
OPTIMIZING OVER PATH-LENGTH
MATRICES OF UNROOTED BINARY
TREES

Daniele Catanzaro, Raffaele Pesenti, Allan
Sapucaia, Laurence Wolsey

REPRINT | 3321



CORE
Voie du Roman Pays 34, L1.03.01

B-1348 Louvain-la-Neuve

Tel (32 10) 47 43 04

Email:lidam-library@uclouvain.be

https://uclouvain.be/en/research-institutes/lidam/core/core-reprints

https://uclouvain.be/en/research-institutes/lidam/core/core-reprints.html


Mathematical Programming A manuscript No.
(will be inserted by the editor)

Optimizing over Path-Length Matrices of Unrooted Binary Trees

Daniele Catanzaro · Raffaele Pesenti · Allan
Sapucaia · Laurence Wolsey

Received: date / Accepted: date

Abstract Path-Length Matrices (PLMs) form a tree encoding scheme that is often used in the context
of optimization problems defined over Unrooted Binary Trees (UBTs). Determining the conditions that
a symmetric integer matrix of order n ≥ 3 must satisfy to encode the PLM of a UBT with n leaves
is central to these applications. Here, we show that a certain subset of known necessary conditions is
also sufficient to characterize the set Θn of PLMs induced by the set of UBTs with n leaves. We also
identify key polyhedral results as well as facet-defining and valid inequalities for the convex hull of these
matrices. We then examine how these results can be used to develop a new Branch-&-Cut algorithm
for the Balanced Minimum Evolution Problem (BMEP), a N P-hard nonlinear optimization problem
over Θn much studied in the literature on molecular phylogenetics. We present a new valid integer linear
programming formulation for this problem and we show how to refine it, by removing redundant variables
and constraints. We also show how to strengthen the reduced formulation by including lifted versions
of the previously identified facet-defining and valid inequalities. We provide separation oracles for these
inequalities and we exploit the tight lower bound provided by the linear programming relaxation of this
formulation to design a new primal heuristic for the BMEP. The results of extensive computational
experiments show that the Branch-&-Cut algorithm derived from this study outperforms the current
state-of-the-art exact solution algorithm for the problem.

Keywords combinatorial optimization · integer programming · polyhedral combinatorics · branch-
&-cut · path-length matrices · unrooted binary trees · tree realization · Kraft’s equality · Buneman’s
four-point conditions · balanced minimum evolution · distance methods · phylogenetics.

PACS 90C10, 90C11, 90C27

1 Introduction

An Unrooted Binary Tree (UBT) is a tree graph that has n ≥ 3 leaves, n − 2 internal nodes, each of
degree 3, and 2n − 3 edges. UBTs can be encoded in many ways [8,17]. The encoding that we consider
here is based on Path-Length Matrices (PLMs) [16]. Specifically, let Un denote the set of UBTs with n
leaves and let P T

ij denote the unique path in a UBT T ∈ Un between leaves i and j. Then, the PLM τ(T )
of T is a symmetric integer matrix of order n whose generic entry τ(T )ij ∈ {2, . . . , n − 1} represents the
number of edges on P T

ij . Figure 1 provides examples of a UBT and its induced PLM.
Characterizing the conditions that a symmetric integer matrix τ of order n must satisfy in order to

belong to the set Θn of the PLMs induced by the UBTs in Un is central in several applications and
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Fig. 1 An example of an Unrooted Binary Tree (UBT) with 5 leaves and the induced Path-Length Matrix (PLM) τ .

optimization contexts. Previous research efforts have identified a number of necessary conditions for
belonging to Θn [19]. Here, we show that a certain subset of these known necessary conditions is also
sufficient. We achieve this result by strengthening Buneman’s results on the Tree-Realization Problem
(TRP) [7], recalled in Section 2 for the sake of completeness. We extend our study to Conv(Θn), the convex
hull of Θn, by presenting several polyhedral results and families of facet-defining and valid inequalities.
We then investigate how these results can be used to develop a new Branch-&-Cut algorithm for the
Balanced Minimum Evolution Problem (BMEP), a nonlinear N P-hard problem over Θn much studied in
the literature on molecular phylogenetics [12]. Given a symmetric distance matrix D = {dij} of order n
with a null diagonal and positive entries elsewhere, the BMEP is the problem

min
τ∈Θn

n∑
i=1

n∑
j=1
j ̸=i

dij2−τij . (1)

Based on our characterization of Θn and working in an extended space that enables the linearization of the
objective function of the problem, we derive a new valid integer linear programming formulation for the
BMEP. We refine this formulation, by removing redundant variables and constraints, and we strengthen
it by including lifted versions of the previously identified families of facet-defining and valid inequalities
for Conv(Θn). We provide separation oracles for these inequalities and we exploit the tight lower bound
provided by the linear programming relaxation of this formulation to design a new primal heuristic for
the problem. The results of extensive computational experiments show that the Branch-&-Cut algorithm
derived from this study outperforms the current state-of-the-art exact solution algorithm for the BMEP
recently presented in [13].

This article is organized as follows. In the remainder of this section, we provide some background
and pointers to relevant earlier works on the BMEP. In Section 2, we introduce the notation and we
briefly recall known results on trees that will be later used in several proofs. These results include,
among others, Buneman’s results on the TRP and Kraft’s equality for UBTs. In Section 3, we present
the sufficient conditions that characterize Θn. In Section 4, we refine this characterization, by reducing
by a factor of n the number of conditions that a symmetric integer matrix τ must satisfy to belong to
Θn. In Section 5, we study Conv(Θn). In Section 6, we focus on the BMEP and we present a new valid
Integer Linear Programming (ILP) formulation for the problem based on our characterization of Θn. In
Section 7, we refine and strengthen this formulation by obtaining a final ILP formulation for the BMEP
that does not directly rely on Buneman’s results on the TRP. In Section 8, we study the computational
performance of this ILP formulation and in Section 9 we discuss some open questions that may inspire
future developments.

Some background on the BMEP

A phylogeny is a weighted tree that represents evolutionary relationships among species, commonly re-
ferred to as taxa. Its structure and interpretation can vary based on the application or context. In sys-
tematics, particularly relevant here, phylogenies are typically UBTs, where leaves represent taxa, internal
nodes indicate speciation events, edges show evolutionary relationships, and edge weights are measures
of the similarity between vertices [12]. Since the evolutionary process of a set Γ of n ≥ 3 taxa is in general
unobservable as a whole, the phylogeny of Γ is usually estimated from observed traits (e.g., molecular
data extracted from taxa, such as DNA, RNA, codon sequences, or genomes) by solving a network design
problem which is usually highly nonlinear and N P-hard in almost all of its versions described in the
literature [10,12,31]. The BMEP is one possible version of such a problem (see [12] for a comprehensive
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Taxa Sequence
T axon 1 A A A
T axon 2 A C C
T axon 3 C G C
T axon 4 C C G
T axon 5 G A G

D =


1 2 3 4 5

1 0 2 3 3 2
2 2 0 2 2 3
3 3 2 0 2 3
4 3 2 2 0 2
5 2 3 3 2 0


Fig. 2 A simple example of an instance of the BMEP characterized by a distance matrix D of order 5 obtained by computing
the Hamming distances between the pairs of DNA sequences shown on the left. The PLM shown on the right of Figure 1
is optimal for this instance.

introduction on the problem).=Introduced by Desper and Gascuel [21] in 2004 and based on Pauplin’s
seminal work [45], the BMEP estimates the phylogeny of Γ based on similarity measures (i.e., distances)
between pairs of taxa [14,18,23,42,49]. Figure 2 illustrates a simple example of an instance of the BMEP
consisting of a distance matrix of order 5 obtained by computing the Hamming distances for a fictitious
set of DNA sequences. The optimal solution τ∗ to this instance and the associated UBT are shown in
Figure 1.

The BMEP is N P-hard and inapproximable within cn, for some constant c > 1, unless P = N P [24].
This negative result holds even in the case where the structure of the UBT is fixed and only the assignment
of the n taxa to the n leaves of the UBT needs to be identified [28].

Several authors investigated the combinatorics of the problem, with the earliest attempts dating back
to the works of Eickmeyer et al. [22] and Haws et al. [35]. The former focused on studying basic combina-
torial properties of path-lengths and the latter on identifying some faces of Conv(Θn). Forcey et al. [25,
26] studied the polyhedral combinatorics of the BMEP in a space in which its objective function can
be linearized. This space, called X -space in [19], consists of the matrices X of order n associated with
the UBTs in Un and having as generic entry xij = 2n−1−τij . The authors highlighted the existence of
connections between the BMEP polytope in the X -space and the permutoassociahedron [3,20,26,37,47]
and succeeded in (i) describing the entire BMEP polytope for n ≤ 5 and (ii) identifying some of its facets
for n = 6. More recently, Catanzaro et al. [19] extended Forcey et al.’s study, by presenting new facet-
defining and valid inequalities for the BMEP polytope in the X -space and by addressing the problem of
recognizing its vertices in polynomial-time. Unfortunately, the lack of a characterization of the matrices
X limited the use of the results of Forcey et al. [25,26] and Catanzaro et al. [19] in the context of implicit
enumeration solution approaches to the BMEP.

On the algorithmic front, Pardi [43] first proposed in 2007 a Branch-&-Bound algorithm for the prob-
lem based on a set of combinatorial lower bounds, which proved to be fast to compute and tight enough
to consistently solve benchmark instances of the BMEP (namely, the Easy-Set instances discussed in Sec-
tion 8.1) up to n = 15, within the time limit of one hour, and under the same hardware, computational
settings and environment described in Section 8.2 (hereafter assumed as reference).

Aringhieri et al. [2] proposed in 2011 an alternative exact solution algorithm for the BMEP that
exploited the tree-isomorphism between UBTs and proved capable of consistently solving benchmark
instances of the BMEP up to n = 15 within one hour. The algorithm enumerated by brute-force of all the
possible non-isomorphic unlabeled UBTs with n leaves and, for each of them, solved a quadratic problem
consisting in finding an assignment of taxa to the leaves of a fixed non-isomorphic unlabeled UBT so
as to minimize (1). The enumeration of the PLMs induced by the unlabeled UBTs with n leaves was
independent of the specific instance of the BMEP, could be always carried out offline, and had a runtime
of less than a minute up to n = 27. Moreover, the resolution of the assignment problem for each unlabeled
UBT could be processed independently of the others, thereby enabling a natural parallelization of the
algorithm.

In 2012, Catanzaro et al. [16] identified a set of necessary conditions that any symmetric integer
matrix of order n must satisfy to belong to Θn. Based on these conditions, the authors developed the
earliest valid ILP formulation for the BMEP. While this formulation did not outperform Pardi’s Branch-
&-Bound algorithm, the lower bounds derived from solving its linear programming relaxation proved to
be significantly tighter than Pardi’s combinatorial ones. This fact motivated the authors to mix Pardi’s
implicit enumeration strategy with these lower bounds, thereby deriving a Branch-&-Bound algorithm
for the BMEP capable of consistently solving benchmark instances up to n = 17 within one hour.

In 2017, Fortz et al. [27] observed that Catanzaro et al.’s ILP formulation could be tightened by
replacing the edge variables encoding the structure of a UBT with flow variables and conservation con-
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Symbol Legend

UBT Unrooted Binary tree
Un The set of UBTs with n ≥ 3 leaves
P T

ij The unique path in a UBT T ∈ Un between nodes i and j

τ(T )ij The number of edges (or path-length) in the (unique) path P T
ij in a UBT T ∈ Un between nodes i and j

PLM Path-Length Matrix, i.e., a symmetric integer matrix of order n having τ(T )ij as generic entry, for some T ∈ Un

Θn The set of PLMs induced by the UBTs in Un

CT The set of the circular orderings on a UBT T ∈ Un

[α, β] The discrete interval {α, α + 1, . . . , β} included between the two integers α and β
[α] The discrete interval {1, 2, . . . , α}, for some integer α ≥ 1
G([α]) The complete graph having the set [α] as set of nodes

Table 1 Summary of the basic notation used in the article.

straints. However, the solution times of Fortz et al.’s formulation proved to be very slow, being unable to
solve benchmark instances of order n ≥ 12 within one hour.

In 2023, Catanzaro et al. [13] presented an improved version of the Branch-&-Bound algorithm de-
veloped in [16], including both algorithmic refinements and a massive parallelism, which, under the same
computational settings and environment, allowed to consistently solve benchmark instances of order
n = 22 within one hour. The results on the characterization of Θn presented in the next sections enable
the development of an ILP formulation for the BMEP that outperforms Catanzaro et al.’s algorithm
and allow, for the first time, to solve benchmark instances of order up to n = 30 within one hour (see
Section 8).

2 Notation, definitions, and known results on UBTs

In this section, we introduce the notation (summarized in Table 1) that we will use in this article and we
recall known results about trees that we will use in several proofs.

Given two integers α and β, with α ≤ β, we denote by [α, β] the discrete interval {α, α+1, α+2, . . . , β}
and by [α, β] \ i the following union of two discrete intervals [α, α + i − 1] ∪ [α + i + 1, . . . , β]. For the sake
of conciseness, we denote by [α] the interval [1, α]. For the same reason, whenever we use the universal
quantifier ∀ on different elements of a given set (or indices of an interval), we always understand that these
elements (or indices) are distinct. For example, when we write ∀ i, j ∈ S, for some set S, (or ∀ i, j ∈ [n]),
we intend that i and j are distinct.

Given a tree T with n ≥ 3 leaves, we label its leaves by using positive integers in [n], and its internal
nodes by using positive integers that are greater than or equal to n + 1. A weighted tree (T, w) is a pair
consisting of a tree graph T = (V, E), where V is the node-set, E is the edge-set, and w = {we : ∀e ∈ E}
is a set of weights associated with the edges of T . We say that an edge of a tree is external if one of its
endpoints is a leaf; otherwise, we say that it is internal. We recall that every UBT in Un has 2n−3 edges,
n of which are external and n − 3 are internal.

The problem of identifying the properties that a symmetric integer matrix τ of order n must satisfy
to encode the PLM induced by a UBT is a special case of the Tree Realization Problem (TRP) [6,7,34,
44,46,49,51,52]. Given a metric matrix D = {dij} on a target set S of n points, i.e., a matrix of order n
satisfying

dii = 0 ∀ i ∈ S (null diagonal conditions)
dij ≥ 0 ∀ i, j ∈ S (nonnegativity conditions)
dji = dij ∀ i, j ∈ S (symmetry conditions)

dij + djk ≥ dik ∀ i, j, k ∈ S (triangle inequalities)

the TRP asks whether there exists a tree realization of D, i.e., a weighted tree (T, w) such that S ⊂ V ,
we ≥ 0, for all e ∈ E, and ∑

e∈P T
ij

we = dij ∀ i, j ∈ S. (tree-fitting conditions)
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Fig. 3 An example of a UBT T such that the paths P T
ij and P T

pq are disjointed and connected by the path P T
ab. Dashed

lines indicate parts of the tree that are omitted and contain at least one edge.

If there is a tree realization of D, then we say that D fits (T, w). In 1974, Buneman characterized the
properties that ensure a tree realization for metrics by means of the following result:

Proposition 1 (Buneman, 1974 [7])
Let D be a metric on a target set S of n points. Then, there exists a tree realization for D if and only if
the following condition holds:

dij + dpq ≤ max {dip + djq, diq + djp} ∀ i, j, p, q ∈ S. (four-point conditions)

Determining the properties that a integer metric matrix τ must satisfy to encode the PLM induced by
a UBT is equivalent to determining the properties that ensure a UBT realization for τ when imposing
the additional requirement that all the weights we must be equal to 1. This last requirement makes the
four-point conditions necessary but not sufficient for a UBT realization.

The combinatorial properties of UBTs can be exploited to strengthen both the triangle inequalities
and Buneman’s four-point conditions. The fact that the paths between each pair of leaves of a UBT are
unique, and that some of these paths must necessarily share one or more edges, implies the following
propositions [19]:

Proposition 2 Consider a UBT T ∈ Un and three distinct leaves i, j and k of T . Then, the path-lengths
τij, τjk, and τik of T satisfy the following inequality:

τij + τjk − τik ≥ 2. (2)

Proof Because T is a tree, there exists a unique internal node a that belongs to P T
ij , P T

jk, and P T
ik. Then

τij + τjk − τik = 2τaj ≥ 2

and the statement follows. ⊓⊔

Proposition 3 Consider a UBT T ∈ Un and any quartet of leaves i, j, p, and q of T . Then, the path-
lengths of T relative to these leaves satisfy exactly one of the following three conditions:

τij + τpq + 2 ≤ τip + τjq = τiq + τjp (3a)
τip + τjq + 2 ≤ τij + τpq = τiq + τjp (3b)
τiq + τjp + 2 ≤ τij + τpq = τip + τjq. (3c)

Proof Denote by Tαβ the minimum subtree of T containing leaves α and β. Since T is a tree, there must
be a leaf v ∈ {j, p, q} such that Tiv is edge-disjoint from the subtree containing the other two leaves.
Without loss of generality, let j be that leaf, so that the subtrees Tij and Tpq are edge-disjoint (see
Figure 3). Let a ∈ P T

ij and b ∈ P T
pq be the endpoints of the internal path joining P T

ij and P T
pq. In this

scenario, we have that τip + τjq = τiq + τjp and (τip + τjq) − (τij + τpq) = 2τab. Note that a and b must be
distinct, otherwise T would have a node of degree 4. So τab ≥ 1 and the statement follows. The other two
cases are similar, and are obtained when the pairs of disjoint subtrees are Tip and Tjq, or Tiq and Tjp. ⊓⊔

We refer to (2) and (3) as the strong triangle inequality and the strong four-point condition, respectively.
Observe that, since two paths can share only an integer number of edges, (2) and (3) can be further
strengthened by replacing the term +2 by +2s for some integer s ∈ [n − 1].

