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1 Introduction

In the analysis and control of complex systems such as hybrid or switched systems, the computation of
sets satisfying given properties is paramount. Let us mention for instance safety analysis, model predictive
control and Information-Theoretic bounds for communication networks. Mathematically, the computation
of such sets is best handled by the formulation of a corresponding optimization problem.

In numerical optimization, the introduction of a modeling layer on top of optimization solvers has been
a key enabler, allowing different communities to share emergent technologies more easily. When the purpose
is to compute sets rather than numbers (a.k.a. ‘set programming’), the numerical complexity is amplified,
yet there does not currently exist such a clearly defined interface. Even the meaning of ‘computing a set’ is
not clear and actually depends on the intended end-use.

The purpose of this chapter is first to unify many control-theoretic problems under the umbrella of set
programming. Then, we survey diverse numerical and theoretic techniques, that constitute a rich toolbox
for handling such problems. We finally point out some current challenges. In section 2, we show a list of
applications where the problem can be encoded in a set program. In section 3, we provide a unifying view
on these problems by representing the model at the level of abstract sets without using any notion specific
to a certain template (i.e., family of sets). We develop several results that are useful for both theory and
computation, relying on fixed point properties and convex analysis tools such as duality, polarity or support
functions. In section 4, we particularize the generic results of section 3 to polyhedra, zonotopes, ellipsoids,
piecewise semi-ellipsoids, and semialgebraic sets. We discuss their computational and numerical properties.
In section 5, we discuss different approaches for providing approximation guarantees when restricting a set
program to a given template.

The results presented rely on convex analysis prerequisites that can be found in [46] as well as polyhedral
computation results that can be found in [50]. We provide such background material in appendix.

1.1 Notation

The set {1,...,m} is denoted [m]. Given a subset I C [n], 7r, denotes the projection matrix on the
coordinates I. Given a linear subspace V', my denotes an orthogonal projection matrix with range V.
We denote the n-dimensional nonnegative orthant as R’ and the n — 1-dimensional standard simplex as
AP L ={XERT | A1 +---+ X, =1}. We denote the subset of n X n symmetric matrices as " C R"*" its
subset of positive semidefinite matrices as ST C 8™ and its subset of positive definite matrices as S}, C S%.
Given a matrix A € 8¢, its pseudoinverse is denoted AT,

Given a set S, aff(S) denotes its affine hull, conv(S) denotes its convex hull, cone(S) denotes the convex
cone generated by S and S° denotes its polar, defined in definition A.6.

Consider a vector-valued function f : R® — R". Given a set S C R"”, its image under the function f,
denoted by f(S), is the set { f(z) | x € S }. Given a set S C R", its preimage under the function f, denoted
by f~1(8S), is the set {z € R" | f(z) € S}.

2 Set programming formulations for the control of complex systems

In this chapter, we introduce optimization programs for which decision variables are sets and their applica-
tions.

2.1 Numerical implementation

The theoretical results of this chapter provide the foundation for the SetProg software. This Julia package
extends JuMP [17] to allow modeling set decision variables and inclusion or membership constraints with
these variables. As summarized in fig. 2, SetProg first determines whether the primal or dual representation
should be used for each set and then formulates the optimization program as a linear, semidefinite or Sum-of-
Squares program depending on the template chosen for each set. SumOfSquares [49] then reformulates the



Sum-of-Squares constraint into semidefinite constraints and communicates the resulting program to the solver
through the solver-independent MathOptInterface [32]. As a result, SetProg provides a seemless integration
of set programming into a generic optimization framework as illustrated in the following example.

Example 2.1. Consider the following matrices inspired from [2, Example 5.4].

44, = (_}1 _01) , 4A, = (32 ‘;’> ) (1)

We consider the following set programs where the L; objective is detailed section 4. The SetProg syntax is
displayed on the right and the optimal solutions for different templates are given in fig. 1. The variables Al
are A2 are the matrices Ay, Ay defined in eq. (1), solver is any solver implementing the MathOptInterface
(the solver used to generate the solutions displayed in fig. 1 is CSDP [14]) and template depends on the
chosen template.

minismize Li(S,[-1,1]%)

subject to: S D [1,1]2 @ [] = HalfSpace([1, 0], 1) HalfSpace([-1, 0], 1)

HalfSpace([0, 1], 1) HalfSpace([0, -1], 1)

A;S C
Alg Eg model = Model (solver)
0= @variable(model, S, template)
maximize Ly(S, [~1,1]?) @objective(model, Min, L1_heuristic(volume(S), []))
_ ) Oconstraint (model, S D)
subject to: S C [-1,1] 5 Qconstraint (model, Al * S S)
ﬁlg gg (3) @constraint (model, A2 * S S)
C
20 C

S is convex.

The numerical results of this chapter can be reproduced using the associated Code Ocean capsule [27].

2.2 Set programs

It is important to distinguish conic programs, for which the decision variables are wvectors that belongs to
given cones, from set programs where the decision variables are sets that belongs to given families of sets,
called templates.

This distinction is similar to the extension from first-order logic to second-order logic. In first-order
logic, propositions quantify only over variables that represent elements of given sets while in second-order
logic, propositions can quantify over variables that may represent sets that are elements of given families of
sets. When considering sets inside propositions, Russell exhibited the famous Russell’s paradox [47]: “Let
S={z|xz ¢z}, then S €S & S ¢ S” This paradox is resolved in second-order logic by using a hierarchy
of sets that can only contain sets of the lower order. For instance, in second-order logic, the variables are sets
that cannot contain sets themselves. The same applies for set programming, the decision variables represent
subsets of R™ or even convex subsets of R™ hence we shall not encounter Russell’s paradox.

A key difference between the set programs that we study in this section and the optimization of submodular
functions [36] is that the latter focuses on discrete sets while we focus on subsets of R". Given a finite set
and a set function h : 22 — R, the function f is submodular if the condition holds for all subsets J, K C €

h(J) + h(K) > h(J U K) + h(J N K). (4)

The concept of submodular continuous functions was introduced recently but the functions are defined
for continuous vectors, not subsets of a continuous domain. Suppose = [n], then, given a submodular
function h : 2% — R, we can define the function f : {0,1}/¥ — R with f(z) = h({w € Q| z, = 1}). The
submodularity condition (4) is then rewritten as (see e.g. [7, eq. (1)])

f(@) + f(y) = f(min(z, y)) + f(max(z,y))
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Figure 1: Optimal solutions to the set programs of example 2.1 for different templates. The green set is
[—1,1]%. The blue set is the solution to set program (2) and the yellow set is the solution to set program (3).

where min and max are applied component-wise. This condition is used to define submodular continuous
functions f : [0, 1]/¥l — R. If f is twice differentiable, it is equivalent to all off-diagonal entries of the hessian
being nonpositives, see e.g. [9, eq. (2)].

The set program searching over all sets, not specific to any template, is called the generic set program.
The generic set program restricted to sets of a given template T is called the set program for T. A generic
set program is defined as follows:

s cilinimize - f(S1,...,5n) 5)

subject to:  ¢;(S1,...,S8) C hi(S1,...,SN), i=1,2,..., M.

where S; C R™ is a set decision variable, f(Si,...,Sx) is the objective function and the inclusion constraints
are given by ¢;(S1,...,8n) C hi(S1,...,Sn) for i = 1,..., M. Note that this form also encapsulates
membership constraints of the form x € S as it can be encoded as an inclusion constraint {z} C S.

In this chapter, we take the following approach to set programs, which is illustrated in fig. 2:
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Figure 2: Illustration of the advantages of the set programming interface. First, the choice between primal
representation (e.g. gauge function) or dual representation (e.g. support function) is done in a template-
independent manner. Second, once the representation is determined for each set, each inclusion constraint
can be reformulated independently of the rest of the set program.

1. First, given the properties of gauge functions (defined in definition A.2) and support functions (defined
in definition A.5) and the program constraints, we determine whether each set variable should be
represented with its gauge or support function.

2. Second, we consider the different templates and analyze the program obtained by formulating the
program in terms of its gauge or support function, depending on what was determined in the previous
section.

The advantage of this approach is that the first step is independent of the actual template and hence it gives
a generic geometric approach to the computation of sets that are solutions to the set program instead of an
algebraic template-dependent approach as discussed in section 3.

For polytopes, ellipsoids, piecewise semi-ellipsoids (resp. polysets and piecewise polysets), specific classes
of set programs can be reformulated as a semidefinite program (resp. Sum-of-Squares program). The
reformulation is done in the second step and, interestingly, the interdependence of the different constraints
and the objective only appears in the choice of the representation, which is already carried out in a template-
independent fashion in the first step. Therefore, the second-step can be done independently for the objective
function and for each constraint. For this reason, we consider in each section, the constraints and the objective
functions in isolation. Moreover, since each constraint can be reformulated independently, implementing only
a few constraint reformulations enables the reformulation of programs made of any of their combinations, as
long as there is a valid choice of representation.

2.3 Applications

In this section, we show how to formulate the computation of the invariant sets of discrete-time dynamical
systems as set programs. To this end, we reformulate the invariance condition as a set inclusion. The
remaining of the set program depends for instance on whether the computed set should have maximal (resp.
minimal) volume while being included in (resp. including) some given set of constraints, etc...

A discrete-time system is defined by the iteration

Tpr1 = f(zr), ap€X (6)
where f: R™ — R” and X C R".

Definition 2.1 (Invariant set). A set S C X is invariant for system (6) if for any state zg € S, the trajectory
of the system with initial state xoy remains in S.



Proposition 2.1. A set S C X is invariant for system (6), as defined in definition 2.1, if and only if
f8)cs.

To represent uncertainty due to the imperfection of the model or actual noise in the system being modeled,
a disturbance is added to the system:

Tpr1 = fzr, wy), T € X,wp €W (7)

where f: R%*%w — R% X C R™ and W C R™w.
While the disturbance is an external input of the system that cannot be chosen, the input can sometimes
be controlled. This is modeled using a control input w:

1 = [z, ug), T € X,up, €U (8)

where f: R% % — R% X C R™ and U C R".

With a disturbance or control input, the system is no longer autonomous. Each new iterate xx41 depends
not only on the previous iterate xj but also on the external inputs w or u. In descriptor systems, there is no
external input but the new iterate z1 cannot be uniquely determined either. As we show in proposition 3.3,
descriptor systems or control systems may have the same behavior. One can interpret this as the input being
implicit for descriptor systems. A descriptor system is defined as follows:

9(@p1) = fzr),  wp€X 9)

where f,g: R® — R". A trajectory of this system is any sequence (xy)x that satisfies eq. (9). The integer
r is usually smaller than n which gives a choice for xx41 and breaks the unicity of trajectories starting at a
given state.

Definition 2.2 (Robust invariant set). A set S C X is robustly invariant for the system (7) (resp. strongly
invariant for the system (9)) if for any state zog € S, all trajectories of the system with initial state zy remain
inS.

