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LINEARLY CONSTRAINED CONVEX OPTIMIZATION*
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Abstract. In this paper, we propose an efficient approach for solving a class of large-scale convex
optimization problems. The problem we consider is the minimization of a convex function over a
simple (possibly infinite-dimensional) convex set, under the additional constraint Au € T, where
A is a linear operator and T' is a convex set whose dimension is small compared to the dimension
of the feasible region. In our approach, we dualize the linear constraints, solve the resulting dual
problem with a purely dual gradient-type method and show how to reconstruct an approximate
primal solution. Because the linear constraints have been dualized, the dual objective function
typically becomes separable, and therefore easy to compute. In order to accelerate our scheme, we
introduce a novel double smoothing technique that involves regularization of the dual problem to
allow the use of a fast gradient method. As a result, we obtain a method with complexity O(% In %)
gradient iterations, where € is the desired accuracy for the primal-dual solution. Our approach covers,
in particular, optimal control problems with a trajectory governed by a system of linear differential
equations, where the additional constraints can, for example, force the trajectory to visit some convex
sets at certain moments in time.
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1. Introduction. In large-scale convex optimization, first-order methods are
the methods of choice due to their cheap iteration cost. In particular, constrained
problems can be solved provided that performing projection on their feasible set is
computationally easy. In this work, we assume that both the convex objective function
J, defined on the Hilbert space U, and the convex feasible region S C U are sufficiently
simple so that the problem min,cs J(u) can be solved efficiently, or even in closed
form. However, the situation becomes completely different when adding the constraint
Au € T, based on a linear operator A : U — V*, where V is another Hilbert space and
T is a bounded closed convex set in V* (the dual space of V'). Indeed, the problem
may become difficult because projection onto the new feasible set {u € S : Au € T}
may be computationally very expensive, or even intractable.

A natural approach is, therefore, to dualize this difficult linear constraint, obtain-
ing the primal-dual pair of problems
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P* =min < J(u) + max[(Au, z) — op(z)] },
{0+ |

uesS

D* = max {—ch(z) + Iglelgl[J(u) + (Au, z)]} ,
where o7 (2) = sup,er(x, z) denotes the support function of set 7', defined on V.

In this paper, we assume that the dimension of set V' (i.e., the size of the linear
constraints) is small compared to the dimension of set U, the latter being allowed to
be infinite. Due to this asymmetry, we are led to consider a purely dual algorithmic
scheme, generating its iterates only in the low-dimensional space V. The only oper-
ation we need to be able to perform in the infinite-dimensional or high-dimensional
space U is the computation of the value of dual objective function at a given point
z € V, which requires solving the optimization subproblem min,cs J(u) + (Au, z)
over the simple set S.

Ezxample 1. As a first motivation, consider the purely linear infinite-dimensional
problem

B

B
P = f@u(t)dt / a;(t)u(t)dt =b; Vi=1,...,m,

inf /
weL?([a,B]): M1 <u(t)<Ms2 [,

where we seek a function v in Hilbert space L?([a, 3]), and data consists of functions
a; (1 <i<m)and fin L?*([a, #]). Since we are working in L?, inequalities on u(t)
are to be understood as to hold almost everywhere. It is straightforward to define

B
U= Lz([a,ﬁ]), S={ueU: M <u(t) < My, t€la,B]}, Ju)= / f@)u(t)de,

B

T
V=R" T={}cV, A:U-V":u— (/ ar (t)u(t)dt, . . .,/IB am(t)u(t)dt>

so that the problem fits our formulation min,es J(u) : Au € T. Dualizing the linear
equality constraints, we obtain the dual function

B m B
/ Feuttd+ ( / ai(t)u(t)dt> z}
m B m -
(1.2) = — Z zib; + 522/ <f(t) + Z ai(t)zi> u(t)dt.
=1 @ 1=1

Due to the fact that only pointwise constraints M7 < u(t) < Ms are still present in this
problem, we can solve it in a pointwise way, minimizing u for each value of ¢ separately.
Indeed, any solution u, € S satisfying u.(¢t) = My when f(¢) + > ", a;(t)z; > 0 and
u,(t) = M> when f(t) + > i, a;(t)z; < 0 is the optimal solution for problem (1.1).
Since we are able to compute the value of ©(2) in closed form for any value of z,
we can apply a first-order method to the finite-dimensional problem max.cy ©(z).
Our goal in this work is to show that it is possible to solve the dual problem
efficiently and reconstruct from this process a nearly optimal and feasible primal
solution. We develop to that effect a new double smoothing approach, which is a
variant of the smoothing techniques described in [20, 21, 22]. This technique uses
the problem structure to regularize the dual objective function into a smooth strongly

(1.1)  O(2) ;zb +11Lr€15
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convex function with Lipschitz continuous gradient. These modifications allow us to
minimize the dual function with an optimal gradient scheme in O (1 In (1))iterations,
where € is the desired accuracy. From the dual minimization sequence, we reconstruct
a nearly feasible and optimal primal solution, whose accuracy can be controlled by
parameters of our algorithm.

The structure of this paper is as follows. In section 2, we recall briefly two stan-
dard approaches for solving a nonsmooth convex optimization problem with a first-
order method: subgradient-type schemes and smoothing techniques. We also present
the first-order methods that can be used to solve efficiently the smoothed problem
obtained by the smoothing technique. In particular, we recall the optimal method
[19] for smooth and strongly convex functions and describe its rate of convergence.
In section 3, we present in a more general form our problem class and derive the cor-
responding dual problem. Using Danskin’s theorem, we show that the dual objective
function is, in general, nonsmooth. Section 4 presents two simple examples of prob-
lems (one finite-dimensional, the other infinite-dimensional) with separable structure
that fit our problem class. The double smoothing is described in section 5, where we
apply two regularizations to the dual objective function in order to make it smooth
and strongly convex. We also explain the necessity of requiring both properties. In
section 6, we study under which regularity conditions strong duality holds and how
it is possible to bound the size of the dual optimal set. This bound will be useful in
the convergence analysis of our scheme. In section 7, an optimal first-order method
is applied to the modified dual objective function and a nearly feasible and optimal
primal solution is reconstructed from the dual minimization sequence. Accuracy of
the primal and dual solutions can be adjusted by parameters of our algorithm. In
section 8, we discuss the practical implementation of our method; in particular, when
the size of the dual optimal set is unknown. In section 9, we consider applications of
our double smoothing technique to optimal control problems. We conclude this paper
with a comparison between our results and the existing literature.

2. First-order methods in convex optimization. Consider the convex op-
timization problem minyecy f(y), where f : V' — R is a convex function defined on
the finite-dimensional space V. If f is nondifferentiable, we know that the complexity
of a black-box first-order method that does not use the problem structure cannot be
better that O (6%) iterations, where € is the desired accuracy for the objective func-
tion (see [18, 19]). This lower bound is achievable by various first-order methods for
nonsmooth convex problems, such as subgradient methods (see, e.g., [19, 23]). These
schemes can, therefore, be applied directly to a nonsmooth convex function, albeit
with a relatively slow convergence rate.

When the nonsmooth function has a particular saddle-point structure, then

(2.1) fy) = max{g(u) + {Au, y) },

where g : U — R is concave on the finite-dimensional space U and S C U is closed
and convex, another approach can be used. In the smoothing technique developed
in [20, 21, 22], this nonsmooth function is approximated by a smooth one and an
optimal first-order method of smooth convex optimization is applied to the smooth
approximation. With this approach, we can solve the original nonsmooth problem up
to accuracy € in only O (1) iterations (instead of O (%) with subgradient scheme).
We follow this smoothing approach in this paper, and the efficiency of the first-order
method of smooth convex optimization used for minimizing the smoothed approxi-
mation therefore plays an important role.
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In smooth convex optimization, an important class of objective function is FLl’1 V),
the class of convex function f : V — R with Lipschitz-continuous gradient, i.e.,

IVf(x)— Vf(y)Hv* <Lz~ ylly, Vr,yeV

for some L > 0. The easiest and most classical numerical scheme that can be applied
to such a problem is the gradient method. However, it is well known that this method
exhibits nonoptimal complexity of O(£) iterations where € is the desired accuracy for

the objective function. Several variants of first-order methods for the class FLLl(Q)

that achieve the lower complexity bound of O(\/g ) iterations have been known since

1983 [24, 25, 19, 20]. These schemes, also called fast gradient methods, outperform
theoretically and very often in practice the classical gradient method.

