ON SOME WEAKLY COERCIVE QUASILINEAR PROBLEMS
WITH FORCING
By
ANDRZEJ SZULKIN AND MICHEL WILLEM
Abstract. We consider the forced problem —A,u — VOlulP~2u = f(x),
where A, is the p-Laplacian (1 < p < 00) in a domain Q@ C R, V > 0 and
Ov(u) = [o |Vul? dx — [o V|ulP dx satisfies the condition (A) below. We show
that this problem has a solution for all f in a suitable space of distributions. Then
we apply this result to some classes of functions V which in particular include

the Hardy potential (1.5) and the potential V(x) = 41 ,(€2), where 41 ,(€) is the
Poincaré constant on an infinite strip.

1 Introduction
Our purpose is to solve the forced problem
—Apu = V) ul~2u = f(x)

where A,u = div (IVulP=2Vu) and f € D'(Q), the space of distributions on the
domain Q.
Our assumptions are the following:
(A) Letl <p < o0,V e L, (Q)with rasin (1.2), Qis a domain in RY, V>0
and for all test functions u € D(Q)\{0},

(1.1) Qv (u) :=/ |Vu|pdx—/ ViulP dx > 0.
Q Q
There exists 1 < g < psuchthatp — 1 < g,
12) r=1(N<gq), 1l <r<4coN=gq), 1/r+(p—1/g"=1(N> q)

and there exists W € C(Q), W > 0, such that for all u € D(Q),
r/q
(1.3) </(|Vu|q+ |u|q)de> < Qy(u).
Q
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268 A. SZULKIN AND M. WILLEM

Let us recall that g* := Ng/(N — q).
Our first example of V is the quadratic Hardy potential (N > 3, p =2):

_2)2|x|_2.

N
(1.4) V(x) = ( )

The corresponding forced problem is solved in [7] using the Brezis—Vazquez
remainder term for the quadratic Hardy inequality ([4] and [14]).
A second example is the Hardy potential (1 < p < N):

(1.5) V(x) = (Np_p)ppcrp.

The corresponding forced problem is partially solved in [3] using the Abdellaoui—
Colorado—Peral remainder term for the Hardy inequality [1].

A third example is a potential V e L{5.(€) such that (1.3) is satisfied with
p = q (see [13]). Assumption (1.3) corresponds to a remainder term in a weighted
Sobolev space and it implies “weak” coercivity of Qy. However, there exist many
different kinds of remainder terms; see, e.g., the references in [1] and [14].

If p = 2, the natural energy space is the completion H of D(Q) with respect to
the norm [Qy()]'/?, and it suffices to have V € L] (Q). Then H is a Hilbert space

with an obvious inner product. The following result is immediate:
Theorem 1.1. For each f € H* (the dual space of H) the problem
—Au—Vxu=f(x)
has a unique solution u € H.

This is an extension of Lemma 1.1’ in [7] though the argument is exactly the
same as there. As we shall see at the beginning of Section 6, more can be said
about u and H* if V is the Hardy potential (1.4) in a bounded domain.

When p # 2, one can expect no uniqueness as in Theorem 1.1;see [6], pp.
11-12 and [9], Section 4. Hence the functional [Qy(u)]'/? is no longer convex, so
it cannot serve as a norm, and the second conjugate functional Q7" was used in
[13] to define the energy space.

Our goal is to generalize all the above results by using only the Hahn—Banach
theorem to define an energy space and to obtain a priori bounds.

We also consider the case of constant potential

V=2721,Q):= inf{/ IVulP dx : u e D(Q),/ |ulP dx = 1}
Q Q
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on the cylindrical domain Q = @ x RM where @ ¢ R¥~M is bounded. Then we
have

(1.6) A1p(Q) = 4y p(w) > 0;

see Section 5.

The paper is organized as follows. In Section 2 we prove an almost everywhere
convergence result for the gradients. In Section 3 we solve a sequence of approx-
imate problems. In Section 4 we state and prove our main result. Section 5 is
devoted to the proof of (1.6) and to remainder terms for the Poincaré inequality.
In Section 6 we apply the main result to the potentials mentioned above.