Proposition 2.2. A set S C X is robustly invariant for system (7), as defined in definition 2.2, if and only

if
f(S, W) CS.
Proposition 2.3. A set S C X is strongly invariant for system (9), as defined in definition 2.2, if and only
if
g (f(S)cs. (10)

Definition 2.3 (Controlled invariant set). A set S C X is controlled invariant for system (8) (resp. weakly
invariant for system (9)) if for any state xg € S, there exists a trajectory with initial state zy that remains
inS.

Proposition 2.4. A set S C X is controlled invariant for system (8), as defined in definition 2.3, if and
only if
S C Ty matn, (F7H(S) N (R™ x U))

where the 7 notation is defined in section 1.1

Proposition 2.5. A set S C X is weakly invariant for system (9), as defined in definition 2.3, if and only if
f(S) € g(S).

Remark 2.1. The difference between system (7) and system (8) is the nature of the external input w or
u. The disturbance w has an adversarial nature, it is considered arbitrarily chosen in W and cannot be
controlled. On the other hand, we can choose the control w in U that fits our purpose. For this reason,
the quantifier used in definition 2.2 is “all” while the quantifier used in definition 2.3 is “exists”. A similar
distinction applies for descriptor systems. For strong invariance, the choice is arbitrary while for weak
invariance, we can choose the vector x;11 among all of which have the same image through g.



We have shown how to formulate the invariance of sets as an inclusion. Any set satisfying the inclusion
constraint is therefore guaranteed to be invariant although much larger invariant sets exists. Alternatively,
one may be interested in a set that contains all invariant sets. This is out of the scope of this chapter, the
reader is referred to [22] for an approach for such computation for control systems.

2.3.1 Switched Systems

In the previous section, the state space X considered is a subset of R™ which is usually convex. However,
complex modern applications also require modeling a state ¢ that belongs to a union of discrete values [20,
33]. We refer to = as the continuous part and ¢ as the discrete part of the state space. A system with a
purely continuous state space is adequately modeled by one of the systems defined in the previous section.

When the state space has both a continuous and discrete part, we say that it is hybrid. Arguably the
simplest model of hybrid system is the discrete-time switched system [24]. A discrete-time switched system

is characterized by a finite set of functions {fi, f2,..., fm} and the iteration
Tk+1 = ka (xk)a Ok € [m] (11)
where [m] denotes the set {1,...,m}. It is important to distinguish three types of switching: autonomous

switching, controlled switching and stochastic switching; see details on the difference between autonomous
switching and controlled switching in [33, Section 1.1.3].
Proposition 2.1 is generalized as follows for switching systems with autonomous switching.

Proposition 2.6. A set S is invariant for system (11), as defined in definition 2.1, if and only if
fo(S) C S, Yo € [m].

Similarly, we can define a switching version of each system of the previous section and generalize the
formulation of invariance as m inclusion constraints. While it is relatively straightforward to generalize
the set program for switched systems, the resulting set program may be considerably more difficult to
solve. For instance, it is well known that it is not conservative to consider the ellipsoidal template for
linear discrete-time autonomous system (6) and computing such ellipsoid can be achieved by solving a
system of linear equations [37]. However, for linear discrete-time autonomous switched system (11), this
template is conservative and the existence of a solution to the set program given in proposition 2.6 is even
undecidable [13].

Remark 2.2. Since many control problems require the computation of nonconvex sets, parts of this chapter
may seem restricted due to the convexity of the sets. Indeed, section 3.3 and section 5 are restricted to set
programs for which the set decision variables S; are convex bodies. Moreover, all templates presented in this
paper except the polyset template (see section 4.4) are families of convex sets.

However, the existence of a convex invariant set is equivalent to stability for linear switched systems [24,
Theorem 2.2] although stability can also be guaranteed by nonconvex sets as illustred by example 4.7.
Besides, the maximal invariant set of linear systems (possibly controlled or switched) is the convex hull of
the union of all invariant sets and is hence convex.

In the case of nonlinear systems, the convexity also appears necessary for proving the stability of systems
switching in a convex set of dynamics (as opposed to a finite set of m dynamics as in (11)) [1, Section IV].
Finally, set programs with convex set decision variables can be used to compute nonconvex sets via path-
complete methods [2]. These nonconvex sets are obtained by combining the convex sets with union and
intersection operations which are encoded in the combinatorial structure of the inclusion constraints of the
set program via the path-complete framework [41].



3 Template-independent set programming

3.1 Invariance inclusions

In this section, we focus on inclusion constraints that are in either of the two following forms:

f(81) € S, (12)
81 C f7H(S). (13)

which are obtained by reformulating invariance constraints of autonomous systems as shown in proposition 2.1
and proposition 2.6. Note that these two inclusions are equivalent by proposition A.1.

We show in theorem 3.1 that for a general nonlinear function f, we can formulate the inclusions of
sublevel sets of given functions as an inequality in term of these functions. If the function f is linear, we
show in theorem 3.2 that we can formulate inequalities in terms of either the support (resp. gauge) function
of §; and Sy with (15) (resp. (16)) or we can write them in terms of the gauge (resp. support) function of
the polar of §; and Sy with (17) (resp. (18)).

Theorem 3.1. Consider a positive real number o > 0, positively homogeneous functions g; : R™ — R the
sets S; = {x € R™ | g;(x) < a} for i =1,2 and a function f : R™ — R™. The constraint (12) (resp. (13))
is equivalent to the following inequality:

Vo eR™M,  gi(2) > ga(f()). (14)

Proof. Using (13), proposition A.2 and proposition A.3, we obtain (14). O

Theorem 3.2. Consider closed convex sets S; C R™ containing the origin for ¢ = 1,2 and a function
f(z) = Az for some matrix A € R™*™ . The constraint (12) (resp. (13)) is equivalent to each of the
following equivalent inequalities:

Vy e R™2, 5 (ATy|S1) < 6 (y[S2). (15)
Vo € R™, 8(S1,2) > g(Sn, Az). (16)
vy € R™, 8(S7, ATy) < 8(S5,y). (17)
Vo e R™, 0% (x|87) > 0" (Ax|S3). (18)
where g denotes the gauge function (definition A.2) and 6*(-|-) denotes the support function (definition A.5).

Proof. Using (12) and proposition A.25, we obtain (15). Using (13) and proposition A.24, we obtain (16).
Using (15) and proposition A.4, we obtain (17). Using (16) and proposition A.4, we obtain (18). O

Continuous-time results corresponding to theorem 3.2 are developed in [21].

3.2 Strong invariance inclusions

In this section, we show how substitutions of set variables into preimages of new set variables allow to rewrite
the constraints into equivalent forms using the properties of set-valued maps reviewed in appendix A.1. We
show an application of such substitutions for the computation of strongly invariant sets of a descriptor
system.

The following proposition shows how to simplify an inner image with a substitution.

Proposition 3.1. Consider sets S; C R™, Sy C R™2 S35 C R™ and functions f : R™ — R"3 g : R™ — R"2,
If §; = f71(S3) then the inclusion
9(f(81)) € Sz

is equivalent to the inclusion
9(S3) € Se.



Proof. Follows from eq. (50). O
The following proposition shows how to simplify an outer preimage with a substitution.

Proposition 3.2. Consider sets S C R™, S C R™2 S5 C R™ and functions f : R™? — R"3 g : R™ — R"3.
If So = f~1(S3) then the inclusion
FH9(81)) €S,

is equivalent to the inclusion
9(S1) C Ss.

Proof. Follows from eq. (53). O

The following theorem shows how to combine these substitutions in order to compute strongly invariant
sets for descriptor systems. This generalizes [38, Corollary 3.2], which studies the particular case of linear
systems with the ellipsoidal template. The corresponding result for continuous-time systems is studied in
[34, Theorem 2.7].

Theorem 3.3. Consider a set 7 C R". The sets f~1(7) and g~!(7T) are strongly invariant for system (9),
as defined in definition 2.2, if and only if

g~ (T) S f=H(T). (19)

Proof. By proposition 3.1 (resp. proposition 3.2), if S = f~1(T) (resp. S = g~ (7)) then eq. (10) is
equivalent to eq. (19). O

3.3 Controlled invariance inclusions for convex bodies

In this section, we study inclusion constraints that are in either of the two following forms:

S C Tny],ny+m [A B} - SQ; (20)
CS, C ES,. (21)

with §§ CR™,S; CR" A € R™*™ B e R™X™M (C e R™™  E € R™" and the 7 notation is defined in
section 1.1. By proposition 2.4, (20) is obtained by formulating controlled invariance for control systems (8)
with no input constraints. By proposition 2.5, (21) is obtained by formulating controlled invariance for
descriptor systems (9). This is illustrated in example 3.1,

Remark 3.1. It is important to distinguish this section with [26]. On the one hand, the approach presented
in this section computes conver sets that are guaranteed to be controlled invariant. It applies to systems
with a dynamics that must be linear although it can be hybrid [29]. On the other hand, the approach of
[26] provides a hierarchy of possibly nonconvex sets that are not controlled invariant but converge to the
maximal controlled invariant set. It applies to systems with a polynomial dynamic.

The following proposition shows the equivalence between both inclusion constraints, allowing us to focus
on (21) without loss of generality.

Lemma 3.1. Given a subset S C R™ and matrices A € R"™*"™ B € R"*™ the following holds:

AS + BR™ = | o i)+ AS
where 7, (pyr is an orthogonal projection matrix with range Im(B)*, the orthogonal complement of the

linear subspace Im(DB).

Proof. Given x € S and y € R", we have y € A{z} + BR™ if and only if y — Az € Im(B). As Tyyp)L is
orthogonal, its kernel is Im(B). Therefore y — Az € Im(B) is equivalent to myy,(g)Ly = Tim(p)L AT O



Proposition 3.3. Consider sets §; C R™ for ¢ = 1,2. The inclusion (20) is equivalent to the inclusion (21)
where C' = 7y, (g1 A and E = 7y (pys -

Proof. A vector & € Tjn ] n,4+m [A B] -t Sy if and only if there exists a vector u such that Az + Bu € S,.
This is equivalent to (A{z} + BR™) N Sy # (. By lemma 3.1, this can be rewritten as

W;H}(B)J_Wlm(B)LAI' NSy #£0D
or equivalently
Tim(B) L AT N Ty )L S2 # 0.

Therefore, (20) is equivalent to
Tim(B)L ASi C Tm(ByL Sa-

O

Example 3.1. Consider the discrete-time linear control system, as defined in see (8), xxy+1 = Tk + ug/2
where the state x, and the control u are constrained to belong to the closed interval X = U = [—1, 1]. Note
that a set is controlled invariant for this system if and only if it is the projection onto the first dimension of
an controlled invariant set for the following system

Uk
Tpt+1 = Tk +
2
Uk+1 = U;C
where the state vector (wy,uy) is constrained to belong to the square X = [—1,1]? and the control u}, is

unconstrained, i.e. & = R. By proposition 2.4, a set S is controlled invariant for this system if and only if
S Cmp3AlS (22)

where

|

Now consider the discrete-time linear descriptor system, as defined in (9), with states (z, ux) and difference
equation xpy1; = xp + . Note that upy1 can be chosen independently of the value of xp and wu. By
proposition 2.5, a set S is weakly invariant for this system if and only if

1 1/2]SC1 0]S. (23)

By proposition 3.3, (23) and (22) are equivalent, which illustrates the equivalence between the controlled
invariance of control systems and the weak invariance of descriptor systems.

