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Abstract

In graphene, charge carriers behave as massless (Dirac) fermions, yielding
unprecedented electrical properties. In this thesis, the electronic transport
of Dirac fermions is studied in graphene quantum point contacts thanks to
low-temperature scanning gate microscopy (SGM), a technique consisting
in recording the sample resistance while changing locally the charge carrier
density with a biased metallic tip. The focus has been put on backscattering
mechanisms and three main directions are explored. First, real space signatures
of Klein tunneling, preventing the backscattering of Dirac fermions, are investi-
gated by creating a movable pn junction with the SGM movable top gate. The
experimental results are discussed in the light of simulations, revealing that
the SGM conductance maps yield an image of the current density around and
through the lens, with a direct evidence of Klein tunneling. Second, SGM char-
acterizations are reported under a large magnetic field, in the quantum Hall
regime where charge carriers flow in topologically protected quantum Hall
edge channels (QHECs). The recorded SGM signatures indicate that counter-
propagating QHECsS, separated by a few hundreds of nanometers, exist along
the same edges in graphene and that charge carriers backscattering is achieved
by coupling these QHECs through the localized states of antidots located be-
tween them. Third, these antidots are shown to act as nano-sized Fabry-Perot
interferometers. A simple model is used to reproduce the experimental results,
showing that the signatures associated to two distinct regimes, namely the
Aharonov-Bohm and Coulomb dominated regimes, can be explained in a single
framework ignoring the Coulomb interactions.
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Introduction

Constraints are usually associated to a negative meaning, being a synonym of
limitation and restriction. Though, the interest of games and music precisely
originates from the established rules constraining the player, for instance. The
emergence of fascinating properties out of constrain is also true for charge
carriers in solid state physics, when they are confined to two, one or even
zero dimensions (2D, 1D or 0D). Indeed, it favors regimes dominated by quan-
tum mechanics and correlation, studied by the field of mesoscopic physics in
systems between the macroscopic and the atomic scales.

From a two-dimensional electronic system (2DES), charge carriers can be
further constrained to one dimension. A first method consists in defining a
constriction geometry in the studied device, resulting in the formation of a 1D
channel called quantum point contact (QPC). It is the archetypal mesoscopic
device and its conductance has been found quantized due to the wave nature
of charge carriers that are ideally transmitted through the QPC [1]. Another
method consists in applying a strong perpendicular magnetic field to the
2DES. It confines charge carriers along the edges in 1D channels theoretically
protected against backscattering. This is the quantum Hall effect (QHE).

However, the ideal properties exposed above are often impaired by the
presence of impurities, causing charge carriers backscattering. Pinpointing
these events in real space and studying the mechanisms at their origin has
been proved possible thanks to scanning gate microscopy (SGM) [2, 3]. This
technique consists in changing locally the electronic density of a 2DES with a
movable biased top gate, while recording the device conductance. The ability
to move the local gate is the key to access spatial information. For example,
SGM has been used to highlight preferential electronic paths originating from
a disorder potential [2] and the backscattering of electrons between counter-
propagating quantum Hall edge channels (QHECs) when brought in close
proximity of a QPC [4].

These last results were obtained in 2DESs formed at the interface between
two semiconductors. Another way to confine charge carriers in a plane is
reached with an intrinsic 2D material like graphene, a semimetal composed
of carbon atoms in a periodic honeycomb lattice [5, 6]. This material offers
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remarkable properties due to the massless nature of its charge carriers (elec-
trons when n—doped and holes when p—doped with electrostatic gates). One
of the implications of this characteristic is the absence of potential-induced
backscattering, allowing charge carriers to be perfectly transmitted through a
step-like pn junction, a phenomenon known as Klein tunneling [7, 8].

Nevertheless, these mechanisms are only true in the bulk of a graphene
device as edges are known to strongly impair electrical transport. For instance,
no conductance quantization is observed in etched-defined QPCs [9] and, in the
QHE, backscattering has been highlighted along the device borders even when
they are far apart from each other, which is prevented by a large insulating
bulk in semiconductor-based 2DESs [10, 11]. The latter finding is problematic
for some applications, like graphene quantum Hall interferometers (QHIs), the
equivalence of optical interferometers where the role of monochromatic light
beams is played by the QHECs [12, 13].

In this thesis, the transport of Dirac fermions is studied in graphene QPCs
thanks to the SGM technique, with a focus on backscattering mechanisms.
Three main axes are explored. At zero magnetic field, real space signatures
of Klein tunneling, preventing backscattering, are investigated by creating
a movable pn junction with the SGM top gate. In the QHE, SGM is used
to pinpoint and characterize the backscattering causing the loss of QHECs
protection. Finally, the modulation of backscattering and transmission through
nano-size QHIs is characterized with SGM. The results of these experimental
characterizations and their interpretation, preceded by a more extensive state-
of-the-art, are presented in this manuscript according to the following structure:

Chapter 1 exposes a brief overview of the field of mesoscopic physics at zero
magnetic field. First, it introduces key concepts as coherent electrical transport
in the Landauer-Biittiker formalism, conductance quantification in QPCs or
Coulomb blockade in quantum dots. Then, some remarkable transport prop-
erties of massless Dirac fermions in graphene are discussed. It includes the
mechanisms preventing charge carriers backscattering, yielding Klein tunnel-
ing and Veselago lensing through pn junction, and the mechanisms impairing
electrical transport like edge impurities.

Chapter 2 reviews the electrical transport in 2DESs under a large perpendic-
ular magnetic field. First, it quickly describes the theoretical toolbox of QHE,
exploited all along this thesis. Then, the concept of topological breakdown is in-
troduced in the textbook framework of QHE and the microscopic mechanisms
at its origin are illustrated with local probe measurements from the literature.
Next, the state of knowledge about quantum Hall topological breakdown in
the particular case of graphene is clearly defined. Finally, this chapter is closed
with an introduction to Fabry-Pérot (FP) QHIs.

Chapter 3 covers the principal steps punctuating a typical experimental
process. First, it presents the SGM setup used in this thesis and reviews the
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main achievements obtained with this technique since the late 90s. Second, it
portrays the two graphene QPC devices studied in this work, with a detour via
the fabrication process of such samples. Third, it describes the tight-binding
simulation formalism used to analyze the experimental data, with a particular
focus on the KWANT package.

Chapter 4 is devoted to the electrical transport of Dirac fermions through a
movable pn junction-based circular Veselago lens created in graphene thanks to
the biased SGM tip. First, the experimental data, i.e., the device conductance as
a function of the tip position, are exposed. They are then discussed under the
light of simulations and reveal that the SGM conductance maps give an image
of the current density around and through the lens, with a direct evidence of
Klein tunneling. Finally, the major role of the QPC geometry is highlighted.

Chapter 5 discusses SGM data obtained in the quantum Hall regime, on the
two graphene QPCs. It begins with the observation of peculiar SGM contrast,
associated to backscattering, along the device edges, which is is surprising in
regards to the topological protection of QHECs. These signatures are explained
by the presence of counterpropagating QHECs along the same graphene edges,
coupled through antidots. This hypothesis is supported with simulations
highlighting the mechanisms at the origin of the inter-QHECs backscattering.
A second part is devoted to an observed asymmetry between electrons an holes
in electrical transport and SGM measurements. It is explained by a different
spatial configuration of QHECs in the devices for each type of charge carriers,
originating from the effect of the metallic contacts.

Chapter 6 completes this thesis by showing that antidots, located between
the counterpropagating QHECs in graphene, are FP QHIs free from Coulomb
interactions, despite their unprecedented small sizes predicted to favor this
regime. This is demonstrated in different experimental conditions and the influ-
ence of the reflection probabilities at the QHI beam splitters is analyzed with a
simple analytical model that fits accurately the experimental results. A similar
analysis is also presented for a QHI found in a semiconductor-based 2DES,
where it originates from a dot coupling QHECs flowing along the opposite
edges of a QPC.






