t9,{1,0,1,0,0,0,2}]
Master§ = G[t9,{1,0,1,1,0,0,1}]
Master$ = G[tY,{1,0,1,0,1,0,1}]
Maste1"5 =G[t?,{1,0,1,0,1,0,2}]
Master§ = G[t9,{1,0,1,0,2,0,1}]
Master =a[t9,{1,0,1,1,1,0,1}]
Masters =G[t?,{1,0,1,1,1,0,2}]
Masterg =a[t?,{1,0,1,1,0,1,1}]
Master$y) = G[t7,{1,0,1,0,1,1,1}]
Master$) = G[t7,{1,0,1,0,1,1,2}]
Master$h = G[t9,{1,0,1,1,1,1,1}]
Master$y = G[t9,{1,1,1,1,1,1,1}] (5.149)

Master$) = G[t$,{1,1,0,0,0,0,1}]
Master$s = G[tS, {1,1,0,0,0,0,2}]
Master$y = G[t§,{1,1,1,0,0,0,1}]
Master$ = G[t§,{1,1,0,0,1,0,1}]
Master$y = G[t§, {1,1,0,0,1,0,2}]
Master$}y = G[t§,{1,1,0,0,2,0,1}]
Master§) = G[t§,{1,1,1,0,1,0,1}]
Master§) = G[t§,{1,1,1,0,1,0,2}]
MasterSy = G[t$,{1,1,1,0,0,1,1}]
Master§y = G[t§,{1,1,1,0,0,1,2}]
Master§) = G[t§,{1,1,1,0,0,2,1}]
Master§s = G[t§,{1,1,1,0,1,1,1}]
Master§y = G[t§,{1,1,1,1,0,1,1}] (5.150)

Master§h = G[t§,{1,0,0,1,0,0,1}]

Master§y = G[t§,{1,0,0,1,0,0,2}]

MasterSy = G[t§, {1,0,0,1,1,1,1}]

Master§) = G[t§,{1,0,0,1,1,1,2}]

Master§) = G[t§,{1,1,1,1,1,1,1}] (5.151)
We also would like to stress that the majority of integral&m(5.149, (5.150), (5.15) was already encountered
in the reduction of the bottom channel double real diagradBus.indeed, as expected, nine new master integrals,
distributed in the three topologies EG.I49, are found, corresponding o/ asterS, Master$y, Master$),

Master$y, Master(,, Master$s, MasterSy, Master§), Master$,. These new masters are drawn in fGg2g.
Once again we turn these basis of masters into canonical gines in Eql6.12), (€13, (€19 of the Appendix.

From here on the computation, at least in principles, dggeés usual, namely we generate systems of canonical
D.E. we integrate them in terms of GPLs and we match them wgightapriate boundary conditions generated in



the same way we already did for the RR masters integrals ibdttem channel (D.E.and b.c. are systematically
reported in Egs. fronfd 13 to (€20 of the Appendix). The procedure to compute such boundanditions is
the same used for the bottom channel RR masters, thus foa#ededescription we send the reader back to the
part of this section dedicated to the computatioh-gfitiated subprocesses. Nonetheless, we would like &sstr
that all gluon masters in the soft limit— 1 shrink to linear combination of only two soft masters. Thiege soft
masters happen to be the same which also describes thensivfbfithe Double-Real Mls for thé-channel (see
Eq.55D). Itis quite remarkable that we only need two soft integitaldescribe the soft behaviour of double real
radiation in both the bottom and gluon channel!

Unfortunately, we find in topologie andt$’ an additional difficulty that needs to be discussed and gante
before being able to actually compute integrals belonginthis topologies. We address the discussion of this
topic in the next paragraph.

Master Integrals generating Quadratic Letters.

Let us start by having a look at the type of transformationohlgive rise to canonical basis for topologié&s S .

By inspecting the correspondent E12), (6.13 (see Appendix), it can be observed that in general canbnica
masters are written as linear combination of the originadters with coefficients which depends rationally on the
dimensionless variable y. In other words, the majority of canonical masters is ol&dinia arational transfor-
mation But this is not true in a couple of cases. Indegff; and MS; are obtained by multiplying the original
integrals by algebraic functions efy (in this case square roots having as argument quadratiopaiials inz, y).

For these two masters we need to introducelgebraic transformatiorand the source of such transformation
simply lies in the structure of the D.E. for the original meast

Given the general structure for such D.E (B4163)

0-Masterj(z,y,€) = AI (z,y,€)Master;(z,y, €) + Z Ai’i(z, y,€)Master;(z,y, €)
i#]
OyMaster;(z,y,€) = Ai’j (z,y,€)Master;(z,y,€) + Z A;’i(z, y, €)Master;(z,y, ), (5.152)
i
the homogeneous terms fof astero,Masterss equations read (EGQ(ISY, (5.159)

A12,12(Z yye) = 2ze —z—2e¢+1 2
* e 2 +4y+22-22+1 =z
ALZI2(, ) 2(2y +1)(2e — 1) €—2
v T dy2 +4y+22—-22+1  y+1
2e Y€ € 1
— — — + , 5.153
y+1 (y+1)? (w+1)? g+l (5159
dye — 2y +2ze —z+2e—1 2
425:25 _ _ =t
2z y:6) dyz+22+2z+1 z
2z(2¢ — 1 2 1
AZ (o) z(2¢ 1) e+ (5.154)

:4yz+22+22+1_ y+1°

By inspection of such homogeneous terms, we see that thekordyof transformation which can make terms
containing quadratic polynomialg)® + 4y + 22 — 2z + 1,4yz + 22 + 2z + 1 at denominators linear inis
algebraic. In other words, the presence of quadratic dematmiis in the original equations imply the use of
algebraic transformation such as the ones inlEfd, (6.13 in order to obtain equations which are linearein
and thus in canonical form.



Indeed, the differential equations far,-, M>5 can directly be written as a total differential of a loganitic
1-form as

dMyo —e (Mlg(—ZdL[l +y] + dL[dy + 4y2 + (=1 + 2)2] — 2dL[2])

+1/20My (L] + AL+ 9]) — TAL[L — /4y + 42 + (-1 4 2)2 — 2]

— L1+ 4y + 4y + 2y + D4y + 492 + (—1 4 2)2 — 2]+ dL2)

+1/2M10(2(dLly] + dL[L + y]) — 3AL[L — /4y + 4% + (—1 4 2)%] - =

— L1+ 4y + 4y + (29 + D)4y + 492 + (—1+2)2 — 2 + dL[2))

+1/2My3 (2(dLly] + L1+ y) — L[ — /4y + 4y% + (—1 4 2) — 2]

—dL[1 +4y? + 4y + (2y + 1)\/4y +4y2 4 (=1 +2)2 — 2] + dL[z])

+2M3(2(dLfy) + L1+ ¢]) — 3dL[1 — /4y + 4% + (<1 + )2 2]

—dL[1 +4y> + 4y + (2y + 1)\/4y +4y2 4 (=1 +2)2 — 2] + dL[z])

— 2Mg(dLfy] + dL[1 + o] — dL[1 — /4y + 42 + (1 +2)2 — ]

— L1+ 4y + 4y + 2y + D4y + 492 + (—142)2 — 2]+ dLz])

— M (dLly) + dL[1 +y] — dL[L — \ /4y + 492 + (1 + )2 — 2]

— L1+ 4y + 4y + 2y + D4y + 492 + (—1 4 2)2 — 2]+ dLz])

+ My(AL[1 — \fay + 492 + (~1 +2)2 2]

—dL[1 +4y? + 4y + (2y + 1)\/4y +4y2 4 (=1 +2)2 — 2] + dL[z])

— 2M5(dL[1 — \/4y +4y2 4+ (-1 +2)2 — 2]

—dL[1 +4y> + 4y + (2y + 1)\/4y +4y2 4+ (=14 2)2 — 2] +dL[2])

— BMg(AL[L — \/ay + 4% + (1 + 2)2 — 2]

—dL[1 + 4y? + 4y(2y + 1)\/4y +4y2 + (—1 4 2)2] — 2] +dL[z])

— 4Mp(dLly] + L1+ y] — 2dL[~1 + \ /4y + 492 + (—1 + 2)2 + 2))

—2M7(dL[y] + dL[1 +y] — 2dL[-1 + \/4y +4y2 + (=14 2)2 + z])) (5.155)

dMas =¢ (M25(72dL[1 +y] — 2dL[z] + dL[1 + 22 + dyz + 22))

+ AMa4 (dL[y] + dL[1 + 5] — 2dL[1 + 2y + 2 + /1 + 22 + dyz + 22])

— 8My(dL[y] + dL[1 + ] — 2dL[1 + 2y + z + /1 + 22 + dyz + 22))

+4May (dL[y] + dL[1 + 5] — 2dL[1 + 2y + 2 + /1 + 22 + dyz + 22])

— 2Ma3(dLiy] + dL[1 + y] + 3dL[z] + dL[1 + 2y + 2 + /1 + 2z + 4dyz + 22|

— 3dL[1 + 2 + 2yz + V1 + 22 + dyz + 22))

— 6M15(dL[y] + dL[1 4 y] + dL[z] — dL[1 + 2y + 2 + /1 + 22 + dyz + 22

—dL[1 + 2 + 2yz + /1 + 22 + 4yz + 22))

— 2M17(dL[y] + dL[1 4 y] + dL[z] — dL[1 + 2y + 2 + /1 + 22 + dyz + 22

—dL[1 4 2 + 2yz + /1 + 22 + dyz + 22))

+2My4(dL[z] + dL[1 + 2y + 2 + /1 + 22 + dyz + 22] — dL[1 + z + 2y + /1 + 2z + 4yz + 22))
+ 2M1g(dL[z] + dL[L + 2y + 2z + /1 + 22 + dyz + 22] — dL[1 + 2 + 2yz + /1 + 2z + dyz + 22])



— 4AMog(dL[z] +dL[1 + 2y + 2z + /1 + 22 + dyz + 22] — dL[1 + 2 + 2yz + /1 + 22 + dyz + 22])
+4Mao(dLy] + dL[1 + y] — dL[z] — 3dL[1 + 2y + z + /1 + 22 + dyz + 22]
+dL[1 + z + 2yz + \/1+2z+4yz+z2])> . (5.156)

It was observed in Section 4.4 that, given the definition oftile Polylogarithm (MPL) Eqi4.76 and the def-
inition of Iterated Integrals E@{149, if a canonical system of D.E. can be written as the totdkditial of

a logarithmic 1-form with all the arguments of the d-Logsrglinear function of the dimensionless variables
describing the problem, then the system can be integratedrirs of MPLs.

It was also observed that this automatically happens wheanarical basis is reached via rational transforma-
tions.

On the other hand, if a canonical basis is reached via an r@geaiansformation, normally an algebraic depen-
dence on the dimensionless variables is introduced in thenaents of the d-Logs. This is exactly what happens
in our case, as it can be clearly seen from[Ed%Y, (5.159.

Given the presence of such algebraic dependence in the sldrggments, we cannot integrate the system as it
is in terms of MPLs. We need first to find a suitable remappinglitminate the presence of square roots in the
arguments and eventually to confine the quadratic deperderomnly one variable at choice betweeandy.

As explained in[#4], it is indeed possible to integrate in terms of MPLs whemefie system exhibits quadratic
dependence of thietterson just one variable, provided that integration over thedgatc variable is postponed
until the very end of the calculation. We will explain moredetail how this works in the following.

For the moment we start providing the necessary remapparg$ ftS' and describing what their exact purpose
is.

1. We start from the originaalphabetsfor ¢t§, t$ which contain square roots and quadratic dependence on
bothz andy.

At? :{1—z,z,y+z,y,y+17y+z+1,2y+z+17—\/4y2+4y+(z—1)2—z+1,

(2y+1) <\/4y2+4y+(z71)2+2) +4y? — 2+ 1,

\/4y2+4y+(z71)2+271,4y2+4y+(271)2} (5.157)

.Atg; :{1fz,z,y+z,y,y+1,y+z+1,2y+z+1,\/4yz+22+2z+1+2y+z+1,
\/4yz+22+2z+1+2yz+z+1,4yz+22+2z+1} (5.158)

2. We observe in general that pure loop-integrals, namelygrate for which we can write down a Feynman
parameters representation, transforms in a not only wdihdd but indeedvenway under sign-change of
the square roots possibly appearing in the alphabet d@sgribe related canonical basis. Indeed, every
loop-integral is a purely rational object, since integrati over Feynman parameters do not contain any
square root and, as such, it is alwaxenunder a change in the choice of any square root branch. On
the other hand, integrals belonging to the canonical baside obtained by multiplying the original loop-
integrals either by rational functions, either by algebrfainctions which are nothing but the square roots
that we recover then in the alphabet. Consequently, we statet that canonical master$; do conserve
the property of transforming in a well-defined way under sitpange of this square root function, but they
have the freedom to transform either evenly or oddly. In ptdenake manifest this property of the inte-
grals, it is then desirable to write down the solutions todaeonical basis in terms of functions which are
even or odd under sign change of the square root functions.cbiiresponds to having coefficients of the



canonical D.E., namely entries of the d-Log matrices, with$ame property, namely that of transforming
in a manifestly either even or odd way under sign-change efstfuare root. In case coefficients do not
automatically satisfy this property, the goal can be adddyy manipulating these coefficients in order to
(anti-)symmetrize them with respect to the above-mentaign transformation.

Now, in the present situation, the scenario is a bit differemce the original basis are not made up of
pure loop-integrals but of cut integrals. We cannot writeyd@ Feynman parameters representation for cut
integrals and, as a consequence these kind of integralfhamdlated canonical ones do not satisfy a priori
any property of well-defined transformation under sign gfeaof possible square root functions.

Still, it is useful to write the solution to these integrasslimear combinations of functions being either even
or odd under such transformation, so that if one of the irtisgs even or odd, this becomes immediately
manifest.

So, before proceeding with remappings, we anti-symmethiase d-Logs entries that do not transform in
a well-defined way when we change the sign of square rootitumeappearing in alphabets for canonical
basis oft{, S (Eq.B159, (5.163). The (anti-)symmetrized alphabets are then reportedgiEELG0),
G.163.

t§':
1
{dL (1 - \/4y+4y2 +(—1+2)2 — z) -5 (dL (4y(1 +y))
Ll 1— Ay +4y2 + (-1+2)2 — 2
L+ Ay + 42+ (-1 +22-2) )’
1
dL (1 + 4% 4+ 4y + (2y + 1)\/4y+4y2 +(=1+42)2 - z) — 5 (dL(4y(1 +))
1+ 4y +4y + 2y + 1)y/4y + 4y2 + (-1 2
gl (LA Ay DA AR (T2 2) oy )
I+4y2 +4y — Qu+ D)4y +4y2 + (-1 +2)2 — 2
1
dL <71 + \/4y+4y2 + (—1+2)2 +z> -3 (dL(4y(1 +v))
—1+ Ay + 4% + (—1 + 2)2
oL (VA AR (1P ) ) [ (5.159)
—1—Vay+4y2+ (-1+2)2+2
AT (1= 22y 2y y+ Ly + 21,2+ 2 41,
1— Ay +4y2 + (=1 +2)2 — 2
T+ /Ay +4y2 + (—1+2)2 -2
L+4y” + 4y + Qy+ DAy + 42 + (1 +2)? — =
14+4y2 +4y — 2y + 1) /ay + 42 + (1 +2)2 — 2
1+ /Ay + 4> + (-1 + 2)2
+VAy+4y2 + (-1 +2)2 + 2 _ (5.160)
—1— Ay +4y? + (-1+2)2+2
S

1
{dL (1 + 2+ 2+ /1 + 22+ dyz + 22) — 5 ALy (1 +))

+dL 142y + 2+ +/1+22+4yz+ 22
142y +2—+/1+ 22+ 4dyz + 22 7




dL (1 + 242z + 1422+ 4yz + z2) — % (dL(4y(1 +y)) + 2dL(z)

1 2 142 4 2
gy (L2t VI 2 b Ayt , (5.161)
142 +2yz — /1 4+ 22+ 4yz + 22

Ag MM ={1—z 2yt zyy+ Lyt L2y 241,

142y + 24+ /1422 +dyz + 22

1—&—2y—|—z—\/1—&—2,2'—i—4y,z'—l—,z27
1 2 1+2 4 2
ety Vit yE } (5.162)

1+ 24 2yz — /1422 + dyz + 22

3. On both topologies we perform a first remapping which has ttigue purpose of eliminate square roots.

g

{Z% ”ff(fiw)’ . %((llirz);} (5.163)
S

{z Sy 20D jfc;z} (5.164)

4. By applying remappings E&(I63, (5.163 to the alphabets E&(I160), (5.163, we see that square roots
are indeed eliminated, but still the letters conserve cataddependence on both the newly introduced di-
mensionless variables. In order to reduce such quadrgberttence to just one of the two variables, we
introduce other remappings. These consist actually ofgasttransformation fot§’ and two transforma-

tions in a row fort{, as listed in the following.

t§

1 b —1+d
t§

a a

5. By applyingin a row EqR.163, (5.169 and Eq[B.169, (5.166 to the initial alphabets, we obtain in output
the new alphabets EB.{I6]), (5.169.

ASYMMremarped — {c _9d, 1+ ¢ —d, 1+ d,~1+d,c+ (=2 +d)d, 1 + ¢ — 2d,

1



c—d7d7—1+cd,c—2d+cd7—c+d,c+cd—2d2} (5.167)

AngM’Temapped = {72a+ b,—a+b,a,a+ (14a)b’ 1+ab1+Db,
2

a(=1+4b)+b1+b+ab1+2(1+a)b,a—b1+ 2a} (5.168)
We clearly see that our goal is achieved! We have got rid aftalare roots and we have managed to confine

the quadratic dependence to only one dimensionless vatigg can finally write down the following list
of rules for the d-Log entries

t§

{dL(1—2) »>dL(c—2d) —dL(14+c—d),

dL(z) > —dL(1+c—d) +dL(1+d),

dL(y+2) — —dL(l+c—d) —dL(=1+d) +dL(c+ (=2 +d)d),

dL(y) > dL(14+c—2d)—dL(1+c—d) —dL(—1+d),

dL(14y) »dL(c—d)—dL(1+c—d) —dL(=1+d)+dL(d),

dL(14+y+2) = —-dL(14+c—d)—dL(-1+d)+dL(—1+cd),

dL(142y+2) = —dL(1+c—d)—dL(—1+d) +dL(c — 2d + cd) ,

dL(4y(1+y) »dL(1+c—2d)+dL(c—d) —2dL (1 + ¢ —d) — 2dL (=1 + d) + dL (d) ,
_ 2 _ 2 _
LoVay a2 (102 =2 g0 g dL(d) 4 dL (et ),
144y +4y2 + (14 2)2 — 2

2 2 _ 2 _

gL (Lt +dy+ 2y + 1)/Ay +4y2 + (-1 +2)2 — 2 ALl 4 e 2a) 4+ dL(c—d)
14+4y2 +4y — 2+ 1)\/Ay +4y2 + (—1 +2)2 — 2

—2dL (=1 +d) —dL(d) +2dL (1 + d)
_ 2 _ 2

[ CLE VAR F L b2 G o dl(a) 4L (et d),
—1— Ay +4y2 + (—142)2 42

dL <4y+4y2 T(-1+ z)2> 5 2dL(14+c—d) —2dL (—1 +d) +2dL <c+ ed — 2d2)} (5.169)

S

{dL(1 —2) - dL(—2a+b) —dL(—a + 1),

dL(z) = dL(a) —dL(—a+b),

dL(y+z)Hde(fa+b)+dL<a+(1+a)b2>,

dL(y) - dL(1+a)+2dL(b) —dL (—a +b),

dL(1+y) - dL(1+b) —dL(—a+b) +dL (a(—1+b) +b),

dL(1+y+z2) —dL(b) —dL(—a+0b)+dL(1+b+ad),

dL(14+2y+2) —»dL(b) —dL(—a+b) +dL (1 4+ 2(1 + a)d),

dL (4y(1 + 1)) — dL (1 + @) + 2dL (b) + dL (1 +b) — 2dL (—a + b) + dL (a(—1 + b) +b),

dL 1+2y+z+\/1+2z+4yz+z2
1+2y+z7\/1+2z+4yz+z2

2

gL (Lret 2= VIR R F 2T ) oy () 4 dL(1 4 a) — dL(14b)

1+z+2yz7\/1+2z+4yz+z2

+dL(a(—1+b) +b),

> —dL(1+a)+dL(14b) —dL(a(—1+b) +b),




dL (1 + 22+ dyz + 22> — 2dL (1 + 2a) + 2dL (b) — 2 dL (—a + b)} (5.170)

Eventually, we use these list of rules to remap our systentaudnical D.E. into new ones ( reported in

Eq.6.19, (€19 of the Appendix).

6. We finally explain with an example why it is possible to int@igra canonical system of D.E. whose alphabet
exhibits quadratic dependence on just one of the variafiddswing reference39, [[44]. We consider for
instance the alphabet fof in equatiorl5.167 whose only quadratic letter read&l + d) — 2d? and we
imagine to integrate first in. When we perform integration ie, we get from this quadratic letter MPLs
of the formG ({2d*/(1 + d), ...}, ¢). Following the integration procedure explained in Secto#, this
solution is then used to derive the differential equatiamstiie functions of the left-over variabtéand
we know that at this stage all functions depending:ahould disappear (this is actually one of the main
consistency check one has to do when integrating such sysiedifferential equations!).

Since there are no letters in the alphabet which are quadinatiand are independent efwe conclude that
only letters that are linear i will appear in this final step of the integration.

This concludes our discussion about how to deal with Masteigrals generating quadratic letters.

The discussion about the Double-Real master integraldiéogiuon channel ends here. All intermediate and final
results for the independent masters can be found in the Afipen



(@) Masterg (b) Masterio (c) Masteri1

(d) Masteri2 (e) Masteris () Masteras

(9) Masterag (h) Masterso (i) Masters:

Figure 5.28: Set of new Mls appearinggn- W* — ¢t +b + g.
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).



Real-Virtuals [g + W* — ¢ +b],_,
The Feynman diagrams for the Real-Virtual (RV) contribatio the gluon channel are obtained by applyérass-

ing symmetnto the Real-Virtual diagrams for the bottom-initiated stdg@ssb + W* — ¢ + g]l—loop- Given
the identification of particles momertiép,, ) + W*(q) — t(p:) + g(k), the crossing transformation is identified by
the rules(p, — —psy, K — —k). The resulting diagrams are reported in FB29. As we did for RR diagrams, in
order to maintain the same definition of Mandelstam invadsiamterms of particle momenta we used up to now,
after performing crossing symmetry we rename particles examas —k — py, —pp — k).

— OO A\
S A é A é
i:\ NN OO
(@) (b) (©
Y A
\%—)— A
o000 V00 ——<——
(d) (e) ®
NN\NNN\=—
% A
(9) (h) 0]

KR e <l

0) (k) o (m)

Figure 5.29: 1-loop corrections to+ W* — t + b

By contracting amplitudes for diagrams in Hg.Z9 with the one for the corresponding tree-level procgss

W* — t + b, adding the 2-particle phase space measur@Hf)( we find ten sets of propagators, among which
four are not topologies, since they contain linearly depemngropagators. This means we need again to perform
partial fractioning as we did for the Double Real matrix edgs.

By doing so and by modifying such dependent sets of propegatoorder to build topologies out of them as



previously described in the case of the RR matrix elemedtsation, we find that gluon RV matrix elements can be
described by an ensemble of 7 independent topologies. Reduie master integrals then tells us that independent
master integrals are distributed in just 5 of these tope®disted in EqB.17) and drawn in Fig8.30), which

are then the ones that we really need to describe our process.

tF =212 —m2, (k+pp)2, (1 — )% (k+11 —pp — @)%, (1 +pp +0)% —mZ + (—k +pp, + )2}
t§ =(k2,13 = m?, (k+pp)%, (1 — @)%, (k+ 11— py — 0)2, (=11 +pp + @)%, —mF + (—k +pp + )%}
t§ ={k%, (k—11)%,13, (k+pp)?, (—k + 11 +pp)%, —mZ + (11 — @), —mF + (—k +pp +9)?}
t§ =283 —mZ, —mZ + (k- )% (1 — )2, (k+ 1 —pp — )2, (11 +1p + )2
—mi + (—k+pp + )}
t§ ={k%, (k—11)%,13,—mi + (k — )2, —m? + (Iy — @)%, —m? + (=k + pp + 9)*,
—m? + (=11 +pb+¢)°} (5.171)

(@) (b) (©

(d) (e)

Figure 5.30: Independent topologieg o+ W* — ¢ + bl1_100p-

We reportin EqB.I73, G173, G173, G175, (G176 the basis of masters we find for each topology. We stress
that, as for the Double Real set of Mls, some integrals appeaore than one topology, but for practical reasons,

we prefer to keep the masters separated according to thiegyptbey belong to. The independent Mls are in total
25, out of which 12 are actually new with respect to the onesadly encountered in the bottom channel. These
new masters are drawn in FB.83), (5.32.

Master$ — G[t§,{1,1,0,0,0,0,1}]
,{1,1,0,1,0,0,1}]
]
]

Masterg; — G

[

Master2G — G[t%‘v
(t§,{1,1,0,0,0,1,1}
[ G

Masterf — G[t7,{1,0,0,1,1,0,1}
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|
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|
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(@) Master1s (b) Masteris (c) Masterir

(d) Masteris (e) Masterig (f) Masterss
L | L |
| |
* ¥ me= ---
| |
| |
(9) Masterse (h) Mastersr

Figure 5.31: Set of new Mls appearinggn- W* — t + b at 1-loop (\/aster from 15 to 37).
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).

Master§ — G[t§,{1,1,0,1,1,0,1}]
Master§ — G[t§,{1,1,0,1,1,0,2}]

MasterS — G[t§,{1,1,0,1,2,0,1}] (5.172)

Master§ — G[t$,{1,0,0,0,1,1,0}]
Master§ — G[tS,{1,0,0,0,0,1,1}]
Master$}) — G[tS,{1,0,1,0,1,1,0}]
Master$) — G[tS,{1,1,0,0,1,2,0}]
Master$ — G[t§,{1,1,0,0,2,1,0}]
Master$y — G[tS,{1,1,0,0,1,1,0}]
Master$) — G[tS,{1,0,1,0,0,1,1}]
Master$ — G[t§,{1,1,1,0,1,1,0}]
Master$y — G[tS,{1,0,1,0,1,1,1}]
Master$ — G[tS,{1,1,0,0,1,1,1}]
Master$y — G[tS,{1,1,0,0,1,1,2}]



(@) Masterss (b) Masterso

(c) Masteras (d) Mastersg

Figure 5.32: Set of new Mls appearinggn- W* — ¢ + b at 1-loop (M aster from 38 to 59).
Simple thin lines are massless, simple thick lines, doubésland thick dashed lines are massive and correspond
respectively ton? (either internal or external)Q? ands (only external).

Master$y — G[tS, {1,1,1,1,1,1,1}] (5.173)

MasterSh — G[t$,{1,0,0,0,0,1,1}]
Master§) — G[t§,{1,0,1,0,1,0,1}]
Master§y, — G[t§,{1,0,1,0,0,1,1}]
MasterSy — G[tS,{1,1,0,0,0,1,2}]
Master§) — G[t§,{1,1,0,0,0,2,1}]
Master§s — G[t§,{1,1,0,0,0,1,1}]
MasterSy — G[tS,{1,0,1,0,1,1,2}]
Master§s — G[t§,{1,0,1,0,1,2,1}]
Master§y — G[t§,{1,0,1,0,1,1,1}]
MasterSy — G[tS,{1,1,1,0,0,1,1}]
Master§) — G[t§,{1,1,1,0,1,1,1}] (5.174)

Master§) — G[t$,{1,1,0,0,0,0,1}]
Master$y — G[t$,{1,1,1,0,0,0,1}]
Master§y — G[t§,{1,0,0,1,1,0,1}]
Master§y — G[t$,{1,1,0,0,0,1,1}]
Master$sy — G[t$,{1,1,0,1,0,0,1}]
Master§y — G[t§,{1,1,1,1,0,0,1}]
Master§y — G[t$,{1,1,1,0,0,1,1}]
Master$y — G[t$,{1,0,1,1,1,0,1}]
Master§y — G[t$,{1,1,0,1,1,0,1}]
Master§) — G[t$,{1,1,0,1,1,0,2}]



Master$, — G[t$,{1,1,0,1,2,0,1}
Master$y, — G[t§,{1,1,1,1,1,0,1}

Master$y — G[t$,{1,1,1,1,1,1,1} (5.175)

]
]
]
Master$) — G[t§,{1,0,0,0,1,1,0}]
Master$s — G[t$,{1,0,0,0,0,1,1}]
Master$y — G[t§,{1,0,0,1,1,1,0}]
Master$ — G[t§,{1,1,0,0,1,2,0}]
Maste1"4GS — G[t?, {1,1,0,0,2,1,0}]
Master% — G[t?, {1,1,0,0,1,1,0}]
Master§) — G[t§,{1,0,1,0,1,1,0}]
Master$) — G[t$,{1,0,0,1,0,1,1}]
Master§y, — G[t§,{1,0,1,0,0,1,1}]
Master§y — G[t§,{1,0,1,1,1,1,0}]
Master$y — G[t$,{1,1,1,0,1,1,0}]
Master§s — G[t§,{1,0,1,1,0,1,1}]
Master§y — G[t§,{1,1,0,0,1,1,1}]
Master$, — G[tS$,{1,1,0,0,1,1,2}]
Master§y — G[t§,{1,0,1,0,1,1,1}]
Master§y — G[t§,{1,0,1,1,1,1,1}] (5.176)
As usual, we transform then each of these original integasildinto canonical ones (reported in B20), (6.22),

©.23, 6.29, ©.29 of the Appendix). We report the corresponding system oboéral D.E. in Eq[6.26), (6.27),
©.29, (6.29, (6.30 of the Appendix.

We point out that in topology{’, we encountered the same quadratic denominator found iREn@pologytS'.

The alphabets for these topologies present then the santzatigdetters, which implies we need to perform
remapping Eq§.163, (5.166 on the canonical D.E. for the RV topolog§. The system of canonical D.E.,
rewritten in terms of the new dimensionless varialled), is free of letters containing square roots and has
guadratic dependence on just one variable, meaning tisagyktem is now integrable in terms of MPLs.

Boundary conditions for the g-channel RV masters.

For a complete explanation of how boundary conditions arepeged in general for Real-Virtual master inte-
grals, we send the reader back to the subsection dedicatteel bottom channel, since the same technique applies
also to gluon channel RV masters.

Following this technique, we observe that the ensemble o fitloop integrals that we obtain when we cut the
gluon RV original basis of masters (H6.172, (5.173, &.173, G179, (5.179) in correspondence of the Phase
Space, contains mostly 1-loop integrals that we alreadgw@mtered in the bottom channel. We obtain only five
new 1-loop integrals to compute in the double lifhit — 1,y — 0}, which we draw in Fig.. In the rest of this
subsection we address the computation of these 1-loopraiseg

e TRIANGLES

1. Triangle with 1 internal mass m? and external masse§Q?, s}

1
dl
/ "Bm? 4+ (- @) (—m? + (i + py +9)?)

i (@ om?) =



1 1 1
:/ dz1 / d.rg/ dzsT'(1 4 €)%
0 0 0

X 6(1 —x1 — w2 —x3)(x1 + 22 + 373)_1-‘_26

—1—€
X (mf(mg +23) (211 + 22 + 23) + 1 (Q% a2 — SIE3)) (5.177)

Trianglet{ corresponds to Fi§.33a In this integralm? appears only as internal invariant, agé, s

as external ones. We can then expectihpolynomial to be, with no ambiguity, positive-definite in
the region{m? > 0,Q* > 0,s < 0}, and, by inspection of th& polynomial in EqEI7J, we can
easily conclude that this is indeed the case.

