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CONTRACTING PROXIMAL METHODS FOR SMOOTH CONVEX
OPTIMIZATION*

NIKITA DOIKOV! AND YURII NESTEROV?

Abstract. In this paper, we propose new accelerated methods for smooth convex optimization,
called contracting proximal methods. At every step of these methods, we need to minimize a con-
tracted version of the objective function augmented by a regularization term in the form of Bregman
divergence. We provide global convergence analysis for a general scheme admitting inexactness in
solving the auxiliary subproblem. In the case of using for this purpose high-order tensor methods,
we demonstrate an acceleration effect for both convex and uniformly convex composite objective
functions. Thus, our construction explains acceleration for methods of any order starting from one.
The augmentation of the number of calls of oracle due to computing the contracted proximal steps
is limited by the logarithmic factor in the worst-case complexity bound.
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1. Introduction. One of the classical iterative methods in theoretical optimiza-
tion is the proximal point algorithm [24]. This method, as applied to minimizing a
convex function f : dom f — R, consists of solving at each iteration the following
subproblem:

1
(1.1) Tp41 = argmin {ak_Hf(x) + §ka - xHQ} , k>0,

where || - || is the standard Euclidean norm, and {aj}r>1 is a sequence of positive
coefficients. In general, we can hope only to use an inexact solution of the subprob-
lem (1.1) (see [10, 27, 26] for the convergence analysis). An important observation
is that the regularized objective in (1.1) is strongly convez. Therefore, we can hope
that computing an (inexact) proximal step is usually simpler than solving the initial
problem.

For a function f € .# Ll’l (convex differentiable functions with Lipschitz continuous
gradients), we can set all values of the coefficients ay equal to a positive constant.
This gives a global sublinear rate of convergence of the iterations (1.1) in functional
residual of the order O(1/k). This rate is the same rate as that of the gradient
method [21].

For the same class of functions, we can get a faster rate of convergence of the order
O(1/k?) using the accelerated gradient method [18]. This is the best possible rate
achievable for the first-order black-box optimization on % i’l [17]. An accelerated
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variant of the proximal point algorithm with the optimal rate of convergence was
proposed in [11] (see also [25, 13, 14, 12] for extensions and some applications).

In this paper, we present a new family of proximal-type algorithms for smooth
convex optimization called contracting proximal methods, which includes an accel-
erated algorithm from [11] as a particular case and provides a systematic way for
constructing faster proximal accelerated methods for high-order optimization. Thus,
for the class of convex functions, whose pth derivative is Lipschitz continuous (p > 1),
our new methods achieve the O(1/kPT!)-rate of convergence for the outer proximal
iterations, while the inner subproblems can be efficiently solved up to desired accu-
racy by the high-order tensor methods [22]. Note that this rate can also be achieved
by a direct acceleration scheme, utilizing the notion of estimating sequences [2, 22].
It can be improved up to the level O(1/ k%) by using a special line-search on each
iteration [16, 7]. The latter rate was shown to be the optimal one [1].

The main difference between contracting proximal methods and the classical ap-
proach (1.1) consists in employing the contracted objective function (which provides
the methods with their name) and the Bregman divergence (notation 84(x;y)) instead
of the usual Euclidean norm. The exact form of our method is very simple:

Va1 = argmin{Ak+1f(%J:"“m’“) + Ba(vg; ;r)}
(1.2) e . k>0.

Ak 4+1Vk+1+ARTE
Akt1

Th+1 =

- . . . def
Thus, we use a sequence of auxiliary points {vy }x>0 and the scaling coefficients Ay =

k
Zizl ;.
Let us illustrate the basic idea behind this construction by the simplest Fuclidean
setting, when Bq(x;y) = %Hl’ —y||?. We are going to ensure at each iteration k > 0
the following condition:

1 1
(1.3) §H$0 —z|® + Apf(z) > 5””1@ — x|’ + A flzp), x € dom f.

A direct consequence of (1.3) is the global convergence bound

o — 27

(1.4 flon) - <

We can propagate inequality (1.3) to the next iteration by a trivial observation:

1 1

5”% — 2|’ + Apy1 f(z) = §||900 — |’ + Apf(x) + ars1 f(2)
(1.3) 1 5

2 5”% —z|* + A f(zr) + aps1 f(2)

U1+ ATy

1
> = —z)?+ A
2 2||Ulc z||* + Ic+1f< Aot

) = Dy (),

where the last inequality is due to convexity of the objective. Note that the first step
of contracting proximal method (1.2) is defined exactly as follows:

(1.5) Vg1 = argr%in hit1(x).
TE€
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Hence, by strong convexity of hiy1(+), we finally justify that

1 1
hi1(x) > higr (V1) + §\|U1c+1 —z|? > Appr f(@ps1) + §Hvk+1 -z

Thus, for the Euclidean setting, iteration (1.2) immediately results in the conver-
gence guarantee (1.4). However, we are still free in the choice of coefficients {a }r>1-
The only reason for bounding their growth consists in keeping the complexity of the
optimization problem (1.5) at an acceptable level.! For f € .7 é’l, the recommended
choice of ap41 corresponds to the quadratic equation [18]:

1
(16) ai+1 = Z(ak+1 + Ak)

It is easy to see that this choice results in the optimal O(1/k?)-rate of convergence
for the method. On the other hand, it makes the condition number of the problem
(1.5) equal to an absolute constant. Let us assume for simplicity that f is two times
continuously differentiable. Then, in view of the presence of the regularization term,
V2hyy1(z) = I. On the other hand,

i 1.6
Vihiia () =1+ Tt V2f Ok 1T + Akwk) (_<)

21.
Apq1 Ay

Hence, we are able to solve the problem (1.5) very efficiently by a usual gradient
method (see the details in section 4).

