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Abstract

Gravitational-wave (GW) interferometers have detected over two hundred com-
pact binary coalescences to date. This was achieved with long-baseline Michel-
son interferometers that employ hundreds of kWs of optical power circulating
in km-long optical cavities. In addition, squeezed light is injected into the
interferometer in order to beat the standard quantum noise limit.

Optical absorption in the optics leads to thermal effects that shift the eigen-
modes of the optical cavities, causing control issues. This shift also leads to
mode mismatch which results in optical losses. In addition, high-power ef-
fects such as angular and parametric instabilities make the operation of optical
cavities with high-circulating power notoriously difficult.

In turn, quantum noise reduction techniques are sensitive to optical losses
and mode degradation. The combination of high-power with squeezed light
makes mode sensing and control a crucial aspect of operating a gravitational-
wave interferometer. This is particularly the case for next-generation detectors,
for which some of the major planned upgrades include increasing circulating
powers to the MW level and quantum noise reduction up to 10dB.

In this work, we use a spatio-temporal heterodyne wavefront sensor to
tackle these challenges. This sensor is called the phase camera and is cur-
rently installed at the Virgo GW detector. It combines a heterodyne readout
with beam scanning to achieve high-resolution amplitude and phase images of
the laser beam wavefront.

This work is divided in two parts. One concerns the phase cameras of
Virgo, their use for optical characterization as well as optical simulations of
the Virgo detector. The second consists of two-table top experiments with a
custom phase camera. In these, two novel mode sensing schemes are demon-
strated that should help achieve the high-power goals of future GW detectors.
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Introduction

‘In my entire scientific life, extending over forty-five
years, the most shattering experience has been the
realization that an exact solution of Einstein’s equa-
tions of general relativity, discovered by the New
Zealand mathematician Roy Kerr, provides the abso-
lute exact representation of untold numbers of mas-
sive black holes that populate the universe. This
"shuddering before the beautiful," this incredible
fact that a discovery motivated by a search after the
beautiful in mathematics should find its exact replica
in Nature, persuades me to say that beauty is that to
which the human mind responds at its deepest and
most profound level.’
Subrahmanyan Chandrasekhar in Truth and Beauty:
Aesthetics and Motivations in Science (1987)

Subrahmanyan Chandrasekhar is best known for the discovery of the upper
limit to the mass of white dwarf stars, for which he received the Nobel prize
in physics. In his book titled "Truth and Beauty: Aesthetics and Motivations
in Science", Chandrasekhar "shuddered before the beautiful" of Roy Kerr and
Albert Einstein’s mathematical predictions regarding the nature of space-time.
Almost 40 years after Chandrasekhar published these words, we now have the
tools to glimpse into these "untold numbers" of black holes that populate our
universe.

When two black holes rotate around each other, eventually colliding and
merging, small ripples in the fabric of space-time are emitted. These small
ripples, that propagate at the speed of light, are called gravitational-waves.
Until the summer of 2025, the LIGO-Virgo-Kagra collaboration has detected
gravitational-waves from the coalescence of 208 systems of binary black holes
[5]. These detections have confirmed the predictions of Kerr regarding rotating
black holes [6] as well as allowing for precision tests of Einstein’s theory of
General Relativity [7].



In fact, this work is concerned not with the black holes themselves, but
with the machines that have made these detections possible. These machines
employ laser light and km-scale Michelson interferometers that are sensitive
enough to measure the ripples in space-time caused by these cataclysmic co-
alescences. In order to measure them it is necessary to measure changes in
length in the order of 10−19 m, more than a thousand times smaller than the
radius of a proton [8, 9].

Gravitational-wave interferometers employ km-long Fabry-Perot cavities
with kilowatts of circulating power. In addition, quantum-correlated light,
called squeezed-light, is injected into the interferometer in order to beat the
standard quantum noise limit [10].

Spherical Fabry-Perot resonators sustain transverse electro-magnetic eigen-
mode solutions which can be exactly represented by an orthonormal basis of
polynomials [11]. The zeroth and first-order modes are used to control the
longitudinal and angular degrees of freedom of these cavities, respectively.
This knowledge comes from pioneers from the fields of atomic, molecular
and optical physics (AMO) as well as GW interferometry, such as John Hall
and Ronald Drever [12], Dana Z. Anderson [13] and Gary C. Bjorklund [14].
These techniques are already mature and enjoy high levels of automation [15].

Sensing and controlling the higher-order modes of optical cavities is how-
ever, not as well developed. This is especially relevant in the presence of high
optical powers, which make cavity control notoriously difficult [16], suffering
from different issues such as angular and parametric instabilities [17]. High
circulating powers also lead to increased losses from scattering and also due
to thermal transients from thermo-refractive effects in the cavity mirrors that
shift the cavities eigenmodes. In turn, squeezed light manipulation is incredi-
bly sensitive to optical losses and mode degradation [18]. The combination of
high-power with squeezed light makes (higher-order) mode sensing and con-
trol a crucial aspect of operating a gravitational-wave interferometer. This is
particularly the case for next-generation detectors, for which some of the major
planned upgrades include increasing circulating powers to the MW level and
squeezed light injection providing up to 10dB of quantum noise reduction [19].
Thermal compensation systems already exist, but in order to reach the goals of
next-generation detectors novel sensing and control schemes are required.

The eigenmode basis of an optical cavity is characterized by the waist
size and position of the circulating beam sustained by the cavity. When the
waist size and position of an input beam is different from the one of the cav-
ity, we talk of mode mismatch. This mode mismatch is a source of optical



loss and it is characterized by two quadratures, the waist size mismatch and
the waist position mismatch. As the mirror of a cavity heats up due to high-
circulating powers, the mirrors are deformed and the cavity eigenmode shifts
changing the mode matching condition. This presents another challenge in
current gravitational-wave detectors.

In this work, we combine the existing knowledge of cavity and laser control
with wavefront sensing and adaptive optics in order to tackle these current
technical challenges. In particular, this work focuses on using a phase camera
as a wavefront sensor. The phase camera combines an heterodyne readout with
beam scanning to achieve high-resolution amplitude and phase images of the
laser beam wavefront at multiple heterodyne frequencies of interest [20]. The
goal of this work is to contribute to the advancement of mode sensing and
control in gravitational-wave detectors, and in particular answer the following
questions:

• By making use of the phase information, can a single phase camera be
used to completely characterize the two mode mismatch quadratures.

• Can a phase camera be used to deliver in situ characterization of full
eigenmodes of a cavity.

The thesis starts with a description of the field of gravitational-wave inter-
ferometry in Chapter 1. After a brief historical overview of the development
of gravitational-wave detectors, gravitational-wave sources and science cases
are discussed. This is followed by an introduction on how gravitational-wave
interferometers work and their limiting noises. The chapter ends with a focus
on the motivations for this work, by introducing quantum noise reduction with
squeezed light and the issues around high-power operation.

In Chapter 2, I introduce the concepts of heterodyne and homodyne read-
out and I review the state of the art on longitudinal and angular control of
optical cavities. This is followed by a more detailed development of the issues
surrounding higher-order mismatches and thermal effects due to high-power
operation. The chapter ends with a review of the state-of-the art on wavefront
sensors and adaptive optics for mode sensing and control in gravitational-wave
detectors. This was the subject of a review article published in Optica, of which
I was a co-author [2]. The overlapping Sections in Chapter 2, Sections 2.6 and
2.7 were adapted from the text of the published article.

The remainder of the thesis is concerned with work developed during the
course of my PhD. This work is divided in two parts. The first concerns the



use of the phase camera at Virgo for optical characterization and optical sim-
ulations. The second concerns the development of two table-top experiments
using the phase camera to show case two mode sensing schemes, one in reflec-
tion from a cavity and another in transmission.

In Chapter 3, I introduce the commissioning of the Virgo phase cameras
ahead of the current observation run, 04 as well as two contributions to the op-
tical characterization of the detector. One was the thermal tuning of the central
interferometer and the other is an independent measurement of the mismatch in
the arm cavities of Virgo using the phase camera. The later was the subject of
a proceedings publication for the GRAvitational-waves Science&technology
Symposium (GRASS 2022) [4].

In Chapter 4, I describe optical simulations of the Virgo detector as it were
during the observation run 04. These simulations are concerned mostly with
the mode matching and thermal working point of the detector and they show
what we can do using the currently existing diagnostic channels. At the end
of the chapter the importance of knowing the mode content in the detector in
order to accurately simulate and model the detector is shown.

For the table-top experiments performed in the course of this work, it was
required to develop a phase camera in-house similar to the ones installed at
Virgo. The development and characterization of a custom phase camera for
this purpose is described in Chapter 5.

In chapter 6, I detail a measurement scheme to characterize the mismatch
in Fabry-Perot cavity by using a phase camera in reflection. This work builds
directly upon the measurements done at Virgo with the phase camera. Optical
simulations show the error signals that can be extracted from a single phase
camera. These results were the subject of a proceedings publication for the
16th Pisa Meeting on Advanced Detectors (PMAD 2024) in a peer-reviewed
journal [3]. The design of a table-top experiment to reproduce these error
signals in the lab is described. Experimental preliminary results are also shown
at the end of the Chapter.

The second table-top experiment is described in Chapter 7. This experiment
consists of an optical injection scheme using an electro-optic modulator and a
phase camera in transmission from the cavity. In this way it is possible to
image the amplitude and phase of any higher-order mode in the cavity. These
results were the subject of a peer-reviewed article [1].

The characterization of the higher-order modes of a cavity is relevant to
predict issues with parametric instabilities as mentioned above. In addition
this technique opens up a variety of applications concerning cavity mode sens-



ing, such as the on-line measurement of thermal transients in the presence of
high circulating power and tracking the phase of higher-order modes. This
technique can also find applications beyond the field of gravitational-wave de-
tectors where high circulating power cavities are also crucial. Some of these
are phase-electron microscopy [21], neutral beam injection systems for fusion
reactors [22] and others [23].

The thesis ends with a reflection on the results of this work and their impact
for current and future gravitational-wave detectors. As long as the reach of
gravitational-wave interferometers keeps improving, so does our ability to peer
into more and more of these "untold numbers" of black holes that populate our
Universe.





Part I

Gravitational-wave
interferometry and mode

sensing





Chapter 1
Gravitational-wave
interferometers

1.1 Gravitational waves: from concept to first
detection

The first mention of gravitational waves predates Einstein’s theory of General
Relativity (GR) [24] by 10 years. In 1905, Poincaré published in the Comptes
Rendus of the French Academy of Sciences an article titled "Sur la dynamique
de l’electron" [25]. In this work he summarized his findings on Special Rela-
tivity, theorizing that gravity was transmitted through waves, which Poincaré
called gravitational waves (onde gravifique).

Einstein himself was skeptical at first about the existence of gravitational
waves. In the case of electromagnetic waves, they arise most commonly from
an electric dipole due to variations in the separation between the positive and
negative charge. In GR, there is no such analogy as there is no negative mass.
Nonetheless, and after significant back and forth [26], Einstein published the
article "On gravitational waves", where the case for cylindrical gravitational
waves was put forward [27].

In order to prove categorically the existence of gravitational waves it was
necessary however to detect their effects. Another landmark on the way to
the detection of gravitational waves, was the publication of "On the physical
significance of the Riemann Tensor" by Felix A. E. Pirani in 1956 [28]. Typi-
cally, when working with GR, the coordinate system is chosen in order to sim-
plify calculations. When considering real observations, however, the problem
becomes how to choose an appropriate coordinate system where an observer
may calculate an experimentally measurable quantity. Pirani created the math-
ematical formalism to do such thing, showing that a passing gravitational wave
would cause particles to move back and forth.
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Pirani’s seminal work went unnoticed at first, and physicists were still dis-
cussing whether gravitational waves carried energy or not. In 1957, the Chapel
Hill meeting focusing on gravity was held. Many renowned physicists attended
this meeting, such as John Wheeler, Richard Feynman and Hugh Everett.

During the meeting, Feynman put forward a thought experiment that con-
vinced most of the audience that gravitational waves carried energy and could
indeed be detected. His argument is now known as the "sticky bead argument".
Imagine two rings of beads surrounding a bar. The rings can slide freely on
the bar, which is placed transversely to a passing gravitational wave. While
the bar feels some longitudinal compressive stress due to the tidal forces from
the gravitational wave, the bead rings slide back and forth. The friction be-
tween the rings and the bar would cause the bar to heat up, thus showing that
gravitational waves carry energy and could, in principle, be detected.

Among the audience of the Chapel Hill conference was Joseph Weber, an
engineer at the University of Maryland, who would, inspired by Feynman’s
argument, go on to build the first gravitational-wave (GW) detector.

In 1960, Weber published his idea for a GW detector [29]. The idea con-
sisted of a resonant-mass detector, a cylindrical bar which would detect gravi-
tational waves traveling. Weber finished building the first detector in 1966: a 3
ton, one-and-a-half-meter long cylindrical bar with a diameter of 66 cm [30].
The bar was isolated from vibrations via a wire suspension system and held
inside a vacuum chamber. A belt of piezo electric transducers was used to
detect changes in the length of the bar which would stretch and squeeze if a
gravitational-wave near the mechanical mode of the bar would pass by.

In 1968, using one resonant-bar detector at the Argonne National Labora-
tory in Illinois and five resonant-bars at the University of Maryland, Weber
claimed a coincident signal between them, announcing the detection of gravi-
tational waves [31]. Weber’s claims, however, implied that mass at the center
of the Milky Way was being converted into gravitational waves in quantities
five times larger than permitted by theoretical limits and astronomical obser-
vations [32]. The upper limit was derived from stellar dynamic considerations,
as mass loss from gravitational radiation is expected to cause the galaxy to
radially expand.

At this time, various other groups were operating their own detectors from
various places such as the Bell-Labs in Rochester-Holmdel, University of Glas-
gow in Scotland, at IBM in Yorktown Heights, at the Observatoire de Paris in
Meudon France and the Max Planck Institute in Munich. In these, several
improvements were made such as cryogenically cooling the bars to reduce
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thermal noise and improvements to the suspensions and vibration isolation.
Despite these improvements, nothing around 0.7 kHz up to a little over 1 kHz1

was ever detected and the technique was mostly abandoned.
Despite these false starts and null detections, in 1974 a discovery re-surged

the interest in GW detection. Joseph Hoolten Taylor and Alan Russel Hulse
found a binary pulsar that strongly indicated that the accelerated masses that
comprised the binary system were emitting GW radiation. From 1975 to 1979
changes to the Periastron (the point of closest proximity between the two stars)
were measured. The observed advance of the Periastron was consistent with
the GR predictions describing the loss of energy of the system through the
emission of gravitational waves. The article was published in 1979 [33].

Despite this groundbreaking observation, a direct measurement of gravita-
tional waves was still lacking. In the end, this would be achieved through the
use of laser interferometry.

One of the first formal mentions of interferometry for GW detection was in
the former USSR by Gertsenshtein and Pustovoid in 1962 [34]. Some years
before, when juggling ideas to build the first GW detection, Weber, sketched,
among other concepts, the idea of using laser interferometry, however, he
ended up building resonant-bar detectors instead.

Finally, in 1978 the first GW interferometer was built by an old student of
Weber, Robert L. Forward following the encouragement of Rainer Weiss [35].
The detector had 8.5 m arms and operated in the 1 to 20 kHz bandwidth range.

At the same time, Weiss started to build his own interferometer at MIT
with military funding. The construction of the 1.5 m arm interferometer was
upended shortly after due to a new law which prohibited military funding for
projects of no military utility. This stropped the project and forced Weiss to
look for other funding sources, writing a proposal to the NSF agency in par-
ticular. This proposal, which was approved in 1975, would prove to be the
catalyst for the construction of the GW network currently in place. This chain
reaction involving many different actors and false starts is detailed in Ref. [26].

One of the detectors that would spring from this proposal, is GEO600. The
experimental group working on bar detectors at the Max Planck Institute in
Garching got hold of Weiss’s NSF proposal and, inspired by it, decided to build
their own prototype. They contacted Weiss asking for advice and offering a job
to one of his students. Many years later and after two prototypes (a 3 m one in
1975 and a 30 m one in 1981), GEO600 was born. After the rejection of a 3 km

1These type of detectors operated only with a small bandwidth around the bar resonance,
which would be around 1 kHz in most cases.
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interferometer proposal, and in collaboration with a Glasgow group (initially
led by R. Drever), a proposal for a 600 m interferometer in in Germany was
finally accepted in 1994.

Besides having taken part in the first GW search science run, GEO600
would become a crucial test bed for laser interferometry, having pioneered
the use of squeezed states of light to reduce quantum noise [36]. Incidentally,
it was also where many of the first adaptive optics used in GW detectors were
first tested [2]. Much more recently, a proposal has been put forward to trans-
form GEO600 into an interferometric dark matter observatory [37].

In 1985 during the Marcel Grossmann Meeting in Rome, the same meeting
where the GEO proposal for a 3 km interferometer was first put forward, A.
Brillet and A. Giazotto met. Brillet, from Orsay UPMC, Paris, had recently
visited MIT where he met Weiss and became a supporter of interferometry
for GW detection. Giazotto, from the University of Pisa, Italy, was work-
ing on suspension systems - super-attenuators from which interferometric mir-
rors could be suspended to isolate them from seismic perturbations. The two
formed a partnership, initially having tried to join the Garching group in their
3 km proposal. Having been denied, they decided to start their own project.
The name Virgo was chosen, after the galaxy cluster 18 Mpc from Earth, to
highlight the goal of measuring extra-galactic gravitational waves. The project
would only be funded in 1993 and 1994, by the French CNRS and the Italian
INFN respectively.

The construction of Virgo, in Cascina, near Pisa, would only finish in
2003 [38]. Construction was planned to start in 1996 but it was delayed due
to several complications, one of which was the acquisition of the land from
around 50 land owners. Previous to that, in 2000 the CNRS and INFN assem-
bled the European Gravitational Observatory (EGO) to oversee the construc-
tion of the site, assembly, and upgrades of Virgo and its operation.

On the other side of the Atlantic and in 1975, during a NASA conference,
there was an important meeting between Weiss and K. Thorne. In this meeting,
Weiss convinced Thorne of the potential of interferometry for GW detection.
The latter decided to build a GW detector at Caltech, enlisting the help of
the Glasgow group, headed by R. Drever. Disagreements between compet-
ing technologies for laser interferometry led to the appearance of two separate
projects, one from MIT and another from Caltech, where Drever had moved to
from Glasgow. The NSF however, with the help of Thorne, forced a collabo-
ration between Drever and Weiss. The joint project submitted to the NSF was
titled Laser Interferometer Gravitational-wave Observatory (LIGO).
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The LIGO project was officially funded in 1988, with the goal of building
two GW detectors. Due to frictions between Weiss and Drever and changes
in management (Drever would leave the project in 1992), construction only
started in 1993 and 1994 for the Hanford and Livingston sites, respectively.

After the construction, in 1997, B. C. Barish suggested the creation of two
separate organizations. One was the LIGO laboratory, responsible for detector
operation and laboratory administration, and the other was the LIGO scientific
collaboration (LSC), responsible for the scientific and technological research
and output. In 2007, a memorandum of agreement between the LIGO and
Virgo collaborations was signed, which ensured joint analysis, data sharing
and co-authorship of relevant publications.

Between 2002 and 2010, the initial LIGO detectors were in operation yet
no GW was detected. From 2010 to 2015 the LIGO detectors underwent up-
grades and the Advanced LIGO (aLIGO) was commissioned. Before starting
observation, aLIGO underwent what is called an engineering run, where final
tests are made while the detectors are already on-line.

On the 14th of September of 2015 a coincident observation of GW-like
signal was made in both LIGO detectors (see Fig. 1.1). One month later, after
enough statistics on the noise of the detectors was gathered it was possible
to ensure the signal was real: the possibility of false detection was 1 in 203
000 years. Two black holes, with masses around 36 and 29 solar masses, had
merged around 1.3 billion years before, forming a final black hole with a mass
around 62 solar masses. The remaining three solar masses had been radiated
as GWs. The first ever detected GW, labelled GW150914, was announced to
the world in February 2016 and a new era of astronomy was born [39]. B. C.
Barish, K. Thorne and R. Weiss would go on to receive the 2017 Nobel prize
in physics for this discovery.

1.2 A new window into the cosmos

The Einstein field equation or tensor field equation of GR, relates the curvature
of space-time to the distribution of matter, and it is typically written as [24]

Rµν − 1
2Rgµν = 8πG

c4 Tµν , (1.1)

where Rµν is the Ricci tensor, R the Ricci curvature scalar, Tµν the matter
stress-energy tensor and G the gravitational constant. The left side of Eq. 1.1
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Figure 1.1: Strain amplitude in meters of the first GW ever detected, GW150914,
measured by the LIGO Hanford and Livingston detectors. Comparison with the mod-
elled signal is shown. The three main components of the event, inspiral, merger and
ringdown are also shown schematically.

describes the structure of space-time through the metric tensor gµν and its first
and second derivatives. The right side describes the stress and energy of the
matter distribution. Eq. 1.1 tells us that the structure of space-time dictates the
dynamics of mass distributions and vice-versa.

We can arrive at GWs from the Einstein field equation within the framework
of linearised theory of GR. This is done by expanding the metric with a small
perturbation, hµν , around the flat Minkowskian metric tensor ηµν , such that

gµν = ηµν + hµν , |hµν | ≪ 1. (1.2)

In this way, the Einstein field equation for a weak gravitational field can be
written as [40, 41]

□h̄µν = −16πG

c4 Tµν , (1.3)

where □ is the D’Alembertian operator [40] and h̄µν is the so called trace-
reverse metric perturbation defined as

h = ηµνhνν h̄µν = hµν − 1
2ηµνh. (1.4)

Eq. 1.3 now resembles a standard wave equation. Note that in order to arrive
at this equation, the follow gauge degree of freedom was fixed

∂ν h̄µν = 0, (1.5)
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which is called the Lorentz gauge.
The Lorentz gauge does not fix the gauge of the framework entirely, how-

ever, and still allows for transformations of the type xν → xν + εν . The
so-called transverse-traceless (TT) gauge fixes the value of εν such that the
trace of h is 0 and consequently h̄µν = hµν and h0 i = 0. In this way, h
becomes

hµν =


0 0 0 0
0 h11 h12 0
0 h12 −h11 0
0 0 0 0

 . (1.6)

Similarly to what happens with Maxwell’s equations in electromagnetism,
Eq. 1.3 can have solutions that take the form of waves that travel at the speed
of light, c. This is easily seen far away from the source where the energy-stress
tensor goes to 0, such that

□hν
µ =

(
− 1

c2
∂2

∂t
+ ∂2

∂xixi

)
hν

µ = 0. (1.7)

From inspection of Eqs. 1.6 and 1.7, it can be seen that the tidal defor-
mations caused by the GW are transverse (in x and y) and the wave is time-
dependent and propagates in the z direction. Additionally, hµν can be sepa-
rated in two independent components, one dependent on h11 and another on
h12, which are in fact the two polarizations of GWs. Thus, it is common to
write h as the sum of two functions as

hµν = h+(t − z/c) + h×(t − z/c), (1.8)

where the + and × are used to indicate the shape of each polarization. The TT
gauge has an associated TT reference frame. In the TT frame, coordinates are
invariant to the passage of a GW. Thus, in order to appreciate the effect of a
GW on a ring of test masses, we need to use what is called the proper detector
frame.

A treatment of the proper detector frame can be found in Ref. [42], but the
crucial point is that the effect of a GW on the test masses can be well described
by means of a Newtonian force. To simplify things, we can assume the ring of
test masses is on the (x,y) plane, with the GW propagating in the z direction.
In this case, the change to the x coordinates (δx) and to y (δy) as a function of
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Figure 1.2: Effect of a passing GW on a ring of test masses, shown on the left for
the plus polarization (h+) and on the right for the cross polarization (h×). In blue the
effect is shown for sin (ωt) = −1 and in red for sin (ωt) = 1 (refer to Eq. 1.9).

h+ and h× respectively, can be written as
δx = −h+

2 x0 sin (ωt)

δy = h+
2 y0 sin (ωt)


δx = h×

2 x0 sin (ωt)

δy = h×
2 y0 sin (ωt)

, (1.9)

where x0 and y0 are the test masses position at rest and ω is the angular fre-
quency of the passing GW. The deformation on a ring of test masses is depicted
in Fig. 1.2 for each cross and plus polarizations and for sin (ωt) = −1 (in blue)
and for sin (ωt) = 1 (in red).

Fig. 1.2 makes evident the naming plus and cross of each polarization.
Additionally, it appears both plus and cross deformations are the same modulo
a 45°rotation and that both deformations are invariant under a 180°rotation.

The great difficulty in observing GWs arises due to the very small value
of the gravitational constant and due to Einstein’s weak equivalence principle,
which states that inertial and gravitational mass are the same for all bodies.

Like in the case of electromagnetism, GW radiation arises from spatial
changes to the gravitaitonal field, or mass distribution. Due to the existence
of positive and negative charges, dipole radiation is the typical example of
electromagnetic radiation. However, there are no negative masses and the
equivalence principle ensures that in the case of GWs there is only quadrupole
radiation or higher. Since total mass is conserved there is no monopole radia-
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tion, and since all bodies fall the same way in a gravitational field, the center
of mass moves inertialy and there is no dipole radiation 2.

In the TT gauge, the strain perturbation from passing GWs is given by

hµν = 2
r

G
c4 (Q̈µν), (1.10)

where
...
Qµν is the second time derivative of the mass distribution quadrupole

tensor.
A quadrupole moment can be generated by two compact objects revolving

around each other. Assume a fixed circular Keplerian orbit, where the orbital
angular frequency is given by

Ω = πfGW =

√
Gm

R3 , (1.11)

where R is the distance between the two objects and m is the sum of their
masses m1 and m2. We treat the two compact objects as point masses in the
center-of-mass frame, with reduced mass

µ = m1m2
m1 + m2

. (1.12)

We also introduce the chirp mass3

Mc = µ3/5m2/5 = (m1m2)3/5

(m1 + m2)1/5 . (1.13)

With these, we can write Eq. 1.10 for a compact binary system as [43]

h = 4
rc4 (GMc)5/3(πfGW )2/3. (1.14)

Plugging in the values in Eq. 1.14 for GW150914, for fgw = 100 Hz and r =
410 Mpc away, a strain amplitude in the order of 10−21 is obtained.

2Savvy readers might point out that these conservations laws do not hold in the full theory
of GR, where it is the stress-energy tensor which is conserved. However, it can still be shown
that monopole and dipole GW radiation cannot exist through the use of quantum field theory. A
theorem in Ref. [42] states that for a massless particle of mass S, in a multipolar expansion the
lowest allowed multipole is l=S. So, for a graviton of spin 2, the monopole (l=0) and the dipole
(l=1) vanish. Nonetheless, these assumptions hold in the linearized theory of GR and provide
good physical intuition for the generation of GWs.

3The chirp mass Mc relates, to first order, the change in orbital evolution of a compact binary
system as energy is lost to GW emission. It is so called because it also determines the frequency
evolution of GW emission, which is similar to a chirp as it nears the merger.
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1.2.1 Gravitational-wave sources and science cases

The LIGO-Virgo white paper on GW data analysis divides the sources of grav-
itational waves in four categories [44]: compact binary coalescence, burst,
continuous waves and stochastic background.

Compact Binary Coalescence

There is a very large amount of binary systems in the Universe. However, only
a fraction of these can be considered compact objects. In order to turn into a
compact object, stars need to be massive enough during their main sequence
period. The first binary system with a pulsar was in fact found by Joseph H.
Taylor and Alan R. Hulse, who made the first indirect observation of GWs as
mentioned in Section 1.1. Typically, the considered binary systems are made
up of two black holes (BBH), two neutron stars (BNS) or one neutrons star and
one black hole (NSBH).

The coalescence of compact objects can be understood in three stages (see
also Fig. 1.1):

• inspiral - as the two compact objects slowly orbit around each other,
GWs are slowly emitted. As the objects lose energy through GW emis-
sion, the orbit decays accordingly, the gravitational pull increases and
the orbital frequency increases, thus increasing the frequency of the
emitted GWs. Eventually, the orbital frequency becomes significantly
larger than the objects rotational frequency.

• merger - as the orbital radius keeps reducing, eventually the last stable
circular orbit is reached, and the objects acquire an inward radial motion
until finally merging. This is the moment where the "loudest" GWs are
emitted.

• ringdown - The remnants of the collision form a rotating Kerr black
hole, during which GW emission is damped until stopping altogether.

With the end of the first part of the observation run 4 (O4a), a total of
218 detections were published in the Gravitational-Wave Transient Catalog
(GWTC-4.0). This catalog is made of a collection of papers describing the
methods for identifying and characterizing gravitational-wave transients, the
detections themselves since the beginning of O1 until O4a, and the science
made with these detection such as population studies and precision tests of
GR [7]. Details on the catalog can be found in the introductory paper, which
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references all the companion papers for more details on detections and science
cases [5]. Table 1.1, reproduced from [45], shows all the BBH, NSBH and
BNS detections per observation run and published catalogue.

Table 1.1: Transient GW detections, reproduced from [45].

Observing run Catalogue BBH NSBH BNS

O1 GWTC-1.0 3 0 0
O2 GWTC-1.0 7 0 1
O3a GWTC-2.1 42 2 1
O3b GWTC-3.0 31 4 0
O4a GWTC-4.0 126 2 0

Historically, it was thought neutron stars would make the bulk of ground-
based GW detection (see for example Ref. [41]). This is because at the time
there were still many questions regarding black holes, and BNS were well
known to exist. For this reason, the sensitivity of GW detectors is typically
benchmarked in terms of BNS sensitivity.

BNS are particularly interesting events as they might provide insights into
an otherwise inaccessible state of matter. Neutron stars are the densest ob-
servable objects in the universe, believed to consist of a superfluid and super-
conducting core. For this reason, the equation of state of neutron stars is an
active area of research. Numerical results indicate that the stars composition
should leave an imprint on the GW signal from their coalescence, particularly
in the last stages of the inspiral and post merger remnants between 0.5 and
4 kHz [46].

Burst

Burst events are gravitational-wave transients, which also include the above
mentioned compact binary coalescences, but are not restricted to them. Burst
searches assume minimal information on the source and preform model inde-
pendent searches that, for example, do not require a known waveform as is
the case for BBH. Thus, burst events include core-collapse supernovae, long
gamma-ray bursts and any other unknown or unpredicted sources of GW tran-
sients.
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Continuous Waves

Very long-lasting and approximately monochromatic gravitational wave emis-
sion can be considered continuous. The most significant candidate for this
kind of continuous wave signal are rapidly rotating neutron stars. Recall that
GWs are produced by quadrupolar variations in the mass distribution, which
would not be generated by a perfectly symmetric rotating star. However, non-
axisymmetric deformation of the spinning neutron star should result in GW
emission.

Continuous waves may provide limits on strain amplitudes from known
pulsars such as Vela and Crab whose positions, rotation-frequency and spin-
down are already known electro-magnetic measurements. Results from O3
constraint the equatorial ellipticity ϵ of millisecond pulsars to lower than 10−8

[47]. Taking into account the approximation ϵ ≈ ∆R/R [48], this means
asymmetric "hills" in neutron stars should be below 0.1 mm. This level of
ellipticity should lead to GW strain amplitudes around 10−25.

These signals can also be used to provide information on known but un-
characterized astrophysical sources like galactic supernovae remnants or for
broad-sky searches to look for undiscovered neutron stars [44]. Addition-
ally, theorized axion clouds around black holes may also produce continuous
waves [49].

Stochastic gravitational-wave background

A stochastic GW background can be formed from the superposition of all the
uncorrelated events (transient or continuous) which are too weak to be resolved
by the detectors individually. This is what is called an astrophysical back-
ground.

Alternatively, and perhaps more interestingly, a stochastic GW background
might also be generated from cosmological sources or phenomena in the very
early universe. These could be remnants from the Big Bang, inflationary or
from primordial black holes or cosmic strings, which are hypothesized topo-
logical defects related to phase transitions in the early Universe. The energy
scales potentially probed by measuring such early events are otherwise and
currently inaccessible by any other means or experiments [50].

The nature of a potential stochastic GW background of cosmological origin
will depend on the kind of sources it arises from. This could be an irreducible
background from different inflation models, short duration phenomena from
phase transitions in the first few instants of the universe or a persistent back-
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ground from primordial sources still in existence today such as cosmic strings
or primordial black hole binaries [51].

Multimessenger astronomy

While GWs signify a new channel to probe the universe, its combination with
electromagnetic counter-parts offers a promising track for the future of astron-
omy and astrophysics.

The BNS event GW170817 hailed the beginning of what is called multi-
messenger astronomy. The BNS coalescence was followed by a short gamma-
ray burst (GRB170817A), detected by the Fermi-GMB. The localization in-
formation provided by the LIGO-Virgo detection and from the Fermi-GBM
triggered both ground and space-based telescopes to search for optical coun-
terparts. About 10 hours in, the One-Meter, Two-Hemisphere team, in Chile,
was the first one to discover the optical transient (SSS17a/AT 2017gfo) origi-
nating from the NGC4993 galaxy.

Combining the electromagnetic detection, which identified the host galaxy,
with the GW detection, it is possible to use the GW170817 as a standard siren,
analogous to an astronomical standard candle4 to give a completely indepen-
dent measure of the Hubble-Lemaitre constant [52]. Under the assumption of
GR, the luminosity distance to the merger can be computed, and together with
the recession velocity from the optical counter part, a Hubble constant value
of H0= 6812

−8 kms−1Mpc−1 was estimated. The considerable error bars stem
from the low statistics of a single measurement. As more multi-messenger de-
tections of BNS start to become available, the constraints on H0 will start to
improve.

The current state-of-the-art measurements of the Hubble constant come
from Cosmic Microwave Background (CMB) measurements and direct mea-
surements using Cepheid and Type 1A supernovae. The CMB measurements
result in H0= 67.4 ± 0.5 kms−1Mpc−1 [53] and H0= 68.63 ± 0.8 kms−1

Mpc−1 [54]. The direct measurements using the Hubble and James Webb tele-
scope, result in H0= 72.05 ± 1.86(stat) ± 3.10(syst.) kms−1Mpc−1 [55].
This difference between CMB and direct measurements is known as the Hub-
ble tension. An independent and direct measurement like the one possible with
GWs could help solve the Hubble tension in the future.

4In astronomy, a standard candle is a source that has a known luminosity, such as Cepheid
variables or Type 1A supernovae.
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In addtion to GW170817 and GRB170817A, a search for high-energy neu-
trinos was also performed by the ANTARES, Pierre Auger and ICECUBE
observatories. No directionally coincident neutrinos were detected around a
±500 ms window around the merger time neither within the first 14 days af-
ter the merger [56]. Future upgrades of ICECUBE and the addition of the
KM3NET detectors will increase the likelihood of a future joint multimessen-
ger detection including neutrinos [57].

Burst searches can also gain a lot from multimessenger searches due to
the nature of the sources which usually come accompanied by electromagnetic
counter-parts as is the case of supernovae.

1.3 How to build a gravitational-wave detector

As mentioned above, GW emission is quadrupolar in nature, and a detector for
GW radiation needs to be sensitive to such deformations as shown in Fig. 1.2.
In other words, at least two test masses are required in order to measure relative
stretching and squeezing motion. In his 1965 article, Braginsky develops this
rationale behind a GW detector [41]. He goes on to point the difficulty in
measuring such small distances, even suggesting interferometry as a possible
way of doing so. Regardless, the remainder of the article focuses on the physics
of using extended bodies as detectors, such as Weber’s resonant bars. However,
as we saw in Section 1.1, interferometry would be the technology to finally
detect GWs.

GW interferometers use Michelson interferometers for detection. Fig. 1.3
shows that the geometry of the Michelson interferometer is prime for GW
detection. If the interferometer is aligned with the transverse profile of a GW,
then one arm will compress and the other will extend as the wave passes. The
GW strain amplitude h will impact the interferometer as

h(t) = ∆L(t)
L , (1.15)

where ∆L is the overall differential length between the two Michelson arms
caused by the passing of a GW and L is the nominal length of the Michelson
arms.

Despite its simplicity, from Eq. 1.15 we can already gauge that having
larger arms will increase detector sensitivity, by increasing the experienced
∆L for the same strain amplitude h. On the other hand, the maximum signal
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Figure 1.3: Schematic of the impact of a passing GW (plus polarization of Eq. 1.9)
on a Michelson interferometer.

is reached when photons stay in the interferometer arms for half a period of
the GW. This is because the maximum ∆L is reached at half the GW period as
shown in Fig. 1.3, and if the photons stay less or longer in the interferometer
arms, the signals is integrated away. This means that, optimally, the optical
path length 2L should be half of the GW wavelength. For fGW = 100 Hz,
then the optimal arm length L should be

L = 1
4

c
fGW

= λGW
4 ≈ 750 km, (1.16)

where we recall that GWs travel at the spped of light and λGW fGW = c.
Naturally, a Michelson interferometer of these dimensions is logistically

unfeasible. The footprint of current ground-based GW interferometers is of
3 km in the case of Virgo, and 4 km in the case of the LIGO detectors. The
effective optical length is increased by the use of optical resonators, or cavi-
ties, in the arms of the interferometer. These resonators simply consist of two
partially reflective mirrors facing each other and separated by a distance L.

In this section, I will detail what goes into building a realistic GW detector,
with a special focus on the optical and interferometric components. But first, I
will introduce some key concepts related to laser beams and resonators.
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1.3.1 Laser beams, higher-order modes and resonators

The same optical resonators as employed in current GW detectors were in-
vented in 1899 and are most well known as Fabry-Perot (FP) interferome-
ters [58]. They were initially conceived as spectroscopy devices but since
1960, when combined with a gain medium, also became the basis of laser
devices.

If Φ(ν) represents the single pass phase shift between the two mirrors for
incident light (collimated) of frequency ν, we can write that [59]

2Φ(ν) = 2πνtRT = 2πν
2nL

c , (1.17)

where tRT is the cavity round-trip time, n the index of refraction of the cavity
medium and L the cavity length.

Resonances inside the cavity occur at frequencies at which the forward and
backward propagating beams exhibit constructive interference. This is the case
when the round-trip phase shift 2Φ(ν) is equal to modulus 2π. Taking into
account Eq. 1.17, this means that the resonance condition is at frequencies
such that

ν = q
c

2nL
, (1.18)

where q is an integer number. As consequence, this also means that adjacent
resonances are separated by 2π in phase. The corresponding spacing between
adjacent resonances in frequency or wavelength, is called the Free Spectral
Range (FSR) and can be derived, assuming n = 1 henceforth, as

FSRν = νq+1 − νq = c
2nL

. (1.19)

Thus, we can talk about the longitudinal modes of a FP resonator with mode
index q, frequency νq and wavenumber kq as

νq = qFSRν ⇒ kq = 2πqFSRν

c . (1.20)

These modes are shown in Fig. 1.4. The extent to which light builds up
inside the resonator as a function of frequency, or phase, is given by the Airy
distribution, which relates the circulating intensity to the input intensity as a
function of the accumulated phase [59]

Acirc = Icirc

Iin
= |Ecirc|2

|Einp|2
= 1

|1 − r1r2e−i2Φ|2
, (1.21)
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where r1 and r2 are the amplitude reflection coefficients of the cavity mirrors.
An important quantity of a resonator is the so called finesse F , which relates

the full-width half maximum (FWHM) of the cavity modes with respect to
their frequency separation, such that F = FSRν/FWHM . It can be seen
that the finesse of a cavity as a function of mirror reflectivity can be written as

F = π

2
[

arcsin (1 −
√

R1R2
2 4√R1R2

)
]−1

, (1.22)

where Ri = r2
i are the intensity reflectivities of the mirrors. This notion of

finesse was derived initially from the Rayleigh criterion of spectral resolution,
from using the FP resonator for spectroscopy. Despite the ubiquity of Eq.
1.22, it is important to note it breaks down at mirror reflectivities of 17.2%
(assuming equal mirror reflectivities) [59]. Nonetheless, all of the cavities
considered in this work are of considerable higher reflectivities. In the limit
of high-reflectivity, using the small angle approximation we arrive at the usual
simplified equation for high-finesse with the form

F = π
4√R1R2

1 −
√

R1R2
. (1.23)
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Figure 1.4: Plot of the cavity circulating Airy distribution as a function of the cavity
round-trip phase (Eq. 1.21). The x-axis is normalized with respect to the FSRν .



26 Chapter 1. Gravitational-wave interferometers

Depending on the reflectivity of the mirrors and round-trip losses, cavities
can be categorized as overcoupled, undercoupled or critically coupled. In crit-
ically coupled cavities, transmission of the mirrors are equal to the round-trip
losses. For a cavity with no losses, this is achieved with equal reflectivity mir-
rors. In this case, light is injected into the cavity with maximum efficiency and
all the resonant light leaks in transmission. In overcoupled cavities, the trans-
mission of the mirrors is larger than the round-trip losses. In this case a larger
fraction of the resonant light leaks from the side with the less reflective mir-
ror. As we will see in Section 1.3.2, this is the case for the Virgo arm cavities
which have an almost perfectly reflective end mirror. In turn, the input mirrors
of the Virgo arm cavities have a transmission of about 1.4% and so, almost all
of the light is reflected back to the beam splitter. In the undercoupled case,
round-trip losses are larger than the mirror transmissions. Thus, there is no
significant light build-up, and hence no significant resonant light reflection or
transmission.

If at least one of the cavity mirrors is spherical, the resonator sustains dif-
ferent spatial or transverse modes. These modes, called the resonator eigen-
modes, can be described in a polynomial orthonormal basis. The most typi-
cally used basis uses cartesian coordinates and is called the Hermite-Gaussian
(HG) basis [11, 60], with k = 2π/λ it is written as

HGmn(x, y, z, q) =
√

2
π

√
1

2n+mn!m!
1

w(z)Hn

(√
2x

w(z)

)
Hm

(√
2y

w(z)

)

exp
[

− i
k(x2 + y2)

2q(z) + (1 + m + n)φ(z)
]
, (1.24)

where m, n are the mode indices, Hi the ith order Hermite polynomial and
with the so called q beam parameter

q = z + i
πw2

0
λ

, and 1
q

= 1
R(z) − i

λ

πw(z) , (1.25)

where λ is the wavelength of light, w0 is the waist of the beam and the z
coordinate is defined such that it is 0 at the waist position. The phase φ(z)
is the so-called Gouy phase which, for the fundamental or zero-order mode,
changes according to φ(z) = arctan (Re(q)/Im(q)). Figure 1.5 (a) shows
how the zeroth order and the first higher-order modes (HOMs) look like in this
basis.
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Figure 1.5: (a) First higher-order modes in Hermite-Gaussian basis. (b) First higher-
order modes in Laguerre-Gauss basis. The images are shown with a signed amplitude
in order to encode the phase information. The positive amplitudes are displayed in
warm tones and represent the parts of the beam in phase with a zeroth order mode
reference, and the cold tones represent the parts of the beam out of phase.

Another basis commonly used to describe the eigenmodes of a cavity is
the Laguerre-Gauss (LG) basis, which uses cylindrical coordinates instead and
reads as

LGpl(r, θ, z) =
√

2
π

√( p!
(|l| + p)!

) 1
w(z) exp

[
i(1 + 2p + |l|)φ(z)

]
L|l|

p

( √
2r

w2(z)
)|l|

exp
[

− i
kr2

2q(z) + |l|θ
]
, (1.26)

where L|l|
p is the Laguerre-Gauss polynomial with radial index p, which sets

the number of radial fringes, and azimuthal index l that determines the width
of the dark spot at the middle (see Fig. 1.5) as well as the spiral phase related
to the propagation of a helical wavefront. The mode order is for LG modes is
equal to 2p + |l|.

