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Abstract

This paper presents a novel constructive control design applicable for uncertain dynamic systems subject to
input and state saturations, unknown direction, and actuation faults. The controller is based on the direct
Lyapunov method, which by use of the Nussbaum-type function, provides an adaptive control scheme that can
handle the effect of unknown control direction. The violation of constraints is avoided by telyingron the
bounding of the Lyapunov function in the closed-loop system using the barrier Lyapunov, funetion (BLF). The
time-varying cotangent-type BLF is constructed, and by introducing a novel flexible technique toygenerate state
constraints, general constraints are formed systematically to relax different initial-conditions. Proper input
saturation is utilized, and it is shown that under the proposed control all the signals in‘the closed-loop system are
bounded without violating the constraints, in both fault-free and faulty actuation. The performance of the
theoretical results is illustrated using numerical simulations. Also, a comparison is made with the results of well-
known logarithm BLF and traditional quadratic Lyapunov functions to further evaluate the effectiveness of the
proposed controller.

Keyword: Barrier Lyapunov function; Dynamic surface control; Fault tolerant control; Full state constraints;
Input saturation; Nussbaum gain control; Unknown control direction:
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1. Introduction.

The desired trajectory-tracking problem for nonlinear systems has drawn significant attention from both
academia and industry over the last decades. This problem.becomes even more challenging if uncertain system
dynamics and state constraints are involved. Based onthe Lyapunov stability theory, different techniques have
been proposed to tackle this problem in the_last few decades, e.g., adaptive position/force control [20], adaptive
vision and force tracking control [3], computed torque control [31], coordinated control [19], admittance control
[40], and impedance control [17]. Different from the conventional Lyapunov functions, Barrier Lyapunov
Functions (BLF) grow to infinity whenever its arguments approach their bounds [39]. Accordingly, this method
can be used to prevent violation”of constraints along the system trajectories [34]. There exist different forms of
BLF, e.g., logarithmic [30],<integral [37], hyperbolic [41], tangent [33], secant [26], and cotangent [4]. This
method is widely used to control-dynamic systems with position [33], velocity [26] and full state [23]
constraints. Accordingly, BLLFs-based constrained control has been utilized in several practical systems like
robotics [32] direct<current (DC) motors [25], wind turbines [8], flexible structure systems [41], and aerial
vehicles [1].

The unknown ‘control direction is a major problem regarding systems with unknown parameters [23], or with
time variable dynamic structures through operation [35]. This issue is considered as either indefinite control sign
[23] or unknown control gain [44]. In these cases, most of the aforementioned controllers fail to operate
satisfactorily=in practice, because the control direction has been utilized in the controller structure [6]. The
adaptive control design based on Nussbaum type functions is a suitable approach to cope with the
aforementioned issues [23, 27, 36]. In this regard, the Nussbaum type function is used to modify the virtual
control in the backstepping framework to relax the known control direction condition, which is a relatively strict
condition, especially for unknown disturbed nonlinear systems [23].

One major drawback of the traditional backstepping design is the need for the repetitive time derivative of
virtual control. This can cause drastic system proliferation, singularity and consequently undesirable system
performance or even instability [29]. Also, even when the designed controller performs satisfactorily, the
increased final system order is inevitable [44]. Obviously the more computationally complex the control
schemes reduces the practical acceptability. This issue is more challenging if the virtual control is augmented
with Nussbaum type functions. The dynamic surface control (DSC) technique was proposed to eliminate this



issue [43]. In this technique at each step of the recursive backstepping approach, a first order filter is introduced
to the synthetic input [6, 29, 44]. Accordingly, this method was investigated in designing control for different
nonlinear systems [44] and practical systems [29]. However, very few research works have utilized this method
in the design of control for nonlinear systems with unknown control direction [43, 44].

Long-term operation of the system in harsh situations may cause actuation faults which lead to degradation of
system performance, system failure and instability. In the last few decades, fault tolerant control has been
proposed as an appropriate scheme to remove fault effects [18]. Different reconfigurable controller designs have
been proposed to accommodate the actuator faults, which are based on fault detection, isolation, and control
reconfiguration to eliminate fault effects [2]. In these methods, the whole system dynamics must be known as a
priori. However, in the presence of system uncertainty, disturbances and undetectable time variable faults, the
mentioned methods fail to compensate for the fault effect satisfactorily [21]. Therefore, it is beneficial to design
controllers to be robust against actuation faults, eliminating the requirement for fault detection‘and controller
reconfiguration. On the other hand, the actuator effort, requested from the controller, is bounded in realistic
dynamic systems. In fact, the industrial actuators are not obviously able to make a very darge.effort, in which
case the actuator output is saturated, and fixed after the upper or lower bounds of the actuator.operational range.
Therefore, to have a practical scheme, it is necessary to consider the actuator inputsSaturation’in the controller
design procedure. However, only in a few recent papers has the input saturationbeen considered in the
controller design for nonlinear uncertain and disturbed dynamic systems [6, 44]/

Motivated by the aforementioned considerations, this paper proposes the/novel control design for a nonlinear
disturbed uncertain dynamic system with unknown actuator faults and,unknown control direction subject to
input saturation. Cotangent-type BLF is developed via a backstepping scheme to constrain all states within
asymmetric time-varying bounds. The proposed controller addresses the accrued tracking problem and ensures
uniform boundedness of the system while all signals in the closed-loop system remain bounded.

The main advantages of the proposed control are as follows:

1) With respect to a recent controller designed for full state _econstrained control of nonlinear uncertain dynamic
systems, [6, 30, 38], the proposed controller does not require-control direction. In addition, compared with the
recent works that can tackle the problem of unknown control direction, e.g. in [23], the repetitive virtual control
differentiation in the backstepping scheme is avoided by adoption of the DSC technique.

2) A new form of BLF is proposed in thisspaper. which can be viewed as an alternative in constrained control of
dynamical systems. Also, by introducing, Lemma 2 the constrained control design procedure in this paper
requires fewer design parameters compared)to previous works like [14-16]. In addition, with respect to the
symmetric or static BLF utilized-in‘the constrained control of dynamical systems [22, 23, 34], the proposed
BLF can handle both time-varying and asymmetric constraints. Furthermore, a new scheme is proposed to
generate state constraints accordingyto initial conditions, desired trajectory and the required distance between
constraints and their desired/trajectories, which can relax any initial conditions on the starting values of the
movement.

3) The actuator fault'is. modelled as effectiveness loss and bias, as well, to cover a wide variety of types of
actuator faults/In addition, to avoid performance degradation as a result of significantly increasing the control
signal magnitude, input saturation utilization is considered which can improve the system reliability. Note that
to have all functions being differentiable in the backstepping scheme, unlike previous works like [7, 42] we
employed smooth functions to bind the input.

The rest of paper is organized as follows. In Section 2, the model of the nonlinear uncertain dynamic system
including input saturation and disturbance is described and some preliminaries are given. In Section 3 the
controller is developed in a systematic manner and also, boundedness of the closed-loop system is proved. In
Section 4 the numerical example is studied, and the designed controller performance is evaluated in both fault
free and actuation fault cases. Also, a comparison is made with the results of well-known logarithm BLF and
traditional quadratic Lyapunov function to further evaluate the effectiveness of the proposed controller. Finally,
the conclusions are given in Section 5.

2. Problem formulation and preliminaries.

Consider the nonlinear strict feedback uncertain dynamic system as,



X = 9] (%) + @iXppq + di(Xy, 1)
X = Oy n (%) + PnH (Ug) + dy (T, 1) @)
y=x

where, x € R™ is the system state vector, y € R is the output, u, € R is the control input, %; = [xy, ..., x;]7;
¢;(x;) € R™ is the known nonlinear function vector, 9; € R™ is the unknown constant vector, ¢; € R is the
unknown constant number and d;(x,, t) € R is the unknown bounded external disturbance fori = 1, ..., n.
Remark 1: Many practical systems can be represented as (1), e.g. crane system [11], robotic manipulator [12]
and offshore wind turbine [10].

