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Abstract

The expressiveness of communication primitives has been explored in a common frame-
work based on the m-calculus by considering four features: synchronism (asynchronous
vs synchronous), arity (monadic vs polyadic data), communication medium (shared
dataspaces vs channel-based), and pattern-matching (binding to a name vs testing
name equality). Here pattern-matching is generalised to account for terms with internal
structure such as in recent calculi like Spi calculi, Concurrent Pattern Calculus and Psi
calculi. This paper explores intensionality, a feature that extends pattern-matching to
allow communication primitives to interact by also matching on the structure of terms.
By means of possibility/impossibility of encodings, this paper shows that intensionality
alone can encode synchronism, arity, communication-medium, and pattern-matching,
yet no combination of these without intensionality can encode any intensional lan-
guage. Further, some languages may also be non-linear, where two inputs must be
equal to allow interaction. This paper also explores all the relations between linear and
non-linear variations of the above languages.

Keywords: Process calculi, pattern-matching, intensionality, linearity, expressiveness,
encodings

1. Introduction

The expressiveness of process calculi based upon their choice of communication
primitives has been explored before [38, 6, 11, 23, 16, 14, 15, 17, 21, 22]. In [23]
this is detailed by examining combinations of four features, namely: synchronism,
asynchronous versus synchronous; arity, monadic versus polyadic; communication
medium, shared dataspaces versus channels; and pattern-matching, purely binding
names versus name equality. These features are able to represent many popular calculi
such as: asynchronous or synchronous, monadic or polyadic n-calculus [35, 36, 34];
Linpa [13]; Mobile Ambients [8]; KLamm [10]; and semantic-w [9]. However, some
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recent process calculi include communication primitives that support more structured
terms such as: Spi calculus [1] and pattern-matching Spi calculus [26]; Concurrent Pat-
tern Calculus (CPC) [19, 20], and variations thereof [14]; and Psi calculi [2] and sorted
Psi calculi [3]. Indeed these calculi include communication primitives that account for
the structure of the terms being communicated.

In [16, 17] the original work of [23] is extended by considering intensionality as a
more advanced form of pattern-matching. This paper extends this exploration further
by considering in greater detail the results of [16, 17]. Further, this work considers non-
linear matching primitives that have not been considered in connection to intensionality
before.

This paper abstracts away from specific calculi in the style of [23, 16, 14, 15, 17,
21, 22] to provide a general account of the expressiveness of intensional and non-linear
communication primitives.

Here intensionality is an advanced form of pattern-matching that allows compound
structures of the form s e ¢ to be bound to a single name, or to have their structure and
components matched in communication.

For example consider the process

def

P {a e b)

where P is an output of the compound a e b that combines the two names a and b into
a single structure. Now consider the following processes that can interact with P.
The first is

0 L (xey.0

that has an input x e y that binds two names x and y in a compound structure and then
evolves to the process Q’. The interaction of P and Q is

PO +— f{a/x,b/y}Q

where the compound a e b is matched against x e y and then each component of the
compound is bound separately, yielding the substitution {a/x, b/y} that binds a to x and
b to y in the process Q’. Observe that here the intensionality is exhibited in the structure
of the output and input being required to match for the interaction to occur.

The second is

R & K

that has an input of a single binding name z that then evolves to the process R’. The
interaction of P and R is

P|R +— f{aeb/z}R

where the entire compound a e b is bound to the binding name z in the process R’.
Observe that here the intensionality is exhibited by the entire structure a e b being
bound to a single name.



The third is

s ¥ (de).s
that has an input that tests for the structure of the output and also tests the names a and
b for equality. The interaction of P and S is

P|S +— S8’

and checks that the structures a e b and "a' e "b" are both compounds, and both have the
same names a and b in their components. This ensures equality of the two structures,
and yields no substitution over S’. Observe that here the intensionality is in the match-
ing of the structure of the output and input, and then the testing for equality of names.
Other possible processes are "a' ® x.S’ and y e "5'.S’ which interact with a e b similarly
to above.

This binding of arbitrary structures to a single name, combined with the name
equality testing of the pattern-matching in [23] yields a more expressive intensionality
in communication [16].

The above processes are all linear, that is the binding names in an input appear
only once. For instance in Q the binding names x and y must be distinct. In this paper
non-linear input primitives are also considered where an input may repeat the same
binding name any number of times.

For example, consider two processes that perform an output:

pY (a e b) Qdéf (aea).

Observe that both P and Q output a compound structure with two names. In the case
of P this is the same as before, with names a and b (here assumed not to be equal). In
the case of Q the structure a e a outputs two instances of the same name combined into
a compound. Now consider two possible process that could attempt to interact with P
and Q.

The first is

R ¥ (xey).R

that has an input of a compound x e y with two distinct binding names x and y. The
process R can interact with both P and Q. The interaction with P is as follows

P|R +— {a/x,b/y}R’

where the structure of the compound is matched, and the binding names bind to the
components. The interaction with Q is as follows

QIR + {a/x,a/y}R

where the bindings are as above, with both x and y binding to a.
The second is

S € (zeg).s



that has the same compound structure but the same binding name z repeated twice.
This process can only interact with Q as follows

Q1S w— la/z}S’

where the structure is matched as usual, and the two instances of z are both bound to a.
Observe that here the non-linearity of the two instances of the binding name z induces
a condition on the matching that they must both bind to the same term, here a. If they
would bind to distinct terms then the matching is undefined, and interaction cannot
occur. That is

P|S +b

the process P and S cannot interact since, although the structures match, the names a
and b are not equal.

Observe that non-linearity can appear in any calculus that has more than one bind-
ing name in an input. In practice this includes all polyadic or intensional process cal-
culi, but not monadic non-intensional calculi, where at most one binding name appears
in an input.

By generalising the pattern-matching feature of a calculus to include intensionality
the original sixteen calculi of [23] would here be expanded to twenty-two. The further
addition of the non-linear languages increases this number to forty. This paper explores
the detail of the relations between these various calculi, including the understanding of
the subtle relations brought into play by intensionality and non-linearity.

The main results of this paper are in showing both encodings and separation results
when contrasting these forty languages. An overview of these results is shown in Fig-
ure 1 detailing the relations between the languages that we consider in this paper. Here
languages are denoted by L, 3,5 where the subscripts denote the different features of
the language (details in Section 2). The lack of an arrow between two languages indi-
cates that there is no relation between them. The lower part of the figure with arrows
in black is adapted from Figure 1 of [23]. This work considers intensional and non-
linear extensions: the green arrows are results related to intensionality, the blue arrows
related to non-linearity.

Intensionality proves to be more expressive than non-intensionality, with the gener-
alisation to an intensional language always being more expressive than a non-intensional
language of the same form. The encoding of a non-intensional language into an inten-
sional language is straightforward, since the structure of intensionality can represent
structures to encode polyadicity, channel-names, or other forms of pattern-matching.

The separation results are proven by exploiting the ability for intensional lan-
guages to synchronise on arbitrarily complex patterns in a single interaction, while
non-intensional languages are always bounded in the complexity of the structure they
can consider in a single interaction. This allows a separation result that no intensional
language can be encoded into a non-intensional language. This result is not obvious,
since there are arguments that: arbitrarily complex patterns can be matched be equal-
ity; name-matching generally supports matching of an unbounded number of names;
or any complex matching can be computed and the languages considered already sup-
port arbitrary computation. A brief comment on the arguments can be summarised as
follows.
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Figure 1: Overview of results and relations between languages.

Intensionality is more expressive than arbitrary equality since intensionality allows
sub-patterns to be matched exactly, or inexactly. For example, ensuring a pattern is at
least a pair, does not mean equality with a pair, since a sub-component could be more
complex. Even allowing names to represent the structures and complexity used does
not allow non-intensional languages to encode intensional languages, since there is no
bound on the complexity of the structure in an intensional language, and substitutions
can always increase the complexity.

The unbounded matching of names in name-matching languages suffers from the
above complexity when attempting to encode intensionality. Again the sub-structure
problem with encoding intensional languages arises, where an encoding must be sensi-
tive to both the existing structure, and the changes to structure induced by substitutions.

Finally, the argument that arbitrary computation can be used does hold in that the
structures could be represented and computed. However, due to the opportunistic and
non-deterministic nature of interaction in process calculi, such an approach yields an
encoding that can never terminate. This violates one of the goals of an encoding,
since the encodings considered here (and in general) avoid introducing non-terminating
reductions.



When considering linearity the results are inter-related to those of intensionality.
Here all non-intensional non-linear languages can be encoded into linear languages
with name-matching. The key idea is that for each pair of binding names in an input
an additional name is added that represents whether or not these bining names are to
be equal for the interaction to occur. The encoding of an output then uses conditionals
(or guards) to output the appropriate (in)equality of the names in the output.

Non-linear intensionality cannot be encoded, again due to the complexity of the
structures allowed by intensional languages. These make it impossible to encode a pri-
ori all potential pairs of names (or structures) that may be equal in an output. Thus non-
linear intensionality cannot be encoded into linear intensionality, and this proves that
non-linear intensional languages are the most expressive languages considered here.

The rest of this paper details all these relations, and explores all possible encodings
and separation results. This exhaustive coverage informs on which languages can and
cannot encode one another, and also on which languages have more expressive power.
Furthermore, along the way various tools for showing general separation results, or
encoding approaches are developed.

Note that some of the results considered here have been partially presented in [23,
17]. This work revisits a few of these and details them in Sections 3, 5, 6 & 7 as
preliminaries to the more extensive results required for the whole of this work.

Motivation

The results in this work show that intensionality provides significant expressive-
ness when considering process calculi.  This section briefly overviews some other
motivations for intensional process calculi beyond expressiveness.

Intensionality was shown to increase the computational expressive power in the se-
quential setting [31]. By allowing for functions that can match on the structure of their
arguments (in the style that patterns can match against terms here), combinatory logics
exist that prove more expressive than A-calculus [31]. When representing sequential
computation in process calculi, intensional process calculi allows for both: express-
ing intensionality in sequential computation [15], and for more elegantly representing
Turing Machines [16].

Cryptography, protocols, and security have proved motivating for Spi Calculus [1]
and pattern-matching Spi Calculus [26], both of which introduce intensionality, the
latter in communications as considered here. However, the intensionality presented
here is too strong to support encryption (in the style of Spi Calculus) since it allows
cracking the encryption via patterns of the form enc e (1p e Ak) where p binds to the
plaintext and k to the key [26, 14].

Psi calculi and sorted Psi calculi attempt to present a general framework for pro-
cess calculi that can represent many existing process calculi as an instance of a (sorted)
Psi calculus [3]. This paper has similar goals in that the results here improve under-
standing of the relations of many process calculi to one another. Further, the results
allow for considering the most general language L pc; while also recognising that all
intensional languages have the same expressiveness.

Similarly, the motivation for Concurrent Pattern Calculus is to both generalise the
interaction approaches of many process calculi, and to represent desirable modeling



properties such as exchange [14, 20]. Indeed, [14] demonstrates how intensionality
can be used to capture the pattern-matching of functional programming and data type
constraints with more granularity than a type system.

The structure of the paper is as follows. Section 2 introduces the forty calculi con-
sidered here. Section 3 revises the criteria used for encoding and comparing calculi.
Section 4 provides an overview of this work and revisits previous results. Section 5
explores synchronism into intensionality. Section 6 details arity into intensionality.
Section 7 formalises communication-medium into intensionality. Section 8 presents
identity encodings and proves their composability. Section 9 proves that intensionality
can encode all other features and non-linear intensional languages are the most expres-
sive. Section 10 proves the remaining existing encodings between non-intensional and
non-linear languages. Section 11 begins the impossibility results by showing when
non-linear languages cannot be encoded by linear languages. Section 12 presents the
impossibility of encoding linear intensionality into any other non-intensional language.
Section 13 completes the impossibility results for the non-linear intensional languages.
Section 14 concludes, discusses future and related work, and some motivations for
intensional calculi.

2. Calculi

This section defines the syntax, operational, and behavioural semantics of the cal-
culi considered here. This relies heavily on the well-known notions developed for the
n-calculus, the reference framework, and adapts them when necessary to cope with
different features.

2.1. Syntax

Assume a countable set of names N ranged over by a,b,c,.... Traditionally in
m-calculus-style calculi names are used for channels and output data. Here these need
to be generalised to account for structure. Thus define ferms denoted with s, 1, ... to be

s, = al| set.

Terms can consist of names such as a or of compounds s e t that combines two terms
into one. The choice of the e as compound operator is similar to Concurrent Pattern
Calculus, and also to be clearly distinct from the traditional comma-separated tuples of
polyadic calculi.

The input primitives of different languages will exploit different kinds of patterns.
The non-pattern-matching languages use a subset of names, called binding names and
denoted x,y, z, ..., as in the w-calculus.

The name-matching patterns, denoted m, n, o, . . . and defined by

mn = x| "a

consist of either a binding name x, or a name-match, denoted "a'. Lastly the intensional
patterns, denoted p, g, ... also consider structure and are defined by

p.q = m| pegq.



The binding names x and name-matches "a' are contained in m, compounds and
names in s, and the compound pattern p e g combines p and ¢q into a single pattern.
Both compound terms and compound patterns are left associative.

The (parametric) syntax for the languages is:

P,O,R := 0| OutProc | IN.P | (va)P | P|Q | if s=tthenPelse Q | =P | +/.

