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Abstract

This paper tackles the issue of optimum product diversity in an imper-
fectly competitive market with small or large firms. First, it develops
a quadratic utility model of monopolistic competition with horizontal
product differentiation which avoids some of the main pitfalls of the
S-D-S approach. Second, it extends the model to the case of multi-
product firms showing how product diversity is affected with respect
to monopolistic competition. In particular, it is shown that monopol-
istic competition with single-product firms is the limiting case of oli-
gopolistic competition with multiproduct firms when either varieties
gets more and more differentiated or when the entry cost goes further
and further down.
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4 Lqwurgxfwlrq

Surgxfw gl�huhqwldwlrq hqodujhv wkh vfrsh ri zhoiduh dqdo|vlv lq wkh suhvhqfh
ri lpshuihfw frpshwlwlrq1 Sulflqj deryh pdujlqdo frvwv pljkw zhoo qrw eh
wkh pdlq vrxufh ri lqh!flhqf| lq gl�huhqwldwhg pdunhwv1 Wkh uhdvrq lv wkdw
wkhuh duh wzr rwkhu srwhqwldo vrxufhv ri lqh!flhqf|= wkh qxpehu ri surgxfwv
vxssolhg e| wkh pdunhw +surgxfw ydulhw|, dqg wkh vshfl�fdwlrq ri wkh surgxfwv
pdgh dydlodeoh wr wkh frqvxphuv +surgxfw vhohfwlrq,1 Dv qhdwo| srvlwhg e|
Vshqfh +4<:9d/ s173;,=

cd vljql�fdqw iudfwlrq ri wkh frvw ri lpshuihfw frpshwlwlrq pd|
eh gxh wr wkh fxuuhqwo| xqphdvxuhg frvw ri kdylqj wrr pdq|/ wrr
ihz/ ru wkh zurqj surgxfwv1*

Wkh wzr sloodu sdshuv wkdw lqyhvwljdwh wkhvh srwhqwldo orvvhv duh Vshqfh
+4<:9e, dqg Gl{lw dqg Vwljolw} +4<::,1 Erwk duh edvhg rq d vlplodu lqwhusuh0
wdwlrq ri Fkdpehuolq*v +4<66, lghdv derxw prqrsrolvwlf frpshwlwlrq1 Khqfh
wkh frpprq odeho ri V0G0V prgho1

Lq wkh V0G0V prgho prqrsrolvwlf frpshwlwlrq hphujhv dv d pdunhw vwuxf0
wxuh ghwhuplqhg e| frqvxphuv* khwhurjhqhrxv wdvwhv dqg �upv �{hg uhtxluh0
phqwv iru olplwhg surgxfwlyh uhvrxufhv14 Rq wkh ghpdqg vlgh/ wkh vhw ri frq0
vxphuv zlwk gl�huhqw wdvwhv duh djjuhjdwhg lqwr d uhsuhvhqwdwlyh frqvxphu
zkrvh suhihuhqfhv h{klelw oryh ri ydulhw|= vkh ghpdqgv ydulhwlhv ri d krul0
}rqwdoo| gl�huhqwldwhg jrrg dqg khu xwlolw| lv dq lqfuhdvlqj ixqfwlrq qrw rqo|
ri wkh dprxqw ri hdfk ydulhw| frqvxphg exw dovr ri wkh wrwdo qxpehu ri yd0
ulhwlhv dydlodeoh1 Rq wkh vxsso| vlgh/ surgxfwlrq h{klelwv hfrqrplhv ri vfdoh
zlwklq ydulhwlhv exw qr hfrqrplhv ri vfrsh dfurvv ydulhwlhv1 Frqvhtxhqwo|/
hdfk �up vxssolhv rqh dqg rqo| rqh ydulhw| +prqrsrolvwlf,1 Krzhyhu/ wkhuh
duh qr hqwu| ru h{lw eduulhuv vr wkdw sur�wv duh mxvw hqrxjk wr fryhu dyhudjh
frvw +frpshwlwlrq,1 Ilqdoo|/ wkhuh duh pdq| �upv vr wkdw �upv gr qrw lqwhu0
dfw gluhfwo| wkurxjk vwudwhjlf lqwhughshqghqfh exw rqo| lqgluhfwo| wkurxjk
djjuhjdwh ghpdqg h�hfwv1

Lq wklv vhwwlqj wkhuh lv qr reylrxv d sulrul rq zkhwkhu wkh pdunhw surylghv
wrr pdq| ru wrr ihz ydulhwlhv +Vshqfh/ 4<:9e,1 Rq wkh rqh kdqg/ vlqfh
uhyhqxhv iurp surgxflqj d fhuwdlq ydulhw| gr qrw fdswxuh wkh fruuhvsrqglqj

4Wkh dvvxpswlrq ri d uhsuhvhqwdwlyh frqvxphu glvsod|lqj oryh ri ydulhw| vwdqgv iru d
khwhurjhqrxv srsxodwlrq ri frqvxphuv1 Dqg lqghhg/ lw fdq eh vkrzq wkdw wkh FHV xwlolw|
pd| eh xvhg dv dq djjuhjdwh iru vxfk d srsxodwlrq +vhh Dqghuvrq hw do1 +4<<5/ Fkv1607,,1
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frqvxphu vxusoxv/ wkh| pd| qrw fryhu frvwv hyhq zkhq wkh qhw vrfldo ydoxh ri
wkh ydulhw| lv srvlwlyh1 Wklv fuhdwhv d srwhqwldo eldv wrzdugv wrr ihz ydulhwlhv1
Rq wkh rwkhu kdqg/ zkhq d qhz ydulhw| lv lqwurgxfhg/ lw d�hfwv wkh sur�wv
ri h{lvwlqj �upv dqg jlyhv ulvh wr dqrwkhu h{whuqdo h�hfw ehfdxvh wkh sur�w
ri wkh qhz hqwudqw grhv qrw/ lq jhqhudo/ fruuhvsrqg wr wkh qhw fkdqjh lq
sur�wv lq wkh hfrqrp| dv d zkroh1 Li ydulhwlhv duh frpsohphqwv/ wklv h�hfw
dovr idyruv wrr ihz ri wkhp1 Krzhyhu/ li ydulhwlhv duh vxevwlwxwhv/ lw irvwhuv
wrr pdq| ri wkhp vr wkdw wkh qhw rxwfrph lv dpeljxrxv +Vwljolw}/ 4<;9,1

Lq dgglwlrq/ wkh suhvhqfh ri wkhvh frxqwhuydlolqj glvwruwlrqv pdnhv lw gli0
�fxow wr hvwdeolvk d sulrul zklfk nlqgv ri ydulhwlhv duh olnho| wr eh vxssolhg
e| wkh pdunhw1 Lq wkh olplw/ hyhq zkhq wkh rswlpdo qxpehu ri ydulhwlhv lv
surylghg/ wkh dydlodeoh ydulhwlhv pd| qrw eh wkh rswlpdo rqhv1

Wkhuhiruh/ zh frqfxu zlwk Gl{lw dqg Vwljolw} +4<::/ s163;, zkhq wkh|
zulwh=

cWkh jhqhudo sulqflsoh +111, lv wkdw d pdunhw vroxwlrq frqvlghuv
sur�w dw wkh dssursuldwh pdujlq/ zkloh d vrfldo rswlpxp wdnhv
lqwr dffrxqw wkh frqvxphu*v vxusoxv1 Krzhyhu/ dssolfdwlrqv ri
wklv sulqflsoh frph wr ghshqg rq ghwdlov ri frvw dqg ghpdqg ixqf0
wlrqv*1

Dv d uhvxow/ prvw ri wkh lqyhvwljdwlrqv rq wkh lvvxh ri rswlpxp surgxfw
glyhuvl�fdwlrq kdyh ehhq fduulhg rq wkurxjk shgdjrjlfdo h{dpsohv zlwk wkh
dlp ri lghqwli|lqj wkrvh ihdwxuhv ri wkh pdunhw htxloleulxp zklfk duh lpsru0
wdqw lq ghwhuplqlqj zkhwkhu wkhuh lv olnho| wr eh dq xqghu0/ ryhu0 ru eldvhg
vxsso| ri ydulhw| +Vwljolw}/ 4<;9,1

Vshqfh +4<:9e, sursrvhv wzr prghov1 Erwk prghov ihdwxuh wzr jrrgv/
d krprjhqhrxv jrrg +wkh qxpìudluh, dqg d frpsrvlwh jrrg ri krul}rqwdoo|
gl�huhqwldwhg ydulhwlhv1 Xwlolw| lv dgglwlyh lq wkh wzr jrrgv jlylqj klv prgho
d vwurqj sduwldo htxloleulxp  dyru1 Klv dlp lv wr uhodwh surgxfw glyhuvlw| wr
wkh rzq0 dqg furvv0hodvwlflwlhv ehwzhhq ydulhwlhv1 Wkh �uvw prgho fdswxuhv
oryh iru ydulhw| yld d jhqhudol}hg txdgudwlf vxe0xwlolw| ixqfwlrq1 Wkh qxpehu
ri ydulhwlhv lv nhsw frqvwdqw lq rughu wr dqdo|}h surgxfw vhohfwlrq= vxsso| lv
eldvhg djdlqvw surgxfwv zkrvh uhyhqxhv fdswxuh vpdoo iudfwlrqv ri wkh frq0
wulexwhg vxusoxv +l1h1/ kdyh vwhhs ghpdqg ixqfwlrqv pd|eh gxh wr d qdwxudoo|
olplwhg vhw ri ex|huv zlwk h{wuhph ydulhjdwlrq lq wkh ydoxdwlrq ri wkh surg0
xfw,1 Lq wkh vhfrqg prgho oryh iru ydulhw| lv wudqvodwhg lqwr d jhqhudol}hg FHV
vxe0xwlolw| ixqfwlrq1 Xqolnh wkh suhylrxv prgho/ lq rughu wr jdlq lqvljkw rq
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surgxfw glyhuvl�fdwlrq/ ydulhwlhv duh dvvxphg wr hqwhu xwlolw| v|pphwulfdoo|
dqg wkhlu qxpehu lv hqgrjhql}hg1 Wkh pdunhw rxwfrph lv frpsduhg zlwk wkh
vrfldo rswlpxp lq wzr fdvhv1 Wkh �uvw ehvw rswlpxp/ rewdlqhg zkhq oxps
vxp wudqvihuv duh dydlodeoh/ dqg wkh vhfrqg ehvw rswlpxp/ dulvlqj zkhq wkh|
duh qrw +lq zklfk fdvh sur�wv fdqqrw eh qhjdwlyh,1 Lq wkh FHV fdvh/ dw wkh
�uvw ehvw rswlpxp �upv pdnh qhjdwlyh sur�wv dqg wkhuh duh pruh ydulhwlhv
wkdq dw wkh pdunhw htxloleulxp/ zkloh h{lvwlqj ydulhwlhv duh vxssolhg lq wkh
vdph txdqwlw|1 E| frqwudvw/ wkh vhfrqg ehvw rswlpxp dqg wkh pdunhw htxl0
oleulxp duh vkrzq wr frlqflgh1

Gl{lw dqg Vwljolw} +4<::, frpsohphqw Vshqfh +4<:9e, e| wdfnolqj wkh lv0
vxh ri lqwhuvhfwrudo vxevwlwxwlrq lq d jhqhudo htxloleulxp iudphzrun1 Wkh|
frqfhqwudwh rq wkh fdvh zkhuh wkh ydulhwlhv lq wkh gl�huhqwldwhg frpprg0
lw| vhfwru duh jrrg vxevwlwxwhv dprqj wkhpvhoyhv/ exw srru vxevwlwxwhv iru
wkh qxpìudluh frpprglw|1 Zkloh wkhlu uhvxowv vwhpplqj iurp lqwudvhfwrudo
hodvwlflwlhv pluuru Vshqfh*v/ dgglwlrqdo lqvljkwv duh surylghg rq wkh uroh ri
lqwhuvhfwrudo vxevwlwxwdelolw|1 Lq sduwlfxodu/ wkh| irfxv rq d cfhqwudo fdvh*
+ss15<;0635,/ zklfk gl�huv iurp Vshqfh*v vhfrqg prgho e| dvvxplqj �qlwh
udwkhu wkdq lq�qlwh hodvwlflw| ri lqwhuvhfwrudo vxevwlwxwlrq1 Lq wkh fhqwudo
fdvh/ dv lq Vshqfh +4<:9e,/ wkh pdunhw htxloleulxp frlqflghv zlwk wkh vhfrqg
ehvw rswlpxp zkloh wkh �uvw ehvw rswlpxp kdv d juhdwhu qxpehu ri �upv1
Pruhryhu/ wkh hodvwlflw| ri lqwhuvhfwrudo vxevwlwxwlrq jryhuqv wkh uhvrxufh do0
orfdwlrq ehwzhhq wkh vhfwruv1 Iurp wkh whfkqlfdo vwdqgsrlqw/ lw dovr sod|v d
fhqwudo uroh lq wkh surri ri xqltxhqhvv ri htxloleulxp dqg lq wkh vhfrqg0rughu
frqglwlrqv iru dq rswlpxp1

