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Chapter 1

Introduction

1.1 Introduction

1.1.1 Preliminaries

We study the asymptotics of certain Hankel, Toeplitz and Fredholm
determinants. While these are objects from the field of pure mathe-
matics, we are motivated by the statistical properties of random matrix
ensembles and certain physical models. All of the topics above were
introduced in the 20th century and we give a historical overview of their
initial developments, starting with the determinants, followed by the
random matrices and physical models.

Toeplitz determinants find their roots in the work of Otto Toeplitz
and Gabor Szeg6. In 1908, O.Toeplitz [87, 88] defined Toeplitz matrices
T as square matrices with the property T;; = T;_;, i.e. the matrix en-
tries are constant along the diagonals, and he studied quadratic forms
>_ij2iyjLi;. Following this he proved [89] an interesting relation be-
tween the coefficients ¢; of the Taylor series Z;io gbjzj of non-negative,
analytic functions ¢ on the interior of the unit disc in the complex plane
and the eigenvalues of certain related Toeplitz matrices.

Szeg6 on the other hand studied the large n asymptotics of Toeplitz
determinants

_ijodb

2w )
Du(f) = detlfj-ijpers = | S

where f is called the symbol of D,,. In 1915, Szeg6 [85] proved that if f
is strictly positive and continuous on the unit circle then

log D, (f) = n/7T log f(ew)ﬁ +o(n), (1.1)

—r 2w
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as n — oo. This is known as either Szegd’s First Theorem or simply
Szegd’s Theorem. Thirty years later, Lars Onsager and Bruria Kaufman
discovered that D, (f) appeared in the field of statistical physics in the
theory of the Ising model [68], and that the more precise asymptotics
of D, (f) were required to calculate the long range correlations. Szegé
was thus prompted to improve the above formula by calculating the
subleading o(n) term. See [30] for an interesting history of Toeplitz
determinants and the Ising model. Szeg6 found that if f is a positive
and C'7¢ function on the unit circle C, for € > 0, then

2 ) e
log D,(f) =n [ log )3 + 3 iflog £)0g ) +o(1), (1:2)
=1

as n — oo. This was generalized in [56, 60, 66], and of these the most
general result is due to Johansson [66] in 1988, which states that (1.2)
holds for all complex valued, integrable functions f such that

o0

> lill(log £);[*< oe. (1.3)

j==o00

The asymptotic expansion (1.2) is known as the strong Szeg6 limit the-
orem.

The formula (1.2) raised a new question: namely what happens when
f is not sufficiently smooth, so that (1.3) does not hold. Two examples
of such functions are f,(z) = |z — 1|* and f5(z) = 27, for Rea > —1
and 8 € C. For such symbols we have that as j — oo,

(log fu);1, |(10g f5);]= © (j) B0, (1.4)

and so the sum in (1.3) diverges. The functions f, and fg are archetypes
of a class of functions with Fisher-Hartwig (FH) singularities. Another
example where (1.3) is false, is the indicator function on sets J C C

1 forzeld
= ’ 1.5
xs(2) {0 for z€ C'\ J. (1.5)

If J is a disjoint union of arcs on the circle, then |(log x);|= O(1/j) as
j — oo.

Toeplitz determinants are closely related to Hankel determinants,
where the Hankel determinant with symbol w is defined by

How) = det(wpa)ly ;= [wl)elds,
’ R
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for w(z)z’ integrable for all j € N. One studies the large n asymptotics
of Hankel determinants, and it is possible to define smooth symbols
and FH singularities in a similar manner to Toeplitz determinants, see
Section 1.1.6.

Asymptotics of Toeplitz and Hankel determinants with FH singular-
ities and symbols s have attracted a large amount of interest, and are
the topic of this thesis. We give an overview of results on the topic in
Section 1.1.6.

Having covered the early history of determinants, we now turn to the
history of random matrices and physical systems, which as mentioned
above motivates the study of determinants.

At the time when Toeplitz and Szeg6 started their work on Toeplitz
determinants, the field of probability theory was still very much in its
nascence. For example, the first central limit theorem for general classes
of random variables was only first discovered by Lyapunov in 1901, and
the earliest mention of a random matrix was made by Wishart in 1928.
Wishart studied the distribution of the sample covariance matrix

N 1 n o » 1 n
== x.xT_xxT X==-) X,
ng I ’ n]z_; 7

where X; € RP, ¢ =1,...,n are independent and identically distributed
(iid) with expectation 0 and variance ¥. Here p is the number of ob-
servables, and n is the number of observations. The sample covariance
matrix X is distributed according to the Wishart ensemble .

In today’s world of large scale data collection and the subsequent
need for analysis of large data sets, there are many applications of
asymptotics of sample covariance matrices and Wishart ensembles for
large p and/or n, including principal component analysis, finance, stud-
ies of genomics, and optimization, see [3] for a review. However, at the
time, the interest generated by Wishart’s work was somewhat limited
[43, 55, 58]. It would take another 30 years before large n asymptotics
of Wishart ensembles were studied [4] by Anderson in 1963.

Meanwhile, during the 1950s, nuclear physicists were conducting ex-
periments where they bombarded heavy nuclei with a beam of neutrons
(see e.g. [82]), and Wigner discovered a link between nuclear physics

'A random matrix W € RP*? is distributed according to the Wishart ensemble
with m degrees of freedom if

w=S"zz"  z9Nn0D), (1.6)
i=1

for some p X p symmetric and positive-definite matrix I, where p,m = 1,2,....
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and random matrix theory, which we will now describe. The nucleus
can only take on certain energy levels, and if the incoming neutron has
the right energy it can excite the nucleus, which results in the neutron
being reflected off the nucleus at an angle. The scattering cross-section,
namely the percentage of neutrons which are reflected off the nucleus, is
plotted in a graph against the energies. For certain energies, known as
scattering resonances, the scattering cross-section is elevated in peaks.
There are hundreds of such peaks, and one would like to know their lo-
cation, but the problem is too complicated to analytically solve. Eugene
Wigner theorized that the locations of the scattering resonances could
be modelled by the eigenvalues of the Gaussian Orthogonal Ensemble
(GOE) [28], which was later confirmed by experimental data.

The GOE can be defined as the probability distribution on n x n
matrices M where the elements M; ; are iid real Gaussian variables for
1> j, and M is conditioned to be symmetric. It is a special example of
the more general Orthogonal Ensemble. This is a class of random matrix
ensembles invariant under conjugation by orthogonal matrices. This
invariance under conjugation was essential to Wigner’s argumentation,
because it is natural that the system should remain unchanged under
change of basis.

We mention one final interesting application of random matrices.
There is a (conjectural) connection between the eigenvalues of the Gaus-
sian Unitary Ensemble (GUE) and the zeros of the Riemann zeta func-
tion along the critical line, which was first noticed by Montgomery [79]
in 1972. Matrices M distributed according to the GUE have real iid
Gaussian entries on the main diagonal M;;, and complex iid Gaussian
entries for M;; where ¢ > j. The GUE is a special example of the
Unitary Ensemble, which are Hermitian matrices characterized by the
requirement that the ensemble is invariant under conjugation by unitary
matrices, see the next section for details.

In Section 1.1.3 and 1.1.6 we will see that the probability distribution
satisfied by the eigenvalues of the Unitary Ensemble forms a determi-
nantal point process, and the correlation functions converge to those of
the sine process in the local scaling limit in the bulk of the spectrum.
This motivates the study of the sine process Py, which is the topic of
Chapter 2. For bounded and integrable functions K on R2, define the
Fredholm determinant of K on bounded sets A by

> (—1)F ‘
det(I —K)4 1—}—2 ( ') / det(K(:L“i,xk))ik:lda:l oodxy. (1.7)
j=1

gt Jai

By Hadamard’s inequality, the right hand side (RHS) of (1.7) can be
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seen to converge. Let Kq(z,y) = %, and denote by Pg(A) the

probability of Py, having no eigenvalues in ZA. Then
Ps(A) = det(I — K) 4,

and in Chapter 2, we derive an asymptotic formula for Ps(A) as s —
00, where A is the union of two intervals with endpoints which are
scaled in a particular way with s. Chapter 2 is based on [42], written in
collaboration with Igor Krasovsky.

Let H, be an n x n random matrix distributed according to the
unitary ensemble, and denote the characteristic polynomial of H, by

P, (z) = det(H,, — Ix).

In Chapter 3, we derive an asymptotic formula for certain moments of
P, (z) in the bulk of the spectrum as n — oo. These results can also be
viewed as an asymptotic result on Hankel determinants with FH singu-
larities of type a. Chapter 3 is based on [18], written in collaboration
with Tom Claeys. The moments of P, (z) which we consider in Chapter
3, appear in the study of impenetrable bosons in a harmonic well (see
[47]), as well as in the study of Gaussian multiplicative chaos (see [9]).

The remaining part of the introduction is structured as follows. In
Section 1 we give an introduction to properties of eigenvalues of Uni-
tary Ensembles, determinantal point processes, and Toeplitz, Hankel
and Fredholm determinants and show how these topics are connected.
Sections 1.1.2 to 1.1.5 are standard material, see [27] for an introduc-
tion. In Section 1.1.6, we discuss some known results about asymptotics
of Toeplitz and Hankel determinants, and give one new result. In Sec-
tion 2 we describe the main results of Chapter 2, and in Section 3 we
describe the main results of Chapter 3.

1.1.2 Unitary Ensembles

The Unitary Ensemble is defined by the probability measure

ie—nTrV(M)dM’ (1.8)
Zn

where dM = [[;<;<, dM;i []1<;<j<, dRe M;;dlm M;; is the Lebesgue
measure on R space of n x n Hermitian matrices M, and Z,, is the
normalizing constant such that the measure integrates to 1 over the

probability space. The potential V is a real analytic function on R with
sufficient growth as x — oo:

lim V(z)

C e 1.
z—+oo log(x? 4+ 1) oo (1.9)
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As mentioned in the preliminaries, the Unitary Ensemble is invariant
under conjugation by unitary matrices. As a result, one may show that
the eigenvalues of M (1.8) induce the following probability measure on
R™ [27]:

Un(Z1,. .., Tp)dxy ... day, = = (xj — xi)2 H Wy (z5)dx,

with normalizing constant

Z, = / H (2 — xi)? H Wy (z5)dx, (1.11)

R™ 1<i<j<n j=1

which is known as the partition function. The term (z; — x;)? in (1.10)
can be interpreted as repulsion because it reduces the probability that
particles are close together, while V' is known as the confining potential
(or as the external field) because e~V (#) reduces the probability that
the absolute value of the eigenvalues are large. Thus the repulsion and
confining potential are counteracting each other.

1.1.3 Determinantal point processes and the correlation
kernel

A set x C R is called a configuration if it has no accumulation of points,
ie. #(x N B) < oo for any bounded set B C R. A (locally finite)
point process is a probability measure on the space of configurations.
If P is a point process on R, we define the k-point correlation function
pr : RF — [0, 00) by the requirement that for any mutually disjoint Borel
sets Ai,...,A; and positive integers k1, ...,k; such that 23:1 ki =k,
we have

J
E = o dry...d
(};[1 (#(A;NP) — k;)! A]flegzx...foj A1, k) o o
(1.12)

where E denotes the expectation, we let 0! = 1, and when (#(A4; NP) —
. !
ki)! < 0 we replace % by 0.

Setting j = 1 in (1.12), the expected number of ordered k-tuples on
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a set A is given by

E(# ordered k-tuples in A)

1
:E pk(xl,...,xk)dxl...dxk
YAk (1.13)

o (k+ ] .
= Prob(#(ANP) =k + j).
ZO( k ) !

For distinct points x1, ...,z the correlation functions satisfy

lim Prob(#(xj,xj+€) =1for j=1,...,k)

e—0 Ek

= pk(.%'l, ce ,:rk). (114)

A determinantal point process is a point process with a correlation
kernel K (x,y) such that for all k € N>q:

pr(x1,. . x8) = det(K(a:i,xj))f’jzl. (1.15)

Remark 1.1.1. Note that the kernel K is not unique, since the kernels
K(z,y) and K (z,y) f% g determine the same determinantal point process
for any integrable non-vanishing function f.

Thus the correlation kernel determines the point process, and all
statistical quantities can be expressed in terms of it. For instance, by
considering (1.13), it is easy to verify that if P is a determinantal point
process with correlation kernel K, then for any set A C R,

Prob(PNA = 0) = det(I — K)a, (1.16)

where det(] — K) 4 is a Fredholm determinant, defined in (1.7).

Orthogonal polynomials on the real line

We now construct an explicit determinantal point process in terms of
orthogonal polynomials on the real line. Let w be a non-negative func-
tion on R such that x/w(x) is integrable on R for all j € N, which we
call the weight. Consider the following probability measure on R"

Un(Z1,...,2p)dxy ... da, = (xj)dx;,

s 1L
:n (1.17)
R

:1:] dxj
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Since v, is symmetric with respect to the n particles, it is easily verified
using (1.14) that the correlation functions pj associated with the point
process are given by

pk(wla o 7'7;]4:)

n!

= o=l /Rnk Un(21, .., Tp)daps1dTpys .. . day,.  (1.18)

Let p;(z) = k2% +v;297 1 +. .. be polynomials of order j € N, orthonor-
mal with respect to w, characterized by

. _ < _JO forj#k, '
/Rp](x)pk(x)w(a:)dx =0k = {1 for j = k. kj > 0. (1.19)

and define
n—1
Kn(z,y) = Vw(@)w(y) Y pi()p;(y). (1.20)
§=0

Then the following is a standard result (see e.g. [27]).

Proposition 1.1.1. The probability distribution (1.17) is a determinan-
tal point process with correlation kernel K.

An immediate consequence of the proposition, by (1.16) and (1.17),
is that

det(I — Ky = ZnXa®) (1.21)

Zn(w)
where x 4 is the indicator function on A, and where (x aw)(2) = xa(2)w(z).

Proof. Tt is useful to temporarily relabel the indices of x; by defining
Yo, - - - Yn—1 such that y; = zj1. The repulsive term in (1.17) is a Van-
dermonde determinant:

I w—w) =detw))i L. (1.22)

0<i<j<n—1

By standard row and column operations,

(det (yf w(yi));:lo)2 — <det (/i;lpj(yi) w(yz’)>:j:10>2

n—1 (123)
— H /{;2 det(Kn(yi’yj))Z;iO‘
7=0
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Substituting (1.22) into (1.17), and applying (1.23), it follows that

1 n—1 -
Un(z1, ..., 2pn) = A H Kj 2| det Kn(zi, )21 (1.24)
n =0

The kernel K, satisfies
/ K, (x,z)dr =n, / Ky (z,y)Ky(y, 2)dy = Kp(z,2), (1.25)
R R

where the second property is that of a reproducing kernel. By (1.25), it
follows that

/ det Kn(xi,xj);j:ldxl =(n+1-1)det Kn(:ci,:):j)églzl, (1.26)
R 9

for [ = 2,...,n. This implies that
/ det Kp(zi, 7))} j=1dxy ... dzy = nl, (1.27)

and so by (1.24), we have

~ _ 1
Zn=nl]r;%  valzs,...,2n) = — det K (a1, ;)] (1.28)

By substituting the form for v, from (1.28) into (1.18) and iterating
(1.26), it follows that pp has the form (1.15) with kernel K,, which
proves the result. ]

Using the orthogonality of the polynomials p; it is readily verified
that they satisfy a three term recurrence relation:

kj

zpj(x) =

7+

for j > 1. Applying (1.29) to the RHS of (1.20) (multiplied by (z —y))
one obtains the Christoffel-Darboux identity:

Vi i+ Kj—1
pj+1(w) + <3 — =2 >pj(w) +~2—=pj1(x), (1.29)
1 Kj  Kjt1 kj

Kn(z,y) = Vw(z)w(y) 52,1 pn(x)pnl(yip — an(x)pn(y). (1.30)

We denote the j-th orthogonal polynomial associated with the weight
wy, from (1.10) by pg.n) and the correlation kernel associated with w,, by

K,.
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Orthogonal polynomials on the unit circle

In the previous section we considered orthogonal polynomials (OPs) on
the real line. Here we consider OPs on the unit circle instead. The
theories of OPs on the unit circle and OPs on the real line are similar,
and we will here give parallel results to those found in the previous
section, but we will forego the proofs.

Let f be a non-negative, integrable function on the unit circle C,
which we call the weight. Consider the probability measure

% T 1 zak‘2Hf i85 0; € [0,2m)",

Z (2m) 1<j<k<n (1 31)
‘610 z@k‘ZHf u‘)

76 =Z%(f

n

1<i<j<n

It is well known that the Circular Unitary Ensemble (CUE), which
is the Haar measure on the Unitary group U(n) consisting of n x n
unitary matrices, has eigenvalues on the unit circle distributed according
to (1.31) with f(z) =1 for z € C.

For general f > 0, one may show that the distribution (1.31) is a
determinantal point process on [0, 27) with correlation kernel

n—1

1 —— J—
K (1,0) = oo/ F(eM) f(e) Y (™) (),
§=0
where ¢; are orthogonal polynomials ¢;(2) = m;27 + ..., with m; > 0,
such that
T ey ioy 4O ,
; ¢j(€ )qﬁk(ez )f(e >% = 0jk, 7.k € N. (1.32)

By the Christoffel-Darboux formula on the unit circle, K¢ also has the
following useful form for u, 6 € [0, 27)
C 1 i 60
KS(1,0) = 5o/ 7e) f(e)
ein(u79)¢n(ei9)¢n(ew) — Pn(€™)Pn(e?)

1 — et(u—0)

X

(1.33)

In the example of the eigenvalues of the CUE where f = 1, one has
$;(2) = 27 and so

(e - n(u—0)
KCVE (1, 0) = 11—k 1 i1y Sn "5
n ’ 2 1 — e"(“*e) 2w sin 'LLT_G

(1.34)
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Similarly to Section 1.1.3, one may show that for general f > 0
n—1
C _
Z$ =nl ] =2 (1.35)
§=0

1.1.4 Hankel and Toeplitz determinants

Recall that for w non-negative on R, and f non-negative on C', define
the Hankel determinant H,, and Toeplitz determinant D,, by

Hy(w) = det (ijrk)?’;io, wj = / I w(x)dz,
o (1.36)

2m B L do

Dl =det (g uys = [ TR

; 0 T

provided wj, f; exist. The following well-known relation between ZL, Zg

and H,, D, respectively gives the connection between gap probabilities

and Hankel/Toeplitz determinants, and the connection to Fredholm de-

terminants through formula (1.21), thus binding all the topics of the
present thesis together.

Proposition 1.1.2. The partition function (1.17) on the real line and
the partition function (1.31) on the unit circle are given in terms of
Hankel and Toeplitz determinants respectively:

Zn=nlH,(w),  Z%=n!Dy(f). (1.37)

Proof. We prove the proposition for Hankel determinants — the proof in

the case of Toeplitz determinants is similar. As previously, we temporar-

ily relabel the indices of x; by defining yo, ..., ¥yn—1 such that y; = x;,1.
Substituting (1.22) into (1.17) we obtain

n—1 n—1
Zn :/]R det(yz)m = Z sgno H yff(j) H w(y;)dy;.  (1.38)
5=0 3=0

UESn

For any permutation o € S,,, the following is easily obtained by permut-
ing the indices of the variables y;:

sgna/ det( yZ ” 0 Hya(]) Hw Y;j)dy;
n—1
:/ det( yZ e P Hyg Hw(yj)dyj. (1.39)
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The RHS of (1.39) is equal to H,(w), and by substituting it into the
RHS of (1.38), we obtain formula (1.37) O

1.1.5 Large n asymptotics of eigenvalues in the macro-
scopic scale and the equilibrium measure

Classically, one divides the study of eigenvalues with probability density
(1.10) into two viewpoints or scales: the macroscopic and microscopic
scales. In the macroscopic viewpoint one takes a bird’s eye view of the
distribution to study the density of eigenvalues on sets of fixed size as
n — 00. In the microscopic view studies eigenvalue correlations on small
intervals of shrinking size where one expects to find only a finite number
of eigenvalues as n — 0o, which is known as the local scaling.
Recall wy,(z) = e~V (), For typical eigenvalue configurations

$§n), . ,$$1n) distributed according to (1.10), the joint probability den-
sity function vy, (z1,...,zy) is relatively “large”, and

n

1 . o1 1 1 n
1<i<j<n \f’fj —x; | j=1

(1.40)

is “small”. Now consider the limit n — oo in (1.40). The equilibrium
measure py is characterized [27, 33] as the unique measure which mini-
mizes

Fol) = [ [tor o du@ant) + [ Vi)duta), (1.41)

over the space of Borel probability measures p on R. It is compactly
supported, and for V real analytic as is our case, it is supported on a
finite union of intervals and has continuous density ¢y, namely duy (z) =
Yy (z)da.

The set {z : Yy (x) > 0} is known as the bulk of the spectrum. Let
K, be the correlation kernel (1.20) associated with the weight w, for
the eigenvalues (1.10). Then it is well known that the density

P (2) = Kn(2,2) = nypy (2) + O(1)

as n — oo, for x € suppuy. Furthermore, for any function f € Cy(R),
one has that almost surely

lim ;Zlf () = /R fla)dpy (@),
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Figure 1.1: Bar plot of GUE (5000 x 5000)

where {x§n) }_1 is the set of eigenvalues distributed according to (1.10)%

As an example, we mention the Gaussian Unitary Ensemble (GUE),
which has potential V(x) = 222. Then the equilibrium density pqug is
given by the semi-circle law, namely it is supported on (—1,1) and has
density ©¥qgug which is given by

Yaue(z) = %V 1—z2 (1.42)

In Figure 1.1 we have plotted the eigenvalues of a 5000 x 5000 realization
of the Gaussian Unitary ensemble in a bar chart.

The equilibrium measure can equivalently be determined as the unique
measure satisfying the Euler-Lagrange variational conditions (see e.g.
[83])

2/ log|lz — yldpy (y) = V(x) — ¢, for x € supp uy, (1.43)
2/10g|x —ylduy(y) < V(z) -4, forxeR\supppuy, (1.44)
for some real constant ¢ depending on V.

Throughout the rest of the introduction we will assume that py is
“one-cut” and “regular”. This means that uy is supported on a single

*Here this means that for any f € Co(R) and independent sets {:cgn) }i—1 each
distributed according to (1.10), one has for any e > 0 that,

<e)=1.

oo

Jim II Prob (‘i ; Fa§™) - /R f(@)dpv (z)
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interval (a,b), and the density 1y can be written in the form

Yy (z) = /(b —x)(x — a)h(z) (1.45)

for x € (a,b), where h is a real analytic function on R and hA(z) > 0 for
x € [a,b]. Furthermore, in addition to the Euler-Lagrange conditions
(1.43)-(1.44), the inequality (1.44) is strict for x € R\ [a, b].

1.1.6 Large n asymptotics of Toeplitz and Hankel deter-
minants

It is of interest to compute the asymptotics of D,(f) and H,(w) as
n — 0o0. Such asymptotics depend on the class of the weight in question,
and we give an overview of relevant results.

Analytic weights

In the introduction we presented the Szegd strong limit theorem (1.2)
which gives asymptotics for D, (f) for sufficiently smooth f satisfying
(1.3).

For Hankel determinants H,,(e~™"), the situation is in general more
complicated, and not yet fully understood. In the simplest case where
V(z) = 222, we have the identity

2 n—1

log Hy(e72M%%) = glog(%r) - % log(4n) + Y _log(j!), (1.46)
j=1

and so as n — 00,

log Hn(e*2"12) =—n? <i + log 2>

1
+ nlog2m — - logn + ¢'(=1)+ O(n™ 1Y), (1.47)

where ¢’ denotes the derivative of the Riemann zeta-function.
In [84, 75] (see also [76]) it was proved that

log Hy (e™™ @) = — Iy (uy)n? 4 nlog 27 + o(n) (1.48)

as n — oo for very general classes of potentials V.
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The further sub-leading terms of (1.48) have been verified rigorously
up to o(1) for potentials V' which have one-cut and two-cut regular
equilibrium measures ® — For results where V is real analytic and the
equilibrium measure is one-cut regular, see [11, 40], for two-cut regu-
lar equilibrium measures and real analytic potentials, see [21]. In the
two-cut case the subleading terms have oscillations given by elliptic 6-
functions. Asymptotics of Hankel determinants H,(e~""(*)) have also
been studied in the physics literature [1, 12, 49, 41, 17], and the expan-
sion for log H, (e~ (*)) has been conjectured up to an additive constant
for very general potentials V.

In the case where the symbol is given by (@) -7V (z)
asymptotics were found by Johansson [67] in 1998:

, the following

H, (eh(m)—nV(:v))
) - n/h(x)d,uv(a:) L o) +0(1),  (1.50)

log

as n — oo, where C(h) is an explicit quadratic functional of h, see
[67]. The function h is real valued, and in the context of this thesis
an important restriction on the function h is that it is bounded and
continuous on the support of the equilibrium measure [a,b], excluding
FH singularities which we define below. Expansion (1.50) holds for even
polynomial potentials V' which are one-cut regular, see [66] for conditions
on h.