The different languages are obtained by replacing the output OutProc and input IN.P
with the various definitions. The rest of the process forms as are usual: 0 denotes the
null process; restriction (va)P restricts the visibility of a to P; and parallel composition
P|Q allows independent evolution of P and Q. The if s = ¢ then P else Q represents
conditional equivalence with if s = ¢ then P used when Q is 0. The %P represents
replication of the process P. Finally, the +/ is used to represent a success process or
state, exploited for reasoning about encodings as in [25, 14, 16, 15, 21, 22].

This paper considers the possible combinations of four features for communica-
tion: synchronism (synchronous vs asynchronous), arity (monadic vs polyadic data),
communication medium (message passing vs shared dataspaces), and pattern-matching
(simple binding vs name equality vs intensionality). Denote by £, g, s an instance of
one of these languages where:

e o = A for asynchronous communication, and @ = S for synchronous communi-
cation.

e 3= M for monadic data, and 8 = P for polyadic data.

e y = D for dataspace-based communication, and y = C for channel-based com-
munications.

e § = NO for no-matching capability, ¢ = NM for name-matching, and 6 = I for
intensionality.

For simplicity a dash — will be used when the instantiation of that feature is unimpor-
tant.
Thus the syntax of every language is obtained from the following productions:

Lo OutProc ::= OUT
Le___: OutProc ::= OUT.P
L_ympNo: IN ::= (x) OUT ::={a)
L_mpNm: IN ::=(m) OUT ::={a)
L_mpr: IN = (p) OUT = (1)
L_mcno: IN ::= a(x) OUT ::=a(b)
L_mcenm - IN ::= a(m) OUT ::=a(b)
L_mcr: IN ::= s(p) OUT ::=s(t)
L_ppNo: IN = (%) OUT ::={a)
L_ppwm: IN ::= (m) ouT ::= Q
L _pprs: IN ::= (p) OUT ::=(1)_
L_pcno - IN ::= a(x) OUT ::= a(b)
Lopeam:  IN = a(m) OUT ::= @(b)
L_pci: IN ::= s(p) oUT ::=75(1) .



Here the denotation™ represents a sequence of the form -1, -2, ..., -, and can be used for
names, terms, and both kinds of patterns.

Polyadic or intensional languages also support another feature: linearity (linear vs
non-linear inputs). A language is /inear if each binding name of any input can appear
exactly once. Languages that allow a binding name to occur more than once in an input
are non-linear. Non-linear variations of languages will be here denoted by changing the
pattern-matching notation, with non-linear being NO* for no-matching, NM* for name-
matching, and I* for intensionality. Observe that non-intensional monadic languages
are linear by definition.

Define the set of bound names of a process, denoted bn(P), as follows:

bn(0) = bn(y/) =0
bn(OUT.P) = bn(xP) =bn(P)
bn((va)P) ={a} U bn(P)
bn(P|Q) = bn(if s = ¢ then P else Q) =bn(P) U bn(Q)
bn(s(p).P) = bn((p).P) = U bn(p;) U bn(P)
pi€p
and the set of free names of a process, denoted fn(P), as follows:
fn(0) = fn(+/) =0
fn((va)P) =fn(P) \ {a}
fn(P|Q) =fin(P) U In(Q)
fn(xP) =n(P)
fn(if s = ¢ then P else Q) =fn(P) U fn(Q) U fn(s) U fn(z)

n(s(@).P) =({_ fn(po uin()) U (in) \ ] bn(p)

Di€P Di€P
in(@-P) =({_J in(pn) u (in(P) \ ] on(pn)
pi€p pi€p

n(s().P) = U fn(t;) U fn(s) U fn(P)
n((B.P) = U fn(t;) U fn(P)

where the set of bound and free names of patterns and terms are as follows:

bn(p e g) =bn(p) U bn(q)
bn(x) ={x}
bn("a") =0
fn(s o ) =fn(s) U fn(z)
fn(p e q) =tn(p) U fn(g)
fn("a") = fn(a) ={a}
fn(x) =0



We assume that free and bound names of a process are distinct. We write names(P) =
bn(P) U fn(P) the set of names in P.

Substitutions, denoted o, p, . .., in non-pattern-matching and name-matching lan-
guages are mappings (with finite domain) from names to names. For intensional lan-
guages substitutions are mappings from names to terms. Given a substitution - and a
process P, denote with 0P the capture-avoiding application of o to P that is defined
in the usual manner:

a(0) =0
() =V
o(5{).P) = (s){ct).0(P)
o (s(p).P) =o(s)(cp).o(P) if o avoids p;, for p; € p
o((va).P) =(va).o(P) if o avoids a
o(P|Q) =o(P) | 0(Q)
o(if s = t then P else Q) =if o (s) = o(¢) then o (P) else o-(Q)
o (+P) = x o(P)
where o avoids a name a if for all names b € domain(o), a # b and a ¢ fn(c(b)). A
substitution o avoids a pattern p if it avoids all bound names in p. The application of a
substitution ¢ to a pattern or a term is defined as follows:
oa = o(a) if a € domain(o) oa = a if a ¢ domain(o)

oa' = (oa)' g(peq)=(op)e(oq) o(set)=(os)e(ot).
where the name-match syntax can be applied to a term by the following definition:
™ dgf ™ (s o) dgf r§le 7.

To aid the formalism in the next section, we also define the constrained union & of
substitutions as follows:

ocWp=0Up ifYae (domain(c) N domain(p)) then o(a) = p(a) .

where U is the union of substitutions. That is, the constrained union is only defined
when all names a in the domain of both o and p are mapped to the same term o (a) =
p(a).

Alpha-conversion, denoted =,, is the smallest equivalence relation which includes
the axioms:

(va)P =,(vb)({b/a}P) if b ¢ fn(P)
s(p).P) =os({y/x}(p))P if y ¢ fn(P) U bn(p) and x € bn(p).
Note that, as expected, substitutions cannot be applied on the bound names of a
process, and cannot capture names, i.e. transform a free name in a process into a
bound one. This is the usual reasonable assumption, as capture can always be avoided

by exploiting @-equivalence.
Finally, the structural equivalence relation = is defined in Figure 2.

10



PlO=P PlO=0I|P PIQQIR =IO IR
P=pP itP=,P (va)d =0 (va)(vb)P = (vb)(va)P
Pl (va)Q = (va)(P| Q) ifa ¢ fn(P) «xP=P| xP.

Figure 2: Structural equivalence relation.

Remark 2.1. The languages L, g, s can be easily ordered; in particular Ly, g, 4, s,
can be encoded into Ly, g, , 5, if it holds that &y < ay and 81 < B, and y, < v, and
01 < 60y, where < is the least reflexive relation satisfying the following axioms:

A<LS M<P D<C NO<NM <1 6<6".

This can be understood as the lesser language variation being a special case of the
more general language. Asynchronous communication is synchronous communica-
tion with all outputs followed by 0. Monadic communication is polyadic communica-
tion with all tuples of arity one. Dataspace-based communication is channel-based
communication with all k-ary tuples communicating with channel name k. All name-
matching communication is intensional communication without any compounds, and
no-matching capability communication is both without any compounds and with only
binding names in patterns. Lastly, all linear languages are non-linear languages with
binding names always being distinct in all input forms.

2.2. Operational Semantics

The operational semantics of the languages is given here via reductions as in [34,
29]. An alternative style is via a labelled transition system (LTS) such as [23]. Here the
reduction based style is used for simplicity, as the labels that occur when intensionality
is in play are potentially complex. However, the LTS style can be used for intensional
languages [2, 14, 18].

Interaction between processes is handled in two parts: first by matching some terms
1 with some patterns p, and secondly, by matching the channel names, in the case of
channel-based languages. For the first part, we define a match rule {t/p} of a term ¢
with a pattern p to create a substitution o

Wx £ i (setlpeql £ {sprwig)
{a)a"} &ef {} {t/p} undefined otherwise.

Any term ¢ can be matched with a binding name x to generate a substitution {¢/x}. A
single name a can be matched with a name-match for that name "a’ to yield the empty
substitution. A compound term s e ¢ can be matched by a compound pattern p e g
when the components match to yield substitutions {s/p} = o and {t/q} = 0>, and the
resulting substitution is the constrained union of o} and 0. Otherwise the match is
undefined.

11



The poly-match rule Marcnu(z; p) determines matching of a sequence of terms 7 with
a sequence of patterns p, as defined below.

{s/p} =0 Marcu(t; ) = o

Marcu(;) = 0 —
Marcu(s, t; p,q) = 01 W o

The empty sequence matches with the empty sequence to produce the empty substitu-
tion. Otherwise when there is a sequence of terms s,fand a sequence of patterns p,q,
the first elements are matched {s/p} and the remaining sequences use the poly-match
rule. If both are defined and yield substitutions, then the constrained union & of substi-
tutions is the result. Otherwise the poly-match rule is undefined, for example when a
single match fails, or the sequences are of unequal arity.

Interaction is now defined by the reduction rules given in Figure 3. The base rule is
Sy~c where the P’s are omitted in the asynchronous languages, and the s’s are omitted
for the dataspace-based languages. The Sync rule states that when the poly-match of
the terms of an output 7 match with the patterns of an input p (and in the channel-based
setting the output and input are along the same channel s) yields a substitution o, then
reduce to (P in the synchronous languages in parallel with) o~ applied to Q. The Par rule
is the standard rule for one side of a parallel composition (only one is required here due
to the Struct rule). The ResTR rule allows reductions to occur under a restriction. The
Strucr rule allows reduction by exploiting the structural equivalence relation (e.g. in
combination with the Par rule to reduce the right hand side of a parallel composition).
The ConpT and ConpF are the only non-obvious rules and allow reductions inside
conditionals. The formulation of the rules in this manner is to ensure that unintended
consequences cannot occur due to treating conditionals structurally. Consider that for
any Q we have that Q = if s = ¢ then P else Q when s # ¢'. Consider as well the
substitution o~ such that o-(s) = o(¢). This allows that Q = o (if s = ¢ then P else Q) =
o P for any P, which is not reasonable. Thus the formulation here of the ConpT and
ConpF reductions to handle conditionals. The only negative consequence of this choice
is that to allow reduction of P in if s = s then P else Q requires instantiation of
StrucT to yield a reduction as shown below. (The ConpF instantiation for Q in if s =
t then P else O when s # t is obtained similarly.)

(if s = s then P else Q) = (0 | if s = s then P else Q)

s=s 0|P+— P
0|if s = sthen Pelse Q —> P’

ConpT

StrUCT

AN PP=P

if s = s then P else Q — P’

ISuch rules for the structural congruence have appeared in related works [23] and may cause errors of
the type illustrated here.

12
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Figure 3: Reduction Rules.

Note that the rule

s=s P— P

if s = sthen Pelse Q — P’

does not allow interaction between P (or Q in the false version of the rule) and other
processes without either: additional rules in the structural congruence relation with
potential side conditions to avoid name capture and scoping; or additional reduction
rules similar to those used here.

Define = to be the reflexive transitive closure of the reduction relation +—.

Observe that in intensional languages compound terms s e # may appear in the place
of the traditional channel-“name” of m-calculi, and in the equality test if s = ¢ then -
else -. In both scenarios the syntactic equality of the terms is used where the traditional
use of syntactic equality of names would have been used. That is, s e ) synchronizes
with #'() only if # has the same syntactic form as sez. Similarly, if sez = #" then P else O
interacts as P only if ¢' has the same syntactic form as s e .

Let a k-ary context C(_1;...;_;) be a term where k occurrences of 0 are linearly
replaced by the holes {_;;...; _;} (every one of the k holes must occur once and only
once). To avoid name-capture, we assume that for any process P plugged into a context
C, fn(P) nbn(C) = 0. Whenever it does not hold, suffices to do an alpha-conversion on
the context.

Lastly, for each language let ~ denote a reference behavioural equivalence. Note
that some prior results have explicitly chosen (strong) barbed congruence as the ref-
erence behavioural equivalence and therefore the same choice is made here when
recalling these results. For the non-intensional languages barbed congruences are
well known, either from their equivalent language in the literature, such as asyn-
chronous/synchronous monadic/polyadic m-calculus, or from [23]. For the intensional
languages the results in [18] can be used.

Frequently the results here rely only upon the constraint that the reference be-
havioural equivalence is reduction sensitive, not that the reference behavioural equiva-
lence is explicitly strong barded congruence. This distinction will be made explicit in
places where the choice is significant later, and revisited in Remark 3.8.
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Definition 2.2 (Reduction Sensitive). An equivalence =~ is reduction sensitive whenever
P ~ P’ and P — implies that P’ +—.

The rules ConpF and ConpT occasionally slightly complicate the proofs here. This
typically appears when impossibility results rely on processes that exhibit success. If
4/ is part of a conditional, the process has to be in parallel with another process to
evaluate the conditional and exhibit success (by applying the rule STruct as we have
shown above). Similarly, for barbs, we can use the 0 process to exhibit barbs under an
if s = ¢ then P else Q.

3. Encodings

This section recalls and adapts the definition of valid encodings as well as some
useful theorems for formally relating process calculi. The validity of such criteria in
developing expressiveness studies emerges from the various works [23, 24, 25], that
have also recently inspired works similar to the one presented here [32, 33, 44].