2 Almost everywhere convergence of the gradients

Let us recall a classical result (see [12]).

Lemma 2.1. Foreveryl < p < 2thereexistsc > 0 suchthat forallx,y € RV,

(x, ») # (0, 0),
cle =y /Qxl + 1Y)77 < (P2 = Iy 72y) - (e — ).
For every p > 2 there exists ¢ > 0 such that for all x,y € RV,
clx =yl < (xPP2x = yP72y) - (e — p).

Corollary 2.2. Let (x,) C RN, If (|xlP %% — |%01P7%%,) - (X — xp) = O as
m,n — 0o, then x,, — x, — 0.

Proof. For p > 2 the conclusion is immediate from the above lemma. If
1 < p < 2, the conclusion will follow if we can show that the sequence (x,,) must
be bounded. Fix m such that (|x,,[P"2x,, — %,/ "2%,) - (X — x,,) < 1 forall n > m.
Then c¢|x,, — x,|%/(|%n| + |x:1)>~? < 1 which implies boundedness of (x;,). ]

We define the truncation T by
Ts:=s, |s| <1; Ts:=s/|s|, |s| > 1.

The following theorem is a variant of a result which may be found, e.g., in [2], [5]
and [11]. Here we provide a very simple argument, similar to that in [5].

Theorem2.3. Letl < g < pand(u,) C Wllg’f (Q) be such that foralloo CC Q
(@) sup, [[unllwro < +00,
(b) 1imm,n—>oo fw(lvumlp_zvum - |vun|p_2vun) . VT(Mm - un) dx =0.
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Then there exists a subsequence (ny) and u € Wllo’Cq(Q) such that

2.1 Uy, > u and Vu, — Vu almost everywhere on .
Proof. It suffices to prove that for all w CC Q there exist a subsequence (r;)
and u € W'9(w) satisfying (2.1) a.e. on w and to use a diagonal argument.

Let o CC Q. By assumption (a), extracting if necessary a subsequence, we
can assume that for some u € WH9(w),

u, = uin LY (w), wu, — ua.e.onow.

Let us define

Epn={xeow:|uy(x)—u,(x)| <1},

€m.n = (lvumlp_zvum - |vun |P_2vun) . v(um - un)~

Then e,,,, > 0 and by assumption (b),

lim emnXE,, dx =0.
m,n—oo [, :

Since yg,, — 1 a.e.on w as m,n — o0, it follows, extracting if necessary a sub-

m,n

family, thate,, , — Oa.e.onwasm,n — oo. By Corollary 2.2, |Vu,, — Vu,| = 0
a.e.onwasm,n — oo. Hence Vi, - v a.e. on w for some v . Since by assump-
tion (a),

Slip IVl La(,rvy) < 00,

it follows from Proposition 5.4.7 in [16] that
Vu, — v in LY (w, RY).

We conclude that v = Vu. O

3 Approximate problems

In this section we assume that (1.1) is satisfied, V € L\ (Q) and f € W~ (Q).
Let 0 < & < 1. We shall apply Ekeland’s variational principle to the functional

o(u) = 1/ |VulP dx — 1_8/ Vlulpdx+8/ lul? dx — (f, u) = Qv,(u) — {f, u)
P Ja P Q P Ja

defined on W(;’P(Q). By (1.1), for every u € Wé’p(Q), V]ul? € L'(Q) and

/ ViulP dx < / |Vul? dx.
Q Q
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Moreover, the functional
U / V0ulP dx
Q

is continuous and Gateaux-differentiable on Wé P(Q) (see [16, Theorem 5.4.1]). It
is clear that, on Wé’p (Q),

&
(3.1) = llw-1r @ 1l wree) + » lullfyq) < @)

Hence ¢ is bounded below and by Ekeland’s variational principle ([15, Theorem
2.4]) there exists a sequence () C Wé (Q) such that

(3.2) o(uy) = c:= inf ¢ and ¢'(u,) = 0in W7 (Q).
W, (Q)

We deduce from (3.1) that

(3.3) Sup ||yl wiry < +00.