Mesoscopic transport at zero
magnetic field

In conventional electronics, the main challenge consists in reducing the tran-
sistors size while avoiding effects linked to the wave nature of charge carriers
at the nanometer scale, such as tunneling effect causing current leakage in the
digital off state. Mesoscopic physics, on the contrary, explores charge transport
taking advantage of quantum mechanics in devices whose sizes range between
the macroscopic and the atomic scales. This chapter gives a brief overview
of this vast domain by discussing first the charge transport in semiconductor-
based two dimensional systems and then in graphene, the material of interest
in this thesis.

1.1 Transport in two dimensional electron systems

Confining charge carriers (electrons or holes) in a plane of the same typical
thickness as their wavelength A forms what is called a two-dimensional elec-
tron system (2DES). Different techniques exist to create such a system. For
example, semiconductor-based 2DESs originate from a bending of the con-
duction (valence) band below (above) the chemical potential at the interface
between two semiconductor materials (GaAs and AlGaAs for example) grown
by molecular beam epitaxy [14].

In the 2DES, electrons motion is influenced by the periodic atomic potential
of the crystal, resulting in a non-trivial dispersion relation of their energy E as a
function of their momentum p = %k, where |k| = 27t/ A is the wavevector and
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h = h/27m with h the Plank constant. In semiconductor-based 2DESs, this rela-
tion can be approximated by a parabola E = h°k?/2m* at low charge carriers
density. Interestingly, it corresponds to the energy of a free particle of effec-
tive mass m*, meaning that charge carriers are described by the Schrodinger
equation

62
o ¥ = EV, a

where p = —ihV, is the momentum operator and ¢ = aexp(ik - r) is the
wavefunction with r the position in the conduction plane and a4 the amplitude.
In a conductor, only charge carriers at the chemical potential (called the Fermi
energy Er at zero temperature) contribute to the electrical transport, their Fermi

wavevector is given by
kp = /2m*EF. (1.2)

The corresponding wavelength is Ap = 27 /kr.

In this framework, coherent transport in 2DESs will be introduced as it condi-
tions the apparition of quantum-dominated electrical transport in mesoscopic
devices. Then, the Landauer-Biittiker formalism, useful to describe this regime,
will be discussed and illustrated with the experimental measurement of con-
ductance quantization in a quantum point contact. Finally, electrical transport
dominated by electron-electron interactions will be discussed in the case of a
quantum dot.

1.1.1 Coherent and ballistic transport

In real devices, impurities close to the 2DES induce a disorder potential U(r),
whose variation occurs on scales much larger than the inter-atomic distance,
and the Schrodinger equation (1.1) becomes

132
< s U(r)> ¥ = Ey. (1.3)

1.1.1.1 Ballistic regime

The disorder potential introduced in Eq. (1.3), alongside other effects such as
electron-phonon coupling, strongly impairs the transport of charge carriers
compared to the ideal case described by Eq. (1.1). Indeed, these mechanisms
are at the origin of "collision" events leading to charge carriers backscattering
in the 2DES. One can then define the mean free path I, as the average distance
traveled by a charge carrier between two collisions. A device of size L is said
to be in the ballistic regime when [, > L. Otherwise, it is in the diffusive
regime. Finding a device in one regime or the other depends on the density
of impurities and on the temperature T that increases the number of electron-
phonon collisions.



1.1.1.2 Coherent regime

When charge carriers move in a 2DES, their associated wavefunction accumu-
lates a phase ¢(r, t) evolving in space and time. The conservation of this phase
leads to interference phenomena that can dominate the electrical transport
properties. However, coupling between the wavefunction and a fluctuating
environment (electromagnetic noise for example) leads to phase decoherence,
i.e., random phase change. One can then define the phase coherence length [
as the averaged distance on which a particle preserves its phase information.
A device is said to be in the coherent regime when [, > L and it implies that
transport is dominated by the wave nature of charge carriers.

1.1.2 Landauer-Biittiker formalism

The Landauer-Biittiker formalism offers a practical framework to deal with
mesoscopic systems in the coherent regime introduced in previous section
[15-18]. As illustrated in Fig. 1.1, such systems are modeled by a scattering
region, corresponding to the studied device, connected by semi-infinite leads
to inject and collect charge carriers, a role played by the electrical contacts in
real devices.

a s
T lead 1

=3

Pnp!

Energy (a.u.)

-~
<
scattering
region
/ Png
,110’/\/\\‘\-5
- $0’/\\Jo lead 2 ™% )

Figure 1.1: Illustration of the Landauer-Biittiker formalism. a, Schematic of a meso-
scopic device composed of a scattering region connected to semi-infinite leads. Axes
are associated to each lead with x being the charge transport direction. A forward
mode ¢, in lead 0 is sent towards the scattering region and is reflected to the backward
mode m in the same lead (¢;), with the reflection amplitude 7y, and transmitted to
mode p in lead 1 (¢yp) and to mode g in lead 2 (¢n;) with the transmission amplitudes
tnp and tyq. b, Discrete energy levels E, due to the confinement in the y direction
in the leads. The associated wavefunction x, are shown in orange. ¢, Energy bands
En(ky) = En + 12k2/2m*, where the second term is the parabolic energy dispersion of
a free particle of effective mass m* shown with a blue dashed line. A mode is created
for each band crossing the Fermi energy Er (red dot) for k, > 0.

1.1.2.1 The leads

The leads are semi-infinite one-dimensional ribbons carrying current without
backscattering (in a purely ballistic regime) towards and from the scattering
region. Therefore, charge carriers behave as free particles along the transport
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axis x; in the /th lead (I = 0, 1 or 2 in Fig. 1.1a). In the y; direction, the lateral
confinement yields discrete energy levels E, associated to the wavefunctions
Xxn(y;) of wavelength A, (Fig. 1.1b). Hence, the total energy forms parabolic
bands expressed by E,(ky) = E, + h?k%/2m* (Fig. 1.1c). A mode is created
when the nth band crosses Er. For a forward mode, i.e., towards the scattering
region, the wavefunction is

1 .
n (X1, Y1) = Xn (yz)ﬁ exp(—ikxx;), (1.4)

where k2, = k% — (271/ Ay, )?, with kr defined in Eq. (1.2), and L a normalization
length.

1.1.2.2 The scattering region

When the nth mode in Eq. (1.4) enters the scattering region, it can either be
backscattered towards the same lead or transmitted towards another lead. In
the first case, the backward wavefunction writes

1 .
Pum (X1, Y1) = ”nme(yl)\ﬁ exp (ikx,mx;), (1.5)

where 7y, is the reflection amplitude from mode n to mode m and necessarily
obeys to |ry,| < 1. In the second case, the transmitted wavefunction in lead
k # 1 is expressed as

1 .
Qonp(xkryk) = tanp(]/k)ﬁ exp (lkx,pxk)/ (1.6)

where t;, < 11is the transmission amplitude from mode 7 in lead / to mode p
in lead k.

