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Chapter 1

Introduction

1.1 Introduction

1.1.1 Preliminaries

We study the asymptotics of certain Hankel, Toeplitz and Fredholm
determinants. While these are objects from the field of pure mathe-
matics, we are motivated by the statistical properties of random matrix
ensembles and certain physical models. All of the topics above were
introduced in the 20th century and we give a historical overview of their
initial developments, starting with the determinants, followed by the
random matrices and physical models.

Toeplitz determinants find their roots in the work of Otto Toeplitz
and Gábor Szegő. In 1908, O.Toeplitz [87, 88] defined Toeplitz matrices
T as square matrices with the property Tij = Ti−j , i.e. the matrix en-
tries are constant along the diagonals, and he studied quadratic forms∑

i,j xiyjTij . Following this he proved [89] an interesting relation be-

tween the coefficients φj of the Taylor series
∑∞

j=0 φjz
j of non-negative,

analytic functions φ on the interior of the unit disc in the complex plane
and the eigenvalues of certain related Toeplitz matrices.

Szegő on the other hand studied the large n asymptotics of Toeplitz
determinants

Dn(f) = det(fj−k)
n
j,k=1, fj =

∫ 2π

0
f(eiθ)e−ijθ

dθ

2π
,

where f is called the symbol of Dn. In 1915, Szegő [85] proved that if f
is strictly positive and continuous on the unit circle then

logDn(f) = n

∫ π

−π
log f(eiθ)

dθ

2π
+ o(n), (1.1)

9
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as n → ∞. This is known as either Szegő’s First Theorem or simply
Szegő’s Theorem. Thirty years later, Lars Onsager and Bruria Kaufman
discovered that Dn(f) appeared in the field of statistical physics in the
theory of the Ising model [68], and that the more precise asymptotics
of Dn(f) were required to calculate the long range correlations. Szegő
was thus prompted to improve the above formula by calculating the
subleading o(n) term. See [30] for an interesting history of Toeplitz
determinants and the Ising model. Szegő found that if f is a positive
and C1+ε function on the unit circle C, for ε > 0, then

logDn(f) = n

∫ 2π

0
log f(eiθ)

dθ

2π
+
∞∑
j=1

j(log f)j(log f)−j +o(1), (1.2)

as n → ∞. This was generalized in [56, 60, 66], and of these the most
general result is due to Johansson [66] in 1988, which states that (1.2)
holds for all complex valued, integrable functions f such that

∞∑
j=−∞

|j||(log f)j |2<∞. (1.3)

The asymptotic expansion (1.2) is known as the strong Szegő limit the-
orem.

The formula (1.2) raised a new question: namely what happens when
f is not sufficiently smooth, so that (1.3) does not hold. Two examples
of such functions are fα(z) = |z − 1|α and fβ(z) = zβ, for Reα > −1
and β ∈ C. For such symbols we have that as j →∞,

|(log fα)j |, |(log fβ)j |= O
(

1

j

)
, α, β 6= 0, (1.4)

and so the sum in (1.3) diverges. The functions fα and fβ are archetypes
of a class of functions with Fisher-Hartwig (FH) singularities. Another
example where (1.3) is false, is the indicator function on sets J ⊂ C

χJ(z) =

{
1 for z ∈ J,
0 for z ∈ C \ J.

(1.5)

If J is a disjoint union of arcs on the circle, then |(logχJ)j |= O(1/j) as
j →∞.

Toeplitz determinants are closely related to Hankel determinants,
where the Hankel determinant with symbol w is defined by

Hn(w) = det(wj+k)
n−1
j,k=0, wj =

∫
R
w(x)xjdx,
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for w(x)xj integrable for all j ∈ N. One studies the large n asymptotics
of Hankel determinants, and it is possible to define smooth symbols
and FH singularities in a similar manner to Toeplitz determinants, see
Section 1.1.6.

Asymptotics of Toeplitz and Hankel determinants with FH singular-
ities and symbols χJ have attracted a large amount of interest, and are
the topic of this thesis. We give an overview of results on the topic in
Section 1.1.6.

Having covered the early history of determinants, we now turn to the
history of random matrices and physical systems, which as mentioned
above motivates the study of determinants.

At the time when Toeplitz and Szegő started their work on Toeplitz
determinants, the field of probability theory was still very much in its
nascence. For example, the first central limit theorem for general classes
of random variables was only first discovered by Lyapunov in 1901, and
the earliest mention of a random matrix was made by Wishart in 1928.
Wishart studied the distribution of the sample covariance matrix

Σ̂ =
1

n

n∑
j=1

XjX
T
j − X̃X̃T , X̃ =

1

n

n∑
j=1

Xj ,

where Xi ∈ Rp, i = 1, . . . , n are independent and identically distributed
(iid) with expectation 0 and variance Σ. Here p is the number of ob-
servables, and n is the number of observations. The sample covariance
matrix Σ̂ is distributed according to the Wishart ensemble 1.

In today’s world of large scale data collection and the subsequent
need for analysis of large data sets, there are many applications of
asymptotics of sample covariance matrices and Wishart ensembles for
large p and/or n, including principal component analysis, finance, stud-
ies of genomics, and optimization, see [3] for a review. However, at the
time, the interest generated by Wishart’s work was somewhat limited
[43, 55, 58]. It would take another 30 years before large n asymptotics
of Wishart ensembles were studied [4] by Anderson in 1963.

Meanwhile, during the 1950s, nuclear physicists were conducting ex-
periments where they bombarded heavy nuclei with a beam of neutrons
(see e.g. [82]), and Wigner discovered a link between nuclear physics

1A random matrix W ∈ Rp×p is distributed according to the Wishart ensemble
with m degrees of freedom if

W =

m∑
i=1

ZiZ
T
i Zi

iid∼ N (0,Γ), (1.6)

for some p× p symmetric and positive-definite matrix Γ, where p,m = 1, 2, . . . .
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and random matrix theory, which we will now describe. The nucleus
can only take on certain energy levels, and if the incoming neutron has
the right energy it can excite the nucleus, which results in the neutron
being reflected off the nucleus at an angle. The scattering cross-section,
namely the percentage of neutrons which are reflected off the nucleus, is
plotted in a graph against the energies. For certain energies, known as
scattering resonances, the scattering cross-section is elevated in peaks.
There are hundreds of such peaks, and one would like to know their lo-
cation, but the problem is too complicated to analytically solve. Eugene
Wigner theorized that the locations of the scattering resonances could
be modelled by the eigenvalues of the Gaussian Orthogonal Ensemble
(GOE) [28], which was later confirmed by experimental data.

The GOE can be defined as the probability distribution on n × n
matrices M where the elements Mi,j are iid real Gaussian variables for
i ≥ j, and M is conditioned to be symmetric. It is a special example of
the more general Orthogonal Ensemble. This is a class of random matrix
ensembles invariant under conjugation by orthogonal matrices. This
invariance under conjugation was essential to Wigner’s argumentation,
because it is natural that the system should remain unchanged under
change of basis.

We mention one final interesting application of random matrices.
There is a (conjectural) connection between the eigenvalues of the Gaus-
sian Unitary Ensemble (GUE) and the zeros of the Riemann zeta func-
tion along the critical line, which was first noticed by Montgomery [79]
in 1972. Matrices M distributed according to the GUE have real iid
Gaussian entries on the main diagonal Mii, and complex iid Gaussian
entries for Mij where i > j. The GUE is a special example of the
Unitary Ensemble, which are Hermitian matrices characterized by the
requirement that the ensemble is invariant under conjugation by unitary
matrices, see the next section for details.

In Section 1.1.3 and 1.1.6 we will see that the probability distribution
satisfied by the eigenvalues of the Unitary Ensemble forms a determi-
nantal point process, and the correlation functions converge to those of
the sine process in the local scaling limit in the bulk of the spectrum.
This motivates the study of the sine process Psin, which is the topic of
Chapter 2. For bounded and integrable functions K on R2, define the
Fredholm determinant of K on bounded sets A by

det(I−K)A = 1+

∞∑
j=1

(−1)j

j!

∫
Aj

det(K(xi, xk))
j
i,k=1dx1 . . . dxj . (1.7)

By Hadamard’s inequality, the right hand side (RHS) of (1.7) can be
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seen to converge. Let Ks(x, y) = sin s(x−y)
π(x−y) , and denote by Ps(A) the

probability of Psin having no eigenvalues in s
πA. Then

Ps(A) = det(I −Ks)A,

and in Chapter 2, we derive an asymptotic formula for Ps(A) as s →
∞, where A is the union of two intervals with endpoints which are
scaled in a particular way with s. Chapter 2 is based on [42], written in
collaboration with Igor Krasovsky.

Let Hn be an n × n random matrix distributed according to the
unitary ensemble, and denote the characteristic polynomial of Hn by

Pn(x) = det(Hn − Ix).

In Chapter 3, we derive an asymptotic formula for certain moments of
Pn(x) in the bulk of the spectrum as n→∞. These results can also be
viewed as an asymptotic result on Hankel determinants with FH singu-
larities of type α. Chapter 3 is based on [18], written in collaboration
with Tom Claeys. The moments of Pn(x) which we consider in Chapter
3, appear in the study of impenetrable bosons in a harmonic well (see
[47]), as well as in the study of Gaussian multiplicative chaos (see [9]).

The remaining part of the introduction is structured as follows. In
Section 1 we give an introduction to properties of eigenvalues of Uni-
tary Ensembles, determinantal point processes, and Toeplitz, Hankel
and Fredholm determinants and show how these topics are connected.
Sections 1.1.2 to 1.1.5 are standard material, see [27] for an introduc-
tion. In Section 1.1.6, we discuss some known results about asymptotics
of Toeplitz and Hankel determinants, and give one new result. In Sec-
tion 2 we describe the main results of Chapter 2, and in Section 3 we
describe the main results of Chapter 3.

1.1.2 Unitary Ensembles

The Unitary Ensemble is defined by the probability measure

1

Zn
e−nTrV (M)dM, (1.8)

where dM =
∏

1≤i≤n dMii
∏

1≤i<j≤n dReMijdImMij is the Lebesgue

measure on Rn2
space of n × n Hermitian matrices M , and Zn is the

normalizing constant such that the measure integrates to 1 over the
probability space. The potential V is a real analytic function on R with
sufficient growth as x→∞:

lim
x→±∞

V (x)

log(x2 + 1)
= +∞. (1.9)
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As mentioned in the preliminaries, the Unitary Ensemble is invariant
under conjugation by unitary matrices. As a result, one may show that
the eigenvalues of M (1.8) induce the following probability measure on
Rn [27]:

νn(x1, . . . , xn)dx1 . . . dxn =
1

Ẑn

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

wn(xj)dxj ,

wn(x) = e−nV (x), (1.10)

with normalizing constant

Ẑn =

∫
Rn

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

wn(xj)dxj , (1.11)

which is known as the partition function. The term (xj − xi)2 in (1.10)
can be interpreted as repulsion because it reduces the probability that
particles are close together, while V is known as the confining potential
(or as the external field) because e−nV (x) reduces the probability that
the absolute value of the eigenvalues are large. Thus the repulsion and
confining potential are counteracting each other.

1.1.3 Determinantal point processes and the correlation
kernel

A set χ ⊂ R is called a configuration if it has no accumulation of points,
i.e. #(χ ∩ B) < ∞ for any bounded set B ⊂ R. A (locally finite)
point process is a probability measure on the space of configurations.
If P is a point process on R, we define the k-point correlation function
ρk : Rk → [0,∞) by the requirement that for any mutually disjoint Borel
sets A1, . . . , Aj and positive integers k1, . . . , kj such that

∑j
i=1 ki = k,

we have

E

(
j∏
i=1

#(Ai ∩ P)!

(#(Ai ∩ P)− ki)!

)
=

∫
A
k1
1 ×A

k2
2 ×...×A

kj
j

ρk(x1, . . . , xk)dx1 . . . dxk,

(1.12)

where E denotes the expectation, we let 0! = 1, and when (#(Ai ∩ P)−
ki)!< 0 we replace #(Ai∩P)!

(#(Ai∩P)−ki)! by 0.

Setting j = 1 in (1.12), the expected number of ordered k-tuples on
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a set A is given by

E(# ordered k-tuples in A)

=
1

k!

∫
Ak
ρk(x1, . . . , xk)dx1 . . . dxk

=
∞∑
j=0

(
k + j

k

)
Prob(#(A ∩ P) = k + j).

(1.13)

For distinct points x1, . . . , xk the correlation functions satisfy

lim
ε→0

Prob(#(xj , xj + ε) = 1 for j = 1, . . . , k)

εk
= ρk(x1, . . . , xk). (1.14)

A determinantal point process is a point process with a correlation
kernel K(x, y) such that for all k ∈ N≥1:

ρk(x1, . . . , xk) = det(K(xi, xj))
k
i,j=1. (1.15)

Remark 1.1.1. Note that the kernel K is not unique, since the kernels
K(x, y) and K(x, y)f(x)

f(y) determine the same determinantal point process
for any integrable non-vanishing function f .

Thus the correlation kernel determines the point process, and all
statistical quantities can be expressed in terms of it. For instance, by
considering (1.13), it is easy to verify that if P is a determinantal point
process with correlation kernel K, then for any set A ⊂ R,

Prob(P ∩A = ∅) = det(I −K)A, (1.16)

where det(I −K)A is a Fredholm determinant, defined in (1.7).

Orthogonal polynomials on the real line

We now construct an explicit determinantal point process in terms of
orthogonal polynomials on the real line. Let w be a non-negative func-
tion on R such that xjw(x) is integrable on R for all j ∈ N, which we
call the weight. Consider the following probability measure on Rn

νn(x1, . . . , xn)dx1 . . . dxn =
1

Ẑn

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

w(xj)dxj ,

Ẑn = Ẑn(w) =

∫
Rn

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

w(xj)dxj .

(1.17)
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Since νn is symmetric with respect to the n particles, it is easily verified
using (1.14) that the correlation functions ρk associated with the point
process are given by

ρk(x1, . . . , xk)

=
n!

(n− k)!

∫
Rn−k

νn(x1, . . . , xn)dxk+1dxk+2 . . . dxn. (1.18)

Let pj(x) = κjx
j+γjx

j−1 + . . . be polynomials of order j ∈ N, orthonor-
mal with respect to w, characterized by∫

R
pj(x)pk(x)w(x)dx = δj,k =

{
0 for j 6= k,
1 for j = k,

κj > 0. (1.19)

and define

Kn(x, y) =
√
w(x)w(y)

n−1∑
j=0

pj(x)pj(y). (1.20)

Then the following is a standard result (see e.g. [27]).

Proposition 1.1.1. The probability distribution (1.17) is a determinan-
tal point process with correlation kernel Kn.

An immediate consequence of the proposition, by (1.16) and (1.17),
is that

det(I −Kn)A =
Ẑn(χAw)

Ẑn(w)
, (1.21)

where χA is the indicator function onA, and where (χAw)(z) = χA(z)w(z).

Proof. It is useful to temporarily relabel the indices of xj by defining
y0, . . . yn−1 such that yj = xj+1. The repulsive term in (1.17) is a Van-
dermonde determinant:∏

0≤i<j≤n−1

(yj − yi) = det(yji )
n−1
i,j=0. (1.22)

By standard row and column operations,(
det
(
yji
√
w(yi)

)n−1

i,j=0

)2

=

(
det
(
κ−1
j pj(yi)

√
w(yi)

)n−1

i,j=0

)2

=

n−1∏
j=0

κ−2
j

det(Kn(yi, yj))
n−1
i,j=0.

(1.23)
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Substituting (1.22) into (1.17), and applying (1.23), it follows that

νn(x1, . . . , xn) =
1

Ẑn

n−1∏
j=0

κ−2
j

 detKn(xi, xj)
n
i,j=1. (1.24)

The kernel Kn satisfies∫
R
Kn(x, x)dx = n,

∫
R
Kn(x, y)Kn(y, z)dy = Kn(x, z), (1.25)

where the second property is that of a reproducing kernel. By (1.25), it
follows that∫

R
detKn(xi, xj)

l
i,j=1dxl = (n+ 1− l) detKn(xi, xj)

l−1
i,j=1, (1.26)

for l = 2, . . . , n. This implies that∫
Rn

detKn(xi, xj)
n
i,j=1dx1 . . . dxn = n! , (1.27)

and so by (1.24), we have

Ẑn = n!

n−1∏
j=0

κ−2
j , νn(x1, . . . , xn) =

1

n!
det[Kn(xi, xj)]

n
i,j=1. (1.28)

By substituting the form for νn from (1.28) into (1.18) and iterating
(1.26), it follows that ρk has the form (1.15) with kernel Kn, which
proves the result.

Using the orthogonality of the polynomials pj it is readily verified
that they satisfy a three term recurrence relation:

xpj(x) =
κj
κj+1

pj+1(x) +

(
γj
κj
− γj+1

κj+1

)
pj(x) +

κj−1

κj
pj−1(x), (1.29)

for j ≥ 1. Applying (1.29) to the RHS of (1.20) (multiplied by (x− y))
one obtains the Christoffel-Darboux identity:

Kn(x, y) =
√
w(x)w(y)

κn−1

κn

pn(x)pn−1(y)− pn−1(x)pn(y)

x− y
. (1.30)

We denote the j-th orthogonal polynomial associated with the weight

wn from (1.10) by p
(n)
j and the correlation kernel associated with wn by

Kn.
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Orthogonal polynomials on the unit circle

In the previous section we considered orthogonal polynomials (OPs) on
the real line. Here we consider OPs on the unit circle instead. The
theories of OPs on the unit circle and OPs on the real line are similar,
and we will here give parallel results to those found in the previous
section, but we will forego the proofs.

Let f be a non-negative, integrable function on the unit circle C,
which we call the weight. Consider the probability measure

1

ẐCn (2π)n

∏
1≤j<k≤n

|eiθj − eiθk |2
n∏
j=1

f(eiθj )dθj , θj ∈ [0, 2π)n,

ẐCn = ẐCn (f) =
1

(2π)n

∫
Cn

∏
1≤i<j≤n

|eiθj − eiθk |2
n∏
j=1

f(eiθj )dθj .

(1.31)

It is well known that the Circular Unitary Ensemble (CUE), which
is the Haar measure on the Unitary group U(n) consisting of n × n
unitary matrices, has eigenvalues on the unit circle distributed according
to (1.31) with f(z) = 1 for z ∈ C.

For general f ≥ 0, one may show that the distribution (1.31) is a
determinantal point process on [0, 2π) with correlation kernel

KC
n (µ, θ) =

1

2π

√
f(eiµ)f(eiθ)

n−1∑
j=0

φj(e
iµ)φj(eiθ),

where φj are orthogonal polynomials φj(z) = πjz
j + . . . , with πj ≥ 0,

such that∫ 2π

0
φj(e

iθ)φk(eiθ)f(eiθ)
dθ

2π
= δjk, j, k ∈ N. (1.32)

By the Christoffel-Darboux formula on the unit circle, KC
n also has the

following useful form for µ, θ ∈ [0, 2π)

KC
n (µ, θ) =

1

2π

√
f(eiµ)f(eiθ)

× ein(µ−θ)φn(eiθ)φn(eiµ)− φn(eiµ)φn(eiθ)

1− ei(µ−θ)
. (1.33)

In the example of the eigenvalues of the CUE where f = 1, one has
φj(z) = zj and so

KCUE
n (µ, θ) =

1

2π

1− ein(µ−θ)

1− ei(µ−θ)
=

1

2π
ei(n−1)(µ−θ) sin n(µ−θ)

2

sin µ−θ
2

. (1.34)



1.1. INTRODUCTION 19

Similarly to Section 1.1.3, one may show that for general f ≥ 0

ẐCn = n!

n−1∏
j=0

π−2
j . (1.35)

1.1.4 Hankel and Toeplitz determinants

Recall that for w non-negative on R, and f non-negative on C, define
the Hankel determinant Hn and Toeplitz determinant Dn by

Hn(w) = det (wj+k)
n−1
j,k=0 , wj =

∫
R
xjw(x)dx,

Dn(f) = det (fj−k)
n
j,k=1 , fj =

∫ 2π

0
e−ijθf(eiθ)

dθ

2π
,

(1.36)

provided wj , fj exist. The following well-known relation between Ẑn, Ẑ
C
n

and Hn, Dn respectively gives the connection between gap probabilities
and Hankel/Toeplitz determinants, and the connection to Fredholm de-
terminants through formula (1.21), thus binding all the topics of the
present thesis together.

Proposition 1.1.2. The partition function (1.17) on the real line and
the partition function (1.31) on the unit circle are given in terms of
Hankel and Toeplitz determinants respectively:

Ẑn = n!Hn(w), ẐCn = n!Dn(f). (1.37)

Proof. We prove the proposition for Hankel determinants – the proof in
the case of Toeplitz determinants is similar. As previously, we temporar-
ily relabel the indices of xj by defining y0, . . . , yn−1 such that yj = xj+1.

Substituting (1.22) into (1.17) we obtain

Ẑn =

∫
Rn

det(yji )
n−1
i,j=0

∑
σ∈Sn

sgnσ
n−1∏
j=0

yjσ(j)

 n−1∏
j=0

w(yj)dyj . (1.38)

For any permutation σ ∈ Sn, the following is easily obtained by permut-
ing the indices of the variables yj :

sgnσ

∫
Rn

det(yji )
n−1
i,j=0

n−1∏
j=0

yjσ(j)

 n−1∏
j=0

w(yj)dyj

=

∫
Rn

det(yji )
n−1
i,j=0

n−1∏
j=0

yjj

 n−1∏
j=0

w(yj)dyj . (1.39)
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The RHS of (1.39) is equal to Hn(w), and by substituting it into the
RHS of (1.38), we obtain formula (1.37)

1.1.5 Large n asymptotics of eigenvalues in the macro-
scopic scale and the equilibrium measure

Classically, one divides the study of eigenvalues with probability density
(1.10) into two viewpoints or scales: the macroscopic and microscopic
scales. In the macroscopic viewpoint one takes a bird’s eye view of the
distribution to study the density of eigenvalues on sets of fixed size as
n→∞. In the microscopic view studies eigenvalue correlations on small
intervals of shrinking size where one expects to find only a finite number
of eigenvalues as n→∞, which is known as the local scaling.

Recall wn(x) = e−nV (x). For typical eigenvalue configurations

x
(n)
1 , . . . , x

(n)
n distributed according to (1.10), the joint probability den-

sity function νn(x1, . . . , xn) is relatively “large”, and

− 1

n2
log νn(x

(n)
1 , . . . , x(n)

n ) =
1

n2

∑
1≤i<j≤n

2 log
1

|x(n)
j − x

(n)
i |

+
1

n

n∑
j=1

V (x
(n)
j )

(1.40)

is “small”. Now consider the limit n → ∞ in (1.40). The equilibrium
measure µV is characterized [27, 33] as the unique measure which mini-
mizes

IV (µ) =

∫∫
log

1

|x− y|
dµ(x)dµ(y) +

∫
V (x)dµ(x), (1.41)

over the space of Borel probability measures µ on R. It is compactly
supported, and for V real analytic as is our case, it is supported on a
finite union of intervals and has continuous density ψV , namely dµV (x) =
ψV (x)dx.

The set {x : ψV (x) > 0} is known as the bulk of the spectrum. Let
Kn be the correlation kernel (1.20) associated with the weight wn for
the eigenvalues (1.10). Then it is well known that the density

ρ
(n)
1 (x) = Kn(x, x) = nψV (x) +O(1)

as n → ∞, for x ∈ suppµV . Furthermore, for any function f ∈ C0(R),
one has that almost surely

lim
n→∞

1

n

n∑
j=1

f
(
x

(n)
j

)
=

∫
R
f(x)dµV (x),
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Figure 1.1: Bar plot of GUE (5000× 5000)

where {x(n)
j }nj=1 is the set of eigenvalues distributed according to (1.10)2.

As an example, we mention the Gaussian Unitary Ensemble (GUE),
which has potential V (x) = 2x2. Then the equilibrium density µGUE is
given by the semi-circle law, namely it is supported on (−1, 1) and has
density ψGUE which is given by

ψGUE(x) =
2

π

√
1− x2. (1.42)

In Figure 1.1 we have plotted the eigenvalues of a 5000×5000 realization
of the Gaussian Unitary ensemble in a bar chart.

The equilibrium measure can equivalently be determined as the unique
measure satisfying the Euler-Lagrange variational conditions (see e.g.
[83])

2

∫
log|x− y|dµV (y) = V (x)− `, for x ∈ suppµV , (1.43)

2

∫
log|x− y|dµV (y) ≤ V (x)− `, for x ∈ R \ suppµV , (1.44)

for some real constant ` depending on V .
Throughout the rest of the introduction we will assume that µV is

“one-cut” and “regular”. This means that µV is supported on a single

2Here this means that for any f ∈ C0(R) and independent sets {x(n)
j }

n
j=1 each

distributed according to (1.10), one has for any ε > 0 that,

lim
N→∞

∞∏
n=N

Prob

(∣∣∣∣∣ 1n
n∑
j=1

f(x
(n)
j )−

∫
R
f(x)dµV (x)

∣∣∣∣∣ < ε

)
= 1.
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interval (a, b), and the density ψV can be written in the form

ψV (x) =
√

(b− x)(x− a)h(x) (1.45)

for x ∈ (a, b), where h is a real analytic function on R and h(x) > 0 for
x ∈ [a, b]. Furthermore, in addition to the Euler-Lagrange conditions
(1.43)-(1.44), the inequality (1.44) is strict for x ∈ R \ [a, b].

1.1.6 Large n asymptotics of Toeplitz and Hankel deter-
minants

It is of interest to compute the asymptotics of Dn(f) and Hn(w) as
n→∞. Such asymptotics depend on the class of the weight in question,
and we give an overview of relevant results.

Analytic weights

In the introduction we presented the Szegő strong limit theorem (1.2)
which gives asymptotics for Dn(f) for sufficiently smooth f satisfying
(1.3).

For Hankel determinants Hn(e−nV ), the situation is in general more
complicated, and not yet fully understood. In the simplest case where
V (x) = 2x2, we have the identity

logHn(e−2nx2
) =

n

2
log(2π)− n2

2
log(4n) +

n−1∑
j=1

log(j! ), (1.46)

and so as n→∞,

logHn(e−2nx2
) = −n2

(
3

4
+ log 2

)
+ n log 2π − 1

12
log n+ ζ ′(−1) +O(n−1), (1.47)

where ζ ′ denotes the derivative of the Riemann zeta-function.
In [84, 75] (see also [76]) it was proved that

logHn(e−nV (x)) = −IV (µV )n2 + n log 2π + o(n) (1.48)

as n→∞ for very general classes of potentials V .



1.1. INTRODUCTION 23

The further sub-leading terms of (1.48) have been verified rigorously
up to o(1) for potentials V which have one-cut and two-cut regular
equilibrium measures 3 – For results where V is real analytic and the
equilibrium measure is one-cut regular, see [11, 40], for two-cut regu-
lar equilibrium measures and real analytic potentials, see [21]. In the
two-cut case the subleading terms have oscillations given by elliptic θ-
functions. Asymptotics of Hankel determinants Hn(e−nV (x)) have also
been studied in the physics literature [1, 12, 49, 41, 17], and the expan-
sion for logHn(e−nV (x)) has been conjectured up to an additive constant
for very general potentials V .

In the case where the symbol is given by eh(x)−nV (x), the following
asymptotics were found by Johansson [67] in 1998:

log
Hn

(
eh(x)−nV (x)

)
Hn

(
e−nV (x)

) = n

∫
h(x)dµV (x) + C(h) + o(1), (1.50)

as n → ∞, where C(h) is an explicit quadratic functional of h, see
[67]. The function h is real valued, and in the context of this thesis
an important restriction on the function h is that it is bounded and
continuous on the support of the equilibrium measure [a, b], excluding
FH singularities which we define below. Expansion (1.50) holds for even
polynomial potentials V which are one-cut regular, see [66] for conditions
on h.

As mentioned in the preliminaries, the topic of this thesis is the
large n asymptotics of Toeplitz and Hankel determinants which are not
smooth and for which the above asymptotics do not hold, namely sym-
bols which are indicator functions on the unit circle and symbols with
Fisher-Hartwig singularities (see below).

Indicator functions

An example of such a symbol is the indicator function χJ , where J is
an arc the unit circle. A motivation for studying Toeplitz determinants

3An equilibrium measure is two-cut regular if if µV is supported on two disjoint
intervals (a1, b1) ∪ (a2, b2), and the density ψV can be written in the form

ψV (x) =
∏
j=1,2

√
(bj − x)(x− aj)h(x) (1.49)

for x ∈ (a, b), where h is a real analytic function on R and h(x) > 0 for x ∈ [a1, b1] ∪
[a2, b2]. Furthermore, in addition to the Euler-Lagrange conditions (1.43)-(1.44), the
inequality (1.44) is strict for x ∈ R \ [a1, b1] ∪ [a2, b2].
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with such symbols is that

1

n!
ẐCn (f = χJ) = Dn(χJ)

= Prob(A CUE matrix has no eigenvalues in C \ J), (1.51)

where C is the unit circle, which is evident from (1.37) and (1.31). Let
J = J2 be a single arc of the unit circle

J = J2 =
{
eiθ|θ ∈ (−π, θ2) ∪ (θ1, π]

}
,

− π < θ2 < 0 < θ1 < π. (1.52)

The asymptotics of Dn(χJ2) for a fixed arc J2 were found by Widom
[92] in 1971:

logDn(χ
J

(n)
2

) = n2 log cos
θ1 − θ2

4
−1

4
log

(
n sin

θ1 − θ2

4

)
+c0+r1, (1.53)

where r1 = O(1/n) a n → ∞, for fixed −π < θ2 < 0 < θ1 < π. The
constant c0 is given by

c0 =
1

12
log 2 + 3ζ ′(−1). (1.54)

In [31, 71], Widom’s result was extended to the case of J2 = J
(n)
2

varying with n such that |θ1 − θ2|→ 0 sufficiently slowly. Namely, the
authors proved that (1.53) holds as n→∞, uniformly for s0

n ≤
θ1−θ2

2 ≤
π − ε, for ε > 0 and with s0 sufficiently large, with the following error
term:

r1 = O

(
1

n sin θ1−θ2
4

)
. (1.55)

In Chapter 2 we consider the asymptotics of Dn(χJ), where J = J (n)

is the union of 2 disjoint arcs, and the arclengths are scaled with the
parameter n in a specific way. This is used to prove a result on Fredholm
determinants.

As a warm-up, we now present our first new (to the extent of the
author’s knowledge) result in this thesis, which is a very simple identity
which allows one to generalize (1.53) to Toeplitz determinants supported
on multiple arcs with a particular symmetry. Fix m ∈ N \ {0}, let
0 < γ < π/m and denote

I(γ) = {eiθ : −γ < θ < γ},
Im(γ) = ∪m−1

j=0 {ze
2πij/m : z ∈ I(γ)}.

(1.56)
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From the multiple integral representation of ẐCn from (1.31), it is clear
that the Toeplitz determinant is invariant under rotation of the circle, so
for any µ ∈ R we have Dn(f(z)) = Dn(f(zeiµ)), and thus Dn(χI(γ)) =
Dn(χJ2) when 2γ = θ1−θ2, meaning that formula (1.53) applies. The set
Im(γ) is composed of m disjoint arcs, such that e2πij/mIm(γ) = Im(γ)
for j = 0, 1, 2, . . . ,m− 1. We use this rotational invariance to prove the
following exact identity relating the Toeplitz determinant supported on
Im(γ) to the Toeplitz determinant supported on I(mγ).

Proposition 1.1.3 (Toeplitz determinant identity). Fix m ∈ N \ {0},
and let 0 < γ < π/m. Let φj(z) = πjz

j + . . . be orthonormal on I(mγ),
i.e. ∫

I(mγ)
φj(z)φk(z)

dz

2πiz
= δjk. (1.57)

If n ∈ N and

n = n1m+ n2, n2 ∈ {0, 1, 2, . . . ,m− 1}, (1.58)

then

Dn(χIm(γ)) = Dn1(χI(mγ))
mπ−2n2

n1
(1.59)

= Dn1(χI(mγ))
m−n2Dn1+1(χI(mγ))

n2 . (1.60)

Furthermore, as n, n1 →∞,

logDn(χIm(γ)) = mn2
1 log sin

mγ

2
+ (2n1 + 1)n2 log sin

mγ

2

− m

4
log
(
n1 cos

mγ

2

)
+mc0 +O

(
1

n

)
, (1.61)

for fixed m, γ.

Proof. Equality between the RHS of (1.59) and (1.60) is immediate
from (1.35), (1.37). Formula (1.61) is obtained by substituting Widom’s
asymptotics from (1.53) into (1.60).

It remains to prove (1.59). By the orthogonality of the polynomials
φj on I(mγ) we have, taking z = ym,

m

∫
I(γ)

φj(y
m)φk(ym)

dy

2πiy
= δjk. (1.62)

Then taking y 7→ e2πij/my for j = 0, 1, 2, . . . ,m− 1 we have∫
Im(γ)

φj(y
m)φk(ym)

dy

2πiy
= δjk. (1.63)



26 CHAPTER 1. INTRODUCTION

Note that∫
Im(γ)

zk
dz

2πiz
=

m−1∑
j=0

(e2πij/m)k
∫
I(γ)

zk
dz

2πiz

=

{
0 if k 6≡ 0 mod m,

m
∫
I(γ) z

k dz
2πiz if k ≡ 0 mod m.

(1.64)

Define ψj(y) = φj1(ym)yj2 where j = j1m+ j2 and j2 ∈ {0, 1, 2, . . . ,m−
1}. Then, similarly denoting j′ = j′1m + j′2, it follows that if j2 6= j′2,
then all the monomials in ψj(y)ψj′(y) have powers which are non-zero
modulo m, and thus by (1.64) we have∫

Im(γ)
ψj(y)ψj′(y)

dy

2πiy
= 0. (1.65)

If j2 = j′2, then by (1.63)∫
Im(γ)

ψj(y)ψj′(y)
dy

2πiy
= δj1,j′1 . (1.66)

Thus ψj are orthonormal on Im(γ), i.e.∫
Im(γ)

ψj(z)ψk(z)
dz

2πiz
= δjk. (1.67)

By standard theory,

Dn(χIm(γ)) =
n−1∏
j=0

η−2
j , (1.68)

where ψj(z) = ηjz
j + . . . . It follows from the definition of ψj that

ηj = πj1 , (1.69)

and plugging this into (1.68) we have proven the identity (1.59).

Fisher-Hartwig singularities

Another class of Toeplitz determinants which do not satisfy the Szegő
asymptotics, are Toeplitz determinants with Fisher-Hartwig singulari-
ties. A Toeplitz determinant with a Fisher-Hartwig singularity at each
point zj = eiθj ∈ C for j = 1, . . . , k has a symbol of the following form:

fα,β(z) = eV (z)
k∏
j=1

(
z

zj

)βj
|z − zj |2αjωj(z),

ωj(z) =

{
eiπβj 0 ≤ arg < θj ,

e−iπβj θj ≤ arg z < 2π,

(1.70)
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where Reαj > −1/2 and βj ∈ C. As mentioned in the preliminaries,
Toeplitz determinants with symbol (1.70) appear, among other places,
in the study of the long range correlations of the Ising model [30]. The
large n asymptotics of Toeplitz determinants with such symbols have
been extensively studied [13, 95, 8, 39, 29]. In [29] the authors were able
to find an asymptotic expansion of Toeplitz determinants with any fixed
number of Fisher-Hartwig singularities, at fixed positions, for all param-
eters zj , αj , βj . In [19], the authors studied the transition of asymptotic
regime between the Szegő asymptotics and the case of a single Fisher-
Hartwig singularity, while in [20] the transition between one and two
Fisher-Hartwig singularities was studied. It is also possible to study the
transition between Fisher-Hartig symbols of type β and the indicator
function, see [15, 16].