As mentioned in the preliminaries, the topic of this thesis is the
large n asymptotics of Toeplitz and Hankel determinants which are not
smooth and for which the above asymptotics do not hold, namely sym-
bols which are indicator functions on the unit circle and symbols with
Fisher-Hartwig singularities (see below).

Indicator functions

An example of such a symbol is the indicator function x s, where J is
an arc the unit circle. A motivation for studying Toeplitz determinants

3An equilibrium measure is two-cut regular if if py is supported on two disjoint
intervals (a1,b1) U (az2,b2), and the density 1y can be written in the form

Yv(@) = [ Vb5 —2)(@ —ay)h(x) (1.49)

7j=1,2

for z € (a,b), where h is a real analytic function on R and h(z) > 0 for z € [a1, b1] U
laz, b2]. Furthermore, in addition to the Euler-Lagrange conditions (1.43)-(1.44), the
inequality (1.44) is strict for € R\ [a1, b1] U [az, ba].
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with such symbols is that

1 ~
L28(F = x) = Dals)
= Prob(A CUE matrix has no eigenvalues in C'\ J), (1.51)

where C is the unit circle, which is evident from (1.37) and (1.31). Let
J = Jo be a single arc of the unit circle

J=Jy = {ewye € (—m,0) U (Gl,w]},
—T<b0y<0<b; <m (1.52)

The asymptotics of D, (xs,) for a fixed arc Jo were found by Widom
92] in 1971:

6 —0y 1 6, — 0
L2 " log <nsin ! 1 2)—1—00—1—7“1, (1.53)

log Dn(XJén)) = n?log cos 1 1
where 7 = O(1/n) a n — oo, for fixed —m < 02 < 0 < 61 < w. The
constant ¢g is given by

1
co = ﬁ1og2+3§’(—1). (1.54)

In [31, 71], Widom’s result was extended to the case of Jo = JQ(n)
varying with n such that |6, — 62]— 0 sufficiently slowly. Namely, the
authors proved that (1.53) holds as n — oo, uniformly for % < @ <
m — ¢, for € > 0 and with sg sufficiently large, with the following error
term:

1
=0 ——1- 1.55
' (nsin 91192> (1.55)

In Chapter 2 we consider the asymptotics of D,,(xs), where J = J (n)
is the union of 2 disjoint arcs, and the arclengths are scaled with the
parameter n in a specific way. This is used to prove a result on Fredholm
determinants.

As a warm-up, we now present our first new (to the extent of the
author’s knowledge) result in this thesis, which is a very simple identity
which allows one to generalize (1.53) to Toeplitz determinants supported
on multiple arcs with a particular symmetry. Fix m € N\ {0}, let
0 < v < m/m and denote

I(7) ={e” : =y <0 <7},

. 1.56
Lu(y) = UPg =™/ - 2 € I(7)}. (150
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From the multiple integral representation of Z? from (1.31), it is clear
that the Toeplitz determinant is invariant under rotation of the circle, so
for any p € R we have Dy(f(2)) = Dn(f(z€*)), and thus Dy, (x/(y)) =
Dy, (x,) when 2y = 01 —0s, meaning that formula (1.53) applies. The set
In(7) is composed of m disjoint arcs, such that e>™/™ I (v) = I,,(v)
for 7 =0,1,2,...,m — 1. We use this rotational invariance to prove the
following exact identity relating the Toeplitz determinant supported on
I, () to the Toeplitz determinant supported on I(msy).

Proposition 1.1.3 (Toeplitz determinant identity). Fiz m € N\ {0},
and let 0 < v < m/m. Let ¢;(2) = w27 +... be orthonormal on I(mv),
i.e.

f eRE g = (1.57)
If n € N and
n=mnim-+ny, ng€{0,1,2,...,m—1}, (1.58)
then
Dy(X1 (7)) = Dy (X1 ()" "™ (1.59)
= Dy (X1(my)™ ™" Dry+1 (X1 (me)) " (1.60)

Furthermore, as n,ny — oo,
log Dy (X1,.(+)) = mn? log sin % + (2n1 4 1)ng logsin %

m my
- Zlog (m cos 7) +mco+ O < ) , (1.61)

for fized m,~y.

Proof. Equality between the RHS of (1.59) and (1.60) is immediate
from (1.35), (1.37). Formula (1.61) is obtained by substituting Widom’s
asymptotics from (1.53) into (1.60).

It remains to prove (1.59). By the orthogonality of the polynomials
¢j on I(my) we have, takmg z =y,

m/ (ﬁj (bk ) 5jk- (1.62)
Then taking y — e2™/™y for j =0,1,2,...,m — 1 we have

myg oY s
J g = o (1.6
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Note that
m—1
/ k dz Z 27ng/m / Zk dZ
Im() 27iz = I(y) 2miz (164)
L if k20 mod m,
B f] fonz if k=0 mod m.

Define 4;(y) = ¢;, (y™)y”> where j = jim + jo and js € {0,1,2,...,m—
1}. Then, similarly denoting j' = jim + j5, it follows that if jo # j},
then all the monomials in v;(y)¥; (y) have powers which are non-zero
modulo m, and thus by (1.64) we have

oy
Vi)Y (y)5—— = 0. 1.65
[t (1.65)
If jo = jb, then by (1.63)
—_dy
~ 0 (Y) —— =04, 1. L.
| s = (1.66)
Thus 1); are orthonormal on I,,(7), i.e.
dz
/ ¥ (2)Pr(2) )5 = ik (1.67)
]m('Y) Z
By standard theory,
(X1 () H n; %, (1.68)

where ;(2) =n;27 +.... It follows from the definition of 1; that

0= (1.69)
and plugging this into (1.68) we have proven the identity (1.59). O

Fisher-Hartwig singularities

Another class of Toeplitz determinants which do not satisfy the Szegd
asymptotics, are Toeplitz determinants with Fisher-Hartwig singulari-
ties. A Toeplitz determinant with a Fisher-Hartwig singularity at each
point z; = e € C for j =1,...,k has a symbol of the following form:

k Bj
sl =TT (2] e = 2oy,

=1 (1.70)

) ™ 0<arg <6,
w;(z) = .
! e~ P 0; <argz < 2m,
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where Rea; > —1/2 and ; € C. As mentioned in the preliminaries,
Toeplitz determinants with symbol (1.70) appear, among other places,
in the study of the long range correlations of the Ising model [30]. The
large n asymptotics of Toeplitz determinants with such symbols have
been extensively studied [13, 95, 8, 39, 29]. In [29] the authors were able
to find an asymptotic expansion of Toeplitz determinants with any fixed
number of Fisher-Hartwig singularities, at fixed positions, for all param-
eters zj, aj, 3;. In [19], the authors studied the transition of asymptotic
regime between the Szegd asymptotics and the case of a single Fisher-
Hartwig singularity, while in [20] the transition between one and two
Fisher-Hartwig singularities was studied. It is also possible to study the
transition between Fisher-Hartig symbols of type 5 and the indicator
function, see [15, 16].

Similarly, one may consider Hankel determinants with Fisher-Hartwig
singularities. A Hankel determinant with a Fisher-Hartwig singularity
at the points y; € R for j = 1,..., k has symbol

k
wn(x) = eV [l — g% w;(2),
i=1

e™li for x > y;,
; = . 1.71
Wy (33) {ezﬂ'ﬁj for < Yj, ( )

where Reaj; > —1/2 and 3; € C. Here, a Fisher-Hartwig singularity is
of interest if it lies in the support of the equilibrium measure py or at
the edge-points. We restrict ourselves to the discussion of singularities
in the support py. Hankel determinants with Fisher-Hartwig singular-
ities are connected to the one-dimensional gas of impenetrable bosons,
and also other physical models [46, 47, 50, 53]. Asymptotics for such
Hankel determinants with fixed number of a-singularities (where 5 = 0)
were found for integer «; in [14, 46, 54], and for general «; in the case
of quadratic potentials [70], and finally generalized to one-cut regular
potentials in [9], which we present in Section 1.3. Asymptotics of Han-
kel determinants with quadratic potentials with a single S-singularity
(with @ = 0) were found in [61]. In Chapter 3, we consider the large
n asymptotics of Hankel determinants, in particular the transition from
analytic potentials to a single FH singularity, and also the transition
from one FH singularity to two FH singularities, for potentials V' with
one-cut regular equilibrium measures.
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1.2 Microscopic scale and gap probabilities

We now turn to the study of the statistical properties of the eigenvalues
on small intervals with sizes of order O(1/n) as n — oco. We will give
an overview of results from Chapter 2, which is based on [42] which was
written in collaboration with Igor Krasovsky.

1.2.1 Sine kernel universality

Consider the eigenvalues distributed according to (1.10) with correlation
kernel K. Assume a real-analytic potential V satisfying (1.9). It was
proven in [34, 35], that uniformly for u,v in compact subsets of R, and
x such that ¢y (z) > 0, one has

lim ;K (x—i— 4 T+ v >
n—oo Yy (z)n " Yy ()’ Yy (z)n

K, 0) = sinm(u — v)

g (1.72)

This is known as sine kernel universality, because the result is, up to
rescaling by ¥y (z), independent of V', and the sine process with corre-
lation kernel K*" is known as the bulk scaling limit.

Formula (1.72) also holds if K, is replaced by the correlation kernel
KSVE associated with the CUE, in which case the formula is easy to
prove. Then (1.72) follows from (1.34) with Remark 1.1.1 and the fact
that the limiting density is 1/2.

In Figure 1.2, we consider the same realization of a 5000 x 5000 GUE
matrix as in Figure 1.1, and we zoom in on an interval of size 0.01 at
the origin which contains 30 eigenvalues, which are plotted in blue. At
this scale, the density ¥qug in (1.42) can almost be viewed as constant,
and the distribution should be similar to that of the sine process. There
is repulsion between the points, which gives the result that they are
somewhat regularly spaced, and indirectly leads to large gaps between
the eigenvalues being unlikely. The points which are plotted in red, are
30 independent points distributed according to the uniform distribution
(or equivalently, the Poisson process conditioned to have 30 points on the
interval). The distribution of the blue points is more regular than that
of the red points, among the red points there is for example a large gap
on the right side. This will be formalized mathematically, see Remark
1.2.1.
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Gap probabilities of the eigenvalues (1.10) in the local scaling

We use (1.73) to motivate the study of the gap probabilities of the sine
process, through studying the Fredholm determinant of the sine kernel,
which is the topic of this section and Chapter 2. However, for this
motivation to be well founded, we need the following to hold true

lim Prob (m[)v(z) (azgn) — x) ¢ Aforallj=1,... ,n)

n—oo

= det(I — K*) 4. (1.73)

Formula (1.73) is proven by using (1.16) and (1.72), and the following
proposition which states that convergence of sequences of kernels implies
convergence of Fredholm determinants under certain conditions.

Lemma 1.2.1. Let A be a compact set, and consider a sequence of
kernels K, (z,y) on A%, which is uniformly bounded in n, and converges
pointwise to K(x,y). Then, as n — oo,

det(I — Kp)a — det(I — K) 4. (1.74)

Proof. Consider the truncated sum

M

—1)k
dett = KW =14 30 S [ det(K ) gmadn
k=1 ’

By Hadamard’s inequality and the uniform boundedness of K, it follows
that for any € > 0 there exists M € N such that m > M implies that

|det(I — K,,)a — det(I — K) 4|
<|det(I — K,,)"y —det(I — K)'}| + €. (1.75)

For fixed m,
|det(I — K,,)'} — det(I — K)}| — 0 (1.76)
as n — oo. Thus (1.74) follows from (1.75)-(1.76). O

1.2.2 The Fredholm determinant of the sine kernel

We parametrize the sine kernel as follows. Let

sin s(x — y)

Koy ===y
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Figure 1.2: Bulk scaling limit vs. independent uniform points.

and denote the Fredholm determinant of K on a set A by
Ps(A) =det(I — Ks) 4. (1.77)

We will study Ps(A) as s — oo. First we consider Ps(Ag) where Ay is
the single interval

AO = (Oz,,@).

As a function of s it is transcendental and satisfies:
d )
s~ log Py (Ao) = ou(~2i(5 — a)s).

where, denoting % by /, the function o,(s) satisfies the Jimbo-Miwa-
Okamoto Painlevé V differential equation [65]:

(30;’)2 = (o, — sa;,)(ap — sa; + 402(0; +p)). (1.78)

The most general form of the Painlevé V differential equation has 4
parameters, we include the parameter p because it will be referred to in
Section 1.3. As s — 00, the Fredholm determinant on the single interval
has asymptotics

(8 — a)*s?

1
—Zlogs

08—«
2

1
Co = ﬁ 10g2 + 3</(_1)’

1
- Zlog + o+ O(s7h), (1.79)

where ( is the Riemann zeta-function.

The two leading terms in (1.79) were conjectured by des Cloizeaux
and Mehta [23] in 1973, while Dyson was able to identify the constant
o in [37] in 1976. The constant ¢y became known as the Widom-Dyson
constant. Formula (1.79) was rigorously confirmed in a series of works.
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Widom [93] was able to verify the leading term, while Deift, Its, Zhou
[32] calculated the leading term and the logarithmic term. The constant
¢p was independently proven by Krasovsky [71] and Ehrhardt [38], with
a third proof by Deift, Its, Krasovsky, Zhou [31].

Remark 1.2.1. The point process with correlation kernel Ky has an
average particle spacing of 2, and (1.79) implies that the probability of

52
a single gap (—1, 1) in the particle distribution is e~ T +oM) 45 5 — 0.

It is natural to compare this to the probability of a gap (—1,1) in the
particle distribution of a rate > Poisson process, which is given exactly
by e~*/™. Thus, asymptotically, large gaps are more improbable for the
sine process than the Poisson process.

Now we turn to study the large s asymptotics of det(I — K)4 when
A is the union of 2 disjoint intervals

A=A A, A= (a,—v), Ay = (v, B). (1.80)

Since the sine process is invariant under translation, such a representa-
tion of the 2 intervals is not a restriction. For fixed v > 0, this problem
was considered in [94, 32]. It is also of interest to let v — 0 as s — oo,
and this is the topic of Chapter 2, with the important restriction that
svlogr™t — 0 as s — oo,v — 0. We first present the results in [94, 32]
for fixed v, and then present our own results for v — 0.

In 1995, Widom [94] proved that as s — oo,

d
T log Ps(A) = C1s+ Ca(s) + o(1)

where C is an explicit constant while C(s) is a certain oscillating func-
tion given by a Jacobi inversion problem. In 1997, Deift, Its and Zhou
[32] were able to improve on this, and we will present their result. Define
the #-function of the third kind:

0(z) = Z e2mizmetmirm? Im (7) > 0.
meZ

It satisfies the periodicity properties:

0(z) = 0(z + 1),
9(2, + 7_) — eq:27riz77ri79<z)7

and is even: 6(z) = 0(—z). Let

r(z) = ((z = a)(z +v)(z = v)(z = B)'%, (1.81)
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2 as z — o0o. Define

with branch cuts on A and such that r(z) ~ z
uniquely the monic polynomial q(z) = 22 + q1z + qo of degree 2 such

that
/ g(z)dz _
A; r+(z) 7
for j = 1,2, where, for definiteness, r;(z) is the limit of r(z + i€) as

€ — 04. Then ¢/r has no residue at infinity. Thus, as z — oo, ¢/r has
the form:

az) _ ., G
r(z)_1+22

which we take as a definition for Gy. Then, as s — oo and for fixed

+ 00z, (1.82)

a, B, v, we have
log Ps(A) = —G15% 4+ Galog s +log0(sV;7) + G3 + O(s™ 1), (1.83)

where the constants 7 and V' appearing in the argument of the #-function
are given in terms of ¢ and r:

v dz v
Jo v v 1/ q(z)dz

(1.84)

B8 dx O’
Jo G TS (@)

The constant G9 has an explicit expression, and we refer the reader
to [32]. The constant G3 is an unknown constant of integration. The
reason it is unknown is that asymptotics were obtained for % log Ps(A),
and integrated in s to yield (1.83), but there is no clear starting point
for integration so where the formula for log Ps,(A) would be known. We
also note that in both [94] and [32] the authors obtained similar formulae
for log det(I — K) supported on any fixed number of intervals (and with
fixed endpoints).

We now present our results from Chapter 2 where, in contrast to
(1.83), we let v — 0 as s — 00. Let v = £(87' —a~!) and

_ sy/]af]
log(yv)~!

Clearly, w is uniquely represented in the form

> 0. (1.85)

w=k+z, k=0,1,2,..., ze€[-1/2,1/2).

We note that v has the form
sy/|aB]

v=n"lte” Tkre .

We prove the following;:
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Theorem 1.2.2. As s — oo, uniformly for v € (0,v), where
sy log 1/0_1 — 0,
2

log Ps(A) = log Ps(Ap) + sv/|af| <w - Z) + c(k)

+ 0k (2) + O(max{svylogvy ', 1/log vy ', 1/51}),

B 22Kk Gk + 1) (1.86)
e(k) = log ( G2k T 1)) !

dx(x) = log (1 + 2mrp_y (yv)'1%7)
+log (1 + (2ms7) ™ () 7))

where G is the Barnes G-function, and where k; is the leading coeffi-
cient of the Legendre polynomial of degree j orthonormal on the interval
[—2,2], given by

e (25! .
Kj =477 1/2\/2]—1-1],!2), ji=1,2,...,

H0:1/2, k—1=0.

(1.87)

As s — oo, uniformly for v € (v1,wy), where syylog Val — 0 and

10gf,;1 — 00 (i.e., k — 00), formula (1.86) reduces to

—a)? o

— 2% log(yv) ™! + log (1 - (W)H'x') - ilog (6 5 2V Ia6|>

1 1 logu;!
+ =log2+6¢'(-1)+ O (max{syo log vy !, — 98 1 }) :
6 log v, s

1 1 _
_1> ~3 log s + zlog log(yv)~*

(1.88)

Remark 1.2.2. Note that if £k =0 and = € (0,1/2 — ¢€) for € > 0, then

s (A
(1.86) shows that 1]3:((140))

Remark 1.2.3. As k — oo, one has that 2wk, — 1, and by the standard
asymptotics of the Barnes G-function,

— 1 as s — oo.

c(k) = —ilogk—k %10g2+3c/(—1) +O0/k?), (1.89)

The function c¢(k) can alternatively be described in terms of the
coefficients (1.87) of the Legendre polynomials:

k—1
e(k)=—> log2ms?, k=12...., ¢c(0)=0. (1.90)
7=0
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Formula (1.90) shows that d;(z) + c¢(k) is continuous also at the points
|z|=1/2.

Remark 1.2.4. The rescaled sine process (with expected distance be-
tween particles 7/s) is the determinantal point process with the m’th
correlation function p,,, for m =1,2,..., given by

pm(x1, .. ) = det(Ks(z, :Cj))??j:l.

Consider the sine process conditioned to have no eigenvalues in A. De-
note this process by P4 and its m’th correlation function by p7t. In
Chapter 2, we show that for z1,...,2,, € (—1,1),

VA (v, vay) — det((2K Leg (274, 22;))7— (1.91)

as s — oo and v — 0 such that k € N and |z|< 1/2 remain fixed, where

Kreg(,y) = “Z: Lk(:v)Lk—l(y; - ﬁk(y)Lk—l(gj)’ (1.92)

and Ly is the Legendre polynomial of degree k, orthonormal on [—2, 2]

/2 Lj(x)Li(x)dx = ;5 = {0 for i # j,

—92 1 fori=j.

The process with kernel Kjeg is a k-point process. Thus we obtain
from (1.91) and the first equation of (1.13) that, as s — oo and v — 0
such that £ € N and |z|< 1/2 remain fixed, the expected number of
(k+1)-tuples of P4 on (—v,v) converges to 0, while the expected number
of k-tuples on the same interval converges to 1. It follows from the second
equation of (1.13) that

Prob (P4 has k particles in (—v,v)) — 1.
1.2.3 Method of proof
By (1.21), (1.37), and (1.73), we have that
D, (XJ(n)) — det(I — Ks)A (1.93)

as n — oo for fixed s, where

. 2
JM = (el . 9 ¢ fA}. (1.94)
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JQ Jl

! i

Figure 1.3: Interval J.

More generally, let —m < 0 < 0 < 0y < 01 < 7 and define J = J1UJo
where Ji, Jo are as in Figure 1.3:

Ji=Ji(0) = {10 € (=00,00)}, J»={e"’|0 € (61,7]U(—m,02)}.
By (1.35) and (1.37), we have

n—1

D, (XJ) = H (ﬂ-j)727 (195)

Jj=0

where 7; are the leading coefficients of the polynomials ¢; on the circle
orthogonal with respect to the weight x s as in (1.32).

We use (1.95) as a starting point to derive the following differential
identity. The Toeplitz determinant D,,(s) satisfies

0 1 . ,
—1 Dn A —i6o F 0o
a7 98 Dulx) = 5P (e ™)+ P(e™)]

where
9 —d
F(Z) = n|¢n(z)’ —2Re Z¢n(z)%¢n(2) :
Define Y in terms of the orthogonal polynomials ¢;

_ _ n(¢) d
X' 0n(2) Xn' S i—(i) 27riC(" )

1 _ bn_1(¢Y) d
~Xn-12""'Pp_1(271)  —Xno1 fJ glf(z)%r(ic

Y(2)=Y(%J) = (

One can express F' in terms of the elements of Y:

F(2) = m|Yi1 (2) P—2x2Re <zYH(z)dsz11(z)> . (1.96)

The function Y uniquely solves the following Riemann-Hilbert (RH)
problem
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(a) Y :C\ J — C?*2 is analytic;

(b) Y possesses L? boundary values Y, and Y_ on the 4+ and — side
of J, respectively, related by the condition:

Yi(2) = Y (2) ((1) "‘1"> for 2 € J;

zTL

() Y(2) = (I +0(1/2) (0 29") as 7 = 0.

The fact that orthogonal polynomials satisfy a RH problem was first
observed for polynomials orthogonal on the real line by Fokas, Its, Kitaev
[45], and extended to polynomials orthogonal on the unit circle by Baik,
Deift, Johansson [7].

We use the Deift-Zhou steepest descent analysis [36] to obtain asymp-
totics for the solution for the RH problem for Y (z; J™) with J from
(1.94) as s,n — oo and v — 0 such that s3/n — 0 and svlogr—! — 0.
Subsequently we obtain asymptotics for F' in the same scaling limit, and
we substitute these asymptotics into the integral

log D (X (5 v)

1 [bo= 0 i
= o Du(yiv = 0) = 5= [T (P ) + P,

and as a result we obtain

w
+ c(k) + 0p(z) + O(max{svlogr=t,1/logrv 1,53 /n,1/s}),

.’EQ
log D(X oo #) = 108 Do (x sy ¥ = 0) + 53/JB] (w - )

as s,n — oo and v — 0 such that s3/n — 0 and svlogr= — 0. We
take n — oo and use (1.93) to prove Theorem 1.2.2.

1.3 The characteristic polynomial

In this section, we give an overview of results in Chapter 3. The chapter
is based on [18], which was written in collaboration with Tom Claeys.
Let H, be distributed according to the Unitary Ensemble (1.8) with
potential V. Denote by P, the characteristic polynomial of H:

P, (z) = det(H, — Iz). (1.97)
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Since H,, is a random variable, P,(x) is a random variable. It is con-
jectured that P,(x) shares many statistical properties with the zeros of
the Riemann zeta-function along the critical line [69, 59, 24, 25, 57, 5].
In Chapter 3 we study the moments of P, (z).

Denote 2y = v/t when t is positive and zy = iv/—t when t is negative,
and define:

gn(t) = E(|Pn(=20)Pu(20)|*)- (1.98)

Note that if y € R, then one may express

E(|Pn(y — 20) Pa(y + 20)|*)

in terms of g,(t) by translating the potential V(z) — V(x + y), so the
form of g, (t) is not restrictive. The following results were first found
for integer «v in [14, 46, 54], obtained by Krasovsky [70] for the Gaus-
sian Unitary Ensemble which has potential V(x) = —2z% and general
a > —1/2, and brought to its most general form with one-cut regular
potentials by Berestycki, Webb and Wong in [9]. Let a,t > 0, let V
be a real-analytic potential satisfying (1.9) which is one-cut regular (as
defined in Section 1.1.5), and assume b — a = 2, with v/t, =/t € (a,b).
Denote
a

fa) = 5(V(2) + V(-z) = 20).