The function H (u,) is an asymmetric non-smooth input saturation with unknown time varying slope, as,

9, Ug > Ug
H(ua) = lug, —Ug SUg S U (2)
-9, Ug < —Ug,

where, ¢ and p are known constant bounds of the input, #, and u, represents positive input'break points and [

is an unknown time varying function which represents input slope. H(u,) is illustrated sChematically in Figure
1.
A

e
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Fig. 1. Schematics of input saturation H (u,) (black line):andits'smooth estimation S(u,) (grey line).
A smooth function S(u,) is defined to cope with the asymmetric non-smooth input saturation as,

oP—oP71
S(a) =S ®)

where, P = e€*a, ¢ = 0.5In(e/¢@) and 1 is a positive constant. S(ug,) always stays in the range (=0, 0) forall
u, € R, as illustrated schematically in Figure 1.

Remark 2: Two other common types of input saturation can be considered, including asymmetric non-smooth
saturation with unknown constant slope, and asymmetric non-smooth saturation with dead zone [44]. For the
unknown constant slope case, [ is“aiconstant number in (2), and for the dead zone case H(u,) = 0 for —-m, <
u, < mg,, where, m, and myrepresentithe break points. Input saturation model (2) can be simply modified to
include these issues. However, ‘without loss of generality, asymmetric non-smooth input saturation with

unknown time varying slope is only considered in this paper.
Now, H (u,) is estimated-as,
H(ua) = S(ua) + D(ua): (4)

where, D (u) isithe estimation error of H(u,). Considering the bounded property of H(u,) and S(ug), D(ug)
is bounded as |D(u,)| < D, where D is an unknown positive constant. As S(u,) is a nonaffine function of u,,
the mean value.theorem is employed to have S(u,) represented as an affine function of u,, as,

Sa) = S(ua) + 3| (a=1ao), 5)

@ ugg
where, tu,, = Zu, + (1 — E)uy, with E € (0,1). Considering S(0) = 0, then u,, = 0 is an appropriate choice.
Accordingly, (5) becomes,
S(ug) = gsia, (6)
where, gs = 05/0uglzy, = 2n(e +0)/(P + P~1)2. For any u, € R, g, is positive and bounded as g, < g,
where g, is a positive constant.

It should be noted that when the actuator deviates from normal operation, the control input u, will not be
identical to the designed control input u,, anymore. This faulty actuation is modelled as,



uq = pr(tp, hua + ¢ (tgt), @
where, u,; € R is the designed control input, pf(tp, t) implies the time variable unknown effectiveness loss of

the actuator that happens at unknown time t,, and ¢f(t¢, t) is the unknown time variable additive actuator fault,
i.e. actuator bias, that occurs at unknown time .

Thus, considering (4), (6) and (7), the nonlinear system (1) can be rewritten as,
% = 0] bi(X) + @iXisr + di (X, )
xn = 19rr€(l)n(3?n) + (pngs(pfud + (;bf) + (an + dn(fn: t) (8)
= Xq.
The main control objective of this paper is to desig};,n a stzte feedback adaptive control such that, (i) t0~guarantee
that the output y tracks the known bounded desired reference signal x,(t) in a bounded compact set Q,: =
{y(t) € Rk, (t) < y(t) < k¢, (t)} where k. (t) and k., (t) are bounded predefined functions, (ii) to constrain
all system states in the compact set, Q,:= {x;(¢) € Rik.,(t) < x;(¢) < Eci(t)} for i =2, ..5m, where k. (t)
and Eci(t) are bounded predefined functions, (iii) all signals in the closed-loop system.are bounded, despite the
presence of actuator faults, unknown external disturbances and input saturation.

To initiate the control design, the following assumptions are made in the design jprocedure.

Assumption 1: Effectiveness loss of the actuator is assumed to be bounded as 0 <A< py < 1. In fact, p, = 1
indicates full effectiveness of the actuator. Also, A is a positive numbef.which means that the actuator will not
totally fail to operate. However, if the actuation redundancy is alréady awvailable in the system structure, the
developed method in this paper can also be applicable for p, = 0. Qn the other hand, considering bounded
achievable actuator effort, actuator bias is assumed to be bounded.as, |¢>f| < ¢ < o, where ¢ is an unknown
positive number.

Assumption 2: The constant ¢; with i =1, ...,n, in(1), and (8) are unknown and also, ¢; # 0 to satisfy the
controllability condition. Also, |@;| < k,, where k, \Isia knewn positive number.

Assumption 3: There exist functions K (t) and I?CO (), satisfying k., (t) < K. (t) and I?CO(t) < I?Cl(t), such

that K, (t) < x4(t) < K., (t). Also, there“exist positive constants K, and K, such that, Eci(t)| <K, and

|kc,(©)| = K., Also, the j" derivative ofythe desired trajectory, xP () for j=1,..,n—1 are assumed to
satisfy |x((ij)(t)| < A;, where A; are positive constants. Accordingly, a compact set €., is defined as Q, :=
{xq € Rixg + x4 + X5 < &8, J which will be used in the control design.

Assumption 4: There exist positive constants ki, ki, k;, and k;,, such that k,, <k, (t) <k, and k;, <
ki (8) < Eli for i = 1/...,n, where k, (t) and k;,(t) are time varying barriers on the error, defined as, k,, (t) =
Eci(t) — xg_l)(t) and .k, (¢) = kc,(t) — xéi_l) (t). The aforementioned bounds for an example of the desired

trajectory are demonstrated in Figure 2, in which the bounds are depicted exaggeratedly far from each other for
the sake of illustration;

Fig. 2. An example of the desired trajectory, x4, along with lower bounds k., and K., and upper bounds IECI
and K.



Assumption 5: External disturbances d;(x,,t) with i = 1,...,n are assumed to be unknown but bounded as,
|d;| < d;, where d; is an unknown positive constant.

Remark 3. Some lower and upper bounds are defined in Assumptions 1, 3, and 4 in formulating the control
problem. These bounds are used to analyse the stability of the closed-loop system augmented with the developed
controller. Nevertheless, these parameters will not be used in the designed control structure. So, the actual
estimation will not be required in setting up and implementing the control scheme.

Remark 4: Assumption 1 is made to ensure that there is always an actuator effort. Even though not full effort,
the actuator will still have an output. On the other hand, the actuator bias cannot infinitely increase. In fact,
Assumption 1 is a practical issue which implies that the actuator effort, even if not accurate, is bounded. In
Assumption 2, the known boundedness of ¢; can be found in many nonlinear real systems, e.g. wind turbines
[10]. In Assumption 3, the desired trajectory is assumed to be smooth and bounded. In fact, it is assumed that
the desired trajectory will not change infinitely and abruptly, which is the case for most practical engineering
dynamic systems. Accordingly, some useful bounds are defined in Assumption 4. Finally, in Assumption 5, the
external disturbance is assumed to be bounded, which stems from the physical nature of,any source which
applies an external disturbance on the system.

The Nussbaum type function is introduced here, which is utilized to eliminate the"unknown control direction ¢;,
as per the following definition.

Definition 1 [36, 44]: Any smooth continuous even function N({(t)) is called“a Nussbaum type function, if it
satisfies the following properties.
lim, ¢, sup%for N({)d { =4,

lim, e, inf > "N (§)d §==es:
The BLF function is defined as follows, which is used in the constraint control construction.

©)

Definition 2 [34]: A scalar function V(x) is a BLF ift is a\positive definite continuous scalar function, defined
with respect to the systemx = f(x) on an open region D, containing the origin. In addition, V(x) has
continuous first order partial derivatives withinwall D, and approaches to infinity as x approaches to the
boundary of the region D. Finally, V(x) satisfies V(x) < w, Vt =0 along the solution of x = f(x) for
x(0) € D, and some positive constant w,

In this paper V(x) = cot(m(1 — (x/k,)?)/2) jis introduced as the BLF, which is positive definite continuous
within (<k,, k.), where k. is a known variable which represents the boundary. On the other hand, V(x) — o as
x approaches to +k,.

