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cellular solids used in engineering applications is between 1 and
10 mm, it is not uncommon to have components with dimensions
of only a few cell sizes. Therefore, both for mechanical testing and
for design, it is important to understand the link between the cel-
lular morphology and size effects, which is the aim of this study. In
order to represent random foams, two-dimensional (2D) Voronoi
tessellations are used, and four representative boundary value
problems - compression, shear, indentation, and bending - are
solved by the finite element (FE) method. Effective elastic and plas-
tic mechanical properties of Voronoi samples are calculated as a
function of the sample size, and deformation mechanisms trigger-
ing the size effects are traced through strain maps. The modeling
results are systematically compared with experimental results
from the literature. As a rule, with decreasing sample size, the
effective macroscopic stiffness and strength of Voronoi samples
decrease under compression and bending, and increase under
shear and indentation. The physical mechanisms responsible for
these trends are identified.
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1. Introduction

The mechanical behavior of a cellular material depends on its relative density (typically raised to a
power between 1 and 3), the properties of the cell wall material, and the cell geometry (i.e., the num-
ber, shape, and thickness of cell walls and faces). Moreover, the individual response of cells to a load-
ing is strongly influenced by their location in the material: deformation of cells located in the bulk,
surrounded by other cells, or located near the edges where kinematic boundary conditions are applied,
are more constrained compared to cells adjacent to stress-free boundaries. If the length, width, and
thickness of a foam sample are all large enough to include many cells, the differences in per-cell re-
sponse to a macroscopic loading are averaged out, leading to size-independent effective properties.
If, however, one of the structural dimensions contains only a few cells, as is the case in many practical
applications, the effective response of the foam is dictated by the individual excitements of the cells,
resulting in a size-dependent mechanical behavior.

Early experiments exploring size effects in foams date back to the 1980’s. Lakes [1,2] showed that
the bending and torsional rigidities increase with decreasing sample size, for an open- and a closed-cell
polymeric foam, respectively. For an open-cell reticulated vitreous carbon foam, on the other hand,
Brezny and Green [3] showed that both the Young’s modulus and the bending strength decrease
dramatically with decreasing sample size. Similarly, Anderson et al. [4] and Anderson and Lakes [5] ob-
served a reduction with decreasing sample size in the bending and torsional rigidities of a closed-cell
polymethacrylimide foam, and of an open-cell copper foam, respectively. Most of the other bending
experiments for foams concern sandwich panels, where a foam core material separates two face sheets
of dense solids (see e.g. Bart-Smith et al. [6,7], Crupi and Montanini [8]). The deformation and the failure
mechanisms of sandwich panels strongly depend on the foam core thickness (see e.g. Styles et al. [9]).

Bastawros et al. [10] conducted compression tests on closed-cell aluminum foams (trade name Alp-
oras; Shinko Wire, Amagasaki, Japan), and Andrews et al. [11] on both closed-cell Alporas and open-
cell aluminum foams (Duocel; ERG, Oakland, CA). Both studies showed that the compressive stiffness
and strength of these foams reduce with decreasing sample size. Jeon and Asahina [12] tested Alporas
samples without structural defects - such as partially coupled cells, missing cells, and collapsed cells,
normally observed in Alporas foams - andn showed that the Young’s modulus decreases with decreas-
ing sample size, although the compressive strength was found to be size-independent. Several other
researchers investigated the deformation mechanisms in a variety of metal foams under compression
(e.g. Bastawros et al. [10], Bart-Smith et al. [13], Dannemann and Lankford [14], Hakamada et al. [15],
Park and Nutt [16], Wang et al. [17]); they all reported that deformation localizes in narrow bands.

An increase in shear stiffness and strength with decreasing sample size is observed for aluminum
foams (e.g. Andrews et al. [11], for both Alporas and Duocel; Chen and Fleck [18], only for Alporas).
Rakow and Waas [19] analyzed size effects and deformation mechanisms under shear for an alumi-
num foam produced by the melt route. They showed that the average shear strain is much larger
for the cells located in the bulk than it is for the cells bonded to the rigid platens - through which
the shear load is applied. Kesler and Gibson [20] conducted three-point bending experiments on
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sandwich panels with Alporas foam cores of different sizes, where the panels are designed to fail by
core shear. They showed that the shear strength is a function of the specimen size.

Among many indentation experiments on foams (e.g. Stupak and Donovan [21], Prakash et al. [22],
Kumar et al. [23], Ramachandra et al. [24], Ramamurty and Kumaran [25], Kadar et al. [26], Mohan
etal. [27], Lu et al. [28]), only a few consider the effect of the indenter size on the mechanical response
(e.g. Andrews et al. [11], Olurin et al. [29]). Both of the latter two studies concluded that the peak
indentation stress for the closed-cell Alporas foams increases with decreasing indenter size. Experi-
ments performed on different low relative density (p ~ 0.1-0.15) metal foams reported that the defor-
mation localizes in the cells immediately beneath the indenter, while the cells in the other regions
remain in pristine condition (e.g. Andrews et al. [11], Ramachandra et al [24], Ramamurty and Kum-
aran [25], Kadar et al. [26], Olurin et al. [29]).

Stress/strain concentrations due to notches and holes in foams have also been experimentally
investigated. Antoniou et al. [30], for example, found that for uniaxial compression of Alporas foams,
the net section strength increases with increasing net section width for double-edge-notched speci-
mens, while it remains constant for single-edge-notched specimens. Mora and Waas [31] performed
compression experiments on polycarbonate honeycombs made of circular cells, containing a circular
cylindrical hole in the middle. They showed that the intensity of the strain concentration in the vicin-
ity of the hole depends on the hole radius, relative to the cell size. Guo and Gibson [32] calculated the
decrease in the Young’s modulus and the compressive elastic buckling and plastic collapse stresses of
a honeycomb with central voids of increasing size using finite element analysis.

(a) Uniaxial compression

T2

T

(¢) Indentation (d) Bending

Fig. 1. Schematic representation of the boundary value problems analyzed in this paper: (a) Uniaxial compression. (b) Shear. (c)
Indentation. (d) Bending. The cellular topology of real foams is mimicked by using 2D Voronoi tessellations.
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The aim of this paper is to offer a wide appraisal of the origin of the size effects in the mechanical
behavior of foams. For this purpose, the four most representative structural engineering problems,
namely, compression, shear, indentation, and bending are addressed, where the cellular topology of
real foams is mimicked by using 2D Voronoi tessellations (see Fig. 1). Section 2 introduces the numer-
ical methods used in the paper. Section 3 presents the results: for each boundary value problem, elas-
tic and plastic effective mechanical properties are given as a function of the sample size, as well as
presenting strain maps that show the deformation mechanisms. The results of the Voronoi model
are also compared with experimental results on metal foams.! Section 4 discusses the results, and at-
tempts to build a link between the cellular morphology and the size effects, while the capability of the 2D
Voronoi model to capture the mechanisms leading to size effects in real foams is critically addressed. Fi-
nally, Section 5 underlines the most important conclusions of this study.