1.1.2.3 Conductance in a mesoscopic system

Now, we will see how transport properties can be derived from the wavefunc-
tions in the leads, defined in the previous section. The starting point is the
expression of the current density associated to the wavefunction ¢, in Eq.
(1.6), given by

. ieh % *

Jup = &5, % (%p(xk,yk)wnp(xk,yk) - (Pnp(xk/yk)V(Pnp(xkfyk)) , (17
where —e is the electron charge and g; is the spin degeneracy of the wave-
function @7, (most of the time, gs = 2). By integrating j,,, along y, and by

considering that xp (yx) is normalized in this direction, the current contribution
of an energy interval 4E along the transport axis is [14]

e
Ly = gsﬁ|tnp\2dE. (1.8)

This expression does not depend on the energy because the decrease of group
velocity with E compensates the increase of the density of states. One can
further define 7, = |tqp|? as the transmission probability since it is the ratio
between the probability densities |@,, (xg, yk)|* and |@n (x7, y1) |*-
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In order to have a non-zero current in the leads, an imbalance between
the chemical potentials y; in lead ! and yy in lead k should be imposed. It
corresponds to the application of a voltage bias Vj, = (y; — pux)/e between
the leads (here, lead [ is called the source and lead k the drain so that Vj; is
the source-drain voltage denoted Vsp in this thesis). At finite temperature
T, electrons in lead [ are distributed in energy around the chemical potential
according to the Fermi-Dirac statistics fj(E) = 1/(exp((E — u;)/kgT) + 1),
where kp is the Boltzmann constant. From Eq. (1.8), the current is

Ly =855 [ Tap (Fi(E) = fulE)E. (19)

When the source-drain voltage is small (eVj;x < kpT) in Eq. (1.9), it enables the
approximation [16]

f(E) = fr(E) = aféif)(#z — ) = aféigf)evlk' (1.10)

If the temperature is now lowered to zero (I — 0), the source-drain voltage
should be infinitesimal (Vj; — dVJ;) to respect the approximation in Eq. 1.10.
The system is then said to be at the equilibrium as the chemical potential in
both leads are equal to the Fermi energy (y; ~ py = Er). In this framework,
the conductance between leads I and k is given by ¢ }_cx 61np /6 Vg, which
yields [15-18]

2
C=g" LY Tup, (1.11)

nel pek

provided that the discrete energies E, and E, (Fig. 1.1b) of the considered
modes are below Er. In this expression, ¢?/h is the quantum of conductance.

1.1.3 The quantum point contact

A quantum point contact (QPC) in the coherent regime is the archetypal meso-
scopic system as its electrical transport properties clearly highlight the wave
nature of charge carriers. In semiconductor-based 2DESs, it is obtained with
split gates located above the conducting plane, biased with a negative (positive)
voltage to deplete the electron (hole) gas beneath them (Fig. 1.2a) [1, 19, 20].
It results in the formation of a one-dimensional channel caused by the con-
finement potential of the gates (black line in Fig. 1.2b). This potential can be
approximated by a parabola at low charge carriers density. Different transverse
modes appear in this channel at equidistant energies E;; (gray lines in Fig. 1.2b)
and a wavefunctions ), along the y axis (Eq. (1.4)) is associated to each mode
(Fig. 1.2b).

In 1988, van Wees et al. discovered that the conductance through a QPC
formed with split gates (separated by 250 nm as shown in Fig. 1.2a) is quantized
with plateaus at integer values of the quantum of conductance e?/h (light blue
curve in Fig. 1.2¢) [1]. They have also showed that these plateaus are smoothed
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Figure 1.2: Quantized conductance in a quantum point contact (QPC). Adapted from
[1]. a, Schematic of the QPC formed with split gates depleting the underneath 2DES
when biased at a negative voltage. b, Parabolic confinement potential (black line) and
the corresponding energy levels E;; (gray lines). The orange curves show the transverse
wavefunctions ;. ¢, Conductance curves at different temperature (shifted by 2¢2 /h for
clarity). When the temperature is decreased, G exhibits clear steps at integer values of
2¢% /. Note that a small kink appears around 0.7 x 2¢?/h and is called the 0.7 anomaly
[21].

out when the temperature is increased (Fig. 1.2c) [19]. These observations
are in full agreement with the Landauer-Biittiker formalism presented in the
previous section. The QPC is a one-dimensional channel comparable to a lead
and varying the split gates voltage towards less negative values adds a mode in
the constriction each time one of the energy levels E,, is shifted below the Fermi
energy Er. The modes are spin-degenerated (g5 = 2) and contribute for 2¢?/h
to the total conductance in Eq. (1.11), meaning they are perfectly transmitted
through the QPC (7;p = 1). With three modes below Ef, the conductance
is therefore G = 6¢?/h (red dot in Fig. 1.2c). Lastly, when the temperature
is raised, the Fermi-Dirac distribution widens in Eq. (1.9) and the steps are
smoothed out.

1.1.4 Coulomb blockade

Transport through a one-dimensional channel has been discussed in the pre-
vious section in the absence of electron-electron interaction. When the di-
mensions are further reduced to form a zero-dimensional quantum dot (QD)
tunnel-coupled to the source and the drain, these interactions can no longer be
ignored [22]. Indeed, adding an electron in the dot has an energetic cost due to
the Coulomb repulsion with the charges already confined in the QD. Hence,
adding and removing electrons is achieved by changing the voltage Vp¢ of a
plunger gate thanks to the capacitive coupling ap; between the gate and the
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1.1. Transport in two dimensional electron systems

dot (insets in Fig. 1.3a).
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Figure 1.3: Transport through a quantum dot (QD). Adapted from [23]. a, Conduc-
tance through a QD as a function of the plunger gate voltage Vpg. The left inset shows
an image of the sample with biased top gates depleting the underneath 2DES to create
the QD. The right inset shows a capacitive model of the QD. b, Conductance map as a
function of Vpg and the source-drain bias voltage Vsp (in the range indicated with a
red doted line in a). It features Coulomb diamonds (zero conductance regions in black).
Each diamond is labeled with the number of electrons in the QD. c-e, Schematic of the
energy profile along the transport axis x in the dot. The source and drain reservoirs
at potential g and up are separated from the QD by tunnel junctions. The QD hosts
discrete energy levels yy. Each situation illustrates a particular point of the map in b.

The electrical transport through a QD is illustrated with the conductance
curve in Fig. 1.3a, obtained by varying Vpg [23]. It displays a set of peaks
separated by zero conductance regions. Figure 1.3b shows the evolution of
these peaks when the source-drain bias voltage Vsp is raised. It features
adjacent diamond-shaped regions of zero-conductance (in black in Fig. 1.3b)
separated by regions of non-zero conductance (light shades in Fig. 1.3b) in the
conductance map. These signatures can be understood with the schematics in
Figs. 1.3c-e [14]:

* At zero Vsp, the QD is conducting when hosting N or N + 1 electrons
is energetically equivalent. The N + 1th electron can therefore hop in
and out the QD and contributes to electrical transport. It is represented
by an energy level i1 aligned with the source and drain potential g
and yp in Fig. 1.3c. The spacing between two levels can be expressed by
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in+1 — N = AE + €% /ay, where AE is the quantum contribution coming
from the size confinement and €2 / ay, is the Coulomb contribution with ay,
the QD self-capacitance. Excepted in extremely small QDs, the quantum
contribution is much smaller than the electrostatic term.

* When a change of voltage AVpg shifts the levels by an energy apgeAVpg,
so that none of them is aligned with yg and pp, transport through the QD
is forbidden (Fig. 1.3d). It is the Coulomb blockade regime explaining
the regions of zero conductance in Figs. 1.3a,b.

¢ At finite Vgp, transport through the dot is observed when a level stands
in the energy window eVsp (Fig. 1.3e).

When looking at the schematics in Figs. 1.3c-e, one would expect the diamonds
to be perfectly symmetric in Vpg and Vsp. Nevertheless, this is not the case in
Fig. 1.3b where they are tilted. It is due to the capacitive coupling between the
QD and the source and the drain (#g and ap in the right inset of Fig. 1.3a) that
modifies the charging energy in the QD when V;p is applied.