In the smoothing approach, we want to minimize the original nonsmooth func-
tion with an accuracy e. We construct a smooth approximation of f belonging to
FLl(le) with constant L(e) = @(%) Applying a fast gradient method for FLl(le) to this
smoothed function, we can solve the original problem with the desired accuracy in
O(%) iterations. In our work, the function that we optimize using a first-order method,
with saddle-point structure (2.1), is the dual objective function. However, our goal is
to solve efficiently the primal problem, not the dual one.

In order to reconstruct a good primal solution from the iterates of the numerical
scheme applied to the dual problem, we will need to apply a second smoothing to the
dual function before we apply the fast gradient method. Its purpose will be to ensure
strong convexity of the resulting dual objective function. Let S ilL(V) be the class of
functions f € FLl’1 (V') which are strongly convex with parameter x > 0. Fast gradient
methods that are optimal for S ilL(V) are also known (see, for example, [19]), and we
will use such a method to minimize the doubly smoothed dual objective function.

For the reader’s convenience, we conclude this section with a presentation of
the simplest optimal method for minimizing smooth strongly convex functions. Let
function f € SilL(V) and consider the problem minyecy f(y). We assume that this
problem is solvable. Denote by f* its optimal value and by y* the optimal solution.

Algorithm. (see [19]). Choose wo =yo € V.

(2.2) Iteration (k>0): Set Ykt1 = Wk — %Vf(wk), and compute

Wg41 = Yk+1 g;ﬁ(ykJrl — Yk)-

By Theorem 2.2.3 in [19] we have
(23) fl) = £ < (Fo) = 1"+ Sllwo — oI} ) e ™*VE <2/ (o) — /) HVE.

Since V f is Lipschitz-continuous, in view of Theorem 2.1.5 in [19] we have

(2.3)

IV F @ < Fu) — £ < 2(fw) — fe V.
Therefore,
(24) IV £ ()3 < AL(f(yo) — f*)e HVE,

Finally, since f is strongly convex, by Theorem 2.1.8 in [19] we have

(2.3)

Sloe =y 17 < fl) = £ 2 20f (o) — feHVE.
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Using this inequality and additional arguments, we conclude that
* (12 : * (|12 4 x\ —ky/
(2.5) lye = y*IIv < min ¢ lyo = y7llv, = (f(yo) = fHle VT o

3. Problem formulation and dual approach. As described in the introduc-
tion, we consider in this work optimization problems of the form

(3.1) P = Hég Ju): Au e T,

where U is a Hilbert space endowed with the Euclidean norm ||-||,, = 1/(:|)u, S is a
bounded, closed, convex set in U, V is a finite-dimensional Hilbert space endowed with
the Euclidean norm |-, = v/ (-|-)v, T is a bounded, closed, convex set in V*, the dual
space of V', J : U — R is a closed and convex functional defined on S, and A: U — V*
is a bounded linear operator. Space U is allowed to be infinite-dimensional, but the
approach used in this paper is also efficient for large-scale finite-dimensional problems,
i.e., when dimU > dim V.

Remark 1. Note that problems with multiple linear constraints also belong to
problem class (3.1):

(3.2) P*z&relfSJ(u):AiueTi Vi=1,...,m

Indeed, assume that V =V} x V5 x --- x V,,,, where V; is a finite-dimensional Hilbert
space for ¢ = 1,...,m. For each i, A; : U — V;* is a bounded linear operator. Let
T =T, xTy x -+ x T, where T; is a bounded, closed, convex set in V;*. Defining
the linear operator A : U — V* such that (Au,z) = Y." (Au, 2;) for every u € U
and every z = (z1,...,2m) € V, we have the constraint Au € T is clearly equivalent
to A;u € T;Vi = 1,...,m. Finally, we have

m

IA| = max (Au, z) = max Z(Aiu,zi>
llully=1l2(l,=1 lull =1, Z Nzl =15

lz 1 4; ulv*] " < li ||A1-|2] 1/2.

Our assumptions on J, S, and T" are motivated by the following classical result
(see, for example, [26]).

THEOREM 3.1. If X is a reflexive Banach space, M C X is a bounded, closed,
conver set and F' : X — R is a closed, convex function, then an optimization problem
mingep F(x) is solvable. Furthermore, if, in addition, X is an Hilbert space and F
is strongly convex, then the optimal solution of this problem is unique.

We conclude that subproblems of the forms

|| HU—

érelg{J(u) + (Au,2)} and in?(x, z)

xTE

are solvable for each z € V, and that subproblems of the form

. K 2 . 14 2
1nf{J(u)+<.Au,z>+§||u||U} and $2§{<x,z>+§||a:|\v*}

ues

have a unique optimal solution for every z € V, u > 0 and p > 0.
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In our setting, it is natural to dualize the linear constraint Au € T and to consider
a dual method, working only in the small-dimensional space V. Since T is a closed
convex set, inclusion Au € T is equivalent to (Au, z) < op(z) Vz € V, where op(z) =
sup,cr(z, z) denotes the support function of 7', which allows us to dualize the linear
constraints. We obtain the primal-dual pair of problems

P = ing J(u) + sup({Au, z) — UT(Z)):| , D*=sup |:—O'T(Z) + ing(J(u) + (Au, 2))
ue z€V z€V uc

Thus, the Lagrangian dual problem (in minimization form) is given by

(33) D" =0 = inflor() + 6(2)] = inf 0(2) > —P",
where we define ¢(z) = sup,cg[—J(u) — (Au, 2)], we recall o7 (2) = sup,cr(z, ), and
we let 0(z) = op(z) + ¢(2).

We made the initial assumption that it is easy to optimize a function over simple
set S, so that it is easy to compute the value of 6(z) for every z € V; however, this
function is typically nondifferentiable. Indeed, using Danskin’s theorem [11, 3], the
subdifferentials of o and ¢ are given by

dor(z) ={zeT:(z,2) =or(2)},
09(z) ={—Au: —=J(u) — (Au, z) = ¢(z),u € T}.

As the optimization problems defining or(z) and ¢(z) can have multiple optimal
solutions, the above subdifferentials may contain several elements and function 6(z)
can be nonsmooth. Dualization of problem (3.1), therefore, results in a nonsmooth
convex problem.

As explained in the previous section, instead of relying on subgradient-type schemes
with relatively slow convergence, we will solve the dual problem with a smoothing
technique [20, 21, 22]. In the smoothing approach, using the specific structure of the
problem, we apply some regularization to the objective function and obtain much
faster methods (which are not pure black-box schemes anymore). We develop in this
paper an algorithm capable of solving the dual problem with accuracy € and to re-
construct, from a nearly optimal dual solution, a nearly optimal and feasible primal
solution in O (11n (1)) iterations.

4. Examples. Before we go into the details of the double smoothing, we provide
two examples of problems with separable structure (one finite-dimensional, the other
infinite-dimensional) that belong to our problems class.

4.1. A finite-dimensional example. Consider the case where
e U=RN =RV xRV x...x RN m and § = S; x Sy X --- X S,,, where
S; C RN'i,
e V = R" with n < N and T is a bounded, closed, convex set in R",
o J(u) =", Ji(u;), where u; € R and J; : RN — R is a closed and convex
function,
o A= (Al Ay - Am) S RTLXN, where A; € R<N;,
Our problem becomes min Y .| Ji(u;) : > o) Aju; € Tyu; € S; Vi =1,...,m. This
problem has a specific structure that we want to exploit. When the coupling constraint
S, Aju; € T is dropped, we obtain a separable problem that we can solve separately
for each u;. With this property, it seems natural to dualize the coupling constraint
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and to consider the dual problem: min,cgn 8(z) = min.cgn o7(2) + ¢(2) in the small-
dimensional space R". For each z € R™, the dual objective function can be computed
in a pointwise way: solving the subproblem max,egs{—J(u) — (Au, z) } is equivalent to
solving separately for each ¢ the subproblems max,, s, {—Ji(u;) — (Aiu;, 2)}, which
we we assume to be computationally easy. The modified dual objective function
obtained after smoothing max,es{—J(u) — (Au,2) — § HuH;N} is similarly easy to
compute with independent subproblems, since squared Euclidean norm |[u|| z~ is also
separable: [[ul|fn = 307 flus| Fov:

4.2. An infinite-dimensional example. Consider the case where

e U=L*[0,T],R™) and S = {u € U : u(t) € S(t) Vt € [0,T]}, where S(t) is
a closed, convex set in R™ for each ¢ € [0, 7] and U;c[o,775(t) is bounded,

e V =R" and T is a bounded, closed, convex set in R",

o J(u) = fOTF(t,u(t))dt, where function F : [0,7] x R™ — R is convex and
continuous,

e A:U — R" is defined by Au = fOT A(t)u(t)dt, where fOT |A®)||3 dt < 400
and A(t) € R™*™ Yt € [0,T].