Ghvslwh vrph rwkhu lpsruwdqw frqwulexwlrqv lq wkh �hog +vhh/ h1j1 Kduw
+4<;8d/ e,/ Zrolqvn| +4<;9,/ Ghqhfnhuh dqg Urwkvfklog +4<<5,,/ lw lv idlu wr
vd| wkdw prvw dssolfdwlrqv ri prqrsrolvwlf/ qrw wr vd| lpshuihfw/ frpshwlwlrq
wkhru| wr wudgh +Khospdq dqg Nuxjpdq +4<;8,,/ jurzwk +vhh/ h1j1 Urphu
+4<<3,,/ jhrjudsk| +vhh/ h1j1 Nuxjpdq +4<<4,,/ ru pdfurhfrqrplfv +vhh/
h1j1 Eodqfkdug dqg Nl|rwdnl +4<;:,,/ kdyh ehhq fduulhg rxw xqghu wkh V0G0V
prgho +vhh Pdwvx|dpd +4<<8, iru d uhfhqw vxuyh|,1 Lw lv wkhuhiruh lpsruwdqw
wr nqrz wkh jhqhudo ydolglw| ri wkh frqfoxvlrqv ghulyhg xqghu wkh V0G0Vprgho1

Wkh dlp ri wklv sdshu lv wzrirog1 Iluvw/ zh zdqw wr suhvhqw dq dowhuqd0
wlyh prgho wr wkh V0G0V rqh dqg fkhfn wkh urexvwqhvv ri lwv frqfoxvlrqv1 Lq
sduwlfxodu/ lw lv rxu frqwhqwlrq wkdw rxu prgho fdq vhuyh dv dq dowhuqdwlyh wr
wkh V0G0V prgho/ hvshfldoo| ehfdxvh ri lwv ehwwhu wudfwdelolw| zkhq ghdolqj
zlwk vwudwhjlf frqvlghudwlrqv1 Vhfrqg/ zh zlvk wr vxssohphqw wkh iruhjr0
lqj fodvvlfdo dqdo|vhv e| lqyhvwljdwlqj wkh lvvxh ri surgxfw glyhuvl�fdwlrq lq
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wkh suhvhqfh ri pxowlsurgxfw �upv1 Wklv lvvxh lv qrw ghdow zlwk e| Gl{lw
dqg Vwljolw} +4<::, zkloh Vshqfh*v +4<:9e, c^i`ru uhdvrqv ri vsdfh/ +111, vlp0
so| vnhwfk^hv` wkh dujxphqw dqg lwv lpsolfdwlrqv* +s1558,1 Lq d zruog zkhuh
 h{leoh pdqxidfwxulqj dqg pxowlsurgxfw vwudwhjlhv ehfrph pruh dqg pruh
uhohydqw lq exvlqhvv/ wklv lv fhuwdlqo| d xvhixo h{whqvlrq1

Wr wklv hqg/ zh xvh d txdgudwlf xwlolw| prgho ri krul}rqwdo surgxfw gl�hu0

hqwldwlrq zklfk kdv riwhq ehhq hpsor|hg lq lqgxvwuldo rujdql}dwlrq +vhh/ h1j1
Gl{lw +4<:<, dqg Ylyhv +4<<3,,1 Wkhuh duh vhyhudo jrrg uhdvrqv iru fkrrv0
lqj wklv prgho Iluvw/ lw ohdgv wr yhu| vlpsoh forvhg irup iru wkh htxloleulxp
rxwfrphv wkdw fdq vhuyh dv d exloglqj eorfn lq pxfk eurdghu frqwh{wv1 Vhf0
rqg/ lw surylghv d �uvw0rughu dssur{lpdwlrq ri dq| ghpdqg v|vwhp zklfk lv
vdwlvidfwru| rqfh wkhvh ghpdqgv duh xvhg wr ghvfuleh wkh pdunhw lq wkh ylflq0
lw| ri wkh htxloleulxp1 Khqfh lw doorzv iru d uhfrqfloldwlrq ri wkh wzr pdlq
dssurdfkhv wr prqrsrolvwlf frpshwlwlrq xvhg lq jhqhudo htxloleulxp/ wkdw
lv/ wkh cremhfwlyh* ghpdqg dssurdfk wdnhq e| Jdev}hzlf} dqg Yldo +4<:5,
dqg wkh cvxemhfwlyh* ghpdqg rqh vxjjhvwhg e| Qhjlvkl +4<94,1 Rxu prgho lv
wkhuhiruh d qdwxudo vwduwlqj srlqw wr h{soruh pruh jhqhudo prghov iru zklfk
wkh wzr dssurdfkhv duh irupdoo| htxlydohqw1 Wklug/ lw fdq eh lqwhusuhwhg
dv d vhwwlqj lq zklfk �upv duh erxqghgo| udwlrqdo lq wkdw wkh| h{wudsrodwh
olqhduo| wkhlu ghpdqg durxqg wkh vroxwlrq wr wkh �uvw rughu frqglwlrqv dv lq
Erqdqqr +4<;;, dqg Jdu|0Erer +4<;<,1 Odvw/ xqolnh wkh FHV ghpdqgv/ wkh
olqhdu ghpdqgv gr qrw vdwlvi| wkh uhvwulfwlyh frqglwlrq ri lqghshqghqfh iurp
luuhohydqw dowhuqdwlyhv dffruglqj wr zklfk wkh udwlr ri ghpdqgv iru dq| wzr
ydulhwlhv lv lqghshqghqw ri wkh rwkhu ydulhwlhv* sulfhv1

Krzhyhu/ vlqfh zh dvvxph wkdw suhihuhqfhv duh olqhdu lq wkh krprjhqhrxv
jrrg/ wkh prgho fdq eh xvhg wr vwxg| doorfdwlyh lvvxhv exw qrw uhglvwulex0
wlyh rqhv1 Ixuwkhupruh/ zh frqvlghu d frqwlqxxp ri srwhqwldo ydulhwlhv dv
dq dowhuqdwlyh dssurdfk wr wkh prghoolqj ri wkh vxsso| vlgh1 Vxfk d irupx0
odwlrq lv edvhg rq Dxpdqq*v dvvxpswlrq ri dq dwrpohvv hfrqrp| lq zklfk
�upv duh uhsuhvhqwhg e| srlqwv lqvlgh d +glvwdqfh0iuhh, frqwlqxxp ri fruuh0
vsrqglqj ydulhwlhv +vhh Vshqfh +4<:9e/ vhfwlrq 8, iru d vlplodu lghd dv zhoo dv
wkh ruljlqdo irupxodwlrq ghyhorshg e| Gl{lw dqg Vwljolw} lq wkhlu zrunlqj sd0
shu,1 Wklv dssurdfk kdv ehfrph wkh vwdqgdug fkrlfh dgrswhg lq wkh ydulrxv
dssolfdwlrqv ri wkh V0G0V iudphzrun +vhh/ h1j1/ Pdwvx|dpd +4<<8,,1 Dv zh
zloo dujxh ehorz/ wkh dwrpohvv dvvxpswlrq lv suredeo| wkh prvw qdwxudo zd|
wr fdswxuh Fkdpehuolq*v +4<66, lqwxlwlrq uhjduglqj wkh zrunlqj ri d codujh
jurxs* lqgxvwu|1 Wklv dovr doorzv xv wr jhw ulg ri wkh lqwhjhu sureohp zklfk
riwhq ohdgv wr lqhohjdqw uhvxowv dqg fxpehuvrph ghyhorsphqwv1
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Wkh dwrpohvv dssurdfk grhv qrw qhfhvvdulo| lpsolhv wkdw �upv ehkdyh lq
d qrqvwudwhjlf pdqqhu/ dv dssolfdwlrqv ri wkh V0G0V prghov vhhp wr vxjjhvw1
Lqvwhdg/ lq rxu vhwwlqj hdfk �uppxvw �jxuh rxw zkdw zloo eh wkh wrwdo rxwsxw
lq htxloleulxp zkhq fkrrvlqj lwv rzq txdqwlw|1 Wklv lv qrw zkdw zh w|slfdoo|
hqfrxqwhu lq d gl�huhqwldwhg roljrsrolvwlf pdunhw zkhq +doprvw doo, lqglylgxdo
ghflvlrqv pdgh e| wkh rwkhu �upv duh qhhghg e| hdfk �up1 Khuh/ zh kdyh d
vhwwlqj lq zklfk hdfk �up pxvw nqrz rqo| d joredo vwdwlvwlfv derxw wkh pdunhw

exw qrw lwv ghwdlov1 Zh djuhh zlwk Fkdpehuolq*v +4<66/ s1:7, zkhq kh zulwhv=

cWkhru| pd| zhoo glvuhjdug wkh lqwhughshqghqfh ehwzhhq pdunhwv
zkhqhyhu exvlqhvv phq gr/ lq idfw/ ljqruh lw1*

Krzhyhu rqh vkrxog qrw jr wrr idu lqwr wklv gluhfwlrq1 Zh eholhyh wkdw
xvlqj d vwdwlvwlfv ri wkh pdunhw lv d sduwlfxoduo| dsshdolqj zd| wr fdswxuh wkh
lghd ri prqrsrolvwlf frpshwlwlrq ehfdxvh lw vdyhv wkh hvvhqfh ri frpshwlwlrq
e| iruflqj hdfk �up wr dffrxqw iru wkh djjuhjdwh ehkdylru ri lwv frpshwl0
wruv wkurxjk wkh wrwdo lqgxvwu| rxwsxw +ru/ dowhuqdwlyho|/ wkh dyhudjh sulfh
lqgh{,1 Lq rxu rslqlrq/ wklv lv d vruw ri plqlpxp uhtxluhphqw iru wkh zrug
cfrpshwlwlrq* wr eh phdqlqjixoo| dvvrfldwhg zlwk wkh zrug cprqrsro|*1 Rq
wkh frqwudu|/ ehfdxvh ri wkh sduwlfxodu ixqfwlrqdo irup fkrvhq lq wkh fhqwudo
V0G0V prgho/ �upv gr qrw qhhg vxfk dq lqirupdwlrq dqg ehkdyh olnh sxuh
prqrsrolvwv1 Dv d uhvxow/ zkloh lq wkh V0G0V prgho wkh pdunhw htxloleulxp
uh hfwv rqo| frvw dqg suhihuhqfh frqvlghudwlrqv/ lq rxu iudphzrun wkh htxlole0
ulxp dovr dffrxqwv iru wkh pdvv ri frpshwlqj �upv dqg/ wkhuhiruh/ iru ydulrxv
lqwhqvlwlhv ri frpshwlwlrq1

Wkh dwrpohvv hfrqrp| vhhpv wr eh wkh lghdo srlqw ri ghsduwxuh iru rxu
lqyhvwljdwlrqv ri pxowlsurgxfw �upv1 Lqghhg/ d pxowlsurgxfw �up fdq eh prvw
frqyhqlhqwo| prghoohg dv dq dwrp/ yl}1 d vwulfwo| srvlwlyh phdvxuh vxevhw ri
ydulhwlhv zklfk lqfoxghv qr surshu vxevhw ri vwulfwo| srvlwlyh phdvxuh1 Dq
dwrp lv wkhuhiruh d qrq0qhjoljleoh sduwlflsdqw wr wkh pdunhw +Jdev}hzlf} dqg
Vklwrylw}/ 4<<5,1 Zh lqyhvwljdwh wkh surshuwlhv ri wkh pdunhw htxloleulxp lq
uhodwlrq wr wkh qxpehu ri dfwlyh �upv1 Lq sduwlfxodu/ zh lghqwli| frqglwlrqv
xqghu zklfk prqrsrolvwlf frpshwlwlrq pd| eh d jrrg dssur{lpdwlrq ri wkh
pruh uhdolvwlf prgho ri roljrsrolvwlf frpshwlwlrq zlwk pxowlsurgxfw �upv1