Going if necessary to a subsequence, we can assume the existence of u € Wé’p (Q)
such that

(3.4) u, —> u a.e.onQ.

Lemma 3.1. Let ¢ € D(Q). Then

lim (IVUunlP 2Vt — VP>V - ¢V T (U — )dx = 0.

m,n—00 J
Proof. Because of (3.2), we have that
(3.5) _Apun — (1 =&)Vl]u, |P_2un + eluy, |P_2un =f+gn,

where g, — 0in W=1'(Q). Testing (3.5) with (T (u, — u,,), we see that it suffices
to prove that

(3.6) lim | [NVl V] Tt — up)ldx = 0,
m,n—>00 [c

(3.7) im_  upl? ] T i — u)|dx = 0,
m,n—>00 [

(3.8) lim V0P T (i — 1) |dx = 0.
m,n—o0 [c

By (3.4) and the fact that |T(u, — uy,)| < 1, lim,, -0 fspt( |T(u, — uy)|dx = 0.
Hence

lim | Tty — ) |Pdx =0, lim VIT(u,, — un)|Pdx =0

mn—>00 Jooy - mn—>00 Jooy -
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and (3.6), (3.7) follow from (3.3) and Holder’s inequality. Since

/ V0t Tt — )]l
spte

=1/p 1/p
< (/ Vlumlpdx) </ VIT (uy, — un)lpdx> s
spte spte

using (1.1) and (3.3) also (3.8) follows. ]

Theorem 3.2. There exists u € Wy"(Q) such that p(u) = infy, o ¢ and
0
¢'(u) = 0.

Proof. Assumption (b) of Theorem 2.3 (with g = p) follows from Lemma 3.1.
Extracting a subsequence, we can assume that

3.9 Vu, - Vu a.e.onQ.
By (3.5) we have that, for every ¢ € D(Q),
/Q |V, |P2Vu, - Vidx—(1—¢) /Q V0un P2 ufdx+¢ /Q P21 dx = (F+gn, ).
Using (3.3), (3.4), (3.9) and Proposition 5.4.7 in [16], we obtain
/Q |VulP=>Vu - Vide — (1 — g)/Q Vi ulP~ugdx + g/g lulP~2ugdx = (f, ¢),
so that ¢’(1) = 0. As in [10], the homogeneity of Qy, implies

inf ¢ = lim ¢(u,)

Wévp(g) n— 00
= i [ @)+ (= 1) )
= ()= 1)t = o= (1) = g0 ]

4 Main result

In this section we assume that (A) is satisfied and we define, on D’(Q),
IF1I == sup{ (£, u) : u € D(Q), Qy(u) =1}
so that

(4.1) (fyu) < IFI [Qv(]'P.
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On the spaces
X:={feD(QQ:|fll <oo} and Y :=W,%Q, Wdx)

we respectively use the norm defined above and the natural norm. Note that the
space X has been introduced by Takac and Tintarev in [13].

Lemmad4.1. Letf € Y*. Thenf € X and
Wl < IUflly-

Proof. Letu € D(Q). By assumption (1.3) we have

(o) < W llvellully < IFIy-[Qv@]"P.

Lemma4.2. (a) Letu e Wé’p(Q). Then
lully < llullxe < [Qv)]V? < Nullwing-
(b) Letf € X. Then f € W=7 (Q) and
W w10 < IFII-

Proof. (a)Letu € D(Q). Using the Hahn—Banach theorem and the preceding
lemma, we obtain

lully = sup (f,u) < sup(f,u) = [[ullx-.
fev* fex

€
Flly= =<1 IFi=<t

It follows from (4.1) that

sup (f, u) < [Qy(u)]'/P.

fex
IFi=1

Since V > 0, it is clear that
[Qy )] < Nlullwir-

Now it is easy to conclude by density of D(Q).
(b) Iff € X and u € D(Q), then

(fou) < IFIQuva™? < IIF Il lullwrogy-
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Let f € X and let (¢,) C ]O, 1[ be such that ¢, | 0. Then f € W= (Q), so by
Theorem 3.2, for every n there exists u,, € Wé’p (Q) such that