Similarly, one may consider Hankel determinants with Fisher-Hartwig
singularities. A Hankel determinant with a Fisher-Hartwig singularity
at the points yj ∈ R for j = 1, . . . , k has symbol

wn(x) = e−nV (x)
k∏
j=1

|x− yj |2αjωj(x),

ωj(x) =

{
eiπβj for x > yj ,

e−iπβj for x ≤ yj ,
(1.71)

where Reαj > −1/2 and βj ∈ C. Here, a Fisher-Hartwig singularity is
of interest if it lies in the support of the equilibrium measure µV or at
the edge-points. We restrict ourselves to the discussion of singularities
in the support µV . Hankel determinants with Fisher-Hartwig singular-
ities are connected to the one-dimensional gas of impenetrable bosons,
and also other physical models [46, 47, 50, 53]. Asymptotics for such
Hankel determinants with fixed number of α-singularities (where β = 0)
were found for integer αj in [14, 46, 54], and for general αj in the case
of quadratic potentials [70], and finally generalized to one-cut regular
potentials in [9], which we present in Section 1.3. Asymptotics of Han-
kel determinants with quadratic potentials with a single β-singularity
(with α = 0) were found in [61]. In Chapter 3, we consider the large
n asymptotics of Hankel determinants, in particular the transition from
analytic potentials to a single FH singularity, and also the transition
from one FH singularity to two FH singularities, for potentials V with
one-cut regular equilibrium measures.
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1.2 Microscopic scale and gap probabilities

We now turn to the study of the statistical properties of the eigenvalues
on small intervals with sizes of order O(1/n) as n → ∞. We will give
an overview of results from Chapter 2, which is based on [42] which was
written in collaboration with Igor Krasovsky.

1.2.1 Sine kernel universality

Consider the eigenvalues distributed according to (1.10) with correlation
kernel Kn. Assume a real-analytic potential V satisfying (1.9). It was
proven in [34, 35], that uniformly for u, v in compact subsets of R, and
x such that ψV (x) > 0, one has

lim
n→∞

1

ψV (x)n
Kn

(
x+

u

ψV (x)n
, x+

v

ψV (x)n

)
= Ksin(u, v) =

sinπ(u− v)

π(u− v)
. (1.72)

This is known as sine kernel universality, because the result is, up to
rescaling by ψV (x), independent of V , and the sine process with corre-
lation kernel Ksin is known as the bulk scaling limit.

Formula (1.72) also holds if Kn is replaced by the correlation kernel
KCUE
n associated with the CUE, in which case the formula is easy to

prove. Then (1.72) follows from (1.34) with Remark 1.1.1 and the fact
that the limiting density is 1/2π.

In Figure 1.2, we consider the same realization of a 5000×5000 GUE
matrix as in Figure 1.1, and we zoom in on an interval of size 0.01 at
the origin which contains 30 eigenvalues, which are plotted in blue. At
this scale, the density ψGUE in (1.42) can almost be viewed as constant,
and the distribution should be similar to that of the sine process. There
is repulsion between the points, which gives the result that they are
somewhat regularly spaced, and indirectly leads to large gaps between
the eigenvalues being unlikely. The points which are plotted in red, are
30 independent points distributed according to the uniform distribution
(or equivalently, the Poisson process conditioned to have 30 points on the
interval). The distribution of the blue points is more regular than that
of the red points, among the red points there is for example a large gap
on the right side. This will be formalized mathematically, see Remark
1.2.1.
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Gap probabilities of the eigenvalues (1.10) in the local scaling

We use (1.73) to motivate the study of the gap probabilities of the sine
process, through studying the Fredholm determinant of the sine kernel,
which is the topic of this section and Chapter 2. However, for this
motivation to be well founded, we need the following to hold true

lim
n→∞

Prob
(
nψV (x)

(
x

(n)
j − x

)
/∈ A for all j = 1, . . . , n

)
= det(I − Ksin)A. (1.73)

Formula (1.73) is proven by using (1.16) and (1.72), and the following
proposition which states that convergence of sequences of kernels implies
convergence of Fredholm determinants under certain conditions.

Lemma 1.2.1. Let A be a compact set, and consider a sequence of
kernels Kn(x, y) on A2, which is uniformly bounded in n, and converges
pointwise to K(x, y). Then, as n→∞,

det(I −Kn)A → det(I −K)A. (1.74)

Proof. Consider the truncated sum

det(I −K)MA = 1 +
M∑
k=1

(−1)k

k!

∫
Ak

det(K(yi, yj))
k
i,j=1dy1 . . . dyk.

By Hadamard’s inequality and the uniform boundedness of Kn, it follows
that for any ε > 0 there exists M ∈ N such that m > M implies that

|det(I −Kn)A − det(I −K)A|
≤ |det(I −Kn)mA − det(I −K)mA |+ ε. (1.75)

For fixed m,

|det(I −Kn)mA − det(I −K)mA | → 0 (1.76)

as n→∞. Thus (1.74) follows from (1.75)-(1.76).

1.2.2 The Fredholm determinant of the sine kernel

We parametrize the sine kernel as follows. Let

Ks(x, y) =
sin s(x− y)

π(x− y)
.
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Figure 1.2: Bulk scaling limit vs. independent uniform points.

and denote the Fredholm determinant of Ks on a set A by

Ps(A) = det(I −Ks)A. (1.77)

We will study Ps(A) as s → ∞. First we consider Ps(A0) where A0 is
the single interval

A0 = (α, β).

As a function of s it is transcendental and satisfies:

s
d

ds
logPs(A0) = σ0(−2i(β − α)s),

where, denoting d
ds by ′, the function σρ(s) satisfies the Jimbo-Miwa-

Okamoto Painlevé V differential equation [65]:

(sσ′′ρ)2 = (σρ − sσ′ρ)(σρ − sσ′ρ + 4σ′ρ(σ
′
ρ + ρ)). (1.78)

The most general form of the Painlevé V differential equation has 4
parameters, we include the parameter ρ because it will be referred to in
Section 1.3. As s→∞, the Fredholm determinant on the single interval
has asymptotics

logPs(A0) = −(β − α)2s2

8
− 1

4
log s

− 1

4
log

β − α
2

+ c0 +O(s−1),

c0 =
1

12
log 2 + 3ζ ′(−1),

(1.79)

where ζ is the Riemann zeta-function.
The two leading terms in (1.79) were conjectured by des Cloizeaux

and Mehta [23] in 1973, while Dyson was able to identify the constant
c0 in [37] in 1976. The constant c0 became known as the Widom-Dyson
constant. Formula (1.79) was rigorously confirmed in a series of works.
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Widom [93] was able to verify the leading term, while Deift, Its, Zhou
[32] calculated the leading term and the logarithmic term. The constant
c0 was independently proven by Krasovsky [71] and Ehrhardt [38], with
a third proof by Deift, Its, Krasovsky, Zhou [31].

Remark 1.2.1. The point process with correlation kernel Ks has an
average particle spacing of s

π , and (1.79) implies that the probability of

a single gap (−1, 1) in the particle distribution is e−
s2

2
(1+o(1)) as s→∞.

It is natural to compare this to the probability of a gap (−1, 1) in the
particle distribution of a rate s

π Poisson process, which is given exactly

by e−s/π. Thus, asymptotically, large gaps are more improbable for the
sine process than the Poisson process.

Now we turn to study the large s asymptotics of det(I −Ks)A when
A is the union of 2 disjoint intervals

A = A1

⋃
A2, A1 = (α,−ν), A2 = (ν, β). (1.80)

Since the sine process is invariant under translation, such a representa-
tion of the 2 intervals is not a restriction. For fixed ν > 0, this problem
was considered in [94, 32]. It is also of interest to let ν → 0 as s → ∞,
and this is the topic of Chapter 2, with the important restriction that
sν log ν−1 → 0 as s→∞, ν → 0. We first present the results in [94, 32]
for fixed ν, and then present our own results for ν → 0.

In 1995, Widom [94] proved that as s→∞,

d

ds
logPs(A) = C1s+ C2(s) + o(1)

where C1 is an explicit constant while C2(s) is a certain oscillating func-
tion given by a Jacobi inversion problem. In 1997, Deift, Its and Zhou
[32] were able to improve on this, and we will present their result. Define
the θ-function of the third kind:

θ(z) =
∑
m∈Z

e2πizm+πiτm2
, Im (τ) > 0.

It satisfies the periodicity properties:

θ(z) = θ(z + 1),

θ(z ± τ) = e∓2πiz−πiτθ(z),

and is even: θ(z) = θ(−z). Let

r(z) = ((z − α)(z + ν)(z − ν)(z − β))1/2, (1.81)
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with branch cuts on A and such that r(z) ∼ z2 as z → ∞. Define
uniquely the monic polynomial q(z) = z2 + q1z + q0 of degree 2 such
that ∫

Aj

q(z)dz

r+(z)
= 0,

for j = 1, 2, where, for definiteness, r+(z) is the limit of r(z + iε) as
ε → 0+. Then q/r has no residue at infinity. Thus, as z → ∞, q/r has
the form:

q(z)

r(z)
= 1 +

G1

z2
+O(z−1), (1.82)

which we take as a definition for G1. Then, as s → ∞ and for fixed
α, β, ν, we have

logPs(A) = −G1s
2 +G2 log s+ log θ(sV ; τ) +G3 +O(s−1), (1.83)

where the constants τ and V appearing in the argument of the θ-function
are given in terms of q and r:

τ = i

∫ ν
−ν

dx
|r(x)|∫ β

ν
dx
|r+(x)|

, V =
1

π

∫ ν

−ν

q(x)dx

r(x)
. (1.84)

The constant G2 has an explicit expression, and we refer the reader
to [32]. The constant G3 is an unknown constant of integration. The
reason it is unknown is that asymptotics were obtained for d

ds logPs(A),
and integrated in s to yield (1.83), but there is no clear starting point
for integration s0 where the formula for logPs0(A) would be known. We
also note that in both [94] and [32] the authors obtained similar formulae
for log det(I−Ks) supported on any fixed number of intervals (and with
fixed endpoints).

We now present our results from Chapter 2 where, in contrast to
(1.83), we let ν → 0 as s→∞. Let γ = 1

8(β−1 − α−1) and

ω =
s
√
|αβ|

log(γν)−1
> 0. (1.85)

Clearly, ω is uniquely represented in the form

ω = k + x, k = 0, 1, 2, . . . , x ∈ [−1/2, 1/2).

We note that ν has the form

ν = γ−1e−
s
√
|αβ|

k+x .

We prove the following:
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Theorem 1.2.2. As s→∞, uniformly for ν ∈ (0, ν0), where
sν0 log ν−1

0 → 0,

logPs(A) = logPs(A0) + s
√
|αβ|

(
ω − x2

ω

)
+ c(k)

+ δk(x) +O(max{sν0 log ν−1
0 , 1/log ν−1

0 , 1/s}),

c(k) = log

(
22k2−k

πk
G(k + 1)4

G(2k + 1)

)
,

δk(x) = log
(
1 + 2πκ2

k−1(γν)1+2x
)

+ log
(
1 + (2πκ2

k)
−1(γν)1−2x

)
,

(1.86)

where G is the Barnes G-function, and where κj is the leading coeffi-
cient of the Legendre polynomial of degree j orthonormal on the interval
[−2, 2], given by

κj = 4−j−1/2
√

2j + 1
(2j)!

j!2
, j = 1, 2, . . . ,

κ0 = 1/2, κ−1 = 0.

(1.87)

As s → ∞, uniformly for ν ∈ (ν1, ν0), where sν0 log ν−1
0 → 0 and

s
log ν−1

1

→∞ (i.e., k →∞), formula (1.86) reduces to

logPs(A) = s2

(
−(β − α)2

8
+

|αβ|
log(γν)−1

)
− 1

2
log s+

1

4
log log(γν)−1

− x2 log(γν)−1 + log
(

1 + (γν)1−2|x|
)
− 1

4
log

(
β − α

2

√
|αβ|

)
+

1

6
log 2 + 6ζ ′(−1) +O

(
max

{
sν0 log ν−1

0 ,
1

log ν−1
0

,
log ν−1

1

s

})
.

(1.88)

Remark 1.2.2. Note that if k = 0 and x ∈ (0, 1/2− ε) for ε > 0, then

(1.86) shows that Ps(A)
Ps(A0) → 1 as s→∞.

Remark 1.2.3. As k →∞, one has that 2πκk → 1, and by the standard
asymptotics of the Barnes G-function,

c(k) = −1

4
log k +

1

12
log 2 + 3ζ ′(−1) +O(1/k2). (1.89)

The function c(k) can alternatively be described in terms of the
coefficients (1.87) of the Legendre polynomials:

c(k) = −
k−1∑
j=0

log 2πκ2
j , k = 1, 2, . . . , c(0) = 0. (1.90)
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Formula (1.90) shows that δk(x) + c(k) is continuous also at the points
|x|= 1/2.

Remark 1.2.4. The rescaled sine process (with expected distance be-
tween particles π/s) is the determinantal point process with the m’th
correlation function ρm, for m = 1, 2, . . . , given by

ρm(x1, . . . , xm) = det(Ks(xi, xj))
m
i,j=1.

Consider the sine process conditioned to have no eigenvalues in A. De-
note this process by PA and its m’th correlation function by ρAm. In
Chapter 2, we show that for x1, . . . , xm ∈ (−1, 1),

νmρAm(νx1, . . . , νxm)→ det((2KLeg(2xi, 2xj))
m
i,j=1 (1.91)

as s→∞ and ν → 0 such that k ∈ N and |x|< 1/2 remain fixed, where

KLeg(x, y) =
κk−1

κk

Lk(x)Lk−1(y)− Lk(y)Lk−1(x)

x− y
, (1.92)

and Lk is the Legendre polynomial of degree k, orthonormal on [−2, 2]:∫ 2

−2
Lj(x)Li(x)dx = δij =

{
0 for i 6= j,

1 for i = j.

The process with kernel KLeg is a k-point process. Thus we obtain
from (1.91) and the first equation of (1.13) that, as s → ∞ and ν → 0
such that k ∈ N and |x|< 1/2 remain fixed, the expected number of
(k+1)-tuples of PA on (−ν, ν) converges to 0, while the expected number
of k-tuples on the same interval converges to 1. It follows from the second
equation of (1.13) that

Prob (PA has k particles in (−ν, ν))→ 1.

1.2.3 Method of proof

By (1.21), (1.37), and (1.73), we have that

Dn (χJ(n))→ det(I −Ks)A (1.93)

as n→∞ for fixed s, where

J (n) = {eiθ : θ /∈ 2s

n
A}. (1.94)
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Figure 1.3: Interval J .

More generally, let −π < θ2 < 0 < θ0 < θ1 < π and define J = J1∪J2

where J1, J2 are as in Figure 1.3:

J1 = J1(θ0) = {eiθ|θ ∈ (−θ0, θ0)}, J2 = {eiθ|θ ∈ (θ1, π]∪ (−π, θ2)}.

By (1.35) and (1.37), we have

Dn (χJ) =

n−1∏
j=0

(πj)
−2 , (1.95)

where πj are the leading coefficients of the polynomials φj on the circle
orthogonal with respect to the weight χJ as in (1.32).

We use (1.95) as a starting point to derive the following differential
identity. The Toeplitz determinant Dn(χJ) satisfies

∂

∂θ0
logDn(χJ) = − 1

2π
[F (e−iθ0) + F (eiθ0)],

where

F (z) = n|φn(z)|2−2Re

(
zφn(z)

d

dz
φn(z)

)
.

Define Y in terms of the orthogonal polynomials φj

Y (z) = Y (z; J) =

(
χ−1
n φn(z) χ−1

n

∫
J
φn(ζ)
ζ−z

dζ
2πiζn

−χn−1z
n−1φn−1(z−1) −χn−1

∫
J

φn−1(ζ−1)

ζ−z
dζ

2πiζ

)
.

One can express F in terms of the elements of Y :

F (z) = nχ2
n|Y11(z)|2−2χ2

nRe

(
zY11(z)

d

dz
Y11(z)

)
. (1.96)

The function Y uniquely solves the following Riemann-Hilbert (RH)
problem
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(a) Y : C \ J → C2×2 is analytic;

(b) Y possesses L2 boundary values Y+ and Y− on the + and − side
of J , respectively, related by the condition:

Y+(z) = Y−(z)

(
1 z−n

0 1

)
for z ∈ J ;

(c) Y (z) = (I +O(1/z))

(
zn 0
0 z−n

)
as z →∞.

The fact that orthogonal polynomials satisfy a RH problem was first
observed for polynomials orthogonal on the real line by Fokas, Its, Kitaev
[45], and extended to polynomials orthogonal on the unit circle by Baik,
Deift, Johansson [7].

We use the Deift-Zhou steepest descent analysis [36] to obtain asymp-
totics for the solution for the RH problem for Y (z; J (n)) with J (n) from
(1.94) as s, n → ∞ and ν → 0 such that s3/n → 0 and sν log ν−1 → 0.
Subsequently we obtain asymptotics for F in the same scaling limit, and
we substitute these asymptotics into the integral

logDn(χJ(n) ; ν)

= logDn(χJ(n) ; ν = 0)− 1

2π

∫ θ0= 2sν
n

0
(F (e−iθ

′
0) + F (eiθ

′
0))dθ′0,

and as a result we obtain

logDn(χJ(n) ; ν) = logDn(χJ(n) ; ν = 0) + s
√
|αβ|

(
ω − x2

ω

)
+ c(k) + δk(x) +O(max{sν log ν−1, 1/log ν−1, s3/n, 1/s}),

as s, n → ∞ and ν → 0 such that s3/n → 0 and sν log ν−1 → 0. We
take n→∞ and use (1.93) to prove Theorem 1.2.2.

1.3 The characteristic polynomial

In this section, we give an overview of results in Chapter 3. The chapter
is based on [18], which was written in collaboration with Tom Claeys.
Let Hn be distributed according to the Unitary Ensemble (1.8) with
potential V . Denote by Pn the characteristic polynomial of Hn:

Pn(x) = det(Hn − Ix). (1.97)
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Since Hn is a random variable, Pn(x) is a random variable. It is con-
jectured that Pn(x) shares many statistical properties with the zeros of
the Riemann zeta-function along the critical line [69, 59, 24, 25, 57, 5].
In Chapter 3 we study the moments of Pn(x).

Denote z0 =
√
t when t is positive and z0 = i

√
−t when t is negative,

and define:

gn(t) = E(|Pn(−z0)Pn(z0)|α). (1.98)

Note that if y ∈ R, then one may express

E(|Pn(y − z0)Pn(y + z0)|α)

in terms of gn(t) by translating the potential V (x) 7→ V (x + y), so the
form of gn(t) is not restrictive. The following results were first found
for integer α in [14, 46, 54], obtained by Krasovsky [70] for the Gaus-
sian Unitary Ensemble which has potential V (x) = −2x2 and general
α > −1/2, and brought to its most general form with one-cut regular
potentials by Berestycki, Webb and Wong in [9]. Let α, t ≥ 0, let V
be a real-analytic potential satisfying (1.9) which is one-cut regular (as
defined in Section 1.1.5), and assume b − a = 2, with

√
t,−
√
t ∈ (a, b).

Denote

f(x) =
α

2
(V (x) + V (−x)− 2`).

Then as n→∞,

gn(0) = enf(0)nα
2
ψV (0)α

2
πα

2 G(1 + α)2

G(1 + 2α)
(1 + o(1)) (1.99)

while for t > 0 fixed as n→∞,

gn(t) = enf(
√
t)nα

2/2t−α
2/4(ψV (

√
t)ψV (−

√
t))α

2/4

×
(π

4

)α2/2 G(1 + α/2)4

G(1 + α)2
(1 + o(1)). (1.100)

where G is the Barnes G-function.
Equation (1.100) is valid for t ≥ 0 fixed as n → ∞. For t < 0 the

following was proven by Johansson [66] in 1998. When n→∞ and t < 0
remains fixed,

log gn(t) = nα

∫
log|x2 − t|dµV (x) +A(t) + o(1), (1.101)

A(t) = − α2

2π2

∫ b

a

log|x2 − t|√
(b− x)(x− a)

∫ b

a

y

y2 − t

√
(b− y)(y − a)

y − x
dydx,
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where the divergent integral is evaluated in the principal value sense.
We now present the results from Chapter 3 which are valid for both

positive and negative t, as n→∞ and t→ 0.
In Chapter 3 we define two functions σ+

α and σ−α in terms of the
(unique) solutions Ψ+ and Ψ− of two RH problems, see Sections 3 and
2 of Chapter 3 respectively. The two functions σ+

α and σ−α satisfy the
Jimbo-Miwa-Okamoto σ-form of the Painlevé V equation (1.78).

The first one, σ−α (s), is analytic and real for s ∈ (0,+∞), and was
proven in [19] to have the asymptotics

σ−α (s) =

{
α2 + o(1) s→ 0,

s−1+2αe−s 1
Γ(α)2 (1 +O(s−1)) s→ +∞,

where Γ is Euler’s Γ-function. The existence of such a solution was
proven in [19]. The second solution σ+

α (s), is analytic and such that
σ+
α (s) + αs

2 is real-valued for s ∈ −iR>0, and was proven in [20] to have
the asymptotics:

σ+
α (s) =

{
α2 + o(1) s→ −i0+,
α2

2 −
αs
2 +O(|s|−1) s→ −i∞.

For general values of α > −1/2, σ±α are transcendental functions,
but in Chapter 3 we show that there are special values of α where σ±α
are algebraic functions. For σ−α , this is the case if α is an integer, while
for σ+

α this is only the case if α is an even integer. For those values of α,
we show that σ±α can be constructed via an explicit recursive procedure.
For α = 0, 1, 2, the expressions are simple and we have

σ±0 (s) = 0, (1.102)

σ−1 (s) =
s

es − 1
, (1.103)

σ±2 (s) = s
−2 + es(2− 2s+ s2)

1− es(2 + s2) + e2s
. (1.104)

In Chapter 3 we prove the following theorem.

Theorem 1.3.1. Let V be real analytic, satisfying (1.9) and one-cut
regular (as defined in Section 1.1.5) with 0 in the interior of the support
[a, b] of the equilibrium measure µV . Denote z0 =

√
t when t is positive

and z0 = i
√
−t when t is negative. Define

sn,t =

{
−4πinz0ψV (0) for t > 0,

−2πin
∫ z0
−z0 h(s) ((s− a)(b− s))1/2 ds for t < 0,



1.3. THE CHARACTERISTIC POLYNOMIAL 39

with h defined in (1.45) and where the square root is taken to be positive
at 0 and analytic in a neighbourhood of 0, in such a way that sn,t is
positive when t < 0 and negative imaginary when t > 0. We assume
that α > −1/2 and t < 0 or that α > 0 and t > 0. Then gn(t) satisfies

log gn(t) = log gn(0) +

∫ sn,t

0

σ±α (s)− α2

s
ds

+
αsn,t

2
+ n(f(z0)− f(0)) +O(|t|1/2) +O

(
n−1

)
, (1.105)

with uniform error terms as n → ∞ and t → 0, ±t > 0, where the
asymptotics of gn(0) are given in (1.99).

Remark 1.3.1. When t > 0, the Euler-Lagrange equation (1.43) states
that

α

∫ b

a
log|x2 − t|dµV (x) = f(z0). (1.106)

Thus, by (1.99) and (1.105), one has that for t > 0 and b− a = 2, under
the assumptions of Theorem 1.3.1, that as t→ 0 and n→∞,

log gn(t) = nα

∫
log|x2−t|dµV (x)+α2 log n+

∫ sn,t

0

σ±α (s)− α2

s
ds

+
αsn,t

2
+α2 log(πψV (0))+log

(
G(1 + α)2

G(1 + 2α)

)
+O(

√
|t|)+O(1/n).

(1.107)

When t < 0, we wish to obtain a similar formula to (1.107), but formula
(1.106) no longer holds. However, we note that for some t0 < 0 and
t0 < t ≤ 0, we have∫ b

a
log|x2 − t|dµV (x) =

1

2

∫
Γ1

log(z2 − t)dµV (z)

+
1

2

∫
Γ2

log(z2 − t)dµV (z)− πi
∫ z0

−z0
dµV (z), (1.108)

where Γ1 and Γ2 are as in Figure 1.4; where log(z2 − t) is analytic on
C \ ((−∞, 0)∪ (−z0, z0)) and is positive as z → +∞; and where dµV (z)
is the analytic continuation of dµV (x) on a neighbourhood of 0. We
analytically continue (1.106) in the variable z0 to find that

f(z0) =
α

2

(∫
Γ1

log(z2 − t)dµV (z) +

∫
Γ2

log(z2 − t)dµV (z)

)
, (1.109)
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for some t0 < 0 and t0 < t ≤ 0. Thus, for t < 0 and b − a = 2, under
the assumptions of Theorem 1.3.1, it follows that as t→ 0 and n→∞,

log gn(t) = nα

∫
log|x2−t|dµV (x)+α2 log n+

∫ sn,t

0

σ±α (s)− α2

s
ds

+ α2 log(πψV (0)) + log

(
G(1 + α)2

G(1 + 2α)

)
+O(

√
|t|) +O(1/n).

(1.110)

Remark 1.3.2. In [20] the authors obtained the following identity

lim
s→−i∞

(∫ s

0

σ+
α (s̃)− α2

s̃
ds̃+

αs

2
+
α2

2
log|s|

)
= log

G
(
1 + α

2

)4
G(1 + 2α)

G(1 + α)4
. (1.111)

It follows that for t > 0, upon taking sn,t → −i∞ and t→ 0 in (1.105),
the result matches formula (1.100) in the limit t→ 0.

We now show that for t < 0, upon taking sn,t → ∞ and t → 0 in
(1.110), the result matches formula (1.101) in the limit t→ 0. We begin
by finding the asymptotics of (1.110) as sn,t → ∞. In [19] it is shown
that ∫ s

0

σ−α (s̃)− α2

s̃
ds̃+ log

G(1 + α)2

G(1 + 2α)
= −α2 log s+ o(1) (1.112)

as s→∞. Thus, by (1.110),

log gn(t) = nα

∫
log|x2− t|dµV (x)−α2 log

(
4
√
|t|
)

+ o(1), (1.113)

as n → ∞, t → 0 and sn,t → ∞. It remains to find the asymptotics of
A(t) from (1.101) as t → 0, for t < 0. For x ∈ (a, b), we find by first
taking a contour integral argument and then taking the limit t→ 0, that∫ b

a

y

y2 − t

√
(b− y)(y − a)

y − x
dy = π

(√
|ab|
√
|t|

x2 − t
− 1

)
(1 +O(

√
|t|)),

as t→ 0 for t < 0. Thus, by the definition of A in (1.101),

A(t) =
α2

2π

(∫ b

a

log|x2|dx√
(b− x)(x− a)

− log|t|
∫ ∞
−∞

dx

x2 + 1
−
∫ ∞
−∞

log(x2 + 1)

x2 + 1
dx

)
+ o(1), (1.114)
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a b

Γ1

Γ2

z0

−z0

−R R

Σ1

Σ2

Figure 1.4: Left: Contours Γ1 and Γ2. Right: Contours Σ1 and Σ2

as t→ 0 for t < 0. By the calculus of residues∫ ∞
−∞

log(x2 + 1)

x2 + 1
dx = lim

R→∞

(∫
Σ1

log(z + i)

z2 + 1
dz −

∫
Σ2

log(z − i)
z2 + 1

dz

)
= 2π log 2,

where Σ1 and Σ2 are as in Figure 1.4, and log(z + i) and log(z − i)
have branch cuts on (−i,−i∞) and (i, i∞) respectively, both positive
as z → +∞. Similarly,∫ b

a

log|x2|dx√
(b− x)(x− a)

= lim
R→∞

1

2

(∫
Σ1

i log(z2)dz

r(z)

+

∫
Σ2

i log(z2)dz

r(z)
−
∫

|z|= R
arg z ∈ (−π, π)

i log(z2)dz

r(z)
+ 4π

∫ a

−∞

dz

r(z)

)

= −2π log 2,

for b− a = 2, where log(z2) has a branch cut on (−∞, 0) and is positive
as z → +∞, and r(z) = ((z − a)(z − b))1/2 has a branch cut on (a, b)
and behaves like z as z →∞. Thus, by (1.114),

A(t) = −α2 log
(

4
√
|t|
)

+ o(1), (1.115)

as t → 0, and we have shown that for t < 0, upon taking sn,t → ∞ in
(1.110), the result matches formula (1.101) upon taking t→ 0.

1.3.1 Hankel determinants with Fisher-Hartwig singular-
ities

Theorem 1.3.1 can also be stated as a result regarding the partition
function of a matrix ensemble with Fisher-Hartwig singularities. Modify
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the probability measure on Hermitian matrices (1.8) as follows:

1

Zn,t

∣∣det(M2 − t)
∣∣α e−nTrV (M)dM for α > −1/2, t ∈ R, (1.116)

where Zn,t = Zn,t(V, α) is the normalizing constant. The measure
(1.116) induces a probability measure on its real eigenvalues x1, . . . , xn,
given by

νn,t(x)dx =
1

Ẑn,t

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

wn,t(xj)dxj ,

wn,t(x) = |x2 − t|αe−nV (x), (1.117)

where Ẑn,t = Ẑn,t(V, α) is the normalizing constant. We have the fol-
lowing relation with gn(t):

gn(t) =
Ẑn,t(V, α)

Ẑn(V )
=
Hn(wn,t)

Hn(wn)
, (1.118)

and so Theorem 1.3.1 gives an expansion for log Ẑn,t(V, α). By compar-
ing with the form of the symbol (1.71), Hn(wn,t) is a Hankel determinant
with Fisher-Hartwig singularities of type α:

• α 6= 0 and t = 0 as n → ∞ corresponds to a single α-singularity
at 0.

• α 6= 0 and t > 0 remains fixed as n → ∞ corresponds to two
α/2-singularities at −

√
t and

√
t.

• α 6= 0 and t < 0 remains fixed as n → ∞ corresponds to an
analytic potential.

By letting t→ 0 as n→∞ we are thus effectively studying the tran-
sition between the scaling regimes with 0, 1 and 2 α-singularities. In
Section 1.1.6 we described some motivation for studying Hankel deter-
minants with Fisher-Hartwig singularities, we list here a few applications
where one is interested in this transition between regimes. Random ma-
trix ensembles with such merging root-type singularities have applica-
tions in fractional Brownian motion with Hurst index H = 0 [51], and in
quantum chromodynamics [2, 26]. The partition function Ẑn,t appears
in the study of impenetrable bosons in a harmonic well as the one body
density matrix (up to a constant), and one needs uniform asymptotics
of Ẑn,t in t > 0 to determine whether Bose-Einstein condensate occurs
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[47]. Finally, more recently, Berestycki, Webb and Wong used Theorem
1.3.1 to prove that the characteristic polynomial of Unitary Ensembles
with one-cut regular potentials V converge in distribution to a Gaussian
multiplicative chaos measure [9].

Note that the equilibrium measure associated with the modified
probability measure (1.117) is given by µV , and thus it is the same as
the equilibrium measure associated with the probability measure (1.10).
This is because the addition of − α

n2

∑n
j=1 log|x2

j − t| leaves the large
n limit in (1.40) unchanged. Thus the macroscopic distribution of the
eigenvalues (1.117) remains unchanged under the addition of the term
|x2 − t|α (for fixed α).

Correlation kernel

The modified probability measure (1.117) is a determinantal point pro-
cess with a correlation kernel which we denote Kn,t(x, y). The kernel
Kn,t(x, y) is defined in the same manner as in Section 1.1.3 with weight
wn,t. In Chapter 3 we also consider asymptotics of the correlation kernel
Kn,t as n→∞ and t→ 0 simultaneously.

If t 6= 0 remains fixed as n → ∞, then as a slight generalization of
[34, 35] Kn,t satisfies (1.72) for x ∈ [a, b] \ {z0,−z0}. If t = 0, it was
proven in [74] that uniformly for u, v in bounded subsets of (0,∞) we
have

lim
n→∞

1

ψV (0)n
Kn,0

(
u

ψV (0)n
,

v

ψV (0)n

)
= KBessel

α (u, v)

= π
√
uv
Jα+ 1

2
(πu)Jα− 1

2
(πv)− Jα− 1

2
(πu)Jα+ 1

2
(πv)

2(u− v)
, (1.119)

where Jα is the Bessel function of order α (see e.g. [81]).
In Chapter 3 we obtain large n asymptotics for the correlation kernel

near the origin as n→∞ for small t. Of particular interest will be the
double scaling limit where n → ∞ and simultaneously t → 0 in such a
way that n2t tends to a non-zero constant. This will lead us to a new
family of limiting kernels which are built out of functions associated to
the Painlevé V equation.

Theorem 1.3.2. Let V be real analytic, satisfying (1.9) and one-cut
regular with 0 in the interior of the support (a, b) of the equilibrium
measure µV . We denote ψV for the density of µV , given by (1.45), and
define

τn,t = 16π2ψV (0)2n2t, (1.120)
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for t real.

1. As n → ∞ and simultaneously t → 0 in such a way that τn,t →
±∞, the kernel Kn,t satisfies (1.72) at x = 0.

2. As n→∞ and simultaneously t→ 0 in such a way that τn,t → 0,
the kernel Kn,t satisfies (1.119).

3. As n → ∞ and simultaneously t → 0 in such a way that τn,t →
τ 6= 0, there exists a limiting kernel KPV

α such that

lim
1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= KPV

α (u, v; τ), (1.121)

for any u, v ∈ R if τ < 0, and for any u, v ∈ R\{±
√
τ/4} if τ > 0.

The limits are uniform for u, v in compact subsets of R.

The limiting kernel KPV
α (u, v; τ) has the form

KPV
α (u, v; τ) =

Φ1(πv; τ)Φ2(πu; τ)− Φ1(πu; τ)Φ2(πv; τ)

2πi(u− v)
, (1.122)

where the functions Φj , j = 1, 2, will be defined in Chapter 3, in terms
of the unique solutions Ψ− and Ψ+ to two RH problems for τ < 0 and
τ > 0 respectively.

1.3.2 Method of proof

We give an outline of the proof of Theorem 1.3.1 We use the represen-
tation (1.118). By taking the derivative of the logarithm of (1.28) and
considering the orthogonality of the polynomials, one can show that

d

dt
log gn(t) =

d

dt
log Ẑn,t =

κ
(n)
n−1

κ
(n)
n

α

2z0
[F (z0)− F (−z0)] ,

F (z) =
∂

∂z
p

(n)
n−1(z)

∫ ∞
−∞

p
(n)
n (x)wn,t(x)

x− z
dx

− ∂

∂z
p(n)
n (z)

∫ ∞
−∞

p
(n)
n−1(x)wn,t(x)

x− z
dx,

(1.123)

where p
(n)
j (x) = κ

(n)
j xj + . . . are orthonormal with respect to wn,t as in

(1.19). Due to technical reasons, we only prove the above differential
identity (1.123) for t < 0, α > −1

2 and for t > 0, α ≥ 0. Define Y by

Y (z;n) =

 1

κ
(n)
n

p
(n)
n (z) 1

2πiκ
(n)
n

∫
R
p

(n)
n (x)
x−z wn,t(x)dx

−2πiκ
(n)
n−1p

(n)
n−1(z) −κ(n)

n−1

∫
R
p

(n)
n−1(x)

x−z wn,t(x)dx

 . (1.124)
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Substituting Y into (1.123), we obtain the following:

d

dt
log Ẑn(t)

= − α

2z0

((
Y −1dY

dz

)
22

(z0)−
(
Y −1dY

dz

)
22

(−z0)

)
. (1.125)

It was noticed by Fokas, Its and Kitaev [45] that Y can be charac-
terized as the unique solution of the following RH problem.

(a) Y is analytic in C \ R.

(b) Y has the following jump relations on R, except at the singularities
±
√
t in the case where t > 0:

Y+(x) = Y−(x)

(
1 wn,t(x)
0 1

)
.

(c) As z →∞,

Y (z) =
(
I +O

(
z−1
))(zn 0

0 z−n

)
.

(d) If t > 0 and α < 0, Y (z) has the behavior

Y (z) =

(
O(1) O(|z ∓

√
t|α)

O(1) O(|z ∓
√
t|α)

)
,

as z → ±
√
t. If t > 0 and α ≥ 0, Y is bounded near ±

√
t.

Using the Deift-Zhou steepest descent analysis for RH-problems, it
is possible to obtain asymptotic formulas for Y as n → ∞, which we
substitute into the following formula (obtained by integrating (1.125))
to obtain our results in Theorem 1.3.1:

log gn(t) = log gn(0)

−
∫ z0

z=0

α

2z

((
Y −1dY

dz

)
22

(z)−
(
Y −1dY

dz

)
22

(−z)
)
dz. (1.126)
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Chapter 2

Splitting of a Gap in the
Bulk of the Spectrum of
Random Matrices

This chapter is based [42], a joint paper with Igor Krasovsky at Imperial
College London.