To show the relevance of proposition 3.3, we argue below that the inclusion (20) does not seem to be
easily rewritten in terms of the gauge or support function of &; and Sy. First note that as there is both
an image and a preimage in the right-hand side. Therefore, we cannot get an inequality in terms of g(So, -)
because of the image and cannot get an inequality in terms of §*(-|S) because of the preimage. On the

other hand, the inclusion 7 S C (A B)_1 Ss can be rewritten as an inequality in terms of g(Sy, -)

-1
[n1],n1+m
and g(8S2,-) using proposition A.24 but this inclusion is not equivalent to the inclusion (20) as we saw in
Remark A.1.
By proposition A.26, the inclusion (20) is equivalent to
° -1 A B T oo

Sl = ﬂ—[nl],nler ( ) 82 (24)
This inclusion is generalized in [44] for robustly controlled invariant sets of discrete-time control linear
systems with disturbances.

10



Again, there is both an image and a preimage in the right-hand side of the inclusion (24), and it is not

equivalent to W[Tlanﬁme ) (A B)—r S5 by Remark A.1. Hence there does not seem to be any way to use
this inclusion to write an inequality in terms of either the gauge or support function of &7 and S5.

We now consider the inclusion (21). This inclusion can be rewritten in terms of the support function of
&1 and S, or the Minkowski function of S7 and S5 as shown in the following theorem.

Theorem 3.4. Consider nonempty closed convex sets S, Sz, the inclusion (21) is equivalent to the following
equivalent inequalities

Yy R, 5N (CTyYIS)) <57 (ETY|Sh) (25)
vy eR’, g(S7,CTy) <g(S5,ETy). (26)
where g denotes the gauge function (definition A.2) and 6*(-|-) denotes the support function (definition A.5).

Proof. By proposition A.10, (21) is equivalent to
Yy e R, 6" (y|CS1) < 0% (y|ESs).

By proposition A.25, this inequality is equivalent to (25). By proposition A.4, the inequalities (25) and (26)
are equivalent. O

3.4 Fixed point reformulation of set programs

In this section, we investigate the relation between some monotonicity property (defined in appendix A.1)
of a set program and the ability to solve it by iterative set transformations until convergence. Similar set
propagation techniques are also used in reachability analysis as reviewed in [3].

Consider a set program of the form:

S, S SN)
subject to:  S&; C hi(S1,...,8n), i=1,2,...,N (27)

SiCC, i=1,2,...,N.
Theorem 3.5. Consider a set program of the form (27) and the iteration
S =SFnhi(SE,....Sk) (28)

with 8 = C; for all i € [N]. If f is monotone and the functions h; are monotone for all i € [N] then the
iteration (28) converges to an optimal solution to the set program.

Proof. By (28), the sequence is monotone hence it converges to sets S®. As S satisfies eq. (28) by equality,
it is feasible for the set program.

Let S be any optimal solution to the set program. To show that the objective function f is not smaller
for §° than for §*, it is sufficient to prove that S° D SF for all ¢ € [N] by the monotonicity of f. To this
end, we prove by induction that S¥ O SF for all i € [N]. The case k = 0 follows from the feasibility of S*
for the set program. Suppose it is the case for a given k. By the monotonicity of h;, we have

This shows that SF™ D S7. O

Remark 3.2. Note that the the iteration (28) does not depend on the objective function f. For this reason,
this optimal solution is commonly referred to as the mazimal solution without specifying any objective, as
it is optimal for any monotone objective.
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We have a similar result for set programs of the following form by replacing the intersection by a union
in the iteration.

s, gy (510 S)
subject to:  hi(S1,...,Sy)CS;, i=1,2,...,N (29)

G CS;,, i=1,2,...,N.
Theorem 3.6. Consider a set program of the form (29) and the iteration
SH =Sk Uh(SF,...,S¥) (30)

with ) = C; for all i € [N]. If f is monotone and the functions h; are monotone for all i € [N] and the set
program has a bounded optimal solution S* then the iteration (28) converges to an optimal solution to the
set program.

4 Four numerical templates

In this section, we discuss the numerical computation of solutions to set programs with an emphasis on the
impact of the choice of representation to the tractability of the computation. We illustrate that the choice
between the representation with a gauge or support function is essentially template-independent with the
following example.

Example 4.1. Consider the following generic set program modeling controlled invariance considered in
example 3.1:

max}gmize f(S) (31)
CSCES (32)
SC[-1,1% (33)

where C = [1 1/2] and E = [1 0] (see eq. (23)) and f is any monotone function. As discussed in
remark 3.2, since the set program satisfies the requirements of theorem 3.5, the limit of the iteration (28) is
optimal for any monotone function f.

"

Template conv U
Polyhedra

Zonotopes

Ellipsoids

Polysets

Piecewise semi-ellipsoids
Piecewise polysets

* X X X X \|=
RIS N N N

> X X X X D
> X X X X N
> X X X \ \[+
AN NN N
> N\ X% N\ %\

Table 1: This table highlights the invariance of the different templates studied in this chapter under the
operations preserving convexity that we consider. Each row represents a template and each column represents
an operation. The first symbol of the column denotes the operation being considered. Then, a v symbol
indicates that the template is invariant under the operation, a X symbol indicates that it is not. A similar
table can be found in [25, Table 1] or [3, Table 1].

4.1 Polyhedra

Polyhedra are ubiquitous in control. This can be in part attributed to the fact that this family is invariant
under most operations of interest as we will see in this section; see also table 1. However, polyhedra
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possess two dual representations and each operation is usually only computationally cheap in one of them.
Also, converting to a dual representation is computationally expensive in high dimension as discussed in
appendix A.4.3. We will see that this is closely related to table 2, as suggested by proposition A.27 and
proposition A.30.

4.1.1 Polyhedral computation of set programs: fixed point approach

The approach described in section 3.4 is well suited for polyhedra as this family is invariant under various
operations. Moreover, depending on the operations, the choice between H-representation, V-representation
or Z-representation is crucial to avoid having to compute a representation conversion or polyhedral projection
of H-representation.

For instance, for set programs of the form (27), as there is an intersection in the iteration (28), the
‘H-representation is used in practice in view of proposition A.28.

On the other hand, for set programs of the form (29), there is a union in the iteration (30). As the
template of polyhedra only contains convex sets, the union can be replaced by the convex hull of the union.
In view of proposition A.31, the V-representation is used in practice for such programs.

As proposition A.28 and proposition A.31 may generate redundant elements in the representation, it
is crucial to remove redundant ones after each iteration. We can determine whether each element is re-
dundant by solving a linear program for each element as shown in proposition A.35, proposition A.37 and
proposition A.39.

For some set programs, we may still resort to using a representation conversion or polyhedral projection in
each iteration. For instance, for the computation of a controlled invariant set of a discrete-time linear control
system, the inclusion given in proposition 2.4 involves a projection, linear preimage and an intersection.

Example 4.2. Counsider the set program of example 4.1 with the constraint eq. (32) written in the form eq. (22)
to satisfy the form of set program (27). Following theorem 3.5, the optimal solution can be obtained by the
iteration

SM = SF Ny ATIS

with S° = [~1,1]2. Given a H-representation of S, a H-representation of A~'S can be obtained with
proposition A.29. Then W[QL;;A’lS can be obtained either through projection, e.g., with Fourier-Motzkin
elimination or block elimination. Then the intersection with S¥ can be obtained with proposition A.28.

Alternatively, the V-representation of A~'S can be computed, and then the projection of the V-representation
is obtained with corollary A.3 as discussed in appendix A.4.3. Then another representation conversion is
carried out to obtain the H-representation of 77[2]}314_18 . This requires one representation conversion in
three dimensions and one in two dimensions. A computationally cheaper alternative is to compute the H-
representation of the 71'[2],314718 from the H-representation A~1'S direction using block-elimination which
only requires a representation conversion in one dimension.

It is recommended to remove redundancy in the H-representation after each iteration. It is first used a
convergence check and second, the time taken removing the redundancy is often largely outweighted by the
time saved in the projection due to the reduced size of the representation.

This iteration actually converges in one iteration as we have S? = S!. The optimal solution S! is
represented in yellow in fig. 4, fig. 6 and fig. 8.

In practice, H-representations are used more frequently than V-representations. This may seem surprising
as the V-representation of the polar of a set H-representation of the primal set, as shown by proposition A.33.
Hence for every application for which it is more efficient to use H-representations, there should be a corre-
sponding “polar application” for which it is more efficient to use V-representations.

Part of this gap may be attributed to the more frequent occurence of hypercubes compared to cross-
polytopes (its polar by corollary A.4) in applications. Indeed, the V-representation of hypercubes has a size
exponential in the dimension while the H-representation (or zonotope representation) of hypercubes has a
size linear in the dimension.
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It is important however to keep in mind that there are no theoretical reason why using the H-representation
would be more efficient in general. Therefore, given a set program, it is important to always consider both
options and choose the most appropriate one.

As detailed in proposition A.31, the size of the V-representation of a Minkowski sum grows quadratically,
even if some of the vertices or rays in the resulting V-representation may be redundant. On the other hand,
as we showed in proposition A.41, the size of the Z-representation of a Minkowski sum grows linearly.

For this reason, zonotopes is preferred over the V-representation for solving set programs where C; is
a zonotope and h; involves only linear image and Minkowski sums. This is the case for instance for the
computation of controlled invariant sets for discrete-time linear system with disturbance defined by eq. (7)
with f(xg,wg) = Az, + Bwy, for some matrices A and B. If W is a zonotope, the inclusion constraint given
in proposition 2.2 is well fitted for the Z-representation.

4.1.2 Polyhedral computation of set programs: linear programming approach

The previous section shows how to compute the optimal solution of a set program of specific forms. This has
however two drawbacks: First, each iteration may require polyhedral projection or representation conversion
which is computationally costly. Second, the optimal solution may not be polyhedral or may be a polyhedron
that has a V-representation or H-representation of large size.

It may therefore be desirable to search instead for a solution in a family of polyhedra with a representation
of a given size. For instance, we may parametrize the search by the coordinates of s points (resp. s halfspaces).
However, reformulating the inclusion constraints with proposition A.35 (resp. proposition A.39) gives rise
to inequalities that are bilinear in the coordinates of the points (resp. halfspaces) and of the multipliers A.

One way to circumvent this is to fix the pieces of the piecewise linear gauge or support function of the
polyhedron [43, 44].

Definition 4.1 ([31, Definition 2]). A polyhedral conic partition of R™ is a set of m polyhedral cones (P;)
with nonempty interior such that for all ¢ # j, dim(P; NP;) < n and U2, P; = R™.

A polyhedral conic partition defines the full-dimensional faces of a complete fan, as defined in [50, Sec-
tion 7]. Given a polyhedral conic partition, we use the notation

N:{(z,j)|d1m(PZﬂP]):n—1}

For each (i, j) € N, the affine hull, of P;NP; is a hyperplane. We denote by n,; the normal of this hyperplane
directed towards P, i.e., such that P; CH_,; o

Given the H-representation of a polytope S, let F(S) be the conic partition obtained by considering the
conic hull of each facets of S; see [43, Proposition 5]. This is commonly referred to as the face fan of S [50,
Example 7.2]. For instance F([—1,1]?) gives the four quadrants as cones of the conic partition.