4.2) _Apun —(1- gn)vlunlp_zun + gn|un|p_2un =f
and u,, minimizes the functional
1 1-—
o0 ) = / Vo [Pdx — 8"/ Vo [Pdx + 8"/ o I dx — (f, u)
pPJa p Q P Ja
on Wé 7(Q). In fact below we shall not use the minimizing property of u, but only

the fact that (4.2) holds.
Lemma 4.3. Letf € X. Then

sup [luully < sup Qv(u,) < oo.
n n

Proof. Lemma 4.2 and equation (4.2) imply that
|l < Qu(un) < Qu(un) + &5 /Q(V+ Dlunl’dx

= (fs un) < fllxllutnllx-
Since p > 1, we obtain the conclusion. O
Going if necessary to a subsequence, we can assume the existence of u € Y
such that

4.3) u, —> u a.e.onQ.

Lemma 4.4. Let ¢ € D(Q). Then

lim [|vu,,,|l’ U — |Vt 2u,] - CV T (ttyy — t)dx = 0.

m,n— o0

Proof. Because of (4.2), as in the proof of Lemma 3.1 it suffices to show that

tim | IVl 1V 21 1T — )l = 0,

m,n— oo

lim |L£m|P lld | Ty, — 1u,)|dx =0

m,n— 00

Hm | Vw1 T @ — u)ldx = 0.
Q

m,n— 00

We assume that N > ¢g. The other cases are similar but simpler. By Lemma 4.3,

(u,) is bounded in W1 7(Q), so by the Sobolev theorem, (u,) is bounded in LIOC(Q).
Since by (4.3),
lim T — u)| " Vdx=0 and  lim VTt — uy)|"dx = 0

mn—>00 Jqpn - mn—>00 Jooy -
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it is easy to conclude using (1.2) and Hélder’s inequality. Note in particular that

/ V0t~ Tt — )]l
spte

. P=D/q 1/r
< (/ |Mm|q dx) (/ VrlT(um - un)lrdx) . O
spt¢ spt{

Theorem 4.5. Assume (A) is satisfied and f € D'(Q) is such that
4.4) sup{ (f, u) : u € D(Q), Qy(u) =1} < +o0.
Then there exists u € W(;’q(Q, Wdx) such that, in D' (Q),
(4.5) —Apu — VO ulP~2u = f(x).

Proof. Let( € D(Q). By (4.2) we have
4.6)

[ 1902V, Vs = (U= ) [ Viwl e o, [l g = (1.,
Q Q Q

Letus recall that (u,,) is bounded in Wllocq (Q) and u,, — ua.e. on Q. Assumption (b)
of Theorem 2.3 follows from Lemma 4.4. Extracting a subsequence, we can assume

that
Vu, - Vu a.e.onQ.

We assume that N > g and we choose w such that
spt C o CC Q.
Using Proposition 5.4.7 in [16], we obtain
IVl 2Vu, — |[Vul’2Vu in Lr't(w)  and  |up? 2uy — |l 2u in L ().

It follows then from (4.6) that

/|Vu|p_2Vu-V(dx—/ VIulP~?ugdx = (f, ¢). O
Q Q

The following variant of Theorem 4.5 will be needed in one of the applications
in Section 6; see Theorem 6.1.

Theorem 4.6. Theorem 4.5 remains valid if we replace (1.2) (case N > q) in
(A) by the conditions

Vel,(Q) wherel/r+(p—1Dp—q/q=1

4.7
and / VP |9 dx < C/ |Vul?dx  for some C > 0.
Q Q
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Proof. The argument is similar, except that we must show that the third limit
in the proof of Lemma 4.4 is zero also when (4.7) holds and that we can pass to the
limit in the second integral in (4.6). Using Lemma 4.3, Holder’s inequality, (4.7)
and the fact that r = ¢/[(¢ — p + 1)p] > 1, we obtain

lim Vlumlp_l [Ty — ) dx

mn—>00 Jopt -

(Pp—1/q 1/(pr)
< lim ( / vq/P|um|qu> ( / V| T (up —u,,)lprdx> =0.
m,n— 00 spte spte

Let E C spt¢. Similarly as above, we have

(p—D/q 1/(pr) 1/(pr)
/ V[P~ dx < ( / Vq/P|un|4dx) < / V’dx) < D< / V’dx> )
E E E E

Since the integrand on the right-hand side is in L!(spt¢), it follows that V|u, |~}
are uniformly integrable and we can pass to the limit in the second integral in (4.6)
according to the Vitali theorem; see, e.g., [16, Theorem 3.1.9]. OJ

Note that in the case g = p this result is stronger than Theorem 4.5 because
V e L .(Q) is allowed for any p.