Our problem becomes

T T
1) inf /O Pt u(t))dt /O Alyu(t)dt € T,u(t) € S@) vt € [0,7].

When the linear coupling constraint is dropped, we obtain a separable problem that we
can solve independently for each ¢ € [0, 7]: min,)esq) F(t, u(t)). Hence, dualization
of the linear coupling constraint here is also a natural approach. For each z € R™,
the dual objective function can be computed in a pointwise way. Indeed, solving the
maximization problem involved in ¢(2),

-
¢(z) = sup{—J(u) — (Au, 2)} = sup _/0 F(t,u(t)) — (A(t)u(t), z)dt

ues u(t)eS(t) Vt€[0,T]

is equivalent to solving independently for each value of t € [0, 7], a subproblem over
S(t) C R™: max,eg()[—F(t,v) — (v, A(t)" )], which is assumed to be easy to solve or
even computable in closed form. The same separability property holds after smooth-
ing, since minimizing the smoothed dual objective function sup, cg{—J(u) — (Au, z) —
%Huﬂfj} is equivalent to the solving pointwise subproblems max,eg){—F(t,v) —
(0, A(D)2) = § [[0]] 7 }-

5. Double smoothing technique. We propose to solve the dual problem (3.3)
using a new primal-dual smoothing technique. Note that, as shown above, its objective
function is, in general, not differentiable and not strongly convex. However, we can
ensure these properties by a double primal-dual regularization of #. The goal of
the first regularization is to obtain an objective function with Lipschitz-continuous
gradient, for which we can apply much more efficient algorithms of smooth convex
optimization. The goal of the second regularization is to obtain a strongly convex dual
objective. This property is necessary to allow us to reconstruct efficiently a nearly
feasible and optimal primal solution from a nearly optimal dual solutions.

5.1. First smoothing. Let us start from ensuring smoothness of the dual func-
tion. Dual objective 0(z) is a sum of two functions, both of which can be nonsmooth.
Their nonsmoothness comes from the fact that the optimization problems defining
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or(z) and ¢(z) can have multiple optimal solutions at a given point z. A natural way
to obtain a smooth approximation of 6 is to modify these optimization subproblems
in order to ensure the uniqueness of optimal solutions for each z € V. For any p > 0,
we can approximate o7 (z) = sup,cr(x, 2) by a modified function

P 2
(5.1) opr(z) = sup {(2.2) = £ |all}. }
xzeT
In the same way, for any p > 0, we modify function ¢(z) as follows:

7
(5:2) éu(2) = sup { I (w) — (Au,2) = Sl }

uesS
The following result can be seen as an easy generalization of Theorem 1 in [20].
THEOREM 5.1. Let Hy, Hy be two Hilbert spaces. Assume that the linear operator

A Hy — Hj is bounded and that the function G : Hy — R is closed and strongly
convez with parameter k. Let Q C dom (G) be a closed, convex set. Then the function

(5.3) F(z) = sup{—G(u) — (Au, 2)}
ueq
is smooth with Lipschitz-continuous gradient VF(z) = —Au,, where u, is the unique

optimal solution of the optimization problem defining F(z). The Lipschitz constant
2
of the gradient is equal to @ where ||A|l = sup{(Au,2) : u € Hy, |lully, =1,z €
Ha, ||z g, = 1}
Choosing now H; =U, Q =S5, Hy =V, A=A, and G(u) = J(u) + § HuHQU, we
conclude that ¢, is smooth and convex with a Lipschitz continuous gradient equal

to Vou(z) = —Auy, ., where u, . denotes the unique optimal solution of the prob-
2
lem (5.2). Its Lipschitz constant is given by L(¢,) = @. Similarly, if we choose

H =V Q=T H =V, A=1:V"— V* and G(z) = £|z|]}., Theo-
rem 5.1 shows that o, r is smooth and convex with Lipschitz-continuous gradient
Vo, r(z) =z, ., where z, . denotes the unique optimal solution of the problem (5.1).
The Lispchitz constant of this gradient is given by L(o, 1) = %.

Remark 2. When the function J(u) is strongly convex with parameter x, we do
not need to apply the first smoothing to ¢(z), which is, in this case, already smooth

2
with a Lipschitz-continuous gradient with constant @.

If we denote Dy = max{ [|z[. : z € T} and Dg = max{2 [[u]|, : u € S}, it
is easy to check that o, r(2) < or(2) < 0, 7(2) + pDr Vz € V and ¢,(2) < ¢(z) <
¢u(2) + nDg for all z € V. Therefore, if we define the regularized function

Opu(2) = 0p1(2) + Du(2),

1,1 - 1 A
we have 0, , € F{, u)(V) with L(p, ) := & + *~ and
(5.4) Op.u(2) <8(z) <0, ,(2) +uDg+ pDr VzeV.

Applying a fast gradient method to the function 6, , will generate a point z. € V
such that 6(z) — 6* < e in O (1) iterations (see [20]). However, our aim is not only
to solve the dual problem efficiently but also to generate a nearly optimal and nearly
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feasible solution for the primal problem. We will see that a single smoothing is not
enough in order to achieve this goal.

Let us first show how it is possible to reconstruct a good primal solution from a
dual iterate. Let z € V', then we have

p 0
Opu(2) = 0p1(2) + Pu(2) = (2p2,2) = 5 2,2 lle = T () = (Auy 2, 2) = 5 1ty 7 -

Let us find the conditions that z must satisfy in order to guarantee that w,, . is nearly
optimal and nearly feasible for the primal problem. We have

% 14 1z *

J(uy,z) — D™ = (22, 2) — 5 ||xp,ZH%/* = 0pu(2) — (Auy, -, 2) — B) ”uMZH?] +0
. p

= (VO,,.(2),2) + (0" — 0,,.(2)) — 5 lp,z]

Therefore, since J(u, ) > P* > D*, we have J(u, ) — D* > J(u,,.) — P* > 0 and

2 o 2
v 5 HUMZHU'

J(up,z) = P* <[(VO0,u(2), 2)| +10,,u(2) = 07| + pDr + pDs;,
and as we also have that |6, ,(z) — 6*| < |0(z) — 6*| + uDgs + pDr, we conclude that
T(upz) < P* 4 (V05,0(2), 2)| + (0(2) — 0%) + 2pDr + 2D,

If we apply the fast gradient method to the function 6, ,, with constants p and ¢ chosen
to be of order O(3), we already know from [20] that the kth iterate zj, generated by
this algorithm satisfies 6(z;) — 6 < O(3). However, unfortunately, the norm of the
gradient of the smoothed function ||V, ,(21)[;, does not decrease at the same rate,
which negatively affects the above estimate of the rate of convergence of J(uy,.).
Indeed, as 6, , € FLL(;)H)(V), we have (see Theorem 2.1.5 in [19])

V0, (21)] %/* < 2L(p, p)(Op,u(zk) — 0;,,u)'

As the fast gradient method is applied to the function 6, ,, we also have ([20])

. _ AL(p, ) [lz0 — 25|
0 9 <
pun(2) =0 < k+1)(k+2)

where 2% denotes any optimal solution of the smoothed dual problem min,cv 6, (%),
and we see that choosing L(p, i) of order O(k) guarantees convergence of the smoothed
objective of order O(7). Therefore,

_ 2v2L(p, 1) /Tz0 — 25
Ve = (k+1)(k+2)

V0, (21)]

)

and due to the fact that L(p, p) is of order O(k), we cannot guarantee that the norm
of the gradient |V, ,(2x)||,. is decreasing with respect to k.