2.1 Introduction

Let A be the union of m open intervals on R, and Ks be the (trace-class)
operator on L2(A, dx) given by the kernel

Ks(x, y) =
sin s(x− y)

π(x− y)
. (2.1)

Consider the Fredholm determinant

Ps(A) = det(I −Ks)A. (2.2)

For a wide class of random matrix ensembles [3], in particular for the
Gaussian Unitary Ensemble, Ps(A) is the probability that the set s

πA =
{ sπx : x ∈ A} contains no eigenvalues in the bulk scaling limit where
the average distance between the eigenvalues is 1. In this chapter, we
are interested in the asymptotics of Ps(A) as s→∞, and we study the
transition between a single interval A0 = (α, β) to the set A composed
of 2 disjoint intervals

A = A1

⋃
A2, A1 = (α1, β1), A2 = (α2, β2). (2.3)

47
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Such problems have a rich history, of which we mention some relevant
results. For the single interval case A0 = (α, β),

logPs(A0) = −(β − α)2s2

8
− 1

4
log s− 1

4
log

β − α
2

+ c0 +O(s−1),

c0 =
1

12
log 2 + 3ζ ′(−1),

(2.4)

as s → ∞, where ζ is the Riemann zeta-function. The leading term
and logarithmic term in (2.4) were conjectured by des Cloizeaux and
Mehta [23] in 1973, while the constant term c0 remained undetermined
until Dyson [37] conjectured an expression for it in 1976, relying on
inverse scattering techniques and the work of Widom [92] on Toeplitz
determinants (see below). The constant c0 became known as the Widom-
Dyson constant. The first rigorous confirmation of the leading term
in (2.4) was given by Widom [93] in 1994. In the landmark paper of
1997, Deift, Its, Zhou [32] were able to confirm the leading term and the
logarithmic term, but the proof of the constant c0 continued to defy their
techniques. Finally, two independent proofs of the constant were later
given by Erhardt [38] and the second author [71], and a further third
proof given in [31]. The proofs in [71], [31] use the Riemann-Hilbert
(RH) methods, while [38] uses operator theory techniques.

When A is composed of any (fixed) number of intervals, the main
term was found and proved by Widom [94] in 1995, where he was also
able to identify the next term in the following result:

d

ds
logPs(A) = sC1 + C2(s) + o(1), (2.5)

as s → ∞. The constant C1 is explicitly computable, while C2(s) is
an oscillatory function given by a Jacobi inversion problem. In [32],
which was mentioned above, the authors were also able to find the full
asymptotic expansion for the logarithmic derivative of the determinant
on any number of intervals and describe the oscillations in terms of
θ-functions. Here we describe their result when A is composed of 2
intervals as in (2.3):

logPs(A) = −G1s
2 +G2 log s+ log θ(sV ; τ) +G3 +O(s−1), (2.6)

where

θ(z) = θ(z; τ) =
∑
m∈Z

e2πizm+πiτm2
(2.7)

is the Jacobi Theta-function of the third kind, see e.g. [91]. The con-
stants V, τ,G1, G2 are given in terms of elliptic integrals and θ-functions.
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Let

r(z) = ((z − α1)(z − β1)(z − α2)(z − β2))1/2, (2.8)

with branch cuts on A such that r(z) > 0 for z > β2, and let q(z) be
the unique monic polynomial of degree 2 such that∫

Aj

q(z)dz

r+(z)
= 0, j = 1, 2, (2.9)

where r+(z) is the limit of r(z + iε) as ε → 0+ (where the ”+” side
is chosen merely for definiteness). Then q/r has no residue at infinity.
Hence as z →∞, q/r has the form

q(z)

r(z)
= 1 +

G1

z2
+O(z−3), (2.10)

which defines the constant G1 appearing in (2.6).
The parameter V, τ appearing in the arguments of the θ-function in

(2.6) are as follows:

V =
1

π

∫ α2

β1

q(x)dx

r(x)
, τ = i

∫ α2

β1

dx
|r(x)|∫ β2

α2

dx
|r+(x)|

. (2.11)

The constant G2 also has an explicit representation (in terms of θ-
functions, see [32]).

The value of the constant G3 is unknown. The reason that G3

is unknown is because the method used was to find an expansion for
d
ds logPs(A), and then integrate it in s. There is no obvious point s0 for
the lower limit of integration where Ps0(A) would be known and could
provide G3.

In this chapter we begin a study of the transition between the single
interval formula (2.4) and the two-interval formula (2.6). Namely, we
describe the regime between a single interval and |α2 − β1| sufficiently
small depending on s, asymptotically as s→∞. This transition resem-
bles the study of the birth of a cut – the emergence of an extra interval
of support of the limiting eigenvalue density in the Unitary Ensemble:
asymptotics for the correlation kernel of the eigenvalues in that case were
obtained independently by Bertola & Lee [10], Claeys [22], Mo [78].

Consider the Toeplitz determinant whose symbol f(z) is the charac-
teristic function of a subset J of the unit circle C:

Dn(J) = det (fj−k)
n−1
j,k=0 , fk =

∫
eiθ∈J

e−ikθ
dθ

2π
, (2.12)
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where integration is in the positive direction around the unit circle. The
proofs of the expansion (2.4) including the constant term c0 in [31, 71]
were based on an analysis of the Toeplitz determinant Dn(J2) where J2

is an arc of the unit circle

J = J2 =
{
eiθ|θ ∈ (−π, θ2) ∪ (θ1, π]

}
. (2.13)

The asymptotics of Dn(J2) for a fixed arc J2 were found by Widom [92].

In [31, 71], Widom’s result was extended to the case of J2 = J
(n)
2 varying

with n such that |θ1 − θ2|→ 0 sufficiently slowly. Namely,

logDn(J
(n)
2 ) = n2 log cos

θ1 − θ2

4
− 1

4
log

(
n sin

θ1 − θ2

4

)
+ c0

+ O

(
1

n sin θ1−θ2
4

)
(2.14)

as n → ∞, uniformly for s0
n ≤

θ1−θ2
2 ≤ π − ε, for ε > 0 and with s0

sufficiently large. Asymptotics (2.4) are obtained from (2.14) by using
the fact that

lim
n→∞

Dn(J
(n)
2 ) = det(I −Ks)A0 (2.15)

for fixed s and by taking the limit in (2.14) as n → ∞ with θ1 =
2sβ
n and θ2 = 2sα

n , where α, β are fixed. The approach of the present

paper is based on an analysis of Dn(J) where J = J (n) is the union

of 2 arcs J (n) = J
(n)
1 ∪ J (n)

2 , with J
(n)
1 ⊂ C \ J (n)

2 of sufficiently small

length in comparison with C \ J (n)
2 (see Theorem 2.1.2 below). We

obtain our results on the sine-kernel determinant by taking the limit
n → ∞ of Dn(J (n)). However, we believe Theorem 2.1.2 below to be
of independent interest for a future study of Toeplitz determinants with
symbols supported on several arcs.

2.1.1 Results

The kernel (2.1) is translationally invariant and so we can assume the
following form for A:

A = (α,−ν)
⋃

(ν, β), α < 0 < ν < β. (2.16)

In this chapter we provide the asymptotics of logPs(A) (including the
constant term) in the double scaling limit as s→∞ while ν → 0 in such
a way that sν log ν−1 → 0.
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Let γ = 1
8(β−1 − α−1) and

ω =
s
√
|αβ|

log(γν)−1
> 0. (2.17)

Clearly, ω is uniquely represented in the form

ω = k + x, k = 0, 1, 2, . . . , x ∈ [−1/2, 1/2). (2.18)

We note that ν has the form

ν = γ−1e−
s
√
|αβ|

k+x . (2.19)

We prove the following:

Theorem 2.1.1. As s→∞, uniformly for ν ∈ (0, ν0),
where sν0 log ν−1

0 → 0,

logPs(A) = logPs(A0) + s
√
|αβ|

(
ω − x2

ω

)
+ c(k) + δk(x)

+O(max{sν0 log ν−1
0 , 1/log ν−1

0 , s−1}),

c(k) = log

(
22k2−k

πk
G(k + 1)4

G(2k + 1)

)
,

δk(x) = log
(
1 + 2πκ2

k−1(γν)1+2x
)

+ log
(
1 + (2πκ2

k)
−1(γν)1−2x

)
,

(2.20)

where G is the Barnes G-function, and where κj is the leading coeffi-
cient of the Legendre polynomial of degree j orthonormal on the interval
[−2, 2], given by κ0 = 1/2, κ−1 = 0,

κj = 4−j−1/2
√

2j + 1
(2j)!

j!2
, j = 1, 2, . . . , (2.21)

and logPs(A0) is given in (2.4).
As s → ∞, uniformly for ν ∈ (ν1, ν0), where sν0 log ν−1

0 → 0 and
s

log ν−1
1

→∞ (i.e., k →∞), formula (2.20) reduces to

logPs(A) = s2

(
−(β − α)2

8
+

|αβ|
log(γν)−1

)
− 1

2
log s+

1

4
log log(γν)−1

− x2 log(γν)−1 + log
(

1 + (γν)1−2|x|
)
− 1

4
log

(
β − α

2

√
|αβ|

)
+

1

6
log 2 + 6ζ ′(−1) +O

(
max

{
sν0 log ν−1

0 ,
1

log ν−1
0

,
log ν−1

1

s

})
,

(2.22)

where ζ is the Riemann zeta-function.
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Remark 2.1.1. Note that if k = 0, x ∈ (0, 1/2 − ε) for ε > 0, and

s→∞, then (2.20) shows that Ps(A)
Ps(A0) → 1.

Remark 2.1.2. The function c(k) can alternatively be described in
terms of the coefficients (2.21) of the Legendre polynomials:

c(k) = −
k−1∑
j=0

log 2πκ2
j , k = 1, 2, . . . , c(0) = 0. (2.23)

Formula (2.23) shows that δk(x) + c(k) is continuous also at the points
|x|= 1/2.

Remark 2.1.3. The ratio Ps(A)
Ps(A0) , where A0 = (α, β), can be written

in the following form. Let χA be the characteristic function of A on R.
Then

Ps(A)

Ps(A0)
=

det(I − χAKs)(α,β)

det(I −Ks)(α,β)

= det
(
I − (χA − 1)Ks(I −Ks)

−1
)

(α,β)

= det
(
I +Ks(I −Ks)

−1
)

(−ν,ν)
.

(2.24)

Remark 2.1.4. The rescaled sine process (with expected distance be-
tween particles π/s) is the determinantal point process with the m’th
correlation function ρm, for m = 1, 2, . . . , given by

ρm(x1, . . . , xm) = det(Ks(xi, xj))
m
i,j=1. (2.25)

Consider the rescaled sine process conditioned to have no eigenvalues in
A. Denote this process by PA and its m’th correlation function by ρAm.
In Section 2.4.2, we show that for x1, . . . , xm ∈ (−1, 1),

νmρAm(νx1, . . . , νxm)→ det(2KLeg(2xi, 2xj))
m
i,j=1 (2.26)

as s→∞ and ν → 0 such that k ∈ N and |x|< 1/2 remain fixed, where

KLeg(x, y) =
κk−1

κk

Lk(x)Lk−1(y)− Lk(y)Lk−1(x)

x− y
, (2.27)

and Lk is the Legendre polynomial of degree k, orthonormal on [−2, 2]:∫ 2

−2
Lj(x)Li(x)dx = δij =

{
0 for i 6= j,

1 for i = j.
(2.28)
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Recall that for a set B ⊂ R and a point process Λ with its m-th corre-
lation function denoted rm, we have

Expectation(# ordered m-tuples in B)

=
1

m!

∫
Bm

rm(x1, . . . , xm)dx1 . . . dxm

=

∞∑
j=0

(
m+ j

m

)
Prob(#(Λ ∩B) = m+ j).

(2.29)

The process with kernel KLeg is a k-point process. Thus we obtain from
(2.26) and the first equation of (2.29) that, as s → ∞ and ν → 0 such
that k ∈ N and |x|< 1/2 remain fixed, the expected number of (k + 1)-
tuples of PA on (−ν, ν) converges to 0, while the expected number of
k-tuples on the same interval converges to 1. It follows from the second
equation of (2.29) that

Prob (PA has k particles in (−ν, ν))→ 1. (2.30)

To summarize, the asymptotics of logPs(A) as s → ∞ depends on
the value of ν, and we give an overview of the various scaling limits:

• If ν = 0, the asymptotics are given by (2.4).

• If ν → 0 as s→∞, such that sν log ν−1 → 0, the asymptotics are
given by Theorem 2.1.1.

• If ν log ν−1 is of order 1/s or larger, the asymptotics of Theorem
2.1.1 breaks down and the transition to an asymptotic formula
containing θ-functions takes place. We plan to address this in a
future paper.

• If ν > 0 is fixed, the asymptotics are given by the θ-function regime
(2.6).

For Toeplitz determinants, we obtain the following result. Let Dn(J)

be given by (2.12) with J = J (n) = J
(n)
1 ∪ J (n)

2 where

J
(n)
1 =

{
eiθ : θ ∈

(
−2sν

n
,
2sν

n

)}
,

J
(n)
2 =

{
eiθ : θ ∈

(
−π, 2sα

n

)⋃(
2sβ

n
, π

]}
, (2.31)

with some α < 0 < ν(s) < β. Then, with the notation of Theorem 2.1.1,
we have
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Theorem 2.1.2. As s, n→∞, uniformly for ν ∈ (0, ν0), where sν0 log ν−1
0 →

0 and s3/n→ 0,

logDn

(
J (n)

)
= logDn

(
J

(n)
2

)
+ s
√
|αβ|

(
ω − x2

ω

)
+ c(k) + δk(x)

+O(max{s3/n, sν0 log ν−1
0 , 1/log ν−1

0 , s−1}), (2.32)

where the expansion of logDn

(
J

(n)
2

)
is given in (2.14) with θ1 = 2sβ/n,

θ2 = 2sα/n.

We use Theorem 2.1.2 to prove Theorem 2.1.1.
Proof of Theorem 2.1.1. It is well-known that

|Dn(J (n))− det(I −Ks)A|→ 0 (2.33)

as n→∞ for fixed s, a fact which follows from formulas (1.21), (1.37),
(1.73) in Chapter 1. Taking the limit n→∞ in (2.32), we then obtain
(2.20). To obtain (2.22), we substitute (2.4) for Ps(A0), and note that
the standard asymptotics of the Barnes G-function G(z + 1) as z →∞

logG(z+1) =
z2

2
log z−3

4
z2+

z

2
log 2π− 1

12
log z+ζ ′(−1)+O(z−2), (2.34)

imply that as k →∞,

c(k) = −1

4
log k +

1

12
log 2 + 3ζ ′(−1) +O(1/k2). (2.35)

Furthermore, we note that 2πκ2
k = 1 +O(k−1) as k →∞. 2

2.1.2 Outline of the proof of Theorem 2.1.2

It remains to prove Theorem 2.1.2.

Let −π < θ2 < 0 < θ0 < θ1 < π and define J = J1 ∪ J2 where J1, J2

are as in Figure 2.1:

J1 = J1(θ0) = {eiθ|θ ∈ (−θ0, θ0)}, J2 = {eiθ|θ ∈ (θ1, π]∪ (−π, θ2)}.
(2.36)

We denote the complement of J as Σ = Σ1 ∪ Σ2 where

Σ1 = {eiθ|θ ∈ (θ0, θ1)}, Σ2 = {eiθ|θ ∈ (θ2,−θ0)}. (2.37)
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J1J2

Σ1

Σ2

a = eiθ0

ā = e−iθ0

b1 = eiθ1

b2 = eiθ2

Figure 2.1: Interval J .

It follows from the integral representation for Toeplitz determinants,
which follows from (1.37) in Chapter 1, that Dj(J) > 0 for all j ∈ N.
Consider the polynomials φj for j = 0, 1, 2, . . . given by

φ0(z) =
1√
D1(J)

,

φj(z) =
1√

Dj(J)Dj+1(J)
det


f0 f−1 . . . f−j+1 f−j

f1 f0 . . . f−j+2 f−j+1

. . .

fj−1 fj−2 . . . f0 f−1

1 z . . . zj−1 zj


= χjz

j + . . . , j > 0,

(2.38)

where the leading coefficient χj is given by

χj =

√
Dj(J)

Dj+1(J)
, j = 0, 1, 2, . . . , (2.39)

where we set D0(J) = 1. The polynomials φj are orthonormal with
weight 1 on J :∫

J
φk(z)φj(z)

dθ

2π
= δjk, z = eiθ, j, k = 0, 1, 2, . . . . (2.40)

Define a 2 × 2 matrix Y (z) = Yn(z) in terms of these orthogonal
polynomials as follows:

Y (z) =

(
χ−1
n φn(z) χ−1

n

∫
J
φn(ζ)
ζ−z

dζ
2πiζn

−χn−1z
n−1φn−1(z−1) −χn−1

∫
J
φn−1(ζ−1)

ζ−z
dζ

2πiζ

)
. (2.41)

Then Y is the unique solution of the following Riemann-Hilbert (RH)
Problem
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(a) Y : C \ J → C2×2 is analytic;

(b) Y possesses L2 boundary values Y+ and Y− on the + and − side
of J , respectively, related by the condition:

Y+(z) = Y−(z)

(
1 z−n

0 1

)
for z ∈ J ;

(c) Y (z) = (I +O(1/z))

(
zn 0
0 z−n

)
as z →∞.

The fact that orthogonal polynomials satisfy a RH problem was first
observed for polynomials orthogonal on the real line by Fokas, Its, Kitaev
[45], and extended to polynomials orthogonal on the unit circle by Baik,
Deift, Johansson [7]. The RH problem provides an efficient tool, the
Deift-Zhou steepest descent method, for the asymptotic analysis of the
polynomials, see e.g. [27].

In Section 2.2 we express the logarithmic derivative of the Toeplitz
determinant d

dθ0
logDn(J) in terms of the polynomials φn and φn−1.

These are, in turn, expressed in terms of Yn. In Sections 2.3 and 2.4
we analyse the RH problem for Yn as n → ∞ in a double scaling limit
where J depends on n such that θj = s

nuj for j = 0, 1, 2; where s→∞
such that s3/n → 0; where u0 → 0 such that su0 log u−1

0 → 0, while
u1 and u2 remain fixed. As a result, we obtain the asymptotics of Yn.
Substituting these into the differential identity for d

dθ0
logDn(J), and

integrating with respect to θ0, we obtain the asymptotics of Dn(J),
where u1 = 2β, u2 = 2α, and u0 = u0(ν) is a function of ν, which
proves Theorem 2.1.2.

2.2 Differential identity

We will now obtain the following:

Proposition 2.2.1. (Differential identity) Let a = eiθ0. The Toeplitz
determinant Dn(J) satisfies

∂

∂θ0
logDn(J) = − 1

2π
[F (a) + F (a)], (2.42)

where

F (z) = nχ2
n|Y11(z)|2−2χ2

nRe

(
zY11(z)

d

dz
Y11(z)

)
. (2.43)
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From the definition of the orthogonal polynomials it is clear that

Dn(J) =
n−1∏
j=0

χ−2
j . (2.44)

The orthogonality conditions imply that

1

2π

∫
J

∂φj(z)

∂θ0
φj(z)dθ

=
1

2π

∫
J

∂χj
∂θ0

(zj + poly of deg j − 1)φj(z)dθ =
1

χj

∂χj
∂θ0

, (2.45)

and similarly,

1

2π

∫
J
φj(z)

∂φj(z)

∂θ0
dθ =

1

χj

∂χj
∂θ0

. (2.46)

By (2.44)–(2.46) we obtain:

∂

∂θ0
log(Dn(J)) =− 2

n−1∑
j=0

∂χj
∂θ0

/χj

=− 1

2π

∫
J

∂

∂θ0

n−1∑
j=0

|φj(z)|2
 dθ.

(2.47)

On the other hand, one can express F given in (2.43) in terms of the
orthogonal polynomials:

F (z) = n|φn(z)|2−2Re

(
zφn(z)

d

dz
φn(z)

)
. (2.48)

Now the Christoffel-Darboux formula for orthogonal polynomials on the
unit circle gives

n−1∑
k=0

|φk(z)|2= −F (z) for z ∈ C, (2.49)

(see eg. [71]), and hence (2.47) can be written as

∂

∂θ0
logDn(J) =

1

2π

∫
J

∂

∂θ0
(F (z)) dθ. (2.50)

Since, by (2.49) and orthogonality,
∫
J F (z) dθ2π = n,

0 =
∂

∂θ0

(∫
J
F (z)dθ

)
=F (a) + F (a) +

∫
J

∂

∂θ0
F (z)dθ, (2.51)

upon which proposititon 2.2.1 follows immediately.
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2.3 Analysis of Riemann-Hilbert problem

We start by setting θ0 = 0 so that J1 is a point, and then let J1 develop
into an arc. Throughout the rest of the paper we use the notation

a = eiθ0 = eiu0s/n, b1 = eiθ1 = eiu1s/n, b2 = eiθ2 = eiu2s/n. (2.52)

We let s, n → ∞ such that s3/n → 0, and let u0 → 0 as s → ∞ such
that su0 log u−1

0 → 0, while u2 < 0 < u1 remain constant. Denote
Σo = Σo

1

⋃
Σo

2 where

Σo
1 = {z : 0 < arg z < θ1}, Σo

2 = {z : θ2 < arg z < 0}. (2.53)

Let g1 be the function:

g1(z) = log

(
1

b
1/2
1 + b

1/2
2

(
z + (b1b2)1/2 + ((z − b1)(z − b2))1/2

))
,

(2.54)

where the square root has branch cut on J2 and is positive as z → +∞,
and the logarithm log x has a branch cut for x < 0 and is positive for
x > 1. At infinity,

g1(z) = log z − log

√
b1 +

√
b2

2
+ o(1) as z →∞. (2.55)

The boundary values of the function g1 satisfy

g1,+(z) + g1,−(z) = log z, for z ∈ J2, (2.56)

and at b1, b2 we have

g1(b1) =
1

2
log b1, g1(b2) =

1

2
log b2. (2.57)

Alternatively, for z = eiθ ∈ Σo we can write g1 in the following form:

exp
(
g1

(
eiθ
))

= eiθ/2
cos 1

2

(
θ − θ1+θ2

2

)
+
√
|sin θ−θ1

2 sin θ−θ2
2 |

cos 1
4(θ1 − θ2)

. (2.58)
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On the + and − side of J2, we have

exp
(

(g1)±

(
eiθ
))

= eiθ/2
cos 1

2

(
θ − θ1+θ2

2

)
∓ i
√
|sin θ−θ1

2 sin θ−θ2
2 |

cos 1
4(θ1 − θ2)

,

(2.59)

from which it follows that eg1 maps the + side of J2 to Σo and the −
side to J2, and that eg1 maps C \ J2 to the outside of the unit disc.

Set

w =
n

s
(z − 1), Bj =

n

s
(1− bj) (2.60)

for j = 1, 2. Note that B1 and B2 remain bounded as s/n→ 0. Then

g1(z) = g1(1) + log

(
1 +

s

n

(
1− s

nB1

)1/2
+
(
1− s

nB2

)1/2
eg1(1)

wH(w)

)
,

H(w) =
1

w

(
w + ((w +B1)(w +B2))1/2 − (B1B2)1/2

)
,

(2.61)

where H(w) is analytic in w at the point 0. Thus g1 has the following
expansion in w at the point w = 0

g1(z) = g1(1) +
s

n
(c1w +O(w2)), (2.62)

where

g1(1) = log

(
cos(θ1 + θ2)/4 +

√
|sin θ1/2||sin θ2/2|

cos(θ1 − θ2)/4

)

=
s
√
|u1u2|
2n

(
1 +O

( s
n

))
,

c1 =
1√

(1− b1)(1− b2)

(
1−
√
b1 +

√
b2

2eg1(1)

)
=

(
1

2
+
i

4
(u−1

1 + u−1
2 )
√
|u1u2|

)(
1 +O

( s
n

))
,

(2.63)

as s
n → 0.

Define

r(z) = ((z − b1)(z − b2))1/2, (2.64)
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where the square root has branch cut on J2, and is positive as z → +∞.
Let

h(z) = r(z)

∫
Σo2

dξ

r(ξ)(ξ − z)
, (2.65)

where integration is taken in counter-clockwise direction. It is easily
verified by differentiation that

− r(z)
∫ t

C̃

dξ

r(ξ)(ξ − z)

= log

(
2r2(z) + (2z − b1 − b2)(t− z) + 2r(z)r(t)

t− z

)
+ C(z, C̃),

(2.66)

for any constant C̃ and some function C(z). Writing

h(z) = r(z)

∫ 1

b2

dξ

r(ξ)(ξ − z)
, (2.67)

we see that (2.66) can be applied, and it follows that

h(z) = log
b2 − b1

2
(z − 1)

− log

(
z

(
1− b1 + b2

2

)
+ b1b2 −

b1 + b2
2

+ r(z)r(1)

)
. (2.68)

The function h has a logarithmic singularity at z = 1 and a jump on
Σo

2

⋃
J2, such that

h+ − h− =

{
0 for z ∈ Σo

1,

2πi for z ∈ Σo
2,

h+ + h− = 0 for z ∈ J2.

(2.69)

The jump conditions (2.69) also imply that

h(b1) = 0

h+(b2) = −h−(b2) = πi.
(2.70)

As z →∞,

h(z)→ log
b2 − b1(

(1− b1)1/2 + (1− b2)1/2
)2 ≡ h(∞). (2.71)
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On the interval Σo we can alternatively write h in the following form:

exp(h(z)) =
sin θ1−θ2

2 sin θ
2

cos θ−θ1−θ22 − cos θ1−θ22 cos θ2 + 2
√
|sin θ−θ1

2 sin θ−θ2
2 sin θ1

2 sin θ2
2 |
.

(2.72)

With the notation of (2.60) we can write

h(z) = logw
B1 −B2

(B1 +B2)w + 2B1B2 + 2
√

(w +B1)(w +B2)
√
B1B2

.

(2.73)

Then we can expand h at the point z = 1:

h(z) = logw + c′0 + c′1w +O(w2), (2.74)

where

c′0 = − log 4
B1B2

B1 −B2
=

(
−πi

2
+ log

(u−1
1 − u

−1
2 )

4

)
+O

( s
n

)
,

c′1 = −B1 +B2

2B1B2
= − i

2
(u−1

1 + u−1
2 ) +O

( s
n

)
,

(2.75)

as s
n → 0.
We define the g-function by:

g(z) = g1(z) +
Ω

2π
h(z), (2.76)

where Ω > 0 is a constant yet to be fixed. The jump conditions for g1

and h imply that

g+ + g− = log z for z ∈ J2,

g+ − g− = 0 for z ∈ Σo
1,

g+ − g− = iΩ for z ∈ Σo
2.

(2.77)

We define the local variable ζ on a disc U0 containing the interval J1

(but not the points b1, b2), by

ζ(z) = e
2π
Ω (g(z)− 1

2
log z) = eh(z)+ 2π

Ω (g1(z)− 1
2

log z). (2.78)

The jump conditions for g imply that the function ζ is analytic in U0.
The precise radius of U0 will be determined later on by requiring that
the mapping ζ be conformal on U0.
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Since eg1 maps C \ J2 to the exterior of the unit disc, we have

eg1(e±iθ0 )∓iθ0/2 > 1. (2.79)

For u0 < ε with some ε > 0, it follows from (2.72) that

eh(e±iθ0 ) ∈

{
(0, 1) for “+”,

(−1, 0) for “−”.
(2.80)

Now consider, as a function of Ω,

ζ(a)− ζ(a). (2.81)

By (2.79) and (2.80) it follows that if we let Ω = +∞ in (2.78) then
(2.81) is smaller than 2, and if we instead set Ω = +0 then (2.81) is
equal to +∞. Since (2.82) is monotone in Ω, there exists, for u0 < ε, a
unique value for Ω > 0 such that

ζ(a)− ζ(a) = 4. (2.82)

We define Ω so that ζ satisfies (2.82). From (2.58) and (2.72), it follows
that ζ(Σo) ⊂ R. By (2.62) and (2.74) we have the following expansion
at the point z = 1:

ζ(z) =wζ0

(
1 + ζ1w +O

(( sw
nΩ

)2
))

, w =
n

s
(z − 1),

ζ0 = ec
′
0+ 2π

Ω
g1(1),

ζ1 = c′1 +
2πs

nΩ
(c1 − 1/2).

(2.83)

In what follows, it will be apparent that Ω→ 0 in the limit s, n→∞
and u0, s/n→ 0. Moreover, by (2.63) and (2.75),

ζ0 = − i
4

(u−1
1 − u

−1
2 )e

π
Ω

s
√
|u1u2|
n

(1+O(s/n))(1 +O(s/n))

ζ1 =
2πs

nΩ
(c1 − 1/2)− i

2
(u−1

1 + u−1
2 ) +O(s/n).

(2.84)

Substituting these expansions into (2.83), which we in turn substitute
into (2.82), we obtain

u0

(
1 +O

(
1

Ω2

u2
0s

2

n2

))
=

8

u−1
1 − u

−1
2

e−
2π
nΩ

s
√
|u1u2|
2

(1+O(s/n))(1+O(s/n)),

(2.85)
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or upon taking the logarithm,

log

(
u0
u−1

1 − u
−1
2

8

)−1

=
πs
√
|u1u2|

Ωn

(
1 +O(s/n) +O(Ω) +O

(
1

Ω

u2
0s

n

))
.

(2.86)

Therefore,

Ω =
πs
√
|u1u2|
n

/
log

8

(u−1
1 − u

−1
2 )u0

(
1 +O(s/n) +O

(
u2

0 log u−1
0

))
.

(2.87)

Using the definition of g1, h and ζ in (2.54), (2.68), (2.78), and
the expansion of Ω in (2.87), it is easily seen that there are constants
m1 < m2 independent of s, n, u0 such that ζ ′(z) has at least one zero in
the set{

z :
sm1

n log u−1
0

< |z − 1|< sm2

n log u−1
0

}
. (2.88)

By (2.84) and expansion (2.87), m1 may be chosen such that∣∣∣∣ζ1w +O
(( sw

nΩ

)2
)∣∣∣∣ < 1 (2.89)

as sw
nΩ → 0 and so ζ is conformal on the following set{

z : |z − 1|< sm1

n log u−1
0

}
, (2.90)

for u0, s/n < ε for some fixed ε > 0. Thus we define U0 to be the set
(2.90).

We define g̃ as

g̃ = lim
z→∞

eg(z)−log z

=
2

b
1/2
1 + b

1/2
2

(
b2 − b1(

(1− b1)1/2 + (1− b2)1/2
)2
) Ω

2π

,
(2.91)

and T as

T (z) = g̃nσ3Y (z)e−ng(z)σ3 . (2.92)

It follows by (2.77) that T satisfies the following RH problem:
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a

ā

b1

b2

ΓIn
SΓOut

S

Figure 2.2: Contour ΓS .

(a) T : C \ C → C2×2 is analytic.

(b) T has the following jumps on C:

T+ = T−

(
en(g−−g+)(z) 1

0 en(g+−g−)(z)

)
for z ∈ J2,

T+ = T−e
−inΩσ3 for z ∈ Σ2.

T+ = T−

(
e−inΩ z−nen(g++g−)

0 einΩ

)
for z ∈ Σo

2

⋂
J1,

T+ = T−

(
1 z−ne2ng

0 1

)
for z ∈ Σo

1

⋂
J1.

T+ = T− for z ∈ Σ1.

(c) As z →∞,

T (z) = I +O(z−1).

The jump of T on J2 factorizes as(
en(g−−g+)(z) 1

0 en(g+−g−)(z)

)
=

(
1 0

en(g+−g−)(z) 1

)(
0 1
−1 0

)(
1 0

en(g−−g+)(z) 1

)
. (2.93)

Define

φ(z) = 2g(z)− log(z), (2.94)
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Then the jumps of eφ are induced by g and we obtain by (2.77) that for
z ∈ J2.

exp(φ+(z)) = exp[(g+(z) + g−(z)− log(z)) + g+(z)− g−(z)]

= exp(g+(z)− g−(z)),
(2.95)

and similarly

exp(φ−(z)) = exp(g−(z)− g+(z)). (2.96)

We proceed to open the lenses around J2 as in Figure 2.2.

Proposition 2.3.1. For z on the edges of the lense Γin
S ∪Γout

S in Figure
2.2 such that |z − b1|, |z − b2|> εs/n for some fixed ε > 0, there exists a
constant C > 0 independant of s, n, z such that

e−ng(z) < e−sC , (2.97)

as s, n→∞ and for u0 sufficiently small.

Proof. Since eg1 sends C \ J2 to the outside of the unit disc, it is clear
that for |z|< 1 we have

|e2g1(z)−log(z)|> 1. (2.98)

Let g
(−)
1 denote the function defined as in (2.54), but with +((z−b1)(z−

b2))1/2 replaced with −((z − b1)(z − b2))1/2 Then eg
(−)
1 maps C \ J2 to

the inside of the circle and for z ∈ C \ J2 we have the relation

eg1(z)+g
(−)
1 (z) = z. (2.99)

It follows that if |z|> 1, then

|e2g1(z)−log z|= |elog z−2g
(−)
1 (z)|> 1. (2.100)

Using (2.98), (2.100), the definition of g, and the fact that Ω = O(s/(n log u−1
0 )),

as s/(n log u−1
0 )→ 0, it follows that e−φ(z) lies in interior of the unit disc

for z sufficiently close to the interval J2, and in particular that

e−nφ(z) = O
(
e−cn

)
, (2.101)

uniformly for z on the lense that is opened around J2 in Figure 2.2,
except near the endpoints b1 and b2, for some constant c > 0.
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Consider h(z) and g1(z) at z = b1. Let w1 = n
s (z − b1). From (2.68)

we have, with Bj = n
s (1− bj),

h(z) = log
B1 −B2

2
(w1 −B1)

−log

(
w1
B1 +B2

2
+
B2 −B1

2
B1 + (w1(w1 +B2 −B1)B1B2)1/2

)
.

Thus it follows from (2.69) that h(z)/w
1/2
1 is analytic at w1 = 0, and we

have

h(z) = −w1/2
1

2

(B2 −B1)1/2

(
B2

B1

)1/2

(1 +O(w1)). (2.102)

Likewise, we let w2 = n
s (z − b2). Then at the point w2 = 0 we have the

expansion

h(z) = ±πi− w1/2
2

2

(B1 −B2)1/2

(
B1

B2

)1/2

(1 +O(w2)), (2.103)

where ± means + on the +side and − on the −side of the unit circle C
(so the jumps agree with (2.69)).

We evaluate g1 using the definition (2.54):

g1(z) = log
b1 + (b1b2)1/2 + s

n((w1(w1 +B2 −B1))1/2 + w1)

b
1/2
1 + b

1/2
2

. (2.104)

From (2.104) and (2.56), we have that (g1(z)− log z
2 )/w

1/2
1 is analytic at

w1 = 0, and that at the point w1 = 0 we have the expansion

g1(z)− log z

2
=
s

n
w

1/2
1

(B2 −B1)1/2

b1 + (b1b2)1/2
(1 +O(w1)). (2.105)

Likewise we expand g1 at the point w2 = 0:

g1(z)− log z

2
=
s

n
w

1/2
2

(B1 −B2)1/2

b2 + (b1b2)1/2
(1 +O(w2)). (2.106)

Consider now a neighbourhood of b1. The error terms in (2.102),
(2.105) are uniform for 0 < s/n < δ for some sufficiently small δ. By

(2.102), (2.105) and the fact that Ω = O
(

s
n log u−1

0

)
, it follows that there

is a constant C1 > 0 independant of s, n, z for u0 sufficiently small such
that

Re (g) > w
1/2
1 C1s/n (2.107)
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as z → b1, s/n → 0. Thus from (2.107) it follows that there exists
ε, C > 0 such that for all |z − b1|> εs/n we have

e−ng(z) < e−sC (2.108)

as n, s → ∞, and for u0 sufficiently small. The same may be shown at
the point b2, concluding the proof.

Let

S(z) =



T (z) for z outside the lenses,

T (z)

(
1 0

e−nφ(z) 1

)
for z inside the lense and

outside the unit disc,

T (z)

(
1 0

−e−nφ(z) 1

)
for z inside the lense and

inside the unit disc,

(2.109)

Then S satisfies the following RH problem:

(a) S : C\ΓS → C2×2 is analytic, where ΓS = C ∪ΓinS ∪ΓoutS as shown
in Figure 2.2.

(b) On ΓS \ {a, a, b1, b2}, S has the following jumps:

S+ = S−

(
0 1
−1 0

)
for z ∈ J2,

S+ = S−

(
1 0

e−nφ(z) 1

)
for z ∈ ΓinS ∪ ΓoutS ,

S+ = S−e
−inΩσ3 for z ∈ Σ2.

S+ = S−

(
e−inΩ z−nen(g++g−)

0 einΩ

)
for z ∈ (a, 1) = J1

⋂
Σo

2,

S+ = S−

(
1 z−ne2ng

0 1

)
for z ∈ (1, a) = J1

⋂
Σo

1.

S+ = S− for z ∈ Σ1.