Remark 4.7. Let V, € L} (Q) and V, > 0. It is possible to treat the more
general case

— Aptt+ Vi (Ol "2u — VO lul’~2u = f(x)

by replacing Wé’p (Q) by Wé’p (Q) N LY, () with the norm

1/p 1/p
(/ |Vu|”dx> + (/ V+|ulpdx> .
Q Q

5 Poincaré inequality with remainder term

Let Q := w x RY, where w is a domain in R"" and N > M > p. Forx € Q we
shall write x = (y, z), where y € w and z € R™. Recall from the introduction that

A1 p(Q) = inf{/ |VulP dx : u € D(Q), / |ul? dx = 1}.
Q Q

It is well known that 11 ,(w) = 41 ,(Q) if p = 2; see, e.g., [8], Lemma 3. We shall
show that this is also true for general p € (1, c0).

Lemma 5.1. 1 ,(Q) =1 (o).
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Proof. First we show that 1, ,(Q) > 4 ,(w). Let u € D(Q), |lullppq) = 1.

Then
/quldez / |Vyu|pdx=/ dz/ |Vyul? dy
Q Q RM o

2/ dzzl,p(a»/|u|"dy=zl,p<w>/ ul? dx = 21p(@).
RM w Q

Taking the infimum on the left-hand side we obtain the conclusion.
To show the reverse inequality, let u(x) = v (y)w(z), wherev € D(w) \ {0} and
w € DRM)\ {0}. For each ¢ > 0 there exists C, > 0 such that

IVul” < (wl [Vyo [+ o [Vl < (L+a)wlIVyo P+ Clo PV wl”.

Hence

Jo IVul? dx - (1+e) [, IV [Pdy N Ce Jpu IV 0| dz
Jo lulPdx — Jolv P dy Jau lwlPdz
Taking the infimum with respect to » and w, we obtain

A1p(€) <

A1p(Q) < (1 + )41 p(w).

Since ¢ has been chosen arbitrarily, it follows that 41 ,(Q) < 4 ,(®). ]
Now we state the main result of this section.
Theorem 5.2. For each u € D(Q) the following holds:
(@) If p > 2, then

— P
Javar =2 p@puryac= (M) [
Q p

a lzl?
(b) If1 <p <2, then

M — P
/(IVulp—ll,p(Q)Iulp)dx > 2@—2>/2( P)p/ lul”
. 4 a lzIP

Proof. (a)Letp > 2. Then (a+ b)*/?> > a”/> + b*/? for all a, b > 0, hence
[VulP > |Vyul’ + |V ul’.

Using this, Lemma 5.1 and Hardy’s inequality in RM, we obtain

/Q (Vul? = 2y (Qlul?) dx

2/ dz/uvtu’—Al,p(9>|u|”>dy+/dy/ IVl dz
RM ® ® RM

M — p
z/dy/ |Vzu|”dz2/dy< p)p/ lul” 4.
w RM w p RM |Z|p

M — p\p |u|?
= ( ) dx.
P a lzl?
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(b) Let 1 < p < 2. Itis easy to see that (a + b)y?/? > 2W=2/2(qP/? + pP/2) for
such p and all a, b > 0. Hence

IVul” > 27722V ul? + |V ul”)

and we can proceed as above. (]

Here we have not excluded the case 41, ,(w) = O but the result is only interesting
if 21 ,(w) is positive. A sufficient condition for this is that w has finite measure.