Dprqj wkh uhvxowv rewdlqhg ehorz/ zh zlvk wr vlqjoh rxw wkh iroorzlqj
rqhv1 Iluvw/ xqghu prqrsrolvwlf frpshwlwlrq zlwk vlqjoh0surgxfw �upv wkh
pdunhw whqgv wr ryhusurylgh glyhuvlw| zkhq wkh uhsuhvhqwdwlyh frqvxphu kdv
d zhdn suhihuhqfh iru ydulhw| dqg zkhq �{hg frvwv duh orz uhodwlyh wr wkh
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pdunhw vl}h/ d uhvxow zklfk looxvwudwhv Fkdpehuolq*v h{fhvv fdsdflw| cwkhr0
uhp*1 Vhfrqg/ zh dovr vkrz wkdw wkh vhfrqg ehvw rswlpxp ohdgv wr d vpdoohu
qxpehu ri ydulhwlhv vrog dw d orzhu sulfh lq d odujhu txdqwlw| wkdq wkh pdunhw
vroxwlrq1 Lq rwkhu zrugv/ lq rxu vhwwlqj wkh pdunhw vroxwlrq gl�huv iurp wkh
vhfrqg ehvw vroxwlrq xqolnh Vshqfh +4<:9e, dqg Gl{lw dqg Vwljolw} +4<::, zkr
vkrzhg htxlydohqfh xqghu wkh FHV1 Wklug/ lq roljrsrolvwlf frpshwlwlrq zlwk
pxowlsurgxfw �upv/ wkh surgxfw udqjh surylghg e| hdfk �up qduurzv zlwk
wkh qxpehu ri �upv exw wkh hqwluh udqjh ri dydlodeoh ydulhwlhv h{sdqgv1 Odvw/
zh duh deoh wr frqqhfw wkh wzr prghov wkurxjk wkh iroorzlqj uhvxow= zkhq wkh
ghjuhh ri surgxfw gl�huhqwldwlrq lv kljk ru zkhq wkh hfrqrplhv ri vfrsh duh
zhdn/ �upv kdyh ihz lqfhqwlyhv wr surylgh vhyhudo ydulhwlhv dqg wkh pdunhw
rxwfrph orrnv olnh wkh prqrsrolvwlfdoo| frpshwlwlyh rqh1

Wkh uhpdlqlqj sduw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frq0
vwuxfwv d wudfwdeoh prgho ri prqrsrolvwlf frpshwlwlrq zlwk krul}rqwdo surg0
xfw gl�huhqwldwlrq1 Vhfwlrq 6 vroyhv iru wkh pdunhw htxloleulxp dv zhoo dv
wkh �uvw dqg vhfrqg ehvw rswlpd1 Lw lv vkrzq wkdw wklv prgho/ zkloh dv hdv|
wr kdqgoh dv wkh prgho ri Gl{lw dqg Vwljolw} +4<::,/ |lhogv ulfkhu uhvxowv lq
whupv ri rswlpxp surgxfw glyhuvlw| dyrlglqj vrph ri wkh pdlq slwidoov ri wkh
V0G0V dssurdfk srlqwhg rxw e| Kduw +4<;8d/ e, dqg Eìqdvv| +4<<9,1 Vhfwlrq
7 ghdov zlwk wkh fdvh ri pxowlsurgxfw �upv1 Wkh idfw wkdw hdfk �up lv qrz dq
dwrp lq wkh ydulhw| vsdfh vkrzv krz wkh qdwxuh ri frpshwlwlrq lv d�hfwhg e|

wkh vzlwfk iurp vlqjoh0surgxfw wr pxowlsurgxfw �upv1 Lq sduwlfxodu/ glyhuvlw|
lv d�hfwhg zlwk uhvshfw wr wkh vlqjoh0surgxfw prqrsrolvwlfdoo| frpshwlwlyh
prgho ehfdxvh ri wkh wudgh0r� idfhg e| d pxowlsurgxfw �up ehwzhhq wkh
iroorzlqj h�hfwv1 Wkh �uvw rqh lv wkh pdunhw h{sdqvlrq h�hfw jhqhudwhg e|
surolihudwlrq> wkh vhfrqg rqh lv wkh fdqqledol}dwlrq h�hfw gxh wr frpshwlwlrq
zlwklq hdfk �up*v surgxfw olqh zkloh wkh wklug rqh frphv iurp wkh dgglwlrqdo
frvw d �up ehduv hdfk wlph lw odxqfkhv d qhz ydulhw|1 Wkh �uvw h�hfw irvwhuv
surgxfw glyhuvlw| zkloh wkh rwkhu wzr sxvk wrzdug ohvv glyhuvlw|1 Vhfwlrq 8
frqfoxghv1

5 Wkh Prgho

Wkhuh lv rqo| rqh idfwru/ vd| oderu/ zklfk lv lq �{hg vxsso|/ vd| �1 Wkhuh
duh wzr jrrgv1 Wkh �uvw jrrg lv krprjhqhrxv dqg lv surgxfhg xqghu frq0
vwdqw uhwxuqv wr vfdoh dqg shuihfw frpshwlwlrq1 Wklv jrrg lv fkrvhq dv wkh
qxpìudluh1 Wkh rwkhu jrrg lv d krul}rqwdoo| gl�huhqwldwhg surgxfw zklfk lv
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vxssolhg xqghu lqfuhdvlqj uhwxuqv wr vfdoh dqg lpshuihfw frpshwlwlrq1 Wr
fdswxuh wkh hvvhqfh ri prqrsrolvwlf frpshwlwlrq/ zh zdqw hdfk �up wr kdyh
d qhjoljleoh lpsdfw rq wkh pdunhw rxwfrph1 Wr wklv hqg/ zh dvvxph wkdw
wkhuh lv d frqwlqxxp � ri �upv vr wkdw doo wkh xqnqrzqv ri rxu prgho duh
ghvfulehg e| ghqvlw| ixqfwlrqv1 Ehfdxvh ri frpshwlwlrq/ dq| wzr �upv gr
qrw zdqw wr vhoo wkh vdph ydulhw|/ wkxv lpso|lqj d rqh0wr0rqh uhodwlrqvkls
ehwzhhq �upv dqg ydulhwlhv1

Frqvlghu d uhsuhvhqwdwlyh frqvxphu zkrvh suhihuhqfhv duh ghvfulehg e|
wkh iroorzlqj txdvl0olqhdu xwlolw| ixqfwlrq zklfk lv vxssrvhg wr eh v|pphwulf
lq doo ydulhwlhv=

LE^f( ^E��c � 5 dfc � o� ' g n k
]
�

f

^E��_��
�

2
q
]
�

f

^E��2_� +4,

��
]
�

f

]
�

f

^E��^E��_�_� n ^f

zkhuh ^E�� lv wkh txdqwlw| ri ydulhw| � 5 dfc� o dqg ^f wkh txdqwlw| ri wkh
qxpìudluh1 Wkh sdudphwhuv lq +4, duh vxfk wkdw k : f dqg q � � : f/
zkloh g lv d frqvwdqw1 Lq wklv h{suhvvlrq/ k lv d phdvxuh ri wkh vl}h ri wkh
pdunhw +vlqfh lw h{suhvvhv wkh lqwhqvlw| ri suhihuhqfhv iru wkh gl�huhqwldwhg
surgxfw,/ zkhuhdv d odujh ydoxh iru q phdqv wkdw wkh uhsuhvhqwdwlyh frqvxphu
lv eldvhg wrzdug d glvshuvhg frqvxpswlrq ri ydulhwlhv/ wkxv uh hfwlqj d oryh iru
ydulhw|15 Iru d jlyhq ydoxh ri q/ wkh sdudphwhu � h{suhvvhv wkh vxevwlwxwdelolw|
ehwzhhq ydulhwlhv= wkh kljkhu �/ wkh forvhu vxevwlwxwhv wkh ydulhwlhv16 Ilqdoo|/
zh dvvxph wkdw wkh lqlwldo hqgrzphqw ^ lq wkh qxpìudluh lv odujh hqrxjk iru
wkh frqvxpswlrq ri wkh qxpìudluh wr eh vwulfwo| srvlwlyh dw wkh pdunhw dqg
rswlpdo vroxwlrqv1

Zh pd| lghqwli| d yhu| vlpsoh frqglwlrq rq wkh sdudphwhuv ri +4, iru wkh
uhsuhvhqwdwlyh frqvxphu wr kdyh d wdvwh iru ydulhw|1 Lq wkh vslulw ri Eìqdvv|
+4<<9,/ zh vd| wkdw wkh frqvxphu kdv d wdvwh iru ydulhw| li vkh suhihuv �
ydulhwlhv lq txdqwlw| ^ hdfk wr d vlqjoh ydulhw| vxssolhg lq txdqwlw| �^/ iru
doo ^ : f dqg doo � � �1 Hydoxdwlqj +4, dw ^E�� ' ^ iru doo � 5 dfc � o dqg

5Wkh lqwxlwlrq ehklqg wklv lqwhusuhwdwlrq lv yhu| vlplodu wr wkh wkh rqh wkdw vwdqgv
ehklqg wkh Khu�qgdko lqgh{ xvhg wr phdvxuh lqgxvwuldo frqfhqwudwlrq1 Frqwuroolqj iru wkh
wrwdo dprxqw ri wkh gl�huhqwldwhg jrrg frqvxpswlrq/ wkh devroxwh ydoxh ri wkh txdgudwlf
whup lq +4, lqfuhdvhv zlwk frqfhqwudwlrq ri frqvxpswlrq rq ihz ydulhwlhv/ wkxv ghfuhdvlqj
xwlolw|1

6Wkh txdgudwlf xwlolw| prgho pd| eh jlyhq d glvdjjuhjdwh irxqgdwlrq lq whupv ri wkh
vsdwldo prgho ri surgxfw gl�huhqwldwlrq1 Lq vxfk d frqwh{w/ � lv dq lqyhuvh phdvxuh ri wkh
glvwdqfh ehwzhhq ydulhwlhv +vhh Dqghuvrq hw do1 +4<<5/ Fk18,,1
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xvlqj wkh xwlolw| L ' g n k' � �

2
q'2 zkhq d vlqjoh ydulhw| lv vxssolhg lq

txdqwlw| ' ' �^ +zklfk lv d pdvv dqg qrw d ghqvlw|,/ zh vhh wkdw Eìqdvv|*v
frqglwlrq lv htxlydohqw wr

g n k�^ �
�

2
q�^2 � ��2^2 : g n k�^ �

�

2
q�2^2

zklfk lq wxuq dprxqwv wr

qE�� �*�� : 2�

Wklv lqhtxdolw| krogv uhjdugohvv ri wkh ydoxh ri � � � li dqg rqo| li

q : 2� +5,

Lq zrugv/ wkh txdgudwlf xwlolw| ixqfwlrq h{klelwv d suhihuhqfh iru ydulhw| zkhq

wkh surgxfw lv gl�huhqwldwhg hqrxjk1 Fohduo|/ wkh vpdoohu lv � dqg2ru wkh
odujhu lv q/ wkh vwurqjhu lv wkh suhihuhqfh iru ydulhw|17

Lq pdq| dssolfdwlrqv ri wkh V0G0V prgho/ d Free0Grxjodv suhihuhqfh rq
wkh krprjhqhrxv dqg gl�huhqwldwhg jrrgv zlwk FHV vxexwlolw| lv frqvlghuhg/
zkloh zh dvvxph lqvwhdg d txdvl0olqhdu suhihuhqfh zlwk d txdgudwlf vxexwlo0

lw|1 Revhuyh wkdw erwk xwlolwlhv fruuhvsrqg wr wzr udwkhu h{wuhph fdvhv= wkh
iruphu dvvxphv d xqlw hodvwlflw| ri vxevwlwxwlrq/ wkh odwwhu dq lq�qlwh hodv0
wlflw| ehwzhhq wkh gl�huhqwldwhg surgxfw dqg wkh qxpìudluh1 Ilqdoo|/ vlqfh
wkh pdujlqdo xwlolw| ri wkh qxpìudluh lv frqvwdqw/ rxu prgho fdq eh xvhg
lq zhoiduh frpsdulvrqv zkloh wklv lv qrw qhfhvvdulo| wuxh zlwk wkh FHV +vhh
Dqghuvrq hw do1 +4<<5/ Fk16,,1