Consequently, the integration over Feynman parameters.@@EZJ), will be carried out in the ‘over-
threshold’ region identified by the conditian= 1 —m?/s < 0, where the integral is real, and then the
result will be continued back to physical valugsc z < 1 as explained in the paragraph ‘Analytical
continuation’ (see from Eg(89) to Eq.5.89).

Two regions are revealed sy 2. min the limit {z — 1,y — 0}, identified by the scalings of Feyn-
man parameters respectively f§, 0,0} and{0,2,1}.

HARD REGION{0, 0,0}

1 1 1
t?(?, Y, 5)0’0,0 :F(l + 6) / dx1 / dza / drs X
0 0 0

X 0(1 —x1 —x2 — x3) (21 + 22 + x3)

(s(w2 + w3) (21 + 22 + 23) + (—sz123))

1+e/dm1/ dmg/ dx3o(l —x1 — x2 — x3)

—1—¢
(z1 4+ x2 +a3)” ()T E (301302 + (z2 + 303)2)

—142¢

1—e

=) 1
=I(1+ e)(s)_l_e/o dxl/o dza(zy + 1) 2 (zrae + 1)1

=— 5 T ()(Y(—2e + 1) — Y(—e+1)) (5.178)

REGION{0,2,1}
By making the necessary rescalings of parameter§

{m; = (14 az)s,Q* — ays,za — a’xg, 23 — a'xzs}, T=-2>0 (5.179)

inside Eq6. 17, settingz; = 1 and keeping the first term in the expansion around 0, we get the
integral in EqE.180 to compute.

G 1-2¢ —1 e e 2\ 1€
t1 (2,9, 8)f0,2,13 =@ €s™ _E/ xg/ z3I'(1+¢€) (wz + ZTas +x3> (5.180)
0 0

We carry out the integration first over, and then over:s. Then, by applying the prescription for
analytic continuation o,  — zZe ", and setting: = 1, we get as final result

t7 (2,9, 8) (0,217 = €T T E (L — T (—1 + 2e). (5.181)

The two regions just computed can be finally summed up to give



(2= Ly = 0,8) = — s~ T T()((—2¢ + 1) = (=€ + 1))
+ XTI TR D1 — D (—1 + 2¢) (5.182)

2. Triangle with 1 internal mass m? and external massegpZ, u}

tg;(mt7u pt 1+€ / dl’l/ diEQ/ dxs

§(x1 + w2 + x3) (w1 + w2 + a3) " T

—1—¢
(mf(mg +a3)(z1 + 22 +23) + (—u)z122 + (—pt)2w1x3> . (5.183)

Trianglet§ corresponds to F§.33b By inspection of EqE.I83, we see that, as expected, the
F polynomial is positive-definite for negative values of theéegnal invariantg)? > 0,p? < 0 (we
remind thatQ? = —¢?!) and positive values of the internal one§ > 0. We observe that we can
safely sep? = m? without spoiling the sign of th& polynomial, thus obtaining

tg(mt, = —&-e/dm/ d.TQ/ dxs

6(z1 + z2 + x3) (w1 + x2 + 23)”

( 2 2 B —1—e¢
mg(x122 + (2 +23)7) + ( u)xlxg) . (5.184)

142e€

By looking at Eq[6.183, it is quite clear that thé polynomial does not develop problematic be-
haviour, namely does not goes to zero, when we take m? andQ? ~ 0. In this limit, u is also
0(0), so that theF polynomial simply reduces tfs(z1x2 + (22 + x3)?)). The smooth behaviour of
the integral in this limit is confirmed by the presence of tihéydard region, according to the output
of Asy2. m Since the computation of such region is straightforwardfath integrals belonging to

this subtopology (Fi¢?,[5.339), we directly quote results.

t5(z = 1Ly = 0,8) = —s " "T()(Y(—2¢ + 1) — ¥(—e + 1)) (5.185)
t5(z = 1,y = 0,8) = —s D(e) (1 + € + (o (1 — €) — 1o (—2¢))) (5.186)

e BOX
Box with 1 internal massm? and external masse§ Q?, pZ, t,s}.

1 1 1 1
Box?(m?,Q{pit,s) =/ da)l/ dxg/ dacg/ dzad(1 — 21 — 22 — T3 — T4) X
0 0 0 0
X T(2 + €) (@1 + x2 + @3 + 24)% % (5.187)

2 2
X (Q7x122 — prxr1Ts — trows — sSx1x4+

+mizy(z1 + x2 + a3 +xa)) 2 (5.188)

Boz{ corresponds to Fi§.33d The F polynomial follows the general rule and is positive-deéridr pos-
itive internal invariants and negative external ones. Cagzn, we can safely sgf = m? without altering
the sign of the polynomial. On the other side, it is clear thatintegrals requires analytical continuation,
since it is real fors < 0. Analytical continuation is performed once again on thealde z, as already

mentioned above for the triangl€ (Eq.B17).
Asy?2. mindividuates the presence of 3 regions, identified respelgtiby {0,0,0,0}, {0,—1,—-1, -1},
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REGIONJ{0,0,0,0}

€s 27D (e)

201+ o) (1 + 2¢) (5.189)

Boxf (2,9, 5){0,0,0,0} = —
REGION{0,—-1,-1,—-1}
After having expanded at integrand level with the Feynmaamaters scaling dictated by this region, we
end up with the integrand contained in E100

box$ (Q% s, t, mf){o,l,l,l} :/ dradrzdras > D(2 + €)(z122 + OFz2w3) > ¢
0
(z2 + w3 + 24)%, (5.190)

where we already used the Cheng-Wu theorem ta:set 1 and extending the integration over the other
parameters t@o. For simplicity of notation, we have introduced the var@abl= 1 — ), so that thet
invariant results to be parametrized by —s(1 + y)z6. The integrand in EG5 190 depends on the two
dimensionless variables d. The final result for this region will be then a function of seewo parameters.
We observe that th&-polynomial is positive-definite in the physical regi¢h < 6 < 1,0 < z < 1},

so that we do not need to perform any kind of analytical cargtion in this region. The integrations over
xo, x3, x4 are carried without any difficulty, thus giving as a result

75 27¢(0z) "1 esc(em)D(—1 — €)
T'(—2e¢) '

bOfE?(Q2737t7m§){0—1—1—1} =— (5.191)

REGION{0,0,—1,—1}
We are now left with the last region to compute, identified Iy $calingg0, 0, —1, —1} of the Feynman
parameters. After expanding at integrand level, we end tip wi

o0
boxt (Q%,5,t,m7) {00—1-1} :/ dzadasdras™ > T(2 + €)(xs + x4)>
0
(1 + 22 + 0zzoxs — zbm4)_2_6. (5.192)

As for the previous region, we see that also in this case ttegiand depends on 6, implying that the
result for this region will be again a function of these vhhégs. But, with respect to the previous region, we
have to deal in this case with analytical continuation. ot,ftheF polynomiall + xo + 0Zzox3 — zpx4 IS
clearly positive-definite fof —1 < z < 0, —1 < § < 0}. So, the procedure we adopt is the usual one which
allows to get the correct complex phases in this cases, yamel

— we define two new variables
T=-2z, 60=-0, (5.193)

— we perform integrations in EG[I92 in the unphysical regiof < z < 1,0 < 0 < 1,

— we work out the analytical continuation prescriptions fu timensionless variablgsé starting from
the ones from the invariants,

— we apply such prescriptions to get our final result in the patsegion.



Let us go through this procedure step by step. We start suthstj Eq.6.193 into Eq.[5.192, thus getting

box{ (Q°, .1, mi){0,0,-1,1} :/ dzadrsdras > T(2 4 €) (23 + x4)*
0
(1+z2+ 0zxoxs + xb$4)_2_6. (5.194)
We carry out integration imy, which hands

xr3 + $4)26(1 + .f.r4)7176
1+ él‘bl‘;g '

[e%s) —2—¢
I
bOfB?(Q2787t7m?){o,o,—L—l} :/ d$3d$465 () (5.195)
0

In order to be able to integrate iy, x4, we first rescale both these parameterspgamely by doing the

replacements; — x;/Z, i = 3, 4. After this manipulation, we get

—2—e~—~—2—2¢ —1—e 2e
s z (1 + e)(l:i- z4) (x3 + x4) . (5.196)
1+ Ozs

At this point we can integrate EB.I9 overzs, z4. The result obtained in closed formdris Eq.B5.197.

bOﬂC?(Q2757157771?){0,0,71,71} I/ dz3dry
0

—2—€-—2—2¢
box§ (@, 5,6, m7) foo—1-1) = — ——" cse(em)I(1 + 2¢) ( 7 7

‘ (0) (1 + )T (=0
+6Hypergeometrig;,, Regularizedl, 1,2 + ¢, —0))
— s 20 T2 22 cse(2em) (1 + €)

e 21H2¢:3/2(_0)2¢0=¢ (1 + )¢ csc(2er)
I(1/2—eT'(1+e¢)

+

_ - 5.197
0 + 2¢0 ( )

Hypergeometrig;,, (17 1+¢2(14¢), —%) )
Result in EqB.197 is valid in the region{0 < z < 1,0 < § < 1}. We need then to perform analytical
continuation on such result in order to go back to the phységion{—1 < # < 0, —1 < § < 0}, which
corresponds td0 < z < 1,0 < # < 1}. We already have the prescription fer(Eq.[5.88). We then
need to work out the rule fof. We start from the representation for thénvariantt = —s(1 + y)z6.
For physical values of,y,z,0 (s > 0,y > 0,1 > z > 0,1 > 6 > 0), t is negative, and indeed, as
already pointed out at the beginning of our calculation, ghgsical region is identified by < 0. Now,
what happens is that we have re-parametrizedth z, so that fort we get nowt = s(1 + y)x6 and if
we compute forr, > 0, then it means that we are computing for- 0. But the original7 polynomial
Q?x11o — txows — sT1ma + miz(z1 + 22 + 24) (EQ.(?7)is positive-definite for negativieand the same
happens after we expand it in the region we are considersg,can be seen from ER{I92 (the term
coming fromt is #z). From this consideration we draw the conclusion that if wempute above threshold
(-1 < z < 0), and we want to keep < 0, we need to flip the sign of the only independent variable on
which ¢ depends, which is the angular variaBleThis explains why we introducetl= —6 and also why
in this framework a change in the sign@tlirectly corresponds to a change in the sign.of

We are now ready to work out the rule. We start from the rulé farhich is nothing but the usual Feynman
prescription external invariants— ¢ + 0. This give then

—t=—t—1i0 =t(—1—140) = te™"". (5.198)
We can work out the rule fof as follows.
t s —t s

7:— = = 7;Tr: i 1
0 0 PR o y—— 5+Q257m§€ Oe (5.199)




We can finally substitute the prescription Egg89),(5.199 into Eq.[B.1973, thus obtaining our final resiif

—2—ez—2—2€ 2iTe
bor (@7, 5.t m) o011y =5 A2 (g =y (-

—OHypergeometrig,., Regularized1, 1,2 + ¢, 0))
ms 2T T2 22 cse(2em) D (1 + €)

. 721+2667me7r3/2(9)6(1 — 0)€ csc(2er)

I(1/2—e)L(1+¢)
1+ (1_g)eglter(—o)I(2(1+e))
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0T ()T (2(1+-¢))Hypergeometrig oy (1,2—2(1+¢),1—¢,0)

T(1+e)l (—1+2(1+e))
B _ 5.201

—0 — 2¢0 ( )

+

The final result foboz{ is the sum of the three regions

€s 27T (e)
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e 1 F2€e=imer3/2 ()€ (1 — 0)€ cse(2en)
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box?(zb — 0,y —0,s,0) =—

+

13we remark that before performing the analytical contirarating, z, which gives as a result EG.{5.201), we perform a manimnatin
the function
HypergeometricZF:(l, 1+¢€2(1+e€), —%) appearing in the previous equation (Eg.(51197)), by meatieedormula

i = M _.\—a . B 3 1
Hypergeometrig 1 (a, b, ¢, 2) = T (e —a) (—z) " %Hypergeometrigpy (a,1 —c+a,1 —b+a, ;
Pla—b), s . B - 1

+ T(@)T(c—b) (—z)~’Hypergeometrigq ( b,1 —c+b,1 —a+b, ) (5.200)

Eq.[5:200) applied to HypergeometricZEl, 1+4+¢€2(1+¢), —%) allows us to rewrite it in terms of Hypergeometyjs; of argument,

instead o%. In other words, first we analytically continue Hypergeore2F1 (1, 1+4+¢€2(1+¢), —%) from the region where the argument
is }é < —1 to the region where it is{1 < —@ < 0). And only after that we analytically continue to the regighere the argument is
0 < 6 < 1 (and in this case we do not even really need analytical coation, since the Hypergeometjig, is already convergent in the

circle where its argumentis |z| < 1).
It is necessary to adopt such order in the analytical coation, otherwise if we use rule HEg.(5.199) directly on

HypergeometricZF:(l, 1+¢€2(1+e€), —%), we would get HypergeometricZF(:ll, 1+4+¢€2(1+¢), %) which expanded irc would
give logarithms of the typén(1 — 1/0). These logs are clearly well defined #r> 1, but not for0 < 6 < 1. In this latter case, such logs
develop an imaginary part, whose sign would not be propesfindd.



Box with 1 internal massm? and external masse§Q?2, p2, u, s}.

1
(k= D2P[(1 = q)* = mi][(l = pp — @)% — m]]

1
= / dridrodrsdrsd(z1 + x2 + 23 + 14 — 1)T(2 + €) (21 + 22 + 23 + x4)26
0

Bomg(mf,QQ,s,u) = /ddl

(—uziz3 + 22(Q%w3 — swa) + mt* (z123 + (x5 + x4) (T2 + 23 +24))) 2. (5.203)

Boz§ corresponds to Fi§.33¢ The initial 7-polynomial is positive-definite for positive internal mants and
negative external ones. As for all previous cases in whielFpolynomial depends op?, also forBoxS we can
safely set? = m? without spoiling the sign of the polynomial. By doing so, wedaup with the representation
Eq.[5.203. The integral is real in the euclidean regior: 0. In order to obtain its value in the regian> 0, we
thus need to perform analytical continuation. By runmiisy 2. mon the Feynman representation of this integral,
we get two regions identified by the Feynman parameterswsatespectively af), 0,0, 0}, {0,0,2, 1}.

HARD REGION{0,0,0,0}

The hard region{0, 0, 0,0} requires to perform the integral in E.209, where we already used the Cheng-
Wu theorem to get rid of the integration over by restricting thed(z1 + 22 + 23 + x4 — 1) t0 §(x1 + 22 — 1)
and extending then the integration ougt 4 to [0, o).

1 o'} o'}
bomg(Q2, S, U, M) HR :/ dmg/ dmg/ dzas 2 D2+ €)(1 4 23 + 24)*°
0 0 0
(1 —z2)xs + zows + (z3 + .T4)2)7276 (5.204)

Integral in Eq[B6.209 is easily solved via the change of variable

z3=Mn—8¢& za=8{—(n—§¢§ {0<E{<o0,1<n< oo}, (5.205)

and the obtained expression for this region is then

s 27 cse(em)[(—e)

§(Q% s,uymi)ur = 29 : (5.206)

boxs

REGION{0,0,2,1}

We now turn to region{0,0, 2,1}, which amounts to compute, after having expanded at integlevel, the
integral reported in EQ 207,

1
boxS (Q?, s, u, m?){0,0’Q,l} =5 2T T(2+¢) / dzideadrsdrad(zy + z2 4 x5 + 24 — 1) (21 + 22)°
0

(173 + 223 — ZT2T4 + :Jci)_2_6. (5.207)

with z being as usual the threshold variable defined as%2L € [0, 1]. We observe that the only term spoiling
the sign of thé/-polynomial is—zz224. Once more it the convenient to perform analytical contiiueon z.
Following the usual procedure, we introduce then the végial= —z and compute the integral ‘above threshold’,
namely for0 < z < 1. By performing the integrations in EB.20J, we get



boa:gG(Q2, s, u, m?){o,o,z@} =5_2_€§:_1_26F(—6)F(26). (5.208)

The analytical continuation prescription Hg.&89 applied to the previous result yields

bomgc(QQ, s, u, m?){0,0’Q,l} =5 27¢ EXp(2’L‘7T€)27172611(76)11(26), (5.209)

so that our final result for this box in the desired limit reads

7527 csc(em)T(—e)
I'(—2¢)
+ s 2 Cexp(2ime)z T (—e)D(2e). (5.210)

bomg(éf —0,s,u,mi — s) =
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Figure 5.33: Independent 1-loop boundary conditions fergluon RV Master Integrals (new with respect to the
ones encountered in the bottom channel).






Chapter

Conclusion and Outlook

In this thesis, we presented partial results achieved iatladytical computation of the QCD correctiong#tn?)
(NNLO) to the inclusive cross-section for Single Toptiehannel. In particular we presented the determination
and computation of the complete set of Master Integrals lwtescribes the NNLO QCD corrections to massive
Form Factors for CC-DIS. This set of Master Integrals is a@i@lingredient in the computation of NNLO QCD
corrections to inclusive Single Top trchannel.

We started by reviewing (chapt@) the importance of the Single Top production mechanism aecdheed for
accurate predictions of its cross-section for SM and BSMcéess, in the more general context of Top physics at
the LHC.

After a brief recap of the basics of QCD, we described the adatpn of QCD corrections to Single Top in
t-channel in the framework of a DIS-like approach (cha@)erThe original hadron-initiated procegst+ p —

t+ ¢ + X is ‘cut’ into the two weak currents — W* + ¢’ + X; andp + W* — ¢ + X, which constitute the
building blocks of Single Top in-channel. In other words, we neglect all the non-factollizabrrections, namely

all gluon-exchanges between these currents. As a reduhgeahformation about higher-order QCD corrections
is encoded in the two Form Factors, namely the cross-sechiorthe two subprocessgs— W* + ¢’ + X; and
p+ W* — t + Xs. This DIS-like picture holds exactly for this process at L@daNLO in QCD. At NNLO
instead it becomes an approximation because at this pativetorder the non-factorizable corrections begin to
give non-zero contribution. Some qualitative argumentgtie reliability of such approximation are provided at
the end of the chapter.

In order to construct the cross-section for-p — ¢ + ¢’ + X] 5,2, the knowledge of Form Factors aa?)

is required. Form Factors can be obtained through the ‘mésteula’ of perturbative QCD as convolutions
between the appropriate Parton Distribution Functions thredcross-sections for the underlying partonic pro-
cesses. In the process under consideration, what we netidliarthe cross-sections for the partonic weak currents
q— W*+4¢ + Xy andb+ W* — t + X, up toO(a?). These can be computed fully analytically order by
order in perturbation theory. The first of these subproeessdy involves massless quarks and its cross-section
is already available in literature in analytical form up thiINO QCD. Instead, the partonic current containing the
top quark is yet unknown. It depends on one additional scadalbse it contains a heavy quark in the final state,
whose massn; cannot be neglected. The computatiorv¢b + W* — ¢ + X») therefore ends up depending
on three dimensional scales (energy in the c.o.m. frantep massn,, and virtuality of thelW-bosonQ?) and

its computation beyond leading order turns out to be quitelired. In the literature results already exist for this
cross-section up to NLO in QCD, but no analytical result @ilable up to NNLO. Thus, the only piece we need to
complete our picture is the analytical resultédb + W* — ¢ + X)) (q2). The rest of this thesis, namely Chapter
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3 and 4, are thus dedicated to the analytical computationG® Qorrections aO(a2) to o(b + W* — t + X),
which constitutes then the bulk of our original work.

Chapte#is dedicated to explaining in detail the technique of Mastezgrals, which we adopt in order to carry
out analytically all the needed integrations over momentsoth real and virtual particles.

Finally, in chapte we explain in detail all the steps which lead to our origiredult, which consists in the
determination and explicit computation of the completeo§dlaster Integrals fob + W* — ¢, or more generally
for Charged-Current DIS Form Factors.

Results for all the independent Master Integrals are thparted systematically in the Appendix, together with
some other useful intermediate results.

We would like to conclude this dissertation with an outlooktbe possible future developments of the results
obtained up to now.

The first, natural development will be the completion of thenputation of massive CC-DIS Form Factors, de-
scribing theb + W* — ¢ + X current up to NNLO-QCD. At this stage, all partonic matrierlents written in
terms of Master Integrals are ready and all Master Intedrale been explicitly computed. Thus, what needs to
be done is the following (in order).

e Plug the results for the masters into the partonic matrimelets. The expressions we get are at this stage
full of every possible type of divergences and needs to kbéamanipulated.

e Check that all final state IR divergences and all soft-IRiahistate divergences cancel when we sum up
the expressions corresponding to the different pieceshii&d up our final result, namely Double-Real,
Real-Virtual and Double-Virtual diagrams.

e Perform UV renormalization, which amounts in this case twrenalize the coupling constant, the bottom
and top wave-functions and the top mass.

e Accomplish mass factorization, in order to reabsorb in® BDFs the initial-state collinear divergences
which are still left in our expressions.

At this point we will end up with a finite expression for the NNLpartonic cross-section(b + W* — ¢ + X),

and by convolving it with the appropriate PDFs, we will filyadjet the desired CC-DIS massive Form Factors.
Since this result is obtained in the above-mentioned Dk&-dipproximation, a quantitative estimate of the error
introduced by this approximation must be provided. This tb@yccomplished by means of an analysis like the
one carried out in7].

Now, our formal result for CC-DIS massive Form Factors carubed for some major phenomenological ap-
plications.

In the first place, we would obviously like to use it to constrilne desired prediction for Single Topfirchannel

at NNLO-QCD. This can be achieved by implementing our aidytesults for partonic Form Factors into an
already available Fortran code, which will then perform ruically the convolution with PDFs and the integra-
tion over the remaining variables which describes the dldba 2 process, as explained in Chapter 2. This will
provide a cross-check to the fully numerical NNLO compuatattarried out inP] and also a fast and efficient
way to evaluate the inclusive cross-section for the prooégsterest. In fact, an analytical result has two main
advantages. On one hand it is more stable and faster underimairevaluation. On the other hand it is ‘safer’
for what concerns the cancellation of singularities, whieppens exactly, thus providing a stringent test of the
correctness of the computation.



A more ambitious program would involve the construction tfieoretical precision benchmafér Single Top in
t-channel. This could be achieved by combining all kinds @ilable corrections to this process. On top of the
previously discusse@CD corrections up to NNLOwhich would constitute the bulk of the precision benchmark
the following corrections, available in the literature,yniee taken into consideration.

e EW corrections The other type of quantum corrections that one can conaideelectro-weak corrections
(SM). Such corrections have been computed for the SinglérTephannel inclusive cross-section at NLO-
EW (o) both in SM and MSSM scenarios (s€g)[ The overall SM one-loop effect is however pretty
small, again of the size of a few percent with respect to the-tevel cross-section, due to a compensation
of weak and QED contributions, which are of opposite sign.

e Soft resummation The effect of resummation of soft-gluon contributions tboaiders are computed at
NNLL in [?]. These results need to be carefully matched with the NNLCB@omputation, in order to
avoid double-counting of those logarithms which are alygadluded in the fixed-order computation.

e my, corrections: As discussed at the end of Chapter 2, our computation ofrthlytical NNLO-QCD con-
tribution tot-channel Single top is carried out in a five-flavour (5F) scegwhere thé-quark is considered
massless and the only massive quark happens to be the tdp @iigen the physical value of.5GeV of
the bottom mass, this can be considered a realistic deiscriphly up to a certain extent. It is thus natural
to wonder what happens if we perform our computation in a-ftawour (4F) scheme, namely if we let the
bottom be massive. In this case the level of complexity otthraputation, already at NLO, significantly in-
creases, since the final result will depend upon a new addititimensional scaley;,. Since the full NNLO
computation in 4F is then beyond our possibilities, the exaatribution due tan; cannot be achieved
in exact form. Nonetheless, we can think of estimating swattribution in an approximated manner, by
means of the procedure explained at the end of Ch&pt®nce our NNLO analytical result in 5F will be
available, such procedure could be used to evaluate thectropa, corrections at)(a?). The estimate
thus obtained could be then added, together with the otheeattons above-mentioned, to the 5F NNLO
inclusive cross-section, and it will represent a correctactor which takes into account, though only in an
approximate way, the presencerof.

Beside this theoretical precision benchmark for Single, Topssive CC-DIS Form Factors can find other phe-
nomenological application in the extraction of PDFs frorolmll parton fits and in the computation of other
processes where this kind of Form Factors enter as buildoaks.

On a more formal level instead, the performed computateeifiexhibits some interesting features. In the first
place the newly computed Master Integrals increase thergekreowledge we have of such basis of integrals at
2-loop. Secondly, our masters were computed by followirgidea (P]) of finding a canonical form for the dif-
ferential equations which describe them, thus confirmingeanore the success of this recent approach. Last but
not least, suitable remappings were found in order to liseaystems of differential equations whose coefficients
contained non-rational functions of the kinematic invatsa The existence of such remappings is not guaranteed
a priori, but once more they have been successfully founid feppened for some other even more complicated
processes in the very recent literature.

To conclude, we have achieved our objective, namely the ctatipn of the set of Masters describing the partonic
processb + W* — t + X]o(42). Starting from this achieved milestone, analytical restdt massive CC-DIS
Form Factors and inclusive Single Toptichannel will become available, hopefully in the next fetuas tools to
further increase our knowledge of this tricky, puzzling &astinating world which is Particle Physics.






Appendix A: Canonical Basis and PDEs

Canonical Differential Equations and Boundary Conditionsfor b + W* — t + g + g.

We now report systematically for the 3 topologies the systéuifferential equations in canonical form, and the
expansion in terms of soft mastevgaster?, Master;, which determines the boundary conditions. The alphabet
involved in the DE for the subprocess- W* — ¢t + g+ gis

RR __
Agg *{Z,l*Z,y,I*y,y+Z} (61)

Systems of differential equations in canonical form:

® 11
dMy =e(—6MadL(z) + M1 (—4dL(1 — 2z) + 2dL(z)))
dMo =e(—3MadL(z) + M1 (—dL(1 — z) +dL(z)))
dM3 =e(2M2dL(y) + M3 (2dL(y) —dL(1 + y) — 3dL(y + z)) + M1 (dL(1 — z) —dL(y + 2)))
dMy =e(Mya(4dL(y) — dL(z) — 4dL(y + z)) + Me(2dL(y) — dL(1 — z) — 2dL(y + z))
+ M7 (=3dL(y) + dL(1 + ) + 2dL(y + 2)) + Ma(~3dL(y) + 3dL(y + 2)))
dMs =e(—2Ms5dL(1 + y) + M7 (2dL(z) — 2dL(y + z)) + M1 (—dL(1 — z) + dL(y + 2))
+ Mg (—2dL(1 — 2) + 2dL(y + 2)) + Ma(—4dL(2) + 4dL(y + 2)))
dMe =e(Ma(4dL(1 + y) + 2dL(2z) — 4dL(y + 2)) + Me(2dL(1 4+ y) — 4dL(1 — 2) — 2dL(y + 2))
+ M7 (—2dL(1 4+ y) + 2dL(y + z)) + M3 (—3dL(1 + y) + 3dL(y + 2)))
dMr7 =e(—3MadL(y) + My (4dL(y) + 4dL(1 + y) — 4dL(y + 2))
+ Mg (2dL(y) — 4dL(1 — 2) — 2dL(y + z)) + M1 (—dL(1 — z) + dL(y + 2))
+ M7 (—3dL(y) — dL(z) + 2dL(y + z)) + M3(—6dL(y) + 6dL(y + z))) (6.2)
e io
dMg =e(—6ModL(2z) + Mg(—4dL(1 — z) + 2dL(z)))
dMg =e(—3MgdL(z) + Mg(—dL(1 — z) +dL(z)))
dMig =e(Mg(4dL(1 — z) — 4dL(2)) + M10(—2dL(1 — 2z) — dL(z)) + Mg(—dL(1 — z) + dL(z)))
dMq :6(72M11dL(1 — Z) + Mg (2dL(1 — Z) — 2dL(Z))
+ Mg (—dL(1 — 2) +dL(=)) + M1o(—dL(1 — ) + dL(2))) ©3)
e i3

dMi2 =e(—6Mi3dL(z) + M12(—4dL(1 — 2) + 2dL(2)))

dMi3 =e(—3M13dL(z) + Mi2(—dL(1 — z) + dL(z)))

dMi4 =e(2M13dL(y) + M14(2dL(y) — dL(1 + y) — 3dL(y + 2))
+ Mi2(dL(1 — 2) — dL(y + 2)))
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dM15 =€(2M13dL(y) + Mi6(2dL(y) — dL(z)) + M15(2dL(1 +y) — dL(2))

+ M4 (2dL(y) + dL(2)) + Mi7(2dL(y) + 2dL(2)))
dMie =e(M15(—2dL(1 + y) + 2dL(1 — 2))

+ Mi7(2dL(y) — 4dL(1 + y) + 4dL(1 — 2) — 2dL(z))

+ M6 (2dL(y) — 4dL(y + 2))

T Mg (—dL(L + y) + 4dL(1 — 2) — 3dL(y + 2)) + M12(dL(L — 2) — dL(y + 2)))
dMy7 =e(—=3M13dL(y) + M15(—dL(1 4+ y) — 2dL(1 — z))

+ My7(—dL(y) — 4dL(1 — z) — dL(z))

+ Mig(—dL(y) — dL(1 +y) +dL(y + 2)) + M12(=dL(1 — z) +dL(y + 2))

+ Mia(=3dL(y) +dL(1 4+ y) — 4dL(1 — 2) + 3dL(y + 2)))

Soft limit :

t1

Mastery — 2(4746)(7(1/4)(Q2 + s)Mastersy)
Masterg — 2(3746)Masters,
Masters — 2272 (_(((=3 + de) Master$) /(=1 + 2€)(Q% + 5))))

Mastery — 2(1746) Masteri

Masters — 2(745)((71 + 4€)(2(3 — 10e + 862)Maste'r‘§ + 625(Q2 + s)Maste'r‘i))/(3635(Q2 + 5)2)

Masterg — 2(4746)(4(—3 + 4e)Mastery + (—1 + 3€)S(Q2 + s)Mastery)/(2(—1 + 2¢)s)
Mastery — 2(2746)(—(Maste7‘;/(@2 +3)) + ((1 — 3€)sMastery)/(—6 + 8¢)).

to

Masterg — 2(3746)M¢zster§=
Masterg — 2(4746)(—(1/4)(622 + s)Mastersy)
Masterig — 2(1746)((—3 + 4e)Masters)/((—1 + 2¢)s)

~(—1—4e)

Masteriy — Z (=14 2¢)(—3+4e)(—1 + 46)Ma5t6T§)/(ESS(Q2 + 5)2)

t3

Masterio — 2(3746) Maste'r‘ég

Masteriz — 2<5745)((71 + ¢)sMasters)/(—10 + 8¢)

Masteriy — 227 (= (((=3 + 4e) Master3) /(=1 + 26)(Q” + 5))))
Masterys — 21 7%) Master$

Masterig — 2<3745)(Maste'r‘;/(Q2 +5) + (=1 + 3¢)sMastery)/(—6 + 8¢))

Masteri7 — 2<2745)((6 — 8¢)Masters — (—1 + 3€)S(Q2 + s)Mastery)/(2(—1 + 2¢)s)

Canonical Differential Equations and Boundary Conditionsfor b + W* — t + b + b.