A well-known result on UBTs, derived from coding theory, states that:
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Proposition 4 (Kraft, 1949 [38]; McMillan, 1956 [40])
A sequence τi = {τij , j ∈ [n]} of positive integers in [2, n − 1] encodes the path-length sequence of a UBT
T ∈ Un rooted in the i-th leaf of T if and only if its entries satisfy∑

j∈[n]\i

2−τij = 1
2 . (Kraft’s equality)

Another result on UBTs, introduced in the literature by Semple and Steel [50], relates the PLM τ of
a UBT T to certain undirected Hamiltonian tours on the leaves of T . Let G([n]) denote the complete
graph having [n] as the set of nodes and let H([n]) denote the set of Hamiltonian tours on G([n]). In
the following, we will represent an undirected Hamiltonian tour H ∈ H([n]) either by the permutation
π = (i1, . . . , in), indicating the order in which the nodes are visited, or by the ordered set of edges
{(ik, ik+1)}n

k=1 of the tour with the assumption in+1 = i1.
Definition 1 A tour H = (i1, . . . , in) ∈ H([n]) is a circular ordering on a UBT T ∈ Un if there exists a
planar representation of T in which the leaves, visited clockwise, give H.
For example, consider the UBT T ∈ U5 in Figure 1. Its planar representation in the figure implies
that H = (1, 2, 3, 4, 5) is a circular order. The Hamiltonian tour (1, 2, 3, 5, 4) is another circular order
(1, 2, 3, 5, 4), while (1, 2, 4, 3, 5) is not.

Let CT ⊂ H([n]) denote the set of circular orderings of a UBT T ∈ Un. Then, by adapting the results
of Proposition 3.1 in [50] to UBTs, we have that:
Proposition 5
– The number of circular orderings on a UBT T ∈ Un is 2n−3, i.e., |CT | = 2n−3.

– The fraction of the circular orderings of T ∈ Un in which two leaves i and j are adjacent (i.e., in
which (i, j) is an edge of the tour) is 2−(τij−2). Therefore, i and j are adjacent in exactly 2n−1−τij

circular orderings.

3 Characterizing Θn

We observed in Section 2.2 of [19] that the integrality and the symmetry conditions of the path-lengths
together with the strong triangle inequalities, the strong four-point conditions, Kraft’s equalities, and the
following equality, referred to as Un-manifold,∑

i∈[n]

∑
j∈[n]\{i}

τij2−τij = 2n − 3 (4)

are necessary conditions to ensure that an integer matrix τ of order n can encode the PLM of a UBT.
The following theorem indicates which set of the above conditions is not only necessary but also sufficient
to characterize an integer matrix as a PLM. In the proof of the theorem, we exploit the fact that each
internal edge of a tree is a bridge connecting two non-overlapping subtrees rooted at its endnodes and
constituted by the remaining edges of the tree.
Theorem 1 An integer matrix τ of order n ≥ 3 encodes the PLM of a UBT T ∈ Un if and only if it
satisfies

τij ∈ [2, n − 1] ∀ i, j ∈ [n] (integrality conditions)
τji= τij ∀ i, j ∈ [n] (symmetry conditions)

τij + τjk − τik ≥ 2 ∀ i, j, k ∈ [n] (strong triangle inequalities)∑
j∈[n]
j ̸=i

2−τij = 1
2 ∀ i ∈ [n] (Kraft’s equalities)

and, for all i, j, p, q ∈ [n], exactly one of the following

τij + τpq + 2 ≤ τip + τjq = τiq + τjp

τip + τjq + 2 ≤ τij + τpq = τiq + τjp (strong four-point conditions)
τiq + τjp + 2 ≤ τij + τpq = τip + τjq.
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Proof Necessity: see Section 2.2 of [19].

Sufficiency. Since τ satisfies the strong triangle inequalities and the strengthened four-point conditions,
by Proposition 1 there exists a tree realization whose tree graph has [n] as set of leaves and such that
τij =

∑
e∈P T

ij
we for i, j ∈ [n]. Now suppose that some internal node v of T has degree four or more.

Pick four distinct leaves of T , say i, j, p, and q, which are located in four of the subtrees that join in
v. It is easy to see that these four leaves violate the strengthened four-point condition (3). We can then
assume that every internal node of T has degree less than or equal to 3. Suppose that T includes some
internal nodes of degree 2. Then, we can always construct a new tree T ′ from T with the same τ matrix
of T . Specifically, consider any path Qij in T whose endnodes i and j have degrees 1 or 3, whereas all
intermediate nodes have degree 2. Replace Qij by an edge e = (i, j) with weight we =

∑
k∈Qij

wk and
iterate this replacement until the tree has no more internal nodes of degree 2. Let T ′ be the resulting
tree. It is easy to see that T ′ is a UBT that satisfies τij =

∑
e∈P T

ij
we for i, j ∈ [n]. Then, we can always

assume that T is a UBT.
Now, consider an internal edge e = (r, s) of T and the four rooted subtrees of T whose respective

roots are adjacent to r and s. Pick one leaf in each of these subtrees, and denote these leaves as i, j, p,
and q. Without loss of generality, assume that i and j are in subtrees rooted at the two neighbors of r
distinct from s. Then, by (3a), it holds that τip + τjq − τij − τpq = 2we ≥ 2. A similar case occurs when
considering an external edge e = (r, s) of T , with r being a leaf. Indeed, by choosing any two distinct
leaves of T , say p ̸= r and q ̸= r, the tightened triangle inequality (2) gives τpr + τrq − τpq = 2we ≥ 2.
Hence, we can conclude that we ≥ 1 for all e ∈ E(T ). Moreover, as T fits τ , we have that

τij =
∑

e∈P T
ij

we ≥
∑

e∈P T
ij

1 = |P T
ij | ∀ i, j ∈ [n].

Finally, as T ∈ Un, its induced PLM has entries tij = |P T
ij | and must also satisfy Kraft’s equality. As

τij ≥ |P T
ij | and ∑

j∈[n]
j ̸=i

2−τij =
∑

j∈[n]
j ̸=i

2−tij = 1
2 ,

it holds that τij = |P T
ij | for all leaves i, j ∈ [n]. Thus, the statement follows. ⊓⊔

Note that the integrality conditions in Theorem 1 can be slightly weakened, as they are implied by Kraft’s
equalities and the more general condition τij ∈ N, for all i, j ∈ [n].

4 A refined characterization of Θn

We show here that the O(n4) strong four-point conditions involved in Theorem 1 are implied by a subset
of them of cardinality O(n3). We start by introducing some notation and preliminary results.

Consider a UBT T ∈ Un and any quartet of leaves i, j, p, q of T . The strong four-point conditions
applied to these leaves are three disjunctive conditions. We denote the set of PLMs τ ∈ Θn that satisfy
the first of these as

F ij|pq = {τ ∈ Θn : τij + τpq + 2 ≤ τip + τjq = τiq + τjp}.

Similarly, we denote by F ip|jq and F iq|jp the sets of PLMs τ ∈ Θn that satisfy the second and the third
condition, respectively. Moreover, we define

F ijpq = F ij|pq ∪ F ip|jq ∪ F iq|jp.

We will use the fact that each set F ij|pq can be seen as the result of the following intersection:

F ij|pq = F ij|pq
= ∩ F

ij|pq
<

where

F ij|pq
= = {τ ∈ Θn : τip + τjq = τiq + τjp};

F
ij|pq
< = {τ ∈ Θn : τij + τpq + 2 ≤ τip + τjq or τij + τpq + 2 ≤ τiq + τjp}.
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Note that the sets F ij|pq, F ij|pq
= , and F

ij|pq
< are invariant with respect to the order of their indices before

and after the vertical slash and the swapping of the indices before the vertical slash with the indices
after the vertical slash, e.g., F

ij|pq
< = F

ji|pq
< = F

ij|qp
< = F

ji|qp
< = F

pq|ij
< , but F

ij|pq
< ̸= F

ip|jq
< . In turn, the

invariance of the above sets implies that the set F ijpq is invariant with respect to the order of its indices,
e.g., F ijpq = Fqjpi.

Proposition 6 For any quartet of leaves i, j, p, q ∈ [2, n] of any UBT T ∈ Un, the following conditions
hold:

F 1i|pq ∩ F 1j|pq ⊆ F ij|pq
= (6)

F 1i|jp ∩ F 1j|pq ⊆ F
ij|pq
< (7)

Proof Condition (6) holds because τ ∈ F 1i|pq ∩F 1j|pq implies τ1p +τiq = τ1q +τip and τ1q +τjp = τ1p +τjq,
which in turn imply τiq +τjp = τip +τjq and so τ ∈ F ij|pq

= . Condition (7) holds because τ ∈ F 1i|jp ∩F 1j|pq

implies τ1j + τip = τ1p + τij and τ1j + τpq + 2 ≤ τ1p + τjq, which in turn imply τij + τpq + 2 ≤ τip + τjq and
so τ ∈ F

ij|pq
< . ⊓⊔

In the light of the above proposition and definitions, we can show now that if the strong four-point
conditions hold for all the quartets of indices (1, i, j, p), (1, i, j, q), (1, i, p, q) and (1, j, p, q), then the
strong four-point conditions for the remaining quartets are redundant.

Proposition 7 For any quartet of leaves i, j, p, q ∈ [2, n] of any UBT T ∈ Un, the following condition
holds

F1ijp ∩ F1jpq ∩ F1ipq ∩ F1ijq ⊆ F ijpq. (8)

Proof First, rewrite (8) as

F1ijp︷ ︸︸ ︷
(F 1i|jp ∪ F 1j|ip ∪ F 1p|ij) ∩

F1jpq︷ ︸︸ ︷
(F 1j|pq ∪ F 1p|jq ∪ F 1q|jp) ∩

∩ (F 1i|pq ∪ F 1p|iq ∪ F 1q|ip)︸ ︷︷ ︸
F1ipq

∩ (F 1i|jq ∪ F 1j|iq ∪ F 1q|ij)︸ ︷︷ ︸
F1ijq

⊆ (F ij|pq ∪ F ip|jq ∪ F iq|jp)︸ ︷︷ ︸
Fijpq

. (9)

We distribute the unions in the left-hand side of (9) over the intersection operators, by obtaining 81
possible intersections:

(F 1i|jp ∩ F 1j|pq ∩ F 1i|pq ∩ F 1i|jq) ∪ . . . ∪ (F 1p|ij ∩ F 1q|jp ∩ F 1q|ip ∩ F 1q|ij) ⊆ (F ij|pq ∪ F ip|jq ∪ F iq|jp).

Then, we prove condition (8) by showing that each of these 81 intersections is a subset, possibly empty,
of one of the three subsets F ij|pq, F ip|jq, and F iq|jp of F ijpq. In the following, the presence of a dot in
place of the k-th subset, k ∈ [4], in an intersection indicates that the dot may be substituted by any of
the three subsets of the k-th set on the left-hand side of (8). The proof is limited to the 27 intersections of
type (F 1i|jp ∩ .∩ .∩ .), which have F 1i|jp as a first subset. In fact, any intersection of type (F 1j|ip ∩ .∩ .∩ .)
or (F 1p|ij ∩ . ∩ . ∩ .) can be reduced to one of type (F 1i|jp ∩ . ∩ . ∩ .) by renaming the leaves i, j, p, and q.

We begin by considering the nine intersections of type (F 1i|jp ∩ F 1j|pq ∩ . ∩ .). These are subsets
of F

ij|pq
< by condition (7). We also note that τ ∈ F 1i|jp ∩ F 1j|pq implies τ1i + τjp + 2 ≤ τ1j + τip and

τ1j + τpq + 2 ≤ τ1q + τjp, the combination of which gives

τ1i + τpq + 4 ≤ τ1q + τip. (10)

Among the nine intersections above:

– the three intersections (F 1i|jp ∩ F 1j|pq ∩ F 1i|pq ∩ .) are subsets of F ij|pq ⊆ F ijpq as they are subsets
of F

ij|pq
< and, as F 1j|pq ∩ F 1i|pq ⊆ F ij|pq

= by (6), also subsets of F ij|pq
= .

– the three intersections (F 1i|jp ∩F 1j|pq ∩F 1p|iq ∩ .) are empty sets because τ ∈ F 1p|iq implies τ1i +τpq =
τ1q + τip, which leads to an infeasibility with (10) .

– the three intersections (F 1i|jp∩F 1j|pq∩F 1q|ip∩.) are empty sets because τ ∈ F 1q|ip implies τ1q+τip+2 ≤
τ1i + τpq, which also leads to an infeasibility with (10).

8



We now consider the nine intersections of type (F 1i|jp ∩ F 1p|jq ∩ . ∩ .) and in particular:

– the three intersections (F 1i|jp ∩ F 1p|jq ∩ . ∩ F 1i|jq)
– the three intersections (F 1i|jp ∩ F 1p|jq ∩ . ∩ F 1j|iq)
– the three intersections (F 1i|jp ∩ F 1p|jq ∩ . ∩ F 1q|ij)

The proof that the above intersections are subsets, possibly empty, of F ijpq is identical to the one
previously presented for the first nine intersections, with the exception that the leaves (i, j, p, q) are
replaced by (i, p, j, q).

Finally, we consider, the nine intersections of type (F 1i|jp ∩ F 1q|jp ∩ . ∩ .). By the condition (6), these
are subsets of F iq|jp

= , where the leaves (i, j, p, q) are replaced by (i, q, j, p). Among these intersections:

– The three intersections (F 1i|jp ∩ F 1q|jp ∩ . ∩ F 1i|jq) are subsets of F iq|jp ⊆ F ijpq because they are
subsets of F iq|jp

= and also subsets of F
iq|jp
< , as by (7) F 1q|jp ∩F 1i|jq ⊆ F

iq|jp
< , with the leaves (i, j, p, q)

replaced by (i, q, j, p).
– The three intersections (F 1i|jp ∩ F 1q|jp ∩ . ∩ F 1j|iq) are subsets of F iq|jp ⊆ F ijpq because they are

subsets of F iq|jp
= and also subsets of F

iq|jp
< , as τ ∈ F 1i|jp ∩ F 1j|iq implies τ1i + τjp + 2 ≤ τ1j + τip

and τ1j + τiq + 2 ≤ τ1i + τjq whose combination gives τiq + τjp + 4 ≤ τip + τjq, which in turn means
τ ∈ F

iq|jp
< .

– The three intersections (F 1i|jp ∩ F 1q|jp ∩ . ∩ F 1q|ij) are subsets of F iq|jp ⊆ F ijpq because they are
subsets of F iq|jp

= and also subsets of F
iq|jp
< , as by (7) F 1i|jp ∩ F 1q|ij ⊆ F

iq|jp
< with the leaves (i, j, p, q)

replaced by (q, i, j, p).
⊓⊔

The invariance of the sets F1ijp with respect to the order of their indices, for i, j, p ∈ [2, n], and Proposi-
tion 7 imply the following result.

Theorem 2 For any UBT T ∈ Un, the strong four-point conditions restricted to all quartets of leaves
(1, i, j, p) imply the strong four-point conditions for the remaining quartets of leaves (i, j, p, q), with
i, j, p, q ∈ [2, n].

Similar arguments can be used to prove the following result.

Proposition 8 For any UBT T ∈ Un and any quartet of leaves (1, i, j, p) of T , the nine strong triangle
inequalities associated with the triplets (1, i, j), (1, i, p) and (1, j, p) and the strong four-point conditions
for the quartets (1, i, j, p) imply the strong triangle inequalities for the triplet of leaves (i, j, p), with
i, j, p ∈ [2, n].

5 On the convex hull of Θn

In this section we study Conv(Θn). We first present a number of valid inequalities for Conv(Θn); we will
then show that some of these inequalities are also facet-defining.

Proposition 9 Consider any UBT T ∈ Un and a tour H = (i1, . . . , in) on its leaves. Then, the circular
ordering inequality ∑

j∈[n−2]

τij ,ij+1 + τin−1,i1 ≥ 4n − 8 (11)

is valid for any τ ∈ Θn.

Proof As T ∈ Un, T has 2n−3 edges. The subtree T ′ obtained from T by removing leaf in and its incident
edge has 2n − 4 edges. Now, consider the set of paths on T ′: P T ′

i1,i2
, P T ′

i2,i3
,. . . , P T ′

in−2,in−1
, P T ′

in−1,ii1
. If H is

a circular ordering on T then, from Proposition 4 of [50], the overall number of edges involved is at least
2(2n − 4) = 4n − 8. If H is not a circular ordering on T , then (11) trivially holds as a strict inequality.
Thus, the statement follows. ⊓⊔
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<latexit sha1_base64="VdcqRMDfM7MdEDjr8QIOnYHttPs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSnfdKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8q8pl/aJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8f0YmM8w==</latexit>

i
<latexit sha1_base64="Fhou74JEGFAfH3Iv25O2/UCxNiY=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSPemVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/3CWM+g==</latexit>p<latexit sha1_base64="Fhou74JEGFAfH3Iv25O2/UCxNiY=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSPemVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/3CWM+g==</latexit>p

<latexit sha1_base64="yVaOQH7ucX5lhXxxPVw9pqEdQZY=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSnfZKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8q8pl/aJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fxWmM6w==</latexit>a<latexit sha1_base64="yVaOQH7ucX5lhXxxPVw9pqEdQZY=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSnfZKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8q8pl/aJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fxWmM6w==</latexit>a
<latexit sha1_base64="+SccHstrTHF8IYkCFx8LGBk4rf8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSPeiVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/xu2M7A==</latexit>

b
<latexit sha1_base64="+SccHstrTHF8IYkCFx8LGBk4rf8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSPeiVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/xu2M7A==</latexit>

b
<latexit sha1_base64="Rb4YhfGUtPA4d0TmGPjs2OAZrqQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwgWcLspJOMmZ1dZ2aFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtcduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PgvDjvzse8NedkM4fwB87nD92pjPs=</latexit>q<latexit sha1_base64="Rb4YhfGUtPA4d0TmGPjs2OAZrqQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwgWcLspJOMmZ1dZ2aFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtcduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PgvDjvzse8NedkM4fwB87nD92pjPs=</latexit>q

Fig. 4 An example of a UBT T such that the paths P T
iq and P T

jp are disjointed and connected by the path P T
ab. Dashed

lines indicate parts of the tree that are omitted and contain at least one edge.

Note that in is not included in the left-hand side of (11); if it were, the resulting inequality would be
implied by the current expression of (11) and the triangle inequality τin−1,in

+ τin,i1 − τin−1,i1 ≥ 2. Note
also that if H ′ is a circular ordering of T ′ then (11) holds as an equality; the converse, however, is not
necessarily true. With a little abuse of notation, in the following we extend the definition of τij also to
the internal nodes of a given tree T : τij will be intended as the length of the unique path in T between
nodes i and j.