Conveniently, lasers employ cavities and hence, the laser beam is well de-
scribed by the same polynomial basis. Moreover, since the HG basis is a
complete orthonormal basis, any arbitrary optical beam (under the paraxial
assumption), U(x, y, z) can be decomposed in a superposition of HG modes,
for a given q, as

U(x, y, z) =
∞∑

n=0

∞∑
m=0

kmnHGmn(x, y, z, q), (1.27)
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where kmn are the complex mode coefficients.
Typically, lasers emit light mostly in the 0th order or fundamental mode

(which is the same for both HG and LG basis as seen in Fig. 1.5). Given that
the spatial amplitude or intensity profile follows that of a Gaussian distribution,
this fundamental mode is called the Gaussian mode. In this context, the waist
w0 in Eq. 1.25 refers to the radius of the beam at its focal point and w(z)
and R(z) refer to the radius of the beam and wavefront radius of curvature at a
certain point in the propagation axis z.

We say that a certain q beam parameter, or in other words a certain w0 value
fixes the basis of the beam or cavity. In fact, the w0 of a cavity eigenmode is
fixed by the cavity geometry, i.e. by the cavity length and radius of curvature
(RoC) of the mirrors as

w0 =

√
λL

π

√
g1g2(1 − g)

(g1 + g2 − 2g)2 , (1.28)

where the cavity g-factor is g = g1g2, with

gi = 1 − L

Ri
, (1.29)

for mirrors 1 and 2 respectively with R1 and R2 values of RoC, respectively.
For HOMs, the Gouy phase increases with mode order as seen in Eqs. 1.24

and 1.26. Thus, a general resonance condition valid for any HOM in the HG
basis can be written as

νm+n
q = q

c

2L

m + n + 1
π

arccos
[√

(1 − L/RoC1)(1 − L/RoC2)
]
. (1.30)

The resonance condition now depends not only on the length of the cavity,
but also the mirrors RoC. The Gouy phase adds an extra π phase shift to the
propagating beam as it goes through its focal point.5 The position and size
of the focal point, or waist, inside the cavity depends on the cavity length
and RoC of the mirror, and due to the Gouy phase, so does the resonance
condition of the HOMs. Same order mode resonances with q and q+1 are
nonetheless separated by one FSR (c/2L). We will see in later Sections and

5The Gouy phase was first observed by Louis Gouy in 1890 [61], its origin has intrigued
physicists since. In recent developments, the Gouy phase has come to be understood as an
example of the more general Berry phase, or geometrical phase, which is a characteristic of
systems with a cyclic adiabatic evolution in their parameter space [62]. Other authors have
shown that the transverse spatial confinement and the uncertainty principle are the physical
origin for the Gouy phase shift [63].
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Chapters that the resonance conditions for HOMs has a dramatic impact on
GW interferometers.

When coupling a laser beam into a spherical optical resonator, the result of
the wave interference can be understood as the incident wave being expanded
into a series of eigenmodes of the resonator. Thus, for an input beam defined
by mode HGm′n′ , the expansion is written as [11]

U(x, y, z) = HGm′n′(x, y, z, q′) =
∞∑

n=0

∞∑
m=0

km′n′mnHGmn(x, y, z, q),

(1.31)
where the ′ superscript indicates the basis of the input beam and km′n′mn the
complex coupling coefficients between the m′n′ mode of the input beam to the
mn mode of the cavity. For simplicity, here we assumed the same cartesian
coordinates (x, y, z) for the input beam and cavity.

We can say that Eq. 1.31 describes the spatial basis change at the interface
of the optical cavity. In general, if the input beam is described by multiple
HOMs and a maximum number of HOMs N is fixed, then the basis change
will be described by an NxN matrix. We will also see in Sections 2.2 and 2.4
that the low-order km′n′mn coefficients can be related to transverse, angular
and spatial mismatches of the input beam with respect to the cavity. We will
see that these couplings can be exploited to actively control these degrees of
freedom.

1.3.2 Dual-recycled Michelson interferometers

In this Section I address the general aspects of GW interferometers. However,
when specificity should be required, I will fall back on the example of the
Virgo detector, to which this work is related.

In a Michelson interferometer (refer back to Fig.1.3) light entering the two
arms excites a stationary mode in the two arms. After the light recombines
back at the beam splitter, the power at the output port is given by

PDP = 1
4Pi(R1 + R2)(1 + C cos (∆φ)), (1.32)

where Pi is the input power, R1 and R2 are the intensity reflectivities associated
with mirrors 1 and 2 and ∆φ is the phase difference between the two waves
arriving from each arm. The contrast C is given by

C = 2
√

R1R2
R1 + R2

. (1.33)
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From Eq. 1.33 we can see the contrast is 1 if R1 and R2 are exactly equal. In
this case, there is a certain value of ∆φ which will cause, through destructive
interference, PDP to be 06. For this reason, this port, where detection occurs,
is typically called the dark port (DP). In this case, by conservation of energy,
all the recombined light exits back towards the input laser, hence why this is
called the bright port.

The phase difference between the two waves at the beam splitter is

∆φ = 2k∆L, (1.34)

where ∆L is the differential path length between the two arms and k = 2π/λ

the wave vector. Typically, the wavelength of light in GW detectors is 1064 nm.
The differential path length ∆L could be induced, for example, by a passing
GW according to Eq. 1.15. For this reason, the dark port is also called asym-
metric port, since it responds to differences in phase. This is true not only for
differences in phase due to the optical path length, but also differences in phase
due to different spatial modes in each arm. In turn, the bright port is also called
the symmetric port.

Consider that ∆L can be decomposed into a static path length between
the two arms, i.e. the interferometer working point, and a smaller differential
length from the GW strain

∆φ = φ0 + φGW, (1.35)

where φ0 = 2k∆L0 and φGW = 2k∆LGW.
In this case, and assuming R1 and R2 are exactly 1, the power at the dark

port becomes

P = 1
2Pi(1 + cos (φ0) − sin (φ0)φGW), (1.36)

where the trignometric identity cos (a + b) = cos (a) cos (b) − sin (a) sin (b)
was used as well as the small angle approximation for φGW and the fact that
φ0 >> φGW. So, with ∆LGW = hL, the power change from a passing GW

6Note that Eq. 1.32 implicitly assumes that the beam splitter splits the incoming light ex-
actly in half and is lossless, a requirement for achieving a completely dark fringe. Often a
compensator, made of the same material as the substrate of the beam splitter is also used, to
compensate for the difference in path length between the two Michelson arms. This is not the
case in GW detectors, as the interferometer arm length can be adjusted precisely to achieve the
required path length. In fact, for control reasons as discussed in the Section 2.2, a macroscopic
difference between the two Michelson arms called the Schnupp asymmetry is used.
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can be written as

∆PDP = 1
2Pi sin φ0(2khL). (1.37)

This means that the most sensitive condition of the interferometer is at the
mid-fringe, when φ0 = π/2. However, the existence of noise and laser power
fluctuations makes this not enough to allow the measurement of GWs. A de-
scription of how GWs are actually detected is given in Section 2.1.1.

We already saw before from Eq. 1.15 that a larger L leads to a larger in-
terferometric signal. I also mentioned that this optical path length can be sig-
nificantly increased by introducing optical resonators in the arms of the inter-
ferometer, as shown in Fig. 1.6. But the arm length only impacts the amount
of ∆φ for a given strain and other parameters are crucial in order to build
sensitive GW interferometers, such as having equal reflection from both arm
cavities (or equal finesse) as well as injected power.

Figure 1.6: Optical schematic of a dual-recycled Michelson interferometer. The in-
terferometer is enhanced by Fabry-Perot cavities composed of input (IM) and end
mirrors (EM). A power recycling mirror (PRM) is placed on the bright port and a sig-
nal recycling mirror (SRM) is placed on the dark port. Input (IMC) and output mode
cleaners (OMC) clean the mode of the input and output beams. Detection photodiodes
(PDs) are placed after the OMC. The squeezed light source and filter cavity are used
to surpass the standard quantum limit as discussed in Section 1.4.

The amount of injected power is limited by current laser technology. How-
ever, as mentioned above, most of the power in the interferometer (the common
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laser mode) is reflected back to the laser. This power, can be re-used, or re-
cycled, by introducing a partially reflective mirror between the beam splitter
and the laser (see Fig. 1.6). This mirror is called the power recycling mirror
(PRM). Between the PRM and the input mirrors of the Fabry-Perot cavities in
each arm, a new cavity is formed called the power recycling cavity (PRC). The
PRC has an optical gain of

G =
( TPR

1 − RPRRFP(ν)
)
, (1.38)

where TPR and RPR are the intensity transmission and reflectivity of the PRM
respectively. The reflectivity of the Fabry-Perot cavity, RFP(ν) is shown to de-
pend on the frequency of the light, ν (as seen in the previous Section, Eq. 1.21)
to stress that the optical gain in the PRC depends on the resonance condition
of the Fabry-Perot cavity. Naturally, the PRC has its own resonance condition,
which is coupled to that of the arm cavity, as they form a coupled cavity.

Until now, the discussion in this section assumed implicitly the GW as a
step function with a constant h. In practice we know that, as discussed in
Section 1.2.1, GWs evolve in frequency spanning from a few Hz up to a few
kHz. By introducing resonators in the interferometer arms we need to consider
the frequency response of these resonators. The key figure of merit for this is
the cavity pole frequency

fpole = 1
4πτs

, (1.39)

where τs is the storage time of the cavity. It is commonly knows as the ring-
down time, as it is the exponential decay constant when input power is turned
off. It can written as [64]

τs = L

c

√
R1R2

1 − R1R2
. (1.40)

The cavity pole frequency is the frequency at which the cavity response to
length variations falls to -3 dB. Higher finesse cavities will have larger storage
times and hence smaller pole frequencies. This connects to the intuition we
built in previous Sections when noticing that larger interferometer arms were
needed to approximate the GW half-period. In the other extreme, if the arms
become too long, or the cavity finesse too high, the photons stay in the arms
much longer than an half-period of the GW, and the signal is integrated away.
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For example in the case of Virgo, with a length of 3 km the cavity pole is
around 55 Hz.

This cavity pole affects the sensitivity of the detector for GWs above 55 Hz.
To address this, the last round of upgrades to current GW detectors, introduced
a partially reflective mirror between the beam splitter and the detection pho-
todiodes (Fig. 1.6). This mirror is called the signal recycling mirror (SRM)
as it increases the time some photons spend inside the interferometer and can
be used to adjust the bandwidth response of the interferometer. The SRM
and the input mirrors of the arm cavities make another cavity, the signal re-
cycling cavity (SRC). The SRC is also coupled to the PRC and arm cavities,
further complicating the interferometer configuration. With sufficient circulat-
ing power, the radiation-pressure force between the SRM and the Fabry-Perot
arm cavities cause the optical fields to behave as a massive spring. This causes
the small arm mirror motion to behave as free test-mass connected to the spring
of the optical fields. This effect is called the optical spring and has very inter-
esting impact on the quantum noise limit of the detector, but it can also cause
trouble for control systems (see for example Chapter 3 of Ref. [65]).

Thus, GW interferometers are dual-recycled (i.e. power and signal recy-
cled), Fabry-Perot enhanced, Michelson interferometers, often called DRMI
for short. In addition, a few other cavities are shown in Fig. 1.6, namely the
input mode cleaner (IMC) and the output mode cleaner (OMC). These cavi-
ties make use of the properties we discussed in Section 1.3.1 to filter the HOM
content from the transmitted beam. The IMC is there to ensure a pure Gaussian
beam is injected into the detector, and the OMC is there to filter the asymmet-
ric HOMs from the signal, and leave only the asymmetric GW mode which
matches the mode of the arm cavities.

The discussion on previous sections regarding the impact of a passing GW
on a ring of test masses or on an interferometer, relies on the assumption of
free-falling test masses. The main optics of the GW interferometer as shown in
Fig. 1.6 are at the bottom of complex suspensions systems in order to approxi-
mate a free-falling test mass in the degree of freedom of interest. Additionally,
current detectors can measure strain amplitudes in the order of 10−22 1/

√
Hz,

which taking into account the Fabry-Perot enhanced arm cavities, results in
displacements in the order of 10−19 m /

√
Hz. In order to make such sensi-

tive measurements, decoupling from the Earth’s motion is also required. As
discussed in the next section, these suspension systems are crucial to provide
such decoupling.
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1.3.3 Limiting noises

In order to be able to detect such small displacements, all possible sources
of noise need to be well understood and mitigated, when possible. Figure
1.7 shows a projected noise budget for the first phase of Advanced Virgo+,
the iteration of the Virgo detector that ran the fourth observation run. The
figure shows the fundamental noises which intrinsically limit the sensitivity of
the detector. In addition, we can also talk about technical noises which arise
from the technology used, such as electronic noises, and from the infrastructure
itself. Scattered light due to surface imperfections of the optics also enters in
this category. I will not discuss technical noises here but a detailed overview
can be found in Chapter 2.4.3 of Ref. [66] Below, I provide a brief summary
of the fundamental noise sources that impact the detector sensitivity.
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Figure 1.7: Advanced Virgo+ (Phase I) projected noise budget for 25W input and
with no quantum noise reduction, produced with the GWINC [67] software in Python.

Seismic noise

Seismic noise refers to the direct coupling of seismic motion to the main optics
of the interferometer. This kind of noise can impact the sensitivity of GW
detectors in the low frequency end of the bandwidth. It originates from seismic
and oceanic activity, wind and day-to-day human activity [68].
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As mentioned in the previous section, in order to reach 10−23 1/
√

Hz strain
sensitivity, mirror motion should be less than 10−19 m. In comparison the
seismic ground motion at 10 Hz is in the order of 10−10 m [69]. This means
that the suspended mirrors need to be decoupled from ground motion by at
least 9 orders of magnitude. In Fig. 1.7 the seismic noise that is shown at the
bottom left of the plot is already filtered by the suspension systems in place at
Virgo.

As mentioned at the end of the previous section, this attenuation is reached
by a combination of several pendula. Consider first a simple pendulum with
length l and a mass, m, attached to it. The equation of motion of the attached
mass is governed by

mẍ = −mg
l (x − xsus), (1.41)

where x is the motion of the attached mass, xsus is the motion of the suspension
point (which for an inverted pendulum represents ground motion) and g is
Earth’s gravity constant. We can write the transfer function between the motion
of the mass and the suspension point as

x
xsus

= f2
0

f2
0 − f2 , (1.42)

where f0 is the resonance frequency of the pendulum

f0 = 1
2π

√g
l . (1.43)

In Virgo a combination of an inverted pendulum with a chain of multi-
stage pendulums is used. The suspension device, schematized in Fig. 1.8
is called the superattenuator. The inverted pendulum is used to pre-filter the
horizontal motion at low frequencies, provide inertial damping and to position
the full suspension system. The chain of pendulums is made up of a series of
mechanical filters with blade springs in order to reduce the coupling of vertical
ground motion into horizontal mirror motion, as this is the degree of freedom
relevant for GW detection. The mirror is finally suspended at the last stage,
from the so-called marionette which helps steer the mirror. More details on
the superattenuator and the mechanical filters used can be found, for example,
in Chapter 1.3 and 2.3 of Ref. [70].
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Figure 1.8: Schematic of the Virgo superatenuator from Ref. [70]. The inverted pen-
dulum (IP) made up of three legs attached to a first passive filter. The standard filters
are made of the blade springs described in the text. The test mass is suspended from
the marionetta which steers and controls the mass.

Thermal noise

Two of the noise curves shown in Fig. 1.7, the suspension thermal noise and
the Coating Brownian noise, share the same origin. These are instances of
thermal noise which arise from energy exchanges between the thermal bath
and the atoms that compose both the suspension wires and the high-reflectivity
coatings of the optics. The fluctuation-dissipation theorem [71] relates the
energy dissipation to spontaneous fluctuations of a given variable of the system
in equilibrium, such as the position of the test masses in a GW detector.

For a given coordinate x(ω) where ω = 2πf is the angular frequency, the
fluctuation-dissipation theorem states that the fluctuation of x is given by

x2
th(ω) = 4kBT

ω2 Re{Z−1(ω)}, (1.44)

where kB is Boltzman’s constant, T is the temperature and Z−1 is the sys-
tem’s mechanical admittance, which relates the speed acquired by the system
in response to an applied force.
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The wires that suspend the optics can be modeled as a structurally damped
pendula with mass m and a composite elastic constant composed of the grav-
ity restorative force kg which is lossless and therefore real, and the complex
elasticity constant kel of the wires as

k = kg + kel(1 + iφω), (1.45)

where φω is the loss angle of the suspension wire which is related to the the
delay of the response of the system to an applied force. The gravity elastic
constant is

kg = Mg

L
, (1.46)

where M is the mirror mass and L the pendulum length. In turn, the wire
elasticity constant is proportional to the Young’s modulus of the wire material,
number of wires and the moment of inertia of the wire cross-section. Assuming
that kg is much larger than kel, Eq. 1.45 can be re-written as

k ≈ kg(1 + i
kel
kg

φω), (1.47)

where the coefficient of the imaginary part of k can now be called the pendu-
lum loss angle φpel = kel/kgφω. From this we can see the pendulum loss
angle can be reduced by increasing the mirror mass.

From the typical motion of a structurally damped oscillator (with structural
loss k of Eq. 1.46), the mechanical admittance can be computed arriving at a
thermal suspension noise power spectral distribution (PSD) such as [72]

x2
th(ω) = 4kBTkgφp

ω
[
(kg − Mω2)2 + k2

gφ2
p

] . (1.48)

Besides reducing the temperature, fiber thermal noise can be reduced by
increasing mirror mass and the loss angle of fibers. Besides having mirrors
weighting around 40 kg, current detectors employ ultra-low loss fused silica
fibers (φp < 10−9) to support the mirrors [73].

In the case of the Brownian coating noise, the random vibrations in the
atoms of the mirror coatings translate to movements in the mirror surface, thus
changing the length of the interferometer arms. There is also Brownian noise
associated with the mirror substrate, but the Brownian coating noise is much
more significant so I will not discuss the substrate thermal noise here.
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Highly reflective coatings as those used in GW detectors are achieved with
alternating layers of two materials with different refractive indices (one higher,
another lower). Typically, the low refractive index material used is silica, SiO2,
and the high refractive one is doped tantala, Ta2O5 [74]. While the loss angle
of SiO2 is in the order 5 × 10−9, the loss angle of Ta2O5 is signifcantly higher,
around 3 × 10−4. For this reason, the losses of coatings are typically in the
order of 10−4 [75].

The displacement power spectral distribution for the coating thermal noise
can be written as [74]

x2
th(ω) = 4kBT

πωEsub

d

w2

( Esub

Ecoat
φ⊥ + Ecoat

Esub
φ∥
)
, (1.49)

where w is the laser beam radius on the mirror, d is the coating thickness, Esub
is the substrate Young’s modulus, Ecoat the coating Young modulus and φ⊥
and φ∥ the coating loss angles perpendicular and parallel to the coating layers.

The coating thermal noise goes down with 1/w, because the thermal noise
is reduced when averaged over a larger surface area. This is why in GW detec-
tors larger beam areas at the test masses are favored.

Newtonian noise

Changes to the local mass density distribution imply local changes to the grav-
itational field. The gravitational attraction between the test masses and said
mass density distribution results in a kind of noise called Newtonian or Ter-
restrial gravity noise. These fluctuations of the local gravitational field can be
introduced by subsurface seismic wave propagation resulting in ground motion
as well as atmosphere fluctuations, temperature and air flux. The suspension
systems mentioned above cannot suppress or filter this kind of noise.

According to Fig. 1.7, at low frequencies, Newtonian noise will soon be-
come the limiting noise as thermal noise begins to improve with heavier test
masses. For the planned future GW detectors, Newtonian noise will become a
more significant problem given the goals of reaching significant strain ampli-
tude down to the Hz level. Given the ground-based propagation of the seismic
and infra-sound waves that cause this noise, one way to mitigate it is to go
underground and build large enough tunnels so as to have the test masses away
from mass distributions.

Currently, Newtonian noise is being monitored at the Virgo site using a
collection of seismometers and microphones. The gathered data is being used
to design Newtonian noise cancellation schemes [76]. Additionally, cancella-
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tion schemes that make use of future detector topologies have also been pro-
posed [77].

Quantum noise

The quantum nature of light, and in particular the uncertainty principle are
at the origin of two noise sources, shot noise and radiation pressure noise.
Below, I follow a treatment of quantum noise similar to the one in Chapter 1.4
of Ref. [78].

Shot noise arises from the quantum-mechanical fluctuations in the number
and arrival time of photons at the output of the interferometer. A coherent state
can be written in a Fock state basis. The inner product of such coherent state
with a Fock state, gives the photon number probability distribution

P (n) = | ⟨n|α⟩ |2 = ⟨n⟩n e−⟨n⟩
√

n!
, (1.50)

where ⟨n⟩ = ⟨a†a⟩ = |α2| is the average photon number of the coherent state
|α⟩ and a† and a as the creation and annihilation operators respectively [79].

The probability distribution of Eq. 1.50 is a Poisson distribution. For
n >> 1, P (n) can be approximated by a Gaussian distribution with standard
deviation

√
⟨n⟩. The average photon number at the output of the Michelson

interferometer is 〈
dn

dt

〉
= λ

2πℏc
PDP, (1.51)

where ℏ is the reduced Planck’s constant. Over a time interval τ , the standard
deviation of the average photon number is

√
⟨nτ ⟩ =

√〈
dn

dt

〉
τ =

√
λPDP
2πℏc

τ =

√
PDP
ωℏ

τ . (1.52)

We can thus write the power fluctuation from shot noise for a time interval τ

as

∆Pshot = ℏω

τ

√
⟨nτ ⟩ =

√
PDPℏω

τ
, (1.53)

which, using Eq. 1.36 (minus the GW part), turns to

∆Pshot =

√
Pin

2τ
ℏω(1 + cos (φ0)). (1.54)
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Using Eq. 1.37 for the power change at the detection port for a passing GW,
we can write the SNR as

SNRshot = ∆PGW

∆Pshot
= 1

2

√
Pin

ℏω
2τ

sin (φ0)φGW√
1 + cos (φ0)

. (1.55)

Considering the mid-fringe condition for φ0 = π/2, and with
φGW = (2π/λ)Lh, the minimum detectable strain amplitude at SNR=1 is

h = λ

2πL

√
2ℏω

Pinτ
. (1.56)

The amplitude spectral density (ASD) can be obtained from the Fourier
transform of the above equation, which upon further algebraic simplification
yields

h̃shot(f) = 1
L

√
2ℏcλ

πPin
, (1.57)

where I added a
√

2 factor due to considering only the single sided spectra.
Note that shot noise has a flat frequency response and it scales down with

increased input power. However, the ∆PGW is not necessarily flat. The Eq.
1.37 I used for ∆PGW does not take into account the frequency response of
the Fabry-Perot arm cavities. If we take this into account, then the shot noise
spectral density starts increasing at higher-frequencies as the cavity storage
time integrates out some of the GW signal, decreasing ∆PGW . This is why the
right side slope of the quantum noise curve in Fig. 1.7 goes up with frequency.

Radiation pressure noise results from the back action of photons on the test
masses. The quantum fluctuations of the photon arrival times at the mirrors
cause fluctuations of the radiation pressure, leading to undesired displacement
of the mirrors. The force exerted by the photons upon reflection on the inter-
ferometer arms, assuming optically lossless mirrors, is given by

Frad = Pin

c
, (1.58)

where each arm mirror experiences Pin/2 due to the presence of the beam
splitter. As we saw in regards to shot noise, the variation in power due to
quantum fluctuations is

∆Pin = ℏω

τ

√
⟨nτ ⟩ = ℏω

τ

√
Pinτ

ωℏ
=

√
ℏωPin

τ
. (1.59)
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Thus, the corresponding fluctuations in radiation pressure force are

∆Frad = ∆Pin

c
=

√
ℏPin2π

cλ
. (1.60)

Consider that the mirror behaves as an harmonic oscillator far from its reso-
nance as it is suspended from the single pendulum in the last suspension stage.
Then, the ASD of its displacement will be

∆Lrad(f) = ∆Frad(f)
M(2πf)2 = 1

Mf2

√
ℏPin

4π2cλ
, (1.61)

where M is the mirror mass. Finally, we can write the ASD of the strain am-
plitude

h̃rad(f) = 2∆Lrad(f)
L

= 1
MLf2

√
ℏPin

π2cλ
, (1.62)

where the factor 2 was introduced to take into account that the power fluctua-
tions in the two arms are anti-correlated, so one extra photon in one arm means
one less photon in the other arm, as long as we ignore optical absorption and
other sources of optical loss.

Note that in contrast to shot noise, radiation pressure noise scales up with
increasing Pin. Additionally, even though the quantum noise is frequency-
independent, the mirror response is not, thus the radiation pressure noise scales
with f−2, so it becomes more significant at lower frequencies, in opposition
to shot noise. Finally, radiation pressure noise also scales down with mirror
mass, so it is another reason, in addition to the suspension thermal noise, to
favor heavy test masses in GW detectors.

The total quantum noise in the interferometer is the quadrature sum of both
radiation pressure and shot noise

h̃qn(f) =
√

h̃2
rad(f) + h̃2

shot(f). (1.63)

As mentioned above, shot noise decreases with increasing Pin while radi-
ation pressure noise increases. If one minimizes the total quantum noise over
the full detector bandwidth, the minimum noise reached, the so called standard
quantum limit (SQL) is

h̃SQL(f) =
√

4ℏ
Mf2L2 . (1.64)
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Since this limit does not depend on any tunable parameter of the detector such
as wavelength or optical power, it is a hard limit for the attainable sensitivity
once the detector topology and test masses are fixed. It is, however, possible to
go below this limit by employing squeezed states of light. In the next section I
will briefly introduce squeezed states of light and summarize the key quantum
noise reduction technique used in current detectors.

1.4 Quantum noise reduction

We have seen that both radiation pressure and shot noise arise from the uncer-
tainty principle. In fact, the two types of quantum noise can be understood as
two non-commuting, or non-correlated quadratures. This means that the SQL
can be surpassed by introducing correlations between the radiation pressure
and shot noise. This can be done by introducing squeezed light into the dark
or antisymmetric port of the interferometer [10]. The optical spring effect of
the SRM can also be exploited to achieve narrowband surpassing of the SQL,
but this will not be discussed here. For more details see Ref. [80] and Chapter
2 of Ref. [81].

Here, I will focus on the production of frequency-dependent squeezed light.
A brief but good introduction to the theory of squeezed states of light can be
found, for example, in Chapter 5 (Complement 5A) of Ref. [79].

Coherent states have a minimum uncertainty which arises from Heisen-
berg’s uncertainty principle. The annihilation operator a and the creation op-
erator a† of a coherent state satisfy the following commutation relation[

a, a†
]

= 1 (1.65)

In phasor space, the uncertainties of the amplitude (Ep = a + a†) and
phase (EQ = −i(a − a†)) quadratures of a coherent state are thus related by
the following uncertainty relation

∆EQ∆EP ≥ 1. (1.66)

The vacuum state itself has the same uncertainty relation in phasor space
as shown in Fig. 1.9. This is to be expected as the coherent state is obtained
by applying the displacement operator on a vacuum state. These vacuum fluc-
tuations are behind spontaneous emission and allow explaining, for example,
Lamb shifts in atoms [79].
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Figure 1.9: Phasor space schematic. In the left panel, a vacuum state (blue) and a
coherent state (red) are shown. In the middle panel an amplitude squeezed state is
shown and in the right panel a phase squeezed state.

A unitary squeezing operator can be obtained such that

S(R) = exp
[

R(a2 − a†2)
2

]
, (1.67)

where R is the squeezing factor. The squeezing operator transforms a coherent
state into a squeezed state |α, R⟩ = S(R) |α⟩. The variance of each quadrature
of the squeezed state can be written as

(∆EQ)2 = e2R (∆EP )2 = e−2R. (1.68)

The opposing sign of the exponent shows that as one quadrature is squeezed
and the noise is decreased below that of a coherent state, the other quadrature
is anti-squeezed and the noise increases (see Fig. 1.9). Thus, the uncertainty
relation of Eq. 1.66 remains unchanged for the squeezed states.

In Ref. [82] it is shown that the minimum discernible phase difference be-
tween the two arms of a Michelson interferometer, with an SNR of 1, is given
by

∆φmin = 1
⟨n⟩

∆EDP
Q , (1.69)

where ∆EDP
P is the standard deviation of the component entering the dark port

of the interferometer, according to Eq. 1.68. Typically, no field is injected
through the dark port, and as we saw, the vacuum state fluctuations are the
same as that of the coherent state, in which case the SQL is retrieved with
∆φmin = 1/ ⟨n⟩.

However, if a squeezed state is injected into the interfeormeter DP, a sensi-
tivity improvement in the order of e|R| can be attained. This is the main idea
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of quantum-noise reduction in GW detectors. Typically squeezing is charac-
terized in dB units as 10log10(e|R|).

Note that a passing GW modulates the Michelson arm length with a cer-
tain frequency, thus modulating the phase quadrature. For this reason, the
shot noise described in the previous section is affected by noise in the phase
quadrature. Fluctuations of the amplitude quadrature directly impact radiation
pressure noise. For this reason, reducing or increasing the fluctuations in each
quadrature will impact both shot and radiation pressure noise accordingly. This
motivates the need for frequency-dependent squeezing as discussed in Section
1.4.2.

1.4.1 Generating squeezed states

A clarification on nomenclature is due regarding the terms squeezed light
and squeezed vacuum. These terms are often used interchangeably because
they are essentially identical. Note that the vacuum fluctuations of a coherent
state are inherited from the vacuum state itself. In the same manner, when a
squeezed state is generated, it is not light itself that is squeezed, but the vac-
uum.

Squeezed states are typically generated using an optical parametric oscilla-
tor (OPO), which generate pairs of correlated down-converted sidebands. An
OPO comprises a pumped non-linear crystal. The crystal is fed a pump signal
at frequency ωp as shown in Fig. 1.10. Through parametric down-conversion,
two correlated photons are generated with frequencies ωs and ωi for the sig-
nal and idler photons respectively. Their frequency is related to the pump
frequency by energy conservation such that ωp = ωs + ωi. In the degenerate
case, which is the case in GW detectors, their frequency is

ωp = ωs = ωp/2. (1.70)

The level of squeezing, R, can be seen to depend on the pump power Pp as

R(Pp) =
(1 ±

√
Pp/Pt

1 ∓
√

Pp/Pt

)2
, (1.71)

where Pt is a parameter representing properties of the OPO which is typically
within a cavity, such as the crystal non-linear gain and the cavity losses.
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Figure 1.10: Schematic of the parametric down conversion process in an optical para-
metric oscillator. The input field is called the pump field with angular frequency ωp
and the two output fields are the signal and idler sidebands with angular frequency ωs
and ωi respectively.

Here, it is useful to introduce the sideband model. A coherent state can
be described in frequency space as a carrier and a collection of un-correlated
quantum sidebands which are a pair of creation and annihilation operators in
the ground state of a simple harmonic oscillator. All quantum sidebands have
random amplitude and phase and so result in broadband white noise in both
quadratures or in other words, shot noise. For a squeezed state, the quan-
tum upper and lower sidebands will be correlated in either phase or amplitude
across the frequencies over which squeezing is achieved. Currently squeezing
sidebands spanning a few kHz, covering the bandwidth of GW detectors, have
been demonstrated in the lab with squeezing gains as much as 10dB [83].

Given that squeezed states are typically generated with two pairs of side-
bands, it is common to use the so-called two-photon formalism when describ-
ing the impact of squeezing on GW detectors. Horace P. Yuen was the first
person to introduce the concept of two-photon states in quantum-optics when
proposing squeezed states of light [84]. These concepts were later built into
the two-photon formalism by Carlton Caves to study squeezing in the context
of GW detectors [85].

The coherent states for signal αs and idler αi sidebands are defined as the
eigenstates of the signal and idler anihilation operators as

as/i |αs/i⟩ = αs/i |αs/i⟩ , (1.72)

where αs/i is the corresponding eigenvalue for signal and idler sidebands. The
key aspect of the two-photon formalism is the definition of new quadrature
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operators in terms of the signal and idler photons as

a1 = as + a†
i√

2
(1.73)

a2 = as − a†
i

i
√

2
, (1.74)

where as and a†
s are the annihilation and creation operators for signal photons

and ai and a†
i the respective operators for the idler photons.

In turn, the squeezing operator of Eq. 1.67 is written in the two-photon
formalism as

Ssi(R) = exp
(
R∗asai − Ra†

sa
†
i

)
, (1.75)

where now R = re2iφ, where r is the squeezing factor and φ the squeezing
angle. Previously in Eq. 1.68 a squeezing angle of 0 and π/2 was implicitly
assumed for the amplitude and phase quadratures, respectively.

In addition to the squeezing operator, we have two displacement operators
Ds(αs) and Ds(αi) for the signal and idler sidebands. The squeezed state is
obtained by applying the displacement operators on the two-photon vacuum
state followed by the two-photon squeeze operator

|αs, αi, R⟩ = Ssi(R)Ds(αS)Di(αi) |0, 0⟩ . (1.76)

The two-photon quadrature operators a1 and a2 can be written in matrix
form as

a =
[
a1
a2

]
. (1.77)

An optical component acting on the squeezed field can be defined as a transfer
function T in matrix form, and the new quadrature operators after the optical
component, b, can be retrieved with b = Ta. This matrix notation will be used
in the following section to describe the effect of a filter cavity on the squeezing
quadratures.

1.4.2 Frequency-dependent squeezing

An OPO can generate squeezed light with a fixed squeezing angle, which can
be adjusted to match the amplitude or phase quadrature of the interferometer
signal. In O3, squeezed light was injected with a squeezed phase quadrature
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achieving a quantum shot noise reduction of 3.2 ± 0.1dB at high frequen-
cies [86]. Due to the increase in the fluctuations of the amplitude quadrature,
a slight increase of radiation pressure noise at low frequencies was observed
[87]. For O4, one of the detector upgrades involved implementing frequency-
dependent squeezing, which basically introduces a frequency-dependent ro-
tation of the squeezing angle in order to achieve amplitude squeezing at low
frequencies and phase squeezing at high frequencies [88].

The idea was first introduced in Ref. [10] by H. Jeffrey Kimble, from Cal-
tech, following a request from K. Thorne. It is achieved by employing a de-
tuned Fabry-Perot cavity, called filter cavity. Consider again the signal and
idler sidebands, now with ωs = ω0 + Ω and ωi = ω0 − Ω, with ω0 the carrier
frequency.

We can write the reflection from the filter cavity as a function of Ω. After
some approximations valid at high finesse near resonance conditions, this can
be written as [18]

rFC(Ω) = e−iΦ(Ω)rin

rine−iΦ(Ω) − 1
, (1.78)

where rin is the amplitude reflectivity of the input mirror and the round-trip
phase Φ(Ω) is

Φ(Ω) = (Ω − ∆ωFC) 2LFC
c

, (1.79)

where LFC is the filter cavity length and ∆ωFC = ωFC − ω0 is the cavity
detuning away from the carrier frequency ω0.

A transfer function in terms of the sidebands can be transformed to that
of the a1 and a2 quadratures by employing the following conversion matrix
[10, 18, 89]

A2 = 1√
2

[
1 1

−i i

]
. (1.80)

Thus, the transfer function of the reflection of filter cavity in the two-photon
picture will be given by

TFC = A2

[
rFC(Ω) 0

0 r∗
FC(−Ω)

]
A−1

2 . (1.81)

In order to have a more instructive version of Eq. 1.81, the cavity reflec-
tion rFC is written in terms of sums and differences of the reflected sideband
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amplitudes and phases [10,89]. First the reflected amplitude ρFC and reflected
phase αFC are defined as

ρFC(±Ω) = |rFC(±Ω)|, (1.82)

αFC(±Ω) = arg [rFC(±Ω)] . (1.83)

Then, the sum and difference amplitudes and phases can be defined as

ρp/m = ρFC(Ω) ± ρFC(−Ω)
2 , (1.84)

αp/m = αFC(Ω) ± αFC(−Ω)
2 , (1.85)

where the subscripts p and m are used to denote the sums and differences,
respectively. Using these quantities, the transfer function of the filter cavity
reflection can finally be re-written as [89]

TFC = ρpeiαm

[
eiαp +e−iαp

2
eiαp −e−iαp

2i
eiαp −e−iαp

2i
eiαp +e−iαp

2

]
= ρpeiαmRαp . (1.86)

Note that the matrix Rαp is a rotation matrix with rotation phase αp equal
to

θ = αFC(+Ω) + αFC(−Ω)
2 = arctan

( 2γFC∆ωFC
γ2

FC − ∆ω2
FC Ω2

)
, (1.87)

where γ is the cavity half-width half-maximum. When on resonance, Rαp is
equal to the identity matrix and there is no rotation. The rotation depends on
the cavity linewidth detuning. In LIGO, filter cavities with 300 m of length
and a Finesse of 6700 are used to induce a rotation of the squeezing ellipse
around 30 Hz [88]. In Virgo, a filter cavity 285 m long and nearly 1000 finesse
is used, resulting in a squeezing angle rotation at 25 Hz. In this way, squeezed
sidebands below 30 Hz (LIGO) and 25 Hz (Virgo) are squeezed in amplitude
to reduce radiation pressure noise and sidebands above are squeezed in phase
to reduce shot noise.

1.5 High-power operation

We already discussed that increased power leads to a GW signal with in-
creased SNR. Notwithstanding the technological limitations of current laser
technologies, increasing input power is a straightforward way of increasing
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detector sensitivity. However, high circulating optical power in the interferom-
eter comes with its own set of complications.

Optical absorption of the coatings and substrates of the main optics of the
interferometer are kept to extremely low levels. In the case of the substrates it
can be as low as 0.1 ppm/cm and in the case of the coatings 0.3 ppm. However,
with increased circulating power the absorbed power starts being significant
and lead to what are called thermal effects. Absorption can occur at the level
of the substrate and of the coating and lead to optical aberrations and thermal
lensing effects.

These thermal effects change the cavities geometry, changing the g-factor
and the HOM frequency spacing accordingly (Eqs. 1.29 and 1.30). We will
see in Section 2.5 how thermal absorption impacts GW interferometers.

High-power operation of optical cavities can also lead to various types of
instabilities mediated by the radiation pressure force impressed on the cavity
mirrors by the kilowatts of stored photons. Angular instabilities [90] have
been observed at the Gingin interferometer in Western Australia [91]. In this
kind of instability, when the cavity is on resonance the two mirrors become
coupled through radiation pressure force modifying the dynamics of the cavity
angular control feedback system. In the next section, I will detail another kind
instability, called parametric instability (PI) which can cause severe problems
for the operation of high-power FP cavities.

1.5.1 Parametric instabilities

Parametric instabilities were first proposed by Braginsky et al. who theorized
they could set an upper limit on the amount of circulating power inside a FP
cavity [41]. This presents an issue for the future of GW detectors, but also
for other areas of research where high-power FP cavities are crucial such as
steady-state microbunching for the production of EUV radiation [23], in nu-
clear fusion with proposals for novel neutral beam heating systems [22], phase-
contrast electron-microscopy [21] and dark matter detection [92].

PIs originate from the interaction between three modes, the optical funda-
mental mode, an optical HOM and the mechanical mode of the cavity mirror.

When the cavity is locked on the fundamental mode with frequency ω00,
any excited optical HOM will beat with the fundamental mode with frequency

ωbeat = ω00 − ωmn = c

2L

m + n

π
arccos [√g1g2]. (1.88)
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Typically in, GW detectors, ωbeat is in the acoustic range, where the me-
chanical modes of the test masses reside. If the frequency of a mechanical
mode coincides with that of the optical beating then the optical HOM can be
resonantly enhanced in the cavity. Through Brillouin scattering [93], energy
is imparted from the optical beating into the mirror acoustic mode. If left
unchecked, this can create a feedback loop pumping energy into the optical
HOM and in turn feeding the mirror acoustic mode until the cavity is kicked
out of resonance.

For the mechanical mode to become unstable, its dissipation rate needs
to be smaller than the pumping rate of the radiation pressure force from the
optical beating on the mirror. This can be quantified by the parametric gain
R0. When R0 > 1 the rate of the radiation pressure force becomes higher
than the dissipation rate of the mechanical mode and the mechanical mode
amplitude grows. The parametric gain depends on the cavity configuration,
but for a FP cavity it is

R0 = 4PcircΛQmechQmn

McLω2
mech

( 1
1 + (∆ω/δ)2

)
, (1.89)

where Pcirc is the circulating power in the cavity, Λ is the spatial overlap be-
tween the optical HOM beating and the mechanical mode of the mirror, Qmech
and Qmn are the quality factors of the mechanical and optical modes respec-
tively, M is the mirror mass and L the cavity length. The frequency difference
between the mechanical mode and optical beating is given by ∆ω/ and δ is the
the cavity half FWHM defined as

δ = ω

2Q
= FSR

2F
. (1.90)

Typically, in a GW detector the cavity length, mirror mass and acoustic
modes of the mirrors are fixed. Ideally, we would also like to maximize circu-
lating power. Thus, in order to minimize PIs, we would focus on reducing the
quality factors of the optical and mechanical modes or increasing the frequency
difference ∆ω. The latter can be achieved by thermal tuning of the RoC of the
cavity mirrors to shift the HOM frequency away from the frequency of the me-
chanical mode [94]. In order to reduce the quality factor of acoustic modes,
resonant [95] and electrostatic [96] damping actuators have been developed
and implemented in current GW detectors. The optical HOM can also be di-
rectly targeted using optical feedback, where the same HOM is injected into
the cavity with an opposing phase [97]. For future detectors, a recent approach
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is to design FP cavities which are free of PIs provided the g-factors stay within
a certain value [98].

The first experimental observation of a PI was made at Gingin in Western
Australia [99]. Shortly after, LIGO Livingston also observed a PI on-site [100].
Ref. [101] details the first real-time imaging of a PI, caused by the fundamental
and a first-order mode.

1.5.2 The megawatt goal of next-generation detectors

Current GW detectors continue to improve their sensitivity by increasing circu-
lating power, increasing the size and mass of test masses and trying to improve
coating thermal noise with new coatings. However, the current observatories
are ultimately limited by their infrastructure, in particular arm length and seis-
mic noise. For this reason, third-generation detectors are currently in the plan-
ning and design phase to increase BNS sensitivity by 1 order of magnitude.

Two flagship projects have been proposed, the Einstein Telescope (ET) in
Europe, and the Cosmic Explorer (CE) in the United States. Both projects have
very different approaches. CE aims to increase the scale of the current LIGO
detectors, by employing 40 km long arm cavities and ramping up circulating
power to 1.5 MW. [102].

In the case of ET, the current baseline design went with a very different
approach. In order to increase sensitivity at low frequencies seismic and New-
tonian noise needs to be minimised. To this end, the plan is to build the detector
between 200 and 300 m underground [19]. The interferometer topology is also
new, and would consist of a triangular arrangement with 60° angle instead of
the 90° angle of the typical Michelson interferometer and 10 km arms. Three
nested detectors in this configuration are planned, each detector composed of
two triangular interferometers, one tuned for the low-frequency band of GW
detection and the other for the high-frequency band.

The low-frequency detector plans to use cryogenics technology to get the
temperature down to 10-20 K as well as 200 kg test masses to reduce thermal
coating noise. In turn, the high-frequency detector aims to reach up to 3 MW
of circulating power to increase sensitivity at high frequencies. In both cases,
10 dB of squeezing are required to achieve the sensitivity goals.

Besides ET and CE, other intermediate or prototype detectors are planned
that will also make use of very high circulating powers. One such detector is
the Neutron Star Extreme Matter Observatory (NEMO), which aims to use 4.5
MW of circulating power and 74.1 kg mirrors at around 130 K [103]. Another
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one is the LIGO Voyager detector, proposing 3 MW of optical power with
200 kg mirrors at 123 K [104].

The work developed during my thesis is mostly concerned with address-
ing the issues related to high-power operation, namely the cavity eigenmode
changes during thermal transients and PIs. In fact, with current thermal com-
pensation techniques and control, LIGO has capped the amount of circulating
power at around ≈ 300 kW, while the design goal was 750 kW [9]. Table 1.2
shows the design values for circulating power of current7 and future detectors,
as well as the actual circulating power of operating detectors.

Table 1.2: Comparison of design circulating power for LIGO, Virgo and next-
generation ET and CE detectors with the actually achieved power in current detectors.