The canonical basis is defined as

My = (1 —2) (2 G(ts, {2,0,1,0,0,0,2}) + G(ts, {2,0,2,0,0,0,1}))

M2 = G(t4,{2,0,1,0,0,0,2})

Mz =2xex*(1+y)*G(ts, {1,0,2,1,0,0,1})

My =2x (2% (1+y+2)*G(ts, {1,0,1,0,0,2,2})
+2xex(l+y+2)*(G(ta,{1,0,1,0,0,1,2}) — G(t4,{1,0,2,0,0,1,1}))
+3xex(14+y+ z)*G(ta, {1,0,2,0,0,1,1}))

Ms =2xex* (1+y)*G(tg, {1,0,2,0,0,1,1})

Mg = e* (1 +y)* (G(ta,{1,0,1,0,0,1,2}) — G(t4,{1,0,2,0,0,1,1}))

M7 =2xecxyx(1+y)*G(ts, {1,0,1,1,0,1,2})

Mg =2 (e y+ (1 +y) * G(ts,{1,0,1,1,0,2,1})

(6.4)

(6.5)

(6.6)

6.7)



+ (e (1 +y)* (G(ts, {1,0,1,0,0,1,2}) — G(ts,{1,0,2,0,0,1,1})))/2
+ex (1+y)*G(ts,{1,0,2,0,0,1,1}) + 2% e (1 4+ y) * G(ta,{1,0,2,1,0,0,1})
+ ((1 — 2) * (G(t4,{2,0,1,0,0,0,2}) + G(t4, {2,0,2,0,0,0,1})))/4)

Mg = 2% €2 % (14 y)* G(tg, {1,1,1,0,0,1,1})

Mg =2%e> % (1+1y)? % G(ta,{1,1,1,0,1,1,1}).

Differential equations read in this basis (in the form o&tatifferential)

dMy =e(—6MadL(2) + M1 (—4dL(1 — 2) + 2dL(z)))
dMg =e(—3MadL(z) + M1 (—dL(1 — z) + dL(2)))
dM3 =€e(2M2dL(y) + M3 (2dL(y) —dL(1 + y) — 3dL(y + z)) + M1 (dL(1 — 2) — dL(y + 2)))
dMy =e(M2(—6dL(1 + y) 4+ 6dL(z) — 6dL(y 4+ 2)) + Ma(—2dL(1 + y) + dL(z) — 2dL(y + 2))
+ M1 (2dL(1 4+ y) — 2dL(2) + dL(y + 2)) + M5(3dL(1 + y) — 3dL(z) + 3dL(y + 2))
+ Mg (6dL(1 + y) — 6dL(z) + 4dL(y + 2)))
dMs =€e(Ms(2dL(y) — 4dL(1 + y) — 3dL(z)) + M7 (dL(y) — 2dL(2))
+ Mg (2dL(y) — 4dL(1 + ) — 2dL(2))
+ M2 (—4dL(y) + 6dL(2)) + Ma(—dL(y) + dL(z) + dL(1 +y + 2)))
dMe =€e(3MsdL(1 + y) + MydL(z) — 3M2dL(z)
+ Mg (4dL(1 4+ y) — 2dL(2)) — MadL(1 + y + 2))
dM7 =e(Mg(—2dL(1 + y) + 4dL(1 — z) 4+ 2dL(z) — 4dL(y + 2)) + Mg (2dL(1 + y) — 2dL(y + z))
+ M7(2dL(y) — 2dL(1 — z) — 2dL(y + z)) + M5(—2dL(1 + y) + 4dL(1 — z) — 2dL(y + 2))
+ My (=dL(1 +y) +2dL(1 — 2) — dL(y + 2)) + Ma(=2dL(1 — 2) + 2dL(y + 2))
+ M3 (—4dL(1 4+ y) + 2dL(1 — 2z) + 2dL(y + 2)) + M2(—6dL(1 — z) + 6dL(y + =z)))
dMg =e(M7(2dL(1 + y) — 2dL(y + 2z)) + Ms(—dL(1 + y) + dL(y + 2))
+ Ms(—2dL(1 + y) + 2dL(y + 2)) + Ma(—dL(y) +dL(1 +y + 2))
+ Mg (2dL(y) — 2dL(y + z) — 2dL(1 + 2y + 2)))
dMg =e(—M1dL(y) + 4MaodL(y) + MadL(y) + Me(—2dL(y) — 2dL(1 — 2))
+ Mo (2dL(1 + y) — 2dL(1 — 2z) — 2dL(y + 2)) + Ms5(—2dL(y) — 2dL(1 — z) + dL(y + 2)))
dMio =e(—2M10dL(1 4+ y) + M5 (—2dL(1 — z) + 6dL(z) — 4dL(y + 2))
+ Me(—2dL(1 — z) + 6dL(z) — 4dL(y + z)) + M1 (—dL(1 — z) + 2dL(z) — dL(y + 2))
+ Mg (—2dL(1 — z) + 2dL(y + z)) + M4(—2dL(z) + 2dL(y + z)) + M2 (—6dL(z) + 6dL(y + z)))

Canonical Differential Equations and Boundary Conditionsfor b + W* — t + g at 1-loop.

The canonical basis is defined as

My = Mastery (1 + y)e
Mo = Mastera (1 + y)e
1
M3z = ———— {Mastehl(fl + 3e — 262) + z(Mastery (1 + y)ze
(=14 2)z
+Masters(1l — 5e + 662) + Mastera(—(1+y)e + 2(—1+ (5 + y)e)))]
Masters(1 — 2)(1 — 3¢ + 2¢2)
(=1+2)22
My = Masters (1 + y)62
_ y(=1+2¢)(Mastery — Masterge + Mastergz(—1 + 2¢))

My =

M
° (-1+2)z(y +2)
My = Mastery (1 — 5e 4 6€2)
2(—1+2)
1
Mg = (1-=2)

T2(=1+2)22(y + 2)2(1 + y2) (1 + 2¢)
x [2Master4(1 + )1 = 3e +267) (—y(=1 + 2)z + 22 (=1 + (=3 + 2)€) + y° (= — € + 3z¢))
+ 2(1 + 2¢)(Master7 (3y°z + yz2 (8 + 2) + 22 (1 4 22) + y> (=1 + 62 + 42%))(1 — 5 + 6¢2)
+2(1 4 y)(—2Masterey(1 + y)z(1 — 2¢)?

+ (=1 +2)%(y + 2)(Masters (1 + y)z(y + 2)(1 + 3¢)

—26(Master9z(—y2 + z) + Masterio(y + 2z + yz)e))))]

1 2 2
Mg = ————— |Mast — 1-3 2 —2Mast 1—-2
9 C1t29:0+2) [ astera(y — z)( €+ 2e”) + 2( astergy( €)

(6.8)

(6.9)



+(y+ 2)(2(1 + y)(—1 + z)e(Mastergz + Masterige) + Mastery(1 — 5e + 662)))}
Mio = 2Masterio(1 + y)e2
Mi1 = Masteri1(1 + y)ze2

(1 — 2)(—=((Master12(1 + 2)(1 — 2¢)2) /(=1 + 2)3) + (Masters (1 4+ 2)(1 — 3¢ + 2€2)
(=14 2)32(1 + 2)
Masteria(—1 — 2y +z)  Master15(y —yz)  Masteriz(1l — 3¢)
y—z + yz — 22 * z €

Mz =

M13:(1+y)[

Master13(1 — 3¢) Masterisy(—1+ z)(z + € + ye — 2z¢)

M14:<1+y><1+y—z>e[

Z+yz 1+ y)2%(y — 2)ze
Master14(z + € + 2ye — 3ze)  Mastery(—1 + 3¢ — 2¢2)
ye + y2e — ze — yze (14+9y)2(—1+ z)ze

Masteriz(1+ z)(—1+ 3¢) Masterys (1 —3e+2€2)
(1 +y)=z (1 +y)%ze

M5 = (1+y)5 |:

Masterisy(—1 + 2)(22(1 — 2€) + (1 + y)e + 2(—=2 4 5e + y(—1 + 3¢)))
+
(1 +y)%(y — 2)ze
+Master14(y(1 +2)(—1+4e) — (=1 +z)(e+ 2(—1+ 35)))i|
(1 +y)(y — 2)e
Mie = 2Masteris(1 + y)e2
M7 = Master17(1 +y)(y + 2)e
Masterig(—1 + 2¢)
A+ y)(=1+2)e
2Master1gy?(—1+ 2)z
A+ +e) —22(1+¢) —y?(—1+e+22(1+ ) +y2(2(—1 +€) + 2(3 + ¢)))
n Master17(y® —yz + 322 — 22) (121 + )+ 2(1+€) —y(—2+ e+ 2(2 + €)))
A+u)(-1+2)e(P(1+e) —22(1+e) —y?(—1+e+22(1+6) +y2(2(—1+€) + 23+ ¢)))
_ Mastergy(l — 26)2(y2(1 +e)+z(14+€)—y(—14+e+2(3+¢€))
A+ (1422231 +€) = 22(L+6) —y?(m1+ e+ 22(1+ ) + y2(2(—1+¢) +2(3+¢)))
+ Masters (1 — 3e + 262) X (

Mig =2(1 +y)(1 — 2)€2 [

+

(—3z2(1 +€)+ y4(3 +€)+2yz(—4+3e+2(3+¢€)) + y2(1 +4z(—2+4+¢€) — 3e+ 22(3 + €))
21+ y)3 (=14 2)ze2(y3(1 +€) = 22(1 +€) —y2 (=1 + e+ 22(1 +€)) +yz(2(=1+¢) + 2(3 + ¢)))
N —2y°B(=1+¢) +2(4+9))

2093 (11 22 2B 0+ ) = 22+ ) — (-1t et2:(1+ ) T 921 + 2B T )
+ Masterig (

yre(1+€) + 22e(14¢) — 2y%e(—1 + z + € + ze)
A+9(-1+2)e@(1+e) —22(1+6) —y2(—1+e+22(1+¢) +y2(2(-1+¢) + 2(3 +¢)))
n —2yze(—14 z 4 € + ze) + y2 (=1 + €)(e + 4ze + 22 (4 + €))) >
A +y)(—1+2)e(3(L+e) —22(1+¢) —y?(—1+e+22(1+€) +yz(2(—1+¢€) +2(3+¢)))
_ Masteriz(—1 + 3¢)
201+ y)2 (=14 2)ze2(y3 (1 +€) = 22(1 +€) —y2 (=1 + e +22(1 +€)) +yz(2(=1 + €) + 2(3 + €)))
X {y5€(1 +€)+ z2(2 +32)e(1+€) —yze(z +4(—1+¢€) + Hze + 2z2(3 +€))

+ y2(2(—1 +e)e+ 4z2(1 +€)+ ze(B+¢€) — 236(3 +€))
—y46(4e + 2(7 4+ 3¢)) + ys((—5 + €)e + 2ze(—1 + 3¢) + 22 (44 9e + 362))]

B Masterisy
20+ 9305 — 2P+ ) — 2(1+ 6 — g2~ 1+ e+ 2:(1 + ) + y2@(—1+ ) T 2B+ )
X {yse(l +e) — zQ(l + €)(2z(8 — 19¢) — 2e + z2(73 + 6¢)) + ys(e — 3% + z(5 — 12e — 1362))

+y2(2(=1 4 €)e + 22 (—17 + 5de — 23¢) + 23(22 — 47¢ — 15¢2) + 24 (=3 + 5e + 262) + 2(4 — 5 + 5¢2))
4 yz(—4(—=1+ €)e + 2(—12 + 37c — 27¢%) + 22° (=3 + 5e + 2¢2) + 22 (15 — 38¢ + 11c2))

+ 3 (e(=7 + 3¢) + 22 (13 — 22¢ — 15¢%) + 2(19 — 44e + 21c%) + 2% (=26 + Tle + 23¢2))

+y*(—e(5 + 3€) — 32(—6 + 13¢ + 3¢2) + 22 (—11 + 28¢ + 2562))}

Masteria
T2 -1+ 2920+ 0 - 2(1 10 — (-1 +et22(1+ ) +92(-1+ 0 126 + )
X [—2y6e(1 +e)+ (=14 2)22(1 + €)(2e + 2(=3 + 9€)) + y° (=3 + 2 + 13e% + 2(—5 + 20e + 17€2))




+ 3 (=1 + 12¢ — 7€2 + 2(=9 + 14e — 17¢%) + 22 (11 — 64e + €2) + 2°(—9 + 34c + 19¢2))
—yz(—4(=1+ e + 2(—11 + 226 + €2) + 223 (=3 + 8¢ + 3¢%) + 22(9 — 24e + 2362))

— 54203 = 126 + €2) + 2(9 — 326 4+ 1962) + 22(=7 + 44e + 31€%)) + y2(—2(—1 + €)e

1243 — 8¢ — 3¢%) + 23 (=13 + 50e + 11e2) + 2(3 — 22¢ + 15¢2) + 22(7 — 32¢ + 3362))“ + Myr
Mg = Masterig (1 — 2¢)e
Masterag(1 — 5e + 6€2)

2(—1+ 2)

Moy = 2Masteray (1 + y)e?
Moo = Masteraz(1+ y)(y + 2)e

Moo =

Master Masterya (1 — 2¢)2 Master, 1— 2¢)? Masteraaz
Mag = 2(1+y)(1 — 2)e? 2 12 3)2 - LI > ) s+ 2
1—=z 1+ y)(—1+ 2)3e 1I+y)(—142)2(y + 2)e €— ze
Mastera (1 — 3e + 262) Masterag(1 — 5e + 662)
(=14 2)3(y + 2)€? (1 +y)(=1+2)2e
Mos = Masteras (1 + y)2(1 - z)e2 (6.10)

The canonical DE system reads then

dM1 =(edL(y) — 2edL(1 4+ y) — 2edL(2)) M1 + (2edL(y) — 2edL(1 + y) — edL(z)) M2
+ (—edL(y) + edL(1 + y — 2) + edL(2)) M3 + edL(z) My
dMo = — etextdL(y) My + (—2edL(y) + 2edL(1 + y) — 3edL(z)) M2 + (edL(y) — edL(1 + y — z) + edL(z)) M3
dM3 =(—edL(y) + edL(1 — z)) M1 + (—2edL(y) + 3edL(1 + y) + 2edL(1 — z) — 3edL(z)) M2
+ (edL(y) — 2edL(1 + y) — 2edL(1 — z) + edL(z)) M3 + (—edL(1 + y) + edL(z)) My
dMy =(—2edL(1 — z) — edL(z)) My
dMs =(edL(y) + edL(1 — 2z) — edL(y + 2)) M1 + (2edL(y) — edL(y + z)) M2 — edL(y) M3
+ (2edL(1 4+ y) — 2edL(1 — 2) — 2edL(y + 2)) M5 + edL(y) Mg
dMg =(edL(z) — edL(y + z)) My + (edL(y) — 2edL(1 — 2z) — 2edL(y + z)) Ms
dM7 =(—edL(1 + y) — 3edL(1 — z)) M7
dMg =(2edL(1 + y) — 2edL(1 — 2) + edL(z)) M4 + (—2edL(y) + 4edL(1 + y) — 4edL(1 — 2) + 2edL(2)) Mg
+ (—3edL(1 4+ y) + 3edL(1 — z) — 2edL(z)) M7 — 4edL(1 — z) Mg
+ (2edL(1 4+ y) + edL(z) — 2edL(y + 2)) Mg — edL(z) Mg
dMg =(edL(y) — edL(z)) M4 + (—edL(y) + edL(z)) M7 + (—edL(y) + 2edL(1 + y) — 2edL(1 — z) + edL(z)) M3
+ (2edL(y) — 4edL(y + z)) Mg + (edL(y) — edL(z)) Mo
dMyo =(—edL(y) + edL(z)) M4 + (—2edL(y) + 2edL(z)) M¢ + (edL(y) — edL(z)) M7 + (edL(y) + edL(z))Mg
+ (—2edL(y) + edL(z)) Mg + (—edL(y) + 2edL(1 + y) — 2edL(z))M10
dM11 =(2edL(1 — z) — 3edL(z) + edL(y + z)) M1 + (2edL(1 — z) — 3edL(z) + edL(y + z)) M2
+ (—2edL(1 — 2) + 2edL(z)) M3 + (—edL(1 — 2) + edL(y + 2)) M4 + (—2edL(1 — 2) + 2edL(y + 2z)) M5
+ (—2edL(z) + 2edL(y + z)) Mg + (—3edL(1 — z) + 3edL(z)) M7 + (—edL(1 — z) 4 edL(z)) Mg
+ (—edL(z) + edL(y + 2z)) Mg — 2edL(1 4 y)M11
dMi2 =(edL(1 — z) — edL(z)) M4 — 4edL(1 — 2)M12
dMy3 =(—2edL(y) + 2edL(1 + y) — 3edL(z))M13 + (edL(y) — edL(1 + y — z) + edL(z))M14 — edL(y)M15
dM14 =(—edL(1 + y) + edL(z)) My + (—2edL(y) + 3edL(1 + y) + 2edL(1 — z) — 3edL(z))M13
+ (edL(y) — 2edL(1 + y) — 2edL(1 — z) 4 edL(z))M14 + (—edL(y) + etextdL(1 — z)) M5
dMy5 =edL(z) My + (2edL(y) — 2edL(1 + y) — edL(2))M13 + (—edL(y) + edL(1 + y — 2z) + edL(2))M14
+ (edL(y) — 2edL(1 + y) — 2edL(z)) M5
dM1e =(edL(y) + 2edL(1 — z) — edL(z))M13 + (3edL(y) — edL(z)) M5
+ (—edL(y) + 2edL(1 + y) — 2edL(1 — z) — edL(z))Mi6 + (edL(y)
— edL(z))M17 + edL(y) Mg — 2edL(y)Mig
dMy7 = — edL(z) M4 — 2edL(y)M¢ + (—4edL(y) + 2edL(1 + y) — 2edL(1 — 2z) 4 4edL(z))M13
+ (2edL(y) — 2edL(z))M14 + (—2edL(y) + 4edL(1 4 y) — 4edL(1 — z) + 2edL(2)) M5
+ (2edL(1 4+ y) — 2edL(1 — 2z) — 2edL(y + z))M17
dMyg = — 2edL(z)My + (—2edL(y) + 2edL(z)) Mg + 2edL(z) M2
+ (—4edL(y) + 2edL(1 4+ y) — 2edL(1 — z) + 4edL(z)) M3
+ (2€dL(y) — 4edL(2)) M1g + (—2¢edL(y) + 4edL(1 + y)



— 4edL(1 — 2) + 2edL(z))M15 + (—2edL(1 — 2) — edL(z)) M8
dM1g =edL(z)Mi2 + (—2edL(1 — 2) — edL(2z)) Mg
dMaoyg =(edL(1 4+ y) + edL(1 — 2) — edL(z) — edL(y + 2)) M4 + (2edL(z) — 2edL(y + 2)) Mg
+ (—2edL(1 — 2) + 2edL(2))M12 + (—edL(1 + y) + edL(2))M13 + (2edL(1 + y) — 2edL(2))M14
+ (edL(1 + y) — edL(2))M15 + (—edL(1 — 2) + edL(y + 2))M17 + (edL(1 — 2)
— edL(z))M1g — 2edL(1 — z) Moy
dMszo =(—edL(1 + y) — 3edL(1 — 2z)) M2
dMazq1 =edL(y) My — 2edL(z) Mg + (—2edL(y) — 2edL(2z))M12 + (4edL(y) + 2edL(z)) M2g
+ (—edL(y) + 2edL(1 + y) — 2edL(z))M21 + (2edL(y) — edL(z))Ma22 + (edL(y) + edL(z))Ma23
dMazo =(edL(y) + 2edL(1 — 2z) — 2edL(y + 2z)) M4 + (4dedL(1 + y) + 2edL(z) — 4edL(y + 2z)) Mg
+ (—2edL(y) + 4edL(1 + y) — 4edL(1 — z) + 2edL(z)) M2
+ (4edL(y) — 6edL(1 4 y) + 6edL(1 — z) — 4edL(2))M2g
+ (—edL(y) + edL(z))M21 + (2edL(y) — 4edL(y + z)) Mao
+ (edL(y) — 2edL(1 + y) + 2edL(1 — z) — edL(z))Ma3
dMsz3z = — 2edL(z)Ma2g — edL(z)Ma21 + (—2edL(1 4 y) — edL(z) + 2edL(y + 2z)) M2z — 4edL(1 — z)Ma3. (6.11)

Canonical Differential Equations and Boundary Conditionsfor g + W* — t + b+ g.

We reportin the following, for the all three topologiés, ¢, t§, the systems of differential equations in canonical
form after remappings, and the expansions in terms of sadtens, which determines the boundary conditions.

ME =(1 - 2)(2G(§,{2,0,1,0,0,0,2}) + G+, {2,0,2,0,0,0,1}))

MS

MS

=G(t¥,{2,0,1,0,0,0,2})

=2 (y+ 1)eG (¢, {1,0,2,1,0,0,1})

ME =2(2¢(y + 2 + 1) (G(t§,{1,0,1,0,1,0,2}) — G(tF,{1,0,2,0,1,0,1}))
+3e(y+2+1) G(tF,{1,0,2,0,1,0,1}) + 2(y + z + DG(¢F,{1,0,1,0,2,0,2}))

ME =2(y + 1)e ¢(t%,{1,0,2,0,1,0,1})
ME =(y + 1)e (G(F,{1,0,1,0,1,0,2}) — G(t¥,{1,0,2,0,1,0,1}))

ME =2y(y + 1)e G, {1,0,1,1,1,0,2})

M§

=2 (y(y +1)eG(t§,{1,0,1,1,2,0,1}) + %(y +1)e
(G(t§,{1,0,1,0,1,0,2}) — G($,{1,0,2,0,1,0,1})) + (y + 1)e
G(t,{1,0,2,0,1,0,1}) + 2(y + 1)e G(¢t§,{1,0,2,1,0,0,1}) + 3(1 —2)
(Gt 12,0,1,0,0,0.2}) + G (¢, {2,0,2,0,0,0,1})))

MS =2(y+1)(1 — 2 9G¥, {1,0,1,1,0,1,1})

MS =4y +1)e2 G5, {1,0,1,0,1,1,1})

ME =4(y + 1)2¢G(t§, {1,0,1,0,2,1,1})

MG =—2(y+1)Vay? + 4y + 22 — 22 +1G0E,, {1,0,1,1,1,1,1})
MG =@+ 1)@y +2+1) 6T, {1,1,1,1,1,1,1}) (6.12)

MS =(1-2)(2G615,{2,1,0,0,0,0,2}) + G5, {2,2,0,0,0,0,1}))

MS =G5 ,{2,1,0,0,0,0,2})

MG =2 (y+ 1)eG(tS, {1,2,1,0,0,0,1})

MG =2(2¢e(y + 2 + 1) (G(tS,{1,1,0,0,1,0,2}) — G(t5,{1,2,0,0,1,0,1}))
+3e(y+2+1)G(tF,{1,2,0,0,1,0,1}) + 2(y + = + 1)G(tF, {1,1,0,0,2,0,2}))



MG =2(y + 1)e G(tF, {1,2,0,0,1,0,1})
MG =(y + 1)e (G(F,{1,1,0,0,1,0,2}) — G(t§,{1,2,0,0,1,0,1}))
MS) =2y(y + 1)e G(tS, {1,1,1,0,1,0,2})

1
Mg =2 (y(y +1)e G5, {1,1,1,0,2,0,1}) + _(y + De (G(t57, {1,1,0,0,1,0,2})
- G(tg;? {17 2,0,0,1,0, 1})) + (y + 1)6 G(tg;v {17 2,0,0,1,0, 1}) + 2(y + 1)6
1
G(t5,{1,2,1,0,0,0,1}) + (1~ 2)(2 G (15, {2,1,0,0,0,0,2}) + G5, {2,2,0,0,0,0, 1}>>)

MS, =2(y + 1)e? G(¢§,{1,1,1,0,0,1,1})
MS, =2(y + 1)2eG(tS, {1,1,1,0,0,2,1})
MS, =2(y + 1) 2¢G(t5,{1,1,1,0,0,1,2})

Ay + D VAy 2+ 22 22 + 1G(¢§, {1,1,1,0,1,1,1})

1—=z
MSE =2(y + 1) G(t5,{1,1,1,1,0,1,1}) (6.13)

e,
My5

MQ(’;? :(1 - Z)(2 G(t?, {21 O? 07 17 07 07 2}) + G(tisca {21 0,0, 2» 07 07 1}))
MS, =G(t5,{2,0,0,1,0,0,2})
MS —4 2.,,.G
20 =4 (y + 1)e"G(t3,{1,0,0,1,1,1,1})
MS =2(y + 1)z G(¢t§,{1,0,0,1,1,2,1})
M} =2(y+ 1)(1 - )G, {1,1,1,1,1,1,1}) (6.14)

Systems of differential equations in canonical form:
° t?

dM; = (2M1 (—2dL(c — 2d) + dL(c — d + 1) + dL(d + 1)) + 6Ma(dL(c — d + 1) — dL(d + 1)))
AMy =e (M (dL(d + 1) — dL(c — 2d)) + 3Mz(dL(c — d + 1) — dL(d + 1)))
dMs =e (M (dL(c — 2d) — dL(c + (d — 2)d) + dL(d — 1))
+2Ma(dL(c — 2d + 1) — dL(c — d + 1) — dL(d — 1))
—Ms(—2dL(c — 2d + 1) + dL(c — d) — 2dL(c — d + 1) + 3dL(c + (d — 2)d) — 2dL(d — 1) + dL(d)))
dMy = (M1 (2dL(c — d) — dL(c — d + 1) + dL(c + (d — 2)d) — 3dL(d — 1) + 2dL(d) — 2dL(d + 1))
— 6Ma(dL(c — d) — dL(c — d + 1) + dL(c + (d — 2)d) — 2dL(d — 1) + dL(d) — dL(d + 1))
+ Ma(—2dL(c — d) + 3dL(c — d + 1) — 2dL(c + (d — 2)d) + 4dL(d — 1) — 2dL(d) + dL(d + 1))
+3M5(dL(c — d) — dL(c — d + 1) + dL(c + (d — 2)d) — 2dL(d — 1) + dL(d) — dL(d + 1))
+2Mg (3dL(c — d) — 2dL(c — d + 1) + 2dL(c + (d — 2)d) — 5dL(d — 1) + 3dL(d) — 3dL(d + 1)))
dMs = (M1 (dL(c — 2d + 1) +dL(c — d + 1) — dL(d — 1) — 2dL(d + 1))
— 29M5(2dL(c — 2d + 1) + dL(c — d + 1) — 2dL(d — 1) — 3dL(d + 1))
+ Ma(—dL(c —2d + 1) —dL(c — d+ 1) + dL(cd — 1) + dL(d + 1))
+ M5 (2dL(c — 2d + 1) — 4dL(c — d) + 5dL(c — d + 1) + 2dL(d — 1) — 4dL(d) — 3dL(d + 1))
+2Mg(dL(c — 2d + 1) — 2dL(c — d) + 2dL(c — d + 1) + dL(d — 1) — 2dL(d) — dL(d + 1)))
dMg =e (M1 (dL(d + 1) — dL(c — d + 1)) + 3Ma(dL(c — d + 1) — dL(d + 1))
+ Ma(di(c — d + 1) — dL(cd — 1) + dL(d — 1))
+3M5(dL(c — d) — dL(c — d + 1) — dL(d — 1) + dL(d))
+2Mg(2dL(c — d) — dL(c — d + 1) — 2dL(d — 1) + 2dL(d) — dL(d + 1)))
dMy7 =e (— M7 (—2dL(c — 2d) + dL(c — d) + dL(c + (d — 2)d) — 2dL(d — 1) + dL(d))
— 6Ma(dL(c — 2d) — dL(c + (d — 2)d) + dL(d — 1))
+ 2M3(dL(c — 2d) — 2dL(c — d) + dL(c + (d — 2)d) + dL(d — 1) — 2dL(d))
— 2My(dL(c — 2d) — dL(c + (d — 2)d) + dL(d — 1))



— 2M5(—2dL(c — 2d) + dL(c — d) + dL(c + (d — 2)d) — 2dL(d — 1) 4 dL(d))
— 2Mg(—2dL(c — 2d) + dL(c — d) + 2dL(c + (d — 2)d) — 3dL(d — 1) + dL(d) — dL(d + 1))
+ 2M7(—dL(c — 2d) + dL(c — 2d + 1) + dL(c — d + 1) — dL(c + (d — 2)d))
+2Ms(dL(c — d) — dL(c + (d — 2)d) + dL(d)))

dMg =¢ (—2Ms(dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ My(dL(cd — 1) — dL(c — 2d + 1)) — Ms(dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ 2M7(dL(c — d) — dL(c + (d — 2)d) + dL(d))
+2Mg(dL(c — 2d + 1) +dL(c — d + 1) — dL(cd + ¢ — 2d) — dL(c + (d — 2)d) + dL(d — 1)))
dMg =€ (M1 (—dL(c — d) +dL(d — 1) — dL(d) + dL(d + 1))

— 2Ms(dL(c — 2d 4+ 1) — 2dL(c — d) 4+ dL(d — 1) — 2dL(d) + dL(d + 1))
+2M3(—dL(c — 2d + 1) + dL(d — 1) +dL(d + 1))
— My (dL(c — d) — 2dL(c — d + 1) — dL(d — 1) + dL(d) + dL(d + 1)))

dM1o =e (M1 (—dL(c — 2d + 1) +dL(d — 1) + dL(d + 1))
— Mio(dL(c — 2d + 1) — 2dL(c — d 4+ 1) —dL(d — 1) + dL(d + 1))
+ M11(—dL(c —2d + 1) +dL(d — 1) + dL(d + 1))
+4Ma(dL(e — 2d + 1) — dL(d — 1) — dL(d + 1))
+2Ms5(dL(c — d) — dL(d — 1) 4+ dL(d) — dL(d + 1))
—2Mg(dL(c — 2d + 1) — 2dL(c — d) + dL(d — 1) — 2dL(d) + dL(d + 1)))

dMi1 =e (4My(dL(c — 2d 4 1) — dL(c + (d — 2)d))
+2Mio(dL(c — 2d + 1) — dL(c + (d — 2)d))
+2Mi(dL(c — 2d + 1) +dL(c — d + 1) — dL(c + (d — 2)d) — dL(d + 1))
+ 16Ma(dL(c + (d — 2)d) — dL(c — 2d + 1)) + 2M4(dL(cd — 1) — dL(c — 2d + 1))
+2Ms5(2dL(c — 2d + 1) — 3dL(c — d) + dL(c + (d — 2)d) — 3dL(d))
+8Mg (dL(c — 2d + 1) — dL(c — d) — dL(d)))

dMig =¢ (—2M12 (—dL (cd +e— 2d2) +dl(c—d) —dL(c — d+ 1) + dL(d) + dL(d + 1))
+ %Ml(GdL(c —2d+1) —dL(c — d) — 7dL(d — ¢) 4 2dL(d — 1) + 8dL(d) — 2dL(d + 1))
4 £M10(2dL(c —2d+1) —dL(c — d) — 3dL(d — ¢) + 2dL(d — 1) + 4dL(d) — 2dL(d + 1))