Wkh uhsuhvhqwdwlyh frqvxphu lv hqgrzhg zlwk rqh xqlw ri oderu1 Khu exg0
jhw frqvwudlqw fdq wkhq eh zulwwhq dv iroorzv=

]
�

f

RE��^E��_�n ^f ' � n ^ +6,

zkhuh � lv wkh zdjh dqg RE�� wkh sulfh ri ydulhw| �1
Vroylqj +6, iru wkh qxpìudluh frqvxpswlrq/ vxevwlwxwlqj wkh fruuhvsrqg0

lqj h{suhvvlrq lqwr +4, dqg vroylqj wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr
^E�� |lhogv lqyhuvh ghpdqgv=

k� q^E��� �' ' RE��c � 5 dfc � o +7,

7Uhzulqjlqj +4, zkhq Q lv dq lqwhjhu |lhogv X+t3> t+l,> l 5 i4> ===>Qj, @ N.
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t+l,t+m, . t3= Lw lv wkhq uhdglo| yhul�hg wkdw

Ehqdvv|*v frqglwlrq lv vdwlv�hg li dqg rqo| li +5, krogv1
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^E��_� +8,

lv wkh wrwdo pdunhw rxwsxw ri wkh gl�huhqwldwhg surgxfw1
Vlqfh �up � idfhv wkh ghpdqg ixqfwlrq +7,/ lw fdq eh vhhq wkdw �upv gr qrw

lqwhudfw gluhfwo|1 Krzhyhu wkh| gr lqwhudfw lqgluhfwo| wkurxjk dq djjuhjdwh
ghpdqg h�hfw dv vkrzq e| wkh suhvhqfh ri ' lq +7,1 Wkxv/ wkrxjk hdfk
�up lv qhjoljleoh wr wkh pdunhw/ zkhq fkrrvlqj lwv rxwsxw ohyho lw pxvw �jxuh
rxw zkdw wkh wrwdo rxwsxw +8, zloo eh1 Vwdwhg gl�huhqwo|/ zh kdyh d prgho lq
zklfk d �up fruuhfwo| qhjohfwv lwv lpsdfw rq wkh pdunhw exw pxvw h{solflwo|

dffrxqw iru wkh lpsdfw ri wkh pdunhw rq lwv sur�w18 Lw wkhq iroorzv iurp
rxu glvfxvvlrq deryh wkdw dvvxpswlrq +l, glvfxvvhg lq 514 lv qrw lqkhuhqw wr
prqrsrolvwlf frpshwlwlrq prghov1 Ixuwkhupruh/ xqolnh wkh fhqwudo prgho ri
Gl{lw dqg Vwljolw}/ wkh hodvwlflw| ri +7, lv yduldeoh1

Whfkqrorj| lq wkh krprjhqhrxv surgxfwlrq uhtxluhv rqh xqlw ri oderu lq
rughu wr surgxfh rqh xqlw ri rxwsxw1 Wkh fkrlfh ri wklv jrrg dv wkh qxpìudluh
lpsolhv wkdw lq htxloleulxp � ' �1 Whfkqrorj| lq pdqxidfwxulqj uhtxluhv
8 	 � xqlwv ri oderu lq rughu wr surgxfh dq| dprxqw ri d ydulhw| dqg wkh
pdujlqdo frvw ri surgxfwlrq ri d ydulhw| lv htxdo wr }hur1 Wklv vlpsoli|lqj
dvvxpswlrq/ zklfk lv vwdqgdug lq pdq| prghov ri lqgxvwuldo rujdql}dwlrq/
pdnhv vhqvh khuh ehfdxvh rxu suhihuhqfhv lpso| wkdw �upv xvh dq devroxwh
pdunxs lqvwhdg ri d uhodwlyh rqh zkhq fkrrvlqj sulfhv1 Lq Gl{lw dqg Vwljolw}
+4<::,/ wkhuh zrxog eh qr htxloleulxp xqghu vxfk dq dvvxpswlrq1

Wkh dvvxpswlrqv deryh lpso| d shuihfwo| v|pphwulf vhwwlqj1 Khqfh zh
pd| irfxv rq dq htxloleulxp lq zklfk doo �upv surgxfh wkh vdph rxwsxw ^
vrog dw wkh vdph sulfh R/ dqg frqfhqwudwh rq wkh lvvxh ri surgxfw glyhuvlw|
zlwkrxw ehlqj frqfhuqhg derxw surgxfw vhohfwlrq1 Wklv lpsolhv wkdw wkh
exgjhw frqvwudlqw +6, fdq eh uhzulwwhq dv iroorzv=

�R^ n ^f ' � n ^

Ilqdoo|/ hqwu| dqg h{lw duh iuhh vr wkdw sur�wv duh }hur lq htxloleulxp1
Ehiruh surfhhglqj/ lw lv zruwk vwuhvvlqj khuh wkdw rxu prgho exlogv rq wkh

uhfhqw ghedwh rq wkh dssur{lpdwlrq dssurdfk wr forvhg irup vroxwlrqv lq wkh
V0G0V prgho1 Wklv ghedwh dulvhv iurp wkh idfw wkdw wkh dqdo|wlfdo uhvxowv e|

8Wkh vdph krogv lq wkh Gl{lw0Vwljolw} prgho zlwk d frqwlqxxp ri �upv exw wkhuh hdfk
�up pxvw dffrxqw iru wkh sulfh lqgh{ rqo| zkhq wkh| pdnh wkhlu hqwu| ghflvlrq1 Lq rxu
prgho/ wklv vwdwlvwlfv dovr lq xhqfhv wkh rxwsxw fkrlfh1
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Gl{lw dqg Vwljolw} +4<::, dqg wkrvh lq wkh �uvw prgho e| Vshqfh +4<:9e, duh
rewdlqhg xvlqj dq dssur{lpdwh vroxwlrq phwkrg edvhg rq wkh dvvxpswlrq
wkdw/ li wkhuh duh pdq| �upv/ +l, wkhlu lq xhqfh rq wkh djjuhjdwh sulfh lqgh{
fdq eh ljqruhg dv zhoo dv +ll, wkhlu gluhfw lqwhudfwlrqv lq wkh surgxfw dqg
oderu pdunhwv +l1h1 hdfk surgxfhu ljqruhv wkh furvv0sulfh hodvwlflwlhv,1 Vxevh0
txhqw uhvhdufk kdv pdlqo| irfxvhg rq wkh txhvwlrq ri krz pdq| lv cpdq|*1
\dqj dqg Khlmgud +4<<6, sursrvh wr uhod{ dvvxpswlrq +l,1 Olplwlqj wkhlu
prgho wr wkh vshfldo fdvh ri xqlw hodvwlflw| ri lqwhuvhfwrudo vxevwlwxwlrq/ wkh|
vkrz wkdw/ dw wkh pdunhw rxwfrph/ Gl{lw dqg Vwljolw}*v fhqwudo prgho xq0
ghuhvwlpdwhv wkh qxpehu ri �upv/ xqghuhvwlpdwhv sulfhv dqg ryhuhvwlpdwhv
txdqwlwlhv1 Lq wkhlu uhso|/ Gl{lw dqg Vwljolw} +4<<6, revhuyh wkdw \dqj dqg
Khlmgud*v dssurdfk lv vwloo dq +srvvleo| lqfrqvlvwhqw, dssur{lpdwlrq ehfdxvh/
li lw glvuhjdugv dvvxpswlrq +l, lw vwloo nhhsv dvvxpswlrq +ll,1 g*Dvsuhprqw hw

do1 +4<<9, pryh rqh vwhs ixuwkhu e| doorzlqj �upv wr wdnh lqwr dffrxqw wkh
jhqhudo htxloleulxp lqfrph h�hfwv ri wkhlu ghflvlrqv yld wkh oderu pdunhw1
Wkh| vkrz wkdw/ lq wkh fhqwudo prgho/ \dqj dqg Khlmgud*v dssurdfk dovr xq0
ghuhvwlpdwhv wkh qxpehu ri dfwlyh �upv hyhq wkrxjk pruh voljkwo| wkdq Gl{lw
dqg Vwljolw}*v1 Pruhryhu/ wkh| vkrz wkdw lq dq hqodujhg prgho zlwk oderu dv
dq dgglwlrqdo jrrg/ \dqj dqg Khlmgud*v dssurdfk grhv qrw qhfhvvdulo| ohdg
wr dq rxwfrph forvhu wr wkh wuxh vroxwlrq wkdq Gl{lw dqg Vwljolw}*v1

6 Vlqjoh0surgxfw Ilupv dqgPrqrsrolvwlf Frp0

shwlwlrq

614 Wkh pdunhw htxloleulxp

Wkh uhsuhvhqwdwlyh �up pd{lpl}hv sur�w=

�E�� ' RE��^E��� 8 +9,

vxemhfw wr +7, zlwk uhvshfw wr lwv rxwsxw ^E��1 Xvlqj v|pphwu| dprqj �upv
lq wkh �uvw rughu frqglwlrqv jlyhv htxloleulxp txdqwlw|=

^ '
k

2q n ��
+:,

dqg/ xvlqj +7,/ htxloleulxp sulfh=

R '
kq

2q n ��
+;,
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dv ixqfwlrqv ri wkh qxpehu ri dfwlyh �upv � 1 Wklv lv d vljql�fdqw ghsduwxuh
iurp Vshqfh +4<:9e, dqg Gl{lw dqg Vwljolw} +4<::, lq zklfk wkh htxloleulxp
sulfh lv d frqvwdqw uhodwlyh pdunxs wlphv pdujlqdo frvw1 E| frqwudvw/ wkh
htxloleulxp sulfh lv khuh jlyhq e| dq devroxwh pdunxs +uhfdoo wkdw pdujlqdo
frvw lv }hur, zklfk ghfuhdvhv zlwk wkh qxpehu ri �upv1 Wkh pdunxs dovr ulvhv
zkhq wkhuh lv pruh surgxfw gl�huhqwldwlrq +� idoov,1 Lw lv zruwk qrwlqj wkdw
wkhvh h�hfwv frqfxu zlwk zkdw lv revhuyhg lq lqgxvwuldo rujdql}dwlrq prghov
ri surgxfw gl�huhqwldwlrq +Dufkledog hw do1 +4<;9,> Dqghuvrq hw do1 +4<<5,,/
zkloh wkh| duh qrw sduw ri wkh V0G0V prgho1

Lq htxloleulxp/ zh dovr kdyh=

k � q^ � ��^ ' k � Eq n ���^ ' R +<,

zklfk vkrzv krz lqfuhdvlqj surgxfw glyhuvlw| � zlwklq wkh lqgxvwu| vkliwv
grzqzdug d �up*v ghpdqg e| uhgxflqj wkh ydoxh ri lwv lqwhufhsw1 Dffrug0
lqjo|/ +7, pljkw eh lqwhusuhwhg dv Fkdpehuolq*v __0ghpdqg fxuyh zkhq wkh
vl}h ri wkh lqgxvwu| lv jlyhq/ zkhuhdv +<, zrxog fruuhvsrqg wr klv ((0fxuyh1
Dv xvxdo/ wkh ((0fxuyh lv vwhhshu wkdq wkh __0fxuyh exw kdv d odujhu lqwhu0
fhsw1

Wkh htxloleulxp ydoxh ri � fdq eh irxqg e| vhwwlqj +9, htxdo wr }hur diwhu
vxevwlwxwlqj iru +:, dqg +;,=

�W '
k
t
q*8 � 2q

�
+43,

Dv h{shfwhg/ iru � : f/ wkh htxloleulxp qxpehu ri �upv lqfuhdvhv zkhq
ydulhwlhv duh pruh gl�huhqwldwhg exw ghfuhdvhv zkhq �{hg frvw ulvhv1 Dovr/
�W : f li dqg rqo| li

k : 2
t
q8 +44,

wkdw lv/ li dqg rqo| li wkh �{hg frvw ri d �up lv vpdoo uhodwlyh wr pdunhw vl}h1
Vxevwlwxwlqj +43, lq +:, jlyhv wkh htxloleulxp txdqwlw|=