Then as n — oo,

2,2 G(l + Oé)2

gn(0) = €Oy (0)° (14 0(1)) (1.99)

while for ¢t > 0 fixed as n — oo,

gn(t) = 6nf(\/i)na2/2t—a2/4(¢v(\[) Wy (— \[))a

o? a 4
><<4) /2GG(1++/)2>(1+0(1)). (1.100)

where G is the Barnes G-function.

Equation (1.100) is valid for ¢t > 0 fixed as n — oo. For t < 0 the
following was proven by Johansson [66] in 1998. When n — oo and t < 0
remains fixed,

log g, (t) = noz/log]a:2 — tldpy (x) + A(t) + o(1), (1.101)

2 b b

2 _ _ _
Alt) = -2 log|z* — 1| y V(O—y)y a)dydx,

o Vb—z)(z—a)ls ¥ —1 y—z
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where the divergent integral is evaluated in the principal value sense.

We now present the results from Chapter 3 which are valid for both
positive and negative ¢, as n — oo and t — 0.

In Chapter 3 we define two functions o} and o, in terms of the
(unique) solutions ¥+ and U~ of two RH problems, see Sections 3 and
2 of Chapter 3 respectively. The two functions o} and o, satisfy the
Jimbo-Miwa-Okamoto o-form of the Painlevé V equation (1.78).

The first one, o, (s), is analytic and real for s € (0,400), and was
proven in [19] to have the asymptotics

g

@ S‘HQO‘e_S—F(i)Q (1+ (’)(5_1)) s — +0o,

()é2 0 S
_():{ +0(1) =0,

where I' is Euler’s I'-function. The existence of such a solution was
proven in [19]. The second solution o7 (s), is analytic and such that
ol (s)+ % is real-valued for s € —iR+(, and was proven in [20] to have

the asymptotics:

2 _iot
(s =4% W s i0h
S =% +0(s|7") s— —ioco.

For general values of o > —1/2, o are transcendental functions,
but in Chapter 3 we show that there are special values of o where J§
are algebraic functions. For o, this is the case if « is an integer, while
for o this is only the case if « is an even integer. For those values of «,
we show that af can be constructed via an explicit recursive procedure.

For a =0, 1,2, the expressions are simple and we have

J(:)I:(s) =0, (1.102)
s
L 1.103
o) = (1.103)
—2+e5(2 — 25+ 5?)
+ —
S(s)=s et ted (1.104)

In Chapter 3 we prove the following theorem.

Theorem 1.3.1. Let V' be real analytic, satisfying (1.9) and one-cut
reqular (as defined in Section 1.1.5) with 0 in the interior of the support
[a,b] of the equilibrium measure py. Denote zg = \/t when t is positive
and zg = ir/—t when t is negative. Define

A —4minzoyy (0) fort >0,
™ —2rin JZ2, h(s) (s —a)(b— s)Y2ds  fort <0,
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with h defined in (1.45) and where the square root is taken to be positive
at 0 and analytic in a neighbourhood of 0, in such a way that s, is
positive when t < 0 and negative imaginary when t > 0. We assume
that « > —1/2 and t <0 or that o > 0 and t > 0. Then g,(t) satisfies

Sn,t L 2
log g (t) = log g,,(0) +/ Mds

0 S
+n(f(z0) — £(0)) + O(t]'*) + O (n™"), (1.105)

aSth

M

with uniform error terms as n — oo and t — 0, £t > 0, where the
asymptotics of gn(0) are given in (1.99).

Remark 1.3.1. When ¢ > 0, the Euler-Lagrange equation (1.43) states
that

b
a/ log|z? — t|duy (z) = f(20). (1.106)

Thus, by (1.99) and (1.105), one has that for ¢ > 0 and b —a = 2, under
the assumptions of Theorem 1.3.1, that as ¢ — 0 and n — oo,

Sn,t ~t A2
log gn (1) =na/loglx2—tlduv(x)+a2 logn+/ gals) —a”
0 S
o 1o G +a)*
+—+a log(w¢v(0))+log<G(1+2a) +O(/[th+0(1/n).
(1.107)

When ¢ < 0, we wish to obtain a similar formula to (1.107), but formula
(1.106) no longer holds. However, we note that for some ¢y < 0 and
to <t <0, we have

b
1
| 1osta? tluv () = 5 [ 10g(:2 =ty (2
a 1
20

+ ;/1“2 log(2? — t)dpy (2) — mi /_ZO duy(z), (1.108)

where T'; and 'y are as in Figure 1.4; where log(z? — t) is analytic on
C\ ((—00,0) U (=20, 20)) and is positive as z — +o00; and where duy (2)
is the analytic continuation of duy (z) on a neighbourhood of 0. We
analytically continue (1.106) in the variable zy to find that

f(z0) = % </Fl log (2% — t)duy (2) + /F2 log(2* — t)d,uv(z)> , (1.109)
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for some tg < 0 and tg < ¢t < 0. Thus, for t < 0 and b — a = 2, under
the assumptions of Theorem 1.3.1, it follows that as ¢t — 0 and n — oo,

e ok (s) - o?

log g, (1) :na/log|x2—t|d,uv(x)+a2 logn+/0 . ds
o)2
+ a?log(mihy (0)) + log (M) +OW/t) + 0@ /n).
(1.110)

Remark 1.3.2. In [20] the authors obtained the following identity
s -+ 2 2
lim (/ w&#— E log|s|)
5——100 0 S 2 2
G(1+2)' G0 +2q)
G(1+ a)

It follows that for ¢t > 0, upon taking s, — —ioo and ¢ — 0 in (1.105),
the result matches formula (1.100) in the limit ¢ — 0.

= log (1.111)

We now show that for ¢ < 0, upon taking s, ; — oo and t — 0 in
(1.110), the result matches formula (1.101) in the limit ¢t — 0. We begin
by finding the asymptotics of (1.110) as s,; — oo. In [19] it is shown
that

Cop(®)-a® _ Gl+al
—_ log —— %~ = —a“l 1 1.112
/0 = ds + OgG(1+2a) a”log s+ o(1) ( )

as s — oo. Thus, by (1.110),

log gn(t) = noz/log\xQ — t|dpy (z) — o log (4\/@ +0(1), (1.113)

asn — 0o, t = 0 and s,; — oo. It remains to find the asymptotics of
A(t) from (1.101) as t — 0, for ¢ < 0. For z € (a,b), we find by first
taking a contour integral argument and then taking the limit ¢ — 0, that

b — —a a
/a y V-9 )dyzﬁ<\/w_1)(1+0(\/m)),

y? —t y—x

as t — 0 for t < 0. Thus, by the definition of A in (1.101),

o? < b log|2?|de

21\ Ja (b—2x)(x—a)
_1og|t\/oo dx —/Oo bg;(:vwdx> +o(1), (1.114)

A(t) =

2 +1 oo 21
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I'y

Q
Lo

Yo

Figure 1.4: Left: Contours I'y and I's. Right: Contours ¥ and ¥4

as t — 0 for ¢ < 0. By the calculus of residues

0 ] 2 1 . o
/ og(z® + )dzc — lim / log(z + Z)dz B / log(z — 1) s
| R—oo \ Jy, 2241 s, 2241

=27 log 2,
where ¥; and Yo are as in Figure 1.4, and log(z + ) and log(z — )
have branch cuts on (—i,—ico) and (i,700) respectively, both positive
as z — +oo. Similarly,
b logle?|dx 1 / ilog(2?)dz
= lim —
a ,/(b—x)(m—a) R—o0 2 bl

*/lg((;d‘/ 2= R lg(m)d*“/ww

argz € (—m,m)

= —2mlog2,

for b—a = 2, where log(z?) has a branch cut on (—oc,0) and is positive
as z — 400, and 7(z) = ((z — a)(z — b))"/? has a branch cut on (a,b)
and behaves like z as z — oco. Thus, by (1.114),

A(t) = —a®log (4\/|t|) +o(1), (1.115)
as t — 0, and we have shown that for ¢ < 0, upon taking s,; — oo in
(1.110), the result matches formula (1.101) upon taking ¢ — 0.

1.3.1 Hankel determinants with Fisher-Hartwig singular-
ities

Theorem 1.3.1 can also be stated as a result regarding the partition

function of a matrix ensemble with Fisher-Hartwig singularities. Modify
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the probability measure on Hermitian matrices (1.8) as follows:

1 o
7 |det(M? —t)|* e ™VMan for a> —1/2,t € R, (1.116)
n,t

where Z,; = Zp+(V,a) is the normalizing constant. The measure
(1.116) induces a probability measure on its real eigenvalues x1, ..., Zy,,
given by

(25 — 2i)” [ [ wna(j)da;,

it 1<i<i<n j=1

wn () = |22 — t[% V@ (1.117)

where Z\n’t = /Z\n,t(V, «) is the normalizing constant. We have the fol-
lowing relation with g, (¢):

 Zna(V,a) | Hp(wny)
) =2 = Ha(wn) (1.118)

and so Theorem 1.3.1 gives an expansion for log Zn,t(v, a). By compar-
ing with the form of the symbol (1.71), Hy,(wy¢) is a Hankel determinant
with Fisher-Hartwig singularities of type a:

e o # 0 and t =0 as n — oo corresponds to a single a-singularity
at 0.

e o # 0 and ¢t > 0 remains fixed as n — oo corresponds to two
a/2-singularities at —v/t and /7.

e o # 0 and t < 0 remains fixed as n — oo corresponds to an
analytic potential.

By letting ¢ — 0 as n — oo we are thus effectively studying the tran-
sition between the scaling regimes with 0,1 and 2 a-singularities. In
Section 1.1.6 we described some motivation for studying Hankel deter-
minants with Fisher-Hartwig singularities, we list here a few applications
where one is interested in this transition between regimes. Random ma-
trix ensembles with such merging root-type singularities have applica-
tions in fractional Brownian motion with Hurst index H = 0 [51], and in
quantum chromodynamics [2, 26]. The partition function Zn,t appears
in the study of impenetrable bosons in a harmonic well as the one body
density matrix (up to a constant), and one needs uniform asymptotics
of Z%t in ¢ > 0 to determine whether Bose-Einstein condensate occurs
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[47]. Finally, more recently, Berestycki, Webb and Wong used Theorem
1.3.1 to prove that the characteristic polynomial of Unitary Ensembles
with one-cut regular potentials V' converge in distribution to a Gaussian
multiplicative chaos measure [9].

Note that the equilibrium measure associated with the modified
probability measure (1.117) is given by uy, and thus it is the same as
the equilibrium measure associated with the probability measure (1.10).
This is because the addition of —% >7%_, log\acjz — t| leaves the large
n limit in (1.40) unchanged. Thus the macroscopic distribution of the
eigenvalues (1.117) remains unchanged under the addition of the term
|22 — | (for fixed a).

Correlation kernel

The modified probability measure (1.117) is a determinantal point pro-
cess with a correlation kernel which we denote K, ;(x,y). The kernel
K, +(x,y) is defined in the same manner as in Section 1.1.3 with weight
wp¢. In Chapter 3 we also consider asymptotics of the correlation kernel
K, as n — oo and ¢t — 0 simultaneously.

If t # 0 remains fixed as n — oo, then as a slight generalization of
[34, 35] K, satisfies (1.72) for = € [a,b] \ {20, —20}. If t = 0, it was
proven in [74] that uniformly for w,v in bounded subsets of (0,00) we
have

: 1 u v — Bessel
A2 G (0 o (wV(O)n’ by 0)n> Ko™ ()
_ w\/quJM_%(WU)Ja_% ) — Ja_%(wu)Ja+%(7rv), 1.119)
2(u —v)

where J,, is the Bessel function of order « (see e.g. [81]).

In Chapter 3 we obtain large n asymptotics for the correlation kernel
near the origin as n — oo for small ¢. Of particular interest will be the
double scaling limit where n — oo and simultaneously ¢ — 0 in such a
way that n’?t tends to a non-zero constant. This will lead us to a new
family of limiting kernels which are built out of functions associated to
the Painlevé V equation.

Theorem 1.3.2. Let V be real analytic, satisfying (1.9) and one-cut
reqular with O in the interior of the support (a,b) of the equilibrium
measure py. We denote vy for the density of py, given by (1.45), and
define

Tnt = 1670y (0)*n’t, (1.120)
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for t real.

1. As n — oo and simultaneously t — 0 in such a way that 7,; —
+o00, the kernel K, satisfies (1.72) at z = 0.

2. Asn — oo and simultaneously t — 0 in such a way that 7,; — 0,
the kernel K, ; satisfies (1.119).

3. As n — oo and simultaneously t — 0 in such a way that 7,y —
T # 0, there exists a limiting kernel KLY such that

1 U v V(v
" on <¢V(0)n’¢v(o)n> =K, (u,v57), (1.121)

for anyu,v € R if T <0, and for any u,v € R\ {£/7/4} if T > 0.

The limits are uniform for u,v in compact subsets of R.
The limiting kernel KXV (u, v; 7) has the form

By (w0; 7)@a(mus 7) — By (ru; 7) Do (w03 7)

K (u,vi7) = 27i(u — v)

. (1.122)

where the functions ®;, j = 1,2, will be defined in Chapter 3, in terms
of the unique solutions ¥~ and ¥ to two RH problems for 7 < 0 and
T > 0 respectively.

1.3.2 Method of proof

We give an outline of the proof of Theorem 1.3.1 We use the represen-
tation (1.118). By taking the derivative of the logarithm of (1.28) and
considering the orthogonality of the polynomials, one can show that

)

(n
d d = /{n 1 @
L og gu(t) = = log Zn 5 [F(0) = F(=20)],
9 ) ( )( Jwn,t(z)
F(z) = — an A" AT 1.123
(Z) azpn—l(z) /oo T — 2 dx ( )
(n)
0 Py (@) wn ()
— Zp P13/t
9. (2) /_Oo x—z dz,
where pgn) (x) = mgn)xj + ... are orthonormal with respect to wy,; as in

(1.19). Due to technical reasons, we only prove the above differential
identity (1.123) for ¢t < 0,a > —3 and for ¢t > 0,a > 0. Define Y by

(n)

1 Pn (m)
Y(z,n) = ) ( ) 271’1,‘{(”) R (a:) # wn,t(x)dx . (1124)
27rm£1) Sl_) (2) —H},ELTL_)I Rp"xilz)wn’t(x)d:u
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Substituting Y into (1.123), we obtain the following:

2 1og Z,(1)

d
t ) _% <<Y16Z>22 (20) — (ylcg)m (_ZO)> . (1.125)

It was noticed by Fokas, Its and Kitaev [45] that Y can be charac-
terized as the unique solution of the following RH problem.

(a) Y is analytic in C\ R.

(b) Y has the following jump relations on R, except at the singularities
++/t in the case where t > 0:

Y (2) = Y. (2) (é wni“”) .
(c) As z — o0,

()= (1+0 (=) <ZO 29n> .
(d) If £ > 0 and « < 0, Y (=) has the behavior

o) 0(=F Vi)
””(oa) o<|z¢ﬁa>>’

as z — +vt. If t > 0 and o > 0, Y is bounded near +4/t.

Using the Deift-Zhou steepest descent analysis for RH-problems, it
is possible to obtain asymptotic formulas for Y as n — oo, which we
substitute into the following formula (obtained by integrating (1.125))
to obtain our results in Theorem 1.3.1:

log g, (t) = log g (0)

_ /:O 2 ((YI?Z/>22 () — (chg)ﬂ (—z)> dz. (1.126)
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Chapter 2

Splitting of a Gap in the
Bulk of the Spectrum of
Random Matrices

This chapter is based [42], a joint paper with Igor Krasovsky at Imperial
College London.
2.1 Introduction

Let A be the union of m open intervals on R, and K be the (trace-class)
operator on L?(A,dx) given by the kernel

sin s(x — y)

Ky(x,y) = 2.1
(@) = 22 (21)
Consider the Fredholm determinant

Py(A) =det(I — K;)a. (2.2)

For a wide class of random matrix ensembles [3], in particular for the
Gaussian Unitary Ensemble, P;(A) is the probability that the set 2 A =
{22z : 2 € A} contains no eigenvalues in the bulk scaling limit where
the average distance between the eigenvalues is 1. In this chapter, we
are interested in the asymptotics of Ps(A) as s — oo, and we study the
transition between a single interval Ay = («, ) to the set A composed
of 2 disjoint intervals

A=4 UAz, A = (oq, pr), A2 = (az, B2). (2.3)

47
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Such problems have a rich history, of which we mention some relevant
results. For the single interval case 4g = (o, ),

— )22 1 1 _
logPs(Ao):—M—flogs—flogﬁ a+co+0(s’1),
8 4 4 2 (2.4)
1
= —log2+3¢(~1
co = 75 o2 +3¢/(~1),

as s — oo, where ( is the Riemann zeta-function. The leading term
and logarithmic term in (2.4) were conjectured by des Cloizeaux and
Mehta [23] in 1973, while the constant term ¢y remained undetermined
until Dyson [37] conjectured an expression for it in 1976, relying on
inverse scattering techniques and the work of Widom [92] on Toeplitz
determinants (see below). The constant ¢y became known as the Widom-
Dyson constant. The first rigorous confirmation of the leading term
in (2.4) was given by Widom [93] in 1994. In the landmark paper of
1997, Deift, Its, Zhou [32] were able to confirm the leading term and the
logarithmic term, but the proof of the constant ¢y continued to defy their
techniques. Finally, two independent proofs of the constant were later
given by Erhardt [38] and the second author [71], and a further third
proof given in [31]. The proofs in [71], [31] use the Riemann-Hilbert
(RH) methods, while [38] uses operator theory techniques.

When A is composed of any (fixed) number of intervals, the main
term was found and proved by Widom [94] in 1995, where he was also
able to identify the next term in the following result:

dis log Ps(A) = sC1 + Ca(s) + o(1), (2.5)
as s — o0o. The constant C is explicitly computable, while Ca(s) is
an oscillatory function given by a Jacobi inversion problem. In [32],
which was mentioned above, the authors were also able to find the full
asymptotic expansion for the logarithmic derivative of the determinant
on any number of intervals and describe the oscillations in terms of
f-functions. Here we describe their result when A is composed of 2
intervals as in (2.3):

log Ps(A) = —G15% + Golog s +log0(sV;7) + Gz + O(s™1), (2.6)
where

0(z) = 0(z;7) = Z ezmzm+7rirm2 (2.7)
meZ

is the Jacobi Theta-function of the third kind, see e.g. [91]. The con-
stants V, 7, G1, G4 are given in terms of elliptic integrals and #-functions.
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Let

r(z) = ((z = a1)(z = B1)(z — a2) (2 — B2))"/?, (2.8)

with branch cuts on A such that 7(z) > 0 for z > f5, and let ¢(z) be
the unique monic polynomial of degree 2 such that

/ a2)dz _ o i (2.9)
A r+(z)

where ry(z) is the limit of r(z + i€) as € — 04 (where the "+4” side
is chosen merely for definiteness). Then ¢/r has no residue at infinity.
Hence as z — 00, ¢/r has the form

q(z) Gy

D214

) =t O(z73), (2.10)

which defines the constant G; appearing in (2.6).
The parameter V, T appearing in the arguments of the #-function in
(2.6) are as follows:

a2 dx
1 a2 r(z
v / q(w)dwj o ZM (2.11)
T ) T(I’) B2 dx
az [ry(z)]

The constant G also has an explicit representation (in terms of 6-
functions, see [32]).

The value of the constant (G3 is unknown. The reason that Gj
is unknown is because the method used was to find an expansion for
d% log Ps(A), and then integrate it in s. There is no obvious point sg for
the lower limit of integration where Ps,(A) would be known and could
provide Gs.

In this chapter we begin a study of the transition between the single
interval formula (2.4) and the two-interval formula (2.6). Namely, we
describe the regime between a single interval and |y — 1| sufficiently
small depending on s, asymptotically as s — oco. This transition resem-
bles the study of the birth of a cut — the emergence of an extra interval
of support of the limiting eigenvalue density in the Unitary Ensemble:
asymptotics for the correlation kernel of the eigenvalues in that case were
obtained independently by Bertola & Lee [10], Claeys [22], Mo [78].

Consider the Toeplitz determinant whose symbol f(z) is the charac-
teristic function of a subset J of the unit circle C:

Do) =det (fa)iitys fi= [, e M5 (2.12)

eifc g 2
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where integration is in the positive direction around the unit circle. The
proofs of the expansion (2.4) including the constant term ¢y in [31, 71]
were based on an analysis of the Toeplitz determinant D, (.J2) where Jo
is an arc of the unit circle

J=Jy= {ewye € (—m,602) U (91,77]} . (2.13)

The asymptotics of D, (.J2) for a fixed arc J, were found by Widom [92].

In [31, 71], Widom’s result was extended to the case of Jo = 2(") varying
with n such that |0; — 63]— 0 sufficiently slowly. Namely,

n 0, — 6 1 01 — 0
IOgD”(Jé )):nzlogcos 14 2—10g<nsin 14 2>+co

4
+ O L (2.14)
n sin 791192 .
01—

as n — oo, uniformly for 20 < TOQ < 7w —¢ for € > 0 and with sg
sufficiently large. Asymptotics (2.4) are obtained from (2.14) by using
the fact that

lim D, (JS") = det(I — K,) 4, (2.15)
n—oo
for fixed s and by taking the limit in (2.14) as n — oo with 6} =
% and 6y = 257", where «, 8 are fixed. The approach of the present
paper is based on an analysis of D, (J) where J = J(™ is the union

of 2 arcs J) = Jl(n) U JQ(n), with Jl(n) c C\ Jz(n) of sufficiently small
length in comparison with C \ Jz(n) (see Theorem 2.1.2 below). We
obtain our results on the sine-kernel determinant by taking the limit
n — 0o of D,(J™). However, we believe Theorem 2.1.2 below to be
of independent interest for a future study of Toeplitz determinants with
symbols supported on several arcs.

2.1.1 Results

The kernel (2.1) is translationally invariant and so we can assume the
following form for A:

A=(a,-)|Jw,B8), a<0<v<§p. (2.16)

In this chapter we provide the asymptotics of log Ps(A) (including the
constant term) in the double scaling limit as s — oo while v — 0 in such
a way that svlogr=! — 0.
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Let v = 3(87' —a!) and

= w > 0. (2.17)
Clearly, w is uniquely represented in the form
w=k+z, k=0,1,2,..., ze[-1/2,1/2). (2.18)
We note that v has the form
v =yl B, (2.19)

We prove the following:

Theorem 2.1.1. As s — oo, uniformly for v € (0,1y),
where sy log 1/61 — 0,
2

log Ps(A) = log P,(Ao) + sv/]af] <w - Z) + (k) + ()

+ O(max{sylog Val, 1/log 1/61, s,
22K~k G(k +1)*
=1
(k) = log ( T G2k +1) )

Sk(z) = log (1 + 2mkp_1 (vw)'T%) +log (1 + (2mkz) "' () 727)
(2.20)

where G is the Barnes G-function, and where r; is the leading coeffi-
cient of the Legendre polynomial of degree j orthonormal on the interval
[—2,2], given by ko =1/2, k_1 =0,

- —(27)! .
Ky = 47971225 41 R ji=1,2,..., (2.21)

and log Ps(Ay) is given in (2.4).
As s — oo, uniformly for v € (v1,1y), where sy log yo_l — 0 and

10gi1—1 — 00 (i.e., k — 00), formula (2.20) reduces to

(8- ) af]
s log(yv)

~?log(y) "+ log (1 + () ) — 1o (ﬂ B a\/mm)

1 1 loguyt
+ =log2+6¢'(-1)+ O (max{suo log vy !, — 8" }) ,
6 log 1, s

1 1
log Py(A) = s* (— _1> ~3 log s + 1 log log(yv) ™!

(2.22)

where C is the Riemann zeta-function.
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Remark 2.1.1. Note that if £k = 0, z € (0,1/2 —¢) for ¢ > 0, and

s — 00, then (2.20) shows that Ii:“’(%))) — 1.

Remark 2.1.2. The function ¢(k) can alternatively be described in
terms of the coefficients (2.21) of the Legendre polynomials:

(k) == log2msi, k=1,2..., c(0)=0. (2.23)

Formula (2.23) shows that d;(z) + c¢(k) is continuous also at the points
|z|=1/2.