+ iMll(?dL(C —2d+1) —dL(c — d) — 3dL(d — ¢) + 2dL(d — 1) + 4dL(d) — 2dL(d + 1))

— 4M>(dL(c — 2d + 1) — dL(d — ¢) + dL(d))
+ M3 (2dL(c — 2d + 1) — dL(c — d) — 3dL(d — ¢) + 2dL(d — 1) + 4dL(d) — 2dL(d + 1))

- %M4(2dL(c —2d+ 1) +dl(c—d) —dL(d — ¢) — 2dL(d — 1) + 2dL(d + 1))
+ Ms5(2dL(c — 2d + 1) + dL(c — d) — dL(d — ¢) — 2dL(d — 1) + 2dL(d + 1))
+ ng(zdL(c —2d+1) +dL(c —d) —dL(d — ¢) — 2dL(d — 1) + 2dL(d + 1))

— 2M7(dL(c — 2d 4 1) — dL(d — ¢) + dL(d))
+ Mg(dL(c — d) 4+ dL(d — ¢) — 2dL(d — 1) — 2dL(d) + 2dL(d + 1))

+%Mg(dL(c —d)+dl(d—c) — 2dL(d — 1) — 2dL(d) + 2dL(d + 1)))

dMy3 =e (2M (dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ Myo(dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ M1 (dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ Mya(dL(c — d) + dL(d — ¢) — 2dL(d — 1) — 2dL(d) + 2dL(d + 1))
+2M3(dl(c—d + 1) — dL(cd + ¢ — 2d) + dL(d — 1))
— 8Ma(dL(c — d) — dL(c + (d — 2)d) + dL(d))
+ 2Ms(dL(c — d) — dL(c + (d — 2)d) + dL(d))
— 2M7(dL(c — d) — dL(c + (d — 2)d) + dL(d))
—2Mg(—dL(c + (d — 2)d) + dL(d — 1) + dL(d + 1))) (6.15)



dM14 =¢ (2M14(—2dL(b — 2a) + dL(b — a) + dL(a)) — 6M5(dL(a) — dL(b — a)))
dMis =€¢ (M4 (dL(a) — dL(b — 2a)) — 3M15(dL(a) — dL(b — a)))
dMig —e <M14 (dL(b ~2q) —dL ((a T2 4 a))
~ Mg (3dL ((a + 162+ a) —2dL(b— a) +dL(a(b— 1) + b) — 2dL(a + 1) — 4dL(b) + dL(b + 1))
+2M15(—dL(b — a) + dL(a + 1) + 2dL(b)))
dMy7 =c <7M14 (7dL ((a 6% 4 a) +dL(b — a) — 2dL(a(b — 1) + b) + 2dL(a) — 2dL(b + 1))
— 6Ms (dL ((a + 102 + a) —dL(b— a) +dL(a(b— 1) + b) — dL(a) + dL(b + 1))
+ M7 (—2dL (@ + 1)6° + ) + 3dL(b — a) — 2dL(a(b — 1) + b) + dL(a) — 2dL(b+ 1))
4 3Mis (dL ((a +1)62 + a) —dL(b—a) +dL(a(b— 1) + b) — dL(a) + dL(b + 1))
—2Mig (—2dL ((a +1b% + a) +2dL(b — a) — 3dL(a(b — 1) + b) + 3dL(a) — 3dL(b + 1)))
dM1s =¢ (M14(dL(b — a) — 2dL(a) + dL(a + 1) + 2dL(b))
+ 2M75(—dL(b — a) + 3dL(a) — 2dL(a + 1) — 4dL(b))
+ Mi7(—dL(b — a) +dL(ab + b+ 1) + dL(a) — dL(a + 1) — dL(b))
— Mis(—5dL(b — a) + ddL(a(b — 1) + b) + 3dL(a) — 2dL(a + 1) — 4dL(b) + 4dL(b + 1))
12M10(2(dL(b — a) — dL(a(b — 1) + b) + dL(b) — dL(b + 1)) — dL(a) + dL(a + 1)))
dM1g =e (M14(dL(a) — dL(b — a)) — 3M15(dL(a) — dL(b — a))
— Mi7(—dL(b — a) + dL(ab + b+ 1) + dL(b))

+3M1s(—dL(b — a) + dL(a(b — 1) + b) + dL(b + 1))
—2Myg(dL(b — a) — 2dL(a(b — 1) + b) + dL(a) — 2dL(b + 1)))

dMzo =¢ (—Ma (dL ((a+1)b* +a) — 2dL(b — 2a) + dL(a(b — 1) +b) + dL(b + 1))

— 6Ms (dL(b — 2a) — dL (

—

a+ 1)b2 +a))

+2Myg (d (a+1b ta +dL(b72a)72dL(a(b71)+b)72dL(b+1))

—

(
— 2M;y, (dL(b —2a) —dL ( a+ 1) + a))
(

— 2M;s (dL ((a L% 4a

~—

— 2dL(b — 2a) + dL(a(b — 1) + b) + dL(b + 1))
+ 2My ( 2dL ((a T2 + a) 4 2dL(b — 2a) — dL(a(b — 1) + b) + dL(a) — dL(b + 1))
+ 2Mag ( dL ( a+ 1)b% + a) —dL(b — 2a) + dL(b—a) + dL(a + 1) + 2dL(b))
+20Ma1 (—dt ((a+1)b% +a) +di(a(b — 1) +b) +dL(b+1)))
M1 =e (—2Mig (—dL ((a+ 16 + ) +dL(a(b — 1) +b) +dL(b+ 1))
— My (—dL ((a+1)p* +a) +dL(a(b — 1) +b) +dL(b + 1))
+2Mzo (—dL ((a+1)6” +a) +dL(a(b— 1) +b) +dL(b+1))
+2Ma (—dL ((a +1)b% + a) +dL(b—a) —dL(2(a+ 1)b+ 1) +dL(a + 1) + dL(b))
—Miy7(—dL(ab+b+1) +dL(a+ 1) + dL(b)))
dMas =e (Mys(—dL(b — a) + dL(a + 1) + 2dL(b))
+ 2Myg(—dL(b — a) + dL(a + 1) + 2dL(b))
— 2Maa(—dL(a(b — 1) + b) + dL(a + 1) + 2dL(b) — dL(b + 1))
+ Mas(=2dL(b — a) + dL(a) + dL(a + 1) + 2dL(b))
+ Maa(dL(b — a) + dL(a) — 2dL(a + 1) — 4dL(b)))
Mg =e (Mya (dL ((a+1)6° +a) — dL(b — 20))
— 4Mig (7dL ((a L6 4 a) +dL(b—2a) —dL(b — a) + dL(a + 1) + 2dL(b))
4 2Mao <7dL ((a + 162 + a) —2dL(b — 2a) + 2dL(b — a) + dL(a + 1) + 2dL(b))
4 2May <7dL ((a 10 4 a) —dL(b— a) +dL(a(b— 1) + b) + dL(a + 1) + 2dL(b) + dL(b + 1))
— 3M15(—dL(b — a) + dL(a + 1) + 2dL(b))
—Ma3(4dL(b — 2a) — 6dL(b — a) + dL(a) + dL(a + 1) + 2dL(b)))



dMay =¢ <72M16 <7dL ((a + 162 + a) +dL(b — 2a) — dL(b — a) + dL(a + 1) + 2dL(b))
+ 2Mas (—2dL ((a + 102 + a) —dL(b— 2a) + dL(b — a) + 2dL(a + 1) + 4dL(b))
= M2y (4L ((a+ 1)b> +a) = dL(b — a) + dL(a) — 4dL(a + 1) — 8dL(b) )
—2Mag(dL(b — 2a) — dL(b — @) — dL(a(b — 1) + b) + dL(a + 1) + 2dL(b) — dL(b + 1)))
dMzs =e (2M14(—dL(a(b — 1) 4+ b) +dL(a) +dL(b + 1))
+ 8Myg(—dL(a(b— 1) +b) +dL(a + 1) + dL(b + 1))
+2Myg(—dL(a(b — 1) + b) +dL(a) + dL(b + 1))
— Mo (—dL(a(b — 1) + b) + dL(a) + dL(b + 1))
— 4May (—dL(a(b — 1) + b) + dL(a + 1) + dL(b + 1))
— 4Maa(—2dL(a(b — 1) + b) + dL(a) + dL(a + 1) + 2dL(b + 1))
+ 2Mas(2dL(a(b — 1) + b) — 3dL(a) + dL(a + 1) — 2dL(b + 1))
— AMa4(—dL(a(b — 1) + b) + dL(a + 1) + dL(b + 1))
+ 2Mas (dL(b — a) — dL(a(b — 1) + b) — dL(a) + dL(2a + 1) + dL(b) — dL(b + 1))
—6M15(dL(a) — dL(a + 1)) — 2M17(dL(a) — dL(a + 1)))
dMzg =¢ (Mya (dL ((a+1)6° +a) — dL(b — 20))
= 2Myg (dL(b — 2a) —dL ((a + 1)b* + a))
— 2Mas (dL(b — 2a) — dL ((a + 1)b* + a))
— 2May (dL(a) —dL ((a L6 4 a))
+2Ma3(dL(a) — dL(b — 2a)) — 2Mag(—dL(b — a) + dL(a(b — 1) + b) + dL(b + 1))) (6.16)

. tg:
dMa7 =e (Ma7(2dL(z) — 4dL(1 — 2)) — 6 MagdL(z))
dMag =€ (Ma27(dL(z) — dL(1 — z)) — 3MagdL(z))
dMag =€ (Ma7dL(z) — 4MagdL(z) — MagdL(z) + 2M30dL(z))
dMs0 —e (Mar(dL(z) — 2dL(1 — z)) + Mas (8dL(1 — =) — 3dL(z))
—MogdL(1 — Z) + M30(—2dL(1 — z) —2dL(2)))
dMs1 =e (Mar (3dL(z) — 3dL(1 — 2)) + Mas (8dL(1 — =) — 8dL(2))
+Mag (dL(z) — dL(1 — 2)) + M30(2dL(z) — 2dL(1 — z)) — 2M31dL(1 — 2)) (6.17)
Soft limit:
° t?:

Maste'r‘lc — g3 Masteri=

_4ec Mastery (4e — 3
Master? — 274 #
s

_ Mastery (4e — 3
Master:? — 274 (—#)
(2 = 1)(Q2 + )
Masterf — 23746Maste7‘f
_4c Mastery (4e — 3
Master? z24e 71( )

s
Maste'r‘GG — 23746M¢zsteri=
Mastery (4e — 3) )
@ —D(Q2 1)

_ 2Mastery (4e — 3
Masterg y glde <__ as(;zli 6) ))
s s

(26~ 1) (@ +5)

Master$ — 27 4e (

Maste'r‘gc — 5274 (



I\/[asterlco —y g4

Master;
J2-de Mastery (4e — 3)
s
_, s2-4e (7 Mastery (4e — 3))
(2 = 1) (Q? +9)
J1-de Mastery (2¢ — 1)(4e — 3)

€2 (Q? +5)?

I\/Iasterlcl —

I\/[asterlcg

]\/Iasterl% — (6.18)

° tg:

I\/[asterlc4 —)I\/[asterf z3—dep

Masters (4e — 3)z2 4P
s
Masters (4e — 3)z2 74P
(2¢ —1)(Q2 + )

I\/Iasterlc7 — — IV[asterf2374ep

I\/[asterlc’; —

]\/Iasterlc;G — —

Master$ (4e — 3)z2—4eP
s

]\/Iasterlcg —>]\/1aste7"f z34ep

I\/[asterlcg —

Masters (4e — 3)z2 4P
(26 = 1) (Q? +9)
2Masters (4e — 3)z1 4P
S(@Q2+s)

I\/[asteTQGZ —)I\/[asteri gl—aep

I\/Iastergo —

I\/[asteTQGI —

(4e = 1)z 74 (Master; (—8¢? +10¢ — 3) + Masterjse? (Q +5))
3522 (Q% + 5)

(4e — 1)274” (Masterf (852 — 10e + 3) + 21\/[ast67"2562 <Q2 + s))
35262 (Q2 + s)

I\/[asteTQGS —

I\/IasteT2G4 —

I\/[aster% — — IV[asteT22174ep

a (4e — 1)274” (21\/[asterf (862 — 10e + 3) + Masterise2 <Q2 + s))
Masteryg — 5 (6.19)
3se3 (Q2 + )

° tg:

I\/IasteT2G7 —)I\/Iasterf gi4ep

Masters (4e — 3)z2 4P
—

S

]\/IasteTQGS

Masters (4e — 3)z2 4¢P
I\/IasteTQGg - — il )

s(2e — 1)
Masters (2¢ — 1)(4e — 3)z1 ~4P
]\/Iaster% — — as eTl( ‘ 2)( ‘ )
S“e€
o Masteri(2e 1) (3262 - 32¢ 4 6) 274!
Masters; — (6.20)

23 (Q2 1 9)

Canonical Differential Equations and Boundary Conditionsfor g + W* — t + b at 1-loop.

¢ (1=2¢)(e—1)G({1,1,0,0,0,0,1})

M, =
! (1—-2)z
yG Y1 =20G({1,2,0,1,0,0,1))
2 11—z
(1 - 2¢) ((4=8)G(1.{1,1.0,0.0.1.1}) _ (d=2)G(1,{1,1,0.0.0.0.1})
MG mt< —s 2mt2(ml2—s)
3 =

11—z



MS =2(2¢(y + z + 1)(G({1,0,1,0,1,0,2}) — G({1,0,2,0,1,0,1})) + 3e(y + z + 1)G({1,0,2,0,1,0,1})
+2(y+2+1)G({1,0,1,0,2,0,2}))
1

TP R s o 1
x [(1 —2) (2(y +1) (252 —3e+ 1) <y2(3ze tz—€) —ylz—1)z+22((z — 3)e — 1)) G(1,{1,1,0,0,0,0,1})
+22e+ 1) (20 + D) (2 - D+ 2) (v + D2 + Dy + G, {1,1,0,1,2,0,1})
—2¢ (2 (2= ¢*) G(1,{1,2,0,1,1,0,1}) + e(yz + y + 22)G(1,{1,1,0,1,1,0,1})) )
~2y(y + 1)2(1 - 20G(1,{1,1,0,1,0,0,1}))
+ (662 — Be+ 1) <3y3z + 42 (422 462 — 1) +y22 (2 +8) + 22 (22 + 1)) G(1,{1,0,0,1,1,0, 1})))]

& :m x [(262 —3e+ 1) (y — 2)G(1,{1,1,0,0,0,0,1})

+2((y+2) 2+ 1)(z - De(2G(1,{1,2,0,1,1,0,1}) + eG(1,{1,1,0,1,1,0,1}))
+ (662 — Be+ 1) G(1,{1,0,0,1,1,0, 1}))
—2y(1 —2¢)?G(1,{1,1,0, 1,0, 0,1}))]

ME =2(y + 1)e2G(1,{1,1,0,1,1,0,1}) (6.21)

G _ (1 —2€)(e —1)G(2,{1,0,0,0,1,1,0})

M.
8 (1—-2)z
a _(1—2¢)(e—1)G(2,{1,0,0,0,0,1,1})
Mg =
(1—-2)z
¢ _y(1—-2G(2,{1,0,1,0,2,1,0})
My = 1
—z
el 1
My =

(z—1)z x
x [z ((z((y +5)e —1) = (y + 1)e)G(2,{1,1,0,0,2,1,0}) + (y + 1)zeG(2,{1,2,0,0,1,1,0})
+ (662 —Se+ 1) G(2,{1,1,0,0,1, 1,0}))
+ (—262 +3e— 1) G(2,{1,0,0,0,1, 1,0})]
M =(y + 1)eG(2,{1,2,0,0,1,1,0})
M =(y + 1)eG(2,{1,1,0,0,2,1,0})
ME =(1 - 2¢) ((1 —2¢)G(2,{1,0,1,0,0,1,1}) (1 —¢)G(2,{1,0,0,0,1,1, o}))
1= 122
M{E =2(y +1)e*G(2,{1,1,1,0,1,1,0})
(y +1)(1 — 2¢)eG(2,{1,0,1,0,1,1,1})
1—=z
MSE =4(y +1)2¢G(2,{1,1,0,0,1,2,1})

G
My =

ME =4y +1)e2G(2,{1,1,0,0,1,1,1})

MG =2y + 1)(1 - 2)G(2,{1,1,1,1,1,1,1}) (6.22)
¢ _ (1 —=2¢)(e-1)G(3,{1,0,0,0,0,1,1})
Mo =
(1—-2)z
c _(1-36)( —26)G(3,{1,0,1,0,1,0,1})
My =
z—1
¢ (1 —209G(3,{1,0,1,0,0,2,1})
My = 1
— 2
el 1
Moy =— X
2T (z— 1)z

x [z ((z((y +5)e — 1) — (y + 1)e)G(3,{1,1,0,0,0,2,1}) + (y + 1)zeG(3,{1,2,0,0,0,1,1})



+(66® = 5e+1) G(3,{1,1,0,0,0,1,1}))
+ (—262 4 3e— 1) G(3,{1,0,0,0,0,1, 1})]
M$, =(y +1)eG(3,{1,1,0,0,0,2,1})

MS, =(y + 1)eG(3,{1,2,0,0,0,1,1})
1

G _
M6 = T DG T D+ 22 7 1)
X [(1 — z) (2(y +1) (262 —3e+ 1) <y2(326 +z—¢)—ylz—1)z+22((z — 3)e — 1)) G(3,{1,0,0,0,0,1,1})
4+ 2(2e + 1) (Q(y +1) ((z “ 12y 4+ 2) ((y + Dz(3e + 1) (y + 2)G(3,{1,1,0,1,2,0,1})
2 (z (z - yz) G(3,{1,2,0,1,1,0,1}) + e(yz + y + 22)G(3,{1,1,0,1, 1,0, 1})))
~2y(y + D=(1 - 2)°G(3,{1,0,1,0,0,1,1}))
+ (662 — e+ 1) <3y3z +42 (4z2 +62 — 1) Ty (2 +8) + 2222 + 1)) G(3,{1,0,1,0,1,0, 1})))]
MG 771 X
(2= D)a(y + 2)

X [(262 —3e+ 1) (y — 2)G(3,{1,0,0,0,0,1,1})
+2((y+2) 2y +1)(z — 1)e(2G(3,{1,2,0,1,1,0,1}) + €G(3,{1,1,0,1,1,0,1}))
+ (652 ~Be+t 1) G(3,{1,0,1,0,1,0, 1}))
—2y(1 — 26)%G(3,{1,0,1,0,0, 1, 1}))]
MS, =2(y + 1)2G(3,{1,1,0,1,1,0,1})
MS =(y + 1)€2G(3,{1,1,1,0,0,1,1})
MS =2(y + 1)%2G(3,{1,1,1,0,1,1,1}) (6.23)

a (1 —2¢)(e—1)G(4,{1,1,0,0,0,0,1})

M. =

31 (1—-2)z

¢ _(y+ 1A —eeG(4,{1,1,1,0,0,0,1})
M3z = ~

¢ _(1—=3e)(1—2¢)G(4,{1,0,0,1,1,0,1})
M33 =

z—1

G _(1-26)G(4,{1,2,0,0,0,1,1})

M3y = 1
—z

G y(l _QS)G(47{1727071707071})

Mss = 1—2

MS; =y(y + 1)eG(4,{1,2,1,1,0,0,1})
M§, =(y + 1)eG(4,{1,2,1,0,0,1,1})

MS, =(y + 1)(1 - 2)eG(4,{1,0,1,1,1,0,1})
1
T2z —1)22(2¢+ Dyt 2)2(yz + 1)

% [(1 —2) (2(y +1) (252 ~3e+ 1) <y2(326 Tz —y(z— Dz +22((z — 3)e — 1)) G(4,{1,1,0,0,0,0,1})

G
Mgy

4+ 2(2e+ 1) (Q(y +1) ((z — 12y +2) (g + D)z(3c + 1) (y + 2)G(1,{1,1,0,1,2,0,1})

— 2 (z (z - yQ) G(1,{1,2,0,1,1,0,1}) + e(yz + y + 22)G(1, {1,1,0,1,1,0, 1})))

—2y(y + 1)2(1 — 26)2G(4,{1,1,1,0,0,0, 1}))

+ (6% =5 +1) (3u°2+ 42 (422 + 62— 1) 442" (2 +8) + 27 (22 + 1)) G(4,{1,1,0,0,0,1,1})) )|
x [(262 —3e+ 1) (y — 2)G(4,{1,1,0,0,0,0,1})

+2((y+2) @y + 1) (z — De(2G(1,{1,2,0,1,1,0,1}) + €G(1,{1,1,0,1,1,0,1}))

+(66* =5 +1) G(4,{1,1,0,0,0,1,1}))

G
Myo =



—2y(1 — 26)%G(4,{1,1,1,0,0,0, 1}))]

M§ =2(y + 1)e*G(1,{1,1,0,1,1,0,1})

M4G2 =(y + 1)62\/ dyz + 22 + 22 + 1G(4,{1,1,1,1,1,0,1})

MG =2(y +1)>(1 - 2)*G(4,{1,1,1,1,1,1,1}) (6.24)
G _(1—26)(e=1)G(5,{1,0,0,0,1,1,0})
Mgy =
(1—-2)z
¢ _ (1 —2¢)(e—1)G(5,{1,0,0,0,0,1,1})
Mys =
(1—2)z
a _(y+ 1)1 —¢€eG(5{1,0,0,1,1,1,0})
My =
z
el 1
Mgz

BCER
X [z ((2((y +5)e — 1) — (y + 1)e)G(5,{1,1,0,0,2,1,0}) + (y + 1)zeG(5,{1,2,0,0,1,1,0})
+ (652 ~Be+t 1) a5, {1,1,0,0,1, 1,0}))
+ (—252 43— 1) a(5,{1,0,0,0,1, 1,0})]

MS =(y + 1)eG(5,{1,2,0,0,1,1,0})

M$) =(y + 1)eG(5,{1,1,0,0,2,1,0})

a vy(l—-2¢)G(5,{1,0,1,0,2,1,0})
Mso = 1
— 2
¢ _(y+ 1A —€)eG(5,{1,0,0,1,0,1,1})
Mgy =

z

el (1726)G(5,{1,0,1,0,0,1,2})
Mgy =

1—=z

ME, =y(y + 1)eG(5,{1,0,1,1,1,1,0})
ME =2(y + 1)€2G(5,{1,1,1,0,1,1,0})
ML =(y + 1)eG(5,{1,0,1,1,0,1,2})
ME =4(y + 1)2¢G(5,{1,1,0,0,1,2,1})
ME =4(y + 1)2G(5,{1,1,0,0,1,1,1})

¢ (411 —20)eG(5,{1,0,1,0,1,1,1})
M58 = 11—~
MSy =2(y +1)**G(5,{1,0,1,1,1,1,1}) (6.25)
dMy =M;(—2edL(1 — 2) — edL(z))
dMo =M (edL(y + z) — edL(2)) + Ma(—2edL(y + z) + edL(y) — 2edL(1 — 2))
dMs =M (edL(z) — edL(1 — z)) — 4M3gedL(1 — 2)
(

dMy =My (—edL(y + 1) — 3edL(1 — 2))
dMs =M1 (—2edL(y + 1) 4+ 2edL(1 — z) — edL(z)) + Ma(—2edL(y) + 4edL(y + 1) — 4edL(1 — z) + 2edL(z2))
+ M4 (3edL(y + 1) — 3edL(1 — 2z) + 2edL(z)) — 4M5edL(1 — z)
+ Mg (2edL(y + z) — 2edL(y + 1) — edL(z)) + Mr7edL(z)
dMe =M (edL(y) — edL(2z)) + M4 (edL(z) — edL(y))
+ Ms(edL(y) — 2edL(y + 1) 4 2edL(1 — z) — edL(z))
+ Mg (2edL(y) — 4edL(y + 2)) + Mr7(edL(y) — edL(z))
dM7 =M (edL(z) — edL(y)) + M2 (2edL(y) — 2edL(z)) + M4 (edL(y) — edL(z))
+ Ms(—edL(y) — edL(z)) + Mg (edL(z) — 2edL(y)) + M7 (—edL(y) + 2edL(y + 1) — 2edL(z2))
(6.26)

dMg =Mg(—2edL(1 — z) — edL(z))



dMg =Mg(—2edL(1 — z) — edL(z))
dM1o =Mi0(—2edL(y + z) + edL(y) — 2edL(1 — 2)) + Mg(edL(y + z) — edL(z))
dM11 =M1 (edL(y) — 2edL(y + 1) — 2edL(1 — z) + edL(z))
+ Mi2(edL(1 — z) — edL(y)) + M13(—2edL(y) + 3edL(y + 1) + 2edL(1 — z) — 3edL(z))
+ Mg(edL(z) — edL(y + 1))
dMyi2 =Mi1(edl(y — z + 1) — edL(y) + edL(z)) + M12(edL(y) — 2edL(y + 1) — 2edL(z))
+ M13(2edL(y) — 2edL(y + 1) — edL(z)) + MgedL(z)
dMy13 =Mi1(—edl(y — z + 1) + edL(y) + edL(z)) — Mi2edL(y) + M13(—2edL(y) + 2edL(y + 1) — 3edL(z))
dMyg4 = — 4Mygedl(1 — z) — MgedL(1 — 2)
dMy5 = — 2MypedL(y) — 2M71edL(y) + M12(—2edL(y + z) + 2edL(y) + 2edL(1 — 2))
+ M3 (4edL(y) — 2edL(y + z)) + M15(—2edL(y + z) + 2edL(y + 1) — 2edL(1 — 2))
dM1e =Mio(edL(y) — edL(z)) + Mi4edL(z) + Mi6(—2edL(1 — z) — edL(z)) + MgedL(z)
dMyi7 =4Myiedl(y — z + 1) + M12(4edL(1 — 2z) — 4edL(y + 1)) — 8M13edL(y + 1)
+ My7(—2edL(1 — 2z) — 2edL(z)) — 2MgedL(1 — z) + 2MgedL(z)
dMyg = — 2My2edL(z) + M13(4edL(y + 1) — 2edL(z)) + Mi7edL(z) — MigedL(z)
dM19 =Mio(4edL(y + z) — 4edL(z)) + M1 (4dedL(y + 1) — 4edL(z2))
+ Mi2(—2edL(y + 2z) + 2edL(y + 1) — 4edL(1 — z) + 4edL(z2))
+ Mi3(—2edL(y + z) — 2edL(y + 1) + 4edL(z)) + M14(4dedL(z) — 4edL(1 — 2))
+ Mi5(2edL(1 — z) — 2edL(y + 2)) + M1 (4edL(1 — z) — 4edL(z))
+ My7(edL(1 — z) — edL(2)) + M1g(edL(1 — z) — edL(z)) — 2M1gedL(1 — 2)
+ Mg (—2edL(y + z) + 2edL(y + 1) — 2edL(1 — z) + 2edL(2)) (6.27)

dMoo =Mao(—2edL(1 — z) — edL(z))
dMso1 =Ma2q(—edL(y + 1) — 3edL(1 — z))
dMao =Mag(edL(y + z) — edL(z)) + Moo (—2edL(y + 2z) + edL(y) — 2edL(1 — 2))
dMa3 =Mag(edL(z) — edL(y + 1)) + Mag(edL(y) — 2edL(y + 1) — 2edL(1 — z) + edL(z))
+ Mays(—2edL(y) + 3edL(y + 1) + 2edL(1 — z) — 3edL(z)) + Ma5(edL(1 — z) — edL(y))
dMog4 =Mo3(—edl(y — z + 1) + edL(y) + edL(z)) + Ma4(—2edL(y) + 2edL(y + 1) — 3edL(z)) — MasedL(y)
dMas =MapedL(z) + Mag(edL(y — z + 1) — edL(y) + edL(z)) + Ma24(2edL(y) — 2edL(y + 1) — edL(z2))
+ Mas (edL(y) — 2edL(y + 1) — 2edL(z))
dMoe =Moo (—4edL(y + 1) + 4edL(1 — z) — 2edL(z)) + Ma21(3edL(y + 1) — 3edL(1 — z) + 2edL(z))
+ Mao(—4edL(y) + 8edL(y + 1) — 8edL(1 — z) + 4edL(z)) — 4MagedL(1l — z)
+ Moy (2edL(y + 2z) — 2edL(y + 1) — edL(2)) + MagedL(z)
dMa7 =Moo (2edL(y) — 2edL(z)) + Ma21 (edL(z) — edL(y))
+ Mag(edL(y) — 2edL(y + 1) + 2edL(1 — 2) — edL(z))
+ Ma7(2edL(y) — 4edL(y + z)) + Mag(edL(y) — edL(z))
dMag =Moo (2edL(z) — 2edL(y)) + Ma21 (edL(y) — edL(z))
+ Moo (4edL(y) — 4edL(z)) + Mag(—edL(y) — edL(z))
+ Moy (edL(z) — 2edL(y)) + Mag(—edL(y) + 2edL(y + 1) — 2edL(z))
dMaog = — MaoedL(y) — MazedL(y) + Mayg(2edL(y) — edL(y + 2)) + Mas(—edL(y + z) + edL(y) + edL(1 — 2))
+ Mag(—2edL(y + 2) + 2edL(y + 1) — 2edL(1 — 2))
dMszo =Moo (2edL(y + z) — 2edL(1 — 2)) + Ma21(3edL(z) — 3edL(1 — z))
+ M2z (4edl(2) — 4edL(y + 2)) + Mag(4edl(z) — 4dedL(1 — 2))
+ Moy (2edL(y + z) + 4edL(1 — 2z) — 6edL(z)) + Mas(2edL(y + z) + 4edL(1 — z) — 6edL(z))
+ Mg (edL(1 — z) — edL(z)) + Ma7(edL(y + z) — edL(z))
+ Mag(4edL(y + z) — 4edL(1 — z)) — 2M3pedL(y + 1) (6.28)

dMs1 = — Ms1e(—3dL(a — b) + 2dL(2a — b) + dL(a))
dMsz =Ms1e(dL(a — b) — dL(a)) — 2M32¢(dL(a) — dL(a — b))

dMss =Msze(4dL(a — b) — 3dL(2a — b) — dL(a(b — 1) + b) — dL(b + 1))
dMss =Ms1e(dL(a) — dL(2a — b)) + 4Msse(dL(a — b) — dL(2a — b))

dM3zs =Ms3ie (dL ((a + 167 + a) — dL(a))



+ Msse (72 (dL ((a T2 + a) +dL(2a — b) — dL(b)) 4 3dL(a — b) + dL(a + 1))
dMsg =Mssze (dL(a) —dL ((a +1)62 + a))

4 Msge (2 (—dL ((a +1)62 + a) +dl(a—b) + dL(b)) —dL(a) + dL(a + 1))

+ Msse(dL(a) — dL(a — b))

dMs7 =Msae(dL(2a — b) — dL(a)) + Mase(dL(a) — dL(a — b)) — Msre(—3dL(a — b) + 2dL(2a — b) + dL(a))

dMss =Msse(dL(a — b) — dL(a)) — Mage(—2dL(a — b) + dL(a(b — 1) + b) + dL(a) + dL(b + 1))
dMsg = — Myge (2 (—dL ((a +1)0% + a) +dl(a(b — 1) + b) +dL(b+ 1)) —dL(a—b) + dL(a))
— 2Ms1e(—dL(a — b) + 2(—dL(2a — b) + dL(a(b — 1) + b) + dL(b + 1)) + dL(a))