An encoding of a language £; into another language £ is a pair ([ - II, ¢y ) where

[ - T translates every L;-process into an L,-process and ¢y maps every name (of the
source language) into a tuple of k terms (of the target language), for k > 0, such that
o) Nepp(v) = 0, for all u # v. The translation [[ - ]| turns every term of the source
language into a term of the target; in doing this, the translation may fix some names to
play a precise role or may translate a single name into a tuple of names. This can be
obtained by exploiting ¢ ;. Encodings frequently exploit the concept of a fresh name
n for a process P defined such that n ¢ names(P) [23, 24, 25, 32, 33, 44, 28, 5, 43].
When constructing an encoding it is common to exploit ¢y to introduce specific names
that are fresh in that they do not exist in any process or term of the source language
[23, 24, 25]. Also an encoding may take into account a set of names N as part of the
encoding (as in Definition 3.1 below) in which case a fresh name can be explicitly
chosen not to intersect with N [44, 43].
We denote with —; and =, the relations — and = in language £;, denote with
k¥ a sequence of k reductions and with — an infinite sequence. Moreover, we let
~; denote the reference behavioural equivalence for language £;. Define a hole - to be
top-level in a context C(-) if it holds that: if P — P’ then C(P) +— C(P’) andif P | Q
by interaction of P and Q then C(P) | Q + by interaction between P and Q. Also,
let P |J; mean that there exists P’ such that P =; P’ and P’ = P” | 4/, for some P".
Finally, to simplify reading, let S range over processes of the source language (viz.,
L)) and T range over processes of the target language (viz., £5).

—

Definition 3.1 (Valid Encoding). An encoding ([ -1, ¢yy) of L1 into Ly is valid if it
satisfies the following five properties:

1. Compositionality: for every k-ary operator op of L; and for every subset of
names N, there exists a k-ary context Cévp(,l; ... _k) of Ly such that, for all
Sy, Sewithfn(Sy,...,S¢) =N, it holds that [op(S1,...,S) 1 =
CYLLS 1 T I Si I
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2. Name invariance: for every name substitution o there exists o’ such that for
every process S it holds that

o'[ST ifo isinjective
LoS { ~ o'[ST otherwise
and ¢py(o(a)) = o’ (¢ y(a)) for every name a.
3. Operational correspondence:

e forall S = S’, it holds that [ S ]| =2~ [ S’ 1I;
o forall[[S ]| =, T, there exists S’ suchthat S =S’ and T =>,~,[[ S’ ]

4. Divergence reflection: for every S such that [S] +—¥%, it holds that
S 7.
5. Success sensitiveness: for every S, it holds that S ||, if and only if [ S 1 J».

As noted in [24], valid encodings are not composable, but a restriction on the defini-
tion of valid encodings, presented below, ensures composability (Proposition 4.19 from
[24]). All encodings we consider in this paper satisfy this restriction, and therefore we
can rely on existing encodings and their composition in our proofs.

Definition 3.2 (Composable encodings). An encoding ([ - 1, ¢y1) of L1 into L, is com-
posable if it satisfies the properties 1,2,4 and 5 from Definition 3.1 and the following
properties:

e Operational Correspondence revisited:

— forall S = S, itholds that [ S | =, [S' 1| T, for some T ~; 0;

—forall [S] =, T, there exists S’ such that S =1 S’ and T =,
[S'N|T, for some T’ ~; 0.

e preserves the equivalence class of 0: for every S ~; 0, [S ] = 0.
e is homomorphic w.r.t. |: for every S, So, [S1|S201=0S:11LS21.

The rest of this section recalls results concerning valid encodings that will be ex-
ploited later for proving relations between languages. The first such result is an adap-
tation from [25] used to demonstrate that introducing reductions via the encoding can
yield divergence and thus violate a valid encoding.

Proposition 3.3 (Proposition 5.4. from [25]). Let [ - ]| be a valid encoding and let ~,
be reduction sensitive; then, S — | implies that [ S |+ .

Proof. By contradiction, assume that [ S ]| =, T, for some S — ;. By operational
correspondence, there exists an S’ such that S = S’ and T ==, T’ ~;, [ S’ ]|; but the
only such S’ is S itself. Since =~; is reduction-sensitive and since [ S’ ]| = [ S ]| 2,
then T’ +——, T"”. Again by operational correspondence 7" =, T"" ~, [S ], and
soon; thus, [S+2 T = T' == T” =, T"” +, ..., in contradiction with
divergence reflection (since S+ implies that S does not diverge). O
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To aid in the following results define the notation block(S') that denotes the process
(vn)(vm)if n = m then S where n,m ¢ fn(S). The goal of block(S) is to have a
process with the same names as S but which cannot perform any of the reductions or
interactions of §.

The next result (also an adaptation from [25]) shows that a valid encoding must
maintain encoded processes in a context where they can still interact with other encoded
processes.

Proposition 3.4 (Proposition 5.5 from [25]). Let [-] : £ — L, be a valid encoding
and let ~ be reduction sensitive; then for every set of names N, it holds that C‘N('] ,2)
has both its holes at top-level.

Proof. Fix a set of names N and a process S with fn(S) = N. Now consider S’ =
v/ | block(S). By Proposition 3.3 it must be that [ S’ ]| >, since S’ —> ;. By compo-
sitionality we must have [ S’ ] = C‘N (L V1, [ block(S)T). By success sensitiveness it
must be that [ S” ] |, since S’ {};. All these facts entail that the top-level occurrence
of v/ in [’ ] is exhibited:

1. either by the translating context and so ClN G
2. or by [ /1, but this implies that C|N(~, -) has the first hole - at top-level.

Indeed, it is not possible that 4/ is exhibited by [ block(S) ] since block(S) §J;. How-
ever, the first case is not possible otherwise [[ block(S) | block(S)] |,, whereas
block(S) | block(S) ¥;. To show that the second hole in ‘N (-,-) is at top-level it suf-

fices to reason in the same way using S’ = block(S) | /. O

The following result (again an adaptation from [25]) maintains that if two processes
can only report success by an interaction, then a valid encoding must also allow their
interaction.

Proposition 3.5 (Proposition 5.6. from [25]). Let [-] : L1 — L, be a valid encoding
and =, be reduction sensitive. If there exist two L terms S| and S , such that S 1S, 1,
withS; Y1 and S;+b fori=1,2, then [ S| S, 1 w2 by a synchronization between
[Siland S 1.

Proof. By success sensitiveness [ S |S2 ]| |, and by Proposition 3.4 CIN([[ SiI,0S2D
has both [ S ] and [ S, ] at top-level. However, since none of [S; ], [S2 1, and
[ block(S 1) | block(S,) ] can report success, it must be the case that [ S | S2 ] 2.
This can only happen by interaction between [ S| ] and [ S, ]I If this was not the case,
we would have [ S | block(S ) ]| =, or [ block(S 1) | S, ]| —; or

[ block(S 1) | block(S ) ]| =2, in violation of Proposition 3.3: indeed S | | block(S ;)
because S| +A, block(S,) 1 and block(S ;) cannot interact with S . Similar rea-
soning holds for block(S ) | S» and block(S 1) | block(S »). |

The two following lemmas formally state reasoning we exploit in the imposibility
results of this work. The first lemma is used to reason about the actions involved in
synchronisations in valid encodings.

Lemma 3.6. Let [-] : L1 — L, be a valid encoding and ~, be reduction sensitive.
Consider the L terms S| and S, and S 3 such that the following conditions hold:
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A

6.

Then[[ S 1|82 1 =2 by a synchronization between [[ S| and [ S, and [ S1]|S3] >
by a synchronization between [ S ] and [ S3 1. Moreover [ S ]| uses the same action
for both reductions.

S1182 1 Ryand S| S3 —>1 Ry for two terms Ry, Ry, where S interacts
using the same action for both reductions;

S1|S; V> has only one possible reduction, fori =2,3;

S;andS; b, fori=1,2,3;

R,’ U,l andR,-!—/—n,fori = 1,2,’

Ri|Si+Prand Ry |S3+P 1 and Ry | S1+ and Ry | So 4

Sy #1 83

Proof. From Proposition 3.5 and conditions 1, 3 & 4 above we have that[[ S [ S, ]| —»
and [ S | S3] +—, using a synchronisation between [S; ] and [ S, ] or [S3 ], re-
spectively. Observe that by condition 2 above there is only one possible reduction of
S1187and S |S3 that can respectively correspond to these reductions and so they must
be those of condition 1 and share the same action in S ;. Suppose w.l.o.g. that [[S ;]| does
an input and both [S,]] and [S3] each do an output in the reductions [ S | S, ] +—
and [ S| S3] .

As both reductions are initial for [[ S| ]| there are three possibilities.

e The two inputs in [ S ]| are concurrent and therefore the two can occur in any

order. Let us now consider the process T obtained after [ S | S, | S3 ] does
the reduction between [ S; ]| and [ S, J]. Note that due to condition 6 the rest
of this case assumes we can distinguish S, and S; and their derivatives. From
operational correspondence it follows that S| | S | S3 reduces to a process S
suchthat T = [[S ]| T’ for some T’ and S is of the form S = R; | S5 (or S =
R, | §»). Indeed the other possibility, as ensured by condition 3 & 4 above, is for
S =81182 |83 and this leads to a divergence in the encoded process and breaks
the validity of the encoding. Remember that we assumed that 7 is obtained after
reduction between [ S ] and [ S, ]. Also, we havethat T = [[S ]| | T’. We
have the following two subcases depending on whether the reduction between
[SiTand [S3]occursinT = [ S [ | T’ or in a later reduction.

— The reduction between [S; ] and [S3] isincludedin 7T = [S]|T’.
We have then T = [R; | S3] | 7’ but where the output of [ S ] was
consumed. Therefore T must be able to undo the output in the encoding of
[ S3 ] due to validity of the encoding maintaining =~ [ S5 J.

However, this leads to a divergence for the encoding of a process =S| | S | S3.
This breaks the validity of the encoding as =S | S, | S5 cannot diverge as
ensured by condition 5 above.

— Otherwise, let us consider R the process obtained from [ S ]| | 77 after the
reduction between [ S]] and [[ S35 J]. From operational correspondence S
must also reduce to a process S’ such that R — [S’] | T”. However
the only possible reduction for S is a reflexive one by conditions 3, 4 & 5
above and therefore S’ = S. Again we are in the situation above where
R = [R; | §3] but where the ouput of [ S]] was consumed. As above
we can then show a divergence for the process =S | S3.
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e The two inputs are in conflict due to an if ¢; = ¢, then T else T, construct in
the process [ S Jl: depending on the equality test ¢; = ¢; the process does the
input of 7', to interact with [ S, ]| or the input of T, to interact with [ S3 ]. As
both reductions are initial we have then that ¢; and ¢, are both in the free names
of S;. However as both [S; | S, | 0] and [S; | 0| S5 ] reduce using rules
ConpT or ConpF, it implies that the conditional ¢; = ¢, evaluates the same for
both reductions, therefore this case is not possible.

e The only possible case is then for the two reductions to be in conflictin [ S [S,|S3 ]
as both use the same input of [ S .

O

The second lemma below reasons about how a substitution can block a synchroni-
sation by affecting an if - = - then - else - construct.

Lemma 3.7. Let [-] : £ — L3 be a valid encoding and ~, be reduction sensitive.
Consider S| and S, to be two L terms such that [ S| S, | —2 by a synchronization
between [ S 1 and [ S» ]| and such that [ S; | +P», fori = 1,2. Let o = {a/b,b/a} be a
substitution for a, b any two names such that [ oS 1 ]| does not synchronise with [[ S ]
The synchronisation cannot be blocked by an if ¢ = ¢, then T else T, construct in
[S1 1, for any names ci, c, and processes Ty, T».

Proof. Let o” be the substitution given by name invariance of a valid encoding such that
[oS1] =0c’[S1]. Suppose by contradiction that if ¢; = ¢, then T else T, blocks
the synchronisation in [ oS ]l. Then the equality test is affected by the substitution o’
as otherwise the contradiction is immediate. Note then that ¢; and ¢, are both in the
free names of [ S| ]]. We proceed by cases on whether ¢; = ¢, holds or not before the
substitution.

If ¢; = ¢; holds then it must be due to a syntactic equality. This follows from the
fact that the the reduction [ S | S, ] is the first (non reflexive) reduction of the process.
Then 0”(c;) = 0”(cz) must hold as well. Therefore the substitution does not change the
result of the equality test and this cannot be the case.

If ¢; # ¢, then it must be that 07 (c;) = 0’(cy) since if 0”(c1) # 0’ (cy) the appli-
cation of o’ does not change the conditional. Further, observe that coS|; = S| and
so there exists o’ and o’ two substitutions such that o”’¢’[S;] = [ S ] by name
invariance and validity of the encoding and injectivity of 0. However, this yields con-
tradiction since (as in the previous case) it is impossible for o’ to undo the syntactic
equality of 0’ (c1) = 0”’(c3), and so 0’0’ (c1) = 0”0 (c,) while ¢; # ;. O

We conclude the section with a remark on the role of behavioral equivalences in
the encodings.

Remark 3.8. The valid encodings proposed in [23] and the ones proposed here, all
satisfy a stronger definition of valid encodings. The operational correspondence is
strengthened as follows:

o forallS = S’, itholds that [S | = [ S 1,
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o forall[[S ]| = T, there exists S’ such that S =S’ and T =, [ S’ ].

In particular observe that the behavioural equivalence relation ~, does not appear in
the above stronger operational correspondence.