Given a polyhedral conic partition, the H-representation of a polytope S can then be parametrized by
vectors (a;, 1)1 € Hyep(S) such that (see proposition A.27):

g(S,z) = max{a;,z) = (a;,x) if © € P;. (34)

1€[m]

Similarly, the V-representation of a polytope S can then be parametrized by vectors ((a;)i21, () € Viep(S)
(where () denotes the absence of rays) such that (see proposition A.30):

0% (x|S) = max(a;,x) = (a;,x) if x € P;. (35)

i€[m]
Both eq. (34) and eq. (35) are ensured by the constraints, V(i,j) € N,

JNER, a; —aj; = Any
(ai,nig) > (aj, nij)-

Example 4.3 illustrates the computation of polytopes using this technique.
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Figure 3: Optimal solutions for the set program of Example 4.1 for polytopes with a fixed face fan. The
green set is the square [—1,1]% and the blue and yellow sets are the optimal solutions with the objective
replaced by the integral of 6*(y|S)? over the polar of the square and with different face fans.

Example 4.3. Consider the set program defined in example 4.1. For the polyhedral template, there are
several choices of parametrization of the representation. We consider two cases here and highlight that
in both cases, it is more appropriate to use the dual representation, that is, the support function of S
which is given by the V-representation of S or equivalently the H-representation of S°. This supports the
template-independence of this choice of representation.

The V-representation of both CS and ES depends linearly on the V-representation of S as shown in
proposition A.32. The inclusion is ensured by constraining each element of the V-representation of C'S to
belong to ES using proposition A.35 and proposition A.37. If the coordinates of each element of the V-
representation of S is fixed, this gives us a linear program to verify that S is a feasible solution. Otherwise,
if the coordinates of the elements are to be determined it results in a bilinear program. This condition is
given in [10, Theorem 4.44]. Note that there is no corresponding result for the H-representation in [10]. This
is in accordance with the claim of Section 3.3 that the dual representation should be used for such inclusion.

Alternatively, given a fixed face fan, consider a parametrization of the support function as in eq. (35). In
this case, by proposition A.25, we have

§*(y|CS) = (Cay,y) if y € CTP;.
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Therefore, CS C ES is rewritten as
Vi, §, (Eaj,x) > (Ca;,x), Ve € CTP, N ETP;. (36)
or equivalently
Vi, j, Ea; — Ca;, (CTP; N ETP))". (37)

If the face fan is fixed, this is rewritten as linear constraints using either proposition A.39 with eq. (36) or
proposition A.35 with eq. (37); both giving the same linear programming formulation.

For the fan F(S?) where S? is the polytope found in example 4.2, the optimal solution is S2. For the
fan F(([—1,1]%)°), the optimal solution is [—1, 1] x {0}. The solutions for other fans are illustrated in fig. 3.

4.2 Ellipsoids

An ellipsoid is defined by
Ep={zecR"|z"Px<1}. (38)

where P is a positive definite matrix. When P is only positive semidefinite, the set is a semi-ellipsoid.
The gauge function and gauge-like function of degree 2 (see definition A.2) of the ellipsoid are

g(p,x) = VaT Pa g2(Ep,z) =27 Puj2. (39)
Example 4.4. For the ellipsoids template, the dual representation is given by §*(y|S) = v/z T Qz as shown
in proposition A.45. By (57), the inclusion (33) is equivalent to (1,1),(—1,1),(1,—-1),(-1,-1) € §° = &g
which can be encoded as a linear constraint with (71). As we will see in Section 3.3, (32) can be encoded as

the LMI:
CQ.CT < EQE".

In this case, as C, E have only one row, this LMI has dimension 1 x 1 so it is the linear inequality Q1,2 +
Q2,2/4 < 0. The optimal ellipsoid £g-1 and its polar g are given respectively in Figure 4a and Figure 4b.

1.0}
0.5F
0.0+

—05F

1.5 -15 -1.0 -05 0.0 0.5 1.0 15

(a) Primal space (b) Dual space

Figure 4: Optimal solutions for the set program of Example 4.1. The green set is the square [—1,1]2, the
yellow set is the optimal solution to the generic set program, the blue ellipsoid is the optimal solution to
the set program for the ellipsoidal template and the red ellipsoid is the optimal solution to the set program
for the ellipsoidal template with the objective replaced by the sum of squared length of the semi-axes of the
polar.
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4.3 Piecewise semi-ellipsoids

The conservatism of ellipsoidal controlled invariant sets and the complexity of the representation of polyhedral
controlled invariant sets has motivated the search for alternative templates of sets. Moreover, for some
sets, the set has a polyhedral boundary in some directions and a smooth boundary in other directions.
Using different representations for these different directions would allow us to significantly improve our
approximation ability for such sets. The template we study in this section is the family of piecewise semi-
ellipsoids.

Piecewise semi-ellipsoids may either be defined as the 1-sublevel sets of piecewise quadratic forms or as
sets with a piecewise semi-ellipsoidal Minkowski function.

Definition 4.2 (Piecewise semi-ellipsoidal sets). A closed convex subset S C R™ containing the origin is said
to be piecewise semi-ellipsoidal if there exists a polyhedral conic partition (P;)"; and symmetric positive

semidefinite matrices Q; € St for i =1,...,m, such that
g(8,z) = V2T Qix if v € Py,
' Qix = xTij, Vi,j e N,z € P,NP; (40)
anlex > n;ij, Vi,j e N,z € P,NP;. (41)

Note that without (40) and (41), the 1-sublevel set of the piecewise semi-ellipsoidal function may be
non-convex. The condition (40) ensures the continuity of the function and (41) ensures its convexity.

This family generalizes both ellipsoids and polyhedra. Indeed, if m = 1 and P; = R"™, we recover
the family of ellipsoids and if the matrices @); are rank-1, we recover the family of polyhedra studied in
section 4.1.2.

Remark 4.1. The intersection of ellipsoids is not necessarily a piecewise semi-ellipsoids. Indeed, consider a
nonempty intersection of different ellipsoids £g, and £g,. The partition should be defined according to the
quadratic form p(z) = T Pz where P = Q; — Q2. In order for the partition to be polyhedral, we need the
algebraic variety defined by the set of zeros of p(z) to be the union of two (possibly identical) hyperplanes
Hay .0, Hay0- That is, we need p(z) = (a1, x)(az, x) or in other words, we need P = (ajag + azaj )/2. This
holds if and only if P has rank 1 or 2. This shows that while the intersection of ellipsoids is always a piecewise
semi-ellipsoid in the planar case, this does not necessarily hold in higher dimension.

Given a piecewise semi-ellipsoidal sets, its polar is also piecewise semi-ellipsoidal but the conic partition
of the polar depends on the matrices ();. This is a consequence of proposition A.6 and the fact that the
conjugate of a piecewise quadratic function is a piecewise quadratic function; see [45, Theorem 11.14]. The
Minkowski function of the polar set has the closed form expression given by proposition 4.1.

Proposition 4.1. Given a piecewise semi-ellipsoidal set S, as defined in definition 4.2, the polar set S°
is the piecewise semi-ellipsoidal representation with the polyhedral conic partition made of the polyhedral
cones
convier Qi [ Pi (42)
icl
with matrices
E[ (E1Q:E] ) Er

where! i € I and E; = mag,,p, for any subset I of [m] such that the polyhedral cone given in eq. (42) has
nonempty interior. In particular, for singletons I = {i}, Ey is the identity so this gives a polyhedral cone
Q;P; with matrix QI

Proof. By proposition A.5, the polar of the gauge function of S is the support function of S, that is, the
gauge function of §°. Therefore, by proposition A.6, g,(S°, z) = g5(S, z). By corollary A.1, y = V g,(S, x)

1We have E]QZ-E;r = E1Q; E;r for any 4,j € I by (40) so the matrix is independent on the ¢ € I chosen.
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if and only if x = Vg3(S,x). Given x € NiesP; where I = {i € [m] |z € P; }, Vgyo(S,z) = conv({ Qi |
i € I}). Since x € N;erP;, there exists 2 such that # € E} 2. Consider y = Q;x for some j € I, we have
Ery = ErQ;E] z hence z = (E;Q;E] ) Ery. This implies that * = E] z = E] (E;Q;E] ) Ery. By (40),
E1Q;E] = E[Q;E] for any i,j € I hence this holds for any y € conv({ Q;z | i € I}). O

Remark 4.2. The conic partition for the polar set created by proposition 4.1 seems to contain many
polyhedral cones. This seems surprising as the polar operation is an involution for closed convex sets
containing the origin. In fact, many polyhedral cones of the conic partition created can be dropped without
changing the set as they are not full-dimensional. For instance, the pieces of the partition created in (42)
are only full-dimensional in case the subdifferential of g(S,x) is not a singleton for all x € N;c;P;. That is
if the inequality (41) is not satisfied with equality for each pair of i,j € I.

Example 4.5 illustrates the computation of the polar of a piecewise semi-ellipsoidal set with proposi-
tion 4.1.

i

(a) Set S defined by (43). (b) Set S° defined by (44).

Figure 5: Illustration for sets S and S° defined in Example 4.5.

Example 4.5. Consider the piecewise semi-ellipsoidal set defined by

|| if0<y<uz,
ly| if 0 <z <y,

g(S,x)=q /a2 +y? ifx<0<y, (43)
|z + if z,y <0,

ViTQser ify<0<z

2 — zy +y2. The polar set is also piecewise semi-ellipsoidal:

where 2" Qsz = x

|z + y| if 0 <z,
V2 + g2 ifz <0<y,
|| if x <y <0,
8(8°, ) = ly] ify<z2zx+y <0, (44)
\VeTQs e if 2z +y > 0,2 +2y <0,
|| ife+2y>0,y>0.

where xT Q5 ' = (4/3) - (22 + xy + y?).
Note that the partition P; of S° does not only depend on the conic partition of S, it also depends on the
value of the matrices @Q;.
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For instance, the cone defined by 2z +1y > 0,z + 2y > 0 is the conic hull of the gradient of \/x2 — xy + y>2
evaluated at (0,—1) and (1,0) as shown in dotted arrows in Figure 5. The gradients are obtained by
multiplying (0, —1) and (1,0) by the matrix 5. This illustrates why the partition of the polar is the image
of the original partition under @s.

Example 4.6. For the piecewise semi-ellipsoidal template, the volume is not directly maximized. Instead,
for each full-dimensional cone of the fan, we compute the sum s of the normalized rays and consider the
polytope obtained by intersecting the cone with the halfspace s"z < ||s||3. We integrate the quadratic form
corresponding to this cone, i.e. h?(S,z) over the polytope. The sum of the integrals over each polytope is
the objective function we use. This can be seen as the generalization of the sum of the squared length of the
semi-axes of the polar of the ellipsoid.