Remark 2.1.3. The ratio PP:(f())), where Ay = (o, 8), can be written

in the following form. Let x4 be the characteristic function of A on R.
Then

PS(A) _ det(I - XAKS)(a,,B)

PS(AO) det(l - Ks)(a,ﬁ)
=det (I — (xa — 1)K,(I — K,)™")
=det (I + K (I — K,)™')

(2.24)
(e8)

(_Vvy) ’

Remark 2.1.4. The rescaled sine process (with expected distance be-
tween particles 7/s) is the determinantal point process with the m’th
correlation function p,,, for m =1,2,..., given by

Pm(T1, . ) = det(Ks(zi,25))i%—1- (2.25)

Consider the rescaled sine process conditioned to have no eigenvalues in
A. Denote this process by P4 and its m’th correlation function by p;él.
In Section 2.4.2, we show that for x1,...,z,, € (—1,1),

VA (v, vEy) — det(2K Leg (21, 22;))7—, (2.26)

as s — oo and v — 0 such that k € N and |z[< 1/2 remain fixed, where

Kieg(1) — Hz: Lk:(x)Lk—l(y; - jk(y)Lk—l(x)’ (2.27)

and Ly, is the Legendre polynomial of degree k, orthonormal on [—2,2]:

R S (2.28)
1 fori=j.
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Recall that for a set B C R and a point process A with its m-th corre-
lation function denoted r,,, we have

Expectation(# ordered m-tuples in B)

1
= Tn!/mrm(xl,...,xm)dﬁl-udxm (2.29)
= Z <m$‘7>Prob(#(A NB) =m+j).

j=0

The process with kernel Kj,g is a k-point process. Thus we obtain from
(2.26) and the first equation of (2.29) that, as s — oo and v — 0 such
that £ € N and |z|< 1/2 remain fixed, the expected number of (k + 1)-
tuples of P4 on (—v,v) converges to 0, while the expected number of
k-tuples on the same interval converges to 1. It follows from the second
equation of (2.29) that

Prob (P4 has k particles in (—v,v)) — 1. (2.30)

To summarize, the asymptotics of log Ps(A) as s — oo depends on
the value of v, and we give an overview of the various scaling limits:
e If v = 0, the asymptotics are given by (2.4).
o If v — 0 as s — o0, such that svlogr~' — 0, the asymptotics are
given by Theorem 2.1.1.

e If vlogv! is of order 1/s or larger, the asymptotics of Theorem
2.1.1 breaks down and the transition to an asymptotic formula
containing #-functions takes place. We plan to address this in a
future paper.

e If v > 0is fixed, the asymptotics are given by the #-function regime

(2.6).

For Toeplitz determinants, we obtain the following result. Let D, (J)
be given by (2.12) with J = J™ = J™ U J{" where

Jo {ew o (JS”SV) }
n’' n
m | e 2sc 2sp3
J2 = {6 . 0 & <—7T, n) U <n,7T:| } 5 (231)

with some o < 0 < v(s) < 8. Then, with the notation of Theorem 2.1.1,
we have
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Theorem 2.1.2. As s,n — oo, uniformly for v € (0,1), where svplogyy ' —
0 and s3/n — 0,

w

(n) (n) a?

log D, (J ) =log D, (JQ ) +sv/|af| | w—— ) +c(k)+op(x)
+ O(max{s®/n, svylogvy ', 1/logvy t,s71}), (2.32)

where the expansion of log D, (JQ(n)) is given in (2.14) with 6, = 2s/n,

Oy = 2sa/n.

We use Theorem 2.1.2 to prove Theorem 2.1.1.
Proof of Theorem 2.1.1. 1t is well-known that

|Dp(J™) — det(I — Ky) 4|~ 0 (2.33)

as n — oo for fixed s, a fact which follows from formulas (1.21), (1.37),
(1.73) in Chapter 1. Taking the limit n — oo in (2.32), we then obtain
(2.20). To obtain (2.22), we substitute (2.4) for Ps(Ap), and note that
the standard asymptotics of the Barnes G-function G(z + 1) as z — oo

2

3 1
log G(2+1) = % log z—zz2+g log 27r—ﬁlog 2+¢ (=1)+0(272), (2.34)

imply that as k — oo,
1 1 , 9
c(k) = —Zlogk+ﬁlog2+3C (=1)+O1/k%). (2.35)

Furthermore, we note that 27x; =1+ O(k™') as k — oco. O

2.1.2 Outline of the proof of Theorem 2.1.2

It remains to prove Theorem 2.1.2.
Let —m < 0y <0 < 6y < 01 < m and define J = J; U Js where Jq, Jo
are as in Figure 2.1:

Jy=J1(00) = {10 € (—00,00)}, Jo = {€]0 € (61, 7] U (-7, 60)}.
(2.36)

We denote the complement of J as ¥ = 31 U Xy where

Y= {619‘9 € (90,61)}, Yo = {eww S (92, —90)}. (2.37)
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\bl - 6191

Jo J14}

Figure 2.1: Interval J.

It follows from the integral representation for Toeplitz determinants,
which follows from (1.37) in Chapter 1, that D;(J) > 0 for all j € N.
Consider the polynomials ¢; for j = 0,1,2,... given by

1
¢o(z) = ——=,
D1(J)
foo fa1 oo foimn oy
1 f1 fo oo fojre foin (2.38)
¢i(z) = D;(J)Dj1(J) det
g g fi-v fi—2 o Jo f-1
1 z o b2
:ijjJr..., 3 >0,
where the leading coefficient x; is given by
D.
i() j=0,1,2,..., (2.39)

NN D)

where we set Do(J) = 1. The polynomials ¢; are orthonormal with
weight 1 on J:

——db ; .
/J(;Sk(z)qﬁj(z)% =0k, 2= e’ i k=0,1,2,.... (2.40)

Define a 2 x 2 matrix Y (z) = Y,(z) in terms of these orthogonal
polynomials as follows:

_ _ n d

Xn fn(2) X' fJ ¢¢£§) 2m'<c"

Y(z) = n—17 (1 n-1(¢7Y) d¢ |- (241)
~Xn-12""'on1(27Y) —xn-1 ) T =z 2mic

Then Y is the unique solution of the following Riemann-Hilbert (RH)
Problem
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(a) Y :C\ J — C?*2 is analytic;

(b) Y possesses L? boundary values Y, and Y_ on the 4+ and — side
of J, respectively, related by the condition:

1 z="

Yi(z) =Y_(2) (0 1 ) for z € J;

Z?’L

(c) Y(2) = (I+0(1/2)) <0 29n> as z — oo.

The fact that orthogonal polynomials satisfy a RH problem was first
observed for polynomials orthogonal on the real line by Fokas, Its, Kitaev
[45], and extended to polynomials orthogonal on the unit circle by Baik,
Deift, Johansson [7]. The RH problem provides an efficient tool, the
Deift-Zhou steepest descent method, for the asymptotic analysis of the
polynomials, see e.g. [27].

In Section 2.2 we express the logarithmic derivative of the Toeplitz
determinant d%glolog D, (J) in terms of the polynomials ¢, and ¢,_i.
These are, in turn, expressed in terms of Y,,. In Sections 2.3 and 2.4
we analyse the RH problem for Y,, as n — oo in a double scaling limit
where J depends on n such that 6; = ~u; for j = 0,1,2; where s — oo
such that s/n — 0; where ug — 0 such that suglog ual — 0, while
u1 and uo remain fixed. As a result, we obtain the asymptotics of Y,.
Substituting these into the differential identity for % log Dy, (J), and
integrating with respect to 6y, we obtain the asymptotics of D, (J),
where u; = 28, ua = 2«, and ug = ug(v) is a function of v, which
proves Theorem 2.1.2.

2.2 Differential identity

We will now obtain the following:

Proposition 2.2.1. (Differential identity) Let a = €% . The Toeplitz
determinant D, (J) satisfies

1
2

i log Dy (J) =

90, [F(a) + F(a)], (2.42)

where

F(2) = nx2|Y11(2)*—2x2Re (zYu(z)(iYu(z)> . (2.43)
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From the definition of the orthogonal polynomials it is clear that

n—1
=1 x> (2.44)
j=0
The orthogonality conditions imply that
5%( 2
5 | S e
1 8)@ j 1 Ox;
ly of d —1)i(2)dd = —=2L, (245
and similarly,
(9¢> 1 Ox;
/ oi(z J = 80;. (2.46)
J

By (2.44)-(2.46) we obtain:

o n—1 8X
5, B Da(1)) = =23 T g
j=0
(2.47)

2 (S|
2w JE)HO =0 J '

On the other hand, one can express F' given in (2.43) in terms of the
orthogonal polynomials:

F(2) = nlén (=) —2Re (m@qubn(z)) . (2.48)

Now the Christoffel-Darboux formula for orthogonal polynomials on the
unit circle gives

z_:\¢k(z)|2: —F(z) forzeC, (2.49)

(see eg. [71]), and hence (2.47) can be written as

0
20, log Dy, ( 2#/890 (2.50)

Since, by (2.49) and orthogonality, [, F(2) % =n,

9 ~ 9
0= (/J F(z)da) =F@+F@)+ [ g, s

upon which proposititon 2.2.1 follows immediately.
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2.3 Analysis of Riemann-Hilbert problem

We start by setting g = 0 so that J; is a point, and then let J; develop
into an arc. Throughout the rest of the paper we use the notation

a = eié’o _ eiuos/n’ by = €i01 _ eiuls/n7 by = ei@g _ eiugs/n. (252)

We let s,n — oo such that s3/n — 0, and let ug — 0 as s — oo such
that suglogug LN 0, while us < 0 < wup remain constant. Denote
Y0 =3¢ X9 where

Y={z:0<argz < b1}, X§={z:02<argz<O0}. (2.53)
Let g1 be the function:

% (Z + (b1b2)1/2 +((z —b1)(z — b2))1/2)> 7

g1(z) = log
(bi/ 24,

(2.54)

where the square root has branch cut on Jy and is positive as z — 400,
and the logarithm log x has a branch cut for x < 0 and is positive for
x > 1. At infinity,

Vb1 + by
Y- Y240

5 (1) asz— oo. (2.55)

91(2) =logz — log
The boundary values of the function g; satisfy
g1,4+(2) +91,—(2) =logz, forze Jy, (2.56)

and at by, by we have

1 1
gl(bl) = 5 log bl, gl(bg) = 5 log bg. (257)
Alternatively, for z = ¢’ € ¥.° we can write g; in the following form:

x ( (€i9>) _ /2 cos g (9 B 91;92) i \/‘Sin R (2.58)
P cos (61 — 6,) S
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On the + and — side of Jo, we have

1 01+05 . :0—07 i 0—05
cos 3 <0 — T) F z\/\sm 5+ sin =52 |

cos £(61 — 62)

)

exp ((gl)i (61'0)) _ /2
(2.59)

from which it follows that e9* maps the + side of Jo to X° and the —
side to J2, and that e9 maps C \ Jy to the outside of the unit disc.
Set

w = %(z—l), B; = %(1—@) (2.60)

for j = 1,2. Note that B; and By remain bounded as s/n — 0. Then

_ s 1/2 s 1/2
91(2) = g1(1) + log (1 + % 2=sB) egjr(l()l ), wH(w)) ,
H(w) = % (’LU + ((w + B1)(w + BQ))UQ — (3132)1/2) s
(2.61)

where H(w) is analytic in w at the point 0. Thus g; has the following
expansion in w at the point w =0

g1(z) = g1(1) + %(clw +O(w?)), (2.62)
where
(1) = To cos(fy + 02)/4 + +/|sin 01 /2||sin 62 /2]
. ® cos(fy — 62)/4
_ sy/[urug| s
i # (1 e <E)) | (2.63)
= 1 (1 Vit \/5>
Vb 2e91(1)
— (5 + jrt +uarml) (1+0 ().
as > — 0.
Define

r(z) = ((z = b1)(z — ba)) /2, (2.64)
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where the square root has branch cut on Js, and is positive as z — +o0.
Let

e [
M =) [ ey 269

where integration is taken in counter-clockwise direction. It is easily
verified by differentiation that

t d{
) [ e

(2.66)
~ log <27°2(z) + (22— ;fgi(t —2)+ 2r(z)r(t)> OO,
for any constant C and some function C/(z). Writing
! d
h(z) = r(2) /b T(g)(f_z) (2.67)

we see that (2.66) can be applied, and it follows that

h(z) = log bz — by (z—1)

—log <z <1 _b ; b2> T byby — 1 ‘g b2 | r(z)r(l)) . (2.68)

The function h has a logarithmic singularity at z = 1 and a jump on
¥9J Ja, such that

h+—h_—{0 for z € X9,

2mi for z € 39, (2.69)
hy +h_=0 forze Jo.

The jump conditions (2.69) also imply that

h(b1) =0
hy(b2) = —h_(bs) = mi. (2.70)
As z — oo,
h(z) — log by — by — h(oo). )

((1 _ bl>1/2 + (1 _ b2)1/2)2
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On the interval 3¢ we can alternatively write h in the following form:

92 0
sin ¢ sin
exp(h(z)) = )
s &= 95 b2 _ cos 91292 cos 5 o+ 2\/|81n 0 291 sin ¢ 292 sin 91 sin % \
(2.72)
With the notation of (2.60) we can write
By — By
h(z) =logw :
(Bl + Bg)w + 2B1By + 2\/(21] + Bl)(w + B2)\/BlB2
(2.73)
Then we can expand h at the point z = 1:
h(z) = logw + ¢ 4+ cyw + O(w?), (2.74)
where
BB : 1. -1
ch=—logd——— 1722 _ —724—10557@1 uy ) —i—(’)(f),
Bl + By i, _ _ S
/ 1 1
B o (d),
“ 2B1B2 2 (ul + 2 ) + n
as > — 0.
We define the g-function by:
Q
9(2) = 91(2) + 5 _h(z), (2.76)

where 2 > 0 is a constant yet to be fixed. The jump conditions for ¢;
and h imply that
g+ +g- =logz for z € Jo,
g+ —g-=20 for z € X9, (2.77)
g+ —g— =1Q  for z € ¥9.

We define the local variable ¢ on a disc Uy containing the interval J;
(but not the points by, b2), by

C(z) = et (9(x)—3logz) _ h(x)+%5 (91(2)—3logz) (2.78)

The jump conditions for g imply that the function ( is analytic in Uj.
The precise radius of Uy will be determined later on by requiring that
the mapping ¢ be conformal on Uj.
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Since e9* maps C \ J to the exterior of the unit disc, we have

91 (F10)Fibo/2 5 (2.79)

For ug < e with some € > 0, it follows from (2.72) that

(2.80)

ey o [01) for 4,
(—1,0) for “—7.

Now consider, as a function of €,

¢(a) —¢(a). (2.81)

By (2.79) and (2.80) it follows that if we let @ = 400 in (2.78) then
(2.81) is smaller than 2, and if we instead set 2 = +0 then (2.81) is
equal to +00. Since (2.82) is monotone in (2, there exists, for uy < €, a
unique value for €2 > 0 such that

((a) - (@) = 4. (2.82)

We define 2 so that ¢ satisfies (2.82). From (2.58) and (2.72), it follows
that ((X°) C R. By (2.62) and (2.74) we have the following expansion
at the point z = 1:

((2) =w(o <1+Clw+0<(:;}2>2>), w:g(zfl),
(o = et Fn®, (2.83)

27s

Cl = Cll + m(cl - 1/2).

In what follows, it will be apparent that €2 — 0 in the limit s,n — co
and ug, s/n — 0. Moreover, by (2.63) and (2.75),

i m sy |ujugl

Co = 71(%71 —uzl)ed (+0(s/m) (1 4+ O(s/n))
A - 1 (2.84)
G=—glen=1/2) = 5w +uy ) + O(s/n).

Substituting these expansions into (2.83), which we in turn substitute
into (2.82), we obtain

242 x SV/|ugug|
o <1 o (s;zuﬁa )> = e O (14.0(s ),

(2.85)
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or upon taking the logarithm,

log <u0“11 - “21>_1 VAT <1 +O(s/n) + O(Q) + O (“%‘9)) |

8 QOn QO n
(2.86)
Therefore,
w8/ |uusg| 9 _1
Q= lo 1+0 + 0 lo i
n / & (W —u; Dug ( (s/n) (uglogug ')

(2.87)

Using the definition of g1, h and ¢ in (2.54), (2.68), (2.78), and
the expansion of ) in (2.87), it is easily seen that there are constants
my < mg independent of s,n,ug such that {’(z) has at least one zero in
the set

{m <lz-1l< m} (2.58)
nlogug nlogu,

By (2.84) and expansion (2.87), m; may be chosen such that

awro ()

as 25 — 0 and so ( is conformal on the following set

{z: 12— 1]< sml_l} (2.90)

nlogu,

<1 (2.89)

for ug, s/n < e for some fixed € > 0. Thus we define Uj to be the set
(2.90).
We define g as

g= zh—>nolo e9(2)—log 2
5 by — b1 3 (2.91)
= b}/2+b§/2 (((1—b1)1/2+(1—b2)1/2)2> )
and T as
T(z) = §"%Y (2)e ™9(=)os, (2.92)

It follows by (2.77) that T" satisfies the following RH problem:
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Figure 2.2: Contour I'g.

(a) T:C\ C — C?*2 is analytic.

(b) T has the following jumps on C:

en(9-—g+)(2) 1
T, =T_ ( 0 en(ng_g)(Z)) for z € Js,
T, = T_e s for z € ¥s.
T, =T <e_énﬂ z‘"e;:];+9)) for z € X9 ﬂ J1,
T, =T_ ((1) z_nf2n9> for z € X7 ﬂ Ji.
T, =T_ for z € ¥;.

(¢) As z — o0,

T(z) =I+0(zY),

The jump of T on J; factorizes as

en(9-—94)(2) 1
( 0 g+ g—)(Z))

1 0 0 1 1 0
:<6n(g+—g)(z) 1> <_1 0> <€n(g—g+)(z) 1>~ (2.93)

¢(z) = 29(z) — log(2), (2.94)
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Then the jumps of e? are induced by g and we obtain by (2.77) that for
z € Jo.

exp(¢4(2)) = expl(g+(2) + g-(2) —log(2)) + g+ (2) — g-(2)]

— explg+ () — g () (2:95)

and similarly
exp(6-(2)) = exp(g—(2) — g4(2)). (2.96)
We proceed to open the lenses around J as in Figure 2.2.

Proposition 2.3.1. For z on the edges of the lense I‘fg”UFg“t i Figure
2.2 such that |z — bi|, |z — ba|> es/n for some fized € > 0, there exists a
constant C > 0 independant of s,n, z such that

e9(2) < o3¢ (2.97)
as s,n — oo and for uy sufficiently small.

Proof. Since e9' sends C \ Jz to the outside of the unit disc, it is clear
that for |z|< 1 we have

|e291(2)~log(=) | 1 (2.98)

Let gg_) denote the function defined as in (2.54), but with +((z—b1)(z—

by))1/? replaced with —((z — by)(z — by))"/? Then e9” maps C\ Jy to
the inside of the circle and for z € C\ J; we have the relation

N (2+gi () (2.99)
It follows that if |z|> 1, then
201 (2)—log 2| |elogz—2g§*><z>|> 1 (2.100)
Using (2.98), (2.100), the definition of g, and the fact that Q = O(s/(nloguy')),

as s/(nlogug ) — 0, it follows that e~#(*) lies in interior of the unit disc
for z sufficiently close to the interval J,, and in particular that

e ") =0 (em ), (2.101)

uniformly for z on the lense that is opened around Js in Figure 2.2,
except near the endpoints by and by, for some constant ¢ > 0.
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Consider h(z) and g1(z) at z = b1. Let wy = 2(z — b1). From (2.68)
we have, with B; = 2(1 — b;),

By — B
h(z) = log =5 (w1 — By)

B B By — B
—log<w1 1-2F 2 22 1

By + (wi (w1 + By — Bl)Ble)l/Q> :

Thus it follows from (2.69) that h(z)/wi/2 is analytic at wy = 0, and we
have

1/2
h(z) = wi/Q(Bz—i%)l/? (%) (14 O(w)). (2.102)

Likewise, we let wo = %(z — b2). Then at the point wy = 0 we have the
expansion

1/2
h(z) = i — w;/?(Bl_QBQ)W (2) (1+O0(w)),  (2.103)

where &+ means + on the +side and — on the —side of the unit circle C'
(so the jumps agree with (2.69)).
We evaluate g; using the definition (2.54):
bl + (5152)1/2 + %((wl(wl + BQ — Bl))1/2 + wl)
bi/% 4 by

g1(z) = log . (2.104)

From (2.104) and (2.56), we have that (g1(2) — 1052)/10%/2 is analytic at

wy = 0, and that at the point w; = 0 we have the expansion

_ IOgZ . fwl/g (BQ — B1)1/2
2 p ! b1 + (b152)1/2

91(2) (1+ O(wy)). (2.105)

Likewise we expand g; at the point wy = 0:

oz _ s, 1 (Bu— By
2 n 2 bg+(blbg)1/2

91(2) (14 O(w2)). (2.106)
Consider now a neighbourhood of b;. The error terms in (2.102),
(2.105) are uniform for 0 < s/n < § for some sufficiently small §. By

(2.102), (2.105) and the fact that Q@ = O ( 2 ,1>, it follows that there

nlogug
is a constant C7 > 0 independant of s,n, z for ug sufficiently small such
that

Re(g) > wi/QCls/n (2.107)
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as z — by,s/n — 0. Thus from (2.107) it follows that there exists
€, C' > 0 such that for all |z — by|> es/n we have

e9(2) < gmC (2.108)
as n,s — 0o, and for ug sufficiently small. The same may be shown at
the point b9, concluding the proof. O

Let
T(z) for z outside the lenses,
T(2) 1 0 for z inside the lense and
z
S(z) = e~ne(2) 1 outside the unit disc, (2.109)
1 0 for z inside the lense and
T(z) .
—emé(2) 1 inside the unit disc,

Then S satisfies the following RH problem:

(a) S:C\TI's — C?*?is analytic, where I's = CUT% UT'Z* as shown
in Figure 2.2.

(b) On T'g\ {a,a, by, b2}, S has the following jumps:

0 1

Sy =5_ <_1 0> for z € Jy,
1 0 in ou
S+ = S_ <en¢)(z) 1> fOI' z € FS @] T t,
S, = §_e nCos for z € Xs.
—inQ  ,—nn(g++g-)

e z "e _ o

Sy =5_ < 0 Lin > for z € (a,1) = J; ﬂ22,

—n ,2ng
Lzre ) forze(l,a):JlﬂE%

S+:S<o 1

Sy =5_ for z € 3.
(c) As z — o0,
S(z)=I+0(z1). (2.110)

2.3.1 Main parametrix

In the region C\ (Uy U Uy U Us), we approximate the RH problem for S
by a main parametrix M, which satisfies the RH problem:
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(a) M :C\{JU%3} — C**2 is analytic.

(b) On Jy and X9, M has the following jumps:

-1 0
My (z) = M_(z)e ™83 for z € 9.

M, (2) = M_(2) < 0 1) for 2 € Ja,

(¢) As z — o0,

M()=1+0(z"").
A solution to the RH problem for M is given by

_ r - 71(2)  —2(2)
M(z) = <I+ — 1) D~Y(c0) (7;(2) %2(2) )D(z), (2.111)

where F' is a constant matrix and
1 Z—b1 1/4 Z—bg 1/4
Wl(z)_Q((Z—[n) + Z—bl
()_l 2 by 1/4 2 — by 1/4
72Z_2i Z—b2 Z—bl

with branch cuts on Js and such that v1(z) — 1 and v2(2z) — 0 as
z — o0o. For y € R, let (y) be defined such that

(2.112)

(y) € [-1/2,1/2), y— (y) € Z. (2.113)
Then D is given by
D(z) = exp (— <Z§TZ> h(z)a;;) , (2.114)

where it follows from the jumps of h (2.69) that D is analytic for z €
C\ (29 J2), and

Q
D'D, =exp [ —2mi n> o ) for z € X4,
TP ( < o /77 2 (2.115)

D_D,=1 for z € Js.

The function M defined in (2.111) will solve the RH problem for M
with any constant matrix F', which we will define later in (2.128). The
reason for the prefactor I + % in (2.111), which does not affect the
jump conditions for M, will become apparent later on.
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2.3.2 Model RH problem ¢
Consider the following RH problem for ®((; k), where k € N:

(a) ®(¢): C\ [n1,m2] — C?*? is analytic for given n; < 2.

(b) ® has L? boundary values for ¢ € (n1,72) satisfying

D (Ck) = B (Ck) (é }) .