Also, all the encodings satisfy a reformulation of name invariance: for every S
and name substitution o, it holds that [0S || = o[ S 1, that is the substitutions are
not modified by the encodings. (Under the assumption that any reserved names intro-
duced by a valid encoding do not appear in the source processes or in o.) Therefore
showing that an encoding is valid does not involve any constraints on the behavioral
equivalences (not even the reduction sensitive assumption).

However, constraints on the behavioral equivalence are imposed by the compos-
ability results (which asks for barbed congruence), the impossibility results in [23]
(which we revisit in Section 4 and also ask for barbed congruence) and our impossi-
bility results (which rely on Propositions 3.3 & 3.5 and therefore ask for a reduction
sensitive equivalence).

As an example, consider an encoding that is the identity on all process constructors
between a language L to itself. We take =, to be the largest equivalence (it contains
all terms) of L and =, to be the structural congruence. Then the encoding from L with
=~ to L with =, is valid but not composable.

4. Overview

The diagram in Figure 4 shows the valid encodings between the languages that we
consider in this paper: if there are no arrows between two languages than there is no
valid encoding between them. A part of the diagram is from [Figure 1 of [23]]. In
this paper we show the results related to the intensional languages: the green arrows in
Figure 4 are shown in Sections 5, 6, 7, 9, and the imposibility results in Sections 12,
13; and also results related to non-linear languages: the blue arrows are results shown
in Section 10 and the corresponding imposibility results in Section 11.

This section revisits the results of [23] that are used here. Since prior results for
slightly different languages are exploited here, some constraints must be imposed. To
be more precise, the following constraints are necessary for the lower part of the dia-
gram and for impossibility results here, but not for the valid encodings proposed here.

A first constraint is that all polyadic channel-based languages considered are typed
(see Remark 2.2 of [23]). The typing system is arbitrary, as long as the arity of each
channel is fixed. Without this constraint the arrow from Lg pcyo to Ls.y.cno would
not hold.

A second constraint is that the encoding from L a.pym to Ls mcno (the dashed
arrow in the diagram) satisfies a weaker version of operational correspondence than
the one in Definition 3.1. The author argues in [23] that the encoding is still pertinent
and thus it is kept in the diagram. However, the dashed arrow can be replaced with a
straight one if instead the encoding from L ypnm to Ls m.cnm is considered (which
follows from Remark 2.1). As the lower part of the diagram does not involve the main
contributions of this work, they shall be kept as in [23].

Lastly, barbed congruence is considered the reference behavioral equivalence in [23],
and thus is also chosen here (see Section 2).
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Figure 4: Relations between all languages

The rest of this section revisits the encodings proposed by [23] to show that they
are composable (Definition 3.2) and that they satisfy the remark made at the end of
Section 3. For the moment we are only considering non-identity encodings, identity
encodings are considered in Section 9. The identity encodings are the ones covered by
Remark 2.1.

The following encodings are homomorphic on all constructors except on the input
and output. The encoding from L pc .y to Ls ppam is defined as follows:

La@).PT1% a,m).[PT  [ab).PTY (@ b).[P].

Theorem 4.1. The encoding from Ls pcnm to Ls ppnu is composable.

Proof. Operational correspondence of Definition 3.2 follows from Remark 3.8 and
from [0] =, 0. To show that the encoding preserves the equivalence class of 0, we
proceed by contradiction and we suppose that S =~; 0 and that [ S ]| #» 0. Then there
exists a context C such that C[[[ S [I] # C[0], where we write ~ for barbed bisimulation.
There are two cases:

e C[[S I can do a barb (a,E), whereas the process C[0] cannot. Either the barb
comes from the context C|[-] (contradiction, as C[0] cannot exhibit this barb) or
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it comes from the process [ S J|. By cases on the encoding, it follows that S can
do a barb a({b) as well. Contradiction, as S ~; 0.

e C[[S 1] +—2 T, then first note that the context C[-] cannot reduce by itself.
Indeed if the context can reduce by itself then consider the context C’[-] obtained
from C[-] |—>’§ C’[-] and such that C’[[[ S ]I] # C’[0] either because of a barb
(and we are back in the case above) or because C’[[ S ]]] —> T and C’[0] 5.
We therefore have that C[-] 5.

Suppose then that [ S ]| does the reduction by itself. By cases on the reduction,
we have that § +—, contradicting the hypothesis § ~; 0. Lastly, the reduction
is the result of a synchronisation between the context and the process [ S J|. We
have that any action (input or output) available for a synchronisation in [ S ] is
also available in S. Then S #; 0: there exists a context which allows S to reduce
by using its available action, whereas no context can synchornise with 0. This
concludes as S #; 0 contradicts our initial assumption.

The encoding of the parallel composition is homomorphic which follows by the
definition of the encoding above. O

The encoding from typed Ls pcno to Ls.m.cno is defined on input and output as:

Tax - x).P1E a().x(xy). - x(x,).[ P
[@by - b,).PTE (ve)@c).eby). -+ e(bn)I P]

where the type system ensures that the arity of channel a is n and where xN({xy, ..., x,}U
fn(P)) =0and c N ({a, by,...,b,} Un(P)) = 0.

Theorem 4.2. The encoding from typed Ls pcno to Ls mcno is composable.

Proof. Let us show that the operational correspondence of Remark 3.8 holds; the
preservation of the equivalence class of zero follows as in Theorem 4.1; homomor-
phism of parallel is by definition of the encoding.

Whenever a process S — S’ in Lg pcno it implies that § = (vd)(a(xy - x,).P|
aby---b,).0)| P’ and S’ = (vd)(P{b;/xi} | Q| P’), with i < n. In the encoding

[S 1= od){Lax - x,).PTILab - b).QT [P 1)

we have that the process [S ]| can do a sequence of n reductions to produce (vd)(
[P Mb1/xi}---{bu/xa} | TQTT TP DD
Let us now show the opposite direction. We have that for any T such that [ S ]| =»
T,T = (vd)([1,(ve:)(C; | C) | [ P’ 1) where we write C; for the process ci(xj). - .ci(x,).[ P T,
for some j and #; and some process P’. Informally, C; stands for a sequence of inputs
in the encoded process which uses channel ¢;. We write C; for the output counterpart.
This follows from

S = o[ Jatxr - x).Pi| | @) - b),).0: 1 P).
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We take S’ = (vc?)(]_[i Pi{b;/x;}| T1; Qi | P") to be the process in which all available ac-
tions in []; are consumed. By reducing 7 using all available actions in [];(ve;)(C; | C7)
we obtain

T = A [oedd P b} T TP T
= od( [UP b [ JTQ TP D

asc; ¢ ([P DU UILP . 0

The encoding from Lg pp o to Ls mcno is defined as

[ G- x).P T E n(x).xCxy). -+ x(x,) [P
[ (b1 ---b,).PTE vayica)aby). - albn).l P1.

where x N ({xq,..., x,yufn(P)) =0and an ({by,..., b,y Un(P)) = 0.
We can encode L pcym to Lapcnm as follows:
La@m).PT < atx,m).O | 1PT)
[a®).P1E (ve)@e, by | cO.1PI)

where x N (71 U fn(P)) = 0 and ¢ N (b U fn(P)) = 0.
To encode Ls ppym to L4 ppnyu We use the translation:
Lom - m).PTE (xymy,-- ,m).(x) | TPT)
by --b).PTE o), by, -+ by | (EN.LPTD

where x N ({my, ..., m,} Un(P)) =0 and c N ({by,..., b,} U n(P)) = 0.
Lastly consider the encoding from Lg y.cnm to Lamcnm (explained in details in
[23]) below:

[a().P]E ao(en)-@r¢xn) | xn(0).(v2)(Ez)

| z(x0).(c{z) | z(x).[ PT))) for c, z fresh
[a).PTE  ayby).@iiby) | by().(v2)(E )

| 2x0)(¢z) | 2Cx1).LPT)))  for ¢, xo, x1, 2 fresh

Lab).P] e ao(b) | a1 (oy™).(ve)(by(c)

| c(2).Ebo | ¢2).G(b1) | T PT))  for ¢,z fresh
[oa)P]E (va)(vag)(va)[ P
[[ifatzbthenPelseQ]]dgc [if ay = by then P else Q]|

To show composability for these encodings we use a similar proof as in Theorem 4.2.
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One might think that the following simple translation would be possible:

[a(0).PTE ao(xn).(@r{xn) | xn(x0).xn(x1).[ PT)
def

La(B).PTE  ag(ba).@iib) | by(xo).by(xp).I PT) for xo, x; fresh
[ab).PTE @by | ar(a).(bibo) | butbi) | TPT)
[oaP] < (vay,ag,a)[ P

[if @ = b then P else Q] & [if ay = by then P else Q]

However, consider when

[a(b).Py | ab).P> | a(x).Q1 | a(y).0>

has reduced to the point of

bn<boy | b<br) | L Py T | ba(bo) | baibr) | T P2 1]
| by (x0).by(x1).L O1 1 | by(yo).-ba(1)-1 021

and observe that we can reach the state

[P NITP2 T {bo/x0, b0/ 23 Q1 N | {b1/y0, b1/y1}[ O2 1

which would damage further reductions by messing up bp and b; in [ Q; ] and [ Q> ]
Thus we require new channel names (above ¢ and z) to send and acknowledge parts of
the name (here ) and ensure the order is preserved.

We can therefore use the positive results in [23]. The imposibility results hold as
well in our framework (even though the formulation of a valid encoding is slightly dif-
ferent), as these results are shown by contradicting Proposition 3.3, operational corre-
spondence or divergence reflection. Thus the rest of the results of [23] are not revisited
in detail.

5. Synchronism in Intensionality

This section proves that intensionality is sufficient to encode synchrony. That is,
that any language Ls g, can be encoded into L g,,s, Where I < 6, and 61 < 6.

The typical approach to encode synchrony into an asynchronous language is to use
channels and a fresh name to signal that the output has been received and thus encode
synchronicity [28, 5, 23, 43]. The approach here is similar in that a fresh name is used,
however the compounds and name-matching of intensionality are used instead of the
channel-based communication.

The choice to exploit only intensionality here is to demonstrate that intension-
ality alone is sufficient for the encoding. Of course when other language features
(e.g. channel-based communication) are in play then the traditional approach can be
used.
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To illustrate, consider the translation [ - ]| from Lg ps into Laaps that is the
identity on all primitives except for input and output which are as follows:

[(.P] L (xe P TP for x fresh
def

[H.01 = a(aety|(a").[Q1) fora fresh.

The input is translated into a compound that binds an additional name x as the first
component, with the p matching as before. If an interaction occurs, then the term
bound to x is output after the interaction, in parallel with [ P ]|. The output is translated
into a compound term that outputs a fresh name a as the first component, compounded
with the old term #. This output is in parallel with an input that matches exactly the
name a before evolving to [ O ]

Observe that prior to the translation a reduction between an input and output occurs
as follows

(P).P1H.Q — oP|Q Matcu(t; p) = o .

Here we assumed that a,x ¢ fn(P) U fn(Q) U fn(p) U fn(r) Gf this does not hold, it
suffices to apply @-conversion). The translation of these two processes can now reduce
as follows

[(p).PI{n).Q1 (xep) () [IPDIva)(aer)|(Ca).[ Q) (by[-1)

(va)(xe p).{x) TP ICaer)y|(a).l O
(by =, a ¢ {x}Ufn(p) Uin([ P1))

— (va)(a/xtwox) [LPD [ a).[OD)
(o = MarcHu(t; p))

(va)(a) [{a/xtwolPT](a).[ O
(by application of {a/x} W o)

(va){a) oL PT | (a).L O
(by x ¢ fn(P))
va) el Pl 1{a) | Ca).I O (by =)

— (va) e[ PTITCD
(by Marcu(a'; a) = {})

ol PTITOI
(bya¢tn(PDHUR@AD )

Observe that the above can be simplified to

[(P).PIH.Q1 r+— olPIITQC] Marcu(t; p) = o

by applications of the proof tree for .

This translation approach can be extended to translate any synchronous language
Ls gy, into the asynchronous language L 3,,5, where I < 6, and 61 < 65. Consider
the translation [ - ]| that is the identity on all primitives except for input and output
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which are as follows:

[s(p,p).Pl ef s(xo p,p).x{xy | [P for x fresh
[5¢,05.01 = a)Saet,y|x(x).JQI) fora,x fresh.

When the languages are monadic (3 = M) then the polyadic p and 7 are omitted. When
the languages are dataspace-based (y = D) then the channel names s are omitted.

As before, the input is translated to bind an additional name x and then output this
back to the translated output to signal that the interaction has occurred. Similarly the
output restricts a fresh name a and then transmits this along with the original term. The
continuation of the output is then placed under an input that only interacts with the
fresh name.

Lemmas.1. I[fP=Qthen [Pl =[ Q1. Conversely, if [ P]l = Q then Q =[P’ ] for
some P’ = P.

Proof. Straightforward, from the fact that = acts only on operators that [[ - ]| translates
homomorphically. O

Lemma 5.2. For two processes P and Q such that P+ and Q +, then [P | Q] +—
if and only if P | Q +—.