The solution for different fans is illustrated in fig. 6. The maximal piecewise semi-ellipsoidal controlled
invariant set with the fan F([—1,1]?) has the following support function:

22— 1179/2 + 2% if 2129 > 0.

(5*({E|8)2 _ {(331 — $2)2 if T1T2 S O,

For the cones z125 < 0, the semi-ellipsoid matches the square and the maximal controlled invariant set. For
the cones 125 > 0, the semi-ellipsoid matches the optimal solution for the ellipsoid of maximal volume. This
illustrates one key feature of piecewise semi-ellipsoidal sets, they can combine advantages of both polyhedra
and ellipsoids. It can be polyhedral on the directions where the maximal controlled invariant set is polyhedral
and be ellipsoidal on the directions where the maximal controlled invariant set is smooth or requires many
halfspaces in its representation. We can use the polar of the polytope resulting from the first fixed point
iteration to generate a refined fan. With this fan, the optimal solution for piecewise semi-ellipsoids matches
the optimal solution to the generic set program. The support function is given by:

(#71 —x2)*  if 229 <0,
" (2]8)* = q =1 if 2o (21 — 222) > 0, .
(x1/2 4 x2)%  if 21(225 — 1) > 0.

4.4 Basic semialgebraic sets

Basic semialgebraic sets are sets defined by finitely many polynomial inequalities. For degree one polynomials,
this corresponds to polyhedra. For simplicity, in this section, we focus on the case with only one polynomial
inequality. More precisely, we consider the sets that are the sublevel set of a nonnegative homogeneous>
polynomial of degree 2d for some positive integer d. We refer to these sets as polysets of degree 2d and
denote it by

Pp={z € R" | p(x) <1}. (45)

where p is a homogeneous polynomial of degree 2d. The family of ellipsoids presented in Section 4.2 is exactly
the family of polysets of degree 2. We detail in this section how to generalize the results on ellipsoids to
polysets of higher degree. Note that p(x) does not have to be convex in eq. (45), and thus polysets can be
non-convex as illustrated in the following example.

Example 4.7. Consider the discrete-time linear switched system (11) introduced in [12]:

nw=(5 1)e @=a(] )

with o &~ 0.749. Sets proving the best upper bound for the so-called Joint Spectral Radius (JSR) of the
system are given in fig. 7. Although it is known that the JSR can be approximated arbitrarily closely by
convex sets [24, Theorem 2.2|. For a polyset of a given degree, the possibility of polysets to be nonconvex
allows to obtain tighter bounds on the JSR.
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Figure 6: Optimal solutions for the set program of Example 4.1 for piecewise semi-ellipsoids. The green set
is the square [—1,1]? and the blue and yellow sets are the optimal solutions with the objective replaced by
the integral of §*(y|S)? over the polar of the square and with different fans.
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The gauge function and gauge-like function of degree 2d (see definition A.2) of the polyset are

p(z)

g(Pp,z) = *¥/p(2) 82a(Pp, %) = =~ (46)

As a consequence of proposition A.9 and (46), the inclusion between polysets is verified using the following
property.

Proposition 4.2. Consider two polysets Pp,, P, of degree 2d. The inclusion P,, C Pp, is equivalent to
Vz € R", pi(z) > pa(z).

Remark 4.3. Proposition 4.2 reformultes the inclusion as the nonnegativity of the polynomial p; (z) —pa(z).
Deciding the nonnegativity of a polynomial is however co-NP-hard. To render the problem tractable, the
nonnegativity constraint is commonly restricted to a Sum-of-Squares constraint which can be reformulated
as a semidefinite constraint [39]. Not all nonnegative polynomials are Sum-of-Squares but all Sum-of-Squares
polynomials are nonnegative. Therefore, this restriction may discard some solutions but all solutions to the
Sum-of-Squares restriction are also feasible to to the original program.

Well-known examples of polysets are the (2d)-unit balls. The gauge function of the (2d)-unit ball is the
L?? norm. The LP norm is convex for any p > 1 and by proposition A.7 its polar is the g-unit ball for ¢ > 1
such that 1/p + 1/¢ = 1. Hence the (2d)-unit ball is convex for any positive integer d and its polar is the
(2d)/(2d — 1)-unit ball. This shows that, except for d = 1, the polar of a polyset is not necessarily a polyset
(even if it is always a semialgebraic set).

Example 4.8. For the polyset template of degree 2d, the dual representation is given by 6*(y|S) = */p(z)
where p(x) is a homogeneous polynomial of degree 2d. We use the volume heuristic consisting in maximizing
the integral of p(z) over the square [—1,1]2. This is the method discussed in [15]. Note that, as discussed in
[15, Remark 2], their heuristic coincides with the sum of squares of semi-axes for quadratic forms. For this
reason, the optimal controlled invariant sublevel set of quadratic forms is the red ellipsoid in Figure 4. The
optimal solution is given in Figure 8.

2A polynomial is homogeneous if all its monomials have the same total degree.
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Figure 8: Optimal solutions for the set program of Example 4.1 for polysets. The green set is the safe set
[—1,1]2, the yellow set is the optimal solution to the generic set program, the optimal solution to the set
program for polysets of degree 4, (resp. 8, 18 and 22) is represented in orange (resp. blue, green and red).

5 Comparison of performance for convex bodies

Extensive research [4, 11, 40, 24, 42, 30] have resulted into approximation guarantees for ellipsoids and
polysets for the computation of invariant sets of discrete-time switching linear systems, as defined in propo-
sition 2.6. In this section, we generalize these results for a wider class of set programs.

Consider a set program of the form:

minimize o
S1CR™1,.... SN CR"N
subject to:  gi(S1,...,Sn) C vhi(Sy,...,Sy), i=1,2,.... M (47)

S; is a symmetric convex body.

For this set program, a sort of “measure of conservativeness” is given by the ratio of the optimal objective
value between the generic set program and the set program for a given template. For the ellipsoidal template,
theorem 5.2 provides a guaranteed bound on this ratio depending only on the dimensions of the spaces, i.e.,
ni,...,ny. This bound relies on the John’s Ellipsoid Theorem.

Theorem 5.1 (John’s Ellipsoid Theorem [23]). For any symmetric convex body & C R", there exists a
symmetric positive semidefinite matrix Q C R™*™ such that
5@ CSC \/HSQ
We say that a set-valued function f is strictly positively homogeneous if for all sets S CR™ ... Sy C
R™ and all positive real number v > 0, we have f(yS1,...,7Sn) =7f(S1,...,SN).

Theorem 5.2. Consider Program (47), let 4* be the optimal objective value of the generic set program
and ~},; be the optimal objective value for the ellipsoidal template. If v* is finite, the functions h;, g; are
monotone and the functions h; are strictly positively homogeneous then

7S e <0 max /.
i€[n

Proof. The inequality v* < 2, comes from the fact that 7}, is the optimal objective value of a restriction
to a given template. Let S be an optimal solution to the generic set program. By theorem 5.1, there exists
a symmetric positive semidefinite matrix @; € R™*™ such that £g, C S} C \/n;€g,. By the monotonicity
of g;, h; we have
gi(ngv' . "gQN) < gz(Sz* e 7’5‘]’;{)

C Ay hilS] s )

- ’y*hi(\/nngl, RN \/”N((:QN)

C v*h;(max \/n;€q, , - - . ,max v/n;Eq )

i€[n] i€[n]
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We can conclude by the homogeneity of h; that (Eg,)N , v* maX;c[,] /N is a feasible solution to the set
program for the ellipsoidal template. O

Theorem 5.1 can be generalized for polysets as follows:

Theorem 5.3 ([8, Theorem 3.4]). For any symmetric convex body S C R", there exists a Sum-of-Squares

polynomial p such that
d—1\?2"
P,CSC (n +n ) Pp.

Theorem 5.3 allows to generalize theorem 5.2 for polysets as follows. The proof is omitted for conciseness
as it can be directly obtained from the proof of theorem 5.2 by replacing ellipsoids by polysets of degree 2d
and theorem 5.1 by theorem 5.3.

Theorem 5.4. Consider Program (47), let 4* be the optimal objective value of the generic set program
and 5, be the optimal objective value for the template of polysets of degree 2d. If v* is finite and h;, g; are

monotone then 124
d—1
'y*szﬁdS'y*maX<n+ > :
i€[n] n

The guarantees given by theorem 5.2 and theorem 5.4 are independent of the particular structure formed
by the constraints of the set program. In the rest of this section, we describe an alternative guarantee
that relies on this structure but is independent of the dimensions of the sets. This result is restricted to a
particular case of g;, h; and we represent the constraint structure with a graph.

Consider m matrices 41,..., A, € R"*™ and a directed and labelled strongly connected graph G(V, E)
with nodes V, edges E and possibly with parallel edges such that no node has zero ingoing or outgoing
degree. Consider the following set program:

minimize ol
S1CR™1,...,SyCR"N
subject to: A,S; TS, V(i,j,0) € E (48)

S; is a symmetric convex body.

The optimal value for the generic set program is called the constrained joint spectral radius of the corre-
sponding switched system [16].

Let Ej, be the subset of E¥ containing all valid paths of length & in the graph G(V, E). We define the the
entropy of the edge shift of the language of labels of paths of G(V, E) [35, Definition 2.2.5, Definition 4.1.1]
as: )
k

Theorem 5.5 ([30]). Consider Program (48), let v* be the optimal objective value of the generic set program
and 73, be the optimal objective value for the template of polysets of degree 2d. If v* is finite then

h(E) = lim - logy |Ej|. (49)

h(E)
V< vy S22

Remark 5.1. The guarantees provided by theorem 5.4 and theorem 5.5 are quite appealing as they ensures
that the conservativeness of the polyset template vanishes when the degree d tends to infinity.

There is however a gap between the statement of the theorems and the polyset solutions that can be
computed numerically. Indeed, whether the sets S; are represented using their gauge or support function,
the inclusion

gi(Sl, e ,SN) g ’}/hi(Sl, e ,SN)

is reformulated as a polynomial nonnegativity which is restricted to a Sum-of-Squares constraint for numerical
computation as discussed in remark 4.3. As the optimal solution to the set program for the polyset template
might be represented by a nonnegative polynomial that is not a Sum-of-Squares. That is, the feasible
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polyset solutions that can be computed in practice with Sum-of-Squares programming may not have the
same guarantee.

Nevertheless, for the particular case of Program (48), [42, Theorem 3.4] (resp. [30]) showed that theo-
rem 5.4 (resp. theorem 5.5) still holds with the Sum-of-Squares restriction; the case of N = |V| = 1 was
shown earlier in [40, Theorem 3.4] for both theorems.

6 Conclusion

The numerical computation of solutions to set programs is central in Dynamics and Control. The rich
diversity of dynamical systems and control problems translates into a variety of combinations of inclusion
constraints. Different templates have fundamentally different and sometimes complementary computational
and numerical behaviors that vary considerably depending on the class of set programs.

This motivates the need for studying various different templates and adapt the selection depending on
the particular class or even instance of set program. Fortunately, as detailed in the chapter, the choice of
representation and the reformulation of the inclusion as functional inequality is template-independent which
enables the analysis of set programs in a template-independent manner as shown section 3.