+ Msse(—2dL(a — b) + 3(—dL(2a — b) + dL(a(b — 1) + b) + dL(b + 1)) + 2dL(a))
+ 4Ms5e(—2(dL(2a — b) — dL(a(b — 1) + b) + dL(b) — dL(b + 1)) + dL(a) — dL(a + 1))
+ 4Msge(dL(a — b) — dL(2a — b)) + My e(dL(a) — dL(a — b))

dMao =2Maoe (—2dL ((a + 1)6> + a) +dL(a — b) + dL(a + 1) + 2dL(b) )
+ 2Ms1 e(—dL(a) + dL(a + 1) + 2dL(b)) + Msze(dL(a) — dL(a + 1) — 2dL(b))
— Msge(—2(dL(2a — b) — dL(a(b — 1) + b) + dL(b) — dL(b + 1)) + dL(a) — dL(a + 1))
+ Myye(—dL(a) + dL(a + 1) + 2dL(b))

dMy1 =2Msz1 €(dL(a) — dL(a + 1) — 2dL(b)) + Msze(—dL(a) + dL(a + 1) + 2dL(b))
+ 4Ms5e(—dL(a) + dL(a + 1) + 2dL(b)) — Msge(—2dL(a — b) + dL(a) + dL(a + 1)
+2dL(b)) + Maoe(dL(a — b) + dL(a) — 2dL(a + 1) — 4dL(b))
— Maye(—dL(a — b) — 2dL(a(b — 1) + b) + 2dL(a) + dL(a + 1) + 2dL(b) — 2dL(b + 1))

dMyo = — %M315(72dL(a(b — 1) +b) +dL(a) +dL(a + 1) + 2dL(b + 1) + dL(4))
+ Msae(—dL(a(b — 1) + b) + dL(a) + dL(b + 1))
+ ng,ge(deL(a(b — 1) +b) +dL(a) + dL(a + 1) + 2dL(b + 1) + dL(4))
+ Msse(—2dL(a(b — 1) +b) 4 dL(a) 4 dL(a + 1) + 2dL(b + 1)

+ dL(4)) + M3ge(—2dL(a(b — 1) 4+ b) 4+ dL(a) + dL(a + 1) + 2dL(b + 1) + dL(4))
— Msge(—dL(a(b — 1) + b) 4+ dL(a) + dL(b + 1))

- ngge(QdL(a(b — 1) +b) — 3dL(a) + dL(a + 1) — 2dL(b + 1) + dL(4))

- %M405(7dL(a(b —1)+b)+dl(a+ 1) + dL(b + 1) + dL(4))
+ 2Myze(di(a — b) — dL(a(b — 1) + b) — dL(a) + dL(2a + 1) + dL(b) — dL(b + 1))
- iMm(—dL(a) +dl(a+ 1) +dL(4))

dMys = — 2Ms1 e (_ ((a +1b% + a) +dL(a(b— 1) + b) +dL(b+ 1))

T 2M3ae a+1)b% +a) —dL(2a — b) + dL(a(b — 1) + b) + dL(a) + dL(b + 1))

(e (¢ )
J 4Msse (7dL ( a+ 1)b% + a) —dL(2a — b) + dL(a(b — 1) + b) + dL(a) + dL(b + 1))
(e (¢ )

1 AM3sge (a+1)0% +a) +dL(a(b — 1) +b)+dL(b+1))

— Muge (7 ((a + 162 + a) +dL(a(b— 1) + b) +dL(b+ 1)) + 3Msse(dL(a) — dL(2a — b))
+ 4Mszge(dL(a) — dL(2a — b)) + 4M37e(dL(2a — b) — dL(a))

+ Msoe(dL(a) — dL(2a — b)) — 4Mase(—dL(a(b — 1) + b) + dL(a) + dL(b + 1))

+ 2Myze(dL(a — b) — dL(2a — b))

dMag =Maa(—2edL(1 — 2) — edL(2))
dMas =Mas(—2edL(1 — 2) — edL(2))
dMye = — MagedL(z) — 2MypedL(2)
dMya7 =Myas(edl(z) — edL(y + 1)) + My7(edL(y) — 2edL(y + 1) — 2edL(1 — z) + edL(z))
+ Myg(edL(1 — z) — edL(y))
+ Mag(—2€dL(y) + 3edL(y + 1) + 2edL(1 — z) — 3edL(z))
dMys =Mygedl(z) + My7(edL(y — z 4+ 1) — edL(y) + edL(z))
+ Myg(edL(y) — 2edL(y + 1) — 2edL(2))
+ Myo(2edL(y) — 2edL(y + 1) — edL(z2))

(6.29)



dMyg =Mya7(—edL(y — 2z + 1) + edL(y) + edL(2)) — MagedL(y) + Mag(—2edL(y) + 2edL(y + 1) — 3edL(z))
dMso =Maa(edL(y + z) — edL(2)) + Mso(—2edL(y + 2) + edL(y) — 2edL(1 — 2))
dMs1 = — Magedl(z) — 2Ms1edL(z)
dMs2 =Myaa(edL(z) — edL(1 — 2)) — 4Mp2edL(1 — 2)
dMs3 =Maye(edL(z) — edL(y + 2)) + MsoedL(z) + Ms3(—2edL(y + z) + edL(y) — edL(z))
dMss = — 2My7edL(y) + Mag(—2edL(y + z) + 2edL(y) + 2edL(1 — z))
+ Myg(4edL(y) — 2edL(y + z)) — 2M50edL(y)
+ Msa(—2edL(y + 2z) + 2edL(y + 1) — 2edL(1 — 2))
dMss =Ms1(edL(1 — z) — edL(z)) + Ms2edl(z) + Ms5(—2edL(1 — z) — edL(z2))
dMse =2Mygedl(z) + 4My7edl(y — z + 1) + Myg(4dedL(1 — 2)
— dedL(y + 1)) — 8MagedL(y + 1) + Msg(—2¢edL(1 — 2) — 2edL(2))
— 2Ms57edL(1 — 2)
dMs7 = — 2MygedL(z) + Mag(4edL(y + 1) — 2edL(z)) + MseedL(z) — Ms7edL(z)
dMsg =Mso(edL(y) — edL(z)) — Msoedl(z) + Msg(—2edL(1 — z) — edL(z))
dMsg = — MygedL(z) + Msiedl(z) + M53(2edL(y) — 2edL(z)) — 2M55edL(z) + 2MsgedL(z) — 2MsgedL(z)

(6.30)






Appendix B: Master Integrals at NNLO

We report in the following the expressions for the entire aleMaster Integrals describing CC-DIS massive
Form Factors. We indicate with/; the dimensionless master integralsaster;. In other wordsM aster; =
M;s*—2¢tNn—Na with N,, being the number of inverse propagator at numerator/§pdheing the number of
inverse propagator at denominator.

Bottom channel

Master Integrals for b + W* -t +g + g.

ity = (=5 (0 + D260} ) — 5+ V(G — 62+ +2))
+e (—1—12(7; +1)z((z — 6)z + 18)G({0}, 2) + %(y +1)(2((z —6)z+ 3) +2)G({1}, 2)
+ %(y +1)2G({0,0}, 2) + 2(y + 1)2G({0, 1}, 2)
+2—14(y +1) (z ((74 —132)z 4 872 — 35) - 26))
4 é <i(y +1)z ((70 ~132)z 4 202 — 76) G({0}, 2)
+ é(y +1)(2 — 1)(2(132 — 61) — 26)G({1}, 2) + 1—12(y +1)2((2 — 6)z + 18)G({0, 0}, 2)

5+ D2 = 62 +19G{0,11,2) + <y + Dz = 6)= +3) + DG({1, 0}, 2)

~ S H D - 024 8) + DG 12) - 5 (0 + D2G({0,0,0},2)

— 2y + D2G({0.0.1}.2) + (5 + =G0, 1,0}, 2) = 8(y + D=G({0,1,1}.2)

+ﬁ(y +1) (5762((3) — 15(z — 1)(2(232 — 103) — 46) + 272(32(3(z — 6)z + 29) + 10)))

+0 (63) (6.31)

it = (s6((0y.2) + 5 (1- ) )
+e (2 (z*-1)G({1},2) - %(z - 6)2G({0}, 2) — 2G({0,0}, 2) — 4G ({0, 1}, 2)
+$ (-39 — 87’z + 39))
+¢? (13 (s = 1) G({1}h,2) + (52 = 1) G{1,0},2) - 8 (% = 1) G({1,1}, 2)

- % (392 +on? - 72) 2G({0}, 2) + %(Z —6)2G({0,0}, 2) + 2(z — 6)zCG({0, 1}, 2)
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M3 =

My

+ 2G({0,0,0}, z) + 42G({0,0,1}, 2) — 22G({0, 1,0}, 2) + 162G({0, 1,1}, 2)

_%5 (22 = 1) —82¢(3) + 1—127,2(3z(3z —8)— 5)>

+0 (&)

(_(erZ)G({*l}yy) 4y W +2GA0y) 260} 2) (y+Z)G({*y}7Z)>

Yy y Yy y
Y. (7 52G(~Z{/0}a 2) | S+ Z)C;({—y}a 2, Wt Z)G({—l},y)y(SG({—y},Z) —-5)
_+)GH0LyEGH-yh2) —5) | (W+2)GH-1, —1hy) (¥ +2)GH-1,0}y)
Yy Yy Yy

L w260 -1hy)  (y+2)GH0,0by) | 2G({0,0},2) | 42G({0, 1}, 2)

Yy Yy Yy Yy
L2yt )Gy 0h2) Ay +)GUH-y 1) 2) 3+ 2)GH—y, —vh2) m(z —y)

Yy Yy Yy 3y

Lo ((Fo18) 26000 st a1 -1y | st 9GU-1,0)y)
6y y y

n 5(y+2)G({0,—1},y)  5(y + 2)G({0,0},y)
y y
(y +2)
6y
—18G({0, —1},y) + 18G({0,0},y) — 7x2 + 114)

n 52G({0,0}, 2) n 202G ({0, 1}, z) n 10(y + 2)G({—v, 0}, 2) _ 20(y + 2)G({—y, 1}, z)

+

G({-v},2) (-18G({-1, -1}, y) + 18G({-1,0}, )

Yy Yy Yy Yy
(+2)G({~1},9) (90G({-y}, ) — 54G({—y, —y}, ) + Tn? — 114)
+ 69
W+ G0} ) (30G({—v}.2) —18G({~v, —y}.2) + =° - 38)
2y
_ B +2)GU-y—yh2) | W+ )GH-L -1 -1hy) | (y+2)G({=1,-1,0hy)
Y Y Y
L W+HGU=1L0.~1hy) | (+2)GE=1,0,0hy) _ (y+2)G{0, ~1,~1}.y)
Y Y Y
L WHHGH0-1,0hy)  (w+2)GH0,0,-1}hy) | (y+2)G({0,0,0},v)
Yy Yy Yy
_ 2G({0,0,0}, 2) _ 4zG({0,0,1}, 2) n 22G ({0, 1,0}, z) _ 162G ({0,1,1}, z)
Yy Yy Yy Yy
_ 2(y + Z)G({_y701 0}72) _ 8(y + Z)G({_y107 1}7 Z) _ 2(1} + Z)G({_y7 110}1 Z)
Yy Yy Yy
L 16y +2)GU=y, 11} 2) 6y + =Gy, —y,0h2) | 12y +2)G({ =y, =y, 1}, 2)
Y Y Y
L+ Gy —y =y} 2) | 6CB3)(y = 32) + 5% (y — z))
y 3y
+0(<)

(26({0. ~1},y) — 2G({0,0},9) + %) G({0}, 2)
- 2(y +1)

G({0},y) (~6G({0, —y}, 2) + 6G({0,1},2) + n2)

6(y +1)
n G({-1},y)(G({0,1},2) — G({0, =y}, 2))
y+1

~ G({0,1,-y},2)  G({0,—y,—y},2) G({0,-1,-1},y)  G({0,—1,0},y)
y+1 y+1 y+1 y+1

(6.32)

(6.33)



My =

+2G({07 0,—1},y)  2G({0,0,0},y)  <B3) )

y+1 y+1 y+1
40 (epz) (6.34)
1
- 3e3(y +1)2
1 (72@({0}&) L4031, 2 26({—v}2) | 2G(-1}y) 2G<{0},y>)
e\ 3y+D? 0 3(y+1)? 3(y +1)? 3(y +1)? 3(y+1)?
1 (74G<{0},y>c<{0},z> _ GHO}L»)(G{1},2) — 5G{—y},2))
€ 3(y +1)? 3(y+1)?
| GU=1.)(=5G({=y}.2) + 4G({0}.2) + G({1}.2) | 2G({0.0}.2)
3(y +1)2 3(y + 1)2
8G({0,1}, 2) _ 4G({0, -y}, z) 2G({1,0}, =)
3(y+1)2 3(y+1)2 3(y+1)2
_166({1,1},2) _ G({L,—y}.2) _ 4G({-y,0},2)
3(y+1)2 3(y+1)2 3(y+1)2
8G({-y.1},2) | 5G({~y,—y},2) _ 4G({~1,~1},9)
3(y +1)? 3(y +1)? 3(y +1)?
4G{-1,0},y) _ 5GH{0,~1}.y) | 5G({0,0},y) | _ =
3(y +1)2 3(y+1)2 3(y+1)2 (y+1)2
G{1}2) (-GH~1,~1},y) + G{-1,0},) + G{0, ~1},y) — G({0,0},y) + 27?)
. By + 12
| 26({0}, 2)(=4G({~1, ~1},9) + 4G({~1,0}.9) + G({0, ~1},4) = G({0,0},1))
3(y+1)2
G({—v}2) (16({-1,-1},y) - 7G({~1,0},y) - G{0, ~1},3) + G({0,0},y) + 272
i 3y + 12
G({0},v)
3y 1 1)2 (4G({0,0}, 2) — 2G({0,1}, z) + 10G ({0, —y}, z) — 2G({1,0}, 2)
+AG({1,1},2) + G{1, —y}, 2) = 2G({~y, 0}, 2) = 2G({—y, 1}, 2) = 1LG({~y, —y},2) + 227 )
G({=1},v)
— W (4G({0,0}, 2) — 2G({0,1}, 2) + 10G ({0, —y}, z) — 2G({1,0}, z)

+4G({17 1}7 Z) + G({17 _y}7 z) - 2G({_y7 0}7 z) - 2G({_y7 1}1 Z) - llG({_ya _y}1 Z) + 6772)
8G({—1,—-1,—1},y) _ 8G({—1,-1,0},y) 10G({—1,0,—1},y)

+

3(y +1)2 3(y +1)2 3(y +1)2
10G({—1,0,0},y) 7G({0,—-1,—1},y) 7G({0,—-1,0},y)
3y +1)? 3y+12  3y+1)?
_ G({0,0,-1},y) | G({0,0,0},y)  2G({0,0,0}, )
3(y +1)2 3(y+1)2 3(y +1)2
8G({0,0,1},2)  4G({0,0,—y},z)  4G({0,1,0},z)
3y +1)? 3(y+1)2 3(y+1)2
32G({0,1,1}, 2) 2G({0,1, -y}, z) 8G ({0, —y, 0}, 2)
T3+ 3(y+1)2 B 3(y+1)2
16G({0, —y, 1}, z) 10G({0, —y, —y}, 2) _ 2G({1,0,0}, 2)
3(y +1)2 3(y +1)2 3(y +1)2
8G({1,0,1},2z) 2G({1,0,—y},z) 8G({1,1,0},z2)

O Bw+12 B+ 1D2 3+ 1)?
64G({1,1,1}, =) 4G({1,1, -y}, z) 2G ({1, —y, 0}, z)
3(y+1)2 3y+12 3y +1)?
4G({1, -y, 1},2) | G({l,~y,~y},2)  4G({-y,0,0},2)
3(y+1)2 3(y+1)2 3(y+1)2
16G({-y,0,1},2)  2G({-y,0,—y},2)  4G({-y, 1,0}, %)
3(y +1)2 3(y +1)2 3(y +1)2
_32G({-y,1,1},2)  2G({-y, 1, -y}, 2) | 10G({-y,—y,0},2)
3(y +1)2 3(y +1)2 3(y +1)2

_20G({-y,—y,1},2)  11G({-y, -y, —y}, 2) 59¢(3) )
3(y +1)2 3(y +1)2 9(y +1)2



+0 (ep’) (6.35)

_ 1
Mg =—— X
¢ Teyly+ 1)

x <76 (yQ(z 15 4+ 3yz+y— 22) G({0,~1},y) + 6 (y2(z +5) +3yz+y— 2z) G({0,0}, )
+6G({~1},y) (=(y = 3)y(z = VG({1},2) + y(y — 22 — 1)G({0,1}, 2)

+y(—y + 22+ 1)G{0, —y}, 2) + (v + 1) (y(z + 2) — 2)G({0}, 2)

~(3y — Dy + 2G{—y},2) + 2y + 2y + 2y + 22

+6(y —3)y(z — 1)G({1, —y}, z) — 6y(y — 22 — 1)G({0, -1, —1},y)

+6y(y — 22 — 1)G({0, —1,0},y) + 12y(y — 22 — 1)G({0,0, -1}, y)

—12y(y — 22 — 1)G({0,0,0}, y) — 6y(y — 2z — 1)G({0, 1, —y}, 2)

+6y(y — 22 — 1)G({0, —y, —y},2) — 12(y + 1)(y + 2)G({~y}, 2)

+6(y+ 1) (y(z+2) —2)G({~1,-1},y) — 6(y + 1)(y(z +2) — 2)G({—-1,0}, )
+3G({0}, 2) (2y(y — 22 — 1)(G({0,0},y) — G({0, —1},y))
+2((2+7r2)y+2)z+y(7 (4+7r2)y+7r2 74))

—6(y+ 1) (y(z+2) — 2)G({0, —y}, 2)

+G({0},y) (=6(y + 1) (y(z +2) — 2)G({0}, 2) + 6(y — 3)y(z — 1)G({1}, 2)
+6(By — 1)(y +2)G({~v} 2) + y(y — 22 — 1)(G({0, —y}, 2) — G({0, 1}, 2)))
+y (Wg(fy +2z+4+1)—12(y+ 2+ 1)) — 122)

+6(3y — D(y + 2)G({—vy, —y}, 2) + 4n7y%2 + 12¢%2 + 6y°¢(3) — n°y” — 124
—12y2¢(3) — 97r2yz + 12yz — 6y¢(3) + 117r2y — 12y — 71'22)

1 0(e) (6.36)

; 1
Mr Tey(y+ 1)
x (=6(y + Dy(z + 1)G({~1, -1}, y) + 6(y + Dy(2 + 1)G({-1,0},y)
+ 6y(y(z +3) + 32 + 1)G({0, =1}, y) — 6y(y(z + 3) + 3z + 1)G({0, 0}, y)
+6(y + Dy(z + 1)G{0, -y}, 2) + 6y(y(—2) + y + z — NG({1, —y}, 2)
—12y(y + 2)G({—y, —y}, 2) + 6y(y — 2)G({0, -1, =1}, y) + 6y(z — y)G({0, —1,0},9)
+12y(z — y)G({0,0, -1}, y) + 12y(y — 2)G({0,0,0},y) + 6y(y — 2)G({0, 1, —y}, 2)
+6y(z —y)G{0, —y, —y},2) + 6(y + 1)(y + 2)G({—y}, 2)
+3(y - 2) (206G ({0, ~1},9) — 20G({0,0},9) + (2+ 7°) y +2) G({0}, 2)
+6G({—1}, y)(—y(y + 1)(2 + NG({0},2) + (y — Dy(z — 1)G({1}, 2)
+y(2(y + 2)G({-y}, 2) — (y — 2)(G({0, 1}, 2) — G({0, =y}, 2))) — (y + 1) (y + 2))
+ G({0},y) (6y(y + 1)(2 + 1)G({0}, 2) — 6(y — D)y(z — 1)G({1}, 2)

+6y((y — 2)(G({0,1}, ) — GH{0, —y},2)) — 2y + G{~y},2) + (6 = (= = 6) ) =

+y ((6+47%)y+6))

747r2y2z - Gygz - GyQ((S) + 27r2y2 + 6y2 + 6y=2¢(3) + 27r2yz — 6yz — 47r2y + Gy)

X

1 0(e) (6.37)

Mo :é (6G({0,0},2) — 6G({1,0}, 2) + 7°)
ée (—571'2G({0}, z) + 272G ({1}, 2) + 12G({0, 0}, z) — 12G({1, 0}, 2)
—12G ({0, 0,0}, z) — 24G({0,0,1}, z) + 6G({0, 1,0}, z) — 6G({1,0,0}, 2)
+24G({1,0,1}, 2) + 12G({1, 1,0}, 2) — 6¢(3) + 271'2)



Mll

+0(?)

1
A+ 121
1 (20({0}7Z) —4G({1}»Z)>
€2 (y+12(z-1)
L1 —48G ({0, 1}, 2) — 24G({1,0}, 2) + 96G({1,1}, z) — 117>
€ 6(y+1)2(z—1)

1
METOFE )
+ 96G({0,1,1}, 2) + 6G({1,0,0}, z) + 48G({1,0,1}, 2)
130G({1,1,0}, z) — 192G ({1, 1,1}, 2) — 74¢(3))

(feﬁc({o}, z) + 1772 G({1}, z) — 6G({0,0,0}, z) — 6G({0,1,0}, 2)

Master Integrals for b + W* — t +b + b.

My=—
3y(y +1)

Ms

! (*ﬂgyz =3y + 1)G({0}, 2)z + 3yG({—-1, -1}, y)z — 3yG({—1,0},y)=

+ 3yG({0, =1}, y)z — 3yG({0,0}, )z + 3yG({0,0}, 2)z 4+ 3yG({0, —y}, 2)z
=3yG({-y—1,0},2)z = 3yG({—-y — 1, -y}, 2)z

—-3G{-1}, ) ((y+ Dy + 2) + y2(G({0},2) — G{—y — 1}, 2)))

+3G({0}, ) (v + D)(y + 2) + y2(G({0},2) — G({~y — 1},2))) + 3(y + D)(y + 2)G({-y},2))

3y(y +1) *
x (=% +3(y + 2 + DGO, ~1},9)y — 3(y + = + DG({0,0}, Yy + 2:G({—y — 1}, 2)
(=36 ~1,~1},9) +3G({-1,0},4) — 3G({0, ~1},y) +3G({0,0},y) + 2% ) y
+3(y—2z+1)G({~y - 1,0}, 2)y+3(y — 2+ DG{-y — 1, —y}, 2)y
—62G({0,—1, -1}, y)y + 62G({0, —1,0},y)y — 92G({0, 0,0}, 2)y
—122G({0,0,1}, 2)y — 62G({0,0, —y}, 2)y + 92G({0, —y — 1,0}, 2)y
+92G({0, —y — 1, =y}, 2)y + 32G({0, —y, 0}, 2)y — 122G ({0, —y, 1}, 2)y
—62G({0, —y, =y}, 2)y + 122G({—y — 1,0, 1}, 2)y — 32G({—y — 1,0, =y}, 2)y
- 32G({~y—1,-y,0},2)y + 122G({~y — 1, —y, 1}, 2)y + 62G({—y — 1, ~y, —y}, 2)y
—62((3)y — 7wy + 72 + 15(y + 1)(y + 2)G({~y}, 2)
+3 <y2 +3zy+y+ 2Z) GH{—-1,-1},y) =3 <y2 +3zy+y+ 22) G({-1,0},v)
—2G({0},2) B(G({~1,-1},y) — G({-1,0},y) + G({0, —1},y) — G({0,0},9))y
+ (15 +7r2) y+ 15)
+3(3y +2)2G({0,0}, 2) + 12(y + 1)2G({0, 1}, 2) — 32G({0, —y}, 2)
+ G({0},v) (15y(y +1) + (15 - (—15 + 71'2) y) 2
= 32G({0},2) +3y(y — 2 + NG({~y — 1}, 2) = 3(2(y + 1)(y + 2)G({~y}, 2) + y2(2G({0, 0}, 2)
=3G({0, —y — 1},2) + 2G({0, =y}, 2) + G({~y — 1,0}, 2) — 2G({~y — 1, —y},2))))
+G({—1}) (1597 + 2772y — 152y — 3(y — = + DG({—y — 1}, 2)y
+62G({0,0}, 2)y — 92G({0, —y — 1}, 2)y + 62G({0, —y}, 2)y + 32G({—y — 1,0}, 2)y
—62G({—y — 1, —y}, 2)y — 15y — 152 + 32G({0}, 2) + 6(y + 1)(y + 2)G({—v}, 2))
+3(+ Dy +2)G({~y,0},2) — 12(y + 1)(y + 2)G({~y, 1}, 2)
—6(y + ) (y +2)G({~vy,~y}, 2))
+ O(?)

1

= X
1292(y + 1)(y + 2z + 1)

(6.38)

(6.39)

(6.40)



x (3zy4 3yt - 20?228 16227 —an?ay® —6y® — 2022302 4 32597 — 6n222y?
+62%y% —4an?zy? — 6207 + 62(2 + 2)(y + z + DG({—1, =1}, )y

—62(z +2)(y + 2 + DG({—1,0},9)y” + 62(2 + 2)(y + z + DG({0, -1}, 9)y°
—62(2 4 2)(y + z + 1)G({0,0}, y)y® + 62(z + 2)(y + z + 1)G({0, 0}, 2)y>

+62(2 +2)(y + 2 + DGO, —y}, 2)y” — 62(2 + 2)(y + 2 + DG({—y — 1,0}, 2)y°
—62(2+2)(y+ 2+ DG({—y — 1, —y}, 2)y” — 3y° + 32"y — 32y

—3(y+ 1)z (3zy2 +(B2(z+2) + 2y + 22 + z) G({0}, )

+3G({0},4) (2v22(= + 2)(y + 2 + D(G({0}, 2) - G{—y — 1},2))

—(y+1)(y +2) (y3 — (232 45) + Dy — 2(z + 1)))

+3G({~1}) (2202 +2)(y + = + D(G{—y — 1}, ) — G({0}, 2))y

+y+ Dy +2) (y3 —(2(32+5)+ )y — z(z + 1)))

=3(y + Dy +2) (v° = (232 +5) + Dy — 2(: + 1)) G({~y},2))

Y GG

x (27r2y5 —anayt 1302y 4 2n2yt — 30y 4 782243 — 20m22y® — 242%¢(3)y°

- 482((3)y3 - 27r2y3 — 78y3 + 471'223y2 + 3923y2 + 1271'222y2 + 78z2y2 - 1471'22y2 - 782y2

+6 (=° +5(+ 1D)2° + 3w+ Dy +3)z - (v - D+ 1D?) GO, ~1}, v)y”

+6 (=2° = 5(y + 12" =3y + Dy +3)z + (y - D@y + D?) G({0,0}, )y”

+82(2 +2)(y + 2 + DG({~y — 1}, 2) (-3G({~1, -1}, 9) + 3G({~1,0},7)

—3G({0, =1}, 9) + 3G({0,0}, ) + 2#2) 4>

—6(y+2+1) (y2 +2% - 1) G({~y — 1,0}, 2)y>

—6y+2+1) (v2+2° = 1) G({—y — 1, -y}, 2)y”

—242(2 + 2)(y + 2 + G0, —1, —1}, )y + 242(= + 2)(y + = + DG ({0, —1,0}, y)y?
—362(z + 2)(y + 2 + 1)G({0,0,0}, 2)y% — 482(z + 2)(y + 2 + 1)G({0,0, 1}, 2)y°>

—24z(z 4+ 2)(y + 2+ 1)G({0,0, —y}, z)y2 +36z(2 4+ 2)(y + 2 + 1)G({0, —y — 1,0}, z)y2
+362(2 +2)(y + 2 + DG({0, —y — 1, =y}, 2)y” + 122(2 + 2)(y + 2 + DG ({0, =y, 0}, 2)y°
—482(2 + 2)(y + 2 + )G({0, —y, 1}, 2)y° — 242(2 + 2)(y + 2 + DG{0, —y, —y}, 2)y°
+482(z +2)(y + 2+ 1)G({—y — 1,0, 1}, 2)y% — 122(2 + 2)(y + 2 + 1)G({—y — 1,0, —y}, 2)y>
—122(2 4+ 2)(y + 2 + 1)G({—y — 1, —y,0}, 2)y° + 482(z + 2)(y + z + 1)G({—y — 1, —y, 1}, 2)y°
+24z(2 +2)(y + 2 + DG({—y — 1, —y, —y}, 2)y” — 2425¢(3)y* — 722%¢(3)y°
—482¢(3)y% — 2n2y? — 39y% + 87223y + 3923y + 147222y + An? 2y — 392y

—24y+ 1)z =Dy +2)(y+2z+ DG{1}, 2)y + 2722 + 27222

—3(y+ Dy +2) (-9@y +1)5> = (y(6y +47) +9)z + y(y + )9y — 11)) G({-y}, )

+ (6(u(7y +8) +2)2° + 6(y + 1) (y(7Ty +12) +2)5> — 6y(y + 1((y — Ny — 4)2

—6(y — Dy’ (y+ D*) G{-1,~1},y)

+ (=6(u(Ty +8) +2)2" = 6y + Dy (Ty + 12) + 2)2% + 6y(y + 1)((y — Ny — 4)=

+6(y — Dy’ (v + 1) G{~1,01,y)

+2G({0},2) (12(z + 2)(y + z + 1)(-G({~1, —1},y) + G({~1,0},7)

- G({0, -1}, 9) + G({0,0}, )y

T2y +1) (y (6y747r273) —27)y

- (y ((75 + 471'2) v+ 102) + 27) 22

- (y (y (63y +ar2(y+3)+ 219) + 183) + 27) z)

+62(y+ 2+ 1)(4y(y + 1) + (y(Ty + 8) + 2)2)G ({0, 0}, 2)



Mg =

+24(y + 1)z (32y2 + (3z(z +2) + 2)y + 22+ z) G({0,1}, 2)

=62 (—dy* =2z + )y° +2(2(2 +2) — Dy® + (2(4z2 + T) + 2y + 2° + 2) G{0, —y}, 2)

+ G0}, ) ((y ((81 - 471'2) y+ 108) + 27) 23

+ (y (y (99y —4x?(y +3) + 267) + 195) + 27) 22

—y(y+1) (y <9y +8x2 - 147) - 60) z

-6 (—4y4 — 2+ )P+ 2(2(2 +2) — D)y? + (2(42 +7) + 2)y + 22 + z) G({0}, 2)z
~ 352+ D29y —11) — 62w+ 2+ 1) (2 + 22— 1) G~y — 1}, 2)

+12 (g + D +2) (v° - G2 +5) + Dy — 2(2+ 1)) G{-v},2)

—y%2(2 + 2)(y + 2 + 1)(2G({0,0}, 2) — 3G({0, —y — 1}, 2) + 2G({0, —y}, 2)
+G({—y - 1,0}, 2) —2G({—y — 1, -y}, 2))))

+ G139 ((v ((-81+87) y - 108) - 27) 2°

+ (y (y (87r2(y +3) — 3(33y + 89)) - 195) - 27) 22

+yly+1) (y <9y + 1672 — 147) - 60) 2

+6 (—4y4 — 2z 4+ )P+ 2(2(z 4+ 2) — D2 + (2(42 +T) + 2y + 22 + z) G({0}, 2)=
+3y%(y+ 1?9y —11) + 6y (y + 2 + 1) (y2 +27 - 1) G{-y—1}2)