Proof. For the forward direction, observe by the definition of the reduction relation that
the only possible reduction (rule Sync) must be between an input and an output. Fur-
ther, observe that the only possible input in the encoding must be from an input in the
source language, and similarly an output in the encoding from an output in the source
language. Conclude by showing that the interaction relies upon some MatcH(y, ; X, p)
and this implies that MatcH(?; p) is defined in the source processes and finally P | Q +—.
The reverse direction is proved similarly. O

Lemma 5.3. The translation [ - || from Ls g5, into Ly gy s, (Where I < 6 and 6, < 63)
preserves and reflects reductions. That is:

1. If P+ P’ then there exists Q such that [ P]| —+— Qand Q =[P’ ];

2. if [ Pl v Q then there exists Q' such that Q — Q' and Q' = [ P’ ]| for some
P’ such that P — P’.

Proof. Both parts can be proved by a straightforward examination of the derivation tree
for the reductions P — P’ and [ P]] — Q. In both cases the base step is rule Sync
which follows from Lemma 5.2 and from the definition of [[ - ] and the match rule. For
the case where rule Strucr is used apply Lemma 5.1. O

Theorem 5.4. For every language Ls . 5, there is a valid encoding into Ly g, 5, where
1 <6,and o6, < 6s.

Proof. Compositionality and name invariance hold by definition: substitutions are not
modified by the translation. Operational correspondence (with equality = in the place
of behavioural equivalence ~) and divergence reflection follow from Lemma 5.3. Suc-
cess sensitiveness can be proved as follows: P || means that there exists P’ and k > 0
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such that P —k P’ = P” | 4/; by exploiting Lemma 5.3 k times and Lemma 5.1 we
obtain that [P —* [P’T1=1P" 1| 4/, i.e. that [ P] |J. The converse implication
can be proved similarly. O

Observe that the results here all use equality = in place of the required behavioural
equivalence relation ~. We would like to differentiate between encodings based on
whether = or = is used for proving operational correspondence. Our intuition is that if
an encoding exists between two languages that uses = it is preferable to an encoding
that uses ~ as it does not introduce too much spurious content. It is an informal point,
nevertheless for each encoding we introduce we will specify whenever it uses = instead
of =.

Corollary 5.5. For every language Lg g, s, there is a composable valid encoding into
Lagys, where I <6 and 6, < 6.

Proof. For operational correspondence revisited it suffices to observe that Lemma 5.3
can be trivially restated with

e If P +— P’ then there exists Q suchthat [P —>+— Qand Q=[P ] 10;

o if [P] — Q then there exists Q' such that Q +— Q" and Q" = [P’ ] | O for
some P’ such that P — P’.

and proved easily. Preservation of the equivalence class of 0 and homomorphism
w.r.t. | both hold by construction. O

6. Arity in Intensionality

This section proves that intensionality is sufficient to encode polyadicity. That is,
that any language L, p,s, can be encoded into L, a5, Where I < 8, and 6, < 6.

Encodings of polyadic typed n-calculus in monadic n-calculus [41] or of polyadic
dataspace-based communications in monadic channel-based [23] split one reduction
with polyadic components into a sequence of reductions, one for each component.
Here we use instead the compound of intensionality to encode polyadicity.

The key idea of these encodings is the translation of polyadic input and output into
a single pattern or term, respectively. To illustrate, consider the following translation
[-1 from Ly ppsinto Lamp,r:

[p)PT S (T e p)e..) e p) P
def

[<r,....t0.PT = (((mer)e..)es)[P]

where rn is a reserved name introduced in the translation. (Note that such a reserved
name can be ensured by the renaming policy when constructing a valid encoding [25,
19].) Observe that for both the output and input each of the polyadic components is
combined into a single compound, and thus the translation yields a monadic language.
Intensionality allows all the polyadic components to be combined, and the match rules
ensure they are matched as before in any possible interaction.
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The only subtlety in the translation is the introduction of the reserved name rn. This
is to ensure that, in the translated terms, every component is checked for a reduction to
occur. Observe that if the reserved name was not present then the translation of (x).P
would be (x).[ P] and this would be able to match with the translation of {(a, b).Q
that would yield (a e b).[ Q]. However, these processes do not interact before the
translation, and this would yield a violation of Proposition 3.3.

More generally, the translation from a language £, p, s into a language Ly p1y,5,
where I < §, and §; < §; can be defined as follows:

[s(p1,....p)-PI = s((...("M"e pr)e...)e p)[P]
[s¢t,....,t).01 = S(..(met)e. .. )er) O],

where the Qs are omitted in the asynchronous case, and the s’s are omitted in the
dataspace-based communication case.

Theorem 6.1. For every language L, pys, there is a valid encoding into Ly pys,
where I < 8, and 61 < 5.

Proof. The proof proceeds in the same manner as that of Theorem 5.4, although the
adaptation of Lemma 5.2 requires accounting for the new structure and the adaptation
of Lemma 5.3 has only a single reduction after translation (not two). O

Again observe that the results here all use strict equality = as the behavioural equiv-
alence =~ of the target language in the encodings.

Corollary 6.2. For every language L, py s, there is a composable valid encoding into
Lomys, where I < 8, and 6; < 6.

Proof. The proof proceeds in the manner as Corollary 5.5. O

7. Communication-Medium in Intensionality

This section proves that intensionality is sufficient to encode channel-based com-
munication. That is, that any language L, g5 can be encoded into L, gp s, Where
I <6,and 6; < 0,.

The approach here is conceptually similar to the standard way to translate channel-
based communication into dataspace-based communication when name-matching is
available [23, 15, 17]: prepend the sequence of polyadic inputs with a name-match on
the channel name, and prepend the list of polyadic outputs with the channel name.

To illustrate, consider the translation [ - ]| from L pcs into La mp.:

[s)IP < (§ep.lP]

(5071 % (ser).

For the input the channel-name s is turned into a name-match and compounded with
the input pattern p to yield a new input pattern "s' e p. For the output the channel-name
s is compounded with the output term ¢ to yield a new output term s e 7.

27



Observe that the interaction
s(p).P|s(ty — oP|Q Marcu(t; p) = o
is translated as follows

[sp).Plsy]l = (sTep).[Pl|(set) (by [-I
— ol[P]
(c={set)"s'ep}={s/ sy {t/p} ={}w{t/p}={t/p} .)

Thus the channel name is matched as part of the match rule, and the substitution from
the original match of the output and input is applied to the translation as before.

In general , the translation [ - ]| from L,gcs, into L,zps, (Where I < 6, and
01 < 0) is the identity on all constructors except for the input and output which are
translated as follows:

[s(p.7).PT £ (§ep,p).IPI
[5¢.5.01 £ (ser,BIQ]

where p and 7 are omitted in the monadic case and the Qs are omitted in the asyc-
nhronous case. The input is translated into a pattern that compounds a name-match of
the channel name with the pattern. The output is a simple compounding of the channel
name with term.

Theorem 7.1. For every language L, ¢, there is a valid encoding into L, s, where
1 <6, and 6; < 6.

Proof. The proof is a straightforward adaptation of Theorem 5.4, although Lemma 5.2
requires considering the channel name s in the match rule and Lemma 5.3 has only a
single reduction after translation. O

Again observe that the results here all use equality = as the behavioural equivalence
=~ of the target language in the encodings.

Corollary 7.2. For every language L, g c s, there is a composable valid encoding into
La,ﬁ,D,éz where I < 8 and 8 < 0,.

Proof. The proof proceeds in the manner as Corollary 5.5. O

8. Identity encodings

This sections details the intuition behind Remark 2.1 that the languages can be
ordered thanks to the fact that there are composable valid encodings.

First we define an identity encoding, which is an encoding that is the identity on all
process constructors. Examples include the encoding from a monadic language to its
polyadic counterpart; the encoding from an asynchronous language to its synchronous
counterpart; and the encoding from a linear language to its nonlinear counterpart. The
encoding from dataspace-based communication to channel-based communication is
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also considered an identity encoding: it translates all outputs of the form (s).P to
rn{s).P and inputs (p).Q to rn(p).Q where rn is a reserved name in the encoding, that
we also used in Section 6.

Let us show that all identity encodings are also valid.

Theorem 8.1. Every identity encoding || - || is a valid encoding.

Proof. The proof is a straightforward adaptation of Theorem 5.4, again Lemma 5.3 has
only a single reduction after translation. O

Next is to prove that any valid encoding can be composed with an identity encoding
and the resulting encoding is still valid.

Lemma 8.2. Let [- 1y : L1 — L, be an identity encoding and let [ -1, : Lo — L3
be any valid encoding, then [[-11 12 : £1 — L3 is a valid encoding. Similarly for
[-12:Ls = L any valid encoding, then [ [ - 12 11 : L3 — L is also valid.

Proof. The properties of a valid encoding of Definition 3.1 trivially hold. O
Note also that composing identity encodings results in an identity encoding.

Theorem 8.3. There exists a valid encoding from Ly, g, 4,5, 10 Loy gy 3.5, If it holds
that @) < ap and B1 < B and y, < 7y, and 61 < 6y, where < is the least reflexive
relation satisfying the following axioms:

A<S M<P D<C NO<NM <] 6<6".

Proof. The result is a consequence of Lemma 8.2. The following encodings are the
identity encodings: Lagys t0 Lsgy.s, and Lo mys 10 Lopys, and Logps to Lopcss
and Lo gy n0 10 Logynm, and Lo gynm 10 Logy s, and Lo gy s to Lo gy s+ The general
result follows by composing the identity encodings. O

In Figure 5 the identity encodings between languages are shown. This concludes
proving that all encodings considered in the previous sections are not just valid but also
composable.

9. Intensionality Encodes Other Communication Primitives

Using the results in the sections above we conclude that intensionality can encode
each of: synchrony, polyadicity, channel-based communication, and name-matching.
Further, the valid encodings into intensionality are all composable. Thus any language
Lo gy, can be encoded into L .ps, Where I < 8, and 61 < 6.

Theorem 9.1. Any language L1 p1,41,51 can be encoded into any language Ly 2,52
where [ < 8, and 6| < 6,. That is, intensionality alone is sufficient to encode: syn-
chrony, polyadicity, channel-based communication, and pattern-matching.
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Figure 5: The identity encodings in non-linear non-intensional languages that are used for the impossibility
results. Composing identity encodings result in valid encodings, whereas composing any non-identity en-
coding (not shown here) result in composable encodings. For the sake of clarity we do not show all identity
encodings, but only the necessary ones for our proofs. The dotted arrows are used for clarifying the picture
but are not necessary in the proofs. Gray rectangles separate classes of equivalent languages. i.e. for which

there exists a valid encoding between them.
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Proof. When a1 < @2 then trivial by Theorem 8.3, otherwise use Corollary 5.5. When
B1 < B2 then trivial by Theorem 8.3, otherwise use Corollary 6.2. When y1 < y2 then
trivial by Theorem 8.3, otherwise use Corollary 7.2. Observe that 61 < 62 and I < 62
always hold. Finally, due to all the results being for composable valid encodings, the
encodings can be composed as required. O

Observe that by exploiting an identity encoding the following result is easily ob-
tained.

Theorem 9.2. Any language L1 p1,41,61 can be encoded into any language Ly g 12 1+
That is, non-linear intensionality alone is sufficient to encode all other communication
primitive forms.

Proof. By the same technique as Theorem 9.1. O

Thus the non-linear intensional languages are clearly the most expressive languages,
and further can all encode each other.

The next section considers further encodings between non-linear languages that
have not been considered before. After that, the rest of the paper explores negative
results showing where valid encodings cannot exist.

10. Non-Linear Non-Intensional Encodings

Non-linearity is not strictly a property of intensional languages since any polyadic
language can also be non-linear. This section considers the encodings that exist be-
tween non-linear languages that are not intensional. The separations results for non-
linear non-intensional languages are shown in the next section. Observe that monadic
languages are omitted from the discussion here since, with the exception of intensional
languages, the linear and non-linear instances coincide. Hence this section only con-
siders polyadic non-intensional languages.

It is possible to encode non-linearity (non-intensional) languages into linear lan-
guages that are at least polyadic and name-matching. To aid in the encoding define
the binding equality relation =, that is reflexive, transitive, and satisfies the following
rules:

X=py € x= y x=pa < false 'a'=, b < false .
That is two binding names x and y are binding equal if x = y. A binding name is never
binding equal to a name-match. Name-matches are never binding equal to each other.

The following encodings in this section exploit the binding equality relation and a
reserved name eq. The key idea is to compare each possible pair of names in the output
or input and create an appropriate encoding. Since this rapidly becomes extremely
large (encoded arity is the ith triangular number for encoding arity i), the following two
examples demonstrate for arity 2 and 3. Consider the encoding [ - ]| from L4 pp yo+ Of
arity 2 into L4 pp yu, and with the output and input processes defined as follows:

@byl < w)ifa = bthen (eq,a,b) else (w,a,b)  for w fresh

def ("eq", x,w).[ P x=pyAwfresh
[Cey-PT = { w,x,y).[P] X #, y A w fresh
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The output is encoded into a conditional that compares the pair of output names a and b.
If they are the same then the encoding is an output with an additional name indicating
equality eq of a and b at the front of the sequence of output names. Otherwise if a # b
then the first name output is some fresh name w. The encoding of the input depends
on the relation of the two binding names. If they are binding equal x =, y then the
encoded input uses a name-match to ensure the output is outputting two equal names,
and then bind one to x and bind the other to a fresh name w. Otherwise if they are not
binding equal then the first position (indicating equality) is ignored by being bound to
some fresh name w.