(c) As z →∞,

S(z) = I +O
(
z−1
)
. (2.110)

2.3.1 Main parametrix

In the region C \ (U0 ∪U1 ∪U2), we approximate the RH problem for S
by a main parametrix M , which satisfies the RH problem:
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(a) M : C \ {J2
⋃

Σo
2} → C2×2 is analytic.

(b) On J2 and Σo
2, M has the following jumps:

M+(z) = M−(z)

(
0 1
−1 0

)
for z ∈ J2,

M+(z) = M−(z)e−inΩσ3 for z ∈ Σo
2.

(c) As z →∞,

M(z) = I +O
(
z−1
)
.

A solution to the RH problem for M is given by

M(z) =

(
I +

F

z − 1

)
D−1(∞)

(
γ1(z) −γ2(z)
γ2(z) γ1(z)

)
D(z), (2.111)

where F is a constant matrix and

γ1(z) =
1

2

((
z − b1
z − b2

)1/4

+

(
z − b2
z − b1

)1/4
)

γ2(z) =
1

2i

((
z − b1
z − b2

)1/4

−
(
z − b2
z − b1

)1/4
) (2.112)

with branch cuts on J2 and such that γ1(z) → 1 and γ2(z) → 0 as
z →∞. For y ∈ R, let 〈y〉 be defined such that

〈y〉 ∈ [−1/2, 1/2), y − 〈y〉 ∈ Z. (2.113)

Then D is given by

D(z) = exp

(
−
〈
nΩ

2π

〉
h(z)σ3

)
, (2.114)

where it follows from the jumps of h (2.69) that D is analytic for z ∈
C \ (Σo

2

⋃
J2), and

D−1
− D+ = exp

(
−2πi

〈
nΩ

2π

〉
σ3

)
for z ∈ Σo

2,

D−D+ = I for z ∈ J2.

(2.115)

The function M defined in (2.111) will solve the RH problem for M
with any constant matrix F , which we will define later in (2.128). The
reason for the prefactor I + F

z−1 in (2.111), which does not affect the
jump conditions for M , will become apparent later on.
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2.3.2 Model RH problem Φ

Consider the following RH problem for Φ(ζ; k), where k ∈ N:

(a) Φ(ζ) : C \ [η1, η2]→ C2×2 is analytic for given η1 < η2.

(b) Φ has L2 boundary values for ζ ∈ (η1, η2) satisfying

Φ+(ζ; k) = Φ−(ζ; k)

(
1 1
0 1

)
.

(c) As ζ →∞,

Φ(ζ; k) =

(
I +

Φ1

ζ
+

Φ2

ζ2
+O

(
ζ−3
))

ζkσ3 . (2.116)

It is well-known by the standard theory and is easy to verify that the
unique solution to this RH problem is given by

Φ(ζ; 0) =

(
1 1

2πi log
(
ζ−η2

ζ−η1

)
0 1

)

Φ(ζ; k) =

(
1
κk
Lk(ζ) 1

2πiκk

∫ η2

η1

Lk(x)
x−ζ dx

−2πiκk−1Lk−1(ζ) −κk−1

∫ η2

η1

Lk−1(x)
x−ζ dx

) (2.117)

for k ≥ 1, where Lk are the Legendre polynomials of degree k with
positive leading coefficients, orthonormal on (η1, η2):∫ η2

η1

Lk(ζ)Lj(ζ)dζ = δjk =

{
0 for j 6= k,

1 for j = k,
(2.118)

and we denote the first 3 leading coefficients as follows:

Lk(ζ) = κkζ
k + µkζ

k−1 + νkζ
k−2 + . . . . (2.119)

Writing the large ζ expansion of (2.117) and using orthogonality in the
second column, we obtain that

Φ1 =

(
µk
κk

− 1
2πiκ

−2
k

−2πiκ2
k−1 −µk

κk

)
for k ≥ 1,

Φ2 =

(
νk
κk

µk+1

2πiκk+1κ
2
k

−2πiκk−1µk−1
1

κkκk+1
(µkµk+1 − νk+1κk)

)
for k ≥ 2.

(2.120)
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When k = 0 we have

Φ1 =

(
0 −η2−η1

2πi
0 0

)
. (2.121)

It is well known that Lk has the explicit representation for k ≥ 0:

Lk(ζ) =

√
2k + 1

η2 − η1

k∑
j=0

(
k

j

)(
k + j

j

)(
ζ − η2

η2 − η1

)j

=

√
2k + 1

η2 − η1

k∑
j=0

(
k

j

)(
k + j

j

)(
ζ − η1

η2 − η1

)j
(−1)k−j ,

(2.122)

where
(

0
0

)
= 1. As a consequence, the coefficients in (2.119) are given

by

κk = (η2 − η1)−k−1/2
√

2k + 1

(
2k

k

)
,

µk = −(η2 − η1)−k−1/2
√

2k + 1

(
2k

k

)
k

2
(η1 + η2),

νk = (η2 − η1)−k−1/2
√

2k + 1

(
2k − 2

k − 2

)
k

2

(
k(η1 + η2)2 −

(
η2

1 + η2
2

))
,

(2.123)

for k ≥ 0, 1, 2 respectively. From (2.117), (2.122), (2.123), it follows that
for k ≥ 1,

Φ11(ζ) = (−1)k
(η2 − η1)k(

2k
k

)
×
(

1− k(k + 1)

η2 − η1
(ζ − η1) +O((ζ − η1)2)

)
Φ21(ζ) = (−1)k2πi(2k − 1)(η2 − η1)−k

(
2k − 2

k − 1

)
×
(

1− k(k − 1)

η2 − η1
(ζ − η1) +O((ζ − η1)2)

)
,

(2.124)

as ζ → η1, while as ζ → η2,

Φ11(ζ) =
(η2 − η1)k(

2k
k

) (
1 +

k(k + 1)

η2 − η1
(ζ − η2) +O((ζ − η2)2)

)
Φ21(ζ) = −2πi(2k − 1)(η2 − η1)−k

(
2k − 2

k − 1

)
×
(

1 +
k(k − 1)

η2 − η1
(ζ − η2) +O((ζ − η2)2)

)
.

(2.125)
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2.3.3 Local parametrix at 1

Recall that U0 defined by (2.90) is an open disc containing J1 and that
as s, n→∞, u0 → 0 the radius of U0 is of length εs/(n log u−1

0 ) for some
ε > 0. On U0 we defined a local variable ζ in (2.78). We define the local
parametrix P on U0 by

P (z) = E(z)Φ (ζ(z); k) e
−n
(
g(z)− log(z)

2

)
σ3 ,

k =
Ωn

2π
− x, x =

〈
Ωn

2π

〉
, (2.126)

where Φ is given by (2.117), and where E is an analytic function on U0:

E(z) =

(
I +

F

z − 1

)
D(∞)−1

×
(
γ1(z) −γ2(z)
γ2(z) γ1(z)

)
B(z)

(
I − X

ζ(z)

)
,

B(z) = e
2π
Ω
x(g1(z)− 1

2
log z)σ3 ,

(2.127)

with constant matrices F and X defined below. From (2.58) and (2.72)
we see that ζ(J1) ⊂ R. We let η1 = ζ(a) and η2 = ζ(a). Then ζ(J1) =
(η1, η2), and so P (z) has a jump on J1 induced by that of Φ on (η1, η2).
F is a constant, nilpotent matrix

F = h̃−σ3

(
f ψf
−f/ψ −f

)
h̃σ3 , (2.128)

h̃ = D11(∞) = exp(−xh(∞)) =

(
(1− b1)1/2 + (1− b2)1/2

b2 − b1

)−x
,

(2.129)

h(∞) was defined in (2.71), and where

ψ =

{
−γ1(1)
γ2(1)

γ2(1)
γ1(1)

for 0 ≤ x < 1/2,
for − 1/2 ≤ x < 0,

f =

{
− (1−b1)1/2(1−b2)1/2ρ

1+ρ

− (1−b1)1/2(1−b2)1/2ρ
1−ρ

for 0 ≤ x < 1/2,
for − 1/2 ≤ x < 0,

ρ =

{
1

2πκ2
k

exp
[

2π
Ω g1(1) (−1 + 2x)

]
−2πκ2

k−1 exp
[

2π
Ω g1(1) (−1− 2x)

] for 0 ≤ x < 1/2,
for − 1/2 ≤ x < 0,

(2.130)
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and X is a constant matrix given in terms of elements of (2.120)

X =


Φ1,12

(
0 1

0 0

)
for 0 ≤ x < 1/2,

Φ1,21

(
0 0

1 0

)
for − 1/2 ≤ x < 0.

(2.131)

The factor I−X/ζ(z) in E(z) is needed to cancel the would be u
1−2|x|
0 log u−1

0

non-smallness in the matrix elements of ∆
(1)
1 originating from Φ1,12B

2
11

for 0 ≤ x < 1/2 and Φ1,21B
−2
11 for −1/2 ≤ x < 0 (see Proposition 2.3.2

below) so that P and M match to the main order on the boundary ∂U0

for all x ∈ [−1/2, 1/2). This factor, however, has a pole at z = 1, but
we need E(z) to be analytic in U0. As is easy to verify, the analyticity
of E(z) (i.e. the absence of a pole at 1) is achieved by choosing F as
defined in (2.128).

Proposition 2.3.2. As u0 → 0 and s, n → ∞, we have the following
matching condition uniformly on the boundary ∂U :

P (z)M−1(z) = I + ∆
(1)
1 (z) + ∆

(1)
2 (z) + Ξ(1)

+O(ẽu
−2|x|
0 (u0 log u−1

0 )3 + ẽ(s2u4
0(log u−1

0 )2), (2.132)

where

ẽ =
(

1 + u
1−2|x|
0 log u−1

0

)2
, (2.133)

and ∆
(1)
1 , ∆

(1)
2 and Ξ(1) are given by (2.140) below. We have, uniformly

for z on the boundary ∂U ,

∆
(1)
1 (z) = O(ẽu

1+2|x|
0 log u−1

0 + ẽsu2
0 log u−1

0 ),

∆
(1)
2 (z) = O

(
ẽu2

0(log u−1
0 )2

(
s

log u−1
0

+ u
1−2|x|
0 log u−1

0

))
,

Ξ(1) = O
(
ẽsu
−2|x|
0 u3

0(log u−1
0 )2

)
.

(2.134)

Proof. First, assume that k is bounded. Since

ζk(z)e−n(g(z)−
log z

2 ) = e−
2πx
Ω (g(z)− log z

2 ), x =
nΩ

2π
− k (2.135)

we have on the boundary ∂U that (recall (2.76), (2.111), (2.116), (2.127))
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P (z)M−1(z) = E(z)

(
I +

Φ1

ζ
+

Φ2

ζ2
+O(ζ−3)

)(
I − X

ζ(z)

)
E−1(z).

(2.136)

It follows from (2.63), (2.87), (2.130) that

ρ = O
(
u

1−2|x|
0

)
,

f, F = O
(
su

1−2|x|
0 /n

)
,

(2.137)

as u0, s/n→ 0 and s, n→∞. Denote

Ẽ(z) =

(
I +

F

z − 1

)
D(∞)−1

(
γ1(z) −γ2(z)
γ2(z) γ1(z)

)
. (2.138)

From (2.137), the boundedness of h̃, h̃−1, ψ, ψ−1, γ1(z), γ2(z) for z ∈ ∂U0,
and the fact that the radius of U0 = ε s

n log u−1
0

for some ε > 0, we have

Ẽ(z) = O(
√
ẽ) (2.139)

as u0 → 0 and s, n → ∞, uniformly for z ∈ ∂U0. From (2.136) and

(2.138) it follows that ∆
(1)
1 ,∆

(1)
2 take the form

∆
(1)
1 =


ζ−1Ẽ(z)B(z)

(
Φ1,11 0

Φ1,21 Φ1,22

)
B−1(z)Ẽ−1(z) 0 ≤ x < 1

2 ,

ζ−1Ẽ(z)B(z)

(
Φ1,11 Φ1,12

0 Φ1,22

)
B−1(z)Ẽ−1(z) −1

2 ≤ x < 0,

∆
(1)
2 = ζ−2(z)Ẽ(z)B(z)(Φ2 −XΦ1)B−1(z)Ẽ−1(z), (2.140)

Ξ(1) = −ζ−3(z)Ẽ(z)B(z)XΦ2B
−1(z)Ẽ−1(z).

From (2.62)–(2.63), and recalling (2.87) and the fact that w = O
(

1
log u−1

0

)
as u0 → 0, it follows that

e
2pi
Ω
x(g1(z)− 1

2
log z) = O

(
u−1

0

)
(2.141)

as u0 → 0, uniformly on the boundary ∂U0. Similarly, substituting
(2.84) into (2.83) and recalling (2.87), we have

ζ(z) = O
(

1

u0 log u−1
0

)
(2.142)
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as u0 → 0, uniformly on the boundary ∂U0. From (2.83) and (2.84) we
have

ζ(a) + ζ(a) = O(u0 log u−1
0 ), (2.143)

as u0 → 0. Using (2.143) it follows from (2.120) and (2.123) that

Φ1,11,Φ1,22,Φ2,12,Φ2,21 = O
(
u0 log u−1

0

)
Φ1,12,Φ1,21,Φ2,11,Φ2,22 = O (1)

(2.144)

as u0 → 0 (for finite k). Combining (2.139)–(2.144) the proposition is
proven for bounded k.

Now consider k →∞. From Stirling’s formula we have

2πκ2
k → 1 (2.145)

as k → ∞. Thus (2.137) holds uniformly for k ∈ N. We study the
particular double scaling limit where k, ζ →∞, and from (2.85), (2.143)
we have that η1 + η2 → 0 in such a manner that k/ζ, k(η1 + η2) =
O(u0s)→ 0. Thus using (2.145) we find that as k →∞

Φ1 =

(
−k

2 (η1 + η2) i+O(k−1)

−i+O(k−1) k
2 (η1 + η2)

)
. (2.146)

We also find that as k →∞ and (η1 + η2)→ 0 such that (η1 + η2)k → 0

Φ2 =

(
−k

8 (η2
1 + η2

2) +O(1) ik
2 (η1 + η2) +O(η1 + η2)

ik
2 (η1 + η2) +O(η1 + η2) k

8 (η2
1 + η2

2) +O(1)

)
. (2.147)

Thus we know the large k, ζ behaviour of ζ−1Φ1, ζ
−2Φ2, and upon sub-

stituting into (2.140) this yields (2.134). It remains to calculate the
error terms of order ζ−3Φ3 and higher, and in particular establish their
behaviour as k → ∞ with ζ. We rely here on the work by Kuijlaars,
McLaughlin, Van Assche and Vanlessen in [73] where the authors found
uniform error terms for the Legendre polynomials Lk as k →∞. In the
remaining part of the proof of the proposition, we let Ŷ , R̂, N̂ denote
the functions Y,R,N found in [73]. We compare Ŷ to Φ in (2.117) in
the present paper:

Φ(ζ) = 2kσ3 Ŷ (y(ζ)), y(ζ) =
1

2

(
z − η1 + η2

2

)
(2.148)

where the parameter n in [73] is set to be k here. For y bounded away
from [−1, 1] it follows from equations (3.1), (4.2), (5.5), (7.1) in [73] that

Ŷ (y) = 2−kσ3R̂(y)N̂(y)ykσ3

(
1 +

(
1− y−2

)1/2)kσ3

,

N̂(y) =

(
1
2(a(y) + 1/a(y)) 1

2i(a(y)− 1/a(y))
− 1

2i(a(y)− 1/a(y)) 1
2(a(y) + 1/a(y))

)
,

(2.149)
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where a(y) =
(
y−1
y+1

)1/4
. By the form of N̂ in (2.149) above and formula

(8.11) in [73] it is clear that

R̂(y(ζ); k)N̂(y(ζ)) = I +
χ1

ζ
+
χ2

ζ2
+O(ζ−3)

as ζ →∞, where χ1 and χ2 are bounded for k ∈ N and the O(ζ−3) term
is uniform for k ∈ N. As ζ, k →∞ and η1 + η2 → 0 such that k/ζ → 0,
k(η1 + η2)→ 0, we have

(
1 +

(
1− y−2

)1/2)±k
= 1∓ kζ−1

(
η1 + η2

2
+ ζ−1

)
+O

(
k2|ζ|−2(|η1 + η2|+|ζ|−1)2

)
. (2.150)

It follows from (2.149)-(2.150) that as ζ, k →∞ and η1 + η2 → 0
such that k/ζ → 0, k(η1 + η2)→ 0,

Φ(ζ; k) =
(
I + χ1/ζ + χ2/ζ

2 +O
(
ζ−3
))
ζkσ3

×

(
1− kζ−1

(η1+η2

2 + ζ−1
)

+O
(
k2|ζ|−2(|η1 + η2|+|ζ|−1)2

)
0

0

1 + kζ−1
(η1+η2

2 + ζ−1
)

+O
(
k2ζ−2(|η1 + η2|+|ζ|−1))2

)),
where, in particular, χ1 and χ2 are bounded for k ∈ N and the O(ζ−3)
term is uniform for k ∈ N. By comparison with the form of (2.116)
it follows that as ζ, k → ∞ and η1 + η2 → 0 such that k/ζ → 0,
k(η1 + η2)→ 0,

Φ(ζ; k)ζ−kσ3 − I − Φ1/ζ − Φ2/ζ
2 =

O(ζ−3)+

(
O(k2(ζ−4 + |η1 + η2|ζ−3)) 0

0 O(k2(ζ−4 + |η1 + η2|ζ−3))

)
.

2.3.4 Model RH problem Ψ

The following RH problem has a solution in terms of Bessel functions.

(a) Ψ : C \ ΓΨ → C2×2 is analytic, where ΓΨ = R− ∪ Γ±Ψ, with Γ±Ψ =

{xe±
2π
3
i : x ∈ R+}, and with orientation taken in the direction of

increasing real part.
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(b) Ψ has continuous boundary values Ψ+,Ψ− on ΓΨ satisfying the
following jump conditions:

Ψ+(ζ) = Ψ−(ζ)

(
0 1
−1 0

)
for ζ ∈ R−, (2.151)

Ψ+(ζ) = Ψ−(ζ)

(
1 0
1 1

)
for ζ ∈ Γ±Ψ. (2.152)

(c) As ζ →∞, Ψ has the following asymptotics:

Ψ(ζ) =
(
πζ

1
2

)−σ3
2 1√

2

(
1 i
i 1

)
×
(
I +

1

8
√
ζ

(
−1 −2i
−2i 1

)
+O

(
ζ−1
))

eζ
1
2 σ3 . (2.153)

(d) As ζ → 0, the behaviour of Ψ is

Ψ(ζ) = O(log|ζ|). (2.154)

This RH problem has a solution given in [73], in terms of Bessel
functions. For definitions and properties of Bessel functions see [81].
For |arg ζ|< 2π/3, we have

Ψ(ζ) =

(
I0(ζ1/2) i

πK0(ζ1/2)

πiζ1/2I ′0(ζ1/2) −ζ1/2K ′0(ζ1/2)

)
.

For 2π/3 < arg ζ < π the solution is given by

Ψ(ζ) =
1

2

 H
(1)
0 (e

πi
2 ζ1/2) H

(2)
0 (e

πi
2 ζ1/2)

πζ1/2
(
H

(1)
0

)′
(e

πi
2 ζ1/2) πζ1/2

(
H

(2)
0

)′
(e

πi
2 ζ1/2)

 .

For −π < arg ζ < −2π/3 it is defined as

Ψ(ζ) =
1

2

 H
(2)
0 (e

πi
2 ζ1/2) −H(1)

0 (e
πi
2 ζ1/2)

−πζ1/2
(
H

(2)
0

)′
(e

πi
2 ζ1/2) πζ1/2

(
H

(1)
0

)′
(e

πi
2 ζ1/2)

 .

We have the following useful asymptotics as ζ → 0 for I0 and K0:

I0(ζ) = 1 +
ζ2

4
+
ζ4

64
+O(ζ6), (2.155)

K0(ζ) = − log
ζ

2

(
1 +

ζ2

4
+
ζ4

64
+O(ζ6)

)
. (2.156)
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2.3.5 Local parametrix at b1 and b2

Let U1 and U2 be discs of radius εs
n for some fixed but sufficiently small

ε > 0, centered at b1 and b2 respectively. Recalling wj = n
s (z − bj) for

j = 1, 2, we have |wj |= ε on ∂Uj . For z ∈ U1, define

ζ1(z) =
n2

4
φ(z)2, (2.157)

where φ was defined in (2.94). Recall the notation Bj = n
s (1 − bj) for

j = 1, 2. By (2.102) and (2.105) we have the following expansion of ζ1(z)
for w1 in a neighbourhood of 0:

ζ1(z) = s2ζ1,0w1 (1 +O(w1))

ζ1,0 =
B2 −B1

(b1 + (b1b2)1/2)2

(
1− nΩ

πs

b1 + (b1b2)1/2

B2 −B1

(
B2

B1

)1/2
)2

,
(2.158)

and by considering (2.77) in addition, one verifies that ζ1 is analytic on
U1.

Recall from (2.57), (2.70) that φ±(b2) = ±Ωi and define

φ̃(z) =

{
φ(z)− Ωi for z ∈ U2 and z ∈ D,

φ(z) + Ωi for z ∈ U2 and z /∈ D.
(2.159)

where D denotes the unit disc. Then φ̃ : U \ J2 → C is analytic, with a
square root singularity at b2. We define the local variable

ζ2(z) =
n2

4
φ̃2(z),

which is analytic on U2. Then, by (2.103) and (2.106), ζ2(z) has the
following expansion at w2 = 0:

ζ2(z) = s2ζ2,0w2 (1 +O(w2))

ζ2,0 =
B1 −B2

(b2 + (b1b2)1/2)2

(
1− nΩ

πs

b2 + (b1b2)1/2

B1 −B2

(
B1

B2

)1/2
)2

,
(2.160)

and by considering (2.77) in addition, one verifies that ζ2 is analytic on
U2.

The local parametrix is given by

Pj(z) = Ej(z)σ
j
3Ψ(ζj(z))σ

j
3e
−n

2
φ(z)σ3 (2.161)

Ej(z) = M(z)e±
n
2
φ+(bj)σ3

1√
2

(
1 (−1)j+1 i

(−1)j+1 i 1

)(
πζj(z)

1/2
) 1

2
σ3

,
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on the ± side of the contour C, where φ+(b1) = 0 and φ+(b2) = Ωi. As
a consequence of the expansions of ζj above, we have

ζ
−1/4
j,− ζ

1/4
j,+ = (−1)ji, (2.162)

and recalling the definition of M in (2.111), one may verify that Ej is
analytic on Uj . Recalling the jumps of φ in (2.95)–(2.96) and jumps of
g in (2.77), one verifies that the jumps of Pj match those of S on Uj .

Since, recalling (2.130), F = O(s/n) as s/n→ 0 while D(∞) remains
bounded, we have that Ej is uniformly bounded on ∂Uj , and it follows
that uniformly for z ∈ ∂Uj we have the following matching condition of
M and Pj(

PjM
−1
)

(z) = I+ ∆
(bj)
1 (z) +O(1/s2), ∆

(bj)
1 (z) = O(1/s), (2.163)

as s→∞. A simple calculation yields

∆
(b1)
1 (z) =

(B2 −B1)1/2

16s
√
ζ1,0w1

(
I +

F

b1 − 1

)
×D(∞)−1

(
1 i
i −1

)
D(∞)

(
I − F

b1 − 1

)
+O(1) (2.164)

as z → b1, where the O(1) part is analytic on U1. Similarly, as z → b2
we have:

∆
(b2)
1 (z) =

(B1 −B2)1/2

16s
√
ζ2,0w2

(
I +

F

b2 − 1

)
×D(∞)−1

(
1 −i
−i −1

)
D(∞)

(
I − F

b2 − 1

)
+O(1), (2.165)

again with O(1) analytic.

2.3.6 Small norm RH problem

We define R as follows:

R(z) =


SM−1 for z ∈ C \

(
∪2
j=0Uj

)
,

SP−1 for z ∈ U0,

SP−1
j for z ∈ Uj where j = 1, 2.

(2.166)

Using standard small norm analysis, it follows from Proposition
2.3.2, (2.164)-(2.165) and the fact that the contour lengths are ∂Uj =
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O(s/n) for j = 1, 2 as s/n→ 0 and ∂U0 = O(s/n(log u−1
0 )) as s/n, u0 →

0 that given ε > 0,

R(z) = I +O(1/n), (2.167)

uniformly for |z − 1|> ε.
If z ∈ U0 then it follows from Proposition 2.3.2, and (2.164)-(2.165)

that

R(z) = I +R1(z) +R2(z)

+O(||R1|| ||R2||+ẽu−2|x|
0 (u0 log u−1

0 )3 + ẽ(s2u4
0(log u−1

0 )2)),

where ||Rj || is the largest element of Rj in absolute value for j = 1, 2,
and where the matrices Rj are given by

R1(z) =

∫
∂U0

∆
(1)
1 (u)

(u− z)
du

2πi
+
∑
j=1,2

∫
∂Uj

∆
(bj)
1 (u)

(u− z)
du

2πi
,

R2(z) =

∫
∂U0

R1−(u)∆
(1)
1 (u) + ∆

(1)
2 (u) + Ξ(1)(u)

u− z
du

2πi

+
∑
j=1,2

∫
∂Uj

R1−(u)∆
(bj)
1 (u) + ∆

(bj)
2 (u)

u− z
du

2πi
,

(2.168)

with clockwise orientation taken in the integrals.

2.4 Asymptotic analysis of the differential iden-
tity and correlation functions

2.4.1 Asymptotics of χn

From (2.41) we have

χ2
n−1 = −(Yn)21(0). (2.169)

By the transformations Y = g̃−nσ3Tengσ3 and T = S = RM at z = 0,
(see (2.92), (2.109), (2.166)) and recalling that χn is positive, we find
from (2.169) that∣∣χ2

n−1g̃
−2n
∣∣ =

∣∣∣g̃−neng(0)(R(0)M(0))21

∣∣∣ . (2.170)

From the definition of g in (2.76) and g̃ in (2.91) it follows by computing
g1(0), h(0) in (2.54), (2.68) that

∣∣∣g̃−1eg(0)
∣∣∣ =

∣∣∣∣∣∣ 1− b1+b2
2 + (b1b2)1/4

√
|(1− b1)(1− b2)|

1− b−1
1 +b−1

2
2 + (b1b2)−1/4

√
|(1− b1)(1− b2)|

∣∣∣∣∣∣
Ω/2π

= 1,
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so that∣∣χ2
n−1g̃

−2n
∣∣ = |(R(0)M(0))21| . (2.171)

By (2.167)

R(0) = I +O(1/n),

as n → ∞. Furthermore, we note that F = O(s/n) and that γ2(0) =
−1 +O(s/n) as s/n→ 0, and substitute this into the definition of M in
(2.111) to find

(R(0)M(0))21 = −(I +O(s/n))e−〈
nΩ
2π 〉(h(∞)+h(0))

= −(I +O(s/n))|e−〈
nΩ
2π 〉h(∞)|2,

(2.172)

as s/n→ 0. Substituting (2.172) into (2.171) and recalling the notation
(2.130) it follows that∣∣g̃−2nχ2

n−1

∣∣ = (1 +O(s/n))
∣∣∣h̃∣∣∣2 , (2.173)

as s/n→ 0. We note that g̃ = 1 +O(s/n(log u−1
0 )) as s/n(log u−1

0 )→ 0,
and thus we have∣∣g̃−2nχ2

n

∣∣ = (1 +O(s/n))
∣∣∣h̃∣∣∣2 , (2.174)

as s/n→ 0.

2.4.2 Convergence of correlation functions

Let Hn(x, y) be the kernel built out of the orthogonal polynomials on J

Hn(x, y) =
s

πn

n−1∑
j=0

φ
(n)
j

(
exp

(
2sxi

n

))
φ

(n)
j

(
exp

(
2syi

n

))
. (2.175)

By the Christoffel-Darboux formula, Hn also has the following useful
form

Hn(y1, y2) =
s

πn

zn1 z
−n
2 φ

(n)
n (z2)φ

(n)
n (z1)− φ(n)

n (z2)φ
(n)
n (z1)

1− z−1
2 z1

, (2.176)

where zj = exp
(

2syji
n

)
for j = 1, 2. Let K̂n be defined similarly, but for

the special case where J = C, namely:

K̂n(y1, y2) =
s

πn

z
n/2
1 z

−n/2
2 − zn/22 z

−n/2
1

1− z−1
2 z1

. (2.177)
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Let ρ
(n)
m be the m’th correlation function of the determinantal point

process with correlation kernel K̂n, and let ρ
(n,A)
m be the m’th corre-

lation function of the same process conditioned to have no points in
A = (α,−ν) ∪ (ν, β). Then

ρ(n)
m (x1, . . . , xm) = det(K̂n(xi, xj))

m
i,j=1,

ρ(n,A)
m (x1, . . . , xm) = det(Hn(xi, xj))

m
i,j=1.

(2.178)

The two correlation functions are also related as follows:

ρ(n,A)
m (x1, . . . , xm) =

∑∞
j=0

(−1)j

j!

∫
Aj ρ

(n)
j+m(x1, . . . , xj+m)dxm+1 . . . dxj+m

Dn(J (n))
.

(2.179)

Similarly, we can write ρAm in terms of ρm (both defined in Remark 2.1.4):

ρAm(x1, . . . , xm) =

∑∞
j=0

(−1)j

j!

∫
Aj ρj+m(x1, . . . , xj+m)dxm+1 . . . dxj+m

det(I −Ks)A
.

(2.180)

The infinite sums (2.179) and (2.180) can be seen to converge for fixed
s by Hadamard’s inequality. Since∣∣∣K̂n(x, y)−Ks(x, y)

∣∣∣ = O(1/n), (2.181)

as n→∞, it follows by formulas (2.180) and (2.179) that

|ρ(n,A)
m (x1, . . . , xm)− ρAm(x1, . . . , xm)|→ 0, (2.182)

as n → ∞ for fixed s (similarly to convergence of the determinants
(2.33)).

By the definition of Y in (2.41) and the formula for Hn in (2.176)
we have

Hn(y1, y2) =
sχ2

n

πn(1− z1z
−1
2 )

(zn1 z
−n
2 Y11(z2)Y11(z1)−Y11(z2)Y11(z1)),

where zj = exp
(

2syji
n

)
for j = 1, 2. For the asymptotics of the corre-

lation kernel we are less ambitious and choose not to proceed with all
the detail in last section, and work with |x| bounded away from 1/2 as
n→∞. Since the intention of F and X was to obtain uniform asymp-
totics up to the points |x|= 1/2, we can let F,X = 0 in M and P when
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we consider |x| bounded away from 1/2. Then, in place of Proposition
2.3.2, we have PM−1 = I + o(1) as u0 → 0 and s, n → ∞ such that
s/n → 0 and k ∈ N, |x|< 1/2 remain fixed, uniformly on the boundary
∂U0. Thus R = I + o(1) in the same limit, and tracing back the trans-
formations Y → T = S = RP we have, by (2.92), (2.109), (2.166), that
for z ∈ J1:

Y11(z) = g̃−n(RP )11(z)eng(z)

= g̃−nzn/2h̃−1 (γ1B11(1)Φ11(ζ(z))− γ2B22(1)Φ21(ζ(z))) (1 + o(1)),

where g̃ is given in (2.91), and h̃ in (2.129). Thus it follows by (2.117),
(2.174), the fact that B(z) is real to the main order and that

γ1γ2 = −1/2 + o(1) (2.183)

as s/n → 0, that as u0 → 0 and s, n → ∞ such that s/n → 0, while
k ∈ N and |x|< 1/2 remain fixed we have

Hn(y1, y2) =
κk−1

κk(y1 − y2)

[
Lk (2ζ0y1)Lk−1 (2ζ0y2)

− Lk (2ζ0y2)Lk−1 (2ζ0y1)
]
(1 + o(1)). (2.184)

Since η1 = −2 + O(u0) and η2 = 2 + O(u0) as u0 → 0, it follows by

continuity of the polynomials that L
(η1,η2)
k can be replaced by L

(−2,2)
k in

(2.184) without modifying the error term. Similarly, by (2.85), 2|ζ0| can
be replaced by 4u−1

0 without modifying the error terms. Thus, combining
(2.184) and (2.182), we prove formula (1.91) in Remark 2.1.4.

2.4.3 Expansion of differential identity

In this section we start by writing the differential identity in a more
convenient form, and find an expansion for it as s, n → ∞ and u0 → 0
such that su0 log u−1

0 → 0 and s/n→ 0, before proceeding to integrate it
in Section 2.4.4. Throughout the rest of the paper, the implicit constants
inO(. . . ) are independent of s, u0, n. For example, if we writeO(u0

s +u2
0),

then in particular it is uniform in n, and if we write O(1), it means this
expression is bounded in the double scaling limit described above.

Write the parametrix P in (2.126) in U0 by grouping the factors as
follows

P (z) = A(z)B(z)C(z)e−n(g(z)−
1
2

log z)σ3 , (2.185)
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where A(z) and C(z) are by

A(z) =

(
I +

F

z − 1

)
h̃−σ3

(
γ1(z) −γ2(z)
γ2(z) γ1(z)

)
C(z) =

(
I − X

ζ(z)

)
Φ(ζ(z))

(2.186)

By the transformations Y = g̃−nσ3Tengσ3 and T = S = RM at z = 1,
(see (2.92), (2.109), (2.166)) we have for z ∈ U0

Y11(z) = g̃−nzn/2 [RABC]11 , (2.187)

where

A(z) = A1(z) +
A2(z)

z − 1
,

A1(z) = h̃−σ3

(
γ1(z) −γ2(z)
γ2(z) γ1(z)

)
,

A2(z) = fh̃−σ3

(
γ1(z) + γ2(z)ψ −γ2(z) + γ1(z)ψ
−γ2(z)− γ1(z)/ψ −γ1(z) + γ2(z)/ψ

)
,

(2.188)

and

C(z) =



(
Φ11(ζ)− Φ1,12

ζ Φ21(ζ) ∗
Φ21(ζ) ∗

)
for 0 ≤ x < 1/2,(

Φ11(ζ) ∗
Φ21(ζ)− Φ1,21

ζ Φ11(ζ) ∗

)
for − 1/2 ≤ x < 0.

(2.189)

The expression for C in (2.189) is valid for k ≥ 1, while for k = 0, we
have

C(z) =

(
1 ∗
0 ∗

)
. (2.190)

It follows that

Y ′11(z) = g̃−nzn/2

[
n

2z
RABC+R′ABC+RA′BC+RAB′C+RABC ′

]
11

,

(2.191)

where we suppress dependency on the variable z on the right hand
side, and where ′ denotes differentiation with respect to z. Substituting
(2.174), (2.187), (2.191) into (2.42) we find that

F (z) = −2|h̃|2Re
[
z(RABC)11

(
R′ABC +RA′BC

+ RAB′C + RABC ′
)

11

]
(1 +O(s/n)), (2.192)
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for z ∈ U0. We would now like to evaluate F (a) and F (a). Since ζ
(
eiθ
)

is

real for real θ on U0, it follows that d
dθζ
(
eiθ
)

is real. Consider the entries
of C and recall that Φ11(x) is real for x ∈ R, and that Φ21(x) and Φ1,12

are purely imaginary. By (2.189), C11(eiθ) is real and so z d
dzC11(eiθ)

is purely imaginary, while C21(eiθ) is purely imaginary and z d
dzC21(eiθ)

is real. From (2.58), we recall that Bjj
(
eiθ
)

is real for j = 1, 2. Thus
B11B22 = B22B11 = 1. From these observations, we find that

Re
[
z(RABC)11

(
RABC ′

)
11

]
= z(C11C

′
21 − C ′11C21)Re

[
(RA)11 (RA)12

]
,

Re
[
z(RABC)11

(
RAB′C

)
11

]
= z(B11B

′
22 −B′11B22)C11C21Re

[
(RA)11 (RA)12

]
.

(2.193)

When k = 0, both expressions in (2.193) are equal to 0.

Evaluation of (2.193)

Using the expansion for ζ from (2.83)–(2.84), and the fact that ζ(a) −
ζ(a) = 4 from (2.82), we find that

ζ(e±iθ0) = ±2
(

1± ζ1iu0 +O
(
u0
s

n
+ u2

0(log u−1
0 )2

))
,

d

dz
ζ(z)

∣∣∣∣∣
z=e±iθ0

= − 2in

szu0

(
1± 2ζ1iu0 +O

(
u0
s

n
+ u2

0(log u−1
0 )2

))
.