2. Numerical methods
2.1. Voronoi tessellations

In order to mimic the mechanical behavior of cellular solids, 2D Voronoi tessellations (see e.g.
Fig. 1) are used. The Voronoi tessellation technique is akin to the foaming process, where bubbles
nucleate at random sites and expand in the liquid material: if all cells nucleate at the same time, grow
with the same linear growth rate in all directions while all nuclei remain fixed at the initial location,
and the growth ceases for each cell as soon as it touches a neighboring cell, the final space-filling pack-
ing of cells is identical to a Voronoi tessellation (see e.g. Zhu et al. [33] and references therein). Of
course a foaming process is much more complicated than the idealized model described here; yet,
the experimentally measured topological parameters (such as the average number of struts per cell
face and the average number of faces per cell) of many foams are in close agreement with the corre-
sponding values for Voronoi tessellations (see e.g. Gibson and Ashby [34], Andrews and Gibson [35]).
Based on the assumptions above, the final shape and size of the cells are uniquely determined by the
initial distribution of the nuclei. For a regular hexagonal packing with n nucleation points (i.e. n cells)
in an area A, the distance between any two adjacent nuclei, r, is equal to

2A
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If these n nucleation points are randomly placed in the area A, while the distance between any two
nuclei is kept larger than a minimum allowable distance, s, the so-formed diagram is called a §-Voro-
noi tessellation, with a randomness level of 6 = s/r (see e.g. Zhu et al. [36] and references therein). The
measure of randomness ranges from § =1 to J = 0, respectively, corresponding to the regular case of
perfect hexagons, and to the fully random case that is often referred to as the I"-Voronoi tessellation.
Here, 6-Voronoi microstructures with a randomness level of 5 = 0.7 are used.

Due to the fact that 2D Voronoi microstructures, similar to real 3D metal foams, have isotropic
overall mechanical properties, and deform primarily by cell wall bending, they are often used as a
model material. However, unlike real metal foams, Voronoi microstructures still have a relatively
elongated yield surface in the o =g, direction, owing to their high hydrostatic to compressive
strength ratio. Numerical studies have shown that displacing the triple junctions where cell walls
meet decreases the hydrostatic strength of Voronoi microstructures (as observed for perfect hexagonal
microstructures in Chen et al. [37]), leading to the more circular yield surface of real metal foams (for
the yield surfaces of metal foams, see e.g. Gioux et al. [38], Deshpande and Fleck [39], Doyoyo and
Wierzbicki [40]). Therefore, the junction nodes of the Voronoi diagrams are displaced in a random
direction 0, over a random distance b chosen from a uniform distribution [0,al,,], where I, is the min-
imum cell wall length among those connected to that junction, and « is a constant taken to be 0.2. For

1 Although the experimental results are for metal foams, the tendencies are shared by a large family of foams made of different
materials.
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more details on the Voronoi microstructures used in this study, the reader is referred to Tekoglu [41]
and references therein.

2.2. Finite element calculations

The finite element calculations are performed by using the commercial software ABAQUS. Cell
walls are modeled as elasto-plastic, quadratic Timoshenko beam elements (B22 element of the ABA-
QUS element library) with a Young’s modulus of E = 70 GPa, a Poisson ratio of v = 0.33, and an initial
yield stress of gg =130 MPa. It is assumed that all the cell walls in a microstructure have the same
thickness t. For 2D microstructures, the relative density p reduces to the area fraction of the solid cell
wall material, which is directly proportional to the cell wall thickness t and given as

(5
p =l @)

where A is the area of the microstructure, [; is the length of cell wall i, and k is the total number of cell
walls in A. The relative density of all microstructures is chosen to be p = 0.1, which is large enough to
avoid premature elastic buckling of cell walls. Stocky cell walls with a thickness to length ratio t/I; lar-
ger than 1/2, which cannot be modeled as beam elements, are removed from the microstructures.
After the removal process, the cell wall thickness is rearranged to have p =0.1; there still remains
some stocky cell walls in the structure, with t/l; > 1/3, they make up only a couple of percent of the
cell walls. The length of the Timoshenko beam elements are taken to be equal to t, in which case
the number of elements used to model a cell wall becomes I;/t. For relatively long cell walls, [/t can
reach 30-40, which excessively increases the computational time. Therefore, the maximum number
of beam elements used to model a cell wall is limited to 15, which is shown to give a converged solu-
tion for different loading conditions. In order to avoid numerical problems commonly encountered in
perfect plasticity, linear isotropic strain hardening with a slope da/de = 735 MPa is employed, which
was found to have no effect on the effective mechanical properties of the samples normalized by
the corresponding bulk values (see Section 3.1).

2.3. Strain mapping

In order to be able to evaluate the deformation and strain localization mechanisms for the Voronoi
diagrams, a strain mapping procedure is developed. Each cell (thick black lines in Fig. 2) is divided into
triangles (thin red lines in Fig. 2) by using the Delaunay triangulation technique. Note that cells are
triangulated individually, using only the vertices of a single cell for the triangulation; that is, the Voro-
noi diagram and the Delaunay triangulation shown in Fig. 2 are not dual graphs of each other. The dis-
placements of cell vertices, which correspond to the vertices of the triangles as well, are obtained by
the finite element calculations. The strains (&; = 1/2(u;; + u;;), 1, j = 1, 2) and rotation about the x3 axis

Fig. 2. Delaunay triangulation of the Voronoi diagrams. Cells (thick black lines) are triangulated individually, using only the
vertices of a single cell for the triangulation; the Voronoi diagram and the Delaunay triangulation (thin red lines) are not dual
graphs of each other. Stocky cell walls with a thickness to length ratio t/l; larger than 1/2 are removed, and the junction nodes
are displaced in a random direction 0, over a random distance b chosen from a uniform distribution [0,0.2l,], where I, is the
minimum cell wall length among those connected to that junction.
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Fig. 3. Experimental results for the open- and closed-cell aluminum foams: (a) normalized unloading Young’s modulus, E/Epyx
and (b) normalized plastic collapse strength (peak stress), Gpeak/Obuik. Plotted against specimen edge length, L, normalized by
the cell size, d. The results for the defect-free Alporas foams are taken from Jeon and Asahina [12], and for other foams from
Andrews et al. [11].

(w12 =1/2(uz1-uq)) in each triangle are calculated from the nodal displacements using standard
finite element techniques. A similar strain mapping procedure is used by Tekoglu and Onck [42].

3. Results
3.1. Uniaxial compression

A large experimental literature is available on uniaxial compression of metal foams, while only few
studies focus on the effect of the sample size under compression; Fig. 3 shows the results of two such
studies, Andrews et al. [11] and Jeon and Asahina [12]. In Andrews et al. [11], open-cell aluminum
foam (Duocel) cylinders with a height-to-diameter ratio of H/L = 2 and a nominal density of p ~ 7%,
and closed-cell aluminum foam (Alporas) square prisms with a height-to-width ratio of H/L =2 and
a nominal density of p ~ 8% are tested. The specimen geometry is kept constant wile changing the
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L/d ratio,? where d is the average cell size and measured as d ~ 3 mm and d ~ 4.5 mm for the Duocel and
the Alporas foams, respectively. In Jeon and Asahina [12], cubic samples of Alporas foam with different
edge lengths, L, are tested, for which the average cell size is measured as d ~ 4.36 mm. The data corre-
sponding to Jeon and Asahina [12] represents samples without structural defects-such as partially cou-
pled cells, missing cells, and collapsed cells-which are normally observed in closed-cell aluminum foams.
In order to obtain a specimen group without structural defects (which will be referred to as “defect-free”
in the following) Jeon and Asahina [12] first selected the specimens that fall in a narrow range of relative
density, p ~ 8.15-8.70%, which already excludes specimens containing cells with significant defects.
Then, they refined their selection by observing the surface of each specimen with the naked eye as well
as with a digital microscopic system. Based on the investigation of each cell on the surface, they esti-
mated cell structures and structural defects inside the specimens, a method they report to be effective
especially in the small specimen size regime, i.e. L/d < 6. For specimens with a larger volume, surface
observations do obviously not allow an accurate prediction of the inner cell structure. Yet, as also shown
in Fig. 3, Jeon and Asahina [12] found that the compressive properties are size-independent for speci-
mens with L/d > 6, indicating that the volume fraction of structural defects in these specimens is nearly
the same as that of the bulk foam. In both studies, the Young’s modulus, E, is taken to be the slope of the
unloading curve, and the plastic collapse stress is taken as the initial peak stress opeak. Bulk material
properties, Epyx and opyk, are obtained by testing specimens with the largest size (at least L/d > 5 in each
case). Each data point in Fig. 3 corresponds to the average value of 3-5 specimens for the Duocel foams,
5-9 specimens for the Alporas foams in Andrews et al. [11], and 7 specimens for the defect-free Alporas
foams in Jeon and Asahina [12].