The following definition will betused to study the stability of the closed-loop system associated with the
proposed controller.

Definition 3 [28]: The solution of a system x(t) is Uniformly Ultimately Bounded (UUB) if, there exists a
number T(K,x(ty)),"and @ K > 0 such that for any compact set § and all x(t,) € S, |lx(t)|l < K, for all
t=>ty+T.

The following lemmas are needed to be used in the closed-loop system stability analysis.

Lemma 17[36, 44]: Assume V(t) > 0 and {(t) are smooth functions defined on the time interval [0 tf). Also,
N () is a selected  Nussbaum  type  function.  Then, for any t€[0t;), if
V(t) L ¢y + et fot(g(r)N(((T)) + 1) {e“1"dr holds true, where c, and ¢, are positive constants, and g(7)
is a time-varying parameter, which takes values in the unknown closed intervals L € [1*,17] with 0 ¢ L, then
V(t), {(t) and fotg(‘r)N(((‘r)) {e“"dr must be bounded on [0 ¢;).

Lemma 2: For any variable y(t) in || < 1, cot(m(1 —?)/2) < mp?csc?(m(1 —p?)/2) holds true.

Proof. Define A= myp?csc?(m(1 —?)/2) —cot(m(1 —?)/2) and A,= mp? —sin(n(1 — y?)/
2)cos(m(1 —?)/2). Thus, A,/ = mp(2 — cos(m(1 —1P?))). Obviously, 9A,/0p <0 for p <0,
A, /0y =0 for Y = 0 and dA,/dy > 0 for ¢ > 0. Accordingly, considering A,(0) = 0, it can be obtained
that A,> 0. Also, considering A,= A;csc?(m(1 —1?)/2) and csc?(e) > 0, yield A;> 0. This completes the
proof. m



It is worth noting that with the aim of Lemma 2, less parameters are required in the stability analysis of the
closed-loop system associated with the proposed controller, compared to constrained controllers presented at
[14-16].

Lemma 3: 0 < [§| — €2/,/€2 + y2 < y holds true, for any variable € and positive constant y.

Proof. Consider the inequality £&* < £2y2 + &* and take the square root from both sides. Consequently, it proves
the left side of the inequality. To prove the right side, consider 0 < 2||y and add &2 + y2 to both sides. Taking

the square root of the resulted inequality leads to /&2 + y2 <y + ||]. Accordingly, it can be obtained that
—-1/y/8 +y2 < —1/(y + [E]) which leads to |§| —&2/\/E2 +y2 < [E] — & /(y + |E]). Finally, considering
81 = 82/(v + 1§D = vI[§l/(v + I&]) and y[&]/(y +18]) <y, it can be seen that |§| —&?//§2 +y* <y. This

completes the proof. m
3. Full state constrained fault tolerant control design with unknown control gain.

In this section, an adaptive full state constrained fault tolerant control is developed for the dynamic system given
by (1) with input saturation (2) and actuation fault (7) in the backstepping frameworkito satisfy control
objectives given in Section Il. Also, systematic generation of the state constraints is stated. Finally, the
controller design algorithm is given.

3.1. Controller design and stability analysis.

Step 1: Define error signals e; = x; — x4, and e, = x, — z,, where z, is'‘a.virtual control. Introduce a filtering
of z, via a; which is a stabilizing function to be designed. Let a, pass‘through a first order filter with a time
constant t,, as,

TyZ; + 2, = a4, 2,(0) =“a7(0): (10)

Define the output error of the first-order filter as, y, =.z, — aj-where its first-time derivative yields z, =
—X2/T2

Choose a positive definite Lyapunov function as,

Vv, = %cot/ll + 0N, + 223 +5 42, (11)
where, the bounding k., = k, , if e; >0, otherwise k. =k, , Ay =n(1—¢7)/2with & =m(e)e;/ky, +
(1 —w(ey))e,/ky,, with w(e,) = Vif.e; 3,0/ otherwise w(e,) = 0; I; = I;7 > 0 is design matrix, 9, = 9; —
9, and d, = d, — d,, where 9, and'd{ arelestimations of 9, and d,, respectively. The Lyapunov function V; is
positive definite and continuously differentiable, also C* in the set Q,, = {311 ky, <e < kul}, in which the first

term captures the BLF characteristics, as explained in Definition 2, of the modified tracking error &;. The first-
time derivative of (11), can be obtained as,

v, = %coml k2616 esc2 Ay + BTN, + yody + did,y. (12)

Considering the‘definitionof &; and x,, with dynamic response of x,, the time derivative of ¢ is obtained as,

T . kuy T : ki
) 9T 4p1( €z+)(2+‘11)+d1—xd_elm 91 p1+¢4( ez+Xz+a1)+d1—xd—e1E (13)
& =w(ey) " + (1 - w(el)) X .
uy 5%
Design virtual control a; as,
a; = N({)wy, (14)
with,
) , k in(241)ke, k ~ 2
w, =Ty —%g +v,ie1 + %elcscz/l1 —e NG ke ke | g __acseh (15)
e1 ey efcscta+yg,
and
¢, = eqwicsc? Ay, (16)

where, y; and y,, are positive design parameters. Also construct the adaption laws 9, and d; as,



9, = I (e1prcsc? Ay — .“1191)1 (17)

(i _ eZcsctAy )

=y, dy,
! /efcsc‘*/hﬂ’él @ (18)
where, py, pq, are positive design parameters.

Now, using (14)-(18) and considering y, = —x,/t, — d;, V; presented in (12) can be rewritten as,

. . . 2 N .
Vi=@o:N()G + ¢ — V1€12C5C2/11 - )T(_z + (plelezcscz/ll + 91(/’1)(25552/11 - #1191T191 — QX2 —
elzcsc4A1 (19)

/efcsc‘*/llﬂ/él

Since a; is a function of %, x4, x, and estimated variables 9, and d,, it can be shown that

%efcsc“/l1 — pg,dydy + dyescsc?h, — dy

. daq = a a a a
4y = 2% +ﬂxd+ﬂxd+ﬂﬁ1+ “1d1 (20)
X1 Oxg

Considering (20), &, is a continuous function and has a maximum constant valie M, in the compact set
Q,, X Q,, for given initial conditions, where Q,:= {[el,ﬁl,dl,)(Z]T: (k2 cothy) /m+ %5{1}‘151 + %)(22 +
%d% < 8,1} [29, 44]. So, based on Young’s inequality,

2 2

. Xz , Mi
<Xz 4 M1
|a1X2| =5 + 2

2,2 2 4
e. eycsc* A
@ eje,csc?A; < (’01—2 + 171, (21)

e1pyxzcsc?Ay <k, cscz/ll( +XZZ).

Also, it is easy to obtain,
ST & 1 5 12 1
=m0y < = S [9: |75 Sl 12, )
~ ~ 1 ~ 1 _
—Ha,drdy < =3 Raydi $75pa, d7.

Finally, according to Lemma 3,

eZcsct A

2 w7 efesctay —
d1€1€SC Al dl \/W < dlydl' (23)
1

According to (21)-(23) and considering.Lemma’2, (19) is rewritten as,

ViR NGt + Gy — 01,1 Vh + 05 + 22 <p182 (24)
where, a1 = min{Ky 1, K3 1,81/ Amax (), Hay b 02,1 = pall9: 112 /2 + M7 /2 4 uq,d7 /2 + diya,, Kig =71 —
ko, /2 and K, = 1/, —kq,lcchAl/z —1/2. It should be noted that A,,,,(A) represents the maximum
eigenvalue of matrix 4. The selection of ranges of the design parameters y, and , are as y; > k,, /2 and
T, < 2/(k<plcsc2/11 + 1), respectively, to guarantee that K, ; and K, ; are positive.