(¢) As ( — o0,

(¢ k) = (I+ CI; + ?2 +0 (¢ )) ¢kos, (2.116)

It is well-known by the standard theory and is easy to verify that the
unique solution to this RH problem is given by

B(¢:0) = (; ok loe (£ Zf>)

1
(2.117)
Ly (x
Q((k) = »%Lk(o 275»% e a:k(c)dm
7 —27Ti/ik_1Lk 1 —KREp—1 f”72 ka L x)d

for k > 1, where Lj are the Legendre polynomials of degree k with
positive leading coefficients, orthonormal on (71, 72):

" 0 forj #k,
| L)L = 55 = | (2.118)
m 1 for j =k,
and we denote the first 3 leading coefficients as follows:
Li(Q) = m® + i P 4 (2.119)

Writing the large ¢ expansion of (2.117) and using orthogonality in the
second column, we obtain that

1k .
Py = Sk 2w for k > 1,

Vi Hi41

. 2

Oy = " 1 2R+ LA, for k > 2.
—2Mikk—1 k-1 ey (MkHk41 = Vir1KE)

(2.120)
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When k = 0 we have

0 _712*7'71
) = (0 2 > . (2.121)

It is well known that Lj has the explicit representation for k£ > 0:

o=\ a7 ()
) (2.122)
EEOC R o
0

where (0) = 1. As a consequence, the coefficients in (2.119) are given
by

2k
ki = (12 — nl)_k_l/2v2k~l— (k:)

g 2K\ k
pg = —(n2 —m) =" 1/2v2k+1<k)2(771+772)7

N (2.123)
Vi = (772—n1)_k_1/2v2k+1<k_2>

S k) — (R +03))

for k > 0,1, 2 respectively. From (2.117), (2.122), (2.123), it follows that
for k > 1,

8,,(0) = (-l
(%)
k(k +1)
x (1 - H(C —m)+O((¢ - 771)2)> .12
Do1(¢) = (—1)*2mi(2k — 1) (o — 1)~ * (2:__12)
. (1 - D+ o - 771)2)) |
as ¢ — m, while as ¢ — 12,
(n2 —m)* k(k+1) 2
o) = (1+ 55 D) + 06— )
eaa(©) = ~2riC2k - i —m)*(°p ) (2.125)

< (1+ 2D+ orc-m).
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2.3.3 Local parametrix at 1

Recall that Uy defined by (2.90) is an open disc containing .JJ; and that
as s,m — 00, ug — 0 the radius of Uy is of length es/(nlogug ') for some
e > 0. On Uy we defined a local variable ¢ in (2.78). We define the local
parametrix P on Uy by

P(2) = B(2)® (C(z); k) e "9 )3,
Qn Qn
k=— —u, x:< >, (2.126)

Con 2
where ® is given by (2.117), and where E is an analytic function on Uy:

F

z—1

E(z) = <I+ ) D(o0)™!

" @lg; }??S)) B(2) (I - Cé)) (2.127)

B(z) = et e(nz)=3logz)os,

with constant matrices F' and X defined below. From (2.58) and (2.72)
we see that ((J1) C R. We let 1 = ((a) and 12 = ((a). Then ((J;) =
(m1,m2), and so P(z) has a jump on J; induced by that of ® on (91, 72).
F' is a constant, nilpotent matrix

Toos [ ¢f) o
F=h0s hos, 2.128
<—f/¢ - (2.128)
~ 12 (1 —b)1/2\ "
h = D11(00) = exp(—xh(o0)) = ( ) 7 2) ’
by — by
(2.129)
h(oo) was defined in (2.71), and where
_n() for 0 < 1/
"o {7 iy for _1$2<< %
2 J—
6] or /2<xz<0,
b)) /2(1—by)/
o _ (1=by)* 124(r1p b2)1/2p for 0 < z < 1/27
— (bt for —1/2 <z <0,
—p
P 52z P [F01(1) (—1+ 22)] for 0 <z < 1/2,
—27k2 exp [Zgi(1) (=1 —22)]  for —1/2<2 <0,

(2.130)
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and X is a constant matrix given in terms of elements of (2.120)

for 0 <z < 1/2,
(2.131)

— o O O
o O O =

for —1/2 <z <0.

The factor I—X/((z) in E(z) is needed to cancel the would be u(l)_mxl log ug !
non-smallness in the matrix elements of Agl) originating from @17123%1
for 0 <z < 1/2 and <I>1,21B1*12 for —1/2 < x < 0 (see Proposition 2.3.2
below) so that P and M match to the main order on the boundary dUj
for all x € [—-1/2,1/2). This factor, however, has a pole at z = 1, but
we need E(z) to be analytic in Uy. As is easy to verify, the analyticity
of E(z) (i.e. the absence of a pole at 1) is achieved by choosing F' as

defined in (2.128).

Proposition 2.3.2. As ug — 0 and s,n — oo, we have the following
matching condition uniformly on the boundary OU :

PM Y (z) =T+ AP (z) + AV (z) + =)
+ O(@ug ™ (ug log ug ') + e(s2ul(logug 1)?), (2.132)

where

2
e=(1+u5 oguz") (2.133)

and Agl), Agl) and ZY) are given by (2.140) below. We have, uniformly
for z on the boundary OU,

AV (z2) = 0@u; T og ug ! + Esul logug ),
s

AP (z) =0 <5u3(10gu01)2 (10gu_1 +ug 2 log ugl>> , (2.134)
0

E(l) =0 (’ésuazlx‘ug(log Ual)Q) .

Proof. First, assume that k is bounded. Since

CF(z)em(96)-"57) o= 25 (o)~ 25) Pg_k (2.135)

we have on the boundary OU that (recall (2.76), (2.111), (2.116), (2.127))
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P(z)M™(2) = E(z) (I + (IZ} + ?22 - 0(4—3)> <I - Cé)> E71(2).

(2.136)
It follows from (2.63), (2.87), (2.130) that

p=0 (u(l)_mml) ,
(2.137)
LF=0 (sugf?‘m'/n) ,

as ug,s/n — 0 and s,n — co. Denote

E(z) = (I + Zi) D(c0) ™! <71(Z) _’V?(Z)> .

Y2(2)  m(z)

(2.138)

From (2.137), the boundedness ofﬁ,%‘l, ¥, y1(2), 72(2) for z € AUy,
and the fact that the radius of Uy = ¢

S

— for some € > 0, we have
nlogu

(2.139)

as up — 0 and s,n — oo, uniformly for z € 9Uy. From (2.136) and
(2.138) it follows that Agl), Aél) take the form

- ) 0 ~
CUE()B(z) | .M B '2)E7'(z) 0<z< i,
D191 Pyo2

~ b [0} ~
¢ E(2)B(z) 10’“ q)?:z B Y(2)E"Y(2) -1<z<0,

AY) = (2(2)E(2)B(2)(®2 — X®1)B~(2) B~ 1(2),
D) = _¢=3(2)E(2)B(2) X @B~ (2)E~(2).

1
A

[1]

(2.140)

From (2.62)—(2.63), and recalling (2.87) and the fact that w = O (logifl)
as ug — 0, it follows that ’

e%z(gl(z)—%logz) -0 (ual)

as ug — 0, uniformly on the boundary 0Up. Similarly, substituting
(2.84) into (2.83) and recalling (2.87), we have

1
(Garosiet)
ug log uyg

(2.141)

¢(2)

(2.142)
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as up — 0, uniformly on the boundary dUy. From (2.83) and (2.84) we
have

¢(a) + ¢(a) = O(uglogug ), (2.143)

as ug — 0. Using (2.143) it follows from (2.120) and (2.123) that
P11, @122, Po12, P21 = O (g log Ual)
D112, P121, Po11, Poo2 = O (1)

as ug — 0 (for finite k). Combining (2.139)—(2.144) the proposition is
proven for bounded k.
Now consider k£ — oco. From Stirling’s formula we have

(2.144)

o2mks — 1 (2.145)

as k — oo. Thus (2.137) holds uniformly for £ € N. We study the
particular double scaling limit where k,( — oo, and from (2.85), (2.143)
we have that 11 + 72 — 0 in such a manner that k/(, k(m + n2) =
O(ups) — 0. Thus using (2.145) we find that as k — oo

_(—5m+m) i+OFk)
0= (000 ) (2440

We also find that as k — oo and (11 + 12) — 0 such that (7 +n2)k — 0

L +m)+0m+m)  Emi+n)+0(1)

Thus we know the large k, ¢ behaviour of (~'®, (~?®,, and upon sub-
stituting into (2.140) this yields (2.134). It remains to calculate the
error terms of order ( 3®3 and higher, and in particular establish their
behaviour as £k — oo with (. We rely here on the work by Kuijlaars,
McLaughlin, Van Assche and Vanlessen in [73] where the authors found
uniform error terms for the Legendre polynomials Ly as k — oco. In the
remaining part of the proof of the proposition, we let }/;, }/i,]/\\f denote
the functions Y, R, N found in [73]. We compare ¥ to ® in (2.117) in
the present paper:

B(0) = 27V (). w(0) = & ( _m *”2) (2.148)

2 2

where the parameter n in [73] is set to be k here. For y bounded away
from [—1, 1] it follows from equations (3.1), (4.2), (5.5), (7.1) in [73] that

V(y) =27 Ry) Ny (1+ (1 - y_Q)l/Q)kUS :

2
Ry = < s(ay) +1/a(y)  5(aly) - 1/a(y))>’

. (2.149)
2
—5(a(y) —1/ay))  3(aly) + 1/a(y))

<
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o71) - By the form of N in (2.149) above and formula
(8.11) in [73] it is clear that

1/4
where a(y) = (yfl

Ry(Q); k)N (y(Q) = T + ’% + ZL +0(C?)

as ( — 00, where x1 and X3 are bounded for k¥ € N and the O(¢~3) term
is uniform for k € N. As (,k — oo and 11 + 172 — 0 such that k/¢{ — 0,
k(m + n2) — 0, we have

(1+0- y*Z)l/Q)ik =1 k¢! (771;”’2 N Cl)

+ O (K¢ (Im + ml+1¢I7Y)?) . (2.150)

It follows from (2.149)-(2.150) that as (,k — oo and 71 + 12 — 0
such that k/¢ — 0, k(1 +n2) — 0,

O(Cik) = (I +x1/C+ x2/C2 4+ O (¢3)) ¢hos

y (1 R (R O+ 0 (R 1)

0
L+ k¢ (M52 + 1) + O (K¢ (I + nz!+!d‘1))2)> ’

where, in particular, y; and x2 are bounded for k € N and the O(¢™3)
term is uniform for £ € N. By comparison with the form of (2.116)
it follows that as ¢,k — oo and m + 72 — 0 such that k/{ — 0,
k(m +n2) = 0,

(G R)CTRS — T -1 /C—Dy/¢? =

—y, (ORA(CTH 4 Im +m2[¢?)) 0
@](s 3)+< o 0(k2(g4+ym+n2!<3))>'

O]

2.3.4 Model RH problem V¥
The following RH problem has a solution in terms of Bessel functions.
(a) W:C\Ty — C?*? is analytic, where I'y = R~ UT3, with T =

{xei%ﬂi : x € RT}, and with orientation taken in the direction of
increasing real part.
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(b) ¥ has continuous boundary values ¥, ,W_ on I'y satisfying the

following jump conditions:

1

0= (" ) forcer

10

V()= (Q) (1 1) for ¢ € TS

(2.151)

(2.152)

(¢) As ( — oo, ¥ has the following asymptotics:

w(Ce) = (w&)? \2 C

x ( I+ ! -1
(5 G

(d) As ¢ — 0, the behaviour of U is

¥(¢) = O(log[¢])-

_2i> +0 (c1)> e ? s,

1

(2.153)

(2.154)

This RH problem has a solution given in [73], in terms of Bessel

functions.
For |arg ¢|< 27/3, we have

T 1/2
T = (wiclo/gia@)l/?)

For definitions and properties of Bessel functions see [81].

LKo(¢'?)
)

For 27/3 < arg ¢ < m the solution is given by

(1)<e Z41/2)

1 >
\I/(C) = 9 (WCl/Q ( [()1)) <1/2

For —m < arg( < —27/3 it is defined as

1 (e2¢1?)
V) =3 (WC1/2< )) (€% c1/2) ﬂ<1/2<

H(gQ)(e%i,Cl/Q)
w2 (HP) (¢ |

(% ¢
1) (% )

We have the following useful asymptotics as ( — 0 for Iy and Kjy:

2 4
R(Q) =1+ + &+ 0(c%),
2 4
Ko(g) = —tog g (145 + 6+

(2.155)

O(C6)> . (2.156)
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2.3.5 Local parametrix at b; and b,

Let Uy and Us be discs of radius % for some fixed but sufficiently small
€ > 0, centered at by and by respectively. Recalling w; = 2(z — b;) for
j = 1,2, we have |wj|= € on 9U;. For z € Uy, define

nQ
G(2) = 5 (2)%, (2.157)

where ¢ was defined in (2.94). Recall the notation B; = %(1 — b;) for
j =1,2. By (2.102) and (2.105) we have the following expansion of (;(z)
for wy in a neighbourhood of 0:

G1(2) = s*Cowr (14 O(wy))
B>~ By <_WM+@MW(&y32@w@

G0 =

(bl + (b1b2)1/2)2 TS By — By E

and by considering (2.77) in addition, one verifies that (; is analytic on
Us.
Recall from (2.57), (2.70) that ¢4 (by) = £ and define

~ {¢(z) — Qi forz€Uyand z €D, (2.150)

¢(z)+ Qi for z € Uy and z ¢ D.

where D denotes the unit disc. Then 5 : U\ Jo — C is analytic, with a
square root singularity at by. We define the local variable

n?

G(a) = L),

which is analytic on U. Then, by (2.103) and (2.106), (2(z) has the
following expansion at ws = 0:

(a(2) = s%Co0wa (1 + O(w2))

2
I A
by + (blb2)1/2)2 s By — By By ’

G20 = (

and by considering (2.77) in addition, one verifies that (s is analytic on
Us.
The local parametrix is given by

Pj(z) = Ej(2)03 ¥ (G(2))

Bj(z) = M(z)ei%¢+(bj)03

Sd(z)os (2.161)
_1)i+1; 1
(_1)1j+1i ( 1)1] Z) (ij(z)m)

N

Jge_
1
V2

g3

b
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on the =+ side of the contour C, where ¢4 (b1) = 0 and ¢4 (b2) = Qi. As
a consequence of the expansions of (; above, we have
—1/4 .1/4 »

GG = (-1, (2.162)
and recalling the definition of M in (2.111), one may verify that E; is
analytic on U;. Recalling the jumps of ¢ in (2.95)—(2.96) and jumps of
g in (2.77), one verifies that the jumps of P; match those of S on Uj.

Since, recalling (2.130), F' = O(s/n) as s/n — 0 while D(c0) remains
bounded, we have that E; is uniformly bounded on 0U;, and it follows

that uniformly for z € OU; we have the following matching condition of
M and P;

(PM™) (2) = T+ AW (2)+0(1/s%), AP (z) = 0(1/s), (2.163)

as s — 0o. A simple calculation yields

_ 1/2
AP (z) — (B2 — B1) <I+ F )
16s Cl,o’wl bl —1

« D(o0)"! (1. _Zl> D(c) (1 - blli 1) +O(1) (2.164)

1

as z — by, where the O(1) part is analytic on U;. Similarly, as z — by
we have:

_ 1/2
Al () = BLB2) <I T )
16s C270’w2 b2 -1

i F
x D(o0)™! ( L Z) D(c0) <I - ) +0O(1), (2.165)
—i -1 by — 1
again with O(1) analytic.
2.3.6 Small norm RH problem
We define R as follows:

SM~' for ze€ C\ (U?ZOUJ),
R(z) =4SP~ forze Uy, (2.166)
SPj_1 for z € Uj where j =1, 2.

Using standard small norm analysis, it follows from Proposition
2.3.2, (2.164)-(2.165) and the fact that the contour lengths are oU; =
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O(s/n) for j = 1,2 as s/n — 0 and Uy = O(s/n(loguy')) as s/n,ug —
0 that given € > 0,

R(z) = I+ O(1/n), (2.167)

uniformly for |z — 1|> e.
If z € Uy then it follows from Proposition 2.3.2, and (2.164)-(2.165)
that

R(z) = I+ Ri(2) + Ra(2)
+ O(|| Bal ||| Ra[+ug 1 (ug log ug ')* + &(s2u (log uy )?)),

where [|R;|| is the largest element of R; in absolute value for j = 1,2,
and where the matrices R; are given by

A(l) d A(bj) d
m)= [ o, s [ S
9o —1,279U;

(u— 2) 2mi (u—2) 2mi’
Ry(z) = / Bi (A () + A () 4 E0() du o e
alo U—z 2

Ly Ri- (AP () + AP () du
o ou, u—z 27’

with clockwise orientation taken in the integrals.

2.4 Asymptotic analysis of the differential iden-
tity and correlation functions

2.4.1 Asymptotics of y,
From (2.41) we have
X1 = —(Va)21(0). (2.169)

By the transformations Y = g~ "?37e™ and T'=5 = RM at z = 0,
(see (2.92), (2.109), (2.166)) and recalling that x,, is positive, we find
from (2.169) that

NE1G 2 = [57men O (R(0)M(0))an (2.170)

From the definition of g in (2.76) and g in (2.91) it follows by computing
91(0), R(0) in (2.54), (2.68) that
Q)27

g — I —— - 17
1=t 4 (byby) =14 /[T — b1) (1 — bo)]

~—1eg(0)‘ 1= 038 4 (bybo) /4 /[(1 = b1)(1 = Do)
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so that

215 2"| = [(RO)M(0)] (2.171)
By (2.167)

R(0) = I+ O(1/n),

as n — 0o. Furthermore, we note that F' = O(s/n) and that v,(0) =
—1+0O(s/n) as s/n — 0, and substitute this into the definition of M in
(2.111) to find

(R(0)M(0))g1 = —(I + O(s/n))e {2 ) (1) +h(0)) (2.172)
_(I+O(S/n>)’€_<%>h(m)‘2, .

as s/n — 0. Substituting (2.172) into (2.171) and recalling the notation
(2.130) it follows that

572" 2| = (1+ O(s/n)) ‘2‘2, (2.173)

as s/n — 0. We note that g = 1+ O(s/n(loguy*)) as s/n(loguy ) — 0,
and thus we have

572"%2| = (1 + O(s/n)) ‘h‘ (2.174)
as s/n — 0.

2.4.2 Convergence of correlation functions

Let H,(x,y) be the kernel built out of the orthogonal polynomials on J

o (o (52) (o () o

By the Christoffel-Darboux formula, H,, also has the following useful
form

s 2200 ()00 (21) — 05 (z2) 04" (1)

™ 1—22_121

Hy(y1,92) = , (2.176)

where z; = exp (%) for j =1,2. Let I?n be defined similarly, but for
the special case where J = C, namely:

n/2 _—n/2 n/2 _—n/2
= S Z z — Z z
Koy, y0) = — 122 2 1 (2.177)

™ 1—25"x
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Let p,(:f) be the m’th correlation function of the determinantal point
process with correlation kernel K,, and let pq(;f’A) be the m’th corre-
lation function of the same process conditioned to have no points in
A= (a,—v)U (v,5). Then

PT(;LL) ({L‘l, ceey xm) = det(Kn(xi, l‘j))Zszl, (2 178)
p;’;"A) (71, ., o) = det(Hp(zi, 25))i-1-

The two correlation functions are also related as follows:

I)J

Jui p]+m Ty Tjgm ) ATt - . dTjm
Dy (J™) '

p7(77117A)(x17 s 7xm) =

(2.179)

Similarly, we can write p/: in terms of p,,, (both defined in Remark 2.1.4):

Z;’O 0 j, fAJ Pi+m(Z1, - T ) ATt - .. dTjpm
det([ - Ks)A '

p;?L(:zl, ey Ty) =

(2.180)

The infinite sums (2.179) and (2.180) can be seen to converge for fixed
s by Hadamard’s inequality. Since

Rnlz,y) — Ky(z,y)| = O(1/n), (2.181)
as n — oo, it follows by formulas (2.180) and (2.179) that
1A (w1, am) — pA (21, )| 0, (2.182)

as n — oo for fixed s (similarly to convergence of the determinants
(2.33)).

By the definition of Y in (2.41) and the formula for H,, in (2.176)
we have

2
SXn

Holyr,yp) = —Xn
nly1:92) (1l — 2122_1)

(2125 "Y11(22)Y11(21) — Yi1(22)Y11(21)),

where z; = exp ( ) for 5 = 1,2. For the asymptotics of the corre-

lation kernel we are less ambitious and choose not to proceed with all
the detail in last section, and work with || bounded away from 1/2 as
n — oo. Since the intention of F' and X was to obtain uniform asymp-
totics up to the points |z|=1/2, we can let F, X =0 in M and P when
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we consider |z| bounded away from 1/2. Then, in place of Proposition
2.3.2, we have PM~! = I + o(1) as up — 0 and s,n — oo such that
s/n — 0 and k € N, |z|< 1/2 remain fixed, uniformly on the boundary
OUy. Thus R = I + o(1) in the same limit, and tracing back the trans-
formations Y — T'= S = RP we have, by (2.92), (2.109), (2.166), that
for z € Ji:

Yi1(2) = §(RP)11(2)e™™)

=g "2 20! (1B (1)@11(¢(2)) — 12 B22(1)@21(C(2))) (1 + o(1)),

where § is given in (2.91), and h in (2.129). Thus it follows by (2.117),
(2.174), the fact that B(z) is real to the main order and that

1Yz = —1/2+0(1) (2.183)

as s/n — 0, that as up — 0 and s,n — oo such that s/n — 0, while
k € N and |z|< 1/2 remain fixed we have

Rk—1
kr(y1 — y2)

— Ly (2C0y2) Le—1 (2C0y1) [ (1 +0o(1)). (2.184)

Hy(y1,y2) = L (260y1) Li—1 (2¢oy2)

Since m1 = —2 4 O(ug) and 72 = 2 + O(up) as ug — 0, it follows by
continuity of the polynomials that L,(fm’m) can be replaced by L](g_2’2) in
(2.184) without modifying the error term. Similarly, by (2.85), 2|(p| can
be replaced by 4u ! without modifying the error terms. Thus, combining

(2.184) and (2.182), we prove formula (1.91) in Remark 2.1.4.

2.4.3 Expansion of differential identity

In this section we start by writing the differential identity in a more
convenient form, and find an expansion for it as s,n — oo and ug — 0
such that suglogug ' 5 0ands /n — 0, before proceeding to integrate it
in Section 2.4.4. Throughout the rest of the paper, the implicit constants
in O(...) are independent of s, ug, n. For example, if we write O(%—i—u%),
then in particular it is uniform in n, and if we write O(1), it means this
expression is bounded in the double scaling limit described above.

Write the parametrix P in (2.126) in Uy by grouping the factors as
follows

P(z) = A(2)B(2)C(2)e 9) 3 log2)n, (2.185)
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where A(z) and C(z) are by

F T —03 12 —Y2(Z
a0 = (1) (00 )
ce) = (1- 75) 2
¢(2)
By the transformations Y = g "937e™ and T'=5 = RM at z = 1,
(see (2.92), (2.109), (2.166)) we have for z € Uy

(2.186)

Yii(z) = g "2"/?[RABC),, , (2.187)
where
AG) = Ay + 22,
Ty (m(2) —2(2)
Ai(2) = h (72 5 i ) : (2.188)
o [ M)+ ()Y —2(2) +1(2)Y
Aalz) = fh <72(Z) () /0 %(ZHVQ(Z)/?/))’
and
<®11<C)_ & > for 0 <z < 1/2,
Cz) = 21 (C) (2.189)
( 1 ( ) for —1/2 <z <0.
®ay(¢) — 2 & Pu(C

The expression for C' in (2 189) is valid for & > 1, while for & = 0, we
have

C(z) = (é I) . (2.190)

It follows that

Y (2) = g "2 nzRABC+R’ABC+RA’BC+RAB’C+RABC’

11
(2.191)

where we suppress dependency on the variable z on the right hand
side, and where " denotes differentiation with respect to z. Substituting
(2.174), (2.187), (2.191) into (2.42) we find that

F(z) = —2|h|?Re | 2(RABC)1, (R’ABC + RA'BC

+ RAB'C + RABC’) H} (1+O(s/n)), (2.192)
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for z € Uy. We would now like to evaluate F'(a) and F(a). Since  (¢?) is
real for real 6 on Uy, it follows that d%( (eie) is real. Consider the entries
of C' and recall that ®1;(x) is real for x € R, and that ®9;(z) and ®; 12
are purely imaginary. By (2.189), Ci1(e”) is real and so z-£Ciq(e')
is purely imaginary, while Cy;(e?) is purely imaginary and Zd%CQl(ew)
is real. From (2.58), we recall that Bj; (e?) is real for j = 1,2. Thus
B11B9s = B9y By1 = 1. From these observations, we find that

Re [2(RABC)y, (RABC') |
= 2(C11Cy — C11C21)Re [(RA)H (RA)12:| ;
(2.193)
Re [(RABC)11 (RAB'C),, |
= Z(BHBQQ - Bilng)C’HCglRe |:(RA)11 (RA)12:| .

When k = 0, both expressions in (2.193) are equal to 0.