Fig. 3a shows the normalized Young’s modulus, E/E,y, as a function of the normalized sample size,
L/d. The general trend is the same in all three sets of specimens in the sense that the Young’s modulus
decreases with decreasing L/d, in the regime where L/d <6 for the Alporas and defect-free Alporas
foams, and L/d < 8 for the Duocel foams. The Duocel foams have a more pronounced reduction in stiff-
ness compared to the two Alporas sets. The decrease in the Young’s modulus of the Alporas foams of
Andrews et al. [11] is much more severe compared to that observed in the defect-free Alporas foams of
Jeon and Asahina [12]: for a sample size of L/d < 2, E/Epuik given in Andrews et al. [11] is approximately
two times less than the corresponding value given in Jeon and Asahina [12]. This large difference be-
tween the two Alporas sets cannot be fully attributed to the differences in geometry, density and fab-
rication methods of the test specimens, nor to the differences in experimental setups; obviously, it
partly originates due to the difference in the density of structural defects for the two sets.

Fig. 3b shows the normalized peak stress, Gpeak/Tbulk as a function of the normalized sample size, L/
d. For the foams of Andrews et al. [11], Gpeak/ Obuik follows the same trend as E/Ey,x and decreases with
decreasing L/d, in the regime of L/d <6 for the Alporas foams, and L/d < 8 for the Duocel foams. The
defect-free Alporas foams of Jeon and Asahina [12], however, show a size-independent behavior for
Opeak/Obulk iN the regime L/d > 1.834. It is worth mentioning that, in terms of size effects, the results
of the compression experiments performed on Alporas foams in Bastawros et al. [10]-not shown here-
closely agree with those of Jeon and Asahina [12] for E/Ep, and with those of Andrews et al. [11] for
Gpeak/abulk-

Fig. 1a shows the dimensions of a Voronoi sample together with the boundary conditions for uni-
axial compression. The samples are compressed in the vertical direction (x, axis) while the left and
right boundaries are traction free. The set of boundary conditions that can be applied at the top and
bottom boundaries is not unique, and it can considerably influence the mechanical response of the
samples, see e.g. Chen et al. [37], Alkhader and Vural [43]. Here we apply a vertical displacement £,
to all top nodes J according to u]2 = szzxfz, with xfz being the vertical coordinate of the top nodes J. Fur-
thermore, we specify the horizontal force and the rotation of the top nodes to be zero. The same
boundary conditions are applied to the bottom nodes J; since x"2 is zero for the bottom nodes,
ur’2 = 0 as well. These boundary conditions allow global deformation of the microstructure, avoiding
localized deformation near the boundaries. The macroscopic compressive stress is calculated by

2 In FE calculations, the cell size d is defined as the diameter of a circle whose area is the same as the average area of the Voronoi
cells.
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Fig. 4. Stress-strain curves (under compression) for a selection of L/d values. Each curve represents the average stress for 10
different Voronoi realizations.

dividing the sum of the reaction forces at the top nodes by the surface area under compression, Lb,
where b is the out-of-plane thickness.

The effect of the sample size on the overall compressive response is investigated using Voronoi
microstructures with a constant aspect ratio, H/L = 2, but with different lengths under compression,
L, similar to the samples used in Andrews et al. [11]. Fig. 4 shows typical stress—strain curves for
2D Voronoi samples for a selection of L/d values. Each curve corresponds to the average response of
10 different Voronoi realizations, plotted together with the standard deviation: the Young’s modulus
(i.e. the slope of stress—strain curves in the beginning of the elastic regime) and the plastic collapse
strength (i.e. the peak stress) increase with increasing sample size, whereas the standard deviation de-
creases for larger samples. Figs. 5a and b show E/Ey ik and 6 peak/Tpuik, as a function of L/d, respec-
tively.> The results closely agree with the experiments of Andrews et al. [11] in terms of the
decreasing stiffness E and plastic collapse strength ope,c With decreasing L/d, the difference being that
the reduction rate is somewhat slower for the Voronoi samples. Also, convergence to the bulk values
is postponed to slightly larger lengths for the Voronoi model compared to the experimental results for
both open- and closed-cell foams. Note that there is an important difference between the dependence
of the bulk properties on the relative density in 2D honeycombs and 3D real foams: Young's modulus
Epuik varies with relative density cubed for 2D samples, but squared for foams; similarly, strength opyux
varies with relative density squared for 2D samples, but to the power 1.5 for foams. This difference con-
tributes to the discrepancy between the results for the 2D Voronoi samples and for real foams. As men-
tioned earlier in the introduction section, to avoid numerical problems encountered in perfect plasticity,
a linear isotropic strain hardening with a slope of do/de =735 MPa is employed to model the cell wall
material of the Voronoi samples. Fig. 5b shows the effect of cell wall strain hardening by plotting an addi-
tional set of data with a different hardening slope, do/de = 335 MPa (circular symbols), for three different
lengths, L/d = 3,14, and 30; it is clear that strain hardening has almost no effect on the normalized mac-
roscopic properties.

Keeping the H/L ratio constant does not allow independent analysis of the size effects associated
with the height H and the length L of the samples. Therefore, we also tested Voronoi microstructures
with a fixed L/d = 54, for an increasing H/d, and with a fixed H/d = 24, for an increasing L/d. Figs. 6a and

3 Epuik and opy correspond to the values obtained for the largest Voronoi samples tested in this study, with L/d = 54 and H/
d =24, as discussed later in this section.



C. Tekoglu et al./Progress in Materials Science 56 (2011) 109-138 117

a 1.2 T T T T T T T
1+ a X ] 1]
3 b @
08 7
=
K2 06 i
R
04 + Closed-cell foam (Alporas) —a— |
? Open-cell foam (Duocel) H—@—
02 FE Model H—H&— 7
0 1 1 1 1 1 1 1
0 4 8 12 16 20 24 28 32
L/d
b 1.2 T T T T T T T
1r = [] 8
" } il m
m s
08 | % % .
A
| ]
ol 2 0.6
blb Closed-cell foam (Alporas) H#—
04 - Open-cell foam (Duocel) —@—
E model with 42 = 735 M Pa +8—
02 + FE model with 92 =335 MPa +—o— -
0 1 1 1 1 1 1 1

0 4 8 12 16 20 24 28 32
L/d

Fig. 5. Comparison of the (2D Voronoi) FE model with experiments (Andrews et al. [11]): (a) normalized Young’s modulus, E/
Epuie and (b) normalized plastic collapse strength, ¢ peak/Gbuik, Plotted against normalized specimen edge length, L/d.

b show 6 peak/Obuik (square symbols) together with E/Eyy (circular symbols), for samples with a con-
stant L and a constant H, respectively. Note that the horizontal axis values corresponding to the data
points for E/Epy are slightly shifted to the right by adding 1.5, to easily distinguish the two sets of
data. Both opeax and E increase with decreasing H/d, the effect being slightly more pronounced for E
(see Fig. 6a. In Chen and Fleck [18], it is also shown that the yield strength of perturbed hexagons in-
creases with decreasing H/d; in contrast, they did not observe any effect of H/d on the yield strength of
perfect hexagons). With decreasing L/d, on the other hand, both o peax and E decrease, where the reduc-
tion in the Young’s modulus E is greater than that in the peak stress opeax (see Fig. 6b). In both cases of
changing height and changing length, the standard deviation is larger for E than it is for opeax. Most
importantly, the effect of the decreasing length is much larger compared to the effect of the decreasing
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Fig. 6. Normalized effective yield strength (Gpeak/Gbui, Square symbols) and stiffness (E/Epyi, circular symbols) of Voronoi
microstructures (a) with L/d = 54, for increasing H/d, and (b) with H/d = 24, for increasing L/d. H/d and L/d for E/E, are shifted
to the right by 1.5 units, to distinguish the two sets of data points.

height, meaning that the tendencies observed in Fig. 5 are primarily related to the change in L/d (i.e.,
area under compression). Considering the results presented in Figs. 5 and 6, it is clear that to obtain
the bulk compressive mechanical properties of a Voronoi microstructure, a block of dimensions H/
d > 16 and L/d > 32 is necessary.