The same approach can be extended to any length or arity where the first j output
names or input patterns are determined by all the possible pairwise comparisons of the
arity of the output or input. For example, the following shows the encodings for arity
3 outputs:

def

[{a,b,c)] =
(vwp)(vw2)(vws)
if a = b then (if a = c then (if b = c then (eq,eq,eq, a, b, c)
else (eq,eq,wy,a, b, c))
else (if b = c then (eq,wy,€eq,a, b, c)
else (eq, wi,ws,a, b, c))) wi, wa, ws fresh
else (if a = c then (if b = ¢ then (w,eq, eq, a, b, c)
else (w;,eq,ws,a, b, c))
else (if b = c then (wy,w»,€eq,a,b,c)
else (W, wy, w3, a, b, c)))

and inputs:
[(x.y.9.P]<
("eq',"eq","eq", x, w1, w2).[ P x=py=p2Awy,w, fresh
("eq", wi,wo, x,w3,2).[ Pl X=p YAy #p 2 A wi,wy, w3 fresh
(w1, "eq',wa, x,y,w3).[ Pl X #p Y AN X =p 2 A wy, wp, ws fresh
(wi,wa,"eq, x,y,w3).[ P X #p yANY =p 2 A wi,wy, ws fresh

XFpbYANXFpINY Fp 2

Wi, Wo, W3, X,¥,2). P
(Wi, wa, w3, x,9,2).[ P AW, Wy, ws fresh .

Here the first three names in the output correspond to reporting equality of each possi-
ble pair of names of the output: a = b then a = c then b = ¢. Conditionals are used to
instantiate them, with eq used when the equality is true, and an otherwise fresh name
w; when they are not equal. The inputs are encoded according to the relations between
their binding names. When all names are binding equal then use name-matching to only
interact when all output names are equal, i.e. an output of the form (eq, eq, eq,...).
When only one pair of names are binding equal then name-match for that pair only. In
all cases, when other binding names are required (when replacing equal binding names,
or binding in the place of a possible eq) then fresh names w; are used.

Observe that the encoding above for the outputs is naive by considering all possible
combinations of equality, even those that may be redundant or impossible. (For exam-
ple, a = b and a = c ensures b = c.) A more simplified encoding could use the same
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approach as that used for encoding the inputs, but the more verbose is chosen here for
clarity.
The following proves that the above encoding is valid for L4 pp yo+ into L4 pp nm-

Lemma 10.1. Let P and Q be two L ppno+ processes such that P+ and Q.
Then [PT [ Q1 +— ifand only if P | Q +—.

Proof. The proof is by observing that an interaction must be between an input of the
form (m).T; and an output of the form (a).T, where [m| = i = [a] and i is the jth
triangular number for some j. The proof then proceeds by observing that the source
language must have processes (x)S and (b)S, where [x] = j = |b|. Conclude since
{a/m} if and only if {b/x}. O

Theorem 10.2. The encoding from L ppno+ into La ppnm is valid.

Proof. The proof is a straightforward adaptation of Theorem 5.4, with Lemma 10.1
adapting Lemma 5.2 and the adaptation of Lemma 5.3 has only a single reduction after
translation. |

Observe that the same approach can be used to encode L4 ppnu+ into La pp -
The encoding technique can easily be extended to channel-based communication by
simply maintaining the channel names from source to target language. Further, since
the target language has name-matching, channel-based communication can be easily
encoded into dataspace-based communication by prefixing the inputs and outputs with
the channel names in the usual manner.

Theorem 10.3. For every language Lo py.s where § < NM* there is a valid encoding
into -L(y,P,y,NM~

Proof. The same encoding and proof technique as Theorem 10.2 applies for all instan-
tiations of @ and y and 6. O

Corollary 10.4. For every language L, p, s where § < NM* there is a composable
valid encoding into L, pynu-

Proof. The proof proceeds in the manner as Corollary 5.5. O

Corollary 10.5. There exist valid encodings from L_p_s into Lsppnu where § =
NO" or§ = NM™,

Proof. Corollary 10.4 is used to encode L_p_s, with § = NO* or 6 = NM™* into
L_p_nm. Then the encoding of synchronism or channel-names in £ pp yy follows
from Figure 4 and composability due to Corollary 10.4 and Theorem 8.3. As all are
composable encodings, we obtain a composable, and therefore valid, encoding from
-E—,P,—,E into -EA,P,D,NMs with § = NO" or § = NM*. O

The above show that non-linear non-intensional languages can be encoded into
linear languages as long as they have unbounded matching degree. Indeed, unbounded
matching degree is needing to test the potential equality of each pair of names, since
arity is unbounded. Although it may appear possible to represent all this information in
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a single name, encoded inputs may then require multiple encoded inputs. For example,
suppose that the encoding of an output uses a single name instead of a sequence such
as

[a.a.a)] = (eqeqeq.a.a.a)
[(a,a,b)1 < (eqwiws,a,a,b)

where eqegeq and eqw;w, are single names determined by the encoding. Now con-
sider the encoding:

[xn.PT < (nx,w,y).[P] w ¢ fn(P) U fn(m) U {x, y} .

Clearly m should match with eqeqgeq and also eqw;w,, which can only occur if either:
m is a name-match of the form "»" and eqeqeq = n = eqw;wy; or m is a binding name.
It is then straightforward in both cases to show that this does not yield a valid encoding.
Note however that this approach can be used in languages with a synchronisation alge-
bra (where a synchronisation is decided by a function on names that is not necessarily
the equality on names) [45], [2]. However such languages are outside the scope of this
paper.

Now consider the following two non-identity encodings that exists between non-
linear non-intensional languages.
The first is from L pp no+ into L4 pcyo+ by translating all process constructors as
the identity translation except for the input and output which are translated as follows:
def

[®.PT € m@,%.G0|[PI), fory fresh
[P < (veymie, by | cO.[P], for c fresh

and where rn is a reserved name introduced in the translation.

The second is from Ls pcno+ into La pcno+ Which consists of translating all pro-
cess constructors as the identity except for the input and the output which are defined
as follows:

[a®.PT < a(,%.50 [P, fory fresh
[a®.Pl1 < weyale,by | cO.[ P, for ¢ fresh .

The following results show that both of these encodings from Lg p, yo+ into L4 pc o+
are valid.

Lemma 10.6. Given two processes P and Q such that P+ and Q >, then [ P| Q] +—
ifand only if P | Q +—.

Proof. An interaction in the source language must be between an input (%) (or a(x)) of
P and an output (b) (or a(b)) of Q. From the translations above we have that [ P ] does
an input on rn(y, x) (or a(y, x)) and [ Q ] does an output on rn¢b, a) (or a{c, b)) and thus
the two interact. For the reverse direction, also note that an input of [ P ]| and an output
of [ O] are needed which are necessarily the result of the translations above. O
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Theorem 10.7. The encodings from Ls p, no+ into Ly pcno+ is valid.

Proof. The proof is a straightforward adaptation of Theorem 5.4, with Lemma 10.6
adapting Lemma 5.2 and the adaptation of Lemma 5.3 has only a single reduction after
translation. ]

Corollary 10.8. For every language Ls p, no+ there is a compositional valid encoding
into LA,P,C,N(T“

Proof. The proof proceeds in the manner as Corollary 5.5. O

The following sections explore separation results where encodings are not possi-
ble.

11. Non-Linearity Without Bounded Matching

From Sections 8—10 the encodings into linear and non-linear languages that have
unbounded name-matching capability have been shown. This section begins the vari-
ous impossibility results by considering target languages with bounded name-matching
and where either the source or target language are non-linear. Note that impossibility
results related specifically to intensionality are handled in Section 12 and non-linear
intensionality in Section 13.

The first impossible encoding is from £_ p_ yo+ into any language L__ _ yo.

Theorem 11.1. There exists no valid encoding from L pp no+ into Lo gy no-

Proof. The proof is by contradiction, assume there exists a valid encoding [ - ]| from
L ppno+ into Ls peno (the least expressive L_ p_ yo+ language into the most expres-
sive of the £_ _ _ yo languages w.r.t. the identity encodings of Remark 2.1). Consider
the L4 ppno+ processes S| = (a,b) and S, = (x,y).4/ and §3 = (x,x).4/ and the
substitution o = {a/b}. As S| |S2 J1and (S 1)|S2 {1 and (oS 1) | S3 |; by Proposi-
tion 3.5, it follows that [ S; | S, I+ and [(cS|) | S+ and [[(oS1) | S3 ] —,
respectively. From Proposition 3.3 and from S | S35 /—, we have that [ S | S3 ]| #—.

Consider the reductions [ (0°S) | S]] + and [(0°S1) | S3 ] . In the process
[(@S1)]|S2]S3]1 — we have that [ (S ) ]| can synchronize with both [ S, ]| and
[S51. From Lemma 3.6 [ (0-S ;) ]| must interact with [[ S, ]| and [ S5 ]| with the same
action.

Suppose w.l.o.g. that [ § ]| interacts with an output ¢{e) with o”(c) = d, for some
name d (where o7 is defined via validity of the encoding for o). Then [ S3 ] and [ S» ]
interact with inputs d(u) and d(v) respectively, where both inputs have the same arity
as the output ¢(e).

Now by applying Lemma 3.6 we obtain that [ S ]| interacts with the input d(u) with
both [ (oS 1) and [ S| ], and again with the same arity. It follows that [ S| ]] can do an
ouput on channel d. Since [[ §3 ]| has an input on channel d (from [ (¢S 1) | S3 ] +—)
it follows that [ S]] and [ S3 ] can synchronise on channel d. The only possibility
for [ S| S5 1+ is if the context for parallel composition blocks the synchronisation.
However [0S |S3I+and[[oS ] = ¢’[ S ]I, which means that the context blocks
the reduction and by applying the substitution o on the context, the reduction becomes
possible. There are now two cases to consider:
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o The context for encoding S| blocks the synchronisation. By reasoning on the
reduction [ S | S, ]| = this case is not possible.

e The context for parallel composition blocks the synchronisation using an if ¢; =
¢, then - else - construct. As before, as the same input is used in the reduction
[S:]S,] + this case is not possible.

Theorem 11.2. There exists no valid encoding from L pp no+ into Lo yynm-

Proof. Let us suppose, by contradiction, that there exists a valid encoding [ - ]| from
Lappnot into Ls yrcnm (the least expressive £_p_ yo+ language into the most ex-
pressive of the £_ y/ _ ny languages w.r.t. the identity encodings of Figure 5). Consider
the L4 pp o+ processes S| = {a,a,b) and S, = (x,x,y).4/ and S5 = (x, x,x).4/ and a
substitution o~ = {a/b} with S4 = 0S| = {a, a, a).

Using Lemma 3.6 we conclude that in the process [ S4 | S |S2 1, [ S2 1 synchro-
nizes on the same input c(m) with both [ S4 ] and [ S ]|. Similarly for [ S4|S, |S3 1,
where the channel c is used for both synchronisations.

As S| S5+ it follows from Proposition 3.3 that [ S | S3 []+. Then [ S ]| and
[ S3 1 can synchronise on channel c¢. The only possibility for [ S | S35+ is if the
context for parallel composition blocks the synchronisation. However [0S | S3 ] —
and [0S ] = o’[ S ], which means that the context blocks the reduction and by ap-
plying the substitution o’ on the context, the reduction becomes possible. As in The-
orem 11.1 we have that the translation context for parallel composition cannot block
the synchronisation. Therefore this case is possible only if the input on channel ¢ in
[ S5 ] uses a name-match, that we write as c(n'). It follows that [ S4 ]| outputs c{(n)
and [ S ]| outputs c(m) for n # m.

We apply now the same reasoning on the processes S| = (a,a,b) and S, =
(x,x,¥).4/ and S5 = (x,y,2).4/ and S¢ = {a,b,c). First observe that all synchronis-
ing pairs of processes still use the same channel c in the encoding. This follows from
Lemma 3.6. As S¢ | S, —~ we have two cases.

o The context of the parallel composition blocks the synchronisation. We treat this
case as above.

e Alternatively, the process [[ S, ]| uses a name-match to prevent the synchronisa-
tion on channel ¢ with [ S¢]. We write the input of [ S, ] as ¢("p"), for some
name p such that p = m, as it synchornizes with the output of [ §; J. We reach a
contradiction, as [ S, ]| also synchronizes with the output of [ §4 ]| and therefore
p=n=m.

O

Note that Theorem 11.1 does not follow from Theorem 11.2 as there is no identity
encoding from L pc o to any language L£_y_ym-

These results show that to encode non-linearity requires unbounded name-matching
in the target language. Merely having one channel-name or a monadic name-match is
insufficient to encode non-linearity.
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Let us now show the imposibility results on non-linear languages that complete
Figure 4. The following theorem shows that there is no valid encoding from Lz p s
into L4 ppyo+, for § < NO*. The proof sketch below illustrates the key points needed
to adapt the proof to exploit the result in [23], full details are omitted here due to the
original using LTS rather than reduction semantics.

Theorem 11.3. There exists no valid encoding from Ls yrpno into La ppno+-

Proof Sketch. The proof is by contradiction, assume there exists a valid encoding [ - ]|
from Ls y.pno into Ly ppno+- (Observe that we choose the least expressive Ls g p s
language for § < NO™ as the source language to illustrate the proof with minimal
complexity due to other language features.)

We follow the same proof structure as in Theorem 5.6. from [23] which shows that
Ls.m.pno cannot be encoded into L4 pp yo; we extend the proof to cover non-linearity
as well. The proof of Theorem 5.6. from [23] uses Proposition 2.1(3) from [23]? which
does not hold in general for non-linearity, but holds in the context of this proof. We
revisit therefore the begining of the proof of Theorem 5.6. (which uses Proposition
2.1(3)).