It is remarkable that exactly the same reasoning justifies the accelerated versions
of all high-order tensor methods (p > 2). The only difference consists in the degree of
the proximal term, which must be compatible with the order of optimization scheme
used for solving the problem (1.5).

Our first-order contracting proximal method for a Euclidean setting (described
above) produces the same sequence of points as the accelerated proximal point algo-
rithm from [11]. However, now we can also employ the Bregman divergence, which
sometimes is more suitable to the topology of our function and ensures faster conver-
gence.

The rest of the paper is organized as follows. Section 2 introduces notation used
throughout the paper and describes our problem of interest in the composite form.
We also give a definition of Bregman divergence and mention some of its properties.

In section 3, we introduce a general contracting proximal method (formulated
as section 3). We present its convergence analysis for a problem in composite form
and arbitrary Bregman divergence. We study both convex and strongly convex cases
under inexactness in proximal steps. Theorem 3.2 specifies how the parameters of the
algorithm and inner accuracy affect the convergence rate.

In section 4, we discuss implementation of one iteration of our method, under
the assumption that the pth derivative (p > 1) of the smooth part of the objective is
Lipschitz continuous. We present a fully defined optimization scheme (section 4), with
incorporated steps of the tensor method of a certain degree. The resulting algorithm
achieves the accelerated rate of convergence, with an additional logarithmic factor for
the number of total oracle calls. The final complexity estimate for this scheme is given
by Theorems 4.6 and 4.7.

Section 5 contains numerical experiments. Section 6 has some final remarks.

LHence, these bounds should take into account the efficiency of the auxiliary minimization scheme
used for solving the problem (1.5).

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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2. Notation. In what follows, we denote by E a finite-dimensional real vector
space and by E* its dual space, which is a space of linear functions on E. The value
of function s € E* at point « € E is denoted by (s, x).

Let us fix some arbitrary (possibly non-Euclidean) norm || - || on space E and
define the dual norm || - ||« on E* in the standard way:

def
[Isll« = sup{(s, k) : [[n]| <1}
heE

For a smooth function f, its gradient at point z is denoted by V f(x), and its
Hessian is V2 f(x). Note that

Vf(z) e E*, V2f(z)h € E*, z €dom f, heE.

Higher derivatives are denoted as DP f(x)[-], which are p-linear symmetric forms on
E, and the norm is induced:

def .
ID7 @) sup {DPF@)ha- )¢ bl < Li= 1.0},
Riyeshp€E
For convex but not necessary differentiable function ¢, we denote by dv(z) C E*
its subdifferential at point x € dom .
Our goal is to solve the following composite minimization problem:

(2.1) min {P(@) = f(2) + ¥(2) },

zedom F

where f is several times differentiable on its open domain convex function, with some
reasonable assumptions on the growth of its derivatives (for example, that its pth
derivative is Lipschitz continuous for some p > 1), and ¢ : E — RU{+o0} is a proper
closed convex function, which we assume to be simple, but possibly nondifferentiable,
with dom ¢ C dom f. We also assume that solution z* € dom F of problem (2.1) does
exist, denoting F™* = F(x*).

Let us fix arbitrary differentiable strictly convex function d : dom — R, which
we call the proz function. Then, we denote by S4(x;y) the corresponding Bregman
divergence, centered at x:

Ba(;y) < dy) — d(x) — (Vd(z),y — ).

We say that function d is uniformly convex of degree p + 1 (with respect to the
norm || - ||) with constant op41(d) > 0 if it holds for all z,y € domd:

op+1(d)
p+1

The main example, which naturally appears in tensor methods (see [22]) and
which we use in section 4, is the following prox function.

[P+

(2.2) Ba(x;y) > |z —yl

Ezxample 2.1.
1
d(z) =
(@) p+1

for some p > 1. For a Euclidean norm (when ||z|| = (Bz,z)'/? for a fixed postive-
definite linear operator B = B* > 0) this prox function is uniformly convezx of degree
p + 1 with constant 2177 (see [5, Lemma 5]), so it holds that

lz = ol P

1-p

2
(2.3) Balwy) > lz = ylP*, 2,y €E.

p+1

For more examples of available prox functions see [3, 15].

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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The definition of Bregman divergence can be extended onto nondifferentiable
function 1 by specifying a particular subgradient ¢'(z) € 9y (z):

def

By (z, 9" (x);y) = ¥(y) —d(x) — (@' (z),y — x).

However, we will use simpler notation 8y (z;y) if no ambiguity arises.
We say that function ¢ is strongly convex with respect to d (see [28, 3, 15]) with
constant o4(¢p) > 0 if it holds for all z,y € dom ¢ and for all ¢’(x) € 9y (x) that

(2.4) By (@, (2);1y) = 0a(¥)Ba(z;y).

Inequality (2.4) always holds with o4(¢) = 0 just by convexity. An interesting il-
lustration of this concept is given by a regularized Taylor polynomial of degree 3 for
convex function (see [22]).

FEzample 2.2. Let f : dom f — R be convex, with Lipschitz continuous third
derivative:
ID*f(y) = D°f(a)|l < Lslly — zl|, =,y € dom f.

Denote by Q3(f,x;y) its Taylor approximation of degree 3 around some fixed point
x,

def 1 1
(fiz5y) = f(2) + (VI@),y — o) + 5D @)y —a* + D f(2)ly — 2],
and consider its regularization of degree 4, with some 7 > 1:

T2L3
8

9(y) = Qs(f,a3) + ——lly — || *.
Then, for a Euclidean norm, the function g(-) is strongly convex with respect to the
following prox function (see [22, Lemma 4]):

1 1)Ls

d(h) = 5 (1 - %) D2 ()2 + T = Vs

hlt.
5 3 Al

Let us summarize some basic properties of Bregman divergence, which follow
directly from its definition. For any pair fi, fo of convex functions and all z,y €
dom (f1 + f2) we have

(25) /Bal.f1+azf2(x;y) = alﬁfl (w7y) + a2ﬁf2('r;y)7 ar,az > 0.