Figs. 7a, ¢, e, and g show the distribution of —&55, €11, €12max and —w12 (=—(u21 — U12)/2), respec-
tively, throughout a sample with dimensions of H = 2L = 36d, at a macroscopic compressive strain va-
lue corresponding to point “b” in Fig. 4; Figs. 7b, d, f, and h show corresponding values at the point “d”
on the stress-strain curve of Fig. 4. Note that “b” corresponds to a relatively early stage of strain local-
ization in narrow bands, and “d” to the final point in strain history. Here, i, is a component of the
classical macroscopic rotation tensor, and it measures the in-plane macroscopic rotation of the Voro-
noi cells. &12max is the shear strain plotted with respect to a reference frame obtained by rotating the
original reference frame (which is used for €11, &35 and w1,, and whose axes coincide with the principal
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Fig. 7. (a), (c), (e) and (g) show the distribution of —&32, €11, £12max (With respect to a 45° counter-clockwise rotated reference
frame) and —wq,, respectively, throughout a sample with dimensions of H=2L=36d, at a macroscopic strain value
corresponding to point “b” in Fig. 4. Figures (b), (d), (f) and (h) show —é&5, €11, €12max and —;, for a larger strain (point “d” in
Fig. 4).

strain directions) 45° about the x5 axis in the counter-clockwise direction, and it is expected to give the
maximum in-plane shear strain. We see that localized deformation bands with a width of about ~1.5
cell diameters - which were already initiated in the elastic regime — become clearly visible at the mac-
roscopic strain value for point “b”. These deformation bands are aligned ~F45° with respect to the x,
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Fig. 7 (continued)

axis, that is in the direction of the maximum shear strain. With further deformation, the bands enlarge
both in thickness and length as can be seen from the strain maps plotted for point “d”.

Fig. 8 shows: (a) —é&»; and &q; and (b) €12max and —w12, respectively, as a function of the x; axis po-
sition, normalized by the average cell size, d, through the line A-A (see the inset of Fig. 7a). For each
variable, 4 curves with different thicknesses are plotted, each curve corresponding to a different mac-
roscopic strain level, denoted as “a, b, ¢, and d” in Fig. 4. In each figure, the curve for the smallest mac-
roscopic compressive strain level (“a”) has the smallest, and that for the largest strain level (“d”) has
the largest thickness. For the strain level “a”, all four deformation measures are nearly zero trough the
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Fig. 8. The variation of (a) —¢&,, and &;1, and (b) &;2mex (With respect to a 45° counter-clockwise rotated reference frame) and
—12, as a function of the x; axis position through the line A-A (see the inset of Fig. 7a). For each variable, four curves with
different thicknesses are plotted, each curve corresponding to a different macroscopic strain level, denoted as “a, b, c and d” in
Fig. 4. The curve for the smallest strain value (point “a”) has the smallest, and for the largest strain value (point “d”) has the
largest thickness.

entire line, whereas for level “b”, deformation starts to localize in the cells located at the positions
corresponding to the peaks of the curve. At strain levels “c and d”, the locations of the peak values
do not change: once the deformation localizes in a region, further macroscopic compressive strain in-
creases the intensity of the localization in that region, while the neighboring cells are forced to accom-
modate this localized deformation. We observe mainly two distinct cell deformation mechanisms,
designated, respectively, as X and Y in Fig. 8. The mechanism X, for which all of the four deformation
measures produce a peak, represents both distortion and rotation of cells; these cells are part of the
localized deformation bands. The mechanism Y, on the other hand, involves mainly rigid body rotation
of the cells, with minimal distortion and shear measures; these cells are adjacent to the localization
bands.
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Fig. 9. Stress-strain curves (under shear) for a selection of H/d values. Each curve represents the average stress for 10 different
Voronoi realizations.

3.2. Shear

In this section, we study the shear boundary value problem as shown in Fig. 1b. In order to analyze
the (deformation) mechanisms that give rise to size effects, the height H of the samples is gradually
increased. As in the experimental study of Andrews et al. [11], the aspect ratio of the samples is kept
constant at L/H = 12, and the boundary conditions correspond to sticking grips (see Fig. 1b). At the
nodes of the bottom boundary, all three degrees of freedom of the beam elements are fixed:
”11 = u’2 = ¢/ = 0. At the top boundary, the degrees of freedom of all the nodes are kinematically cou-
pled to those of a reference node R, which is displaced through u? = I'H, while specifying F5 = ¢® = 0.
In doing so, the top nodes are constrained to remain on a straight horizontal line, while this horizontal
line is allowed to displace in the vertical direction to accommodate the shear deformation.

Fig. 9 shows typical stress-strain curves for Voronoi samples with different heights, where each
curve represents the average of 10 different realizations. In real foams, the strain hardening regime
that starts after the elastic deformation is followed by a drop in the measured stress due to distributed
microcracking in cell-walls and/or -faces (see e.g. Andrews et al. [11], Chen and Fleck [18]). For the
Voronoi samples, however, the microcracking effect is not accounted for; therefore, the overall stress
continuously increases. We see that the stiffness and strength of the samples decrease with increasing
height, and the stress-strain curves converge to that of the bulk material for H/d > 8. In addition, the
standard deviation of the average stress value diminishes with increasing height, being almost zero for
H/d=12.

Figs. 10a and b show the effect of the specimen height on the shear stiffness, G, and the shear
strength, 7o, of the Voronoi samples, respectively. The shear stiffness G is obtained from the slope
of the stress—strain curves in the elastic regime, and the shear strength 7 is defined as the stress value
corresponding to an offset strain of 0.2%. We see that both the stiffness and the strength of the Voronoi
samples, as well as their standard deviation, increase with decreasing sample height: a size effect
opposite to that observed under uniaxial compression. The size effect, being more pronounced for G
compared to 7o, vanishes for samples with H/d > 8. In Fig. 10b, the normalized shear strength (to/
Tpuik) Of closed-cell aluminum (Alporas) foams obtained by Andrews et al. [11] is also shown, in com-
parison with the FE results. Similar experimental results have also been obtained by Chen and Fleck
[18]. The two individual experimental data points for H/d ~ 1.3 correspond to a density of 189 kg/
m> and 210 kg/m>, for the lower and the higher shear strength, respectively. Each of the other
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Fig. 10. (a) Shear modulus and (b) shear strength, normalized by the bulk value, plotted against H/d. The experimental results of
Andrews et al. [11] for closed-cell aluminum (Alporas) foams are also shown in (b).