Numerous control problem can be tackled by combining the techniques developed in this chapter. For
conciseness, the invariance related to continuous-time dynamics were omitted. A systematic analysis of the
inclusion constraints related to these invariance conditions, combined with the discrete-time results of this
chapter provides a complete procedure for computing invariant sets for hybrid systems [28].

There is an unlimited number of possible inclusion constraints that can be obtained by combining the
operations of table 1, let alone other operations such as set complements. This chapter covers the most
common ones and noteworthy other forms of inclusion constraints remain to be investigated such as eq. (21)
with nonlinear functions.

The performance comparison based on the John’s ellipsoid theorem covers a wide range of set programs.
More templates remain to be added to the analysis such as piecewise semi-ellipsoids or ellipsoids with different
centers. Moreover, since the bound of theorem 5.5 is better than the bound of theorem 5.4 for a sufficiently
large degree 2d of the polyset template, it would be valuable to enlarge the class of set programs for which
this bound applies.
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A Convex sets: geometry and computation

A.1 Properties of set-valued maps

Consider a vector-valued function f : R™ — R”. The preimage f~!, defined in section 1.1, is its right inverse:
VSCRY, f(fTHUS) =S (50)

On the other hand, if f is not injective, the preimage f~! is not necessarily its left inverse but it still satisfies
the following property:

VS CR", fHf(S)DS. (51)

We say that a real-valued function f (resp. set-valued function h) is monotone if for all sets S C
R™,...,Sy CR" and §] CR™,... Sy C R"~ such that §; C S/ for all i € [N], we have f(S1,...,Sn) <
f(St, ..., Sy) (vesp. h(S1,...,Sn) C h(S],...,Sy)). If, in addition, A(S1,...,Sn) C h(S],...,Sy) implies
that S; C S/ then h is an order embedding.

Given a vector-valued map, the set-valued function mapping sets to their images (resp. preimages) is
monotone (resp. an order embedding). That is,

VS, TCR",  SCT=f(S)Cf(T), (52)
VS,TCR', SCTe f1S)CfUT). (53)

When working with inclusion constraints, it is tempting to rewrite an image (resp. preimage) from one
side of the inclusion as a preimage (resp. image) to the other side. As we show in proposition A.1 and
remark A.1, this is only possible in specific cases.

Proposition A.1. Consider a function f € R — R", a set S C R" and a set 7 C R". The inclusion
f(S) € T holds if and only if the inclusion S C f~*(7) holds.

Proof. We can prove the proposition by combining the relations (50), (51), (53) and (52) as follows:

53)

ST ypsycrin YPscrum
T i) Pscrun.

O

Remark A.1. Note that S C f(7) does not imply f~'(S) C 7. For instance, if A= [1 0], § = [-1,1]
and 7 = [-1,1]? then S = [-1,1] = AT but A~!'S=[-1,1] xRZT.

Proposition A.2. Given a number a € R, functions g : R — R and f: R — R™ the following holds:

[ {zlgl) <al)={ylg(fy) <a} (54)
Proof. Given any y € R"2, y € f~*({x | g(z) < a}) if and only if f(y) € {z | g(x) < a} which is equivalent
to g(f(y)) < o O

Definition A.1. A function f : R™ — R is said to be positively homogeneous (of degree 1) if for every
x € R™ and real number A > 0, we have f(Az) = Af(x).

Proposition A.3. Given a positive real number a > 0, positively homogeneous functions g; : R — R,
and the sets S; = {z | g;(x) < a} for i = 1,2. The inclusion

§1C 8 (55)
is equivalent to

Vo €RY,  gi(x) > g2(0). (56)
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Proof. Suppose by contradiction that there exists € S; \ So. This means that ¢1(x) < a < go(x) which
contradicts eq. (56). Suppose by contradiction that there exists = such that g1(z) < g2(x). If g1(z) =0
(resp. g1(z) > 0), let y = (v + 1)x/g2(x) (resp. y = ax/gi(x)) then by positive homogeneity we have
91(y) =0 < a < ga(y) (resp. a = g1(y) < g2(y)) hence y € S; \ Sz which contradicts eq. (55). O

A.2 Functional representation of convex sets

In this section, we discuss the relation between the different functions that represent a convex sets: the gauge
function, the indicator function and the support function.

Definition A.2 (Minkowski function). We define the gauge or Minkowski function g(S,-) : R™ — RU{+o0}
of a closed convex set S containing the origin as:

g(S,2) Emin{~y: 2 €~S,y >0}, for x € R™.
B!

The set S is the 1-sublevel set of its Minkowski function and the Minkowski function is the only positively
homogeneous function that has this property.

Remark A.2. As we do not assume boundedness of the set in definition A.2, the Minkowski function can
be zero for nonzeros vectors x. Moreover, as we do not assume that the set has nonempty interior and that
the origin is in the interior of the set, the Minkowski function may be infinite for some vectors x. The image
set of Minkowski functions is the set of extended reals for these reasons. As we compare Minkowski functions
in this chapter, we adopt the convention co = co so that the inequality g(Si,z) > g(Sa, ) holds when the
value on both sides is co. See [46, p. 23] or [45, Example 3.50] for more details.

Definition A.3 (Indicator function). We define the indicator function §(z|S) : R" — R U {+oo} of a set
S CR"” as:
0 ifres

+o00  otherwise.

i(x|S) = {

Definition A.4 (Conjugate function). The conjugate, also called the Legendre-Fenchel transformation, of a
function f : R™ — R U {400} is the function

f*(v) & sup{ (v,x) — f(z) | * € R"}, for v € R".
The conjugate function of the indicator function is the support function.

Definition A.5 (Support function). We define the support function §*(-|S) : R™ — RU{+o0} of a nonempty
closed convex subset & C R" as:

5*(y|S) £ sup(y,z).
€S

Definition A.6 (Polar set [46, p. 125], [48, p. 32]). Given a subset S C R", the polar set, denoted S°, is
defined as follows:
S°2{yeR"|(z,y) <1,Vx €S}

The polar transformation satisfies the following property: For any convex sets S, T,
SCT&T°CS . (57)

Proposition A.4 ([46, Theorem 14.5], [48, Lemma 1.7.13]). Given a closed convex subset S C R™ containing
the origin, the following holds:
Vo € R", g(S,z) = 6" (x|S°).

While proposition A.4 allows to go from the gauge function of a set to the support function of its polar,
it is sometimes desirable to compute the support function of the set itself or the gauge function of its polar.
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Definition A.7 (Polar function [46, p. 136]). The polar of a nonnegative convex function f such that
f(0) = 0 is the function
Fo) 2 inf{ 20| (v,2) <1+ pf (@), Va ). (58)

Remark A.3. Note that if f(z) is positively homogeneous, then eq. (58) is equivalent to
fo(v) £ inf{pu >0 (v,z) < pf(z), vz }.

Proposition A.5 ([46, Corollary 15.1.2]). If S is a closed convex set containing the origin then the gauge
function of S and the support function of S are polar to each other.

Proposition A.6 (|46, Corollary 15.3.2]). Let f be a positively homogeneous function of degree p, where
1 < p < 0o. Then the polar of (pf)'/? is (¢f*)'/9, where 1 < ¢ < ocand 1/p+1/q = 1.

Proposition A.7. The polar of the unit ball of the p-norm for 1 < p < oo is the unit ball of the g-norm
where l <g<ooand 1/p+1/¢g=1.

Proof. Consider the function f(z) = (2§ +---+ x2)/p. The conjugate of f(z) is f*(xz) = (zi+---+x2)/q
where 1 < ¢ < 0o is such that 1/p+1/q = 1. As (pf)'/? is the p-norm and (¢f*)'/9 is the g-norm, we can
conclude with proposition A.6. O

Given a closed convex set S containing the origin and a number p > 1, the function gP(S, z)/p is denoted
g,(S,z) and referred to as the gauge-like function of degree p.
The inclusion of convex sets is equivalent to an inequality between the gauge functions.

Proposition A.8. Consider two closed convex subsets S;,S82 € R”™ containing the origin. The inclusion
S§; C S, is equivalent to the inequality g(Sy,z) > g(Ss, x) for all z € R™.

Proof. Follows from proposition A.3. O
This property can be generalized to gauge-like functions of arbitrary degree.

Proposition A.9. Consider two closed convex subsets 81,83 € R™ containing the origin and a positive
integer p. The inclusion §; C S is equivalent to the inequality g,(S1,2) > g,(S2, ) for all x € R™.

Proof. Follows from proposition A.3 and the fact that the function x — 2P is strictly increasing for z € R
ifp>1, [

The inclusion can be rewritten as an inequality between the support functions as well.

Proposition A.10 ([46, Corollary 13.1.1]). Consider two nonempty closed convex subsets S;,So C R™. The
inclusion §; C Sy is equivalent to the inequality 0*(z|S1) < 6*(z|S2) for all x € R™.

Definition A.8 (Proper convex function [46, p. 24]). We say that a convex function f(z) is proper if its
epigraph is non-empty and f(z) < 400 for at least one x and f(x) > —oo for every z.

Let Of(x) denote the set of subdifferential of f at x. The conjugacy and subgradients are related by the
following property.

Proposition A.11 (|46, Theorem 23.5]). For any proper convex function f and vectors x,y, y € 9f(x) if
and only if x € 9f*(y).

For differentiable functions, this allows to compute the conjugate of a function by inverting its gradient.

Corollary A.1l. For any proper convex differentiable function f and vectors z,y, y = V f(x) if and only if
z=Vf(y)
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N convlU + A Al
Gauge function max O g+ oA
Support function O max + f§ oAl
Polar set conv U N g+ AT AT

Table 2: Given an operation on convex sets specified by the column header, the corresponding operation
on the gauge function, support function or polar set is provided in the table. The symbols oA denotes the
composition with the linear map A. The symbol O (resp. #) denotes the infimum convolution (resp. inverse
sum) defined in eq. (59) (resp. eq. (60)). The two missing entries denote that there is no “direct link” with
an operation on the function to the best of our knowledge, unless A is invertible.

A.3 Operations preserving convexity

We consider in this section six operations on sets that preserve the convexity of its operands: the intersection
N, the convex hull of the union “conv”, the Minkowski sum +, the inverse sum f (defined in eq. (60)), the
linear image A and the linear preimage A~'. In particular, we study their impact on the gauge function,
support function and polar set. The results are summarized in table 2.

Lemma A.1 ([46, Corollary 16.5.2]). Let S; be a convex set in R™ for each ¢ € I. Then

(convLJ&)O = ﬂSf

iel i€l
(ﬂ cS;)° =cl (conv U Sf)
iel iel

The gauge function of the intersection of sets is obtained as follows in terms of the support functions of
the two sets being intersected.

Proposition A.12. Given closed convex sets Sy, Sy containing the origin, the following holds:
g(sl N 827 :I:) = maX(g(sh LU), g(827 LU))

The support function of the intersection of sets is the infimal convolution of the support function of each
set.

Proposition A.13 (Infimal convolution [46, Theorem 5.4]). Let fi,..., fm be proper convex functions,
their infimal convolution

(fl Df2 Dljfm)(x) £ lnf{ fl(xl) +oe 7fm(xm) | 1+ -+ Ty, = -T} (59)
is convex.