1.2 Dirac fermions in graphene

Graphene, produced and studied for the first time in 2004 [24], is a two-
dimensional semi-metal composed of carbon atoms organized in a honeycomb
lattice (Fig. 1.4a) [5]. Contrary to semiconductor-based 2DESs (section 1.1), the
graphene band structure can be approximated at low charge carriers density
by a conic energy dispersion (Figs. 1.4b,c) expressed as

E = ¢hor|K|, (1.12)

where vF is the group velocity and ¢ = £1 depending if Er is in the conduction
band (¢ = +1 when Er > 0) or in the valence band (¢ = —1 when Er < 0).
This expression is identical to the energy of free massless fermions, with a
velocity vr instead of the speed of light. The Schrédinger equation (1.1) is
therefore not valid in the case of graphene and the Dirac equation should be
used instead. It writes

vro - Pypx = Ev, (1.13)

where ¢ = (0y, & K(Ty) is the vector of the Pauli matrices o, and oy and K is the
valley label with ax = 1 and agr = —1 (Fig. 1.4b). The eigenstate of Eq. (1.13)
in the reciprocal space is [5]

1 e—izxKGk/Z
l/JK(k):\ﬁ ol | (1.14)

where k = (ky, ky) is the wavevector whose origin is one of the K points in Fig.
1.4b and 6} = arctan(k, /ky) is the angle of the wavevector in the reciprocal
space. The form of this wavefunction provides exceptional electrical properties
to graphene, as will be detailed in the next section.
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Figure 1.4: Graphene electrical properties in a nutshell. a, Schematic of the graphene
lattice. The unit cell is shown with the yellow area and is defined by the two unit vectors
aj and ap. It contains two carbon atoms forming the sub-lattices A and B. b, Brillouin
zone in the reciprocal space. ¢, The energy dispersion of graphene exhibits a conical
evolution with the wavevector k centered a the K and K’ points in b. It forms two
distinct valleys. Intravalley scattering is illustrated with a red arrow and intervalley
scattering is illustrated with a green arrow.

Before moving forward, it must be pointed out that the two dimensional
nature of graphene allows to shift easily the band structure, compared to
Er, with electrostatic gates. When Er stands at the intersection between the
valence and the conduction bands, the charge carriers density is zero. This
point is therefore called the charge neutrality point (CNP). Otherwise, when
Er > Ecnp, graphene is doped with electrons (green color code in this thesis)
and when Er < Ecnp, graphene is doped with holes (purple color code in this
thesis). The charge carriers density is expressed from Er as [5, 6]

_ Kkt _ 47E2
T W20

ne (1.15)

1.2.1 Backscattering in graphene

This section discusses the mechanisms leading to the backscattering of Dirac
fermions in graphene.

1.2.1.1 Effect of the disorder potential

In section 1.1.1, we have seen that the presence of a disorder potential U(r)
induces backscattering for charge carriers obeying to the Schrodinger equation.
In the present section, the effect of such a potential is discussed in the case of
graphene, with the Dirac equation (1.13) becoming

vro - pYx + U(r)l,b]( = Eyx. (1.16)

The probability to scatter a Dirac fermion from a state ¢k (k) to i (k') (Eq.
(1.14)) is derived from the Fourier transform of the potential term U(q) and
depends on the angle 6 between the wavevectors k and k' as [6, 25]

2 1+ cos(8)

P(6) = |U(q) 3 (1.17)
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This expression shows that intra-valley backscattering (red arrow in Fig. 1.4c)
is forbidden in graphene as the probability to flip the wavevector from k to
k' = —k results in P(§ = 71) = 0. This remarkable property will be further
discussed in the next section under the light of pseudospin conservation.

1.2.1.2 Pseudospin and chirality

In particle physics, the Pauli matrices operator ¢ in the Dirac equation is at the
origin of the spin degeneracy. In Eq. (1.13), the presence of the same term yields
what is called the pseudospin in graphene, linked to the two sublattices (Fig.
1.4). Similarly to particle physics, the chirality can be calculated by projecting
the pseudospin on the normalized wavevector as

C= ”Tk — agl = +1. (1.18)
The chirality remains unchanged in the same band and the same valley. Fur-
thermore, the charge carriers velocity can be expressed from the chirality as
[25]
k
V= vpC%. (1.19)
In the K valley, v is therefore aligned with the momentum 7k in the conduction
band while they are inverted in the valence band (and the opposite for the K’
valley). Furthermore, v does not depend on the norm of k.

The reason for the forbidden backscattering in Eq. (1.17) can now be inter-
preted in term of pseudospin as this quantity should be conserved [5, 6, 25, 26].
This requirement would be violated by changing k for —k is Eq. (1.18) as
o would also have to change to —¢ [25]. Despite the forbidden intra-valley
backscattering, inter-valley backscattering is however made possible as it keeps
o unchanged. Nevertheless, it requires a long-range scattering event in the re-
ciprocal space (Fig. 1.4b), only possible by the presence of a punctual impurity,
as an atomic defect, whose size is around 1/|K — K’ | ~ a, where a is the lattice
constant (Fig. 1.4a).

1.2.2 Effect of the strain fluctuations

While backscattering caused by a disorder potential is theoretically forbidden,
it has been shown to originate from strain fluctuations [27]. Indeed, strain
induces a variation of the interatomic distance in the plane, which is different
than adding a potential term in the Hamiltonian of Eq. (1.16). In real devices,
corrugation due to the substrate roughness is one of the principal sources of
strain fluctuations. Hence, placing graphene on a Si/SiO; substrate strongly
impairs the electrical properties compared to an hexagonal boron-nitride (hBN)
substrate [28]. Indeed, hBN is an electrically insulating van der Waals material
whose layers have the same lattice as graphene, and almost the same inter-
atomic distance, with boron atoms on sublattice A and nitrogen atoms on
sublattice B in Fig. 1.4a. The two-dimensional nature of this substrate makes it
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extremely flat compared to 5i/SiO, and therefore improves the conductivity of
the graphene layer placed on top.

Ecnp (meV)
—100 MR 100
a hBN | [b Wi » - Si02] 3 [c hB
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Figure 1.5: Charge puddles induced in graphene by the substrate corrugation.
Adapted from [29]. a, Scanning tunneling microscopy map of the CNP energy in
graphene on a hexagonal boron-nitride (hBN) substrate. b, Same as a for graphene on a
Si/SiO; substrate. ¢, Distribution of the fluctuations height linked to the corrugation
of the substrate (hBN in red and Si/SiO; in blue). The Schematics on the right show
topography maps of graphene on hBN (top) and on Si/SiO; (bottom).

A comparison between the two substrates is shown in Figs. 1.5a,b by imaging
the CNP energy Ecyp with a scanning tunneling microscope [29]. Graphene
on hBN leads to small variations of Ecnp on distances around 100 nm (Fig.
1.5a) compared to the large variations of Ecyp on distances around 10 nm for
graphene on 5i/SiO, (Fig. 1.5b). By performing topographies on the same
areas, the charge puddles have been associated to the substrate corrugation,
much flatter with hBN than with Si/SiO, (Fig. 1.5¢).

1.2.3 Veselago lensing

As mentioned at the beginning of section 1.2, gates can be used to dope
graphene either with electrons (n-doping) or with holes (p-doping). By using
two gates of opposite polarity, it is therefore possible to create a pn junction.
One can then wonder what is the fate of Dirac fermions impinging perpendicu-
larly such a junction, given that backscattering is prohibited due to pseudospin
conservation (section 1.2.1.2).

1.2.3.1 Klein tunneling

Computing the transmission probability in this scenario tells us that charge
carriers are perfectly transmitted through the pn junction. This phenomenon is
known as Klein tunneling and has been predicted back in 1929 [30], with parti-
cles and antiparticles instead of electrons and holes that are their counterpart
in graphene.