(2.194)

We substitute the expansion of ζ from (2.83) into (2.189), and recall
(2.120)-(2.124), to find

C11(e±iθ0) =

{
Φ11(ζ(e±iθ0)) k+1

2k+1(1± iu0ζ1 +O(r1)) for 0 ≤ x < 1/2,

Φ11(ζ(e±iθ0)) for −1/2 ≤ x < 0,

C21(e±iθ0) =

{
Φ21(ζ(e±iθ0)) for 0 ≤ x < 1/2,

Φ21(ζ(e±iθ0)) k−1
2k−1(1± iu0ζ1 +O(r1)) for −1/2 ≤ x < 0,

r1 = u0(log u−1
0 )2/s+ (u0 log u−1

0 )2 + su0/n.

(2.195)

Using the expression

Φ′ζ(ηj) =

(
(−1)j k(k+1)

4 Φ11(ηj) ∗
(−1)j k(k−1)

4 Φ21(ηj) ∗

)
j = 1, 2. (2.196)
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which follows from (2.124), we compute the following:

z

(
C11(z)

d

dz
C21(z)− d

dz
C11(z)C21(z)

) ∣∣∣∣∣
z=eπiθ0

=

=


2πk2n
su0

(
k+1
2k+1 ± 2iζ1u0

)
(1 +O(r1)) for 0 ≤ x < 1/2,

2πk2n
su0

(
k−1
2k−1 ± 2iζ1u0

)
(1 +O(r1)) for −1/2 ≤ x < 0.

(2.197)

We also have(
B11(z)B′22(z)−B′11B22(z)

) ∣∣∣
z=e±iθ0

= O(n log u−1
0 /s), (2.198)

where the derivative is taken with respect to z. We now evaluate RA.
Let K denote the constant

K =
n

s

u−1
1 − u

−1
2

4
. (2.199)

We have the derivatives of γ1(eiθ) and γ2(eiθ) with respect to θ evaluated
at θ = 0:

d

dθ
γ1(1) = −iKγ2(1)(1 +O(s/n))

d

dθ
γ2(1) = iKγ1(1)(1 +O(s/n))

d2

dθ2
γ1(1) =

n2

s224

(
γ1(1)(u−2

1 + u−2
2 − 2u−1

1 u−1
2 )− 4iγ2(1)(u−2

1 − u
−2
2 )
)

× (1 +O(s/n))

d2

dθ2
γ2(1) =

n2

s224

(
γ2(1)(u−2

1 + u−2
2 − 2u−1

1 u−1
2 ) + 4iγ1(1)(u−2

1 − u
−2
2 )
)

× (1 +O(s/n)),

d3

dθ3
γ1(1) =

n3

s3

(γ1(1)

8
(u−1

1 − u
−1
2 )(u−2

1 − u
−2
2 )

− 3i

26
γ2(1)(11(u−3

1 − u
−3
2 ) + u−1

1 u−2
2 − u

−1
2 u−2

1 )
)

(1 +O(s/n)),

d3

dθ3
γ2(1) =

n3

s3

(γ2(1)

8
(u−1

1 − u
−1
2 )(u−2

1 − u
−2
2 )

+
3i

26
γ1(1)(11(u−3

1 − u
−3
2 ) + u−1

1 u−2
2 − u

−1
2 u−2

1 )
)

(1 +O(s/n)).

(2.200)

Let x1 and x2 denote the following functions:

x1(z) = h̃−1R11(z)γ1(1) + h̃R12(z)γ2(1),

x2(z) = −h̃−1R11(z)γ2(1) + h̃R12(z)γ1(1).
(2.201)
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Then, using (2.188), (2.200) and (2.201), expand A. When 0 ≤ x <
1/2 we have,

(RA)11(eiθ) =

[
x1(z)

(
1−Kf

(
γ1

γ2
+
γ2

γ1

)(
1 +

nθ

2s
(u−1

1 + u−1
2 )

))

+ iKx2(z)θ +
n2θ2

s225

(
x1(z)(u−1

1 − u
−1
2 )2 − nf

4s
x1(z)

(
γ1

γ2
+
γ2

γ1

)

× (11(u−3
1 − u

−3
2 ) + u−1

1 u−2
2 − u

−2
1 u−1

2 ) + 4ix2(z)(u−2
1 − u

−2
2 )

)]
× (1 +O(s/n)) +O

(
|θ|3n3/s3

)
,

(RA)12(eiθ) =

[
ifx1(z)

θ

(
γ1

γ2
+
γ2

γ1

)
+ x2(z) + ix1(z)Kθ

(
− 1

+K
f

2

(
γ1

γ2
+
γ2

γ1

))
+
n2θ2

s225

(
x2(z)(u−1

1 − u
−1
2 )2 − 4ix1(z)(u−2

1 − u
−2
2 )

− 2fnx1(z)

3s

(
γ1

γ2
+
γ2

γ1

)
(u−3

1 + u−3
2 − u

−1
1 u−2

2 − u
−2
1 u−1

2 )

)]
× (1 +O(s/n)) +O(|θ|3n3/s3),

(2.202)

where we denote γj = γj(1) for j = 1, 2.

When −1/2 ≤ x < 0,

(RA)11(eiθ) =

[
ifx2(z)

θ

(
γ1

γ2
+
γ2

γ1

)
+ x1(z) + ix2(z)Kθ

(
1

+K
f

2

(
γ1

γ2
+
γ2

γ1

))
+
n2θ2

s225

(
x1(z)(u−1

1 − u
−1
2 )2 + 4ix2(z)(u−2

1 − u
−2
2 )

− 2fnx2(z)

3s

(
γ1

γ2
+
γ2

γ1

)
(u−3

1 + u−3
2 + u−1

1 u−2
2 + u−2

1 u−1
2 )

)]
× (1 +O(s/n)) +O(|θ|3n3/s3),

(2.203)
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(RA)12(eiθ) =

[
x2(z)

(
1 +Kf

(
γ1

γ2
+
γ2

γ1

)(
1 +

nθ

2s
(u−1

1 + u−1
2 )

))

− iKx1(z)θ +
n2θ2

25s2

(
x2(z)(u−1

1 − u
−1
2 )2 +

nf

4s
x2(z)

(
γ1

γ2
+
γ2

γ1

)

× (11(u−3
1 − u

−3
2 ) + u−1

1 u−2
2 − u

−2
1 u−1

2 )− 4ix1(z)(u−2
1 − u

−2
2 )

)]
× (1 +O(s/n)) +O(|θ|3n3/s3).

We note that

|γ1|2, |γ2|2 =
1

4

(∣∣∣∣u1

u2

∣∣∣∣1/2 +

∣∣∣∣u2

u1

∣∣∣∣1/2
)

(1 +O(s/n))

γ1/γ2, γ2/γ1 =
−2
√
|u1u2| − i(u1 + u2)

u1 − u2
(1 +O(s/n)).

(2.204)

Recalling (2.130), (2.112), (2.199), it is readily checked that

f

(
γ1

γ2
+
γ2

γ1

)
∈ R, (2.205)

and that as n, s→∞, s/n→ 0,

f

(
γ1

γ2
+
γ2

γ1

)
K =

{
ρ

1+ρ(1 +O(s/n)) for 0 ≤ x < 1/2,
ρ

1−ρ(1 +O(s/n)) for −1/2 ≤ x < 0.
(2.206)

From (2.202), (2.203), (2.205)–(2.206) it follows that

Re
[
(RA)11(z)(RA)12(z)

]
= Re

[
x1(z)x2(z)

] (
1 +O(s/n+ u2

0)
)
. (2.207)

Thus, from (2.193) and (2.197),

F0(e±iθ0) = Re
[
z(RABC)11

(
RABC ′

)
11

]
= Re

[
x1(e±iθ0)x2(e±iθ0)

]
×


2πk2n
su0

(
k+1
2k+1 ± iζ1u0

)
(1 +O(r1)), 0 ≤ x < 1/2,

2πk2n
su0

(
k−1
2k−1 ± iζ1u0

)
(1 +O(r1)), −1/2 ≤ x < 0,

(2.208)

where r1 was defined in (2.195).
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Proposition 2.4.1. We have

Re
[
x1(e±iθ0)x2(e±iθ0)

]
=
|h̃|−2

2

+O
(
s/n+

(
ẽu2

0s log u−1
0 + ẽu

1+2|x|
0 log u−1

0 + s−1
)2
)
, (2.209)

and |h̃|−1= O(1), where h̃ was given in (2.129) and ẽ in (2.133).

The main term of Proposition 2.4.1 is easy to calculate from (2.201)
and (2.112), but we defer the rest of the proof to Section 2.4.5.

From (2.124), (2.195) we obtain that

C11(e±iθ0), C21(e±iθ0) = O(
√
k). (2.210)

Recall that k = O(s/log u−1
0 ). Combining (2.193), (2.198), (2.207),

(2.210), and using Proposition 2.4.1 gives us

Re
[
z(RABC)11(RAB′C)11

]
= O(n). (2.211)

Evaluation of (2.192)

Suppressing z dependence, we write

Re
[
z(RABC)11(RA′BC)11(z)

]
= F1 + F2 + F3 + F4,

F1 = B2
11C

2
11Re

[
z(RA)11(RA′)11

]
,

F2 = Re
[
zC11(RA)11C21(RA′)12

]
,

F3 = −Re
[
zC11(RA′)11C21(RA)12

]
,

F4 = −B2
22C

2
21Re

[
z(RA)12(RA′)12

]
.

(2.212)

Recall that K = O(n/s), and that θ0 = u0
s
n . From (2.202) and (2.203)

we obtain that for k ≥ 1

F1(e±iθ0)

B2
11C

2
11

=

Re [x1x2]
[
K

1+ρ

]
+O (u0n/s+ 1) for 0 ≤ x < 1/2,

−Re [x1x2]
[
f
θ2
0

(
γ1

γ2
+ γ2

γ1

)]
+O(n/s) for −1/2 ≤ x < 0,

F2(e±iθ0) + F3(e±iθ0) = ±iC11C21Re [x1x2]

(
γ1

γ2
+
γ2

γ1

)[
2fK

θ0
+O(n/s)

]
,

F4(e±iθ0)

B2
22C

2
21

=

Re [x1x2]
[
f
θ2
0

(
γ1

γ2
+ γ2

γ1

)]
+O(n/s) for 0 ≤ x < 1/2,

Re [x1x2]
[
K

1−ρ

]
+O (u0n/s+ 1) for −1/2 ≤ x < 0.

(2.213)
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When k = 0, we have F2, F3, F4 = 0, while F1 is as in (2.213) for
0 < x < 1/2.

From (2.87) we have that Ω = O
(

s
n log u−1

0

)
, and thus substituting

k + x = nΩ
2π into (2.85) we have

8

u−1
1 − u

−1
2

e
− s
√
|u1u2|

2(k+x)

= u0

(
1 +O

(
s log u−1

0

n
+ u2

0(log u−1
0 )2

))
. (2.214)

Recalling the expansion of g1 in (2.62)–(2.63) and the definition of B
in (2.127), and substituting the values of κj and Φ from (2.123)–(2.124)
into the expansion of C from (2.195), we obtain that for k ≥ 1, and
z = e±iθ0 ,

(B2
11C

2
11) =


e

2x
s
√
|u1u2|

2(k+x) (k+1)2

4(2k+1)κ2
k

(1 +O(r2)) for 0 ≤ x < 1/2,

e
2x

s
√
|u1u2|

2(k+x) (2k+1)
4κ2
k

(1 +O(r2)) for −1/2 ≤ x < 0,

(B2
22C

2
21) =

−e
−2x

s
√
|u1u2|

2(k+x) π2κ2
k−1(2k − 1) (1 +O(r2)) , 0 ≤ x < 1

2 ,

−e−2x
s
√
|u1u2|

2(k+x)
π2κ2

k−1(k−1)2

(2k−1) (1 +O(r2)) , −1
2 ≤ x < 0,

(C11C21) =

{
∓πik k+1

2k+1

(
1 +O(u0 log u−1

0 + s/n)
)

for 0 ≤ x < 1/2,

∓πik k−1
2k−1

(
1 +O(u0 log u−1

0 + s/n)
)

for −1/2 ≤ x < 0,

r2 = u0 log u−1
0 + log u−1

0 s/n.

(2.215)

When k = 0 (and 0 < x < 1/2) we have

(B2
11C

2
11)(e±iθ0) = es

√
|u1u2|(1 +O(u0 log u−1

0 + s2/n)). (2.216)
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Substituting (2.206), (2.209), (2.215) into (2.213) we find that

F1 =



|h̃|−2

8
K

1+ρ
(k+1)2

(2k+1)κ2
k
e

2x
s
√
|u1u2|

2(k+x)

×(1 +O(r2 + s−2))
0 ≤ x < 1

2
,

− |h̃|
−2

8
ρ

θ2
0K(1−ρ)

(2k+1)
κ2
k
e

2x
s
√
|u1u2|

2(k+x)

×(1 +O(r2 + s−2))
−1

2
≤ x < 0,

F2 + F3 =


|h̃|−2 ρ

1+ρ
1
θ0

πk(k+1)
2k+1

×(1 +O(u0 log u−1
0 + s

n + u
2|x|
0 + s−2))

0 ≤ x < 1

2
,

|h̃|−2 ρ
1−ρ

1
θ0

πk(k−1)
2k−1

×(1 +O(u0 log u−1
0 + s

n + u
2|x|
0 + s−2))

−1

2
≤ x < 0,

F4 =



− |h̃|
−2ρπ2κ2

k−1(2k−1)

2(1+ρ)Kθ2
0

e
−2x

s
√
|u1u2|

2(k+x)

×(1 +O(r2 + s−2))
0 ≤ x < 1

2
,

− |h̃|
−2K

2(1−ρ)

π2κ2
k−1(k−1)2

(2k−1) e
−2x

s
√
|u1u2|

2(k+x)

×(1 +O(r2 + s−2))
−1

2
≤ x < 0,

(2.217)

when evaluated at e±iθ0 . When k = 0 (and 0 < x < 1/2), we have
F2, F3, F4 = 0, while F1 is given by

F1(e±iθ0) =
|h̃|−2K

2(1 + ρ)
es
√
|u1u2|(1+O(u0 log u−1

0 +s2/n+s−2)). (2.218)

Finally we find the order of the term which includes R′ in (2.192).
Using the equation for R1 in (2.168), it is readily seen that∣∣∣∣ ddzR(e±iθ0)

∣∣∣∣ ≤ ( sup
u∈∂U0

|∆(1)
1 (u)|

)∫
∂U0

du

2π|u− e±iθ0 |2

+
∑
j=1,2

(
sup
u∈∂Uj

|∆(bj)
1 (u)|

)∫
∂Uj

du

2π|u− e±iθ0 |2
.

(2.219)

We recall that the radius of U0 is of size O(s/n log u−1
0 ), and that

the radius of Uj is of sized O(s/n) for j = 1, 2. Thus∫
∂U0

du

2π|u− e±iθ0 |2
= O

(
n

s log u−1
0

)
,∫

∂Uj

du

2π|u− e±iθ0 |2
= O(n/s) for j = 1, 2.
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Substituting the asymptotics for ∆
(1)
1 from (2.134) and ∆

(b1)
1 , ∆

(b2)
1 from

(2.163) into (2.219), it follows that

d

dz
R(e±iθ0) = O(ẽu

1+2|x|
0 (log u−1

0 )2n/s+ẽn(u0 log u−1
0 )2+n/s2). (2.220)

Thus, we have from (2.201), since h̃, h̃−1, γj(1) = O(1), that also

d

dz
x1(e±iθ0) = O(ẽu

1+2|x|
0 (log u−1

0 )2n/s+ẽn(u0 log u−1
0 )2+n/s2). (2.221)

The formula for R′A is given by (2.202), (2.203) but with x1, x2 replaced
by the derivatives x′1, x

′
2. Recall that

C11, C21 = O
(√

k
)

= O
(√

s/log u−1
0

)
, K = O(n/s),

B11 = O(u−x0 ), B22 = O(ux0), f = O
( s
n
u

1−2|x|
0

)
.

(2.222)

From (2.221) we obtain that

Re
[(

(RABC)11(R′ABC)11

)
(e±iθ0)

]
= O(ẽnu0 log u−1

0 + ẽnsu
2−2|x|
0 log u−1

0 + nu
−2|x|
0 /(s log u−1

0 )).
(2.223)

By substituting (2.208), (2.211), (2.212), (2.223) into the definition
of F (z) from (2.192), and substituting the resulting expression into the
expression for the differential identity (2.42), we obtain the following
proposition.

Proposition 2.4.2. We have the following asymptotics for logDn(J),
as u0 → 0 and s, n→∞ such that su0 → 0 and s/n→ 0:

logDn(J) = logDn(J2)

+
|h̃|2

π

∫ θ0

0

[ 4∑
j=0

Fj(e
iθ) + Fj(e

−iθ)

 (1 +O(s/n))

+O(n+ns(1+u1−2|x| log u−1)2u2−2|x| log u−1+nu−2|x|/(s log u−1))

]
dθ,

where the variable of integration θ = s
nu, and where the asymptotics

of F0(z) are given in (2.208) and the asymptotics of F1, F2, F3, F4 are
given in (2.217).
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2.4.4 Integration of differential identity

We evaluate the integral in Proposition 2.4.2 asymptotically to prove
Theorem 2.1.2. Using (2.214), (2.130) we find that

θ0 = θ0(k;x) =
su0

n

=
8s

(u−1
1 − u

−1
2 )n

e
− s
√
|u1u2|

2(k+x)

(
1 +O

( s
n

log u−1
0 + u2

0(log u−1
0 )2

))
dθ0

dx
=
sθ0

√
|u1u2|

2(k + x)2

(
1 +O

( s
n

log u−1
0 + u2

0(log u−1
0 )2

))
,

ρ =


1

2πκ2
k
e
s
√
|u1u2|

2(k+x)
(−1+2x) (

1 +O
(
s
n log u−1

0

))
for 0 ≤ x < 1

2
,

−2πκ2
k−1e

s
√
|u1u2|

2(k+x)
(−1−2x) (

1 +O
(
s
n log u−1

0

))
for −1

2
≤ x < 0.

(2.224)

Letting k in the expression for θ0 in (2.224) be fixed, we integrate in θ0,
denoting∫ θ0(k,1/2)

θ0(k,−1/2)
∗ dθ =

∫ x=1/2

x=−1/2
∗ dθ0. (2.225)

Note that by (2.123) with η2 − η1 = 4,

κ2
k−1

κ2
k

=
4k2

(2k + 1)(2k − 1)
. (2.226)

We integrate F1 from (2.217), changing the variable of integration
using (2.224) and recalling K from (2.199) and ρ from (2.224) to find
that for k ≥ 1,
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|h̃|2

π

∫ x=1/2

x=−1/2
F1(e±iθ0)dθ0

=
(k + 1)2

2(2k + 1)

∫ 1/2

0

(
1

2πκ2
k

e
(2x−1)

s
√
|u1u2|

2(k+x)

)
s
√
|u1u2|

2(k + x)2

(1 +O(r2 + s−2))dx

1 + 1
2πκ2

k
e

(2x−1)
s
√
|u1u2|

2(k+x)

+
(2k + 1)κ2

k−1

8κ2
k

∫ 0

−1/2

s
√
|u1u2|

2(k + x)2

1−
2πκ2

k−1e
−(2x+1)

s
√
|u1u2|

2(k+x)

1 + 2πκ2
k−1e

−(2x+1)
s
√
|u1u2|

2(k+x)


× (1 +O(r2 + s−2))dx

=

[
(k + 1)2

2(2k + 1)2
log

(
1 +

1

2πκ2
k

e
(2x−1)

s
√
|u1u2|

2(k+x)

)]1/2

x=0

+

[
k2

2(2k − 1)2
×

× log

(
1 + 2πκ2

k−1e
−(2x+1)

s
√
|u1u2|

2(k+x)

)
−

sk2
√
|u1u2|

4(2k − 1)(k + x)

]0

x=−1/2

+O
(

max
x∈[−1/2,1/2)

[
r2 log u−1

0 + s−2 log u−1
0

])
=

(k + 1)2

2(2k + 1)2
log

(
1 +

1

2πκ2
k

)
− k2

2(2k − 1)2
log
(
1 + 2πκ2

k−1

)
+ s
√
|u1u2|

k

4(2k − 1)2
+O

(
max

x∈[−1/2,1/2)

[
r2 log u−1

0 + s−2 log u−1
0

])
,

(2.227)

where r2 is given in (2.215), u0 = u0(k, x).
When k = 0 we have for x ∈ [0, 1/2)

|h̃|2

π

∫ x=x

x=0
F1(e±iθ0)dθ0 =

1

2
log

(
1 +

2

π
e−(2x+1)

s
√
|u1u2|
2x

)
+O

(
su1−2x

0

(
u0 log u−1

0 + s2/n+ s−2
))
, (2.228)

where, in the O error term, u0 = u0(k = 0, x). Similarly, we integrate
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F4 for k ≥ 1:

|h̃|2

π

∫ 1/2

−1/2
F4(e±iθ0)dθ0

=

[
(k − 1)2

2(2k − 1)2
log

(
1 + 2πκ2

k−1e
(−2x−1)

s
√
|u1u2|

2(k+x)

)]0

x=−1/2

+

[
k2

2(2k + 1)2
log

(
1 +

1

2πκ2
k

e
(2x−1)

s
√
|u1u2|

2(k+x)

)
+

sk2
√
|u1u2|

4(2k + 1)(k + x)

]1/2

x=0

+O
(

max
x∈[−1/2,1/2)

[
r2 log u−1

0 + s−2 log u−1
0

])

= − (k − 1)2

2(2k − 1)2
log
(
1 + 2πκ2

k−1

)
+
k2 log

(
1 + 1

2πκ2
k

)
2(2k + 1)2

−
sk
√
|u1u2|

4(2k + 1)2

+O
(

max
x∈[−1/2,1/2)

[
r2 log u−1

0 + s−2 log u−1
0

])
.

(2.229)

When k = 0 and x ∈ [0, 1/2), we have F4 = 0. Thus, for k ≥ 1,

|h̃|2

π

∫ 1/2

−1/2
(F1 + F4)(e±iθ0)dθ0 = −k

2 + (k − 1)2

2(2k − 1)2
log
(
1 + 2πκ2

k−1

)
+
k2 + (k + 1)2

2(2k + 1)2
log

(
1 +

1

2πκ2
k

)
−
sk
√
|u1u2|
4

(
1

(2k + 1)2
− 1

(2k − 1)2

)
+O

(
max

x∈[−1/2,1/2)

[
u0(log u−1

0 )2 +
s

n
(log u−1

0 )2 + s−2 log u−1
0

])
.

(2.230)

If −1/2 < x < 1/2, then for k ≥ 1

|h̃|2

π

∫ x

−1/2
(F1 + F4)(e±iθ0)dθ0

= −k
2 + (k − 1)2

2(2k − 1)2
log(1 + 2πκ2

k−1)− s

4

√
|u1u2|w1(x) + r3,

w1(x) =

{
− k

(2k−1)2 + k
2k+1

x
k+x for 0 ≤ x < 1/2,

− k2

(2k−1)2
1+2x
k+x for −1/2 ≤ x < 0,

(2.231)

where r3 = o(1). We keep the term r3 in (2.231) as it is not uniform in
x, and is not small as x approaches ±1/2.
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r3 =
k2 + (k + 1)2

2(2k + 1)2
log

(
1 +

1

2πκ2
k

e
(2x−1)

s
√
|u1u2|

2(k+x)

)
+

+
k2 + (k − 1)2

2(2k − 1)2
log

(
1 + 2πκ2

k−1e
(−2x−1)

s
√
|u1u2|

2(k+x)

)
(2.232)

+O
(

max
x∈[−1/2,1/2)

[
u0(log u−1

0 )2 +
s

n
(log u−1

0 )2 + s−2 log u−1
0

])
.

Similarly but simpler, using (2.217) and (2.224), we find that for
k ≥ 1,

|h̃|2

π

∫ x

−1/2
(F2 + F3)(e±iθ0)dθ0

=


− k(k−1)

(2k−1)2 log
(
1 + 2πκ2

k−1

)
+ r4 for |x|< 1/2,

− k(k−1)
(2k−1)2 log

(
1 + 2πκ2

k−1

)
+ k(k+1)

(2k+1)2 log
(

1 + 1
2πκ2

k

)
+O

(
maxx∈[−1/2,1/2)

[
u0 log u−1

0 + 1
s + s

n

]) for x = 1/2,

(2.233)

where r4 = o(1). When |x|< 1/2 we again keep track of the error term

r4 =
k(k + 1)

(2k + 1)2
log

(
1 +

1

2πκ2
k

e
(2x−1)

s
√
|u1u2|

2(k+x)

)
+
k(k − 1)

(2k − 1)2
log

(
1 + 2πκ2

k−1e
(−2x−1)

s
√
|u1u2|

2(k+x)

)
+O

(
max

x∈[−1/2,1/2)

[
u0 log u−1

0 +
1

s
+
s

n

])
.

(2.234)

When k = 0, we have F2, F3, F4 = 0, and thus the integral of F1 +
F2 + F3 + F4 over [x = 0, x = x0 < 1/2] for k = 0 is given by (2.228).
For any k ≥ 1 and −1/2 ≤ x < 1/2, combining (2.228), (2.230), (2.231),
(2.233)

|h̃|2

π

∫ θ0

0
(F1 + F2 + F3 + F4)(e±iθ)dθ = −s

4

√
|u1u2|w1(x)

− 1

2

k−1∑
j=0

(
log 2πκ2

j +
s

2

√
|u1u2|

(
j

(2j + 1)2
− j

(2j − 1)2

))
+

1

2
δk(x) +O

(
su0 log u−1

0 + s3/n+ 1/log u−1
0 + 1/s

)
,

δk(x) =

{
log(1 + 2πκ2

k−1) for x = −1/2

o(1) for |x|< 1/2.

(2.235)
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By (2.232) and (2.234), it follows that for |x|< 1/2, δk(x) is given ex-
plicitly as

δk(x) = log

(
1 + 2πκ2

k−1e
−(2x+1)

s
√
|u1u2|

2(k+x)

)
+ log

(
1 + (2πκ2

k)
−1e

(2x−1)
s
√
|u1u2|

2(k+x)

)
. (2.236)

Furthermore, by (2.208) (which holds for all k ≥ 0) and Proposition
2.4.1, we find that

|h̃|2

π

∫ θ0

0

(
F0

(
eiθ0
)

+ F0

(
e−iθ

))
dθ

= s
√
|u1u2|

w2(x) +
k−1∑
j=1

j(j + 1)

(2j + 1)2
+

j(j − 1)

(2j − 1)2


+O

(
s3

n
+ su0 log u−1

0 +
1

log u−1
0

)

w2(x) =

{
k(k−1)
(2k−1)2 + k(k+1)

2k+1
x

k+x for 0 ≤ x < 1/2
k2(k−1)
(2k−1)2

1+2x
k+x for −1/2 ≤ x < 0,

(2.237)

for k ≥ 1 and F0 = 0 for k = 0.

Proof of Theorem 2.1.1

We sum together (2.235), (2.237), and substitute the result into Propo-
sition 2.4.2, to find that

logDn (J) = logDn(J2) + s
√
|u1u2|

w3(x) +

k−1∑
j=1

2j2

4j2 − 1


−
k−1∑
j=0

log 2πκ2
j + δk(x) +O(1/s+ su0 log u−1

0 + s3/n+ 1/log u−1
0 ).

w3 = −w1

2
+ w2 =

k2

2(2k − 1)

1 + 2x

k + x
, (2.238)

where
∑0

j=1 = 0. The first sum can be evaluated by noting that

k−1∑
j=1

2j2

4j2 − 1
=
k(k − 1)

2k − 1
, (2.239)
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and, it follows that

s
√
|u1u2|

w3 +
k−1∑
j=1

2j2

4j2 − 1

 =
s

2

√
|u1u2|

(
ω − x2

ω

)
, (2.240)

where ω = k + x. The sum with the leading coefficients κj is given by

k−1∏
j=0

κ2
j = 4−k

2G(2k + 1)

G(k + 1)4
, (2.241)

where G is the Barnes G-function. By substituting (2.240), (2.241) into
(2.238) we find that

logDn (J(u0)) = logDn (J2) +
s

2

√
|u1u2|

(
ω − x2

ω

)
+ c(k) + δk(x) +O(s3/n+ su0 log u−1

0 + 1/log u−1
0 }).

(2.242)

Now define α = u2/2, β = u1/2, and

ν =
8

β−1 − α−1
e−

s
√
|αβ|
ω . (2.243)

Then, by (2.224),

u0

2
= ν

(
1 +O

( s
n

log ν−1 + ν2(log ν−1)2
))

. (2.244)

It is an easy exercise using (2.244), the continuity of w, x as functions
of u0, and (2.242) to show that

logDn(ν) = logDn(u0)+O(u0+su0 log u−1
0 +s3/n+1/log u−1

0 ). (2.245)

Substituting the asymptotics from (2.242) into (2.245), and using uni-
formity of the error terms, we prove Theorem 2.1.2.

2.4.5 Proof of Proposition 2.4.1

We consider the small norm matrices and prove Proposition 2.4.1. From
(2.201) it follows that

Re [(x1x2)(e±iθ0)] = −|h̃|−2Re [γ1γ2]
(

1 + 2ReR1,11(e±iθ0)

+ 2ReR2,11(e±iθ0)
)

+O
((
|γ1|2−|γ2|2

)
+ (|R1,11|+|R12|)2 + ||R3||

)
,

(2.246)
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where || . || denotes the value of the largest element of the matrix in
absolute value. From (2.204) we have

Re [γ1γ2] = −1/2 +O(s/n),

|γ1|2−|γ2|2 = O(s/n).
(2.247)

It follows from Proposition 2.3.2, (2.164)–(2.165), (2.168) that

R1(e±iθ0) = O(s−1 + ẽu
1+2|x|
0 log u−1

0 + ẽsu2
0 log u−1

0 ),

R2(e±iθ0) = O((s−1 + ẽu
1+2|x|
0 log u−1

0 )2 + ẽsu2
0 log u−1

0 ),

R3(e±iθ0) = O(||R1|| ||R2||+(u0 log u−1
0 )3).

(2.248)

From (2.246)–(2.248), it follows that

Re [(x1x2)(e±iθ0)] =
1

2
|h̃|−2

(
1 + 2ReR1,11(e±iθ0) + 2ReR2,11(e±iθ0)

)
+O

((
s−1 + ẽu

1+2|x|
0 log u−1

0 + ẽsu2
0 log u−1

0

)2
+ s/n

)
. (2.249)

We will evaluate ReR1,11 and ReR2,11 to prove Proposition 2.4.1.
We recall from (2.168) that R1 is a sum of 3 terms. The first term

is an integral of ∆
(1)
1 , and the two other terms are integrals of ∆

(b1)
1 and

∆
(b2)
1 . We first evaluate the contribution from the terms ∆

(b1)
1 and ∆

(b2)
1 .

Contribution to R1 from ∆
(b1)
1 and ∆

(b2)
1

It follows from (2.164) and (2.165) that

∆
(b1)
1,11(z)

b1 − e±iθ0
=

C∆,1

z − b1
+O(1),

∆
(b1)
2,11(z)

b2 − e±iθ0
=

C∆,1

z − b2
+O(1) (2.250)

as z → b1 and z → b2 respectively, and that the matrices C∆,1 and C∆2

are given as follows as s→∞

C∆,1 = −

[
i+ fi

θ1
(ψ + ψ−1) + f2

θ2
1

(
2i+

(
γ1

γ2
− γ2

γ1

))]

8s(u1 ∓ u0)

(
1− 4 k+x

s(u1−u2)

∣∣∣u1
u2

∣∣∣1/2) (1 +O(s/n), )

(2.251)

C∆,2 =

[
− i+ fi

θ1
(ψ + ψ−1) + f2

θ2
1

(
−2i+

(
γ1

γ2
− γ2

γ1

))]

8s(u2 ∓ u0)

(
1− 4 k+x

s(u1−u2)

∣∣∣u1
u2

∣∣∣1/2) (1 +O(s/n)).
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We recall that f is real to the main order and from (2.204) we have

Re

(
γ1

γ2
− γ2

γ1

)
= O(s/n). (2.252)

Thus the interior of the bracket [ ] in (2.251) is imaginary to main order,
we can calculate the residue in the integral of (2.250) to find:

Re

∑
j=1,2

∫
∂Uj

∆
(bj)
1,11(u)

u− e±iθ0
du

2πi

 = O(s/n). (2.253)

Contribution to R1 from ∆
(1)
1

Denote

y0(z) = −2i(γ2
1 − γ2

2) = −i

((
z − b2
z − b1

)1/2

+

(
z − b1
z − b2

)1/2
)
,

x0(z) = −4γ1γ2 = −i

((
z − b2
z − b1

)1/2

−
(
z − b1
z − b2

)1/2
)
,

(2.254)

with branch cuts on J2 such that the square root is positive as z →∞.
Our goal is to evaluate the terms in (2.140), and given A we denote

LA = Ẽ(z)B(z)AB−1(z)Ẽ−1(z). (2.255)

Define D(z) and E(±)(z) by

D(z) = L

(
1 0
0 −1

)
, E(+)(z) = L

(
0 1
0 0

)
, E(−)(z) = L

(
0 0
1 0

)
.

Recalling the definition of B in (2.127), the definition of F in (2.128),
and the definition of Ẽ in (2.138), we find that

D(z) =
i

2
y0(z)− x0(z)f

2(z − 1)
(ψ + ψ−1)

− f2

(z − 1)2

(
iy0(z) +

x0(z)

2

(
−ψ + ψ−1

))
, (2.256)

E(±)(z) =
1

4

(
x0(z) +

f

z − 1

(
iy0(z)(ψ + ψ−1)± 2(−ψ + ψ−1)

)
− f2

(z − 1)2

(
2x0(z) + iy0(z)

(
ψ − ψ−1

)
∓ 2(ψ + ψ−1)

))
.
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Then from (2.140) it follows that

∆
(1)
1,11(z) =

{
ζ−1(z)

(
Φ1,11D(z) +B2

22(z)Φ1,21E
(−)(z)

)
, 0 ≤ x < 1/2,

ζ−1(z)
(
Φ1,11D(z) +B2

11(z)Φ1,12E
(+)(z)

)
, −1/2 ≤ x < 0.

(2.257)

From (2.130) and (2.204) we have

Im
(
ψ + ψ−1

)
= O(s/n), Re

(
ψ − ψ−1

)
= O(s/n). (2.258)

From (2.254) we see that

Im
(
x0

(
eiθ
))

= O(s/n), Im

(
dj

dθj
x0

(
eiθ
))

= O(nj−1/sj−1),

Im
(
y0

(
eiθ
))

= O(s/n), Im

(
dj

dθj
y0

(
eiθ
))

= O(nj−1/sj−1),

(2.259)

for eiθ ∈ U0 ∩ C. Write (2.257) in the form

∆
(1)
1 (z) =

∆
(1)
1,−3(z)

(z − 1)3
+

∆
(1)
1,−2(z)

(z − 1)2
+

∆
(1)
1,−1(z)

(z − 1)
, (2.260)

where ∆
(1)
1,−j are analytic functions in z in U0. Then a calculation of

residues gives the following expansion as z → 1:

∫
∂U0

∆
(1)
1 (u)

u− z
du

2πi
=

1

6

d3

dz3

(
∆

(1)
1,−3

)
(1)+

1

2

d2

dz2

(
∆

(1)
1,−2

)
(1) +

d

dz

(
∆

(1)
1,−1

)
(1) +O(z − 1). (2.261)

We note that ζ is real on J1, and recall the expansion of ζ in (2.83)–
(2.84). We also note that Im f = O(s2/n2), and that Φ1,11 is real but
that Φ1,12 and Φ1,21 are imaginary. Combining with (2.257)–(2.261), we
conclude that

Re

(∫
∂U0

∆
(1)
1 (u)

u− e±iθ0
du

2πi

)
= O(s/n). (2.262)

As a consequence of (2.253) and (2.262) we have

ReR1,11(e±iθ0) = O(s/n). (2.263)
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Order of R2(e±iθ0)

From (2.256) and (2.140) we have

∆
(1)
2,11(z) =



ζ−2(z)
[
Φ2,11D(z) +B2

11(z)(Φ2,12

−Φ1,12Φ1,22)E(+)(z) +O(1)
] for 0 ≤ x < 1/2,

ζ−2(z)
[
Φ2,11D(z) +B2

22(z)(Φ2,21

−Φ1,21Φ1,11)E(−)(z) +O(1)
] for −1/2 ≤ x < 0,

Ξ(1)(z) =


−ζ−3(z)

[
B2

11(z)Φ1,12Φ2,22E
(+)(z) +O(1)

]
, 0 ≤ x < 1

2
,

−ζ−3(z)
[
B2

22(z)Φ1,21Φ2,11E
(−)(z) +O(1)

]
, −1

2
≤ x < 0.