Evaluation of (2.193)
Using the expansion for ¢ from (2.83)—(2.84), and the fact that {(a) —
((a) =4 from (2.82), we find that
+ifo\ _ . s 2 —1,2
C(e™"0) = £2 (1:|:Cﬂuo+(’)<u0n+uo(logu0 ) )),
2in

_ (1 + 2Criug + O (uo% + up(log UE1)2)> :

S2Uq

d
()
dz 2—e£ifg

(2.194)

We substitute the expansion of ¢ from (2.83) into (2.189), and recall
(2.120)-(2.124), to find

Oy (e%0) — q’ll(((ei%eo))gl%ﬂrll(l +iuply + O(rp)) for 0 <z < 1/2,
P11 (C(eF0)) for —1/2 <z <0,
+i0 D (C(eF0)) for 0 <o <1/2,
Can (€77°) +iflg ) k=1 :
Po1(¢(e™0)) g7 (1 £ dugly + O(ry)) for —1/2 <z <0,

r1 = ug(logug *)?/s + (ug logug *)? + sug/n.
(2.195)

Using the expression

_1)jk(k+1)q)11(774) % _
. (n;) = ( ot J j=1,2. 2.196
c(mj) <(_1)]k(k4 Do () ( )
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which follows from (2.124), we compute the following:

. <cn(z>jzcﬂ(z) - jzcn(z)cgl(z))

Z:eﬂ'igo

(2.197)

sug 2k+1
2k (k=1 4 2iCiug ) (1+ O(ry)) for —1/2 <z < 0.

suQ

2rk?n (k41 Qicluog (1+0(r1)) for0<z<1/2,

We also have

(B11(2)Byy(z) — By Ba(2)) = O(nloguy'/s), (2.198)

ity
where the derivative is taken with respect to z. We now evaluate RA.

Let K denote the constant

-1 —1
ﬁul — Uy

S 4

We have the derivatives of 1 (e??) and o(e??) with respect to 6 evaluated
at 6 = 0:

K = (2.199)

d%%u) — —iKy(1)(1+ O(s/n))
d%”(l) = iKyi(1)(1 + O(s/n))

d? n? _ _ 1 . _ _
ﬁ’ﬂ(l) = 3204 (’Yl(l)(u1 >+ Uy 2 - 2uy 1“2 1) — 4irya (1) (uy 2 - Uy 2))

x (14 O(s/n))

d? n? _ _ 1 _ . _ _
W’YZ(U = Sood (72(1) (uy P tuy? = 2uy uy ) + iy (1) (up? — g 2))

d
x (1+0O(s/n)),

3 n3
o) =" (M e - o)

dp3 53 8
37 _ _ 1 1
- 2%’72(1)(11(% P —uy®) ur g - uy g 2))(1 +O(s/n)),
d3 n? rye(1) 1, — _
A0 =" (2 g — )
37 _ _ 1 1
+ 2*6’71(1)(11(1‘1 P —uy®) +ur ey - uy g 2)>(1 + O(s/n)).
(2.200)

Let 1 and x5 denote the following functions:

21(z) = B Ru1 () (1) + hRi2(2)72(1),

_ - (2.201)
2(2) = —h ' Ru1(2)72(1) + hRia(2)m(1).
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Then, using (2.188), (2.200) and (2.201), expand A. When 0 < z <
1/2 we have,

(RA)11(e”) = [xl(z) (1 _Kf (:2 + ::f) <1 + Z—f(ul—l + u51)>>

n?0? nf QSR
: n-o" —1_ . —1y2 NS o,
+iKxzo(2)0 + 355 (xl(z)(ul Uy ) s x1(2) (72 + ’Yl)

X (11(u1_3 - u2_3) + ul_1u2_2 - ul_2u2_1) + 4ix2(z)(u1_2 - u2_2)>]
X (1+O(s/n)) + O (10]°n/s°)

(RA)12(e™) = [foel(z) (71 + 72) + x9(2) + ixl(z)K9< -1

72 4!

n262 _ _ ) _ _
+ Kg <3; + zj) ) + 2% (xg(z)(ul L us 1)2 — iz (2)(u; 2 Us 2)

2fnr1(2) (’Yl 72> -3 -3 -1, -2 -2, —1
- |+ — W Uyt —uy Uyt —up T
3s v m (uy 2 1 "2 LUy )

x (1+0(s/n)) + O(10]’n’/s°),
(2.202)

where we denote ~; = v;(1) for j =1,2.
When —1/2 <z <0,

Y m
n262 .
+ Kg <;y; + 1?) ) + %5 :L’l(z)(ufl — u;l)2 + 4m2(z)(uf2 — u52)

2fnwa(2) <’Yl ’)’2> -3 -3 -1 -2 -2 1
-2 =4+ =) (u;" +tu,” +u; u, +u; u
35 M (uy 2 1 U LUy )

x (14 0(s/n)) + O(|0Fn*/s%),

(RA)11(e"”) = [W;(z) <71 - 72) +x1(2) +ize(2) K0 <1

(2.203)
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RA)ae) = [ra2) (14565 (24 2) (14 20+ 05 )
292
-4Km@W+ZgQGmwwi—uff+2§ma(z+zg

X (11(u1_3 — u2_3) + ul_lu2_2

—uyPuyt) — dimy (2) (up? - “2_2)>]

x (14 0(s/n)) + O(|6]*n’/s°).
We note that

1/2
st

1/2
wﬁJw2=1< >u+0@m»
U2
—24/ |”U,1’u,2| — i(ul + UQ) (1 n C’)(s/n))

Uup — u2

U2

Uy

(2.204)

W/%a '72/'71 -

Recalling (2.130), (2.112), (2.199), it is readily checked that

f (z; n ﬁ) R, (2.205)

and that as n,s — 00,s/n — 0,

; <71 . w) o {11,)(1 +O(s/n)) for0<x<1/2, (2206

Y2 M 2,(1+0(s/n)) for —=1/2 <z <0.

From (2.202), (2.203), (2.205)—(2.206) it follows that

Re [(RA)n(z)(RA)lz(z)]

= Re [xl(z)xg(z)] (1+O(s/n+ul)). (2:207)
Thus, from (2.193) and (2.197),
Fy(e*™) = Re |:(RABC),; (RABC') |
= Re [a:l(eii%)@(eiwo)}

] (2.208)
{27;50” 52’3;11 + ig“luo; 1+0(r)), 0<z<1/2

2rkn k=L LiCug) (1+0(r)), —1/2<ax<0,

suQ

where 71 was defined in (2.195).



88 CHAPTER 2. SPLITTING OF A GAP

Proposition 2.4.1. We have
A~
2
2
+0 <s/n + <Eu%slog ug t 4 "éué”‘x' logug ! + s_1> ) , (2.209)

Re {x—l(eﬂeo)m(eﬂeo)} _

and [h|™'= O(1), where h was given in (2.129) and € in (2.133).

The main term of Proposition 2.4.1 is easy to calculate from (2.201)
and (2.112), but we defer the rest of the proof to Section 2.4.5.
From (2.124), (2.195) we obtain that

Ch1(e90), Cyy (e*) = O(VE). (2.210)

Recall that k& = O(s/logug'). Combining (2.193), (2.198), (2.207),
(2.210), and using Proposition 2.4.1 gives us

Re [z(RABC)H(RAB'o)H} — O(n). (2.211)

Evaluation of (2.192)
Suppressing z dependence, we write

Re [Z(RABC)H(RA/BC)H(Z)} = + F> + F3 + Fy,

)

Fy = B, C%Re [z(RA)H(RA’)H

[E—

FQ = Re |:2011(RA)11021(RA,)12:| s (2.212)
F3 = —Re [chl(RA/)HCQl(RA)lQ] ;
Fy = —B},C3iRe [(RA)12(RA)2] .

Recall that K = O(n/s), and that 6y = up>. From (2.202) and (2.203)
we obtain that for £ > 1

Fi(exifo) Re [T1x9] [ﬁKp} + O (upn/s + 1) for 0 <z <1/2,

B}, Ch —Re [T122] [% (% + %)} +O(n/s) for —1/2 <z <0,
FQ(@i’LOO) + Fg(eileo) = +iC11C91Re [Tlmz] (zz + ::j) I:Jeco + (’)(n/s)} s
Fy(e*) | Re [T120] % =+ %)} +0O(n/s) for0<z<1/2,

B3,C3 Re [T12] 1TKP + O (ugn/s + 1) for —1/2 <z < 0.

(2.213)
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When k = 0, we have Fy, F3, Fy = 0, while F is as in (2.213) for
0<z<1/2

From (2.87) we have that Q = O (%), and thus substituting

nlogugy
E+x= % into (2.85) we have

8 sy/Tugusl

T 2(ktz
— —€ (k+z)

1 -1
= Uy <1 +0 <sogr;lu0 + ud(log u61)2)> . (2.214)

Recalling the expansion of ¢; in (2.62)-(2.63) and the definition of B
in (2.127), and substituting the values of x; and ® from (2.123)—(2.124)

2z Y12l gy
4(2k+1)k3

e 20k ta) T (1+0(r2)) for —1/2 <z <0,

{ _opSVIuiua]
u

(14+0(rg)) for0<z<1/2,

—e 20 w22 (2k—1)(1+0(r2)), 0<z <1

2yl a2 (k1)

W) e (14 0(r2)),  —3 <@ <0,

:Fﬂikfk—ﬂ (1+ O(uo logug ' + s/n)) for 0 <z <1/2,
$m’k% (1+ O(uo logug ' + s/n)) for —1/2 <z <0,

(2.215)

When £ =0 (and 0 < 2 < 1/2) we have

(B3,C%)(eF0) = esVImul(1 4 O(uglogugt + s%/n)). (2.216)
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Substituting (2.206), (2.209), (2.215) into (2.213) we find that

(A2 K (k1) eQIsm 1
8 L4p (2k+1)n 0<w<y,
= X(1+ O(ry + s72))
il DRV
s Dy —5 e <0,
\ X(1+O(T2+5_2))
|2 £ L mhkt) 1
I+pbo 2k+1 , NS
o ) XA+ O logugt + 5 +ug 4572 T2
ARt ‘m—?LLﬂk(k—l)
1—pbo 2k—1 ” o
X(l + O(UO log ual + % + uox + 8_2))
[RI=2pmn3_ (2k—1) 2 2yTeiea] 1
TR 0<z<s,
Fy= X(1+O(ry +572))
) e ol
Tol=p) T (-1 © Lo,
X(L+0(r2 +57%)) 2
(2.217)

when evaluated at ¥, When k = 0 (and 0 < = < 1/2), we have
Fy, F3, Fy = 0, while F} is given by

_ hTK

Fy (eF%) 201 p)

esVImel(1 4 O(uplogug ! + 5% /n+s72)). (2.218)

Finally we find the order of the term which includes R’ in (2.192).
Using the equation for Ry in (2.168), it is readily seen that

d (1) )/ du
< sup |A}(u —_
<u€8Uo i () oup 2m|u — exifo 2

dz
E (b5) du
j=1,2 (UG@U]" ! ( )’> an 27T’U — 61190‘2

We recall that the radius of Up is of size O(s/nlogugy '), and that
the radius of Uj; is of sized O(s/n) for j = 1,2. Thus

/ du B (’)( n >
v, 2m|u — exifo|2 slogugt )’

du '
/8U- m =0O(n/s) forj=1,2.
J

R(eiwo )

(2.219)
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Substituting the asymptotics for Agl) from (2.134) and Agbl), Ang) from
(2.163) into (2.219), it follows that

d . v _ _ _
TR(eM™) = O(eug P (log ug)?n/s+en(ug log ug 1) 2+n/s2). (2.220)
z

Thus, we have from (2.201), since h, h™?, 7v;(1) = O(1), that also

d%xl(eﬂ@o) = O(eup " log ug ) ?n/s+en(uglog ug 1) 2+n/s?). (2.221)

The formula for R’ A is given by (2.202), (2.203) but with x1, 25 replaced
by the derivatives z, z5. Recall that

C11,Co1 =0 (\/E) =0 <\/s/logu01> , K=0(n/s),

(2.222)
—x x S —<|T
Bii = O(ug®), By =O0@f), f=0 (;ué 2 ').

From (2.221) we obtain that

Re [((RABO) (R ABC)y ) ()]

= O(énugloguy ! + Ensug_m‘ logug* + nuaml/(s logugt)).
(2.223)

By substituting (2.208), (2.211), (2.212), (2.223) into the definition
of F(z) from (2.192), and substituting the resulting expression into the
expression for the differential identity (2.42), we obtain the following
proposition.

Proposition 2.4.2. We have the following asymptotics for log D, (J),
as ug — 0 and s,n — 0o such that sug — 0 and s/n — 0:

log Dy, (J) = log Dn(J2)
(B> [

4y
™ Jo

+O(n+ns(1+u' "2 logu™)2u? 2 log u ™ +nu =2l /(s log u™)) | db,

4
> Ei(e?) + Ej(e™) | (1+ O(s/n))

=0

where the variable of integration 6 = 2w, and where the asymptotics
of Fo(z) are given in (2.208) and the asymptotics of Fy, Fy, F3, Fy are
given in (2.217).
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2.4.4 Integration of differential identity

We evaluate the integral in Proposition 2.4.2 asymptotically to prove
Theorem 2.1.2. Using (2.214), (2.130) we find that

SU
0o = Oo(k; ) = 70

88 _s\/\uluz\ S _ _
_ me 2(k+a) (1 +0 <g log u Ly ug(loguo 1)2))

% _ 890\/ |U1U2|

iz 2hta)? (1 +0 (glogugl +u%(logu0_1)2)) ,

sy/lugual, 1
. ﬁe Shim) (1122) (140 (£logugt)) for 0 < < 2
o sy/lugugl o 1
—277'/43%_16 SR (1727) (1 + 0 (%logugl)) for 3 <z <0.

(2.224)

Letting k in the expression for 6y in (2.224) be fixed, we integrate in 6y,
denoting

0o (k,1/2) o=1/2
/ v db = / « dbo. (2.225)
0o (k,—1/2) o=—1/2

Note that by (2.123) with 72 — 1 = 4,

2 2
Ki-1 4k
- : 2.226
K2 (2k +1)(2k — 1) ( )

We integrate F) from (2.217), changing the variable of integration
using (2.224) and recalling K from (2.199) and p from (2.224) to find
that for k£ > 1,



2.4. ASYMPTOTIC ANALYSIS 93

712 rz=1/2 .
[h[? / Fy (eF%)dg,
T Je=-1/2

(k1) /“2 L Conogrsl) sVus] (L4 O(ry +572)da
B ) Jo

B} 2 sy/Tugug|
2(2k + 1 273 2k o), oz St
k
~(aws 1y 2Vonul
RS / O osVluuwl [ 2w e ARG
T o2 2 h sy/Tuiug]
8/€k —-1/2 2(](1 + CU) 1+ 277/{%_167(2364»1) 2(194&1)2

X (14 O(rg + s72))dx

2 s/ |ugug| 1/2 2
_ { (k+1) log (1+ 1 D yleig >] N k N
22k +1) 27k}, =0 2(2k —1)
0
s4/|ugug| 2
« log 14_2”%%716—(2%1) vl sk V| urus
42k —1)(k +2)
z=—1/2
O 1 -1 —21 -1
N
(k+1)2 1 k2 5
=— =1 1 — log (142
sk + 102 B\ T2z ) T 2R 1) o8 (1+ 2mri)
k 1, 2 —1
+ s\/|u1u2\m +0 (xe[flll%}im) [relogug ' + s 2 logug '] |,
(2.227)
where rg is given in (2.215), ug = uo(k, ).
When k£ = 0 we have for z € [0,1/2)
h2 = : 1 2 sy/Turug]
||/ Fy (%) dfy = = log <1 4 Zem et =g >
T Ju—o 2 T

+0 (su(lf% (uologug* + s*/n + 8_2)) , (2.228)

where, in the O error term, ug = ug(k = 0, ). Similarly, we integrate
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Fy for k> 1:

R12 /2 '
||/ F4(6i190)d00

T J-1/2

0
(k—1)? ( 5 (—20-1) W'“l““)]
= |5 log |14 2mKj_je 2(k+x)

[2(2k —1)2 v=—1/2

2
2(2k +1)2

1/2

+

o/Tagag] 2
log <1 . 1 26(2%1) Y1 ) N (sk: V [urus]

Ky 42k +1)(k + )

O 1 -1 -2 -1
+ xe[zﬁl?;l/Q) [7"2 oguy + s “loguy ]

S Gl b log (14 2mKZ_y) + o <1 " 2”“ ) _ sky/[uiug|
T2k —1)2 8 k=1 2(2k + 1)2 4(2k + 1)2
-1, -2 —1
+ O <xe[_nl1;x2>7(1/2) [7‘2 logugy ™ + s~ “logu, ]) .
(2.229)

When k£ =0 and x € [0,1/2), we have Fy = 0. Thus, for k > 1,

’%’2 /1/2 +i6, k2+(k7 1)
—_— Fi + F o = ——1 1+2
w0 =~ Ty og (1 2miy)

+k2+(k+1)2 oe (1 + 1  sky/|urug| 1 B 1

22k +1)2 2\ 272 4 k112 (2k—1)2

_ s _ _ _
+0 <$6[_nll;12>’<1/2) [uo(log ug )% + E(log ugt)? + s log g 1}) .
(2.230)
If -1/2 <2 <1/2, then for k > 1

% 2 T )

In / (F1 + Fy)(e*")dfy

™ J-1/2

k2 + (k—1)2

~ ok~ 8L+ 2mAi D) = 3VIuusho (@) + 13, (2.231)

k k
wi(z) = {‘(%;)2 + TRt for 0<z<1/2
_(QIJCT)Q% for —1/2§$<0’

where r3 = 0(1). We keep the term r3 in (2.231) as it is not uniform in
x, and is not small as = approaches +1/2.
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L G ) SV U S E T B
2(2k + 1)2 o2
k* 4 (k—1)2 op_ 1)Vl
2(—;]5_1)2)10g; (1 + 2%/&%,16( 20=1) ey ) (2.232)
© <xe[§?§(1/2) {uo(log ug )+ %(log ug ) s log uOlD '

Similarly but simpler, using (2.217) and (2.224), we find that for
k>1,

K2 :
1A / (Fy + F3)(eT%)dp,
T 1/2
— =M log (1 + 27k3 ) + 74 for |z]< 1/2,

k(k—1) 2 k(k+1)
T k=1)2 log (1 + 277”’6—1) t @R z log (1 + 27”%) for x = 1/2,

+0 (maxxé[—l/Q,l/Q) [UO log Ua +4 st o
(2.233)

where 74 = 0(1). When |z|< 1/2 we again keep track of the error term

k(k + 1) 1 14 1 6(21*1)52(:15)2‘
(2k 4 1)2 212

T4 =

k(k—1) -
+ k1) log (1 + 27’[’/4,%_16(

1 s
O locut+ =+ 2] ).
- (me[nf%i/z) [UO 8t T nD

When k = 0, we have Fy, F3, Fy = 0, and thus the integral of F; +
Fy+ F3+ Fy over [z = 0,2 = z9 < 1/2] for k = 0 is given by (2.228).
For any k > 1 and —1/2 < x < 1/2, combining (2.228), (2.230), (2.231),
(2.233)

2(k+x)

s/ |uqug|
2= 1) St 0y > (2.234)

R

™

fo . 5

/ (Fy + Fy + F3 + Fy)(e*%)d0 = 1V |ugug|w ()
k-1 ]

= log 2 \/

22;(% o) g Ve (2 +1)? <2j—1>2)>

(2.235)

1
§6k( z) + O (suglogug ™t + s*/n + 1/logug* +1/s),
5u(z) = log(1 +2mk;_,) for x=—1/2

o(1) for |xz|< 1/2.
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By (2.232) and (2.234), it follows that for |z|< 1/2, dx(x) is given ex-
plicitly as

B oy/Tagug]
Or(z) = log <1 + 2nKe_je (204+1) S5y )

sy/Tagaa]
+ log (1 + (2nk2) LD SO > . (2.236)

Furthermore, by (2.208) (which holds for all £ > 0) and Proposition
2.4.1, we find that

\h\ /090 (o () + (e—ie)) a6

iG+1  JG-1
= sy/|urug| [ wa(z) + 2 (2 + )2 (2] — )
P = (2.237)
1
—I-O( —I-suologuo + _1>
log u

@k—1)2 T 2k+1 F+=

k2(k—1) 142
12 i for —1/2 <z <0,

el kD 2 g 0 <z < 1/2
wa(z) =

for k> 1 and Fy =0 for k£ = 0.

Proof of Theorem 2.1.1

We sum together (2.235), (2.237), and substitute the result into Propo-
sition 2.4.2, to find that

'2

k—
log Dy, (J) =log Dy, (J2) 4+ s/ |uruz| | ws(z Z

k—1

— Zlog27m? + 0k () + O(1/s + suglogug * + 52 /n 4+ 1/logug ).
=0
w1 k2 1+ 2x
=—— 2.238
R N TOT A (2238)

where 23:1 = 0. The first sum can be evaluated by noting that

k— .
_k(k—=1)
24] 1= 91 (2.239)
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and, it follows that

k-1
2 2
sy/ lurug| | w3 + Z 4] J — | = %x/|u1u2| (w - z> ,  (2.240)
where w = k 4 z. The sum with the leading coefficients &; is given by
. G(2k+1)
—4- k27 2.241
H k + 1)4 ) ( )

where G is the Barnes G-function. By substituting (2.240), (2.241) into
(2.238) we find that

s 72

log Dy, =log D, = - —

o8 Dy (Ju) = log Dy (1) + 5l (= 5)
+ (k) + 0k (x) + O(s® /n + suglogug ' + 1/logug'}).

Now define o« = ug/2, 8 = u1/2, and
8 _ VI8l
VvV = WC w . (2243)
Then, by (2.224),

Yo _ s —1, 2 —1y2

5 —V<1+O(nlogy +vo(logr™) )) (2.244)

It is an easy exercise using (2.244), the continuity of w,x as functions
of up, and (2.242) to show that

log Dy, (v) = log Dy, (up)+O(ug+sugloguy ' +5 /n+1/logug ). (2.245)

Substituting the asymptotics from (2.242) into (2.245), and using uni-
formity of the error terms, we prove Theorem 2.1.2.

2.4.5 Proof of Proposition 2.4.1

We consider the small norm matrices and prove Proposition 2.4.1. From
(2.201) it follows that

Re [(7>)(e*%)] = ~ 3]~ 2Re (i) (1 + 2Re Ry 1 (¢5%)

+ 2Re Rz,n(@iwo)) + O ((InPP=12l?) + (|Rial+ Ri2l)* + | Rsl]) ,
(2.246)
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where ||.|| denotes the value of the largest element of the matrix in
absolute value. From (2.204) we have

Re[y172] = —1/2+ O(s/n),
Ml =2l = O(s/n).
It follows from Proposition 2.3.2, (2.164)—(2.165), (2.168) that

(2.247)

Ry(eF?) = O(s7! + €u1+2m logug ! + esudlogugyt),
Ry(eF%) = O((s71 + eu1+2‘x| logug1)? + esudlogug '), (2.248)
Ry(e%) = O(|| R || [| Rz +(uo log ug *)?).

From (2.246)—(2.248), it follows that

. 1~ ) '
Re [(lez)(eiwo)] = §‘h|_2 (1 4 2Re R1,11(ei“9°) 4 2Re le(eizeo))
2
+0 ((5—1 + &y log ug ! + Esuf log u61> + S/n) . (2.249)

We will evaluate Re Rq,11 and Re R2 11 to prove Proposition 2.4.1.

We recall from (2.168) that Rp is a sum of 3 terms. The first term

is an integral of Agl), and the two other terms are integrals of Agbl)

A§b2). We first evaluate the contribution from the terms Agbl) and Ag

and
ba2) .

Contribution to R; from A" and A"
It follows from (2.164) and (2.165) that

b b
ATHE) _ Oan oy A2 O
by —etifo 2 b ’ by — et 2 — by

+0O(1) (2.250)

as z — b; and z — by respectively, and that the matrices Ca 1 and Ca,
are given as follows as s — oo

i+ P+ + %(2z+(§—;—§—f))
Can = — e (14 0(s/n),)
8s(u1 F uo) <1 — 4 ki _|u )

(u1—uz) |u2
—i+ g (¢+¢ D+ f—2< 21+<%—%>)

1/2>

(2.251)

Ca2 =

)

(1+ O(s/n)).

U1
u2

s(u1—u2)

8s(u2 F uo) <1 — f etz
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We recall that f is real to the main order and from (2.204) we have

Y Y2
Re <72 - %> = O(s/n). (2.252)

Thus the interior of the bracket [ ] in (2.251) is imaginary to main order,
we can calculate the residue in the integral of (2.250) to find:

Z /U u ilel:tzgo o = O(S/TL) (2253)

7j=1,2

Contribution to R; from Agl)

Denote

. 2 —b 1/2 2 —b 1/2
yo(z) = —2i(72 — 1) = z((zg) H(2=3)).
- e 1/2 s b\ 2
960(2)——4%’72——2((2()1) - <zb2> ;

with branch cuts on Jy such that the square root is positive as z — oc.
Our goal is to evaluate the terms in (2.140), and given A we denote

(2.254)

LA = E(2)B(2)AB™(2)E~'(=2). (2.255)

Define D(z) and E®)(2) by

D(z):L<(1) _01>, EM)(z) = L<8 é) E(_)(z):L<(1) 8).