Figure 1.6a illustrates Klein tunneling for an abrupt pn junction created by
the potential U (x) shown with the gray line. The velocity v of an electron in
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Figure 1.6: Veselago lensing through a pn junction. a, Abrupt potential step U(x)
along the transport axis with an electron (1) doping on the left and a hole (p) doping
on the right. The momentum p is in the same direction as the velocity v for electrons
and is in the opposite direction for holes. b, Same as a for a smooth pn junction. The
momentum p = hk decreases continuously with Er — U(x) and is inverted on the
other side of the junction but v remains the same. ¢, Charge carriers impinging the
pn junction at finite angle 6 are reflected and transmitted with a negative refraction
index. d, For a smooth pn junction, charge carriers trajectories at angle 6 are bent and a
forbidden region of width w(#) is formed. Transmission through this region is achieved
by conventional tunneling.

the n region is given by Eq. (1.19) and is alighed with the momentum p = i1k
in the K valley. In the hole side, the velocity remains the same (such as the
pseudospin) but the momentum is inverted to p = —fik. Note that the electron
does not become a hole in the p region [25], as often stated in the literature.
Indeed, it would violate the charge conservation. When the electron goes
through the junction, it fills one of the unoccupied states of an otherwise filled
valence band, commonly called a hole state. It can therefore be seen as an
anti-hole obeying to Eq. (1.19) in the valence band.

Based on the same reasoning, a smooth p#n junction (Fig. 1.6b) also allows
Klein tunneling. In this configuration, the momentum p is reduced as the CNP
is shifted towards Er (indeed, Er — Ecyp = horkp) but the velocity is kept
constant (Fig. 1.6b). At the position of the pn junction, p vanishes and changes
sign in the p region. This continuous change of p alongside the constant v
explains the absence of backscattering. Klein tunneling has been highlighted in
a real device with interference signatures in a npn junction [8].

1.2.3.2 Transmission at finite angles

The transmission of charge carriers through the pn junction as a function of
their trajectory angle will now be discussed. In the case of an abrupt junction
(Fig. 1.6¢), trajectories impinging it at finite angle are partly reflected and partly
transmitted. Interestingly, the transmission is comparable to that in a negative
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refraction index material (whose properties have enabled the creation of an
invisibility cloak [31]) and charge carriers are refocused in the other side of the
junction. This phenomenon is known as Veselago lensing [32].

For smooth pn junctions, the potential gradient induces a progressive bend-
ing of charge carriers trajectories when their incident angle 6 is increased (Fig.
1.6d). In this situation, a forbidden region appears and its width w increases
with 0 [33]. The transmission through this region is achieved via conventional
tunneling and is determined from the junction width W (Fig. 1.6b) by [33]

T(0) = exp(—ﬂfka sin(f))z). (1.20)

Veselago lensing with smooth junctions has been evidenced experimentally
in graphene with fixed gates in refs. [34, 35] and will be discussed in the case of
a movable gate in chapter 4. The filtering induced by the junction smoothness
has also been exploited to create a highly directional electron beam [36]. These
lensing effects let envision a plethora of devices designed to manipulate Dirac
fermions similarly to photons in an optical systems, a field known as graphene
electron optics. Several achievements have already been demonstrated in this
field, including the equivalent of an optic fiber [37] or the creation of optics-
based transistors [38, 39]. The equivalent of a scanning electron microscope
has also been proposed in this framework [40].

1.2.4 Influence of edges on transport

In section 1.2.1, we have seen that backscattering caused by potential fluctua-
tions is prohibited in graphene. Importantly, this conclusion has been drawn
with wavefunctions in a fully periodical lattice and is therefore only valid in
the bulk of a device. Indeed, graphene edges are known to strongly affect the
transport of charge carriers as illustrated with two experimental examples in
this section.

1.2.4.1 Transport through a graphene QPC

Figure 1.7a shows the conductance G measured through a graphene QPCs (an
optical image is shown in the inset of Figure 1.7a), by varying the bulk density
n. with a back gate [9]. Since the change of density modifies the wavevector
kr according to Eq. (1.15), the number of modes in the constriction should
change as well. A steps-like evolution of G is therefore expected, similarly to
the semiconductor-based QPC in Fig. 1.2c. However, no quantization is visible
in Fig. 1.7a, except perhaps by the appearance of some kinks separated by
2¢? /h at large density (black arrows). Simulations, performed by introducing
edge roughness (Figs. 1.7b,c) reproduce the experimental results as shown with
the blue curve of G as a function of kr in Fig. 1.7d. The chaotic fluctuations of
this curve highlight that edge roughness causes a backscattering of the modes
through the QPC that varies with the wavevector, with 7y, (kr) < 1 in Eq.
(1.11).

17



a b
N
A
. d
< 16
N(D
— Experiment
© 12k
= N\
o )
© i / / P
/7 \
4 // ‘-..:
// Theory
0 1 1 1 1 1 1 1 0 < 1 1 1 1 1
15 -1 05 0 05 1 15 0 40 80 100
ne (1012 cm2) ke (108 m™)

Figure 1.7: Absence of quantization in a graphene QPC. Adapted from [9]. a, Evolu-
tion of the conductance G as a function of the density 7, for two cooldowns of the same
graphene QPC whose constriction is 230 nm-wide. Graphene is encapsulated between
two hBN layers. The inset shows an optical photography of the sample (contacts in
yellow and hBN/graphene/hBN stack in green). b,c, Simulated local density of state
(LDOS) of two QPCs at different values of Er. The LDOS exhibits larger fluctuations
along the edges due to roughness. d, Comparison between the experimental (black)
and the simulated (blue) conductance. Both exhibit chaotic fluctuations due to edge
roughness.

1.2.4.2 Thermal dissipation along graphene edges

Figure 1.8 presents the results of another remarkable study highlighting the
detrimental role of edges in graphene [41]. It has been performed with the
experimental setup represented in Figs. 1.8a,b. A superconducting quantum
interference device (SQUID) placed on a tip is scanned above a graphene
sample (in black) encapsulated between hBN (in blue). This probe allows
to measure the thermal dissipation with a high precision while the tip can
be biased to induce a local gating beneath it [42]. Figure 1.8c displays the
derivative of the thermal dissipation map when a DC current I is sent through
the device (Fig. 1.8b). The dissipation is highlighted by a large contrast in Fig.
1.8c and occurs essentially along the edges, except for three spots in the bulk
labeled A, B and C. The observed dissipation has been assigned to the presence
of atomic defects (Fig. 1.8d) for which the resonant interaction with charge
carriers is tuned by the tip-induced potential [41]. It results in circular features
centered on the probed defects (Fig. 1.8e), corresponding to the tip positions
resulting in the same induced potential.
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Figure 1.8: Thermal dissipation along graphene edges. Adapted from [41]. a, Side
view of the experimental setup. A SQUID on tip (SoT) is scanned above a hBN/-
grapene/hBN stack. b, Optical image of the sample. ¢, Derivative of the thermal
dissipation map. It features contrast essentially located along the edges. d, Artist’s view
of the collision between an electron and an atomic defect, causing thermal dissipation.
e, Zoom on one of the dissipation signature in the bulk.
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Mesoscopic transport at high
magnetic field

Modern physics tells us that electric and magnetic fields are two faces of the
same coin: the electromagnetic force. The previous section has been focused on
the transport of charge carriers in two-dimensional systems under the effect of
an electric field. In this section, we will enlarge the scope by also considering
the influence of magnetic field. First, the quantum Hall effect (QHE) will
be briefly introduced, both for semiconductor-based heterostructures and for
graphene. Then the case of graphene, with its particularities, will be further
detailed, as it sustains the major part of this thesis. Finally, one of the most
promising applications of the QHE, namely quantum Hall interferometers, will
be introduced.

However, before getting into the substance of quantum Hall effect, it may be
convenient for some readers to have a quick reminder of its classical counter-
part, the Hall effect. The story goes back to 1879 when Edwin Hall discovered
that a magnetic field B applied perpendicularly to the plane of an electrical
conductor results in a voltage difference transverse to the electrical current
direction [43]. This effect arises due to the Lorentz force yielding a charge ac-
cumulation along the device edges perpendicular to the transport axis. When
divided by the current, the transverse voltage gives the Hall resistance denoted
Ryy (see Fig. 2.1a) that is proportional to B. Next, we will see what is meant by
the quantum version of this effect.
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2.1 The quantum Hall effect

In this section, I review the key features of Quantum Hall effect that are useful
for this thesis, without entering into the details of the mathematical develop-
ments. A more in-depth description of this regime can be found in refs [26] and
[44].