Proposition 10 Consider any UBT T ∈ Un and any quartet of leaves i, j, p, q of T . Then, the PLM τ
induced by T satisfies the following weak Buneman’s inequality

2(τiq + τjq + τpq) − (τij + τip + τjp) ≥ 8. (12)

Proof As T is a tree, there exists a leaf v ∈ {i, j, p} such that P T
qv is disjoint from the path connecting the

other two leaves. Suppose, without loss of generality, that the subtree Tiq of T containing leaves i and q
is disjoint from Tjp and denote by P T

ab the path on T connecting the internal node a, root of Tiq, to the
internal node b, root of Tjp (see Figure 4). Then, we have

2(τiq + τjq + τpq) − (τij + τip + τjp) = 2(τqa + τai + τqa + τab + τbj + τqa + τab + τbp)
−(τia + τab + τbj + τia + τab + τbp + τjb + τbp)

= 6τqa + 2τab ≥ 8 ⊓⊔

We call (12) “weak Buneman’s inequality” because, similarly to Buneman’s conditions, it exploits the
fact that there are always two disjoint paths among the paths connecting any quartet of leaves of a UBT.

Proposition 11 For any set of n ≥ 6 leaves and any integer constant k ∈ [n−2], it is possible to compute
in polynomial-time the largest values of αk such that, for any two disjoint subsets of leaves S1 and S2
with |S1| = 2 and |S2| = k, the following (|S1|, |S2|)-split inequality∑

i∈S1

∑
j∈S2

τij ≥ αk (13)

holds true for all τ ∈ Θn.

Proof Assume, without loss of generality, that S1 = {n − 1, n} and S2 = [k]. We start by observing that
αk = minℓ∈[2,n−1] αk,ℓ with

αk,ℓ = min
T ∈Un:

τn−1,n= ℓ

∑
i∈[k]

(τi,n−1 + τi,n) . (14)

Now, for all values ℓ ∈ [2, n − 1], consider the path P T
n−1,n of a UBT T ∈ Un with τn,n−1 = ℓ and let

Q-subtree denote the generic subtree of T rooted in a node adjacent to one of the ℓ − 1 internal nodes
of P T

n−1,n but not containing any node of P T
n−1,n. The connectivity of a tree and the uniqueness of the

paths joining its leaves imply that every leaf i of T , other than n − 1 and n, belongs to a Q-subtree. We
call ri the node of P T

n−1,n adjacent to the root of the Q-subtree containing i. Then, for all leaves i ∈ [k],
we have

τn−1i + τni = τn−1ri
+ τrii + τnri

+ τrii = ℓ + 2τrii.

Thus,
αk,ℓ = min

T ∈Un:
τn−1n= ℓ

∑
i∈[k]

(2τrii + ℓ) = kℓ + 2 min
T ∈Un:

τn−1,n= ℓ

∑
i∈[k]

τrii. (15)
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n n-1n n-1 n n-1n n-1

n n-1n n-1 n n-1n n-1

(a) (b)

(c) (d)

Fig. 5 The four cases that can occur for T ◦. The gray leaves of the four UBTs are the [k] ∪ [n − 1, n] leaves, while the
black triangle represents the subtree of the remaining [k + 1, n − 2] leaves when k < n − 2. The cases (a), (b), and (c) are
characterized by ℓ ≤ k + 1, while the case (d) is characterized by ℓ ≥ k + 2. In particular, in the case (a), k = 10, ℓ = 4, and
k = n − 2, which leads to αk,ℓ = 96; in the case (b), k = 9, ℓ = 4, k < n − 2, and (k + 1)/(l − 1) is a power of 2, which leads
to αk,ℓ = 86; in the case (c), k = 9, ℓ = 4, k < n − 2, which leads to αk,ℓ = 110; in the case (d), k = 2, ℓ = 4, k < n − 2,
which leads to αk,ℓ = 12.

Let T ◦ ∈ Un denote an optimal solution to (15). If ℓ ≥ k + 2, there exists a T ◦ such that each of its
leaves in [k] is adjacent to an internal node of the path P T

n−1,n. In such a case, αk,ℓ = k(ℓ + 2) (see
Figure 5.d). If ℓ ≤ k + 1, some of the Q-subtrees can contain more than one leaf in [k]. It is easy to verify,
by contradiction, that there exists a T ◦ that satisfies the following properties. The leaves of T ◦ in [k] are
uniformly distributed among the ℓ−1 Q-subtrees, i.e., the number of leaves in [k] of the Q-subtrees differs
by at most of one, and the Q-subtrees are balanced with respect to the leaves in [k], i.e., the lengths of
the paths from the root of the Q-subtree and each of its leaves in [k] differ by at most one (see Figures 5.a
and 5..c). If k < n − 2, the leaves of T ◦ in [k + 1, n − 2] belong to a single subtree that includes no leaves
in [k]. This subtree is included in one of the Q-subtrees (see Figures 5.b and 5..c). In addition, τiri

≥ τjrj
,

for all i ∈ [k + 1, n − 2] and all j ∈ [k]. Given the above properties, for all ℓ ≤ k + 1, tedious but trivial
computations lead to

αk,ℓ = kℓ + 2
[
k

(
3 + log2

⌊
k + c

ℓ − 1

⌋
2

)
− 2(l − 1)

⌊
k + c

ℓ − 1

⌋
2

+ d

]
where ⌊.⌋2 rounds down its argument to the nearest power of 2; c is equal to 0 if k = n − 2 and 1
otherwise; finally, d is equal to: 0 if k = n − 2; 2 if (k + 1)/(ℓ − 1) is a power of 2; and 1 if none of the
previous conditions holds. The value of αk can therefore be computed by comparing the values of αk,ℓ,
for ℓ ∈ [2, k + 2], and by taking the minimum. ⊓⊔

We note, in particular, that for n ≥ 7

α1 = 5, α2 = 12, α3 = 20, and α4 = 30.

5.1 Dimension and facets of Conv(Θn)

In this section we determine the dimension of Conv(Θn) and we show that some valid inequalities are
facet-defining. To start we establish when a subset of PLMs in Θn is linearly independent. To this end,
we will look at PLMs as vectorizations of their upper triangular parts.
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Given a permutation π on [n], we denote π(T ) as the UBT that is obtained from T by permuting its
leaves according to π, i.e., by setting τ(π(T ))i,j = τ(T )π(i),π(j), for all distinct i, j ∈ [n]. We also denote
swap(i,j)(T ) as the UBT πi,j(T ), where πi,j is the identity function except for πi,j(i) = j and πi,j(j) = i.
This permutation reflects on the original τ(T ) in that it provides a new PLM obtained from τ(T ) by
swapping rows i and j as well as columns i and j.

As in [19], we define a cherry of T as any connected subtree induced by two leaves and their common
adjacent node. In particular, if i and j belong to the same cherry, then τ(T )i,j = 2. In Figure 1, we
have that nodes 1,2 and 6 are a cherry, as well as 4, 5, and 8. We also define a caterpillar T ∈ Un as
a UBT whose subgraph induced by its internal nodes forms a path. If T ∈ Un is a caterpillar, then
its structure is completely determined by the sequence of its leaves. For example, if the sequence is
(i1, i2, i3. · · · , in−2, in−1, in), then we mean that i1 and i2 are in the same cherry, i.e. τi1,i2 = 2; moreover,
for k ∈ [3, n−1], we also understand that τi1,ik

= τi2,ik
= k, and finally τi1,in = τi2,in = n−1. We define the

fundamental caterpillar F n of Θn as the caterpillar determined by the sequence (1, 2, 3, · · · n−2, n−1, n).
For example, the UBT shown in Figure 1 is the fundamental caterpillar with 5 leaves. Finally, given a
subset S ⊂ Un, we define τ(S) = {τ(T ) ∈ Θn : T ∈ S}.

We now present some results that will support a number of proofs in this section. We denote τ (r,s) as
the path-length matrix derived from the fundamental caterpillar by means of a swap between the leaves
r and s.

Proposition 12 Consider a UBT T ′ ∈ Un and any subset B ⊂ Un of UBTs such that τ(B) is linearly
independent. If there exist two distinct linear functions f= : Θn → R and f ̸= : Θn → R and three distinct
constants, say K0, K1, and K2, with K0 ̸= 0 and K1 ̸= K2, such that f=(T ) = K0, for all T ∈ B ∪{T ′},
f ̸=(T ) = K1, for all T ∈ B, and f ̸=(T ′) = K2, then τ(B ∪ {T ′}) is linearly independent.

Proof Let B1, B2, . . . , B|B| be the UBTs in B and suppose, by contradiction, that τ(B ∪ {T ′}) is linearly
dependent. Then, there exists a vector α ∈ R|B| such that the following linear combination holds

τ(T ′) =
|B|∑

k=1
αkτ(Bk). (16)

In this case, the value f=(τ(T ′)) can be written as

K0 = f=(τ(T ′)) = f=

 |B|∑
k=1

αkτ(Bk)

 =
|B|∑

k=1
αkf=(τ(Bk)) =

|B|∑
k=1

αkK0 (17)

Because K0 is by hypothesis nonzero, we can conclude that

|B|∑
k=1

αk = 1. (18)

On the other hand, applying f ̸= to τ(T ′) we get

K2 = f ̸=(τ(T ′)) = f ̸=

 |B|∑
k=1

αkτ(Bk)

 =
|B|∑

k=1
αkf ̸=(τ(Bk)) =

|B|∑
k=1

αkK1. (19)

From (18), we have K2 = K1, which leads to a contradiction. Thus, the statement follows. ⊓⊔

The following result, whose proof is omitted, states that leaf permutation preserves linear independence.

Proposition 13 For any n ≥ 3, let B = {T1, T2, · · · , Tk−1, Tk} denote a subset of Un such that τ(B) is
linearly independent. Then, for any permutation π of [n], the set Bπ = {π(T ) ∈ Un : T ∈ B} is linearly
independent.

We now introduce an operation that will enable the construction of a set of
(

n
2
)

linearly independent
PLMs in Θn.
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Definition 2 Consider a UBT T ∈ Un and a leaf i. The expansion of i in T , denoted by expand(T, i), is
the operation that consists in adding two new leaves adjacent to i, one of which is labeled i and the other
is new and labeled n + 1.

In light of this definition, the following proposition holds:

Proposition 14 Consider a subset S ⊆ Un−1 of UBTs with n − 1 leaves such that τ(S) is linearly inde-
pendent. Then, the set S ′ = {expand(T, n − 1) ∈ Un : T ∈ S} is such that τ(S′) is linearly independent,
|S| = |S ′|, and τ(T )n−1,n = 2 for all T ∈ S ′. ⊓⊔

Proof Given a UBT T ∈ Un−1, we first observe that the UBT Te ∈ Un, obtained from T by expanding
its (n − 1)-th leaf, induces the following PLM τ ∈ Θn:

τ(Te)i,j =


τ(T )i,j , if i, j ≤ n − 2
τ(T )i,n−1 + 1, if i ≤ n − 2 and j ∈ {n − 1, n}
τ(T )n−1,j + 1, if j ≤ n − 2 and i ∈ {n − 1, n}
2, if {i, j} = {n − 1, n}.

(20)

Without loss of generality, consider a subset S = {T 1, T 2, · · · , T |S|} ⊆ Un−1 and the corresponding subset

S ′ = {expand(T k, n − 1) = T k
e ∈ Un : k ∈ [|S|]} ⊆ Un.

By construction, |S| = |S ′| and τ(T k
e )n−1,n = 2, for each k ∈ [|S|]. Assume, by contradiction, that S ′ is

not linearly independent. Then, there exists a non-zero vector α ∈ R|S| such that
|S|∑

k=1
αkτ(T k

e ) = 0. (21)

In particular, entrywise
|S|∑

k=1
αkτ(T k

e )i,j = 0

must hold true for all i, j ∈ [n]. Consider the entry (n − 1, n) and observe that the following condition
holds:

0 =
|S|∑

k=1
αkτ(T k

e )n−1,n =
|S|∑

k=1
2αk. (22)

Now, consider the entries (i, j) such that i, j ≤ n − 2. From (21), we have that

0 =
|S|∑

k=1
αkτ(T k

e )i,j =
|S|∑

k=1
αkτ(T k)i,j . (23)

Finally, consider the entries (i, n − 1), such that i ≤ n − 2. From (21), we have that

0 =
|S|∑

k=1
αkτ(T k

e )i,n−1 =
|S|∑

k=1
αk(τ(T k)i,n−1 + 1)

=
|S|∑

k=1
αkτ(T k)i,n−1 +

|S|∑
k=1

αk. (24)

From (22), we can conclude that

0 =
|S|∑

k=1
αkτ(T k)i,n−1 +

|S|∑
k=1

αk =
|S|∑

k=1
αkτ(T k)i,n−1 (25)

and for the entries (n − 1, j), such that j < n − 1, a similar result holds. Hence, for each entry (i, j) we
have that

∑|S|
k=1 αkτ(T k)i,j = 0, which implies that also τ(S) is not linearly independent, a contradiction;

thus, the statement follows. ⊓⊔
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τ1,2 τ1,3 τ1,4 τ1,5 τ1,6 τ2,3 τ2,4 τ2,5 τ2,6 τ3,4 τ3,5 τ3,6 τ4,5 τ4,6 τ5,6

3 3 4 4 3 2 5 5 4 5 5 4 2 3 3
4 4 3 3 3 2 5 5 3 5 5 3 2 4 4
2 3 5 5 4 3 5 5 4 4 4 3 2 3 3
3 5 5 2 4 4 4 3 3 2 5 3 5 3 4
3 5 5 4 2 4 4 3 3 2 3 5 3 5 4
3 4 4 3 3 5 5 4 2 2 3 5 3 5 4
2 4 5 5 3 4 5 5 3 3 3 3 2 4 4
4 5 5 2 3 3 3 4 3 2 5 4 5 4 3
4 5 5 3 2 3 3 3 4 2 4 5 4 5 3
3 4 4 3 3 3 3 4 4 2 5 5 5 5 2
2 5 5 3 4 5 5 3 4 2 4 3 4 3 3
5 5 3 2 4 2 4 5 3 4 5 3 3 3 4
3 3 4 3 4 2 5 4 5 5 4 5 3 2 3
3 5 4 2 5 4 3 3 4 3 5 2 4 3 5
2 4 4 4 4 4 4 4 4 2 4 4 4 4 2

Table 2 The set τ(B6) described in terms of the vectorization of the upper triangular part of the PLMs of the UBTs
T ∈ B6. Each row corresponds to a different UBT T . It is easy to check, by using numerical tools, that each row (i.e., each
PLM) satisfies (26) at equality and that the set τ(B6) is linearly independent.

We now present a key result that will allow us both to determine the dimension of Conv(Θn) and to
establish that the circular ordering inequalities (11) introduced in the previous section are facet-defining
for Conv(Θn). To this end, given a UBT T ∈ Un and an integer k ∈ [4, n − 1], we define the quantity

Hk(T ) =
k−1∑
i=1

τ(T )i,i+1 + τ(T )k,1

and we observe that, by Proposition 9, the following inequality holds:

Hn−1(T ) ≥ 4n − 8. (26)

Moreover, for any three distinct leaves, i, j, and k of T , we define

∆i,j
k (T ) = τ(T )i,k + τ(T )k,j − τ(T )i,j (27)

as the slack of the associated triangle inequality. Then, the following proposition holds:

Proposition 15 For any integer n ≥ 6, there exists a subset Bn ⊂ Un of
(

n
2
)

UBTs, such that τ(Bn) is
linearly independent and Hn−1(T ) = 4n − 8, for all UBTs T ∈ Bn.

Proof We prove the statement by inductively constructing Bn. Specifically, we first show that the state-
ment holds true for n = 6. Then, by assuming that the statement holds true for n − 1, we show that we
can derive from Bn−1 a set B′ ⊂ Un of

(
n−1

2
)

UBTs whose induced PLMs are linearly independent and
satisfy (26) at equality. Finally, we show that we can obtain Bn by joining B′ with a specific set of n − 1
caterpillars that satisfy (26) at equality.

Base case. Assume n = 6 and denote by B6 the set of UBTs in U6 associated with the PLMs listed in
Table 2. We have that τ(B6) is linearly independent and each of its PLMs satisfies (26) at equality.
Hence, (26) is facet-defining for Conv(Θ6). Observe here that not all PLMs in τ(B6) are induced by
caterpillars. The very last τ matrix in the Table 2 is not induced by a caterpillar (a τ matrix induced
by a caterpillar must have exactly two entries equal to 2). This observation will be useful later.

Inductive step. Assume that the statement holds true for n − 1, n>6. Denote by Bn−1 a set of UBTs in
Un−1 whose cardinality satisfies |Bn−1| =

(
n−1

2
)

and such that all PLMs in τ(Bn−1) satisfy (26) at
equality. Consider the set

Be = {expand(T, n − 2) ∈ Un : T ∈ Bn−1}.