Recalling the definition of B in (2.127), the definition of F' in (2.128),
and the definition of £ in (2.138), we find that

_t zo(2)f _
D(z) = 5.@0(2) - 2(2 — 1)(w + 971
2 XolZ
- (Zil)z (wo<2>+ 02( ) (—ww—l)), (2.256)

E&M@:1<mw»+zflamwxw+w]»i%—w+w1»
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Then from (2.140) it follows that

)

A(l) (Z) _ Cil(z) (cI)l,llD(z) + B%z(z)q)l,ZlE(i)(Z)) , 0<z< 1/2,
b (U(2) (@1,11D(2) + BY (2)@112EM)(2)), ~1/2<z <0,
(2.257)

From (2.130) and (2.204) we have

Im (¢ +¢~ ") =0(s/n), Re (¥ —y ') =0(s/n). (2.258)

From (2.254) we see that

I <$0 (ez‘e)) = O(s/n), Im <;;ij (eif’)) — O /s5 Y,
Im (yo (eie)) = O(s/n), Im (dd;jyo (ei(’)) =01/,

(2.259)
for € € Uy N C. Write (2.257) in the form
1 1 1
A(1) - Aglg(z) A§,12(z) Ag,)fl(z)
1(2) = 5 : (2.260)
(z—1)3  (2—-1) (z—1)
where Ag{)_j are analytic functions in z in Uy. Then a calculation of

residues gives the following expansion as z — 1:

1) 3
[ oAt 1,
oUy

u—z 21 6d23

2
s (A) W+ L (ALY )+ o -1, @26

We note that ¢ is real on Jp, and recall the expansion of ¢ in (2.83)—

(2.84). We also note that Im f = O(s?/n?), and that ®; 1 is real but
that ®1 12 and @ 91 are imaginary. Combining with (2.257)—(2.261), we
conclude that

(1)
Re (/ AP d“) = O(s/n). (2.262)
e}

Uy U — €0 27
As a consequence of (2.253) and (2.262) we have

Re Ry 11(e%0) = O(s/n). (2.263)
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Order of Ry(et")
From (2.256) and (2.140) we have

2(2)|®211D(2) + B, (2)(®
¢2(2)|@2,uD(2) + B} (=) (@2, o 0 <0< 12
AW () —®1,12®1,22) B (2) + O(1 ]
z =

(2(2) [ @2.11D(2) + Bh(2) (@21
for —1/2 <z <0,

—(131721CI)1 11)E(_)(2’) + O(l)]
1
—(73(2) [BH (2)@1,12P2,020EM (2) + O(1)], 0<a< 5

L—Cg(z) [B2,(2)®@1,21®P211 E)(2) + O(1)] —% <z <0.

By inspection of the signs of each element, it follows that

ASY (w) + E0 () du
Re (/8U0 =" = O(s/n). (2.264)

2mi

The remaining contributions to Ry 11, defined in (2.140), are calculated
using rougher estimates from (2.248). Thus it follows that

ReRy11 =0 <s/n + ('evu(l)H‘xl logug ! + esudloguy ' + 371)2) . (2.265)

Substituting (2.263) and (2.265) into (2.249) yields Proposition 2.4.1.






Chapter 3

Random matrices with
merging singularities and
the Painlevé V equation

This chapter is based on [18], a joint work with Tom Claeys at Université
catholique de Louvain.

3.1 Introduction

We consider a random matrix model on nxn Hermitian matrices, defined
by a probability measure of the form

Zi |det (M2 —tI)["e " ™VManr for a > —1/2, t €R. (3.1)

Here dM = ngz’gn dM;; H1§i<j§n dRe M;jdIm M;; is the Lebesgue mea-
sure on n X n Hermitian matrices and Z,, = Z,(¢, o, V') is a normalizing
constant. The confining potential V : R — R is a real analytic function
which increases sufficiently fast asymptotically, namely

Vi(x)

e log(@2 1 1) (3.2)

The measure (3.1) is invariant under unitary conjugation and induces

a probability measure on the eigenvalues x;, it = 1,2,...,n, given by
1 n
= (=) [[ wnlzj)daj,  wa(x) = eV @2 —t], (3.3)
n 1<i<j<n j=1

103
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where
Zn = Zn(t,oa, V) = / : / H (zj—x:)? H Wy (z;)dx; (3.4)
- TP 1<i<i<n j=1

is the partition function associated to the ensemble. It can alternatively
be written as the Hankel determinant

Zn(t,a,V) =nldet (/

— 00

+°<> xi+jwn(x)da:> . (3.5)

i?.j:()?"'vn_l

While « is kept fixed and does not depend on the matrix size n,
we will be particularly interested in double scaling limits where ¢ is n-
dependent and approaches 0 as n — oo. In such a case, the weight
function w, has the feature that it has two merging singularities ap-
proaching 0 as n — co. If t > 0, the two singularities £/t are real; if
t < 0, the singularities +iy/—t are purely imaginary. Random matrix
ensembles with such merging root-type singularities have applications in
fractional Brownian motion with Hurst index H = 0 [50], and in quan-
tum chromodynamics [2, 26]. The partition function Zn appears in the
study of impenetrable bosons in a harmonic well as the one body density
matrix (up to a constant) [47].

Although the singularities have no effect on the macroscopic limit-
ing density of the eigenvalues as n — oo, they do have an effect on
the partition function En and on the microscopic correlations between
eigenvalues near the origin. We will obtain asymptotics for the parti-
tion function and for the eigenvalue correlation kernel near the origin,
in double scaling limits where n — oo and t — 0 simultaneously. The
asymptotics for the partition function are described in terms of solu-
tions to the fifth Painlevé equation; the limit of the correlation kernel
can also be expressed in terms of functions related to the Painlevé V
equation. As t — 0 at a fast rate, the limiting kernel degenerates to a
Bessel kernel, and as ¢ — 0 at a slow rate, we recover the sine kernel.

3.1.1 Statement of results

The macroscopic large n behavior of the eigenvalues is described by the
limit of the mean eigenvalue distribution as n — oo, which we denote by
wy, and which is independent of ¢ and «, for ¢, a bounded. It is charac-
terized [27, 33] as the unique equilibrium measure py which minimizes

[ 108 2 du@ant) + [ Visauo), (3.6)

|z — ]
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over the space of Borel probability measures 4 on R. The equilibrium
measure is alternatively characterized by the Euler-Lagrange variational
conditions [83]

2 [ loglo ~ ylduy (1) = V@)~ £, forz eswpppy, (37
2 [loglo — ylduy () < V() €, forz R \suppv, (39

for some constant ¢ depending on V.

Throughout the paper we will assume that V' is such that the equi-
librium measure is supported on a single interval [a, b]. Then, the equi-
librium measure can be written in the form [33]

duy (z) = Yy (x)de = /(b — x)(z — a) h(z)dz, x € [a,b], (3.9)

with h a real analytic function. We require V' to be such that the
following generic conditions hold: the density vy is strictly positive on
(a,b), it vanishes like a square root at the endpoints a, b (in other words,
h(z) > 0 for = € [a,b]), and the variational inequality (3.8) is strict on
R\ [a, b]. If all those assumptions hold, we say that V' is one-cut regular
(see [72] for a general classification of singularities). In addition, we
require zero to be contained in the interior of the support of uy, i.e.
a<0<b.

If zero were outside of the support of iy, no eigenvalues are expected
near the origin for large n, and the singularities of the weight will not
play a significant role for large n. The case where 0 is an edge point of the
support of V' is also interesting, but will not be studied here - we refer to
[62] for results about the local eigenvalue correlations when a singularity
lies near a soft edge, and to [97] when a singularity approaches a hard
edge in a modified Jacobi ensemble.

Painlevé V functions

In order to describe the asymptotic behavior in the matrix model (3.1)
for n large and t small, we need a special 1-parameter form of the more
general 4-parameter Jimbo-Miwa-Okamoto o-form of the fifth Painlevé
equation (see [63, 64], and [48] for the explicit relation to the usual
Painlevé V equation), which is given by

(s0"(5))% = (a(s) — s0'(s) +2(0"(5))?
+ 2a0'(5))? — 4(0’(5))%(0'(s) + @)% (3.10)
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For a > —1/2, we are interested in two particular solutions ¢ and o, to
this equation. The first one, o, (s), is analytic and real for s € (0, 4+00),
and it has the asymptotics

(3.11)

8_1+2a6_8ﬁ(1 +0(s71) s — +oo,

~(s) = {a2+0(1) s —0,

where I is Euler’s I'-function. The existence of such a solution was
proved in [19]. The second solution o (s) is analytic and such that

o4 (s)+ % is real-valued for s € —iR, satisfying in addition:

+(s) a?+o(1) s — —i0T,
S) = 2 _ .
“ LC - +0(s|h) s — —ico.

Its existence was proved in [20]. It should be noted that uniqueness of the
solutions o satisfying the above asymptotic conditions was not, proven
in [19, 20]. Those Painlevé solutions o, and o} can be characterized in
terms of Riemann-Hilbert (RH) problems; we will do this in Section 3.2
for o, and in Section 3.3 for 0. For general values of a > —1/2, o are
transcendental functions, but there are special values of o where they
are algebraic. For o, this is the case if « is an integer, while for o} only
if a is an even integer. For those values of , o can be constructed via
a recursive procedure, involving Schlesinger type transformations [44],
which we will explain in detail in Section 3.2.2 and Section 3.3.2.

For a = 0,1, 2, the expressions are simple and we have

—24e%(2 — 25 + 52)
= S .
1—e5(2+ s2) 4 e

Asymptotics for the partition function

Theorem 3.1.1. Let V be real analytic, satisfying (3.2) and one-cut
reqular with 0 in the interior of the support [a,b] of the equilibrium mea-
sure py. Denote zg = V't when t is positive and zyg = i/—t when t is
negative. Define

Spt = —2min /20 h(s)((s —a)(b— .5:))1/2 ds,

—20
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with h defined in (3.9) and where the square root is taken to be positive
at 0 and analytic in a neighbourhood of 0, in such a way that s, is
positive when t < 0 and negative imaginary when t > 0. We assume
that o« > —1/2 and t < 0 or that & > 0 and t > 0. Then, the partition
function Z,,(t) defined in (3.4) satisfies

QSp t
2

+ 5 (V(z0) + V(=20) = 2V(0) + O(t/) + O (n7") , (3.15)

~ —~ Sn,t + A2
log Z(t,a, V) = log Z,(0,, V) +/ 7als) —a ds +
0 S

with uniform error terms asn — oo and t — 0, +t > 0.

Remark 3.1.1. If we set 5, ; = —4minzoyy (0), we have

St = Snt (L+O(Jt])) as n — oo, t — 0. If t > 0, it follows from
equation (3.42) below that one can replace s, ; by S, in (3.15) without
modifying the error terms. Doing the same when ¢ < 0 induces an error
term of order O(n|t[3/?).

Remark 3.1.2. We believe that the expansion (3.15), with error term
0(1), holds for ¢t > 0 and —1/2 < a < 0 as well, but because of technical
obstacles, we do not prove the result in this case.

Remark 3.1.3. The asymptotic behavior for /Z\n(t,a, V) is described
in terms of the Painlevé V solutions ¢ and in terms of the partition
function 271(0, a, V'), which corresponds to a weight function which has
only one singularity at 0. Asymptotics for Z@(O, a, V') were obtained in
[70] in the case where V' is quadratic, an important special case which
we will return to later in this section. For general V', we have not
been able to find explicit asymptotic expansions in the literature for

log Z\n((), a, V), up to decaying terms as n — oo.

Remark 3.1.4. By (3.12)-(3.14), the integral appearing in (3.15) can
be computed explicitly for « = 0,1,2. We have

Sn,t +
/ 20 (8) 45 — g, (3.16)
0

S

Sn,t - -1
/ ) =1 og (2 sinh 5”7’5) = ogs,y,  (3.17)
0 S 2 2 ’
Sn,t o —4
/ Lds = log (4 sinh? 7t s2 t)
0 S 2 ’

— 8p,t — 4log sy + log 12. (3.18)
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Remark 3.1.5. Our proofs of Theorem 3.1.1 and Theorem 3.1.2 are
based on an asymptotic analysis of the orthogonal polynomials on the
real line defined by (3.19), using RH methods [27, 34, 35]. The asymp-
totic analysis for those orthogonal polynomials shows similarities to
the one performed in [19, 20] (following the general method from [29])
for orthogonal polynomials on the unit circle with respect to weights
with merging or emerging singularities, where they were used to obtain
asymptotics for Toeplitz determinants. Nevertheless, there is no known
way to directly derive the asymptotics for the Hankel determinant (3.5),
with respect to the n-dependent weight w,, supported on the full real
line, from the asymptotics for Toeplitz determinants.

Asymptotics for the correlation kernel near 0

Denote by pg.n) the degree j orthonormal polynomials with respect to
the weight wy,(z) (defined in (3.3)), characterized by
() (o () _ ¢ _ JO forj#k,
/Rpj (x)py wp(x)dx = 65, = {1 for j = k. (3.19)

(

with positive leading coefficient /@jn). The eigenvalue density (3.3) char-
acterizes a determinantal point process with correlation kernel given by

n—1

En(2,) = Vun(@)wa(y) > " (@)p{" (v), (3.20)
j=0

or alternatively

)55?21 P @)™, (v) — p™, @) ()

) r—y

Kn(l"y) = wn(x)wn(y , (3.21)

by the Christoffel-Darboux formula. Note that the orthogonal polyno-
mials and the correlation kernel K, depend on the parameter ¢ in the
weight w,,. This chapter is concerned with the microscopic large n be-
havior of the eigenvalues near 0. We will study the scaled correlation
kernel éKn (%, %) for a suitable choice of ¢ > 0, and obtain asymp-
totics for it as n — oo and t — 0. We will see that a transition in
the asymptotics for the kernel takes place if t is of the order n™2, or
equivalently if the distance between the two singularities in the weight
is of the order n~!, which is of the same order as the typical distance

between consecutive eigenvalues.
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Local scaling limits near the origin for the correlation kernel K,, are
well understood for ¢t # 0 fixed and for ¢ = 0, as n — oco. If t # 0 is
independent of n, then, as a slight generalization of results obtained in
[34, 35], we have for u,v € R that

lim

1 u v
Nn—00 wv(O)nKn (@bV(O)n’ wV(O)n>
= K5 (u,v) =

sinm(u — v) (3.22)
m(u—v)

The convergence is uniform for u, v in compact subsets of R. If t = 0, it
was proved in [74] that for u,v in bounded subsets of (0,00) that

. U v __ mrBessel
A 0y (¢V(0)n’ ¢V(O)n> = K™ (u,v)
_ F\/%JaJr%(WU)Jaf%(ﬂ'v) — Jafé(ﬁu)Ja+%(7rv)’ (3.23)
2(u—v)

where J, is the Bessel function of order v (see [81] for a reference on
Bessel functions and other special functions which appear throughout
the paper). The convergence is uniform for u,v in compact subsets of
(0, 00).

We obtain large n asymptotics for the correlation kernel near the
origin as n — oo for t small. Of particular interest will be the double
scaling limit where n — oo and simultaneously ¢ — 0 in such a way
that n?t tends to a non-zero constant. This will lead us to a new family
of limiting kernels which are built out of functions associated to the
Painlevé V equation.

Theorem 3.1.2. Let V be real analytic, satisfying (3.2) and one-cut
reqular with 0 in the interior of the support [a,b] of the equilibrium mea-
sure py . We denote by for the density of wy, given by (3.9), and define

Tt = 16771y (0)*n’t, (3.24)
for t real.

1. As n — oo and simultaneously t — 0 in such a way that 7,; —
+o00, we have

i ! u v __ mesin u. v
T O (wvm)n’wm)n) = K" (w,v), (3.25)

for any u,v € R, with K™ as in (3.22).
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2. Asn — oo and simultaneously t — 0 in such a way that 7,y — 0,
we have
1 U v
lim K ,
Yy (0)n” " <¢v(0)n Yy (0)n

for any u,v € R\ {0}, with KBl g5 in (3.23).

) - K=, (20)

3. As n — oo and simultaneously t — 0 in such a way that T7,; —
T # 0, there exists a limiting kernel KLY such that

1 U v

li n ;
gt (aviom wviom
for any u,v € Rif T <0, and for any u,v € R\ {£/7/4} if 7 > 0.

) = KEV(U,U;T), (3.27)

The limits are uniform for u,v in compact subsets of R.
Remark 3.1.6. The limiting kernel KYV (u,v;7) has the form

D (mv; 7)Po(mu; 7) — @y (mu; 7)o (705 T)
2mi(u — v)

KV (u,v;7) = ,  (3.28)
and the functions ®;, j = 1,2, will be defined in Section 3.2 for 7 < 0
and in Section 3.3 for 7 > 0. The easiest way to define ®; and @, is via
a RH problem which appeared in [19, 20]. Alternatively, they can be
characterized as special solutions to a Lax pair which is related to the
fifth Painlevé equation. For 7 < 0, ®;(u;7) and ®3(u;7) are analytic
as functions of u in a neighborhood of R; for 7 > 0, they are analytic
functions of u in a neighborhood of R\ {i%}; they are analytic as
functions of 7 for 7 in a neighborhood of R\ {0} and continuous in 7 at
0. For 7 = 0, the limiting kernel KLV is a special case of a large family
of limiting kernels which appeared in [6].

Remark 3.1.7. In general, the kernel K-V is a transcendental function
of u,v, 7. However, for 7 < 0 and « € N, and for 7 > 0 and « even, the
kernel KLV is algebraic and can be constructed explicitly by a recursive
procedure. We will present this procedure in Section 3.2.2 for 7 < 0 and
in Section 3.3.2 for 7 > 0.

Remark 3.1.8. The limiting kernel KXV (u, v; 7) degenerates to the sine
and Bessel kernels for large and small values of 7. Indeed, we will show
that

lim KPY(u,v;7) = K% (u,v), u,v € R, (3.29)

T—+00
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and that
lim KBV (u,v; 7) = KBl (4 ), w,v € R\ {0}. (3.30)

T—0

This implies that (3.25), (3.26), and (3.27) are consistent: letting 7 —
+oo in (3.27), we recover (3.25), and letting 7 — 0, we get (3.26).

3.1.2 Consequences and applications
Asymptotics for Toeplitz determinants

In [19], large n asymptotics were obtained for Toeplitz determinants

1 2

Dn(f) = det(f;-1)ilo: fi =5 ) F(€®)e 00 (3.31)

with an emerging Fisher-Hartwig singularity, depending on parameters
a, B. In the special case § = 0, the weight has the form

fi(z) = (z — )z — e V)2 %™V E) 2= g e]o,2n)

for Rea > —%, t > 0, and where V(z) = ::O'ioo Vi2* is analytic on
an annulus containing the unit circle. The singularities e approach
the unit circle as t — 0, and form a Fisher-Hartwig type singularity if
t = 0. Asymptotics for Toeplitz determinants with weight functions of
this form were also obtained in the context of the 2d Ising model [96], see
[30] for a review of Toeplitz determinants and the Ising model. Theorem

1.1 in [19] states that

o] 67tk eftk
log Dy, (ft) = nVh + ant + Z k <Vk — a) <V_k - ozk)

k
) k=1 ont ) (3.32)
G(1+ «) 9 "o, (x) -«
log ————~ log 2nt 4L d 1
+0gG(1+2a)+a ogn—l—/o . x4 o(1),

as n — oo and simultaneously ¢ — 0 where G is Barnes’s G-function.
If =0 and o = 1,2, we can substitute (3.17) and (3.18), here with
Sn,t = 2nt, and obtain the more explicit asymptotic expansions

e}

log D (ft) = nVoJrZ kaV—k*Z(VkﬂLv_k)e_thrlog
k=1 k=1

sinh nt
sinh ¢

+t+o(1),

for « =1, and

log Dy (fi) =nVo+ > kViVop —2) (Vi + Vop)e * + 4t
k=1 k=1
— 2log(2sinh? t) + log(sinh? nt — n*t?) + o(1), (3.33)
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for « = 2, as n — oo and t — 0. With more effort, we can obtain
explicit asymptotic expansions for any integer «.

In [20], asymptotics were obtained for Toeplitz determinants D,,(f;)
with merging Fisher-Hartwig singularities, depending on parameters
a1, a, b1, P2. Setting ay = ay = «/2 and f; = P2 = 0, the weight
has the form

ft(«z) _ eV(z)|z o eit|a|z o ei(27r—t)|oc’

where Rear > —%, t € (0,7), and with V' again analytic on an annulus
containing the unit circle. Then, the weight function has two Fisher-
Hartwig type singularities if ¢ > 0 which merge to a single one as t — 0.
In Theorem 1.5 of [20], the following result is stated:

—2int 1 a2
o8 D) =Yoe D) + [+ (oenle) = 5 ) s

- % log SIT“ ~ SWE) + V(e ™) 2V (1) +o(1) (334)

as n — oo and t — 0. The function ock is related to o by the formula

a2 as

ook (s) =ol(s) — > + - (3.35)

For a = 2, we can substitute (3.18) (with s, + = —2int) and obtain

o0
log Dy (f1) = nVo+ Z kVi.V_p —2log 2tsint + log (n2t2 — sin? nt)
k=1
—(V (eit) +V (e_it) —2Vp) + o(1),
as n — oo and t — 0. With more effort, we can obtain explicit asymp-
totic expansions for any even a.

Extreme values of GUE characteristic polynomials

Let H be a random n x n GUE matrix, normalized such that the joint
probability distribution of the eigenvalues is given by

1 H (x; —x‘)2ﬁ6_2m?d:p-

/\GU J (2 71

Zive 1<i<j<n j=1
where Z\SUE = Zn(a =0,V (x) = 22?) is the normalizing constant. The
limiting mean eigenvalue density is then supported on [—1,1] as n — 0.
Define the (random) characteristic polynomial

P,(z) = det(z] — H).
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The average of products of powers of characteristic polynomials of the

form E (H?:1|Pn(uj)|“), given up,uz € R, can be expressed as

2
[Inr | - ZGUE [ -y

1<i<j<n
X H‘l‘j — U1| |.’£j — ’LL2|a 2n$?dl‘j. (336)
j=1

The following asymptotic results as n — oo were obtained by Krasovsky
[70] (see also [14, 46, 54] for «;’s integers):

jli[lwn(uj)ﬁaf = F(n, (s, 0i)) <1+o(10§")>, (3.37)

where k = 1,2 and
: 2
F(n UZ,OéZ z 1 H 1 — 2 ) /2(n/2) (2uf—1-2log2)a;n

x H (2fu; — ug]) =2,

1<i<j<k
2 G(a + 1)2

) =2 Gt D)

and G is the Barnes G-function. If uq and us approach each other, we
can use Theorem 3.1.1 to obtain asymptotics for E <H?:1]Pn(uj)]2aj).
Indeed, by (3.36) and (3.4), it follows that

ﬁ O Za =T 0 Vi) = 20 + (un +us)/2)?)
- 7

n

(3.38)

which is seen to hold after the simple change of variables y, = x, —
%. Substituting (3.15) in the numerator, we obtain asymptotics for

2
E ([0 1Pa(u)°)
This observation can be used to obtain information about extreme
values of | P, (z)| for large n. This problem was investigated in [52], and
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in this context the authors needed large n asymptotics for integrals of
the form (see in particular Section 2 of [52])

0 0 2
1.6, p) = / 9 / E jH1|Pn<uj>|
2

« 1_[e—anlimkﬁm(%IElog|Pk(uj)|)p(uj)duj7 (339)
j=1

with 6 € [0, 1], p strictly positive and continuous on (—6,6), and o > 0.
We note that one can differentiate (3.37) for £ = 1 with respect to «
and evaluate at o = 0 to obtain

1
lim —E(log| P, (u)]) = u* —1/2 —log 2, (3.40)

n—oo N

since C(0) = 1, C'(0) = 0. In order to obtain asymptotics for I,, as
n — oo, one needs asymptotics for E (H?Zl\Pn(uj)\a>, both in the

region where u; and ug are bounded away from each other (in this region,
we can use Krasovsky’s result (3.37)) and in the region where u; and
ug are close to each other (in this region, we need to use our expansion

(3.15)).
As a corollary to Theorem 3.1.1 we have

Corollary 3.1.3. Let 0 < 0 < 1, a > 0, and let p be a strictly positive
continuous function on (—0,0). Then,
Ci(a)n®/2(1+0(1)) for a® < 2,
I,(0,p) = ¢ Conlogn (1 + o(1)) fora? =2,
Cs(a)n® =t (1+0(1)) fora®>2,

as n — 0o, where

G+ 9% 0 19 (1 —u?)(1 — u? a?/8
G+ —25)" o
_ V2 2\1/2 2
C =2 1-—- d ’
s =25 | 0= () du
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Remark 3.1.9. For o? < 2, the main contribution in the integral
I,,(0, p) comes from the asymptotics (3.37) in the region of integration
where u; and ug are bounded away from each other. For o? > 2, the
main contribution comes from the asymptotics in Theorem 3.1.1 in the
region of integration where |u; — ug|= O(n=1).