For any linear function ¢(z) = a + (g, ) we have

(2.6) Be(w;y) = 0.
Therefore, from (2.5) and (2.6) we conclude that
(2.7) By(@;y) = Bal;y),

when f(y) = Ba(z;y) for some fixed z. Now, consider the following simple but general
construction, which we use in a core of our analysis. Let h be a regularized composite
objective:

hy) = 9(y) + ad(y) +vBa(zy), a7 =0,

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where g and v are arbitrary closed convex functions, and v is strongly convex with
respect to d with some constant o4(1)) > 0. Then we have, for every z,y € dom h and
every h/(z) € Oh(z)

hy) = h(z) = (W (x),y —x) = Bulw;y)

(2.8) (oL By(x;y) + aBy(x;y) +vBa(ws y)

> (aoa(y) + 7)Ba(z;y).

In particular, for the exact minimum 7" = argmin h(y), we have
yek

(2.9) h(y) = h(T) + (aoa(¥) +7)Ba(T;y).-

3. Contracting proximal method. In our general scheme, we are going to
maintain the following inequality, for every x € dom and k£ > 0:

(3.1) YoBa(xo; ) + ApF (x) > YiBa(vr; x) + ApF(xk) + Cr(z),

where {z, } >0 and {vg }r>0 are sequences of points from dom ¢, { A }x>0 is a sequence
of increasing numbers,

def
apr1 = App1 — Ar > 0, Ao =0,
and {7 }x>0 is a sequences of nondecreasing proximal coefficients,

Vi+1 = Vks Yo > 0.

We would prefer to have functions C () as big as possible. Thus, if it happens to be
Cr(x*) > 0 for all k£ > 1, then from (3.1) we have a convergence guarantee,

YoBa(wo, z*)

. _ * <
F(%k) F =~ Ak y

k>1,
and the rate of convergence is determined by the growth of coefficients Ay toward
infinity. However, generally Ci(x) may have arbitrary sign.

Let us discus a simple possibility for propagating relation (3.1) to the next itera-
tion.
(3.2)
YoBa(wo; ) + A1 F()

= YBd(zo;x) + A F(2) + ap41 F(2)

(3.1)
> YiBa(vr;w) + ApF(zr) + app1 F(x) + Cr(x)

a1 + Ay,

> Yfalvr; ) + Ak+1f< ) + ap119(2) + Ap(2r) + Cr(2),

Aptr

where the last inequality is due to the convexity of f. Let us consider a contracted
objective with a regularizer from the last step:

a1 + Ay,

(3.3) hiegr (z) Ak+1f< ) + ap+19(x) + Y Ba(vi; ©).

A1

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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This function is strongly convex with respect to d(-) with parameter

def
(3.4) oa(hit1) > Yee1 = arg10a(¥) + Ve
If we are able to compute the exact minimum

(3.5) T = argmin hy11(z),
€l

then by (2.9) we see that

hi1 (@) + Agtp ()
> hi1(T) + Yeg1B84(Ts ) + Aptp(xy)

a1 T + Agzx
= A f(PEETEBE) o aap(T) Bl T) 4 i BaT0) + A(an)
ap1T + Apzy

> A F

) +V6Ba(vi; T) + Vit18a(T; ).

And it is natural to set vgy+1 =T and

def Ak4+1Vk+1 + ApTp
(3~6) Th+1 = T
+

Thus we would obtain guarantee (3.1) for the next step, with

k
Cri1(z) = Cr(@) + 1Ba(vk; vis1) = Y %iBa(vis vig1) > 0.

i=1
Now, instead of computing the exact minimum (3.5), let us relax vi41 € dom
to be a point with a small norm of subgradient:

(3.7) IIs||« < 0rt+1 for some s € Ohpi1(Viy1).

Note that condition (3.7) can be easily verified algorithmically since in composite
setting we are able to compute points with a small subgradient of hy41 (see [22]).
Thus, we come to the following general scheme.

Algorithm 1: Contracting Proximal Method

Require: Choose xg € dom ), 7o > 0, set vy := xg, Ap := 0.
Ensure: k£ > 0.
1: Choose agy1 > 0. Set Agy1 := Ag + apy1-
2: Denote contracted objective with regularizer:
b1 (z) == Ak+1f(%t?m€) + ap19(z) + e Balvi; ).

3: Choose accuracy dx4+1 > 0.

4: Find vg41 € dom 4 such that 3s € Ohgq1(vit1) @ ||s|le < Opta-

5: Set Tpy1 = %
6: Set Vi1 := Yk + ap+104(V).

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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At this moment, we need one additional assumption. It relates the dual norm
| - ||« (used at step 4) with the Bregman divergence [4(v;x).

Assumption 3.1. For some p > 1, prox-function d(-) is uniformly convex of de-
gree p 4+ 1 with respect to the primal norm || - || with parameter o,11(d) > 0 (see
inequality (2.2)).

Let us write down the convergence guarantees of the method.