experimental data points (for H/d > 2) represents the average value for three different specimens, with
densities around 200 kg/m?>. The shear strength of the Alporas foams also increases with decreasing
height, but the Voronoi model predicts a larger strengthening in the small H/d regime. The bulk value
of the shear strength is reached at H/d ~ 2.7 and at H/d ~ 8, for the Alporas foams and for the Voronoi
samples, respectively.*

Fig. 11 shows the distribution of —¢&;; and w1, for a sample with a height of H/d = 12, at two differ-
ent overall strain levels, I = 0.0004, corresponding approximately to the onset of strain localization,

4 For the Alporas foams, the fluctuation in the 7o/ Ty value for H/d > 2.7 is attributed to the slight differences in the density of
the specimens, see Andrews et al. [11].
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Fig. 11. Shear strain —é&;3, (a) and (c), and rotation w15, (b) and (d), maps for a Voronoi microstructure with L/H =H/d =12, at a
relatively low (a and b) and relatively large (c and d) overall strain values, I" = 0.0004, corresponding approximately to the onset
of strain localization, and I" = 0.02 (see Fig. 9), respectively.

and I = 0.02 (see Fig. 9). For both macroscopic strain levels, the shear strain —&;, as well as the mac-
roscopic rotation wj,, is minimum near the top and bottom boundaries, where the rotation of the cell-
walls is fully restricted. These low rotational boundary layers extend over ~1-2 cells from each side.
Moving towards the middle of the sample, both —¢&;, and wq, gradually increase, reaching a peak
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Fig. 12. Convergence study in terms of the indentation peak stress ope,c Of the Voronoi samples with: (a) H/d = 24, for
increasing L/d; (b) L/d = 54, square symbols, and L/d = 96, circular symbols, for increasing H/d. The indenter size is W/d = 4 for (a)
H/d =24 and (b) L/d = 54 (square symbols), and W/d = 12 for (b) L/d = 96 (circular symbols).

around x; = H/2, where the strain localizes in a shear band. Careful observations show that shear and
rotation are correlated within the shear bands, whereas they are anti-correlated in the neighboring
regions, just outside the shear bands (compare Figs. 11c and d). The FE calculations performed on per-
fect (see Chen and Fleck [18], Onck et al. [44]) and perturbed hexagons (see Chen and Fleck [18], Die-
bels and Steeb [45]) closely agree with the results presented here.

3.3. Indentation

The schematic in Fig. 1c shows the dimensions of the indenter and Voronoi samples. Rectangular
Voronoi samples of length L and thickness H are vertically indented with a flat-end punch (FEP) of
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Fig. 13. Indentation peak stress, opeak, Normalized by the uniaxial compression strength, ouux, as a function of the indenter
width, W/d, for (a) H = 0.5L = 4W (empty square symbols) and experimental results for closed-cell Alporas foams (Andrews et al.
[11], filled square symbols), and (b) H = 0.5L = 4W and H = 0.44L = 24d (empty square and circular symbols, respectively). Note
that the data points for H = 0.44L = 24d are shifted to the right by adding a value of 0.5 to their W/d values.

width W. The indenter is located at an equal distance from the two free-edges (i.e., left and right
boundaries) of the samples. The boundary conditions for the nodes under the indenter and at the
bottom boundary are the same as for the uniaxial compression test (see Section 3.1); all other edges
are stress free. All three dimensions, L/d, H/d, and W/d, affect the response of the samples. The first
two, L/d and H/d, are responsible for edge-effects, and W/d for size effects inherent to the cellular
morphology. Experiments show that if L/d is not large enough (i.e., the distance between the inden-
ter and a free-edge is less than ~1 or 2 W/d) cells surrounding the indenter turn to be more com-
pliant compared to the cells located in the bulk, which considerably reduces the resistance to the
penetration of the indenter (e.g. Mohan et al. [27], Olurin et al. [29]). If, on the other hand, H/d is
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Fig. 14. The equivalent strain (&) distribution for four different samples with (a) 1.5H=0.125L=W=12d, (b)
0.75H=0.125L=W=12d, (c) 0.25H=0.125L=W=12d, and (d) 0.25H =0.125L = W = 4d. Each strain map corresponds to a
state encountered immediately after the maximum force under the indenter is reached.

not large enough (i.e., the distance between the indenter and the bottom boundary is less than ~2
W/d), the bottom boundary will interact with the indenter, which will affect the indentation
strength. In order to elucidate the edge-effects on the indentation response of Voronoi samples, a
convergence test is performed. Fig. 12 shows the average peak stress opear (normalized with opyi)
of 10 different Voronoi samples as a function of: (a) L/d, for a fixed sample thickness of H/d = 24, (b)
H/d, for a fixed sample length of L/d = 54, square symbols, and L/d = 96, circular symbols. The inden-
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ter size is W/d =4 for samples with H/d =24 and L/d = 54, and W/d = 12 for samples with L/d = 96.
Similar to the results obtained for the compression test, opeax increases with increasing L/d (compare
Figs. 6b and 12a), and a converged value is reached for L > 16d. opeax increases with increasing H/d
as well,> but the effect is less pronounced for H/d compared to L/d. Convergence is obtained for
approximately H > 16d. Note that, in compression, opeak follows an opposite trend, and decreases with
increasing H/d (compare Figs. 6a and 12b), as it is also the case for indentation experiments (e.g. Ku-
mar et al. [23]); the origin of this difference is further explored in Section 4. The convergence study
shows that for an indenter size W=4d the results are independent of sample dimensions when
L > 16d and H > 16d. This suggests that edge-effects do not influence the results when both L and
H are larger than four times the indenter size W. As an additional check, we repeated the convergence
test for samples with L = 2H, while increasing the ratio L/W for a fixed indenter size W = 4d; the same
conclusion was reached.

Fig. 13a shows the comparison of opeax normalized by oy — uniaxial compressive strength - as
a function of W/d for Voronoi samples with H = 0.5L = 4W (the sample size is arranged according to
the indenter size to avoid edge-effects, empty square symbols), and for experimental results for
closed-cell Alporas foams (Andrews et al. [11], filled square symbols, which closely agree with
the experiments performed by Olurin et al. [29]). For both the Alporas and the Voronoi samples,
Opeak-Which is initially (i.e., for W/d ~ 1, 2) ~2 or 3 times opux-decreases with increasing indenter
size, but for the Alporas foams the size effect is larger in the small W/d regime, and oe,x decreases
faster with increasing W/d. For both the experimental and modeling results the scatter increases
with decreasing sample size, leading to a reduction in statistical significance for the modeling data.
The indentation peak stress converges to ~1.50 for the Alporas foams, and to ~1.65 oy for
the Voronoi samples. Onck et al. [44] and Onck [46] performed indentation calculations on perfect
and perturbed hexagons, respectively, using the same boundary conditions as given here. In both
studies, the dimensions of the samples are kept constant as H ~ 0.44L ~ 24d, while increasing the
indenter size. We repeated these calculations for Voronoi microstructures, using the same sample
dimensions. Fig. 13b compares the results for H=0.5L =4W and H = 0.44L = 24d (empty square and
circular symbols, respectively). The data points for H = 0.44L = 24d are shifted to the right by add-
ing a value of 0.5 to their W/d values. It is clear that for W/d < 12 the specimen geometry has a
marginal effect on the results. For W/d>12, ope continues to decrease for samples with
H=0.44L=24d, whereas, as stated earlier, it converges to =~1.65 opy for samples with
H=0.5L=4W. For H = 0.44L = 24d, with increasing indenter size, the distance between the indenter
and the free-edges of the sample decreases. After W/d > 12, the edge-effects start to play an
important role, and cause a decrease in opea, as also pointed out by the convergence study (see
Fig. 12).