Detector

Power [MW] LIGO Virgo ET CE
Design 0.75 0.15 3 1.5

Reached 0.35 0.096 NA NA

On one hand, the amount of optical power reached is limited by the dy-
namic range or actuation power of the thermal compensation adaptive optics
as we will discuss in Section 2.7. On the other, there is also a need for direct
sensing of the cavity eigenmodes of the interferometer. This point is discussed
in the review of Ref. [2] and will also become apparent in the discussion in
Chapter 4. A part of this work involved two table-top experiments to address
this, prototyping wavefront sensing schemes to characterize the cavity modes
in reflection and transmission of a FP cavity. These experiments are addressed
in Chapters 6 and 7.

7The design value for Virgo was computed taking into account an input power of 25 W and
carrier gain of 42 set in the 2012 Advanced Virgo Technical Design report [105]. Previous to
this document, the design input power was 125 W and as we will discuss in Chapter 3, the RoC
of the power recycling mirror was manufactured with that in mind. Regardless, since this plan
was replaced by the 25 W input since 2012, I considered this one as the design baseline for the
Advanced Virgo circulating power.



Chapter 2
Mode sensing and control in
gravitational-wave detectors

In this chapter, I review the state-of-the-art in regards to the sensing and control
of cavity modes. When matching a cavity with an input beam, we can define 5
degrees of freedom - the longitudinal (Eq. 1.18), transverse offset, angular tilt
and waist size and position mismatch.

I start by introducing the concepts of heterodyning and homodyning which
are fundamental for most of the measuring schemes described later. Then, I
detail longitudinal and angular control of cavities. These are well developed,
mature techniques with high levels of automation. This knowledge was built
by a combination of pioneers from the fields of atomic, molecular and optical
physics (AMO) as well as GW interferometry, such as John Hall and Ronald
Drever [12], Dana Z. Anderson [13] and Gary C. Bjorklund [14].

Sensing and controlling the waist size and position of beams and resonators,
is however, not as well developed. I introduce the topic of mode mismatch and
its importance for GW detectors as well as thermal defects in resonators as it
pertains to its impact on the eigenmodes of a resonator in the presence of high
optical powers.

Afterwards, I review the state-of-the-art of the wavefront sensors for mea-
suring mode mismatch and finally I review the adaptive optics currently in use
in GW detectors. For these two sections I rely heavily on the text of the review
of Ref. [2] of which I am one of the co-authors. My contributions were espe-
cially significant in the sections detailed here, namely the review of wavefront
sensors and thermal actuators in GW detectors.

2.1 Heterodyne and homodyne detection

Heterodyne and homodyne detection is a detection method through which a
small-signal is combined with a strong local-oscillator signal before detection.
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This combination with a stronger field allows for reaching the quantum shot
noise limit even for low power signals. This is very useful for example for the
detection of squeezed-states [106].

Optically, the signal and local-oscillator beams can be combined through
interference at a beam splitter as shown in Fig. 2.1. Mathematically, consider
the signal electrical field at the beam splitter with frequency ω

Es = Us(x, y)ei(ωt), (2.1)

where Us is the (complex) transverse amplitude of the signal field, which could
be described in terms of the HG polynomials introduced in Section 1.3.1. The
electrical field for the local oscillator ELO will have a similar form but with
frequency ω′. The combined beam after the beam splitter will be

EBS = tBSEs + irBSELO = tBSUs(x, y)ei(ωt) + irBSULO(x, y)ei(ω′t), (2.2)

where tBS and rBS are the amplitude transmission and reflection coefficients
of the beam splitter respectively. The photodiode at the output of the beam
splitter measures the intensity of the combined beam, which will be

IPD = EBSEBS∗ = t2
BS|Us|2+r2

BS|ULO|2+tBSrBS|Us||ULO| cos(Ωt), (2.3)

where Ω = ω − ω′ is the frequency difference between signal and local os-
cillator, the so-called heterodyne frequency. This frequency should be smaller
than the photodiode detector bandwidth so that it is not integrated out as it
happens with the optical frequencies. The component at Ω is called the hetero-
dyne beat. This name is a reference to acoustics, where heterodyne frequencies
are called beats, which are created by mixing two waves of close but different
frequencies.

Typically, Ω is in the radio-frequency (RF) range. The optical beat at Ω, has
the combined coherence properties of the signal and reference beams. In this
way, heterodyne measurements can be used for example to characterize the
linewidth, or monochromaticity, of lasers [107]. Additionally, if the frequency
of the local oscillator signal is the same as that of the signal beam, then Ω = 0
and we call it homodyne detection instead of heterodyne.

In order to be detected, the AC component of the photodiode signal, the Ω
term in Eq. 2.3, can be fed to an electronic mixer as shown in the left panel
of Fig. 2.1. Mathematically, the mixer action is equivalent to a multiplication
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Figure 2.1: On the left, the schematic representation of heterodyne detection. A signal
field Es is interfered with a local oscillator field ELO at a beamsplitter, resulting in the
combined field of Eq. 2.2. The photodiode signal is mixed with a electrical reference
and the output is low-pass filtered resulting in the detected signal of Eq. 2.5. On
the right panel balanced detection is shown, where a second photodiode is added to
the unused port and it is the difference signal that is detected. If the local oscillator
frequency is the same as the signal, i.e. Ω = 0, it is called homodyne detection and
the mixing step is skipped as the signal of interest is already in the DC range.

between photodetector signal and an electrical local oscillator at Ω, yielding

tBSrBS|Us||ULO| cos(Ωt) sin (Ω′t + φ′) =
tBSrBS|Us||ULO|

2
{
sin [(Ω − Ω′)t − φ′] − sin[(Ω + Ω)t + φ′]

}
, (2.4)

where φ′ is the phase of the local oscillator with respect to the signal, which
is called the demodulation phase. In order to extract the signal component at
the frequency of interest, the electrical local oscillator is driven with the same
frequency as the one of the optical heterodyne such that Ω′ = Ω. The output
of the mixer will then be

tBSrBS|Us||ULO| cos(Ωt) sin (Ωt + φ′) =
tBSrBS|Us||ULO|

2
[
sin (φ′) − sin (2Ωt + φ′).

]
(2.5)

The 2Ω signal is removed by a low-pass filter as shown in the left panel of
Fig. 2.1 and the signal of interest will be in the DC component of Eq. 2.5.
The demodulation phase φ′ needs to be tuned, in this case to π/2 to extract the
maximum signal amplitude. Generally, for a random demodulation phase we
can define the in-phase component I of the signal and the quadrature compo-
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nent Q as

I = AsALO
2 cos (Ωt) cos (Ωt + φ′) = AsALO

2 cos(φ′), (2.6)

Q = AsALO
2 cos (Ωt) sin (Ωt + φ′) = AsALO

2 sin(φ′), (2.7)

where As and ALO are the amplitudes of the optical signal beam and local
oscillator respectively and where we have assumed that the 2Ωt is removed by
a low-pass filter.

It is shown in Ref. [108] that apart from the quantum fluctuations discussed
in Section 1.4, excess phase and amplitude noise from the local oscillator af-
fects both heterodyne and homodyne measurements. As shown on the right
panel of Fig. 2.1, a second photodiode can be added to the unused beam split-
ter port. By subtracting the signal from both photodiodes this excess noise can
be subtracted and the measurement can become shot noise limited [108]. This
is called balanced detection, to highlight that noise maximum suppression is
achieved when the split ratio of the beam splitter is exactly 50% and the quan-
tum efficiency of both detectors is the same. Detection of squeezed states is
done using balanced homodyne detection [106].

Another way to generate optical heterodyne beats is to use phase modula-
tion. Typically this is achieved with an electro-optic modulator (EOM). An
EOM consists of a crystal which exhibits a linear birefringence in response to
an applied voltage. Typically, a sinusoidal wave of (radio-)frequency Ω is ap-
plied along the principal axis of the crystal. This causes the refractive index of
the crystal to change following the applied signal, in this way modulating the
phase of the beam crossing the crystal. The electrical field of the thus phase
modulated beam can be written as

Emod = E0ei(ωt+β sin (Ωt)), (2.8)

where β is the so-called modulation depth, the amplitude of the applied mod-
ulation wave to the EOM. Eq. 2.8 can be evaluated following an expansion in
terms of Bessel functions Ji of order i, such that

Emod = E0
[
J0(β)eiωt + J1(β)ei((ω+Ω)t − J1(β)ei((ω−Ω)t

]
+ O(J2(β)).

(2.9)
Disregarding the terms of Bessel functions of order 2 and above (which is

valid for small values of β) , the modulated beam can be understood as a carrier
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at a frequency ω and two sidebands at ω ± Ω. We will see in Section 2.2 these
sidebands are crucial for the control of optical cavities in GW detectors.

Most of the wavefront sensing schemes introduced in the rest of this chapter
use in someway or another some kind of heterodyning. Homodyning also plays
an important role in GW detectors, below I describe how it is used for the
readout of the strain amplitude signal.

2.1.1 Detecting the GW signal

As we saw in Chapter 1, a passing GW causes a stretching and squeezing of the
interferometer arms, leading to a modulation of the amplitude of the signal at
the dark port. Similar to phase modulation, amplitude modulation at a certain
frequency can be understood as a pair of sidebands around the carrier. Thus,
we can write the GW signal as a pair of sidebands at ω ± ωGW, where ω is the
carrier frequency and ωGW the GW frequency, typically in the audio range.

Initially, GW detectors operated at the dark fringe and employed a hetero-
dyne read-out using the modulation and demodulation techniques described
above in order to measure the GW signal. However, this readout scheme suf-
fers from phase noise from the RF modulation. More fundamentally, it has
been shown that heterodyne schemes suffer from twice the quantum noise of
homodyne schemes [108,109]. To avoid this, current GW detectors use a kind
of homodyne detection scheme called DC-readout [110].

In the heterodyne readout, RF sidebands were used to generate an hetero-
dyne beat with the GW sidebands, and in this way the very small GW side-
bands were detected. In the DC-readout detuning, the carrier itself is used as
the local oscillator. In order to do this, the difference in length of the north and
west arm cavities is tuned in order to have a very small amount of the carrier
fundamental mode leak into the dark port.

In addition to the advantages of using a homodyne readout as outlined
above, in the DC-readout scheme, the phase noise of the local oscillator (car-
rier) is highly suppressed by the interferometer itself. This is due to the cavity
pole of the combined power and arm cavities. If the arm cavities are approx-
imately the same, the PRC and arm cavities can be approximated by a single,
three mirror coupled-cavity, whose cavity pole is approximately

fp = 1
2π

FSRν log
( r3 − r1

1 − r1r3
r2
)
, (2.10)
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where r1 and r2 are the reflectivities of the arm cavity input and end mirrors
respectively, r3 the reflectivity of the power recycling mirror and FSRν the
FSR of the arm cavities.

For current GW detectors, this coupled cavity pole is around 1 Hz. For
frequencies above that, phase noise is suppressed by the inverse of the carrier
frequency, which is around 280 THz. Initial GW detectors employed the RF
heterodyne readout because the frequency and phase noise of state-of-the-art
lasers at the time was insuficient for DC readout. This highlights the impor-
tance of clean laser sources for GW detection.

2.2 Longitudinal control and frequency
stabilization

We saw in Section 1.3.1 that optical cavities are resonant for specific frequen-
cies (Eq. 1.18). One can make a laser beam resonate in a cavity by tuning its
frequency, or alternatively, by finely tuning the length of the cavity. The first
is to lock a laser to a cavity, the latter is to lock a cavity to a laser.

The most widely used technique to lock a laser to a cavity, or vice-versa,
is the Pound-Drever-Hall (PDH) technique [12]. The genesis of this tech-
nique can be traced back to the fields of AMO (John Hall), GW interferometry
(Ronald Drever) and microwaves (Robert Pound). In order to understand it, it
is useful to start with the (amplitude) reflection coefficient of a FP cavity [111]

Fref(ω) = Eref
Einp

= r(eiω/FSRν − 1)
1 − r2eiω/FSRν

, (2.11)

where, for simplicity, a lossless cavity was assumed and with equal reflectiv-
ities for input and end mirrors. With respect to the Airy Eq. 1.21, the round-
trip phase was written in terms of the frequency ω and the cavity FSRν and in
terms of the field amplitudes instead of field intensities. The intensity of the
reflected beam is given by |F(ω)|2 and it follows the Airy function of Fig. 1.4.
The input and cavity reflected beams are shown in the optical schematic of Fig.
2.2.

In the case of critical coupling, which for a lossless cavity is achieved with
equal mirror reflectivity, no light is reflected on resonance. Now, consider
a phase modulated beam such that sidebands are introduced at ω ± Ω around
the carrier frequency ω. Here, we will consider an Ω large enough such that the
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Figure 2.2: Optical scheme for PDH locking. An EOM introduces sidebands at
ω ± 2πfPDH. A polarizing beam splitter (PBS) ensures only light polarized in one
direction is transmitted. Light reflected from the cavity, both carrier and sidebands
(see text for more details) pass twice through the quarter-wave plate and undergo a
90°rotation of the polarization axis, thus being reflected at the PBS and onto the PDH
photodiode. The resulting signal after the mixer (Eq. 2.13) is low-pass filtered and
fedback to the laser current through a PID controller [112].

sidebands are entirely reflected from the cavity while the carrier is resonating
in it.

The cavity reflected signal can be detected by a photodector as shown in
Fig. 2.2. The reflected power from the cavity will be

Pref = Pc|F(ω)|2 + Ps
(
|F(ω + Ω)|2 + |F(ω − Ω)|2

)
+2
√

PcPs
[
Re{F(ω)F∗(ω + Ω) − F∗(ω)F(ω − Ω)} cos (Ωt)

+Im{F(ω)F∗(ω + Ω) − F∗(ω)F(ω − Ω)} sin (Ωt)
]

+ O(2Ω) (2.12)

Near resonance, the sidebands are completely reflected from the cavity, and
F(ω ± Ω) ≈ −1. In this way, the F(ω)F∗(ω + Ω) − F∗(ω)F(ω − Ω) is ap-
proximately only imaginary, and the cosine term of Eq. 2.12 vanishes. Thus,
near resonance, the only remaining term at Ω is

PΩ
ref = 2

√
PcPsIm{F(ω)F∗(ω + Ω) − F∗(ω)F(ω − Ω)} sin (Ωt). (2.13)

Demodulating the signal as described in the previous section (recall Eq.
2.5), we obtain the following error signal

ε = 2
√

PcPsIm{F(ω)F∗(ω + Ω) − F∗(ω)F(ω − Ω)}, (2.14)

which is plotted in Fig. 2.3. In this way, through the interference of the car-
rier and sideband fields, we can retrieve from their heterodyne beating a zero
crossing error signal around the cavity resonance.
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We can see in the top plot of Fig. 2.3 that within the cavity mode, the
error signal is linear (this is also shown mathematically in Ref. [111]), with a
slope proportional to the inverse of the cavity linewidth FSRν/F . Within this
locking range, the standard tools of control theory [112], such as PID control,
can be used to act on the laser frequency or cavity length to keep one locked to
the other. Outside of the cavity mode, the carrier is entirely reflected and there
is no error signal.

Figure 2.3: Top panel shows the PDH Error signal computed with Eq. 2.14 (normal-
ized) for a sweep of the laser frequency around the cavity resonance. Bottom panel
shows the (normalized) Airy distribution of the circulating field (Eq. 1.21), for the
same frequency sweep.

Note that even though we used the example of a critically coupled cavity,
PDH locking is valid for any kind of cavity, and the error signal of Fig. 2.3
is attainable as long the modulation frequency of the sidebands is sufficiently
larger than the cavity linewidth. For lower sideband frequencies, a locking
signal is also attainable but with a smaller slope as shown in Ref. [111]. As
the sidebands get closer to the carrier, the storage time of the cavity needs to
be taken into account in the error signal response.

Regarding the demodulation, the electronic local oscillator will have a cer-
tain phase with respect to the heterodyne beat signal. This phase needs to be
adjusted so that they are both in phase and that Eq. 2.14 is retrieved. In fact,
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while for high Ω the error signal is in the I component, for slow modulation,
the signal is in the Q component (derivation in Ref. [111]).

Predating the original PDH article, Bjorklund showed the signals one ob-
tains for both I and Q components after demodulation in the context of fre-
quency modulation spectroscopy [14]. In this work, the signals are not ob-
tained from a cavity, but from dispersion and absorption spectral features of
atoms and molecules. In fact the same kind of heterodyne scheme of PDH is at
the basis of frequency modulation spectroscopy. In this work, Bjorklund goes
on to show how both I and Q signals look like for varying values of Ω with
respect to the spectral feature linewidth. These results are valid irrespective of
the nature of the spectral feature, either an absorption line or cavity resonance.

The PDH technique is ubiquitous in GW detectors in order to lock the mul-
tiple cavities to the ultra-stable laser employed. Multiple pairs of sidebands
are used to extract the necessary number of error signals. In a typical GW in-
terferometer, there are 5 longitudinal degrees of freedom. Refer to Fig. 2.4 for
the distance definitions following that of Ref. [113]. Below I list each degree
of freedom (DoF), with details for the Virgo case on how each error signal is
obtained.

• DARM= LN−Lw
2 , differential arm length of the two FP arm cavities.

The error signal comes from the DC-readout scheme discussed in Sec-
tion 2.1.11. The DoF is locked by actuating differentially on the North
and West end cavity mirrors.

• CARM= LN+Lw
2 , common arm length of the two FP arm cavities. The

error signal comes from the I component of the heterodyne from 6 MHz
sidebands. The DoF is locked by actuating commonly on the north and
west end cavity mirrors.

• MICH= lN − lW, difference in the length of the small Michelson arms
from the beam splitter to the input mirrors of the arm cavities. The error
signal comes from the I component of the heterodyne from 56 MHz
sidebands. The DoF is locked by acting jointly on the positioning of the
signal and power recycling mirrors and on the beam splitter.

1Note that the GW signal is encoded in the DARM degree of freedom. This means that for
low frequencies where the DARM control loop takes effect, the GW signal is compensated by
the feedback loop and needs to be recovered in post-processing.
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• PRCL= lPR + lN+lw
2 , cavity length of the power recycling cavity. The

error signal comes from the I component of the heterodyne from 8 MHz
sidebands. The DoF is locked by acting on the positioning of the PRM.

• SRCL= lSR + lN+lW
2 , cavity length of the signal recycling cavity. The

error signal comes from the Q component of the heterodyne from 56
MHz sidebands. The DoF is locked by acting on the positioning of the
SRM.

Figure 2.4: Simplified AdV schematic including the distances definitions for the vari-
ous detector DoFs described in the text. Also showing the thermal actuators described
in Section 2.7 - ring heaters (RH), compensation plates (CP) and CO2 laser (only 1 is
shown but there is another for the west CP) and the central heating radius of curvature
correction (CHRoCC) to tune the power and singal recycling mirrors (only 1 shown).

The multiple degrees of freedom are locked iteratively through the so-called
locking procedure. For example the central part of the interferometer, the
power and signal recycling cavities, are locked before the FP arm cavities.
In order to transmit part of the sidebands into the DP for control reasons, a
macroscopic asymmetry in the lengths of the small Michelson (lN and lW)
is introduced. This difference in length, called the Schnupp asymmetry is
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22.9 ± 0.4 cm in Virgo [113]. More details on how a full GW interferome-
ter is controlled can be found, for example, in Chapter 3.2 of Ref. [66].

2.2.1 Beyond Pound-Drever-Hall

Besides its widespread use in GW detectors, PDH locking is also crucial for
many fields in optics such as cavity enhanced spectroscopy [114], optical
clocks [115, 116], ultracold chemistry [117] and others such as quantum com-
puters [118]. Due to its ubiquity in so many fields, several efforts have been
made towards improving its bandwidth and noise performance. In this section,
I briefly review the advances made in this field including both techniques with
and without modulation in order to achieve the best phase locks.

Improving the lock bandwidth

Typically, one of the bottlenecks in the bandwidth of laser locking with PDH is
in the actuator bandwidth. When acting on the length of a cavity, piezo trans-
ducers are normally used which have actuation bandwidths of a couple hundred
kHz at most. When acting on the laser itself, for example on its current, a few
MHz of bandwidth is easily available.

The issue of actuation bandwidth can be solved by using a different actu-
ator. It has become common in some applications to act on the EOM itself,
which typically has a bandwidth of tens of MHz or even GHz in some cases.
This is what is done in Ref [119]. However, the bandwidth is ultimately lim-
ited by the time delay of the feedback loop itself. Recent work, has addressed
this by using a feedforward technique [120]. In this work, the authors use the
residual PDH error signal when the laser is locked to a cavity with the usual
PDH lock, and use it for phase correction on a second EOM in a feedforward
way. A delay fiber is used on the path to the feedforward EOM to account for
the feedback loop delay.

Mitigating residual amplitude modulation

One issue with heterodyne schemes that depend on the use of sidebands is that
of residual amplitude modulation (RAM). When using an EOM for sideband
generation, RAM may appear as an undesired modulation at the same fre-
quency as that of the generated sidebands. This can introduce spurious noise
and offsets in the heterodyne signal used to lock a cavity. In Ref. [121] the
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authors investigate the impact of RAM in the longitudinal control of GW de-
tectors. In Ref. [115] RAM also appears as a non-negligible noise in an ultra-
stable cavity for optical clocks.

When the polarization of the incident beam is misaligned with respect to
the EOM crystal orientation the polarization axis of the transmitted beam is
rotated. In turn, when interacting with polarizing optics as the beam propa-
gates, amplitude modulation is generated. Small etalons (FP cavities) in the
crystal due to non-zero reflection at the crystal faces will also lead to RAM, as
the multiply reflected beam experiences a frequency dependent phase shift. Fi-
nally, temperature fluctuations that drive thermal expansion of the crystal and
of the mounting opto-mechanics also lead to RAM by modulating the crystal
birefringence.

Careful aligning of the input beam and EOM, precise temperature control
and the use of anti-reflective (AR) coatings at the crystal surfaces can mitigate
these issues. It has been shown that for some EOMs, a negative bias Voltage in
addition to the modulation signal can significantly reduce the observed RAM.

Additionally, etalon effects on the optical path of the beam after the EOM,
will also amplify the RAM. In Chapter 2.3 of Ref. [122] a careful and detailed
account of how to mitigate these etalon effects in the optical path is given.

Another way to mitigate RAM is through active cancellation. Recent work
has achieved 10−7 RAM cancellation with a photodiode monitoring the input
beam and a PID controller with 500 kHz bandwidth to control the bias voltage
of the EOM [123]. The active RAM cancellation reduces the locked laser
fractional frequency noise by at least 2 orders of magnitude.

In Ref. [124], instead of using an EOM, the sideband modulated beam is
generated by feeding a frequency-modulated triplet to the modulation input of
an acoustic optic modulator (AOM). An AOM uses the acoustic-optic effect to
diffract and shift the frequency (by an amount in the RF range) of the input
beam. The frequency shift is the same as the one driving the crystal and so,
by driving the crystal with a triplet, it is possible to create a frequency shifted
beam with a carrier and two sidebands. The AOM does not have the same
issues with RAM as an EOM and so much smaller values of RAM can eas-
ily be achieved. Additionally, RAM can be actively corrected directly at the
triplet generation. Another interesting advantage of this technique, is that high
sidebands and a low power carrier can be generated, without inducing higher-
order sidebands. A lower power carrier can be interesting when a cavity is
being used as a stable length reference and thermal absorption might cause
problems. Thermal deformations are discussed in Section 2.5.
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Modulation-free techniques

One way to avoid RAM entirely and other noises related to the laser modula-
tion, is using modulation free techniques. For spherical resonators, this can be
done using spatial mode interference, where HOMs play the role of the side-
bands in the PDH. In Refs. [125, 126], the authors use the spatial interference
of non-resonant first-order modes originating from small misalignments with
the resonant carrier, to generate a PDH-like error signal. Detection is done
using a quadrant photodiode (QPD) as shown in Fig 2.5.

Re{E}

Im{E}

HG   right lobe 
��

HG   left lobe 
��

carr. 

on resonance

Re{E}

Im{E}

HG   right lobe 
��

HG   left lobe 
��

carr. 

near resonance

Figure 2.5: Left panel illustrates the measurement of resonant HG00 (red) with non-
resonant HG10 (blue) at a QPD used for tilt-locking. Middle and right panel show the
complex field amplitudes on and near resonance respectively. The dashed lines show
the resultant field in each segmented half of the QPD. Subtracting one segmented half
from the other, results in 0 on resonance, and non-zero near resonance, with opposite
sign depending on which side of resonance the carrier is on.

The first-order mode, HG10 originates from misalignment (see the next Sec-
tion 2.3). The complex amplitudes of each HG10 lobe and the resonant HG00
are shown in the middle and right panels of Fig. 2.5. The error signal can be
extracted from the difference between the left and right segments of the QPD.
On resonance, the resonant carrier adds up equally with each lobe and so the
difference between the two segments is 0. Near resonance, the phase of the
near-resonant carrier will be such that it adds up to one of the lobes depend-
ing on which side of resonance it is (note that the lobes are in anti-phase with
each toher). This gives origin to an error signal very similar to the one of PDH
without the need for any kind of modulation. In Ref. [126], the authors use
for the tilt locking error signal the double-pass beam from a triangular cavity.
The cavity filtering allows to remove noise contributions from beam jitter and
unwanted HOM contributions.

In Ref. [127], the authors extend this concept but use the beam ellipticity
instead of the first-order modes from misalignment. In the presence of some
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small astigmatism with an arbitrary angle, some power will scatter to second-
order modes with an x shape. Detection can be made with a QPD the same as
above. Now, however, the error signal is not dependent on misalignment drifts
or pointing precision, as it depends only on the spatial profile of the input
beam.

The method with beam ellipticity is still sensitive to beam shape fluctu-
ations, but the authors address this by using the so-called polarization pre-
and post-selection. Since the cavity is only resonant for one polarization, the
authors perform a differential measurement between the two incident polar-
izations. The promptly reflected polarization serves as a reference to remove
contributions from beam shape noise. In this way the authors claim a cavity
locking stabiliyt around 1 order of magnitude below the RAM noise limit of
Ref. [128].

Another way to lock a laser to a cavity is optical feedback locking, also
known as self-locking or injection locking [129, 130]. This method is in a
class of its own in that it is modulation free and is not limited by the dynamics
of electronic feedback loops. For this reason, it is outside the scope of this
review so I will only briefly describe the working principle.

It is a well known fact that retro-reflected light back into the laser has a
de-stabilizing impact on laser emission spectrum. For this reason, most lasers
come with installed optical isolators, and often for laser locking applications,
additional isolation in the form of Faraday isolators is required. However, it
can be shown that if the returning light is the resonant intracavity buildup from
a cavity, it can lead to linewidth reduction of the emitted laser spectrum, and
frequency locking to the cavity resonance. This effect, with some similarities
to the principles behind external cavity diode lasers ( [131]), is dependent on
the amount of feedback, and on the phase of the returning light path [132].

With this method, very efficient linewidth reduction can be achieved with
fast dynamics. Typically, it is combined with a slow feedback loop to control
the return light optical path length for long term stability [133]. For now, this
technique has mostly seen application in the field of spectroscopy.

2.3 Angular control

While the resonance condition fixes the longitudinal degree of freedom of a
cavity, the input beam should also be aligned with the optical axis of the cavity.
We can define two degrees of freedom related to this alignment, a transverse
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Figure 2.6: Mismatch degrees of freedom between an input beam and a resonator.
The two panels on the left refer to transverse offset (top) and angular misalignments
(bottom) discussed in Section 2.3. The two panels on the right refer to waist size (top)
and position (bottom) mismatch discussed in Section 2.4.

displacement ∆x of the input beam and an angular tilt θ of the input beam
direction with respect to the cavity axis. Both of these are shown in Fig. 2.6.

D. Z. Anderson, showed that a Gaussian input beam, laterally offset at the
waist in the x direction by ∆x, may be described as (taking into account only
1 dimension and using the Hermite polynomials) [13]

U(x + ∆x, y) = AxH0(x + ∆x)2 + AyH0(y)

= Ax

( 2
πw2

0

) 1
4
e

− (x+∆x)2

ω2
0 + Ay

( 2
πw2

0

) 1
4
e

− y2

w2
0 , (2.15)

where H0 is the zeroth order Hermite-Gauss polynomial introduced in Section
1.3.1, Ax and Ay are the field amplitudes in the x and y directions and ω0 is
the waist radius of the cavity (Eq. 1.28), because we are working in the cavity
basis. Expanding the exponent and dropping the factors of second order and
higher results in

U(x + ∆x, y) ≈ Ax

( 2
πω2

0

) 1
4
[
1 + 2x∆x

ω2
0

]
e

− (x)2
ω02 + AyH0(y)

≈ Ax

[
H0(x) + ∆x

ω0
H1(x)

]
+ AyH0(y), (2.16)

where H1 is the first order Hermite-Gauss polynomial. This mean that a later-
ally offset input Gaussian beam is equivalent to the zeroth order of the cavity
basis plus some first-order mode in proportion to the amount of offset. Simi-
larly, an input Gaussian beam tilted by an angle θ, will be equivalent to, in the
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Figure 2.7: Frequently used segmented photodiodes, adapted from Fig. 2. of Ref.
[2]. The left panel depicts a quadrant photodiode, and the right depicts a bulls-eye
photodiode.

basis of the cavity [13],

U(x, y) = U(x′, y) cos (θ)−1 ≈ Ax
[
H0(x) + iθπω0

λ
H1(x)

]
+ AyH0(y),

(2.17)
where the expression is valid for (θπω0)/λ << 1. Noting that λ/(πω0) is
the far-field beam divergence half-angle, it means the approximation is valid
when the input beam tilt is much smaller than this angle. Note additionally that
the coupling to H1 scales in proportion to the far-field divergence angle. Both
transverse offset and tilt can happen in either axis, and the above equations are
changed simply by changing x with y.

Initially, D. Z. Anderson proposed measuring such mismatches in trans-
mission of the cavity by modulating the input beam at the mode separation
frequency, thus injecting the first-order modes of the sideband in the locked
cavity [13]. Nowadays, both misalignments and transverse offsets are detected
by combining the heterodyne techniques of PDH with a QPD (see left panel
of Fig. 2.7), instead of a regular one [134]. This is typically called the Ward
technique.

Instead of measuring the beat between the resonant carrier and sidebands,
the Ward technique measures the beat between the sidebands and the promptly
reflected first order modes. In order to do this, the QPD is used due to the
shape of the HG10 and HG01 modes (refer to Fig. 1.5). For offsets and tilts
in the x direction, the signals come from the sections (A+D)-(B+C) and in the
y direction from the sections (A+B)-(D+C) (Fig. 2.7). Note the i factor in
Eq. 2.17 and its absence in Eq. 2.16. This means the offset and misalignment
signals are off by 90° in phase, and normally two QPDs are used, separated by
90° in Gouy phase, to measure separately each degree of freedom.



2.4. Mode matching 69

2.4 Mode matching

We saw in Section 1.3.1 that the cavity mode basis is defined by its geometry
through the cavity g-factor and it is characterized by a certain beam waist ω0
and waist position, z. Together, they make the cavity q beam parameter (Eq.
1.25). An input beam to be injected into the cavity can be characterized by its
own q parameter. We will see that in order to maximize the coupling of input
beam into the fundamental mode of the cavity, the input beam q needs to be
matched to that of the cavity. Thus, we can write the mode matching condition
as [135]

M = i
(q2 − q1

q2 − q∗
1

)
, (2.18)

where q2 and q1 may be the parameters of any beams or cavities being matched.
For the sake of the discussion here lets say q1 is the parameter of the cavity
and q2 of the input beam. To first order, M can be written as

M = iεq
2 + O(2), (2.19)

where we have defined the mismatch parameters εzR and εz [11, 135]

ϵq = q2 − q1
zR,1

= ∆z
zR,1

+ i∆zR
zR,1

= ϵz + iϵzR , (2.20)

where zR refers to the Rayleigh range πω02/λ and ∆zR and ∆z are the differ-
ences in Rayleigh range and waist position between beam parameters 1 and 2.
Note that this approximation is valid only in the limit of small mismatch where
zR,1 ≈ zR,2. Note as well that waist size and position mismatch are off by 90°,
that is why they are called the two mismatch quadratures (shown schematically
in the two right panels of Fig. 2.6).

The amount of mode mismatch can be characterized by the real parameter

M = |M|2, (2.21)

which is equivalent to the fraction amount of the beam characterized by q1
which is coupled to HOMs in the presence of mode mismatch.

As we discussed in Section 1.3.1, the input beam is decomposed in the
cavity eigenmodes (Eq. 1.31). In the case of mode mismatch, Bayer-Helms
showed that, in cartesian coordinates, all the coupling coefficients kmnm̄n̄ van-
ish except for the ones with even m+n order (case 4 of Section III c) in Ref.
[11]). In one dimension, using our notation, in the case of mode mismatch the
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non-zero coefficients are given by [2, 135]

kn,n̄+2 =
√

(n + 1)(n + 2)
4

(
i∆z − ∆zR

zR,1

)
. (2.22)

This means that for an input zeroth mode, power is scattered to second-order
modes according to

k0,2 = 1
2
√

2

( i∆z − ∆zR
zR

)
. (2.23)

Under the assumption of no astigmatism (waist size and position are the
same in both x and y axis), mode mismatch can be written in terms of cylindri-
cal modes [13]. In this case, and according to Eq. 2.23, power scatters equally
to the HG20 and HG02 modes, and the overall mode shape is that of the LG01
(see Fig. 1.5). Mathematically, for the waist size mismatch we have

U(r) ≈ A
[
LG00(r) + εω0LG10(r)

]
, (2.24)

where εω0 represents the small fraction by which the input beam waist is mis-
matched ω0,2 = ω0,1(1 + εω0). And for the waist position mismatch

U(r) = A
[
LG00(r) + i ∆z

2ZR,1
LG10(r)

]
, (2.25)

where the input beam waist is offset by ∆z with respect to the cavity waist
position (righ bottom panel in Fig. 2.6).

Typically in GW detectors, optical cavities are locked on the laser funda-
mental mode. Any second-order modes from mode-mismatch are promptly
reflected while the cavity is locked due to the different resonance condition
of HOMs (recall Eq. 1.30). This means that in practice, mode mismatch is a
source of optical loss when cavities are used.

2.4.1 Mode mismatch and quantum noise reduction

Mode mismatch in GW detectors can arise due to changes in the RoC of the
various optics due to manufacturing tolerances, or due to thermal effects as we
will see in the next Section. These can cause trouble during commissioning
of the detector and adaptive optics techniques or beam telescope adjustments
become necessary (see for the case of Virgo Sections 3.4 and 4.1).
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Additionally, mode mismatch has a significantly detrimental impact on
light squeezing. It impacts squeezed light injection in two ways, as a direct
source of optical loss and through a squeezing dephasing mechanism.

Optical losses in general degrade the amount of squeezing achieved in a
GW detector. Current detectors have achieved 6 dB of injected squeezing (sup-
presion of quantum noise below the SQL) [36]. In turn, the record amount of
squeezing is, up to now, 15 dB with a table-top set-up [136]. A source of opti-
cal loss can be conceptualized as a beam splitter, which reduces the field am-
plitude but also mixes in unsqueezed vacuum, decreasing the squeezing level.
Thus, the amount of losses in the system, L, dictate the amount of squeezing
S achieved according to [137]

S = β−1(1 − L) + L, (2.26)

where β = e2R is the squeezing factor (recall Section 1.4). Fig. 2.8 shows
the achievable squeezing as a function of the injected squeezing for various
amounts of optical loss in the system.
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Figure 2.8: Achievable squeezing for a given squeezing injection and loss. Repro-
duced from Ref. [2].

Optical loss can be due to absorption in the optics, beam clipping, contami-
nants in mirror surfaces and such. As mentioned above, mode mismatch is also
a source of optical loss. However, besides contributing to squeezing degrada-
tion as a source of direct loss, mode mismatch is also a source of decoherence
or phase mixing. This happens because as power is scattered to second-order
modes (or any HOM) at a given mismatched interface, power can scatter back
from the HOM to the fundamental mode at another mismatched interface. Due
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to different Gouy phase accumulation, the HOM now scattered back to the fun-
damental mode will have accrued a different phase and its squeezing angle can
be rotated with respect to the one of the fundamental mode. This introduces
a frequency-dependent degradation of squeezing that is difficult to model as
it depends on the optical path, on the HOM and on the different mismatched
interfaces. A significant effort has been made towards modeling these effects
in the context of the LIGO detectors [138].

In Ref. [18] the authors simulated the impact of mode-mismatch at differ-
ent interfaces in a GW interferometer. It was observed that mode-mismatch
between the squeezer and the filter cavity had the most detrimental impact
(Fig. 3 of Ref. [18]). Around the resonance frequencies of the spatial modes
from mode mismatch, an increased degradation of squeezing was observed due
to the decoherence effect mentioned above. Losses in the filter cavity itself are
non-trivial, as besides the impact of direct losses, there is another decoherence
effect due to changes in the squeezing angle rotation induced by the presence
of losses (see the discussion in Ref. [137] and the mathematical treatment in
Ref, [89]).

Research, in simulation [18] and in the lab [139], has looked at squeezing
the HOMs that couple into the detector to increase the robustness of squeezing
to the presence of mode mismatch. In this work, however, I focus on sensing
mode mismatch so that it can be mitigated by the use of adaptive optics or
telescope adjustment.

2.5 Thermal effects

At hundreds of circulating kW of optical power, even with very low absorp-
tion materials and very low-loss coatings (a few tens of ppm in the case of
current detectors), some significant power dissipation can be expected at the
test masses of a GW interferometer. This dissipated power leads to tempera-
ture gradients in the coating and bulk of the optics which in turn lead to index
gradients and geometric deformation of the mirrors.

The temperature profiles for bulk substrate and mirror coatings due to power
absorption were derived analytically by Hello and Vinet for the static case
[140] and for the thermal transient case [141]. The optical path length (OPL)
due to the temperature T in the mirror can be written as (see Chapter 3.5 of
Ref. [142])

OPL = n(T, L)d, (2.27)
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where d is the path length over which the refractive index, n, can be taken to
be constant. The change in OPL, due to δT temperature changes around an
average temperature T0 will be

δOPL = dOPL

dt
(T0)δT

= d
∂n

∂xν

dxν

dT
|T0δT + d

∂n

∂T
|T0δT + n(T0) ∂d

∂T
|T0δT. (2.28)

The first term is the elasto-optic effect which describes the stress on the
refractive index due to the thermal expansion of the material. The second
term is the thermo-optic effect which is the change in refractive index with
temperature and the third term is the thermoelastic deformation which is due
to the thermal expansion of the mirror.

Consider the mirror and the scheme of Fig. 2.9a. The reference planes p1
and p2 are there to facilitate treatment of the anti-reflective (AR) and highly-
reflective (HR) sides (I have followed the treatment of Chapter 3.5.2 of Ref.
[142]). The δOPL for the transmitted light and for the light reflected from the
HR side will be

δOPLt = ∂dp1

∂T |T0δT + n(T0) ∂h
∂T |T0δT + h ∂n

∂T |T0δT + ∂dp2

∂T |T0δT

(2.29)

δOPLHR = 2∂dp2

∂T |T0δT,

(2.30)

where h is the thickness of the mirror and dp1 the distance from left reference
plane to the AR surface and dp2 the distance from the right reference plane to
the HR surface. Note that I dropped the elasto-optic effect as it is negligible
for fused silica and also the thermo-optic deformation in the case of the coat-
ing surfaces. If we assume the thermal expansion is axially symmetric, then
∂dp1/∂T ≈ ∂dp2/∂T. Note also that propagation in air is opposite of prop-
agation in the mirror, such that ∂dp1/∂T = ∂dp2/∂T = −(∂h/∂T)/2 (since
the origin is conveniently placed at the middle of the mirror, recall Fig. 2.9a).
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(a) (b)

Figure 2.9: In (a) a schematic of the optical path lengths defined in Eq. 2.30 is shown.
The z axis in the direction of propagation is shown, with the origin at the center of the
mirror. In (b) a schematic of a thermal lens caused by the heat profile (computed
in [140]) of a beam with radius w. Used to derive Eq. 2.33.

In this way, we can write

δOPLt = (n(T0) − 1) ∂h
∂T |T0δT + h ∂h

∂T |T0δT (2.31)

δOPLHR = − ∂h
∂T |T0δT. (2.32)

Eq. 2.31 represents the thermal deformation in a transmissive optical element
such as the compensation plates introduced in Section 2.7. Eq. 2.32 represents
the thermal deformation in reflection from a mirror.

In order to actually derive the final shape of differential OPL, δT needs to
be replaced by the temperature profiles derived by Hello and Vinet [140]. If
the mirror and coating surfaces are heated by a Gaussian beam, the maximum
δT occurs at the center of the mirror and it goes down with decreasing power
of the beam. In this way, the expected deformation from thermal absorption
is that of a thermal lens (see schematic of Fig. 2.9b). Note the opposing sign
for the differential OPL experienced by the transmitted and by the reflected
beams. This means that transmitted and reflected beams experience a thermal
lens with opposing sign.

We can estimate a change in the RoC of the optic due to the thermal lensing.
This is easier to do assuming a mirror that is initially flat at rest temperature
T0, and that the curvature is only significant up to beam radius w (see Fig.
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2.9b), in that case, we can estimate the thermally induced change in RoC R as

w2 + [R − δOPLHR(δTmax)]2 = R2

⇒ R ≈ w2

2δOPLHR(δTmax) , (2.33)

where δOPL(δTmax) is the change in OPL at the center of the beam and the
approximation δOPL(δTmax)2 ≈ 0 was used. Typically, the change in RoC
expected in GW detectors in in the order of a few tens of meters. Bear in mind
that the RoC of the test masses in in the order of 1.5 km.

The time-scale of these thermal effects can be estimated assuming the whole
mirror of mass M heats up homogeneously up to the average temperature T̃ of
a given temperature profile. In this way, the time needed for this change in
temperature is given by

∆t = CpMT̃

P
, (2.34)

where Cp is the specific heat of the bulk material and P the laser lower. Given
that the test masses in GW detectors weight 40 kg and are made of fused silica,
the time transients are very slow. With a specific heat of C = 745 Jkg−1K−1

for fused silica and for T̃ = 0.05 K taken from Ref. [142], a time transient of
4 hours is obtained. This is similar to what is currently observed at Virgo.

In Ref. [21], in a near-concentric cavity with ≈ 130kW of circulating power,
thermal expansion lasting a few hours was observed. In Ref. [23], a bow-tie
cavity with 700 kW of circulating power, within a few seconds of locking
the fundamental mode is converted into degenerated cavity modes due to the
change in the cavity eigenmode. In both cases, a change in the cavity waist
size is observed due to the change of the mirrors RoC (recall Eq. 1.28).

In O3, it was observed at Virgo that the cavity round-trip losses (RTL)
increased with increasing input power. It was found that this was not from the
change in mode matching between input beam but due to the presence of point
absorbers [143]. Point absorbers are microscopic defects, typically present in
the mirror coatings, with a significantly higher amount of absorption compared
to the rest of the coating material. Due to their small size they can scatter power
into HOMs whose resonance is close to that of the fundamental mode. These
HOMs, typically of very high-order cover a much larger area and are subject
to significant clipping losses, thus driving the observed increased RTL.

In preparation for O4, increased RTL were also observed with increasing
input power [113]. Mitigation of point absorbers is an active area of research
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[144, 145], and even though it is not the subject of this work, the detection of
higher-order aberrations as discussed below and in Chapter 7 is relevant to this
topic as well.

2.6 Wavefront sensors for mode sensing

In this section I will briefly review the state-of-the-art of wavefront sensors for
mode sensing and in particular for mode mismatch. The text closely follows
the review article of Ref. [2] of which I am one of the co-authors.

2.6.1 Hartman sensors

Hartmann Wavefront Sensor (HWS) are used by both LIGO and Virgo as de-
scribed in in [146]. These devices differ from the classical Shack-Hartmannn
sensors [147], common in other adaptive optics applications, as the micro-lens
array is replaced with a plate of uniformly spaced pinholes, though the operat-
ing principle is the same.