THEOREM 3.2 (convergence of contracting proximal method).  Let Assump-
tion 3.1 hold. Then for section 3 at all iterations k > 0 we have

k
(3.8) Ag (F(zx) = F*) + wBa(vrs ) + > %iBa(vi-15vi) < Ri(p,9),
i=1
where
o e
def L)) P p+1 \r 0
(3.9) Ri(p,d) = <(’705d(1?0,$ ) + (Up+1(d)) ;W
Proof. First, let us ensure by induction in & > 0 the following inequality:
k
Ay (F(xr) — F(2)) + veBa(vi; ) + 52 viBa(vie1;v4)
i=1

(3.10)
k
< Y0Ba(wo;®) + 3 (si,vi —x), « € domy,
=1

where s; € Oh;(v;). It is obviously true for k¥ = 0. Let it hold for some k£ > 0 and
consider the next. Note that (3.10) is exactly (3.1) with

k

Cr(xz) = Z [%/Bd(vi—l; v;) + (si, 7 — Ui)]-

i=1
Therefore, we have

YoBa(xo; ) + Ap1F ()
> g (z) + Aptb(ak) + Cr(a)

> i1 (V1) + (Skt1, T — V1) + Vet18a(Vit1; @) + Apyp(zr) + Cr(z)

A1 f(@rg1) + app1®(Wrg1) + Yer1Ba (ks ) + App(xr) + Crga ()

\%

App1 F(2r41) + Yet1Ba(Vky1; 2) + Crga ().

This is (3.10) for the next step.
Now, plugging = z* into (3.10) and taking into account the nonnegativity of
all terms in the left-hand side, we get

k

WBa(vk; %) < YoBalxo;z™) + D _(si,vi — ).
i=1

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Now, we need to estimate the right-hand side from above. Using the uniform convex-
ity (2.2), we conclude that for every k > 0

’YkO'p+1(d) *(|p+1
JRTpHL ) g — < ; ;-
bil vk — 2" [P < qoBalzo; ™) + E l[sill - llvi — 2|
(3.11) )
< yoBalzo; ™) + E Sillvi —2*|| = o

In order to finish the proof, it is enough to bound from above the value «ay, for which
we have the following recurrence:

(3.11) +1 p+1  _1_
O = -1 + 616“”1@ - I*H S A1 + (Sk (pi) Oélz+1 .
Vkopt1(d)

Dividing both sides by a”“ and using the monotonicity of this sequence, we get

1 1
p g1 p+1 p+T p+1 p+T
oS e T ( d)) <ofi+h (ﬁ) |
k

YiOpt1( YieOp1(

Finally, from the last inequality we obtain

p+1

1k I
Fat p+1 \r*! Z 0
“ S O[p+l + ( ) ’
k ( 0 opi1(d) — %1/(17+1>

which is the right-hand side of (3.8). O

We see that accuracies 0y, for subgradients of the subproblems appear in (3.9) in

p+1

an additive form, weighted by the coefficients v, . They should be chosen in a way
making the right-hand side of (3.8) small enough. Let us consider the simplest case,
when all §;, are the same.

COROLLARY 3.3. Let 0 = § > 0 for all k > 1. Assume that the coefficients Ay,
grow sublinearly:

(3.12) Ap > kPt kE>1,

with some constant ¢ > 0. Then for every

_1 P _1
(3.13) k> (%ﬂd(xo;x*))“l 9 and  5< (7""“1“))?“
> (T <

we have
(3.14) Ry(p, (5) <eAyg.

Consequently, by (3.8) we have F(xy) — F* <e.
Proof. Indeed,

<’Yo,3d($0§96*)>’lil (3%2) <705d($0;$*))p$1k (5;) 7T
Ak C 2

© 2021 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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and
7 =
p+1 p k p+1 p+1 P
(‘71)+1(d)) Z 0; < ('yoap+1(d ) kd (3 12) ("/0‘717+1(d)) 0
A;?Ll i=1 Vil/(pH) B c kptl
_1
p+1 P+ . >
< (’Yoﬂp+1(d)> J (5%3) ePiT
P 2

Summing up these two inequalities we obtain (3.14). O

COROLLARY 3.4. Let §, = 6 > 0 for all k > 1. Let the coefficients Ay grow
linearly:

(3.15) Ap > Avexp(w(k — 1)), k=>1,
with some constant 0 < w < 1 and initial Ay > 0. Then for every
(3.16) E>1+— log (Mz(pﬂ)/p)
AlE
and
P 1

Pp+1 p+1

(3.17) g Me)e  p <70%+1(d)>
2 p+1 p+1

we have
(3.18) Ry(p, (5) < eAyg.

Consequently, by (3.8) we have F(xy) — F* <e.
Proof. Indeed,

D =25 D
20Ba(ao;a?)\ 7T CL) [ qofalaoiat) )OI er
Ay ~ \Ajexp(w(k—1)) 2

Now, note that the following inequality holds for all > 0:

(3.19) exp(z) > 1+ z.
Therefore,
(3.20)
Als% (3.15) A{’“ exp (ﬁw(k )) (3. 19) Az)+1 (1+#w(k71)) ) .
> > > AT w.
k k k p+1

And we obtain

1 1
+1 )Pt +1 )Pt
("zil(d)> £ d; (’Yo”p+1(d ko (3-20) (’Yogpz>+1(d)) p+1d
£ Z 1/(p+1) — —L_ < L
APt —1 % APt AP pw

P

(327) eptI
- 2
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Estimates (3.13) and (3.17) show that the bound for the inner accuracy ¢ has
a reasonable dependency on the absolute accuracy e required for the initial prob-
lem (2.1). Thus, in both cases, in step 4 of the algorithm we need to find a point vjg41
with subgradient s € Ohg41(vi+1):

p+1
Isl. <O(s7) & |sl.” <O(e).

This is a reachable goal, especially for methods minimizing hy41(-) with a linear rate
of convergence.

In practice, it may be reasonable not to use very small inner accuracy on a first
stage but to decrease it over the iterations. Then, the following simple choice of
{6k }r>0 can work.