In principle, this can be remedied with a minor modification of the scheme. It is
indeed possible to obtain in 2k iterations a point Z such that ||V, ,(2)]|,,. is of order
O(ﬁ) Indeed, after k steps of the fast gradient method have been computed, we
can apply k additional steps of the classical gradient method with constant stepsize

ie.,

L(p,n)’
1

VO, (ki) i=1,... .k
L(p,u) P:P«( + 1)

Zk+i = Zk4i—1 —
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We then have (see Theorem 2.1.14 in [19])

1
2L(p, 1)

and summing these inequalities gives

||VGP7#(Zk+i—1)”%/* < op,u(zk—i-i—l) - 9p7ﬂ(2’k+1‘) Vi=1,...,k,

k
1 2 *
; m vap,u(zkﬂ)”w < Opu(2r) = Opu(22k) < 0ppu(z) — Gp,p,

AL(p, ) |20 — 2513
- (k+1)(k+2)

If we denote by Z the iterate with the smallest norm of the gradient, we conclude that

8L%(p, ) [|120 — 2515
Kk + 1)k +2)

~\ 112 . 2
196,03 = min [V0,u(ers)ll3. <

In conclusion, after 2k iterates, we are capable of mixing fast and classical gradient
methods to obtain a point Z such that 6, ,(2) — 0} , < O(%) and ||V0,,.(2)|,. =
O(ﬁ) However, this convergence is very slow, as it implies we need at least k =

O(E%) iterations in order to have a primal solution u, ., € S with accuracy € (i.e.,

J(up,z,) < P* 4 €). This is not better than the result of the classical subgradient
approach.

Furthermore, we must also examine the feasibility of the reconstructed primal
iterate uy, z. The norm of |V, ,(Z)|,. also provides an upper bound for the non-
admissibility measure of u,, ;. Indeed, denoting d(-,T") the distance to set T', we have

d(Auyz, T) < [ Aupz = zpzlly = VO, (2l -

In conclusion, we have shown why requiring a good convergence rate for 0(zy) —6*
alone is not sufficient to obtain a nearly feasible and optimal solution for the primal
problem. The same good rate must also be ensured for the norm of the gradient
IV0,,,.(2)ll,,- We now show how applying a second smoothing to the dual objective
function, making it also strongly convex, will achieve this goal.

5.2. Second smoothing. In order to obtain a strongly convex dual objective
function, we simply add the strongly convex function % ||z||%/ to the function 6, .
This gives us a new dual objective function:

Opn(2) = 0p0(2) +0u(2) + 5 211

which is strongly convex with parameter . If we denote by B = B* : V — V* (with
B > 0) the duality map between V' and its dual space, i.e., (Bz,Zz) = (2|Z2)y Vz,Z € V,
we have V0, , ..(2) = z, . — Au, , + kBz. This gradient is Lipschitz-continuous with

constant L(p, u, k) := % + w + k, hence this function belongs to S )(V).

#,L(p st
Denote by 6% , .. the optimal value of problem min.cs0, , (). Applying a fast
gradient method for the class Si’lL(p W 1O function 6, ., ., we generate a sequence z,

satisfying

* (2:3) K *
09,#,K(Zk) - 0p,,u,rc < exp —k L(i 2(0;),#,){(250) - 0p,,u,rc)
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and

(2.4) 3
2 *
K * < 4L s My NN - - ;
V0,5, (zk)Hv > (P s ) (O, 11, (20) op,p,,ﬁ) exp < k 7[1(/),/1,5))

ie.,

V0,10, (21)]

k K
ve <2v/ L(p, py k) \/9p7u7n(20) — 0% 1. €XD (—5 L(7>

Py K)

and we have the same rate of convergence for ||V0), . «(21)l|,,. as for 0, ,, (2x) =05 , ..
This property is crucial in order to obtain a nearly feasible and optimal primal solution

in O (21n (1)) iterations (instead of O (%) with a simple smoothing).

6. Strong duality and norm of dual optimal solutions. Before we apply
the fast gradient method to the doubly smoothed dual function, we study in this
section under which condition strong duality, i.e., P* = D* holds and how it is
possible to bound the size of the optimal solution set of the dual problem (3.3). Such
a bound will play a role in the convergence analysis of our scheme, as we will see in
the following section.

THEOREM 6.1. If there exists r > 0 such that

(6.1) BO,r)cQ:={z—Au:ueS,zecT}CV",

then

e there is no duality gap, i.e., P* = D* and

e the optimal solution set of the dual problem (3.3) is a nonempty, bounded,

closed, and convex set in V.
Furthermore, if we define A(J') := maxy ves J'(v,u — v), where J' (v,u — v) is the
directional derivative of J at point v in direction u — v, we have the following upper-
bound for the norm of the dual optimal solutions:
A(J)

25|, < .
="l < =

Proof. Applying Theorem 2.165 in [4] to the primal problem min,cy{f(u) =
J(u) + Is(u) : G(u) = Au € T} (where Ig denotes the indicator function of S),
we conclude, using our assumptions on J, A, S, and T and the regularity condition
(6.1), that there is no duality gap between this problem and its Lagrangian dual (3.3).
Furthermore, as the primal optimal value P* is assumed to be finite, we have that the
optimal solution set of the dual problem is a nonempty, bounded, closed, and convex
set in V. ,

It remains to obtain the bound [|z*[|,, < #. As the subproblems sup, ¢ (x, z)
and sup, cg{—J(u) — (Au, z)} are solvable for all z € V,

00(z) ={a. —Au, € V* 1w, €T, (2., 2) = or(2),u. € S, —J(uz) — (Au., z) = ¢(2)}

is nonempty for all z € V. Let g, = ., — Au, be any element in 96(z). By the
optimality condition of the problems defining or(z) and ¢(z), we write

(@ —2,,2) <0 Ve eT —J(usu—uy)—(Alu—u,),z) <0 Yu€S.
This can be rewritten as

(y,2) > (2,2) Ve eT —(Auy,z)>—J (us,u—u,)+ (—Au,2) Yu €S,
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and therefore
(gz,2) = (xz— Az, 2) > (2, 2) = J (uz, u—uy)+(—Au, 2) = (z—Au, 2) — J (uz, u—1u).
We obtain
(x — Au, 2) < J'(uzyu —uy) +(g:,2) YuesS, VzeTl,
and therefore

_ < J’ _ < J’ _
uelgl;l)éT@ Au, z) < max (uz,u —uy) + (g, 2) < Jnv%}g (v,u—v)+ (g, 2)
As B(0,r) C{r—Au:ue S,z € T} C V*, we have maxyes zer(®—Au, 2) > 7| 2],
and therefore

(6.2) rzlly, < max J(v,u—v)+(g.,2) VzeV.

Consider now an optimal solution z* of the dual problem. By the optimality condition
of this problem, we have 0 € 06(z*), and therefore |2*||,, < %. O
Remark 3. As J is convex, we have J(u) > J(v) + J' (v,u —v) Yu,v € S and
— = — mi > ! — ).
g}zgg J(u) — J(v) Iilélg(J(u) gleng(v) > E}fg@J (v,u —v)
The condition max, yes J'(v,u — v) < 400 is therefore satisfied as soon as J has

bounded variation on S, i.e., maxyes J(u) — min,es J(v) < +00. However, our con-
dition is strictly weaker, as the following example shows. Consider the function

J(u) = /O In(1 — u2(8))dt

definedon S = {u € L*([0,1]) : =1 <wu(t) <1 ae in [0,1]}. Clearly maxyes J(u)—
min,es J(v) = 400, and this function can be seen as a barrier function for S.
However, we have

/ _ [ 2(ult) —o()o(t)
J(v,u—v)—/o Ty dt

and A(J") = maxy yes J' (v,u —v) < 2.
Remark 4. If the primal problem is feasible, it is clear that there exist w € S and
T € T such that Au =7 , i.e., 0 € Q. In order to have B(0,r) C @ with r > 0, one
of the following extra assumptions is enough:
e The set T has a nonempty interior and there exists u € S such that
Au =X €int T (generalized Slater condition).
As T € int T, there exists r > 0 such that: T+ B(0,7) C T, and therefore
B(0,r)=7—Au+ B(0,r) C Q.
e The set S has a nonempty interior, A : U—-V* is surjective and there
exists T €int S such that Au=x€ T.
Indeed in this case, as @ € int S, there exists 7 > 0 such that B(w,7) C S.
By the Banach—Schauder theorem, the image of any open subset of U by A is
an open subset in V*. Therefore, there exists r > 0 such that Au+ B(0,r) C
A(B(u,7)) C A(S). We conclude that T — Au + B(0,r) = B(0,r) C Q.
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7. Solving the primal-dual problem in O(% In (%)) iterations. Denote by
2} g the unique optimal solution of problem

(7.1) IZ%I‘I} Op.u.n(2),

and by z* one of the optimal solutions of the dual problem (3.3). We assume that the
upper bound

(7.2) 12*llv < Dp

is available. As we have just shown, this can be ensured under very natural assump-
tions on S, T, and J using Theorem 6.1.