A reference wavefront through the pinhole plate generates a given pattern
on a CCD. When the wavefront changes, this change ∆φ can be inferred from
the ∆x change in the position of the bright spots according to (Fig. 2.10)

∂∆φ

∂x
= ∆x

L
. (2.35)

Forgoing the lens array allows for higher sensitivity as the effect of aber-
rations from imperfections in the lenses is removed, but also results in greatly
reduced light collecting efficiency [146, 147].
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�

ref

pinholes
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L

Figure 2.10: Schematic of a Hartman wavefront sensor (HWS). A plate of pinholes
allow for comparing a wavefront with a reference according to how the bright pattern
changes on a CCD screen.
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In the GW detector implementation, probe beams of incoherent light are
retro-reflected from the main optics and onto the HWS. The measured distor-
tions of these probe beams are, hence, related to distortions in the actual test
masses themselves.

Even though only changes to the wavefront can be measured, the HWS
can be calibrated to the cold mirror surface maps, which are measured inde-
pendently by a different method. As the mirror thermally deforms, the HWS
can then provide information on the current absolute mirror surface to a high
precision.

The Hartmann sensor is an indirect method of sensing mismatch. It can
measure wavefront deformations, but cannot measure directly the input beam
and cavity eigenmodes. It can however, track the changes in RoC of the optics,
and is used to guide the thermal compensation system discussed in Section 2.7.

2.6.2 Resonant wavefront sensing

In the year 2000, Mueller and others proposed extending the alignment sensing
and control schemes of Section 2.3, to mode matching control [148]. To do
this, a bulls-eye photo-detector (BPD), shown schematically in Figure 2.7 has
the appropriate segmented geometry to break the orthogonality between the
LG10 mode and the reflected HG00 cavity locking sidebands. By using two
BPDs, seperated by 45°Gouy phase, it is possible to simultaneously gather
information on εz & εzR . One of the issues with this technique is that BPDs are
difficult to source, furthermore, overlapping requirements on the accumulated
Gouy phase & beam radius at the BPD mean that, likely, a custom BPD is
required.

Mode converters

One solution to the above limitations is to sidestep the need for a BPD entirely
by converting the LG10 mode associated with mode mismatch into a HG11
pringle mode which is more convenient for detection with a common place
QPD. Because both HG and LG modes form a complete basis to describe laser
beam modes, one can decompose LG10 into a combination of two HG modes:
HG20 and HG02 [149]. Additionally, a 45 ° rotated HG11 mode can also be de-
composed in the same combination of HG modes, minus a sign flip, as shown
in Fig. 2.11a. So, by adding a π/2 phase shift along one axis, it is possible to
convert LG10 into a 45 ° rotated HG11.
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(a) Decomposition of the LG10 and 45° rotated HG11 in the HG basis.

���

(b) Plot of the beam size and Gouy phase accumulation on the x and y axis as the beam travels
through a mode converter.

Figure 2.11: Mode conversion can be used to make the LG10 mode detectable on a
QPD. Image reproduced from [2]

Generally, this is done using two cylindrical lenses to create a confined
region where the beam is astigmatic. Provided the lenses are positioned so
that the beam is no longer astigmatic outside of the converter, the additional
Gouy phase shift along the astigmatic axis remains constant after the converter
and subsequent detection is possible on a QPD. Consider a beam (along the
non-focusing axis) with Rayleigh range, zR and beam-waist position, z0. The
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desired Gouy phase shift will be achieved with cylindrical focal length [149],

f = zR

1 + 1/
√

2
. (2.36)

The lenses must be placed at z± = z0 ± f
√

2 to mode match the output beam
while achieving the Gouy phase shift. Fig. 2.11b shows the beam size in the
astigmatic and non-astigmatic axis, and the evolution of the Gouy phase shift
for a mode converter using cylindrical lenses. Mode converters with the same
principle have also been realised using spherical mirrors at a 45 ° angle [150].

Typically, mode converters are used in conjunction with heterodyne tech-
niques to generate an error signal for mode mismatch. In [151], frequency-
shifted sidebands in the HG00 mode beat against the converted HG11 on a
QPD to generate an error signal. Again, by placing a beam splitter and two
sets of QPDs separated by 45 degrees in Gouy phase, it is possible to get sepa-
rate error signals for waist size and waist position mismatch respectively. Such
a mode converter set-up is currently being used to mode match the filter cavity
for frequency-dependent squeezing at Virgo [152]

One limitation of the mode converter is that it assumes an LG10 mode and
is thus incompatible with astigmatism. The frequency dependent source uses
curved mirrors in off-axis telescopes in order to reduce optical losses [153],
causing some small astigmatism by design. This astigmatism limits how much
mode matching can be achieved with the current mode converter [152]. This
issue, however, is also addressed in Ref. [152] where an updated scheme capa-
ble of detecting astigmatism is developed.

2.6.3 Mode weighting

We saw in Section 1.3.1 that any beam can be decomposed in a sum of either
HG or LG modes (Eq. 1.27). The process of determining the parameter |knm|
for a given electric field is called modal weighting. In practice, it is the mode
power |knm|2 that one is able to measure. Measuring or estimating the complex
mode weight knm is called modal decomposition, which I will refer in the
context of phase cameras in the next section.

Diagnostic board

One of the ways to determine the modal weights is to perform a mode scan. To
perform the mode scan, a special optical resonator is assembled which should
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be stable, with clear separation between different modes. Usually, a cavity like
the Virgo/LIGO output and input mode cleaners is used.

Kwee et al. developed a diagnostic breadboard based on the LIGO pre-
mode cleaner, [154] that was able to perform the mode weighting along with
measurement of the beam pointing and relative intensity noise [155]. This
method was successfully used in 2015 to characterize thermal lensing in vari-
ous materials [156] and has inspired follow-on work in the field of free space
optical communications [157].

Spatial filters

An alternative approach is to use a spatial filter to compute the fraction of light
in a particular mode. This is achieved by passing the beam through a basic
optical convolution processor, consisting of a phaseplate, lens, aperture and
photodiode. The on-axis intensity in the far-field is proportional to the overlap
between the transmission function of the phase plate and the laser beam [158]

I(0, 0, zPD)∝ k2
m,n/f2λ2, (2.37)

where f is the focal length of the lens used and λ the wavelength of the laser
used. By using different phase plates or using spatial phase modulators [159],
different n+m modes can be weighted. There has also been work to develop
phase transmission elements using computer generated holograms to [160].

Within the gravitational-wave community, mode weightings at the part-
per-million level are required. A thorough tolerance analysis of spatial filters
found that the mode precision is limited by: a) the relative positioning ac-
curacy and b) finite aperture effects. These cause cross-coupling of unwanted
modes [158]. Overcoming these limitations resulted in a mode (power) weight-
ing precision of 4000 ppm. Further investigation used a meta-material spatial
filter to achieve a mode (power) weighting precision of 0.6 ppm/

√
Hz [161].

The optical apparatus was fully integrated into the LIGO Control and Data
System. Further work is still required before full integration in GW detectors
is possible.

2.6.4 Phase cameras

The first phase camera was developed to image the differential wavefront of
the GWD sidebands compared to the carrier [162]. In the first demonstra-
tion [163], a frequency offset reference beam was combined with the test beam
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on a beamsplitter. The field was then reflected from a pair of galvanometer-
driven steering mirrors onto a pinhole photodiode. By demodulating the pho-
todiode signal at the difference between the reference field and the test fields,
phase and amplitude maps could be obtained of the carrier and sidebands in-
dependently.

Since then, the initial design has seen significant development. Other de-
signs have also been developed, such as the optical lock-in and time-of-flight
phase cameras which I describe below. Before, I start by detailing scanning
pinhole phase cameras, which follow the original design and are currently in-
stalled at the Virgo detector [142].

Scanning pinhole phase camera

This type of phase camera consists of a pinhole and a fast photodiode (so
that the heterodyne beatings of interest can be detected) combined with a 2-
axis piezo scanner (see left panel of Fig. 2.12). The piezo scanner moves the
beam over the (much smaller) photodiode, and data is acquired for each pixel
synchronously.

Optical lock-in Time-of-flight

4

PBS

EOM

sCMOS

Figure 2.12: Adapted from Fig. 5 of Ref. [2]. From left to right, scanning pinhole
phase camera, optical lock-in camera and time-of-flight camera.

Data acquisition is made with high-dynamic range ADCs connected to a
FPGA which digitally demodulates the signal at each beat frequency of inter-
est. Demodulation is done for both I and Q quadratures, and for each pixel and
beat frequency, the amplitude can be reconstructed according to

A =
√

I2 + Q2, (2.38)
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and the phase according to

Φ = arctan
(Q

I
)
. (2.39)

In this way, and with knowledge of the scanner position for each data point,
amplitude and phase images can be reconstructed for all demodulated frequen-
cies. A frequency-shifted reference beam can be used to generate extra hetero-
dyne frequencies for the carrier and each sideband (see Fig. 2.13). This allows
imaging separately the carrier and each sideband.

f�sbf�c freq -f�sb

f�h

+f�sb
f�h

-f�sb
f�h

Figure 2.13: Heterodyne beats with the addition of a frequency shifted (by fh Hz)
beam. Independent heterodynes with each upper and lower sideband can be retrieved.

The phase camera can operate in a 2-beam scanning configuration, where
both signal and reference beams are scanned, or in a 1-beam scanning configu-
ration, where only the test beam is scanned and the reference beam beats with
the test beam at a beam splitter placed after the scanner. The 2-beam scanning
configuration is shown in Fig. 2.14b.

The 1-beam scanning configuration is shown in Fig. 2.14a. Because the
signal beam wavefront is tilted with respect to the reference beam, there is a
fringe interference effect which introduces some visibility loss. The effect is
smaller for smaller scanning angles, so 1-beam scanning typically uses larger
distances between scanner and photodiode. The fringing also introduces a
spatial offset (because of the varying scanning angles during acquisition) to
the phase signal. Qualitative details are given in Section 5.1.4 because 1-beam
scanning was the configuration that was implemented in the lab.

In 2-beam scanning, larger scanning angles can be used since the refer-
ence and signal beams are scanned together. However, SNR is decreased away
from the center of the beam at the Gaussian skirt. So, if the signal beam has
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(a) (b)

Figure 2.14: Simplified schematic of the 1-beam scanning phase camera configura-
tion on panel (a). The tilting of one wavefront with respect to another results in fringes
shown in purple. Simplified schematic of the 2-beam scanning phase camera configu-
ration on panel (b).

significant HOM content, the intensity needs to be calibrated to take this into
account.

The phase cameras currently installed at Virgo use the 1-beam scanning
configuration because there is enough space to keep the angles small and
high SNR is important. Current technology allows for simultaneously imag-
ing 11 sidebands (upper and lower sideband at 5 demodulation frequencies
plus the carrier). Each image has 214 pixels, with maximum phase resolution
∼ λ/1600 (at the centre of the beam) acquired in under a second. The beam
is scanned following an Archimedean spiral at a constant velocity. This makes
for a smooth actuation of the scanner while avoiding changes in scanning fre-
quency [20]. The spiral scanning pattern is shown in the left panel of Fig.
2.12.

Due to the slow scanning speed when compared to environmental phase
fluctuations, this resolution is only achievable for differential phase images
between carrier and sidebands. In the case of Virgo, these fluctuations come
from the propagation of the reference beam in the optical fiber and also the
residual motion of the benches themselves. The subtraction of common phase
noise also removes the spatial phase offset due to 1-beam scanning.

Optical lock-in phase camera

These phase cameras use amplitude modulation to optically demodulate the RF
beat down to ∼ 100 Hz where it can be measured with a standard CCD camera.
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The amplitude modulation is achieved with a Pockels cell & waveplates, which
first modulate the polarisation, and a Polarising Beam Splitter (PBS) which
converts this into amplitude modulation (see the middle part of Fig. 2.12).

The Pockels cell is driven at the desired sideband frequency to modulate
the polarization of the input beam, with large voltages ∼ 1 kV being required
to achieve adequate modulation depths. Amplitude & phase maps are acquired
by subsequently stepping the phase of the amplitude modulation through φ =
[0, π/2, π, 3π/2] and recording images. The four images taken are then digi-
tally processed into amplitude & phase maps.

The technique was proposed in [164], where a 2 Mpx camera is used to
produce images with sensitivity up to -62 dBc after 2 s of averaging. Subse-
quently, the camera has been trialled at LIGO [165] and used to image the
HOM causing a parametric instability [101]. However, the camera can only
image one sideband at a time.

Time-of-flight phase camera

A phase camera can also be realized using time-of-flight (Tof) cameras and
their in-pixel demodulation capabilities. The operating principle of ToF cam-
eras is that a set of infrared emitters are amplitude modulated with a RF. The
back-reflected light is collected by a pixel array, of which each pixel has typ-
ically four collection nodes. Each node is triggered to collect charges at 4
different phases, synchronized with the RF modulation signal applied to the
emitters. The voltage difference between the different nodes is a function of
the phase of the captured light. By taking the ratio of the charges collected in
each node, the distance can be estimated.

The idea to use the ToF camera as a phase camera, proposed by the Ad-
vanced Virgo team (section 7.7.1.3 in Ref. [105]), is to replace the RF modu-
lated source with the beam coming from the interferometer, as shown in right
panel of Fig. 2.12. The nodes of each pixel are clocked at the sideband RF
(or at the heterodyne shifted frequency if a reference beam is used), similar to
the optical demodulation approach discussed in Section 2.1. This means that
only one spectral component can be interrogated at a time. Meanwhile, up to
100 MHz demodulation with -62 dBc sensitivity has been demonstrated [166].

Spatial light modulator phase camera

Spatial light modulator phase cameras allow for scanless imaging of hetero-
dyne frequencies. The signal beam is reflected from a SLM, and it can be
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recombined or not with a reference beam. The wavefront of the signal beam is
modulated by the SLM, encoding the spatial information on the phase of the
beam [167]. The beam is focused on a single photodiode, and by demodulating
the signal the image can be reconstructed with knowledge of the SLM encod-
ing. Since the image is obtained simultaneously and without moving parts,
sensitivity to environmental noise is much reduced compared with the scan-
ning phase camera. However, the issue is reduced spatial resolution and the
need for concurrent demodulation for each pixel. For an SLM with 9 pixels, 9
concurrent demodulations must take place. As this technique is less developed
than the others, it was not included in Fig. 2.12 or Table 2.1.

Summary

Table 2.1 compares the performance of scanning, optical lock-in and ToF phase
cameras. The minimum beam-size change detectable depends mostly on the
number of pixels. The spatial mode weighting precision was computed taking
into account the smallest beam size change and Eq. 2.23.

Table 2.1: Phase camera parameter comparison reproduced from [2]. The values pre-
sented were extracted or derived from [20, 164, 166, 168] respectively. The detectable
beam diameter change assumes the beam diameter on the camera is 1/3 of the aper-
ture, the detectable change is 3/(Num. Pixels). Spatial (mode weight) precision is
computed from the spot size change using Eq. 2.23. The sensitivity for the scanning
phase camera was computed taking into account the optimal power in the reference
beam [168].

scanning optical lock-in time-of-flight

Pixels (px) 128x128 2048x2048 320x240
Frame rate (fps) 1 (max. 10) 10 (max. 100) max. 60
Sensitivity (dBc/px) -61 (1 fps) -62 (0.5 fps)

-72
(120x128 px, 1
fps)

-62 (1 fps)
-50 (7 fps)

beam ∆w/w (%) 2.3 0.15 1.1
Mode weight (ppm) 16500 1100 7800
Phase RMSE (nm) 0.7 Not available 0.1
Bandwidth 250 MHz 100 MHz 100 MHz
Num. demodulations 11 1 1
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In Ref. [169], a scanning pinhole phase camera, similar to the ones installed
at Virgo, was combined with a polarizing beam splitter and two fast photodi-
odes to characterize the birefringence of a sample.

Because phase cameras can measure amplitude and phase of the entire
beam, they can actually be used to decompose the beam in terms of the com-
plex coefficients kmn. Some initial tests for modal decomposition with the
Virgo phase cameras are described in chapter 6.14 of Ref. [142]. More re-
cently, I also evaluated the mode of the Virgo arm cavities using modal de-
composition of the phase camera images as discussed in Section 3.5. Another
work has explored using neural networks to determine the mode decomposi-
tion of the beam [170]. This last work was done in the context of the optical
lock-in camera. The same phase camera has also been used to make the first
image of PI-causing HOM [101].

2.6.5 Radio-frequency modulation sensing schemes

The first RF Beam modulation proposal paper is detailed in Ref. [135]. The
premise is to generate a frequency offset beam-shape modulation using an
AOM and a phase-plate to generate second-order modes 2. In this way, the
carrier is at HGω0

0,0 and the modulation is at HGω0+Ω
2,0 + HGω0+Ω

0,2 .
The error signal can be measured in reflection of the cavity by a photodiode

as is the case for PDH locking. On a photodiode where the beam radius is much
smaller than the active area, only modes of the same order will produce beat
notes due to the orthogonality of the HG modes. Therefore, in the presence of
a mismatch, there will be a beat with frequency Ω between the second-order
mode of the carrier and the second-order single sideband. The two mode-
matching quadratures z and zR can be read out with appropriate choices of
demodulation phase as mentioned above for the other sensing schemes.

In contrast to generating the modulation with an AOM and phaseplate,
several authors have begun exploring the possibility of using an electro-optic
lens. Initial results were shown by two independent groups in 2020 [171,172].
Proof-of-principal work was presented in 2023 [173].

Another approach is to forego the phaseplate and inject only the frequency
offset beam. Thus relying on the mode mismatch to excite the higher-order

2In Ref. [135] in the table-top demonstration of this scheme a Mach-Zender interferometer
and mismatched cavity locked on the transverse second-order modes is used to generate the
necessary modes. However, the proposed scheme for GW detectors uses a phase-plate for the
same goal.
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mode. If the modulation frequency is equal to twice the mode separation,
Ω = 2νm, then the sideband second-order modes from the cavity mismatch
will co-resonate with the carrier in the locked cavity. In general, these do not
produce a beat as they are different modes, however on a finite area photodiode
or on a BPD a beat note will be produced. The scheme is an extension of the
1984 Anderson alignment sensing proposal [13] and a proposal for using it in
linear and coupled cavities was recently published [174] (see Fig. 2.15).

Figure 2.15: Reproduced from [174], used with permission.

In Ref. [174], the authors showed that, provided that the FWHM of the
recycling cavity is larger than 2νm, then the beat in transmission of the coupled
cavity will be proportional to the mismatch between the first and second cavity.

The table-top experiment described in Chapter 7 combines the same fre-
quency modulation principles with a scanning-pinhole phase camera in trans-
mission of a cavity in order to measure modes of arbitrary order in a locked
cavity.

2.7 Adaptive optics in GW detectors

Adaptive optics, the process by which optical aberrations are corrected by ac-
tive elements, finds use in various fields such as astronomy, microscopy and
vision-science (such as retina imaging) [2]. From developments in these fields,
many adaptive optics technologies already exist, but are unsuitable for use in
a GW due to requirements on scattered light. For example, SLM are excluded
from the main beam path due to large angle scattering. Also, the achievable
polishing of ultra-thin mirrors makes many classes of deformable mirrors un-
suitable. An exception for this, is the development of deformable mirrors with
compression bias to use in the squeezing path of the interferometer [175].
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Below, I will focus the discussion on the thermal actuators used for the core
interferometer (shown in Fig. 2.4), as these are the more well developed in the
field of GWs and the most relevant for this work in particular. These actuators
are, for the most part, used to compensate radially symmetrical deformations
(thermal lensing) in recycling and arm cavities of the interferometer. In addi-
tion to these, there is also work being done at Virgo to address point absorbers
(discussed in Section 2.5) using matrix heaters [176,177]. The idea is to use the
matrix heater to suppress the resonances of HOMs excited by point absorbers.

2.7.1 Ring heaters

Ring heaters can be used to compensate for thermal lensing and also to correct
for small radii of curvature errors. While thermal lensing mainly occurs at the
centre of a mirror, because that is where the laser beam deposits its energy, the
ring heater heats the outside barrel of the mirror.

Fused silica has both a positive refractive index change with increasing
temperature, dn/dT > 0 and a positive coefficient of thermal expansion,
dL/dT > 0. The recycling cavity eigenmodes are affected by both dn/dT

and dL/dT of the arm cavity input mirror (as the sidebands go through the
IM substrate and come back out). The arm cavity eigenmode is only affected
by dL/dT on both test masses (recall Eq. 2.30). Therefore the heating at the
edge creates a more convex mirror, offsetting the central heating caused by
absorption of the Gaussian laser beam.

The heaters are made of two pyrex rings surrounded by a polished copper
shield, which reflects the radiation onto the test mass. The pyrex ring is heated
from a conductive wire wrapped around [178, 179]. Because the ring heater
acts by reducing the thermal gradient, it can only induce a reduction of the
radius of curvature of a mirror. For a typical fused silica mirror with a nominal
radius of curvature around 1.5 km, the ring heater at maximum power is able
to reduce the radius of curvature by 100 m [178, 179].

In Virgo, ring heaters are used to tune the radii of the input and end mirrors
of the arm cavities (shown in Fig. 2.4). Ring heaters are also used to tune the
recycling mirrors (both PR and SR) and the optics of the filter cavity for the
injection of the squeezing [179].

Recently, Richardson et al. have investigated extending the use of the ring
heater concept to the front surface of the test mass. Referred to as a FROnt
Surface Type Irradiator (FROSTI), it would allow a non-spherical radius of
curvature to be created by thermally tuning a spherical optic [180]. This non-
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spherical tuning of the arm cavity mirrors could be used to change the reso-
nance condition of very high order optical modes away from the fundamental
mode.

2.7.2 Central heating radius of curvature correction

Ring heaters can only reduce the radius of curvature. While this allows to
compensate for thermal effects (thermo-optic and thermo-elastic), there may
be situations where it is necessary to increase the radius of curvature of an
optic. For example, to compensate for deviations from nominal specifications.
The central heating radius of curvature correction (CHRoCC) projects a heat
pattern onto the center of an optic, increasing the radius of curvature. The
device is a black body emitter inside a heat shield, together with an ellipsoidal
reflector used to project the heat into the target optic [181].

Currently, two CHRoCC devices are installed at Virgo (see Fig. 2.4) and
being used to increase the tuning possibilities of the power and signal recycling
mirrors in Advanced Virgo. In Section 3.4 I detail my role in the tuning of the
recycling mirrors using the CHRoCC during the commissioning for O4.

2.7.3 CO2 lasers and compensation plates

Compensation plates (CP) are dedicated fused silica transmission optics which
are used in combination with CO2 lasers to add thermal correction for the ther-
mal lensing in the arm cavities (see Fig. 2.4). The interferometer is much less
sensitive to noise on the CP than noise on the test mass, and so it is preferred
to use a dedicated optic for this than to shine the CO2 laser directly on the test
masses [182].

CO2 lasers emits at a wavelength of 10.6µm, which is strongly absorbed
by fused silica. The absorbed light changes the optical path length through the
material and tuning the intensity of the laser adjusts the change to optical path
length [178, 183].

The CO2 laser and CP can be used as either a positive or negative lens [178,
183]. When shining a Gaussian beam at the center of the compensation plate,
the temperature rises in the middle and the radius of curvature of the optic is
increased. This mode of operation is called central heating.

In Virgo, the aberrations due to the average coating absorption, which are
mostly radially symmetric, are corrected for by shining two annuli-shaped ring
patterns on the compensation plates. The optimal compensation heating pat-
tern was estimated using a FEA simulation [105]. These two ring-shaped in-
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tensity patterns are obtained with two axicon lenses. A combination of wave-
plates and lenses is used to control the intensity and thickness of each ring
respectively. This set-up is called the Double Axicon System (DAS) [183].

Finally the CO2 laser can also be used in combination with a scanning sys-
tem [184,185], to compensate for non-axi-symmetric aberrations. The beam is
moved with a constant speed over the compensation plate and the intensity is
adjusted for each location according to a correction map. Additionally, work is
ongoing at Virgo [186] to use the modified Gerchberg-Saxton algorithm [187]
and a commercially available deformable mirror to shape the CO2 laser beam
and develop novel heating pattern beams.



Part II

Virgo in O4 and the phase
camera





Chapter 3
Optical characterization and the
Virgo phase cameras

In Section 2.6.4 we reviewed the multiple types of phase cameras, a summary
comparison is presented in Table 2.1. In this chapter I will discuss the Virgo
phase cameras, which are of the scanning pinhole type, how they were used in
preparation for O4 and some of my contributions for the optical characteriza-
tion of the detector.

In Section 3.1 I dive into the specifics of the Virgo detector. Even though
the working principle is the same as other ground-based detectors, as discussed
in Section 1.3.2, we will see the current configuration of Virgo suffers from
marginally stable recycling cavities which increases the requirements on mini-
mizing the mode-mismatch of the sidebands used to control the interferometer.

In Section 3.2 I detail the tests carried out during the commissioning of the
phase cameras ahead of O4. A brief overview of some of the issues encoun-
tered during this time is included. Typically, these issues are scattered over
various reports and elogs, so it is useful to collect them here for future record.
Next, in Section 3.3 we review how the phase camera was used to monitor the
sidebands in the recycling cavities during the commissioning period and the
useful detector observables that can be extracted from the phase camera sig-
nals. Most of these observables are crucial for the characterization of the Virgo
detector, and were published in the Collaboration optical characterization pa-
per of Ref. [113].

The remainder of the chapter is dedicated to the characterization of mode
matching in the Virgo detector. In Section 3.4 I detail my contribution to the
thermal tuning of the Signal and Power recycling cavities. Here, the phase
camera was used to calibrate the measurements done with the arm cavity scans,
in order to have consistent scans with each other. It serves as a good example
of how the thermal tuning can be conducted in the absence of on-line error
signals and the complexity that ensues.
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Mode mismatch of the arm cavities is addressed in 3.5 where I show a
proof-of-concept measurement with the phase camera. This is the first appli-
cation of the phase camera at Virgo for mode mismatch characterization and
it was the subject of a proceedings publication for the 2022 GRAvitational -
wave Science&technology Symposium (GRASS). Even though some opens
questions remain, we will see the potential of direct measurements of the cav-
ity and beam eigenmodes with respect to more indirect methods as the one
used in Section 3.4. A more developed version of this technique and its test in
a table-top experiment is given in Chapter 6.

I conclude the Chapter with a small summary and outlook where we review
the advantages of a wavefront sensor such as the phase camera for GW detec-
tors, but also its limitations. The discussion will set the context and motivation
for the remaining Chapters of this thesis.

3.1 The Virgo detector and O4 commissioning

In August 2017 the Advanced Virgo detector joined the GW detector network
for O2. With each observation run, the detector is upgraded with the aim of
increasing the sensitivity. Since the end of O3, Virgo is receiving a two-phase
upgrade to the so-called Advanced Virgo plus (AdV+). Here I discuss the
phase 1 of this upgrade, henceforth called AdV for simplicity, or alternatively,
the Virgo detector.

The AdV+ Phase I upgrade was aimed at reducing the quantum noise in
the detector. The main changes with this upgrade was the addition of a sig-
nal recycling mirror and the installation of frequency-dependent squeezing, as
described in Section 1.4. With the addition of the SRM, the AdV+ detector be-
comes a dual-recycled Michelson interferometer (DRMI as detailed in Section
1.3.2), similar to the LIGO detectors [9]. However, one thing that distinguishes
the Virgo detector is that the power and signal recycling cavities are marginally
stable. The consequences of this and a more detailed explanation of marginally
stable cavities is given in the next Section.

Historically, this configuration is the result of infrastructure and budget lim-
itations. As the detector has undergone upgrades, the issue of marginally stable
cavities has become more significant. With each iteration of the detector, the
goal is to increase input power. In turn, this leads to increased constraints on
the thermal compensation system to keep the recycling cavities stable and the
HOMs to a minimum. With the addition of the SRM and the increased input
power, the issue became worse during the O4 commissioning.
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For these reasons, the TCS had a central role in the commissioning of AdV
in preparation for O4. Additionally, the phase camera was especially relevant
as a diagnostic tool because of its ability to directly image the mode basis of
the carrier and sidebands in the recycling cavities.

3.1.1 Marginally stable recycling cavities

It can be seen using the ABCD matrix formalism that a cavity is geometrically
stable for [188] 0 ≤ g ≤ 1 for g = g1g2 as defined in Eq. 1.29. In stable res-
onators whose g-factor verifies this condition, the resonator transverse modes
are well defined and can be described using the polinomyal basis introduced in
Section 1.3.1. Outside of this condition, the resonator is unstable and there are
no defined cavity eigenmodes. This leads to unbound divergent beams in the
cavity and loss of light. When g = 0 or g = 1, we say the cavity is marginally
stable, and as we will see, the resonance of HOMs as defined in Eq. 1.30 is
degenerate with the fundamental mode resonance.

The round-trip Gouy phase, for a Fabry-Perot cavity, can be written in terms
of the cavity g-factor as [189]

ΦRT = 2 arccos (±1 × √
g), (3.1)

where the + or - sign is given by the sign of g1, which should have the same
sign as g2 for stable cavities. This yields a cavity round-trip Gouy phase shift
between 0 and 180°for g1 > 0, and between 180 and 360°for g1 < 0. For
HOMs with m and n transverse mode indices, the round-trip Gouy phase is
simply

Φmn = (m + n + 1)ΦRT. (3.2)

Following Eq. 3.1, we can see that at the edges of stability, when marginally
stable, the round-trip Gouy phase is equal to 0 for g = 1, and equal to 180°for
g = 0. Recalling Eq. 1.30, for round-trip phase smaller than 180°, the mode
separation of the cavity is

∆fmn = (m + n + 1)ΦRT
2π

FSRν . (3.3)

This means that for a marginally stable cavity with g = 1, the mode separation
is 0 and all the HOMs resonate alongside the fundamental mode. In the case
of the Virgo recycling cavities, the round-trip Gouy phase is 0.39°taking into
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account the nominal mirror RoC values shown in Table 3.1. In frequency, this
is equal to a mode separation of 13.57 kHz.

Table 3.1: Nominal parameters of the power and signal recycling cavities regarding
their (marginal) stability.

IM RoC [m] EM RoC [m] length [m] F linewidth [kHz]
PRC 1430 -1420 11.97 96 130.39
SRC 1430 -1420 11.97 12 1050

How much an HOM will resonate in the reycling cavities does not depend
only on round-trip Gouy phase, but also on the cavity linewidth. For the PRC,
with a linewidth of 130.39 kHz and with a mode separation 13.57 kHz, we can
consider that modes order 10 and above will have negligible gain in the cavity.
For the SRC, however, with a linewidth of 1.05 MHz, we can consider that all
HOMs will be resonantly enhanced by the cavity.

As an example, take the 56 MHz sideband, which resonates in both the
power and signal recycling cavities. We can consider that the first and second-
order modes of the 56 MHz sideband are promptly reflected from the arm
cavities given that the FSR of the arm cavities is ∼50 kHz, almost 4 times the
mode separation of the recycling cavities. In this way we can use Eq. 1.21
which describes the Airy enhancement factor of a FP cavity to estimate the
gain of the sideband HOMs for the power and signal recycling cavities. Doing
this, we see that in the PRC, the gain of the sideband first-order and second-
order modes is ∼ 85% and ∼ 58% of the gain of the fundamental mode,
respectively. For the SRC these values become ∼ 99.7% and ∼ 98.88% for
the first and second-order modes.

This enhancement of HOMs has a variety of negative impacts in the inter-
ferometer. First, as discussed in Section 2.4.1, circulating HOMs degrade the
achievable level of squeezing. While Ref. [18] evaluates the impact of mode-
mismatch in a LIGO-like interferometer, the same has not been done in the
context of a marginally stable DRMI as is the case of Virgo. Secondly, the
presence of HOMs in the sidebands, which are used to PDH lock the multiple
cavities, has been shown to introduce offsets in the control signals, degrad-
ing the working point of the interferometer [65]. As discussed in Ref. [190],
sideband HOMs are also thought to be the culprit behind a bi-stability of the
working point of the recycling cavities.
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For this reason, it becomes important to minimise HOMs in the central
interferometer (CITF), composed of the PRM, the arm cavity input mirrors
and the SRM. In Section 3.4 I describe my contribution to the thermal tuning
of the PRM and SRM in order to improve the sideband mode matching and
decrease the amount of sideband HOMs in the recycling cavities.

Another consequence of marginal stability is that small deviations in the ra-
dius of curvature of the cavity mirrors can cause the cavity to become unstable.
Hence, tuning and controlling the thermal working point of the interferometer
is crucial for the operation of AdV. In this regard, I show in Section 3.5 how
the phase camera might be useful to characterise the mode mismatch of the
arm cavities.

3.2 Phase camera commissioning

Two phase cameras, as detailed in Ref. [20] and Section 2.6.4, were installed
and commissioned at the Virgo detector ahead of O3 [142]. During O4, the
phase cameras remained in the same locations as in O3 which can be seen in
Fig. 3.1. One monitors the B4 beam in the power recycling cavity and another
monitors the B1p beam, just before the output mode cleaner (OMC).

A pick-off plate (POP) samples about ≈ 300 ppm of the PRC circulating
beam [142]. This is the B4 beam which goes into the suspended power reycling
bench (SPRB), which is also under vacuum. In turn, SPRB is connected to the
external power recycling bench (EPRB), this one in air, where the B4 PhC is
installed. Both benches are shown in Fig. 3.1.

After the SRM the beam is split into two. One part goes directly into the
suspended detection bench 2 (SDB2), which is under vacuum. This is the B1p
beam, which contains the full mode content of the dark port. It propagates from
SDB2 to the external detection bench (EDB), now in air, where the B1p PhC
is installed. The other part goes through the OMC and is the beam that is used
for detection of the GW signal, following the DC readout method introduced
in Section 2.1.1. The beam paths and benches are shown in Fig. 3.1.

The OMC filters out all the HOMs present in the dark port. Only the fun-
damental mode from the arm cavities is transmitted and goes into the detection
photodiodes. The fundamental mode contains the GW strain signal. After the
OMC, the beam also goes into SDB2, where the readout optics are installed
(shown in Fig. 3.1).
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Figure 3.1: Simplified optical schematic of AdV. A pick-off plate (POP) samples a
fraction of the power recycling beam, called B4 beam. The B4 beam goes into the, un-
der vacuum, suspended power recycling bench (SPRB). A fraction of this beam goes
into the external power recycling bench (EPRB) where the B4 PhC is installed. The
beam after the SRM is sampled into the, under vacuum, suspended detection bench 2
(SDB2). This is the B1p beam, a fraction of which goes into the external detection
bench (EDB) where the B1p phase camera is installed. The transmission of the north
arm cavity with north input mirror (NIM) and north end mirror (NEM) is sampled by
photodiode B7. Similarly to the west arm cavity, there is the B8 photodiode.

Recall from Section 2.2 that three sidebands are used to control the main
interferometer. These are the 6, 8 and 56 MHz sidebands (also shown in Fig.
3.1). As we saw, the 8 MHz sideband is used to lock the PRC and thus does
not resonate in it. For this reason, this sideband is not measurable by the B4
and B1p phase cameras. Both the 6 MHz and 56 MHz sidebands resonate in
the PRC but not in the arm cavities, while the 56 MHz also resonates in the
SRC. Both of these sidebands are measured by both phase cameras.

As detailed in section 2.6.4, the phase camera is able to measure and image
carrier and upper and lower sidebands separately. In this case, a total of 5
beat frequencies are measured between the carrier and the lower and upper
components of the 6 and 56 MHz sidebands. The different beatings with the
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80 MHz frequency-shifted reference beam are shown in the inset on the top
right corner in Fig. 3.1.

The phase cameras are installed in a 1-beam scanning configuration, as dis-
cussed in Section 2.6.4. The images are acquired following an Archimedean
spiral as shown in Fig. 2.12 and reconstructed into a 128x128 pixel grid. The
images are afterwards compressed to a 100x100 grid to conform to the require-
ment of the Virgo data acquisiton system. Examples of such images, for ampli-
tude and phase, are shown in the inset of Fig. 3.2. The phase images shown are
differential, between carrier and sidebands, in order to remove common phase
noise due to the reference beam propagation and the residual motion of the
benches where the phase cameras are installed, as discussed in Section 2.6.4
and Refs. [20, 142].

More details about the installation of the two phase cameras ahead of O3
and their commissioning at the time can be found in Ref. [142]. Concerning the
phase cameras, the main change from O3 to O4 was the addition of the SRM
before the B1p PhC. In any case, with the break between runs, the optics had
to be re-aligned and their proper functioning validated. In the remainder of this
section, I detail the main checks done using the single bounce configuration as
well as the main issues encountered during this time.

3.2.1 The single bounce configuration

The main checks of the phase camera were done with the interferometer in
the so-called single bounce configuration, which allows for the input beam to
reach the phase cameras.

When the interferometer is in the single bounce configuration (Fig. 3.2),
only the input mirror of one of the cavities is aligned and both end mirrors
are misaligned. Additionally, both power and signal recycling mirrors are mis-
aligned such that no reflection from either reaches the phase cameras. In this
way, both phase cameras see the input beam that bounces off the input mirror
that is aligned (either the WIM as shown in the image or the NIM).

Since the optical path for carrier and sidebands is the same in this configura-
tion, the sidebands should be perfectly superposed to the carrier. Additionally,
the relative phase difference between carrier and sidebands should simply be
a flat offset due to the difference in wavelength between each of the sidebands
and the carrier. The inset of Fig. 3.2 shows such an example, displaying both
amplitude and phase images of the B1p beam. We can validate how well the
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Figure 3.2: Simplified single bounce configuration from the west input mirror. Optics
are intentionally misaligned as part of the configuration, see main text for more details.
One PhC looks at the beam picked-off after the PRM, called B4, while the other looks
at the beam picked-off after the signal SRM, called B1p. Both see the input beam in
this configuration. Dashed lines indicate light that doesn’t reach the phase cameras.
Both suspended and external benches are not depicted in this figure.

carrier mode overlaps with the mode of the sidebands through the complex
overlap integral. The integral is defined for two beams E1(−→x ) and E2(−→x ),
and it is given by

γ(E1, E2) = |
∫

U1U∗
2dxdy|√∫

U1dxdy
∫

U2dxdy
, (3.4)

where Ui(x, y, z) is the complex field amplitude as defined in Eq. 1.27, for a
beam that propagates in the z direction. Note that the overlap is computed for
the transverse plane and does not depend on z. If the mode content of the two
beams is the same, then γ = 1. In the single bounce configuration as shown
in the inset of Fig. 3.2, the overlap between carrier and sidebands is typically
close to 0.99, computed using both the amplitude and phase information.
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In this configuration, the phase camera can be used to measure the mod-
ulation depth of the sidebands. This is one way to validate that the power
reconstruction of the phase camera is accurate. Additionally, it also serves
as an independent measurement of the modulation depth, which is otherwise
made by a scan of the reference cavity or of the arm cavities. The modulation
depth, β, is a function of the power ratio between carrier and sideband:

β = 2
√

Pcarr

Psb
. (3.5)

The power in carrier and sidebands is taken by summing over the respective
amplitude images and squaring this value. Table 3.2 shows a comparison of
the modulation depth values obtained with the phase cameras in single bounce
and with a scan of the arm cavities. The table reproduces the same values as
published in [113], to which I contributed by computing the modulation depth
values from the phase camera data.

Table 3.2: Modulation depth measurements, values reproduced from [113].

sideband FSR scan B1p PhC B4 PhC
56 MHz USB 0.189 0.193 0.197
56 MHz LSB 0.183 0.193 0.197
6 MHz USB 0.201 0.206 0.210
6 MHz LSB 0.202 0.206 0.201

The disagreement between the two methods is at most 6.3 %, while the dis-
agreement between the two phase cameras is 2 %. The difference between the
two phase cameras can be due to small changes in the frequency dependence of
the amplifying electronics chain of each phase camera, since upper and lower
sideband are measured at different beating frequencies (eg. 24 MHz and 136
MHz for the 56 MHz upper and lower sidebands respectively). The frequency
dependence of each phase camera was previously calibrated in order to have
upper and lower sidebands balanced, but there could be differences at the %
level between the two phase cameras. Some RAM as discussed in Section 2.2
could also affect these measurements.

Apart from the phase camera checks, the single bounce configuration is also
as a reference for several other measurements. This is the case of the sideband
PRC gains and dark port transfer functions as detailed in section 3.3, and also
of the contrast defect as detailed in Ref. [113].
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3.2.2 Troubleshooting the beam shape

One of the great advantages of the phase camera is the ability to image inde-
pendently the beam profile of carrier and all upper and lower sidebands. Even
though this ability presents great opportunities for monitoring and mitigating
higher-order aberrations, it becomes crucial to validate the shapes observed by
the phase camera.

In this section I present the efforts during commissioning to understand
and characterize the beam shapes observed in the B4 and B1p beams and the
challenges encountered.

B4 beam

Fig. 3.3 shows the carrier beam amplitude image measured by the phase cam-
era in B4 in different interferometer configurations. The shape of the images
suggest that there is some astigmatism as well as some other sort of aberra-
tion. Moreover, it is interesting to see how the beam shape changes in different
detector configurations. When the CITF is locked, the expectation is that the
shape of the carrier remains similar to the shape in the single bounce config-
uration since at this stage the carrier does not resonate in the PRC. This is
because at this stage the arms are unlocked, and the carrier is set to only res-
onate in the PRC when it has the 2π round-trip phase shift from resonating in
the arm cavities. It can be seen in Fig. 3.3 that indeed the CITF locked beam
looks qualitatively similar, albeit slightly more aberrated, to the beam in single
bounce.

When the carrier resonates in the arm cavities, the phase shift experienced
by the resonant carrier makes it so that it resonates as well in the PRC. With
arms locked, we can see the beam shape changed considerably in the third
panel of Fig. 3.3. The arm cavities are over coupled, so most of the light
reflected by the arm cavity is the resonant reflection, carrying the mode of
the cavity. In other words, the mode of the PRC becomes dominated by the
arm cavity mode, this is why the beam becomes more Gaussian with the arms
locked. If the mode matching was perfect, then no change in the beam shape
would be observed.

Already during the O3 commissioning, a problem of astigmatism in the
B4 beam was identified [142]. The problem remained in the commissioning
for O4 and was thoroughly investigated by the detector team. The results of
this investigation can be found in Ref. [191]. Below, I give a summary of
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Figure 3.3: Carrier amplitude image measured by the B4 phase camera in 3 different
detector configurations: single bounce, only the CITF is locked, full interferometer
lock with the arm cavities locked on resonance.

conclusions arrived at, as it is relevant for understanding the morphology of
the B4 PhC images.

It was observed that a regular camera monitoring the B4 beam sees a similar
shape as that seen by the B4 PhC. Moreover, it was seen that the shape of the
B4 beam changes whether the SPRB is under vacuum or not. The tests reported
in Ref. [191] go on to show that the beam is indeed astigmatic. Additionally
the presence of a second, lower power spurious beam, was also confirmed.
This ghost beam could account, at least partly, for the departure from Gaussian
shape.

Finally, it was noted that the observed astigmatism at the cameras depends
on the beam parameter of B4. This explains the different shapes under vacuum
and in air, as the pumping process and a thermal lens in the view port are
changing the focusing of the B4 beam.

In the rightmost panel of Fig. 3.3 we can see the beam appears less aber-
rated, given the observation just described, this could be due to two reasons.
One is that if the beam is not perfectly mode matched, the beam parameter of
the carrier is different once the arm cavities are locked. This change in beam
parameter, should change the astigmatism observed in the B4 cameras. Addi-
tionally, if part of the aberrations in the left and middle panels of Fig. 3.3 are
due to a spurious beam, this would become negligible once the arm cavities
are locked and the power of the carrier is increased by about 40 times inside
the PRC.

Even though the source of astigmatism was not found, the position of one
of the lenses on SPRB was adjusted in order to minimize the astigmatism seen
on the cameras. More importantly, a separate analysis found that the B4 beam
aberration has a negligible impact on the longitudinal controls of the interfer-
ometer [192]. The aberrations do, however, make it more difficult to interpret
the phase camera images in the context of studying the PRC or arm cavity
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eigenmodes. For this reason, the analysis of Section 3.5 was done using the
B1p PhC.