+12 (v72(2 + 2)(y + 2 + D(2G({0,0}, 2) — 3G({0, =y — 1}, 2) + 2G({0, —y}, 2)
+G({-y—1,0},2) —2G({-y — 1, v}, 2))

~w+ D +2) (¥ - 62 +5) + Dy —2(:+ 1)) G{-y}.2)))

— 6y + Dy +2) (v° = (232 +5) + Dy — 2(2 + 1)) G({~y, 0}, 2)

+24(y + D(y +2) (4° = (232 + 5) + Dy — 2(2 + 1)) G{—y, 1}, 2)

+12(y + Dy +2) (v° = (232 +5) + Dy — 2(: + 1)) G{-v, —v},2))

+0(%)

1

2y(y + Dy +z+1) |

X (—922y3 + 4772zy3 —+ 12zy3 — 3y3 — 9z3y2 — 6z2y2 —+ 47r22y2 —+ 21zy2 — 6y2
—4n?23y — 923y — an?2%y + 322y + 92y — 12(y — 2)z(y + 2+ 1))G({—1, -1}, )y
+12(y — 2)z(y + 2 + 1)G({~1,0}, »)y — 12(y — 2)2(y + 2 + 1)G({0, =1}, y)y
+12(y — 2)2(y + z + 1)G({0,0}, v)y

—12(y — 2)z(y + 2 + 1)G({0,0}, 2)y — 12(y — 2)2(y + 2 + 1)G({0, —y}, 2)y
+12(y — 2)z(y+ 2z + 1)G({—y — 1,0}, 2)y

+12(y — 2)z(y+ 2 + 1)G({—y — 1, -y}, 2)y

—3y+6(y+ 1)z ((w - V2> + y(y +3)2 + 2y(y + 2) + 1) G({0}, 2)
+6G({-1}1y) ((w+ D +2) (v = 12" + 29z + y(2y +3) + 1)

+2y(y — 2)2(y + 2 + 1)(G({0}, 2) = G({~y — 1}, 2)))
+6G ({0}, ) 2y(y — 2)z(y + 2z + 1)(G({~y — 1}, 2) — G({0}, 2))

~w+DE+2) (- D" + 292+ y2y+3) + 1))

—6(y + Dy +2) (v — V2" +2yz + y(2y + 3) + 1) G{—v}, 2))
M7y T n”

X <8W2y4 — 87r2z2y3 — 105,221;3 + 4772zy3 + 144zy3 + 48,2{(3)1;3 + 207r2y3 — 39y3

— 87r2,23y2 — 105,23y2 — 327r2z2y2 — 66,221/2 — 1671'221}2 + 249zy2 + 482((3)3}2

+ 167r2y2 — 78y2 — 4#2233} — 10523y — 24#2223/ + 3922y — 247r2,Zy + 1052y
+24(y+ (- Dy + 2+ 1)(32 — )G({1}, 2)y
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—12(y+ 1) (207 = (2 = 3)(z+ Dy — (= + D(=(2 + 2) - 1)) G{0, ~1}, )y

+12(y+1) (20" = (2 = 3) (= + Dy — (2 + D(=(z+2) = 1)) G({0,0}, y)y

—16(y — 2)2(y + 2 + DG({—y — 1},2) (-3G({-1, ~1},y) + 3G({~1,0},)
—3G({0,~1},y) + 3G({0,0},y) + 277 ) y

—12(y+ 1) (= D +2y) (y + 2+ DG{—y — 1,0}, 2)y

—12y+1) (-1 +2y) (v + 2+ DG{—y — 1, —y}, 2)y

+48(y — 2)z(y + z + 1)G({0, -1, =1}, y)y — 48(y — 2)z(y + z + 1)G({0, —1,0}, )y

+ 72(y — 2)z(y + 2 + 1)G({0,0, 0}, 2)y + 96(y — 2)2(y + 2 + 1)G({0, 0,1}, 2)y

+48(y — 2)z(y + 2 + 1)G({0,0, =y}, 2)y — 72(y — 2)2(y + 2 + 1)G({0, —y — 1,0}, z)y
-2y —2)z(y+ 2+ 1DGH0, —y — 1, =y}, 2)y — 24(y — 2)2(y + 2 + )G ({0, —y, 0}, 2)y
+96(y — 2)z(y + 2 + 1)G({0, =y, 1}, 2)y + 48(y — 2)z(y + 2 + 1)G({0, —y, —y}, 2)y
—96(y—2)z2(y+ 2+ DG{-y—1,0,1}, 2)y + 24(y — 2)2(y + 2 + DG({-y — 1,0, =y}, 2)y
+24(y — 2)z(y + 2+ )G({~y — 1, —y,0},2)y — 96(y — 2)2(y + 2 + VG({~y — 1, —y, 1}, 2)y
—48(y — 2)2(y + 2 + DG({~y — 1, —y, —y}, 2)y — 482"¢(3)y — 482"¢(3)y + dn”y — 39y
+4r?2 —anz — 12(y + ) (y + 2) ((By — 5)2% + 8yz + 5y(2y + 3) + 5) G({—y}, 2)
—12y+1) (= 22" + 9y +3)2° + WY + 1) +2)z + ¥y + 12y + 1)) G{—1, -1}, p)
+12(5+ 1) (4 = 22° + 9y +3)2" + (WY +7) +2)z Tyl + D2y + 1)) G({~1,0},p)
+22G({0}, 2) ((y (Qy —4x? 21) - 30) 22

.y (3(y +1)(3y + 19) — 47r2) 24 2(y+ 1) <2y ((15 + 7r2) y+ 27) + 15)

+12y(y — 2)(y + 2 + (G({ -1, -1}, y) — G{—-1,0},y) + G({0, -1}, y) — G({0, 0}, 9)))
—12(y+ )2y + z + 1)(—2z + y(z + 6) + 2)G({0, 0}, z)

—48(y + Dz (v = V2" + y(y +3)2 + 2y(y +2) + 1) G{0, 1}, 2)
+12(y + 1)z ((2y - D)5 +29(y + 202 + 2y(y + 2) + 1) G{0, —y}, 2)
+46({-1},9) ((v (99 +47® = 6) —15) 2® +y (9(y + 1)? + 4x%) =
—(y+1) (y ((754 + 47r2) y— 45) - 15) 2

—3w+1) (v — D" +20(y +2)2 + 2y +2) + 1) G({0}, 2)2

2

+15y(y+ D72y + D) + 3yl + 1) (2 = D+ 2y) (w + 2 + DG({—y — 1}, 2)
+6 (—(+ D +2) (v = D"+ 252 + y(2y +3) + 1) G({—y}, 2)

—vy(y—2)z2(y + 2+ 1)(2G({0,0}, 2) = 3G({0, —y — 1}, 2) + 2G({0, -y}, 2)
+G({-y - 1,0}, 2) —2G({-y — 1, —v}, 2))))

+4G({0}, 1) (((—9y —or2 4 6) y+ 15) 23

—y (g(y +1)2 +271'2) 24 (y+1) (y (2 (—27+7r2) y— 45) - 15) 2

+3(y +1) ((2y = D27 + 29y + 2z + 2y(y +2) + 1) G({0}, )=

—15y(y+ D7y + ) -3y + 1) (2= D +2y) (w+ 2 + DG({—y — 1}, 2)
+6 (W +Dw+2) (W= 12"+ 292+ 92y +3) + 1) G({—y}, 2)

+y(y = 2)2(y + 2 + D(2G({0,0}, 2) = 3G({0, —y — 1},2)

+2G({0,—y}, 2) + G({—y = 1,0},2) = 2G({-y — 1, ~y},2))))

— 120y + Dy +2) (v — D=2 + 2y + y(2y +3) + 1) G{~v, 0}, 2)

+48(y + Dy +2) ((v = D= + 2y + y(2y +3) + 1) G{~-v, 1}, 2)

+24(y + Dy +2) (v = D2" + 292+ y(2y +3) + 1) G{—y, ~y},2))
+0(%) (6.42)



=X
3y(y+1)

—— % (=ny — 3:G({0}, 9)G({0}, 2) + G(U{~1},4)(8:G ({0}, =) +3(= ~ NG({1}, 2)
+6(2y+ 2+ DG{—-2y — 1},2) = 3(y + 2 + DG~y — 1},2) — 9y + HG({-y},2))

+ G0} y)(=3(: = DG({1},2) = 6(2y + 2 + NG({-2y — 1},2)

+3(y+ 2+ DGy — 1},2) +9(y + 2)G({—y},2) = 32y + 2 + DG{~1,~1},v)

+32y+2z+2)G({-1,0},y) +6(2y + z + 1)G ({—%,—1} ,y)

-6y +2+1)G ({7%,0} ,y) + (—6y — 92)G({0, -1}, )

+ (6y +92)G({0,0},y) — 32G({0,0}, z) — 32G({0, —y}, 2) + 3(z — )G({1,0}, 2)
+ (B -32)G({1, -y}, 2) —6y+ 2+ 1G{—-2y — 1, —y},2) +3(y + 2+ NG({—y — 1,0}, 2)

+3(y+2+ DG{-y -1, -y}, 2) = 3(y + 2)G({—y,0},2) + 9(y + 2)G({—y, —y}, 2))

X
6y(y + 1)
x (—60((3)7; 1 672 log(4)y — 1272y

vortey+ 400 ({5 }v) 0@y 2+ 2601 -11w)

+36(2y + 2 +2)G({—1,0},y) + 72(2y + z + 1)G ({7% 71} y>

“ray =6 ({-ho} )
+6(2y+ 2+ 1)G({—2y — 1}, 2) (—40 ({—%,—1} y> +4G ({—%,0} y> +71'2>

—36(2y +32)G({0, -1}, y) + 2(y + 2)G({-v}, 2) (18G({-1, -1}, y) — 18G({-1,0},y)

e ({7% 71} y) +24G ({—%0} y)

+36G({0, ~1},) — 36G({0,0},) + n°)

+2:G({0},2) (3G({~1,~1},y) — 3G({~1,0},9) + 3G({0, =1}, y) — 3G({0,0},9) + *)
+36(2y +32)G({0,0},y) — 4(y + 2 + DG{—y — 1},2) (-3G({~1,~1},y) + 3G({~1,0},9)
~3G({0, -1}, ) + 3G({0,0},y) + 277

~2(= ~ DG({1}, 2) (9G({~1, ~1},y) — 9G({~1,0},) ~ 9G({0, ~1}, ) + 9G({0,0}, ) + °)
— 362G ({0,0}, z) — 362G({0, —y},z) + 36(z — 1)G({1,0}, 2) — 36(z — 1)G({1, -y}, z)
-T2y +2z+1)G({-2y—1,—y},2)+36(y + 2+ 1)G({—y — 1,0}, z)

+36(y+ 2+ 1)G{—-y— 1, -y}, 2) —36(y + 2)G({—vy,0},2) + 108(y + 2)G({—vy, —y},2)
+ 2G({0},y) (—18G ({0}, 2)z + 6G({0,0}, )z

—9G({0, —y — 1},2)z + 6G({0, -y}, z)z + 2z — 18(z — 1)G({1}, 2)

-36(2y+ 2+ 1)G({—2y —1},2) + 18(y + 2 + )G({-y — 1}, 2) + 54(y + 2)G({-v}, 2)
+6(z —1)G({1,0},2) + 6(z — 1)G({1,1},2) — 3(z — 1)G({1, —y}, )

+ 122y + 2+ 1)G{—-2y—1,-2y —1},2) — 62y + 2+ 1)G{—2y — 1, —y — 1}, 2)
+6(y+2z+1)GH{-2y—1,-y},2) +3(y+ 2+ DG({—y — 1,0}, 2)

—6(y+ 2+ 1)G({-y—1,-y}, 2) +3(y + 2)G({-y,0}, 2) + 12(y + 2)G({-vy, 1}, 2)
+24(y +2)G({ -y, =2y = 1}, 2) = 3(y + 2)G({~y, —y — 1}, 2)

—57(y + 2)G({ -y, —y}, 2))

+2G({-1},9) (—471'2y —4n?z 4 182G ({0}, =z)

+18(z — 1)G({1},2) + 362y + 2+ 1)G({—2y — 1}, 2) — 18(y + 2z + 1)G({—y — 1}, 2)
—54(y + 2)G({—vy}, z) — 62G({0,0}, 2) + 92G({0, —y — 1}, 2)

—62G({0, —y},z) — 6(z — 1)G({1,0},2z) — 6(z — 1)G({1,1}, 2)

+3(z—1)G({1, -y}, z) — 122y + 2+ 1)G({—2y — 1, =2y — 1}, 2)
+62y+2z+1)GH{—-2y—1,—y—1},2) =62y + 2+ 1)G({—2y — 1, —y}, 2)

=3y +z2+1D)G{-y—-1,0},2) +6(y+ 2+ 1DG{-y—1,-y},2) -3y +2)G({-y,0},2)
—12(y + 2)G({ -y, 1}, 2) — 24(y + 2)G({-v, -2y — 1}, 2)

+3(y + 2)G({~y, —y = 1},2) + 57(y + 2)G({~y, ~y}, 2) — 277 )



T 18y2(y + 1

+36(y +1)G({-1,-1,—-1},y) — 36(y + 1)G({—1, —1,0},y)

+24(z — 1)@ ({—1,—%,—1} y> —24(z — 1)@ ({—1,—%,0} y>

—12(y + 22 — 1)G({~1,0, -1}, y) + 12(y + 22 — 1)G({-1,0,0}, y)
— 242y + 2z + 1)G ({7%,7%,71} y) +24(2y + 2z + 1)@ ({7%,7%,0} y>

—12(y — 22 +2)G({0, -1, —1},y) + 12(y — 22 + 2)G({0, —1,0}, y)

—24(z — 1)G ({o,—%,q} y> +24(z — )G ({0,—%,0} y>

+36(y + 2)G({0,0, -1}, y) — 36(y + z)G({0,0,0},y) + 182G({0, 0, 0}, z)
+242G({0,0,1}, z) + 122G({0,0, —y}, z) — 182G({0, —y — 1,0}, 2)

— 182G ({0, —y — 1, —y}, z) — 62G({0, —y, 0}, z) + 242G ({0, —y, 1}, 2)

+ 122G ({0, —y, —y}, 2) + (6 — 62)G({1,0,0}, z) — 24(z — 1)G({1,0, 1}, 2)

+12(z — 1)G({1,0, —y},2) — 12(z — 1)G({1, 1,0}, 2) + 12(z — 1)G({1, 1, —y}, 2)

+24(z —1)G({1, -y, 1},2) + (6 — 62)G({1, —y, —y}, )

+242y+ 2+ 1)G{—-2y—1,-2y—1,—y},2) — 122y + 2 + 1)G({—2y — 1, —y — 1,0}, 2)
—12Qy+ 2+ 1)G{-2y—1,—y—1,—y},2) =122y + 2+ 1)G({—2y — 1, —y, 0}, 2)

+ 482y + 2+ 1)G{—-2y—1,—y,1},2) + 122y + 2+ 1)G{—-2y — 1, —y, —y}, 2)
—24(y+2+1)G{-y—1,0,1},2) +6(y + 2+ 1)G{—y — 1,0, —y}, 2)
+6(y+z2+1DG{-y—1,-y,0},2) =24y + 2+ DG({-y — 1, -y, 1}, 2)

—12(y+ 2+ DG{—y — 1, -y, —y}, 2) + 24(y + 2)G({—v, 0,0}, 2) + 24(y + 2)G({—y, 0,1}, 2)
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—6(y+2)G{—y,—y — 1, -y}, 2) + 8y + 2)G({~y, —y, 0}, 2)

-2y +2)G{~y, —vy, 1}, 2) — 114(y + 2)G({—v, —y, —y}, )

—482z¢(3) + 3n2z log(4) + 3m2 log(4))

+ 0(?)

1 ; «
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—3(z - 1)2G({1},2) + 6(2y + z + 1) (2y2 +2z 4+ 1)y — (2 —4)z — 1) G({-2y — 1}, 2)
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—202y+2+1) (207 +2(+ Dy — (s - 9z — 1) G{~2y — 1},2)

+(20° +3(+ )y* + 1225 — (2 + D((z = D2+ 1)) G{-y — 1},2)

+3(2y — 2 +3)(y + 2)°G({~v}, %))
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+32((2 — 3)2 — 6y)G({0,0}, 2) + 32((= — 3)z — 6y)G({0, —y}, 2)
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+ (6% +9(z+ 1)y + 362y — 3z + D((z = 9z + 1)) G{-y — 1, -y}, 2)
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+ 84y” + 67222y — 34n2zy — 842y — 2882((3)y + 367>z log(4)y + 872y
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-6 (22y3 + (342 + 44)y® + 2(22(2 + 20) + T)y + 2((13 — 42)z + 37) — 8) G({-1,-1},y)
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+6(2y+z+1) <2y2 12z + 1)y — (2 — 4)z — 1) G({—2y — 1}, 2)

(o ({-5-110)

w16 ({-5.0} ) +7°)

—6 (22y3 + (582 + 28)y° + (2222 1862 — 2) y+ 2((55 — 122)z — 5)) a{0,—1}, )
T2y +2)G({~y} 2) (30 (y2 - 1)

+ 72y — 2 +3)(y +2) +6(2y — 2+ 3)(y + 2) BG({~1, ~1},9) — 3G({~1,0},)
() o) e (3o}

+6G ({0, -1}, y) — 6G({0,0},4)))

+2:G({0},2) (—120° +6 (34 7°) y — (2 - 3)2

+3(6y — (2 = 3)2)(G{—-1,-1},y) — G({-1,0},y) + G({0, -1}, y) — G({0,0},)) + 30)
16 (22y3 4 (582 + 28)y> + (2222 1862 — 2) Y+ 2((55 — 122)z — 5)) G({0,0}, 1)

4 (2y3 1302+ Dy + 122y — (2 + D((2 — 4z + 1)) G({~y —1},2) (=3G({~1, -1}, )
+3G({—1,0},y) — 3G({0, =1}, ) + 3G({0,0}, y) + 2#2)

+2(2 - )G({1},2) (9G({~1, -1}, 9)(z = 1)* = 9G({~1,0},y)(z — 1)* = 9G({0, =1}, y)(2 — 1)°
72 (z — 1) + 24y(y + 1) + 9(z — 2)2G({0,0},y) + 9G({0, 0}, y))

— 62 (8y2 +2(4z + 9)y + (17 — 42)z + 1) G({0,0}, 2) — 48(y + 1)2G({0, 1}, 2)

— 62 (16y2 +2(52 + 11)y + (19 — 42)z — 3) G({0, =y}, 2)

+24(z — 1) <2y2 12z + 1)y — (2 — 4)z — 1) G({1,0}, 2)

+24(2 = 1) (=20% = 2(z + Dy + (2 — 9z + 1) G({1, —y}, 2)

—48Cy+2+1) (39" +3( + Dy — (= 5)2 = 1) G{-2y — 1, -y}, 2)

+6 (16y3 + (272 4 25)y? + (2(Tz + 52) + 5)y — 4(z + 1)((z — 5)z + 1)) G({—y —1,0},2)
+6 (16y3 + (272 + 25)y°% + (2(T2 + 52) + 5)y — 4(z + 1)((z — 5)z + 1)) G({~-y—1,—y},2)

—6(y + 2) (12y2 (112 + 17)y + (19 — 42)z + 1) G({—y,0},2) — 48 (y2 - 1) (y + 2)CG({—y, 1}, 2)



+6(y+2) (34y2 + (312 4 45)y + (55 — 122)z — 1) G{—y, —y}, 2)

+2G({0}, ) (30y3 + 30292 + 6722y — 30y — 722% 4+ 37222 — 302

43z (—16y2 — 2(52 + 11)y + 2(4z — 19) + 3) G({0}, 2)

+12(2 = 1) (=20% = 2(z + Dy + (2 = )z + 1) G({1}, 2)

—242y+2+1) (39" +3(z + Dy — (: = 5)z = 1) G{~2y — 1}, 2)

+3 (16y3 + (272 + 25)y2 + (2(72 + 52) + 5)y — 4(z + 1)((z — 5)= + 1)) G({—y — 1}, 2)
+3(y+2) (34y2 + (312 + 45)y + (55 — 122)z — 1) G-y}, 2)

+62(6y — (2 — 3)2)G({0, 0}, 2)

+92((2 — 3)z — 6y)G({0, —y — 1}, 2) + 62(6y — (= — 3)2)G({0, —y}, 2)

—6(z — 1)°G({1,0}, 2) — 6(z — 1)3G({1,1}, 2)

+3(: = 1)°G({1,—y}, 2)

+122y + 2 + 1) (2y2 +2(z+ 1)y — (2 — 4)z — 1) G({~-2y — 1, -2y — 1}, 2)
—6(2y+2z+1) (2y2 +2(z+ 1)y — (2 — 4)z — 1) G({~-2y —1,—y —1},2)
+6(2y+z+1) <2y2 +2(z+ 1)y — (2 — 4)z — 1) G({—2y — 1, -y}, 2)

+3 (2y3 134+ D)y 4122y — (2 4+ 1)((z — 4z + 1)) G({—y —1,0},2)

=6 (20 +3(= + )y” + 1255 — (2 + D((z - )2+ 1)) G{—y — 1, —y}, 2)

+3Q2y — 2 +3)(y +2)°G({~y,0}, 2)

+12(2y — 2 + 3)(y + 2)2G({~y, 1}, 2) + 242y — 2 + 3)(y + 2)>G({—y, =2y — 1}, 2)
~3(2y — 2+ 3)(y + 2)°G({~y, ~y — 1}, 2)

—57(2y = 2 + 3)(y + 2)°G({~v. ~v}.9)) +26({~1}v) (-87"y° — 30y° — 127" 2* — 30zy”
—12n2y? — 36722y + 30y + 4n22% — 127222 — 6722 + 302

+ 32 (16y2 +2(5z + 11)y + (19 — 42)z — 3) G({0}, 2)

1122 - 1) (2y2 +2(z+ 1)y — (2 — 4)z — 1) G({1}, 2)

+24(2y + 2+ 1) (3y2 +3(z+ 1)y — (2 — 5)z — 1) G({—2y — 1}, 2)

-3 (16y3 + (272 + 25)y% + (2(72 + 52) + 5)y — 4(z + 1)((z — 5)z + 1)) G({~y—1},2)
—3(y+2) (34y2 + (312 + 45)y + (55 — 122)z — 1) G({~y},2)

+62((z — 3)z — 6)G({0,0}, 2)

+92(6y — (2 = 3)2)G({0, —y — 1}, 2) + 62((z — 3)z — 6y)G({0, —y}, 2)

+6(z — 1)3G({1,0}, 2) + 6(z — 3G ({1, 1}, 2)

—3(z—1)2G({1, -y}, 2) — 122y + 2 + 1) <2y2

+2(z+ Dy — (2 —4)z — 1) G({-2y — 1, -2y — 1}, 2)

+6(2y+z+1) <2y2 +2(z 4+ 1)y — (2 — 4)z — 1) G({—2y —1,—y —1},2)
—6(2y+z2+1) (2y2 +2(z+ 1y — (2 —4)z — 1) G({-2y—1,~-y},2)

—3 (2% 43¢+ )y’ +12:p — G+ (2 - 42+ 1)) G({—y — 1,0}, 2)

+6(20° +3(: + Dy® +122y — (z + D((z =2+ 1)) G-y — 1, =y}, 2)

- 3(2y — 2+ 3)(y + 2)°G({~y,0}, 2)

— 122y — 2+ 3)(y + 2)°G({—y, 1}, 2) — 24(2y — 2+ 3)(y + 2)°G({—y, —2y — 1}, 2)
+3(2y — 2 +3)(y +2)°G{—y, —y — 1}, 2)

+57(2y — 2+ 3)(y + 2)°G({~y, —y}, 2) + 27°)

+36(y +1)%(2y + 32 — NG({~1, -1, ~1},y)

—36(y + 1)%(2y + 32 — 1)G({—1,—1,0},y) — 24(z — 1)3G ({—1, —%, —1} y)



+24(z — 1)%G ({—1,—%,0} y)

712<2y3+3(z+1)y2+62y+z( 2z —3)z —3) +1) G({~1,0, -1}, 1)

({-1,0,0}, %)

)

)¢

— 242y + 2+ 1) <2y2 +2(z4+ 1)y — (2 —4)z — 1) G ({—%,——,—1} y>
1

1

2

! 0
Lo}

+12(2y +3(z+ 1)y2 + 62y + 2(—2(z — 3)z — 3) + 1

+242y+2z+1) (2y2+2(z+1)y7(zf4)z71)G ({72,,
12 <2y3 +3(z+ Dy +2(2 — 1)3) G({0, -1, -1}, %)

+12 (24° + 3z + Dy® + 22 - D®) G({0, ~1,0},y)

+24(z — 1)3G ({0,7%,71} y) —24(z — 1)%G ({0,—%,0} y)

+36(2y — 2+ 3)(y + 2)°G({0,0, -1}, ) — 36(2y — = + 3)(y + 2)°G({0,0,0}, 1)

+ 182(6y — (2 — 3)2)G({0,0, 0}, 2)

+242(6y — (2 — 3)2)G({0,0, 1}, z) — 122((z — 3)z — 6y)G({0,0, —y}, 2)

+182((z — 3)z — 6y)G({0, —y — 1,0}, 2)

+182((z — 3)z — 6y)G({0, —y — 1, —y}, 2) + 62((z — 3)z — 6y)G({0, —y, 0}, 2)

+ 242(6y — (2 — 3)2)G({0, —y, 1}, 2)

—122((z — 3)z — 6y)G({0, —y, =y}, 2) + 6(z — 1)3G({1,0, 0}, 2)

+24(z — 1D3G({1,0,1}, 2)

—12(z — 1)3G({1,0, =y}, 2) + 12(z — 1)3G({1,1,0},2) — 12(z — 1)3G({1,1, -y}, 2)
—24(z — 1)’G({1, —y, 1}, 2) + 6( = D’ G({1, =y, =y}, 2)

+242y+2z+1) 2y% + 2(z+ 1y — (z —4)z — 1) GH{—2y—1,—2y—1,—y},2)

— 122y + 2+ 1)

2y +2(z+1)y—(2—4)z—1)G{-2y —1,—y — 1,0}, 2)

G{-2y—1,-y—1,-y},2)
— 122y +2z+1)
+ 482y + 2z + 1)

2y +2(z+1)y—(z—4)z—1

(
)
— 1202y + 2+ 1) <2y T2z 4+ )y — (2 —4)z— 1
(
( G{-2y—1,-y,1},2)

)
)
2y +2(z+ 1)y — 274)271)6'{ 2y — 1, —y,0}, z)
)
)

+12@2y+2+1) (2% + 2 + Dy — (2 =92 — 1) G{~2y — 1, =y, —y}, 2)

—24 (2% +3( + Dy + 1225 — (2 + 1)((z — 92 +1)) G{—y — 1,0,1},2)

+6(20° +3(z + Dy® + 122y — (z + D((z = Dz + 1)) G{—y — 1,0, ~y},2)

+6(20° +3(z + Dy® + 122y — (z + D((z = Dz + 1)) G~y — 1,-v,0},2)

24 (2y3 132+ Dy 4122y — (2 + D((2 — )z + 1)) G~y —1,-y,1},2)

—12 (2% +3 + Dy® + 1225 — (2 + D((z - 92+ 1)) G{—y — 1, =y, ~v},2)

+24(2y — 2+ 3)(y + 2)°G({~,0,0},2) + 24(2y — 2 + 3)(y + 2)°G({-v, 0,1}, 2)

+6(2y — 2+ 3)(y + 2)°G({—y,0, —y}, 2)

—24(2y — 2+ 3)(y + 2)°G({—y, 1,0}, 2) + 242y — 2 + 3)(y + 2)°G({—y, 1, —y}, 2)

+48(2y — 2+ 3)(y + 2)°G{—y, —2y — 1, —y}, 2)

62y — 2+ 3)(y + 2)°G{—y, —y — 1,0}, 2) = 6(2y — 2 + 3)(y + 2)°G({—y, —y — 1, —v}, 2)
+48(2y — 2+ 3)(y + 2)°G({~y, v, 0}, 2)

=722y — 2+ 3)(y + 2)°G({~y, —y, 1}, 2) — 1142y — 2 + 3)(y + 2)°G({—y, —y, —v}, 2)

+ 4823¢(3) — 1442%¢(3) — 37222 log(4)

+9722% log(4) + 972z log(4) — 372 log(4))

+ 0(e?) (6.44)

i _13G({=y,0}, ») = 3G{0, =1}, ) + 3G({0,0},y) — 3G({1, 0}, 2) + >
o 3y + 1)



Mo =

1
TR
x <<73G({71, —1}, 1) + 3G({=1,0}, %) + 9G({0, —1},y) — 9G({0, 0}, ) — 47r2)
G({~y},z) + G{—-1},y) (=3G({~v,0},2) —=3G({~y,—y — 1}, 2)
+6G({1,0}, 2) +27r2)
+3G({0},y) (G({—y.0},2) + G-y, —y — 1},2) — 2G({1,0}, 2) — =°)
—6G({1,0,—y},2) — 6G({1,—y,0},2) — 6G({—vy,0,0}, 2)
—12G({-v,0,1},2) + 3G({—-v,0, —y},2) + 6G({—y, 1,0}, 2)
+3G({~y,—y — 1,0}, 2) + 3G({~y,~y — 1, =y}, 2) — 6G({—y, —vy,0}, 2)
—6G({=1,0,—1},y) + 6G({=1,0,0},y) + 3G({0, =1, -1}, %)
—3G({0,-1,0},y) + 9G({0,0, —1},y) — 9G({0,0,0},y)
+72G({1}, 2) + 3G({1,0,0}, 2) + 12G({1, 0,1}, 2)
16G({1,1,0}, 2) + 6¢(3))

+ O(e) (6.45)
v
2ep?(y +1)2
1 =G({~y}.2) + G{~1},9) - G{0},y) — G({0}, 2) + 2G({1},2)
€2 (y+1)2

+ = 3o E (“2GU0} DGO} ) + 24G({~1}, 1) (G0} 2)
—G({—y} 2)) +24G({0}, y) G({—y}, 2) — 24G({0, —y}, 2) — 24G({—v,0}, 2)
+48G({—y, 1}, 2) + 24G({—y, —y},2) — 24G({—1, -1}, y)
+24G({~1,0},y) — 24G({0, =1}, y) + 24G ({0, 0}, )

124G({0, 0}, ) + 48G({0, 1}, z) — 96CG({1,1}, 2) + 2371'2)

+ 5o (CHGU=1-1hy) + 246(-1,0},v)

+12G({0, -1}, y) — 12G({0,0},y) — 7% ) G({0}, 2)

+(24G({—-1,-1},y) — 24G({—1,0},y) — 12G({0, =1}, y)

+12G({0,0},9) + 137°) G({-y}, 2)

+G({0},y) (24G({0, =y}, 2) — 12G({—y, 0}, 2) — 24G({—-y, —y}, 2)

+24G({0,0}, ) — 12G({1,0}, ) + 137r2)

+G({—1},y) (—24G({0, =y}, 2) + 12G({—y, 0}, 2) + 24G({—~y, —y}, 2)

—24G({0,0}, ) + 12G({1,0}, z) — 237r2)