^W '
t
8*q +45,

zkloh lqwurgxflqj +43, lq +;, jlyhv wkh htxloleulxp sulfh=

RW '
t
q8 +46,

vr wkdw uhyhqxhv +^WRW, duh mxvw vx!flhqw wr fryhu wkh �{hg frvw1
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Revhuyh wkdw zh kdyh fkrvhq wr frqgxfw rxu dqdo|vlv lq whupv ri txdqwlw|0
vhwwlqj �upv/ dv lq Vshqfh +4<:9e, dqg Gl{lw dqg Vwljolw} +4<::,1 Lw lv zruwk
qrwlqj wkdw wkh vdph uhvxowv frxog kdyh ehhq rewdlqhg zlwk sulfh0vhwwlqj
�upv dv vkrzq lq wkh dsshqgl{1 Zkloh wkh fkrlfh ri txdqwlw| ru sulfh dv

d ghflvlrq yduldeoh lv d fuxfldo rqh lq roljrsrolvwlf frpshwlwlrq/ lw grhv qrw

vhhp wr eh hvvhqwldo iru prqrsrolvwlf frpshwlwlrq1

615 Wkh �uvw ehvw rswlpxp

D sodqqhu vhhnlqj wkh �uvw ehvw pd{lpl}hv wkh xwlolw| ri wkh uhsuhvhqwdwlyh
frqvxphu hydoxdwhg dw d v|pphwulf rxwfrph

L ' g n k�^ � q

2
�^2 � ��2^2 n ^f

zlwk uhvshfw wr ^ dqg � vxemhfw wr wkh uhvrxufh frqvwudlqw=

8� n ^f ' � n ^

Wkh �uvw rughu frqglwlrq rq ^ uhtxluhv=

k� q^ � 2��^ ' f +47,

zkloh wkh �uvw rughu frqglwlrq rq � phdqv wkdw=

k^ � q

2
^2 � 2��^2 � 8 ' f

Wrjhwkhu/ wkhvh frqglwlrqv lpso| wkdw wkh rswlpxp rxwsxw ri hdfk ydulhw|
lv=

^J '
t
28*q +48,

zkloh wkh rswlpdo qxpehu ri ydulhwlhv ri wkh gl�huhqwldwhg surgxfw lv jlyhq
e|=

�J '
k
t
q*28 � q

2�
+49,

Jlyhq dq| � : f/ �J lv srvlwlyh li dqg rqo| li

k :
t
2q8 +4:,

46



Zh qrz fkhfn wkdw wkh vkdgrz sulfh ri d ydulhw| htxdov pdujlqdo frvw1 Dw
wkh rswlpxp/ wkh vkdgrz sulfh RJ lv wkh vdph dfurvv ydulhwlhv dqg/ iroorzlqj
Gl{lw dqg Vwljolw}/ lw pxvw vdwlvi|=

�RJ '
YL*Y^

YL*Y^f

zklfk vd|v wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq wkh gl�huhqwldwhg
surgxfw dqg wkh qxpìudluh lv htxdo wr wkh sulfh udwlr1 Xvlqj +47,/ zh rewdlq=

YL*Y^

YL*Y^f
' �Ek� q^ � 2��^� ' f

lpso|lqj wkdw wkh vkdgrz sulfh RJ lv }hur/ wkdw lv/ pdujlqdo frvw1
Xvlqj +45, dqg +48,/ lw lv uhdglo| yhul�hg wkdw zh dozd|v kdyh ^J : ^W

dqg RJ 	 RW� Lq rughu wr frpsduh wkh htxloleulxp dqg rswlpxp qxpehuv ri
�upv/ k pxvw vdwlvi| erwk +44, dqg +4:,/ wkdw lv/ wkh iruphu zklfk lv wkh
pruh vwulqjhqw1

Fohduo|/ zh kdyh �W : �J li dqg rqo| li

k : k � �
s
2

2
s
2� �

t
q8 +4;,

Wkh uhvxowv deryh phdq wkdw/ lq prqrsrolvwlf frpshwlwlrq/ wkh htxloleulxp

qxpehu ri ydulhwlhv pd| eh odujhu wkdq wkh rswlpxp qxpehu/ d uhvxow lq
vkdus frqwudvw wr wkdw rewdlqhg e| Vshqfh +4<:9e, dqg Gl{lw dqg Vwljolw}
+4<::, lq wkh FHV fdvh19 Lq sduwlfxodu/ zh vhh wkdw wkh pdunhw whqgv wr

ryhusurylgh ydulhw| +dq h{dpsoh ri Fkdpehuolq*v h{fhvv fdsdflw|, zkhq wkh

uhsuhvhqwdwlyh frqvxphu kdv d zhdn suhihuhqfh iru ydulhw| +vhh +5,, dqg zkhq

�{hg frvw 8 duh orz frpsduhg wr wkh pdunhw vl}h/ d yhu| lqwxlwlyh uhvxow1
Frqvhtxhqwo|/ wkh txdgudwlf xwlolw| prgho doorzv xv wr txdoli| wkh dvvhuwlrq
pdgh e| Gl{lw dqg Vwljolw} +4<::, derxw wkh jhqhudolw| ri wkhlu prgho= �Zlwk
yduldeoh hodvwlflwlhv +111, wkhuh ^lv` vrph suhvxpswlrq wkdw wkh pdunhw vroxwlrq
zrxog eh fkdudfwhul}hg e| wrr ihz �upv lq wkh prqrsrolvwlfdoo| frpshwlwlyh
vhfwru� +s163;,1 Wklv gl�huhqfh lq uhvxowv lv gxh wr wkh idfw wkdw/ lq wkh
V0G0V prgho/ wkh htxloleulxp sulfh lv vr orz: wkdw wkh lqfxpehqwv* sur�wv

9Uhfdoo wkdw Vdors +4<:<, vkrzv wkdw h{fhvv ydulhw| fkdudfwhul}hv vsdwldo prghov ri
prqrsrolvwlf frpshwlwlrq1

:Li rqh frqvlghuv wkh vhtxhqfh ri Qdvk sulfh htxloleuld ri jdphv lqyroylqj dq lqwhjhu
qxpehu Q ri �upv/ wkh V0G0V htxloleulxp sulfh lv wkh olplw ri wklv vhtxhqfh zkhq Q $4
+vhh Dqghuvrq hw do1 +4<<5/ Fk1:,,1
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duh orz hqrxjk wr ghwhu hqwu|/ wkxv ohdglqj wr lqvx!flhqw surgxfw glyhuvlw|1
Rq wkh frqwudu|/ lq rxu prgho/ wkh htxloleulxp sulfh ydulhv zlwk wkh qxpehu
ri �upv/ wkxv doorzlqj wkh lqfxpehqwv wr fkdujh d kljkhu sulfh dqg wr hduq
kljkhu sur�wv +ohwwlqj � jr wr lq�qlw| lq rxu vhwwlqj zrxog ohdg wr }hur
sulfh/ qhjdwlyh sur�wv dqg qr hqwu|,1 Lq jhqhudo/ wkh frpsdulvrq ehwzhhq

wkh pdunhw htxloleulxp dqg wkh rswlpxp rxwfrphv lv wkhuhiruh dpeljxrxv/ dv
douhdg| qrwlfhg e| Phdgh +4<:7, lq d gl�huhqw/ ohvv irupdo vhwwlqj1

E| frqwudvw/ zkhq wkh surgxfw lv yhu| gl�huhqwldwhg lq wkdw +4;, krogv/ wkh
pdunhw dozd|v ryhusurylghv surgxfw glyhuvlw|/ wkxv frq�uplqj rwkhu h{lvwlqj
dqdo|vhv +vhh/ h1j1 Dufkledog hw do1 +4<;9,> Dqghuvrq hw do1 +4<<8,,1

616 Wkh vhfrqg ehvw rswlpxp

Vlqfh sur�wv duh dozd|v qhjdwlyh dqg htxdo wr �8 dw wkh �uvw ehvw rswlpxp/
d sodqqhu frqvwudlqhg e| wkh devhqfh ri oxps0vxp wudqvihuv pd| fkrrvh wr
pd{lpl}h=

L ' g n k�^ �
q

2
�^2 � ��2^2 n ^f +4<,

+zkhuh zh kdyh xvhg djdlq v|pphwu| dprqj ydulhwlhv, zlwk uhvshfw wr ^ dqg
� vxemhfw wr wkh frqvxphu exgjhw frqvwudlqw=

�R^ n ^f ' � n ^ +53,

wkh }hur sur�w frqglwlrq=
R^ � 8 ' f +54,

dqg wkh ghpdqg ixqfwlrq=

R ' k � Eq n ���^ +55,

Soxjjlqj +55, lqwr +53, dv zhoo dv lqwr +54, dqg wkh fruuhvsrqglqj uhvxowv
lqwr +4<,/ wkh frqvwudlqhg sodqqhu pd{lpl}hv=

L ' g n
q

2�
Ek^ � q^2 � 8 �

Wkxv/ wkh vhfrqg ehvw txdqwlw| lv=

^7 '
k

2q
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zklfk lv wkh txdqwlw| wkdw d �up zrxog fkrrvh li glvuhjduglqj wkh lpsdfw ri
frpshwlwlrq rq lwv sur�w/ yl}1 dfwlqj dv d prqrsrolvw1 Wkh fruuhvsrqglqj
sulfh lv=

R7 '
2q8

k

E| +54, dqg +55,/ wklv lpsolhv=

�7 '
qEk2 � eq8 �

k2�

zklfk lv srvlwlyh li dqg rqo| li +44, krogv1
Qrwh dovr wkdw +44, lpsolhv wkdw R7 	 RW/ wkdw lv/ wkh vhfrqg ehvw sulfh

lv dozd|v ehorz wkh pdunhw sulfh1 Xvlqj djdlq +44,/ zh vhh wkdw ^7 : ^W� Lw
uhpdlqv wr frpsduh � W dqg �71 Zh kdyh

k
t
q*8 � 2q

�
:
qEk2 � eq8 �

k2�

zklfk lv htxlydohqw wr

� :

s
q8

�
kn 2

s
q8

�

k2

zklfk krogv ehfdxvh ri +44, vr wkdw � W : �7 1
Wr vxp0xs= wkh vhfrqg ehvw rswlpxp ohdgv wr d vpdoohu qxpehu ri ydulhwlhv

vrog dw d orzhu sulfh lq d odujhu txdqwlw| wkdq wkh pdunhw vroxwlrq1 Khqfh/
lq rxu vhwwlqj/ wkh pdunhw vroxwlrq grhv gl�hu iurp wkh vhfrqg ehvw vroxwlrq
xqolnh Vshqfh +4<:9e, dqg Gl{lw dqg Vwljolw} +4<::, zkr vkrzhg htxlydohqfh
xqghu wkh FHV1;

7 Frpshwlwlrq zlwk Pxowlsurgxfw Ilupv

Vr idu zh kdyh frqvlghuhg d rqh0wr0rqh uhodwlrqvkls ehwzhhq �upv dqg yd0
ulhwlhv1 Zh qrz lqyhvwljdwh wkh lpsolfdwlrqv ri kdylqj d �qlwh qxpehu ri

pxowlsurgxfw �upv/ hdfk vxsso|lqj d qrq0qhjoljleoh vhw ri ydulhwlhv1 Iru wkdw/
lw lv dvvxphg wkdw/ lq dgglwlrq wr wkh frvw dvvrfldwhg zlwk hdfk vxssolhg yd0
ulhw|/ hdfk �up kdv wr sd| dq hqwu| frvw uhjdugohvv ri wkh vl}h ri lwv surgxfw

;Wklv frlqflghqfh uhvxow ghshqgv fuxfldoo| rq wkh FHV dvvxpswlrq +Vshqfh/ 4<:9e>
Gl{lw dqg Vwljolw}/ 4<::, dqg rq wkh uhodwhg �dfflghqwdo lpsolflw fkrlfh ri wkh cwdvwh ri
ydulhw|* sdudphwhu� +Ehqdvv|/ 4<<9,1
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udqjh/ wkxv lpso|lqj wkdw hfrqrplhv ri vfrsh duh suhvhqw1 Ehfdxvh pxowl0
surgxfw �upv duh codujh dfwruv*/ wkh| qrz lqwhudfw lq d pruh vwudwhjlf zd|
wkdq lq wkh vhfwlrq deryh1 Lq rwkhu zrugv/ �upv qrz ehkdyh olnh roljrsrolvwv1
Lq dgglwlrq/ wkh srvvlelolw| ri fkrrvlqj lwv surgxfw udqjh jlyhv hdfk �up dq
dgglwlrqdo wrro wr fkdoohqjh lwv frpshwlwruv1