We have that for any valid encoding into L4 pp yo+ and for ~ barbed congruence3,
[PIQT=wn)LPIIILQIIR) for some (vn) and R introduced only by the encoding.
This is straightforward from Lemma 5.4. and Proposition 3.5.

Now consider the processes S1 = (a).S] and S, = (x).5, for which we have that

[Si1S20 =S TITS2T1R) == [[Sll{a/xS 0= m)(LS) 11 Ha/x)S% ]]IR’)

< n
by the argument above and by operational correspondence. Then necessarily [ S ]| i:

[S{117and [S21 g [S51 17>, where Ty =~ 0 = T,. We denoted with ¢; an

input or an output, and with ¢; its dual, in the LTS of £4 ppno+. As mentioned in
Section 2.2, we are using a reduction semantics, but a corresponding LTS can be found
in (or derived from) the literature.

Now let us suppose that in the sequence [ S ]| ¢II=> [[ S 1 there are only outputs for
which we show a contradiction. (This is to satisfy the assumption of the proof of The-
orem 5.6 in [23] that ¢ - - - ¢, must contain an input.) Take S, = if a = x then w else 0

¢” n
and S| = S where w is a divergent process. Then [ S ]| l=> [S1T=0S21 £~

[s; ]]. As [ S ] is an asynchronous term, we have that any output in ¢ - - - ¢, is con-
current with any input in ¢, - - - ¢,. Moreover the two sequences can synchronize and
we have that [ §; ]| —, whereas S| —~%, and we reach a contradiction.

The only other technicality is to show that R and R’ do not interfere with the be-
haviour, however it is straightforward (if tedious) to show that these are placeholders

2[23] uses an LTS, however we can reformulate the proposition as follows: if P € L4 ___and P can
communicate using an output 5{7) and then using an action @ such that 7N names(a) N bn(P) = @ then P can
communicate on both 5(¢ and « in parallel.

3 Alittle delicacy needs to be taken with the definition of the behavioural equivalence here and any barbed
congruence may not be sufficient. However, we refer to [18] for barbs that can handle the complexities of

the languages considered here.
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for artifacts of the encoding, and cannot cause problems without yielding the encoding
invalid due to introducing divergence.
The rest of the proof is straightforward from Theorem 5.6 from [23]. O

Theorem 11.4. There exists no valid encoding from Ly g cno into Ls pp no*-

Proof. We show that there is no valid encoding from L4 s cno into Lg pp yo+ from
which the more general result follows, see Figure 5. The proof is similar to the one
of Theorem 4.6. from [23]. Let §| = a(b), S» = a(x).«/ and let o = {a/b, b/a} with
S3 = 081 = b{a) be three processes such that, [S; | S, ]| —> and [ S3 | S» ] +F~.
We have that the substitution prevents [ S3 ]| from synchronising. There are only two
possible cases:

e If [ S, ] has a non linear input, for instance (x, x), such that it synchronises with
the output of [ .S ]| but not with the output of [ S5 ]|. Let us write {cy, c;) for the
output of [ S ]I, for which necessarily ¢; = ¢,. But then the substitution either
acts on ¢; and ¢, or on neither of them, hence (c, ¢) for some c is the output of

[Ss1.

e An if ¢; = ¢, then T, else T, blocks the synchronisation in [ S3]. Using
Lemma 3.7 we have that this case is not possible.

The substitution in [[ S5 ]| therefore cannot prevent a transition in Lg pp yo+ and there-
fore [ S | S3 1 +, contradicting Proposition 3.3. |

Theorem 11.5. There exists no valid encoding from Ly, pcno+ into Ly, ppno+

Proof. This is a corollary of Theorem 11.4. Suppose that there exists a valid en-
coding from L4 pcno+ into Lg ppno+- Then compose it with the identity encoding
from L4 pcno into L4 peno+ and obtain a valid encoding from L4 pcno to Ls ppnots
which contradicts Theorem 11.4. Similarly for the encodings from Lg pcyo+, Or to
Lappyor O

Next, we show that there is no valid encoding from L, y.cnm into Ly, py o
Theorem 11.6. There exists no valid encoding from Lx y.cnm into Lo pyno*-

Proof. Suppose by contradiction that there exists a valid encoding from L4 y.cnm
into Lg pcno+ (the least expressive L_ ycnv language into the most expressive of
the L_ p_ yo+ languages w.r.t. the identity encodings of Figure 5).

We proceed similarly to the proof of Theorem 4.3. from [23]. The only cases that
are different here consists of showing that applying a substitution on a non linear input
or on the if ¢; = ¢, then T else T, construct cannot block a synchronisation.

Consider the processes S| = a(b), S, = a("b").+/ and we can consider w.l.0.g. that
[ S 1 does an input d(x) and [ S ]| does an output H(E}. Take ¢ such that d ¢ ¢py(c).
We have two cases.

o If d ¢ ¢py(b) then take the substitution oo = {c/b,b/c}, with S3 = 0§ = a(c).
We have that [ S| ]| synchronises with [ S, ]] whereas [ S, ]| does not synchro-
nise with [ S3 ] (i.e. [0S ).
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- If 0’(d) # d (where o’ defined by validity of the encoding such that
[oSi11=0'l[S:])thend ¢ ¢j(a) as a is not modified by o. Then nec-
essarily d is in the free names of the translation context but then d is also in
the context of [ a’(b) ], for any name a # a’. It follows that [a’b) ] syn-
chronizes on d with [ S, ]|, whereas a’(b) | S, —~ yielding contradiction.

— If the input in [ S, ]| is non linear, then it is of the form d(xy, x5, ..., x,)
where some x; = x; fori # jand i, j € {1,...,n}, then [ S ]| interacts with
the output d{ci, ¢, ...,c,) where ¢; = ¢;. A substitution cannot block the

synchronisation for such an output.

— Anif ¢; = ¢, then T else T, blocks the synchronisation in [ S5 ]. From
Lemma 3.7 this case is not possible.

o If d € ¢(b) then by the definition of a valid renaming policy d ¢ ¢y(a). Take
then the substitution oy = {c/a,a/c}, with S4 = 0S| = ¢(b). The proof then
follows as above.

Theorem 11.7. There exists no valid encoding from L pynu into L py o+

Proof. Suppose by contradiction that there exists a valid encoding from L ppnm
into Lg pcno+ (the least expressive L_ p_ ny language into the most expressive of the
L_ p_no+ languages w.r.t. the identity encodings of Figure 5).

It suffices to consider the L4 ppyy processes S; = (a,b) and S, = ("a","b")..
Observe that these follow the same structure as in Theorem 11.6 by requiring matching
on the names a and b to synchronise. The rest of the proof can be derived in the same
manner as Theorem 11.6. ]

Theorem 11.8. There exists no valid encoding from L, v p.nm into Ly, ppno+.

Proof. Suppose by contradiction that there exists a valid encoding from L4y p yps into
Ls ppno+- The rest follows by the composition of the identity encodings of Figure 5.
Consider the processes S| = {a), S» = ("a").+/ and the substitution o~ = {b/a, a/b},
with S3 = 0S| = (b). We have that [ S| ] synchronises with [ .S, ]| whereas the
substitution blocks the synchronisation in [S3]. As in the proof of Theorem 11.6,
process constructors (in particular, non linear inputs) cannot block the synchronisation
with [ S35 ]|, and thus we reach a contradiction as [[ S35 ]] and [[ S ]| can reduce. |

12. Intensionality Cannot be Encoded

This section considers the impossibility of encoding intensionality with any com-
bination of other properties. That is, that any language L1 g1,y1,61 Where I < ¢1 cannot
be encoded into Ly 426 Where 62 < NM*. The key to the proof is to exploit the
contractive nature of intensionality; that an arbitrarily large term can be bound to a sin-
gle name, and also the possibility to match an unbounded number of names in a single
interaction. These two properties can be exploited to show that any attempt at encoding
yields contradiction.
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The following result details how encoding intensionality into a non-intensional lan-
guage is impossible by considering an encoding of the simplest intensional language
L4 m.p, into a non-intensional language.

Theorem 12.1. These exists no valid encoding from La yp,r into any language L, 5. s,
where § < NM™.

Proof. The proof is by contradiction. Assume there exists a valid encoding [-] from
Lamp,y into Lo g, s where 6 < NM*. Consider the encoding of the processes So =
(x).((m) | 4) and S| = {a) where a # m. Using Proposition 3.5 we have that S | S| +—
implies [S¢ | S1]] . By derivation of the reduction [S¢ | S]] — there must exist
an interaction between an input and output that both have (the same) maximal arity k.

(Observe that when 8 = M, i.e. encoding into a monadic language, then k must be 1.)

Now define the following processes S def {aj®...0a;,)and S; def ("a"e...®

Fars2").(¢m) | 4/) where S, outputs k + 2 distinct names (that are also distinct from a and
m) in a single term, and S 3 matches all of these names in a single intensional pattern.

Since S, | So +— from Proposition 3.5 it must be that [S, | So] —— for the
encoding to be valid. Now consider the interaction with the greatest arity £’ in the
reduction derivation for [[S, | S]] —:

e If k' < k* (this must hold for 8 = M, i.e. encoding into a monadic language since
k = 1) consider the interaction in [[S; | $3]] — with the maximal arity j and that
must exist by Proposition 3.5 since S, | S5 ——. Now consider the relationship
of jand k.

1. If j < k (this must hold for 8 = M, i.e. encoding into a monadic language
since k = 1 = j) then the upper bound on the number of names that are
matched in the reduction is k + 1 when y = C and 6 = NM, i.e. encoding
into a channel-based name-matching language. (The upper bound is k for
y=Dand§ =NM;1fory=Candé =NO;and O fory = Dand § = NO.)
Since not all k£ + 2 tuples of names from ¢y j(a;) can be matched in the
reduction then there must be at least one tuple ¢y y(a;) fori e {1,...,k + 2}
that is not being matched in the interaction [[S; | S3]] —. Now construct
S 4 that differs from S 3 only by swapping one such name a; with m:

Sy = (e T e e T e ).(an) | V) -
Now consider the context C(-) = ClN(IISz IL,LL-D=0S2]|-] where N =
{aum).
From Proposition 3.3 it follows that C([ 0 ])) —~ and C([ S4 ) —~. From
Proposition 3.5, we have that C([ S3])) —. We proceed by structural
induction on C(-) to show that a contradiction is eventually reached.
- C(:) = ym)C’(). It implies that C'([ S4 1)+ and C'([ S35 1)) — and
the result i.e. a contradiction, follows by induction. Informally, the
argument is that restriction cannot prevent or create reductions.

4We only need k¥’ = k for this case, but the proof applies to any k¥’ < k.
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- C()=C'(:)| T, for some term T. There are three ways the reduction
C([ S3]) +— can occur:

* IfC'([S3]) +— and T+ then C’([[ S4 ) =~ and the contradic-
tion follows by induction.

% If T+ then C([[ S4 1)) — and we reach a contradiction.

* Lastly, the reduction is a synchronisation between C’([[ S3 ) and
T. Suppose w.l.o.g. that C’([[ S5 ]]) contributes with the input ac-
tion. It implies that C’([ S4]]) cannot perform an input action to
match the output of 7. We can consider the translation context
for the InProc [ S3 11 =CY,, ([ (Ta"e... o a1, [{my | VI
with N = N. Given the substitution o = {m/a;, a;/m} we have by
name invariance of the valid encoding that there exists o such that
(oS4 =c'[S4]=10S3]. Itfollowsthat[S4] =CY, ([(a e

InProc

e T o) L ey | VD). We proceed by structural induc-
tion on C’(C%’Pm,(,l;,g)). The base case, when the context is

empty, implies that if T synchronizes with C’([[ S5 ]) but not with
C'([S41) it is due to a name matching capability in the inputs
[Cae...oe" gz o)and [ ("aMe..."m"...®"a. o) ].

- If either a@; or m is matched in the synchronisation, this contra-
dicts our hypothesis that 7 synchronizes with C’([[ $'3 ]|) but not
with C’([[ S 4 1) due to a name matching capability.

- One of the two inputs uses non-linearity capability and the other
does not. Suppose that the first input is of the form b(x, x, - - -)
(we can use non linearity for the first two arguments w.l.o.g.);
and the second input is of the form b(x,y, - - -), for x # y. How-
ever [("a" o ...Ta;"... @ Tay )] = o'[(Fa e ..."m'... @

a2 ") 1 and ‘@, m are distinct by definition and a substitution
cannot change binding names. This case is therefore not possi-
ble either.
Let us now consider the process constructors that can block an
input:

- (vn)C" (1) TC’([(TaM e ...Tm" ... @ Tag o) TI; —») blocks
the input then the name 7 is affected by the substitution o”’. This
is not possible as n is bound.

- if ¢; = ¢, then T else T,, where T and T, are possibly con-
texts. The only interesting case is if the equality test is affected
by the substitution o~ as otherwise the result follows by induc-
tion. The case where an if ¢; = ¢, then T else T, construct
blocks the synchronisation in o[ S 3 ]| is not possible as follows
from Lemma 3.7.