Step i,i =2,~..,n —A: Define e; = x; — z;, where z; is a virtual control. Introduce a filtering of z; via a;_;
which is a stabilizing function to be designed. Let a;_, pass through a first order filter with a time constant z; as,
T2 + 2 = @iy, 2(0) = a;_1(0). (25)

Define  the output error of the first-order filter as, y; = z; — a;_, where its first-time derivative yields z; =
—xi/7;- Choose a positive definite Lyapunov function as,

k2. ~ ~ -
Vi = %Cot/li + %19;1;_119[ + %){,:24_1 + %d?, (26)

where, ke, = ky,, if e; >0, otherwise ko, =k, A; =n(1—¢§7)/2, & = w(eei/ky, + (1 —w(e))ei/ky,
with @(e;) = 1 if ¢; > 0, otherwise w(e;) = 0, I; = I;T > 0 is the design matrix, J; = 9; — 9; and d; = d; —
d;, where 9; and d; are estimations of 9; and d;, respectively. It should be noted that V; is continuous in the set
Q, = {ei:kli <eg < kui}. The Lyapunov function V; is positive definite, in which the first term captures the
BLF characteristics of the modified tracking error &;. The first-time derivative of (26), can be obtained as,



. 2ke ke, . A . s
Vi = —tceotd; + k2 &igiesc? A + O/ 710 + Xivadiva + dids. (27)
Considering the definition of &; and y;, with dynamic response of x; ., ,, the time derivative of ¢; is obtained as,

T xi_ T xRy
Ui ¢it@ieirstxipata)+dits —ep - Op piteileiprtXiprta+dit —ei
i i i

éi=w(e) o +(1-w(e)) o (29
Design virtual control «; as,
a; = N({)w;, (29)
with,
w; =9 ¢; + )T(—: tvieit %eicscz/ll- —e Z_:: + Sm(zii:{qkei +d; ;—e;::::jiyéi’ (30)
and,

{; = ejw;csc?A;, (31)

where, y; and y,, are positive design parameters. Also, construct the adaption laws 9; and d; as,

8, = I (epicscA; — pgd), (32)
& _ efescta; 5
;=

—t— — uy.dy
eizcsc4Az+V§i Fa. (33)

where, u; and u,, are positive design parameters.

Now, using (29)-(33) and considering ¥;+1 = —xs1/Tis1 — i, V;, using (27), it can be rewritten as,

2
) . 3 a
Vi = @iN()G; + ¢ — viefesc?A; — ﬁ + Pie€141CSC%A; + €, Xi41¢SCP A — O] Oy — Gy xigq —
eizcsc4Ai (34)

2 crd a2
e csc AL+Vdi

Since a; is a function of x;s%g, %, and estimation variables 9; and d;, it can be shown that,

%eizcsc‘*/li — Ja,d; 07 + dyecsc®A; — d;

6ai 2 6ai . aai o 6ai A a(l,: A
=—tx; +—%x; F—LX;+ =9 —d;.
a%; ‘+axd d+axd d+aﬁ1 1+6di L (35)

a;

Considering (35), a; is a-continuous function and has a maximum constant value M; in the compact set Q,, X

Q;, for given-initial_conditions, where Q;: = {[ei,ﬁi,&i,le]T: (kZcoth;)/m + éﬁfﬁ‘léi + %)(iz + %&? <6}
[29, 44]. S0, based on Young’s inequality,

. 2 M?

ldixisal < % + 7’,

2,2 20504 A,
Qieeipqcsc?A; < LilixL g Gl (36)
2" 2
€iPiXi+165C*A; < kg csc?A; (%L + %)
Also, it is easy to obtain,
8T8 1 sn2 1
—udf 0 < = Sl Gil” + S mall 9117, -

A o~ 1 ~ 1 -—
_ludididi < _E:udldlz + Eﬂdldlz
Finally, according to Lemma 3,



2,04 n,
e csc*A;

———=<dy,,
'ieizcsc"/lﬁyéi i¥a; (38)

According to (36)-(38) and considering Lemma 2, (34) is rewritten as,

2 _
dieiCSC Ai - di

. ., 2,2
Vi < oiN(()G + ¢ —o0y,Vi + 0y + %1 (39)

where, oy ; = min{K ;, Ky i, i/ Amax (1), tia}s 025 = will9112/2 + MZ /2 + pg,d? /2 + diva, Koy = vi —
ko, /2 and K,; = 1/1; — ky,csc?A;/2 — 1/2. The selection ranges of the design parameters y; and z; are as
Yi > ky,/2and 7; < 2/(k¢,icsc2/1i + 1), respectively, to guarantee that K; ; and K, ; are positive.

Step n: Define e, = x, — z,, where z, is virtual control. Introduce a filtering of z, via a,,_4 which is a
stabilizing function to be designed. Let a,,_, pass through a first order filter with a time constant z,, as,

TnZn + Zn = An_1, Zn(o) = an—l(o)- (40)

Define the output error of the first-order filter as, y,, = z, — a,_, where its first-timeyderivative yields z,, =
_Xn/Tn-
Define a positive definite Lyapunov function as,

v, = %comn + %1951"{11911 + ;‘11211 (41)
where, k, =k, , if e, >0, otherwise k., =k, A, =112 & =w(e)en/ky,, +(1-
w(e,))en/k,,, With w(e,) = 1 if e, > 0, otherwise w(e,) = 04T, = I,7 > 0 is design matrix, 9, = 9, — 9,
and d,, = d,, — d,,, where 9,, and d,, are estimations of ¥, and_d,, ;\respectively. It should be noted that V, is
continuous in the set Q, = {en: k, <en,< kun}. The Lyapunov, function ¥, is positive definite, where the first

term captures the BLF characteristics of modified tracking=error /£,,. The first-time derivative of (41), can be
obtained as,

Vv, = % cotAy, + kZ&néncscM, + GIL0, + dydy,. (42)

Considering the definition of &, and y,,, with,dynamicresponse of x,,, the time derivative of ¢, is obtained as,

k ky
. <ﬁ£¢n+¢ngsua+¢nD +dn+x_n _enku_n> (191’11‘¢n+¢7ngsua+‘ﬂnn+dn+x_n_enk_n)
¢, =aw(e,) L B4 (1 - w(ey)) m ) (49)
kuy, ki,
Design the control input u, as,
Ug = N((n)wn: (44)
with,
5 k in(2An)ke, k 5 2
Wy = 1915¢n + i + Ynén — enkel + T2 n)ker Con + dn Encsc n ’ (45)
n en Tén e%csc4An+yfin
and,
{n = epwpcsc?Ay, (46)

where; y.and y,,, are positive design parameters. Also, construct the adaption laws 9, and d,, as,

7911 = I;1(en¢nCSC2An - .unén): (47)

eZcsct Ay 5

dy = 20— iy d,
" e.,zlcsc‘*/ln+y;n i (48)

where, p,, and g, are positive design parameters.