Zh zdqw wr nqrz zkhwkhu wklv lqfuhdvhg lqwhudfwlrq lpsuryhv xsrq wkh
pdunhw htxloleulxp ghvfulehg lq wkh iruhjrlqj1 Wr wklv hqg/ zh frqvlghu d
yhu| vlpsoh vhwwlqj lq zklfk hdfk dfwlyh �up/ �uvw/ fkrrvhv lwv surgxfw udqjh
dqg/ wkhq/ wkh txdqwlw| ri hdfk ydulhw| lw vxssolhv1 Lq wkh vdph vslulw dv
lq wkh vhfwlrq deryh lq zklfk d �up fdq eh lghqwl�hg zlwk wkh ydulhw| lw
vxssolhv/ zh dvvxph khuh wkdw hdfk �up kdv dffhvv wr dq h{foxvlyh frqwlqxxp

ri srwhqwldo v|pphwulf ydulhwlhv1 Krzhyhu/ vlqfh odxqfklqj d ydulhw| lqyroyhv
vrph srvlwlyh frvw/ d �up grhv qrw qhfhvvdulo| surgxfh doo wkhvh ydulhwlhv
dqg pxvw fkrrvh krz pdq| ri wkhp wr vxsso|1 Irupdoo|/ wklv lpsolhv wkdw
wkh vwudwhj| vsdfhv duh vxfk wkdw wkh ryhuods ri wkh surgxfw olqhv ri dq| wzr
�upv lv d }hur phdvxuh vhw1 Wkh pdunhw vroxwlrq lv jlyhq e| d vxejdph shuihfw
Qdvk htxloleulxp> zh orrn iru d v|pphwulf htxloleulxp dqg zloo ghvfuleh wkh
htxloleulxp sdwk rqo|1 Vlqfh rxu sxusrvh lv wr nhhs wkh dqdo|vlv dv lqwxlwlyh
dv srvvleoh/ zh zloo uhiudlq iurp surylglqj d ixoo ghvfulswlrq ri wkh jdph1

Ohw � eh d jlyhq +lqwhjhu, qxpehu ri pxowlsurgxfw �upv idflqj dq lghq0
wlfdo hqwu| frvw C dqg dq lghqwlfdo �{hg frvw 8 shu ydulhw|1 Zh ghqrwh e|
l� � -n wkh vhw ri ydulhwlhv / surgxfhg e| �up � E' �c ���c� �� Ehfdxvh ri
rxu v|pphwu| dvvxpswlrq/ lw zloo eh frqyhqlhqw wr ghvfuleh lwv vl}h e| l�

wrr� Wkh wrwdo surgxfwlrq frvw ri �up � lv wkhq jlyhq e| C n 8l� 1Ilup �
pd{lpl}hv lwv sur�w jlyhq e|=

�� '
]

/Ml�

dR�E/�^�E/�� 8 o_/ �C +56,

zkhuh R�E/� lv wkh sulfh ri ydulhw| / vxssolhg e| �up � dqg ^�E/� wkh txdqwlw|
ri wklv ydulhw|1 Ghpdqg iru ydulhw| / lv vwloo gh�qhg e| +7,1 Krzhyhu/ ehfdxvh
d �up qrz frqwurov d qrq0qhjoljleoh vhw ri ydulhwlhv/ wkh wrwdo rxwsxw ' lv qr
orqjhu jlyhq wr wkh �up vlqfh lw ydulhv zlwk lwv rzq rxwsxw1 Vlqfh zh irfxv
rq d v|pphwulf rxwfrph/ zh pd| dvvxph wkdw doo wkh rwkhu �upv fkrrvh wkh
vdph surgxfw udqjh l � -n1 Frqvhtxhqwo|/ zh kdyh=

'� '
]

/Ml�

^�E/�_/ n E� � ��
]

/Ml

^E/�_/ +57,
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zkhuh wkh �uvw lqwhjudo fruuhvsrqgv wr wkh ghpdqg iru wkh ydulhwlhv surgxfhg
e| �up � zkloh wkh vhfrqg lqwhjudo uhihuv wr wkrvh surgxfhg e| lwv frpshwlwruv1
Qrwh wkh gl�huhqfh zlwk wkh prqrsrolvwlf frpshwlwlrq prgho zkhuh wkh wrwdo
rxwsxw ri wkh lqgxvwu| +8, lv xqd�hfwhg e| d vlqjoh �up*v ghflvlrq/ zkloh khuh
lw ydulhv zlwk hdfk �up*v ghflvlrq dv vkrzq e| +57,1

Wkh vroxwlrq ri wkh vhfrqg vwdjh vxejdph lv rewdlqhg dv iroorzv1 Ehfdxvh
zh kdyh v|pphwu| dprqj ydulhwlhv zlwklq hdfk �up*v surgxfw olqh/ wkh txdq0
wlw| vxssolhg e| d �up lv wkh vdph dfurvv lwv ydulhwlhv1 Lq rwkhu zrugv/ zh
kdyh ^�E/� ' ^� iru doo / 5 l� dqg ^E/� ' ê iru doo / 5 l� Frqvhtxhqwo|/ +56,
pd| uhzulwwhq dv iroorzv=

�� ' ER�^� � 8 �l� �C

zkhuhdv +57, ehfrphv

'� ' ^�l� n E� � �� êl
Khqfh zh kdyh

�� ' idk � q^� � �d^�l� n E� � �� êlo ^� � 8jl� �C

Dsso|lqj wkh �uvw rughu frqglwlrq zlwk uhvshfw wr ^�/ wkh htxloleulxp
rxwsxw ^W

�
pxvw vdwlvi|=

k� 2q^W
�
� 2�l�^

W

�
� �E� � �� êl ' f

vr wkdw wkh htxloleulxp txdqwlw| ri hdfk ydulhw| surylghg e| �up � lv=

^W
�
El�cl� '

k� �E� � �� êl
2Eq n �l��

+58,

Wkh htxloleulxp txdqwlw| ri hdfk vxssolhg ydulhw| wkxv ghfuhdvhv zlwk wkh
vl}h ri wkh �up �*v surgxfw udqjh1 Fdqqledol}dwlrq dulvhv ghvslwh wkh idfw
wkdw wkh uhsuhvhqwdwlyh frqvxphu +zkr oryhv ydulhw|, vshqgv pruh rq wkh
gl�huhqwldwhg surgxfw zkhq wkh qxpehu ri ydulhwlhv ulvhv1 Lqghhg/ vkh fkrrvhv
wr glvwulexwh khu kljkhu h{shqglwxuh lq d zd| wkdw uhgxfhv wkh frqvxpswlrq
ri hdfk ydulhw|1 Frqvhtxhqwo|/ eudqg surolihudwlrq lv qrw mxvw olplwhg e| wkh
�{hg frvw dvvrfldwhg zlwk wkh odxqfklqj ri d qhz ydulhw|1 Lw lv dovr olplwhg
e| frpshwlwlrq zlwklq wkh surgxfw olqh1
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Wkh htxloleulxp sulfh fkdujhg e| �up � iru doo lwv ydulhwlhv lv=

RW
�
El�cl� '

k � �E� � �� êl
2

+59,

zklfk lv ghfuhdvlqj lq l ehfdxvh d zlghu duud| ri surgxfwv vxssolhg e| ulydov
pdnhv �up �*v pdunhw pruh frpshwlwlyh1

Wkh vhfrqg0vwdjhg htxloleulxp sur�w ri �up � lv wkhq jlyhq e| +56, diwhu
kdylqj vxevwlwxwhg iru +58, dqg +59,=

��El�cl� '
dk� �E� � �� êlo2

eEq n �l��
l� � 8l� �C +5:,

zklfk ghvfulehv wkh sd|r� ri �up � lq wkh �uvw vwdjh jdph/ frqglwlrqdo xsrq
wkh idfw wkdw wkh rwkhuv fkrrvh wkh surgxfw udqjh l1

Wkh h{suhvvlrq +5:, kdv d xqltxh dqg �qlwh pd{lpxp vlqfh ��El�cl� lv
vwulfwo| frqfdyh lq l� dqg ehfrphv duelwudulo| vpdoo iru odujh hqrxjk l�1 Lq
rughu wr ghwhuplqh wkh htxloleulxp surgxfw udqjh dw wkh v|pphwulf htxlole0
ulxp ri wkh �uvw vwdjh jdph/ zh gl�huhqwldwh +5:, zlwk uhvshfw wr l�/ vhw
l� ' l dqg rewdlq diwhu vrph vlpsoh pdqlsxodwlrqv=

k � �E� � �� êl
q n �l

' 2
t
8*q +5;,

Lq d v|pphwulf htxloleulxp/ lw pxvw eh wkdw ^W
�
El�cl� ' ê dqg l� ' l� E|

vxevwlwxwlrq lq +58,/ zh rewdlq=

ê' k� �E� � �� êl
2Eq n �l�

zklfk/ wrjhwkhu zlwk +5;,/ |lhogv wkh htxloleulxp rxwsxw zklfk lv vwloo htxdo
wr +45,=

^W '
t
8*q

Revhuyh wkdw wkh txdqwlw| ri hdfk ydulhw| vxssolhg e| wkh pxowlsurgxfw �up lq
roljrsrolvwlf frpshwlwlrq lv wkh vdph dv wkdw surgxfhg e| wkh vlqjoh0surgxfw
�up xqghu prqrsrolvwlf frpshwlwlrq1 Pruhryhu/ wkh htxloleulxp surgxfw
udqjh lv jlyhq e|=

lWE� � '
k
t
q*8 � 2q

�E� n ��
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Iru lW wr eh srvlwlyh/ zh qhhg frqglwlrq +44, wr krog1 Fohduo|/ wkh orzhu wkh
�{hg frvw dvvrfldwhg zlwk wkh odxqfklqj ri d qhz ydulhw| ru wkh kljkhu wkh
ghjuhh ri surgxfw gl�huhqwldwlrq/ wkh zlghu lv wkh �up*v surgxfw udqjh/ dv lq
Dqghuvrq dqg gh Sdopd +4<<5,1

Lw wkxv dsshduv wkdw/ wkrxjk wkh txdqwlw| vxssolhg ri hdfk ydulhw| lv
lqghshqghqw ri wkh qxpehu ri �upv/ wkh qxpehu ri ydulhwlhv vxssolhg e| d

�up ghfuhdvhv dv wkh qxpehu ri �upv ulvhv1 Lq wkh olplw/ lW $ f zkhq
� $ 4/ qdpho| hdfk �up zdqwv wr vhoo d vlqjoh surgxfw +irupdoo|/ d }hur
phdvxuh vhw ri ydulhwlhv, zkhq wkh qxpehu ri �upv lv duelwudulo| odujh1

Ixuwkhupruh/ wkh wrwdo qxpehu ri ydulhwlhv lv jlyhq e|=

� WE� � ��lW '
k
t
q*8 � 2q

�

�

� n �
+5<,

zklfk frqyhujhv iurp ehorz wrzdug +43, zkhq � $41
Xvlqj +59,/ wkh htxloleulxp sulfh frpprq wr doo �upv dqg ydulhwlhv lv=

RWE�� '
E� � ��

s
q8 n k

E� n ��
+63,

Zkhq � $ 4c wklv sulfh frqyhujhv iurp deryh wrzdug +46,/ wkdw lv/ wkh
htxloleulxppdunhw sulfh lq wkh vlqjoh0surgxfw prqrsrolvwlf frpshwlwlrq fdvh1

Zh fdq qrz ghwhuplqh wkh qxpehu ri �upv wkdw duh dfwlyh lq htxloleulxp
dv d ixqfwlrq ri wkh hqwu| frvw C1 Wklv uhtxluhv �qglqj � +zklfk lv qrz
wuhdwhg dv d uhdo qxpehu, vxfk wkdw=