One century after the discovery of the Hall effect, Klaus von Klitzing ob-
served a peculiar behavior of Ry, in a metal-oxide-semiconductor field effect
transistor, measured at low temperature (T = 1.5 K) and high perpendicular
magnetic field (B = 15 T) [45]. In such a device, applying a sufficiently large
voltage on the metallic gate leads to the formation of a thin electron gas in the
semiconductor, at the interface with the oxide. By varying this voltage, Rxy
exhibited some plateaus, coinciding with a vanishing longitudinal resistance
Rxx (Fig. 2.1b). Interestingly, these plateaus were found at Ry, = h/(2ne?)
where / is the Plank constant, e the charge of the electron and # is an integer.
In other words, they only depend on fundamental constants. Therefore, this
new phenomenon was directly acknowledged for its application in metrology
and its discoverer was awarded the Nobel prize in 1985.
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Figure 2.1: Observation of the quantum Hall effect (QHE). a, Schematic of a Hall bar,
the archetypal device geometry to measure (quantum) Hall effect. It allows to measure
both the longitudinal resistance Ryy and the transverse (Hall) resistance Ry, under a
perpendicular magnetic field B. b, Ryx (green) and Ry (black) evolution with B in a
semiconductor-based 2DES holding in a InGaAs/InAlAs heterostructure. The filling
factors are indicated in gray. Adapted from [4]. ¢, Ryy (green) and the Hall conductance
Gyy (black) evolution with the charge carriers density n in graphene. Gyy = R;yl when
Ryx = 0. The filling factors are indicated in gray. Adapted from [46].
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Similarly to Klaus von Klitzing’s experiment, varying the magnetic field at
fixed charge carrier density also leads to a quantization of Ryy. This is illus-
trated in Fig. 2.1b where the longitudinal (black) and Hall (green) resistances
are recorded in a InGaAs/InAlAs heterostructure at 100 mK. QHE has also
been studied in graphene and presents some particularities due to the rela-
tivistic nature of the charge carriers in this material [46]. The conductance
plateaus are indeed found at half integer values Gry = 4n+1/ 2)e2/ h when
the carriers density is varied (Fig. 2.1c). The next sections aim to present the
current state of knowledge explaining the QHE both in semiconductor-based
2DESs and in graphene.

2.1.1 Landau levels
2.1.1.1 In semiconductor-based 2DESs

Understanding the evolution of Ryy and Ryy in Fig. 2.1b requires a quantum
formalism involving the magnetic field. For a semiconductor-based 2DES,
this is achieved by performing the Peierls substitution in the Hamiltonian of
Eq. (1.3) [47]. In that framework, the momentum operator is modified as
P — P + eA where A is the vector potential related to the magnetic field by
B = V x A. The Schrodinger equation then writes

((f’ +eA)?

2m*

+ U(r)> = Eqip. .1)

By neglecting the potential term U(r) in Eq. (2.1), that will be discussed in the
next section, the eigenvalues of the Hamiltonian are quantized as [48]

ehB 1
E, = o= (n + 2> , (2.2)

where n > 0 is an integer. These energies are called the Landau Levels (LLs) and
evolve linearly with B (Fig. 2.2a).
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Figure 2.2: Evolution of the Landau levels (LLs) with the magnetic field. a, In a
semiconductor-based 2DES, the LLs evolve linearly with B according to Eq. (2.2). b, In
graphene, the LLs follow a v/B evolution according to Eq. (2.3).
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2.1.1.2 In graphene

In graphene, the development leading to Eq. (2.2) does not hold since charge
carriers obey to the Dirac equation. Nevertheless, a similar reasoning can be
applied with the Dirac Hamiltonian in Eq. (1.13) and yields energy levels

expressed as [26]
E, = +vrVv2ehvnB (2.3)

where the + sign stands for electrons, the — sign for holes and n > 0. Interest-
ingly, the n = 0 LL is located at the CNP and is filled both with electrons and
holes. Moreover, contrary to Eq. (2.2), the LLs do not evolve linearly with B
(Fig. 2.2b).

2.1.1.3 Zeeman splitting

So far, the LLs described in Egs. (2.2) and (2.3) are degenerated in spin. At
large magnetic field, however, each LL can be split due to Zeeman effect [49]
and these expressions become [14]

1
Ef=E, + Eg*yBB, (2.4)

where E; is the nth LL given in Eq. (2.2) or (2.3), g* is the Landé g-factor
depending on the considered material and yp = efi/2m* is the Bohr magneton.

2.1.2 Quantum Hall edge channels

This section aims to make the link between the LLs illustrated in Fig. 2.2 and
the presence of Ry, plateaus coinciding with a vanishing Ry in the transport
measurement shown in Figs. 2.1b,c.

2.1.21 A naive picture

As a starting point, we will look at the LLs evolution at the device edges. To do
so, let us come back to Eq. (2.1) and, in particular, to the potential term U(r)
that has been neglected to obtain the LLs energies in Eq. (2.2). Two cases can
be distinguished when looking at the variation of this term on a length scale of
the order of the magnetic length, defined as

h
Iy = \/;. 2.5)

1. When U(r) varies slowly over a distance Iy (U(x + ) — U(x) < hwe),
it can be approximated as a constant term in Eq. (2.1) and the energy
levels are given by

Eu(r) = E, + U(x). (2.6)

It means that the LLs of Eq. (2.2) follow the potential landscape. If
we consider a real device (Fig. 2.3a made from a semiconductor-based
2DES for example), a smooth confinement potential at the edges (black
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dashed line in Fig. 2.3b) will cause the LLs to bend and to cross the Fermi
energy (Fig. 2.3c). This leads to the formation of one-dimensional and
unidirectional quantum Hall edge channels (QHECs) depicted along one
edge in Fig. 2.3d and in the whole sample in Fig. 2.3a.

2. When U(r) varies quickly over a distance I (U(x + Ig) — U(x) 2 hwe),
it can no longer be approximated as a constant term in Eq. (2.1). This is
the case of graphene, for example, where the confinement potential raises
abruptly at the physical edges. In that situation, QHECs also appear
along the device borders. The simulated wavefunctions corresponding to
each of these QHECs are shown in Fig. 2.4. As in Fig. 2.3, the number
of QHECs is given by the number of LLs below the Fermi energy. In
graphene, however, along with the spin degeneracy, each LL is also valley-
degenerated (K and K’ in Fig. 1.4) and therefore yields two different
wavefunctions. For n = 0, one of the valleys contributes for holes and the
other for electrons. Importantly, the width of the QHECs wavefunctions
is on the order of the magnetic length defined in Eq. (2.5).
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Figure 2.3: Formation of quantum Hall edge channels (QHECSs). a, Schematic of a
Hall bar under a perpendicular magnetic field B. QHECs run clockwise along the
device borders. b, Evolution of the Landau levels (LLs) along the blue dashed line in
a. The LLs follow the confinement potential landscape (black dashed line) that rises
at both edges. ¢, Zoom on b where the LLs cross the Fermi energy Er. The colored
circles represent the filled states whereas the white circles represent the empty states. d,
Schematic of the one dimensional QHECs appearing where the LLs cross Er. e-g, Same
as b-d by considering electrostatics. With a self-consistent treatment, the confinement
potential is found to form plateaus where the LLs cross Er. It results in compressible
strips where the states are partially filled (represented with half-filled circles in f).