If we apply method (2.2) to the doubly smoothed dual problem with starting point
2o = 0, we obtain a sequence {zj} verifying

* * —k\/ T

Opi(2k) = Opun(2ps) < 2 (0p,,6(0) — Opun(2ps)) € Lo,

* —k\/ T
(7.3) ||V9p7#7,{(zk)||2 o S AL(p ) (Ops(0) = Opuk(zps)) € Lipor
-0

. [ P S —
lze = 2psly- < min {l2psllfres 5 Gpun(0) = Oppun(zhs)) e "V I@E ],

7.1. Convergence of 6(zx) to 8*. Since 0, ,, .(0) =6,,,(0) and 0, ,, .(2}g) =
* K * 2
0p.u(2ps) + 5 IzDslly» we have

(7.4) % sz?s”%/ (S) 0p,u,ﬂ(0) - Hp,u,ﬂ(ZBs) = 0,;,#(0) - 0p,u(3155) - % HZ}BSH%N
. . 2.3 . k -
2k — zDSH%/ < %(GP#(O) —0pu(zhg))e "V T,

Note that

* (2:3) * —k\/ K *
ep,u(zk) - 9P7M(2DS) < 2(9p,u(0) - apw(ZDs))e Llopor) §(||ZDSH%/ - sz”%/)

On the other hand,

Izpsll¥ = z6lly < llzps — zllv (12psllv + llzkllv)
< llzbs — zllv@llzpslv + 12k — 2D sllv)
2.5)

< 3llzps — zkllv - l2Dsllv

(7.4) L
<3 ebsllv /2 Bpu(0) — B u(zhs))e SV
(7.4) L
< 8(0,(0) = O, u(2hg))e 2V T

and therefore
[ A —
Opu(2k) = Opu(2hg) < 5(0p,u(0) — Oy u(2pg))e 2V ECwS
We also have 6, ,(0) < 6(0) and
0p.u(2ps) = 0(2ps) — pDr — pDs > 0(2*) — pDr — pDs.
Therefore,

(7.5) 0p,u(0) = bpu(zps) < 0(0) = 0(z") + pDr + pDs.
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Finally, since 0, ,(25) + 5112pslly < 0p.u(2%) + 5[|2*]|7, we have

5.4 .

* * K * ( . ) * *
Opn(zbs) < 0 (=) + 12713 S 00) + 511273,

and therefore
(5-4) K 2
ep,u(zk) - 9p7u(zf)s) > 0(z) —puDs — pDr — 0(2") — §||Z*||V

In conclusion, we have

S p——
0(24) — 0(=%) < uDs + pDr + 5D% + 5 (0(0) — 0(%) + pDr + pDs) e VT
(7.6)
Now it is clear how to choose the smoothing parameters. Let us fix some € > 0.
In the upper bound for the residual 6(z;) — 6(z*), we have four terms. In order to
ensure accuracy 6(zx) — 0(z*) < ¢, we force all of these terms to be less than or equal
to 7. This leads to the following values:

(7.7) p=ple) =155, p=ple) =15, £=~r(€) =35z
Under this choice we get
(7.8) 0(zk) — 0(z") < % +5(9(0) —e(z*)+§)e—%\/m,

The last term in the estimate (7.8) defines the number of iterations needed for
k 3
reaching the accuracy e. Clearly, we ensure 5 (9(0) —0(z*) + %) e 2VIGwm < £ by
taking

(7.9) > o) Llp s k) 20 (0(0) — 0(z") + £)
' - K c )
It remains to note that
L y by K 1 1 7.7 8
(7.10) M:1+—+_HAH2(:)1+_2 [DT+D5HAH2] o2,
R PR UK P

Thus, we need at most k = O(% In 1) iterations.

7.2. Convergence of ||V8,, . (zx)||y .- In our approach, we want to be able to
reconstruct a nearly optimal and feasible primal solution efficiently. In section 4.1, we
have seen that the accuracy of this primal solution depends not only on the rate of
convergence for the dual objective function, but also on the rate of convergence of the
norm of its gradient. We now provide an upper bound on the number of iterations
needed to reduce this norm below a certain level. We start with

VO, u(zi)llve < || VO pi(2k) — KBzillve < |[V0p k(2k)|lve + K| Bzi|| v
9l + Kkl S IVl + 26 sl
Note that
i [Vl S 050) ~ (i)Y
0 (6(0) — 0(=*) + uDs + pDr)e” VT
D 00) - o) + 5V,
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At the same time,

(5.4)
* K %12

0(z") + 5 llz*[ly
4

2 2
> Opu(z") + 51127y 2 Opulzbs) + 5 12hsllv

>
. ) * K * 2
> 0(zpg) —uDs — pDr + 5 |2pslly

—~
ot

v

* K * 2
0(z*) = uDs — pDr + 5 ||l2psll5 -

Hence,

2 2 (7.7 3¢ (7.
@) epslly <\l + Z0g+ Loy e 300 s,

and we obtain

198, (zi) [~ < \/4L(p,u, k) (9(0) —0(z*) + g)e—%\/—wf‘m +2V3kDp.

Taking into account (7.7), we can see that in k(e) = O(L1Inl) iterations, we can
ensure

(7.12) O(2r) = 0(2") < e, IVOpu(zi)llv- < 55

7.3. Constructing an approximate primal solution. In this section, given
a target accuracy € > 0, we will see how to obtain from the dual iterate zj) an
approximate primal solution ) € S such that

(7.13) |J(tke)) = D*| < 2(1+2v3) -,
~ 2¢

Since D* < P*, inequality (7.13) implies J(up()) < P* + 2 (1 + 2\/3) €, and ()
satisfying (7.13), (7.14) can be seen as a nearly optimal and feasible primal solution
with accuracy proportional to e.

Consider Uy(e) = Up(e),z, > the unique optimal solution of the optimization prob-
lem defining ¢,,(¢)(2k(e)). We have

0 (e m(e) (Zh(e)) = Tp(e).@(Zh(e)) + %(z’f(f))
= (Tp(e), 210y 2H(0)) — F 1T p(e) 20000
—(Ai(eys 2r(e)) — X [T 13-

Ve — J(Une)

Therefore,

J(Ur(e)) = D" = (Tp(e), 20y — /Qlaue)a 2h(e)) = E 12 (), 20, 13-
— 5 (o)l = Opiernce) (2re)) + 0(=")-

Since 0p(6)7u(6)(2k(6)) —0(z*) < G(Zk(e)) —0(z*) <, and

(7.15)

(5.4)
Opte) () (Zre) —0(z*) > O(2k(e)) — p(€)Ds — p(e) Dy — 0(2*)

= H(zk(é)) — 6‘(2*) — %6 > —%6,
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we have [0,¢) .(e)(Zr(e)) — 0(2*)| < €. Therefore,

|J(Uk(e) — D*| < pr(e),zk(e) — At v [E= s p(€)Dr + pu(€)Ds + €
7.7) (r12)
< | VOpe o Cr) - Nlzrolly +2¢ < 35 lzra lly + 26,

establishing (7.13). On the other hand,

(7.3) (7.11)
Izh@ |l < 2k = 2bslly + 12bslly < 2lzhbsly < 2v3Dp

and we obtain | J(Uge)) — D*| < 2(1+2v3)-e. Finally, we have Uy € S and

, (112 N2
= IVl < (B5)

€ T, which proves (7.14).