COROLLARY 3.5. Let us define 6 = {5 with fived absolute constants ¢ > 0 and

s> 1. Then,
k 400
1 dx cs
0; = 1 — ] < 1 — | = .
SRR (RS o) (R NS

i=1 =2

Therefore, we have

p+1

Ry(p,d) < <(70ﬁd($o;«73*))pil + (’y bt 1d)> " scsl>

00p+1(

4. Application of tensor methods. In this section, let us incorporate the
high-order tensor methods [22] into section 3 for solving the corresponding inner
subproblem (3.5). From now on, we restrict our attention to Euclidean norms. Let
us fix symmetric positive-definite linear operator B : E — E* (notation B = B* > 0)
and use the following norm for the primal space: ||z|| = (Bz,z)'/?, z € E. The norms
for multilinear forms on E are induced in the standard way (see section 2).

Assumption 4.1. For fixed p > 1, the pth derivative of the smooth component of
the objective function is Lipschitz continuous:

(4.1) D" f(z) = DPf(y)ll < Lp(F)llz —yll, 2,y € dom f,

with some constant 0 < L,(f) < +oo.

For this setup, we use the following simple prox function:

‘P+1'

(4.2) d(z)

Ep+1|\az—xo|

Thus, the choice of prox function (4.2) is strictly related to the preferable degree p > 1
of smoothness of function f.

Let us define the Taylor approximation Q,(f, z;y) of function f around the point
z € dom f:

@ :9) & 1)+ D0 D@y — o]
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By Assumption 4.1, we are able to bound its accuracy in the following way: for all
z,y € dom f it holds that

L)
(p+ 1)
e

‘P+1
)

(4.3) 1f(y) = Qp(f, 25 9)]| ly — x|

A

(4.4) IVf(y) = Vy Qp(fs 259 <

Let us look at our regularized objective hy1(-), which needs to be minimized at
every step k > 0:
ap17 + Apy,

(4.5) hk+1(l')=Ak+1f< =

) + a1 (2) + YBalvi; @) -

et ()

s (@)

This is a sum of two convex functions: smooth component giy; and possibly non-
smooth but simple component ¢y1, which is strongly convex with respect to d.

Let us drop unnecessary indices and consider the subproblem in a general form:

(4.6) min {h(x) =g(z) + qf)(z)}

ze€domh

with g having bounded Lipschitz constant for some p > 1: 0 < L,(g) < +00. Since
we assume the objective to be strongly convex with respect to d from (4.2) with
parameter oq(h) > 0, for every x,y € domh and all h'(z) € Oh(z) we have

@3 gq(h)2' 7

(47)  h(y) — h(z) — (B (x),y — x) > oa(h)Ba(z;y) > o lly — [P+

Bound (4.3) motivates us to define the following point,

e . M
48 Taliso) ™ arguin {0, (0. 50) + 3y ol 4+ 000 |
y€ER (p+1)!

and consider the following iteration process,

(4.9) ’ sen = Ta(hsz),  t>0.

For p = 1, the point (4.8) is used in the composite gradient method [20]. For
p = 2, this is a step of composite cubic Newton [6, 9]. It can be shown that for
M > pL,(g) the auxiliary optimization problem in (4.8) is convex for all p > 1 (see
[22, Theorem 1]). Therefore it can be efficiently solved by different techniques of
convex optimization and linear algebra (see also [23, 22]).

Let us mention some properties of point 7' = T (h; x). Its characteristic condition
is as follows:

M
<Vyﬂp<g,x;T> + T = ol BT~ a).y —T> +6(y) = (), y € domo.
Therefore,
, def M 1
¢'(T) = =Vyy(g,z;T) — EIIT —z|P7 B(T - x) € 9¢(T).

This inclusion justifies notation h'(T) %ef Vg(T)+ ¢'(T) € Oh(T).

In order to work with these objects, we use the following result (see [4, Lemma 2]).
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LEMMA 4.2. Let > 1 and M = SL,(g). Then
1 p—1

aa0) 401> (Grfip o) i

In particular, if 8 = p, then

p+1

e e () e

The next lemma describes the global behavior of method (4.9).
LEMMA 4.3. Let 8 > 1 and M = SL,(g). Then for any x,y € domh we have

(B+1)Ly(g)

(4.12) hTa(x)) < h(y) + PRSI lly — |+
Proof. Indeed,
MTum(x) = g9(Tm(z)) + ¢(Tm(x))
(4.3) M )
< (g 23Ty (2)) + WHTM(@ — 2P+ ¢(T ()
< 0o + gyl el 4 60)

<o+ Xy sk o)
= )+ CEDD g

Now, we are ready to prove a convergence result on the iteration process (4.9).

p (w2 -1)%

O

THEOREM 4.4 (convergence of tensor method). Let M = pL,(g). Then, for every

t >0 and y € domh we have

/ o1 . ploa(h)2!—7 17 P
[A (ze42)[[+" < exp (—t - min {1, {(p:l)Lp(g)} } o 1)

, (<p+ 1>Lp<g>)% . (h(y) e Bele)y 20Hp+1> ,

p! p!
Proof. Let us consider the point z:11 = Ths(2¢). By (4.12), we have

(4.13)

(4.14) h(zi41) < h(y) + L”T(!m ly = 2P+

for any y € dom h. Denote x}, Lef argmin, ¢ h(y) and consider y = z; + a(z} — z;) for

a € [0,1]. Then we have

. x . Ly(9) ) «
R(zeg1) = h* < h(z) —h* —a(h(z) —h )+ap+1%||mhfzt||p+l

(4.15)

(4.7)
< (1-ararnBE DI i ),
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The minimum of the right-hand side is attained at

v [z,

Plugging it into (4.15) gives

h(zesr) —h* < (1—a* L) (h(z) — B*)
" (1-e5t)

< exp (-mi) (h(z) — h*).