2.1.2.2 Compressible and incompressible strips

Figures 2.3a-d illustrate the formation of one-dimensional QHECS in the quan-
tum Hall (QH) regime. Despite its benefits in term of visualization, this picture
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Figure 2.4: Quantum Hall edge channels (QHECs) in graphene. a,b, Landau levels
(LLs) in a 150 nm-wide graphene nanoribbon for electrons (a) and holes (b). ¢, Simulated
QHECs wavefunctions associated to the each LL below the Fermi energy Er. Each LL is
valley-degenerated (K and K’), resulting in two QHECs per LL, excepted for the n = 0
LL where the valley K contributes for electrons and the valley K’ contributes for holes.
The width of the wavefunctions are in the order of the magnetic length /5. The results
have been obtained with the Kwant package (section 3.3.2)

is too naive as it completely ignores the effective width of the QHECs in a real
system for two reasons. The first one has already been discussed in Fig. 2.4 and
concerns the wavefunctions associated to the QHECs, whose width is ~ [g. The
second reason is electrostatics. In 1992, Chklovskii ef al. have shown with a self-
consistent electrostatic treatment that charges in the 2DES rearrange around
the locations where LLs cross the Fermi energy to form finite-width conducting
regions, the compressible strips, separated by insulating regions, the incompress-
ible strips (Figs. 2.3e-g) [50, 51]. Experimentally, compressible strips have been
imaged with different scanning probe techniques in a semiconductor-based
2DES [52-54] and in graphene [55].

2.1.2.3 Edge channels and quantized conductance

The formation of QHECS is the key to understand the transport measurement
presented in Figs. 2.1b,c. Indeed, each QHEC contributes for gs gvez /hto ny,
where €2 /h is the quantum of conductance introduced in section 1.1.2.3, gs = 2
the spin degeneracy (that can be lifted by Zeeman splitting, as discussed in
section 2.1.1.3) and g, the valley degeneracy (g, = 1 in a semiconductor-based
2DES and g, = 2 in graphene). It explains the evolution of Gy, (and Ryy) in
plateaus. This quantization has profound implications that will be further
detailed in section 2.1.3.

Furthermore, the one-dimensional nature of the QHECSs, combined with the
insulating bulk (see Fig. 2.3a), implies that the backscattering of charge carriers
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flowing in the QHECSs is prohibited. It explains why a zero Ry coincides with
the Gy, plateaus in Figs. 2.1b,c. It remains however to describe the mechanism
causing the backscattering at the transition between two plateaus. It is the
subject of section 2.2 for the general considerations about this mechanism and

section 2.3 for the particular case of graphene.
2.1.3 Filling factors :

In this section, I have chosen to introduce the filling factor by departing from
the framework of topological insulators. Indeed, QH effect is the first studied
manifestation of this new state of matter. However, I will stick to a short
qualitative picture of this vast domain because it is both beyond the scope of
this thesis and of my theoretical skills.

2.1.3.1 The Chern number in the TKNN formalism

In the previous section, we have seen that each non-degenerated QHEC con-
tributes for ¢2/h to the total Hall conductance, no matter the confinement
potential shape along the edges. This property, simple at first sight, hides
fundamental considerations shared by a new class of materials: the topological
insulators. The research on these materials takes its roots in 1982 when Thouless,
Kohmoto, Nightingale and den Nijs (TKNN) studied theoretically the Hall
conductance of a crystal where the magnetic length I is similar to the lattice
parameter a (that determines the scale on which the atomic potential U(r)
varies) [56]. As discussed in section 2.1.2.1, it makes the computation of the
LLs energy non-trivial and it was already known since 1976 that it leads to a
fractal evolution of the LLs with B (each LL being split in sub-energy bands),
called the Hofstadter’s butterfly [57]. The contribution of TKNN was to show
that Gy, exhibits plateaus at Ce?/h when the Fermi energy stands in one of the
energy spectrum sub-gaps [56]. In that expression, C is an integer called the
TKNN invariant. Since then, their formalism has been generalized for any band
structure and C takes the name of Chern number [58]. This appellation makes
reference to the field of topology, in mathematics, from which the calculation
of this invariant originates.

2.1.3.2 The topological insulators

Next, an intuitive picture will be used to illustrate the topological character of
the Chern number. First, let us consider the group of conventional insulators
(CIs), characterized by the presence of an energy gap between the valence and
the conduction bands. They form a topological class in the sense that any CI
band structure can be obtained by deforming continuously the band structure
of another CI, without closing the gap. Cls are also topologically equivalent to
the vacuum. On the contrary, the band structure of a topological insulator (TI)
can not be deformed towards a CI band structure without closing the gap. It
implies that states will cross the Fermi energy at the interface between a TI and
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a CI (or vacuum). The Chern number measures the number of states crossing
the Fermi energy [58].

Mathematically, the band structure of a CI is equivalent to a sphere while
that of a TI is equivalent to a g-holes torus, where g is equivalent to the Chern
number. Indeed, the sphere can not be deformed continuously to the torus.

2.1.3.3 Integer filling factors

The above discussion reminds the outcome of section 2.1.2, where the QHECs
were shown to appear along the borders of the sample, due to the crossing
between the LLs and the Fermi energy. Indeed, a 2DES in the QH regime is a
topological insulator where each LL (labeled n) has a Chern number C,, = 1.
For historical reasons, the total Chern number is called the filling factor and is
defined as

N
v=1Y C,=N, (2.7
n=0

where N is the number of undegenerated LLs below the Fermi energy. This fill-
ing factor labels each insulating region in Figs. 2.3 and 2.4. In a semiconductor-
based 2DES, they take the values v = 2N, because each LL is spin-degenerated
while in graphene, v = 4(N + 1/2) because each LL is spin- and valley-
degenerated and the n = 0 LL is split among holes (negative N) and electrons
(positive N). Following the TKNN formalism, the value of the conductance
(resistance) plateaus in Figs. 2.1b,c can be understood in term of filling factor
with Gy, = ve?/h.

2.1.3.4 Continuous filling factors

In the previous section, the filling factor has been defined from the Chern
number and is therefore an integer. However, things would have been too
simple if only one definition existed. Indeed, it is common practice to use a
continuous filling factor in the literature. In this definition, the filling factor
evolves with the magnetic field and its value is given by the position of the
Fermi energy Er compared to the LLs. When Er is located perfectly in between
two LLs, the filling factor takes the integer value given by Eq. (2.7). In the
case of semiconductor-based 2DESs, it implies that E, = Er in Eq. (2.2) for
n = (v—1)/2withv = 2N (spin degeneracy). Therefore, the continuous filling
factor is given by

o Zm*Ep

~ ehB
For graphene, the continuous filling factor is obtained from Eq. (2.3) for n =
v/4 withv = 4(N 4+ 1/2) and writes

2 [(Er\?

These definitions are particularly useful to substitute B or Er for the filling
factor when plotting transport measurements. By doing so, the different QH

(2.8)
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states are identified more easily and measurement obtained by varying Er at
different B can be directly compared on the same scale.

To close this section, a more intuitive picture of the filling factor will be
drawn from Egs. (2.8) and (2.9) by considering the relation between Er and the
charge carrier density n. = N;/ A, where N, is the number of charge carriers
in the device area A. This relation is n, = m*Eg/ 7th? for semiconductor-based
2DESs [14] and n, = E% / nhzv% for graphene [59]. By defining the number of
magnetic flux quanta ¢y as Ny = BA/ ¢y, Egs. (2.8) and (2.9) become simply

Nc

U:Ni(P.

(2.10)

When the filling factor is an integer, it therefore gives the number of charge
carriers per magnetic flux quantum.

214 Beyond quantum Hall effect Q

In this section, I briefly present the QH effect’s family with some examples found
in two-dimensional materials (graphene-based or others). It is not of central
interest in this thesis but the experimental characterization exposed in chapter 5
could also reveal microscopic breakdown mechanisms in these systems as they
have a lot of similarities with the integer QH effect. Furthermore, there will be
further mentions of the fractional QH effect later in the manuscript.