B1p beam

Initially, the single bounce beam, as seen by the phase camera on B1p, looked
as that seen on the inset in Fig. 3.2. The image started appearing degraded
in May 2022 after some alignment work in the EDB. In August, the parking
position of the PRM was changed because it was impacting the logitudinal
lock signals. After this, the B1p image became dominated by vertical fringes
as seen on the top panel of Fig. 3.4a.
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Figure 3.4: Example of the fringes seen at the B1p PhC (top panel) and comparison
with a regular camera overlooking the same port (bottom panel), where a spurious
beam can be seen (a). Example of the image at the B1p PhC before the fringe pattern
problem started, the spurious beam is not observable in the regular camera (b).

Even after re-aligning the phase camera, the observed fringe pattern per-
sisted. One hypothesis was that a spurious beam was interfering with the B1p
beam creating the interference observed. This seems to be the case according
to Fig. 3.4a. We can see on the bottom a small beam on the regular B1p cam-
era. It could be that the spurious beam does not interfere on the path to the
regular camera, but ends up interfering with the main beam on the way to the
B1p PhC.

In Fig. 3.4b, corresponding to data from the beginning of May 2022 before
the issues started, there are no fringes in the B1p PhC and neither a spurious
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beam in the B1p camera. I posted these observations in a Virgo logbook post
in November 2022 [193].

Despite the changes in the B1p beam shape, no significant impact on the
carrier and sidebands power or modulation depth was observed as reported
in [194]. Analysis of the contrast of the fringes suggests the culprit spurious
beam should have about 75% of power of the main beam. The spurious beam
observed in Fig. 3.4a, appears much dimmer than that, however. A possible
explanation for this discrepancy could be that the spurious beam gets clipped
on the path to the regular B1p camera.

At the end of November 2022, the PRM parking position was changed by
about 40urad in x and y. As shown in Fig. 3.5, the fringe pattern disappeared
from the B1p PhC and the spurious beam disappeared from the regular cam-
era. This indicates that the spurious beam and fringe pattern are related to the
parking position of the PRM. Since the vacuum could not be broken at this
time, no further investigations were possible. The PRM had to be returned to
its fringe inducing position for the remainder of the commissioning and the
following observation run, as this was the best for the stable operation of the
interferometer.

Note that the analysis of Section 3.5 was done using B1p Phc images taken
before the PRM parking position was changed and the fringe issues started.

Carrier LSB 6 MHz USB 6 MHz

Figure 3.5: Example of the B1p phase camera amplitude images with a different PRM
parking position (November 2022).

3.3 Phase camera observables and sideband
monitoring

The phase camera allows us to monitor how the upper and lower sideband
powers are varying during the interferometer locking procedure. It also allows
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for comparing different interferometer locks, as different parameters are tuned.
Additionally, the amplitude images can also be inspected to make sure there
are no problematic HOMs and to ensure the overlap between the sideband and
carrier modes.

In addition to the amplitude information, the phase camera can also mea-
sure and image the phase of each beat component. Due to phase noise in the
fiber that propagates the reference beam (as detailed in Section 2.6.4) the ab-
solute phase images are not available. Instead, and in order to remove the
common phase noise, the phase cameras generate differential phase images
between the carrier and sidebands.

From the power in the upper and lower sidebands, a new observable, called
the sideband imbalance, can be defined as

ISB = PUSB − PLSB
PUSB + PLSB

. (3.6)

Below, I review the other observables that we can retrieve from the phase
camera which are crucial for the optical characterization of the detector.

3.3.1 Power recycling gains

When the CITF is locked, the sidebands resonate in the PRC and we can talk
about the sideband recycling gain. In this case, the circulating power for a
sideband will be given by:

PSB
circ = GSB

recPSB
in , (3.7)

where GSB
rec is the recycling gain of a given sideband and PSB

in its respective
input power. The phase camera intensity signals are in units of counts (cts),
associated to the square of the sum of the pixels of the amplitude images. These
could be converted into power with an unknown conversion coefficient α(f),
which depends on the frequency of the optical beating in question.

For the input power, the single bounce can be used as a reference. The
power measured by the phase camera in single bounce will be given by:

PSB
ref = PSB

in TPRMTBSRIMTBS, (3.8)

where TPRM is the transmission of the PRM, TBS the transmission of the
beamsplitter and RIM the reflectance of the arm cavity input mirror which is
being used for the single bounce configuration. All of these values can be
found in the AdV optical characterization article [113].
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Combining the two above equations wields:

Grec = PSB
circ

PSB
ref

TPRMRIMT2
BS. (3.9)

Since the α(f) coefficient is the same irrespective of the detector configu-
ration, it drops out of Eq. 3.9 and the phase camera signals in counts can be
used directly to calculate the sideband recycling gains.

While the carrier recycling gain can be computed with the transmission sig-
nals of the arm cavities, the phase camera is currently the only way to measure
the recycling gain of the sidebands.

3.3.2 Dark port transfer function

Similarly to what can be done with the B4 PhC to compute the power recycling
gains, the same can be done for the DP.

For the DP it makes more sense to speak of transfer function instead of gain,
since the power there is a fraction of the input power. This transfer function
can be written as:

TfDP = PDP
Pref

TPRMRIMT2
BSTSRM, (3.10)

where TSRM is the transmission of the SRM. This transfer function is very
similar to Eq. 3.9. The differences are that the B1p PhC is used for the ref-
erence signals in single bounce and for the DP signal while the interferometer
is locked as well as the addition of the TSRM factor. Similarly to the power
recycling gains, the phase camera values in counts can be used directly.

It is interesting to calibrate these values in terms of actual power in the DP
because there are independently calibrated photodiodes monitoring the same
beam. Assuming the power in the sidebands is negligible, this can be done for
the carrier as

Pcarr
DP = PinTcarr

DP . (3.11)

The same can be done for the sidebands, taking into account their modula-
tion depth as reported in Table 3.2:

P SB
DP = PinJ1(β)T SB

DP, (3.12)

where J1 is a Bessel function of order 1 and β the modulation depth of the
corresponding SB. The top panel of Fig. 3.6 shows the carrier and sideband
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power calibrated in this way as measured by the B1p PhC taking into account
an input power of 17 W.
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Figure 3.6: DP carrier and sideband powers using the B1p PhC and the single bounce
configuration (top panel). Comparison between phase camera calibration and a similar
calibration for the B1s PD1 and B1p PD2 photodiodes (bottom panel).

This calibration can be verified by comparing with the power calibrated
photodiodes PD1 of the B1s beam and PD2 of the B1p beam. This compar-
ison is shown in the bottom panel of Fig. 3.6. Note that the two photodi-
odes measure the total power (carrier + sidebands) at the DP in the carrier and
sidebands. Averaged over 10 seconds, the thus calibrated B1p PhC measures
152 mW while the B1p photodiode measures 140 mW and the B1s 148 mW.
The disagreement between the measurements is at most 3%, which is reason-
able considering the optical losses in the different optical paths to each photo-
diode were not taken into account.

3.3.3 Contrast defect

The contrast defect is a measure of how much excess power is reaching the
dark port. It can be written as the ratio of the power at the dark port and the
circulating power in the interferometer,

CD = 2 PDP
Pcirc

, (3.13)
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where the factor 2 is to take into account the beamsplitter and the fact that the
circulating power is normally measured in the B4 beam (see Fif. 3.1).

The CD can be measured with the phase camera, once again using the B1p
and B4 PhC references in single bounce as well as the B1p and B4 phase
camera powers when the interferometer is locked. Thus, with the phase camera
measured powers it is written as

CD =

PDRMI
B1p
Pref

B1p

PDRMI
B4
Pref

4

, (3.14)

where the convention of Ref. [113] was followed, with the superscript DRMI
indicating that the interferometer is locked, and the ref superscript indicating
the reference power measured in single bounce configuration.

3.4 Thermal tuning of the power and signal re-
cycling mirrors

During commissioning, it was necessary to tune the radius of curvature of both
the power and signal recycling mirrors. The PRM RoC was designed to be
1477 m, longer than the nominal value, to account for the thermal deformation
of the POP induced by the main beam at the initial goal power of 125 W.
However, this goal input power was never achieved, which led the PRM to be
mismatched with respect to the arm cavities. The SRM RoC at 1444 m was
also shorter than it should be in order to match with the arm cavities.

As we saw in Section 3.1.1, it is crucial for the control of the interferometer
to minimise the presence of HOMs in the sidebands as much as possible. For
this reason, having a good mode matching of the sidebands in both power
and signal reyclcing cavities is very important. The tuning of the RoC of the
recycling mirrors was done using the CHRoCC actuators described in Section
2.7.

In the case of the PRM, the CHRoCC was installed so as to induce a focus-
ing lens in the POP. This is equivalent to reducing the RoC of the PRM. For the
SRM, the CHRoCC shines directly on the SRM, increasing its RoC to equalize
it with the RoC of PRM. This adjustment of the RoC of both recycling mirrors
implies a later adjustment of the central heating on the compensation plates
to adjust the mode matching of the recycling cavities with the arm cavities.
However, here I only report on the CHRoCC tuning.
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In order to measure the mode matching of the sidebands in the recycling
cavities, we can use the second-order mode of the sidebands as a figure of
merit. We can measure the sideband second-order modes with a scan of the
arm cavity length while the CITF is kept locked, as proposed in Ref. [195].
For this, the arm cavities can only be scanned around the second-order mode
of the sidebands. Otherwise, if the scan goes through the fundamental mode
of the sidebands, it will spoil the PDH error signal and unlock the CITF.

In order to do this scan, the auxiliary laser system (ALS) was used [196].
The ALS uses two green beams injected from each arm cavity end mirror to
facilitate the cavity lock acquisition, since the finesse is lower at the ALS wave-
length of 532 nm (half of the main laser wavelength at 1064 nm).

First the arm cavities are locked using the green beam with a certain CARM
offset so that they are away from resonance. Afterwards the CITF is locked us-
ing the signals from the 8 and 56 MHz sidebands as discussed in Section 2.2.
Once the CITF is locked, both arm cavities are scanned simultaneously using
the CARM signal of the green beam and changing the CARM offset slowly.
More details regarding the arm scans can be found in the optical characteriza-
tion paper [113]. An example scan is shown in Fig. 3.7. The ramp signal is
proportional to the CARM offset value.
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Figure 3.7: Example of the (north) arm cavity scan around the second-order peaks of
the 6 and 56 MHz sidebands. Signal is measured at the B7 photodiode.
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3.4.1 CITF scan simulations

Before the measurements described above were done, it was necessary to make
some studies with optical simulations. The goal of this simulation study was to
verify how the sideband mismatch changes with the PRM and SRM RoC de-
tuning and to check if scanning the OMC could also give similar information.
These simulations were done in the software OSCAR [197].

While the real measurments involve scanning the cavities, in OSCAR cavity
scans take very long to compute. This is the case because for every detuning
of the cavity length the circulating fields need to be computed.

As discussed in section 1.3.1, when an electric field is incident on an optical
resonator, light scatters from the field into the resonant modes of the cavity.
Recalling Eq. 1.31, the amount of scattering is given by the inner product of
the cavity eigenmode and the incident field [11]. Experimentally, the cavity
needs to be scanned in order to make each mode resonate in the cavity and
to measure their power. In simulation, however, we can compute the inner
product of each eigenmode with the incident field directly.

To compute the mode mismatch in OSCAR we can simply compute the
inner product of the incident field with the modes of order 2 in the cavity basis.
The amount of mode mismatch is computed as the ratio between the amount
of second-order modes vs. the amount of the 00 mode:

MMi = HG2
HG00

∗ 100 [%], (3.15)

where the notation for Hermite-Gaussian (HG) modes introduced in section
1.3.1 was used and HG2 corresponds to the sum of all HGmn modes with
m+n=2 in the basis of the cavity.

In the simulation a CARM offset is applied to the arm cavities to bring
them out of resonance and the resonant fields in the CITF are computed. Next,
the RoC of the PRM is scanned, while keeping the SRM mode matched. The
amount of mode mismatch evaluated in the PRC and at the dark port after the
SRM is computed for each scanned point. The resulting mode mismatches for
the 6 and 56 MHz sidebands are shown in Fig. 3.8.

We can see from the top panel of Fig. 3.8 that the sidebands in the PRC
are very sensitive to changes in the RoC of the PRM. In the middle panel,
the mode mismatch for the 56 MHz sideband as measured in the dark port is
shown. This was not computed for the 6 MHz sideband as it does not resonate
in the SRC.
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Figure 3.8: Sideband mode mismatch in the PRC (top panel), sideband mode mis-
match in the SRC (middle panel) and sideband PRC gain (bottom panel) with respect
to the tuning of the PRM RoC.

The middle panel of Fig. 3.8 shows us that we can also use a scan of the
OMC to measure the mode mismatch in the sidebands as it follows the same
trend as seen in the PRC (in the panel above).

Finally, the bottom panel shows the decrease in the PRC gain of the side-
bands with respect to the change in the RoC of the PRM. This was done to
provide an expectation for the drop in sideband gain in the PRC ahead of the
measurements.

In addition to scanning the RoC of the PRM, the same simulation was done
for the RoC of the SRM. The results are shown in figure 3.9.

From the figure, we see that the 6 MHz sideband is virtually unaffected by
detuning of the SRC RoC. This is to be expected since the 6 MHz sideband
does not resonate in the SRC. For the 56 MHz sideband the amount of mode
mismatch induced is significantly smaller than that from PRC detuning. This
can be attributed to the difference in finesse between the power and signal
recycling cavities, as shown in Table 3.1.

Despite the small impact of the SRM mismatch, a good matching of the
SRC with respect to the arm cavities is still important because the GW signal
is carried by the mode of the arm cavities. However, this was not the topic of
these simulations.
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Figure 3.9: Sideband mode mismatch in the PRC (top panel), sideband mode mis-
match in the SRC (middle panel) and sideband PRC gain (bottom panel) with respect
to the tuning of the SRM RoC.

3.4.2 OptChar measurements

The data to characterize the CHRoCC tuning of both PRM and SRM was ac-
quired over the course of four OptChar shifts. A report on the subsequent
analysis of the data can be found in Ref. [198].

For the analysis, only data from the north arm cavity (B7 PD) was used. For
reasons unclear, the power in the west arm B8 PD was very low. Simulations
in OSCAR done by J. Degallaix [199], show that the second-order peaks are
highly suppressed when only one arm is scanned at a time. It is not clear why
a similar effect was observed in practice, since both arms were being scanned
simultaneously. It could be possible that a specific DARM offset makes it so
that the modes resonate mostly in one of the arm cavities during the scan, but
this was not further explored.

The RoC of the PRM was tuned by changing the voltage applied on the
CHRoCC, as shown in the x axis of Fig. 3.10. Three sets of measurements
were taken for three different working points of the RoC of the SRM: 1431,
1436 and 1426 m. The change of the SRM RoC in response to the SRM
CHRoCC voltage was calibrated previously by the TCS team.

Fig. 3.10 shows the measured second-order modes for each sideband. Note
that the sideband circulating power in the PRC varies from lock to lock and
this has an impact on the amount of power measured in the cavity scans. For
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this reason, the B4 PhC sideband signals were used to normalize the values of
the scans, such that they are comparable to each other in between scans.
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Figure 3.10: Second-order mode peaks of the 6 and 56 MHz sidebands measured
with the north arm cavity scans, for different values of the PRM CHroCC voltage and
different RoC of the SRM. The peak heights were normalized taking into account the
B4 phase camera signals, so that the signals were comparable from lock to lock.

The best overall working point appears to be at 0.43 V CHRoCC voltage
and SRM RoC=1426 m. Analysis of scans of the OMC done in parallel [200],
point to the same optimal working point. Something to note is that the power
in the recycling cavity was not maximized for this working point. However,
the recycling gain also depends on the quality of the interferometer lock itself,
which is sensitive to technical noise, other than mode mismatch.

From the simulation results presented in Fig. 3.8, we expect the sideband
imbalance (Eq. 3.6) for the 6 MHz sideband to be negligible. However, ex-
perimentally, a significant imbalance of the 6 MHz sideband was measured,
about 0.16 for the optimal point. Considering the mode mismatch is not zero
even in the best working point, an hypothesis is that the imbalance is caused
by asymmetric lensing between the two arm cavities, which was not included
in the simulation above. Asymmetric mismatch in the arm cavities is discussed
in Section 4.3.2.

The CHRoCC tuning values for both the PR and SR mirrors were set by the
analysis just presented. Any asymmetric defects remaining were compensated
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with the use of the CO2 lasers, compensation plates and ring heaters. These
were optimized during the course of the commissioning period and even well
into the observation run by the TCS.

3.5 Mode mismatch in the arm cavities with the
phase camera

We saw in Section 3.1.1 the importance of minimising HOMs in the pres-
ence of marginally stable cavities. While in the previous Section we discussed
the mode matching of the recycling cavities, this Section concerns the mode
matching of the arm cavities. In addition and contrary to the previous Section,
the work presented here is a direct measurement of the mode mismatch of the
arm cavities.

Such a direct measurement is made possible by the use of the phase camera
and is the first of its kind at Virgo. Some of these results were published in the
proceedings of the GRAvitational-waves Science & technology Symposium
(GRASS) 2022, with the title "Sensing mode mismatch with the phase cameras
at Advanced Virgo" [4]. Additional results were presented posteriorly in [201]
and in [202] and are also presented here.

The measurements are taken in two steps. The first measurement corre-
sponds to the input beam measured in single bounce configuration by the phase
camera. In the second measurement, the end mirror of the cavity is aligned and
the cavity is locked to the laser and the reflected beam from the locked cavity
is measured by the phase camera.

Because the cavity is overcoupled, the reflected carrier beam is dominated
by the resonant carrier mode of the locked cavity. The idea is to compare
the amplitude and phase of the input beam with the mode of the cavity. If
the input beam is matched to the cavity, the size of the beam and wavefront
radius of curvature should be the same. Additionally, any second-order mode
due to mode mismatch will also be promptly reflected from the cavity input
mirror and be present in the reflected beam measured by the phase camera.
This is useful because the phase of these second-order modes carries important
information for the sensing of mode mismatch, as will become clear in the next
section.

Note that since the sidebands do not resonate in the cavity, this could be
done by comparing the sideband to the carrier mode, without the need for
the single bounce measurement. However, the single bounce measurement is
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done to check that everything is working properly, and that prior to the cavity
alignment and lock, that the carrier has the same mode of the sidebands.

3.5.1 Simulating the measurements

In order to understand what phase camera observables can be used, I simulated
the Virgo arm cavity in OSCAR. Since in the simulation the input beam can
be compared directly to the resonantly reflected mode of the cavity, the single
bounce configuration was not part of the simulations.

The mode mismatch was introduced in the simulation by detuning indepen-
dently the input beam radius (w(z)) and wavefront curvature (R(z)), which,
as we saw in Section 1.3.1, are related to the complex parameter q of the input
beam by:

1
q

= 1
R(z) − i λ

πw(z)2 , (3.16)

where λ is the laser wavelength and the beam propagates in the z direction.
The introduced mismatch was quantified by taking the ratio between the

second-order and fundamental modes content in the reflected beam from the
cavity. The amount of mode mismatch was computed as in the simulations of
Section 3.4, by computing the inner product between the reflected beam from
the cavity and the second-order modes in the cavity basis.

For phase camera observables, we inspect the radius of the reflected carrier
beam with respect to the radius of the input beam. The relative beam radius as

∆r = rref − rinp
rinp

· 100 [%]. (3.17)

Another phase camera observable is the differential phase cross section be-
tween carrier and sidebands. Since the sidebands are not resonating in the cav-
ity, this is equivalent to taking the differential phase between the input beam
and the cavity mode beam.

No additional misalignments or defects were introduced in the simulation,
so as to be sure to isolate the impact of mode mismatch on the phase cam-
era signals. Figure 3.11 shows how these observables change with individual
detuning of the input beam parameters.
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input beam radius

input beam WfC

a) b)

Figure 3.11: AdV arm cavity was simulated and input beam radius and wavefront
curvature (WfC) were detuned independently. Panel a) shows the relative reflected
carrier radius as defined in equation 3.17, panel b) shows differential phase cross sec-
tion between the 56 MHz upper sideband and carrier.

It can be seen that, for small values of mismatch, the radius of curvature
of the reflected carrier beam is sensitive to the detuning of the input beam
radius only, and the differential phase cross section is sensitive to the detun-
ing of the input beam wavefront curvature, with negligible coupling between
the two. It was seen that as larger detunings are applied to either input beam
parameter, both radius and phase cross section of the reflected beam are af-
fected more significantly. Larger mismatches were not plotted, however, since
typical measured mismatches of the arm cavities are of the order of a couple
percent [113].

Additionally, it can be seen that for both cases of changes to either the input
beam radius or wavefront curvature it is possible to infer what is the sign of the
detuning applied. In the case of detuning the input beam radius, the sign of the
signal is given by whether the radius of reflected beam is larger or smaller than
the input beam. In the case of detuning the input beam wavefront curvature,
the sign of the signal is given by whether the curvature of the differential phase
cross is positive or negative curvature.

Looking at the mode mismatch curve in the left plot of Fig. 3.11 we can see
that the amount of mode mismatch is not sensitive to the direction of the de-
tuning. In fact, for approximately the same amount of mismatch, it is possible
to have beams with very different radius. It was checked that in either case, the
mode content of the beam is dominated by the fundamental and second-order
modes. The different size in beams with the same mode content in terms of
power is due to the phase of the second-order mode with respect to the phase
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Figure 3.12: Amplitude (top) and angle (bottom) of the complex field overlap be-
tween the reflected carrier beam from the cavity and the second order mode in the
cavity eigenmode basis.

of the fundamental one. This can be clearly seen by computing the complex
overlap of LG01 with the reflected carrier beam:

γ(Eref , LG10) =
∫

Eref · LG10
∗dxdy√

(
∫

|Eref |2dxdy ·
∫

|LG10|2dxdy)
, (3.18)

where Eref is the complex field amplitude of the carrier beam reflected from
the cavity, and LG10 is defined in the basis of the cavity. Normally, the norm
of the overlap is computed, giving a value between 0 and 1 which corresponds
to how much the two fields have the same power mode content. It is a known
result that the mode mismatch coupling to the fundamental mode has a com-
plex amplitude (see for example [13]). With this in mind, one can also look at
the angle of the complex overlap, which will give us a measure of the overall
phase difference between the two field distributions. Doing this in OSCAR as
the input beam radius is detuned, resulted in Fig. 3.12.

It can be seen in Fig. 3.12, that while the amplitude of the overlap is propor-
tional to the mismatch, the angle is constant for detuning except for a π phase
shift at 0 beam radius detuning. This phase shift corresponds to a sign change,
which explains why the reflected beam is larger for a smaller input beam and
smaller for a larger input beam.
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3.5.2 Measurements with the Virgo phase camera

The measurements presented here were taken on April 1st 2022 [201]. First,
two 5-minute measurements were taken in the single bounce configuration,
one bouncing from the north input mirror, and the other from the west input
mirror. Then, another 5 minutes of data were taken first with the north arm
cavity aligned and locked followed by the west arm cavity aligned and locked.

Only the B1p PhC data was used, because of the issues with the B4 beam
shape reported in Section 3.2.2. Note that these measurements occurred before
the fringe issues with the B1p beam shape started, as discussed in Section
3.2.2.

Amplitude information

A bidimensional astigmatic gaussian fit was applied to each sideband and car-
rier image from which the radius in the horizontal (rx) and vertical (ry) direc-
tion were extracted. First for the single bounce measurement, and then for the
measurement with a single cavity locked. The change in rx and ry when the
cavity is locked with respect to the input beam measured in single bounce was
computed according to equation 3.17 for each x and y direction, where rref is
the radius measured when the cavity is locked and rinp is the radius measured
in single bounce. This was done for each sideband and carrier.

As expected, the radius of the sidebands does not change appreciably if
the arm cavity is locked, while the reflected carrier beam was seen to have in-
creased. For the north arm, rx increased by 1.6% and ry by 13%, while for the
west arm, rx increased by 1.1% and ry by 10.1%. There is a clear astigmatism
in either case when the cavity is locked. Additional simulation efforts pre-
sented in [201] show that the observed astigmatism when the cavity is locked
could be due to a misalignment of the end mirror of the cavity. Simulations
on the same measurement scheme made posteriorly and published in [3], show
that in the presence of astigmatic mismatch the reflected carrier beam will have
different radius along the x and y axis values corresponding to the amount of
mismatch in each axis. However, measurements from the optical characteriza-
tion paper show an astigmatism in the cavity in the order of 2 m at most over a
RoC of ∼ 1.5 km. This small amount of astigmatism is unlikely the cause of
the significant difference between rx and ry observed here.
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Phase information

For the input beam measured in single bounce, the differential phase between
carrier and sidebands is flat. This can be seen in the inset of Fig. 3.2.

However, when the arm cavities are locked, some wavefront curvature can
be seen as shown in the bottom panel of Fig. 3.13. Although the differential
phase cross section appears to have positive curvature, the phase suffers from
some aberration other than the curvature, which is more clear in the WA.
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Figure 3.13: Differential phase images and cross sections between the 56 MHz upper
sideband and carrier for both locked north arm and west arm cavities.

Besides being a possible explanation for the beam astigmatism, I showed
in [201] that a tilt of the cavity end mirror could also reproduce, at least in
part, the observed shape in the phase images. Fig. 3.14a and 3.14b show the
simulated differential phase in the presence of mode mismatch of the input
beam RoC and a tilt on the EM and the measured phase image. This result was
obtained with a 1.4 µrad tilt on the cavity EM, pointing again to the presence
of some misalignment in the cavity.

These results can be used to match the simulation and find the input beam
mode mismatch in terms of radius and wavefront RoC. It was assumed that the
change in ry was only due to mode mismatch and the supposed misalignment
of the cavity EM was disregarded. First, the input beam radius was changed
in order to obtain a similar radius increase as the one measured. Secondly,
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Figure 3.14: Comparison of simulated differential phase map between carrier and
sideband (a) and the corresponding measured differential phase map (b). In the sim-
ulation, besides some mode mismatch, a 1.4 µrad tilt of the EM was added to induce
the observed shape.

the input beam wavefront was changed in order to obtain the same amount of
mode mismatch as that measured by the FSR scan method. The simulation
was done including the cold mirror maps for each north and west IM.

For the north arm, this resulted in a reflected carrier beam 12.98 % larger
than the input beam and 2.02 % mismatch, when injecting an input beam with
radius 6.45 % smaller and wavefront curvature 5.5 % larger than the mode-
matched case. For the west arm, this resulted in a reflected carrier beam 10.8 %
larger and 1.22 % mismatch, when injecting an input beam with radius 5.7 %
smaller and wavefront curvature 4% larger than the modematched case.

From this we can infer that the input beam is smaller than it should be in
order to be mode matched. An independent analysis of the input beam using a
different method and optical simulations reached the same conclusion [203].

Modal decomposition

In order to validate if there is some misalignemnt in the locked cavity we can
perform modal decomposition of the phase camera images and look for the
presence of first-order modes.

Here, the modal decomposition was done using only the amplitude images.
The parameters to be optimized by the modal decomposition were the beam
rotation, and the coefficients of the HG modes up to the order included in the
fit. The basis for the modal fit was the size of the HG00 mode fitted from the
single bounce images.
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The modal decomposition is an optimization problem where the cost func-
tion is the residual between the generated image in terms of the HG coefficients
of Eq. 1.31 and the real image. The minimisation of the cost function was done
with the Constrained Optimization By Linear Approximation (COBYLA) al-
gorithm [204]. Fig. 3.15 shows an example of the measured amplitude image
with the fitted contours overlaid on it.
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Figure 3.15: The carrier amplitude image measured by the phase camera in reflection
of the north arm cavity is shown in color. The white contour lines shows the result of
the fitted image obtained with modal decomposition.

Table 3.3 shows the obtained results of the modal decomposition. The
COBYLA algorithm allows for including constraints in the fit. According to
the FSR scans of the arm cavities shown in [113], we know that the cavity
mode is dominated by the fundamental mode. For this reason, I ran two fits
with 90% and 95% lower bound limits on the amount of fundamental mode.
Additionally, it is necessary to chose the maximum order of the HOMs in-
cluded in the fit. In order to do this, I ran multiple fits with increasing maxi-
mum mode order to see how the fit residuals evolved. Doing this showed that
including HOMs above order 5 starts degrading the quality of the fit, so the
maximum mode order was set to 5.

Unfortunately, both fits give different solutions with respect to the amount
of first-order modes, but with comparable residuals. One solution to address
this ambiguity could be to use the phase information in the fit as well. How-
ever, the absolute phase images are not available.
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Table 3.3: Higher-order mode results of the modal decomposition of the north and
west arm carrier beams respectively. Fit A was done with a 95% lower bound on the
amount of fundamental mode, and Fit B with a lower bound of 90%.

NA WA
Fit A Fit B Fit A Fit B

Residual [%] 0.43 0.35 0.39 0.48
HG2 [%] 2.6 2.8 1.8 1.4
HG01 [%] 0.1 2.4 0.0 0.7
HG10 [%] 0.0 0.0 1.7 0.7

HGM>2 [%] 0.4 0.6 0.5 0.7

In any case, both the modal decomposition and the ∆r analysis show that
the north arm cavity has a larger mode mismatch than the west arm. This
result is consistent with 2% mismatch in the north arm and 1.2% mismatch in
the west arm measured at the time with FSR scans.

3.6 Summary and overview

In this Chapter we saw the importance of TCS and wavefront sensing in Virgo
in particular due to the marginal stability of the recycling cavities. In that re-
gard, I presented the results of thermal tuning of the power and signal recycling
mirrors with view of improving the mode matching of the sidebands.

We also reviewed the multiple uses of the phase cameras at Virgo and saw
the first direct measurement of mode mismatch in the arm cavities using the
phase camera. Some questions remain regarding the mode content of the re-
flected beam from the cavity, which were not entirely put to rest even with the
use of modal decomposition. For this, the use of the phase information would
be crucial in order to obtain a unique modal decomposition fit.

Because of the issues with the B4 beam shape and the B1p beam fringes
discussed in Section 3.2.2, it was not possible to take these kinds of measure-
ments and do this kind of analysis more often. In order to further explore this
technique as a way to characterize mode mismatch, we developed a table-top
experiment with a phase camera monitoring the reflected beam from a cavity.
This work is developed and reported in Chapter 6.





Chapter 4
Simulating the O4b detector

Simulation studies are used to inform the optical design of the interferometer as
well as to support the design of the sensing and control schemes. Additionally,
simulations help during the commissioning process to deal with deviations
from the design parameters due to manufacturing tolerances and unforeseen
complications. We saw in the previous chapter, in Section 3.4, how useful
simulations can be, for example, to prepare the calibration shifts for the thermal
tuning of the power and signal recycling mirrors.

In Chapter 3 of Ref. [65] a simulation regarding the impact of optical HOMs
in PDH locking of linear and coupled cavities is presented. In the context of
Virgo, the work shows that the error signals for marginally stable cavities are
more sensitive to the presence of HOMs. In Ref. [205], simulations were used
to study the impact of angular control noise in the Virgo detector, including the
coupling of the angular and longitudinal degrees of freedom. These two works
were simulated using the Finesse software [206].

Due to several issues related to the addition of the signal recycling cavity
and in particular the marginal stability of the recycling cavities as discussed
in Section 3.1.1, the Virgo detector only joined the second part of the fourth
observation run (O4) in May 2023, the so-called O4b run. Initially, the upgrade
plans for the next scientific run O5, targeted the mitigation of thermal noise.
The plan was to install larger mirrors with improved mirror coatings with even
lower losses [105]. Given the issues with the marginally stable cavities during
the O4 commissioning, the priorities for O5 have since then shifted and the
focus is now on implementing stable recycling cavities by introducing focusing
elements. In this context, simulations have been done in OSCAR to evaluate
the impact of astigmatism in the losses of the planned stable recycling cavities
[207, 208].

Even though the plan is to shift towards stable recycling cavities, it is very
important to verify how well we understand the current working point of the
Virgo detector. As discussed in Ref. [66], accurate modeling of the detector
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is crucial to build an accurate noise budget of the detector and to design the
sensing and control schemes.

The work I will present in this Chapter was done in the context of simu-
lating the thermal working point of the interferometer and to see how well it
can reproduce the power recycling gains of carrier and sidebands and the CD
measured on-site. The recycling gains are a figure of merit for the quality of
the interferometer lock and the CD is directly related to the sensitivity of the
detector to GWs. The lowest the CD is, as defined in Section 3.3, the more
sensitive is the detector to the GW-induced sidebands we wish to detect.

In Ref. [209] simulations were done in OSCAR in order to reproduce the
observed CD and to test the use of an apperture to minimise HOMs in the
SRC. In the end, instead of using an apperture, the signal recycling mirror was
slightly misaligned in order to reduce the gain of HOMs and thus reducing the
CD. In the simulations I will present, the impact of tilting the signal recycling
mirror on the CD is evaluated as well as the impact of the thermal working
point of the detector and the arm cavity astigmatism.

As discussed in Section 2.5 and in Chapter 3, the circulating power in the
arm cavities changes the cavity eigenmodes as the optics are distorted as they
heat up. While the role of the TCS is to actuate and compensate for this change
in the thermal working point, we saw in Section 3.4 that it is not trivial to
characterize exactly the eigenmodes of the interferometer. Here, the thermal
working point was simulated in OSCAR using the RoC of the various optics
and hot and cold cavity g-factors published in the Optical Characterization
paper of the Virgo collaboration [113]. The simulation results, in particular
the carrier and sideband recycling gains and the CD were compared with the
detector values measured on-site as published also in Ref. [113].

In section 4.1 I detail the optical parameters of the Advanced Virgo detector
according to Ref. [113] that were used in the simulation. In the next section
I expand on the topic of optical simulations and in particular on the OSCAR
simulation code.

I start presenting the simulation results starting from the nominal detector
in Section 4.3, where the impact of astigmatism and common and differential
mode mismatches are evaluated. In Section 4.4 I present and discuss the results
of simulating the hot detector.

I conclude the Chapter with a summary of the conclusions and a discussion
on how well we can describe the thermal working point of the detector with the
information we have. In addition, improving our knowledge of the impact of
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thermal effects in the detector can also help achieving higher circulating power
in future upgrades.

4.1 The O4b detector in numbers

In preparation for O4, the marginally stable cavities caused many issues for
the commissioning of the detector. In particular, on-site studies show that im-
perfect mode matching of the recycling cavities and circulating higher-order
modes caused a bi-stability in the locking of the recycling cavities [190]. This
causing unpredictable jumps of the working point of the interferometer. Addi-
tionally, the issues with the recycling cavities limited significantly the achiev-
able input power. In the end, the detector was operated at 17 W input power.

The sensitivity of the Advanced Virgo detector during O4b was limited to
about 55 Mpc for binary neutron star (BNS) mergers1. This value is signifi-
cantly lower than the initial target sensitivity between 88 and 115 MPc. Fig.
4.1 shows an example sensitivity curve during the O4b science run.

Figure 4.1: Example sensitivity for binary neutron star mergers of AdV during the
O4b run, taken from the Virgo Interferometer Monitoring webpage.

The O4 sensitivity was limited not only by the issues mentioned above, but
also by an unknown technical noise affecting what is called the bucket of the
sensitivity curve, around 100 Hz. This so called mystery noise was fitted to
have a frequency dependence of 1/f

2
3 . A detailed study of possible sources of

this noise and their mitigation, can be found in Ref. [210].
1For this calculation two neutron stars of 1.4 solar masses are considered. The GW is as-

sumed to be optimally aligned with the interferometer.
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Despite the lack of success in finding the source of this mystery noise, it
was observed that misaligning the SRM mitigates its impact. The SRM mis-
alignment reduces the amount of resonant sideband extraction, and by virtue
of the marginally stable cavities, also the amount of circulating HOMs on the
antisymmetric side (dark port) of the interferometer. This has a positive im-
pact on the detector sensitivity. For this reason the interferometer was operated
with a misaligned SRM during the entirety of the O4b run. The impact of SRM
misalignment is discussed further in section 4.4.

Because of the marginal stability of the recycling cavities, or in other words
the high g-factor of these cavities (Section 3.1.1), it is very important to know
with precision the RoC of all the main optics. Table 4.1 lists a summary of
the measured characteristics of the main optics of the detector as well as their
intended design RoC values. The optics were characterized at Laboratoire
des Matériaux Avancés (LMA) in Lyon, the same laboratory responsible for
making and applying the reflective and anti-reflective coatings to the main op-
tics [211]. Fig. 4.2 shows the parameters of the optics superposed on a simpli-
fied optical schematic of AdV, as well as the remaining optical parameters of
the detector discussed in the rest of this section.

Table 4.1: Comparison of measured RoC and design RoC of the main interferometer
optics. Measured RoC and transmission taken from Ref. [113].

Desgin Measured in [113]
Mirror RoC [m] RoC [m] Transm.

PRM 1430 1477 4.835 [%]
SRM 1430 1443 39.6 [%]

North IM 1420 1425 1.377 [%]
West IM 1420 1425 1.375 [%]

North EM 1683 1695 4.4 [ppm]
West EM 1683 1696 4.3 [ppm]

As discussed in Chapter 3, the power recycling gain of the sidebands is an
important figure of merit of the interferometer, and an indicator of how well
the input beam, power and arm cavities are mode matched. For this reason, the
recycling gains change during the locking procedure and as the interferometer
heats up. An example of the dynamics of the recycling gains as a function of
the power in the arm cavities during the locking procedure is shown in Fig.
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Figure 4.2: Simplified optical schematic of AdV with the respective optical parame-
ters taken from [113] superposed on top. The SRM is misaligned as discussed in the
text (exagerated in the image).

4.3. We define the cold gains when only the CITF is locked (or just after
locking the arm cavities), and the hot gains when the arm cavities have heated
up and the science mode, or observation starts. In between, the power builds
up in the arm cavities as they are slowly brought to resonance in a process
that is called CARM reduction. At this time a small drift of the gains can
already be observed. We will try to reproduce the drop in sideband gains in the
simulations of Section 4.4.

Table 4.2 compares the design carrier and sideband recycling gains with the
measured gains for the cold and hot interferometer as published in Ref. [113].
These values were measured with the phase camera following the description
in Section 3.3.1.

Table 4.2: Design, cold and hot recycling gains reproduced from Ref. [113].

Gcarr G6MHz G56MHz

Design 42 72 53
Cold state 42 48 26
Hot state 39 24 17
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Figure 4.3: Sideband recycling gains vs. power in the arm cavities. Data points are
colored according to the corresponding step in the locking procedure. The points in
blue, when only the CITF is locked, are considered the cold gains. The points in
green, after the thermal transient and when the detector is in observation mode, are
considered the hot gains.

The values in Table 4.2 show only a fixed snapshot of the recycling gains.
In practice, these values vary depending on the quality and conditions of the
interferometer lock. I used the B4 phase camera signals and a single bounce
reference to compute the hot and cold gains from November 2024 to Febru-
ary 2025. In this way, for the 6 MHz sideband I measured a cold gain of
35.6 ± 3.4 and a hot gain of 21.9 ± 1.3. For the 56 MHz, I obtained a cold
gain of 23.3 ± 1.9 and a hot gain of 16.4 ± 0.8. While the 56 MHz gain is
within ∼ 10% of that of Table 4.2, the 6 MHz gain is as much as ∼ 25% away,
in particular for the cold state, from the values of Ref. [113]. The error bar,
or variability of the 6 MHz gain, is also higher from lock to lock. This might
indicate that its value is not only a function of the thermal working point of the
interferometer, which should remain more or less the same during this period,
but probably also of the quality of the lock and control signals.

From the carrier power recycling gain, the circulating power in the arm
cavities can be computed according to the following equation [113]

Pcirc = 1
2PinGPRGFP, (4.1)
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where GPR and GFP are the gains of the PRC and the arm cavity respec-
tively. In this way, at 17 W input power, the arm cavity circulating power is
96 ± 1kW.

Using the FSR scans of the arm cavities it is also possible to measure the
FSR, or the length of each cavity. This was done in Ref. [113] by comparing
the distance (normalized by the FSR) from the 56 MHz sideband to the car-
rier TEM00. Using the exact frequency value of the 56 MHz sideband, the
lengths of 2999.8203±0.0004 m and 2998.7884±0.0005 m were retrieved for
the north and west arm respectively.

The arm cavity round-trip loss (RTL) is another important optical figure of
the GW detector. Losses in the interferometer have a direct impact in the recy-
cling gains and can degrade the control signals used to keep the interferometer
locked. As discussed in Section 2.4.1, optical losses in the interferometer also
reduce the amount of injected squeezed light. Finally, characterizing the cavity
RTL confirms the enduring quality of the mirror test masses. These losses can
be due to absorption in the substrates and coatings of the optics, beam clipping
and scattering from mirror defects. In Ref. [113] an average value of 68 ppm
RTL was measured for each west and north arm cavities for 17 W of input
power.

Finally, the contrast defect, or CD, was measured using the phase camera
as described in Section 3.3 and a value of 2.9 × 10−4 was obtained, with the
SRM misaligned. Misaligning the SRM diminishes the contrast defect. Before
misaligning the SRM, the contrast defect is about twice as much. A lower
contrast defect results in better detector sensitivity.

4.2 Optical simulations with OSCAR

The fields circulating in a complex interferometer with multiple optical cav-
ities such as AdV cannot be computed analytically. Already for computing
the fields inside a lossy finite-aperture optical resonator numerical methods
are needed to solve the resulting integral equations [188]. The problem be-
comes even more complicated when considering realistic non-perfect mirrors
and thermal aberrations. For this reason, optical simulations are used to study
the interferometer response.

Two main classes of optical simulation codes are used in the GW com-
munity: modal methods and Fast Fourier Transform (FFT) methods. Modal
methods expand the electric field in a Hermite-Gaussian or Laguerre-Gaussian
mode basis (see section 1.3.1). This means that the proper mode basis needs
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to be selected as well as the maximum number of higher-order modes to be in-
cluded so as to describe the wavefront aberrations with sufficient precision and
detail. Computation time scales with the number of higher-order modes. Thus,
simulation of highly aberrated beams can take long, while quasi-ideal interfer-
ometers are very quick to simulate (which is very useful in the early stages of
design). Currently, the most common modal code in use is Finesse [206]. Its
ability to compute the frequency response of the interferometer makes it espe-
cially suited to design and validate the control schemes for the various degrees
of freedom of the interferometer.

In FFT codes an electric field is decomposed in a series of plane waves via
the Fourier transform. The plane waves are propagated across a medium and
the resulting electric field is recovered with the inverse Fourier transform.

A commonly used FFT code in the Virgo collaboration is the Matlab code
OSCAR, short for Optical Simulation Containing Ansys results. The name al-
ready gives an indication of one of the advantages of FFT codes. Ansys is a
Finite-Element Methods (FEM) simulation package, used in the GW commu-
nity to simulate the effect of thermal deformation in the mirrors. In OSCAR,
any wavefront distortion is characterized by an induced optical path length dif-
ference and so, it is able to include any arbitrary mirror profile, including ther-
mal effects as well as micro-surface roughness imperfections without added
computational time or convergence issues. This makes OSCAR ideally suited
to compute the impact of thermal effects in stationary solutions of Fabry-Perot
cavities or complex interferometers such as those used in GW detection. Fig.
4.4 shows such a mirror map with the surface imperfections measured at LMA,
the so-called cold maps.

In OSCAR, The electric field is discretized in a 2D NxN grid of a given size.
Then, the beam can be propagated in 3 steps. First, the beam is decomposed
into a sum of plane waves through the FFT. Under paraxial approximation,
propagation of a plane wave over a distance d corresponds simply to a phase
shift. Thus, the fast-Fourier transformed electric field is multiplied by a phase
shift corresponding to the propagated distance by a 2D point by point multipli-
cation. Lastly, the propagated beam is recomputed back from the plane waves
with the inverse FFT.