Now using (44)-(48) and considering the actuator fault (7), V,, , using (42), can be rewritten as,

Vn = gN((n)Zn + Zn - Vne%CSCZAn + en(pnl/}CSCZ/ln - Hn’gzén - #dn‘indn + dnencsc2/1n - (49)



d ezcsct Ay

n , 2 2
encsc‘*/lnﬂ/d_,1

where, g = pr@ngs and Y = gs¢, + D. Itis obvious that i is bounded as, || < ¥, where, i = gs¢ + D isan
unknown positive constant.
Based on Young’s inequality,

2 4 2 g2
e pnbcscii, < @ + k(p,;w : (50)
Also, it is easy to obtain,
~r A 1 ~ 112 1
_.unﬁrfﬁn < _E:un”ﬁn” +Eﬂn”19n”2| (51)
~ ~ 1 ~ 1 -_—
—HanAndn < =3 a7 + 7 Ha,dn. (52)

Finally, according to Lemma 3,

ezcsct Ay

d,e,csc?A, —d, —=2——< d,y,. .
nén n n\/m nldy (53)

According to (50)-(53) and considering Lemma 2, (49) can be rewritten as,

V;L < gN((n)én + (n - O-l,nVn + O-Z,nl (54)

Where, O1n = min{KZ,n' .“n/lmax([;z_l)r .udn}! O = ”n“ﬁn“2/2 + k(%)nlljz/z + #dn&rzl/z + d_nydn: and
Ko n = yn — csc?A, /2. The selection range of the design parametery,, is then as y,, > csc?4,/2, to guarantee
that K ,, is positive.

Remark 5: Considering the definition of w; in (15), (30) and (45) for i = 1, ..., n, when e; approaches to zero,
employing L’Hospital’s rule, the term sin(24;) keikei/nei approaches to zero, thus the singularity will not
occur in (15), (30) and (45). However, since digital.computers cannot evaluate 0/0, in the implementation step,
the Maclaurin series with the first term is used to solve the problem. Accordingly, in (15), (30) and (45),
sin(24,) ke ke, /me; is replaced with k., e;/Kgmwhen’le;| < &, for some small positive e.

Remark 6: 1t is easy to show using [”"Hospital’s rule, that the BLF terms in (11), (26) and (41), i.e. kgl.cotAi/n
for i = 1,...,n, approaches to e?/2yas the bounding |kel.| approaches infinity. This shows that the presented
BLF term can represent the mathematical equivalent of the well-known quadratic Lyapunov function (QLF). In
fact, the considered BLF terms captures the QLF behaviour as the constraints are arbitrarily large enough, i.e.,
where there are no constraints on the tracking errors. So, the unique characteristic of the proposed controller
design framework, is/that when no constraint is required, one can simply replace BLF terms in (11), (26) and
(41) with equivalent QLF terms. Note that the logarithm BLF like [30], or secant BLF like [26], will not have
such property.

Remark 7:7In this_paper, with the aid of DSC, i.e., the low pass filters (10), (25) and (40), the problem of
repetitive differentiation of the virtual controllers, is eliminated. This problem is obvious in several previous
works, e.g.,[23], in which at the step i, the partial derivative of the virtual controller a;_; is needed in the
controllersdesign procedure, with respect to x;, [xg4, ...,xc(li_l)], ¢, 9; and d;, i = 1, ...,n, which increases the
implementation complexity numerically and practically (see equation (18) and (32) in [23]). It is worth noting
that, when the (10), (25) and (40) are adopted, the orders of a;_; and cotA; are reduced fromp = 2ntop = 2
and from m = max(3,n) to m = 1, respectively. More details on the efficiency of DSC on the reduction of

computational complexity of the control schemes are available in [39].
Now, the main property of the designed approach is given in following theorem.

Theorem 1. Consider the class of uncertain disturbed nonlinear systems (1), with asymmetric hon-smooth input
saturation with unknown time varying slope (2), approximated with (4), and actuator fault (7), under
Assumptions 1-5. If initial conditions satisfy e;(0) € {e;: |e;(0)| < k. } for i = 1,...,n, via utilizing control



inputs (14), (29) and (44) with adaption laws (16)-(18), (31)-(33) and (46)-(48), then, the following objectives
are achieved.

Q) All the states and signals of the closed-loop system are bounded;

(i) The constraint sets Q,, = {ei: k, <e < kui} are never violated for i = 1, ...,n which in turn leads the
output y to track x4 (t) to a bounded compact set Q,: = {y(t) € R: k. (t) <y(t) < I_ccl ®}

(iii) The tracking error e; can be made small by the proper choice of the design parameters.

Proof. Multiplying both sides of (54) by e?1nt yields,

d(Vp()ent) /dt < (N (Gn)in + Gntan)ent. (55)
Thus, integration of (55) over [0, t], becomes,

Va(8) < 020/ 01 0 + (Va(0) = 0 /01 )€1t + e=%tnt [F(gN (G,) + 1)pen7dln, (56)
Furthermore, considering o, /0y , > 0 and lim,_,,, e ~71nt = 0, (56) becomes,
Va(t) < ¢ + e [T(GN(Gy) + 1Dépeintdr. (57)

where, ¢, = 0,,/01, + V5 (0). Also, g satisfies the conditions in Lemma 1. Accordingly, considering (57), it
can be stated that , and ¢,, are bounded, and accordingly (kgn /m)cotA,, 9, andid,.are bounded, which in turn
leads to boundedness of e,,.

Replacing i = n — 1 in (39), one can obtain,

. . . 2 2
Vo1 () < 0o 1N(Gp—1) g + G — Oy i iVqmptop g + %- (58)

In similar manner, multiplying both sides of (58) by e?1n<2f yields;

. . 2 2
d(Vp_q1(t)ern-1t) /dt < ((pn—lN((n—l)(n—l +10_1+05,-1 + <Pn—2_1€n) ef1n-1t, (59)
Thus, integration of (59) over [0, t], becomes,

_ _ t ;
Voot (t) < 0350-1/01n-1 + (Vn—1(0) < 0'2,n—1/0'1,n—1)e Tin-1t 4 g=01n-1t fo ((pn—lN(Zn—l){n—l +

60
('n_l)efh,n—lf dt ¥ e —%1n-1t f;@e%n—ﬂ dr. (60)
Furthermore, considering o, ,,44/0; ,—1%> 0 and lim,_,,, e ~71n-1t = 0, (60) becomes,
Vn—l(t) <
- t ;
O2n-1/01n-1 FVp-1(0) + e T1n-1t fo (Pn—1N(lp—1) + 1){p_se%rn-17 dr + (61)
—01n-1t t Qi qen n—
e oun-1t [ SHE @ 1n1t g,
Now, considering boundedness of e,,, the last term of (61), is rewritten as,
2,2 —01n-1t,2
eT%1n~1t f;%ecﬂ,n—lf dr < %Supre[olt] 6,21 €3] fot e%1n-1T dr < Myt (62)
whereym, 4 = ((p,zl_1 Sup.e(o,e] €n (‘r)) /201 1. Now, considering (62), (61) can be rewritten as,
Vn1(6) < ¢y +e7tm1tt fot((Pn—1N((n—1) + 1) e7n1" dr. (63)

where, ¢1n—1 = 03n-1/01n-1 + Vi1 (0) + My g

Also, ¢,,_, satisfies the conditions in Lemma 1. Accordingly, considering (63), it can be stated that V,,_, and
{n—, are bounded, and accordingly (kgn_lcot/ln_l)/n, 9,_, and d,_, are bounded, which in turn leads to
boundedness of e,_,. In the same manner, the previous procedure can be repeated for i = n — 2, ...,1. In turn, it
can be proved that V; and ¢;, and accordingly (kﬁicot/li)/n, J; and d; are bounded, which in turn leads to

boundedness of e;.



From the abovementioned analysis, the objectives (i), (ii) and (iii) are achieved as follows.

(i) Consider the boundedness of V;, e;, and (;, for i = 1, ..., n. Therefore, x; is bounded. Now, from the
boundedness of e;, J; and d;, the boundedness of 9;, d;, w;, a; and u, are easily concluded.

(i) The boundedness of (kZcotA;)/m, i = 1,...,n, implies that e; belongs to the set Q,, = {e;:k;, < e; <
ky,}. Using the result for i = 1, makes e, belong to set Q. = {e;:k;, < e; < ky,, }. Accordingly, x; stays in the
set, Q,, = {x1:k;, + x4 < x; < ky, + x4}. On the other hand, considering Assumption 4, k,,, = k., — x4 and
ky, = k¢, — x4. Also, considering (1), ¥ = x;. Consequently, y stays in the set, Q, = {y:kc1 <y< Ecl}.