Therefore, for every ¢ > 0 we have
(4.16) p
)~ o (et L) ) - 1)

o » L9
< —tarP ). ey Gy e
<o (—tar L) () = e Dy )

for every y € dom h. It remains to use Lemma 4.2 and finish the proof:
h(zee1) —h* = h(zi41) = h(zi42)

> (W (zt42), 2t41 — Ze42)

(4.11) P! » ) 1
p

O

Thus, we can see that, applying tensor method (4.9) of degree p > 1 on step 4 of
the general contracting proximal method (section 3), we obtain fast linear convergence
for the norms of subgradients. Hence, we can estimate the total number of inner steps
t). at iteration k > 0 as follows.

COROLLARY 4.5. Let us minimize function hy41(-) by iterations,
zep1 = Tar(hpyrs ze), 20,
using M = pLy(gk+1) and zo := vg. Then we have

M1 (o)l < Okt

for
14 1 / D
(4.17) te > 2+max{1, kil }-p+ Jog [ EELZEEL )
Hk41 p 5.7,
k+1
where
1
def + 1)L » def i
(4.18) U1 = <—(p )p,p(gkﬂ)) sk = (n27P)7
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and

p
Dit1 o Ap(F(zg) — F*) + viBalv; 2*) + (fﬂl > Ba(ve; ™)

HEk+1
(3.8) 1 Vi p
<t (14 (1)),
Yo \ Mk+1

Proof. By definition, for all z € dom ), we have

(4.19)

hit1(x) + Apyp ()

= Ak+1f<%—:4kzk) + apr19(x) + Ba(vi; ) + Apip(zy)
> Ak+1F<%J:4Mk> + YuBa(vi; @) = Appr B

Therefore,

(4.20) By - Avblan) < —Ap FR.

Then for y = z* ef argmin, ¢ F'(y) we obtain

, Ly(gr+1)
Prs1(y) — hyq + pTHy — zo|[P*

Lp(gr+1
= (@)~ gy + I e gy

12" + Agx . . N
— Ak+1f(M> + ap 1 (") — hipy + eBalvk; ™)

App

L
s ) ey o

< app I+ ApF(ze) — by — Apd(on) + veBalvr; )
L
+ P(gl'c—ﬁ-l) H-T* . ’UkaJrl
p!
(4.20) Ly(gr+1) 23

lz* = v+ < Dia

< Ap(F(ze) = F*) + yeBalves 27) + P =

It remains to use this bound together with (4.13) and the following estimation of a
(3.4)
strong convexity parameter: og(hgt1) > Vit1- ]

By representation (4.5), we have a simple relations between Lipschitz constants
of the derivatives for function gi4+1(+) and f():

apt]
(4.21) Lyp(gr+1) = A%Lp(f)» p=>1
k+1
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Therefore, we can control the condition number of our objective. Indeed, by (4.17),
the main complexity factor in the minimization process for hyy1(-) is the ratio

1 1
Cepr _ ((p + 1)Ly (g11) ) 2,6 [P+ D2r~tal L) \7
M1 P21 Pyp g P A} (Yo + Arg104(¥))

We are able to keep this ratio small by applying an appropriate growth strategy for
coefficients Ay.
Let us consider two cases: o4(¢) = 0 and oq()) > 0.
1. o4(yp) = 0. Let us choose ¢ = WM and aj, = ¢(p + 1)kP. Then

we have
k
Ap=c(p+1) Zip >clp+ 1)/ 2Pdx = ckPTH,
i=1 0
and we get
ap+1 |
4.22 B < oppyp 1l = P00
( ) AZ-H ( ) 20~ (p+ 1)Ly(f)
Thus we obtain
1
a’tl g1 'y’ P (4.22)
(4.23) Chy1 _ k41, (pJ'F )Ly (f) <
Pk+1 Al 2Rl

2. 04(¢¥) > 0. For k = 0 we pick a; = ¢(p+ 1) as in the previous case. Now
consider £ > 1. Denote

def . aa(y)p! Gl
(424) W = min { (W) 3 2}

and choose ay4; from the equation

ak+1 Ak+1

—w o ap =w(l—w)rA4y.
App1 apg1 + A * ( )

Therefore
et _ (R0 LN+ 1207\ 7
(4.25) v~ \ AV ploa(v)

<1

_w.(W)ph

Thus, in both cases, at every upper-level step we need to perform a logarithmic
number of iterations of the inner method, multiplied by a small constant.
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We are ready to specify the whole optimization procedure.

Algorithm 2: Contracting Proximal Tensor Method

Require: Choose xy € dom F, inner accuracy § > 0, g > 0.
Set vg := xg, Ag := 0.
Fix d(z) := p—j_le — x0]|PTY, 1
¢S T LT @S mi”{ (Lp(f(;?;%)ﬁ!zw ) o %}'
Ensure: k£ > 0.
1: If k=0 or w=0 Then
ag+1 :=c(p+1)(k+ 1)P.
Else
apr1 = w(l —w) T A,
2: Set Apt1 = A + ag41-

3: Denote contracted objective with regularizer:

Ay,
a1 (x) 1= Apgr f (LT,

Or+1(2) == ap1¥(z) + YuBalvk; x),
hie1 (%) 2= gr41(2) + Pt (@).
4: Solve inner subproblem by tensor meth+01d up to accuracy 9:
20 =g, tp =0, M := pr(f)%-
Do 2y 11 := T (hit1, 21, ), te =t +1 Until [[A 4 (20,) [« < 6.
V41 = Zty, -

apr1Ver1+ARTr

5: Set Tpy1 = A

6: Set Vi1 := Yk + ap+104(V).