Fig. 14 plots the equivalent strain (&, = \/2/3¢;¢&;,1,j = 1, 2) distribution for four different samples
with (a) 1.5H=0.125L =W =12d, (b) 0.75H=0.125L =W =12d, (c) 0.25H = 0.125L= W= 12d, and (d)
0.25H=0.125L = W =4d, i.e. for (a), (b), and (c) the sample length is kept the same, L =96d, while
the sample thickness is increased, and for (c) and (d) the ratio of the indenter size to the sample
dimensions is kept the same while the indenter size is decreased, W/d = 12 and 4, respectively. The
strain distribution corresponds to a state after the peak load was reached. In each case, there are
two main localized deformation bands which extend from the two edges of the indenter towards
the bulk of the material, and the deformation is mainly confined to the zone just beneath the indenter.
Similar to compression, the localization bands are aligned in the direction of the maximum shear
strain, i.e. F45° with respect to the indentation direction for all cases. As can be seen from
Figs. 14a-c, at the peak load the deformation has spread to a depth approximately equal to the inden-
ter width. For H/d = 8 (Fig. 14a) this results in an interaction with the substrate leading to an earlier
onset of localization and an associated lower indentation strength (see Fig. 12b). Comparing the strain
maps in (c) and (d) shows that the main difference for the two indenter sizes is the absolute size of the
localized deformation area right under the indenter, being smaller for (d) W/d = 4.

> In Fig. 12b, Gpeax is larger for W/d = 4 than it is for W/d = 12 due to the indenter size effect, which will be explored further in
this section.
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3.4. Bending

The aim in this section is to understand the deformation mechanisms and associated size effects in
the bending of a foam. A bending state for 2D Voronoi samples can be achieved by fixing one end of the
samples (with height H and length L) while applying a macroscopic rotation at the other end (see
Fig. 1d). In the case of elastic deformation, the macroscopic rotation can be applied through a linearly
varying displacement field over the sample height, 1) (x; =L)=—cLx,. The beam with length L is
aligned in the x; direction, and x, is measured from the midsection of the sample, with ¢ being the
curvature of the beam (see also Tekoglu [41], Tekoglu and Onck [42]). According to these boundary
conditions, u’1 (x;=L)=0 at x, =0, i.e., at the neutral axis. Such a restriction in the u; displacement
of the beam is a valid assumption in the case of small elastic deformations, where the additional nor-
mal forces associated with this restriction are negligible compared to the bending moment. In the case
of plasticity, however, the contribution from these normal forces - which is proportional to the mac-
roscopic rotation of the beam - considerably affects the sample response. Therefore, in this study, the
macroscopic rotation is applied through the rotation of a reference node on a rigid bar that is attached
to the end of the samples (see Fig. 1); the macroscopic rotation 0 and the reaction moment M of the
samples are exactly equal to those of the reference node, which are directly given by the FE calcula-
tions at each strain increment. In this arrangement, the samples are allowed to freely move in the x;
and x, directions during bending. The aspect ratio of the samples are kept constant at L/H = 10, while
gradually increasing the height H. A large aspect ratio avoids possible edge-effects.

Fig. 15 shows the average bending moment - per unit out of plane thickness - M of 10 different
Voronoi realizations as a function of the applied macroscopic rotation 0, for different H/d values.
We see that the value of the standard deviation is negligible compared to the value of the average
bending moment. For each H/d, M initially (i.e., in the small 0 regime) increases linearly with increas-
ing 0. This is followed by a nonlinear transition regime after which M continues to increase almost lin-
early, but with a lower rate than in the initial regime. The nonlinear transition regime corresponds to
the formation of a localized plastic hinge, after which the bending moment continues to increase. This
point will be discussed later in this section. For the same 0, the value of M as well as its rate of increase
is larger for a larger H/d. The bending moment in pure bending is equal to M = Elc, where E is the
Young’s modulus, I is the second moment of area, and c is the curvature of the beam, respectively.
For a rectangular cross-section with an out-of-plane thickness b, the second moment of area is given
as I = (bH?)/12. Even if the samples were modeled as dense solids instead of Voronoi microstructures,

6 T T T T
increasing %(: 2,4,6,8,10)

MIN]

Fig. 15. Bending moment - per unit out-of-plane thickness - M as a function of the applied macroscopic rotation 0 for a
selection of H/d values. Each curve represents the average of 10 different Voronoi realizations.
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Fig. 16. (a) The normalized macroscopic stiffness B/Ba.ss, and (b) the yield strength obtained from bending test
Oy _bending (: 5"7‘2’";‘)_ normalized by the uniaxial compression strength, gy, plotted as a function of H/d.

the samples with a larger H would naturally have a larger bending stiffness, EI, and a larger M for the
same value of 0. Therefore, in Fig. 15, size effects inherent to the cellular topology of the Voronoi sam-
ples are masked by the effect of the cross-section size on bending mechanical properties, which should
somehow be excluded from the results. This has been done in Figs. 16a and b, for the elastic and plastic
behaviors, respectively. Fig. 16a shows the normalized effective macroscopic bending stiffness B/Bcjass
as a function of H/d, with B = MiL/0; and Bejass (=EpuibH>/12) the classical bending stiffness of a dense
sample with the same geometry, dimensions (b,H) and Young’s modulus (Epy) as the Voronoi sam-
ples under consideration. Note that M; is the value of the bending moment corresponding to a very
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Fig. 17. The equivalent strain &, distribution for a sample with H/d = 10, at an applied rotation of (a) = 3, (b) 6 = %, and (c)

_
=z

small macroscopic rotation 0;, for which the deformation of the sample is fully elastic. The bending
stiffness, similar to the compressive stiffness, decreases with decreasing H/d, with the reduction being
more pronounced in the case of bending (compare Figs. 16a and 5b). In the small H/d regime B/
Beass < 1, and with increasing H/d it tends to converge to 1, although the convergence rate is rather
slow. Fig. 16b plots the yield strength obtained from the bending test, ayfbe,,dmg(=6M,,n,/bH2), normal-
ized by the bulk compressive strength,® ouu, as a function of H/d. In the expression Oy_bending = 6Moni/
bH?, Moy is the bending moment which corresponds to the onset of nonlinearity, and for the Voronoi
diagrams it is defined to be the bending moment M corresponding to an offset rotation of 0 = 0.002. In

5 Note that Epyx and opui are the bulk stiffness and strength values obtained for the Voronoi samples in Section 3.1, see Fig. 6.
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Fig. 18. (a) &11, (b) &22, and (¢) &12max distribution for the same Voronoi sample shown in Fig. 17, for 6 = Z. &13max is the shear
strain plotted with respect to a 45° counter-clockwise rotated reference frame.

case of an elastic—perfectly plastic material, in the elastic deformation regime the normal stress is
linearly distributed through the beam thickness, being zero at the neutral axis. With increasing macro-
scopic rotation, the stress increases and reaches the yield stress value, oy, initially only at the two sur-
faces of the beam parallel to the neutral axis; the corresponding bending moment is M. Since there is
no stain hardening, once the value gy, is reached, the stress remains constant with further macroscopic
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rotation, while the regions of constant stress at the outer fibers of the beam penetrate towards the neu-
tral axis. Finally, plasticity pervades the entire section and a plastic hinge is formed (see e.g. Fig. 17). As
discussed earlier in Sections 2.2 and 3.1, here we employed linear strain hardening for the cell wall mate-
rial to avoid numerical problems; therefore, the bending moment never reaches a saturated value, but
continuously increases with further macroscopic rotation (see Fig. 15). Similar to B/Biass, Oy_bending/ Obulk
increases with increasing H/d, but in this case a converged value is obtained relatively fast, for H/d > 8.
Note that ¢, _pending cONverges to ~0.7 Gpyik, NOt t0 Gpyik itself. This is due to the fact that 6y_penging bending
represents the yield stress value at the onset of the transition from elastic to plastic bending, i.e. at the
elastic limit. As can be observed from Fig. 4, this occurs at approximately 0.7 times the peak stress value.