Proposition A.14 ([46, Corollary 16.4.1]). Given nonempty closed convex sets Sy, Sa, the following holds:
3 (ylS1N&a) = [5*('|51) D5*('|52)] (y)-

The support function of the convex hull of the union of sets is obtained as follows in terms of the support
functions of the two sets.

Proposition A.15 (|46, Corollary 16.5.1]). Given nonempty closed convex sets S, Ss, the following holds:
6" (y[ conv(81 U S3)) = max (6" (y|S1), 6% (y]S2))-
Proof. 1t follows from lemma A.1, proposition A.4 and proposition A.12. O

The gauge function of the convex hull is obtained in as an infimal convolution.
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Proposition A.16. Given closed convex sets Sy, So containing the origin, the following holds:
glconv(S1 U Sz),x) = [g(S1,-) Dg(S2, )] (v)-
Proof. Tt follows from lemma A.1, proposition A.4 and proposition A.14. O

The support function of the Minkowski sum of sets is obtained as follows in terms of the support functions
of the two sets being summed.

Proposition A.17 ([46, Corollary 16.4.1]). Given nonempty closed convex sets S, Sa, the following holds:
5" (y|S1 + S2) = 67 (y|S1) + 6" (y[S2).
The gauge function of the Minkowski sum of sets is the inverse sum of the gauge function of each set.

Proposition A.18 (Inverse sum [46, Theorem 5.8]). Let f1, ..., f,n be proper convex functions, their inverse
sum

(fitfol-- -8 fm)(x) = nf{max(f1(z1),. .-, fm(Tm)) | 21, s Zm ER™ i1+ + 2 =2 }. (60)
is convex.
Proposition A.19. Given closed convex sets S1,So C R™ containing the origin, the following holds:
g(S1+ Sz, 2) = [8(S1,-) £8(S2, )] (2). (61)

Proof. We have © € §; + S, if and only if there exists 1 € S1,z2 € S such that z1 + xo = x. That is,
g(81 + Sz, x) < 11if and only if there exists a1,z such that max(g(Sy,x1),8(Se, 22)) < 1 and 21 + z2 = .
In other words, we have

g(S1+82,7) <1 & inf{ max(g(S1,71),8(S2,72)) | 71,72 ER" 1 vy + w2 =2} < 1
By positive homogeneity of the gauge functions, the equivalence between the inequalities implies eq. (61). O

Proposition A.20 ([46, Theorem 3.7]). Consider the convex subsets S1, Sz C R™, their inverse sum

S188 = J MSin XS
AEAL

is convex.
Proposition A.21. Consider the closed convex subsets S1,S; € R"™, The following holds
(81 + 82)0 = Sf ﬁS§

Proof. By proposition A.17, we have 6*(y|S1 + S2) = 0*(y|S1) + 0*(y|S2). Therefore, y € (S1 + S2)° if and
only if there exists 0 < A < 1 such that y € AS and y € (1 — A\)S5. O

Proposition A.22. Given closed convex sets Sy, Sy containing the origin, the following holds:
g(S14 82, 2) = g(S1,2) + 8(S2, 7).
Proof. 1t follows from proposition A.21, proposition A.4 and proposition A.17. O

Proposition A.23. Given nonempty closed convex sets S1,Ss, the following holds:

§*(y|S1 4 82) = [6*(-|S1) §6*(:|S2)] ().

Proof. 1t follows from proposition A.21, proposition A.4 and proposition A.19. O
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We have the following property for the Minkowski functions of linear preimages and support functions of
linear images.

Proposition A.24. Given a matrix A € R"**"2 and a closed convex subset § C R™* containing the origin,
for all x € R™?, the following holds:
g(A71S, z) = g(S, Ax). (62)

Proof. This is a direct consequence of proposition A.2 with « =1 and f(x) = Ax. O

Proposition A.25 ([45, Corollary 11.24(c)] or [46, Corollary 16.3.1]). Given a matrix A € R"**"2 and a
nonempty closed convex set S C R™2, for all y € R"*, the following holds:

0* (yAS) = 6"(ATylS). (63)

Corollary A.2. Given a projection 77, on the coordinates I C [n] and a nonempty closed convex set
S C R™, the following holds:

5 (ylmr,n(S)) = 6" (71, ()IS).
The following properties show the relation between the linear image of a convex set and its polar.

Proposition A.26 ([46, Corollary 16.3.2]). For any convex set S and linear map A, the following equalities
holds:

(AS)° = A7 TS°,
(A7l 8))° = cl(AT(8°)).

Figure 9 illustrates the relation between four propositions, showing that either of these four is a conse-
quence of the three other ones.

g(A718,x) = g(S, Ax)
Il Il
5* (2| AT S%) = 6* (Az]S°)

Figure 9: Relation between proposition A.4, proposition A.24, proposition A.25 and proposition A.26.

Proposition A.26 plays a prominent role in Section 3.3. The following example provides a geometric
intuition for it.
Example A.1. We can rewrite (AS)° = A~ (8°) as follows:
re(AS)° «— ATzes° (64)

Let S be a sphere of radius 1 centered at (0,0,2) and A be an orthogonal projection matrix which range
equal to the plane z = 0. With these choices of § and A, the set AS is the circle of radius 1 of the plane
z = 0 centered at the origin. This is illustrated by the Figure 10. Let = be the vector normal to the blue line
shown in Figure 10. By (64), = is in the polar of the circle, if and only if ATz, which is the vector normal
brown plane shown in Figure 10, is in the polar of the sphere.

A.4 Polyhedral computation
Hyperplanes and halfspaces are respectively denoted by

Hoo={z|a"z=a} Hoo={z|a"z<a}
The intersection of finitely many halfspaces is called a polyhedral convex set or a polyhedron. The convex

hull of finitely many points is called a polytope.
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AS

Figure 10: Hlustration for Example A.1.

A.4.1 H-representation and V-representation
Theorem A.1 (Weyl-Minkowski). For a subset P of R", the following statements are equivalent

e P has an H-representation, that is, there are s vectors a; € R™ and s scalars «; € R such that

P={z|a/z<a;Viels|} =) Haron- (65)
i€[s]
e P has a V-representation, that is, there is finitely many vectors vy,...,vs € R™, r{,...,r; € R™ such
that
P = conv{vy,...,vs} + cone{ry,...,r¢}. (66)

Definition A.9. The set of H-representations of a polyhedron P C R", denoted Hyep(P) is the family of
sets of pairs (a;,;);_; € R™"! such that (65) holds.

The H-representation of polyhedron gives the gauge function (see definition A.2).

Proposition A.27. Consider a polyhedron P with #H-representation given by (a;,a;)_; € Hyep(P). If P
contains the origin in its interior then

g(P,x) = mz[i)](<ai/ai,x).
i€[s

Proof. As the origin is in the interior of P, o; > 0 for i = 1,...,s. Therefore, g(Hq; 0;, ) = (a;/ci,x). By
theorem A.1, P is the intersection of the hyperplanes, see (65). The result follows from proposition A.12. O

The following propositions are consequences of proposition A.12 and proposition A.24 respectively.

Proposition A.28. Consider polyhedra Pi,Ps, the concatenation of a H-representation for each set is a
‘H-representation for their intersection Py N Ps.

Proposition A.29. Consider a polyhedron P with #-representation given by (a;, ®;)i—; € Hrep(P) and a
matrix A € R"*™. A H-representation of the preimage of A~1P is given by

(ATai,ai)le S ,Hrep(Ailfp).
Definition A.10. The set of V-representations of a polyhedral cone P C R", denoted Viep(P) is the family
of sets of vectors (v;)i_; CR", (r;)!_;) C R" such that (66) holds.

34



By proposition A.4 and proposition A.33, the following proposition follows from proposition A.27.

Proposition A.30. Consider a nonempty polyhedron P with V-representation given by wvq,...,vs € R",
r1,...,7¢ € R™ The support function of P is given by

00 if 3 e [t]: (ry, 2y >0,
max;e[s) (vi, )  otherwise.

5*(«|P) = {

As a consequence of proposition A.30, the following propositions follow from proposition A.17 and propo-
sition A.25 respectively.

Proposition A.31. Consider polyhedra Py, P, with V-representations v¥, ..., Ufk eER™, ¥ ... ,rfk e R"
for Py,. The pairwise sum of the vertices v} + v for i € [s1],j € [s2] and concatenation of the vectors (rkyee
for k£ = 1,2 form a V-representation for the Minkowski sum Py + Ps.
Proof. 1t follows from proposition A.17, noticing that
max (v}, ) + max (v?, z) = max max(v} + v}, T).
i€[s1] i€[s2] i€[s1] j=1
O

Proposition A.32. Consider a polyhedron P with V-representation given by ((v;)$_y, (ri)i_;) € Viep(P)
and a matrix A € R™*". A V-representation of the image AP is given by

((Avi)i_y, (Ari)ioy) € Viep(AP).
Similarly to Corollary A.2, we have the following corollary.

Corollary A.3. Consider a polyhedron P with V-representation given by ((v;)5_;, (r:)i_;) € Viep(P) and a
subset I C [n]. A V-representation of the projection of P on I is given by

((7r.001)i=1; (T107i)iz1) € Viep(T1.0(P)).

The V-representation of a polytope containing the origin in its interior can directly be obtained from the
‘H-representation.

Proposition A.33. Consider a polytope P with H-representation given by (a;, ;)i € Hyep(P). If P
contains the origin in its interior then (a;/a;)i_; € Viep(P°).

As a consequence, we can complete proposition A.7 which only gave the polar of the p-norm for 1 < p < oc.
The following corollary shows that the polar of a cross-polytope is a hypercube.

Corollary A.4. The polar of the unit ball of the 1-norm is the unit ball of the co-norm.

A.4.2 Containment and inclusion
Given a point x, its containment in a polyhedron can be checked using either of the following two properties.

Proposition A.34. A point x belongs to a polyhedron P defined by (65) if and only if (a;,z) < «; for
1=1,...,s.

Proposition A.35. A point z belongs to a polyhedron P defined by (66) if and only if there exists
(A1...,s) € AP and vp,...,v € Ry such that

s t
T = Z Aiv; + Z Vil (67)
i=1 i=1
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The inclusion of a ray in a polyhedron can be checked using either of the following two properties.

Proposition A.36. There exists a translation of the ray { \r | A > 0} that is included in a polyhedron P
defined by (65) if and only if {(a;,7) <O0fori=1,...,s.

Proposition A.37. There exists a translation of the ray { Ar | A > 0} that is included in a polyhedron P
defined by (66) if and only if there exists v1,...,v € Ry such that

t
r= g Vil
i=1

Given a halfspace H, o, the inclusion of a polyhedron in the halfspace can be checked using either of the
following two properties.

Proposition A.38. A polyhedron P defined by (66) is included in a halfspace H,  if and only if (a,v;) < «
fori=1,...,s, (a,r;) <0fori=1,...,t and either s >0 ort =0 or a > 0.