6 Applications

In this section we work out some applications of Theorem 4.5 for the potentials V
mentioned in the introduction. Let Q be a domain in RY. If Q is bounded, 0 € Q
and V is the quadratic Hardy potential (1.4), then more can be said about the
solution u and the space H* in Theorem 1.1. Given 1 < g < 2, we have

/Q IV ul? dx — /Q Vet dx > gy Dl

forall u € D(Q) ([14], Theorem 2.2). We seethat V € L"(Q)if N/(N—1) < g <2
(r is as in (1.2)) and (1.3) holds with constant W. So H* = X and we also have
Y = Wg’q(Q) where X, Y are as in Section 4. Hence by Lemma 4.2 and Theorem
4.5, H* ¢ W~"2(Q) and the solution u is in W,/(Q) forany 1 < ¢ < 2.

Letx = (y,z) € Q C R* x RV% where N > k > p > 1, and consider the Hardy
potential

v = (¢ )i

Theorem 6.1. Let Q be a bounded domain containing the origin and let V be
the Hardy potential above. Then for each f satisfying (4.4) and each 1 < g < p
there exists a solution u € Wg’q(Q) to (4.5).

Recall from Lemma 4.2 that if f satisfies (4.4), then f € w=Lr'(Q).

Proof. According to Lemma 2.1 in [3] (see also [1], Theorem 1.1), for each
1 < g < p there exists a constant C(q, €2) such that

r/q
Qy(u) > C(q, Q)(/Q |Vu|qu) , ue D).

So the Poincaré inequality implies that (1.3) holds for some constant W. Since also
(4.7) holds if ¢ is sufficiently close to p, we obtain the conclusion using Theorem
4.6 (k(p —1)/(k—1) < q < pisneeded in order to have V e Lj .(€) with r as in
4.7)).
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This result extends Theorem 3.1 in [3] where it was assumed that f € L7 (Q) for
some y > (p*).

In our next theorem we essentially recover the main result (Theorem 4.3) of
[13].

Theorem 6.2. Let Q be a domain and let V € L5, (2), V > 0. Suppose that
6.1)  Qyu) > / WlulP dx  for all u € D(Q) and some W € C(Q), W > 0.
Q

Then for each f satisfying (4.4) there exists a solution u € Wllof (Q) to (4.5).

Proof. According to Proposition 3.1 in [13] (see also (2.6) there), (6.1) implies
that Qy satisfies (1.3) with ¢ = p. Hence our Theorem 4.5 applies.

Theorem 6.3. Let Q = w x RY, where o ¢ RV ™M is a domain such that
Arp(@w) > 0, N > M > p, and let V(x) = A1,(Q). Then for each f satisfying (4.4)
there exists a solution u € Wllof (Q) to (4.5).

Proof. Letx =(y,z) € ® x R, It follows from Theorem 5.2 that
Qv (u) =/ |VulP dx — il,p(Q)/ |ulP dx > / Wlul’ dx forall u € D(Q),
Q Q Q

where W(x) = C,/(1 + |z|?) and C, is the constant on the right-hand side of
respectively (a) and (b) of Theorem 5.2. So the conclusion follows from Theorem
6.2.

Below we give an example showing that the solution we obtain need not be in
whr(Q).

Example. Let Q = o x R”, where o € RV™ is such that 4; := 11 2(w) > 0
and put

Qu) = /Q(|vu|2—/11u2)dx.

By the definition of 11, for each n we can find u,, € D(Q) such that
( 1 2 2
1-— ) [Vu,|“dx < 41 | u,dx.
n Q Q

o) < | / V2 dx.
n.Jjgo

Hence

By normalization, we can assume

1
O(uy,) = n2’
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Translating along R, we may assume spt u,, N sptu,, = () if n # m. We define

fn = _Aun — ﬂlun and f = an in D’(Q)

n=1

Then f € X because
00 1\ 12
IF1l = <Z 2) < o0,
n=1 n

and u =2, u, is a weak solution for the equation
—Au — Au =f(x).

Moreover, u is the unique solution in H as follows from Theorem 1.1. But

o o 1
|Vul? dx = / |Vu,|? dx > =400,
/Q nz:; Q nzzl:n
sou & Wh2(Q).
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