Fig. 17 shows the equivalent strain distribution for a sample with H/d = 10, at an applied rotation of
(a) 6 =%, (b) 0 =% and (c) 0 = §. The deformation starts to localize in cells closest to the top and bot-
tom boundaries - i.e., furthest from the neutral axis - in the nonlinear transition zone, see Fig. 17a.
Initially, there are several deformation regions with a thickness of ~2 cells, with more or less equal
strain concentration. With further macroscopic rotation of the sample, some of the bands become
more active than others and extend towards the neutral axis, while their thicknesses increase (see
Fig. 17b). A plastic hinge gradually forms at a location along the beam where the most active zones
are present (see Fig. 17b), and it starts to act as a pivot for the rotation of the beam (see Fig. 17c). After
the plastic hinge formation, the deformation localizes even more in the already active bands, while in
the remainder of the beam the strain level does not increase much (compare Figs. 17b and c).

Fig. 18 shows: (a) €11, (b) €22, and (c) &12max distribution for the same Voronoi sample analyzed in
Fig. 17, and for 6 = Z. Note that, as in compression, &zmax is the shear strain plotted with respect to a
45° counter-clockwise rotated reference frame. A comparison of the strain maps in Fig. 18 with the cor-
responding strain maps under compression, Fig. 7, reveals that the strain localization under bending
occurs through a similar mechanism as under compression: localized bands initiate at weak cells,
and propagate in the maximum shear direction through distortion and rotation of the neighboring cells.

4. Discussion

Bart-Smith et al. [13] performed compression tests with X-ray computed tomography on Alporas
foams, and concluded that cells exhibiting severe deformation within localization bands have either
of the two following morphologies: (1) ellipsoidal cells with T-shaped cell-wall intersection; (2)
non-planar cell-walls with appreciable curvature (see also Dannemann and Lankford [14], Hakamada
etal. [15], Park and Nutt [16], Wang et al. [17], McCullough et al. [47]). The second morphology has not
been included in the 2D Voronoi microstructures studied in this paper.” Fig. 19a shows a highly de-
formed cell from a Voronoi sample under compression (line A-A in Fig. 7a intersects this cell, which
is on the first localization band from the bottom boundary). Although the cell is not elliptical, it is not
equiaxed either, and it has a T-shaped cell-wall intersection (the junction point enclosed by a square)
similar to the first morphology described in Bart-Smith et al. [13]. Because they are constrained by
the surrounding cells, such “weak” cells cannot deform in an isolated manner; instead, they activate a
band of highly deforming cells that propagates in the energetically most preferable direction, i.e. the
direction of maximum shear strain for the case of Voronoi microstructures (see Fig. 7e). Cells located
in deformation bands deform mainly by distortion combined with rotation, and cells adjacent to these
bands undergo a pure rigid body rotation to accommodate their highly deforming neighboring cells
(mechanisms X and Y in Fig. 8, respectively). Rigid body rotation zones can be clearly seen by comparing
Figs. 7e and 7g (also Figs. 7f and h); they correspond to the regions where —w1, is maximum (green cir-
cular regions in Fig. 7g), and &12max is much lower in between the localized deformation bands (Fig. 7e).
Bastawros et al. [10] pointed towards three major deformation mechanisms at the cell-level, which trig-
ger band formation in closed-cell aluminum (Alporas) foams under uniaxial compression: (1) only
distortion; (2) distortion plus rotation; and (3) distortion plus in-plane shear. In the 2D Voronoi model,
only the second one, denoted as X in Fig. 8, is observed. Moreover, in the Alporas foams, the deformation

7 The reader is referred to Chen et al. [37], Tekoglu [41], Grenestedt [48], Simone and Gibson [49] for modeling studies on the
effects of cell wall wiggles and curvature.
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Fig. 19. (a) Deformation of a “weak” cell. (b) The configuration demonstrating the important parameters in yielding of a “weak”
(elliptical) cell (see also Fig. 7 in Bart-Smith et al. [13]).

band normals are usually within ~20° of the loading direction, only rarely reaching ~40°, whereas it is
usually ~45° for Voronoi samples.

The Voronoi model and experiments on metal foams Andrews et al. [11], Jeon and Asahina [12]
agree in the fact that decreasing sample size leads to decreasing stiffness (see Fig. 5a), although the
effect of the sample size is lower for the experiments of Jeon and Asahina [12] on the defect-free Alp-
oras foams (see Fig. 3a). In case of elastic deformation, size effects can be explained by weak boundary
layers located near the stress-free boundaries (left and right boundaries for the sample shown in
Fig. 7), with a thickness of ~1 or 2 cell sizes. The cells located at or near these boundaries are more
compliant compared to those located in the bulk, which are surrounded (and therefore, restricted)
by other cells. The thickness of the weak boundary layers does not depend on the sample size, mean-
ing that their area fraction increases with decreasing sample size, which results in a decrease in the
effective stiffness of the specimens (see also Tekoglu [41], Tekoglu and Onck [42], Onck et al. [44], Tek-
oglu and Onck [50]). In case of plasticity, comparing the results of Andrews et al. [11] and Jeon and
Asahina [12] on Alporas foams — with and without structural defects, respectively - it can be con-
cluded that the weak boundary layers do not play an important role, and the size effects are primarily
introduced by structural defects. In Bastawros et al. [10], it is shown that the localized deformation
bands initiate at the onset of the nonlinear response, at a stage prior to the onset of the plateau stress
(corresponding to the peak stress in this study). With further deformation, new collapse bands form in
neighboring regions to the previously formed bands, during which the overall stress in the sample re-
mains more or less constant at the plateau level. This suggests that the macroscopic yielding of a sam-
ple is initiated by the formation of the first band; the sooner the deformation localizes in a band in a
sample, the lower the yield strength of that sample. The schematic in Fig. 19b (see also Fig. 7 in Bart-
Smith et al. [13]) shows the four important parameters which closely relate to the deformation of a
cell: cell-wall thickness over cell-width (h/L), the angle «, the force F acting on the T-shaped cell-wall
intersection, and the boundary condition acting on the node at the right side of the cell. If this node is
clamped, the cell yields under a smaller force F for a smaller « (i.e., a more elliptical cell) and a smaller
h/L (i.e., a smaller density). For the other extreme case, i.e. if this node is free to displace horizontally, o
has a negligible effect on the deformation of the cell (for a detailed limit load analysis, see [13]). Note
that for 3D cellular solids as well as 2D Voronoi samples, this boundary condition is not well defined;
it can be thought of as a constraint imposed by the surrounding cells. Structural defects increase the
density of weak cells by decreasing the angle o. If the sample size is small, the cells with defects are
weaker: even if a weak cell is located in the middle of a sample, there are only a few cells between the
weak cell and the stress-free boundaries (meaning the right-end node in Fig. 19b is less constrained)
and consequently, the weak cell deforms more easily. Removing structural defects decreases the weak
cell density, therefore prevents early localization band formation, and avoids size effects. Even though
no structural defects are introduced into the 2D Voronoi model, cells such as the one shown in Fig. 19a
act as defects, which leads to size effects. The enhanced sensitivity of the weak Voronoi cells to the
presence of free-edges might be attributed to the absence of 3D constraints in the 2D standing of cells.
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It is, however, possible to obtain a size-independent plastic response for 2D perfect hexagonal honey-
combs (see Onck et al. [44]), where there are no cells that yield earlier under the same loading
condition.