By Proposition 14, we have that τ(Be) is linearly independent. For a UBT T ∈ Bn−1, let Te =
expand(T, n − 2) and note that, from the properties of the expansion operation, the following holds:

τ(Te)u,n−2 = τ(T )u,n−2 + 1 ∀u ∈ [n − 3]
τ(Te)u,v = τ(T )u,v ∀u, v ∈ [n − 3].
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<latexit sha1_base64="GdWI6H75ejwWYOnnDBu5nfh3jHk=">AAAB6nicbVDLSgNBEOxVozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjtLyyuZ1bXsem5jc2t7J7+7V9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSrfiuNzJF9ySOwFaJN6MFCqZk+L7l/iodvKf7a4kSUSFIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUoEjqv10cuoIHVmli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppOzIXjzLy+SernknZVOb2walzBFFg7gEIrgwTlU4BqqUAMCPXiAJ3h2uPPovDiv09YlZzazD3/gvP0ANaSQxA==</latexit>

n � 2
<latexit sha1_base64="GdWI6H75ejwWYOnnDBu5nfh3jHk=">AAAB6nicbVDLSgNBEOxVozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjtLyyuZ1bXsem5jc2t7J7+7V9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSrfiuNzJF9ySOwFaJN6MFCqZk+L7l/iodvKf7a4kSUSFIRxr3fLc2PgpVoYRTke5dqJpjMkA92jLUoEjqv10cuoIHVmli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppOzIXjzLy+SernknZVOb2walzBFFg7gEIrgwTlU4BqqUAMCPXiAJ3h2uPPovDiv09YlZzazD3/gvP0ANaSQxA==</latexit>

n � 2
<latexit sha1_base64="n06xxsRxy6Ks3LtCGTDr5hQ4qsQ=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWddApFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrzyR1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veRem86hbL1zBVDg7hCE7Ag0sowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBzAqPJQ==</latexit>

k
<latexit sha1_base64="n06xxsRxy6Ks3LtCGTDr5hQ4qsQ=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWddApFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrzyR1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veRem86hbL1zBVDg7hCE7Ag0sowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBzAqPJQ==</latexit>

k

<latexit sha1_base64="z+JXICBx4Mwyp7vCld2aFsMlDD0=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCQAi7io+TBLx4jGgekCxhdjKbDJmdWWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuriDmTBvX/XYyS8vZldXcWn59Y3Nru7CzW9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSreDI69TKLpldwK0SLwZKVayJ6X3L/FR7RQ+211JkogKQzjWuuW5sfFTrAwjnI7y7UTTGJMB7tGWpQJHVPvp5NQROrRKF4VS2RIGTdTfEymOtB5Gge2MsOnreW8s/ue1EhNe+CkTcWKoINNFYcKRkWj8N+oyRYnhQ0swUczeikgfK0yMTSdvQ/DmX14k9eOyd1Y+vbFpXMIUOdiHAyiBB+dQgWuoQg0I9OABnuDZ4c6j8+K8TlszzmxmD/7AefsBLISQvg==</latexit>

k + 1
<latexit sha1_base64="z+JXICBx4Mwyp7vCld2aFsMlDD0=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCQAi7io+TBLx4jGgekCxhdjKbDJmdWWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuriDmTBvX/XYyS8vZldXcWn59Y3Nru7CzW9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSreDI69TKLpldwK0SLwZKVayJ6X3L/FR7RQ+211JkogKQzjWuuW5sfFTrAwjnI7y7UTTGJMB7tGWpQJHVPvp5NQROrRKF4VS2RIGTdTfEymOtB5Gge2MsOnreW8s/ue1EhNe+CkTcWKoINNFYcKRkWj8N+oyRYnhQ0swUczeikgfK0yMTSdvQ/DmX14k9eOyd1Y+vbFpXMIUOdiHAyiBB+dQgWuoQg0I9OABnuDZ4c6j8+K8TlszzmxmD/7AefsBLISQvg==</latexit>

k + 1
<latexit sha1_base64="aWLKOgSvrXBRRN6UeNYiT0m1I4k=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhIITdiI+TBLx4jGgekCxhdjKbDJmdXWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuLj8WXBvH+UZLyyuZ1bXsem5jc2t7J7+7V9dRoiir0UhEqukTzQSXrGa4EawZK0ZCX7CGP7ga+417pjSP5J0ZxswLSU/ygFNirHQ7OC538gWn5EyAF4k7I4VK5qT4/iU/qp38Z7sb0SRk0lBBtG65Tmy8lCjDqWCjXDvRLCZ0QHqsZakkIdNeOjl1hI+s0sVBpGxJgyfq74mUhFoPQ992hsT09bw3Fv/zWokJLryUyzgxTNLpoiAR2ER4/DfucsWoEUNLCFXc3oppnyhCjU0nZ0Nw519eJPVyyT0rnd7YNC5hiiwcwCEUwYVzqMA1VKEGFHrwAE/wjAR6RC/oddq6hGYz+/AH6O0HLgiQvw==</latexit>

k + 2
<latexit sha1_base64="aWLKOgSvrXBRRN6UeNYiT0m1I4k=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhIITdiI+TBLx4jGgekCxhdjKbDJmdXWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuLj8WXBvH+UZLyyuZ1bXsem5jc2t7J7+7V9dRoiir0UhEqukTzQSXrGa4EawZK0ZCX7CGP7ga+417pjSP5J0ZxswLSU/ygFNirHQ7OC538gWn5EyAF4k7I4VK5qT4/iU/qp38Z7sb0SRk0lBBtG65Tmy8lCjDqWCjXDvRLCZ0QHqsZakkIdNeOjl1hI+s0sVBpGxJgyfq74mUhFoPQ992hsT09bw3Fv/zWokJLryUyzgxTNLpoiAR2ER4/DfucsWoEUNLCFXc3oppnyhCjU0nZ0Nw519eJPVyyT0rnd7YNC5hiiwcwCEUwYVzqMA1VKEGFHrwAE/wjAR6RC/oddq6hGYz+/AH6O0HLgiQvw==</latexit>

k + 2
<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1

<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n <latexit sha1_base64="NVeE3hobmMNZAi/XQKyDDmFvkT4=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg6ux37inSjMp7swwpn6Ee4KFjGBjpdvBkdcpFN2yOwFaJN6MFCvZk9L7l/iodgqf7a4kSUSFIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUoEjqv10cuoIHVqli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppO3IXjzLy+S+nHZOyuf3tg0LmGKHOzDAZTAg3OowDVUoQYEevAAT/DscOfReXFep60ZZzazB3/gvP0AL46QwA==</latexit>

k � 1
<latexit sha1_base64="NVeE3hobmMNZAi/XQKyDDmFvkT4=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg6ux37inSjMp7swwpn6Ee4KFjGBjpdvBkdcpFN2yOwFaJN6MFCvZk9L7l/iodgqf7a4kSUSFIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUoEjqv10cuoIHVqli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppO3IXjzLy+S+nHZOyuf3tg0LmGKHOzDAZTAg3OowDVUoQYEevAAT/DscOfReXFep60ZZzazB3/gvP0AL46QwA==</latexit>

k � 1

<latexit sha1_base64="NT5xjpoCazg5i1aWIVTRmoAcfEs=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13lx8Lro3jfKOl5ZXM6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVjPcCNaMFSOhL1jDH1yN/cY9U5pH8s4MY+aFpCd5wCkxVrodHJc7+YJTcibAi8SdkUIlc1J8/5If1U7+s92NaBIyaaggWrdcJzZeSpThVLBRrp1oFhM6ID3WslSSkGkvnZw6wkdW6eIgUrakwRP190RKQq2HoW87Q2L6et4bi/95rcQEF17KZZwYJul0UZAIbCI8/ht3uWLUiKElhCpub8W0TxShxqaTsyG48y8vknq55J6VTm9sGpcwRRYO4BCK4MI5VOAaqlADCj14gCd4RgI9ohf0Om1dQrOZffgD9PYDMRKQwQ==</latexit>

k � 2
<latexit sha1_base64="NT5xjpoCazg5i1aWIVTRmoAcfEs=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13lx8Lro3jfKOl5ZXM6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVjPcCNaMFSOhL1jDH1yN/cY9U5pH8s4MY+aFpCd5wCkxVrodHJc7+YJTcibAi8SdkUIlc1J8/5If1U7+s92NaBIyaaggWrdcJzZeSpThVLBRrp1oFhM6ID3WslSSkGkvnZw6wkdW6eIgUrakwRP190RKQq2HoW87Q2L6et4bi/95rcQEF17KZZwYJul0UZAIbCI8/ht3uWLUiKElhCpub8W0TxShxqaTsyG48y8vknq55J6VTm9sGpcwRRYO4BCK4MI5VOAaqlADCj14gCd4RgI9ohf0Om1dQrOZffgD9PYDMRKQwQ==</latexit>

k � 2

Fig. 6 The caterpillar Rk.

As Hn−2(T ) = 4(n − 1) − 8 holds for T ∈ Bn−1, we have that

Hn−2(Te) = 4(n − 1) − 8 + 2 = 4n − 10 ∀ Te ∈ Be (28)

By definition of an expansion, we also have that n − 2 and n are in the same cherry for all UBTs in
Be. Now, consider the set

B′ = {swap(n−1,n)(T ) ∈ Un : T ∈ Be}.

By Proposition 13, τ(B′) is linearly independent. Moreover, due to the swap operation, n − 1 and
n − 2 are in the same cherry of each tree in B′. Then, we have that

Hn−1(T ) =
n−3∑
i=1

τi,i+1(T ) + τn−2,n−1(T ) + τn−1,1(T )

= Hn−2(T ) − τn−2,1(T ) + τn−2,n−1(T ) + τn−1,1(T ). (29)

Observe that since n − 1 and n − 2 are in the same cherry of each T ′ ∈ B′, τ(T ′)n−1,n−2 = 2 and
τ(T ′)n−1,1 = τ(T ′)n−2,1. Together with (28), this fact implies that

Hn−1(T ′) = Hn−2(T ′) − τ(T ′)n−2,1 + 2 + τ(T ′)n−2,1 = 4n − 10 + 2 = 4n − 8. (30)

and that
∆n−1,i

n−2 (T ′) = 2 (31)

for all leaves i ∈ [n] \ {n − 2, n − 1}

We now construct Bn by complementing the
(

n−1
2

)
UBTs in B′ with a set of n − 1 caterpillars T ∈ Un

that satisfy (26) at equality and are such that τ(Bn) is linearly independent.
The first n−2 caterpillars are constructed as follows. For a given k ∈ [3, n−1] consider the caterpillar
Rk ∈ Un determined by the sequence (n, k, k + 1, · · · , n − 2, n − 1, 1, 2, · · · k − 2, k − 1). For k = 2,
consider the caterpillar R2 ∈ Un determined by the sequence (n, 2, 3, · · · , n − 2, n − 1, 1) (see, e.g.,
Figure 6, for k ≥ 4). Note that, for k ∈ [2, n − 1], both n and k are in the same cherry while the
opposite cherry is made of k − 1 and k − 2 (n − 1 if k = 2). This fact implies that the leaves in [n − 1]
are sequentially ordered such that the distance between i and i + 1 (taken mod n − 1) is 3, except for
leaves n and k and leaves k − 1 and k − 2 (n − 1 if k = 2), whose distance is 2 because they are in the
same cherries, leaves k − 1 and k, whose distance is n − 1 because they are in the opposite cherries.
Hence, Hn−1(Rk) = 2 + (n − 1) + 3(n − 3) = 4n − 8 for k ∈ [2, n − 1].
Now consider the trees Rk for k ∈ [2, n−2] and, for each of them, a leaf k′ ∈ [n]\{n−2, n−1} and the
path between leaves k′ and n−1. The leaf n−2 is adjacent to an internal node in the considered path
if k′ ≥ k, otherwise it is not. Then, if k′ ≥ k we have ∆n−1,k′

n−2 (Rk) = 2, otherwise ∆n−1,k′

n−2 (Rk) > 2.
We exploit this observation and conditions (30) and (31), which hold for all T ′ ∈ B′, to show that
τ(B′ ∪

⋃n−2
k=2{Rk}) is linearly independent. Specifically, assume by contradiction that the statement

is false. Let j denote the smallest index such that τ(B′ ∪
⋃j

k=2 Rk) is linearly dependent and let
BLI denote the set B′ ∪

⋃j−1
k=2{Rk}. We have that ∆n−1,j−1

n−2 (T ) = 2 for all T ∈ BLI while we have
∆n−1,j−1

n−2 (Rj) > 2 for Rj since j < n − 1. Hence, by Proposition 12, τ(B′ ∪
⋃j

k=2{Rk}) is linearly
independent, leading to a contradiction. In particular, we can use Proposition 12 by setting f=(T ) =
Hn−1(T ), f ̸=(T ) = ∆n−1,j−1

n−2 (T ) and observing that f=(T ) = K0 = 4n−8 for all T ∈ B′ ∪
⋃j

k=2{Rk},
f ̸=(T ) = K1 = 2 for all T ∈ B′ ∪

⋃j−1
k=2{Rk}, while f ̸=(Rj) = K2 > 2 for Rj . Analogously, we can

again use Proposition 12 to show that Rn−1 is also linearly independent of τ(B′ ∪
⋃n−2

k=2{Rk}). To
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do this, we first observe that ∆n−1,n
n−2 (T ) = 2 for T ∈ B′ ∪

⋃n−2
k=2{Rk}, since n − 2 and n − 1 are

in the same cherry in all these trees. Differently, ∆n−1,n
n−2 (Rn−1) = 2n − 2 > 2. Then, we note that

Hn−1(T ) = 4n−8 also holds when T = Rn−1. Thus we have proved that τ(B′ ∪
⋃n−1

k=2{Rk}) is linearly
independent.

To complete the construction of Bn, consider the caterpillar Tf that is determined by the sequence
(n−2, n−3, n−4, n−5, · · · , 5, 4, 3, n, 2, 1, n−1) and that is shown in Figure 7. As regards Hn−1(Tf ),
observe that τ(Tf )i,i+1 = 3, for i ∈ [n − 4] \ 2, while

τ(Tf )2,3 = 4,

τ(Tf )n−2,n−3 = 2,

τ(Tf )n−2,n−1 = n − 1,

τ(Tf )n−1,1 = 2.

Hence, Hn−1(Tf ) = 3(n − 5) + 4 + 2 + n − 1 + 2 = 4n − 8. As a final step, we prove that the PLMs
induced by the UBTs in Bn = B′ ∪

⋃n−2
k=2{Rk} ∪ {Tf } are linearly independent. To this end, consider

the linear function

Fh(T ) = (n − 3)(τ(T )1,n−1 − τ(T )1,n−2) + (n − 4)τ(T )n−1,n−2

+ (τ(T )n−1,n − τ(T )n−2,n).

For each T ∈ B′ we have that FH(T ) = 0 + 2(n − 4) + 0 = 2n − 8 as leaves n − 1 and n − 2 belong to
the same cherry. For R2, we have

Fh(R2) = (n − 3)(2 − 3) + (n − 4)(3) + (n − 1 − (n − 2)) = 2n − 8.

For k ∈ [3, n − 2] we have

τ(Rk)n−2,n−1 = 3,

τ(Rk)1,n−1 − τ(Rk)1,n−2 = −1,

τ(Rk)n−1,n − τ(Rk)n−2,n = 1.

Hence, Fh(Rk) = (n − 3)(−1) + (n − 4)(3) + (1) = 2n − 8. Finally, for Rn−1 we have

τ(Rn−1)n−2,n−1 = n − 1,

τ(Rn−1)1,n−1 − τ(Rn−1)1,n−2 = (3) − (n − 2) = −n + 5,

τ(Rn−1)n−1,n − τ(Rn−1)n−2,n = (2) − (n − 1) = −n + 3.

Hence, Fh(Rn−1) = (n − 3)(5 − n) + (n − 4)(n − 1) + (3 − n) = 2n − 8. On the other hand, for Tf , we
have

τ(Tf )n−2,n−1 = n − 1,

τ(Tf )1,n−1 − τ(Tf )1,n−2 = (2) − (n − 1) = −n + 3,

τ(Tf )n−1,n − τ(Tf )n−2,n = (4) − (n − 3) = −n + 7.

Hence, Fh(Tf ) = (n − 3)(3 − n) + (n − 4)(n − 1) + (7 − n) = 2. Because n ≥ 6, it holds that
2n − 8 ≥ 12 − 8 = 4, which implies that Fh(T ) = 2n − 8, for each T ∈ B′ ∪

⋃n−2
k=1{Rk}, while

Fh(Tf ) ̸= 2n − 8. Since Hn−1(T ) holds true for each T ∈ Bn, by Proposition 12 we have that τ(Bn)
is linearly independent. Thus, the statement follows. ⊓⊔
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1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1
<latexit sha1_base64="kgAitP7jyGGDWXWRVSUmhNNOx/Q=">AAAB6nicbVDLSgNBEOxVozG+oh69DAYhF8OuwcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjtLyyuZ1bXsem5jc2t7J7+7V9dRogitkYhHqhlgTTmTtGaY4bQZK4pFwGkjGFyN/cY9VZpF8s4MY+oL3JMsZAQbK93K43InX3BL7gRokXgzUqhkysX3L/lR7eQ/292IJIJKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpRILqv10cuoIHVmli8JI2ZIGTdTfEykWWg9FYDsFNn09743F/7xWYsILP2UyTgyVZLooTDgyERr/jbpMUWL40BJMFLO3ItLHChNj08nZELz5lxdJ/aTknZVOb2walzBFFg7gEIrgwTlU4BqqUAMCPXiAJ3h2uPPovDiv09YlZzazD3/gvP0ANyiQxQ==</latexit>

n � 3
<latexit sha1_base64="kgAitP7jyGGDWXWRVSUmhNNOx/Q=">AAAB6nicbVDLSgNBEOxVozG+oh69DAYhF8OuwcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjtLyyuZ1bXsem5jc2t7J7+7V9dRogitkYhHqhlgTTmTtGaY4bQZK4pFwGkjGFyN/cY9VZpF8s4MY+oL3JMsZAQbK93K43InX3BL7gRokXgzUqhkysX3L/lR7eQ/292IJIJKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpRILqv10cuoIHVmli8JI2ZIGTdTfEykWWg9FYDsFNn09743F/7xWYsILP2UyTgyVZLooTDgyERr/jbpMUWL40BJMFLO3ItLHChNj08nZELz5lxdJ/aTknZVOb2walzBFFg7gEIrgwTlU4BqqUAMCPXiAJ3h2uPPovDiv09YlZzazD3/gvP0ANyiQxQ==</latexit>

n � 3

Fig. 7 The caterpillar Tf .
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As an immediate consequence of Proposition 15 we have that

Theorem 3 Conv(Θn) is full-dimensional, i.e., dim(Conv(Θn)) =
(

n
2
)
.

Proof We first observe that, as a PLM is completely determined by its upper triangle entries,

dim(Conv(Θn)) ≤
(

n

2

)
.