By inspection of the signs of each element, it follows that

Re

(∫
∂U0

∆
(1)
2,11(u) + Ξ(1)(u)

u− e±iθ0
du

2πi

)
= O(s/n). (2.264)

The remaining contributions to R2,11, defined in (2.140), are calculated
using rougher estimates from (2.248). Thus it follows that

ReR2,11 = O
(
s/n+ (ẽu

1+2|x|
0 log u−1

0 + ẽsu2
0 log u−1

0 + s−1)2
)
. (2.265)

Substituting (2.263) and (2.265) into (2.249) yields Proposition 2.4.1.





Chapter 3

Random matrices with
merging singularities and
the Painlevé V equation

This chapter is based on [18], a joint work with Tom Claeys at Université
catholique de Louvain.

3.1 Introduction

We consider a random matrix model on n×n Hermitian matrices, defined
by a probability measure of the form

1

Zn

∣∣det
(
M2 − tI

)∣∣α e−nTrV (M)dM for α > −1/2, t ∈ R. (3.1)

Here dM =
∏

1≤i≤n dMii
∏

1≤i<j≤n dReMijdImMij is the Lebesgue mea-
sure on n×n Hermitian matrices and Zn = Zn(t, α, V ) is a normalizing
constant. The confining potential V : R→ R is a real analytic function
which increases sufficiently fast asymptotically, namely

lim
x→±∞

V (x)

log(x2 + 1)
= +∞. (3.2)

The measure (3.1) is invariant under unitary conjugation and induces
a probability measure on the eigenvalues xi, i = 1, 2, . . . , n, given by

1

Ẑn

∏
1≤i<j≤n

(xj−xi)2
n∏
j=1

wn(xj)dxj , wn(x) = e−nV (x)|x2−t|α, (3.3)
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where

Ẑn = Ẑn(t, α, V ) =

∫ ∞
−∞

. . .

∫ ∞
−∞

∏
1≤i<j≤n

(xj−xi)2
n∏
j=1

wn(xj)dxj (3.4)

is the partition function associated to the ensemble. It can alternatively
be written as the Hankel determinant

Ẑn(t, α, V ) = n! det

(∫ +∞

−∞
xi+jwn(x)dx

)
i,j=0,...,n−1

. (3.5)

While α is kept fixed and does not depend on the matrix size n,
we will be particularly interested in double scaling limits where t is n-
dependent and approaches 0 as n → ∞. In such a case, the weight
function wn has the feature that it has two merging singularities ap-
proaching 0 as n → ∞. If t > 0, the two singularities ±

√
t are real; if

t < 0, the singularities ±i
√
−t are purely imaginary. Random matrix

ensembles with such merging root-type singularities have applications in
fractional Brownian motion with Hurst index H = 0 [50], and in quan-
tum chromodynamics [2, 26]. The partition function Ẑn appears in the
study of impenetrable bosons in a harmonic well as the one body density
matrix (up to a constant) [47].

Although the singularities have no effect on the macroscopic limit-
ing density of the eigenvalues as n → ∞, they do have an effect on
the partition function Ẑn and on the microscopic correlations between
eigenvalues near the origin. We will obtain asymptotics for the parti-
tion function and for the eigenvalue correlation kernel near the origin,
in double scaling limits where n → ∞ and t → 0 simultaneously. The
asymptotics for the partition function are described in terms of solu-
tions to the fifth Painlevé equation; the limit of the correlation kernel
can also be expressed in terms of functions related to the Painlevé V
equation. As t → 0 at a fast rate, the limiting kernel degenerates to a
Bessel kernel, and as t→ 0 at a slow rate, we recover the sine kernel.

3.1.1 Statement of results

The macroscopic large n behavior of the eigenvalues is described by the
limit of the mean eigenvalue distribution as n→∞, which we denote by
µV , and which is independent of t and α, for t, α bounded. It is charac-
terized [27, 33] as the unique equilibrium measure µV which minimizes∫∫

log
1

|x− y|
dµ(x)dµ(y) +

∫
V (x)dµ(x), (3.6)
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over the space of Borel probability measures µ on R. The equilibrium
measure is alternatively characterized by the Euler-Lagrange variational
conditions [83]

2

∫
log|x− y|dµV (y) = V (x)− `, for x ∈ suppµV , (3.7)

2

∫
log|x− y|dµV (y) ≤ V (x)− `, for x ∈ R \ suppµV , (3.8)

for some constant ` depending on V .
Throughout the paper we will assume that V is such that the equi-

librium measure is supported on a single interval [a, b]. Then, the equi-
librium measure can be written in the form [33]

dµV (x) = ψV (x)dx =
√

(b− x)(x− a)h(x)dx, x ∈ [a, b], (3.9)

with h a real analytic function. We require V to be such that the
following generic conditions hold: the density ψV is strictly positive on
(a, b), it vanishes like a square root at the endpoints a, b (in other words,
h(x) > 0 for x ∈ [a, b]), and the variational inequality (3.8) is strict on
R \ [a, b]. If all those assumptions hold, we say that V is one-cut regular
(see [72] for a general classification of singularities). In addition, we
require zero to be contained in the interior of the support of µV , i.e.
a < 0 < b.

If zero were outside of the support of µV , no eigenvalues are expected
near the origin for large n, and the singularities of the weight will not
play a significant role for large n. The case where 0 is an edge point of the
support of V is also interesting, but will not be studied here - we refer to
[62] for results about the local eigenvalue correlations when a singularity
lies near a soft edge, and to [97] when a singularity approaches a hard
edge in a modified Jacobi ensemble.

Painlevé V functions

In order to describe the asymptotic behavior in the matrix model (3.1)
for n large and t small, we need a special 1-parameter form of the more
general 4-parameter Jimbo-Miwa-Okamoto σ-form of the fifth Painlevé
equation (see [63, 64], and [48] for the explicit relation to the usual
Painlevé V equation), which is given by

(sσ′′(s))2 = (σ(s)− sσ′(s) + 2(σ′(s))2

+ 2ασ′(s))2 − 4(σ′(s))2(σ′(s) + α)2. (3.10)
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For α > −1/2, we are interested in two particular solutions σ+
α and σ−α to

this equation. The first one, σ−α (s), is analytic and real for s ∈ (0,+∞),
and it has the asymptotics

σ−α (s) =

{
α2 + o(1) s→ 0,

s−1+2αe−s 1
Γ(α)2 (1 +O(s−1)) s→ +∞,

(3.11)

where Γ is Euler’s Γ-function. The existence of such a solution was
proved in [19]. The second solution σ+

α (s) is analytic and such that
σ+
α (s) + αs

2 is real-valued for s ∈ −iR>0, satisfying in addition:

σ+
α (s) =

{
α2 + o(1) s→ −i0+,
α2

2 −
αs
2 +O(|s|−1) s→ −i∞.

Its existence was proved in [20]. It should be noted that uniqueness of the
solutions σ±α satisfying the above asymptotic conditions was not proven
in [19, 20]. Those Painlevé solutions σ−α and σ+

α can be characterized in
terms of Riemann-Hilbert (RH) problems; we will do this in Section 3.2
for σ−α and in Section 3.3 for σ+

α . For general values of α > −1/2, σ±α are
transcendental functions, but there are special values of α where they
are algebraic. For σ−α , this is the case if α is an integer, while for σ+

α only
if α is an even integer. For those values of α, σ±α can be constructed via
a recursive procedure, involving Schlesinger type transformations [44],
which we will explain in detail in Section 3.2.2 and Section 3.3.2.

For α = 0, 1, 2, the expressions are simple and we have

σ±0 (s) = 0, (3.12)

σ−1 (s) =
s

es − 1
, (3.13)

σ±2 (s) = s
−2 + es(2− 2s+ s2)

1− es(2 + s2) + e2s
. (3.14)

Asymptotics for the partition function

Theorem 3.1.1. Let V be real analytic, satisfying (3.2) and one-cut
regular with 0 in the interior of the support [a, b] of the equilibrium mea-
sure µV . Denote z0 =

√
t when t is positive and z0 = i

√
−t when t is

negative. Define

sn,t = −2πin

∫ z0

−z0
h(s) ((s− a)(b− s))1/2 ds,
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with h defined in (3.9) and where the square root is taken to be positive
at 0 and analytic in a neighbourhood of 0, in such a way that sn,t is
positive when t < 0 and negative imaginary when t > 0. We assume
that α > −1/2 and t < 0 or that α > 0 and t > 0. Then, the partition
function Ẑn(t) defined in (3.4) satisfies

log Ẑn(t, α, V ) = log Ẑn(0, α, V ) +

∫ sn,t

0

σ±α (s)− α2

s
ds+

αsn,t
2

+
nα

2
(V (z0) + V (−z0)− 2V (0)) +O(|t|1/2) +O

(
n−1

)
, (3.15)

with uniform error terms as n→∞ and t→ 0, ±t > 0.

Remark 3.1.1. If we set ŝn,t = −4πinz0ψV (0), we have
ŝn,t = sn,t (1 +O(|t|)) as n → ∞, t → 0. If t > 0, it follows from
equation (3.42) below that one can replace sn,t by ŝn,t in (3.15) without
modifying the error terms. Doing the same when t < 0 induces an error
term of order O(n|t|3/2).

Remark 3.1.2. We believe that the expansion (3.15), with error term
o(1), holds for t > 0 and −1/2 < α < 0 as well, but because of technical
obstacles, we do not prove the result in this case.

Remark 3.1.3. The asymptotic behavior for Ẑn(t, α, V ) is described
in terms of the Painlevé V solutions σ±α and in terms of the partition
function Ẑn(0, α, V ), which corresponds to a weight function which has
only one singularity at 0. Asymptotics for Ẑn(0, α, V ) were obtained in
[70] in the case where V is quadratic, an important special case which
we will return to later in this section. For general V , we have not
been able to find explicit asymptotic expansions in the literature for
log Ẑn(0, α, V ), up to decaying terms as n→∞.

Remark 3.1.4. By (3.12)-(3.14), the integral appearing in (3.15) can
be computed explicitly for α = 0, 1, 2. We have∫ sn,t

0

σ±0 (s)

s
ds = 0, (3.16)∫ sn,t

0

σ−1 (s)− 1

s
ds = log

(
2 sinh

sn,t
2

)
− sn,t

2
− log sn,t, (3.17)∫ sn,t

0

σ±2 (s)− 4

s
ds = log

(
4 sinh2 sn,t

2
− s2

n,t

)
− sn,t − 4 log sn,t + log 12. (3.18)
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Remark 3.1.5. Our proofs of Theorem 3.1.1 and Theorem 3.1.2 are
based on an asymptotic analysis of the orthogonal polynomials on the
real line defined by (3.19), using RH methods [27, 34, 35]. The asymp-
totic analysis for those orthogonal polynomials shows similarities to
the one performed in [19, 20] (following the general method from [29])
for orthogonal polynomials on the unit circle with respect to weights
with merging or emerging singularities, where they were used to obtain
asymptotics for Toeplitz determinants. Nevertheless, there is no known
way to directly derive the asymptotics for the Hankel determinant (3.5),
with respect to the n-dependent weight wn supported on the full real
line, from the asymptotics for Toeplitz determinants.

Asymptotics for the correlation kernel near 0

Denote by p
(n)
j the degree j orthonormal polynomials with respect to

the weight wn(x) (defined in (3.3)), characterized by∫
R
p

(n)
j (x)p

(n)
k wn(x)dx = δjk =

{
0 for j 6= k,
1 for j = k,

(3.19)

with positive leading coefficient κ
(n)
j . The eigenvalue density (3.3) char-

acterizes a determinantal point process with correlation kernel given by

Kn(x, y) =
√
wn(x)wn(y)

n−1∑
j=0

p
(n)
j (x)p

(n)
j (y), (3.20)

or alternatively

Kn(x, y) =
√
wn(x)wn(y)

κ
(n)
n−1

κ
(n)
n

p
(n)
n (x)p

(n)
n−1(y)− p(n)

n−1(x)p
(n)
n (y)

x− y
, (3.21)

by the Christoffel-Darboux formula. Note that the orthogonal polyno-
mials and the correlation kernel Kn depend on the parameter t in the
weight wn. This chapter is concerned with the microscopic large n be-
havior of the eigenvalues near 0. We will study the scaled correlation
kernel 1

cnKn

(
u
cn ,

v
cn

)
for a suitable choice of c > 0, and obtain asymp-

totics for it as n → ∞ and t → 0. We will see that a transition in
the asymptotics for the kernel takes place if t is of the order n−2, or
equivalently if the distance between the two singularities in the weight
is of the order n−1, which is of the same order as the typical distance
between consecutive eigenvalues.
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Local scaling limits near the origin for the correlation kernel Kn are
well understood for t 6= 0 fixed and for t = 0, as n → ∞. If t 6= 0 is
independent of n, then, as a slight generalization of results obtained in
[34, 35], we have for u, v ∈ R that

lim
n→∞

1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= Ksin(u, v) =

sinπ(u− v)

π(u− v)
. (3.22)

The convergence is uniform for u, v in compact subsets of R. If t = 0, it
was proved in [74] that for u, v in bounded subsets of (0,∞) that

lim
n→∞

1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= KBessel

α (u, v)

= π
√
uv
Jα+ 1

2
(πu)Jα− 1

2
(πv)− Jα− 1

2
(πu)Jα+ 1

2
(πv)

2(u− v)
, (3.23)

where Jν is the Bessel function of order ν (see [81] for a reference on
Bessel functions and other special functions which appear throughout
the paper). The convergence is uniform for u, v in compact subsets of
(0,∞).

We obtain large n asymptotics for the correlation kernel near the
origin as n → ∞ for t small. Of particular interest will be the double
scaling limit where n → ∞ and simultaneously t → 0 in such a way
that n2t tends to a non-zero constant. This will lead us to a new family
of limiting kernels which are built out of functions associated to the
Painlevé V equation.

Theorem 3.1.2. Let V be real analytic, satisfying (3.2) and one-cut
regular with 0 in the interior of the support [a, b] of the equilibrium mea-
sure µV . We denote ψV for the density of µV , given by (3.9), and define

τn,t = 16π2ψV (0)2n2t, (3.24)

for t real.

1. As n → ∞ and simultaneously t → 0 in such a way that τn,t →
±∞, we have

lim
1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= Ksin(u, v), (3.25)

for any u, v ∈ R, with Ksin as in (3.22).
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2. As n→∞ and simultaneously t→ 0 in such a way that τn,t → 0,
we have

lim
1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= KBessel

α (u, v), (3.26)

for any u, v ∈ R \ {0}, with KBessel
α as in (3.23).

3. As n → ∞ and simultaneously t → 0 in such a way that τn,t →
τ 6= 0, there exists a limiting kernel KPV

α such that

lim
1

ψV (0)n
Kn

(
u

ψV (0)n
,

v

ψV (0)n

)
= KPV

α (u, v; τ), (3.27)

for any u, v ∈ R if τ < 0, and for any u, v ∈ R\{±
√
τ/4} if τ > 0.

The limits are uniform for u, v in compact subsets of R.

Remark 3.1.6. The limiting kernel KPV
α (u, v; τ) has the form

KPV
α (u, v; τ) =

Φ1(πv; τ)Φ2(πu; τ)− Φ1(πu; τ)Φ2(πv; τ)

2πi(u− v)
, (3.28)

and the functions Φj , j = 1, 2, will be defined in Section 3.2 for τ < 0
and in Section 3.3 for τ > 0. The easiest way to define Φ1 and Φ2 is via
a RH problem which appeared in [19, 20]. Alternatively, they can be
characterized as special solutions to a Lax pair which is related to the
fifth Painlevé equation. For τ < 0, Φ1(u; τ) and Φ2(u; τ) are analytic
as functions of u in a neighborhood of R; for τ > 0, they are analytic

functions of u in a neighborhood of R \ {±
√
τ

4 }; they are analytic as
functions of τ for τ in a neighborhood of R \ {0} and continuous in τ at
0. For τ = 0, the limiting kernel KPV

α is a special case of a large family
of limiting kernels which appeared in [6].

Remark 3.1.7. In general, the kernel KPV
α is a transcendental function

of u, v, τ . However, for τ < 0 and α ∈ N, and for τ > 0 and α even, the
kernel KPV

α is algebraic and can be constructed explicitly by a recursive
procedure. We will present this procedure in Section 3.2.2 for τ < 0 and
in Section 3.3.2 for τ > 0.

Remark 3.1.8. The limiting kernel KPV
α (u, v; τ) degenerates to the sine

and Bessel kernels for large and small values of τ . Indeed, we will show
that

lim
τ→±∞

KPV
α (u, v; τ) = Ksin(u, v), u, v ∈ R, (3.29)
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and that

lim
τ→0

KPV
α (u, v; τ) = KBessel

α (u, v), u, v ∈ R \ {0}. (3.30)

This implies that (3.25), (3.26), and (3.27) are consistent: letting τ →
±∞ in (3.27), we recover (3.25), and letting τ → 0, we get (3.26).

3.1.2 Consequences and applications

Asymptotics for Toeplitz determinants

In [19], large n asymptotics were obtained for Toeplitz determinants

Dn(f) = det(fj−k)
n−1
j,k=0, fj =

1

2π

∫ 2π

0
f(eiθ)e−ijθdθ (3.31)

with an emerging Fisher-Hartwig singularity, depending on parameters
α, β. In the special case β = 0, the weight has the form

ft(z) = (z − et)α(z − e−t)αz−αe−πiαeV (z), z = eiθ, θ ∈ [0, 2π)

for Reα > −1
2 , t > 0, and where V (z) =

∑+∞
k=−∞ Vkz

k is analytic on
an annulus containing the unit circle. The singularities e±t approach
the unit circle as t → 0, and form a Fisher-Hartwig type singularity if
t = 0. Asymptotics for Toeplitz determinants with weight functions of
this form were also obtained in the context of the 2d Ising model [96], see
[30] for a review of Toeplitz determinants and the Ising model. Theorem
1.1 in [19] states that

logDn(ft) = nV0 + αnt+
∞∑
k=1

k

(
Vk − α

e−tk

k

)(
V−k − α

e−tk

k

)
+ log

G(1 + α)2

G(1 + 2α)
+ α2 log 2nt+

∫ 2nt

0

σ−α (x)− α2

x
dx+ o(1),

(3.32)

as n → ∞ and simultaneously t → 0 where G is Barnes’s G-function.
If β = 0 and α = 1, 2, we can substitute (3.17) and (3.18), here with
sn,t = 2nt, and obtain the more explicit asymptotic expansions

logDn(ft) = nV0+
∞∑
k=1

kVkV−k−
∞∑
k=1

(Vk+V−k)e
−tk+log

sinhnt

sinh t
+t+o(1),

for α = 1, and

logDn(ft) = nV0 +

∞∑
k=1

kVkV−k − 2

∞∑
k=1

(Vk + V−k)e
−tk + 4t

− 2 log(2 sinh2 t) + log(sinh2 nt− n2t2) + o(1), (3.33)
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for α = 2, as n → ∞ and t → 0. With more effort, we can obtain
explicit asymptotic expansions for any integer α.

In [20], asymptotics were obtained for Toeplitz determinants Dn(ft)
with merging Fisher-Hartwig singularities, depending on parameters
α1, α2, β1, β2. Setting α1 = α2 = α/2 and β1 = β2 = 0, the weight
has the form

ft(z) = eV (z)|z − eit|α|z − ei(2π−t)|α,

where Reα > −1
2 , t ∈ (0, π), and with V again analytic on an annulus

containing the unit circle. Then, the weight function has two Fisher-
Hartwig type singularities if t > 0 which merge to a single one as t→ 0.
In Theorem 1.5 of [20], the following result is stated:

logDn(ft) = logDn(f0) +

∫ −2int

0

1

s

(
σCK(s)− α2

2

)
ds

− α2

2
log

sin t

t
− α

2
(V (eit) + V (e−it)− 2V (1)) + o(1) (3.34)

as n→∞ and t→ 0. The function σCK is related to σ+
α by the formula

σCK(s) = σ+
α (s)− α2

2
+
αs

2
. (3.35)

For α = 2, we can substitute (3.18) (with sn,t = −2int) and obtain

logDn(ft) = nV0 +

∞∑
k=1

kVkV−k−2 log 2t sin t+ log
(
n2t2 − sin2 nt

)
−
(
V
(
eit
)

+ V
(
e−it

)
− 2V0

)
+ o(1),

as n → ∞ and t → 0. With more effort, we can obtain explicit asymp-
totic expansions for any even α.

Extreme values of GUE characteristic polynomials

Let H be a random n× n GUE matrix, normalized such that the joint
probability distribution of the eigenvalues is given by

1

ẐGUE
n

∏
1≤i<j≤n

(xj − xi)2
n∏
j=1

e−2nx2
jdxj ,

where ẐGUE
n = Zn(α = 0, V (x) = 2x2) is the normalizing constant. The

limiting mean eigenvalue density is then supported on [−1, 1] as n→∞.
Define the (random) characteristic polynomial

Pn(x) = det(xI −H).
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The average of products of powers of characteristic polynomials of the

form E
(∏2

j=1|Pn(uj)|α
)

, given u1, u2 ∈ R, can be expressed as

E

 2∏
j=1

|Pn(uj)|α
 =

1

ẐGUE
n

∫
Rn

∏
1≤i<j≤n

(xj − xi)2

×
n∏
j=1

|xj − u1|α|xj − u2|αe−2nx2
jdxj . (3.36)

The following asymptotic results as n→∞ were obtained by Krasovsky
[70] (see also [14, 46, 54] for αj ’s integers):

E

 k∏
j=1

|Pn(uj)|2αj

 = F (n, (ui, αi)
k
i=1)

(
1 +O

(
log n

n

))
, (3.37)

where k = 1, 2 and

F (n, (ui, αi)
k
i=1) =

k∏
j=1

C(αj)(1− u2
j )
α2
j/2(n/2)α

2
j e(2u2

j−1−2 log 2)αjn

×
∏

1≤i<j≤k
(2|ui − uj |)−2αiαj ,

C(α) = 22α2 G(α+ 1)2

G(2α+ 1)
,

and G is the Barnes G-function. If u1 and u2 approach each other, we

can use Theorem 3.1.1 to obtain asymptotics for E
(∏2

j=1|Pn(uj)|2αj
)

.

Indeed, by (3.36) and (3.4), it follows that

E

 2∏
j=1

|Pn(uj)|α
 =

Ẑn(t = (u1−u2)2

4 , α, V (x) = 2(x+ (u1 + u2)/2)2)

ẐGUE
n

,

(3.38)

which is seen to hold after the simple change of variables yn = xn −
u1+u2

2 . Substituting (3.15) in the numerator, we obtain asymptotics for

E
(∏2

j=1|Pn(uj)|α
)

.

This observation can be used to obtain information about extreme
values of |Pn(x)| for large n. This problem was investigated in [52], and
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in this context the authors needed large n asymptotics for integrals of
the form (see in particular Section 2 of [52])

In(θ, ρ) =

∫ θ

−θ

∫ θ

−θ
E

 2∏
j=1

|Pn(uj)|α


×
2∏
j=1

e−αn limk→∞( 1
k
E log|Pk(uj)|)ρ(uj)duj , (3.39)

with θ ∈ [0, 1], ρ strictly positive and continuous on (−θ, θ), and α > 0.
We note that one can differentiate (3.37) for k = 1 with respect to α
and evaluate at α = 0 to obtain

lim
n→∞

1

n
E(log|Pn(u)|) = u2 − 1/2− log 2, (3.40)

since C(0) = 1, C ′(0) = 0. In order to obtain asymptotics for In as

n → ∞, one needs asymptotics for E
(∏2

j=1|Pn(uj)|α
)

, both in the

region where u1 and u2 are bounded away from each other (in this region,
we can use Krasovsky’s result (3.37)) and in the region where u1 and
u2 are close to each other (in this region, we need to use our expansion
(3.15)).

As a corollary to Theorem 3.1.1 we have

Corollary 3.1.3. Let 0 < θ < 1, α > 0, and let ρ be a strictly positive
continuous function on (−θ, θ). Then,

In(θ, ρ) =


C1(α)nα

2/2 (1 + o(1)) for α2 < 2,

C2 n log n (1 + o(1)) for α2 = 2,

C3(α)nα
2−1 (1 + o(1)) for α2 > 2,

as n→∞, where

C1(α) =
G(1 + α

2 )4

G(1 + α)2

∫ θ

−θ

∫ θ

−θ

((1− u2
1)(1− u2

2))α
2/8

|u1 − u2|α2/2
ρ(u1)ρ(u2)du1du2,

C2 = 2
G(1 + 1√

2
)4

G(1 +
√

2)2

∫ θ

−θ
(1− u2)1/2ρ(u)2du,

C3(α) = 2α
2 G(α+ 1)2

G(2α+ 1)

∫ θ

−θ
(1− u2)

α2−1
2 ρ(u)2du

×
∫ ∞

0
exp

(∫ −2iv

0

σ+
α (s)− α2

s
ds− iαv

)
dv.
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Remark 3.1.9. For α2 < 2, the main contribution in the integral
In(θ, ρ) comes from the asymptotics (3.37) in the region of integration
where u1 and u2 are bounded away from each other. For α2 > 2, the
main contribution comes from the asymptotics in Theorem 3.1.1 in the
region of integration where |u1 − u2|= O(n−1).

Proof. First, we note that (3.37) can be extended: as n → ∞ and
|u1 − u2|→ 0 sufficiently slowly such that n|u1 − u2|→ ∞,

E

 2∏
j=1

|Pn(uj)|α
 = F

(
n, u1, u2,

α

2
,
α

2

)
(1 + o(1)) , (3.41)

with the error term uniform for t0 > |u1 − u2|> 2tn for some t0 > 0 and
tn → 0 such that ntn →∞. This follows by recalling the identity

lim
s→−i∞

(∫ s

0

σ+
α (s̃)− α2

s̃
ds̃+

αs

2
+
α2

2
log|s|

)
= log

G
(
1 + α

2

)4
G(1 + 2α)

G(1 + α)4
, (3.42)

from [20, formula (1.26)] and applying it to (3.15), which one substitutes
into (3.38).

We now split the integral in (3.39) in two parts: the integral over

Aθ,tn = {(u1, u2) : |u1|, |u2|< θ, |u1 − u2|> 2
√
tn},

and the integral over [−θ, θ]2 \ Aθ,tn , for some tn which converges suffi-
ciently slowly to 0 as n→∞, slower than n−2. To compute the contri-
bution of the integral over Aθ,tn , we can use (3.40), (3.37), and (3.41).
For the contribution of the complement of Aθ,tn , we substitute (3.15) in
(3.38) and then, together with (3.40), in (3.39). Using (3.37) to com-
pute the ratio Ẑn(0, α, V )/ẐGUE

n and changing variables t = (u1−u2)2/4,
u = (u1 + u2)/2, we finally obtain

In(θ, ρ) =

((n
2

)α2/2
C(α/2)2 ×

∫∫
Aθ,tn

((1− u2
1)(1− u2

2))α
2/8

(2|u1 − u2|)α2/2

× ρ(u1)ρ(u2)du1du2 + 2
(n

2

)α2

C(α)

∫ θ

−θ
(1− u2)α

2/2ρ(u)2

×

(∫ tn

0
exp

(∫ ŝn,t

0

σ+
α (s)− α2

s
ds+

αŝn,t
2

)
dt√
t

)
du

)
× (1 + o(1)) ,

(3.43)
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as n→∞, where

ŝn,t = −4πin
√
tψV (0) = −8in

√
t
√

1− u2

in terms of the integration variables t, u. Here we need that the error
terms found in Theorem 3.1.1 are uniform in −θ < u < θ for the poten-
tial V (x) = 2(x + u)2. This is not mentioned elsewhere in this chapter
but can readily be seen to hold true by inspection of the proof of The-
orem 3.1.1, if |θ|< 1. If θ = 1, contributions from the region where the
singularities approach an edge point of the support of the equilibrium
measure will have to be taken into account as well, but this is outside
the scope of this chapter.

From (3.42) and the small s asymptotics of σ+
α it follows that with

v = 4n
√

1− u2
√
t,∫ tn

0
exp

(∫ ŝn,t

0

σ+
α (s)− α2

s
ds+

αŝn,t
2

)
dt√
t

=
1

2n
√

1− u2

∫ 4n
√

1−u2
√
tn

0
exp

(∫ −2iv

0

σ+
α (s)− α2

s
ds− iαv

)
dv

=


o(n−α

2/2), α2 < 2,
1

4
√

1−u2

G(1+
√

2/2)4G(1+2
√

2)

G(1+
√

2)4 n−1 log n+ o(n−1 log n), α2 = 2,

cn−1 + o(n−1), α2 > 2,

(3.44)

as n→∞, with

c =
1

2
√

1− u2

∫ ∞
0

exp

(∫ −2iv

0

σ+
α (s)− α2

s
ds− iαv

)
dv.

Formulas (3.43) and (3.44) yield the corollary, where it is readily seen
from (3.42) that the integral appearing in the constant C3 is well defined.

3.1.3 Outline

In Section 3.2, we recall a model RH problem, introduced in [19], asso-
ciated to the fifth Painlevé equation. We define the functions Φ1 and
Φ2 in terms of the solution to the RH problem for τ < 0, and describe
their relation with the solution σ−α to the fifth Painlevé equation. For
α integer, we construct the RH solution recursively. In Section 3.3,
we describe a second model RH problem which was introduced in [20],
we define Φ1 and Φ2 in terms of its solution for τ > 0, and we relate
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Figure 3.1: The jump contour Γ− and the jump matrices for Ψ−.

them to the Painlevé solution σ+
α . For α even, we construct the RH

solution recursively. In Section 3.4, we recall the standard RH problem

which characterizes the orthogonal polynomials p
(n)
j , and we define the

g-function needed to analyze this RH problem asymptotically. In Sec-
tion 3.5, we perform a Deift/Zhou steepest descent analysis to obtain
large n asymptotics for the orthogonal polynomials in the case where
t < 0 (i.e. the case where the singularities are complex and approach
0). The construction of a local parametrix near 0, in terms of the model
problem defined in Section 3.2, is crucial here. At the end of Section
3.5, we will prove Theorem 3.1.2 and Theorem 3.1.1 in the case where
t < 0. In Section 3.6, we perform a similar asymptotic analysis in the
case t > 0 (i.e. the case where the singularities are real and approach
0). Here the local parametrix is constructed in terms of the model prob-
lem from Section 3.3. This will allow us to prove Theorem 3.1.2 and
Theorem 3.1.1 for t > 0.

3.2 Model RH problem for τ < 0

The functions Φ1 and Φ2 that appeared in the limiting kernel KPV
α can

be defined in terms of a RH problem. We need to distinguish between
the case where τ > 0 and τ < 0.

The first model RH problem is a special case of the one studied in
[19, Section 1.3]. For our purposes, the parameter β from [19] is set to
zero. The RH problem depends on parameters α > −1/2 and s ∈ C.
The relevant case for us will be s > 0.
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RH problem for Ψ−

(a) Ψ− : C\Γ− → C2×2 is analytic, with Γ− = Γ−1 ∪Γ−2 ∪Γ−3 ∪Γ−4 ∪[0, 1],
and

Γ−1 =
1

2
+e

πi
4 R+, Γ−2 =

1

2
+e

3πi
4 R+, Γ−3 =

1

2
+e−

3πi
4 R+, Γ−4 =

1

2
+e−

πi
4 R+,

oriented as in Figure 3.1.

(b) Ψ− has continuous boundary values on Γ− \ {0, 1
2 , 1}, which we

denote by Ψ−+(z) if the limit is taken from the left when oriented
along the contour, and Ψ−−(z) if the limit is taken from the right.
We have the jump relations

Ψ−+(z) = Ψ−−(z)

(
1 eπiα

0 1

)
for z ∈ Γ−1 ,

Ψ−+(z) = Ψ−−(z)

(
1 0

−e−πiα 1

)
for z ∈ Γ−2 ,

Ψ−+(z) = Ψ−−(z)

(
1 0
eπiα 1

)
for z ∈ Γ−3 ,

Ψ−+(z) = Ψ−−(z)

(
1 −e−πiα
0 1

)
for z ∈ Γ−4 ,

Ψ−+(z) = Ψ−−(z)e−πiασ3 for z ∈ (0, 1),

where σ3 =

(
1 0
0 −1

)
is the third Pauli matrix.

(c) There exist q, p, r independent of z (but depending on s, α) such
that Ψ−(z) has the following behavior as z →∞:

Ψ−(z) =

(
I +

1

z

(
q r
p −q

)
+O(z−2)

)
exp(−s

2
zσ3). (3.45)

(d) The functions G(z) := Ψ−(z)z−
α
2
σ3 and H(z) := Ψ−(z)(z − 1)

α
2
σ3

are bounded for z near 0 and 1 respectively, and Ψ− is bounded
near 1/2. The branches in the definitions of G,H are such that
z
α
2 , (z − 1)

α
2 > 0 on the + side of (1,∞).

For α > −1/2, it was shown in [19, Theorem 1.8 (i)] that the RH
problem for Ψ− has a unique solution for all s > 0.

It will be useful to note that the following symmetry relation holds:

e
s
2
σ3Ψ−

(
z +

1

2

)
= σ1Ψ−

(
−z +

1

2

)
σ1, σ1 =

(
0 1
1 0

)
. (3.46)



3.2. MODEL RH PROBLEM FOR τ < 0 119

It can indeed be verified that the left and right hand side satisfy the
same, uniquely solvable, RH problem.

For τ < 0 and u ∈ R, we define(
Φ1(u; τ)
Φ2(u; τ)

)
= Ψ−

(
z = −2iu

s
+

1

2
; s

)
e∓πiα/2σ3

(
1
−1

)
for ±u > 0, s =

√
−τ . (3.47)

One verifies using the jump conditions for Ψ− that Φ1 and Φ2 are ana-
lytic in a neighborhood of the real line. In fact, the singularities z = 0
and z = 1 of Ψ− are transformed to complex conjugate singularities
u = ±is/4 = ±i

√
−τ/4 for Φ1 and Φ2. We have the asymptotic behav-

ior (
Φ1(u; τ)
Φ2(u; τ)

)
=
(
I +O(u−1)

)
exp((iu−

√
−τ/4)σ3)e∓πiα/2σ3

(
1
−1

)
(3.48)

as u→ ±∞. The kernel KPV
α (u, v; τ) is then given by (3.28) for τ < 0.

3.2.1 Lax pair and Painlevé V

There is a connecton between the RH problem for Ψ− and the Painlevé
V equation, which relies on the theory of isomonodromy preserving de-
formations [44]. We recall from [19] (in particular Theorem 1.8 (ii) and
Section 4.3 in that paper) that the RH solution Ψ = Ψ− solves a system
of linear differential equations

Ψz(z; s) =A(z; s)Ψ(z; s), (3.49)

Ψs(z; s) =B(z; s)Ψ(z; s), (3.50)

where the matrices A and B have the form

A(z; s) =A∞(s) +
A0(s)

z
+
A1(s)

z − 1
, (3.51)

B(z; s) =B0(s) +B1(s)z. (3.52)

The 2× 2 matrices A0, A1, A∞, B0, B1, which are independent of z but
can depend on s and α, can be parametrized as follows,

A0 =

(
−v + α/2 uy(v − α)
− v
uy v − α/2

)
, (3.53)

A1 =

(
v − α/2 −y(v − α)

v
y −v + α/2

)
, (3.54)

A∞ = −s
2
σ3, B1 = −1

2
σ3, B0 =

A0 +A1

s
. (3.55)
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Here u, v, and y are functions of s and α. We have the following rela-
tion between u, v and the functions q, r, p appearing in the asymptotic
expansion (3.45) for Ψ− as z →∞,

v =
α

2
− q − srp, (3.56)

u = 1 +
sp

(1− s)p+ sp′
. (3.57)

The compatibility condition Ψsz = Ψzs implies that As−Bz+AB−BA =
0, and this implies the following system of equations for u, v, y:

sus =su+ (α− 2v)(u− 1)2, (3.58)

svs =v(u− 1

u
)(v − α), (3.59)

sys =y
(
−2v + α+ uv − uα+

v

u
− s
)
. (3.60)

By eliminating v from the top two equations, we obtain a special case
of the fifth Painlevé equation,

uss =

(
1

2u
+

1

u− 1

)
u2
s

− 1

s
us +

(1− u)2

s2

(
α2

2
(u− 1

u
)

)
+
u

s
− u(u+ 1)

2(u− 1)
. (3.61)

If we define σ(s) as

σ(s) =

∫ +∞

s
v(ξ)dξ (3.62)

(it was shown in [19] that v decays rapidly as s → +∞ so that this
integral converges), then σ solves (3.10).