Let us present global complexity bounds for this method in convex and strongly
convex cases.

THEOREM 4.6 (convex case). Let for a given € > 0 the inner accuracy § be fized
as follows:

5= ( ple )p“ Y0
Ly(f) 2°(p+ 1Pt

Then, in order to achieve F(xx) — F* < e it is enough to perform

(4.26) ko= |1t (20D ﬁduo;x*)),;l |

def

iterations of section 4. The total number of oracle calls N = Zszl tr 1s bounded
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as
p+1 1 1

(4.27) N <K-(3+21og(a(1+=)(p+1)rK?) ).

p Yo
Proof. Estimate (4.26) follows directly from (3.13), by substituting the value
o Pho

2071 (p+ 1)PH2Ly(f)

Now, let us prove (4.27). By (4.17), we have

/ 1 1D
tr < 3+max{17 kil } b -log < k+1p+1k+1>
HE+1 p 0 r

P

(4.23),(4.19) 1 1/pq -1\p 5
g Pt _log(% L+ )Bi(p.9) )

< P+l
P

In order to finish the proof, we need to bound the value under the logarithm.
By the choice of aj, we have an upper bound for Ay:

k k41
(4.28) Ap=clp+1)) # <clp+ 1)/ aPdx = c(k 4+ 1)P.
i=1 0

Therefore, for every 0 < k < K:

p+1
P

Ri(p,6) <(’Yoﬁd($o§1’*))p+l +((p+1)2p—1),,ilk> P

5 Y Yo
pt1
< (VOBd(fCo;w*))W+((p+1)2"’1)ﬁK v
B 9 70
pt+1
D d\T0o; T L p P T\ Pt
_ (L (f)Ba *)) F1 27( +1)P“+(( +1)2p 1) b
ple ’yﬁ %
(426) [ ((p+ 121\ 7 e p+1y3
< (7) (K + K) < 4(—) KP.
Yo Yo
This completes the proof. 0

Now, let us discuss the overall dependence of § and K on p, given by the claim
of Theorem 4.6. For simplicity, we fix LPT(f) =1, Ba(xo;2*) = 1, and 79 = 1. Thus,
we observe the functions
()7 (e 1)17*2)41

(4.29) d(p) = K(p):=1+2>» ol

Co2(p - 1)prt
One can see that log, 6(p) < —p. Therefore, increasing the order of the method, it
requires at least to double the precision of solving the subproblem. At the same time,
we have (using Stirling’s formula)
L P+ 2)log(p +1) — logp!
p—

m P > =1+2exp(1).

lim K(p)=1+2exp

p——+oo
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Fi1Gc. 1. The dependence of 6 and K on p, while LPT(f) and By(zo;x*) are fized.

Hence, the value of K (p) is bounded from above by an absolute constant. The graphs
of the dependence (4.29) are shown in Figure 1. Note that in practice, we are interested
rather in small values of p.

THEOREM 4.7 (strongly convex case). Let o4(¢) > 0 and condition number w
be defined as in (4.24). Let for a given e > 0 the inner accuracy § be fized as follows:

[ ple \ 7 Yopw
(4.30) 5_(Lp(f)) 2 (p+ 1) G+ +D /(4D

Then, in order to achieve F(xg) — F* < ¢, it is enough to perform

1
(4.31) K = {2 + *EJ

w
iterations of section 4, where

£ g (n { 0+ 1" Ly(Halaoia)(p -+ DPH127* }) |

wptl ple

The total number of oracle calls Nk is bounded as follows:

(4.32)

NK§K~<3+<1+(661)p)-(1+£)

oo )} (o) 27 )

Proof. At every iteration k > 1, we have A1 = (1 —w) tAp > Apexp(w). At
the same time, we know that

=

1 e—-1
4.33 < =<
(133) w2
where e = exp(1). Since for all « € [0,1] it holds that
-1
1-S""a > exp(—a),
e
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(4.33)
taking o =wz%4; < 1 we obtain Apyy < Apexp (wefl). Therefore we have, for all
k>0,
(4.34) A exp(kw) < App < A4 exp(k:w%).
e —

Now, estimate (4.31) follows directly from (4.34) and (3.16) by using the value 4; =

P! Y0
2p= 1 (p+1)PH Ly (f)
(4.25)
By the choice of ap4+1, we have L Vo 1, and we need only to estimate the

k41
value under the logarithm in (4.17). For every 0 < k < K, we have

Cis1 D (4.25)é4.19) pr+1Ri(p, 9) (1 + %U)

p+1 p+1
P P

= (ot 0a(®)Arsn)F 25 (1 N i)

70
D pt+l
. (WOBd(xosw*))W+((p+1)21’*1)ﬁk ’
0 Yo
1.1 _9q 1
< (ot o) Ar) 2T (14
D P+l
[ QoBalwos z*)) 7 +((p+1)2p,1)ﬁ[( .
0 Yo

Let us estimate different terms in this expression separately.
1. By definition of w, we have

(4.35) ot < P Poa) A
B Yo

Therefore,

(4.35),(4.34) bt 1) .
70+ 0a($) A +1 < aa()Ar ((WTI) + exp (me)>
(4.31)

< 204(1) Ay exp(Kwef 1).