H‘Aak(é) ~ Lp(e),zr(e) Ve

where Tp(e),20(e)
8. Practical implementation of the double smoothing technique. The
double smoothing technique presented in the previous section relies on a choice of the
smoothing parameter x that requires knowledge of the size of the dual optimal set, or
at least an upper-bound Dp on this quantity (given, for example, by Theorem 6.1).
Even when we have no initial estimate of the size of [|z*[|,,, we can still apply a
simple modification of the double smoothing technique. The procedure we propose is
based on a initial estimate Dp of ||z*||;, (we do not require ||2*||;, < Dp). It consists
of successively applying the fast gradient method to a sequence of doubly smoothed
dual objective functions 6, ,, .(-) with decreasing smoothing parameter x, restarting
from scratch at each application, until condition ||V, (1), < ¢ is satisfied. This
procedure will ensure we obtain a primal iterate u € S that is both nearly feasible
for the linear constraints, i.e., d(Au,T) < O(e), and nearly optimal for the primal
objective function, i.e., J(u)—P* < O(max(||z*||y, , Dp)e). Moreover, when compared
to the ideal situation where the norm of the dual optimal solution is known, the total
number of iterations required by this procedure only grows by a small logarithmic

multiplicative factor of order O(max(1, logg(”g&))).
Let € > 0. The proposed global procedure goes as follows.
£

Initialization: Let Dp be an initial estimate for |[2*||,,. Choose r(1) = = and
D

ji=1
jth attempt; Apply (from scratch) the fast gradient method to the doubly smoothed

dual function 6, , .(.) with p = ﬁ;w and p = ﬁ;(i) until the following
stopping criterion is met:

(8.1) 1820y < .

If this last iterate satisfie

(8.2) VO, (20)lly - <,

terminate and output uy = argmin,ecy{J(u) + (Au, zx) + § lull7,}-
Else let x(j + 1) = 2(j) and start the (j + 1)th attempt.

First, we note that since the stopping criterion (8.1) checked at the jth attempt
is the norm of the doubly regularized function being minimized, it is guaranteed to be
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128DT 128D g x, 2
128D 128Ds 165(5) 1+ ——5T+—52)(0(0)—0" + 1)
1+ =% + == log( E =)

met after at most k = \/

iterations; see bound (2.4).

We now need to estimate the number of attempts needed to reach the termination
condition (8.2), and consider two cases:

1. When Dp is chosen smaller than the true norm of the dual optimal solution
llz*|ly/, our global process stops for sure with criterion (8.2) when

9 9

< K(j) <
16 |2+l

(8.3) < o
8]z Hv

Indeed, as soon as k(j) satisfies this condition we have

V05, (zi)l - Vs (z0)ly -« + 5 28]l

<
(2.5),(7.11) 2p
< IV0pm () e + 264/ N12# 115 + —Ds +—Dr

1985y - + 26 [12* [y, + B/mDis + 233/ R D7

8.3)
E.

IN

(8.1

INZ

2k
condition (8.3) holds, satisfies log,( Iz HV) +1<j <log, (Hz HV) + 2.

As k(1) = 81;_0 and k(j) = k(j — 1), the number of attempts carried out before

When this global procedure stops, primal iterate uy is nearly feasible,
d(Aug, T) < [|Aug = 2p 2|y = ”Vapw(zk)”; <g,

and nearly optimal,

(7.15)
J(uk) — P* < [(VOp,u(2k), 2i)| + 6" — 0p,1(21)
<

Hapw(zk)”w Zk”v + pDr + uDs
(2.5),(7.11),(8.2) 2uDs  2pD
< 2s¢||z*ll2v+ =5 L 4 oDy 4 puDs
(8.3) 25
< Tl

2. If Dp is chosen bigger than |z*||,, the global procedure stops after the first
attempt since |V, ,(zk)[|y. < 2 + % < g, and we obtain a primal iterate wuy

satisfying d(Aug,T) < [|[VO, u(2k)lly. < € and J(ug) — P* < 2ey/ ll2*]13 +2E§) +
DDE (2\/_ + )DDE.

In COHChlblOIl when the global procedure stops, we have an approximately fea-
sible solution with d(Aug,T) < ¢ and a guarantee on the accuracy of the objective
function of order O(max(||z*|,,Dp)e). Although this last bound cannot usually
be computed in practice, since [z*||,, is not known, an a posteriori guarantee on

the objective accuracy can be easily computed from the right-hand side of inequality
J(ur) = P* < [(Vbp,u(z1), 2)| + pDr + pDs.

Remark 5. A potential drawback of the suggested scheme is that while it al-
lows the user to choose a guarantee ¢ on the feasibility of the final iterate, it does
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not allow the same with the objective function accuracy. Indeed, our bound for that
accuracy O(max(||z*||,, , Dp)e) involves the unknown norm of the dual optimal solu-
tion.! However, this is unavoidable, as all known methods for convex optimization
require at least some information of this type to guarantee absolute accuracy of the
solution. For example, the standard analysis of the primal gradient method, which
produces inequality f(zx) — f* < M , requires knowledge of the initial distance
to the primal optimal solution set X* Whose nature is similar to the size of the primal
optimal solution.

9. Applications in optimal control. In this section, we will study optimal
control problems (OCP) that can be written in the form (3.1) (more precisely in the
form (4.1)). In particular, we consider OCP governed by a system of linear differential
equations with convex objective functional, convex constraints on the state variables
at finite number of inspection moments, and pointwise convex constraints on the
control variables. In order to motivate our choice of problem class, in particular the
linearity of the differential equations, we first show that OCP with a nonlinear system
of differential equations are NP-hard.

Consider the following OCP with convex objective function:

(9.1) uGLQI(n()Hll] ) { eI + (c,z(1))?: &= —2- (z,u) +u, x(0) =z }
We assume that vector ¢ has integer coefficients.
LEMMA 9.1. Let ||xo||3 = 1. Then, finding an approzimate solution to problem

(9.1) with absolute accuracy higher than é dof W is NP-hard.

Proof. In view of the system of differential equations in (9.1), we have (&, z) = 0.
Hence, by condition of the lemma, ||z(t)|]2 = 1. Note that by an appropriate control
u we can move the starting point xy to any position at the unit sphere. Hence, the
problem (9.1) is equivalent to the following finite-dimensional minimization problem:

92) Find € = min {&() = Iyl + (e.9)’}.

Let us show that this problem is equivalent to solving the equation (c,y) = 0 with
Boolean variables (which is a well-known NP-hard problem).

If this equation has Boolean solution y, with coefficients yii) =4+m V2 =
1,...,n, then & = % On the other hand, note that for any y € R™ with unit
. , 2
Euclidean norm we have ||y||$ = % +3, ((y(l))z - %) . If we manage to find
such a point y with £(y) — & < ¢, then in the case Ey) > i + é we guaran-
tee the absence of Boolean solutions. If {(y) < =+ + €, then |<c y)| < €2 and

maxi<;<m |(y(i))2 — %} < €Y2. In this case, we can define the Boolean vector
() _
u fry

s -sign(y(®), i = 1,...,m. For this vector we have

(e, u)| = [{e,y) + (e,u—y)| < [e,y)| + Zlc(“-sign(y(“)(nll/z — y®))

=

3

/2 +lefy max |5 —[y@|] < &21+m!cly) = i

Since vector ¢ has integer coefficients, we conclude that (c,u) = 0. |

L For comparison, when Dp is known, the objective accuracy can be chosen as €, and the feasibility
guarantee becomes O(D—€D), as done in the analysis of section 7.
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9.1. Class of optimal control problems and reformulation. Consider the
following optimal control problem:

ir&f{fol F(t,u(t))dt: (t) = A(t)z(t) + B(t)u(t), =(0) = xo,
(9.3) e(t)eT, i=1,...,N,

u(t) € S(t) a.ein [0,1]},

with variables z(t) € R™ and u(t) € R™, t € [0, 1] and where sets S(t) C R™, t € [0, 1],
are closed and convex with bounded graph S def Usefo,1)5 (). We assume that function
F:[0,1]x S — R is bounded and continuously differentiable and convex in the second
argument. We measure control variables with the norm |[jul|3 = fol lu(t)||3dt. We
assume that A(t) € C([0,1], R"*™) and B(¢t) € C([0,1], R™*™). In problem (9.3), we
have a finite number of inspection moments ¢; € (0,1], i = 1,..., N, and we assume
that each subset T; C R™ is a closed, bounded convex set. Let us rewrite the problem
(9.3) in terms of control u. Denote by ® (¢, 7) the transition matrix of the system, i.e.,
the unique solution of the following matrix Cauchy problem:

%q)(tﬂ—) = A@Q)®(t,7), t>71, ®(r,7)=1

Remark 6. When the system is time-invariant, i.e., A(t) = A and B(t) = B for
all ¢ € [0, 1], then transition matrix ® is the usual matrix exponent

o(t,7) = elt=7A —I+ZA<”

From classical optimal control theory (e.g., [12]), we know that the state trajectory
x(t), generated by the system of differential equations under the control u(t), is defined

by z(t) = ®(t, O)x(ﬁ—fé5 (t,7)B(1)u(r)dr, t € [0, 1]. Therefore, the constraint z(;) €
T; can be expressed as A;(u) € T; for each i = 1,..., N using

9.4) Ai(w) & /Oticp(ti,T)B(T)u(T)dT and T; < T, — ®(t;, 0)m,

where ®(t;,0)z is the value at time ¢; of the unique solution of Cauchy problem
z(t) = A(t)z(t), z(0) = xo.

Linear operator A; : L?([0,1], R™) — R" can also be written as

def [ ®(t;,7)B(T) when 7 € [0,1],
Au-/ A;(T)u(r)dr, where A;(1) = { 0 when 7 et 1].
Defining now J(u fo ))dt and S = {u € L2([0,1],R™) : u(t) €

S(t) a.e. in [0, 1]}, the optlmal control problem (9.3) can be rewritten in the form
(3.2), and therefore in the form (3.1), if we define the convex set T' = Ty x Ty x

-x Ty C RN*™ and the linear operator A L2([0,1], R™) — RN*™ such that
Au = RN*" - R satisfies (Au,z) = SN (Agu, z;) for all u € L2([0,1], R™) and
z = (2z1,...,2n) € R™ Hence, we can solve it by the double smoothing technique.
This approach assumes that we are able to solve the following problems easily in a
pointwise way,

maxyes {~F(tu) =TI u A7) - § Jull3}
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where A;(t) depends directly on the state transition matrix. However, in practice the
state transition matrix ®(¢;,t) is often not known explicitly. Instead, we can compute
the function A;(¢)7 2% as a solution of some system of differential equations. Indeed,
we have (see, e.g., Theorem 1.2 in [13]) L&7(t;,t) = —A(t)T®7(t;,t). Therefore
®(t;,t)T is the state transition matrix of the system ¥(t) = —A(t)Tv(t). Hence,
A;(t)T2" = B(t)Tv(t), where v(t) is the unique solution of Cauchy problem

(9.5) o(t) = —A@®)To(t), wv(t;) =2" tel0,t,

extended by zero for ¢ € [t;, 1].

Remark 7. At first glance, it seems that we are restricted to objective functionals
depending only on the control u(t) and not on the state variable z(t). In fact, using
the state transition matrix, we can also consider any convex functions depending on
linear functionals of the state. Such a functional can be defined as

l(z) = [} (x(t), alt)dt = [ fo Ju(r)dr, a(t))dt
O(t,7)B(T)u(7),a det fo fo u(t), B(t)T®(t, )T a(t))drdt
u(r), B(r)T&(t, > a(t))dtdr € [ (u(r), h(r))dr,

~ B(r)T®(t,7)Ta(t)dt. Another possibility is as follows:

I(z) = ((t:),a) = (fy" ®(t;,7)B(r)u(r)dr,a)
fo (t;, ) B(T)u(r), a)dr def foti<u(r),h(r)>dr,

with h(7) = B(1)T®(t;,7)Ta

9.2. Evaluation of ||A;||,. In order to solve the primal-dual problem (3.1)-

. ) N
(3.3) by a double smoothing technique, we need to bound the norm || A < [>°.1,

[ A:]|I3]1/2. Moreover, from the estimates (7.9), (7.10), it is clear that this norm is
an essential element in the global complexity bound of our problem. In this section,
we first derive a closed-form representation for the norm |[|.A4;||, using the reachability
Gramian of the dynamical system. However, this quantity is not easily computable
(it needs the knowledge of the transition matrix). Moreover, its dependence in the
length of time interval is not very transparent. Therefore, in the next section, we
obtain some simple upper bounds for the norms ||.A;||,, which can be easily computed
by solving linear matrix inequalities (LMI).
Let us derive first the exact expression for |A;[|,. By definition,

[l Aill, = sup {IlAswullz : JullL2qo,1),mm) =1} .
uweL?([0,1],R™)

Since the vector A;u does not depend on values of u(t) for ¢ € (¢;, 1], we can consider
the restriction of A; on L2([0,¢;], R™) : u — fot & (t;, 7)B(7)u(r)dr. Then

Il Aill, = sup {Asull2 = [Jull 20,6, rm) = 1}
weL2([0,4:],R™)

and the operator A} maps y € R" into function B(t)T®(t;,t)Ty € L?([0,t,].
For all t; >0,i=1,..., N, define the reachability Gramians

ti
W,(0,t;) :/ O(t;, 7)B(T)B(T)T ®(t;, 7)Tdr = AA7,
0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/13/12 to 130.104.59.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

722 O. DEVOLDER, F. GLINEUR AND YU. NESTEROV

which are symmetric positive semidefinite matrices. Recall the following definition.
DEFINITION 9.2. The system

(9.6) #(t) = A(t)z(t) + B(t)u(t), (0) =0,

is called reachable on [0,%] if for any & € R" there exist a control u(t) such that
z(t) = 7.

Reachability is closely related to the reachability Gramian (e.g., Corollary 2.3 in
[1)-

THEOREM 9.3. The system (9.6) is reachable on [0,1] if and only if the Gramian
W,.(0,1) is positive definite.

Let us come back now to the definition of the norm [|.A;||,. We have

[Aill, = sup {[[Asullz: [lullr2qo,e,mm) =1}
weL2([0,t:],R™)
—1

= ueLz(%‘?iLRm) {||U||L2([07ti]7RM) D | Al = 1}
If the system is reachable on [0, ], then Im A;(L*([0,¢;], R™)) = R", and we have
i f m _1
el (a1 B {lull 2o, mmy ¢ [MAsull2 =1}

= inf {||U||L2 ([0,t] Rm) Au—a}l}

@ €R™ w4l

ueLz([O,ti],RT”)
In order to solve this minimization problem, we will use the following simple result.

LEMMA 9.4. Let H be a Hilbert space and let the linear operator A : H — RE
be nondegenerate: AA* = 0. Then for any b € RY and f € H, the Euclidean
projection mp(f) of f onto the subspace Ly, = {g € H : Ag = b} corresponds to
m(f) = f+ A*(AA*)"Y(b — Af). Therefore
inf lully = 145 (AA}) " ills = ((AsA]) g, ) /2.

ueL2([0,t;],R™),
Aju=z;

Therefore
inf {HuHLz (0.t:],m)  [Aiull2 = }: inf <(Ai,4f)’1xi,xi>1/2

u€L?([0,t:],R™) llzill2=1

= A (AAD) ™),

min

and we conclude that

[Aill2 = A2 (AAD) ™Y = AYLZ(AAD),

where A; AF = W,.(0,¢;) is the reachability Gramian.

9.3. Bounding the growth of norms |.A4;||, with time. In the previous
section, we have shown that the norm ||.A4;||, is equal to the square root of the maximal
eigenvalue of the reachability Gramian on the interval [0,¢;]. Simple examples show
that this norm can grow exponentially with ¢;. However, for stable systems, the
situation is much better.

In this section, we derive the bounds for the growth of the norms ||.A;]|, from the
stability characteristics of the linear time-varying system:

(9.7) #(t) = A(t)z(t), >0,

where the matrix A(¢) depends continuously on time.
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Recall that the state = 0 is always an equilibrium of the system (9.7). It is
the unique equilibrium if A(¢) is nonsingular for all ¢ > 0. The following facts are
standard (e.g., [1]).