(iii) Multiplying both sides of (24) by e?11t yields,

. . 2,2
d(Vy(t)er2t)/dt < (‘PlN({l)Q +{+oy, + <p1292) et (64)
Thus, integration of (59) over [0, t], becomes,
AR ) (65)
021/011 + (Vi(0) — 031 /0y 1 )e ™11t 4 e~1at N (01N (&)1 +¢1)e " dr +
e 911t ft—(p%ezz e117 g
0o 2 ’
Now, considering the boundedness of e,, the last term of (65), can be rewritten as,
—oy 4t (tPE83 o147 e 11fp2 2 t ofit 66
e~out [ =2 e dT < ———Supqeqo,r €3 (7) Jy et desmy (66)

where, m, ; = (¢? Sup,ejor €2(1))/201,. Also, letting M;, be the upper<bound of e_Ul'ltfot((plN(fl) +
1)¢,e%11% dt. Now, considering (65), (66) can be rewritten as,

@ <A+ (Vl(o) - 52,1/01,1)9_01’1t- (67)

where, A, = 0,,/011 + M; 1 + my,. Then, one can obtain,

s cothy < Ay + (Val0) % 0gr/or1)e7mt, (68)
Further, inequality (68) becomes

le;| <O, (69)

where, © = kel\/l — 2cot= (m(By +(V1(0) — 031 /011 )e~118) k2 ) /. If V1(0) = 0,1/01, , then it holds

that |e, | <kel\/l—2cot—1(nA1/k§1)/n. If V1(0) # 0,1/014, it can be concluded that given any © >

kelJ1—2cot—1(nA1/k§1)/n, there exists T such that for any ¢t > T, it has |e;| < ©. As, t - oo, |e;] <

ke1\/1 — 2cot7t (nAl/kgl)/n, which implies e; can be made arbitrarily small by selecting the design parameters
appropriately.

Considering Definition 3, and objectives (i), (ii) and (iii), it is guaranteed that the closed-loop system is UUB.
This.completes the proof. m

3.2. Generating state constraints.

As it is assumed in Theorem 1, the initial conditions should be set within the desired bounds. Thus, to have
stable and bounded control we need to enlarge the initial values of constraints to cover the initial system states.
Suppose that we need to design static constraints for the system with an initial condition, which is far from the
desired trajectory. In that case, we have to choose a constant constraint, which is far from the desired trajectory
and keep it to remain constant as time goes by. Accordingly, due to the probable large distance from the
constraint with the real trajectory in the rest of movement, such a constraint may be useless in practice. On the
other hand, suppose the situation has time-varying, but symmetric constraints. Such constraints can be helpful in
the case of designing a bound for the states, which are located on the matching side with the desired trajectory.
However, for the opposite side, due to symmetry, we have to choose constraints that are far from the desired



trajectory. This paper introduces a systematic way to design an asymmetric time-varying constraint set that can
be relaxed with any initial condition while still satisfying the design requirements. Using the presented general
procedure, the constraint boundaries can cover any initial conditions, and they then exponentially tend to be
close to the desired trajectories. We consider the initial condition, desired trajectory and the required constraint
bounding to formulate the constraint. Considering Assumption 4, the tracking constraints are as, I?Cl.(t) =

ko, () +xg_1)(t) and kc, (t) =k, (t) +x<§i_1)(t). Now, to relax the bounded initial condition, the tracking
error bounds k,, (t) and k;,(¢) are defined as,

kui(t) =ae "t + Eui(t):

ki () = aie™ + Ay, (1),
respectively, where @; and a; are presented as differences between initial conditions and their desired
trajectories, and are defined as, if x;(0) > xg_l)(O) then a; = x;(0) — xéi_l)(O) and a; = 0, else, ‘@ = 0 and
a; = x;(0) — xéi_l)(O), where x;(0) is an initial value of the i*" state. Also, Eui and A, are.the preferred upper
and lower bounds from the desired trajectory xéi_l) (t), respectively, to be selected by the“designer.. It should be
noted that A,, and A, can be small constants or time variables. Accordingly, the overall tracking constraint

trajectories can be rewritten as,

(70)

Eci(t) =aqe '+ xc(ii_l)(t) + Zui(t)v
ke (8) = ae™ + x5 (0 + 4y (0).
Note that upper, and lower constraints presented by (71) consist of threeparts:

(71)

1) The first term, @;e ¢ or a;e™*, boosts the initial values of the constraint close to the initial values of the
desired trajectory in their matching side, since lim,_,q @;e™¢ = a; and_lim;_,, a;e ¢ = a;. Note that, as it is clear
from the formation of this term, after the initial time, the constraint tends to the desired trajectory exponentially,
and then as lim,_,., @;e ™" = lim,_,, a;e~* = 0, this term,will disappear as the time goes by. Further, note that
this term then remains to be zero, for the opposite side, of the Jnitial condition with the desired trajectory.

2) The second term, xéi'l)(t), simply makes the constraint follow the trend of the desired trajectory.

3) The third term, Eui and A, defines the required distance between the constraint and the desired trajectory.

Remark 8: In most of the previous works, like [4, 12, 13, 23, 24, 29, 44, 45], the initial condition is assumed to
be in a compact set which lies within‘the given/constraints, to have a stabilizing controller developed. This leads
to selections of constraints that are farfrom the desired trajectories. However, this is not a practical assumption,
and accordingly, is relaxed Jn this paper, systematically, taking advantage of asymmetric time-varying
constraints associated with the initial condition, and exponential terms @;e~¢ and q;e™" in (71). Also, different
from previous studies on'constrained control of the dynamical system, e.g., [5, 26, 30, 32], in the systematic
scheme introduced in/this paper on generating state constraints, the designer only needs to choose the required
bound Eui and A, By that means the desired constraints are automated which satisfy all required considerations
of covering the nitial condition, following of desired trajectory trend, and proper bounding.

Remark 9;An-designing the first term of (71), we propose an exponential trend for convergence of the constraint
trajectory from the initial condition to the desired trajectory using @;e™* and a;e~t. However, if more speedy
convergence.isrequired e.g., in speedy practical systems, or while tracking with a small execution time, the first
termof (7) can be modified by adding a convergence speed constant § > 1 as @;e~%¢, and a;e =%t . Note that
choosing 6 < 1 can result in slow convergence, which can be desired in some practical systems e.g. systems
with slow dynamic response, e.g. wind turbines with large rotor inertia [9, 10].

3.3. Controller design algorithm.

From the previous discussions, the procedure for the controller design is given as the following algorithm.
Algorithm 1. Full State Constrained Fault Tolerant Control Design of dynamic systems with Unknown Control
Gain

Inputs:

States x; for i = 1, ..., n, and desired trajectories x,, x4.
Initialization:



Select appropriately design parameters ¢, 8, 0, vi, Ya;» iy tis Ba;s Eui, Ay, and 7, fori = 1,..,n and
j=2,..,n
Calculate a;, a;, ky,, ki, ky,, and kg, fori =1, ..., n.
Control Computation:
Solve adaptation laws to find 9, in (17), d, in (18), 9; in (32), d; in (33) fori = 1,...,n — 1, 9, in (47)
and d,, in (48).
Fori=1,..,n
If le;| < &, then
Replace sin(24;) ke ke /me; by k,.e;/ke, in (15), (30) and (45).
End.
Calculate intermediate control functions w; in (15), w; in (30) and w, in (45).
Calculate virtual controls a; in (14) and ; in (29)fori =1,...,n — 1.
Solve adaptation laws to find ¢; in (16), z, in (10), ; in (31), z; in (25), for i =4,...,n'»1 and
j=2,..,n—1,,in (46), and z, in (40).
Calculate control u, in (44).
Output:
Calculate smoothly saturated control S(u,) using (3).