Now, from Proposition 15, there are
(

n
2
)

linearly independent PLMs in Conv(Θn) that satisfy (26) at
equality. Hence, dim(Conv(Θn)) is either

(
n
2
)

or
(

n
2
)
−1. To conclude that dim(Conv(Θn)) =

(
n
2
)
, it suffices

to show a UBT T such that Hn−1(T ) > 4n − 8. To this end, consider the caterpillar T = swap(3,4)(F n),
which is determined by the sequence (1, 2, 4, 3, 5, · · · , n−2, n−1, n). Observe that τ(T )1,2 = 2, τ(T )n−1,1 =
n − 1 and τi,i+1(T ) = 3 for i ∈ [2, n − 2] \ {4}. Due to the swap, we have τ4,5 = 4. Thus,

Hn−1(T ) = 2 + 3(n − 3) + 4 + n − 1 = 4n − 3 > 4n − 8

and the statement follows. ⊓⊔

Now, let N ′ denote a subset of [n] such that |N ′| = n − 1 and let H(N ′) denote the set of Hamiltonian
tours of G(N ′). Then, the following result holds:

Theorem 4 The circular ordering inequalities∑
(i,j)∈H

τij ≥ 4n − 8 ∀ N ′ ⊂ [n] : |N ′| = n − 1, ∀ H ∈ H(N ′) (32)

are facet-defining for Conv(Θn).

Proof Consider a tour H = (i1, i2, · · · , in−1) ∈ H(N ′) and denote by v the only element in [n]\N ′. Then,
π = (i1, i2, · · · , in−1, v) is a permutation of [n]. By Proposition 13 and Proposition 15

n−2∑
i=1

τπ(i),π(i+1) + τπ(n−1),π(1) ≥ 4n − 8

is facet-defining for Conv(Θ). Because v is not in the tour H in (32), an edge (i, j), with i, j ∈ [n], i < j,
belongs to H if and only if either π(1) = i and π(n − 1) = j, or there exists a k ∈ [n − 2] such that
π(k) = i and π(k + 1) = j. Thus, the statement follows. ⊓⊔

The following proposition (whose proof in Appendix A is similar to that of Proposition 15) also holds.
Proposition 16 The strong triangle inequalities (2) are facet-defining for Conv(Θn).

6 Optimizing over PLMs of UBTs: The case study of the BMEP

The objective function of the BMEP and some of the conditions involved in the characterization of Θn are
nonlinear in τ . In order to derive an Integer Linear Programming (ILP) formulation for the problem, we
introduce the 0-1 variables xℓ

ij , which takes value 1 if and only if τij = ℓ. By Theorem 2, the strong four-
point condition involved in the characterization of Θn also requires a choice of one out of three alternative
conditions for all distinct j, p, q ∈ [2, n]. To model this choice, we introduce the decision variables yj

pq that
take value 1 if and only if the subtree containing 1 and j is disjoint from that containing p and q. Then,
in the light of Theorem 1, the following formulation is valid for the BMEP:
Formulation 1

min
∑
i∈[n]

∑
j∈[n]\i

dij

 ∑
ℓ∈[2,n−1]

2−ℓxℓ
ij

 (33a)

s.t.
∑

ℓ∈[2,n−1]

xℓ
ij = 1 ∀ i, j ∈ [n] (33b)
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xℓ
ij = xℓ

ji ∀ i, j ∈ [n], ℓ ∈ [2, n − 1] (33c)

τij =
∑

ℓ∈[2,n−1]

ℓxℓ
ij ∀ i, j ∈ [n] (33d)

∑
j∈[n]\{i}

∑
ℓ∈[2,n−1]

2−ℓxℓ
ij = 1

2 ∀ i ∈ [n] (33e)

τ1i + τ1j − τij ≥ 2 ∀ i, j ∈ [2, n] (33f)

τ1i + τij − τ1j ≥ 2 ∀ i, j ∈ [2, n] (33g)

yj
pq + yp

jq + yq
jp = 1 ∀ j, p, q ∈ [2, n] (33h)

τ1j + τpq ≥ 2(1 − yq
jp) + τ1p + τjq − (2n − 2)yj

pq ∀ j, p, q ∈ [2, n] (33i)

xℓ
ij ∈ {0, 1} ∀ i, j ∈ [n], ℓ ∈ [2, n − 1] (33j)

yj
pq ∈ {0, 1} ∀ j, p, q ∈ [2, n] (33k)

τij ∈ [2, n − 1] ∀ i, j ∈ [n]. (33l)

The convexity constraints (33b) impose that for each i, j exactly one variable xℓ
ij takes value 1 for

ℓ ∈ [2, n − 1]. Constraints (33c) impose the symmetry on the xℓ
ij variables. Constraints (33d) relate

x variables to τ variables. Constraints (33e) impose Kraft’s equality and constraints (33f)- (33g) impose
the strong triangle inequalities. Constraints (33h)-(33i) impose the strong four-point conditions. Specif-
ically, constraint (33h) ensures that exactly one of the reduced strong four-point conditions holds for a
fixed triplet j, p, q ∈ [2, n]. Constraints (33i), instead, generate the following set of inequalities for all
j, p, q ∈ [2, n]:

τ1j + τpq ≥ 2(1 − yq
jp) + τ1p + τjq − (2n − 2)yj

pq (34)

τ1p + τjq ≥ 2(1 − yq
jp) + τ1j + τpq − (2n − 2)yp

jq (35)

τ1j + τpq ≥ 2(1 − yp
jq) + τ1q + τjp − (2n − 2)yj

pq (36)

τ1q + τjp ≥ 2(1 − yp
jq) + τ1j + τpq − (2n − 2)yq

jp (37)

τ1p + τjq ≥ 2(1 − yj
pq) + τ1q + τjp − (2n − 2)yp

jq (38)

τ1q + τjp ≥ 2(1 − yj
pq) + τ1p + τjq − (2n − 2)yq

jp. (39)

When yj
pq = 1, (38) and (39) imply

τ1p + τjq ≥ τ1q + τjp

τ1q + τjp ≥ τ1p + τjq

(35) and (37) imply

τ1p + τjq ≥ 2 + τ1j + τpq

τ1q + τjp ≥ 2 + τ1j + τpq

while (34) and (36) are trivially satisfied. Thus, combined, (34)-(39) impose

τ1j + τpq + 2 ≤ τ1p + τjq = τ1q + τjp.

With similar arguments, it is easy to recover the other two reduced strong four-point conditions when
yp

jq = 1 or yq
jp = 1. Finally, constraints (33l), (33j) and (33k) enforce the bounds and integrality of the x,

y and τ variables, respectively.
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Before concluding this section, we note that the symmetry constraints (33c) make the variables xℓ
ji

redundant for all i < j ∈ [n]. In practice these variables as well as the τij variables are dropped due
to (33d). However, we have kept these variables in the text both for clarity and to simplify the presentation
of the constraints. Similarly, we have kept the constraints (33l) in the text and we will refer to them in
the propositions of the following section, even if they are trivially implied by constraints (33d) and (33j).

7 A formulation for the BMEP in the (x, τ )-space.

Several attempts to work computationally with Buneman’s conditions proved unsatisfactory. This led
us to investigate an alternative formulation for the BMEP that does not rely on Buneman’s conditions
(and the associated y variables). The removal of Buneman’s conditions is enabled by a simple valid
inequality that is used as a last resort when a triple of Buneman’s conditions is violated. To describe
this formulation, consider a relaxation of the Formulation 1, hereafter referred to as R1, obtained by
including only (33b)-(33g), (33j), and (33l). Denote by (x̃, τ̃) an integer solution to R1. If (x̃, τ̃) violates
the reduced strong four-point condition for some (1, j, p, q), then this solution can be cut off by imposing
that at least one of the x variables encoding this solution must be 0. In other words, the inequality

x
τ̃1j

1j + x
τ̃1p

1p + x
τ̃1q

1q + x
τ̃jp

jp + x
τ̃jq

jq + xτ̃pq
pq ≤ 5 (40)

trivially cuts off (x̃, τ̃). This observation leads to the following proposition (whose proof is omitted):
Proposition 17 The ILP formulation RF1 obtained from Formulation 1 by including (33b)-(33g), (33j),
(33l), and the Projected Buneman’s Inequality (40) for any j, p, q ∈ [n] and any τ̃1j , τ̃1p, τ̃1q, τ̃jp, τ̃jq, τ̃pq ∈
[2, n − 1] that do not satisfy the strong four-point conditions is valid for the BMEP.

We can strengthen RF1 by means of the following valid inequalities.

Proposition 18 For any three distinct i, j ∈ [2, n], the lifted strong triangle inequality

τ1i + τ1j − τij ≥ 2 + 2
∑

u∈[n]\{i,j}

x2
1u (41)

is valid for RF1.

Proof Let T denote the UBT in Un that realizes the PLM τ ∈ Θn and let a denote the unique internal node
at the cross of P T

1i , P T
1j and P T

ij . Then, as in Proposition 2, τ1i + τ1j − τij = 2τ1a. If
∑

u∈[n]\{i,j} x2
1u = 1,

i.e., there exists a leaf u distinct from i and j, such that 1 and u belong to the same cherry then there
is at least one internal node in the path between a and 1. In this case, we have that 2τ1a ≥ 4, so the
inequality is valid. If

∑
u∈[n]\{i,j} x2

1u = 0, then (41) reduces to the strong triangle inequality and is valid
again. Finally, note that the convexity constraints (33b) and the Kraft’s equalities (33e) imply that all the
addends in the Kraft’s equalities are strictly positive, which in turn implies that

∑
u∈[n]\{i} x2

1u cannot
be greater than 1. ⊓⊔

Proposition 19 For any triplet i, j, p ∈ [n], the lifted weak Buneman’s inequality

2(τ1i + τ1j + τ1p) − τij − τip − τjp ≥ 8 + 6
∑

v∈[n]\{i,j,p}

x2
1v (42)

is valid for RF1.

Proof Let T denote the UBT in Un that realizes the PLM τ ∈ Θn. Assume, without loss of generality,
that P T

1i is disjointed from P T
jp. Let a and b denote two internal nodes such that a ∈ P T

1i and b ∈ P T
jp

and let P T
ab be the path connecting the subtree containing 1 and i to the subtree connecting j and p.

As in Proposition 10, we have that 2(τ1i + τ1j + τ1p) − τij − τip − τjp = 6τ1a + 2τab. In the proof of
the previous proposition we have already shown that

∑
u∈[n]\{i} x2

1u cannot be greater than 1. So, if∑
v∈[n]\{i,j,p} x2

1v = 1, then there exists a leaf u ̸∈ {i, j, p} such that 1 and u belong to the same cherry.
Hence, there is at least one internal node in the path between 1 and a. In this case, we have that 6τ1a ≥ 4
and therefore 6τ1a + 2τab ≥ 14. If

∑
v∈[n]\{i,j,p} x2

1v = 0, then (42) reduces to the weak Buneman’s
inequality and is valid again. ⊓⊔
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Proposition 20 For any two disjoint subsets S1 and S2 of [n], such that S1 = {i, j} and |S2| = k ∈
[n − 2], the lifted (2, k)-split inequality∑

p∈S2

(τip + τjp) ≥
∑

ℓ∈[2,n−1]

αk,ℓx
ℓ
ij , (43)

where αk,ℓ is defined by (14), is valid for RF1.

Proof Consider a feasible solution (x, τ) to RF1 with τij = ℓ̂ ∈ [2, n − 1], hence xℓ̂
ij = 1. A trivial

consequence of the introductory arguments in the proof of Proposition 11 is that
∑

p∈S2
(τip + τjp) ≥ αk,ℓ̂.

As constraint (33b) holds, we can write

αk,ℓ̂ = αk,ℓ̂x
ℓ̂
ij =

∑
ℓ∈[2,n−1]

αk,ℓx
ℓ
ij

and the statement follows. ⊓⊔

Let N ′ denote a subset of [n] such that |N ′| = n − 1 and let H(N ′) denote the set of Hamiltonian
tours of G(N ′). Then we can derive the following result from Theorem 4:

Proposition 21 For any Hamiltonian tour H in G(N ′), the lifted circular ordering inequality∑
(i,j)∈H

τij ≥ 4n − 8 + 2
∑

(i,j)̸∈H

x2
ij (44)

is valid for RF1.

Proof Let T denote the UBT in Un associated with the PLM τ ∈ Θn. Suppose that i and j belong to
a cherry and that the pair (i, j) is not an edge of H. Let a denote the common neighbor of i and j in
T and let â be the internal node adjacent to a. The edge (a, â) of T is visited at least four times when
traversing H, twice when visiting i and twice when visiting j. Note that each leaf can belong to at most
one cherry, and that (a, â) is only traversed if either i or j is visited. Because this observation holds for
each cherry whose leaves do not belong to an edge of H, the statement follows. ⊓⊔

Another family of valid inequalities for RF1 can be derived from the generalized Kraft’s inequalities
introduced in [13, p. 18], which state that every PLM τ ∈ Θn satisfies

∑
i∈S

∑
j∈[n]\S

2−τij ≥
1
2 ∀ ∅ ⊂ S ⊂ [n].

In the (x, τ)-space, this family of inequalities can be linearized as follows:

∑
i∈S

∑
j∈[n]\S

∑
ℓ∈[2,n−1]

2−ℓxℓ
ij ≥ 1

2 ∀ ∅ ⊂ S ⊂ [n]. (45)

In the reminder of the article we shall refer to Formulation 2 as the ILP formulation derived from RF1,
by including the lifted strong triangle inequalities (41), the lifted weak Buneman’s inequalities (42), the
lifted (2, k)-split inequalities (43), the lifted circular ordering inequalities (44), the generalized Kraft’s
inequalities (45), and the following linearization of the Un-manifold equality (4) in the (x, τ)-space:∑

i∈[n]

∑
j∈[n]\{i}

∑
ℓ∈[2,n−1]

ℓ 2−ℓxℓ
ij = 2n − 3. (46)

Formulation 2
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Dataset N Easy Set Hard Set

min n max n min n max n

Primates 12 10 12 - -
M17 17 10 17 - -
M18 18 10 18 - -
SeedPlant500 500 10 20 21 26
M43 43 10 20 21 32
M62 62 10 20 21 29
RbcL55 55 10 20 21 30
Rana64 64 10 20 21 29
M82 82 10 20 21 25

Table 3 Characteristics of the benchmark instances of the BMEP used in the computational experiments.

8 Computational experiments

We now study the performance of the ILP formulations presented in the previous sections. First, we
provide details about the benchmark instances, the computational settings, and the environment con-
sidered in our experiments. We then introduce the separation oracles for the families of strengthened
valid inequalities discussed in Section 7 as well as on the heuristic used to generate the primal bound
for the optimal solution to the BMEP. Finally, we present the computational results obtained by these
formulations on the considered instances and we compare the performance of the best ILP formulation
with that obtained for the massively parallel Branch-&-Bound algorithm presented in [13] (downloadable
at https://github.com/mfrohn/BMEPparallel and currently constituting the state-of-the-art exact so-
lution algorithm for the BMEP).

8.1 Instances

In our experiments, we considered the set of benchmark instances of the BMEP used in [2,11,13,15,
16,27], derived from the real molecular datasets described in [2] by means of the estimation models
described in [18], and downloadable at https://www.danielecatanzaro.com/wp-content/uploads/
2024/04/BMEP-datasets.zip. Each dataset is associated with a distance matrix D, whose order N may
vary between 12 and 500. The entries of these matrices are reals with no specific properties. For each
dataset, we generated several instances of the BMEP by extracting the leading principal submatrices of
order n ∈ [10, min{N, 32}] from D. we grouped these instances into two sets referred to as the Easy Set,
including 86 instances characterized by a distance matrix of order smaller than or equal to 20, and the Hard
Set, including 51 instances characterized by a distance matrix of order strictly greater than 20. Table 3
summarizes the characteristics of these instances. We also considered a further Third Set of 42 instances
of the BMEP already considered in [13] and available at https://github.com/mfrohn/BMEPparallel.
The characteristics of this set are reported in Table 4.

8.2 Implementation details

We implemented Formulations 1 and 2 in C++17, by relying on Gurobi libraries version 10.0.5 [33]
for linear programming, boost libraries [4] version 1.82.0 for some routines involved in the separation
algorithms described in Section 8.3, and FASTME 2 [39] for the local searches involved in the computa-
tion of the primal bound described in Section 8.4. The source code, publicly available at https://www.
danielecatanzaro.com/wp-content/uploads/2024/04/bmep_ilp_model-main.zip, has been compiled
by using Apple clang compiler version 14.0.3 with optimization flag -O3, and run on a Mac Pro equipped
with a 28-core Intel Xeon W-3275M 2.50GHz CPU, equipped with 192GB of RAM and MacOS 13.5. We
assumed one hour as maximum runtime limit for each tested algorithm/formulation. In the implemen-
tation of both formulations, we exploited constraints (33d) to remove τ variables and constraints (33c)
to remove variables xℓ

ij such that i<j. We preferred to keep them in the previous sections because their
presence greatly simplified the notation and the discussion of several implementation aspects. Table 5
reports on the only standard parameters of Gurobi that have been modified in our implementations.
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8.3 Separation oracles

Some families of strengthened valid inequalities considered in Section 7 require separation oracles to be
imposed in Formulation 2 at runtime. Here, we provide implementation details on these oracles.

Initially, Formulation 2 loads only the constraints (33b)-(33e), (33l), (33j) (41), and (46). When the
resolution of the linear programming relaxation of Formulation 2 at a generic node of the search tree
provides a fractional solution (x̃, τ̃), the following separation oracles are sequentially called (in this specific
order) in the attempt to separate (x̃, τ̃) from Conv(Θn):

– Separation oracle for the weak Buneman’s inequalities (WB) This routine checks by inspec-
tion for a violation of the lifted weak Buneman’s inequalities (42) by using the following approach: it
first fixes a leaf q ∈ [n] and then identifies the triplet of indices (i, j, p) for which the inequality (42)
(with indices (i, j, p, q)) is the most violated. This routine has time complexity O(n4) and generates
at most O(n) cuts per separation step.

– Separation oracle for the (2, k)-split inequalities (2K) This routine checks for violation of the
lifted (2, k)-split inequalities (43) by means of a simple greedy algorithm. Specifically, given a fractional
solution (x̃, τ̃) to Formulation 2, the algorithm considers each possible pair of distinct leaves i, j ∈ [n]
and sorts, in ascending order, the remaining leaves according to the quantity h̃(p) = τ̃i,p + τ̃j,p,
p ∈ [n] \ {i, j}. Then, for k ∈ [4], the algorithm compares

∑
ℓ∈[2,n−1] αk,ℓx̃

ℓ
ij with the sum of h̃p for

the first k leaves in the sorted list and only adds an inequality for the smallest value of k that leads to
a violation. The routine has time complexity O(n3) and generates at most O(n2) cuts per separation
step.