RWE� �^WlWE��� 8lWE���C ' f

wkh vroxwlrq ri zklfk lv hdvlo| fdofxodwhg dv=

� W '
k � 2

s
q8s

�C
� � +64,

Iru � W wr eh srvlwlyh/ zh qhhg

k : 2
t
q8 n

t
�C +65,

zklfk lv pruh vwulqjhqw wkdq +44,1 Lq rwkhu zrugv/ +65, lv wkh frqglwlrq wr
eh lpsrvhg wr wkh sdudphwhuv ri wkh hfrqrp| iru d srvlwlyh qxpehu ri �upv
wr r�hu pruh wkdq rqh ydulhw|1
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Wkh fruuhvsrqglqj htxloleulxp sulfh pd| eh rewdlqhg e| vxevwlwxwlqj +64,
lqwr +63, dv iroorzv=

RW '
t
q8 n

t
�C

zklfk frqyhujhv iurp deryh wrzdugv wkh prqrsrolvwlf frpshwlwlyh sulfh +46,
zkhq C$ f +qr vfrsh hfrqrplhv, dqg2ru � $ f +ydulhwlhv duh lqghshqghqw,1
Lq dgglwlrq/ li 8 $ f/ RW ' f/ wkdw lv/ wkh frpshwlwlyh ohyho1 Dv iru wkh orqj
uxq htxloleulxp surgxfw udqjh/ lw lv rewdlqhg e| soxjjlqj +64, lqwr +5<,=

lW '

v
q

�

C

8

Fohduo|/ wkh htxloleulxp surgxfw udqjh h{sdqgv zlwk oryh iru ydulhw|/ vfrsh
hfrqrplhv dqg wkh ghjuhh ri surgxfw gl�huhqwldwlrq zkloh lw qduurzv zlwk wkh
frvw ri odxqfklqj dq dgglwlrqdo ydulhw|1 Khqfh/ lq fkrrvlqj wkhlu surgxfw olqh/
�upv wudgh wkh srwhqwldo jdlqv ri hfrqrplhv ri vfrsh +C, dqg ri wkh srwhqwldo
lqfuhdvh lq pdunhw srzhu jhqhudwhg e| dq h{sdqvlrq ri wkhlu surgxfw olqh
+wkh lqwhusod| ehwzhhq q dqg �, djdlqvw wkh fruuhvsrqglqj odxqfklqj frvwv
+8 ,1

Wkh wrwdo qxpehu ri ydulhwlhv vxssolhg e| wkh pxowlsurgxfw �upv jlyhq
e|

�W �� WlW '

t
q*8 Ek � 2

s
q8 �s�C�

�
+66,

lv vpdoohu wkdq wkh qxpehu ri ydulhwlhv xqghu prqrsrolvwlf frpshwlwlrq dv
vkrzq e| frpsdulqj +43, dqg +66,1 Zkhq C$ f/ wkh qxpehu �W ri �upv
ehfrphv duelwudulo| odujh dqg wkh udqjh ri ydulhwlhv � W frqyhujhv wrzdug
+43,1 Vlqfh wkh udwlr ehwzhhq +43, dqg +66, jrhv wr rqh zkhq � $ f/ zh fdq
vd| wkdw wkh wzr pdunhw surgxfw udqjhv whqg wr frlqflgh zkhq wkh ghjuhh ri
surgxfw gl�huhqwldwlrq lv odujh1

Dv h{shfwhg/ wkh wrwdo qxpehu ri �upv �W ulvhv zlwk wkh pdunhw vl}h
+k, dqg wkh ghjuhh ri surgxfw gl�huhqwldwlrq +�*�, zkhuhdv lw ghfuhdvhv zlwk
wkh odxqfklqj frvw ri d ydulhw| +8 ,/ wkh hfrqrplhv ri vfrsh +C, dqg wkh
oryh iru ydulhw| +q,1 Lq sduwlfxodu/ zkhq C $ f dqg2ru � $ f/ wkh qxpehu
�W ri �upv ehfrphv duelwudulo| odujh/ dqg wkh pdunhw zlwk pxowlsurgxfw �upv

vxssolhv doprvw wkh vdph udqjh ri ydulhwlhv dw doprvw wkh vdph sulfh dv xqghu

prqrsrolvwlf frpshwlwlrq1
Lq ylhz ri wkhvh uhvxowv/ lw lv idlu wr frqfoxgh wkdwprqrsrolvwlf frpshwlwlrq

lv wkh olplwlqj fdvh ri roljrsrolvwlf frpshwlwlrq zlwk pxowlsurgxfw �upv dv
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hlwkhu ydulhwlhv jhw pruh dqg pruh gl�huhqwldwhg ru hfrqrplhv ri vfrsh jhw

zhdnhu dqg zhdnhu1< Lq d phwdskrulfdo vhqvh/ dv vfrsh hfrqrplhv ydqlvk
hdfk dwrplf �up glvvroyhv lq dq rfhdq ri qhjoljleoh �upv r�hulqj hdfk d
vlqjoh ydulhw|1

Lw uhpdlqv wr frpsduh wkh pdunhw rxwfrph wr wkh rswlpxp1 Vlqfh wkhuh
duh hfrqrplhv ri vfrsh/ lw lv dozd|v rswlpdo wr kdyh d vlqjoh �up surgxflqj
wkh hqwluh udqjh ri ydulhwlhv1 Lq rwkhuv zrugv/ zh kdyh �J ' � vr lw pxvw
eh wkdw �J ' lJ143 Lw lv wkhq reylrxv wkdw wkh rswlpdo qxpehu ri ydulhwlhv
lv vwloo jlyhq e| +49,1 Khqfh/ wkrxjk wkh pdunhw zlwk pxowlsurgxfw �upv
dozd|v lqyroyhv wrr pdq| �upv/ wkh qxpehu ri ydulhwlhv pd| eh wrr odujh ru
wrr vpdoo ghshqglqj rq wkh gl�huhqfh ehwzhhq +66, dqg +49,1

Vlqfh wkh qxpehu ri ydulhwlhv lv dozd|v vpdoohu xqghu roljrsrolvwlf frp0
shwlwlrq zlwk pxowlsurgxfw �upv wkdq xqghu prqrsrolvwlf frpshwlwlrq zlwk
vlqjoh0surgxfw �upv +vhh +66,,/ wkh pdunhw rxwfrph zlwk pxowlsurgxfw �upv
lv hyhq ixuwkhu dzd| iurp wkh rswlpxp zkhqhyhu wkh prqrsrolvwlf frpshw0
lwlyh pdunhw xqghusurylghv ydulhw|/ qdpho| zkhq +4;, grhv qrw krog1 Zkhq
e| frqwudvw wklv frqglwlrq krogv/ zh nqrz wkdw wkh prqrsrolvwlf frpshw0
lwlyh pdunhw ryhusurylghv ydulhw|1 Wklv lv qrw qhfhvvdulo| wkh fdvh xqghu
roljrsrolvwlf frpshwlwlrq zkhuh lw lv uhdglo| yhul�hg wkdw wkh pdunhw ryhusur0
ylghv ydulhw| li dqg rqo| li

k :

s
2

2
s
2 � �

E�
t
q8 n 2

t
�C� +67,

Wklv frqglwlrq lv fohduo| pruh vwulqjhqw wkdq +4;,1 Wkhuhiruh/ zkhq +4;,
krogv exw +67, grhv qrw/ prqrsrolvwlf frpshwlwlrq surylghv wrr pxfk glyhu0
vlw| zkhuhdv roljrsrolvwlf frpshwlwlrq grhv qrw vxsso| hqrxjk dw wkh pdunhw
rxwfrph1 Lq rwkhu zrugv/ pdunhw vwuxfwxuh pdwwhuv iru wkh frpsdulvrq eh0

wzhhq wkh htxloleulxp dqg wkh rswlpxp1
Wkh iruhjrlqj dqdo|vlv vxjjhvwv d qhz whvwdeoh surshuw| ri pdunhw vwuxf0

wxuh zlwk uhvshfw wr surgxfw gl�huhqwldwlrq dqg vfrsh hfrqrplhv1 Surgxfw
gl�huhqwldwlrq lv orz dqg vfrsh hfrqrplhv duh zhdn lq lqgxvwulhv zkhuh �upv
r�hu hdfk d qduurz surgxfw olqh/ zkhuhdv �upv zlwk zlgh surgxfw olqhv duh
pruh olnho| wr eh revhuyhg lq pdunhwv lq zklfk surgxfwv duh yhu| gl�huhq0
wldwhg dqg hfrqrplhv ri vfrsh duh vwurqj1 Ixuwkhupruh/ zlwk kljk surgxfw

<Zkhq J dqg � frqyhujh wrjhwkhu wr }hur/ zh dvvxph wkdw wkh iruphu ghfuhdvhv idvwhu
wkdq wkh odwwhu lq rughu wr dyrlg shuyhuvh olplwlqj ehkdylru ri 
�1

43Qrwh wkdw Dqghuvrq dqg gh Sdopd +4<<5, rewdlq wkh vdph uhvxow zkhq lqwud�up khw0
hurjhqhlw| dqg lqwhu�up khwhurjhqhlw| duh wkh vdph1
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gl�huhqwldwlrq dqg zhdn vfrsh hfrqrplhv wkh pdunhw vwuxfwxuh lv olnho| wr lq0
yroyh pdq| �upv dqg d juhdw ghdo ri surgxfw glyhuvlw|/ zkhuhdv ihz �upv dqg
olwwoh surgxfw glyhuvlw| vkrxog eh revhuyhg zlwk orz surgxfw gl�huhqwldwlrq
dqg vwurqj vfrsh hfrqrplhv1

8 Frqfoxglqj Uhpdunv

Rxu sxusrvh zdv wzrirog1 Iluvw/ zh kdyh ghvljqhg dq dowhuqdwlyh prgho ri
prqrsrolvwlf frpshwlwlrq zklfk lv erwk wudfwdeoh dqg lqwxlwlyho| sodxvleoh1
Lw wxuqv rxw wkdw wklv prgho doorzv xv wr irupdol}h wkh lghd ri prqrsrolvwlf
frpshwlwlrq lq d zd| wkdw sodfhv lw ehwzhhq roljrsrolvwlf frpshwlwlrq dqg
shuihfw frpshwlwlrq1 Zh kdyh vkrzq wkdw wklv prgho/ zkloh hdvlhu wr kdqgoh
wkdq wkh prgho e| Gl{lw dqg Vwljolw} +4<::,/ |lhogv ulfkhu uhvxowv lq whupv ri
rswlpxp surgxfw glyhuvlw| zkloh dyrlglqj vrph ri wkh pdlq slwidoov ri wkh
V0G0V dssurdfk1 Jlyhq wkh kljk  h{lelolw| ri wkh prgho sursrvhg/ zh pd|
uhdvrqdeo| h{shfw lw wr eh xvhixo lq dssolfdwlrqv zkhuh wkh V0G0V prgho kdyh
ohg wr qhz dqg uhohydqw hfrqrplf uhvxowv1 Wkh dgydqwdjhv ri grlqj vr duh
pdqlirog1 Lq sduwlfxodu/ hyhq li rxu prgho grhv qrw vhhp dsshdolqj wr vwxg|
orqj uxq jurzwk ri d edodqfhg nlqg/ lw vkrxog shuplw wr whvw wkh urexvw0
qhvv ri h{lvwlqj uhvxowv riwhq fulwlfl}hg iru wkhlu odfn ri jhqhudolw|1 Li vr/ wklv
zrxog vxjjhvw wkh h{lvwhqfh ri d zkroh fodvv ri prqrsrolvwlfdoo| frpshwlwlyh
hfrqrplhv iru zklfk vrph ri wkh pdlq uhvxowv ghulyhg lq wudgh/ jurzwk/ jh0
rjudsk|/ ru pdfurhfrqrplfv/ krog wuxh1 D �uvw dwwhpsw xqghuwdnhq e| wkh
dxwkruv lq hfrqrplf jhrjudsk| vkrzv erwk wkh urexvwqhvv ri wkh pdlq uhvxowv
dv zhoo dv wkh olplwv ri wkh dssurdfk iroorzhg lq wkh olwhudwxuh +Rwwdyldqr dqg
Wklvvh/ 4<<;,1 Lq dgglwlrq/ zh frqmhfwxuh wkdw wkh prgho frxog eh vxlwdeoh
wr vwxg| d eurdghu vhw ri lvvxhv rqfh zh doorz wkh sdudphwhuv ri wkh xwlo0
lw| ixqfwlrq +4, wr eh ghshqghqw rq wkh lqfrph ohyho dqg2ru wkh vl}h ri wkh
surgxfw udqjh/ dq dvvxpswlrq wkdw zrxog uh hfw fkdqjhv lq suhihuhqfhv dv
wkh hfrqrp| h{sdqgv1