Any wavefront distortion is simply a 2D phase shift map, corresponding to
some equivalent optical path length applied to the electric field again with a 2D
point by point multiplication. This is the case for any lens, mirror (spherical
or not) or any other aberrated surface.
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Figure 4.4: Mirror surface map of the west input arm, measured at LMA. These
are often called cold maps because they are imperfections of the mirror itself in the
absence of thermally induced effects.

To compute the steady-state circulating fields in an optical cavity, OSCAR
first computes the necessary phase shift for the beam to resonate in the cavity.
Afterwards, an iterative method is used to compute the circulating fields inside
the cavity, propagating back and forth the circulating field until its value con-
verges within a set error margin. Higher-finesse cavities need a higher number
of iterations to compute the circulating fields.

Simulating the dual recycled Michelson interferometer is more complicated
than a single Fabry-Perot cavity. First, the resonance condition for the power
recycling cavity is found. This is done by propagating the beam through the
PRM and beamsplitter into the north and west arm cavities. The resonant
fields for each arm are computed as described above, and the small Michelson
distance between the beamsplitter and the arms is microscopically adjusted to
have both reflected fields from each arm add up coherently. Lastly, the distance
between the PRM and beamsplitter is microscopically adjusted to ensure that
the coherent field from the Michelson arms adds up coherently with the input
beam into the PRC.

The resonant condition of the signal recycling field is found by applying
a large dark fringe offset to the Michelson, in order to have the fundamental
mode of the arms leak into the dark port. Then, the length of the SRC is
detuned microscopically to find the highest circulating power.
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Finally, in a similar iterative process as described above, all the circulating
fields in the detector are computed, starting first with the reflected, transmitted
and circulating beams of the arm cavities, and then for the power and signal
recycling cavities in sequence.

Irrespective of any mode mismatch of the input beam and different optics,
the inclusion of thermal effects and mirror surface defect maps (such as the
one shown in Fig. 4.4) the process to compute the steady state beams in the
detector remains the same.

In idealized conditions, the discretization of the field makes the FFT code
more computationally intensive than the modal methods, which are analytic in
nature. However, the FFT code becomes more advantageous computationally
when aberrated beams need to be considered, as the modal method needs to
include more and more HOMs into the computation. Thus, the FFT code is
especially suited to compute the wavefront of the carrier and sideband beams
in the steady state of the interferometer at any desired point. The simulated
wavefront can be compared with the the phase camera images in the Virgo in-
terferometer. As I am interested in simulating a realistically (and significantly)
aberrated interferometer, all of the results in this chapter were obtained using
OSCAR.

4.3 The nominal detector

The starting point of simulating the Advanced Virgo detector is the nominal
detector, which is an idealized version of the interferometer. In this configura-
tion we expect to obtain the design carrier and sideband power recycling gains,
shown in the top of Table 4.2. The design carrier gain assumes a minimum but
non-zero amount of round-trip losses. In OSCAR, I introduce losses in the
north and west end mirrors until a carrier PRC gain of 42 is obtained. The
round-trip losses corresponding to the design carrier gain are 55 ppm per arm
cavity.

The sidebands recycling gain is set by design. In OSCAR, the exact side-
band frequencies of the 6 and 56 MHz sidebands are adjusted in order to have
their PRC gain match the design one.

In the nominal configuration, the RoC and transmission of all the main
optics are the same as shown in Table 4.1 and the input beam is perfectly mode
matched to the interferometer. No mirror maps are used, and in this way, the
contrast defect obtained is 4 · 10−7 with the SRM aligned. This value is about
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700 times smaller than the contrast defect measured in the real detector with
the SRM misaligned.

The nominal detector configuration is useful to test how particular defects
impact the detector in isolation, before moving on to simulate a more realistic
detector in the following sections.

4.3.1 Impact of astigmatism

The FSR scans of the Virgo arm cavities in Ref. [113] were seen to have a dou-
ble resonance for the first and second-order modes which can be attributed to
astigmatism of the cavity. The cavity g-factor was fitted for each of these res-
onances and, for each arm, the astigmatism was estimated from the difference
between the two obtained g-factors. Fig. 4.5a shows a schematic of the two
cavity eigenmodes and g-factors due to astigmatism. Note that from the cavity
FSR scans, the g-factor g = g1g2 is fitted, but no information is retrieved on
each g1 and g2 independently. This means that the measured astigmatism is
over an equivalent cavity mirror RoC. Note as well that no information on the
orientation of the astigmatism can be retrieved in this way, as we cannot know
from the FSR scan which second-order peak corresponds to the major axis and
which to the minor axis.

(a)

x�RoC = RoC  - RoCy

(b)

Figure 4.5: (a) Schematic of the two cavity eigenmodes due to asgitmatism. In blue
the beam profile across the x axis is shown and in red the profile across the y axis.
(b) Astigmatism definition as the difference between the RoC over the x and y axis.
Notice that the orientation of the astigmatism ellipse is unknown from the FSR scans
as described in the text.

Thus, in Ref. [113] an astigmatism of ∆RoC = 1.8 m was measured for
the north arm and ∆RoC = 2.4 m for the west arm. This astigmatism is
defined as the difference in RoC between the major and minor axis as shown
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in Fig. 4.5b. Despite these measurements, during the characterization of the
optics at LMA, no significant astigmatism was measured. However, the FSR
scan measurements are indubitable in this regard. The measured astigmatism
could be explained by gravity-induced stress from the mirror suspension and
also from small asymmetry in the ring heaters around the mirrors or simply
small manufacturing errors that evaded measurement at LMA.

Measurements done with the ring heaters on and off reported in Ref. [212],
show that the ring heaters could be responsible for about 0.5 m astigmatism.
Note that while ring heaters are installed on both the input and end mirrors of
each cavity, only the end mirror ring heaters are turned on.

In order to understand the impact of astigmatism in the detector, I first add
a 2 m difference in the RoC in one of the axes of the north input mirror. In
this way, the CD goes from 4 · 10−7 to about 1 · 10−4, with the SRM aligned.
The impact on the CD is the same whether the astigmatism is in the x or y

direction. The only difference is that for astigmatism in the x axis, the dark
port beam becomes dominated by the HG20 mode and for astigmatism in the
y direction by the HG02 mode.

A 2 m astigmatism over a RoC of 1420 m, corresponds to about 0.15%
astigmatism. Because it is so small, no impact is observed in the PRC itself.
The dark port, however, is sensitive to all the differential defects and higher-
order modes in the interferometer.

Adding the same amount of astigmatism, 2 m, in the north end mirror (and
none in the input mirror) results in a CD of 2 · 10−4. In terms of mode content
at the dark port, there is a 1% increase in the amount of HG02.

It is not clear why there is a slightly larger CD and amount of HG02 for the
astigmatic end mirror instead of astigmatic input mirror. In terms of the cavity
eigenmode, the astigmatism added to the input mirror moves the waist (in the
astigmatic axis) away from input mirror, while the astigmatism added to the
end mirror moves the waist towards the input mirror. This seems to result in a
slightly different mode coupling. Comparing the HG02 mode in the two cases,
there is not an exact overlap between them.

Added astigmatism in the west arm has a similar effect as that in the north
arm. However, the same astigmatism, in the same axis, on both arms can-
cel each other out, and the mode content at the dark port remains unchanged.
This means that the orientation of the astigmatism in each arm cavity is impor-
tant when simulating its impact on the detector, since it will have a bigger or
smaller impact depending on the relative orientation. However, with the FSR
scan method mentioned above it is not possible to have any information on the
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orientation of the astigmatism. For this reason, I tested in the simulation the
best and worst case scenarios to see their impact on the CD.

Besides not measuring the astigmatism orientation, the FSR scans also can-
not distinguish between astigmatism in the input and end mirror. However, the
ring heater test mentioned above points to about 0.5 m astigmatism induced
from the ring heater, so I have included this astigmatism in the simulation as
well. Table 4.3 shows the results of different astigmatism orientation on the
CD, with and without the tilt of the SRM.

Table 4.3: OSCAR Simulation results for the CD with and without an SRM tilt for
different astigmatism configurations. The orientation of the astigmatism, either x or y,
is shown in parenthesis. The worse and best case scenarios were tested.

CD astigmatism [m]
SRM align SRM tilted NIM NEM WIM WEM

1.2 · 10−5 1.1 · 10−6 1.8 (x) 0 2.4 (x) 0
2.5 · 10−4 4.5 · 10−5 1.8 (y) 0 2.4 (x) 0
2.3 · 10−5 1.8 · 10−6 0 1.8 (x) 0 2.4 (x)
4.7 · 10−4 8.7 · 10−5 0 1.8 (y) 0 2.4 (x)
1.2 · 10−5 1.1 · 10−6 1.3 (x) 0.5 (x) 1.9 (x) 0.5 (x)
2.9 · 10−4 5.5 · 10−5 1.3 (y) 0.5 (y) 1.9 (x) 0.5 (x)

The results shown in Table 4.3 show that the astigmatism cannot be ignored
when simulating the real detector, due to its impact on the CD. Given the real
value of the CD of 2.9 · 10−4 when the SRM is tilted, we can see that in the
worst case the measured astigmatism can contribute up to one third of the
observed CD.

4.3.2 Common and differential mismatches

Typically, we can distinguish between common and differential mode mis-
match in the coupled cavity formed by the PRC and the arm cavities. The
common mode mismatch affects both arms of the Michelson equally. This can
be, for example, a change in the RoC of the PRM away from the design value,
or a similar lens effect in both north and west arm compensation plates. The
differential mismatch can be due to a different change in the RoC of the north
and west input mirrors, or a different lens effect in each north and west arm
compensation plates.
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Figure 4.6: Change in the (power) recycling gain of sidebands and carrier as the RoC
of the PRM is detuned. Simulated in OSCAR.

Typically, both common and differential mismatches will impact the recy-
cling gains, but the differential mismatches will also increase the power at the
dark port, hence worsening the CD.

First, we start with the common mismatch. Fig. 4.6 shows the impact of a
non-ideal RoC of the PRM on the power recycling gains. This figure is similar
to the last panel of Fig. 3.8, but here I have also included the carrier recycling
gain. The most important point here is that the carrier is much less affected by
mismatch of the PRM because it is mostly dominated by the mode of the arm
cavities. The sidebands, however, as we had already seen in Section. 3.4, are
more sensitive to mismatch in the recycling cavity.

The north arm compensation plate has been measured to have a significant
lens, a so called cold lens. We use the word cold to indicate that the lens is
there irrespective of the circulating power in the interferometer, as opposed
to thermal lenses arising from optical absorption (see Section 2.7). While the
transmission of the compensation plate suggests a 70 km lens, a study made
on-site at the detector measured a cold lens closer to 30 km [213].

Thus, it makes sense to investigate the impact of asymmetric lensing in the
detector. This was done in the simulation by introducing a lens in each arm at
a time. In place of the compensation plate, the lens is introduced in the mirror
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Figure 4.7: CD values for a cold lens in the compensation plate of either the north or
west arms of decreasing focal length.

map of the anti-reflective side of the respective input mirror, but the results can
be interpreted in light of a cold lens in the compensation plate.

A systematic scan of the focal length of the thermal lens from 30 km up to
250 km was done for each arm at a time. Fig. 4.7 shows the CD for the two
positions of the thermal lens, with the SRM aligned. The impact on the CD
starts being quite significant for focal lengths smaller than 50 km.

In addition, Fig. 4.8 shows the PRC gains for the 6 and 56 MHz gain for
the thermal lens in each arm. Already with a 250 km lens, the sidebands gains
are negatively impacted. Note that the cold lens of the north arm compensation
plate should be compensated by the DAS of the TCS (see Section 2.7 for more
details on the DAS). However, given its significant impact on the CD and PRC
gains, even a residual asymmetric lens might cause trouble to the detector.

Since both common and asymmetric effects impact the PRC gains, this is
not a good figure of merit to characterize the asymmetric lensing, much less to
determine the position of the lens and where the correction needs to be applied.
However, this could potentially be done using the sideband images. Figure 4.9
shows the B4 and B1p images for the 6 MHz sideband for a thermal lens of
70 km in the north (upper panels) and west (bottom panels) arms respectively.
From these images, we can see the B1p images are sensitive to where the ther-
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Figure 4.8: Sideband (power) recycling gains for a cold lens in the compensation
plate of either the north or west arms of decreasing focal length.

mal lens is positioned. This is to be expected as the dark port, or asymmetric
port is by design sensitive to differences between the two arms.
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Figure 4.9: Upper and lower 6 MHz sidebands at the dark port (B1p beam) for a
70 km lens in the north arm in the upper panels and a 70 km lens in the west arm for
the bottom panels. Left side panels show the 6 MHz lower sideband in both cases, and
right side panels show the upper sideband.
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Figure 4.10 shows the same images but for the 56 MHz sideband. In this
case, even though upper and lower sideband have different modes due to the
asymmetric mismatch, one cannot really tell them apart as the modes are not
consistent for the two cases. This is the case because the 56 MHz sideband
resonates in the SRC, coupling further the symmetric and asymmetric portions
of the beam.
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Figure 4.10: Upper and lower 56 MHz sidebands at the dark port (B1p beam) for a
70 km lens in the north arm in the upper panels and a 70 km lens in the west arm for
the bottom panels. Left side panels show the 56 MHz lower sideband in both cases,
and right side panels show the upper sideband.

In summary, the power recycling gains, of the sidebands in particular, are
a good figure of merit to optimize the common mode matching in the PRC.
The sideband images at the dark port can be used to determine the position
of the cold lens. This is especially the case for the 6 MHz sideband images.
Finally, the asymmetric mismatches have a significant impact on the CD while
the common mismatches do not. Even a residual asymmetric lens that is not
entirely corrected by the TCS can cause trouble and should be included in the
simulation of the real detector. Note that here we do not discuss mismatch of
the SRC since, as shown in Fig. 3.8, this has negligible impact on the sidebands
and CD.
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4.4 The hot O4b detector

We are now ready to simulate the full realistic interferometer that was in op-
eration during the O4b run. The first step is introducing in the OSCAR code
the RoC of all the main optics. Even though Table 4.1 has the RoC values as
measured at LMA, these are not necessarily the ones we should use in the sim-
ulation. When the interferometer is fully locked, the high circulating power in
the arm cavities (96 kW) heats up the test masses. The increased absorption at
the test masses causes their RoC to change and thus the cavity g-factor changes
accordingly.

In Ref. [113], the change in the g-factor of the arm cavities was measured
when the detector goes from cold to hot. In order to do this, the interferometer
is locked for at least one hour, so that the cavities heat up and the thermal
transient is over. Afterwards, the interferometer is purposefully unlocked and
FSR scans of the arm cavities are started right away.

Even though it is not possible to measure the thermal transient of the arm
cavities while they are locked, with this method it is possible to monitor the
cavities as the mirrors cool down. From this measurement, a decrease of 1.5 m
per mirror was estimated for both the north and west arm cavities when hot.

Additionally, the g-factor of the cavities was measured with the end mir-
ror ring heater on and off to measure its effect on the end mirror RoC. This
measurement estimated a −24.6 ± 0.9 m change for the NEM due to the ring
heater and −27.3 ± 0.6 m for the WEM.

Due to the astigmatism in the arm cavities two (cold) g-factors were mea-
sured in Ref. [113], one for each x and y axis. Using these cold g-factors as
well as the changes induced by the ring heater, I recovered the cold RoC of
each cavity mirror for each astigmatic orientation, arriving at slightly different
values than those measured at LMA which are shown in Table 4.1. Since the
measurements at LMA are made using a reference surface [211], it is possible
that there could be a sub-percent systematic error in the measurement. Addi-
tionally, the mirrors are suspended in a different way with respect to how they
were at LMA, which could also justify a difference of a few meters.

To stay consistent with the study of Ref. [212], I used the astigmatism val-
ues on the last row on Table 4.3 for the simulation: +1.3 m and + 0.5 m along
the y axis for the NIM and NEM and +1.9 m and +0.5 m along the x axis for
the WIM and WEM. Given that we cannot know the orientation of the astig-
matism, I fixed it arbitrarily but with opposite directions between the north
and west arm cavities, to have the worst-case scenario (as discussed in Section
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4.3.1). In this way, the cold g-factors for the north arm cavity for each x and y
axis are written as

gNA
x =

(
1 − LNA

1425 − 5.24
)(

1 − LNA
1695 − 5.24 − 24.7

)
= 0.8920 (4.2)

gNA
y =

(
1 − LNA

1425 − 6.18
)(

1 − LNA
1695 − 6.18 − 24.7

)
= 0.8943, (4.3)

where LNA = 2999.8203 m is the length of the north arm cavity. Similarly,
the cold g-factors of the west arm are written as

gWA
x =

(
1 − LWA

1425 − 5.1
)(

1 − LWA
1696 − 5.6 − 27.3

)
= 0.8949 (4.4)

gWA
y =

(
1 − LWA

1425 − 4.35
)(

1 − LWA
1696 − 4.35 − 27.3

)
= 0.8919, (4.5)

where LWA = 2999.7884 m is the length of the west arm cavity.
Ref. [113] indicates -1.5 m RoC change per mirror when the arm cavities

heat up. However, as also mentioned in the article, this does not take into
account the different size of the beams at the input and end mirrors. Taking
this into account, the thermal effect is about 40% smaller at the EM. Thus,
scaling accordingly the RoC difference with respect to the experienced thermal
effect, the input mirror should experience -1.735 m in RoC, and the end mirror
-1.235 m. Finally, the hot g-factors can be written as

gNAhot
x =

(
1 − LNA

1425 − 5.24 − 1.765
)(

1 − LNA
1695 − 5.24 − 24.7 − 1.765

)
= 0.8956

(4.6)

gNAhot
y =

(
1 − LNA

1425 − 6.18 − 1.235
)(

1 − LNA
1695 − 6.18 − 24.7 − 1.5

)
= 0.8979,

(4.7)
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and

gWAhot
x =

(
1 − LWA

1425 − 5.6 − 1.765
)(

1 − LWA
1696 − 5.1 − 27.3 − 1.765

)
= 0.8985

(4.8)

gWAhot
y =

(
1 − LWA

1425 − 4.35 − 1.235
)(

1 − LWA
1696 − 4.35 − 27.3 − 1.235

)
= 0.8955.

(4.9)

The denominators of the hot g-factors of Eqs. 4.6, 4.7, 4.8 and 4.9 were
the values used in the simulation for the input and end mirrors of the north and
west arms respectively.

For the power and signal recycling mirrors the RoC of Table 4.1 were used
as starting points. In addition, the SRM is tilted by 2 µrad in the y direction, to
mimic what is done in the real detector, as discussed above.

The observables we want to match with the simulation are the CD and the
power recycling gains of carrier and sidebands. Having fixed the mirrors RoC
as defined above, I tuned the following parameters of the simulation in order
to match the simulation with the real detector:

• PRM RoC - As discussed in Section 3.4, the RoC of the PRM was de-
creased using the CHRoCC to get it closer to the design value of 1430 m.
However, we do not know exactly what is the RoC achieved, and so this
was left as a parameter of the simulation in order to introduce common
mode mismatch. As discussed in Section 3.4, this detuning of the PRM
also takes into account any possible mismatch of the input beam param-
eter, as both have a similar effect in the interferometer.

• Mirror cold map scaling - in addition to the astigmatism which worsens
the contrast defect, I had to further aberrate the detector to reach the CD
levels measured on-site. This was done by increasing the amplitude the
cold maps in the arm cavities by re-scaling them. This has the effect of
changing the mode of the north and west arm cavities asymmetrically,
thus increasing the contrast defect.

• Arm cavity round-trip loss - the RTL was tuned, by adding losses to the
cavities end mirrors by convention, in order to adjust the carrier gain to
the value measured on-site.
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At this point, I assumed the asymmetric lensing of the cold plates was en-
tirely compensated by the DAS of the TCS (recall the DAS and compensation
plates introduced in Section 2.7).

In this way the simulation was matched to the real detector with a PRM
RoC of 1446.5 m (1430+16.5) and a total of 65 ppm RTL in each arm cavity,
versus the 68 ppm estimated by the OptChar group in Ref. [113]. The RTL
value in the simulation includes 29 ppm introduced in each cavity end mirror
plus an estimated 72 ppm losses from the cold maps in the two cavities. The
cold maps of the west arm mirrors were scaled to roughly twice of the original
value, in order to achieve the CD value of 2.9·10−4. This scaling was already
included in the computation of the RTL. Table 4.4 shows a comparison of the
simulated and real detector.

Table 4.4: Comparison of the simulated detector in OSCAR with the recycling gains
and CD of the real detector as published in Ref. [113].

Gcarr G6MHz G56MHz CD CD SRM tilted

Sim. 39 24 18.6 1.3 · 10−3 2.9 · 10−4

Meas. 39 24.0 ± 0.7 17.0 ± 0.9 0.6 · 10−3 2.9 · 10−4

While the matching between the simulation and the real detector is close,
it seems we cannot reproduce the gap in recycling gain between the 6 and
56 MHz sideband compared to what is measured on-site. The tuning of the
PRM RoC was done to match the 6 MHz sideband gain and the 56 MHz gain
is still ∼9% higher than measured on-site. Introducing asymmetric lensing in
one of the arms did not improve this.

Something else of note is the drop in CD when tilting the SRM. The tuning
of the CD was done with the SRM tilted, so comparing the CD without the tilt
works as a consistency check with the real detector. In the simulation, the CD
drops by more than 4 times, while in the real detector we observe a drop of
about 2 times. If we assume the actual tilt of the SRM is slightly smaller, we
can achieve in the simulation the same CD after tilting the SRM by 1.2 µrad
without a scaling of the cold maps. In this case, the CD only drops by 3 times
with the SRM tilt, which is closer to what is measured on-site.

In order to better study the impact of tilting the SRM on the CD, I did the
modal decomposition of the beam after the SRM with and without tilt up to
mode order 20. The power per mode with the SRM aligned and misaligned is
shown in Fig. 4.11.
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In the figure we can see that when the SRM is tilted, the power of the
even modes is decreased very significantly, but the power of the odd modes in-
creases. This is because while the mirror misalignment decreases the enhance-
ment factor of the SRC, it also excites odd modes due to its misalignement.
This different impact on different modes indicates that in order to accurately
simulate the impact of the SRM tilt accurate knowledge of the mode content
at the dark port is necessary.
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Figure 4.11: Power at the dark port per modes of same order, up to order 20. Values
are shown with the SRM aligned and misaligned, for the case of 17 W input power.
Simulation done in OSCAR with the hot detector parameters described in the text.

4.4.1 Checking for consistency with the cold detector

Despite the good matching between simulation and the real detector shown
in Table 4.4 the thermal working point of the CITF was adjusted arbitrarily
to match the recycling gains by tuning the PRM. Different working points,
including for example cold lens in the compensation plates, or a different dis-
tribution of the astigmatism and different PRM RoC could achieve the same
recycling gains.

Another way to check the validity of the hot working point is to check
the cold recycling gains with the same configuration. In terms of the thermal
working point of the CITF, the only difference should be the -1.5 m RoC in
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the arm cavities. We assume there is no significant thermal distortion in the
PRC as the circulating power there should be lower than 1 kW, as compared
to the 96 kW in the arm cavities. With this assumption, I removed the -1.5 m
contribution from the cavity mirrors, and added an offset to the arm cavities to
bring them out of resonance. Everything else remains the same. Recomputing
the recycling gains for this cold configuration, we obtain 29.1 and 23.6 for the
6 and 56 MHz recycling gains respectively. Table 4.5 shows a summary of the
hot and cold interferometer comparison.

Table 4.5: Comparison between the cold and hot recycling gains in the OSCAR sim-
ulation, Ref. [113] and the values measured with phase camera during O4b.

6 MHz SB 56 MHz SB

cold hot cold hot
Simulation 27.5 24 22.5 18.6

measurement [113] 48 24.0±0.7 26 17.0±0.9
PhC meas. 35.6 ± 3.4 21.9 ± 1.3 23.3 ± 1.9 16.4 ± 0.8

While the 56 MHz gain is close to that measured in the real detector, the
6 MHz gain is 43% smaller than the value of Ref. [113] and 23% smaller than
the values measured with the PhC here. It seems that we cannot reproduce the
drop in the 6 MHz gain with just the g-factor change of the arm cavities.

4.5 Overview and outlook

This simulation work shows that optical parameters measured by the Virgo
OptChar group and published in Ref. [113] can, with just a couple of free pa-
rameters, describe much of the detector behavior with what regards the side-
bands recycling gains and the CD, which directly impacts detector sensitivity.
This means that mode matching and the thermal working point have a large
impact on the performance of the Virgo detector. Even so, mode mismatch
alone is not enough to describe the gain of the 56 MHz sideband, which is off
with respect to the measurement of Ref. [113] by 8.5%. The simulations of the
Appendix B show that a mistuned etalon of the input mirror substrates could
account for this difference.

Even though there is a good match between simulation and the real detec-
tor in terms of recycling gains in the hot state, the drop in the 6 MHz sideband
after the thermal transient that is observed on-site is difficult to account for just
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in terms of the cavity matching. Future work should investigate the magnitude
and impact of a possible thermal lens in the beam splitter. Additionally, there
could be other dynamics of the various control loops that keep the interfer-
ometer locked that impact especially the 6 MHz sideband and are not taken
into account in the OSCAR simulation. This would explain also the larger
variability of the 6 MHz sideband gain observed on-site.

Additionally, we have seen that just from these parameters alone we cannot
uniquely determine the thermal working point of the detector. This warrants
the need for a direct measurement of the cavity eigenmodes as, for example, is
discussed in the review article of Ref. [2].

Additionally, we have seen that the change in CD when tilting the SRM
is not exactly reproduced. In fact, it is shown in Fig. 4.11 that the impact of
tilting the SRM on the amount of power at the dark port depends on the mode
content. Hence, fully matching the simulation to the real detector requires
knowledge of the mode content at the dark port. Here, the phase camera can
be crucial since it can be used to perform modal decomposition of the carrier
beam.

In the next part of this thesis I present two table-top experiments with the
aim of using the phase camera to address some of these issues. There, the
phase camera is used to measure mode mismatch (Chapter 6) and the higher-
order mode content (Chapter 7) of optical cavities. These experiments are the
first step in showing how the phase camera can be used in GW detectors to
fully characterize the eigenmodes of the interferometer.



Part III

Table-top experiments with the
phase camera





Chapter 5
A custom phase camera for
table-top experiments

In this chapter, I detail the development of a custom phase camera, similar to
the ones used at Virgo as described in section 2.6.4 and in References [20,142].
The developed phase camera was used in two distinct table-top experiments.
One using the phase camera in reflection from a cavity to measure mode mis-
match is detailed in Chapter 6. The other, detailed in Chapter 7, uses the phase
camera in transmission of a cavity to detect the higher-order modes of the cav-
ity while it is locked.

In Section 5.1, I start by giving an overview of the hardware choices and
practical implementation of all aspects of the developed phase camera. Next,
in Section 5.2, I present in detail the characterization of the phase camera with
respect to the amplitude and phase information, respectively. It is crucial to
validate that the phase camera is measuring both amplitude and phase cor-
rectly.

5.1 Developing a scanning phase camera

The development of our custom phase camera happened in collaboration with
the phase camera group at Nikhef. Following the COVID-19 crisis, due to
electronic shortages, Nikhef was unable to provide the original ADC board
and acquisition electronics used in the Virgo phase camera. Thus, the great-
est motivation to opt for developing a custom phase camera was the ability
to choose readily available commercial options for all the components. Addi-
tionally, building the knowledge in-house has its own advantages in terms of
adaptability, customization and control.
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5.1.1 Hardware choices

As discussed in section 2.6.4, the main components of a phase camera are a
fast photodiode, a piezo scanner to scan the laser beam over the photodiode,
an ADC and a field programmable gate array (FPGA) for data acquisition and
control. If a reference beam is used, an AOM is also necessary. Table 5.1 lists
all of the main pieces used in our custom phase camera. Below, I detail each
piece of equipment and the reasoning for its choice.

Table 5.1: Main phase camera components.

model company

photodiode + amplifier N/A custom Nikhef
piezo scanner S-335.2SHM1 PI
scanner driver E-727.3SDAP PI

FPGA + ARM CPU ALPHA250-4 Koheron
AOM MT40-IIR80-Fio-SM AA Optoelectronic

Fast photodiode

Nikhef provided a custom fast InGaAs photodiode and amplifier electronics.
It is slightly different from the Virgo photodiode since it has a diameteter of
70 instead of 55 µrad. A larger area means a larger capacitance and, hence
a slower response time and slower bandwidth. The transimpedance amplifier,
model HMC799LP3E from Hittite Microwave Corporation, now part of Ana-
log Devices, has a 700 MHz bandwidth. The overall photodiode, following
experimental tests, was deemed to have a bandwidth larger than 250 MHz.

Piezo scanner and driver

The original phase camera used the tip/tilt platform from Physik Instrumente
(PI) model S-334. This model has since been replaced by the S-335, so we
acquired from the same company the tip/tilt platform model S-335.2SHM1.
The scanner already came with a half-inch silver mirror installed. Overall, it
has the same characteristics as the previous model, with 35 mrad range and
similar bandwidth but improved resolution. It has 1 µrad closed-loop resolu-
tion against the 5 µrad resolution of the old model. The maximum operation
frequency recommended by PI is one third of the mechanical resonance of the
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scanner plus mirror system. With a half-inch mirror, this resonance frequency
should be, according to the manual, around 1.60 ± 0.32kHz. Therefore, the
maximum open-loop control frequency should be just over 500 Hz.

The scanner of the original Virgo phase camera is driven by an analog driver
from PI, due to bandwidth constraints. However, after exchanging notes about
our desired application, we were advised by the technical sales team at PI to
get the E-727.3SDAP digital driver. It does not impact negatively the actuation
bandwidth and it has the necessary amplification, strain gauge readout, closed
and open-loop operation in a single compact piece of equipment. Another
advantage of this driver, as discussed in section 5.1.3, is the ability to control
the scanner via Serial Peripheral Interface (SPI).

FPGA and CPU

The phase camera requires digital demodulation of the photodiode signal in
the two quadratures. This is normally implemented on an FPGA. Additionally,
the FPGA must connect to an analog-to-digital converter (ADC), and finally
the demodulated data needs to be accessed by some sort of computer. The
ALPHA250-4 board, from Koheron, provides all of the above in a compact
design. It is based around the Zynq 7020 System on a Chip (SoC) from AMD
providing a mixed processor + FPGA architecture. This means it has the func-
tionalities of an FPGA, but it can also run an operative system, such as Linux,
on the ARM processor. We acquired the option with 4×ADC front ends, each
with 250 Msps sample rate and 14 bit resolution. The noise level on the ADC
front end is below 20 nV above 300kHz. Another advantage of the ALPHA250
board, is that it is commercially available and requires no custom parts, so it is
more easily accessible and ideal for prototyping.

AOM

One disadvantage of the ALPHA250 board with respect to the original Virgo
design, is the loss in ADC bandwidth. The Virgo design uses the ISLA214P50
ADC board from Intersil, which has 500 Msps against the 250 Msps of the
ALPHA250 board. In order to make up for the loss in bandwidth, we use an
AOM (MT40-IIR80-Fio-SM from AA Optoelectronic) for the reference beam
which provides a 40 MHz shift instead of the 80 MHz of the Virgo phase cam-
era. A larger frequency shift may be useful to help separate close sidebands,
but this is not really an issue for the table-top experiments developed in this
work. In this way we lower the ADC requirements for data acquisition.
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In the next section, I describe with more detail the data acquisition and
demodulation with the ALPHA250 board.

5.1.2 Data acquisition and signal demodulation

The programming of the ALPHA250 board was done by Dr. Demin, who
works as a research software engineer at CP3. I worked with him to define
the phase camera requirements in terms of the necessary signal demodulation
as well as the scanner control. The programming of the ALPHA250 board is
a mix of hardware programming, as usual in FPGAs, with software program-
ming of the ARM processor.

The FPGA was programmed in Vivado, where the signal acquisition and
demodulation architecture, shown in Fig. 5.1, was implemented. The PhC
photodiode signal is acquired by the ADC0 on the ALPHA250 frontend and
is mixed with 7 local oscillators for demodualtion in both I and Q quadratures
for each of the 7 frequencies. All local oscillators are implemented with Di-
rect Digital Synthesis (DDS) using a combination of a look-up table with 2048
quarter-wave period samples of the cosine waveform and Taylor series cor-
rection in order to obtain 24 bit sine and cosine wavefunction at the required
frequency. The demodulation frequencies are software defined, but a typical
demodulation scheme is shown in Fig. 5.2.
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Figure 5.1: FPGA block diagram showing the acquisition and demodulation pipeline
from the ADC frontend to the CPU. Seven local oscillators LO0-LO6 are used for
demodulation as shown in Fig. 5.2. Low pass filtering is achieved with two sets of
cascaded integrator-comb (CIC) filters to achieve the required level of decimation.
More details are given in the text.
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The remaining ADC inputs are used for the AOM and EOM electrical ref-
erences respectively. These signals are mixed with the same local oscillators
in order to obtain correction signals to offset a time dependence of the demod-
ulated phase signal as discussed in References [20, 142] and in Section 5.2.2.

LO0 - DDS

fAOM fAOM+ fAOM -

fAOM+ fAOM -

LO2 - DDS

fEOM2

LO5 - DDS

fEOM2

LO6 - DDS
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PDH2 LSB2. USB2
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fEOM1
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fEOM1

LO4 - DDS

fEOM1

PhC PD

ADC0

Figure 5.2: Block diagram depicting the demodulation of the photodiode signal with
the 7 local oscillators. The demodulation freuqencies are software defined, but a typ-
ical example is shown in order to demodulate the optical beatings of the carrier and
each sideband with the reference beam, as well as the sideband only signals (some-
times referred in the text as the PDH signal).

Finite input response (FIR) filters are used after demodulation to filter out
any unwanted signal contamination. In this case, the FIR filters are imple-
mented in two stages of cascaded integrator-comb (CIC) filters. Two stages
are necessary to reach the required level of decimation for the low-pass filter-
ing.

A server, written in C, runs on the ARM processor and is responsible for
communicating with an outside process through sockets and for interfacing
with the scanner driver as well. The server accepts the following commands
from the outside:

• set scanning rate - rate at which the position of the scanner is updated.
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• set sampling rate - rate at which the demodulated data is read from the
FPGA registers.

• set up to 7 demodulation frequencies - Even though the frequencies are
set by the client, the typical values in terms of the AOM and EOM fre-
quencies are shown in Fig. 5.2.

• clear coordinate buffer - where the scanner positions to be scanned over
are stored.

• add coordinates to the buffer.

• set position - command the scanner to go to a single position in x and y.

• run scan - goes through a full scan, corresponding to the coordinates
loaded in the buffer, at the defined scanning rate. Additionally, it saves
the demodulated data, at the defined sampling rate, and in the end of the
scan, sends it back to the client.

It is clear from the above list of commands that the operation of the phase
camera is highly modular. This means that from the client side it is possible to
configure the desired demodulation frequencies, to load any scanning pattern
needed, or even control the scanner in a step-by-step manner. This modularity
is very useful for prototyping. It will be clear from Chapters 6 and 7 how the
phase camera can be used in very different ways without any changes to the
underlying programming of the ALPHA250 board.

In turn, I developed the client side of the phase camera in Python. A class
ScannerConn wraps the basic commands the server side expects. This class
has the main following commands/functions:

• connect and disconnect from the ALPHA250 board.

• configure - a single command that configures the scan and sample rate,
and also sets 4 demodulation frequencies taking into account the AOM
and EOM frequencies: fAOM for the carrier frequency, fEOM for the
PDH beat, fAOM − fEOM for the USB and fAOM + fEOM for the LSB.
Three more demodulation frequencies could be used if another pair of
sidebands is used. These frequencies are received by the server running
on the ALPHA250 board, and generated by the DDS of each local oscil-
lator as described above.

• save coordinates - save any scanning pattern to the ALPHA250 board.
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• scan - tell the board to start scanning and wait to receive the demodulated
data.

• read data - helper function to take data from buffer.

• move to given coordinate.

• go home - command for the scanner to go to the centered position, at
17.5 mrad in both x and y.

The demodulated data is sent to the client as a complex number, a + ib, for
each demodulation frequency, as shown in Fig. 5.2, plus the corresponding
correction signals demodulated from the electrical references as shown in Fig.
5.1. The amplitude is simply the module of this complex number,

√
a2 + b2,

and the phase is its angle, arctan (a/b).

5.1.3 Scanner set-up and control

Scanner control through the FPGA is done via SPI. This is very convenient as
there is no need to go through any digital-to-analog converters (DAC) which
have their limitations in terms of bandwith and bit resolution. In this way,
we are only limited by the bandwith and resolution of the scanner itself. The
readout of the gauge sensors is also done through SPI but it has not been im-
plemented yet on the FPGA. For now, the sensors can be monitored via a PC
connected by a USB cable to E727 driver and using the PI control software.

Both the previous scanner model, used in the Virgo phase camera, and the
more recent model used in our custom version, come equipped with gauge
sensors. These sensors can be used to read the position of the scanner or for
closed-loop operation, where a PID feedback loop calibrated by the manufac-
turer ensures better repeatability, at the cost of a small loss in angular reso-
lution. Thus, both models allow for open and closed-loop operation of the
piezos.

For the Virgo phase camera it was opted to use the closed-loop operation to
gurantee long-term stability. The old scanner model used in the Virgo phase
camera has 5 µrad resolution in closed loop, while the new model we are using
has a 1 µrad closed-loop resolution against 0.1 µrad in open-loop. Despite the
loss of resolution, we opt for closed-loop operation as well, for similar reasons.

Another reason to do so is due to the gauge sensor readout not being imple-
mented yet. In closed-loop we guarantee the correct coordinates are reached.
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Otherwise, in open-loop, the gauge sensors would have to be used in order to
ensure the image is correctly reconstructed every time.

Scanning angles and reference frames

In the discussion that follows, I have distinguished between mechanical and
optical angles. Mechanical angle refers to the actuation angle applied to the
scanner, while the optical angle refers to the deflection angle experienced by
the incident beam on the mirror. Because of Snell’s law of specular reflection,
the optical angle is twice the mechanical angle. This is shown in Fig. 5.3a for
the yaw angle, where the reflection angle experienced by the incident beam is
twice the angle between the home position normal vector of the mirror, and the
normal of the mirror after rotation, θYopt = 2θY.

When programming the scanner, the client inputs the scanning pattern or
scanning commands in terms of the scanning pitch and yaw angles. The rela-
tion between the scanning yaw angle, θY, and the covered distance at the plane
of the photodiode is given by (see Fig. 5.3a)

dx = LspθYopt = Lsp2θY, (5.1)

where Lsp is the distance from the scanner mirror to the photodiode. Note
that the small angle approximation was used, since the mirror rotation range is
limited to 35 mrad. In the case of pitch, there is a projection effect [20] due to
the non-zero incident angle which reduces the vertical angle by cos (θin)

dy = Lsp2θP cos (θin), (5.2)

where in this case, the incident angle is always kept to ≈ 45°and the correction
is ≈ 1/

√
2.

The scanner, however, is not actuated in pitch and yaw. Instead, it uses
actuation angles θ1 and θ2 which are rotated by 45°with respect to the pitch
and yaw as depicted in Fig. 5.3b. In this way, the pitch and yaw angles of the
scanner can be written as

θP = 1√
2

(θ1 − θ2) θY = 1√
2

(θ1 + θ2). (5.3)
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Figure 5.3: On panel (a), the scanning angles (distinguishing the mechanical scanning
angle from the optical angle) are shown, including the distances dx and Lsp of Eq. 5.1.
The normal to the mirror is represented by a dashed vector. On panel (b) the actuation
angles of the scanner are shown versus the pitch and yaw angles. Their relation is
given by Eqs. 5.4 and 5.5.

Using Eqs. 5.3 and subtracting and summing the expressions for θP and
θY , we can write the actuation angles in terms of the pitch and yaw angles

θ1 =
√

2
2 (θP − θY) θ2 =

√
2

2 (θP + θY). (5.4)

Additionally, a 17.5 mrad offset is added since the 0 position of the mirror
is at this value plus the pitch projection correction with a value of 1/

√
2 as

mentioned above. A phase camera user provides the scanning pattern or scan-
ner commands in terms of the θP and θY and these are converted into θ1 and
θ2 actuation angles in the ScanConn Python class according to

θ1 = θP −
√

2
2 θY + 17.5 θ2 = θP +

√
2

2 θY + 17.5 [mrad]. (5.5)

5.1.4 Optical set-up and design constraints

In this section I describe the optical set-up of the phase camera and in particular
the design constraints that motivate the choices for the optical set-up.

As discussed in section 2.6.4, a scanning phase camera can be set-up in the
one-beam or two-beam scanning configuration [20]. In the one-beam scanning
the scanner is placed before the beam-splitter and only the test-beam is scanned
(Fig. 5.4), whilst in two-beam scanning the scanner is after the beam-splitter
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and both test and reference beams are scanned together. The advantages and
disadvantages of each configuration were already discussed in section 2.6.4,
but in summary, the one-beam scanning offers better SNR in a reduced space,
but suffers from fringes and a spatial phase offset due to the tilted wavefront
of the test beam with respect to the reference beam. The two-beam scanning
configuration has no offset on the phase, but has diminished visibility at the
Gaussian skirt and needs intensity calibration.

The installed Virgo phase cameras are set-up in a one-beam scanning con-
figuration due to the limitations in available space and the sensitivity require-
ments. For this reason, we implemented the one-beam scanning configuration
for our table-top experiments since we would like for the techniques developed
in the lab to be directly applicable to the Virgo phase cameras.

In one beam scanning, the test beam is angled with respect to the reference
beam as it is scanned and the tilting of the wavefront causes spatial fringes.
We will see this sets a constraint on the optical set-up. The fringe gap can be
written as a function of the angle θ between the two interfering wavefronts of
wavelength λ as

Λ = λ

2 sin (θ) . (5.6)

We should make sure that the fringe gap is larger than the photodiode di-
ameter dPD. Or, as done in Ref. [20], the requirement can be set for twice the
photodiode diameter Λ > 2dPD. We can write this condition in terms of θ , in
the small angle approximation as

θ <
λ

4dPD
. (5.7)

For dPD = 70µrad, this condition results in a maximum angle of 5.5 mrad.
Eq. 5.7 can be rephrased in terms of the distance between scanner and pho-
todiode using Eq. 5.1, resulting in a lower limit for the distance between the
scanner and phase camera photodiode as

Lsp >
dmdPD

λ
, (5.8)

where dm is the image diameter corresponding to the maximum θY angle.
There is also an upper limit on the distance between scanner and photodi-

ode if we set a constraint for the minimum distance between adjacent pixels.
Similarly to reference [20], setting the uncertainty between adjacent points to
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10% of dPD, the maximum allowed distance becomes

Lsp = dm
2 · 10 · N · ∆θs

, (5.9)

where N is the number of pixels across the x or y axis, and ∆θs is the scanner
resolution, which remember, is 1 µrad in closed-loop.

For an image diameter of 4 mm, this results in a maximum distance between
scanner and photodiode of 2 m. From the fringe visibility requirement we
arrive at 18.06 cm lower limit on the distance. Thus we can write

0.18 m < Lsp < 2.00 m. (5.10)

5.2 Phase camera characterization

Figure 5.4 shows the test optical set-up to characterize the phase camera in the
one-beam scanning configuration.

Figure 5.4: Simplified optical schematic of the set-up to characterize the phase cam-
era. The laser beam goes through a 25:75 fiber splitter. The 75% light goes into an
EOM (MPX-LN-0.1 from Exail) which is modulated at 10 MHz to introduce side-
bands in the test beam. The beam goes on to open air and is steered by the PI scanner,
through a beam splitter and into the PhC photodiode. The 25% light goes into a fibered
AOM (MT40-IIR80 from AA Optoelectronic), modulated at 40 MHz in order to fre-
quency shift the beam by the same amount. The reference beam goes into open air
via the F280APC-1550 collimator from Thorlabs and is reflected by the beam splitter,
where it interferes with the test beam.
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The nominal distance between the scanner and the phase camera photodi-
ode was set to 25 cm. A maximum scan angle of 4 mrad was used in either
direction, resulting in a scanning diameter of 4 mm at most. In order to vali-
date the proper working of the scanner a regular camera was installed in place
of the phase camera photodiode. The camera used was Beamage 4M-IR from
Te Lintelo Systems, which uses a phosphorous coating to detect light in the
short-wave infrared range (1550 nm).