– Separation oracle for the circular ordering inequalities (CO) This routine checks for violation
of the lifted circular ordering inequalities (44) by means of the following slightly modified version of
the Nearest Neighbor Heuristic for the Traveling Salesman Problem (TSP) [1]. Specifically, consider
a fractional solution (x̃, τ̃) to Formulation 2 and denote by G([n]) the complete weighted graph with
n nodes, one per leaf. Assign the weight wij = τ̃ij − x̃2

ij to each edge (i, j) of G([n]). Then, for
each node i ∈ [n], we construct in a greedy way a tour in G([n]) that starts and ends in i and
that visits precisely n − 1 nodes. Let S denote the set of nodes of G([n]) that have been not visited
yet and let j denote the last visited node. If |S| < 2, then we visit the node v of G([n]) such that
v = arg mink∈S(wjk). This process is iterated until |S| < n − 2. When |S| = n − 2, we visit the
node v such that v = arg mink∈S(wjk + wki). This algorithm construct O(n) candidate tours at each
separation step. The tours then undergo to a 2-OPT local search for possible improvement [1]. The
routine has time complexity O(n2) and generates at most n cuts per separation step.

– Separation oracle for the generalized Kraft’s inequalities (GKI) This routine checks for
violation of the generalized Kraft’s inequalities (45) in a way similar to the subtour elimination
constraints for the Symmetric Traveling Salesman Problem, i.e., by reducing the separation problem
to a min-cut problem. Specifically, we construct the complete weighted graph G([n]) and we assign to
each edge (i, j) of G([n]) a weight

wij =
∑

ℓ∈[2,n−1]

2−ℓxℓ
ij .

Then, we call Stoer-Wagner algorithm implemented in the boost libraries [4] to solve the relative min-
cut problem, by obtaining as an output a bipartition of [n] into the subsets S1 and S2. The relative

Dataset Instance Sizes Dataset Instance Sizes

B-HA-573-585-BMGE 20, 25, 26 nucleic M2839 470x829 2006 20, 21, 22
B-HA-986-1908-BMGE 20, 21 nucleic M3862 362x1207 2008 20
B-NA-633-1751-BMGE 20, 22, 23 proteic M2577 40x12260 2005 20,23, 24
B-NA-684-472-BMGE 20, 24, 25 proteic M2624 139x348 2006-BMGE 20, 25, 26
B-NS-629-1111-BMGE 20, 26, 27 proteic M2883 91x7386 2007-BMGE 20
B-NS1-284-344-BMGE 20, 29, 30 proteic M3068 50x1000 2006 20
eudicots-BMGE 20 proteic M3755 77x9918 2008-BMGE 20, 22, 23
euros1 20 proteic M3756 77x11234 2008 20
euros2 20, 22, 23 rosids 20
nucleic M2573 346x897 2006 20, 27, 28

Table 4 Characteristics of the benchmark instances of the BMEP in the Third Set used in the computational experiments.
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Parameters Value Description

MIPGap 1e-8 Relative tolerance
TimeLimit 3600 Time limit of 1h
LazyConstraints 1 Forces validation of integer solutions
PreCrush 1 Disable duality-based preprocessing
MIPFocus 3 Focus on improving bounds via cutting planes
Heuristics 0 Disables the use of proprietary MIP heuristics

Table 5 Parameter settings of Gurobi that have been changed in the implementations of Formulations 1 and 2.

inequality is then checked for violation and added to the formulation in the positive case. The routine
has time complexity O(n3) and generates at most one cut per separation step. In order to reduce the
time spent in solving the linear programming relaxations carried out at a generic node of the search
tree, we only add a cut if the violation exceeds a threshold, which depends on the inequality family
and whether at the root node or not. Specific values can be found in the source-code.

– Separation oracle for the projected Buneman’s inequalities This routine checks the validity
of an integer solution (x̂, τ̂) obtained from the resolution of the linear programming relaxation of
Formulation 2. The check is carried out by inspecting the existence of at least a triplet (j, p, q) such
that (1, j, p, q) violates the strong four-point condition. If no violation is found, (x̂, τ̂) is retained as a
valid solution to the BMEP. Otherwise, the violated inequalities are added to the formulation. This
routine is only called when an integer solution is found in the search tree; it has time complexity
O(n3) and may generate up to O(n3) cuts per separation step.

8.4 Primal heuristic

We generated the primal bound for the optimal solution to an instance of the BMEP by means of a
novel matheuristic inspired by the Neighbor-Joining (NJ) algorithm, possibly one of the most common
heuristics used to approximate the optimal solutions to the BMEP [32,48]. The NJ algorithm generates
a solution to a given instance of the BMEP by using a clustering approach that, starting from a star
having one internal node and n leaves, iteratively merges two leaves into a new node until obtaining a
UBT in Un. In the classical version of the NJ algorithm, the choice of the pair of leaves to merge at the
first iteration step is carried out by finding the pair

(̂i, ĵ) = arg min
i<j∈[n]

∑
k∈[n]

(dik + dkj − dij). (47)

Once the pair is merged into a new node v̂, the î-th and ĵ-th rows and columns of the matrix D are
removed from D and a new row (and column) is added to D, encoding the distances of all the other
leaves from v̂. The selection criterion of the pair of leaves to join at each iteration step, as well as the way
in which the new entries of D are computed, determines the version of the NJ algorithm. The literature
on molecular phylogenetics proposes several versions of the NJ algorithm; we refer the interested reader
to [5,9,10,29,30] for further details.

The primal heuristic that we used in our experiments replaces the entries of matrix D with those of
of the matrix τ obtained by computing the linear programming relaxation of Formulation 2 at a generic
node of the search tree. We refer to this heuristic as Linear Programming-based Neighbor-Joining (LPNJ)
algorithm. The rationale at the core of this heuristic is that if matrix τ is a PLM, then the LPNJ algorithm
provides a weighted UBT (T, w) that realizes τ . The LPNJ algorithm generates different primal solutions
in function of the linear programming relaxation obtained at a generic node of the search tree. In order
to include the information about the objective function into the LPNJ algorithm, we selected the best
k pairs of leaves according to (47) by using τ instead of D and by subsequently selecting among the k
candidate pairs the one that minimizes the original criterion (47). We refer to this version as the k-LPNJ
algorithm. In preliminary tests, we observed that setting k = 3 provided on average solutions of better
quality than just using the original NJ Algorithm. Consequently, we decided to fix k to this value.

In preliminary experiments, we compared the performance of the 3-LPNJ algorithm on the considered
datasets with that of FASTME 2. We observed that on 113 instances of the three datasets considered,
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Fig. 8 Number of instances in the Easy Set over seconds for both MP-BB and UBT-BC.

the two heuristics identified the same primal solution (which, incidentally, was optimal but in two cases).
In the remaining 58 instances, the 3-LPNJ algorithm found a better solution than FASTME 2 in 50
instances, with an average improvement of 0.5%. In the remaining eight instances, FASTME 2 found a
better primal bound, with an average improvement of 0.13%. In these 58 instances, the best of the two
primal bounds generated by the two heuristics were always optimal but in 4 cases. Given the rapidity
of both heuristics (less than 0.01 seconds), we decided to run both of them at any generic node of the
search tree.

After having computed the first primal bound to the problem, we try to improve it by calling classical
local search procedures, such as the Nearest Neighbor Interchange (NNI) and the Subtree Pruning and
Regrafting (SPR), included in FASTME 2 [39]. To reduce the computational overload caused by calling
FASTME 2, the local search is just called for the first three solutions generated by the 3-LPNJ algorithm
and whenever an improved primal bound is found during the tree search.

8.5 Computational results

Initially, the performances of (the methods used to solve) Formulations 1 and 2 were tested on the Easy
Set, as Formulation 1 proved unable to solve the instances in both the Hard Set and Third Set within the
reference time limit. The total runtimes on the Easy Set for Formulation 1 without and with the lifted
constraints were of 8142 seconds and 4315 seconds, respectively. In contrast, Formulation 2 demonstrated
significantly faster performance, requiring only 4193 seconds and 2953 seconds, respectively. In the light
of these results, we retained Formulation 2 for further computational tests and comparisons. Hereafter,
we will refer to the implementation of Formulation 2 as UBT-BC .

We compared the performance of UBT-BC with that of the current state-of-the-art exact solution
algorithm for the BMEP [13], hereafter denoted as MP-BB, on all the three sets of instances of the BMEP
described in Section 8.1. The results of this comparison are reported in Tables 8, 9, and 10. The columns
of Table 8 report on the solution time expressed in seconds, taken by an algorithm to solve an specific
instance of the BMEP; the nodes explored in the search tree; and the gap at the root node of the search
tree, expressed in percentage (i.e., the ratio (z∗ − zLP )/z∗ · 100, where z∗ is the optimal solution to the
instance of the BMEP, and zLP is the linear programming relaxation at the root node of the search tree).
The columns of Table 9 also report on the number of cuts added during the search and the final gap
obtained by UBT-BC within the time limit of one hour. The symbol > 3600 in the tables indicates that
the resolution of a specific instance took more than 3600 seconds. When this situation occurs consecutively
(see, e.g., the case for UBT-BC in Table 9 when addressing the instance SeedPlant500 for n = 23 and
n = 24, then the execution of a solution algorithm is aborted for instances of higher orders and the
numerical values in the table are replaced by the symbol ‘-’). Bold entries indicate the best performance.

Results on the Easy Set

Figure 8 shows the number of solved instances in the Easy Set over time (expressed in seconds) for
both MP-BB and UBT-BC. Although UBT-BC solved most of these instances within this set without
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Instance Time (s) Nodes Gap (%)

Dataset n UBT-BC MP-BB ∆(%) UBT-BC MP-BB UBT-BC MP-BB ∆(%)

RbcL55 20 188.97 61.60 127.37 149 4152495 2.17 2.81 -0.64

SeedPlants500 20 191.41 61.85 129.56 372 2894260 5.12 9.11 -3.99

M82 18 114.94 85.37 29.57 442 6873457 3.90 5.53 -1.63
19 111.61 135.82 -24.21 313 9393814 4.03 6.36 -2.33
20 263.91 299.37 -35.46 830 19360753 4.58 8.21 -3.63

Table 6 Comparison of the performance of both UBT-BC and MP-BB on specific instances of the BMEP belonging to
the Easy Set and for which the solution times took more than 60 seconds. The i-th value in a ∆-column indicates the
difference (value for UBT-BC - value for MP-BB). A negative sign means that for that specific value and instance, UBT-BC
performed better than MP-BB; vice versa for positive values.

branching, the figure clearly shows that MP-BB is almost always faster than UBT-BC. MP-BB achieves
these results by combining an efficient exploration strategy of the solution space of the problem based on
Hendy and Penny’s Stepwise Addition Strategy (SAS) [36] with a lower bound obtained by considering
a particular relaxation of Formulation 2 consisting only of constraints (33b)-(33e) and (46). Hendy and
Penny’ SAS starts from a star with three leaves and then recursively extends this star until it generates
potentially all the possible (2n-5)!! UBTs in Un (see Figure 5 of [13]). MP-BB encodes a UBT by means of
a classical arc-list encoding scheme [8] and then transforms this scheme into upper and lower bounds for
the path-length values τij of the aforementioned relaxation of Formulation 2 which is then solved at each
node of the search tree. The size of this relaxation is considerably smaller than that of Formulation 2 and
its resolution does not necessitate the execution of specific separation oracles. Consequently, while the
resulting lower bound is poorer than the one provided by Formulation 2 (as evidenced by the gaps columns
in Tables 8, 9, and 10), the overall runtime spent at each node of the search tree is considerably less than
that of Formulation 2. This strategy is particularly effective when the order of the input distance matrix
is smaller than or equal to 18 and the difference between the maximum and the minimum values of its
entries dij is relatively small. When the lower bound implemented in MP-BB proves too poor, the number
of nodes visited in the search tree becomes considerable, thereby altering the situation. Specifically, in
the five instances of the Easy Set reported in Table 6, MP-BB took more than 60 seconds to reach
optimality and in two of these five instances UBT-BC proved to be even faster than MP-BB. In these
instances, the considerably weaker lower bounds employed by MP-BB compelled the algorithm to explore
a vast number of nodes within the respective search trees, thereby slowing down the solution times of
the algorithm. This phenomenon is particularly pronounced in the Hard and Third Sets. Table 8 shows
that the lower bound provided by Formulation 2 at the root node of the search tree is up to 7% better
than that provided by the ILP formulation used by MP-BB. However, while MP-BB solves the entire set
in 919 seconds, UBT-BC requires 2953 seconds. It is noteworthy that the five hard instances displayed
in Table 6 take 644 of the 919 seconds spent by the MP-BB on the set. It is also noteworthy that in the
vast majority of the considered instances, UBT-BC identified the optimal solution at the root node of
the search tree. This fact provides evidence of the benefit of including the valid inequalities discussed in
the previous sections.

Dataset Instances Solved

MP-BB UBT-BC

SeedPlant500 4 2
M43 1 10
M62 1 7
RbcL55 3 8
Rana64 7 5
M82 2 3

Total 18 35

Table 7 Number of instances in the Hard Set solve by UBT-BC and MP-BB and grouped by dataset.

25



0 500 1000 1500 2000 2500 3000 3500
Time (s)

0

5

10

15

20

25

30

35

# 
In

st
an

ce
s S

ol
ve

d

MP-BB
UBT-BC

Fig. 9 Number of instances in the Hard Set over seconds for both MP-BB and UBT-BC.

Results for the Hard and Third Sets

Table 7 reports on the number of instances in the Hard Set solved within one hour for each dataset and
by each algorithm, while Figure 9 shows the number of instances in the Hard Set that each algorithm
can solve over elapsed time. The values reported in Table 7 show that UBT-BC outperforms MP-BB
on most datasets. This behavior is particularly remarkable in M43, M62, and RbcL55, where UBT-BC
was able to solve within one hour all instances, seven instances, and eight instances, respectively, versus
one instance, one instance, and three instances, respectively for MP-BB. This phenomenon persists to
a lesser extent in the case of M82: UBT-BC solved just three instances within one hour versus two
instances for MP-BB. In the datasets SeedPlant500 and Rana64, instead we observed an inversion of
this behavior: MP-BB succeeded to solve, within one hour, two instances more than UBT-BC in both
datasets. This phenomenon lacks a clear justification. Basic statistical analysis of both datasets indicates
that the difference between the largest and smallest entries of their distance matrices is comparable to
that observed in other datasets, as is the average distance and the relative standard deviation. These
instances exhibit a markedly different number of violations of triangle inequalities or Buneman’s four-
point conditions compared to other instances. The only thing that we remarked is that addressing the
exploration of their search trees in a depth-first fashion may prove faster than other exploration strategies.

The general trend reported on Table 7 is notable also in Figure 9, where it is possible to observe how
MP-BB is less effective at solving harder instances when significantly more time is allowed, in contrast to
UBT-BC. Table 9 provides further insight into the performance of both algorithms on the Hard Set. The
most striking information in this table is the rapid increase in the number of nodes explored by MP-BB
as the size of the considered instances grows. This probably explains its relative poor performance on
larger instances. In contrast, thanks to the valid inequalities, both the number of nodes explored and the
number of cuts added grow much more slowly for UBT-BC.

Figure 10 shows the number of instances in the Third Set that each algorithm can solve over elapsed
time. The figure highlights the different behavior of the two algorithms when tackling larger instances:
while both algorithms have a comparable performance with up to 250 seconds of runtime, MP-BB is
not able to solve any more instances when the run time increases from 600 to 3600 seconds. In contrast
increasing the run time for the UBT-BC yields consistently more solved instances. Table 10 gives details
on how the algorithms perform on the Third Set. Data continues to show the trend observed in the Hard
Set where, even if the MP-BB is faster on easier instances, its solving time increases very fast with the
size of the instances, thereby solving only 28 of the 42 instances in the set. The UBT-BC, instead, solved
40 instances within the reference time of one hour.

9 Open questions

Theorem 1 shows which set of conditions outlined in [19] prove both necessary and sufficient to char-
acterize Θn. A question that naturally arises is whether this set could be replaced by a smaller set of
(possibly linear) conditions on path-lengths. This question is nontrivial and still open. For example,
Kraft’s equalities seem to play a central role in the characterization of PLMs; without them, one could
easily construct integer matrices that satisfy all the remaining conditions of Theorem 1 yet fail to be
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PLMs, as the following one 
0 3 5 5 5 5
3 0 5 5 5 5
5 5 0 3 5 5
5 5 3 0 5 5
5 5 5 5 0 3
5 5 5 5 3 0

 .

Interestingly, in Theorem 1 the Un-manifold (4) is somewhat sidelined. This highly nonlinear equation
tightens (in some cases significantly) the lower bound for the optimal solution to the BMEP, by enforcing
the circular ordering inequalities associated with a UBT to be satisfied at equality. Although the role of
the Un-manifold differs from that of the conditions involved in Theorem 1, in certain cases, its effects
overlap with those of the strong four-point conditions. One such case arises when considering the following
symmetric integer matrix: 

0 3 3 3 3
3 0 3 3 3
3 3 0 3 3
3 3 3 0 3
3 3 3 3 0


which does not map the PLM of any UBT in U5. This matrix satisfies all the conditions listed in Theo-
rem 1, but the strong four-point conditions (3). At the same time, this matrix is also cut off by the Un-
manifold (4). By enumerating all of the PLMs in Θ5, it is possible to show that the PLMs induced by
the UBTs in U5 can be characterized by just the integrality constraints, the symmetry constraints, the
strong triangle inequalities, Kraft’s equalities, and the Un-manifold. An ILP formulation based on these
conditions would have the benefit of involving O(n3) less variables and constraints with respect to an
ILP formulation based on Theorem 1. Note, however, that the Un-manifold (4) cannot always replace the
strong four-point conditions. In fact, the following matrix

0 5 6 5 5 6 5 5 6 5 6 2
5 0 4 2 6 7 7 7 7 6 4 5
6 4 0 4 5 7 7 7 7 5 2 6
5 2 4 0 6 7 7 7 7 6 4 5
5 6 5 6 0 5 6 6 5 2 5 5
6 7 7 7 5 0 4 4 2 5 7 6
5 7 7 7 6 4 0 2 4 6 7 5
5 7 7 7 6 4 2 0 4 6 7 5
6 7 7 7 5 2 4 4 0 5 7 6
5 6 5 6 2 5 6 6 5 0 5 5
6 4 2 4 5 7 7 7 7 5 0 6
2 5 6 5 5 6 5 5 6 5 6 0


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Fig. 10 Number of instances in the Third Set over seconds for both MP-BB and UBT-BC.
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satisfies (4) as well as all the conditions in Theorem 1 except the strong four-point ones; however, it is
not a PLM.