2.14.1 The fractional quantum Hall effect

In 1982, Tsui et al. discovered a new QH plateau, coinciding with a vanishing
Ryy, at a filling factor v = 1/3 in an ultra-clean GaAs-AlGaAs-based 2DES
[60]. This state originates from the opening of a gap at 1/3 filling of the lowest
LL (spin polarized due to Zeeman splitting - section 2.1.1.3). One year later,
Laughlin proposed a first model to explain this puzzling observation by taking
into account the electron-electron Coulomb interactions [61]. It led him to a
ground state given by the wavefunction

1
Yyt s+1) = | [ (27— 26)* T exp <—4 Y |Zz|2> , (2.11)
1

j<k

where v = 1/(2s + 1) is the filling factor with s an integer (here s = 1) and
zj = xj — iy is the coordinate of the j-th electron in the complex notation.

Interestingly, the probability density function [¢,_q /(254 1) |> vanishes for
zj = zy, meaning that two electrons can not occupy the same position. Hence,
the wavefunction in Eq. (2.11) minimizes the Coulomb energy. Furthermore,
when the j-th electron performs a loop around the k-th electron, it acquires a
phase 27tm similar to the Aharanov-Bohm phase of an electron encircling m
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magnetic flux quanta [14]. From this observation, electrons are described as
attached to 2s (here 2) magnetic flux quanta to form new ground state excitations
called composite fermions [44, 62, 63], described by Eq. (2.11) and holding
a fractional charge 1/(2s 4+ 1) [64-67]. In this framework, each composite
fermion experiences an effective magnetic field

Bett = B—By—1/2s , (2.12)

where B,,_1 /s is the magnetic field at v = 1/2s. Indeed, from Eq. (2.10), this
filling factor corresponds to a ratio of one electron for two magnetic flux quanta,
i.e,, the ingredients of a composite fermion. The v = 1/3 state in a magnetic
field B can therefore be described as an effective v.¢ = 1 state in a magnetic
field Begs where charge carriers are composite fermions instead of electrons or
holes. Note that for B = B,_1/7, Begf = 0 and the state v = 1/2, at the very
middle of the lowest LL, is a metallic state.

The advantage of the composite fermions picture is its ability to explain the
zoo of fractional filling factors that has been discovered since 1982 [68] and that
can be generalized under the relation

Veff

C 2svgg+ 17 @13
where v is the effective filling factor in the field B¢ for a composite fermion
holding 2s magnetic flux quanta. However, the development leading to Eq.
(2.13) is only valid in the lowest LL. In the third LL (n = 2), fractional states
with an even denominator, namely v = 5/2 and 7/2, were found. As will be
discussed in section 2.4.4, these states could offer groundbreaking properties
[69].

The series of fractions given by Eq. (2.13) is illustrated in Fig. 2.5c with a
longitudinal conductance Gyy vs v obtained in a graphene Corbino. With this
geometry, the device is free from edges. Since there is no QHEC, Gy, directly
reflects the conductivity in the bulk. The large number of the well-defined
fractional QH states obtained with Corbino geometries [70, 71], has never
been reached with the usual Hall bar geometry in graphene. It highlights the
detrimental role played by edges in this material.

2.14.2 The quantum spin Hall effect

In 2005, Kane and Mele studied a toy model of graphene where they introduced
a spin-orbit coupling [72]. It leads to the opening of a gap at the K and K’ points.
However, the two gaps are not topologically equivalent and the obtained band
structure can not be deformed continuously to the topologically trivial gaped
band structure obtained with a potential imbalance between the two sublattices.
As described in section 2.1.3.2, it means that conducting states should appear
along the edges. In particular, Kane and Mele showed that these states are
two counterpropagating spin-polarized QHECs leading to a Hall conductance
Gxy = 2¢*/h. This new phase of matter has therefore been named quantum spin
Hall effect.
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Figure 2.5: Transport through a Corbino in the quantum Hall regime. Adapted from
[71]. a, Schematic of the Corbino device consisting in a graphene disc, contacted at its
center and its perimeter with metallic contacts (in gold), encapsulated between hBN
layers (in blue). Graphene charge carriers density is controlled with graphite bottom
and top gates biased at V,,; and Vjop respectively. b, Longitudinal conductance Gyx
measured between the inner and outer contacts of graphene at B =36 T and T = 300
mK. ¢, Zoom on b. The dips in Gy, correspond to the fractional states concomitant with
an insulating bulk.

The quantum spin Hall effect (QSHE) has never been observed in graphene
alone because its spin-orbit coupling is negligible but signatures of QSHE have
been found in graphene on WS, thanks to proximity effects [73, 74]. It has also
been observed in 2017 in another 2D material: the monolayer WTe; [75, 76].
Notably, the effect survives up to T = 100 K.

2.14.3 The quantum anomalous Hall effect

The quantum anomalous Hall effect is another example of QH effect emerging
without external magnetic field, a possibility already envisioned by Haldane
in 1988 [77]. This effect requires a material which is both a ferromagnet and
a topological insulator. Such conditions have been found together in 2013
in topological thin films [78] and in 2019 in a magic angle twisted bilayer
graphene aligned with a hBN lattice [79, 80]. In this last system, both the
spin-orbit couplings of graphene and hBN are neglibile, suggesting that the
observed ferromagnetism is purely orbital.

2.2 Topological breakdown

The previous section has remained focused on the topological state character-
ized by a quantized Hall conductance (Gx, = ve?/h) concurrent with vanishing
longitudinal resistance (Ryx = 0). However, the deviation of ny and R, from
these values, referred to as topological breakdown in this thesis, has been left
aside so far. In the QH regime, the transition between two successive plateaus
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in Figs. 2.1b,c is the textbook case of topological breakdown and will be dis-
cussed in this section in the case of semiconductor-based 2DESs under the
light of three mechanisms: the percolation through the bulk, the coupling of
counterpropagating QHECs through antidots and the QHECs equilibration

with the contacts.

The breakdown of a QH state sometimes refers to the backscattering of charge
carriers through the bulk enabled by a strong source-drain DC voltage (| V4| >
0), i.e., exceeding the energy difference between two LLs. This definition is
not used in this thesis as all the measurements are performed at or close to the
equilibrium (Vy; ~ 0).

2.2.1 Percolation through the bulk
2.21.1 Topological breakdown and conducting bulk

The topological breakdown of a QH state, characterized by the deviation
of Ryy from zero, implies the formation of a conducting path between the
counterpropagating QHECs flowing along the opposite edges of a sample (left
and right sides in Fig. 2.1). Hence, the backscattering of charge carriers towards
the injection contact is made possible. In other words, topological breakdown
originates from the loss of a perfectly insulating bulk.

The link between the QHECs topological protection and the conducting
state of the bulk is established in Fig. 2.6 by comparing microwave impedance
microscopy (MIM) maps (Figs. 2.6b-d) obtained on a semiconductor-based
2DES island (inset of Fig. 2.6a) with reference Ryy and Gy, curves measured
in a Hall bar made from the same 2DES (Fig. 2.6a) [81]. In this technique,
the imaginary component of the signal reflected at the tip (MIM-Im) increases
when the scanned area becomes more conductive. At the transition between
two Hall plateaus, the MIM-Im map exhibits a large signal (light blue shades)
in the whole bulk which indicates that it is entirely conducting. On the contrary,
a well defined QH state (Ryx = 0) is accompanied with an insulating bulk and
conducting edges (Fig. 2.6c). Finally, Fig. 2.6d shows the map obtained at
the onset of the plateau and the conducting region along the edges is strongly
enlarged. These results are consistent with the measurements obtained from
other scanning probe techniques [53, 54].

The results of Fig. 2.6 can be understood in the scope of compressible and
incompressible states introduced in section 2.1.2.2. The observed conducting
bulk would simply arise from the alignment between one of the LLs and
the Fermi energy, causing the formation of a compressible state in the whole
sample. However, with such a picture, it remains to explain the width of
the Ryx peaks in Figs. 