The Beamage camera can track the centroid position of the beam. This was
used to validate the scanning angles and distances. Multiple yaw and pitch
values from the Python client were sent. By measuring how much the beam
moved on the camera, and by using equations 5.1 and 5.2 I verified the correct
actuation angles were sent to the scanner by checking that the right Lsp value
is retrieved. This is also a precise way of estimating Lsp, which was measured
to be 25.190 ± 0.003cm. This error bar takes into account a small discrepancy
between the measurements with θY and θP. This discrepancy induces a ficti-
tious ellipticity of 98%, corresponding to 2% astigmatism in favor of a larger y
axis. This is most likely due to the cos θin factor in Eq. 5.2, which assumes the
incident angle is exactly 45°. Taking the discrepancy into account, an actual
incident angle of 43.74 ± 0.54°is estimated.

If the phase camera is to be used to measure astigmatism, understanding
these effects are essential. Otherwise, relative measurements can be used as
was done in Chapter 6.

5.2.1 Amplitude information

It might seem odd to refer to the phase camera generated images as "ampli-
tude images", since photodiodes measure intensity. However, it can be shown
that, in the one-beam configuration, and provided the reference beam is large
enough, this is indeed the case.

For a test beam with only a carrier and a spatially overlapped reference
beam, the intensity at the PhC PD, can be written as

IPD(x, y, t) = Ec(x, y, t)Eref(x, y, t)∗ + Ec(x, y, t)∗Eref(x, y, t)
+|Ec(x, y, t)|2 + |Eref(x, y, t)|2, (5.11)

where Ec and Eref refer to the time-dependent transverse profile at the x,y
plane of the PD of the carrier and reference beam electric fields respectively. In
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the development that follows the DC terms are dropped since we are interested
in the optical beating between test and reference beam only.

The reference beam with a diameter of ≈ 2.9 mm is much larger than the
photodiode, which has a diameter of 70 µm. Since it is not scanned, we can
approximate the Eref portion that falls on the photodiode by a plane wave.
Taking the x,y origin to be at the PD coordinates, we can write

Eref(0, 0, t) = Aref exp (i2πfreft + iφref), (5.12)

where Aref is the reference beam electric field amplitude, fref its frequency and
φref its phase.

The test beam in turn, is scanned over the photodiode, and so, Ec will follow
the usual Gaussian beam distribution

Ec(x, y, t) = Ac exp
(−r2

ω2

)
exp (i2πfct + iφc), (5.13)

where the same definitions were used as for the reference beam. Plugging this
in Eq. 5.11, without the DC terms, results in

Ibeat = 2AcAref exp
(−r2

ω2

)
cos (−2πfht + (φc − φref)), (5.14)

where fh = fref − fc is the heterodyne frequency of the AOM, ω the beam ra-
dius assuming a perfectly stigmatic beam and r2 = x2 + y2.

The spatial profile of Eq. 5.14 goes with exp
(

− r2/ω2), same as the Gaus-
sian amplitude of Eq. 5.13, even though it is an intensity in units of watts. The
typical intensity for a Gaussian beam scales with exp (−2r2/ω2). It is a known
result that the FWHM of the Gaussian intensity profile is related to the beam
radius by

ω = FWHM
−2 ln (0.5) = 0.8493218 · FWHM. (5.15)

A similar relation can be derived for a Gaussian amplitude profile such
as that of Eq. 5.14. Ignoring the constant and time-dependent terms, we set
r = FWHM and Icarr = 0.5 obtaining

0.5 = exp
(−FWHM2

22

ω2

)
, (5.16)
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solving for ω results in

ω = FWHM
−4 ln (0.5) = 0.6006 · FWHM. (5.17)

By comparing the phase camera generated images with the regular camera,
we can both validate the image reconstruction and that indeed the phase camera
measures the amplitude profile. Image 5.5a shows an example of a measured
image for the carrier, demodulated at fh = 40 MHz. On top of the image the
white countours of a 2D Gaussian fit are shown. The image is generated by
scanning the beam cross section over the x axis for multiple y steps such that a
100x100 pixel grid is obtained. This is different from the smooth Archimedean
spiral used in the Virgo phase camera [20], but the cross sectional scanning
facilitates phase unwrapping as discussed in the next section.
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Figure 5.5: On panel (a) the carrier (demodulated at 40 MHz) amplitude signal, re-
constructed on a 100x100 grid is shown. The white countours refer to a 2D Gaussian
fit performed on the image. Panel (b) shows a comparison of the cross section of the
images acquired with the PhC and with a regular camera. Two different FWHMs are
obtained because the regular camera measures an intensity profile while the PhC mea-
sures an amplitude profile. More details are given in the text.

In figure 5.5b the x and y cross sections of both the phase camera image
and the test beam measured on the Beamage camera are shown. The ampli-
tude cross sections from the phase camera were squared to more easily com-
pare visualy with the intensity profile of the Beamage camera. Note that for
the Beamage measurement the reference beam is covered so that only the test
beam is measured.
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The beam radius can be retrieved with Eq. 5.15 from the Beamage FWHM,
and with Eq. 5.17 from the FWHM from the PhC cross section. In order to
compare the beam radius measured with the two methods, the Beamage camera
image was convoluted with a square window of 70 µm to take into account the
size of the phase camera photodiode. The impact of considering the size of the
photodiode was seen to be within 1%, but it was included in the comparison
nonetheless. Doing this, the phase camera measured ωx = 347 ± 23 µm and
ωy = 322 ± 4 µm while the regular camera measured ωx = 319 ± 6 µm and
ωy = 291 ± 6 µm. This results in a disagreement between the two of 8% and
10% for the x and y axis respectively.

The phase camera values already include the incident angle correction for
the y axis mentioned in the previous section. In this way, the phase camera
measures an ellipticity of 92.9% and the regular camera one of 91.2%, result-
ing in a disagreement between the two of 1.9%. The difference in the ellipticity
error and absolute radius measurement points to some unknown systematic er-
rors in the calibration, which does not affect the the morphology of the image
up to 2%.

In the analysis done with the phase camera in Chapters 6 and 7, either rel-
ative changes in radius are measured or the morphology of the beam is used
to validate the mode basis. Thus, the absolute value of the radius is not so
relevant, but more so that the image is reconstructed without introducing extra
features. With the above analysis, we have validated the correct image recon-
struction and that indeed the phase camera measures an amplitude profile. Fig.
5.6 shows such examples of amplitude images for carrier, upper and lower
sidebands.
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Figure 5.6: PhC amplitude images for carrier (demodulated at 40 MHz) and the
10 MHz upper and lower sidebands (demodulated at 30 and 50 MHz respectively).
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5.2.2 Phase information

According to the literature [20,142] there are three aspects that have an impact
on the measured phase and that need to be understood and compensated or
corrected for. The first is a time-dependent change of the measured phase,
which is due to differences between the local oscillator used for demodulation
and the signal used for the AOM or EOM. The second is phase-noise acquired
by the reference beam as it propagates in the fiber. This is currently an issue at
Virgo, as discussed in section 2.6.4. The third is only relevant for the one-beam
scanning configuration, and is related to the tilting of the wavefront, which
adds an aditional phase offset as the beam is scanned over the photodiode.

Phase time dependence

In order to verify the first aspect and to check that we can correct for it, we
made phase measurements without a reference beam and for a single pixel,
hence, without scanning. Without a reference beam, only the beating between
sidebands and carrier can be measured. As discussed in section 2.2, ideally
the upper and lower sidebands cancel each other out due to opposite phase and
nothing should be measured. However, in practice, small RAM and sideband
imbalances cause this beating signal to be non-zero.

I took several measurements for different sideband modulation frequencies.
One single pixel was acquired over 16 ms and demodulated at the respective
sideband frequency. The results of these measurements are shown in Fig. 5.7.

For a given pixel with coordinates x̃p, we can write the time-varying phase
after demodulation as:

Φ(x̃p, t) ∝ α2πfSBt, (5.18)

where, for simplicity and since only one pixel is being recorded, only the time-
dependent phase is shown, not the spatial component which will depend on
the transverse profile of the beam. Fitting the slopes of the curves for different
sideband frequencies shown in Fig. 5.7, a single α value of 1.25 · 10−7 was
computed. This value can be attributed to the clock drift of the ALPHA250
board, and it can be corrected by taking the AOM and EOM electrical ref-
erence signals. These signals are demodulated for the carrier (at fAOM MHz)
and PDH signal correction (at fEOM MHz), and also mixed and demodulated at
fAOM + fEOM and fAOM − fEOM MHz so that phase references at all beat fre-
quencies of interest are recorded. These phase references are then subtracted
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[�s]

Figure 5.7: Drift over time of the demodulated phase for the single pixel beating be-
tween carrier and sidebands for increasing modulation (and demodulation) frequency.
Using the slopes of each curve, the curve of Eq. 5.18 was fitted in order to obtain
α = 1.25 · 10−7, which corresponds to the fractional frequency (∆ν/ν) clock drift of
the ALPHA-250 board.

from the equivalent demodulated signals from the photodiode (Fig. 5.2) to
remove the time-dependence of Eq. 5.18.

Phase noise for a single pixel

With the time-dependent correction in place, we can now evaluate the phase
noise of the phase camera for a single pixel. As mentioned before, and dis-
cussed in Section 2.6.4, the reference beam acquires phase noise as it propa-
gates in the fiber. This is due to thermal, seismic and acoustic noise coupling
into the fiber. Additionally, there is also noise from the mechanical vibrations
of the optics, for which the test beam is also sensitive to.

Fig. 5.8 shows the phase noise of the carrier and lower sideband for a single
pixel, acquired with a test beam in the configuration of Fig. 5.4, over 400 ms.
Other than the seismic noise mitigation of the optical table, no other isolation,
thermal or otherwise, was implemented.

Despite the large phase drifts, it can be seen that both carrier and sideband
phases follow the same trend. This means the phase noise is common and
can be mostly removed by taking the difference of the two phase signals. The
differential phase signal, also shown in Fig. 5.8 is thus much less noisy. For
multiple measurements, a differential phase noise between carrier and side-
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Figure 5.8: Demodulated phase for the beatings between carrier and sidebands with
the reference beam. Data was acquired without scanning, for a single pixel. The Carr.-
LSB curve shows the phase difference between the acquired signals, resulting in the
subtraction of all the common phase noise.

band between 6 and 9 mrad was observed. It is comparable to the best sensi-
tivity reported in [20] of 4 mrad, which was obtained in a two-beam scanning
configuration for the differential phase at the center of the beam.

In order to understand the phase noise limits in the absence of a reference
beam, the PDH beating could potentially be used. However, since the beating
strength is very low and dominated by RAM, this is not ideal. To test the
phase noise of a single beam with one carrier and a single sideband, the set-
up shown in Fig. 5.9 was implemented. Here, an AOM is used instead of an
EOM for the sideband generation. The idea came from Ref. [124], where the
authors input a triplet to an AOM to generate the PDH sidebands. Here, we
modulate the AOM at 40 and 30 MHz. The frequency shifted thus has a carrier
and a a single sideband beating at 10 MHz. Since the sideband frequency is
10 MHz, a third signal with the same frequency is generated to serve as the
electrical reference to remove the phase time dependence as discussed above.
A programmable DDS from Analog Devices, AD9959 evaluation board, was
used to generate the modulation sine waves.

Figure 5.10 shows the phase noise for the AOM generated 10 MHz beating,
acquired for a single pixel and for increasing acquisition times. For 10 ms
acquisition it is just below 0.2 mrad, and at most it is below 1 mrad.
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Figure 5.9: Optical schematic of test set-up to generate a single sideband. A doublet
modulation is applied to an AOM, the frequency shifted beam has a carrier and a
10 MHz sideband. A 10 MHz electrical reference is also generated to remove the
phase time dependence as discussed above.

Figure 5.10: Acquired phase noise for a single pixel for increasing integration time.
Measurement obtained with the set-up of Fig. 5.9 for a single sideband beating.

Also with AOM set-up of Fig. 5.9, another test was done to validate that
the phase camera is indeed retrieving the optical phase between the two optical
frequencies. The phase of the 30 MHz modulation applied to the AOM was
changed, from 0 to 2π radians. A 10 MHz signal was also generated in the
DDS to serve as the electrical reference for the time-dependent correction.
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Figure 5.11: With the set-up of Fig. 5.9 we obtain the demodulated phase at the PhC
as the sideband optical phase is changed by changing the modulation phase on the
DDS.

The result of the measurement is shown in Fig. 5.11. The applied phase is
imprinted on the frequency-shifted beam, changing the phase of the 10 MHz
beating accordingly and this phase is measured correctly by the phase camera.

Differential phase images and phase unwrapping

After considering the phase acquisition for a single pixel we can move on to
the phase images. As mentioned above, in one-beam scanning a spatial offset
is added to the phase information because the test beam wavefront is tilted with
respect to the reference beam as it is scanned over the photodiode.

Additionally, as we have just seen, the phase noise from the reference beam
is also quite significant. For both of these reasons, and similar to what is done
at Virgo, we only work with differential phase images. Such images are shown
in Fig. 5.12. One image is generated for the carrier-LSB ∆φ, another for
the carrier-USB ∆φ and another for the ∆φ between the two upper and lower
sidebands.

A mask was applied to the phase images, so as to not display the phase
outside of the beam. The mask was applied for pixels with a power at least
20 times smaller than the maximum of the beam. This is done because for
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Figure 5.12: Differential phase images between carrier and LSB, carrier and USB and
between USB and LSB. The time dependence correction is included before subtracting
the phase images, and the phase unwrapping is done at the end following the Itoh
algorithm [214], as described in the text.

pixels close to the noise floor, the noise starts contributing significantly to the
measured phase, which becomes meaningless.

The measured phase is computed as the arctan (I/Q) and so it goes from
−π to π. Thus, the phase needs to be unwrapped in order to form a con-
tinuous phase map without 2π phase jumps. Before applying the corrections
mentioned above, the signals are unwrapped, but they need to be unwrapped
again after the differential phase is generated. Phase unwrapping in 2D is not
trivial, and it can be especially complicated in the presence of noise and/or
undersampling [215].

We have characterized the phase noise per pixel to be below 9 mrad, so this
should not prove a problem to the unwrapping. We should also not be in a
regime of undersampling, meaning from one pixel to the next there should be
no large phase jumps. This is not a problem for an approximately Gaussian
beam as is the case here. Note, however, it could potentially be an issue for
very high-order modes if a small number of pixels is being used.

A simple 2D phase unwrapping algorithm is the Itoh algorithm [214]. It
consists simply of sequentially unwrapping first the rows and then the columns
or vice-versa. In this case, because the image is acquired as a collection of row
cross-sections, the unwrapping is applied in the same sense: first to the rows
and afterwards to the columns. In this way, images as those shown in Fig. 5.12
can be obtained.

Since carrier and sidebands are well spatially overlapped and carry the same
mode, the only difference in the phase is due to the small difference in the
optical path due to slightly different k vectors. This results in the flat phase
offsets shown in Fig. 5.12. As the modes of the carrier and sidebands change,
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Figure 5.13: Zoom in on the ∆φ images by plotting the X cross section of the beam
area. The y axis was normalized and offset to 0 to facilitate comparison between the
three signals.

due to the presence of a cavity for example, features start to appear in the phase
images as shown in Chapters 6 and 7.

The RMS phase noise over the phase image between carrier and sidebands
is up to 15 mrad. Fig. 5.13 zooms in on the cross section to allow for com-
paring visually the phase noise of each image. The y axis was normalized and
offset to 0 to facilitate comparison between the three differential phases.

The measured RMS noise is higher than the one pixel noise measured (be-
tween 6 and 9 mrad). The increase in noise could be attributed to scanning
procedure and its pointing precision. Note, however, the reduced phase noise
of the differential phase image between the two sidebands. At 2.4 mrad, it is
significantly lower than the carrier-sideband ∆φ. It is not clear if this is due
to excessive noise of the carrier or some common phase noise in the sidebands
originating, for example, from RAM.



Chapter 6
Mode-matching with a phase
camera in reflection of a cavity

In Section 3.5 I described a first attempt at using the phase camera in reflection
from the Virgo arm cavities to characterize the mode mismatch. In this Chap-
ter, this technique is further developed through optical simulations and brought
into the lab in a table-top experiment.

I start by introducing the broader context for this table-top experiment in
Section 6.1. Then, In Section 6.2, I present the optical simulations made in
OSCAR, which go a step further thAn what was detailed in Section 3.5 by
showing the phase camera error signals in terms of waist size and position
mismatch (for the theory background see Section 2.4). The work presented in
this Section was the subject of a proceedings peer-reviewed publication of the
16th Pisa Meeting on Advanced Detectors [3], and I have reproduced part of
the text and figures of the proceedings in this Section.

Next, in Section 6.3, I detail the optical design of the table-top experiment
and in particular the design of a mode matching telescope to probe the two
mismatch quadratures. In Section 6.4 I present preliminary results with the
table-top experiment and I end the chapter with a summary and a discussion of
the next-steps regarding this project.

6.1 Context

Recall the error signal for mode-mismatch that we defined in Section 2.4

ϵq = ∆z1,2
zR,1

+ i
∆zR1,2

zR,1
= ϵz + iϵzR , (6.1)

where ∆z1,2 and ∆zR1,2 are the difference in the waist position and Rayleigh
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range between the beam parameters q1 and q2. We call ϵz the waist position
error signal and ϵzR the waist size error signal.

In Section 2.6 we reviewed the wavefront sensors relevant for sensing mode
mismatch. As discussed there, current sensing schemes require two sensors to
measure each waist position and waist size quadrature independently.

Most of the mode mismatch sensing schemes utilize RF wavefront sensing
to extract the phase between the fundamental and the LG01 mode. Because
the LG01 has cylindrical symmetry, many of these schemes are insensitive to
astigmatism.

In Ref. [216], the authors use an optical lock-in camera as described in Sec-
tion 2.6 to measure mode-mismatch. The authors use digital processing of the
images to use the phase camera as an high-resolution photodiode, using digital
masking to extract signals sensitive to mode mismatch and to astigmatism as
well. However, in order to measure the two quadratures at the same time, two
lock-in amplifiers are required.

Takeno et al. developed a variation of the diagnostic breadboard approach
discussed in Section 2.6.4, where the phase and amplitude of deviations from
a perfect Gaussian mode could be imaged. These deviations can be measured
with a CCD camera in reflection from the locked cavity. A Mach-Zender in-
terferometer is also used, using the cavity transmitted signal as the reference
in order to distinguish opposite phase signs of the wavefront distortion [217].

The measurement scheme developed in this chapter has some similarities
to the above two references. It employs a phase camera instead of a CCD in re-
flection from a cavity and it also relies on Mach-Zender interferometry through
the inclusion of a reference beam. With respect to Ref. [217], the frequency-
shifted reference beam and fast photodiode allows to detect separately the up-
per and lower sidebands and the carrier as detailed in Section 2.6.4.

Our proof-of-concept scheme requires only a single phase camera to mea-
sure both mismatch quadratures simultaneously, as opposed to the scheme of
Ref. [216]. Additionally, it is sensitive to astigmatism by design. The scheme
is appropriate in the limit of small mode mismatch, where the cavity reflected
beam can still be approximated by a Gaussian beam as it depends on a direct
comparison of the radius and RoC of the carrier and sidebands.

6.2 Error signals with a single phase camera

The phase camera images the amplitude and phase of the beam in the x,y plane.
From the amplitude we have access to the beam radius, w, and from the phase
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to the RoC, R. These quantities are related to q, via [60]

1
q

= 1
R

− i
λ

πw2 . (6.2)

Instead of Eq. 2.18, we can define the mode mismatch in the q reciprocal space,
where optimal mode matching is achieved when 1/q2 − 1/q1 = 0. Thus, we
can define a value ϵ′

q, that equals 0 when q1 and q2 are perfectly mode matched
to one another, as

ϵ′
q = − ∆R

R2R1
+ i

λ

π

∆w2

w2
2w2

1
= −ϵR + iϵW , (6.3)

with ∆R = R2 − R1 and ∆w2 = w2
2 − w2

1. In Fig. 6.1 we compare ϵR and
ϵw with ϵZ and ϵzR . As expected, both ϵR and ϵw couple to both mismatch
quadratures. However, ϵR couples more strongly to waist size mismatch while
ϵw does so to waist position mismatch.

(a) (b)

Figure 6.1: Computation of ϵR and ϵW from eq. 6.3 by detuning a) waist size and b)
waist position relative to q1 = 0.0426 + i0.0343.

6.2.1 Error signals proportional to ϵR and ϵw

Optical simulations of the set-up presented in Fig. 6.2 were done in OSCAR.
Simulations start with the beam after the fiber collimator shown in the fig-
ure, where the same q parameter used in Fig. 6.1 is used for the input beam.
The cavity is composed of two fused silica plano-concave mirrors with 0.1 m
radius of curvature and a separation of 7.5 cm in air, resulting in an FSR of
1.999 GHz. The cavity is overcoupled with a finesse of ∼ 800. These param-
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eters are similar to the ones of the table-top experiment described in the next
Section. The reflected beam from the cavity is monitored just before the input
mirror. The beam is propagated in the z axis, and the transverse amplitude and
phase images are defined in the transverse x, y plane. Note that in Fig.6.5 the
impact of the placement of the phase camera is evaluated.
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Figure 6.2: Optical schematic of the table-top experiment to validate the simulated
error signals derived in Section 6.2. A phase camera is placed in reflection of the
cavity to monitor mode mismatch of the input beam with respect to the cavity. A
fiber splitter distributes 75% of the power into the test beam going into the cavity and
25% into the phase camera reference beam. The three lens telescope (composed of l1,
l2 and l3) is described in Section 6.3.1, the double arrows show the positions of the
translation stage to induce mode mismatch. The laser is locked to the cavity via PDH
lock.

While the carrier is kept resonant with the cavity, the sidebands are away
from resonance and experience a perfectly reflective mirror. In this way, the
sidebands are promptly reflected and carry the same spatial mode as that of the
input beam. Part of the reflected carrier field shares the mode of the cavity from
the resonant leakage field. The rest of the carrier is from prompt reflection,
mainly the second-order mode from mode mismatch. We validate through
simulations that if other HOMs are negligible and the total reflected field is
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approximately Gaussian, the error signals can be retrieved by comparing the
carrier with the sidebands.

The error signals derived from the simulation are not exactly ϵw and ϵR, but
proportional to them, as they only contain the numerators of Eq. 6.3. These are
the error signals one would expect to obtain in a table-top experiment, from a
differential measurement between carrier and sidebands as described below.

The error signal proportional to ϵR, errR, is extracted by subtracting the
phase image of the carrier from one of the sidebands. In the presence of mode
mismatch, the cross section of the differential phase is curved, this is shown in
Fig. 6.3. When perfectly mode matched, the RoC of the carrier and sideband
wavefronts is the same. In this case, the phase difference between carrier and
sidebands is flat and no curvature is observed, just an offset from the different
optical path length. The difference in the RoC of the carrier and sideband
wavefronts ∆R could be fitted from this cross section, but alternatively we can
simply take the signed amplitude of the differential phase cross section.

Figure 6.3: Cross section along the x axis of the differential phase between carrier and
(upper) sideband for different values of waist size detuning. Simulated in OSCAR.

In fig 6.4a we plot the resulting errR while detuning the waist size of the
input beam in the simulation. We also check the cross coupling of errR with
respect to the other quadrature. The presence of position mismatch causes a
small offset in the zero-crossing of the error signal.

The error signal proportional to ϵw, errw, is obtained by subtracting the
fitted radius of the carrier from the fitted radius of one of the sidebands. In Fig.
6.4b we plot the resulting errw while detuning the waist position of the input
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beam in the simulation. We also check the cross coupling of errW with respect
to the other quadrature. As expected from panel (b) of Fig. 6.1, the offsets are
larger in this case.

(a) (b)

Figure 6.4: Simulated phase camera error signals (a) errR vs. waist size, (b) errW vs.
waist position, and the impact of coupling to the opposing quadrature.

The offsets are well within the considered actuation range. Thus, the sig-
nals can be used in two feedback loops, one for each mismatch quadrature,
converging to zero mode mismatch. Both error signals can be extracted sepa-
rately for the x and y axis, making this scheme also sensitive to astigmatism.

Finally, we have investigated how the error signals depend on the placement
of the phase camera. Fig. 6.5 compares errW when the phase camera is in the
near and far field. We can see the phase camera placement impacts the slope
of the error signal with respect to the amount of mismatch, so this needs to
be taken into account when designing the measurement scheme with the phase
camera.

6.3 Optical design and set-up of the table top
experiment

In order to validate the results of the previous section, I designed and set-up the
table-top experiment following the scheme of Fig. 6.2. The phase camera used
is described in Chapter 5 and it was used in a 1-beam scanning configuration,
as in Virgo, and with a reference beam. In our case, the reference beam is
shifted by 40 MHz by a fibered AOM. A fiber splitter distributes 75% of the
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Figure 6.5: Simulated error signal based on the radius difference between carrier and
sidebands evaluated in the near and far field (after a lens) for the same waist size
detuning.

power to the test beam that is going into the cavity and 25% into the reference
beam. A fiber amplifier on the way to the AOM allows to increase the power
in the reference beam and improve the phase camera signals as discussed in
Ref. [142].

The laser used was a DFB laser at 1550 nm, EP1550-0-DFB-B01-FM from
Eblana, with an instantaneous linewidth as low as 100 kHz. The cavity was
adapted from the design detailed in Chapter 5.9 of Ref. [218]. The cavity
geometry is the same as the one simulated in the previous section. It consists
of two half-inch mirrors pressed against a 7.5 cm long ultra-low expansion
glass (ULE) spacer (see Fig. 6.6) with two mechanical mounts. For this set-
up, the cavity mount was adapted for horizontal placement in the optical table
(previously it was vertically placed inside a vacuum chamber). We adapted
the center piece so that the cavity fits on a 2-inch Thorlabs KS2 kinematic
mirror mount. This mount allows for more freedom of alignment of the cavity
with respect to the optical axis, in addition to the input beam steering mirrors.
With respect to how it was used previously, the finesse of the cavity was also
increased significantly.

Both cavity mirrors have a 0.1 m RoC and the cavity g-factor is 0.0625. The
input and end mirrors have a reflectivity of 99.35% and 99.90% respectively,
resulting in an overcoupled cavity with 830 finesse. Thus, in the absence of ad-
ditional round-trip-losses, the nominal cavity linewidth (FWHM) is 2.4 MHz.
The cavity mode separation frequency is about 353 MHz, just short of 18% of
the cavity FSR. Fig. 6.7 shows a typical cavity scan measured with an oscillo-



180 Chapter 6. Mode-matching with a phase camera in reflection of a cavity

scope in the presence of a small amount of mode mismatch and misalignment
(recall Section 2.3). The peaks in the measured cavity scan were fitted with
the lmfit [219] library to obtain the mode positions in units of 1/FSR. These
mode positions were used to fit the cavity length and mirrors RoC using Eq.
1.30. In this way, a length of 7.65 cm was found to the ULE spacer and a RoC
of 0.0999 was found for the mirros RoC (which is within the 0.5% tolerance
from the manufacturer). The fitted mode positions are shown in the plot. We
can see the matching is not perfect, this could be due to nonlinearities in the
frequency tuning of the laser which was not calibrated.

Figure 6.6: Picture of the ULE cavity used in the table-top experiment. The cavity is
mounted on a kinematic mirror mount (KS2 from Thorlabs). The mirrors are pressed
and kept parallel to each other by the mechanical mounts and the spacer screws.

The photodiode used for PDH locking was PD100-SWIR1 from Qubig,
with 100 MHz bandwidth, 1.1 A/W sensitivity and 11 kV/A of transimpedance
gain for the AC output (which was the one used for locking). The PDH side-
bands were generated at 30 MHz with a fibered EOM MPX-LN0.1 from Exail.
The feedback loop was closed with the Fast Servo Controller from Moglabs.
The fast PID loop, with up to 35 MHz bandwidth, was used. The locking band-
width was limited to 2 MHz, however, through the bandwith of the modulation
input of the laser driver used, QubeDL from ppQ Sense.

The experimentally measured cavity mode in transmission of the cavity and
the PDH error signal in reflection are shown in Fig. 6.8. The signals are ob-
tained by scanning slowly the current of the laser, thus scanning its frequency
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Figure 6.7: ULE Cavity mode scan as the laser frequency is tuned, measured in trans-
mission of the cavity. The mode positions and cavity g-factor were fitted as described
in the text.

while measuring the signals. An offset was added to the error signal, as well
as a rescaling, for visualization purposes.

Figure 6.8: Cavity fundamental mode (measured in transmission) along with 30 MHz
sidebands and corresponding PDH error signal. Also shown is the cavity intensity in
transmission while the laser is locked.
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The carrier mode was fitted with a Voigt profile using lmfit [219], and using
the sideband frequency, 30 MHz, a cavity linewidth of 3.3 MHz was estimated.
This results in a measured finesse of 606, instead of the 830 nominal value. The
excess linewidth could be due to additional round-trip losses in the cavity and
some small non-linearity in the frequency scanning of the laser.

Regarding the PDH lock, the transmitted intensity when the cavity is locked
is also shown in the Fig. 6.8. Using the transmitted intensity and with knowl-
edge of the cavity mode, we can compute the locking range in Hz. To do this,
I computed the standard deviation of the intensity, σ, and from it the FWHM
as 2

√
2ln2σ. By seeing where the average intensity minus the FWHM of the

lock crosses (bottom orange line in Fig. 6.8) the cavity mode in blue, we can
convert the variation in intensity to a variation in frequency. In this way I
estimated a lock FWHM of 1.59 MHz.

One would expect a tighter lock given that the instantaneous linewidth of
the laser is between 400 and 100 kHz and the feedback bandwidth is 2 MHz.
However, it is possible that high-frequency electronic noise is coupling to the
DFB and that a higher bandwidth would be required to address it, as done in
Ref. [119] for example. Otherwise, it could also be a limitation of the PID
transfer function. The transfer function was optimized by tuning the propor-
tional gain and integrator and differentiator corner frequencies while moni-
toring the spectrum of the transmitted intensity after acquiring the lock. It
could also be that a higher gain would be required at lower frequencies for a
tighter lock, this could be achieved with double or triple integrators. Often,
two separate controllers for lower and higher frequencies are used, acting on
two different actuators (laser temperature and current for example). Either of
these were not possible in our configuration and the issue was not explored
further.

6.3.1 Mode (mis)matching telescope

A mode matching telescope consists of a collection of lenses or other focusing
elements (such as curved mirrors) in order to match the waist size and position
of the input beam to the waist size and position of the cavity. As shown in
Fig. 6.2, after the EOM, the fibered beam is coupled to open air through a fiber
collimator (CFC11A-C from Thorlabs). In order to measure the input beam q
parameter, I measured the beam radius with a CCD camera (Beamage 4M-IR,
same as used in Section 5.2) at multiple distances from the collimator output.
In order to retrieve q parameter of the input beam, the data points were fitted
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according to [60]

w2(z) = ω2
0

[
1 +

( λz

πω2
0

)2]
, (6.4)

where z was defined relative to waist position, such that it is negative before, 0
at the waist, and positive after it. For each datapoint, the average of the x and
y radii were considered. From the fit we can estimate the waist has a radius of
0.2327 mm and is 32.3 cm away from the collimator. The resulting fit is shown
in Fig. 6.9. In turn, the cavity waist is located at the middle of the cavity with
a size of 0.1545 mm following from Eq. 1.28. In order to be matched to the
cavity eigenmode, the input beam (just before the cavity input mirror) should
have a waist size of 0.1299 mm and distance to the waist of 4.26 cm.
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Figure 6.9: Radius of the input beam measured at different locations after the fiber
collimator output in the far field. Fit (with Eq. 6.4) shown in red.

Our requirement for the telescope is not, however, simply to mode match
precisely the input beam to the cavity eigenmode, but also that it should be
possible to tune the waist size and position in a controlled way. In particular,
we would like the two quadratures to be decoupled from each other as much
as possible when acting on the positions of certain elements of the telescope.
In order to do this, I designed a three-lens telescope, similar to what is done in
Ref. [220] but adapted to this specific case.

The first two lenses of the telescope, l1 and l2 are used to form a nearly
afocal system. The third lens (with focal length f3) will act on the nearly
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Figure 6.10: Figure produced using the ABCD matrix formalism, using Finesse2
(pykat) [206]. For this figure, the distance z starts at the fiber collimator output with
z=0.

collimated beam, q3 = z3 + zR,3, such that

z3 = f3. (6.5)

This means that changing the position of l3 will change the waist position by
the same amount with very little impact on waist size as the beam is nearly col-
limated. Thus, we have a way of acting only on the waist position quadrature.

The collimated beam is achieved by using two lenses with the same focal
length. If the back focal point of l2 is placed coincident with the waist position
of q1 (the beam after l1), then the output beam, q2, will be afocal. The waist
size at the end of the telescope will be mostly a function of the waist size
between l1 and l2.

The actual positions of each lens and their focal lengths were optimized
using a script, which matches the output beam of the telescope with the mode-
matched beam to the cavity. The beam after the telescope is obtained with the
ABCD matrix formalism [60]. The resulting lens positions and the propagated
beam size through the telescope, simulated in Finesse 2 (pykat), is shown in
Fig. 6.10. The focal lengths used were 0.075 m for l1 and l2 and 0.300 m for
l3.

If l1 is placed in the far-field of the input beam (q0 = z0 + zR,0) and in the
case where z0 >> zR,0 and z0 >> f1, then the waist size is determined by the
position of l1, with no impact on the waist position [220]. In our case, however,
these approximations are not entirely valid. Even though there is freedom to
adjust l1, we are limited by the divergence of the input beam, which limits
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the relation between z0 and zR,0. For the configuration shown in Fig. 6.10,
we have z0 = 0.879 m >> zR,0 = 0.0846 m. In this way, even though we
can tune the waist size by moving l1, there will be some coupling to the waist
position quadrature. Figure 6.11 shows the waist size and position tuning when
moving the positions of l1 and l3.

(a)

(b)

Figure 6.11: Induced waist size (εzR) and position (εz) from tuning the position of l1
and l3. Simulated in Finesse2 (pykat).

Note that in order to change the distance to l1 without changing the distance
between l1 and l2, it is the input beam collimator that needs to be moved. For
this reason, the injection collimator was mounted on a translation stage.

6.4 First measurements and perspectives

The goal of this experiment is to reproduce the error signals predicted in Fig.
6.4 in the lab. In order to do this, it is necessary to estimate the waist size
and position mismatch independently of the phase camera signals. The most
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straightforward way of doing this is calibrating the mode matching telescope
by measuring the beam parameter after the telescope for each tuning of the
translation stages of the collimator and l3.

I tried doing so using the 4M-IR camera, as done for the input beam shown
in Fig. 6.9. However, I obtained uncertainties in the waist position at the cm
level. This is a limitation of the achievable precision with the 4M-IR camera,
mainly because the lack of dynamic range which requires changing the expo-
sure time as the beam size changes during data acquisition. This change of
exposure time impacts the estimated beam size, thus impacting the beam fit.
A better precision should be achievable using scanning slit or pinhole beam
profiler. Additionally, the mode mismatch quadratures could be independently
measured with another wavefront sensor, such as a mode-converter, in order to
benchmark the measurements with the phase camera.

Regardless, preliminary results with the phase camera already show that we
can correlate an improvement in the waist position as the carrier size approx-
imates the size of the sidebands, i.e. as errW approximates 0. This is shown
in Fig. 6.12 for three positions of the translation stage of l3, the difference in
radius between the carrier and sidebands is recorded. The mode mismatch was
fitted from FSR scans similar to the one of Fig. 6.7, taken for each position of
the translation stage.

Figure 6.12: Difference between carrier and sideband radius (errW) for 3 different
positions of the translation stage of l3, obtained with the set-up of Fig. 6.2. For each
datapoint, the corresponding mode mismatch, taken from the ratio HGmn/HG00 with
m + n = 2 from the FSR scans, is also shown.
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We can see in Fig. 6.12 that as errW approximates 0, so does the mode
mismatch. As the slope of the mode mismatch changes from position 0 to
5 mm, so does the slope of the error signal. We never reach, however, the 0
crossing of the error signal. It seems that a larger translation would be required
for that. However, in Fig. 6.4 we saw that the waist size mismatch can add an
offset to the 0 crossing of the errW signal. We can investigate the presence of
waist size mismatch by looking at the phase images (i.e. at errR).

Fig. 6.13 shows the y cross sections taken with the phase camera for two of
the data points of Fig. 6.12. On the bottom panel, we have the cross sections
for the smallest amount of mode mismatch. Although the phase is not flat,
it is difficult to derive an error signal as we would expect something curved
(recall Fig. 6.3). Although an analysis of phase noise was made in Section
5.2.2, this did not include the presence of an optical cavity. For example, what
is the impact of small phase drifts of the PDH lock during image acquisition.
Another issue might be the presence of small amounts of other HOMs other
than LG01 due to the mismatch of the modes.

In the top panel of Fig. 6.3, we can see the differential phase in the presence
of a significant amount of first-order modes in addition to the mode mismatch
modes. There is a bump in the amplitude cross section, and a sign shift in the
phase can be seen. This sign shift is not evident in the sidebands, which we do
not expect to carry any HOM.

I investigated the impact of misalignments in the error signals in simula-
tion. Fig. 6.14 shows the amplitude of the carrier and differential phase cross
sections in the nominal case, with mode mismatch, tilt and a mix of both. In-
deed it seems that the presence of HG10 (or HG01 depending on the direction
of the tilt) leads to the appearance of this kind of features in both the amplitude
and phase information.

While the impact of other HOMs in the error signals needs to be studied
further, it could also potentially have its uses. This information could be used
to generate error signals for misalignment as well, similar to what is done in
Ref. [216] where control signals for both misalignment and mode mismatch
were derived.
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(a)

(b)

Figure 6.13: Amplitude and differential phase cross sections for carrier and side-
bands. Panel (a) is for ∆dl3 = −0.5 mm and panel (b) for ∆dl3 = 0.5 mm. Recorded
with the phase camera as shown in Fig. 6.2.

6.5 Summary and outlook

In summary, we have seen through simulations how a single phase camera in
reflection from a cavity can be used to generate error signals for both mode
mismatch quadratures. For this, a reference beam is essential in order to dis-
entangle the promptly reflected sidebands from the resonant carrier.

I have also shown the design and setup of a table-top experiment to validate
the simulation results. I presented preliminary results which, albeit promising,
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Figure 6.14: Simulated (in OSCAR) amplitude and phase cross sections in the pres-
ence of misalignment, mode mismatch and a mix of both.

raise new questions, especially regarding the impact of other HOMs in the
carrier beam. While this may open other doors for wavefront sensing, it also
presents itself as a challenge for the mode mismatch signals derived in this
chapter. More work is also needed to calibrate the mode matching telescope or
measure independently both mismatch quadratures with an alternative method
for validation and benchmarking.





Chapter 7
Resonant detection of the
higher-order modes of a locked
cavity

In this chapter I detail a table-top experiment that combines optical injection
with an EOM and a phase camera in transmission of a cavity. By doing so, it is
possible to image the HOMs of a cavity while it is locked on the fundamental
mode of a laser. From scanning the EOM, the mode frequency positions for
any mode of arbitrary order can be ubiquitously determined. This ability to
determine the spatial and frequency properties of any HOM of a cavity while it
is locked is extremely relevant to address the issues with high-power operation
of GW detectors discussed in Section 1.5.

The results of this experiment were published in an Optics Express article
titled "Resonant enhanced detection of the higher-order modes of a locked
cavity" [1]. Below, I reproduce the text and figures of this publication with a
few changes to stay consistent with the rest of the document. I conclude with
a small summary and an outlook on the future perspectives for this work.

7.1 Context

As briefly mentioned at the end of Chapter 1, optical resonators with high cir-
culating powers are crucial in a broad range of fields, such as phase-contrast
electron-microscopy [21], dark matter detection [92], gravitational-wave (GW)
detectors [8, 9], steady-state microbunching for the production of EUV radia-
tion [23] and even in nuclear fusion with proposals for novel neutral beam
heating systems [22, 221]. In GW detectors, increased optical powers lead
to an increase in detection sensitivity, particularly at high detection frequen-
cies [222]. For this reason, next-generation GW detectors plan to have circu-
lating powers in the order of the MW in km-long Fabry-perot cavities [19].
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Similar optical powers are required in order to perform efficient photoneutral-
ization of deuterium for nuclear fusion [22]. In the case of phase contrast
electron-microscopy, hundreds of GW/cm2 are needed in order to have the
laser beam act as a phase plate for the electron beam [21].

Operation of optical resonators with such high optical powers can suffer
from issues with thermal absorption in the optics (Section 2.5) and power-
induced instabilities (Section 1.5).

In this work, we are particularly interested in the use of high optical powers
for gravitational-wave detection. Current detectors were designed to store up to
750 kW of intra-cavity power [9]. Operation at this level of circulating power
puts strict constraints on the absorption in the optics of the resonator. Even so,
absorption in the substrate and coating of the optics, especially at the center
where the beam is incident (recall Section 2.5), leads to thermo-refractive ef-
fects and changes in the radius of curvature. These effects modify the g-factor
of the cavity as it warms up. This thermally induced mismatch is currently
a limitation in the achievable intracavity power in GW interferometers. De-
spite existing thermal actuation (Section 2.7), methods to sense and accurately
control the mismatch remain elusive, with no mode control feedback loop in
place [2].

High circulating powers in cavities can also lead to other complications,
such as the PIs discussed in Section 1.5. Existing strategies to control and
mitigate PIs include shifting the frequency of the optical HOM away from
the frequency of the problematic acoustic mode by thermal tuning [94], elec-
trostatic damping [96], or damping the quality factor of problematic acoustic
modes [95]. Another technique involves the suppression of the optical HOM
by using an electro-optic modulator (EOM) to inject the same HOM with op-
posing phase into the cavity [97]. This has been shown for a first-order optical
mode. However, this technique is limited due to difficulties in measuring and
tracking the complex PI amplitude, especially for high-order modes. In refer-
ence [101] the first real-time imaging of a PI, caused by the fundamental and
a first-order mode, was made.

The idea of HOM injection goes back as far as 1984 in the proposal by
D. Z. Anderson of measuring first-order modes in transmission of a cavity for
alignment sensing [13]. As discussed in Section 2.6, the work of Ref. [174]
develops in simulation a similar concept with second-order modes in order to
measure mode mismatch in linear and coupled cavities. In reference [21], and
the supplemental material of [223], an EOM was scanned around the mode
separation frequency in order to derive a measurement of the waist size in a
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near concentric cavity for phase contrast electron microscopy. Reference [224]
uses an EOM in a similar way, scanning its modulation frequency to measure
HOMs up to order 2 in a v-shaped cavity locked with optical feedback.

It is clear from the challenges of operating high circulating powers that on-
line monitoring of the cavity eigenmodes is needed. Here, we combine the
above mentioned injection scheme with a scanning pinhole phase camera (de-
scribed in Chapter 5) to measure the amplitude and phase of the eigenmodes of
a locked linear cavity. This is done by changing the modulation of an EOM to
match the mode frequency of a given HOM. More details are given in section
7.2.1. The resulting heterodyne beating between the injected HOM and fun-
damental mode is then measured in transmission of the cavity using the phase
camera. The advantage of using a phase camera is the ability to easily produce
spatial maps of both the amplitude and phase of any cavity mode of arbitrary
order.

We demonstrate the capability of this method to monitor the g-factor of a
cavity while it is locked. We also analyze the relative power of the different
cavity modes taking into account the overlap integral between the fundamental
and the sideband higher-order mode to retrieve the calibrated mode powers.