Identifying alternative characterizations of Θn not relying on the strong four-point conditions could
suggest better ILP formulations for the BMEP as well as assist in the study of the BMEP polytope in
Forcey et al.’s X space, where the expression of the strong four-point conditions becomes highly nonlinear.
For this reason, it is worth noting that, in some circumstances, the presence of possible structural prop-
erties of the entries of the distance matrix might allow us to eliminate some disjunctive strong four-point
conditions, e.g., because we might already know that the optimal PLM must lie within a specific subset
of Θn. Note, indeed, that the strong four-point conditions impose three alternative ways to partition four
taxa into pairs. For instance, the condition

τiq + τjp + 2 ≤ τij + τpq = τip + τjq

imposes a UBT structure (shown in Figure 4), where taxa i and q share a closer common ancestor a than
the ancestor b of j and p. If the relative distances (or additional information such as geographic origin of
taxa) could guarantee the presence of these common ancestors, we could rule out the other two possible
four-point conditions for i, j, p, and q, reducing so the size of the formulation.

A second research direction concerns the use of Formulation 2 for developing better heuristics for the
BMEP. We have seen in the previous sections that the linear programming relaxation of Formulation 2
can be exploited to obtain tight primal bounds for the optimal solution to the problem. When tackling
instances of the BMEP involving hundreds of sequences, Formulation 2 could be used to construct parts
of the solution that are subsequently merged together to obtain a final UBT.

A third research direction concerns the study of optimization problems over Θn characterized by
objective functions linear in τ . One problem of practical interest is the minimization of the cross-entropies
associated to n sources which find applications in the area of classification, and more in general, machine
learning [41].
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Dataset n UBT-BC MP-BB Dataset n UBT-BC MP-BB

Time (s) Nodes Root Gap (%) Cuts Time (s) Nodes Root Gap (%) Time (s) Nodes Root Gap (%) Cuts Time (s) Nodes Root Gap (%)

Primates12
10 0.15 1 1.79 18 0.16 216 2.57

M62

10 0.18 1 0.91 23 0.13 347 1.79
11 0.51 1 1.84 21 0.18 344 2.59 11 0.45 1 1.30 17 0.18 740 1.61
12 0.49 1 1.97 33 0.27 579 2.47 12 0.85 1 1.75 30 0.22 1360 2.2

1 13 1.12 1 1.94 34 0.29 3089 2.33

M17

10 0.6 1 0.36 14 0.22 1717 1.05 14 1.83 1 2.09 38 0.34 3692 2.27
11 0.87 1 0.51 24 0.26 2779 1.18 15 4.34 1 2.41 85 0.54 10618 2.46
12 0.64 1 0.49 10 0.3 4562 1.21 16 5.82 1 2.34 92 0.78 21728 2.5
13 1.79 1 0.95 30 0.69 21356 1.65 17 11.35 1 2.30 119 1.38 56359 2.94
14 2.73 1 0.99 30 0.45 4239 1.65 18 28.97 1 1.89 164 2.14 104840 2.9
15 4 1 1.02 53 1.41 44108 1.65 19 86.93 98 1.92 128 5.56 284194 2.97
16 4.72 1 1.08 39 2.02 56993 1.7 20 110.97 116 1.90 143 11.58 672960 4.63
17 6.13 1 1.08 70 2.55 56012 1.64

1

RbcL55

10 2.2 1 0.84 43 0.14 1401 1.07

M18

10 0.49 1 0.41 5 0.2 1003 2.11 11 1.23 1 0.70 30 0.19 1975 1.5
11 1.17 1 1.16 13 0.21 1799 2.57 12 3.24 1 1.13 54 0.29 7348 2.06
12 1.45 1 1.35 22 0.31 4196 2.71 13 18.41 24 1.53 87 0.54 20086 2.21
13 6.19 1 1.82 54 0.62 17600 3.27 14 23.22 58 1.38 69 0.79 39870 2.35
14 22.77 8 2.20 69 1.22 44537 3.62 15 40.29 238 1.71 104 1.45 67940 2.64
15 27.46 1 2.22 108 2.49 98974 3.47 16 57.12 497 1.77 101 2.15 102957 2.54
16 47.03 1 2.29 130 3.07 126893 3.51 17 147.69 1008 2.15 164 9.01 616828 2.5
17 54.73 24 2.40 125 5.23 214950 3.53 18 239.54 1096 2.09 182 18.07 1243608 2.14
18 95.11 115 2.52 163 14.32 618454 3.55 19 242.21 754 2.14 174 23.89 1508113 2.19

20 188.97 149 2.17 187 61.6 4152495 2.81

SeedPlant500

10 0.6 1 1.96 18 0.19 825 5.51
11 1.12 1 2.16 39 0.21 1070 5.1

Rana64

10 0.43 1 1.65 9 0.16 2049 5.74
12 1.47 1 2.18 44 0.24 595 4.87 11 0.43 1 4.41 8 0.21 1829 4.94
13 2.58 1 2.51 32 0.35 2145 5.3 12 0.98 1 4.35 40 0.23 1868 4.64
14 3.57 1 2.46 45 0.48 4638 5.06 13 2 1 5.17 56 0.29 2686 5.39
15 6.86 1 2.41 34 0.69 9794 4.66 14 2.73 1 5.43 47 0.37 3030 5.6
16 30 12 3.35 100 0.85 12160 5.76 15 5.38 1 6.30 62 0.5 4092 6.47
17 67.92 47 3.93 79 1.56 54398 6.21 16 14.74 1 7.62 96 0.6 8126 7.78
18 100.53 380 4.59 136 5.12 243902 6.92 17 17.38 1 7.83 84 0.71 9516 8.01
19 106.42 179 4.79 208 13.96 648335 6.97 18 49.74 17 4.45 137 0.95 18914 5.07
20 191.41 372 5.12 236 61.85 2894260 9.11 19 48.13 14 3.95 96 1.33 32195 4.48

20 85.58 23 4.07 224 1.76 42552 4.74

M43

10 0.34 1 0.35 5 0.13 532 1.29
11 0.52 1 0.89 8 0.21 4884 2.39

M82

10 1.3 1 1.99 20 0.16 4005 4.39
12 0.71 1 0.74 11 0.25 4883 1.79 11 6.65 1 2.31 21 0.37 43651 4.52
13 0.97 1 0.79 12 0.32 8303 1.74 12 9.27 1 2.42 49 0.52 46440 4.43
14 1.34 1 0.87 18 0.43 12731 1.75 13 5.97 1 2.08 41 1.54 179717 3.92
15 3.04 1 0.77 37 0.68 22028 1.53 14 19.78 47 2.82 62 9.22 1272759 4.51
16 3.77 1 0.73 27 1.15 51773 1.51 15 27.97 46 4.45 56 34.45 4539819 6.26
17 4.77 1 1.04 39 2.52 121001 1.82 16 38.48 113 3.67 106 28.37 2700408 5.13
18 6.08 1 0.74 29 2.27 86731 1.44 17 75.04 227 3.40 120 35.69 3087231 4.76
19 9.07 1 0.78 31 3.6 157449 1.43 18 114.94 442 3.90 177 85.37 6873457 5.53
20 12.43 1 0.87 67 7.21 336111 1.48 19 111.61 313 4.03 154 135.82 9393814 6.36

20 263.91 830 4.58 267 299.37 19360753 8.21

Table 8 Comparison of the performance obtained by UBT-BC and MP-BB on the Easy Set.
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Dataset n Optimum UBT-BC MP-BB

Best Solution Root Gap (%) Final Gap (%) Time (s) Nodes Cuts Best Solution Root Gap (%) Time (s) Nodes

SeedPlant500

21 332056.369 332056.369 5.258 0.000 381.72 943 296 332056.369 7.296 130.88 4711486
22 671163.813 671163.813 5.693 0.000 1523.26 3512 536 671163.813 7.659 215.15 7349038
23 1372759.962 1372759.962 6.288 0.414 > 3600 2154 1253 1372759.962 8.237 903.17 31488228
24 2796739.184 2796739.184 6.469 0.821 > 3600 898 620 2796739.184 8.259 1581.07 67844153
25 unknown 5939815.36158 7.178 - - - - 6171362.306 - > 3600 498553098
26 unknown 12440715.6569 7.806 - - - - 13010792.442 - > 3600 468648444

M43

21 325438.135 325438.135 0.852 0.000 16.92 1 77 325438.135 1.448 13.99 703824
22 656592.407 656592.407 0.874 0.000 21.11 1 82 656592.407 4.451 > 3600 191231641
23 1318516.260 1318516.260 0.894 0.000 25.16 1 105 1318516.260 4.460 > 3600 516803942
24 2789865.680 2789865.680 1.055 0.000 58.99 1 123 - 4.608 - -
25 5688555.528 5688555.528 1.088 0.000 62.11 1 152 - 4.497 - -
26 12008676.691 12008676.691 1.353 0.000 275.17 1 396 - 4.801 - -
27 25409724.737 25409724.737 1.751 0.000 1795.69 1263 308 - 4.306 - -
28 54171504.267 54171504.267 1.902 0.000 2132.72 745 288 - 4.030 - -
29 111211685.285 111211685.285 1.868 0.000 2388.34 733 342 - 3.950 - -
30 242403729.428 242403729.428 1.755 0.000 2308.00 566 368 - 3.549 - -
31 unknown 491730541.178 1.914 0.093 > 3600 591 450 - - - -
32 unknown 1016257186.290 2.374 0.366 > 3600 220 585 - - - -

M62

21 606171.435 606171.435 0.789 0.000 94.93 87 149 606171.435 4.868 9.71 448109
22 1220818.790 1220818.790 0.820 0.000 170.42 123 200 1228200.387 4.803 > 3600 529375621
23 2482880.895 2482880.895 1.012 0.000 245.81 223 205 2498066.183 4.703 > 3600 502405960
24 5132331.040 5132331.040 0.981 0.000 517.00 725 267 - 4.463 - -
25 10408638.046 10408638.046 1.056 0.000 1267.88 959 294 - 4.623 - -
26 21428870.595 21428870.595 1.479 0.000 1797.26 636 323 - 4.065 - -
27 43823281.741 43823281.741 1.301 0.000 1881.49 1045 335 - 4.007 - -
28 90114762.830 90114762.830 1.401 0.081 > 3600 785 389 - 4.052 - -
29 184186545.195 184186545.195 1.408 0.115 > 3600 686 461 - 4.067 - -

RbcL55

21 493899.415 493899.415 0.143 0.000 263.72 307 193 493899.415 2.789 102.63 6238233
22 1023571.265 1023571.265 0.129 0.000 245.52 185 211 1023571.265 2.733 214.69 12132748
23 2106749.004 2106749.004 0.147 0.000 501.94 300 236 2106749.004 2.739 574.82 30025787
24 4281426.961 4281426.961 0.149 0.000 720.93 391 208 4281426.961 3.165 > 3600 501709276
25 8866707.383 8866707.383 0.158 0.000 842.17 336 262 8866707.383 3.053 > 3600 454075005
26 17848947.626 17848947.626 0.153 0.000 1106.10 319 263 - 3.030 - -
27 36912429.716 36912429.716 0.167 0.000 3365.02 823 346 - 2.832 - -
28 75236032.385 75236032.385 0.160 0.000 2054.03 459 321 - 2.769 - -
29 unknown 156595052.507 0.171 0.062 > 3600 359 383 - - - -
30 unknown 321071032.462 0.160 0.093 > 3600 272 400 - - - -

Rana64

21 186092.562 186092.562 0.259 0.000 107.11 46 149 186092.562 3.476 3.17 101136
22 385972.325 385972.325 0.327 0.000 126.08 48 179 385972.325 3.528 4.36 155438
23 805992.557 805992.557 0.420 0.000 214.25 167 282 805992.557 5.224 10.69 302983
24 1643729.224 1643729.224 0.432 0.018 > 3600 6056 781 1643729.224 5.184 17.16 457205
25 3579365.445 3579365.445 0.389 0.000 469.49 196 284 3579365.445 4.645 46.14 1519166
26 7634137.020 7634137.020 0.533 0.000 1617.32 1013 368 7634137.020 4.333 186.42 6417881
27 16430070.905 16430070.905 0.826 0.306 > 3600 489 523 16430070.905 4.288 1537.49 49425353
28 unknown 35712637.346 0.789 0.509 > 3600 301 598 35712637.346 - > 3600 173867803
29 unknown 72530903.6739 2.651 - - - - 72530903.674 - > 3600 286501741

M82

21 178851.725 178851.725 0.420 0.000 331.53 456 201 178851.725 5.432 834.25 49432404
22 392087.422 392087.422 0.566 0.000 972.23 1502 337 392087.422 5.900 2807.91 146436375
23 798955.380 798955.380 0.582 0.000 1746.20 2887 426 798955.380 5.819 > 3600 245346036
24 unknown 1645768.732 0.551 0.113 > 3600 2541 593 1645768.732 - > 3600 339327327
25 unknown 3411137.819 0.694 0.117 > 3600 1715 542 3461590.253 - - -

Table 9 Comparison of the performance obtained by UBT-BC and MP-BB on the Hard Set.
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Dataset n Optimum UBT-BC MP-BB

Best Solution Time (s) Nodes Final Gap (%) Cuts Best Solution Time (s) Nodes Final Gap (%)

B-HA-573-585-BMGE
20 530072.565 530072.565 17.18 1 0.000 120 530072.565 1.11 8568 2.566
25 17880701.513 17880701.513 165.72 1 0.000 265 17880701.513 2.83 30004 2.440
26 35631582.718 35631582.718 225.92 13 0.000 257 35631582.718 5.08 79308 2.488

B-HA-986-1908-BMGE 20 432217.764 432217.764 69.17 54 0.000 163 432217.764 56.41 3654676 8.421
21 869072.877 869072.877 146.75 239 0.000 233 869072.877 143.93 7748550 9.450

B-NA-633-1751-BMGE
20 288685.631 288685.631 17.32 1 0.000 245 288685.631 2.64 73818 11.981
22 1270085.105 1270085.105 65.04 1 0.000 399 1270085.105 11.99 438241 12.800
23 2660926.474 2660926.474 97.31 8 0.000 450 2660926.474 50.96 1658515 13.114

B-NA-684-472-BMGE
20 554220.083 554220.083 7.18 1 0.000 112 554220.083 9.01 325389 3.452
24 9467537.210 9467537.210 46.09 1 0.000 214 9467537.210 243.67 5775880 4.252
25 18911659.051 18911659.051 53.23 1 0.000 225 18911659.051 320.88 6525723 4.233

B-NS-629-1111-BMGE
20 284088.517 284088.517 23.58 1 0.000 234 284088.517 2.63 70783 8.608
26 19225291.111 19225291.111 227.73 62 0.000 774 19225291.111 16.26 436825 10.313
27 39704665.778 39704665.778 313.39 221 0.000 614 39704665.778 88.56 2520022 10.069

B-NS1-284-344-BMGE
20 600436.354 600436.354 8.54 1 0.000 118 600436.354 29.96 1652823 4.686
29 341239418.934 341239418.934 1767.97 539 0.000 412 342683792.853 > 3600 62068495 7.083
30 unknown 689965539.914 > 3600 955 0.056 490 692918790.535 > 3600 57964421 7.733

eudicots-BMGE 20 1294680.314 1294680.314 92.57 1 0.000 298 1294680.314 28.58 2170084 2.386

euros1 20 964061.058 964061.058 81.79 34 0.000 186 964061.058 4.28 243086 3.753

euros2
20 716214.753 716214.753 8.06 1 0.000 60 716214.753 1.13 8946 1.083
22 2949200.758 2949200.758 20.04 1 0.000 117 2949200.758 2.23 39618 1.100
23 5959679.541 5959679.541 33.02 1 0.000 166 5959679.541 4.53 105950 1.760

nucleic-M2573-346x897-2006
20 1324915.878 1324915.878 39.74 20 0.000 230 1324915.878 2.15 87532 2.246
27 171652350.870 171652350.870 417.45 74 0.000 469 171652350.870 45.79 1487350 2.916
28 345731096.684 345731096.684 724.91 392 0.000 424 345731096.684 56.80 1720310 2.881

nucleic-M2839-470x829-2006
20 3599570.958 3599570.958 256.40 642 0.000 214 3782376.821 > 3600 304313225 8.540
21 7507514.791 7507514.791 275.05 321 0.000 151 7892763.278 > 3600 235795333 8.821
22 15439953.018 15439953.018 362.73 455 0.000 180 16254955.369 > 3600 250393665 9.069

nucleic-M3862-362x1207-2008 20 3102271.026 3102271.026 107.73 29 0.000 153 3121879.050 > 3600 257302144 3.208

proteic-M2577-40x12260-2005
20 4793364.627 4793364.627 44.55 1 0.000 206 4854143.148 > 3600 198043972 7.531
23 41973145.938 41973145.938 261.53 242 0.000 226 42504306.609 > 3600 180256775 8.460
24 86565511.835 86565511.835 438.50 370 0.000 255 87092956.578 > 3600 166971241 8.296

proteic-M2624-139x338-2006-BMGE
20 3569327.875 3569327.875 10.60 1 0.000 61 3569327.875 2.69 73409 1.432
25 125549247.540 125549247.540 291.79 21 0.000 296 125893577.142 > 3600 138432308 3.161
26 257545396.454 257545396.454 701.99 800 0.000 267 258277857.349 > 3600 122852779 3.222

proteic-M2883-91x7386-2007-BMGE 20 unknown 2183208.518 > 3600 5943 0.124 5429 2188398.985 > 3600 358856805 6.032

proteic-M3068-50x1000-2006 20 24638785.283 24638785.283 385.83 1557 0.000 365 24981920.418 > 3600 197997696 3.816

proteic-M3756-77x9918-2008-BMGE
20 5063227.006 5063227.006 25.10 1 0.000 127 5063227.006 11.45 634147 1.004
22 21113170.305 21113170.305 65.18 1 0.000 175 21113170.305 89.13 4145337 1.058
23 43181421.785 43181421.785 63.64 1 0.000 143 43190975.673 123.28 5235313 1.082

proteic-M3756-77x11234-2008 20 6639947.471 6639947.471 117.26 116 0.000 231 6756521.943 > 3600 286309546 4.168

rosids 20 1036298.579 1036298.579 100.27 1 0.000 289 1036298.579 82.60 6305076 3.738

Table 10 Comparison of the performance of UBT-BC and MP-BB on the Third Set of instances of the BMEP.
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τ1,2 τ1,3 τ1,4 τ1,5 τ1,6 τ2,3 τ2,4 τ2,5 τ2,6 τ3,4 τ3,5 τ3,6 τ4,5 τ4,6 τ5,6

2 3 4 5 5 3 4 5 5 3 4 4 3 3 2
3 3 3 4 4 2 4 5 5 4 5 5 3 3 2
4 3 4 3 3 3 2 5 5 3 4 4 5 5 2
3 2 4 5 5 3 3 4 4 4 5 5 3 3 2
4 3 2 5 5 3 4 3 3 3 4 4 5 5 2
2 4 3 5 5 4 3 5 5 3 3 3 4 4 2
3 4 3 3 4 3 4 4 3 5 5 2 2 5 5
3 4 4 3 3 5 5 4 2 2 3 5 3 5 4
5 5 4 3 2 2 3 4 5 3 4 5 3 4 3
2 4 4 4 4 4 4 4 4 2 4 4 4 4 2
4 2 4 4 4 4 2 4 4 4 4 4 4 4 2
4 4 2 4 4 2 4 4 4 4 4 4 4 4 2
3 5 5 4 2 4 4 3 3 2 3 5 3 5 4
4 3 3 3 4 5 5 3 2 2 4 5 4 5 3
5 5 2 3 4 2 5 4 3 5 4 3 3 4 3

Table 11 The set τ(B6). Each row refers to the upper triangular part of a PLM whose associated UBT T ∈ B6. It is easy
to check, by using numerical tools, that each row (i.e., each PLM) satisfies (48) at equality and that the set τ(B6) is linearly
independent.