THEOREM 9.5. The equilibrium x = 0 is stable if and only if the solutions of

the linear systems are bounded; that is sup;s. ||®(t, )|, Lef k(t) < oo V7 >0. It is

uniformly stable if and only if sup, o k(T) = sup, > sup;>, [[®(t,7)|, ko < 0.

Finally, it is is exponentially stable if fot HCI>(t,T)||§ dr < C Vt >0, where constant C
is independent on t.
Using these stability results, we can obtain some estimates for the growth of

[[Adl-
THEOREM 9.6. If the equilibrium x = 0 is stable and kq def sup;>g || B(t)]], < oo,
then N

" 1/2
(9.8) [Aills < Ky |:gk2(T)dT] .

Proof. For all u € L?([0,;]R™), we have

il = || fy* @(ti, 7)B(r)u(7)
< [y Iotts, PIBIB() 3dr -

hence inequality (9.8). O

ti,7>§/<;>||2uu<f>||2dr
W3dr] < kalfy k2 dr] 2 o

This upper bound depends on the growth of integral fo k2(7)dr with respect to
t;, which can be very fast. Moreover, it can happen that functlon k( ) does not belong
to L%([0,t;]), in which case bound (9.8) gives no information. However, if we assume
uniform stability of the equilibrium x = 0, we can get much better bounds.

THEOREM 9.7. If equilibrium x = 0 is uniformly stable and k1 < oo, then
[ Ailly < Kok1v/E:.

The proof of this theorem is the same as that of Theorem 9.6. However, we can
now ensure a sublinear bound for the growth ||.4; ||, with respect to t;. If we strengthen
again the stability assumption, we can obtain an upper bound independent on ;.

THEOREM 9.8. Let equilibrium x = 0 be exponentially stable and k1 < co. Then
[ Adl, < V.

Again, this fact can be easily derived from the arguments of the proof of Theorem
9.6. In some cases, we can obtain a computable upper bound for the norm ||4;|,.
Recall the following well-known sufficient condition for the global exponential stability.

THEOREM 9.9 (see [1]). Let the linear system (9.7) be time-invariant, and assume
there exists a matriz P = PT > 0 such that ATP + PA < 0. Then equilibrium © =0
is globally exponentially stable.

Under conditions of this theorem, there exists 177 > 0 such that the following LMI

ATP+ PA< —mP, P=PT~0,
admits a solution. Matrix P and constant 7; can help us to obtain an explicit upper
bound for the norm ||A4;||,. Indeed, by definition, A;u is the position at time ¢; of the
point z(t) of the unique trajectory defined by the linear system

&(t) = Az(t) + Bu(t), =z(0) =0.
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erefore, we have ||x(t; = (x(t;),x(t;)) < .0 — IR where we have
Theref h 3 PRl = soty, wh h

introduced function R(t) et (Px(t),z(t)). Tts derivative can be bounded as follows:

Since z(0) = 0, we get

= Jo' R()dt < L [(*(PBu(t), Bu(t))dt
um P) [y I But)|2dr < L A max(P) || BI13 lull3 -

*771

2 Amax(P max (P
Hence, [|Ajul; < W ||B||2 Hu||2, and therefore ||.A; H2 meIZ) HBH2

If we want to obtain the best upper bound for ||.A;||,, we need to solve the following
optimization problem in the variables 71, 12, 13, and P:

(9.9) min{% cATP 4+ PA< —qP, ol <P =<usl, mn,n2,m3> O} .

Although this problem is nonconvex, we can provide an upper bound for its optimal
value that is computable with a convex LMI. Indeed, we note that

||-/41H§ < min{% cATP+PA < —mnzl, mol 2P =<n3l, n1,7m0,73 > 0}

since the feasible set in the right-hand side is smaller than that of (9.9). Furthermore,
if we introduce new variables: P = m}; = T2 = 7]1773 and 73 = -=, we obtain a convex
problem that can be solved in polynomial time,

mln{z3 ATP+ PA= I, @l <P <isl, 772’773>0}'
2

10. Comparison with the literature and conclusion. The subject of this
paper can be summarized as the development of an efficient first-order method (ob-
tained using the double smoothing technique) in order to solve partially finite (or
finite) convex optimization problems with linear constraints.

Partially finite convex problems have been extensively studied in a theoretical way
with duality results, weak constraint qualification [6, 7, 9, 10, 14, 15] and applications,
for example, to maximum entropy [5, 8].

On the other hand, it is not the first time that the smoothing technique is used for
solving finite-dimensional convex problems with linear constraint by first-order meth-
ods. As our approach can also be interesting for solving finite-dimensional problems,
we briefly mention these results here, and discuss the differences with our approach.

n [16], the authors consider the case of a conic problem with linear objective
function, i.e., J(u) = (¢*,u), with ¢* e U*, T = {b*} C V*, and S = L C U a closed
convex cone. Using the rich duality theory for such kinds of conic problems, they
consider a primal-dual approach. The main idea is to reformulate the primal dual
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optimality conditions A*y + s* — ¢* =0, Au — b* =0, (c*,u) — (b*,y) =0, (u,y, s*) €
L xV x L* as a nonsmooth convex problem:

10.1 f = mi =||Ez— = mi Ez—
(10.1) f=min{f(z) = 1Bz — ell.} = mip max (Ez —e,w),
where ||.| denotes a norm on U x V x R, |||, its dual norm, z = (u,y,s*)T, e =
(C*7b*70)T7
0 A" I
E=| A4 0o o],
¢ =b" 0

and Z = L x V x L*. Applying the smoothing technique to the function f, they
are able to find a primal-dual solution z. such that |[Ez. —e||, < e in O (1). This
primal-dual approach does not work in our case for two reasons. First, primal-dual
optimality conditions cannot be expressed as a linear system Ez = e (subject to a
conic constraint). Furthermore, we do not want to work in the primal-dual space but
preferably in the dual one due to our asymmetry assumption (the problem (10.1) can
be infinite-dimensional in our framework).

The approach considered in [2] is more comparable to what we are doing. Their
problem class is composed of problems of the form (3.1) with J a (not necessarily
smooth) convex function, S = U and T = K — b, where K is a closed convex cone.
Dualizing the constraint Au+b € IC, they obtain a dual problem with conic constraint:
max.ck- ¢(z), where g(z) = inf, J(u) — (Au+ b, z). They apply the smoothing tech-
nique to the dual objective function and compare different optimal first-order methods
of smooth convex optimization for solving the smoothed dual problem. They are able
to solve the dual problem with accuracy € in O (%) iteration. To reconstruct a nearly
optimal primal solution u. from a nearly optimal dual solution z., they suggest choos-
ing u. as the minimizer of the optimization subproblem defining the smoothed dual
objective function at the point z.. However, this suggestion is not supported by the
analysis of the convergence rates (see our discussion at the end of section 5.1).

In the framework of separable convex problems, the smoothing technique has also
been applied in [17] to convex problems with linear coupling constraint. Dualizing the
coupling constraint, the authors obtain a dual objective function that can be computed
in a separable way. Applying a simple smoothing to this dual objective function, they
obtain a smooth dual objective function keeping the separability structure. Here
also, this approach allows them to solve the dual problem with accuracy € in O ()
iterations. Averaging of the minimizers of the subproblems defining the smoothed dual
objective function at the different dual iterates is proposed to reconstruct a primal
solution. It is proved that the quality of this primal solution is also of order e. It also
depends on the norm of the dual optimal solution (which is typically unknown).

The approach considered in this paper also allows us to exploit the separability
structure of decomposable problems with linear coupling constraints (see the two
examples given in section 4). In our work, we apply a double smoothing that gives
us a possibility to reconstruct more easily a nearly optimal primal solution from a
nearly optimal dual solution, without averaging. The price that we pay for this
simplicity is a logarithmic term log (1) in the complexity. For the level of accuracy
we are interested in, the logarithmic factor is not distinguishable from an absolute
constant. Furthermore, whereas we also use in our analysis the norm of the dual
optimal solution, we are able to provide an explicit upper bound for this quantity.
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ore generally, to the best of our knowledge, this work is the first one where the

smoothing technique is applied for solving infinite-dimensional problems. In particu-
lar, we considered in section 9 optimal control problems governed by a system of linear

differe

ntial equations with the constraint that the trajectory crosses some convex set

at certain moments in time.
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