4. Numerical performance evaluation and comparison.

In this section the proposed controller is evaluated via numerical simulation. Invaddition, the logarithm BLF
control design, as one of the most utilized BLF type function, as well as the traditional QLF control design are
adopted to compare the results and signify the advantages of the proposed controller.

4.1. Controllers design.

In this section, the logarithm BLF, and the traditional QLF controllers are briefly introduced and adopted with
the control procedure presented in this paper. In addition,, the obtained logarithm BLF based controller is
compared with the developed cotangent-type BLF.

4.1.1. Logarithm BLF based controller design.

The logarithm BLF control is one of the most utilized schemes for constrained control purpose [8, 22, 29, 30,
34]. The control design using the logarithm BLF cah be simply obtained via the analysis given in Section 3.1
with some modifications. To this end, only.the required modifications are addressed here for the sake of brevity,
as follows.

The first intuitive change is toaeplace cotangent BLF terms by the logarithm ones in the augmented Lyapunov
function. Thus, the cot(e) terms inithe Lyapunov functions (11), (26) and (41) are replaced with kgllog(l/(l -
§8))/2, ki log(1/(1 — &) /2, and kZ log(1/(1 — &2))/2, respectively. Then, w, in (15), w; in (30), and w,
in (45) are modified, aceordingly as, w, =97y — %y +v1e; + €1/2(1 — EF) — erke, ke, + dyey /(1 -

512)\/(91/(1 —EN? + g A (1= ED)ke log(1/(1 = 1)) /4y, w; = ¢+ xi/Ti +vie; +e/2(1 - &) -

eike, /e, diei (LA 51-2)\/(91'/(1 =2 +vg, + (1= &Dkelog(1/(1 = §1) /4, Wn = O + Xn/Tn +

Vnen — enlsglits, + dpen/(1—€2) J (en/(1— ED)? +73, + (1 — ko log(1/(1 — €2))/&,,  respectively.

Note that the last terms in these modified versions, are replaced with Zkeiei/kei, when |e;| < g fori=1,..,n
and some small positive €. In addition, the adaption laws (16)-(18), (31)-(33), and (46)-(48), are modified as,

& = ey /(1= &D), by = L(erds /(1 — &) — Dy, dy = (e/(1 - 512))2/\[(61/(1 — &2+ V3, — Hayds,

G =ew /(1-&D), ’§i = L (eip:/(1 = ) — widy), Cii = (e;/(1— fiz))z/\/(ei/(l =&+ Vﬁi - lvldiai,

Zn = epwn/(1 = &5), én = Li(entn/(1 = §7) — #n’gn)v dn = (en/(1— Erzl))z/\/(en/(l — &)+ V;n -
,udn&n, respectively. Following the analysis given in Section 3.1, (24), (39) and (54) hold true with K; ;
ke, (v1 = ko /2), Koy =1/T2 — ke, /(1 = §0) = 1/2, Ky = kZ(vi =k, /2), Kpy=1/7i ko, /(1 = §7) =



1/2, and K,,, = kZ (v, — csc?A,/2). Accordingly, a similar theorem as Theorem 1 can be stated for the
logarithm BLF that guarantees that the closed-loop system is UUB, which is not repeated here. However, in

(69), © is replaced with, ©,,, = kel\/l —exp (—2 (Al + (Vl(O) - 02'1/0'1_1)exp(—01'1t)) /k?l).

The initial comparison between the cotangent BLF function, which is adopted in the proposed controller, and
the logarithm one in the general case is made here, and the numerical performance comparison is studied in
Section 4.4 on the dynamic system, given in Section 4.2. Comparing the behavior of (kﬁicot/li)/n and
kZlog(1/(1— &H))/2 for i = 1,...,n, which have been used in corresponding Lyapunov functions, it can be
seen that the logarithm BLF approaches to the constraints faster than the cotangent one. In this case, the
designed control will increase significantly, which is not a desirable issue for most of the practical systems with
bounded control effort. In contrast, the cotangent BLF keeps the error away from the constraints with a
considerable distance which represents a desirable characteristic of the proposed controller.

The accurate comparison of the tracking performance of the two BLF controllers, can be outlined. considering ©
and ©,,,. For sake of simplicity, it is assumed in both cases that V;(0) = 0, /0, ;. Hence,.comparing © and
0,04, it is obvious that for small e; both ® and ©,,, are very close to each other. However, for bigger e;, 0, is
bigger than © and closer to k., while @ is considerably away from k. . This can be interpreted as for small e;
the performance of both BLF controllers is almost similar. However, for larger ‘e;, via adoption of the logarithm
BLF control, it is only guaranteed that e; never violates k. . Nevertheless; as e, increases, e.g., due to presence
of disturbances, e; might get really close to k, . In contrast, the proposed controller guarantees a remarkable
bound away from the constraint. By that means, using our proposed. controller, a smaller tracking error can be
achieved which can help our presented cotangent BLF to be desirabletin practice, when a large safe-to-operate
distance from constraint is needed, e.g., the wind speed operation.in high wind speed situation [10].

Finally, the comparison between control efforts of both BLF contrellers can be made considering corresponding
w;’s. Obviously, in the cotangent and logarithm BLF controls,the 0.5e;csc?4; and 0.5¢;/(1 — &Z) terms are
contributing to the bounding system states, respectively. Comparing the behaviour of these two terms, evidently
it can be pointed out that for small tracking error e;, the cotangent BLF control effort is smaller than the
logarithm BLF one. On the other hand, as e; appreaches to be very close to the k., the cotangent BLF control
effort increases more than the logarithm Bl-Fiene, to-keep the e; away from k.. It is an advantageous feature of
the cotangent BLF, which avoids excessive control effort when the tracking error is small, and instead, increases
the control effort when the tracking errortincreases, to keep a safe-to-operate bound between the error and
constraint, as stated earlier.

4.1.2. QLF controller.

The stable control designibased on the QLF is the most adopted one to design the adaptive controllers. This
controller is implemented in‘this paper to further investigate the performance of the proposed controller. This
controller within the backstepping framework with DSC and adaptive laws for nonlinear disturbed systems is
studied in [44]/and the closed loop system is proved to be UUB. Accordingly, the analytical analysis is not
repeated here. To this end, the QLF controller for the dynamic system given in Section 4.2, is designed as (44)

for n = 2, with the modifications summarized as follows: d; = I3 (e;¢; — uyd1), dy = €2/ [e? + ¥a, = Ha,da,
Wy =0y~ %q + 1€ + 0.5e; + die;/ [e? + Ya, 1 = ewy, 9, = L(e,; — u29,), d, = e3/
/ezz +¥i, — Haydz, 0y = O]y — X2/T; + V26, + dyey/ |€3 + ¥4, and $r = e0;.

4.2. Dynamic system parameters.

We consider the nonlinear system (1) for n = 2, with constants v; = 0.1 and v, = [0.2,1]7, ¢, = —1 and
@, =2 and we choose ¢; = x? and ¢, = [x,x,,x;]7. Also, we consider d; = 0.05 sin(4mt) and d, =
0.05 cos(4mt). The initial condition for the state vector is chosen as x(0) = [0.1,0.1]7, and the desired
trajectory is defined as y,; = 0.5 sin(t). The input saturation H(u,) is constructed using o =g =5,and [ =1,

when 0 < u, < 5,and [ = 2, when —2.5 < u, < 0. The input saturation is illustrated in Figure 3.
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Fig. 3. The input saturation H(u,) (blue line), and its smooth estimation S(u,) (red line).
4.3. Controllers parameter values.