Finally, we measure the optical phase between the carrier fundamental
mode and the injected sideband HOM. The ability to measure the phase makes
this technique suitable for use in alignment and mode matching control [3,174,
216] and PI suppression via optical feedback [97].

7.2 Experimental set-up

The optical schematic of the experimental set-up is shown in Fig. 7.1. It is
composed of an optical cavity and two heterodyne detection schemes, one in
reflection of the cavity and another in transmission. The cavity is composed of
an invar bar and two mirrors mounted on K05S2 polaris mounts, separated by
≈320 mm, resulting in a free spectral range (FSR) of ≈ 468.4MHz. The two
mirrors have a radius of curvature (RoC) of 500 mm with a nominal reflection
of 99.15 ± 0.15 %, resulting in a nominal finesse F ≈ 368+79

−55 and a linewidth
∆ν ≈ 1.27+0.23

−0.22 MHz. The laser used is a butterfly packaged DFB laser from
Eblana, EP1550-0-DFB-B01-FM, with a linewidth as low as 100 kHz. The
input beam after the fiber collimator is the same as shown in Fig. 6.9.

The reflection detection scheme, shown in the orange colored area of Fig.
7.1, is used to frequency lock the fundamental mode of the laser to the cavity
using the PDH locking scheme (recall Section 2.2). The error signal is ob-
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tained with a first pair of radio-frequency (RF) sidebands at fPDH = 50 MHz,
generated by an EOM (EOM1 in Fig. 7.1). The carrier and PDH sideband
beating is measured at a fast photodiode (150 MHz bandwidth). Throughout
the text we call f0 the carrier fundamental frequency which is locked to the
cavity.
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Figure 7.1: Optical schematic of the experiment. The orange colored area shows the
optical and electronic components to PDH lock the laser to the cavity resonance. The
green colored area shows the sideband HOM injection and heterodyne measurement
with a phase camera in transmission of the cavity. More details given in sections 7.2.1
and 7.2.2. The top left inset shows a diagram of how the sideband HOMs (red arrows)
are injected into the cavity, co-resonating with the carrier (blue arrows). More details
given in section 7.2.1.

As discussed in Section 1.3.1, a spherical optical resonator decomposes the
input beam into a series of its own eigenfunctions or mode basis according
to complex coupling coefficients km′n′,mn (Eq. 1.31). Here, we assume the
orthonormal HG basis, in order to allow for some small amount of astigmatism.
The modes, in the basis of the cavity, are written here as HGmn, where m and
n are the mode numbers of the 1D Hermite-Gauss polynomial in the x and
y transverse coordinates, respectively, and HGm′n′ in the basis of the input
beam. We assume the input beam is a Gaussian beam perfectly described in its
own basis by the fundamental mode HG0′0′ . Hence, the transverse input beam
decomposed in the basis of the cavity can be written as [11]:

U(x, y) =
∞∑

m=0

∞∑
n=0

k0′0′,mnHGmn(x, y), (7.1)
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where the coupling coefficients are such that:

∞∑
m=0

∞∑
n=0

∣∣k0′0′,mn
∣∣2 = 1. (7.2)

For simplicity, in the remainder of the text, we omit the input beam indices
when writing the coupling coefficients and write them as kmn. In a high-power
cavity such as is the case in a GW detector, HOMs can be excited from point
absorbers in the mirror coatings and the non-ideal surface of the cavity mirrors.
In this experiment, in order to excite the HOMs, the input beam is significantly
mode-mismatched and slightly misaligned with respect to the cavity.

Finally, note that in linear or Fabry-Perot cavities and in the limit of very
small or no astigmatism, HG modes of same m + n = M order resonate
together. Thus, when we can’t distinguish between same order modes in the
cavity we write them as HGM with overall coupling coefficient kM and refer
to them as cavity modes.

7.2.1 Optical injection

A second pair of sidebands is generated via a second EOM (EOM2 in Fig.
7.1) driven by a waveform generator at frequency fscan (Fig. 7.1). The trans-
verse modes of the generated sidebands will resonate along with the carrier
for certain key frequencies. The beating between the carrier HG00 and the
co-resonating sideband transverse HOM can be measured in transmission of
the cavity, with a heterodyne readout demodulated at fscan. By scanning the
EOM modulation frequency, a spectrum of the HOMs of the cavity can be
retrieved from the lower sideband (LSB), and another copy of the HOM spec-
trum at FSRν − HOMν can be retrieved from the upper sideband (USB). We
exploit this in order to scan the full FSR of the cavity (≈ 468 MHz) despite
the 250 MHz limit on the acquisition bandwidth, by having the LSB probe the
first half of the FSR from 0 to 250 MHz, and the USB probe the second half
from FSRν-250 MHz to FSRν .

As an example, the upper left inset in Fig. 7.1 illustrates what happens when
the EOM is driven at the mode separation frequency of the cavity, fscan =
fsep = FSRν/π arccos (1 − L/RoC) ≈ 179 MHz. In this case, the lower
sideband fundamental mode is at −179 MHz from the carrier fundamental
mode HG00, while the sideband first order mode is exactly at the carrier funda-
mental mode frequency, f0. Alternatively, when the EOM is driven at fscan =
FSRν − fsep, the upper sideband fundamental mode is ≈ 179 MHz away from
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the next HG00 resonant frequency. In this case, the sideband first order mode
frequency is exactly at f0 + FSRν and thus co-resonanting with the locked car-
rier. Note that the coupling of the sideband to a HGmn mode is given by the
cavity itself, as is the case for the carrier.

The impact of the extra sideband modulation scan on the PDH locking was
tested and it was observed that it is largely unaffected except for frequencies
exactly at fscan = nfP DH , with n a natural number. Note that for longer
cavities with an FSR smaller than the RF range, as is the case in GW detectors,
this is never an issue.

7.2.2 Heterodyne detection with a phase camera

In order to measure the beating between the carrier and the sideband transverse
HOM it is necessary to break the orthogonality between the modes. For this
purpose, reference [224] uses a masking blade in a translation stage, while
in reference [97] a quadrant photodiode, which works better for first order
modes, is used. In reference [174] the author simulates the use of a clipped
photodiode for measuring the beating between the resonant carrier and second
order modes.

In this work, we used our scanning pinhole phase camera described in
Chapter 5. In this case a reference beam is not necessary as the beating to
be measured is composed of a carrier and a single sideband. The device, com-
posed mainly of a piezo scanning mirror and a fast pinhole photodiode, is
shown on the right of Fig. 7.1 in the green area.

The pinhole photodiode clips the beam, breaking the orthogonality between
the fundamental and the higher-order mode. The piezo scanner allows moving
the beam over the photodiode, either to build an image of the beating or to
select the pixel with the best signal-to-noise ratio (SNR).

The photodiode signal is mixed digitally with a local oscillator in the FPGA
with a software defined frequency, which is changed as the EOM2 modulation
frequency is swept. Digital demodulation allows for acquiring the I and Q
quadratures of the optical beating. A computer receives the beating quadra-
tures as a complex number I + iQ and the amplitude and phase information
are simply

√
I2 + Q2 and arctan (I/Q) respectively.
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7.3 Results

After PDH-locking the laser frequency to the HG00 of the cavity, a DC voltage
can be measured at PDFSR, resulting from the resonant carrier HG00 trans-
mitted through the cavity end mirror. Next, fscan is swept and the AC signal
of PDPhC is digitally demodulated by the FPGA board. For each step of fscan
(from 5 to 249 MHz), the beam is scanned over the photodiode along the x and
y cross section and the amplitude and phase are recorded. A full scan with 300
demodulation frequencies and 100 pixels across each x and y cross sections
takes about 300 seconds. The amplitude of the measured beating is corrected
using the calibrated frequency response of the ADC as well as the calibrated
frequency response of the EOM (more details are given in the supplemental
document of Ref. [1]).

7.3.1 Heterodyne scan and mode imaging

Fig. 7.2 compares the recorded heterodyne amplitude spectrum with the typ-
ical cavity FSR scan. The theoretical mode positions, fm+n = (m + n)fsep,
are shown. For the upper sideband HOMs, the mode positions are given by
FSRν − fm+n. For this reason, the resonant spectrum is shown in duplicate
in the figure to facilitate comparison with the regular FSR scan in the middle
panel of Fig. 7.2. On the left-hand side the frequencies probed by the lower-
sideband (LSB) are highlighted, and on the right-hand side the frequencies
probed by the upper-sideband (USB). The right side is mirrored for scanning
frequencies FSRν − fscan in order to match the FSR scan.

The PDH sidebands also get modulated by EOM2 and these sideband-of-
sideband HOMs will, despite the very small amplitude, also be injected into
the cavity. For completion, these HOMs are tagged with dashed grey lines in
Fig. 7.2.

In addition to the scan, at each resonant peak mode frequency up to mode
order 10, a 100x100 matrix of the beat amplitude is taken. Each image takes
about 30 seconds to record. These mode images, shown in the bottom of Fig.
7.2, can be used to verify the mode order and basis. Even if not necessary
for our application, an interesting perspective for this work is to combine the
images provided by this technique with mode decomposition. This is largely
unexplored but can be critical for the future of quantum-enhanced GW inter-
ferometers as discussed in reference [2].
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HG0

Figure 7.2: Comparison of the resonant heterodyne scan (top panel) with a regular
FSR scan (middle panel). The red dashed lines show the injected sideband HOMs.
The grey dashed lines tag HOMs from the sideband HOMs of the PDH sidebands. The
frequency scale on the x-axis is directly obtained from the scanning of EOM2. The
y-scale calibration is explained in section 7.3.1. Additionally, the amplitude images
of all measured modes are shown in the bottom panel. The shape of the fundamental
mode is also shown in the red-dashed inset, obtained with 500 kHz sidebands.
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Extracting the cavity parameters

One of the key advantages of this heterodyne scan is that the frequency scale is
obtained directly, unlike a cavity scan where an intermediate parameter, such
as crystal temperature or piezo voltage is tuned.

The value of the FSR was found with a fitting procedure using the mode po-
sitions obtained with the heterodyne scan. The frequencies of modes 1 through
10 were fitted, using the following equation for modes probed by the LSB:

fLSB(m + n) = FSRν
m + n

π
arccos(1 − L/RoC), (7.3)

and, for the modes probed by the USB:

fUSB(m + n) = FSRν − FSRν
m + n

π
arccos(1 − L/RoC), (7.4)

where both L and RoC are the parameters to be fitted, and FSRν = c/2L with
c the speed of light. Note that the mode positions depend only on the over-
all cavity g-factor and cannot unambiguously determine the RoC of input and
end mirrors. Here we only consider the effective RoC of the cavity mirrors,
(RIM + REM)/2. The mode positions were obtained from the measured spec-
trum by fitting the peaks with a Lorentzian using the Python library lmfit [219].
The stability of the mode positions depends on the stability of the invar bar cav-
ity and changes in the refractive index of air due to pressure and temperature
variations. In practice, the largest change in relative mode positions observed
was on the order of 1MHz over a couple of weeks.

A simultaneous fit of both LSB and USB modes was done, having the
length and RoC as free parameters. While the RoC was allowed to change
within twice the manufacturer tolerances, no bounds were set on the length pa-
rameter. The fitted RoC found was 0.501992 m ± 70 µm and the fitted cavity
length 0.321518 m ± 30 µm. The fitted FSR is then 466.213 MHz ± 43 kHz
and the cavity g-factor is (g = 1 − L/RoC) 0.35951 ± 0.00017.

The x-axis of the regular FSR scan in Fig. 7.2 was converted to frequency
by using the fitted FSR value mentioned above and the distance between con-
sequent fundamental modes.

Table 7.1 shows the difference between the measured mode frequencies and
the fitted mode frequencies, which were obtained with Eq. (7.3) and Eq. (7.4)
using the fitted cavity length and RoC detailed above. The fitted full width
at half-maximum (FWHM) of the cavity modes are also shown. The FWHM
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values fitted for modes of order 7 and 10 were affected by the low SNR of the
measured peaks.

Table 7.1: Fitted mode frequencies obtained with Eq. (7.3) and Eq. (7.4). The
measured mode frequencies and FWHM were obtained from the heterodyne scan with
a Lorentzian fit of each measured peak. The difference between measured and fitted
mode frequencies is also shown.

Modes Fitted [MHz] Meas. [MHz] FWHM [MHz] RTL [%]

1 (LSB) 178.482 178.492 ± 0.015 1.75 ± 0.07 0.66
3 (LSB) 69.429 69.394 ± 0.014 1.83 ± 0.08 0.77
6 (LSB) 138.878 138.789 ± 0.021 1.57 ± 0.09 0.42
8 (LSB) 29.601 29.691 ± 0.020 1.68 ± 0.16 0.57
9 (LSB) 208.064 208.183 ± 0.042 1.74 ± 0.26 0.64
2 (USB) 109.053 109.098 ± 0.010 1.74 ± 0.04 0.65
4 (USB) 218.280 218.196 ± 0.010 1.76 ± 0.05 0.67
5 (USB) 39.698 39.703 ± 0.016 1.70 ± 0.08 0.60
7 (USB) 148.932 148.801 ± 0.107 4.9 ± 1.40 NA

10 (USB) 79.176 79.407 ± 0.159 3.4 ± 0.68 NA

Because of the different spatial distributions different modes can experience
different cavity round-trip losses and thus, will experience a different cavity fi-
nesse or linewidth. An average finesse of F = 271 ± 11 is obtained, which
is lower than the lower bound on the nominal finesse of 313. The difference
could be due to excess optical losses in the cavity due to dust and mirror surface
roughness. For this reason, an estimate of the cavity round trip losses (RTL) is
also shown in Table 7.1, assuming the mirror reflectance remains at the nomi-
nal value of 99.15%. An average RTL of 0.6 ± 0.3% was computed, where the
uncertainty takes into account the manufacturer’s uncertainty of 0.15% in the
mirror reflectance. No RTL was computed for modes 7 and 10 because consid-
ering the large fitted FWHM of these modes the nominal reflection assumption
does not hold.

Since different modes interrogate different parts of the mirror, they acquire
the noise (e.g. [225]) and losses (e.g. [224]) associated with the different mirror
areas. The different RTL in Table 7.1 could be useful for mirror characteriza-
tion in terms of noise and loss mapping.
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Mode power calibration and relative intensities

The y-axis in Fig. 7.2 is the ratio of the mode heights with respect to funda-
mental mode height. For the regular FSR scan this can be done directly. For
the heterodyne scan, however, this is not the case.

First, note that the phase camera is not measuring directly the sideband
HOM, but the optical beating between the carrier HG0 and the sideband HOM
HGM. For a sideband modulated at Ω = 2πfscan, resulting in the injection
of sideband HOMs of m + n = M order, the intensity of the optical beating
at the phase camera photodiode can be written as (its derivation can be found
Appendix A):

IΩ
inj(x, y) = J0(β)J1(β)Re

[
k0HG0k∗

MHG∗
M
]
cos (Ωt + ∆φM0)+

J0(β)J1(β)Im
[
k0HG0k∗

MHG∗
M
]
sin (Ωt + ∆φM0), (7.5)

where ∆φM0 is the phase between the sideband HOM and the carrier funda-
mental mode, J0 and J1 are bessel functions of the first kind of order 1 and 0,
respectively, and β is the modulation depth applied to EOM2. After demodu-
lation, the

(√
I2 + Q2) amplitude of the overlap integral is obtained. In order

to extract the HOM from the overlap integral, we can divide it by the HG0.
Thus, when performing the heterodyne scan, the obtained x and y cross sec-
tions at each frequency were divided by the x and y cross section of the HG0
mode. The latter was obtained by modulating EOM2 at 500 kHz, which falls
well within the cavity linewidth, thus injecting the HG0 of the sideband into
the cavity, which is then measured by the phase camera.

In order to validate this calibration and since the heterodyne scan cannot
probe directly the fundamental mode, we compare the relative intensities of
modes order 2 and 1 with their relative intensities from the FSR scan. For the
regular FSR scan, the HG2/HG1 ratio is 4.15 ± 0.19, while for the heterodyne
scan the HG2/HG1 ratio is 3.98 ± 0.11, where the latter is just within the error
bar of the first.

Finally, taking into account the HG2 and HG1 FSR scan mode powers, we
calibrate the heterodyne scan in terms of mode power as well.

While the heterodyne scan probes HOMs up to order 10, the FSR scan only
probes HOMs up to order 4. Note that because of the relatively low finesse of
the cavity, there is always some amount of sideband leaking through the cavity,
and a direct comparison of the noise floors of the two scans is not straightfor-
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ward. Additionally, the difference in the oscilloscope and the acquisition board
ADCs (8 and 14 bit, respectively) makes it an unfair comparison.

In the next section, we provide a quantitative analysis of the noise floor of
the heterodyne scan and its sensitivity limits.

7.3.2 Sensitivity, noise and detection limits

The amplitude of the injected sideband HOM of order m+n=M will depend on
the EOM modulation depth and the (complex) coupling from the HG00 to the
HOMs in the cavity basis, kmn. Assuming the EOM frequency matches the
HOM resonant frequency, the amplitude of the sideband HOM in transmission
of an (approximately) impedance matched cavity, can be approximated by (see
the supplement document of Ref. [1]):

EM
SBtransm ≈ 2T

(2T2 + L) |kM|J1(β) E0√
2

, (7.6)

where E0 is the amplitude of the input beam to the EOM, T is the power trans-
mission of both input and output mirrors and L the cavity round-trip losses.

We can express the power in the transmitted sideband HOM in decibels
relative to the transmitted carrier, dBc:

10 log10

(
|kM|2

|k0|2
PSB
Pcarr

)
[dBc]. (7.7)

From a regular FSR scan we can extract the coupling coefficient ratio for a
given order M. Additionally, the sideband to carrier ratio is known from the
EOM calibration for a given modulation depth in use. In this way, Eq. (7.7)
can be used to calibrate the y scale of the noise measurements. This was done
using the relation between modes of order 2 measured with the heterodyne scan
and the HG2/HG0 measured with the FSR scan. The EOM was calibrated
for a given modulation depth and over the range of modulated frequencies in
order to retrieve the power ratio between sideband and carrier, which already
takes into account power lost to higher-order sidebands. The details of this
calibration are given in the supplemental document of Ref [1].

The top panel of Fig. 7.3 shows the noise levels calibrated in this way. The
thickness of the lines is given by the uncertainty of the calibration, dominated
by the uncertainty of the EOM calibration.

Two noise measurements were made. The first was taken by demodulating
the photodiode signal at the various frequencies while scanning the resonant
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carrier HG00 over the photodiode but without the HOM sideband. This mea-
surement allows us to estimate the phase noise carried by the locked carrier,
corresponding to the noise floor of the heterodyne scan. The second is the
ADC noise, which was measured by demodulating the signal without a photo-
diode connected to the ADC board. These noise levels set the sensitivity limits
that can be achieved.
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Figure 7.3: Noise levels of the resonant heterodyne scan in dBc (top panel) and also
converted to HOM coupling, assuming 10% sidebands (bottom panel). For compari-
son, the two best sensitivities reported in [2] are shown as well: diagnostic board [155]
and RF beam modulation [135].

The dBc units can be converted to mode coupling |kmn| for a given value
of modulation depth. The bottom panel of Fig. 7.3 shows the mode coupling
sensitivity limit assuming a measurement made with 10% sidebands. This
is a comparable value to the best sensitivities reported in [2] (and discussed
in Section 2.6). These are, for example, the 20 ppm (RMS) with a diagnostic
board based [155] and 100 ppm (RMS) with radio-frequency beam modulation
[135], both shown in Fig. 7.3 for comparison.

As the finesse of the cavity increases, the locked laser frequency noise
should go down and the blue line in Fig. 7.3 should approach the ADC noise
level. Note as well that the ADC hardware used here is different from the Virgo
phase camera, for which a -61 dBc limit was reported [2, 20].
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7.3.3 Phase sensitive measurements

In this section, we show both that the phase of the injected sideband HOM
can be controlled and that the phase camera can determine the optical phase
between the sideband HOM and the carrier HG00.

The phase of the injected HOM can be changed by changing the modulation
phase that is applied to the EOM. In this measurement, we sweep the phase of
the modulating sine wave applied to EOM2. In turn, the phase of the optical
beating between the carrier and the sideband HOM is measured by the phase
camera, and given by the arctan (I/Q) as explained in section 7.2.2.

The results of these measurements are shown in Fig. 7.4, which were re-
peated for modes up to order 8 (except mode order 7 which had low SNR).
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Figure 7.4: Measured phase of the optical beating between carrier and sideband HOM
as function of the modulation phase of EOM2. The bottom panel shows the phase
noise as a function of the mode frequency.

Each datapoint is the average of 100 ms of data and the noise of each data-
point is also stored. The average noise value in mrad for each mode is shown
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in the bottom panel of Fig. 7.4, as well as the overall RMS average which has
a value of ≈ 25 mrad.

The measured beating phase will depend on ∆R, the difference in RoC
between the carrier and sideband HOM, the difference in accumulated Gouy
phase ∆G, and the optical path difference ∆L, but also in the phase differ-
ence ∆K between the coupling coefficients k0 and kM and the optical phase
difference imprinted on EOM2 ∆φM0 (derivation can be found in Appendix
A.0.1):

Φbeat = ∆R − ∆G + ∆L + ∆K + ∆φM0. (7.8)

Even though the carrier and sideband are spatially overlapped and same
basis modes share the same RoC, in this case we can expect a small but non-
zero ∆R. This is due to the fact that the fundamental and HOM probe different
parts of the mirror with slightly different (non-ideal) RoCs. Additionally, due
to the difference in frequency, the slight difference in wavevector will also lead
to a small but non-zero ∆L.

As shown in Fig. 7.4, the measured optical beating phase follows the modu-
lating phase applied to EOM2, as expected since we only change ∆φM0. Note,
however, the phase noise is about one order of magnitude higher than that re-
ported in [20]. This could come from unwanted variations in the other phase
affecting parameters. This is especially the case for ∆K. Small mechanical
and thermal instabilities in the cavity or in the input beam pointing precision
will couple into the alignment and mode mismatch and affect the phase dif-
ference between the HOM k couplings. This could also explain the spurious
small dip in phase observed for the second order mode in Fig. 7.4.

In this way, we have shown the ability to measure the phase of a cavity
circulating HOM as well as to control the phase of the injected sideband HOM,
both of which are crucial for PI suppression via optical feedback.

7.4 Summary and Outlook

In this work we combined an optical sideband injection scheme with a phase
camera heterodyne readout in order to measure and characterize the full eigen-
mode basis of a locked cavity. Monitoring the changes of the eigenmodes of a
cavity as it heats up will be crucial for achieving the MW goal of intracavity
power in future GW detectors. This is especially so if this measurement can
be used to close the loop in the thermal actuators used in GW detectors.
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We have shown that this set-up can measure HOM couplings |knm| as low
as 100 ppm. This limit is given by the phase/frequency noise of the locked laser
and it should go down with both cavity linewidth and with the improvement
of laser frequency noise. Thus, even lower sensitivity limits can be expected if
applied in a GW detector.

Additionally, monitoring the linewidth of the injected modes can be used to
retrieve an online map of the RTL as the cavity heats up. It has been observed
that increased RTL can be related to mirror damage from high circulating pow-
ers [23]. Future work should further develop this technique in combination
with the phase images of the HOMs (some examples are shown in Fig. 7.5) to
map any degradation and thermal deformation in the cavity mirrors subject to
high optical powers.

We have also successfully measured the optical beating phase between the
injected sideband HOM and the resonating carrier for modes up to order 8.
This shows that a phase camera in transmission of a cavity can be used to
perform PI suppression for modes of arbitrary order. The phase sensitive mea-
surements can also be used to automatically correct for misalignments and
mode mismatch using the transmission signal.

Finally, future work should focus on assessing the viability of implement-
ing this technique at current and future GW detectors. This would involve
understanding how the technique would look like in the presence not only of
the arm cavities, but also the power and signal recycling cavities (partly similar
to what is done in Ref. [174] for the coupled cavity case).
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(a) (b)

(c) (d)

Figure 7.5: Amplitude and phase images for modes of order 1 (a), 2 (b), 3 (c) and 4
(c). Recorded as described in Section 7.3.1.





Part IV

Conclusion





Conclusion and Perspectives

Fabry-Perot cavities with km-long footprints and hundreds of kW of circu-
lating optical powers are at the heart of GW interferometers. In addition,
squeezed light injection allows for reaching sensitivities below the quantum
noise limit. In this way, sensitivity to differential length changes on the order
of 10−19 m are already within reach [8, 9]. This sensitivity has enabled detec-
tion of hundreds of compact binary coalescences up to now [5]. Many of these
events come from as far as hundreds or even thousands of Mpc away, allowing
us a glimpse of the Universe at unprecedented redshift.

Operation of optical cavities with high circulating powers is notoriously
difficult, suffering from different issues such as angular and parametric insta-
bilities [17], thermal transients due to thermo-refractive effects in the cavity
mirrors that shift the cavities eigenmodes as well as increased losses and scat-
tering. In turn, squeezed light manipulation is incredibly sensitive to optical
losses and mode degradation [2, 18]. These issues are reviewed in Chapter 1
(Sections 1.5) and Chapter 2 (Sections 2.4.1 and 2.5).

The combination of these issues makes mode sensing and control a cru-
cial aspect of operating a GW interferometer. This is particularly the case
for next-generation detectors, for which some of the major planned upgrades
include increasing circulating powers to the MW level and increased squeez-
ing injection up to 10dB [19] (recall Section 1.5.2). This work aims to tackle
these challenges by combining the existing knowledge of cavity and laser con-
trol with wavefront sensing. In particular, this work focuses on the use of the
phase camera as a wavefront sensor to address these issues.

The phase camera combines a heterodyne readout with beam scanning to
achieve high-resolution amplitude and phase images of the laser beam wave-
front at multiple beat frequencies of interest. Two such phase cameras are al-
ready installed at Virgo, the European GW detector. During my PhD I had the
chance to be part of the Virgo collaboration and contribute to the instrumenta-
tion effort through the optical characterization (OptChar) and optical simula-
tion and design (OSD) working groups. This work is described in Chapters 3
and 4.
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The optical characterization work of Chapter 3 allowed me to gain experi-
ence regarding the use of the phase camera for optical characterization and its
importance for the GW detector commissioning and operation. The measure-
ments with the phase camera taken during my stay at Virgo and detailed in Sec-
tion 3.5 went on to inspire the work of Chapter 6 and were also the subject of
a proceedings publication for the GRAvitational-waves Science&technology
Symposium (GRASS 2022) [4].

Through the simulation work of Chapter 4 I was able to build my work-
ing knowledge of the interferometer and the result is a significant contribution
to simulating the realistic detector. The difficulty in simulating the thermal
working point of the detector brings to the forefront the need for direct mea-
surement of the eigenmodes of the different cavities. This need motivates the
work developed in the lab, at UCLouvain, and the two table-top experiments
which were also the subject of this thesis.

In particular, each of these experiments answers each of the scientific ques-
tions we would like to address with this work:

• In Chapter 6 we see how a single phase camera can be used to determine
completely the two quadratures of mode mismatch for a single cavity.

• In Chapter 7 a phase camera is used to characterize the eigenmodes of a
cavity while it is locked.

For these experiments, we developed a custom phase camera, similar to the
ones installed at Virgo. This is detailed in Chapter 5.

In Chapter 6, the custom phase camera is placed in reflection from a cavity
in order to derive error signals for mode matching from the reflected beam from
the cavity. As discussed in Section 2.4, mode mismatch can be understood in
terms of two orthogonal quadratures, waist size and position mismatch. Most
of the proposed sensing schemes need two sensors to measure both quadra-
tures as discussed in Section 2.6. Our proposed scheme, however, allows for
complete characterization of the mode mismatch with a single phase camera.
The simulation work detailing the concept was the subject of a conference pro-
ceedings publication in a peer-reviewed journal for the 16th Pisa Meeting on
Advanced Detectors (PMAD 2024) [3]. Experimental preliminary results are
also shown in Section 6.4 to support the simulated predictions.

In Chapter 7, an optical injection scheme using an EOM and a phase camera
in transmission are used to image the amplitude and phase of any HOM in a
locked cavity. The nature of the injection scheme and the heterodyne readout
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in transmission make it so that the mode frequency positions of all the cavity
modes can be ubiquitously determined. The on-line monitoring of the mode
frequencies allows for monitoring the cavity g-factor (cavity length and mirror
RoC) while the cavity is locked. This means the cavity eigenmode can be
monitored during a thermal transient. This opens the door for new ways to
control the thermal actuators described in Section 2.7 and to address the current
limitations in stored cavity power. Additionally, we also showed the ability to
track the phase of any HOM with this sensing scheme. This can be crucial
for PI mitigation using optical feedback as described in Ref. [97]. This work
was the subject of a peer-reviewed publication in Optics Express [1]. This
technique can also find applications beyond GW detection, but in other fields
where high circulating power cavities are crucial. Examples of these are phase-
electron microscopy [21], neutral beam injection systems for fusion reactors
[22] and optical trapping of atoms [226].

Regarding the future perspectives for the work developed here, the results
mentioned above set some of the ground for the future of mode sensing and
control in GW detectors. In order for mode sensing and control to reach the
maturity of current longitudinal and angular controls, multiple wavefront sen-
sors capable of directly measuring the eigenmodes of the various cavities and
circulating beams, should be deployed.

In particular, phase cameras could be installed both in reflection and in
transmission of the cavities in a GW detector. This would allow combining the
techniques developed in Chapter 6 and Chapter 7. Along with the ideas de-
veloped in Ref. [174], where simulations show that the mismatch in a coupled
cavity can be measured in transmission, it should be possible to uniquely and
independently determine the eigenmodes of the input beam and of the various
cavities.

While this work focused on the use of the scanning pinhole phase camera,
other sensors, especially the optical lock-in and ToF cameras could achieve
similar results. Some of these can offer different advantages, especially in
terms of spatial resolution and mode weighting precision (recall Table 2.1).
However, the scanning phase camera remains with the significant advantage of
being able to demodulate multiple beat signals at the same time.

Beyond the field of GW detectors, the results of Chapter 7 open new av-
enues of research. Besides its interest for high-power cavities, as already men-
tioned, the technique could also be interesting for the development of ultra-
stable cavities in general. In practice, it opens the door for time- and spatially-
resolved measurements of the cavity parameters (length and RoC).
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The ability to measure different HOMs with different spatial distributions,
should allow for on-line measuring of the coating thermal noise of the cav-
ity mirrors (see Ref. [225]). By increasing the injected sideband frequency
up to the cavity FSR, it would also be possible to measure directly length
variations of the cavity. This is the principle behind Noise-immune cavity-
enhanced optical heterodyne molecular spectroscopy (NICE-OHMS) [227].
Disentangling these various sources of noise in cavities while in operation,
would have a significant impact on the development of ultra-stable cavities
for optical clocks [115, 116]. While smaller cavities present a challenge due
to their large FSRs, recent work has achieved a phasemeter with GHz band-
width [228], showing this limitation should be possible to overcome.

Future GW detectors, such as the Einstein Telescope, hope to increase de-
tector sensitivity by one order of magnitude. One of the planned upgrades of
these detectors is to increase circulating powers up to 3 megawatt [19]. Current
detectors have been unable, however, to increase the circulating power above
a few hundreds of kilowatts. It is my hope that this work might contribute to
bridging the gap between the current state of affairs in terms of high-power
operation and the ambitious goals of future detectors. In particular, I hope the
novel wavefront sensing schemes developed in this work will also inspire the
design of novel control strategies based on the higher-order mode content of
circulating beams. In this way, that this work might contribute to the advance-
ment of mode sensing and control in GW interferometry and beyond.
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Appendix A
Phase camera beating: carrier
and higher-order-mode
sideband

In Ref. [20], the authors derive the expressions for the beating between carrier
and reference beam as well as the phase signal after demodulation. Here, I
follow a similar derivation but for the phase camera signal between the carrier
and a HOM sideband as obtained from the measurements described in Chapter
7.

Recall Eq. 1.24, which describes transverse electrical field distribution
of a beam in terms HG modes. Since all the results derived here are valid
for any value of z, for simplicity we drop the z dependency and write only
HGmn(x, y). If we consider the spatial coupling of the input beam electrical
field to a cavity, we can write the input laser beam decomposed in the cavity
basis as:

HG0′0′(x, y) =
∞∑

m=0

∞∑
n=0

k0′0′,mnHGmn(x, y). (A.1)

We assume that the input beam is in the fundamental mode of its own ba-
sis, which is here denoted by the prime superscript. The complex scattering
coefficient from this fundamental mode to a higher-order mode (HOM) in the
cavity basis is given by k0′0′,mn.

If we phase modulate the input beam, at certain key Ω frequencies, the
sideband HOMs with a certain order m+n will co-resonate in the cavity with
the fundamental mode of the carrier and the beating. Hence, it is useful to
write the phase modulated input beam that will be injected in the cavity. This
includes the fundamental mode of the carrier with frequency ω, and for now, a



sideband HOM at ω + Ω frequency, with Ω = 2πfscan:

Einj(x, y, t) = k00J0(β)HG00(x, y)ei(ωt+φc)

+ kmnJ1(β)HGmn(x, y)ei((ω+Ω)t+φsb), (A.2)

where β is the modulation depth of the sideband, which depends on the voltage
applied to the electro-optic modulator (EOM) and J0 and J1 are zero and first
order Bessel functions, respectively. Note that for simplicity, the input beam
indices were dropped.

Thus, the resonant or injected intensity will be given by:

Iinj(x, y) = EinjE
∗
inj = J0(β)2|k00|2|HG00|2 + J1(β)2|kmn|2|HGmn|2+

J0(β)J1(β)k00HG00k∗
mnHG∗

mne−i(Ωt+φsb−φc)+

J0(β)J1(β)kmnHGmnk∗
00HG∗

00ei(Ωt+φsb−φc), (A.3)

where the HG00 = HG00(x, y) and HGmn = HGmn(x, y) abbreviations
were made for simplicity.

For the optical beating we are only concerned with the Ω terms, so we can
write the beating intensity as:

IΩ
inj(x, y) = J0(β)J1(β)k00HG00k∗

mnHG∗
mn cos (Ωt + ∆φ)

+ iJ0(β)J1(β)k00HG00k∗
mnHG∗

mn sin (Ωt + ∆φ)
+ J0(β)J1(β)kmnHGmnk∗

00HG∗
00 cos (Ωt + ∆φ)

− iJ0(β)J1(β)kmnHGmnk∗
00HG∗

00 sin (Ωt + ∆φ), (A.4)

where ∆φ = φsb − φc. Factoring out the cosines and sines and doing some
complex number algebra, we finally arrive at:

IΩ
inj(x, y) = J0J1Re

[
k00HG00k∗

mnHG∗
mn

]
cos (Ωt + ∆φ)+

J0J1Im
[
k00HG00k∗

mnHG∗
mn

]
sin (Ωt + ∆φ). (A.5)

A point of subtlety here is that for linear or Fabry-Perot cavities and in
the limit of very small or no astigmatism, modes of the same order m+n are
degenerate and resonate together. This will be the case as long as the difference
in accumulated Gouy phase in the two axis is less than 2π times the cavity
linewidth. For this reason, we can talk about cavity modes which will be the



sum of all the HGmn with same m+n order. We denote this cavity modes as
HGM , using a single index for the sum of the x and y orders and with coupling
coefficient kM . In this way, we can write:

IΩ
inj(x, y) = J0(β)J1(β)Re

[
k0HG0k∗

M HG∗
M

]
cos (Ωt + ∆φM0)

+ J0(β)J1(β)Im
[
k0HG0k∗

M HG∗
M

]
sin (Ωt + ∆φM0). (A.6)

Due to the orthogonality of the HG modes, the integrated intensity of equa-
tion A.6 over the entire beam is zero. However, the phase camera uses a pin-
hole photodiode and only measures a small portion of the beam at a time. If the
intermodal phase does not vary significantly over the beam, then the integral is
non-zero. In appendix B of reference [174], the authors workout the integral
for the fundamental and second-order modes and plot how the aperture size
impacts the measured signal.

A.0.1 Demodulation and phase

A piezo scanner allows for moving the beam over the pinhole photodiode while
data is acquired. Each pixel is digitally demodulated with a sine and cosine at
Ω frequency so as to obtain the two quadrature signals:

I = J0(β)J1(β)Re
[
k0HG0k∗

M HG∗
M

]
cos (Ωt + ∆φM0) cos(Ωt) (A.7)

Q = J0(β)J1(β)Im
[
k0HG0k∗

M HG∗
M

]
sin (Ωt + ∆φM0) sin(Ωt) (A.8)

Using the rules of cosine and sine multiplication, this results in:

I = J0(β)J1(β)
2 Re

[
k0HG0k∗

M HG∗
M

]
cos (∆φM0) + 2Ω term (A.9)

Q = J0(β)J1(β)
2 Im

[
k0HG0k∗

M HG∗
M

]
sin (∆φM0) + 2Ω term. (A.10)

The 2Ω terms are removed by a low pass filter and the data is retrieved from
the FPGA as a complex number of the form I + iQ.

The amplitude signal is given by the modulus of this complex number√
I2 + Q2, while the phase is the angle:

Φbeat = arctan
(

Im
[
k0HG0k∗

M HG∗
M

]
sin (∆φM0)

Re
[
k0HG0k∗

M HG∗
M

]
cos (∆φM0)

)
. (A.11)



Similar to [20], from the HG modes we obtain a phase difference from
different radius of curvature ∆R, Gouy phase ∆G and optical path length
∆L:

Φbeat = ∆R − ∆G + ∆L + ∆K + ∆φM0, (A.12)

where ∆K depends on the phase between the coupling coefficients K0 and kM

and ∆φM0 is the original phase between the carrier and sideband introduced
above. The latter can be changed by changing the phase of the modulating
sinewave applied to the EOM.

In this case, since carrier and sideband share the same basis (are spatially
overlapped), ∆R is equal to zero. Different HOMs of the same basis share
the same radius of curvature, as implicit in equation 1.24. However, when
coupled to a spherical cavity there will be a small non-zero ∆R because the
fundamental and HOM probe different parts of the mirror with slightly differ-
ent (non-ideal) RoC. Due to the difference in frequencies, the slight difference
in wavevector will also lead to a small but non-zero ∆L.



Appendix B
Simulating the etalon effect of
the Virgo arm cavities

The Advanced Virgo arm cavities have a enhancement factor of ∼285, which
given the cavities nominal length of 3 km results in an effective path length
on resonance of around 855 km. As discussed in Section 1.3.2, this very long
effective baseline is one of the reasons behind the very high sensitivity of GW
detectors.

However, it can be seen that the sensitivy of a GW interferometer relies
on the two arm cavities having nearly the same finesse, or mirror reflectivity.
Asymmetries in the finesse of the arm cavities can couple common noises into
the readout signal, such as laser frequency or intensity noise, and spoil the
sensitivity [229].

For this reason, and contrary to what is normally done in table-top set-ups,
the input mirrors of the arm cavities have parallel faces and no wedges. The
parallel faces in the input mirror allow for a very low finesse1 etalon in the
mirror substrate between the AR and HR sides of the mirrors. This is possible
because the AR side reflectivity, although small (∼60 ppm), is not zero [230].
The end mirrors of the arm cavities have a wedge and thus does not allow for a
substrate etalon, fixing the reflectivity of the mirror to the manufacturing value.
Recall that the reflectivities of the Virgo optics are shown in Table 4.1.

The etalon in the substrate is akin to a change in the reflectivity of the mir-
ror. Thus, by adjusting the etalon effect in the input mirror of the arm cavities,
one can adjust the overall finesse of the cavity. In Virgo, the input mirror
etalon is adjusted through thermal expansion by adjusting the temperature of
the mirror substrate [230].

1Recall Section 1.3.1 where we saw that Eq. 1.22 for the Airy finesse breaks down for small
mirror reflectivity. So technically, these are etalons with a very small amount of round-trips,
but the interference effects of the substrate resonator can still have significant impact in the GW
interferometer as we will see.



In this Appendix, I present optical simulations of the Virgo detector con-
cerning the etalon effect of the arm cavities. The simulations were done in
OSCAR, using the same nominal configuration as the one used in Section 4.3.
The goal is to see how the input mirror etalon impacts the carrier and sideband
gains as well as the power in the dark port. In order to do this, the substrate
length of each north and west input mirrors was scanned. This resulted in a 2D
grid for each combination of north and west input substrate length detuning.
The simulations were performed assuming 60 ppm of reflectivity in the AR
coating of each input mirror.

Fig. B.1 shows how the enhancement factor, or cavity gain, of the north and
west arm cavities changes with the detuning. We can see from the figure that
each arm finesse is only sensitive to the detuning of its input mirror substrate,
despite being coupled through the PRC. The arm gain can be detuned by up to
2.8% with the substrate etalon, which is similat to what obtained in Ref. [230].

Fig. B.2 shows the change in the carrier PRC gain as the two substrate
lengths are detuned. The impact in the PRC carrier gain is smaller than in the
arm gains, a maximum change of 1.77% is achieved. More over, we can see in
the figure that the lowest carrier PRC gain matches the detunings where both
the west and north arm gains are at a maximum. In turn, the highest carrier
PRC gain are achieved for detunings where both the west and north arm gains
are at a minimum. This is to be expected if we look at the equation for the
reflected power from an overcoupled cavity (Eq. 31 of Ref. [64])

Pref = (1 − Gcav × LRTL)Pin, (B.1)

where Pin is the input power to the cavity, LRTL the cavity round-trip losses
and Gcav the cavity gain.

The result of Eq. B.1 is intuitive if we think of an overcoupled cavity.
The arm cavity increase signifies an increase of mirror reflectivity, which in
turn signifies a decrease in coupling losses. As coupling losses decrease and
get closer to the round-trip or intrinsic losses, the amount of reflected light
diminuished as we approach the condition of critical coupling.

The change in the 6 MHz PRC gain with the input mirror etalon, is at most
0.4%. As it is so small, no figure is shown for this. The 56 MHz sideband PRC
gain is, however, the most sensitive to the etalon detuning. As shown in Fig.
B.3, the 56 MHz PRC gain can change as much as 12% with the detuning.



(a)

(b)

Figure B.1: (a) North arm cavity gain as the substrate length of the north and west
input mirrors is detuned. (b) Same thing for the west arm cavity gain.

Fig. B.4, shows the change in the amount of carrier at the dark port. As the
figure of merit the DP transfer function as defined in Section 3.3 is used. We
can see from the figure that the amount of carrier at the dark port can increase
as much as 4 times with the substrate etalon. We can expect a similar impact
on the contrast defect.

In order to evaluate the impact of the etalon detuning on the noise in the
detector, audio sidebands at 100 Hz were added to the input beam to the inter-
ferometer. These sidebands are within the typical frequency range of the GWs
measured in a detector. By looking at the change in power of the audio side-
band in the dark port, we can evaluate how the interferometer noise is affected.



Figure B.2: Carrier gain in the PRC as the substrate length of the north and west input
mirrors is detuned.

Figure B.3: PRC gain of the 56 MHz upper and lower sidebands as the substrate
length of the north and west input mirrors is detuned.

This is shown in Fig. B.5 and we can see the amount of the 100 Hz sideband
in the DP can change by up to 14 times.

B.0.1 Summary and outlook

We have seen how even with a very small AR reflectivity, the etalon in the input
mirror of the Virgo arm cavities can impact the finesse of these cavities by up



Figure B.4: Carrier dark port transfer function (Section 3.3) as the substrate length of
the north and west input mirrors is detuned.

Figure B.5: Dark port transfer function of 100 Hz sideband as the substrate length of
the north and west input mirrors is detuned.



to 2.8%. We have shown that the behavior of the carrier in the PRC follows
the behavior of the overcoupled arm cavities. In turn, the 56 MHz PRC gain
was seen to be impacted by as much as 12%. This could be enough to explain
the difference between the 6 and 56 MHz gains obtained in the simulations of
Section 4.4, which don’t seem to be explained by mode mismatch alone.

Regarding the power at the dark port, the etalon effect has a non-negligible
effect. Even though the north and west arm etalons are tunes to minimize noise
at the dark port, it could be interesting to see how Figs. B.4 and B.5 change
when realistic mirror maps are included in the simulation.
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