3.2.2 Recursive construction of Ψ− if α ∈ N

For positive integer values of α, the RH solution Ψ− can be constructed
explicitly. We will denote Ψ−α instead of Ψ− in this section to emphasize
the dependence on α. The crucial observation here is that the jump
matrices for Ψ−α are periodic in α: they remain the same if we replace α
by α + 2. This fact indicates that there is a Schlesinger type transfor-
mation [80] relating Ψα to Ψα+2. Even more, if we replace α by α + 1,
the jump matrices are modified in a simple way: the jumps on the diag-
onals Γ−1 ,Γ

−
2 ,Γ

−
3 ,Γ

−
4 are the same for the functions Ψ−α and σ3Ψ−α+1σ3,

whereas they are opposite on (0, 1). Based on this observation, and
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on the fact that the solution for α = 0 is simple and explicit, we can
recursively construct a solution for any integer α.

For positive integer α and s ∈ (0,+∞), define Xα as follows,

Xα(z; s) =



Ψ−α (z; s) for z ∈ II, IV ,

Ψ−α (z; s)

(
1 (−1)α

0 1

)
for z ∈ I,

Ψ−α (z; s)

(
1 0

(−1)α 1

)
for z ∈ III,

(3.63)

with regions I, II, III, IV as in Figure 3.1. Then, by the RH conditions
for Ψ−α , Xα satisfies the following RH problem.

RH problem for Xα

(a) Xα : C \ [0, 1]→ C2×2 is analytic.

(b) For z ∈ (0, 1), we have the jump relation Xα,+(z) = (−1)αXα,−(z).

(c) As z →∞,

Xα(z) = (I +O(z−1)) exp
(
−sz

2
σ3

)
.

(d) The functions Gα and Hα defined by

Gα(z) = Xα(z)

(
1 0

−(−1)α 1

)
z−

α
2
σ3 , (3.64)

Hα(z) = Xα(z)

(
1 −(−1)α

0 1

)
(z − 1)

α
2
σ3 , (3.65)

are analytic at z = 0 and at z = 1 respectively. The branches in
the definitions of Gα, Hα are such that z

α
2 , (z − 1)

α
2 > 0 on the +

side of (1,∞).

For α = 0, this RH problem is easy to solve: we have

X0(z) = exp
(
−sz

2
σ3

)
.

Define

Wα(z) =

(
z

z − 1

) 1
2
σ3

Xα(z)σ3Xα+1(z)−1σ3, (3.66)
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where the square root is analytic on C \ [0, 1] and positive for large
positive z. We will explicitly construct Wα in terms of Gα and Hα, and
thus we will have the recursive relation

Xα+1(z) = σ3Wα(z)−1

(
z

z − 1

) 1
2
σ3

Xα(z)σ3. (3.67)

From the jump relations for Xα, one verifies that Wα is meromorphic in
z, with singularities at 0 and 1, and as z →∞, we have

Wα(z) = I +O
(

1

z

)
. (3.68)

By condition (d) of the RH problem for Xα, we obtain:

Wα(z) =

(
z

z − 1

) 1
2
σ3

Gα(z)z−
1
2
σ3σ3Gα+1(z)−1σ3, (3.69)

Wα(z) =

(
z

z − 1

) 1
2
σ3

Hα(z)(z − 1)
1
2
σ3σ3Hα+1(z)−1σ3, (3.70)

for z in neighbourhoods of 0 and 1 respectively. It follows from (3.68)-
(3.70) that Wα takes the form

Wα(z) = I +
Pα
z

+
Qα
z − 1

, (3.71)

for matrices Pα, Qα which are independent of z. Moreover, it is easily
verified that Xα exhibits the following symmetry,

Xα

(
z +

1

2

)
= e−

s
2
σ3σ1Xα

(
−z +

1

2

)
σ1, (3.72)

which yields the relation

−e−
s
2
σ3σ1Pασ1e

s
2
σ3 = Qα. (3.73)

Condition (3.69) gives us that

z
1
2
σ3Gα(z)−1z−

1
2
σ3σ3Wα(z) is analytic in a neighborhood of 0.

(3.74)

By substituting (3.71) into (3.74) it follows that the first row of Pα is 0,
and consequently, by (3.74),

z
1
2
σ3Gα(0)−1z−

1
2
σ3σ3Wα(z) is analytic in a neighborhood of 0.

(3.75)
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This implies

Gα,21(0)(1 + Pα,22) +Gα,11(0)Pα,21 = 0, (3.76)

e−sGα,21(0)Pα,21 +Gα,11(0)Pα,22 = 0. (3.77)

By the unique solvability of the RH problem for Xα, it follows that this
linear system has a unique solution for Pα,22 and Pα,21 for any positive
s.

In conclusion, since we know X0(z), we can compute G0(0) by (3.64),
and from that we can compute P0 by (3.76)-(3.77). Substituting those
in (3.73), (3.71), and (3.67), we obtain X1(z). Similarly, once we know
X1(z), we can compute G1(0), P1, and X2, and so on.

For α = 1 and α = 2, in this way, we obtain the expressions

X1(z) = 1

(es−1)
√

(z−1)z

(
1 + (es − 1)z −1

es −es + z(es − 1)

)
e−

sz
2
σ3 ,

X2(z) =
1

(1− es(2 + s2) + e2s)(z − 1)z
(3.78)

×
(

1+es(s−1)−2z+esz(2−2s+s2)+z2−esz2(2+s2−es)
es(−1− s+ es + z(2 + s+ es(−2 + s)))

1− es + ess− z(2 + s+ es(s− 2))
es(−1−s+es)+zes(2+2s+s2−2es)+z2+z2es(−2−s2+es)

)
e−

sz
2
σ3 .

Expanding Xα as z →∞, we can obtain expressions for the Painlevé
V functions q(s), r(s), p(s) by (3.45). In particular, for α = 0, 1, 2, we
obtain

q0(s) = 0, q1(s) =
1

es − 1
+

1

2
, q2(s) =

−1 + es(−2s+ es)

1− es(2 + s2) + e2s
. (3.79)

Using the relation (see [19, (4.109)])

σ−α (s) = sq(s)− αs

2
, (3.80)

we can compute σ−0 , σ−1 , and σ−2 : this gives (3.12)-(3.14).

3.2.3 The kernel KPV
α as τ → −∞

We follow the steps of [19, Section 4.1] in the analysis as τ → −∞.
Define

Ψ̃(z) = Ψ−(z)

(
z − 1

z

)α
2
σ3

, (3.81)

where the power α/2 is taken analytic except on [0, 1] and tending to 1
as z → +∞. The fraction cancels out the jump of Ψ− on (0, 1) and the
singularities at 0 and 1, and Ψ̃ solves the following RH problem.
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10 A2A1

Γ̂1Γ̂2

Figure 3.2: Contour Γ̂

RH problem for Ψ̃

(a) Ψ̃ : C \ (Γ−1 ∪ Γ−2 ∪ Γ−3 ∪ Γ−4 ).

(b) Ψ̃ has the jump relations

Ψ̃+(z) = Ψ̃−(z)

(
1 eπiα

(
z−1
z

)−α
0 1

)
for z ∈ Γ−1 ,

Ψ̃+(z) = Ψ̃−(z)

(
1 0

−e−πiα
(
z−1
z

)α
1

)
for z ∈ Γ−2 ,

Ψ̃+(z) = Ψ̃−(z)

(
1 0

eπiα
(
z−1
z

)α
1

)
for z ∈ Γ−3 ,

Ψ̃+(z) = Ψ̃−(z)

(
1 −e−πiα

(
z−1
z

)−α
0 1

)
for z ∈ Γ−4 .

(c) As z →∞,

Ψ̃(z) =
(
I +O(z−1)

)
exp(−s

2
zσ3). (3.82)

Now we will deform the jump contour in such a way that it stays
away from 0, 1, and 1/2, to a contour as shown in Figure 3.2. Define

Ψ̂(z) =



e
s
4
σ3Ψ̃(z) exp

(
s
2

(
z − 1

2

)
σ3

)
for z /∈ A1 ∪ A2,

e
s
4
σ3Ψ̃(z)

(
1 0(

1−z
z

)α
1

)
exp

(
s
2

(
z − 1

2

)
σ3

)
for z ∈ A1,

e
s
4
σ3Ψ̃(z)

(
1
(

1−z
z

)−α
0 1

)
exp

(
s
2

(
z − 1

2

)
σ3

)
for z ∈ A2,

(3.83)
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with A1 and A2 given in Figure 3.2. Here,
(

1−z
z

)±α
is analytic except

on (−∞, 0] ∪ [1,+∞). Then Ψ̂ satisfies a small norm RH problem as
s→ +∞.

RH problem for Ψ̂

(a) Ψ̂ : C\ Γ̂→ C2×2 is analytic, with Γ̂ = Γ̂1∪ Γ̂2 given in Figure 3.2.

(b) Ψ̂ has the following jumps on Γ̂:

Ψ̂+(z) = Ψ̂−(z)

(
1
(

1−z
z

)−α
e−s(z−

1
2

)

0 1

)
for z ∈ Γ̂1,

Ψ̂+(z) = Ψ̂−(z)

(
1 0

−
(

1−z
z

)α
es(z−

1
2

) 1

)
for z ∈ Γ̂2.

As s→ +∞, this means that

Ψ̂+(z) = Ψ̂−(z)(I +O (exp (−cs))

on Γ̂1 and Γ̂2, for some constant c > 0.

(c) Ψ̂(z) = I +O(z−1) as z →∞.

By standard small norm analysis, we have

Ψ̂(z) = I +O
(

1

|z|+1
e−cs

)
, s→ +∞, (3.84)

uniformly for z ∈ C \ Γ̂. Inverting the transformations Ψ− 7→ Ψ̃ 7→ Ψ̂
and using (3.47), we obtain(

Φ1(x;−s2)
Φ2(x;−s2)

)
= Ψ̂

(
−2ix

s
+

1

2
; s

)(
−4ix− s
−4ix+ s

)−α
2
σ3

e∓
πiα
2
σ3eixσ3

(
1
−1

)
,

for ±x > 0. By (3.84), as s→ +∞, x ∈ R,(
Φ1(πu;−s2)
Φ2(πu;−s2)

)
=

(
eπiu

−e−πiu
)

+O(s−1),

which, by (3.28), yields the sine kernel limit as s→ +∞,

KPV
α (u, v;−s2) =

sinπ(u− v)

π(u− v)
+O(s−1),

and (3.29) is proved. In fact, it is clear from this derivation that (3.29)
holds also as u, v tend to infinity together with s, as long as u − v
converges.
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Figure 3.3: The jump contour Γ̃− and the jump matrices for Ψ(1).

3.2.4 The kernel KPV
α as τ → 0

We will now study the RH problem for Ψ− in the limit where s→ 0 and
prove (3.30).

Define

Ψ(1)(z; s) = e
s
4
σ3Ψ−

(
−2iz

s
+

1

2
; s

)
χ(z), (3.85)

where

χ(z) =

{
e−

πiα
2
σ3 for Re z > 0,

e
πiα
2
σ3 for Re z < 0.

(3.86)

Then Ψ(1) satisfies the following RH problem.

RH problem for Ψ(1)

(a) Ψ(1) : C \ Γ̃− → C2×2 is analytic, where:

Γ̃ =

5⋃
i=1

Γ̃−i , Γ̃−1 = {z : arg z = π/4},

Γ̃−2 = {z : arg z = 3π/4}, Γ̃−3 = {z : arg z = 5π/4},

Γ̃−4 = {z : arg z = 7π/4}, Γ̃−5 = iR \ [−is/4, is/4].

The orientation is as in Figure 3.3. Note that the orientation is
different compared to the one in the jump contour for Ψ−.
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(b) Ψ(1) has continuous boundary values on Γ̃− \ {0}:

Ψ
(1)
+ (z) = Ψ

(1)
− (z)

(
1 −1
0 1

)
for z ∈ Γ̃−1 ∪ Γ̃−2 ,

Ψ
(1)
+ (z) = Ψ

(1)
− (z)

(
1 0
1 1

)
for z ∈ Γ̃−3 ∪ Γ̃−4 ,

Ψ
(1)
+ (z) = Ψ

(1)
− (z)eπiασ3 for z ∈ Γ̃−5 .

(c) Ψ(1) has the following behavior as z →∞:

Ψ(1)(z) = (I +O(z−1))eizσ3χ(z). (3.87)

(d0) Ψ(1) has the following behavior as z → −is/4:

Ψ(1)(z) =

(
O(|z + is

4 |
α/2) O(|z + is

4 |
−α/2)

O(|z + is
4 |
α/2) O(|z + is

4 |
−α/2)

)
.

(d1) Ψ(1) has the following behavior as z → is/4:

Ψ(1)(z) =

(
O(|z − is

4 |
−α/2) O(|z − is

4 |
α/2)

O(|z − is
4 |
−α/2) O(|z − is

4 |
α/2)

)
.

(e) Ψ(1) is bounded at 0.

Using (3.47) and (3.85), we obtain(
Φ1(x;−s2)
Φ2(x;−s2)

)
= e−

s
4
σ3Ψ(1)(x; s)

(
1
−1

)
. (3.88)

To study Ψ(1)(z; s) as s → 0, we need to recall results from Sec-
tion 4.2.1 and Section 4.2.2 in [19]. The asymptotics as s → 0 can be
described as follows: we have for |z|> δ with δ > 0 arbitrary that

Ψ(1)(z; s) =
(
I +O(|s log|s||) +O(s1+2α)

)
M(z)e∓

πiα
2
σ3 , (3.89)

for ±Re z > 0. Here M satisfies the following RH conditions.

RH problem for M

(a) M : C \ ΓM → C2×2 is analytic, where:

ΓM = ∪5
i=1ΓM,i,

ΓM,1 = {z : arg(z) = π/4}, ΓM,2 = {z : arg(z) = 3π/4},
ΓM,3 = {z : arg(z) = 5π/4}, ΓM,4 = {z : arg(z) = 7π/4}.

The orientation is as in Figure 3.4.
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Figure 3.4: The contour ΓM and the jump matrices for M .

(b) M has continuous boundary values on ΓM \ {0}:

M+(z) = M−(z)

(
1 −e−πiα
0 1

)
for z ∈ ΓM,1 ,

M+(z) = M−(z)

(
1 −eπiα
0 1

)
for z ∈ ΓM,2 ,

M+(z) = M−(z)

(
1 0

e−πiα 1

)
for z ∈ ΓM,3,

M+(z) = M−(z)

(
1 0
eπiα 1

)
for z ∈ ΓM,4.

(c) M has the following behavior as z →∞:

M(z) = (I +O(z−1))eizσ3 .

The RH problem for M has an explicit solution (which is not unique,
unless one adds a condition to control the behaviour of M near 0) given
in terms of confluent hypergeometric functions which is used in [19] and
[20]. But in the special case we are dealing with, the confluent hyper-
geometric functions degenerate to Hankel and modified Bessel functions

H
(1)
α , H

(2)
α , Iα and Kα (see [81]), and we use an explicit formula for M

similar to the one given in [74, 90]. Writing

K =
1√
2

(
−1 1
−1 −1

)
e−

πi
4
σ3 ,
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we have

M(z) =



z
1
2
√
π

2 K

(
H

(2)

α+ 1
2

(z) −iH(1)

α+ 1
2

(z)

H
(2)

α− 1
2

(z) −iH(1)

α− 1
2

(z)

)
e−

πi
2

(α+ 1
2

)σ3σ1σ3, z ∈ I,

K

(
z

1
2
√
πI
α+ 1

2
(ze−

πi
2 ) −z

1
2 1√

π
K
α+ 1

2
(ze−

πi
2 )

−iz
1
2
√
πI
α− 1

2
(ze−

πi
2 ) −iz

1
2 1√

π
K
α− 1

2
(ze−

πi
2 )

)
σ1σ3, z ∈ II,

(eπiz)
1
2

√
π

2 K

(
−H(2)

α+ 1
2

(eπiz) −iH(1)

α+ 1
2

(eπiz)

H
(2)

α− 1
2

(eπiz) iH
(1)

α− 1
2

(eπiz)

)
e−

πi
2

(α+ 1
2

)σ3 , z ∈ III,

K

(
−iz

1
2
√
πI
α+ 1

2
(ze

πi
2 ) −iz

1
2 1√

π
K
α+ 1

2
(ze

πi
2 )

z
1
2
√
πI
α− 1

2
(ze

πi
2 ) −z

1
2 1√

π
K
α− 1

2
(ze

πi
2 )

)
, z ∈ IV,

(3.90)

where the square roots and the Hankel and Bessel functions have branch
cuts on (−∞, 0].

By (3.89) and (3.88), we have, for ±x > 0,(
Φ1(x;−s2)
Φ2(x;−s2)

)
= M(x; s)e∓

πiα
2
σ3

(
1
−1

)
+O(|s|log|s|)+O(|s|1+2α), s→ 0.

Using (3.28) and substituting in (3.90), one obtains that as τ → 0:

KPV
α (u, v; τ)

=
π
√
uv

8(u− v)

((
H

(1)

α− 1
2

(πv) +H
(2)

α− 1
2

(πv)

)(
H

(1)

α+ 1
2

(πu) +H
(2)

α+ 1
2

(πu)

)

−
(
H

(1)

α+ 1
2

(πv) +H
(2)

α+ 1
2

(πv)

)(
H

(1)

α− 1
2

(πu) +H
(2)

α− 1
2

(πu)

))
+ O(|τ |1/2log|τ |) + O(|τ |

1
2

+α).

The identity H
(1)
α (z) +H

(2)
α (z) = 2Jα(z) yields our result: as τ → 0 we

have

KPV
α (u, v; τ) =

π
√
uv

2(u− v)

(
Jα− 1

2
(πv)Jα+ 1

2
(πu)− Jα+ 1

2
(πv)Jα− 1

2
(πu)

)
+O(|τ |1/2log|τ |) +O(|τ |

1
2

+α). (3.91)

This proves (3.30).
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Figure 3.5: The jump contour Γ+ and the jump matrices for Ψ+.

3.3 Model RH problem for τ > 0

The model RH problem relevant for the case τ > 0 is a special case
of the one found in [20] (up to a simple transformation), and differs
from the one for τ < 0, although there are similarities. For instance, the
following RH problem, is also connected to the Painlevé V equation, and
an explicit solution can be constructed for even α (but not for odd α,
which was possible when τ < 0). In the RH problem below, the relevant
values for the parameters are α > −1/2 and s ∈ (0,−i∞).

RH problem for Ψ+

(a) Ψ+ : C\Γ+ → C2×2 is analytic, with Γ+ = Γ+
1 ∪Γ+

2 ∪Γ+
3 ∪Γ+

4 ∪[0, 1],
and

Γ+
1 = 1+e

πi
4 R+, Γ+

2 = e
3πi
4 R+, Γ+

3 = e−
3πi
4 R+, Γ+

4 = 1+e−
πi
4 R+,

oriented as in Figure 3.5.

(b) Ψ+ has continuous boundary values Ψ+
± on Γ+ \ {0, 1}. We have

the jump relations

Ψ+
+(z) = Ψ+

−(z)

(
1 −e−πiα
0 1

)
for z ∈ Γ+

1 ,

Ψ+
+(z) = Ψ+

−(z)

(
1 −eπiα
0 1

)
for z ∈ Γ+

2 ,

Ψ+
+(z) = Ψ+

−(z)

(
1 0

e−πiα 1

)
for z ∈ Γ+

3 ,



3.3. MODEL RH PROBLEM FOR τ > 0 131

Ψ+
+(z) = Ψ+

−(z)

(
1 0
eπiα 1

)
for z ∈ Γ+

4 ,

Ψ+
+(z) = Ψ+

−(z)

(
1 −1
1 0

)
for z ∈ (0, 1).

(c) There exist q, r, p (depending on s, α but not on z) such that Ψ+(z)
has the following limiting behavior as z →∞:

Ψ+(z) =

(
I +

1

z

(
q r
p −q

)
+O(z−2)

)
exp

(
−s

2
zσ3

)
.

(d) If α /∈ N then the functions

G(z) :=Ψ+(z)

(
1 g
0 1

)
z−

α
2
σ3 , (3.92)

H(z) :=Ψ+(z)

(
1 e−πiαg
0 1

)
(z − 1)−

α
2
σ3 (3.93)

are bounded for z near 0 and 1 respectively when z is in region
IV , with g = eπiα−1

2i sin(πα) . We let z
α
2 , (z − 1)

α
2 > 0 on the + side of

(1,∞). If α ∈ N then the functions

G(z) :=Ψ+(z)

(
1 1−eπiα

2πi log z
0 1

)
z−

α
2
σ3 , (3.94)

H(z) :=Ψ+(z)

(
1 e−πiα−1

2πi log(z − 1)
0 1

)
(z − 1)−

α
2
σ3 (3.95)

are bounded for z near 0 and 1 respectively when z is in region
IV . We let log z, log(z − 1) > 0 on the + side of (1,∞).

The above RH problem is equivalent to the one from [20, Section 3].
Indeed, if we define

ΨCK(ζ; s) = e
s
4
σ3Ψ+

(
i

2
(ζ − i); s

)
, (3.96)

then ΨCK solves the RH problem in [20, Section 3] in the case β1 =
β2 = 0, α1 = α2 = α/2.

In [20], it was proved that the RH problem for ΨCK is solvable if
α > −1/2 for every s ∈ (0,−i∞), and it follows that the same is true
for the RH problem for Ψ+.

For τ > 0 and u ∈ R, we define(
Φ1(u; τ)
Φ2(u; τ)

)
= Ψ+

(
z =

2u

|s|
+

1

2
; s

)
∆

(
2u

|s|
+

1

2

)
, (3.97)



132 CHAPTER 3. RANDOM MATRICES WITH SINGULARITIES

where s = −i
√
τ , and

∆(z) =



(
e−

πiα
2

−e
πiα
2

)
for Re z > 1,(

0

−1

)
for 0 < Re z < 1,(

e
πiα
2

−e−
πiα
2

)
for Re z < 0,

(3.98)

and where Ψ+(z; s) has to be understood as Ψ+
+(z; s) for z ∈ (0, 1).

Then, Φ1(u; τ),Φ2(u; τ) are smooth on the real line, except at the sin-

gularities ±
√
τ

4 . As u→ ±∞, Φ1 and Φ2 have the asymptotic behavior(
Φ1(u; τ)
Φ2(u; τ)

)
=
(
I +O(u−1)

)
exp((iu+i

√
τ/4)σ3)∆

(
2u√
τ

+
1

2

)
, (3.99)

similar to (3.48).

3.3.1 Lax pair and Painlevé V

The results about the Lax pair and the relation with the Painlevé V
equation hold for Ψ+ as well as for Ψ−. Indeed, Ψ = Ψ+ satisfies
the Lax pair (3.49)-(3.50), where A and B can be parameterized as in
(3.51)-(3.55). The functions v, u defined in (3.56)-(3.57) in terms of
q, r, p, solve equations (3.58)-(3.59), and σ defined as in (3.62) solves
the σ-form (3.10) of Painlevé V. It has to be noted that the functions
q(s), r(s), p(s), v(s), u(s), σ(s) defined here for τ > 0 are in general dif-
ferent from their counterparts in Section 3.2 for τ < 0.

3.3.2 Recursive construction for α ∈ 2N

Similarly to the case τ < 0, we define

Xα(z; s) =



Ψ+
α (z; s) for z ∈ I, III,

Ψ+
α (z; s)

(
1 1

0 1

)
for z ∈ II,

Ψ+
α (z; s)

(
1 0

1 1

)
for z ∈ IV ,

(3.100)

with regions I, II, III, IV as in Figure 3.5. Then, it is easily verified
that, for even α, Xα satisfies the RH problem for Xα stated in Section
3.2.2. It is important to note that this is not the case for α odd. It
follows that the formulas for X2 and q2 given in (3.78) and (3.79) still
hold for τ > 0. By (3.80), we obtain the formula (3.14) for σ+

2 .
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Figure 3.6: The contour Γ̃+ and the jump matrices for Ψ(2).

3.3.3 The kernel Kα as τ → +∞

An asymptotic analysis as s = −i
√
τ → −i∞ of the RH problem for

ΨCK , equivalent to the RH problem for Ψ+, has been performed in [20,
Section 5]. The following result can be extracted from that analysis:

Ψ+
+(x; s)

(
1 1
0 1

)
e
sx
2
σ3 = I +O

(
1

s(|x|+1)

)
(3.101)

for x ∈ (0, 1), as s→ −i∞. Substituting (3.101) and (3.97) in (3.28), we
obtain that the Painlevé kernel KPV

α converges to the sine kernel, proving
(3.29) whenever |u− v| remains bounded in the limit where τ → +∞:

KPV
α (u, v; τ) = Ksin(u, v) +O

(
τ−1/2

)
.

3.3.4 The kernel KPV
α as τ → 0

Recall that the parameter s in the model problem for Ψ+ is negative
imaginary. Define

Ψ(2)(z; s) = e
s
4
σ3Ψ+

(
2z

|s|
+

1

2
; s

)
χ (z) , (3.102)

χ(z) =


I, for − |s|4 < Re z < |s|

4 ,

e
πiα
2
σ3 , for Re z < − |s|4 ,

e
−πiα

2
σ3 , for Re z > |s|

4 .

(3.103)

Then Ψ(2) satisfies the following RH problem:
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RH problem for Ψ(2)

(a) Ψ(2) : C \ Γ̃+ → C is analytic, where Γ̃+ is as in Figure 3.6,

Γ̃+ = ∪8
i=1Γ̃+

i , Γ̃+
1 = {z : arg(z − |s|

4
) =

π

4
},

Γ̃+
2 = {z : arg(z +

|s|
4

) =
3π

4
}, Γ̃+

3 = {z : arg(z +
|s|
4

) =
5π

4
},

Γ̃+
4 = {z : arg(z − |s|

4
) =

7π

4
}, Γ̃+

5 = [−|s|
4
,
|s|
4

],

Γ̃+
6 = {z : Re z =

|s|
4
}, Γ̃+

7 = {z : Re z = −|s|
4
}.

(b) Ψ(2) has continuous boundary values on Γ̃+ \ {− |s|4 ,
|s|
4 } given by:

Ψ
(2)
+ (z) =Ψ

(2)
− (z)

(
1 −1
0 1

)
for z ∈ Γ̃+

1 ∪ Γ̃+
2 ,

Ψ
(2)
+ (z) =Ψ

(2)
− (z)

(
1 0
1 1

)
for z ∈ Γ̃+

3 ∪ Γ̃+
4 ,

Ψ
(2)
+ (z) =Ψ

(2)
− (z)

(
1 −1
1 0

)
for z ∈ Γ̃+

5 ,

Ψ
(2)
+ (z) =Ψ

(2)
− (z)e

πiα
2
σ3 for z ∈ Γ̃+

6 ∪ Γ̃+
7 .

(c) Ψ(2)(z) has the following asymptotic behavior as z →∞:

Ψ(2)(z) = (I +O(z−1))eizσ3χ (z) . (3.104)

(d) Ψ(2)(z) inherits its local behavior at − |s|4 and |s|
4 from Ψ+(z)

through (3.92)-(3.95) and (3.102).

When s→ −i0 it was shown in [20, Section 6.2] that, for z bounded
away from 0,

Ψ(2)(z; s)χ−1(z)M−1(z) = I + ε(z, s), (3.105)

where M is as in (3.90), ε(z, s) = O(|s|2) +O(|s|2+4α) for 2α /∈ Z, and
ε(z, s) = O(|s|log|s|) for 2α ∈ Z.

We substitute (3.105) and (3.102) into (3.97) to find that as τ → 0,
±x > 0,(

Φ1(x;−s2)
Φ2(x;−s2)

)
= M(x)e∓

πiα
2

(
1
−1

)
+ ε(x, s).

By (3.28), we obtain the Bessel kernel after similar calculations as
for the case τ < 0, proving (3.30).



3.4. RH PROBLEM FOR ORTHOGONAL POLYNOMIALS 135

3.4 RH problem for orthogonal polynomials

3.4.1 RH problem for orthogonal polynomials and differ-
ential identity

The correlation kernel (3.21) for the eigenvalues in the random matrix
ensemble (3.1) can be expressed in terms of the solution of a RH problem

which characterizes the orthogonal polynomials p
(n)
j with respect to the

weight wn defined in (3.3).
Define Y by

Y (z;n) =

 1

κ
(n)
n

p
(n)
n (z) 1

2πiκ
(n)
n

∫
R
p

(n)
n (x)
x−z wn(x)dx

−2πiκ
(n)
n−1p

(n)
n−1(z) −κ(n)

n−1

∫
R
p

(n)
n−1(x)

x−z wn(x)dx

 , (3.106)

where κ
(n)
j > 0 is the leading coefficient of the normalized orthogonal

polynomial p
(n)
j . It is well-known [45] that Y can be characterized as

the unique solution of the following RH problem.

RH problem for Y

(a) Y is analytic in C \ R.

(b) Y has the following jump relations on R, except at the singularities
±
√
t in the case where t > 0:

Y+(x) = Y−(x)

(
1 wn(x)
0 1

)
.

(c) As z →∞,

Y (z) =
(
I +O

(
z−1
))(zn 0

0 z−n

)
.

(d) If t > 0 and α < 0, Y (z) has the behavior

Y (z) =

(
O(1) O(|z ∓

√
t|α)

O(1) O(|z ∓
√
t|α)

)
,

as z → ±
√
t. If t > 0 and α ≥ 0, Y is bounded near ±

√
t.

We can express the eigenvalue correlation kernel Kn and the logarithmic
t-derivative of the partition function Ẑn exactly in terms of Y .
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Proposition 3.4.1. (1) Let Kn be the correlation kernel defined in
(3.21). For x, y ∈ R, we have

Kn(x, y) =

√
wn(x)wn(y)

2πi

(
0 1

)
Y −1

+ (y)Y+(x)

(
1
0

)
x− y

. (3.107)

(2) Let Ẑn(t) = Ẑn(t, α, V ) be the partition function defined in (3.4).
Write z0 =

√
t when t > 0 and z0 = i

√
−t when t < 0. For

t < 0, α > −1
2 and for t > 0, α ≥ 0, we have the differential

identity

d

dt
log Ẑn(t) = − α

2z0

((
Y −1dY

dz

)
22

(z0)−
(
Y −1dY

dz

)
22

(−z0)

)
.

(3.108)

Proof. The formula for the correlation kernel (3.107) follows after a
straightforward calculation from (3.21) and (3.106).

To obtain (3.108), we follow ideas from [70] and [20]. In the remain-
ing part of this proof, we suppress the dependence on n in our notations

and we write pj , κj , and w instead of p
(n)
j , κ

(n)
j , and wn. We start with

the well known formula

Ẑn(t) = n!
n−1∏
j=0

κ−2
j .

Using the orthogonality of the polynomials and the Christoffel-Darboux
formula, it follows that

d

dt
log Ẑn(t) = −2

n−1∑
j=0

∂tκj
κj

= −2

n−1∑
j=0

∫ ∞
−∞

pj(x)∂t(pj(x))w(x)dx

= −
∫ ∞
−∞

∂t

n−1∑
j=0

p2
j (x)

w(x)dx

= −
∫ ∞
−∞

∂t

(
κn−1

κn
(∂x(pn(x))pn−1(x)− pn(x)∂x(pn−1(x)))

)
w(x)dx.

By orthogonality, it is straightforward to check that

d

dt
log Ẑn(t) = −n∂tκn−1

κn−1
+
κn−1

κn
(J1 − J2), (3.109)

J1 =

∫ ∞
−∞

∂tpn(x)∂xpn−1(x)w(x)dx, (3.110)

J2 =

∫ ∞
−∞

∂xpn(x)∂tpn−1(x)w(x)dx. (3.111)
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We start by evaluating J1:

J1 = −
∫ ∞
−∞

pn(x)∂t(∂xpn−1(x)w(x))dx

+

∫ ∞
−∞

∂t(pn(x)∂xpn−1(x)w(x))dx. (3.112)

The rightmost term in this expression vanishes, as one can see by taking
the derivative outside the integral and using orthogonality. By the form
of the weight function w given in (3.3), we obtain

J1 =
α

2z0
(I

(1)
+ − I(1)

− ), (3.113)

I
(1)
± =

∫ ∞
−∞

pn(x)∂xpn−1(x)w(x)

x∓ z0
dx. (3.114)

Writing ∂x(pm(x))|x=y= pm,x(y), we find that

I
(1)
± =

∫ ∞
−∞

pn(x)(pn−1,x(x)− pn−1,x(±z0))w(x)

x∓ z0
dx (3.115)

+ pn−1,x(±z0)

∫ ∞
−∞

pn(x)w(x)

x∓ z0
dx

=pn−1,x(±z0)

∫ ∞
−∞

pn(x)w(x)

x∓ z0
dx.

We proceed in a similar fashion for J2 and find that

J2 = −nκn∂tκn−1

κ2
n−1

+
α

2z0
pn,x(z0)

∫ ∞
−∞

pn−1(x)w(x)

x− z0
dx

− α

2z0
pn,x(−z0)

∫ ∞
−∞

pn−1(x)w(x)

x+ z0
dx. (3.116)

Substituting (3.113)–(3.116) into (3.109), and using (3.106), it is straight-
forward to obtain (3.108).

Remark 3.4.1. When t > 0 and α < 0, the integrals in (3.114) are
not defined. Using techniques similar to those in [70], one can regularize
those integrals and obtain a differential identity similar to (3.108). We
refer the reader to [70, 20] for more details.

3.4.2 The g-function and normalization of the RH prob-
lem

We proceed with a transformation of the RH problem for Y to one
which is normalized to the identity at infinity, and which has suitable
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jump conditions. This is a standard part of the Deift/Zhou steepest
descent method [36] which we apply in order to get asymptotics for Y
as n→∞ with t small. Define

T (z) = e
n`
2
σ3Y (z)e−ng(z)σ3e

−n`
2
σ3 , (3.117)

where g is defined by

g(z) =

∫
log(z − x)dµV (x), (3.118)

with µV the equilibrium measure given by (3.9), minimizing (3.6) and
satisfying the conditions (3.7)-(3.8). Clearly g(z) = log z + O

(
z−1
)

as
z →∞, and it follows that T satisfies the following RH problem.

RH problem for T

(a) T is analytic in C \ R.

(b) T has the following jump relation for x ∈ R (except for x = ±
√
t

if t > 0),

T+(x) = T−(x)

(
e−n(g+(x)−g−(x)) |x2 − t|αen(g+(x)+g−(x)−V (x)+`)

0 en(g+(x)−g−(x))

)
.

(c) T (z) = I +O(z−1), as z →∞.

(d) If t > 0, α < 0, as z → ±
√
t, we have

T (z) =

(
O(1) O(|z ∓

√
t|α)

O(1) O(|z ∓
√
t|α)

)
.

If t > 0 and α ≥ 0, T is bounded near ±
√
t.

By the fact that V is one-cut regular, we have (3.9) with h real analytic
and positive on [a, b]. By (3.118) and the Euler-Lagrange conditions
(3.7)-(3.8), it can be shown that g satisfies the following properties which
we will need later on:

(a) g+(x)−g−(x) =


0 for x > b,

2πi for x < a,

2πi
∫ b
x h(ξ)((ξ − a)(b− ξ))

1
2dξ for x ∈ [a, b],

(b) g+(x) + g−(x)− V (x) + ` < 0 for x > b and x < a,
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(c) g+(x) + g−(x)− V (x) + `

=


2π
∫ a
x h(ξ) ((ξ − a)(ξ − b))1/2 dξ for x < a,

0 for x ∈ [a, b],

−2π
∫ x
b h(ξ) ((ξ − a)(ξ − b))1/2 dξ for x > b.

In part (a), the square root is positive for s ∈ (a, b), and in part (c), the
square roots are positive for s > b and negative for s < a, with branch
cut on [a, b]. The function h is analytic on a neighborhood U of R, and
we define the function φ : U \ (−∞, b]→ C as

φ(z) = π

∫ z

b
h(ξ) ((ξ − a)(ξ − b))1/2 dξ, (3.119)

with the square root analytic on C \ [a, b] and positive for ξ > b, and
with the path of integration not crossing (−∞, b]. By property (a) of
the function g, it follows that

∓(g+(x)− g−(x)) = 2φ±(x) for x ∈ (a, b).

Combining this with property (c) for the function g we obtain

T+(x) = T−(x)

(
e2nφ+(x) |x2 − t|α

0 e2nφ−(x)

)
for x ∈ [a, b].

By property (c) of the function g it follows that

g+(x) + g−(x)− V (x) + ` =

{
−2φ(x) for x > b,

−2φ+(x)− 2πi for x < a.

(3.120)

Combined with property (a) of g it follows that

T+(x) = T−(x)

(
1 |x2 − t|αe−2nφ(x)

0 1

)
for x < a and for b < x,

where we note that e−2nφ+(x) = e−2nφ−(x) by (3.120).