The proposed controller is designed as (44) associated with the virtual controller (14), and adaptive laws (17),
(18), (47) and (48), considering Algorithm 1. The design parameters are selected as, y; = 10,y4, =1, [ = 1,
w =1, 44, =10, 7, =0.001, y, =1, yq, = 1, I, = diag(1,1), u, = [10, 10]7 and Hay = 1, The smooth
saturation input function S(u,) is designed as (3) with g = ¢ = 5, ¢ = 0, and n = 0.4, asillustrated in Figure 3.
In the controller design, the Nussbaum function is selected as, N(&) = &2cos(&),/which satisfies the Definition
1. The asymmetric tracking error constraints are selected as, Eu1= Eu2= 0.03 and A, =A4,,=—0.03. The
required parameters of constraint trajectories (71), considering initial conditions,and.the desired trajectory, are
obtained as a; = 0.1, ¢; =0, @, = 0 and a, = —0.4. Accordingly, the upper-and lower constraints for x; and
x, are formed as k. = 0.1e™*+ 0.03 + 0.5sin(t), k., = —0.03+ 0.5sin(#), k., = 0.03 + 0.5cos(t) and
ke, = —0.4e™" —0.03 + 0.5cos(t), respectively. It should be noted that the same design parameter values are
used in the logarithm BLF, and the traditional QLF controllers to accurately compare the results.

4.4, Numerical simulation results.

In this section the numerical simulations using the proposed.cotangent BLF, logarithm BLF and QLF controllers
are investigated and compared for the fault free situation. Also, in the presence of the fault, the performance of
the proposed controller is evaluated. It should.tesnoted to illustrate the points, given in Section 4.1.1, and to
avoid repetitive studies, that the comparison between controllers are made only for the fault free case.
Nevertheless, similar analysis can be made“in‘the presence of faults.

4.4.1 Control evaluation in fault free case.

First, the fault free condition is-considered, i.e., py =1 and ¢, = 0, in nonlinear dynamics given by (8) and
accordingly, u, = ug,. Using’the,proposed controller and the designed input saturation, y and y, are illustrated
in Figure 4, associated with l?cl and k., . Evidently, y is tracking y, closely, despite the presence of
disturbances. Also, y neveryviolates the given constraints. Accordingly, it can be pointed out that the constrained
output tracking performance is-satisfied. It should be noted in Figure 4, that since results are very close to each
other and may lead to'confusion, the responses of the logarithm BLF and QLF controllers are not depicted.
However, to fulfil the comparison, the tracking errors of all controllers are accurately investigated afterwards.
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Fig. 4. y, (dark blue line), y (red line), k., (light blue line) and k., (green line) in fault free case.

To accurately investigate the tracking capability of all controllers, the tracking errors e; and e, associated with
ky,, ki, ky, and k,, are illustrated in Figures 5 and 6, respectively.
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line), the QLF controller (light blue line), k,,, (green line) and k; (red line) in fault freeCase.
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Fig. 6. Tracking error e, using the proposed controller (dark-blue line), the logarithm BLF controller (black
line), the QLF controller (light blue line), k,,, (green ling) and k;, (red line) in fault free case.

Figures 5 and 6, respectively, show that, using the proposed/and’the logarithm BLF controllers, y and x, track
the corresponding desired trajectories, satisfactorily, whilethe tracking errors stay within the constraints and
disturbances are attenuated. In contrast, it is obvieus that the use of the QLF controller has led to small tracking
errors, but it is not able to keep the tracking errors within corresponding constraints. As mentioned in Section
4.1.1, using the logarithm BLF controller, thestracking errors are kept closer to the constraints, which might lead
to larger control effort. While, the proposed' controller increases the distance of the tracking errors from
constraints. This issue is obvious conSidering Figures 5 and 6 and comparing the performances of the proposed
and logarithm BLF controllers.

In Figures 7, 8 and 9, the estimated 7, and ¥, = [¥,,7,,]7, using adaptive laws, are shown, respectively. It is
obvious that all v, v, ; and V), approach to the corresponding actual values.
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Fig. 7. The estimation (blue line) and actual value of ¥, (red line).
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Fig. 9. The estimation (blue line) and actual value'of#, , (red line).

Now, our proposed control with the smooth input saturationvis evaluated. In Figure 10, smooth saturation
function S(u,) using the proposed controller, the saturation function H(u,), the unsaturated control input ug,
and the logarithm BLF control effort are illustrated.\Obviously, the designed cotangent-type BLF control is
bounded and smooth. Also, despite the function H(u;) having sharp saturation behaviour, by using S(u,) the
input is smoothly saturated and passed from. each saturation period. It is worth noting that the unsaturated
control input u, violates the given bounds. On'the other hand, in accordance with the Figures 5 and 6, and the
analysis given in Section 4.1.1, it/is obvious that the control effort of the logarithm BLF controller is
considerably larger than the propased/controller one, in the time periods in which the tracking errors of the
logarithm BLF controller are closer toithe’constraints. It should be noted that, as the QLF controller is not able
to keep the tracking errors within'the constraints, the corresponding control effort is not shown here.
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Fig. 10. Smooth input saturation S(u,) using the proposed controller (green line); input saturation H (u,) (red
line), the logarithm BLF control effort (blue line), and unsaturated control input u, (dashed black line) in fault
free case.

4.4.2 Control evaluation with actuation fault.

Now, the fault tolerant capability of the designed controller is investigated. Considering the nonlinear system
(8), the effectiveness loss and additive fault are selected as p; =\0.6 +0.4cos(nt/4) and ¢, = 0.2cos(mt),
respectively. Thus, u, = prug + ¢ It should be noted that'as the comparison between all controllers were

made in previous section, and to focus on the fault tolerance capability, the proposed controller performance is
only studied here.

The tracking errors e; and e, associated with corresponding constraints are illustrated in Figures 11 and 12,
respectively. It is obvious that the tracking errors‘are*bounded by constraints, the same as the fault free case. So,
it can be pointed out that the proposed controller is‘able to satisfy the constrained tracking performance in the
presence of the disturbance and fault. Also, theiinput u, is smoothly saturated and passed from each saturation
period, as shown in Figure 13.
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Fig. 11 Tracking error e, (blue line), k,,, (green line) and k;, (red line) using the proposed controller in actuator
fault case.
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Fig. 12. Tracking error e, (blue line), k,,, (green line) and k,, (red line) using the proposed controllerin actuator

fault case.
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Fig. 13. Smooth input saturation S(u,) usingithe proposed controller (green line), input saturation H (u,) (red
line), and unsaturated control input u, (dashed black line) in the actuator fault case.

5. Conclusions.

In this paper, a backstepping/design scheme based on BLF in conjunction with Nussbaum-type function, and
DSC was developed for thesconstrained control design of nonlinear strict feedback uncertain dynamic systems
subject to input saturation, actuation failure, and unknown control direction. A Nussbaum-type function was
utilized to solve the problem,of unknown control directions, and the complexity of repetitive derivations in the
backstepping procedure/was. reduced employing DSC. A new cotangent-type BLF was introduced to tackle the
state constraints“effectively. Smooth input saturation was expressed, and the actuation faults were handled
without the need for fault detection and controller reconfiguration. Compared with currently available methods,
the proposed-canstrained control scheme has advantages, such as 1) directly exploiting the constraints on the
control design, and thus avoiding error transformation, or transforming the original constrained system into an
equivalent.unconstrained one, 2) handling both asymmetric and time-varying constrained systems, 3) ability to
provide.a singularity-free control system, 4) ability to simply replace the constraints with the QLF when no
constraintsiare required, and 5) requiring fewer parameters in the design procedure, as a result of introducing a
useful \Lemma. However, the salient feature of the proposed constrained controller lies in proposing a new
constraint generating system, where a designer only needs to decide on a required bound to automate a
constraint that can relax any initial condition and converge to the desired trajectory. It was proven that no state
constraints would be violated and all the signals in the closed-loop system were bounded, in both fault free and
faulty situations. Theoretical developments were verified through numerical simulation, in which the
performance of the proposed controller was compared to the corresponding logarithm BLF and QLF controllers.
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