Proposition A.39. A polyhedron P defined by (65) is included in a halfspace H, o if and only if there
exists (A1...,As) € Ry such that
« Z Z )\LOQ
i=1

and

s
a = E )\,LG/Z
i=1

A.4.3 Representation conversion and projection

The complexity of algorithms is commonly described using only the input size (in bits) and not the output
size. This is not appropriate for representation conversion and polyhedral projection algorithms that need to
list the facets (resp. vertices, rays) of a polyhedron. Indeed, the output size itself might not be polynomial
in terms of the input size. We say that an algorithm is output-sensitive if it is in P-TIME in both the input
and output size.

The problem of computing the H-representation (rep. V-representation) given the V-representation
(resp. H-representation) is the representation conversion problem. It was shown that none of the known
algorithms for the representation conversion are output-sensitive [6] but it is still unknown whether there
exists an output-sensitive algorithm for this problem.

An algorithm with a large output might produce its output incrementally without needing to store its
output to continue. Therefore it might run in P-SPACE in its input size even if its output size is exponential
in its input size. Such algorithm is said to be compact [18]. This is the case of the reversed search vertex
enumeration algorithm implemented in LRS [5].

Given a V-representation ((v;)5_q, (3)i_1) € Vyiep(P) of a polyhedron P, a H-representation of a lifted
polyhedron in (z,\,7) is given by eq. (67). The H-representation of the polyhedron can be obtained by
eliminating A and - from this H-representation. Eliminating variables from a polyhedron is called polyhedral
projection. That is, we have just provided a polynomial reduction of representation conversion to polyhedral
projection of H-representation. A more sophisticated reduction, relying on the Farkas lemma, only requires
computing the representation conversion problem for a polyhedra of dimension equal to the number of
eliminated dimensions. This method is referred to as block-elimination and is implemented in CDD |[19].

The family of polyhedra has the important property of being closed under projection:

Theorem A.2 (Fourier-Motzkin). The projection of a polyhedral set on a linear subspace is a polyhedral
set.
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This is proved constructively by exhibiting the Fourier-Motzkin elimination which, given the H-representation

of a polyhedron, provides a procedure to compute the H-representation of the polyhedron obtained by elimi-
nating one coordinate. Even if there exists heuristics to limit this, the Fourier-Motzkin elimination procedure
generally generates a redundant H-representation. Removing these redundant halfspaces is crucial when
eliminating several coordinates to avoid a prohibitive number of redundant halfspaces.

Polyhedral projection of a polyhedron in its V-representation is simple. As shown by Corollary A.3, it
boils down to dropping the eliminated coordinates of vertices and rays. We can see that polyhedral projection
of an H-representation can be achieved by two representation conversion and the polyhedral projection of
V-representation. This provides a polynomial reduction of polyhedral projection of H-representation to
representation conversion.

This shows that representation conversion is essentially “as hard” as polyhedral projection.

A.4.4 Zonotopes

We saw in proposition A.31 that taking the Minkowski sum of two polytopes increase the size of the V-
representation quadratically (even if some vertices may be redundant). One way to go around this issue is
to define the following representation.

Definition A.11. A set of vectors ¢, (v;)7_; is a Z-representation of a polyhedron P, denoted (¢, (v;)_,) €
Zrep(P), if

P={c}+ Z conv(—v;, v;).

i=1

Note that not all polytopes have a Z-representation. The polytopes with a Z-representation are called
Zonotopes.

Proposition A.40. Consider a nonempty zonotope P with Z-representation given by (¢, (v;)i—;) € Zrep(P).
The support function of P is given by

5" (@fP) = (e.2) + 3 [(z0,2).

As a consequence, the following propositions follow from proposition A.17 and proposition A.25.

Proposition A.41. Consider zonotopes Py, P2, with Z-representations (c¥, (vF)7_,) € Z,ep(Px). The tuple

1
made of ¢! + ¢? and the concatenation of v' and v? is a Z-representation for the Minkowski sum P; + Po.

Proposition A.42. Consider a zonotope P with Z-representation given by (c, (v;)7_;) € Ziep(P) and a
matrix A € R™*". A Z-representation of the image AP is given by

(Ac, (Avy)7_y) € Zrep(AP).

We see with these proposition that the zonotope family is closed under Minkowski sum and image (hence
also projection). However, it is not closed under intersection or convex hull (otherwise any polytope would
be a zonotope).

A.5 Ellipsoids

To obtain the polar of £p, we first develop the following property of the conjugate of quadratic forms.

Proposition A.43. Given a positive definite matrix P € S}, the conjugate of the convex function f(z) =
2T Pz/2 is the convex function f*(y) =y P~ 1y/2.

Proof. By corollary A.1, y = Pz if and only if # = Vf*(y). Therefore, Vf*(y) = P~ly and f*(y) =
y' P~ly/2. O
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We can deduce the following.
Proposition A.44. Given a positive definite matrix P € ST, the polar of the ellipsoid £p is £p = Ep-1.

Proof. Using (39), proposition A.6 and proposition A.43, we see that the polar of the gauge function is

8(€p,x) = g°(Ep,x) = VaT P1u. =
We deduce the following from proposition A.44 and proposition A.4.

Proposition A.45. Given a positive definite matrix P € SV, the support function of the ellipsoid £p is

§*(yl€p) = Vy T P~ 1y.

A.5.1 Operations

As the family of ellipsoids is invariant under polarity operation, the six operations can be considered by
pairs (N,convU), (+,1) and (A4, A~1). The family of ellipsoids is either invariant under both operations of
the pair or none.

The intersection and convex hull of the union of ellipsoid is not necessarily an ellipsoid, but it is always
a piecewise semi-ellipsoid, that we study in Section 4.3.

The sum and inverse sum of ellipsoids is not ellipsoidal in general. By proposition A.17 and proposi-
tion A.45, we have that

5* (YlE€p, +Ep,) = VYT Pry +\y  Poy

which is not a quadratic form in general. The following example provides a simple counterexample of the
invariance of the family of ellipsoids under sum and inverse sum.

Example A.2. Consider the semi-ellipsoids &, .7 and &,,.r. By proposition A.22 and (39), we have

8(Ee, e By ) = \/wTeleTz + \/$T€2€;17 = |z1] 4 [22].

Hence &, . § &,y is the unit ball of the 1-norm and, by Corollary A.4, its polar is the co-norm.

We have the following property for the linear preimage of an ellipsoid.

Proposition A.46. Given an ellipsoid £Ep C R™ and a matrix A € R™*™, the following holds:
A7 ep =E4pa.
Proof. This is a consequence of (39) and proposition A.24. O

In view of proposition A.45 and proposition A.25, the linear image of an ellipsoid is more naturally
obtained from P~' and its polar.

Proposition A.47. Given an ellipsoid Ep C R™ and a matrix A € R™*" the following holds:

§*(y|lAEp) =y T AP7IATy (68)
AES = Epp-147. (69)

Moreover, if AP~1AT is invertible, we have
A€p :8(AP—1AT)—1. (70)

Proof. The equation (68) follows from proposition A.45 and proposition A.25. By proposition A.4 and
proposition A.45, equation (69) is obtained from (68). The set E4p-147 is a semi-ellipsoid but it is an
ellipsoid only if AP~'AT is invertible. If it is an ellipsoid, (70) follows from proposition A.44 and (69). O
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A.5.2 Containment and inclusion

As a consequence of proposition A.9 and (39), the inclusion between ellipsoids is verified using the following
property.

Proposition A.48. Consider two ellipsoids Ep,,Ep,. The inclusion £p, C Ep, is equivalent to P = P».

Proposition A.49 (Schur complement). Consider the matrices A € R"*"1 B € R™*"2 (' € R"2*™ D ¢
R™2xm2 et

C D
If D is invertible, the Schur complement of the block D of the matrix M is defined by

vl

M/D=A—BD™'C.
If A is invertible, the Schur complement of the block A of the matrix M is defined by
M/A=D-BA™'C.

We have the following properties of the Schur complement: If D is invertible then the matrix M is positive
definite if and only if D and M/D are positive definite. If A is invertible then the matrix M is positive
definite if and only if A and M /A are positive definite. Moreover, if A € 8™, D € 8™ and C = BT, we
have the following properties. If D is positive definite then the matrix M is positive semidefinite if and only
if M/D is positive semidefinite. If A is positive definite then the matrix M is positive semidefinite if and
only if M/A is positive semidefinite.

By definition of the gauge function and proposition A.49, we have the following two conditions for the
containment of a point in an ellipsoid.

Proposition A.50. Given a point x € R™ and an ellipsoid £p, the membership z € p is equivalent to any
of the following three equivalent conditions

z! Pr <1, (71)
1z’

|:$ P—1:| t Oa (72)

P>z’ (73)

Proof. The condition (71) is by definition of the ellipsoid, see (38). The condition (72) follows from (71)
and proposition A.49. The condition (73) follows from (72) and proposition A.49 but we provide here an
alternative proof that gives a more geometric interpretation. As Ep is a symmetric convex set, z € Ep if and
only if conv({—=z,z}) C Ep. By proposition A.30, we have §*(y|conv({—=,z})) = [{z,y)| = Vy zxTy. By
proposition A.45, 6*(y|Ep) = VT P~lx, Therefore, by proposition A.10, we have (73). O

By proposition A.44 and proposition A.49, we have the following two conditions for the inclusion of an
ellipsoid in a halfspace.

Proposition A.51. Given a halfspace H,,o € R" with a > 0 and an ellipsoid £p, the inclusion €p C Hg o
is equivalent to the following three equivalent conditions

a'P7la < a?, (74)
2 T

R (75)

P>=a%aa’. (76)
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Proof. The condition (74) follows proposition A.33 and proposition A.44. The condition (75) follows from
(74) and proposition A.49. The condition (76) follows from (75) and proposition A.49 but we provide here an
alternative proof that gives a more geometric interpretation. As £p is a symmetric convex set, Ep C Hq o if
and only if Ep C Hy o NH_q.o. By proposition A.27, we have g(Ha o NH—g,0, ) = |[(z,a/a)| = VaTaaTz/a.
By proposition A.45, §*(y|Ep) = VT P~lx, Therefore, by (39) and proposition A.8, we have (76). O

A.5.3 Volume and semi-axis

An ellipsoid Ep can be represented as the rotation of an ellipsoid of the form &, . /421 1¢,eT /a2 - Geomet-
rically, the numbers a; represent the length of the semi-axis of the ellipsoid. The length of the semi-axes is
an invariant of the ellipsoids under rotation.

The volume of an ellipsoid does not depend on the rotation and can be expressed in terms of this invariant.

Proposition A.52. The volume of an ellipsoid with semi-axis of length aq,...,a, is given by

7.[.11/2 n
T(n/2+1) [a:
i=1
The numbers a; are the inverse of square root of the eigenvalues of the matrix P, in other words, they
are the square root of the eigenvalues of the inverse of P. The following two properties follow from this

observation.
Proposition A.53. The volume of an ellipsoid £p is given by

,/Tn/2

[(n/2 + 1)y/det(P)

Proposition A.54. The sum of the squared length of the semi-axes of an ellipsoid £p is given by Tr P~1.
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