The remaining process constructors cannot block an input (except
for InProc or OutProc when @ = S but these cannot block the
initial interaction).
— C() = OutProc.C’(+) or C(-) = IN.C’(:) then C([ S3])—~ and we
reach a contradiction.
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— C(-) = - similarly, as C([ S3 ) -

— C() =if ¢y = ¢, then C’(-) else C”(-). Consider the substitution o =
{m/a;, a;/m} that when applied to S 4 makes it S ;. By name invariance
it must hold that there exists o’ suchthat [oS4 | = o’[S4 1 = [ S5 1.
There are two cases: either the substitution changes the values of the
equality test c; = ¢, or it does not. In the first case the result fol-
lows by induction from either C’(-) or C”(-). In the latter, we reach a
contradiction as we have shown above using Lemma 3.7.

2. If j > k (then it must be that 8 = P, i.e. encoding into a polyadic language)
then we have that [ S, ]] must be able to interact with both arity k and arity
Jj. Thatis, from Proposition 3.5 [S, | -] = CIN([[SZ]], [-) where N = {aUm}
and that CIN (IS -1, [S o) reduces with arity k and clN (IS 21, IS 3]) reduces
with arity j. Moreover these reductions are due to interaction between [.S,]]
and [Soll, [S 3], respectively.

We use Lemma 3.6 on [[S,] and [So] and [[S3] to show that this case is
not possible: the two reductions are due to the same action in [S,] and
thus have the same arity.

e If k' > k then proceed as the second case above for the term [So | S1 | S2 1
which can do two reductions one of arity k and one of arity k’.

O

The proof above shows the techniques for proving the impossibility of encoding
intensionality into a non-intensional language. The general case below easily follows
by using the above result since the chosen examples are a subset of the processes for
all other languages (the only non-trivial case is channel-based, by taking all channel-
names to be a single fixed name b unrelated to any of the other names in the above
proof).

Corollary 12.2. There is no valid encoding of any language L_ _ _ yinto L_ _ _ 5 where
6 < NM*.

Proof. Suppose, by contradiction, that there exists a valid encoding from £___; into
L___s where § < NM™*. Using the identity encodings one can compose a path from
Lampytoany L___;language. Thus one obtains a valid encoding from L4 s p to a
L___ slanguage using Theorem 8.3. This yields contradiction with Theorem 12.1. O

The proof above is for the general case, there are existing proofs in the literature
that can be exploited for partial results. In particular, the techniques in [7], generalised
in [23, 24], show that languages that allow for an arbitrary number of names to be
matched in interaction cannot be encoded into languages that can only match a limited
number of names in interaction.

13. Non-Linear Intensionality

This section considers non-linearity in the presence of intensionality. Observe that
Theorem 8.3 ensures that linear intensionality can always be encoded into non-linear
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intensionality. We now show that non-linear intensionality cannot be encoded into
linear intensionality. To do this, we rely on the following result.

Theorem 13.1. There exists no valid encoding from L p.p+ into Layp.y.

Proof. The proof is by contradiction, let us assume that there exists a valid encoding
[ - 1. Consider the L4 .p+ processes S| = {a) and S, = (x e y).4/and S3 = (x ® x).4/
and the substitutions o = {b e ¢/a} and oy = {b/c} and their counterparts ¢’ and
o by validity of the encoding. Observe that o<(S1) | S2 1 and o10(S1) | S2 U
and o10(S1) | S3 U1 and so it follows for N = {a} that ClN(O"[[Sl I,IS> 1) — and
Cllv(o"lo"[[ S1LIS>1) +— and CIN(a"la"[[ S11,[S31) — by Proposition 3.5 and also
from o°(S) | S3 #— and Proposition 3.3 that ClN(O"II SiLISsT) .

Now consider the difference between o[ S ]| and o{c”’[[ S| ]I. There are four ways
that reduction ClN (@[S11,[S31) #— can be prevented.

e If /[ S ] interacts with an output {(o’s) and o-;c”[[ S ]| with (c";c”s) then the
difference must be some name or structure in (ojc”'s). Consider the input (p3)
from [ S5 ] such that {o”’s/p3} is undefined while {c”jc”s/p3} is defined. This
can only occur when some name or structure in o’ s does not match with some
name or structure in ps. Let us write # = ¢”’s. Proceed by induction on the
structure of ps:

— If p3 = x, for x a binding name then {¢/ x} is always defined and this case is
not possible.

— If p3 = "n' for a name #n, and ¢ # n. Observe that # must be a single name
since otherwise o} ¢ could not be n as required by {c”|/™"} being defined
(otherwise if 7 is not a single name the only other possibility is one of the
other cases below). We have three cases.

* if t ¢ pp(b) Ugpy(c) then tis in the names of the context of [ 1S .
To make the context explicit we rewrite 0S| = 015 | 0. We have
then [1S; | O] = cl”’”([[(rls1 1,IOT) with € names(C). As
the substitution changes ¢, it follows that # ¢ bn(C), hence ¢ € fn(C).
Therefore ¢ depends on the structure of the output: whether the output
is intensional or how many different names are used. We take the
process (a ® d) and have that ¢ is an output in [{(a e d)]. As the
substitution acts on ¢ we have that [oj{a e d) | 0 | S3 ]| —, whereas
oi{aed)|0]S3+p.

* if t € ¢py(b) then from the property of valid renaming policies we have
that

ait=n o1 (er®) = ¢py(o1b) = @)

and therefore n € ¢;(b). From the condition on renamings that for
any two names u, v, ¢y (1) N ¢p(v) = 0 it follows that for any name
u ¢ {b,ch t ¢ o). As {b,c} ¢ fn(S3), it follows that n ¢ ps.
Contradiction with our assumption that p3 = 1.
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* if t € ppy(c) then again, from 07|z = n and from o (¢ 1 (c)) = ¢p(o10) =
@1(b), we have that n € ¢ (b). As above, this contradicts the as-
sumption that p; = "n".

— If p3 = g1 ® q> and o}t is a compound then we have several cases:

* If ¢ is not a compound, i.e. ¢ = n, for n a name, then let us suppose that
[ S I interacts with an input (p,) for the reduction o[ S| 1| [ S2 I +-
Then note that p; is not a compound pattern for the reduction to work.
However o o’[[S1 1| [ S2 ]| = where o7}t is a compound and there-
fore the match between o7 and p; is undefined. Using Lemma 3.6 on
oS1,0108 1 and §,, we have that the same input action p; is used for
both reductions above and we therefore reach a contradiction.

* If t = t; @1, is a compound and {#; @ ,/q; ® g»} is undefined it must
be that either {,/q,} or {,/q>} is undefined. This case follows by
induction.

e If o[ S ] interacts with an input (p), then so does ojc”[[ §1 ]| and we have that
both [ S ] and [ S5 ] interact using an output. As the substitution ¢} enables
the interaction with [ S5 ], it implies that there is a name match in (p). Let us
assume (p) = ("n'), for some name n, as other cases reduce to this one. Then
o(('n") = ("ny"), for some name n; with n # n;. Therefore the output of [ 3 ] is
(n1). But as o’[ § ] interacts with [ S, ] it follows that the output of [ S, ] is
(n1) and therefore this output cannot be used for the interaction with o}’ [ 1 ].
Again, we use Lemma 3.6 on oS, 0105 and S, to conclude that the same

output is used for both interactions of [[ S, ]| and we reach a contradiction.

o [f the reduction is blocked by a restriction (vd) then it is sufficient to observe that
substitutions cannot change the bound names.

e Otherwise the reduction must be prevented by a conditional if d; = d, then T else T,

where the relation d; = d, relates b and ¢ and then T interacts with [[ S3 ]| and

T, does not (or vice versa).

First note thatif d; = d, in o”’[ S ], then o (d1) = 07| (d2) in 0|0’ [[ S 1 ]| There-
fore it must be that dy # d in o’[[S1 ] and 07| (d}) = 0}(d2) in {0’ [[S1 ]. We
conclude that there exists an action in T, which is used to synchronise with [ S, ]|
and we recall one of the cases above to show why the synchronisation between
that action in 7, and [[ S 3 ]] does not work.

O

Corollary 13.2. Any language L1 g1,y1,51 can be encoded into any language Ly g2 .1+
That is, non-linear intensionality alone is sufficient to encode: synchrony, polyadicity,
channel-based communication, and intensionality.

Proof. A straightforward adaptation of Theorem 9.1 and Theorem 8.3. O

Theorem 13.3. The non-linear intensional languages are more expressive than the
linear intensional languages.
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Proof. From Theorem 13.1 there is no valid encoding from Ly p s+ into Layp.
Laup,+ 18 the least expressive language among the intensional non-linear languages
and therefore the result holds for all other intensional non-linear languages. To rea-
son for all intensional linear languages we use Proposition 11 of [24] which states that
for two valid encodings [[ - ] and {-} and such that [ - ]| is composable then their com-
position [ {-} ] is also a valid encoding. Suppose then, by contradiction, that for any
language L, g5, there exists a valid encoding {-} from L4y p s+ into L, 555 We can
use the encodings from L, g into L4 y,p,; which from Corollaries 5.5, 6.2 and 7.2
are composable. We obtain then a valid encoding from L4 y.p s+ into L4y p . Contra-
diction. O

This concludes showing that non-linear intensionality is strictly more expressive
than linear intensionality. The result is not particularly surprising, although it is dis-
tinct from similar reasoning in calculi for computation, where non-linear patterns are
considered equally expressive as linear patterns [30]. The distinction is that in the cal-
culi for computation generally reduction occurs via application regardless of successful
matching, whereas in concurrency reduction may not occur at all.

14. Conclusions and Future Work

Intensional communication primitives alone are highly expressive and can encode
the behaviours of synchronous, polyadic, channel-based, and name-matching commu-
nication primitives. Thus, even the least intensional language can encode both the
greatest non-intensional language and all the other intensional languages.

There are some languages that include intensionality in their operators, both outside
of communication as in the Spi calculus [1], or as part of communication as in Con-
current Pattern Calculus (CPC) [19, 20] (and variations thereof [14]) and Psi calculi
[2, 3]. However, only one variation of CPC matches any of the family of intensional
languages defined here, that being L yp s [14]. The equivalent expressiveness of all
intensional languages here makes exploring each variant less interesting from a theo-
retical perspective, but also provides assurance that none is “better” than another from
an expressiveness perspective. This also allows the expressiveness results here to be
applied to both CPC and Psi calculi.

Future work in this area could include exploring the rdle of either symmetry or
logics in communication. Symmetry of primitives would allow for better understanding
of languages in the style of fusion calculus [40] or CPC. This may be of particular
interest since symmetry has been used to show separation results, i.e. impossibility
of encodings, from CPC into many languages represented here, as well as both fusion
calculus and Psi calculi [19, 18, 20]. Alternatively, considering logics that play a role in
communication would allow for capturing the behaviours of languages like Concurrent
Constraint Programming [42] or Psi calculi. Again the role of logics has been used to
show separation of Psi calculi from CPC [18].

Related Work

This section does not attempt to provide a detailed account of all related works as
this would require an entire paper alone. Instead, some of the most closely related
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works are referenced here along with those that provide the best argument for and
against the choices made here. Further, related works involving calculi with intensional
communication primitives are highlighted.

Expressiveness in process calculi and similar languages has been widely explored,
even when focusing mostly upon the choice of communication primitives [38, 6, 7,
11, 27, 23, 19, 14, 20]. The choice of valid encodings here is that used, sometimes
with mild adaptations, in [25, 24, 19, 37, 14, 20] and has also inspired similar works
[32, 33, 44]. However, there are alternative approaches to encoding criteria or compar-
ing expressive power [4, 12, 7, 39, 44]. Further arguments for, and against, the valid
encodings here can be found in [25, 24, 44, 20].

Some of the languages introduced here correspond to existing calculi. Observe
that L mcnvo, La.rcnos Ls.mcno, and Ls pcno align with the communication primi-
tives of the asynchronous/ synchronous monadic/polyadic nr-calculus [35, 36, 34]. The
language L4 ppnm aligns with Linoa[13]; the languages L4 y.pno and La ppno With
the monadic/polyadic Mobile Ambients [8]; and L4 pcnm With that of uKram [10] or
semantic-7 [9]. The intensional languages do not exactly match any well-known cal-
culi. However, the language Lg s p; has been mentioned in [14, 18], as a variation
of Concurrent Pattern Calculus [19, 14], and has a behavioural theory as a specialisa-
tion of [18]. Similarly, the language Lg ¢+ is very similar to pattern-matching Spi
calculus [26] and Psi calculi [2], albeit with structural channel terms. There are some
results that fit in between the original 16 languages of [23] and those presented here
with full intensionality. The polyadic synchronisation sr-calculi [7] allows a vector of
names in place of the channel name/term considered in [23] and here. This is likely
to have similar expressive power to a name-matching polyadic languages, and can be
easily represented in Lg ¢, with inputs and outputs of the form s(x).P and s{a).P
respectively.

There are already existing specific results for the intensional process calculi men-
tioned here. Concurrent Pattern Calculus (CPC) can homomorphically encode: -
calculus, Linda, and Spi Calculus while none of them can encode CPC [19, 20]. Mean-
while fusion calculus and Psi calculi are unrelated to CPC in that neither can encode
CPC, and CPC cannot encode either of them [19, 14, 20]. Similarly Psi calculi can
homomorphically encode 7-calculus [2] and indirectly many other calculi, or directly
using the techniques here. Impossibility of encoding results for both CPC and Psi
calculi into many calculi can be derived from the results here.
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