+24G({0,0, —y}, ) — 12G({0, —y, 0}, 2) + 48G ({0, —y, 1}, 2)

+24G({0, —y, —y}, 2) — 12G({1,0, —y}, ) — 12G({1, —y, 0}, 2)

+24G({-y,0,0}, 2) + 48G({—y, 0, 1}, 2) — 12G({~y, 0, -y}, 2)

— 96G({—y, 1,1}, 2) + 24G({—y, —y, 0}, 2) — 48G({—y, —y, 1}, 2)

—24G({—-y, -y, —v},2) + 24G({—1,-1,—-1},y) — 24G({—1,-1,0},y)

+24G({~1,0, -1}, 3) — 24G({—1,0,0}, y) + 24G({0, -1, =1}, 1))

— 24G({0, —1,0}, y) — 12G({0,0, =1}, y) + 12G({0, 0,0}, )

—1202G ({1}, z) — 24G({0, 0,0}, z) — 48G({0, 0,1}, 2)

+12G({0,1,0}, 2) — 96G({0,1,1}, ) — 12G({1, 1,0}, 2)

+192G({1,1,1}, 2) + 146¢(3))

+0(e) (6.46)

Master Integrals for [b + W* — t + g]uoop-

__1G{0},2)

e8m(y+1)

1
+ Tor(y+1) * RGH{-1}, »(G{y + 1}, 2) + G({0}, 2)) —2G({y + 1,0}, 2)



“t Rrw+D

+2G({~1,-1},) — 2G({0, -1}, ) + 4G ({0, 0}, 2)
+4G({0,1}, 2) — 2log(4m)G({0}, 2) + 7°)

€
—x
+ 487 (y + 1)

x ((-126({~1,~1},9) + 6G({0, ~1},9) +7°) G{y + 1}, 2)
+6G({0,y +1,0},2) +12G({y + 1,0,1}, 2) + 6G({y + 1,1, 0}, 2)
+G({0},2) (=3 (6G({~1, 1}, y) — 4G({0, ~1},9) + =° + log*(4) )
~log(n) log (4096#3))

+ G({—1},y) (6log(4m)(G({y + 1}, 2) + G({0}, 2))
—3(02G{0,y+1},2) —2G({y + 1,0}, 2) + 4G({y + 1,1}, 2)

+4G({0,0}, 2) + 4G({0,1}, ) + 7r2))

— 6log(4m)G({y + 1,0}, 2) — 12G({—1,-1,—1},y) + 6G({—1,0, -1}, )
+6G({0, -1, =1}, y) + 6log(4m)G({—1, -1}, y) — 6log(4m)G({0, -1}, )
—24G({0,0,0}, z) — 24G({0,0,1}, z) — 6G({0, 1,0}, z)

—24G({0,1,1}, z) + 12log(47)G({0, 0}, z) + 121log(4m)G({0, 1}, 2)

+18¢(3) + 3n> log(47r))

+0(e%) (6.47)

(6G({~1}, 1)(G({0},2) — G{y + 1}, 2) + 6G({y + 1,0}, 2)
~6G({-1,~1},3) + 6G({0, ~1},4) — 6G({0,0},2) — =°)

m ((s6(-1,-1},9) + 4 («* = 3G({0,~1},9)) ) G({0}, 2)

T (12G({—1, ~1},y) — 6G({0, —1},y) — 79) G{y +1},2) — 18G({0,y + 1,0}, 2)
—12G({y +1,0,1},2) — 6G({y + 1,1,0}, 2)

+ G({—1},y) (6log(4m)(G({0}, 2) — G({y + 1}, 2))
—3(—-6G({0,y+1},2) +2G({y + 1,0},2) —4G({y + 1,1}, 2)

+4G({0,0}, 2) + 4G({0,1}, =) + 7r2))

+ 6log(4m)G({y + 1,0}, 2) + 6G({—1,0,—1},y) — 6G({0,—1, -1}, y)
— 6log(4m)G({—1, —1},y) + 6log(4m)G ({0, —1},y) + 18G ({0, 0,0}, 2)

+12G({0,0,1}, 2) + 6G({0, 1,0}, 2) — 6log(4m)G({0, 0}, z) + 18¢(3) — 2 log(47r))

+0(%) (6.48)

11—-=2

e 8m

1
+ Byt (6(y + 1)2G({0}, 2) + 12(y + 1)(z — 1)G({1}, 2)

+6G({—1},v)(—2G({y + 1}, 2) + 2G({0}, 2) + (v + (2 — 1))

—6zG({—1,—-1},y) + 62G({0, —1},y) + 62G({y + 1,0}, z) — 62G({0,0}, z)

—30yz — 6yzlog(4m) + 30y + 6y log(4m) — n2z — 30z — 62 log(4m) 4+ 30 4 6 log(47r))

+ 487 (y + 1) x

x (=2 (-126({-1,-1},9) + 6G({0,~1},9) + =) G({y + 1}, 2)

—12(y + 1)2G({0, 1}, 2) — 6(y + 1)(z = DG({1,0}, 2) — 24(y + 1)(z — DG({1,1}, 2)
+62G({—1,0,—-1},y) — 62G({0, -1, —1},y) — 182G ({0,y + 1,0}, 2)

—122G({y +1,0,1},2) — 62G({y + 1,1,0}, 2)

+ 62(y + 2 + log(m) + 10g(4))G({0, =1}, y) — 62(2y + 3 + log(m) + log(4))G({0, 0}, 2)
+6(—2yz +y — 2(3 +log(4) + log(m)) + 1)G({-1, -1}, y)



+2:G({0},2) (3G({~1, -1}, y) = 6G({0, ~1},9) + 3(y + 1)(5 + log(4) + log(m)) + 277 )

+6(y + 2+ zlogdm) + NG({y + 1,0}, 2) + 3G({—1},y) (—4(y + 1)(z — 1)G({1}, 2)
—2((y+2+1DGHy +1},2) + 2(=3G({0,y + 1}, 2) + G({y + 1,0}, 2)

—2G({y + 1,1}, 2) + 2G({0,0}, z) + 2G({0, 1}, 2)))

+ 2z(log(4m) — )G ({0}, 2) + 2log(4m)(—2G({y + 1},2) + y(z — 1) + 2)

+10y(z — 1) — (71'2 - 10) 2 —2(5 + log(4) + log(w)))

+12(y + 1)(z — 1)(5 + log(4) + log(7))G ({1}, 2) + 182G ({0, 0,0}, 2) + 122G ({0, 0, 1}, 2)
+ 62G({0,1,0}, z) — 114yz — 3y=z 10g2(4) — yzlog(m) log (4096#3)

— 30yzlog(4n) — 372y + 114y + 3y log®(4) + ylog(n) log (409671'3)

+ 30y log(47) + 182¢(3) — w2z — 114z — 3z log?(4)

— zlog(m) log (4096#3) — w2z log(4m)

— 30z log(47) — 372 + 114 + 31og?(4)

+ log(m) log (4096#3) +30 10g(47r))

+0(e?) (6.49)

1(z—1)z
T
+ 8% ((z ~1)2G({0}, 2) + 2(z — 1)2G({1}, 2) — 32>
+z2(7 log(4m)) + 32z + = log(47r))
+ 48% (=6(z — 1)2G({0,0}, z) — 12(= — 1)2G({0, 1}, )
—12(z — 1)2G({1,0}, z) — 24(z — 1)2zG({1,1}, z) + 6(z — 1)2(3 + log(4) + log(7))G({0}, z)
+12(z — 1)z(3 + log(4) + log(7))G({1}, z) + 7222 — 4222 — 322 log? (4)
+ 22(7 log(m)) log (4096#3) — 182% log(4m) — nlz 4422

+3z log2(4) + zlog(m) log (4096#3) + 18z log(47r))

+ 468—2” (6(z —1)2G({0,0,0}, 2) + 12(z — 1)2G({0,0,1}, 2)

+12(2 — 1)2G({0, 1,0}, 2) + 24(z — 1)2G({0,1,1}, 2) + 12(z — 1)2G({1,0, 0}, 2)
+24(2 — 1)2G({1,0, 1}, 2) + 24(z — 1)2G({1,1,0}, 2) + 48(z — 1)2G({1,1, 1}, 2)
—(z-1)z (7\'2 _3 (14 T log2(4) + 610g(47r))

~ log(n) log (409671'3)) G{o}, 2)

—2(z— 1)z <7r2 ~3 (14 T log2(4) + 610g(47r))

— log(n) log (4096#3)) G({1}, 2)

— 6(z — 1)2(3 + log(4) + log())G ({0, 0}, 2)

—12(z — 1)2(3 + log(4) + log(7))G({0, 1}, 2)
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_ 1 1
T2 48r(y+ 1)z
4 126U y) £ 260} y) — GO0}, 2) — 4G({1}, 2) + 2G({—y}, 2) + log(4m)
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+ 12G({0, 0}, z) + 48G ({0, 1}, z) — 24G({0, —y},2) — 24G({1,0}, z) + 192G ({1, 1}, 2)
+48G ({1, —y}, z) + 48G({—y,0}, z) + 48G({—y, 1}, z) — 240G ({—y, —y}, 2)

+log(m) log (16777216#6) +24 log2(2) - 227r2)
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1 5

3 487 (y + 1)2
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+20+ 1) (4% + (1 - 2207 - 2Py +27) G{1},2)

+G({0},2) ((w+ 1)y - 2)° - 2°” log(4m))

—(w+1) (v° 229" + 9% = 2Py +27) —20°2°G({y + 1}, 2)) log(4m) )

- 6G({0},2) (29°G({~1, -1}, 9)=* — 44°G({0,0},9)2"
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Mg =

Moy =

+y+1) (= )" + 2(=32y + 2y + 2) log(4m) ) )
—6G({0,~1},9) (" = 2= = Dy® + (2((=3 + 2log(4m))z +4) = )y° +2(= — D2y — %))
+0(e?) (6.60)

6irG ({0}, z) + 6G({0,0}, z) — 6G({0,1}, 2) — =2
4871
(27\'26'({1},2) —12ixG({1,0}, 2) — 12G({0, 0,0}, z) — 6G({0,0,1}, 2)

+
487
—18G({0,1, 0}, 2) + 36G({0, 1,1}, ) — 12G({1, 0,0}, 2) + 12G({1,0,1}, 2)

— 37(m — 2i(2 4 log(4) + log(m)))G ({0}, z) + 6(—2 — 4im — log(47))G ({0, 1}, 2)

+6(2 — im 4 log(4) + log(m))G ({0, 0}, z) + 6¢(3) — 2in> — 272 — 72 log(47r))

+0(?) (6.61)
v

e2 12m(y + 1)(y + 2)

1-G({-1},y) —2G({0},y) + G({0}, 2) — 5G({1},2) — 2G({—y}, 2) + 2log(7) + log(16)

€ 247 (y + 1)(y + 2)

1
T Rl Dy +2)
+ 12G ({0, —1},y) — 12G({0, 0}, y) — 3G({0,0}, z) — 12G({0, 1}, z) + 6G ({0, —y}, )
— 12G({1,0}, z) + 33G({1,1}, z) + 24G({1, —y}, z) + 6G({—vy, 0}, 2) + 24G({—y, 1}, 2)
—12G({-y, =y}, 2) + 6G({0}, y)(4G({1}, 2) — 2G({—y}, 2) — log(4m))
+3G({—1},v)(-2G({0}, 2) + G({1}, 2) + 4G ({—y}, 2) — log(4m))

+3G({0}, 2)(2G ({0}, y) + log(4m)) + 3log® (4m) — 6G({—y}, 2) log(4r) — 57

(—=151log(4m)G({1},2) — 3G({—1,—1},y) + 12G({—1,0},y)

TG Dw e

x (=6log(4m)G({—1, -1}, y) +30G({—1, -1, —1},y) — 48G({—1, -1,0},y)
+24G({—1,0,—-1},y) — 24G({—-1,0,0},y) — 12G({0, —1, —1},y) — 24G({0, —1,0},y)
— 60G({0,0,—1},y) + 96G({0, 0,0}, y) + 6G({0,0,0}, 2) + 24G({0,0, 1}, z)
—12G({0,0, —y}, z) — 12G({0, 1,0}, z) + 60G ({0, 1,1}, z) + 24G({0, 1, —y}, z)

+ 24G ({0, —y, 0}, z) — 12G({0, —y, 1}, 2) — 48G ({0, —y, —y}, z) + 24G({1,0,0}, 2)

+ 24G({1,0,1}, 2) + 24G({1,0, —y}, z) + 96G({1, 1,0}, z) — 102G({1, 1,1}, z)
—192G({1,1, —y}, z) + 24G({1, —y, 0}, z) — 120G ({1, —y, 1}, 2) — 48G ({1, —y, —y}, z)
—12G({—v, 0,0}, z) + 24G({—y,0,1}, 2) — 48G({—v, 0, —y}, z) + 24G({—vy, 1,0}, z)
—120G({—y,1,1},2) — 48G({—-vy, 1, —y}, z) — 120G({—y, —y, 0}, 2) — 48G({—vy, —y, 1}, 2)
+240G({~y, —y, —y},2) + G{—y},2) (24G({—1, -1}, y) — 96G({—1,0},y)

—96G ({0, —1}, ) + 168G ({0, 0},y) — 6log? (47) + 227r2)

+ G({0},2) (24G({—-1, -1}, y) — 24G({-1,0},y) + 12G({0, -1}, y) — 12G({0, 0}, y)
+18log() log(167) — 15log? (47) + 72log?(2) — 117r2)

+ G({—1},vy) (12G({0,0}, ) + 12G ({0, 1}, 2) + 12G ({0, —y},2) — 24G({1,0}, 2)
+ 30G({1,1}, 2) — 24G({1, -y}, 2) + 48G({—y,0}, z) — 24G({—y, 1}, z) — 96G({—y, -y}, z)
+ 27 log(w) log(167) + 6(—2G ({0}, 2) + G({1}, 2) + 4G({—y}, z) — 5log(4m)) log(4m)

+10810g”(2) — 1377 ) + G({1}, 2) (-30G({~1,~1}, ) + 48G({~1,0}, )

— 24G({0, -1}, y) — 48G ({0, 0}, ) — 15 log(r) log (4096773) + 301log? (4m)

—1801og?(2) + 3171'2) + G({0},y) (—=12G({0, 0}, 2) + 24G ({0, 1}, 2)

—48G({0, —y}, 2) + 24G({1,0}, 2) — 192G({1, 1}, 2) — 48G ({1, —y}, 2) — 48G({—v, 0}, 2)
—48G({—vy, 1}, 2) + 240G ({—y, —y}, z) + 3log(47) (4G ({0}, z) + 16G ({1}, =)

—8G({—y}, 2) + log(4m)) — 3log(r) log (40967r3) — 361log2(2) + 22772)

— 8¢(3) + 2log? () log(647) + 24G({—1, 0}, y) log(4r)



+ 24G ({0, —1}, y) log(4m) — 24G({0, 0}, y) log(4m) — 6G ({0, 0}, z) log(4m)

— 24G ({0, 1}, 2) log(4m) + 12G ({0, —y}, z) log(4w) — 24G ({1, 0}, 2) log(4m)
+ 66G({1,1}, z) log(4m) + 48G ({1, —y}, z) log(4m) + 12G({—y, 0}, z) log(4m)
+ 48G({—vy, 1}, z) log(4m) — 24G({—y, —y}, z) log(4m) — 1072 log(4m)

+24 log2(2) log(m) + 16 10g3(2))

+0(?) (6.62)

Gluon channel
Master Integrals for g + W* — t +b +g.

The variableg, f in terms of which some of the following masters are expreasedefinedas=1/¢,d =1/f,
beingc, d defined in Eq5.16%.

g, S —Def—et+ ) f? I
o () (oA
— 6G({0}, G0}, 1) — G0} NG} e) + 126010}, NG ({- 15} )

+O6((-1). NG({110) — 0611, G ({~ L5 } ) + o610, 110 + 66((£.01.0

(S PR R (ST B

+6G <{7%, f%} ,e) —6G({—-1,0}, f) — 6G({0, -1}, f)

+18G({0,0}, f) — 6G({1,0}, /) + =* )

+ W (12enoct-1.n - 126 ({- L} o) o=
— 660, 1 ao((-11. 0 +156 ({o.- Lo b o) e

2
- 12G ({01 fof I } 76> G{-1}, f) —6G({f,0},e)G({—1}, f) —6G({ [, f}, e)G({ -1}, f)

{ )G({ 1}, f) + 6G ({f 77} e) -1}
+ 6G ({—% }e) G({-1}, f) - 12G ({ %—L} )G({—l},f)
{

f
f [
_6G< T ,e> G({-1}, f) +12G ({—f— f71}’e> G{-1}, 1)

f
—1
+12G ({—%f} ce) G({=1}, f) — 12G ({—%—%} ,e) GU{-1}, 1)

+ 72 G({~1}, f) + 72 G({0}, e) — 12G({0}, )G ({0}, f) + 7> G ({0}, f) + 37> G({1}, f)
f

~ 1260} NG, €) - 552G} e + 160106 ({15 o)

+ 272G ({7%} ,e) + 272G ({7%} ,e) —6G({f},e)G{—1,—1}, f)

+6G ({—ﬁ €) GU=1,~1}.1) + 6G({0}, OGU-1,0}, ) + 1261}, )G -1,0}. )

]
(g} tcsonn- (- o
]

—12G({~1,0}. /) + 6G({0}, )G({0, 1}, f) + 12G({f}. &)C({0, =1}, f)

e ({7% ) G({0, -1}, 1)

!
- 126 ({-755 }e) @0 -1 - 126000, 1), ) + 66((0}. NG({0,0).)
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2
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+ 126 ({_%} ,e> G({1,0}, f) — 12G ({—%} ,e> G({1,0}, )

—12G({1,0}, f) + 12G({0}, /)G({f, 0}, e) + 12G({f, 0}, ) + 6G ({0}, F)G({ [, f}, €)

-26@onne ({r-55}. )%G({@J)G({#%} ‘)
s o[-0}

s ({1
)

) 4210 ({o},m({ )

T ’ﬁ} ,e) +6G({—1,-1,0}, f) + 6G({~1,0, —1}, f)
—12G({-1,0,0}, f) — 6G({—1,1,0}, f) + 6G({0, —1, —1}, f) — 12G({0, —1,0}, f)
—12G({0,0, -1}, f) + 12G({0,0,0}, f)

—6G({0,0, f},e) + 6G ({0,0, foi 1 } ,e) + 18G ({0, 1,0}, f) — 6G({0, f,0},e)
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2 2
({5 o=t e (=)o)
O
({75 a=-ri ) (= =)
—2'2f—1" f—-1(" f=2'2f—-1"2f—1["
ene({- L) e ({20 2 )
(f
({
({
)

f f f
+12G 7ﬁ,f,0},e>712G ({fﬁ,ﬂ*i},e)
—12G —L,—L,o},%—120({—4,—47&76)

f—1 f-2 f=-1 f-2

f ! f

+ 12G 7f_17f_27f—1}£>
2

+12G 7ff1 7ff2 fo 1},e>+6<(3)+27r>
+ O(e?

= X
___fle(f=2)+f)
1 (1 - A5 )

X<4G({o,§},e) GH-1}.9) ~ 46({ - } )G({—l},ﬁ
+4G({f,0},e)G({—1}, f) — 4G ({f ;} )G {155
va6 ({rn-7155} ) eammnn -6 ({r-715} ) e

f
_ 4G ({,fL o} ,e> G({-1},f) — 4G ({—%7%} ,e> G({-1}, 1)

ac ({,%7%} ,e> G({~1},f) + 4G ({f% foi - } ,e> GH~1}4, )

+ 2 GU-1L )+ 2n2G({0h ) + SxP ({1} ) - 57 e)
+2 G({ ff } )+4G<{f} OG({~1,-1}, f)

(e

J
+a6 ({- L5} e) 61,00 p - 160001, 6o, -13.1)
}

(-

2
—8G({f},€)G({0,0}, ) +4G({0}, /)G ({0 fo-l}*e>

) ({~1,~1}, /) — 4G({0}, )G({~1,0}, f)

‘x

‘x

—~
[\V)

) G({0, -1}, f) —4G({0}, /)G({0,0}, e) + 8G({0}, )G ({0, 0}, f)
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Mll =

—4G({0}, IG({1L,0}, ) + SG({ 1, OG({L 0}, 1) - 46({ 5}y ewonn

e (i g}.e) ssaonno ().
(L own e
f

(
—sc({0}, G ({ } )
(

- 4G({0}, )G { } ) 4G({~1,-1,0}, f) — 4G({~1,0, 1}, )
+8G({-1,0,0}, f) —4G({—1,1,0}, f) — 4G({0, -1, —1}, f) + 8G({0, —1,0}, f)

2
+8G({0,0, -1}, /) ~ 8G({0,0,0}, ) + 4G({0.0, f}, ) — 4G ({o 0.5 } )

va0({og0}) o ({051} )

—io({og-7 o) vae ({057 )

sao (fo b ) vae (fo -
)

—4G({1,-1,0}, f) —4G({1,0, -1}, f) + 8G({1,0,0},

—4G
+4G({£,0,0},¢) — 4G({£.0, f},€) 4G({f70,—%},e>

{1, 1,0}, 1)

wa6({rg.r}e) +ao ({r5. -7} o)
_4G<{f’%’2ffi1}’e>+m {r-750} )
vao({r-ggurhe) -6 ({75 7))

- ({f’*fi; 2ffi1} e) - <{f *%’0}‘)
—so({n=ghshe) e ({7575 1)
B A

o ({-sho-s)e) e ({7 -t o)
~6({-7 -7 b)) v (7))
+4G({_fi2 f{2 2ffi1}’e>+4G({_% _% 0}’6)
1o ({- -7t o ({7 7))
o)) e ()
“o({- e ) o)

+ o)

(= D2 -+ 12

e(f+1)(e—f)?
f

(ct-netorn +eaorn - es6 ({ -5} ¢

veo ({~L5} o) + e - v+ o= + e - 0+ DEo)e
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16 ({-15}e) - ratorn — 2+ 1)

«f = Delf ~ D+ ?
sec — N2 +1D)

< (9e6((0), s + 360k N1 126 ({ £} ) 72

+12ecop e ({-715}¢) 2+ 1200001, f)G({—ff boe) s
s () ) - (-5} )
o ([ v (- ) )

— 6G({0}. )G ({ r }) 17 = 9eG({~1,~1}, )f* = 9G({~1,~1}, )£

2f — 1
+3eG({~1,0}, /)f> + 9G({—1,0}, £)£* + 3eG({0, -1}, f) £
+9G({0, =1}, £)f% — 9eG({0,0}, ) f2

—9G({0,0}, e) f% + 9eG({0,0}, £) 2 — 3G({0,0}, f) f% — 12¢G ({0

—12¢ ({O,g},e) 12 +6eG({0, £}, e)f> + 21eG ({0 _fi} )
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—12eG({1,0}, f)f* — 6G({1,0}, ) f* + 6eG ({%o} ,e) r?
2

o (b)) ({5} )

+
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1

+2G({0},b) (6g({_1, “1},a) — 3G({~1,0},a) — 12G ({—1, 1o 2_b} ,a>

— 6G({~1,b},a) + 15G ({71, . 1+ - 1} ,a> ~ 12G({0, 1}, a) + 3G({0, 0}, a)

— 118G ({0, g} ,a> +12G({0,b}, a) + 15G ({0, ﬁ — 1} ,a)
+6G ({7%,71} ) 1126 ({%_Ll,fl - QLb} )
w156 ({252} ) —ae ({250} )
—30G ({—b_Ll 1)2—1+1 - 1} ,a) +471'2> (a—b)
1

—2G({-1},b) (BG({fl, —1},a) = 6G({-1,0},a) — 12G ({71’ e 2_b} ’a>

—3G({-1,b},a) +6G ({71,7HT1} ,a> +12G ({71, ﬁ - 1} ,a)

— 6G({0, =1}, a) + 3G({0,0}, a) — 12G ({o, g} ,a> + 6G({0,b}, a)

b+1 1
- 3G ({0,7T},a> + 12G ({O,W 71},a>
b b
vs0 ({2 1)) wa0 ({2 r0) )
1




24G b ! 1 4% ) (a—b
TR ya ) +4n7 ) (a —b)

—6G({—-1,—1,—-1},b)(a —b) — 6G({—1,—1,0},a)(a —b) + 6G({—1,—1,b},a)(a — b)

- 6G ({71,71,7bf1},a> (a —b) 4 6G ({—1,4,% 71},(1) (a—b)
+ 24G ({—1,—%,—1} ,b) (a —b) — 24G ({—1,—%,0},1:) (a—b)

—48G({—-1,0,—1},b)(a — b) — 6G({—1,0,0},a)(a — b) + 48G({—1,0,0},b)(a — b)

+6G({—1,0,b},a)(a — b) + 12G ({—, , bfl}’a> (a —b)

€ I PRSP RTRRE SRRU AN B PP
—24G({—1,—1—2ib,b2—11—1},a>(a—b)
+6G({—1,b,0},a)(a — b) — 6G({—1,b, b}, a)(a — b)

voo ({2 ba)@on-so ({ont s —aba) o

+ 12G

{-
({ 1_b+71 0} )(a b) — 12G<{ 1-“71 b} )(a—b)
—12G({ b+1 bbl} )(a—b)+120<{—1,—HTl,ﬁ—1},a>(a—b)
{-
(

fec;( 1b2+1 } )( fb)+6G({fl,ﬁfl,b},a>(afb)
—24G 1b2+1 1, b } )(a—b)

{-
+24G<{ 1b2+1 b2+1 1} >(a b)
{

+6G({0, -1, —1},b)(a — b) + 12G({0, —1,0}, a)(a — b) — 12G({0, —1, b}, a)(a — b)

HQG(O Ym0 (oot - 1)) e
21 ({o-b1} o) - neaio (fo.-30} ) o

+ 48G({0,0, —1},b)(a — b) — 48G({0,0,0},b)(a — b) — 6G ({0, 0, 717—%} ,a) (a—0)

+6G ({0,0, b21+1 71},(1) (a —b) 412G ({o,g,o},a> (a—b)
~i20 ({o. b} o) ta-w 21 ({05 V)

— 24G ({o, g b21+1 - 1} ,a> (a — b) — 12G({0, b, 0}, a)(a — b)

+ 12G({0,b,b}, a)(a — b) — 12G ({0, b, 7L} ,a) (a —b)

b—1
+12G<{0b b21+1 1 ,a> (a—b)—6G({O —HTl,o},a> (a —b)

b+1 b+1 b
0, T b} >( —b) + 6G ({0 7T77b—71}7a> (a —b)
b+1 1 1
- 2= -1 ) — —1 ~b
GG( 0, b U h 41 },a)(a ) 6G({0,b2+1 ,O},a)(a )
6c (Lo, =2 1,b (a—b) — 246 ({0, =2 -0
* g Bhyee)lamh) {’b2+1 Th-1)

|

i
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i
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{
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MSO =

M1 =

Master Integrals for [g + W* — t + b]

MIS =

ek s e -ee ({2 b ) @
bY@ -zio ({2 b ) e
b ) e-nree ({0 e) @
— (a—b)+6G<{ b_%,b,—%}ﬂ)(a—b)
,rbl,b,b%l,l},a)<a,b>,6G({,b_Ll,,b+T1 o} a) @b

b
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)
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b
7486'( 71)—717ﬁ 71,ﬁ 71},a> (a —b)
- (_479 + 184(3)) (a— b))
+0(e) (6.68)

72G ({0}, 2) + 6G({0,0,0}, 2) — 6G({0,1,0}, 2) + 12((3)

6(y+1)
+ O(e) (6.69)
1G({0},2)
e2(y+ 1)z
N —3(y + 1)G({0,0},2) — 12(y + 1)G({0, 1}, 2) + 6G ({0}, 2) — 272y — 62 — 272 + 6

6(y +1)2z

* BT (—3 (wz(y T1) 482+ 4) G({0}, 2) — 6(y + 1)G({0, 0,0}, 2)

+24(y + 1)G({0,0,1}, z) + 96(y + 1)G({0,1,1}, 2) + 48(z — 1)G({1}, 2) + (242 — 36)G({0, 0}, =)
—48G({0,1},2) — 24(z — 1)G({1,0}, 2) — T2y¢(3) + 4n2z — 12z — 72¢(3) — 127> + 12) (6.70)

1
T ey 2o
2G ({0}, z) — 4G ({1}, =)
(y+1)3(z—1)
—48G({0,1}, 2) — 24G({1,0}, 2) + 96G({1,1}, 2) — 1172
* Gep(y + 1)2(= — 1)

1 2 2
+ m (—671' G({0}, 2z) + 177°G({1}, 2) — 6G({0,0,0}, 2) — 6G({0,1,0}, 2)

+96G({0,1,1}, 2) + 6G({1,0,0}, z) + 48G({1,0, 1}, 2) + 30G({1, 1,0}, 2)
—192G({1,1,1}, ) — 74C(3)) + O(e) (6.71)

1lloop”

13G({~y,0},2) —3G({0, —1},9) + 3G({0,0},y) — 3G({1,0}, 2) + 2
€ 247 (y + 1)

(6G({-1},y)G({1,0}, 2) + 6G({ -1}, y)G({1,y + 1}, 2)

+ 487 (y + 1)
- 12G({~1},1)G({-y,0}, 2) — 67° G({—y},2) + 6G({~1,—1},1)G({1}, 2)
+6G({0, -1}, y)G({1}, 2) + 12G({0, -1}, y)G({ -y}, 2) — 12G({0, 0}, y)G({1}, 2)



Mie

M7 =

Mg

—12G({0,0},y)G({—y}, 2) — 12G({1, —y,0}, z) — 6G({1,y + 1,0}, 2) — 6G({—y,0,0}, 2)
—12G({—vy,0,1}, 2) + 12G({—y, 1,0}, 2) — 12G({—vy, —y, 0}, 2) + 6log(m)G({—y, 0}, z)

+610g(4)G({—y, 0}, 2) + 4r>G({~1}, ) — 57°G({0},y) — 12G({~1,0, -1}, y)
+12G({~1,0,0},y) + 6G({0, —1, =1}, 3) + 12G({0,0, —1},3) — 18G({0,0,0}, )
— 6log(m)G({0, =1}, y) + 6log(m)G({0,0},y) — 610g(4)G({0, =1}, y)
+61og(4)G({0,0},y) — 7> G({1}, 2) + 12G({1,0,0}, z) + 12G({1,0, 1}, 2)

+12G({1,1,0}, 2) — 6log(m)G({1,0}, 2) — 6 log(4)G({1,0}, ) — 6¢(3) + 2 log(4m))

+ O(e)

(== 1) (~6G({0}, )G ({0}, 2) — 6G({0, —y}, 2) + 6G({0, 0}, y) — 6inG({0}, 2) + 6G({0,1}, 2) + ?)