3.5 Asymptotic analysis for T as n→∞ for t < 0

In what follows, we will perform further transformations on T in order
to obtain a RH problem for which we can compute large n asymptotics.
We first complete the analysis in the case t < 0.
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0a b
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√
−t
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√
−t
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-
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ΓS,bottom ΓS,bottom

r
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Figure 3.7: The contour ΓS .

3.5.1 Opening of the lens

We deform the jump contour for T , which is the real line, to a lens-
shaped contour around [a, b] as in Figure 3.7. It is important that the
singularities ±i

√
−t lie in the region outside of the lens, and that the

lenses lie within the region U of analyticity of h. Since we want to obtain
asymptotics which are valid for t arbitrary small, we choose the lenses
to pass through 0, and with shape independent of t and n.

Define

S(z) =



T (z) for z outside the lens,

T (z)

(
1 0

− e2nφ(z)

(z2−t)α 1

)
for z in the upper parts of the lens,

T (z)

(
1 0

e2nφ(z)

(z2−t)α 1

)
for z in the lower parts of the lens.

(3.121)

The function (z2 − t)α is chosen with branch cuts on (−i∞,−i
√
−t] ∪

[i
√
−t,+i∞), outside the lens-shaped region, and positive for real z. It

is such that (z2 − t)α = |z2 − t|α for z ∈ (a, b).
It follows that S solves the following RH problem.

RH problem for S

(a) S is analytic for z ∈ C \ ΓS where ΓS = ΓS,top ∪ ΓS,bottom ∪ R is
the contour shown in Figure 3.7.
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(b) S has the following jump relations on ΓS :

S+(x) = S−(x)

(
1 |x2 − t|αe−2nφ(x)

0 1

)
, for x ∈ R \ [a, b],

S+(x) = S−(x)

(
0 |x2 − t|α

− 1
|x2−t|α 0

)
, for x ∈ (a, b),

S+(z) = S−(z)

(
1 0

e2nφ(z)

(z2−t)α 1

)
, for z ∈ ΓS,top ∪ ΓS,bottom.

(c) S(z) = I +O
(
z−1
)

as z →∞.

(d) S(z) is bounded as z → 0, as z → a, and as z → b.

3.5.2 Global parametrix for t < 0

The jump matrices for S tend to the identity matrix exponentially fast
everywhere on ΓS , with the exception of the interval (a, b) and small
neighborhoods of a, b, and 0. We construct a global parametrix N which
solves the RH problem for S, ignoring exponentially small jumps and
small neighborhoods of a, b, and 0. We will show later on that the global
parametrix is a good approximation of S away from a, b, 0.

RH problem for N

(a) N : C \ [a, b]→ C2×2 is analytic.

(b) N has the following jump relation on (a, b), where the orientation
is taken from left to right:

N+(x) = N−(x)

(
0 |x2 − t|α

− 1
|x2−t|α 0

)
for x ∈ (a, b).

(c) N(z) = I +O
(

1
z

)
as z →∞.

Define

N(z) = D(∞)−1N0(z)D(z), (3.122)

where

N0(z) =

(
1 i
i 1

)(
γ(z) 0

0 γ(z)−1

)(
1 i
i 1

)−1

,

γ(z) =

(
z − b
z − a

)1/4

, (3.123)
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with
(
z−b
z−a

)1/4
analytic on C\ [a, b] and positive for z > b. D(z) depends

on α and t and is given by

D(z) = d(z)−σ3 , (3.124)

d(z) = exp

(
−α((z − a)(z − b))1/2

2π

(∫ b

a

log|ξ2 − t|dξ
(ξ − z)

√
(ξ − a)(b− ξ)

))
,

(3.125)

with
√

(z − a)(z − b) analytic in C \ [a, b] and positive for z > b, and
with

√
(ξ − a)(b− ξ) positive for ξ ∈ (a, b). Then, it is straightforward

to verify that N solves the RH problem for N . Moreover, as z → a and
z → b, N(z) has the following behavior:

N(z) = O
(
|z − a|−1/4

)
as z → a, (3.126)

N(z) = O
(
|z − b|−1/4

)
as z → b. (3.127)

To verify this, one first shows that N0(z) satisfies the conditions (3.126)-
(3.127). It then remains to show that d is bounded near a and b. This
can be seen by deforming the integral between a and b to a contour
surrounding the interval [a, b] and applying a residue argument.

3.5.3 Local parametrix at a and b

We need to construct local parametrices near the endpoints a and b.
This construction, using the Airy function, is standard [27, 34, 35]. The
explicit formula for the local parametrices near a and b is not relevant
to later calculations, we only need that these local parametrices exist.

Let Ub (Ua) be an open set which is independent of n and which
contains b (a). The following RH problems can be solved in terms of the
Airy function. We do not give details about this construction here.

RH problem for P (b)

(a) P (b) : Ub \ ΓS → C2×2 is analytic on Ub \ ΓS .

(b) P (b) has exactly the same jump relations as S has for z ∈ ΓS ∩Ub.

(c) P (b)(z) = (I+O(n−1))N(z) as n→∞, uniformly for z ∈ ∂Ub and
|t| sufficiently small.
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RH problem for P (a)

(a) P (a) : Ua \ ΓS → C2×2 is analytic on Ua \ ΓS .

(b) P (a) has exactly the same jump relations as S has for z ∈ ΓS ∩Ua.

(c) P (a)(z) = (I + O(n−1))N(z) as n → ∞, uniformly for z ∈ ∂Ua
and |t| sufficiently small.

3.5.4 Local parametrix at the origin

Let U0 be a sufficiently small disk around the origin, which is indepen-
dent of n. We want to construct a local parametrix which has the same
jumps as S in the disk U0 and which matches with the global parametrix
up to order 1/n at the boundary of U0. This matching condition has
to be valid in the double scaling limit where n → ∞ and simultane-
ously t → 0 in such a way that n2t tends to a non-zero constant, or
equivalently such that τn,t → τ < 0, with τn,t defined in (3.24).

RH problem for P

(a) P : U0 \ ΓS → C2×2 is analytic.

(b) P has the same jump relations as S:

P−1
− (z)P+(z) = S−1

− (z)S+(z), for z ∈ U0 ∩ ΓS .

(c) P (z) =
(
I +O

(
n−1

))
N(z) uniformly for z on the boundary ∂U0,

as n→∞ and simultaneously t→ 0 in such a way that n2t tends
to a non-zero constant.

We will construct a solution to the RH problem for P in terms of
the model RH solution Ψ− studied in Section 3.2.

Construction of the parametrix

Define λ : U0 → C by

λ(z) = −in×

{
φ(z)− φ(i

√
−t)−φ(−i

√
−t)

2 for Im z > 0,

−φ(z)− φ(i
√
−t)−φ(−i

√
−t)

2 for Im z < 0.
(3.128)

By (3.119), λ is a conformal map in U0 (if this one is chosen sufficiently
small, but containing ±i

√
−t), and we have

λ(i
√
−t) = −λ(−i

√
−t) = − in

2
(φ(i
√
−t) + φ(−i

√
−t)),
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and

λ′(0) = nπψV (0).

We define sn,t such that λ sends i
√
−t to isn,t/4 and −i

√
−t to −isn,t/4:

sn,t = −4iλ(i
√
−t) = −2n(φ(i

√
−t) + φ(−i

√
−t))

= −4nReφ(i
√
−t) > 0.

(3.129)

By (3.119), we have

sn,t = −4πnRe

(∫ i
√
−t

0
h(s) ((s− a)(s− b))1/2 ds

)
= 4nπ

√
−tψV (0) +O(n|t|3/2) =

√
−τn,t +O(n|t|3/2), (3.130)

as t→ 0, n→∞, with τn,t as in (3.24).
There remains some freedom to choose the contour ΓS , which has

to be of the shape shown in Figure 3.7, but is otherwise arbitrary. We
choose ΓS such that the upper and lower lenses are mapped to the
straight lines Γ̃−1 , . . . , Γ̃

−
4 (see Figure 3.3) by λ.

Recall the definition of Ψ(1) from (3.85). We take P of the form

P (z) = E(z)Ψ(1)(λ(z); sn,t)W (z). (3.131)

Here, E has to be analytic in U0, and W takes the form

W (z) =

{(
(z2 − t)α/2e−nφ(z)

)σ3
σ3σ1 for Im z > 0,(

(z2 − t)−α/2enφ(z)
)σ3

for Im z < 0.
(3.132)

It is constructed in such a way that P has the required jump condi-
tions on ΓS ∩ U0. The branch cuts of (z2 − t)α/2 are taken on the lines
(−i∞,−i

√
−t) and (i

√
−t, i∞). E is an analytic matrix-valued function

on U0 which is constructed such that P (z) approximates N(z) on the
boundary ∂U0:

E(z) = N(z)W−1(z)

(
λ(z)− isn,t

4

λ(z) +
isn,t

4

)α
2
σ3

e−iλ(z)σ3e
πiα
2
σ3 , (3.133)

where we have chosen the branch cuts for z in (i
√
−t, i∞) and (−i

√
−t,−i∞)

such that(
λ(z)− isn,t

4

λ(z) +
isn,t

4

)α
2
σ3

= 1+O(n−1) for Re (z) > 0 and z ∈ ∂U , (3.134)
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as n→∞ and sn,t remains bounded. Note that N(z)W−1(z) is contin-

uous across the real line and that W−1

(
λ(z)− isn,t

4

λ(z)+
isn,t

4

)α
2
σ3

has no singular-

ities at ±i
√
−t. No other component of E has discontinuities. It follows

that E is analytic on U0.

Proposition 3.5.1. Let P (z) be defined as in (3.131). Then, P satisfies
the RH problem for P .

Proof. Conditions (a) and (b) are satisfied by construction. We verify
(c). For z ∈ ∂U0 we have

P (z)N−1(z) = E(z)Ψ(1)(λ(z); sn,t)W (z)N−1(z). (3.135)

It follows from (3.87) that

Ψ(1)(λ(z); sn,t)

(
λ(z)− isn,t

4

λ(z) +
isn,t

4

)α
2
σ3

e−iλ(z)σ3e
πiα
2
σ3 = I+O(n−1), (3.136)

as n→∞, where O(n−1) is uniform for sn,t in compact subsets of (0,∞)
and z ∈ ∂U0 and branches are chosen as in (3.134). By (3.132), we find
that

P (z)N−1(z) = E(z)(I +O(n−1))E−1(z). (3.137)

The proposition follows if E(z) is bounded uniformly on ∂U0. By (3.133)
it is clear that the only part of E which could diverge is W−1(z)e−iλ(z)σ3 ,
which contains enφ(z)−iλ(z). To deal with this we note that

enφ(z)−iλ(z) = e−
n
2

(φ(i
√
−t)−φ(−i

√
−t)), (3.138)

which has modulus 1 because of the symmetry φ(z̄) = φ(z). Substituting
this into (3.133), one indeed finds that E(z) = O(1) uniformly on the
boundary ∂U0.

3.5.5 Small norm RH problem

Define R(z) by

R(z) =


S(z)P (z)−1 for z ∈ U0,

S(z)P (a)(z)−1 for z ∈ Ua,
S(z)P (b)(z)−1 for z ∈ Ub,
S(z)N(z)−1 for z ∈ C \ (U0 ∪ Ua ∪ Ub).

(3.139)

It follows from the conditions of the RH problems for P , P (a), P (b) and
N that R(z) satisfies
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RH problem for R

(a) R is analytic on C \ ΓR where

ΓR = ∂Ua ∪ ∂Ub ∪ ∂U0 ∪ (ΓS \ ((a, b)∪U0 ∪Ua ∪Ub))). (3.140)

(b) R has the following jump relations on ΓR:

R+(z) = R−(z)(I +O(n−1))

as n→∞, uniformly for z ∈ ΓR, in the double scaling limit where
τn,t → τ < 0.

(c) R(z) has the following asymptotics as z →∞:

R(z) = I +O(z−1).

We have that R solves a RH problem, normalized at infinity and with
jump matrices that are uniformly close to the identity matrix. This type
of RH problem is often called a small norm RH problem, and it implies
that R itself is uniformly close to I: in the double scaling limit where
n→∞ and t→ 0 in such a way that τn,t → τ < 0, we have

R(z) = I +O
(
n−1

)
, (3.141)

where the error term O(n−1) is uniform for z ∈ C \ ΓR.

Remark 3.5.1. In fact, it can be shown that the estimate (3.141) holds
not only if n → ∞, t → 0 in such a way that τn,t → τ < 0, but also if
τn,t → 0 and if τn,t → −∞. To see this, we first recall from Proposition
3.1 in [19] that (3.136) holds uniformly for sn,t ∈ (0,∞) (or τn,t < 0)
as n → ∞, and it follows that the same holds for (3.137). Since E is
uniformly bounded, this implies that condition (b) of the RH problem
for R is uniform for τn,t < 0 as n→∞, and thus (3.141) is too.

3.5.6 Proof of Theorem 3.1.2 for t < 0

If τn,t → τ < 0, we have by (3.130) that sn,t → s ∈ (0,+∞). We have
that sn,t = 4nπψV (0)

√
−t+O(n−1) as n→∞.

First, recall formula (3.107) which expresses the correlation kernel
in terms of Y . Expressing Y in T by (3.117), we obtain

Kn(x, y) = |x2 − t|α/2en
(
g+(x)+

`−V (x)
2

)
|y2 − t|α/2en

(
g+(y)+

`−V (y)
2

)

×

(
0 1

)
T−1

+ (y)T+(x)

(
1
0

)
2πi(x− y)

.
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Using the identity g+ − 1
2V + `/2 = −φ+ on (a, b) and substituting S

into the equation, by (3.121), we obtain

Kn(x, y) =
1

2πi(x− y)

(
− enφ+(y)

|y2−t|α/2
|y2−t|α/2

enφ+(y)

)
S−1

+ (y)

S+(x)

(
e−nφ+(x)|x2 − t|α/2
enφ+(x)|x2 − t|−α/2

)
. (3.142)

Now, we use the fact that S = RP for z close to the origin. Substi-
tuting this and the definition (3.131) of P , we obtain for x, y ∈ U0:

Kn(x, y) =
1

2πi(x− y)

(
1 1

) (
Ψ

(1)
+

)−1
(λ(y); sn,t)E

−1
+ (y)

× R−1
+ (y)R+(x)E+(x)Ψ

(1)
+ (λ(x); sn,t)

(
1
−1

)
.

Up to this point, no approximations have been made. Now, we use the
fact that R = I +O(n−1) in the double scaling limit and the analyticity
of E and R, which imply that

E−1
+ (y)R−1

+ (y)R+(x)E+(x) = I +O(x− y),

as x→ y for n sufficiently large. We find, for fixed u, v, that

1

ψV (0)n
Kn,t

(
xn =

u

nψV (0)
, yn =

v

nψV (0)

)
=

1

2πi(u− v)

×
(
1 1

) (
Ψ

(1)
+

)−1
(λ(yn); sn,t)Ψ

(1)
+ (λ(xn); sn,t)

(
1
−1

)
+O(n−1),

as n→∞, t→ 0. By (3.47) and (3.85) we have(
Φ1(λ; τ)
Φ2(λ; τ)

)
= e−

s
4
σ3Ψ(1)(λ; s =

√
−τ)

(
−1
1

)
, (3.143)

and it follows from (3.130) that

1

nψV (0)
Kn,t

(
xn =

u

nψV (0)
, yn =

v

nψV (0)

)
= KPV

α (λ(xn), λ(yn);−s2
n,t) +O(n−1), (3.144)

as n → ∞, t → 0; with KPV
α given in (3.28). In the case where τn,t →

τ < 0,

λ(xn) = πu+O(n−1), −s2
n,t = τn,t +O(n−1) (3.145)



148 CHAPTER 3. RANDOM MATRICES WITH SINGULARITIES

which proves (3.27) by continuity of the kernel. If τn,t → −∞, the error
terms in (3.145) become of order O(n|t|3/2). Nevertheless we can apply
(3.29) (which holds whenever u − v has a limit as τ → −∞) in (3.144)
to obtain

lim
s→∞

KPV
α (λ(xn), λ(yn);−s2

n,t) = Ksin(λ(xn), λ(yn)) +O(s−1
n,t),

as n → ∞, sn,t → ∞. This yields (3.25), since λ(xn) − λ(yn) = π(u −
v) + O(n−1) as n → ∞, uniformly in t < t0 for some sufficiently small
t0 > 0. Finally, if τn,t → 0, we substitute (3.30) into (3.144) and obtain
(3.26). This completes the proof of Theorem 3.1.2.

3.5.7 Proof of Theorem 3.1.1 for t < 0

We start from the differential identity (3.108). Following the transfor-
mations Y 7→ T 7→ S 7→ R given in (3.117), (3.121) and (3.139), and
recalling the definition (3.131) of the local parametrix, we find the fol-
lowing form for Y −1Y ′. Write j = 1 for Im z > 0 and j = 2 for Im z < 0.
Then

(
Y −1Y ′

)
2,2

(z) =

(
B(z) +W−1(z)W ′(z) + e−ng(z)σ3

(
eng(z)σ3

)′)
2,2

+
(

((Ψ(1))−1(Ψ(1))′z)(λ(z))
)
j,j
, (3.146)

where ′ in general means the derivative with respect to the main argu-
ment, ′z means the derivative with respect to z , and where

B(z) = (Ψ(1)(λ))−1(RE)−1(z)(RE)′(z)Ψ(1)(λ).

We will show that B(z) is bounded uniformly for s ∈ (0,∞) and n large,
but we will first calculate the other terms in the above expression. We
have (

(W−1W ′)(z) + e−ng(z)σ3

(
eng(z)σ3

)′)
2,2

= −n
2
V ′(z) +

α/2

z − z0
+

α/2

z + z0
,

where we used

φ′±(x) + g′±(x) =
V ′

2
. (3.147)
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By condition (d) of the RH problem for Ψ− and (3.85), it follows that

((Ψ(1))−1(Ψ(1))′z)1,1 (λ(z)) = −2iλ′(z0)

sn,t
(H−1H ′)1,1(1)

− α/2

z − z0
+O(1) as z → z0, (3.148)

and

((Ψ(1))−1(Ψ(1))′z)2,2 (λ(z)) = −2iλ′(−z0)

sn,t
(G−1G′)2,2(0)

− α/2

z + z0
+O(1) as z → −z0, (3.149)

where both O(1) terms are uniform for large n and sufficiently small |t|.
Now, we use the following lemma, which we will prove below.

Lemma 3.5.2. (1) The following identity holds:

(G−1G′)2,2(0) = −(H−1H ′)1,1(1) =
s

2
+
σ−α (s)

α
− α

2
.

(2) B(z) is bounded uniformly as n → ∞ for t < t0 for some suffi-
ciently small t0.

Equations (3.146)-(3.149) and Lemma 3.5.2 can be substituted into
(3.108) to obtain

d

dt
log Ẑn(t, α, V ) = − α

2z0

(
4iλ′(z0)

sn,t

(
sn,t
2

+
σ−α (sn,t)

α
− α

2

)
+

α

2z0

+
n

2

(
V ′(−z0)− V ′(z0)

)
+B(z0)−B(−z0) +O(1)

)
(3.150)

as n → ∞ and for sufficiently small |t|. After a straightforward calcu-
lation in which one uses (3.11) and (3.130), Theorem 3.1.1 follows upon
integration.

Proof of Lemma 3.5.2. Equation (3.46) implies that

(H−1H ′)1,1(1) = −(G−1G′)2,2(0).

We proceed to evaluate (G−1G′)2,2(0). Substituting

Ψ(ζ) = G(ζ)ζ
α
2
σ3 , for ζ in a neighborhood of 0,
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into (3.49), (3.51) and evaluating the terms of order z−1, we find that

(Gσ3G
−1)2,2(0) =

2v

α
− 1. (3.151)

Writing

G(z) = G0(1 +G1z +O(z2)), z → 0,

we also have

(G−1G′)(0) = G1, (3.152)

and, by (3.52),

∂

∂s
G0 = B0G0, (3.153)

∂

∂s
G1 = G−1

0 B1G0 = −1

2
G−1

0 σ3G0. (3.154)

By (3.151), (3.152) and (3.154), we obtain

∂

∂s
(G−1G′)2,2(0) = − v

α
+

1

2
. (3.155)

By analyzing at the behavior of Ψ as s→ +∞ in Section 3.2.3, one finds
that as s→ +∞,

(G−1G′)2,2(0) = −α
2

+
s

2
+ o(1). (3.156)

Integrating (3.155) using (3.62) and comparing (3.156) to (3.11), one
finds that

(G−1G′)2,2(0) =
s

2
+
σ(s)

α
− α

2
.

It remains to show that B(z) is bounded. It follows from (3.141) and
Remark 3.5.1 that

R−1(z)R′(z) = O(n−1) as n→∞, t→ 0.

We will show that E and E−1E′ are bounded uniformly as n→∞ and
t→ 0.
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For z in a neighborhood of z0, we write

E(z) =
4∏
j=1

fj(z),

f1(z) = D−1(∞)N0(z),

f2(z) = D(z)σ1σ3(z + z0)−
α
2
σ3

(
λ(z) +

isn,t
4

)−α
2
σ3

n
α
2
σ3 ,

f3(z) = (z − z0)−
α
2
σ3

(
λ− isn,t

4

)α
2
σ3

n−
α
2
σ3 ,

f4(z) = enφ(z)σ3e−iλ(z)σ3e
πiα
2
σ3 .

Each fj , j = 1, . . . , 4 is uniformly bounded at ±z0 as n→∞ and t→ 0.
This is clear for f1 and f3. To see this for f2, one can perform a contour
integral to find that

D(z0) =

(
O
(
z−α0

)
0

0 O (zα0 )

)
.

For f4, it follows from the definition of λ and the fact that φ(z) = φ(z).
One can do the same for z in a neighborhood of −z0. Thus

B(±z0) = lim
z→±z0

(Ψ(1))−1(λ(z); sn,t)O(1)Ψ(1)(λ(z); sn,t),

which is bounded as long as s lies in compact subsets of (0,+∞). To
see that B(±z0) is bounded as well as s→∞, we substitute in Ψ̂ from
(3.83) and use the fact that it converges to the identity. To see that
B(±z0) is bounded as s → 0 we refer to the small x behavior of Ψ in
[19] (formulas (4.23), (4.53), (4.61), (4.64), (4.67)).

2

3.6 Asymptotic analysis of T as n→∞ for t > 0

In this section, we will analyse asymptotically the RH problem for T in
the case where t > 0, which means that the singularities ±

√
t are real

and approach the origin as t → 0. Many of the notations here will be
the same as the ones in Section 3.5 to emphasize the parallels in the
analysis. We will refer to many arguments given in the previous section,
so it is recommended to read Section 3.5 before this one.
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0 √
t−

√
t

a b

-

-

-

-

-

-

-- R

ΓStop ΓStop

ΓSbottom ΓSbottom

Figure 3.8: The contour ΓS .

3.6.1 Opening of the lens for t > 0

We open the lens as in Figure 3.8. We define S in the same way as for
t < 0 in (3.121), except that we use the contour pictured in Figure 3.8
instead of the one in Figure 3.7, and except for the fact that we define
(z2 − t)α such that it is positive on (a,−

√
t) and (

√
t, b):

(z2 − t)α = |z2 − t|αeiα arg(z−
√
t)eiα arg(z+

√
t),

with the conventions −3π/2 < arg(z −
√
t) < π/2 and −π/2 < arg(z +√

t) < 3π/2.
The RH problem for S is the following.

RH problem for S

(a) S is analytic for z ∈ C \ΓS where ΓS = ΓStop∪ΓSbottom∪R is the
union of the lens and the real line, see Figure 3.8.

(b) S has the following jump relations on ΓS ,

S+(x) = S−(x)

(
1 |x2 − t|αe−2nφ(x)

0 1

)
for x < a and b < x,

S+(x) = S−(x)

(
0 |x2 − t|α

− 1
|x2−t|α 0

)
for x ∈ (a,−

√
t) ∪ (

√
t, b),

S+(z) = S−(x)

(
1 0

e2nφ(z)

(z2−t)α 1

)
for z ∈ ΓStop ∪ ΓSbottom,

S+(x) = S−(x)

(
e2nφ+(x) |x2 − t|α

0 e2nφ−(x)

)
for x ∈ [−

√
t,
√
t].

(c) S(z) = I +O
(
z−1
)

as z →∞.
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(d) For α < 0, S has the following asymptotics as z → ±
√
t:

S(z) =

(
O(1) O(|z ∓

√
t|α)

O(1) O(|z ∓
√
t|α)

)
.

For α ≥ 0 the following asymptotics hold:

S(z) =

(
O(1) O(1)
O(1) O(1)

)
as z → ±

√
t from

outside the lense,

S(z) =

(
O(|z ∓

√
t|−α) O(1)

O(|z ∓
√
t|−α) O(1)

)
as z → ±

√
t from

inside the lense.

(e) S(z) is bounded as z → a and as z → b.

3.6.2 Global parametrix

As for t < 0, we now ignore small neighborhoods of a, b, 0 and exponen-
tially small jumps.

The solution to the RH problem obtained in this way is constructed
as for t < 0: N is given by (3.122)-(3.125), where the parameter t is
positive in (3.125).

The function N now has singularities at ±
√
t. Applying a contour

deformation argument on the integral in (3.125), we obtain the following
behavior,

N(z) = O(|z ±
√
t|−

α
2
σ3), z → ∓

√
t. (3.157)

3.6.3 Local parametrices at endpoints a and b

The local parametrices at the endpoints a and b remain unchanged with
respect to Section 3.5.3. They satisfy the same jumps as S near a and
b, and as n → ∞, they match with the global parametrix N on the
boundary of fixed disks around a and b.

3.6.4 Local parametrix at the origin

Let U0 be a sufficiently small disk around the origin which is indepen-
dent of n. We will construct a function P which satisfies the following
conditions.

RH problem for P

(a) P : U0 \ ΓS → C2×2 is analytic.
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(b) P has same jump relations as S:

P−1
− (z)P+(z) = S−1

− (z)S+(z), for z ∈ U0 ∩ ΓS . (3.158)

(c) As n→∞ and simultaneously t→ 0 in such a way that n2t tends
to a non-zero constant, we have

P (z) =
(
I +O

(
n−1

))
N(z),

uniformly for z on the boundary ∂U0.

These RH conditions are exactly the same as in the case t < 0, but it
has to be noted that the function S and its jump contour are different
here than in the case t < 0. Therefore the construction of the local
parametrix differs from the construction done before.

In analogy with the case t < 0, define

λ(z) = −in×

{
φ(z)− φ+(

√
t)+φ+(−

√
t)

2 for Im z > 0,

−φ(z)− φ+(
√
t)+φ+(−

√
t)

2 for Im z < 0.
(3.159)

By (3.119), λ is a conformal map in U0,

λ(
√
t) = −λ(−

√
t) = − in

2
(φ+(

√
t)− φ+(−

√
t)),

and

λ′(0) = nπψV (0).

We have that λ(z) is a conformal map which sends
√
t to |sn,t|/4 and

−
√
t to −|sn,t|/4, with

sn,t = −4iλ(
√
t) = −2n(φ+(

√
t)− φ+(−

√
t)). (3.160)

By (3.119), we have

sn,t = −2πin

∫ √t
−
√
t
ψV (s)ds

= −4inπ
√
tψV (0) +O(nt3/2) = −i√τn,t +O(nt3/2), (3.161)

as t→ 0, n→∞, similar to the case t < 0.
Recall the definition of Ψ(2) in (3.102). We now fix the lens by

requiring that it is mapped to the jump contours Γ̃1, Γ̃2, Γ̃3, and Γ̃4 of
Ψ(2) by λ. We search for P in the form

P (z) = E(z)Ψ(2)(λ(z); sn,t)W (z), (3.162)
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where

W (z) =



((z2−t)α/2e−nφ(z))
σ3σ3σ1 for Im z > 0, Reλ(z) /∈

[
− |sn,t|

4
,
|sn,t|

4

]
,

((z2−t)−α/2enφ(z))
σ3 for Im z < 0, Reλ(z) /∈

[
− |sn,t|

4
,
|sn,t|

4

]
,

(
(z2−t)α/2e

πiα
2 e−nφ(z)

)σ3
σ3σ1 for Im z > 0, Reλ(z) ∈

[
− |sn,t|

4
,
|sn,t|

4

]
,

(
(z2−t)−α/2e−

πiα
2 enφ(z)

)σ3
for Im z < 0, Reλ(z) ∈

[
− |sn,t|

4
,
|sn,t|

4

]
.

The above construction was done in such a way that W induces the
correct jump relations for P . E is an analytic function which has to be
such that the matching condition (c) of the RH problem for P is valid
for z on the boundary of U0. Therefore, we recall the definition of χ in
(3.103) and let

E(z) = N(z)W−1(z)e−iλ(z)σ3χ(λ(z))−1.

Proposition 3.6.1. P (z), defined as in (3.162), satisfies the RH prob-
lem for P .

Proof. Condition (a) and condition (b) hold by construction. We pro-
ceed to prove (c). By the definition of E(z), we have

P (z)N−1(z) = E(z)Ψ(2)(λ(z); sn,t)e
−iλ(z)σ3χ(λ(z))−1E−1(z).

For z ∈ ∂U0, it follows from (3.104) that

Ψ(2)
(
λ(z); sn,t

)
= (I +O(n−1))χ(λ(z))eiλ(z)σ3

as n → ∞, where the O(n−1) is uniform for sn,t in compact subsets of
(0,−i∞) and λ(z) sufficiently large. Using the same calculations as in
the proof of Proposition 3.5.1 we find that E is bounded on ∂U0 and
so the result follows in the same manner as in the proof of Proposition
3.5.1.

3.6.5 Small norm RH problem

A small norm RH problem can be constructed in a similar way as in
Section 3.5.5: define

R(z) =


S(z)P (z)−1 for z ∈ U0,

S(z)P (a)(z)−1 for z ∈ Ua,
S(z)P (b)(z)−1 for z ∈ Ub,
S(z)N(z)−1 for z ∈ C \ (U0 ∪ Ua ∪ Ub).

Then R satisfies the following RH problem, similar to the case where
τ < 0.
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RH problem for R

(a) R is analytic on C \ ΓR where

ΓR = ∂Ua ∪ ∂Ub ∪ ∂U0 ∪ (ΓS \ ((a, b)∪U0 ∪Ua ∪Ub)). (3.163)

(b) R has the following jump relations on ΓR:

R+(z) = R−(z)(I +O(n−1))

as n→∞, uniformly for z ∈ ΓR, in the double scaling limit where
τn,t → τ > 0.

(c) R(z) has the following asymptotics as z →∞:

R(z) = I +O(z−1).

In the double scaling limit where n→∞ and at the same time t→ 0
in such a way that n2t tends to a non-zero constant, it follows that

R(z) = I +O(n−1), (3.164)

uniformly for z off the jump contour for R. As for t < 0, one can extend
this result to the cases where n → ∞ and t → 0 in such a way that
n2t → ∞ and in such a way that n2t → 0. We do not give the details
here, as the arguments are very similar to those in [20]: see equations
(5.1), (5.17), (5.18), (5.25) in [20] for n2t → ∞ and equations (6.1),
(6.28), (6.32), and (4.6) in [20] for n2t→ 0.

3.6.6 Proof of Theorem 3.1.2

In the same way as when t < 0, we can find an expression for the
correlation kernel in terms of S when t > 0 :

Kn(x, y) =
1

2πi(x− y)

(
− enφ+(y)

|y2−t|α/2 δ(y) |y2−t|α/2

enφ+(y)

)
× S−1

+ (y)S+(x)

(
|x2 − t|α/2e−nφ+(x)

enφ+(x)|x2 − t|−α/2δ(x)

)
(3.165)

where

δ(x) =

{
0 for x ∈ (−

√
t,
√
t),

1 for x ∈ (a,−
√
t) ∪ (

√
t, b).

(3.166)
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Substituting the small norm RH solution R into the formula for the
correlation kernel in (3.165), one obtains:

Kn(x, y) =
1

2πi(x− y)

(
− enφ+(y)

|y2−t|α/2 δ(y) |y2−t|α/2

enφ+(y)

)
×W−1

+ (y)(Ψ
(2)
+ )−1(λ(y); sn,t)E

−1
+ (y)R+(y)

×R−1
+ (x)E(x)Ψ

(2)
+ (λ(x); sn,t)W (x)

(
e−nφ+(x)|x2 − t|α/2

enφ+(x)|x2 − t|−α/2δ(x)

)
.

From the asymptotic behavior (3.164) and the analyticity of R and y,
we have

E−1
+ (y)R+(y)R+(x)E(x) = I +O(x− y),

as x→ y for n sufficiently large. Combining this with the definition for
W , one finds that

Kn(x, y) =
1

2πi(x− y)

(
1 δ(y)

)
(Ψ

(2)
+ )−1(λ(y); sn,t)

× (I +O(x − y))Ψ
(2)
+ (λ(x); sn,t)

(
δ(x)
−1

)
.

Now, we can use (3.97) and (3.102) to express Ψ(2) in terms of the
functions Φ1 and Φ2. We have the relation

(
Φ1(u; τ)
Φ2(u; τ)

)
= e−

s
4
σ3


Ψ

(2)
+ (u;−i

√
τ)

(
0

−1

)
, −|s|/4 < u < |s|/4,

Ψ(2)(u;−i
√
τ)

(
1

−1

)
, u ∈ R \ [−|s|/4, |s|/4],

and after a similar calculation to the one in Section 3.5.6, using the fact
that λ′(0) = πnψV (0), one finds that Theorem 3.1.2 holds for τn,t ∈
(0,∞).

3.6.7 Proof of Theorem 3.1.1 for t > 0

We assume here that α > 0. The formulas (3.146)-(3.147) which we
obtained in the proof of Theorem 3.1.1 for t < 0, hold also in the case
t > 0, if we replace Ψ(1) by Ψ(2). We obtain from (3.102) and condition
d) in the RH problem for Ψ+ that as z →

√
t,(

(Ψ(2))−1(Ψ(2))′z

)
2,2

(λ(z)) = − α/2

z −
√
t
+

2λ′(z)

|s|
(
H−1H ′

)
2,2

(1)+O (1) ,
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where the error term is uniform for large n and sufficiently small t.
Likewise as z → −

√
t,(

(Ψ(2))−1(Ψ(2))′z

)
2,2

(λ(z)) = − α/2

z +
√
t
+

2λ′(z)

|s|
(
G−1G′

)
2,2

(0)+O (1) ,

where the error term is uniform for large n and sufficiently small t. Thus,
by (3.108), we obtain

d

dt
log Ẑn(t, α, V )

= − α

2z0

(
2iλ′(z0)

sn,t
(G−1G′)2,2(0)− 2iλ′(−z0)

sn,t
(H−1H ′)2,2(1)

+
α

2z0
+
n

2

(
V ′(−z0)− V ′(z0)

)
+B(z0)−B(−z0) +O(1)

)
(3.167)

as n→∞ and sufficiently small t. As in the case t < 0, we have

(
G−1G′

)′
2,2

(0) = −
(
H−1H ′

)′
2,2

(1) =
σ′(s)

α
+

1

2
,

and we can use the large s asymptotics given in (5.1) in [20] to find that

(
G−1G′

)
2,2

(0) = −
(
H−1H ′

)
2,2

(1) =
σ(s)

α
+
s

2
− α

2
.

In the same manner as for t < 0, one can show that

B(±z0) = lim
z→±z0

(Ψ(2))−1(λ(z); sn,t)O(1)Ψ(2)(λ(z); sn,t),

which is uniformly bounded for n large and s ∈ (0,−i∞). To show this
for s → −i∞, one uses equations (5.10) and (5.15) from [20]; while to
show this for s → 0, one uses equation (6.10), (6.19) and (6.23) from
[20]. Substituting the formula for G and H into (3.167) with B bounded
yields Theorem 3.1.1 for t, α > 0 after integration.
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(Russian) Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971), 408–427.

[57] S.M. Gonek, C.P. Hughes and J.P. Keating, A Hybrid Euler-
Hadamard product for the Riemann zeta function, Duke Math. J.
136 (2007), 507–549.

[58] P.L. Hsu, On the distribution of the roots of certain determinantal
equations, Ann. Eugenics, 9 (1939), 250–258.



164 BIBLIOGRAPHY

[59] C. P. Hughes, J. P. Keating, and N. O’Connell, On the Charac-
teristic Polynomial of a Random Unitary Matrix, Commun. Math.
Phys. 220 (2001), 429-451.

[60] I.A. Ibragimov, A theorem of Gábor Szegő. (Russian) Mat. Zametki,
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