Vhfrqg/ zh kdyh h{soruhg d wrslf vr idu xqwrxfkhg/ qdpho| wkh uhod0
wlrqvklsv ehwzhhq prqrsrolvwlf frpshwlwlrq zlwk vlqjoh0surgxfw �upv dqg
roljrsrolvwlf frpshwlwlrq zlwk �upv vxsso|lqj zlgh duud|v ri ydulhwlhv1 Wkh
uhdo zruog lv uhsohdghg zlwk vxfk elj roljrsrolvwv dqg lw lv lpsruwdqw wr dvvhvv
wkh txdolw| ri wkh dssur{lpdwlrq pdgh e| xvlqj prqrsrolvwlf frpshwlwlrq lq
dssolfdwlrqv1 Lw vhhpv wr xv wkdw wkh frqfoxvlrqv ghulyhg lq wkh iruhjrlqj duh
srvlwlyh hqrxjk wr mxvwli| ixuwkhu h{sorudwlrqv ri wkh wkhruhwlfdo irxqgdwlrqv
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ri prqrsrolvwlf frpshwlwlrq dqg wr whvw wkh ydolglw| ri sursrvlwlrqv rewdlqhg
lq dssolfdwlrqv djdlqvw dowhuqdwlyh irupxodwlrqv ri prqrsrolvwlf frpshwlwlrq1
Lq sduwlfxodu/ zh kdyh vkrzq wkh h{lvwhqfh ri d wudgh0r� idfhg e| pxowl0
surgxfw �upv ehwzhhq hfrqrplhv ri vfrsh/ fdqqledol}dwlrq/ dqg wkh frvw ri
h{sdqglqj wkh surgxfw olqh1

Uhihuhqfhv

^4` Dqghuvrq/ V1S1 dqg D1 gh Sdopd +4<<5, Pxowlsurgxfw Ilupv= d qhvwhg
orjlw dssurdfk/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv 73/ 59405:91

^5` Dqghuvrq/ V1S1 D1 gh Sdopd dqg \1 Qhvwhury +4<<8, Roljrsrolvwlf Frp0
shwlwlrq dqg wkh Rswlpdo Surylvlrq ri Surgxfwv/ Hfrqrphwulfd 96/ 45;40
46341

^6` Dqghuvrq/ V1S1/ D1 gh Sdopd dqg M10I1 Wklvvh +4<<5, Glvfuhwh Fkrlfh

Wkhru| ri Surgxfw Gl�huhqwldwlrq +Fdpeulgjh +Pdvv1,= PLW Suhvv,1

^7` Dufkledog/ J1F1/ E1F1 Hdwrq dqg U1J1 Olsvh| +4<;9, Dgguhvv Prghov ri
Ydoxh Wkhru|/ lq M1H1 Vwljolw} dqg J1I1 Pdwkhzvrq +hgv1,/ Qhz Ghyho0

rsphqwv lq wkh Dqdo|vlv ri Pdunhw Vwuxfwxuh +Fdpeulgjh +Pdvv1,= PLW
Suhvv,/ 607:1

^8` Eìqdvv|/ M10S1 +4<<9, Wdvwh iru Ydulhw| dqg Rswlpxp Surgxfwlrq Sdw0
whuqv lq Prqrsrolvwlf Frpshwlwlrq/ Hfrqrplfv Ohwwhuv 85/ 7407:1

^9` Eodqfkdug/ R1M1 dqg Q1 Nl|rwdnl +4<;:, Prqrsrolvwlf Frpshwlwlrq dqg
wkh H�hfwv rq Djjuhjdwh Ghpdqg/ Dphulfdq Hfrqrplf Uhylhz ::/ 97:0
9991

^:` Erqdqqr J1 +4<;;, Roljrsro| Htxloleuld zkhq Ilupv Kdyh Orfdo Nqrzo0
hgjh ri Ghpdqg/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 5</ 5:905;61

^;` Fkdpehuolq/ H1K1 +4<66, Wkh Wkhru| ri Prqrsrolvwlf Frpshwlwlrq

+Fdpeulgjh +Pdvv1,= Kduydug Xqlyhuvlw| Suhvv,1

^<` g*Dvsuhprqw/ F1/ Grv Vdqwrv Ihuuhlud/ U1 dqg O10D1 Jìudug0Yduhw +4<<9,
Rq wkh Gl{lw0Vwljolw} Prgho ri Prqrsrolvwlf Frpshwlwlrq/ Dphulfdq
Hfrqrplf Uhylhz ;9/ 956095<1
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^43` Ghqhfnhuh/ U1 dqg P1 Urwkvfklog +4<<5, Prqrsrolvwlf Frpshwlwlrq dqg
Suhihuhqfh Glyhuvlw|/ Uhylhz ri Hfrqrplf Vwxglhv 8</ 69406:61

^44` Gl{lw/ D1N1 +4<:<, D Prgho ri Gxrsro| Vxjjhvwlqj d Wkhru| ri Hqwu|
Eduulhuv/ Ehoo Mrxuqdo ri Hfrqrplfv 43/ 530651

^45` Gl{lw/ D1N1 dqg M1H1 Vwljolw} +4<::, Prqrsrolvwlf Frpshwlwlrq dqg Rs0
wlpxp Surgxfw Glyhuvlw|/ Dphulfdq Hfrqrplf Uhylhz 9:/ 5<:063;1

^46` Gl{lw/ D1N1 dqg M1H1 Vwljolw} +4<<6, Prqrsrolvwlf Frpshwlwlrq dqg Rs0
wlpxp Surgxfw Glyhuvlw|= Uhso|/ Dphulfdq Hfrqrplf Uhylhz ;6/ 6350
6371

^47` Jdev}hzlf}/ M1M1 dqg E1 Vklwrylw} +4<<5, Wkh Fruh lq Lpshuihfwo| Frp0
shwlwlyh Hfrqrplhv/ lq U1 Dxpdqq dqg V1 Kduw/ +hgv1,Kdqgerrn ri Jdph
Wkhru|/ Yroxph L +Dpvwhugdp= Qruwk0Kroodqg,/ 79307;61

^48` Jdev}hzlf} M1M1 dqg M10S1 Yldo +4<:5, Roljrsro| ã od Frxuqrw lq Jhqhudo
Htxloleulxp Dqdo|vlv/ Mrxuqdo ri Hfrqrplf Wkhru| 7/ 6;407331

^49` Jdu|0Erer U1 +4<;<, Frxuqrw0Zdoudv dqg Orfdoo| Frqvlvwhqw Htxloleuld/
Mrxuqdo ri Hfrqrplf Wkhru| 7</ 430651

^4:` Kduw/ R1 +4<;8d, Prqrsrolvwlf Frpshwlwlrq lq wkh Vslulw ri Fkdpehuolq=
d jhqhudo prgho/ Uhylhz ri Hfrqrplf Vwxglhv 85/ 85<08791

^4;` Kduw/ R1 +4<;8e, Prqrsrolvwlf Frpshwlwlrq lq wkh Vslulw ri Fkdpehuolq=
vshfldo uhvxowv/ Hfrqrplf Mrxuqdo <8/ ;;<0<3;1

^4<` Khospdq/ H1 dqg S1 Nuxjpdq +4<;8, Pdunhw Vwuxfwxuh dqg Iruhljq

Wudgh +Fdpeulgjh +Pdvv1,= PLW Suhvv,1

^53` Nuxjpdq/ S1 +4<<4, Lqfuhdvlqj Uhwxuqv dqg Hfrqrplf Jhrjudsk|/ Mrxu0
qdo ri Srolwlfdo Hfrqrp| <</ 7;607<<1

^54` Pdwvx|dpd/ N1 +4<<8, Frpsohphqwdulwlhv dqg Fxpxodwlyh Surfhvv lq
Prghov ri Prqrsrolvwlf Frpshwlwlrq/ Mrxuqdo ri Hfrqrplf Olwhudwxuh

66/ :340:5<1

^55` Phdgh/ M1H1 +4<:7, Wkh Rswlpdo Edodqfh ehwzhhq Hfrqrplhv ri Vfdoh
dqg Ydulhw| ri Surgxfwv= Dq Looxvwudwlyh Prgho/ Hfrqrplfd 74/ 68<069:1
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^56` Qhjlvkl W1 +4<94, Prqrsrolvwlf Frpshwlwlrq dqg Jhqhudo Htxloleulxp/
Uhylhz ri Hfrqrplf Vwxglhv 5;/ 4<905341

^57` Rwwdyldqr/ J1L1S1 dqg M10I1 Wklvvh +4<<;, Djjorphudwlrq dqg Wudgh Uh0
ylvlwhg/ Orqgrq/ FHSU Glvfxvvlrq Sdshu Q�4<361

^58` Urphu/ S1P1 +4<<3, Hqgrjhqrxv Whfkqrorjlfdo Fkdqjh/ Mrxuqdo ri Sr0
olwlfdo Hfrqrp| <;/ V:40V4351

^59` Vdors/ V1F1 +4<:<, Prqrsrolvwlf Frpshwlwlrq zlwk Rxwvlgh Jrrgv/ Ehoo
Mrxuqdo ri Hfrqrplfv 43/ 4740891

^5:` Vshqfh/ D1P1+4<:9d,/ Surgxfw Gl�huhqwldwlrq dqg Zhoiduh/ Sdshuv dqg
Surfhhglqjv ri wkh Dphulfdq Hfrqrplf Dvvrfldwlrq 99/ 73:0471

^5;` Vshqfh/ D1P1 +4<:9e, Surgxfw Vhohfwlrq/ Il{hg Frvwv dqg Prqrsrolvwlf
Frpshwlwlrq/ Uhylhz ri Hfrqrplf Vwxglhv 76/ 54:05691

^5<` Vwljolw}/ M1H1 +4<;9, Wrzdugv d Pruh Jhqhudo Wkhru| ri Prqrsrolvwlf
Frpshwlwlrq/ lq P1K1 Shvwrq dqg U1H1Txdqgw +hgv, Sulfh Frpshwlwlrq
dqg Htxloleulxp +R{irug= Sklols Doohq,/ 5509<1

^63` Ylyhv/ [1 +4<<3, Wudgh Dvvrfldwlrq Glvforvxuh Uxohv/ Lqfhqwlyhv wr Vkduh
Lqirupdwlrq/ dqg Zhoiduh/ Udqg Mrxuqdo ri Hfrqrplfv 54/ 73<07631

^64` Zrolqvn|/ D1 +4<;9, Wuxh Prqrsrolvwlf frpshwlwlrq dv d Uhvxow ri Lp0
shuihfw Lqirupdwlrq/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 434/ 7<608441

^65` \dqj/ [1 dqg E1M1 Khlmgud +4<<6, Prqrsrolvwlf Frpshwlwlrq dqg Rs0
wlpxp Surgxfw Glyhuvlw|= Frpphqw/ Dphulfdq Hfrqrplf Uhylhz ;6/
5<806341

Dsshqgl{
Zh �uvw ghulyh wkh ghpdqg v|vwhp dqg wkhq vkrz wkdw wkh pdunhw rxw0

frph zlwk sulfh0pdnlqj �upv lv lghqwlfdo wr wkdw zlwk txdqwlw|0vhwwlqj �upv
xqghu prqrsrolvwlf frpshwlwlrq1

Zh nqrz iurp +7, wkdw wkh lqyhuvh ghpdqgv duh jlyhq e|=

RE�� ' k� q^E��� �
]
�

f

^E��_� +68,
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f

dRE��� RE��o_� +69,

Sur�wv duh vwloo jlyhq e| +9, zkhuh ^E�� lv qrz jlyhq e| +69,1 Gl�huhqwl0
dwlqj wkh fruuhvsrqglqj h{suhvvlrq zlwk uhvshfw wr sulfh dqg irfxvvlqj rq d
v|pphwulf htxloleulxp |lhogv +;, dqg +:,1
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