487 (y + 1)
e (126001 G0}, 2) + 6G({0}1)G({0.0).2)
+12G ({0}, »)G({0, 1}, 2) + 12G ({0}, y) G ({0, —y}, 2) + 12G({0}, y)G({1,0}, 2)
—12G({0,0},y)G({1}, z) — 12G ({0, —y}, 2) + 6G({0,0, =y}, z) + 12G({0, 1, —y}, z)
= 6G({0, -y, 0}, 2) + 12G({0, —y, 1}, 2) + 12G({0, —y, —y}, 2) + 12G({1,0, —y}, 2)
— 6log(m)G({0}, y)G({0}, 2) — 61og(4)G({0}, y) G ({0}, z) — 6log(m)G ({0, —y}, 2)
— 610g(4)G({0, —y}, 2) + 7 G({0}, y) + 12G({0, 0}, ) — 6G({0,0, 0}, y)
+ 61log(m)G({0,0}, y) + 61og(4)G({0,0},y) + 272G ({0}, 2) — 12ixG({0}, 2)
—272G({1}, 2) + 6irG ({0, 0}, 2) + 24irG({0, 1}, 2) + 12G({0, 1}, 2)
+12irG({1, 0}, z) — 6G({0,0, 1}, z) + 6G({0, 1,0}, z) — 36G({0, 1,1}, z)
—12G({1,0, 1}, z) — 6imlog(4n)G ({0}, z) 4+ 6log(7)G ({0, 1}, z)

+

+610g(4)G({0,1}, 2) — 36¢(3) + 2in> + 202 + 2 log(47r))

+ € s (C126({01 G0}, ) + 0G0}, 1)G(10.0).2)

+12G ({0}, y)G({0, 1}, z) + 12G ({0}, y) G({0, —y}, 2) + 12G ({0}, y)G ({1, 0}, 2)
—12G({0,0}, »)G({1}, 2) — 12G({0, =y}, 2) + 6G({0,0, =y}, 2) + 12G({0, 1, =y}, 2)
—6G({0, —y, 0}, 2) + 12G({0, —y, 1}, 2) + 12G ({0, —y, —y}, 2) + 12G({1,0, —y}, 2)
— 6log(m)G({0}, y)G({0}, z) — 61log(4)G({0}, y)G ({0}, ) — 6log(m)G ({0, —y}, 2)
— 61og(4)G ({0, —y}, 2) + 7> G({0},y) + 12G({0,0},3) — 6G({0,0,0},y)

+ 61og(m)G({0,0},y) + 610g(4)G({0,0},y) + 27> G ({0}, 2) — 12inG ({0}, 2)
—272G({1}, 2) + 6irG({0, 0}, 2) + 24inG({0, 1}, ) + 12G({0, 1}, )

+ 12inG({1,0}, 2) — 6G({0,0, 1}, 2) + 6G({0, 1,0}, 2) — 36G({0, 1, 1}, 2)
—12G({1,0,1}, z) — 6im log(4m)G ({0}, 2) + 6 log(m)G({0, 1}, 2)

+610g(4)G({0,1}, 2) — 36¢(3) + 2in> + 202 + «2 log(47r))

+ O(e)

L (6(G({~1,-1}.1)G{0}, 5) — G0,y + 1,0}, ) — G({—1,—1,~1},)

487w (y + 1)

+G({~-1,0,—-1},y) + G({0,0,0}, ) + 2¢(3))
~G({~1},y) (~6G({0,y + 1},2) + 6G({0,0},2) + =* ) )
+O(e)

G({0},2)

e(16myz + 167z)

_ G({0},2)(6G({—1},y) — 3(2 + log(4m))) + 3G ({0, 0}, 2) + 6G({0,1}, =) + 2
48(mw(y + 1)z)

T 96y + D22)
X (2 (18yG({0,0}, 2) + 12yG({0,1}, z) — 12yG({y + 1,0}, 2) + 3yG({0,0, 0}, 2)

— 6yG({0,0,1},2) — 12yG({0,1,1}, 2) — 12yG({0,y + 1,0}, 2) + 12(y — 2 + 1)G({—1, —1}, )

(6.72)

(6.73)

(6.74)



MIQ =

+122G({y + 1,0}, 2) — 12G({y + 1,0}, 2) — 12G({0,y + 1,0}, z) + 3y log(w)G ({0, 0}, 2)
+ 6y log(m)G({0, 1}, z) + ylog(64)G({0, 0}, z) + 6y log(4)G ({0, 1}, 2)
— 12yG({0, —1},y) — 12yG({—1, -1, —1},y) + 12yG({—1,0,—1},y) — 12G({—1, -1, -1}, y)
+12G({—1,0,—-1},y) — 122G ({0, 0}, z) + 18G ({0, 0}, z) + 12G({0, 1}, z)
+ 3G ({0,0,0}, 2) — 6G({0,0,1}, 2z) — 12G({0,1,1}, 2) + 3log(m)G({0,0}, z)
+ 61log(m)G({0,1}, z) + log(64)G ({0, 0}, 2) + 61og(4)G ({0, 1}, 2) + 30y¢(3)
+471'2y + 7r2y log(4m) 4+ 30¢(3) + 272 4 72 10g(47r))
+(y+1) (71'2 — 3log?(4) — 121og(4) — log(m)(12 + log(4096) + 310g(7r))) G({0}, 2)
—4G({-1}, ) (=6(y — 2+ 1)G({y + 1},2) + (y + 1) (=6G({0,y + 1}, 2)
+9G({0,0},2) + 6G({0,1}, 2) + 27° ) = 3((y + 1) log(4m) + 22)G ({0}, 2)) )
&2
+ m (2G({—-1},vy) (12G({0,1}, z)z + 6G({1,0}, 2)=z
—6G({l,y+1},2)z+6G{y+ 1,0}, 2)z — 12G({y + 1,1}, 2)z — 6G({0}, z) log(m)=
+ 6G({y + 1}, z) log(m)z — 6G ({0}, z) log(4)z + 6G({y + 1}, z) log(4)z + 2z
+6(2y — 2+ 2)G({0,y + 1},2) — 6G({1,0},2) + 6G({1,y + 1}, z) — 6yG({y + 1,0}, 2)
—6G({y + 1,0}, 2) + 12yG({y + 1,1}, 2) + 12G({y + 1, 1}, 2) — 6yG({y + 1}, ) log(m)
—6G({y + 1}, z) log(m) — 6yG({y + 1}, 2) log(4) — 6G({y + 1}, 2) log(4))
+ G({0}, 2) (724G({0, —1}, y)y + log(r) log (409671'3) y
+3log2(4)y + Trly — 4n2z +12(2y + 2 + 2)G({—1, =1}, y) + log(n) log (4096#3)
+310g%(4) + 377 ) +2(6G({~1, -1, =1}, )y — 6G({0, =1, =1}, )y
+21G({0,0,0}, z)y + 18G({0,0, 1}, z)y + 6G({0, 1,0}, z)y + 12G({0, 1,1}, z)y
—12G({0,y + 1,0}, z)y — 12G({y + 1,0,1}, 2)y — 6G({y + 1,1,0}, 2)y
— 2% log(4m)y — 6G({—1, —1},y) log(m)y + 6G ({0, —1},y) log(m)y
— 9G({0,0}, 2) log(m)y — 6G({0, 1}, z) log(m)y + 6G({y + 1,0}, z) log(m)y
—6G({—1,—1},y)log(4)y + 6G({0, —1},y) log(4)y — 9G ({0, 0}, z) log(4)y
— 6G({0,1}, 2) log(4)y + 6G({y + 1,0}, z) log(4)y
+(z = DG{1},2) (=6G({~1,-1},y) - 6G({0, -1}, ) + =°)
— (y— 2+ DGy + 1},2) (-12G({~1, ~1},9) + 66({0, ~1},y) + =* )
—122G({-1,-1,-1},y) + 6G({—1,-1,-1},y) + 62G({—1,0, —1},y) — 62G({0,0, 0}, z)
+ 21G({0,0,0}, z) — 122G({0,0, 1}, z) + 18G({0,0, 1}, z) — 62G({0, 1,0}, 2)
+ 6G({0,1,0}, z) + 12G({0,1, 1}, 2) + 62G({0,y + 1,0}, z) — 12G({0,y + 1,0}, 2)
— 62G({1,0,0}, 2) + 6G({1,0,0}, 2) + 62G({1,y + 1,0}, 2) — 6G({1,y + 1,0}, 2)
+122G({y +1,0,1},2) — 12G({y + 1,0,1}, 2) + 62G({y + 1,1,0}, z) — 6G({y + 1,1,0}, 2)
— 242¢(3) + 30¢(3) — w2 log(47) + 62G({—1, —1}, y) log(r)
— 6G({—1,—1},y)log(m) + 62G({0, 0}, z) log(7) — 9G({0, 0}, z) log(m)
— 6G({0,1}, 2) log(mw) — 62G({y + 1,0}, 2) log(w) + 6G({y + 1, 0}, z) log ()
+62zG({—1,—1},y)log(4) — 6G({—1,—1},y) log(4) + 62G({0,0}, ) log(4)
— 9G({0,0}, 2) log(4) — 6G({0,1}, z) log(4) — 62G({y + 1,0}, 2) log(4)
+6G ({y + 1,0}, 2) log(4))) (6.75)

1
T 1663 (n(y + D2 (z — 1))
_2G({-y},2) = 2G({~1},9) + 2G({0}, ) + 2G({0}, 2) — 4G ({1}, 2) + 2i + log(4m)
162 (w(y + D2(z — 1))
1
* Sy T 12 1) CEUOL WGy} 2) — 860, ~v},2)

+8G({1, —y},2) — 8G({—y,0}, 2) + 8G({—y,1},2) + 8G({-y, —y}, 2)

+ G({0},2)(8G({—1},y) — 8G({0},y) — 8im — 4log(m) — 4log(4))
+8G({1},2)(~G({—1},y) + G({0},y) + 2im + log(4m)) — 4log(m)G({—y}, 2)
—4log(4)G({~y},2) — 8G({—1,—1},y) + 8G({0,0},y) + 4log(m)G({-1},y)
+41log(4)G({—1},y) — 4log(m)G ({0}, y) — 41og(4)G({0},y)




+16G({0,1}, 2) + 8G({1,0}, 2) — 32G({1,1}, 2) + 5n>
—log? (4) — log(m) log(16m) — 4im log(47r))

1
+ 96m(y + 1)2(2 — 1)
— 2log(n) log (40967r3) G({0}, 2) — 24ix log(4m)G ({0}, 2)

(=24G({-1, -1}, 9)G({0}, 2) + 24G({0, -1}, y) G({0}, 2)

— 610g®(4)G ({0}, 2) + 1072 G({0}, 2) — 447> G ({1}, 2) + 187G ({—y}, 2)

+48G ({1}, 2)G({-1, -1}, y) — 24G({—y}, 2)G({0, =1}, y) — 48G ({1}, 2)G({0,0}, y)
+ 24inG({0, 0}, 2) + 96inG({0, 1}, z) + 24inG({1, 0}, 2)

—192inG({1,1}, 2) + 24G({—1, —1, —1},y) — 24G({0,0, —1}, y) — 24G({0, 0,1}, z)
+ 24G({0,0, —y}, z) + 24G({0, 1,0}, 2) — 192G({0, 1,1}, 2) + 48G({0, 1, —y}, z)

— 24G ({0, —y, 0}, z) + 48G ({0, —y, 1}, z) + 48G ({0, —y, —y}, z) — 24G({0,y + 1,0}, z)
—72G({1,0,1}, 2) + 24G({1,0, —y}, z) — 72G({1, 1,0}, ) + 384G ({1,1, 1}, 2)
—48G({1,1, —y}, z) + 24G({1, —y, 0}, 2) — 48G ({1, —y, 1}, 2) — 48G({1, —y, —y}, 2)
+ 24G({—y,0,0},2) + 48G({—y,0,1},2) — 48G({—vy, 1,1}, 2) — 48G({—y, 1, —y}, 2)
+48G({—y, —y,0}, 2) — 48G({~y, —y, 1}, 2) —48G({—vy, —v, —y},2)

+2G ({0}, y) (—121og(m)G({0}, 2) — 1210g(4)G ({0}, 2)

+ 12G({0,0}, z) 4 24G({0, 1}, 2) + 24G({0, —y}, z) + 12G({1,0}, 2) — 24G({1, 1}, 2)
—24G({1, —y}, 2) — 24G({—y,1},2) — 24G({~y, —y} 2)

— log () log (4096#3) + 12G ({1}, 2) log(n)

+12G({—y}, 2) log(m) — 3log” (4)

+12G({1}, 2) log(4) + 12G({—y}, 2) log(4) + 977 )

+ G({—1},y) (241og(m)G ({0}, z) + 24 1og(4)G ({0}, z) — 24G ({0, 0}, z)
—48G({0,1}, z) + 24G({0,y + 1}, z) — 24G({1,0}, z) + 48G ({1, 1}, 2)

+ 24G({—vy, 0}, 2) + 2log(m) log (409671'3) — 24G ({1}, 2) log(m)

+610g” (4) — 24G({1}, 2) log(4) — 147 ) + 76((3)

+2G({1}, 2) log(m) log (40967°)

— 2G({~y}, 2) log(n) log (4096#3) — log? () log(64)

+ 6G ({1}, 2) log() log(167) — 6im log? (47)

+ 48inG({1}, 2) log(4r) + 1572 log(4r)

—24G({—-1, -1}, y) log(m) + 24G({0, 0}, y) log(w) + 48G ({0, 1}, 2) log(m)

— 24G ({0, —y}, z) log(m) + 24G ({1, 0}, ) log(m) — 96G ({1, 1}, 2) log(m)

+24G({1, —y}, 2) log(m) — 24G({~y, 0}, 2) log(m) + 24G({—y, 1}, 2) log()
+24G({—y, —y}, 2) log(m) — 1210g?(2) log(m) + 12G ({1}, 2) log?(4)

—6G({—y}, 2)log?(4) — 24G({—1, —1}, ) log(4) + 24G({0, 0}, y) log(4)

+ 48G ({0, 1}, 2) log(4) — 24G({0, —y}, ) log(4) + 24G ({1, 0}, z) log(4)

—96G ({1, 1}, 2) log(4) + 24G({1, —y}, ) log(4) — 24G({—y, 0}, z) log(4)
+24G({—y, 1}, z) log(4) + 24G({—y, —y}, 2) log(4)

—8log3(2) + 18i7r3)

10O (6.76)
s — L a(=G{0}, @) + G({0},a) — G({0}, D))
327 87(b+ 1)(a(b — 1) + b)

1
T 24(w(b+ D(a(b— 1) + b))

+6G ({0, g} ,a> —15G({0, b}, a) — 9G({b, 0}, a)

(a (3G ({b},a)

- 6G ({b g} ,a) + 15G({b, b}, a) + 3log(m)G({b},a)

+ log(64)G({b},a) — 3G({0}, a) (3G({0}, b) + 1 + log(4~))
+ 3G ({0}, b)(3G({b}, @) + 1 + log(4m)) + 9G({0, 0}, a)



MSG =

19G({0,0},b) + WQ))

€

(a (42G({0,0},b)G({b}, a)

T 48(m(b+ 1)(a(b — 1) + b))

+ 372G ({b}, a) + 6G({b}, a) + 12G ({0, g} ,a>
— 30G({0,b},a) — 18G({b, 0}, a) — 12G ({b g} ,a)

+ 30G({b, b}, a) — 36G ({0, 0, g} ,a) + 78G({0,0, b}, a)

(o)) s (021

+ 36G ({o, gb} ,a> +54G({0,b,0}, a)

606 ({00, 2} .a) = 114G (0,08}, 0) + 426({b,0,0}. )
ronc ({102} o) - o600

(o ) e ).
RN S R

— 60C ({b b, g} ,a) +114G({b, b, b}, a)

+ 3log?(4)G({b}, a) — G({0}, a) (42G ({0, 0}, b)
+ 18(1 + log(47))G({0},b) + 37° + 6 + 3log”(4)
+ log(m) log (4096773) + 6log(mw) + 6 log(4))

+ G0}, b) (12G ({o, g} ,a> ~ 54G({0, b}, a)

— 42G({b,0},a) — 12G ({b g} ,a) + 54G({b, b}, a)

+ 18(1 + log(4m))G({b}, a) + 42G({0,0}, a) + 37> + 6 + 3log>(4)
+ log () log (409671'3) 4 6log(m) + 6 log(4))

+log(m) log (40967") G({b}, a) + 6 log(m)G({b}, a)

+ 61og(4)G({b},a) + 12log(m)G ({0, g} ,a)

— 30log(m)G({0,b}, a) — 18log(mw)G({b, 0}, a)

— 12log(m)G ({b, g} s a) + 30log(7)G({b, b}, a)

+ 121og(4)G ({O, g} ,a) — 301og(4)G({0,b},a)

— 181og(4)G({b, 0}, a) — 12log(4)G ({b g} ,a)

+30log(4)G({b, b}, a) + 18G({0,0}, a) — 42G({0,0,0}, a)
+18log(m)G({0,0}, a) + 1810g(4)G({0, 0}, a) + 18G({0, 0}, b)
+42G({0,0,0},b) + 181og(m)G({0, 0}, b) + 18 log(4)G ({0, 0}, b)

+12¢(3) + 2n° + 27 log(4m) ) )

1G({bha) — G({0},a) + G({0},b)
€ 8 (1 - 7(“(1*,13)"2)

(a—b)

24n(b+ D(alb— 1) +b)
3 (abz +a+ b2) b2
X (4((1_"_ 1)[)2 <7G({O}vb) (G ({71)2 +1 } ’a>
b2 b2
+2G({b},a)) + G ({0, —m} ,a) -G ({b,—m} ,a)

6.77)



b2 b2
co({wrof) e ({-an )
+3G({0},a)G({0},b) + G({0,b},a) + G({b,0}, a) — 2G({0,0}, a) — 4G({0, 0}, b))

— 9G ({0}, a)G({0},b) + 9G({0},b)G({b}, a) + 6G({b}, a)

+6G ({0, g} ,a> —15G({0, b}, a) — 9G({b, 0}, a)

- 6G ({b g} ,a) + 15G({b, b}, a) + 3log(m)G({b},a)

+ log(64)G({b},a) — 6G({0},a) + 9G({0, 0}, a) — 3log(mw)G ({0}, a)
— 3log(4)G({0},a) + 6G({0},b) + 9G({0,0},d) + 3log(m)G({0},b)
+10g(64)G({0},b) + )

(a —Db)e
48(b+ 1)(alb—1) + by

~ log(r) log (40967r3) G ({0}, a) — 18G({0}, b) log(m)G ({0}, a)

(—36G({0},b)G ({0}, a) — 42G({0,0},b)G({0}, a)

— 12log(m)G({0},a) — 3 log2 (4)G({0},a) — 18G ({0}, b) log(4)G ({0}, a)

— 1210g(4)G({0}, a) — 372G ({0}, a) — 24G ({0}, a) + 37> G ({0}, )

+ 24G({0}, b) + 36G ({0}, b)G({b}, a) + 372G ({b}, a) + 24G({b}, a)

+ 42G({0}, b)G({0, 0}, a) + 36G({0,0}, a) + 42G({b}, a)G({0,0}, b) + 36G({0, 0}, b)

v ation e ({o.2)a) + 216 ({0.) )

— 54G({0},5)G({0,b}, @) — 60G({0, b}, @) — 42G({0}, H)G({b, 0} a)
—366((0,0}, ) — 1260106 ({07} )

- 216 ({0, 7} .a) + S4G((0},DG({b. 8}, 0) + 60G({8,1). a)

~ 426({0,0,0},) + 426({0.0,03.) ~ 36 ({0.0, 7} .0

4 78G({0,0,b}, a) — 12G ({o, g,o} ,a>

ao((p22) ) ewo ({03}

+54G({0,b,0}, a) + 60G ({0, b= %.a

— 114G ({0, b, b}, a)

bo)

} ,a> 78G({b,0, b}, )
b

2

vi20 ({520} o) w210 ({u. 2, 2] )
— 36G ({b gb} ,a) — 54G({b, b, 0}, a) — 60G ({b b, g} ,a)

(ab2 + b2 + a)
(a+1)b2

— 72G({b},a) — 272G ({7 v },a>724G({0,0},a)

+42G({b, 0,0}, a) + 36G ({b 0,

+ 114G ({b, b, b}, a) + (—48G({0,0},b)G({b}, a)

b2 4+ 1

B2
—24G({—-1},a)G({0,0},b) + 30G ({_b2 1 } ,a) G({0,0},b)

b2
—m} 711) +12G({b, 0}, a)

b2 b2
—12 b, ——— 12 -

b2
—12¢ ({12 s b} ,a> —12G({-1,0,0},a) + 6G({—1,0,b}, a)

— 48G({0,0},b) + 12G({0, b}, a) + 12G ({0,

b

+6G ( 1,0, } ,a) +6G({—1,b,0}, a)

oo}

2
b2 +
2

_6G({_1,b,_ b
b2 +1




e ({ - b} ) ~66({0, 1,0}, )

+6G({0, , b2+1} )+36G({0,0,0},a)736G({0,0,0},b)

+24G ({0, } ) — 54G({0,0, b}, a)

b
6G<{0,0, b2+1},a>+ G({O,Q,O},a)

b
—12G (40,5, - } ,a) — 42G({0,b,0}, a)

—12G (40,0, } >+30G({Obb} a)

b2 b
+24G<{0,b, b2+1} )—12(;({0,7@,5},(1)
2 2
+ 24G 0, — ,a | —12G O,—b—,—b— ,a
b2+1 b24+17 b24+1

b2
bz——i-l} 711> —30G({b,0,0},a)

b b2
—12G ({b,O, 5} ,a) + 30G({b,0,b},a) + 12G ({b,O,—m} ,a>
2
712G<{b,é,0},a>+12G b,é,f b , @
2 27 b2 41
b2 b2
b, b - b b, ———— b, ——5——
+30G({b,,0}, a) BOG({ b, b2+1},a>+6c({ ; b2+1,0},a>
b2 b b2
12G ({b,———, = —30G ({b,————,b
" <{’ b2+1’2}7a> <{7 b2+17 }’a>

+6G({b, —1,0},a) — 6G ({b —1,—

+12G [ <b i i +6G b? 0,0
bl b2+11 b2+1 10/ b2+11 9 10/
b2 b b2
—12G (< — 0, = b, 18G [ { ————,0,bp,
b2 b2 b2
—12G({———,0,— , 6G|{——=—,b,0p,
({ v2 41 b2+1} a>+ ({ v2 41 @
b2 b b2
12G [ { ———,b, = —30G ({ ———,b,b
+ ({ b2+17 ,2}7a> ({ b2+17 ' },a>
+12G i b i 12G b? b? 0
PRSI (R i1l eyl [0
b2 b2
+ 12G —m7—m7b ya | +3G({0},a) (6(2 + log(4m))G ({0}, b)

+14G({0,0},b) + 7°) = G({0},b) (12(2 + log(4m)) G({b}, a)

2
—18G({~1,0},a) + 12G({~1,b},a) + 6C ({71, 7b2b7+1} ,a>
—126({0, ~1}, a) + 42G({0, 0}, a) + 24G ({o, g} ,a) —66G({0,b}, a)

+ 126G ({0, o 1} ) +12G({b, —1}, a) — 42G({b, 0}, a)
2

724G({b } >+60G({bb} a)76G({, ;T}a>

b2

o[ ) o)

b2
—12G
b2+ b2+1} “)

1’
+6G ( 02 } > (2 + log(4m)) + 57\'2)




M7 =

— 12G ({0, 0}, a) log(w) — 24G ({0, 0}, b) log(w) + 6G({0, b}, a) log()

coffor
(

241 } ’a> log(m) + 6G({b, 0}, a) log()
- 6G

b2 b2
{b 7b2 +1 } 7a‘> lOg(ﬂ') +6G ({*m,o} ,a) log(w)
2

— 6G ({7#, b} s a> log(m) — 12G ({0, 0}, a) log(4)

0,

— 24G({0,0}, b) log(4) + 6G({0, b}, a)log(4) + 6G <{07 —%} , a) log(4)

T2 41

b2 b?
116G ({7m70} 7a> log(4) — 6G ({*mﬁb} ,a> 10%(4)>

+12¢(3) + G({0}, b) log(r) log (4096#3) + G({b}, a) log(r) log (40967r3)

+ 202 log(4m) + 12G({0}, b) log(rr) + 18G ({0}, b)G({b}, a) log(r)
+12G({b}, a) log(r) + 18G ({0, 0}, a) log(w) + 18G/({0, 0}, b) log()

+12G ({0, g} ,a> log(7) — 30G({0, b}, a) log()

2
+ 6G({b, 0}, a) log(4) — 6G <{b b } ,a> log(4)

— 18G({b, 0}, a) log() — 12G ({b g} ,a) log()

+ 30G({b, b}, a)log(r) + 3G ({0}, b) log? (4) + 3G({b}, a) log?(4) + 12G ({0}, b) log(4)
+ 18G ({0}, b)G({b}, a) log(4) + 12G({b}, a) log(4) + 18G ({0, 0}, a) log(4)

+18G({0, 0}, b) log(4) + 12G ({o, g} ,a> log(4)
— 30G({0,b}, a) log(4) — 18G({b, 0}, a) log(4) — 12G ({b g} ,a> log(4)

+30G ({b, b}, a) log(4) + 471'2)

+0(e?)

_1G({b}.a) — G({0}.a) + G({0},b)

€ 8 (1 - 7(“(1*,133"2)

* s (9o ({o3)0)

— 15G({0,b},a) — 9G({b,0},a) — 6G ({b, g} ,a)
+ 15G({b, b}, a) + 3log(m)G({b}, a) + log(64)G({b},a) — 3G({0}, a)(3G ({0}, b) + 2 + log(4m))
+3G ({0}, b)(3G({b}, a) + 2 + log(4n)) + 9G({0,0}, a) + 9G({0,0},b) + 7r2)

+ 3(2a — b) (G({O}, a)(2G({0},b) —im) + G({0},b) (7G ({g} ,a)

—G({b}, a) + in) + inG({b},a) + G ({o, g} ,a)

+G({0,b},a)+G({g,O},a> —G({g,b},a>

+G({b,0},a) - G ({b, g} , a> —2G({0,0}, a) — 2G({0, 0},b)>>

ST 1)((1(2 S (2(2a —b) (3@({0, 0},b)G ({g} ,a>
e ({g} ,a> — 202G ({b}, a) + 6irG({b}, a)

+ 3irG({0, 0}, a) — 12G({0, 0}, a) — 21G({b}, a)G({0, 0}, b) + 3inG({0, 0}, b)

—12G({0, 0}, b) + 12inG ({0, g} ,a) +6G ({0, g} ,a)

— 15ixG({0, b}, a) 4+ 6G({0, b}, a) + 6irG ({g 0} ,a>

(6.78)



vo ({0} ) ~ora ({20} )
e ({gb} ,a> — 9inG({b,0}, a) + 6G({b, 0}, a)

-sna({u3).) e ({2

+ 21irG({b, b}, a) + 18G({0,0, 0}, a) — 18G({0,0, 0}, b)

+9G ({0,0, g} ,a> —27G({0,0,b}, a) + 6G ({0, g,o} ,a)
“is ({0.2.2}0) +120 ({o.2.0) o)

—24G({0,b,0}, a) 4 9G ({0, b, g} ,a) + 15G({0,b, b}, a)

b

+ 3G ({—,0,0},a> —12G ({3,0,9},a>
2 277 2
b

b

@) +I8G({(.0,},0)
(o))
s ({2}

- 36((0).) ((2+ 2im + 1oam)& ({5} .a) +66((0.01.0)

ro(fo2}.) o na((31)
({383}

—7G({b,0},a) + TG({b, b}, a) + G({b},a)(2 — 3imw + log(4w)) — iw log(4m) + = 2i7r)

+ 3G ({0}, a)((4 — im + log(16) + 2log(w))G ({0}, b) + 6G({0,0},b) + 7 (7 — i(2 + log(47))))
+ 3imG({b}, ) log(4) — 6G({0,0}, a) log(w) — 6G({0, 0}, b) log(r)

+3a ({0, g} ,a> log(m) + 3G({0, b}, a) log(r)
v36 ({L0} ) ot 30 ({46} ) st
+3G({b, 0}, a) log(r) — 3G ({b g} ,a> log()

+ G ({07 g} ,a) log(64) + G({0, b}, a) log(64) + G ({g, 0} ,a) log(64)
+ G({b,0}, a)log(64) — 6G({0,0}, a)log(4) — 6G({0,0}, b) log(4)

_3@ ({ g b} ,a> log(4) — 3G ({b g} ,a) log(4) + ir>
—(a—1b) <742G({0, 0}, b)G({b}, a) — log() log (40967r3) G({b},a)
— 121log(m)G({b},a) — 3log?(4)G({b}, a) — 121og(4)G({b}, a) — 3n2G({b}, a)

— 24G({b},a) — 36G({0,0},a) — 36G({0, 0}, b) — 24G ({0, g} ,a>
+ 60G ({0, b}, a) + 36G({b, 0}, a) + 24G ({b g} ,a) — 60G ({b, b}, a)

b
+42G({0,0,0}, a) — 42G({0,0,0}, b) + 36G ({o,o, : ,a)

— 78G({0,0,b},a) + 12G ({O,g,o},a> 124G ({0 g g} a>
~36G ({o,g,b},a) — 54G({0,b,0}, a) — 60G ({ , g} )
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+ 114G ({0, b, b}, a) — 42G({b, 0,0}, a) — 36G ({b 0, g} ,a> + 78G({b, 0, b}, a)
~i20 ({n.2.0}0) -3t ({5.2,2) )
+36G ({b gb} ,a) +54G({b, b, 0}, a) + 60G ({b b, g} ,a>

— 114G ({b, b, b}, a) + G({0}, a) (18(2 + log(4m)) G ({0}, b) + 42G ({0, 0}, b)
+ log() log (409671'3) + 12log() + 3log?(4) + 12log(4) + 372 + 24)

— G({0},b) (18(2 + log(4m))G({b}, a) + 42G({0, 0}, a) + 12G ({0, g} ,a>
— 54G({0,b}, a) — 42G({b, 0}, a) — 12G ({b g} ,a) + 54G({b, b}, a)

+ log() log (4096#3) + 121log() + 3log?(4) + 12 log(4) + 372 + 24)

—12¢(3) — 272 log(4m) — 18G ({0, 0}, a) log(w) — 18G ({0, 0}, b) log(m)

b
—12G <{O, 5} s a) log(m) + 30G ({0, b}, a) log(m)
+ 18G({b, 0}, a) log(m) + 12G ({b, g} ,a) log(m)
— 30G({b, b}, a)log(m) — 18G({0, 0}, a) log(4) — 18G ({0, 0}, b) log(4)
—12G ({O, g} s a) log(4) + 30G ({0, b}, a) log(4) + 18G({b, 0}, a) log(4)
+12G ({b g} , a) log(4) — 30G({b, b}, a) log(4) — 47r2>>
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+4G ({—b_Ll} ,a) G({0},b) — 2G({0, 0}, a)G({0}, b)
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+ G({0}, a) ((4 + log(16) + 2log(m))G({0},b) + 2G({—1, —1},b) — 2G({—1,0},b)
—2G ({0, —1},b) + 2G ({0, 0}, b) + log(m) log(167m) + 4 log(m) + log(256) + log? (4) + 8)

— 12¢(3) — G({b}, a) log(7) log(167) — w2 log(4m) — 4G({b}, a) log(m)
+2G({—1,0},b) log(m) + 2G({0, =1}, b) log(7) — 2G ({0, 0}, a) log(w) — 2G({0, 0}, b) log(7)

3 0 ) log() + 10G({0,b}, o) og(m)

—2G ( 0, —b_Ll} ,a> log() + 4G({b, 0}, a) log()

v20 ({2 Yo om0 ({20} ) st

+26 ({5250} a) lou(m) + G({-1,0).8)lox(16)
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e ({‘rbl b} , a) log(16) — G({b}, a) log® (4) — 4G({b}, a) log(4)
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