A – On triangle inequalities

The strong triangle inequalities (2) are facet-defining for Conv(Θn). The proof of this claim, being very similar to that of
Proposition 15, was omitted from the main body of the paper and is given in this appendix for completeness.

Proposition 22 For n ≥ 6, the tightened triangle inequality

∆n−2,n
n−1 = τn−2,n−1 + τn−1,n − τn−2,n ≥ 2 (48)

is facet-defining for Conv(Θ).

Proof We prove the statement by inductively constructing a set Bn of
(

n
2

)
UBTs such that τ(B) is linearly independent.

Specifically, we first show that the statement holds true for n = 6. Then, by assuming that the statement holds true for
n − 1, we show that we can derive from Bn−1 a set B′ ⊂ Un of

(
n−1

2

)
UBTs whose induced PLMs are linearly independent

and satisfy (48) at equality. Finally, we show that we can construct the set Bn by joining B′ with a specific set of n − 1
caterpillars that satisfy (48) at equality.

Base case. Assume that n = 6 and denote by B6 the set of UBTs in U6 associated with the PLMs reported in Table 11.
Using numerical tools (e.g., Mathematica or Matlab), it is easy to check that τ(B6) is linearly independent and each of
its PLMs satisfies (48) at equality. Hence, (48) is facet-defining for Conv(Θ6).

Inductive step. Now, assume that n > 6 and that the statement holds true for n − 1. Denote Bn−1 as a set of
(

n−1
2

)
UBTs

in Un−1 whose induced PLMs τ ∈ τ(Bn−1) satisfy

τn−3,n−2 + τn−2,n−1 − τn−3,n−1 = 2. (49)

Consider the set
Be = {expand(T, n − 1) ∈ Un : T ∈ Bn−1}

and observe that, by Proposition 14, τ(Be) is linearly independent. Consider a UBT T ∈ Bn−1 and define

Te = expand(T, n − 1).

Then, by the properties of the expansion operation, the following conditions hold:

τ(Te)u,n = τ(Te)u,n−1 = τ(T )u,n−1 + 1 ∀u ∈ [n − 2]
τ(Te)u,v = τ(T )u,v ∀u, v ∈ [n − 2]
τ(Te)n,n−1 = 2

∆k,n
n−1(Te) = 2 ∀k ∈ [n − 2].

Note, in particular, that ∆n−2,n
n−1 (Te) = 2 for all Te ∈ Be, so each PLMs induced by these UBTs satisfies (49). We now

construct Bn by complementing the
(

n−1
2

)
UBTs in Be with a set n − 1 of caterpillars T ∈ Un that satisfy (48) at

equality and that are such that τ(Bn) is linearly independent. First, consider the caterpillar Y = swap(n−2,n−3)(F n),
which is determined by the sequence (1, 2, · · · , n − 4, n − 2, n − 3, n − 1, n). As n − 1 and n are in the same cherry, we
have that τ(Y )n,n−1 = 2. This property also holds for each element in Be. However, while ∆n,n−3

n−2 (Te) = 2 for each
Te ∈ Be, we have that ∆n,n−3

n−2 (Y ) > 2 because, due to the swap, leaf n − 2 is not adjacent to an internal node in the
path P Y

n−3,n. Hence, by Proposition 12, τ(B′ ∪ {Y }) is linearly independent. Now, for each k ∈ [n − 3], consider the
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<latexit sha1_base64="n06xxsRxy6Ks3LtCGTDr5hQ4qsQ=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWddApFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrzyR1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veRem86hbL1zBVDg7hCE7Ag0sowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBzAqPJQ==</latexit>

k

<latexit sha1_base64="z+JXICBx4Mwyp7vCld2aFsMlDD0=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCQAi7io+TBLx4jGgekCxhdjKbDJmdWWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuriDmTBvX/XYyS8vZldXcWn59Y3Nru7CzW9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSreDI69TKLpldwK0SLwZKVayJ6X3L/FR7RQ+211JkogKQzjWuuW5sfFTrAwjnI7y7UTTGJMB7tGWpQJHVPvp5NQROrRKF4VS2RIGTdTfEymOtB5Gge2MsOnreW8s/ue1EhNe+CkTcWKoINNFYcKRkWj8N+oyRYnhQ0swUczeikgfK0yMTSdvQ/DmX14k9eOyd1Y+vbFpXMIUOdiHAyiBB+dQgWuoQg0I9OABnuDZ4c6j8+K8TlszzmxmD/7AefsBLISQvg==</latexit>

k + 1
<latexit sha1_base64="z+JXICBx4Mwyp7vCld2aFsMlDD0=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCQAi7io+TBLx4jGgekCxhdjKbDJmdWWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuriDmTBvX/XYyS8vZldXcWn59Y3Nru7CzW9cyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIBldjv3FPlWZS3JlhTP0I9wQLGcHGSreDI69TKLpldwK0SLwZKVayJ6X3L/FR7RQ+211JkogKQzjWuuW5sfFTrAwjnI7y7UTTGJMB7tGWpQJHVPvp5NQROrRKF4VS2RIGTdTfEymOtB5Gge2MsOnreW8s/ue1EhNe+CkTcWKoINNFYcKRkWj8N+oyRYnhQ0swUczeikgfK0yMTSdvQ/DmX14k9eOyd1Y+vbFpXMIUOdiHAyiBB+dQgWuoQg0I9OABnuDZ4c6j8+K8TlszzmxmD/7AefsBLISQvg==</latexit>

k + 1

<latexit sha1_base64="aWLKOgSvrXBRRN6UeNYiT0m1I4k=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhIITdiI+TBLx4jGgekCxhdjKbDJmdXWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuLj8WXBvH+UZLyyuZ1bXsem5jc2t7J7+7V9dRoiir0UhEqukTzQSXrGa4EawZK0ZCX7CGP7ga+417pjSP5J0ZxswLSU/ygFNirHQ7OC538gWn5EyAF4k7I4VK5qT4/iU/qp38Z7sb0SRk0lBBtG65Tmy8lCjDqWCjXDvRLCZ0QHqsZakkIdNeOjl1hI+s0sVBpGxJgyfq74mUhFoPQ992hsT09bw3Fv/zWokJLryUyzgxTNLpoiAR2ER4/DfucsWoEUNLCFXc3oppnyhCjU0nZ0Nw519eJPVyyT0rnd7YNC5hiiwcwCEUwYVzqMA1VKEGFHrwAE/wjAR6RC/oddq6hGYz+/AH6O0HLgiQvw==</latexit>

k + 2
<latexit sha1_base64="aWLKOgSvrXBRRN6UeNYiT0m1I4k=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhIITdiI+TBLx4jGgekCxhdjKbDJmdXWZmhbDkE7x4UMSr3+DdX/Ckf+PkcdDEgoaiqpvuLj8WXBvH+UZLyyuZ1bXsem5jc2t7J7+7V9dRoiir0UhEqukTzQSXrGa4EawZK0ZCX7CGP7ga+417pjSP5J0ZxswLSU/ygFNirHQ7OC538gWn5EyAF4k7I4VK5qT4/iU/qp38Z7sb0SRk0lBBtG65Tmy8lCjDqWCjXDvRLCZ0QHqsZakkIdNeOjl1hI+s0sVBpGxJgyfq74mUhFoPQ992hsT09bw3Fv/zWokJLryUyzgxTNLpoiAR2ER4/DfucsWoEUNLCFXc3oppnyhCjU0nZ0Nw519eJPVyyT0rnd7YNC5hiiwcwCEUwYVzqMA1VKEGFHrwAE/wjAR6RC/oddq6hGYz+/AH6O0HLgiQvw==</latexit>

k + 2

<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1

<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n

<latexit sha1_base64="NVeE3hobmMNZAi/XQKyDDmFvkT4=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg6ux37inSjMp7swwpn6Ee4KFjGBjpdvBkdcpFN2yOwFaJN6MFCvZk9L7l/iodgqf7a4kSUSFIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUoEjqv10cuoIHVqli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppO3IXjzLy+S+nHZOyuf3tg0LmGKHOzDAZTAg3OowDVUoQYEevAAT/DscOfReXFep60ZZzazB3/gvP0AL46QwA==</latexit>

k � 1
<latexit sha1_base64="NVeE3hobmMNZAi/XQKyDDmFvkT4=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszOLDOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZrWuZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg6ux37inSjMp7swwpn6Ee4KFjGBjpdvBkdcpFN2yOwFaJN6MFCvZk9L7l/iodgqf7a4kSUSFIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUoEjqv10cuoIHVqli0KpbAmDJurviRRHWg+jwHZG2PT1vDcW//NaiQkv/JSJODFUkOmiMOHISDT+G3WZosTwoSWYKGZvRaSPFSbGppO3IXjzLy+S+nHZOyuf3tg0LmGKHOzDAZTAg3OowDVUoQYEevAAT/DscOfReXFep60ZZzazB3/gvP0AL46QwA==</latexit>

k � 1
<latexit sha1_base64="NT5xjpoCazg5i1aWIVTRmoAcfEs=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13lx8Lro3jfKOl5ZXM6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVjPcCNaMFSOhL1jDH1yN/cY9U5pH8s4MY+aFpCd5wCkxVrodHJc7+YJTcibAi8SdkUIlc1J8/5If1U7+s92NaBIyaaggWrdcJzZeSpThVLBRrp1oFhM6ID3WslSSkGkvnZw6wkdW6eIgUrakwRP190RKQq2HoW87Q2L6et4bi/95rcQEF17KZZwYJul0UZAIbCI8/ht3uWLUiKElhCpub8W0TxShxqaTsyG48y8vknq55J6VTm9sGpcwRRYO4BCK4MI5VOAaqlADCj14gCd4RgI9ohf0Om1dQrOZffgD9PYDMRKQwQ==</latexit>

k � 2
<latexit sha1_base64="NT5xjpoCazg5i1aWIVTRmoAcfEs=">AAAB6nicbVDLSgNBEOxRozG+oh69DAYhF8NuxMdJAl48RjQPSJYwO5lNhszOLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13lx8Lro3jfKOl5ZXM6lp2PbexubW9k9/dq+soUZTVaCQi1fSJZoJLVjPcCNaMFSOhL1jDH1yN/cY9U5pH8s4MY+aFpCd5wCkxVrodHJc7+YJTcibAi8SdkUIlc1J8/5If1U7+s92NaBIyaaggWrdcJzZeSpThVLBRrp1oFhM6ID3WslSSkGkvnZw6wkdW6eIgUrakwRP190RKQq2HoW87Q2L6et4bi/95rcQEF17KZZwYJul0UZAIbCI8/ht3uWLUiKElhCpub8W0TxShxqaTsyG48y8vknq55J6VTm9sGpcwRRYO4BCK4MI5VOAaqlADCj14gCd4RgI9ohf0Om1dQrOZffgD9PYDMRKQwQ==</latexit>

k � 2

Fig. 11 The caterpillar Cn
k

caterpillar Cn
k determined by sequence (n, k, k − 1, k − 2, · · · , 2, 1, n − 1, n − 2, · · · , k + 2, k + 1), shown in Figure 11.

Observe that if k′ ∈ [k] then k′ is adjacent to an internal node in the path P
Cn

k
n,n−1; alternatively, if k′ ∈ [k + 1, n − 2],

then n − 1 is adjacent to an internal node in the path P
Cn

k
n,k′ . We can then conclude that

∆n,k′

n−1(Cn
k ) = 2 for k′ ∈ [k + 1, n − 2] (50)

and

∆n,k′

n−1(T ) > 2 for k′ ∈ [k]. (51)

Observe that, for each k ∈ [n−3], ∆n,k
n−1(T ) = 2 for each T ∈ B′ ∪{Y }∪k−1

k′=1 {Cn
k′ }, while ∆n,k

n−1(Cn
k ) > 2. In particular,

by Proposition 12, we have that τ(B∪{Y, Cn
1 , Cn

2 }) is linearly independent and for T ∈ B∪{Y, Cn
1 , Cn

2 } and k ∈ [3, n−2]
we have ∆n,k

n−1(T ) = 2. Now, consider the linear function

F (T ) = 2(τ(T )1,n − τ(T )1,n−1) + (τ(T )2,n − τ(T )2,n−1) + τ(T )n−1,n.

For T ∈ B′ ∪ {Y }, n − 1 and n are in the same cherry, hence

F (T ) = 0 + 0 + 2 = 2.

We also have that
F (Cn

1 ) = 2(2 − 3) + (n − 1 − (n − 2)) + 3 = −2 + 1 + 3 = 2.

Similarly, we have that
F (Cn

2 ) = 2(3 − 3) + (2 − 4) + 4 = 0 − 2 + 4 = 2.

Hence, F (T ) = 2 for each T ∈ B ∪ {Y, Cn
1 , Cn

2 }. Now, consider the caterpillar W = swap(1,2)(Cn
2 ), determined by the

sequence (n, 1, 2, n − 1, · · · , 5, 4, 3) and shown in Figure 12. For W we have that

F (W ) = 2(2 − 4) + (3 − 3) + 4 = 0

and ∆n,k
n−1(W ) = 2, for k ∈ [3, n − 2]. Hence, by Proposition 12, τ(B ∪ {Y, Cn

1 , Cn
2 , W }) is linearly independent.

Let Bn denote the set
Bn = B′ ∪ {Y, W } ∪n−3

k=1 {Cn
k }.

We will show now that the set τ(Bn) is linearly independent. To this end, suppose, by contradiction, that τ(Bn) is linearly
dependent and denote by j be the smallest index such that the PLMs induced by the set BLD = B∪{Y, W }∪j

k=1 Cn
k are

linearly dependent. Because (50) and (51) hold and j > 2, we have that ∆n,k′

n−1(T ) = 2 for all T ∈ BLD and k′ ∈ [k, n−2].
On the other hand, note that ∆n,k

n−1(Cn
k ) > 2. In the light of Proposition 12, these facts imply that τ(BLD) is linearly

independent, which leads to a contradiction. Therefore, τ(Bn) = τ(Be ∪ {Y, W } ∪n−3
k=1 {Cn

k }) is linearly independent,
|Bn| =

(
n
2

)
, ∆n,n−2

n−1 (T ) = 2, for each T ∈ Bn, and the statement follows. ⊓⊔

From Proposition 13, we can conclude that

Corollary 1 For any distinct i, j, k ∈ [n], the inequality ∆i,j
k

(T ) ≥ 2 is facet-defining for Conv(Θn).

<latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5
<latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5
<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2
<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2
<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4
<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="PsuffHeYF6jE2wfJbMbF6fdYPqA=">AAAB6nicbVDLSgNBEOyNRmN8RT16GQxCLoZdxcdJAl48RjQPSJYwO5lNhszMLjOzQljyCV48KOLVb/DuL3jSv3HyOGhiQUNR1U13VxBzpo3rfjuZpeXsympuLb++sbm1XdjZresoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDK7GfuOeKs0ieWeGMfUF7kkWMoKNlW7lkdcpFN2yOwFaJN6MFCvZk9L7l/yodgqf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46OXWEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e98bif14rMeGFnzIZJ4ZKMl0UJhyZCI3/Rl2mKDF8aAkmitlbEeljhYmx6eRtCN78y4ukflz2zsqnNzaNS5giB/twACXw4BwqcA1VqAGBHjzAEzw73Hl0XpzXaWvGmc3swR84bz80IJDD</latexit>

n � 1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1
<latexit sha1_base64="NO2XWKIAThyI8Hi9k4JBt8jgKK0=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1esUim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRedYvla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAdCKO6w==</latexit>

1

<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n<latexit sha1_base64="oDtGjozZRilrrN9adAvmujiUImk=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFWVXYKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A0JaPKA==</latexit>n
<latexit sha1_base64="KvHLfBVPtoamEKAfyVE8nLlxuA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6PknAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH+xjL0=</latexit>

3
<latexit sha1_base64="KvHLfBVPtoamEKAfyVE8nLlxuA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6PknAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH+xjL0=</latexit>

3

Fig. 12 The caterpillar W = swap1,2(Cn
2 ).
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