Fig. 11, showing the strain distribution in a Voronoi sample, clearly points out the origin of the size
effects under shear. Both in the Voronoi model and in experiments, the rotational degrees of freedom
of the cell-walls connected to the top and bottom boundaries (i.e., bonded to the rigid loading platens)
are fully constrained. Consequently, low rotational zones - which could be thought of as strong
boundary layers - extending over ~1 or 2 cells form near these boundaries. Although the thickness
of the strong boundary layers differs slightly from one sample to another due to the stochastic nature
of cell size/shape distribution, it remains almost the same independent of the sample size. Therefore,
the area fraction of these strong boundary layers is larger for smaller samples, leading to an increase in
both stiffness and strength. With increasing sample thickness, on the contrary, the contribution from
the strong boundaries decreases, eventually vanishing for H/d > ~2 in closed-cell Alporas foams, and
for H/d > ~8 in the Voronoi samples. The increase in shear strength with decreasing sample height is
also shown by Onck et al. [44] for regular hexagons, by Chen and Fleck [18], and Diebels and Steeb [45]
for perturbed hexagons, respectively. The strengthening is least pronounced for perfect hexagons and
most pronounced for Voronoi microstructures.

For Voronoi samples under compression, localized deformation bands initiate at weak cells randomly
distributed around the sample. For indentation, however, the indenter edges trigger early plastic shear
strain localization. The strain concentrations at the two edges of the indenter set the starting points be-
tween which the localization bands must develop. Further straining proceeds by crushing of these dis-
crete bands located just below the indenter (see Fig. 14). With decreasing indenter size, i.e. the two
indenter edges approaching each other, the volume of material to be deformed decreases as well, reduc-
ing the number of weak cells that can trigger localization band formation (compare Figs. 14c and d).
Moreover, for a smaller plastically deforming zone under the indenter, there are fewer surrounding cells
to elastically accommodate its deformation, i.e. the plastically deforming zone is more constrained.
These combined effects cause the indentation peak stress to increase with decreasing indenter size.
The increasing scatter with decreasing indenter size in Fig. 13 can be explained by the difficulty of finding
a unique deformation path for smaller material volumes under the indenter.

Bending of a 2D Voronoi microstructure corresponds to the compression and tension of the two
sides of the sample separated by the neutral axis. The only additional effect in bending is that there
is a gradient in compressive and tensile strains, and therefore weak boundary layers at the top and
bottom free-edges are subjected to larger strains than the bulk of the sample. This seems to have
no effect on the cell deformation mechanisms: strain maps for the compression and bending, Figs. 7
and 18, respectively, show that localization bands initiate and propagate through the same mecha-
nisms in both cases. However, due to the strain gradients, the contribution of the weak boundary lay-
ers to the sample response is larger in bending than in compression, and this leads to a larger
reduction in the effective mechanical properties.

The results for all four boundary value problems show that the size-dependent mechanical behav-
ior of 3D real foams is successfully represented by the 2D Voronoi diagrams, although some of the
underlying deformation mechanisms could not be observed for the 2D samples. A major difference be-
tween the 2D honeycombs and 3D foams is the dependence of the bulk properties on the relative den-
sity: Young’s modulus Eyy varies with relative density power 3 for 2D samples, but power 2 for
foams, and strength oy, varies with relative density power 2 for 2D samples, but power 1.5 for foams.
In the current study we eliminate most of this effect by normalizing the results with respect to the
bulk properties. Another important difference between the Voronoi model and the 3D foams is the
plastic Poisson ratio, which could be defined as v’ = —g;1/&,,. Low density Alporas foams (p < 0.1) have
a plastic Poisson ratio around zero (see e.g. Bastawros et al. [10] and Deshpande and Fleck [39]), but
for the 2D Voronoi microstructures we find v? > 0.5, as can be deduced by comparing the strain maps
for £11 and &5, (see Fig. 7). The macroscopic Poisson ratio v* for a Voronoi diagram is calculated using
the following expression
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where A; is the area of a triangle used in the strain mapping procedure (see Fig. 2), v/ = —(&1/€2,); the
value of the Poisson ratio in that triangle, and n the total number of triangles for that Voronoi diagram.
Applying the definition in (3) in the linear elastic range yields an elastic Poisson ratio of slightly less
than 1, see also Gibson and Ashby [34] and Tekoglu and Onck [42], and the Poisson ratio decreases
with applied strain to approximately 0.5 in the plastic regime. One should also note that the ratio
of the stress-free boundary layers (for compression and bending) or constrained layers (for shear
and indention) to the entire cross-section under loading is not the same in 2D and 3D. For example,
for a 2D uniaxial compression sample with an edge length L and a stress-free boundary layer of thick-
ness a at each side, this ratio is 2a/L, whereas for a 3D sample with a square cross-section the ratio is
4a(L — a)/L*. In addition, the microstructural defects inherent to Alporas foams (e.g. partially coupled
cells, missing cells, and collapsed cells) are not accounted for in the Voronoi model. These microstruc-
tural differences and the fact that real foams are subjected to additional 3D constraint effects partly
explain the differences between the model and the experiments.

5. Summary and conclusions

Mechanical properties of cellular solids show a strong size-dependence in length scales when the
cell size is of the order of the specimen size. In order to elucidate the origin of these size effects, four
key structural engineering problems (compression, shear, indentation, and bending) are solved on 2D
Voronoi model materials, mimicking the cellular morphology of random foams. It is shown that the
effective mechanical properties of the Voronoi samples gradually change with increasing sample size,
until the point where the structural dimensions of the samples are large enough to include many cells.
These size effects can be traced back to typical deformation modes associated with cellular morphol-
ogy, i.e. the formation of localized deformation bands in regions containing “weak” cells. Fig. 20 shows
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Fig. 20. The deformation patterns and size effects observed for the 2D Voronoi samples under loading conditions analyzed in
this paper.
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typical deformation patterns under each loading condition analyzed in this study, while schematically
presenting the observed size effects:

e Under compression, the stiffness and strength of the Voronoi samples decrease with decreasing
sample size. The reduction in the stiffness is associated with the increased area fraction of weak
boundary layers located at the stress-free edges, in which the cells are more compliant compared
to the cells in the bulk. In case of plastic deformation, the weak cells with a T-shaped cell-wall
intersection (see Fig. 19a) trigger the formation of localized deformation bands. In case of small
samples, weak cells close to the stress-free edges experience a lower constraint of the surrounding
cells, accelerating localization. Therefore, the smaller the sample size the easier the band formation,
and the lower the plastic strength.

For shear, low rotational zones of ~1 or 2 cell sizes form at the boundaries where the samples are
bonded to rigid loading platens, and act as strong boundary layers with a larger resistance to defor-
mation. The area fraction of these strong boundary layers increases with decreasing sample size,
leading to an increase in both the stiffness and strength of the samples.

In indentation, the deformation is mainly confined to a zone under the indenter, in which localiza-
tion bands that connect the two edges of the indenter form. For a small indenter size, the volume of
loaded material under the indenter is small, decreasing the number of weak cells that can activate
band formation and enhancing the elastic constraint. This causes an increase in the indentation
strength with decreasing sample size.

The strain localization in bending occurs through similar mechanisms as under compression. The
difference is that in bending the tensile and compressive strains increase when moving away from
the neutral axis, as a result of which the weak boundary layers located at the stress-free edges have
an enhanced contribution to the mechanical response compared to the cells located in the bulk.
This causes the reduction in effective mechanical properties to be larger in bending than in
compression.
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