2. Substituting the value for ¢, we obtain

(fyoﬁd(xo;x*))ﬁ (420) (Lp(f)ﬁd(wo;x*))’& 2P(p+ ]_)((P+1)2+1)/(17+1)

1) ! 7T
pe pwyy .
(4.31) 1)292p*+p+1)/(p+1)
< (p+1) — exp (Kw%).
pwyg” P
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3. Finally, using that exp(z) > « for all x > 0, we have

Therefore,

i s ) (i) (1)

o r Yo
exp(Kw-L- 2 _ =
' < p(‘1/<pp++11)) ((p+ 122" +(p+1)%§2”%)> 1
pPwWyy

<cxp(Kw(ﬁ+1)) ) (;%)T ) (%)5

1 2(p+1) 2p%4p+d
(1) )T 2T
( %) (p+1)
e doa(P)p! \»
= K 1 . 1
e"p( “(e=mp* )) max{ (v
p+2
1 1 P p24p
(14 h) EEE e
Y0 '
and we obtain (4.32). O

According to Theorems 4.6 and 4.7, the rate of convergence for the outer iterations
of section 4 is of the same order as the one of the accelerated tensor method from [22].
However, at each step it uses a logarithmic number of steps of the basic method. It
seems to be a reasonable price for the level of generality. Indeed, we are free to choose
an arbitrary method as the basic one. The only requirement for it is the possibility
of solving the inner subproblem (4.6) efficiently.

Note that an additional feature of our methods is that the sequences of points
{zr}r>0 and {vg}r>o form triangles (see the rule (3.6)). A first-order accelerated
method with this nice property was discovered in [8].

5. Numerical examples.

5.1. Quadratic function. Let us compare the numerical performance of the
contracting proximal method and the classical proximal point algorithm (1.1) for
unconstrained minimization of a convex quadratic function:

flz) = %(Aac,g@f(b,oc)7 reR",

with A = A* > 0. We also run the gradient method and the accelerated gradient
method for this problem. A typical behavior of the algorithms is shown in Figure 2.
The contracting proximal method has the same iteration rate as that of the accelerated
gradient method, but requires more gradient evaluations (matrix-vector products) per
iteration.

To compute every step of the proximal algorithms, we use the gradient method
with line search. We try different strategies for choosing inner accuracies d; and end
up with a simple rule §;, = 1/k?, which provides a good balance in the performance
of outer proximal iterations and the inner method. (Usually, it requires to do about
4 inner steps per iteration.)
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#— Gradient Method #=— Gradient Method
10! = = Proximal Method 10! = = Proximal Method
—e— Accelerated Gradient Method —e— Accelerated Gradient Method

= Contracting Proximal Method

= Contracting Proximal Method

~
-
S———
R P ——

functional residual
5
3
functional residual
g

1077 1077

0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
iterations matrix-vector products

FiG. 2. Convergence of first-order methods on quadratic function.

TABLE 1
Minimization of quadratic function, ¢ = Amin(A)/Amax(4).

Gradient Proximal Accelerated Contracting

method method gradient method proximal method

n| q iter mat-vec iter mat-vec iter mat-vec iter mat-vec
500 | 102 339 339 361 1044 115 229 74 137
1074| 12158 12158 12842 36731 350 699 393 1104
10=%| 96072 96072 99269 | 313795 854 1707 1081 3780
1000 [ 10—2 338 338 359 1035 110 219 73 135
1074| 11884 11884 11912 56996 360 719 361 1014
10-6| 77675 77675 80758 | 239508 755 1509 1117 3957

Data was generated randomly, but the set of eigenvalues of the matrix was fixed
according to the sigmoid function, for some given a > 0
_ 1
N 1+exp(:25(n+1—2i))’

n

Ai

1<i<n.

Therefore it holds that A\; = 1/(1+exp(«)) and A\, = 1/(1 + exp(—a)), so parameter
« is related to the condition number of the problem.

In Table 1 we demonstrate the number of iterations and the total number of
matrix-vector products, which are required for the methods to solve the problem up
to € = 1077 accuracy in functional residual.

We see that contracting proximal method is always better than the usual proximal
algorithm. It requires about the same number of iterations as the accelerated gradient
methods, but it needs to spend more oracle calls per iteration, which confirms the
theory.

5.2. Log-Sum-Exp. In the next example we compare the performance of second-
order methods for unconstrained minimization of the following objective:

flz)=pln Zcxp <W) , x € R",
i=1

where p > 01is a parameter, while coefficients of the vectors {a; }!*; and b are randomly
generated, and we set m = 6n.
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TABLE 2
Comparison of second-order methods on Log-Sum-Ezxp.

Cubic Newton Ac.celerated Contra(fting proximal

cubic Newton cubic Newton

n o iter oracle iter oracle iter oracle
50 1 389 389 177 353 112 491
0.1 482 482 202 403 141 587

0.05 886 886 343 685 236 1129

100 1 834 834 308 615 189 849
0.1 1210 1210 377 753 232 1021

0.05 2598 2598 641 1281 397 1740

We compare a cubically regularized Newton method [23] and its accelerated vari-
ant from [19] with the contracting proximal cubic Newton (section 4 with p = 2) for
minimizing the objective up to e = 1078 accuracy in functional residual. In these al-
gorithms we use the following Euclidean norm for the primal space, ||z|| = (Bz,z)/?
with matrix B = Z:’;l az-aiT7 and fix the regularization parameter equal to 1. The
results are shown in Table 2.

We see that contracting proximal method outperforms the direct methods in
the number of iterations, but usually requires additional oracle calls for solving the
subproblem.

6. Conclusion. In this work, we propose a general acceleration scheme, based
on proximal iterations. There are two distinguishing features of our methods: em-
ploying the contraction of the smooth component of the objective (this provides the
acceleration) and flexibility of proz-function (its choice should take into account both
the geometry of the problem and the order of the smoothness).

One of the recent important applications of the accelerated proximal point meth-
ods in machine learning is the universal framework Catalyst, applicable to the first-
order methods [13, 14]. This is a powerful approach for accelerating many specific
optimization methods in a common way. We believe that the results of this paper
can help in advancing in this direction, resulting in the faster high-order methods for
many practical applications.
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