Proof. First, we note that (3.37) can be extended: as n — oo and
|ui — ua|— 0 sufficiently slowly such that n|u; — ug|— oo,

2
1:[1|Pn(uj)|a :F(n,ul,u2,2 2)(1+0(1)) (3.41)

with the error term uniform for ¢ty > |u; — ug|> 2t,, for some ¢z > 0 and
t, — 0 such that nt,, — oo. This follows by recalling the identity

s 4 N2
lim (/ wd —i—é—l—log\s\)
0

S§——100 S 2
G(1+2)' G(1+20q)

= log G+ a) )

(3.42)

from [20, formula (1.26)] and applying it to (3.15), which one substitutes
into (3.38).
We now split the integral in (3.39) in two parts: the integral over

Agr, = {(u1,u2) : |ul, [ua]< 0, |ur — ua|> 2/t },

and the integral over [—0, 0] \ Ay, , for some ¢, which converges suffi-
ciently slowly to 0 as n — oo, slower than n~2. To compute the contri-
bution of the integral over Ay;,, we can use (3.40), (3.37), and (3.41).
For the contribution of the complement of Ay ;,, we substitute (3.15) in
(3.38) and then, together with (3.40), in (3.39). Using (3.37) to com-
pute the ratio Z, (0, a, V)/ZGUE and changing variables t = (u;—u2)?/4,
u = (u1 + ug)/2, we finally obtain

n —u — u2))e’/8
I”(g’p):<<2) Clof2r //A 12!ui—1u2\)2»

% plur)plu )duldu2—|—2<2) C’(a)/ (1 — u2)2*/2 ()2

—0

tn St Ui(S) —a? Oé/S\n,t dt
x(/o exp</0 5 ds + 5 >ﬁ>du>x(1+o(1)),

(3.43)
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as n — oo, where

Sny = —Aminy/ty (0) = —8inviy/1 — u?

in terms of the integration variables ¢,u. Here we need that the error
terms found in Theorem 3.1.1 are uniform in —6 < u < @ for the poten-
tial V(x) = 2(z + u)?. This is not mentioned elsewhere in this chapter
but can readily be seen to hold true by inspection of the proof of The-
orem 3.1.1, if |#|< 1. If # = 1, contributions from the region where the
singularities approach an edge point of the support of the equilibrium
measure will have to be taken into account as well, but this is outside
the scope of this chapter.

From (3.42) and the small s asymptotics of o} it follows that with

v =4nV1 — u\/t,
tn gn,t -+ A2 = dt
[ / oilo) o)
0 0 s 2 )Vt

Anv1—u2\/t, —24v 0+(S) o2
exp 2’ ds—iav | dv
2n\/ 1-— u2 / (/0 S >

0(7717012/2)7 o? < 2.
G(1+v2/2)G(14+2v2) _
- 4\/11_u2 ( G(/ll\/§()4 Lyt logn +o(n~tlogn), o?=2,
en~!t 4+ o(n7t), a?>2
(3.44)

as n — 0o, with

2\/@/ o </

Formulas (3.43) and (3.44) yield the corollary, where it is readily seen
from (3.42) that the integral appearing in the constant C5 is well defined.
O

20 5+ (s) — a2

ds — iav) dv.

3.1.3 Outline

In Section 3.2, we recall a model RH problem, introduced in [19], asso-
ciated to the fifth Painlevé equation. We define the functions ®; and
®5 in terms of the solution to the RH problem for 7 < 0, and describe
their relation with the solution o, to the fifth Painlevé equation. For
« integer, we construct the RH solution recursively. In Section 3.3,
we describe a second model RH problem which was introduced in [20],
we define ®1 and ®5 in terms of its solution for 7 > 0, and we relate
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Figure 3.1: The jump contour I'™ and the jump matrices for ¥.

them to the Painlevé solution of. For a even, we construct the RH
solution recursively. In Section 3.4, we recall the standard RH problem
which characterizes the orthogonal polynomials pg-n), and we define the
g-function needed to analyze this RH problem asymptotically. In Sec-
tion 3.5, we perform a Deift /Zhou steepest descent analysis to obtain
large n asymptotics for the orthogonal polynomials in the case where
t < 0 (i.e. the case where the singularities are complex and approach
0). The construction of a local parametrix near 0, in terms of the model
problem defined in Section 3.2, is crucial here. At the end of Section
3.5, we will prove Theorem 3.1.2 and Theorem 3.1.1 in the case where
t < 0. In Section 3.6, we perform a similar asymptotic analysis in the
case t > 0 (i.e. the case where the singularities are real and approach
0). Here the local parametrix is constructed in terms of the model prob-
lem from Section 3.3. This will allow us to prove Theorem 3.1.2 and
Theorem 3.1.1 for ¢ > 0.

3.2 Model RH problem for 7 < 0

The functions ®; and ®, that appeared in the limiting kernel KLV can
be defined in terms of a RH problem. We need to distinguish between
the case where 7 > 0 and 7 < 0.

The first model RH problem is a special case of the one studied in
[19, Section 1.3]. For our purposes, the parameter § from [19] is set to
zero. The RH problem depends on parameters a > —1/2 and s € C.
The relevant case for us will be s > 0.
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RH problem for U~

(a) U~ : C\I'" — C?*?is analytic, with '™ = I'; UI'; UT'; UT"; U[0, 1],
and

1 s’ s 1 7r7,

Iy = S+eiRY, Ty = 7+e34 R, T3 = —fe 5

oriented as in Figure 3.1.

(b) ¥~ has continuous boundary values on I'" \ {0, 1,1}, which we
denote by W7 (z) if the limit is taken from the left when oriented
along the contour, and ¥~ (z) if the limit is taken from the right.
We have the jump relations

qz;(z):q:()<1 64) for z € T'T,

v —mia > for z € 'y,

v < > for z € I'y,
e’
<1 - > for z € 'y,

0
U (2) = —miaos for z € (0,1),

where o3 = <(1) _01> is the third Pauli matrix.

(c) There exist ¢,p,r independent of z (but depending on s, «) such
that U~ (2) has the following behavior as z — oo:

U (2) = <J+1 <g fq) + 0(2_2)> exp(—gzag). (3.45)

z

(d) The functions G(z) := ¥~ (2)27 27 and H(z) := ¥~ (z)(z — 1)273

are bounded for z near 0 and 1 respectively, and ¥~ is bounded

near 1/2. The branches in the definitions of G, H are such that
22,(z—1)2 > 0 on the + side of (1, 00).

For a > —1/2, it was shown in [19, Theorem 1.8 (i)] that the RH
problem for ¥~ has a unique solution for all s > 0.
It will be useful to note that the following symmetry relation holds:

5 e — 1 _ 1 01
e273W <Z+2> =0V (—Z—|—2> o1, o1 = <1 0). (3.46)
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It can indeed be verified that the left and right hand side satisfy the
same, uniquely solvable, RH problem.
For 7 < 0 and v € R, we define

q)l(u; T) N _ _% 1 Fric/203 1
<<I>2(u;7')> =V <Z_ s +2’S>€ -1
for +u >0, s=+/—7. (3.47)

One verifies using the jump conditions for W~ that ®; and ®2 are ana-
lytic in a neighborhood of the real line. In fact, the singularities z = 0
and z = 1 of U™ are transformed to complex conjugate singularities
u = +is/4 = +i\/—7/4 for &1 and 3. We have the asymptotic behav-
ior

(I)l(u; T) _ -1 . Fria/203 1
<<I>2(u; T)> = (I + O(u )) exp((iu — /—7/4)o3)e 1
(3.48)
as u — Fo0. The kernel KYV (u, v; 7) is then given by (3.28) for 7 < 0.

3.2.1 Lax pair and Painlevé V

There is a connecton between the RH problem for ¥~ and the Painlevé
V equation, which relies on the theory of isomonodromy preserving de-
formations [44]. We recall from [19] (in particular Theorem 1.8 (ii) and
Section 4.3 in that paper) that the RH solution ¥ = ¥~ solves a system
of linear differential equations

U.(z;5) =A(z;5)U(z;5), (3.49)
Us(z;s) =B(z;5)¥(z;s), (3.50)

where the matrices A and B have the form

A(z:5) =An(s) + 222 4 A1)

B(z;s) =By(s) + Bi(s)z. (3.52)

The 2 x 2 matrices Ag, A1, Aso, By, B1, which are independent of z but
can depend on s and «, can be parametrized as follows,

(3.51)

Ag = <—v_+£/2 ’u,f(_v ;/g)) , (353)
A = <v —Za/Q :3}(1;7;) 7 (3.54)
1 Ag + A

A = —ggg, By =303, By= (3.55)
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Here u, v, and y are functions of s and . We have the following rela-
tion between u,v and the functions g, r,p appearing in the asymptotic
expansion (3.45) for U~ as z — oo,

v = % —q — srp, (3.56)
Sp
R e (3.57)

The compatibility condition ¥, = V¥, implies that A;—B,+AB—BA =
0, and this implies the following system of equations for u, v, y:

sug =su + (. — 20)(u — 1)2, (3.58)
1
svs =v(u — E)(v —a), (3.59)
SYs =Y (—2v+a+uv — ot © —s) . (3.60)
u

By eliminating v from the top two equations, we obtain a special case
of the fifth Painlevé equation,

1 1Y
tss = %—Fu—l Us

- éu LW (O;Q(u - 7i)) +2 “(ZJF? (3.61)

If we define o(s) as

“+oo
o) = [ vl (3.62)

(it was shown in [19] that v decays rapidly as s — +oo so that this
integral converges), then o solves (3.10).

3.2.2 Recursive construction of ¥V~ if o« € N

For positive integer values of a;, the RH solution ¥~ can be constructed
explicitly. We will denote ¥ instead of U™ in this section to emphasize
the dependence on a. The crucial observation here is that the jump
matrices for ¥, are periodic in a: they remain the same if we replace o
by a + 2. This fact indicates that there is a Schlesinger type transfor-
mation [80] relating ¥, to ¥,42. Even more, if we replace a by a + 1,
the jump matrices are modified in a simple way: the jumps on the diag-
onals ', 'y, ', ') are the same for the functions ¥, and o3V 03,
whereas they are opposite on (0,1). Based on this observation, and
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on the fact that the solution for @ = 0 is simple and explicit, we can
recursively construct a solution for any integer a.
For positive integer a and s € (0, +00), define X, as follows,

U (2;8) for z € 11,1V,
—1)e
U (z;s) (=) for z € I,
Xao(z;8) = 0 1 (3.63)
1 0
U (z;8) for z € I11,
( (=D* 1

with regions I, II, 1111V as in Figure 3.1. Then, by the RH conditions
for ¥, X, satisfies the following RH problem.
RH problem for X,

(a) X4 :C\[0,1] — C%*2 is analytic.

(b) For z € (0, 1), we have the jump relation X, 4 (2) = (—1)*X,,—(2).

(c) As z — o0,

Xa(2) = (1 + 0" exp (=S o) -

(d) The functions G, and H, defined by

Gl = %) (_ Ly 1) 557 (3.61)
Ha(2) = Xal2) (3 ‘ﬁ”a) (=~ 1)57, (3.65)

are analytic at z = 0 and at z = 1 respectively. The branches in
the definitions of Gy, Hy, are such that z2,(z —1)2 > 0 on the +
side of (1, 00).

For o = 0, this RH problem is easy to solve: we have

Xo(z) = exp (—%03) .

Define

Wa(z):< i >203Xa(z)03Xa+1(z)_103, (3.66)
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where the square root is analytic on C \ [0,1] and positive for large
positive z. We will explicitly construct W, in terms of G, and H,, and
thus we will have the recursive relation

z
z—1

Xoi1(2) = 03 Wal2) ™ ( ) Xo(2)0s. (3.67)

From the jump relations for X, one verifies that W, is meromorphic in
z, with singularities at 0 and 1, and as z — oo, we have

Wa(z) = [+ 0 (1> . (3.68)

z

By condition (d) of the RH problem for X,, we obtain:

Wa(z) = < : >2 3Ga(z)zféﬁagGaH(z)*lag, (3.69)

z—1

z
z—1

Wal(z) = < >203 Hy(2)(z — 1)%0303Ha+1(z)_103, (3.70)

for z in neighbourhoods of 0 and 1 respectively. It follows from (3.68)-
(3.70) that W, takes the form
Qa

z—1’

Py
Walz) =1+ 2+ (3.71)

for matrices P,, Q. which are independent of z. Moreover, it is easily
verified that X, exhibits the following symmetry,

1 s 1
Xa <Z + 2) = G_EUSO'lXa <—Z + 2) o1, (372)

which yields the relation
—e 3%3g, Pyoqe27% = Qa. (3.73)
Condition (3.69) gives us that

Z%J3Ga(z)_1z_%”303Wa(z) is analytic in a neighborhood of 0.
(3.74)

By substituting (3.71) into (3.74) it follows that the first row of P, is 0,
and consequently, by (3.74),

2%036’&(0)_12_%“303“/&(2) is analytic in a neighborhood of 0.
(3.75)
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This implies

Ga21(0)(1 + Pa22) + Ga11(0)Pa21 =0, (3.76)
e °Ga21(0)Paz21 + Ga,11(0) P22 = 0. (3.77)

By the unique solvability of the RH problem for X, it follows that this
linear system has a unique solution for P, 22 and P, 21 for any positive
s.

In conclusion, since we know X(z), we can compute Go(0) by (3.64),
and from that we can compute Py by (3.76)-(3.77). Substituting those
in (3.73), (3.71), and (3.67), we obtain X;(z). Similarly, once we know
X1(z), we can compute G1(0), P;, and X3, and so on.

For @« =1 and a = 2, in this way, we obtain the expressions

_ ) 1+ (ef—1)z -1 _szg,
_W< e’ —65—1—2(85—1))6 i
1

(1—e5(24 %)+ €2%) (2 — 1)z
<1+es(s—1)—22+esz(2—2s+s2)+z2—esz2(2+82—es)

e(-l—s+e*+2(2+s+e€e°(—-2+9)))

l—e*+e’s—2(2+s+e°(s—2)) )6_5503

e%(—1—s+e®)+zes (2+2s+52—2e%)+ 2242265 (—2—s2+e°) '

Xi1(2)

)

Xo(2) = (3.78)

Expanding X, as z — oo, we can obtain expressions for the Painlevé
V functions ¢(s),7(s),p(s) by (3.45). In particular, for « = 0,1,2, we
obtain

B 1 1 1l +ef(—2s+¢°)
q(s) =0, q(s)= =1ty q2(s) = @) (3.79)
Using the relation (see [19, (4.109)])
0o (s) = sq(s) — % (3.80)

we can compute o, , 0, , and o5 : this gives (3.12)-(3.14).

3.2.3 The kernel K'YV as 7 — —co

We follow the steps of [19, Section 4.1] in the analysis as 7 — —o0.
Define

T(z) = U (2) (z - 1> B , (3.81)

z

where the power «/2 is taken analytic except on [0,1] and tending to 1
as z — +00. The fraction cancels out the jump of ¥~ on (0,1) and the
singularities at 0 and 1, and ¥ solves the following RH problem.
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Ty N
0 |A Ay -1

Figure 3.2: Contour r

RH problem for v

(a) U:C\(ITUl; UT; UTY).

(b) VU has the jump relations

(¢) As z — o0,

Uy (z)=T_(2) <(1) eme (lel)_a> for z e I'7,
U (z) =V_(2) (_eﬂ'ial(z—l)a (1)) for z €T’y
U (z) =TU_(2) <em°‘ (=1)° (1) for z € I'y,
U (z) =V_(2) <(1) —eTme 1(Z21)_a> for z € T .
U(z) = (T+0(z"1)) exp(—gzag). (3.82)

Now we will deform the jump contour in such a way that it stays
away from 0, 1, and 1/2, to a contour as shown in Figure 3.2. Define

63‘73@(,2) exp (% (z — %) 03) for z ¢ A; U Ao,
6403@(2’) (11Z)a (1)> exp (£ (2 —3)o3) forz € Ay,

O’3~ 1 (1;'2)_& S 1
e173¥(z) 0 . exp (5 (z—3) 03) for z € Ay,

(3.83)
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with A; and As given in Figure 3.2. Here, (1;3,2)104 is analytic except
on (—00,0] U [1,+00). Then VU satisfies a small norm RH problem as
s — +00.

RH problem for v
(a) U:C\T — C2*2 s analytic, with [ = 'y UT'; given in Figure 3.2.
(b) U has the following jumps on I:

L (i) e

) ~
0 1 > for z € I'y,

By(2) = - (:)

<

Jr

©
]
&)

1 0 ~
_(Z) <_ (11)& BS(Z_%) 1> for z € I's.

z

As s — +00, this means that
Uy (2) = U (2)(I + O (exp (—cs))
on fl and fg, for some constant ¢ > 0.
(c) U(z) =1+ 0(z"1) as z — oo.

By standard small norm analysis, we have
~ 1
U(z)=14+0——e %), s — 400, 3.84
@ =140 () (384

uniformly for z € C\ T Inverting the transformations ¥~ — ¥ s v
and using (3.47), we obtain

Oy (x; —52) ~ =2z 1 —diz — s\ 2% _pia_ . 1
1) — \I/ . F 03 103
<<I>2(x; —s?) s + 2% )\ “hiz + 5 e e -1/

for +2 > 0. By (3.84), as s — +o0, z € R,

ifmui=)) _ () o),
(<I>2(7Tu7 s%) €

which, by (3.28), yields the sine kernel limit as s — +o0,

sinm(u — v)

KEY (u,v; —s?) = +O(s™),

m(u —v)
and (3.29) is proved. In fact, it is clear from this derivation that (3.29)
holds also as u,v tend to infinity together with s, as long as u — v
converges.



126 CHAPTER 3. RANDOM MATRICES WITH SINGULARITIES

Figure 3.3: The jump contour I~ and the jump matrices for ),

3.2.4 The kernel K'YV as 7 — 0

We will now study the RH problem for W™ in the limit where s — 0 and
prove (3.30).

Define

s 21 1

UMD (z;5) = P30 (22 + X s> x(2), (3.85)
S
where

e~ for Rez > 0,
2) =1 ria 3.86
x() {62"3 for Rez < 0. ( )

Then UM satisfies the following RH problem.

RH problem for U(!)
(a) UM C\ I~ — C2*2 is analytic, where:

5
f:Uf;, ff:{z:argz:ﬁ/ll},
i=1

I'; ={z:argz = 3n/4}, fg ={z:argz = b /4},

U, ={z:argz="7rn/4},  T5 =iR\ [—is/4,is/4].

The orientation is as in Figure 3.3. Note that the orientation is
different compared to the one in the jump contour for ¥—.
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(b) ™ has continuous boundary values on I'~ \ {0}:

‘IIS:)(z) = \Il(_l)(z) <(1) _11> for ze 7 UT ,
\I/il)(z) = \I/(_l)(z) (1 (1)> for z € fg ury,
\Il(j)(z) = \11(71)(2)67”‘0“73 for z € fg

(¢) M has the following behavior as z — oo:
W (2) = (I +O(z"1))e* 73 x(2). (3.87)
(d0) ¥ has the following behavior as z — —is/4:

O(lz+ £14/2)  O(|z + &|7/2)
v () = 4 4
(2) (0(Iz+3f\°‘/2) O(l= + 2|-/2)

(d1) ¥ has the following behavior as z — is/4:

O(z — is|-0/2)  O(|z — is[o/2)
vD(z) = ( al a .
@ =10z - ia]o2) o]z — izjor2)

(e) ¥ is bounded at 0.

Using (3.47) and (3.85), we obtain

@;Ei :2) = 10 W (z;5) (_11> : (3.88)

To study ‘11(1)(2; s) as s — 0, we need to recall results from Sec-
tion 4.2.1 and Section 4.2.2 in [19]. The asymptotics as s — 0 can be
described as follows: we have for |z|> ¢ with § > 0 arbitrary that

U (2;5) = (I + O(|slogls||) + O(s72%)) M(2)eT "3, (3.89)

)

for £Rez > 0. Here M satisfies the following RH conditions.

RH problem for M
(a) M :C\ Ty — C?*2 is analytic, where:
T = U2 Ty,

Pat = {=: arg(s) = 7/4}, Tara = {2 : arg(s) = 3n/4},
Iy ={z:arg(z) =56n/4}, Taa = {z:arg(z) =Tr/4}.

The orientation is as in Figure 3.4.
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Figure 3.4: The contour I'j; and the jump matrices for M.

(b) M has continuous boundary values on I'js \ {0}:

Mi(z) = M_(2) <(1) _elma> for 2 € I'nr s
M (z) = M_(z) <(1) _elma> for z € T'ar2
M) =) (e ) for = € Tass,
My(z) = M_(2) <67}ia (1)> for z € T'pra.

(¢) M has the following behavior as z — oc:

M(z) = (I+0(="1))el*s.

The RH problem for M has an explicit solution (which is not unique,
unless one adds a condition to control the behaviour of M near 0) given
in terms of confluent hypergeometric functions which is used in [19] and
[20]. But in the special case we are dealing with, the confluent hyper-
geometric functions degenerate to Hankel and modified Bessel functions
a, BY, 1, and K, (see [81]), and we use an explicit formula for M
similar to the one given in [74, 90]. Writing

(=1 1\ _=ig,,
=5 (0 L)
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we have
(2) (1)
1 H (z) —tH (2) )
22 ﬁK atd atd 67%(a+%)030103 el
2 H(2> L (2) 7iH(1) (2) ) )
*T2 o« 1 )
1 i uw’3
22Tl 1(ze” ) —22 LK, (e T)
K 1 mi 1 : i |0103, zell,
—iz2/ml | _1(ze” 2) —iz2 ﬁKﬂil(ze_T
M(Z) = 27H(2) (e‘rrzz) 77,H(1 (26772'2) )
i 7\/>K ot g ot —Zi(at+L)os III
(e™z)2 5 @ miny g oy €20 2T, 2E LI
H (e72) iH 7, (e™z)
—zz%\/?rla 1(ze2) —zz%iﬂ_Koﬂrl(ze%‘)
1 i 1 P m ) zelV,
22wl 1(ze2) —22—=K 1(z2e2)
a—3 T a—3

(3.90)

where the square roots and the Hankel and Bessel functions have branch

cuts on (—o0, 0].
By (3.89) and (3.88), we have, for £z > 0,

O (5 —5%)\ _ Congmag, (1 1420
<<I>2(a:;—52) = M(z;s)e™ 2 1 +0O(]s|log]s|)+O(|s| ), s = 0.

Using (3.28) and substituting in (3.90), one obtains that as 7 — 0:

Ko (u,v;7)
_ _Tvuv ¢9) (2) (1) 2)
S(u— ) ( <H 7%(7r1)) +H ;(71’1))) (HaJr;(Wu) + Ha+;(7m))

The identity H&l)(z) + HC(?)(Z) = 2J,(z) yields our result: as 7 — 0 we
have

7T'LL’U<

m J %(TFU)J 1(7Tu)—Ja+%(7rv)Ja_%(7ru))

Ke " (u,v;7) = o ot L

+ O(|7)Y2og|7]) + O(I7]2T).  (3.91)

This proves (3.30).
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Figure 3.5: The jump contour I'" and the jump matrices for .

3.3 Model RH problem for 7 > 0

The model RH problem relevant for the case 7 > 0 is a special case
of the one found in [20] (up to a simple transformation), and differs
from the one for 7 < 0, although there are similarities. For instance, the
following RH problem, is also connected to the Painlevé V equation, and
an explicit solution can be constructed for even a (but not for odd «,
which was possible when 7 < 0). In the RH problem below, the relevant
values for the parameters are o > —1/2 and s € (0, —i00).

RH problem for ¥"

(a) U+ :C\I'" — C**?is analytic, with 't = I'JUTI'y Ul UT'f U[0, 1],
and
T =14eiRY, T =e 1 RY, T =¢ 4 RY, I} =1+e 5 RT,
oriented as in Figure 3.5.

(b) ¥t has continuous boundary values ¥ on I't \ {0,1}. We have
the jump relations

1 _e—wia
Ut(z) =0(2) (0 1 > for z € T,
Ut(z) =0t (2) Lo—eme for z € TS
+ -l 1 ’

e*ﬂ'la 1

Ut(z) =0 (2) ( L 0) for z € I's,
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1 0
Ut(z) =0t (2) (e”o‘ 1) for € T,
TE(z) = U (2) G _01> for = € (0,1).

(c) There exist ¢, r, p (depending on s, & but not on z) such that ¥+ (z)
has the following limiting behavior as z — oo:

UH(z) = <I + % <g rq) + (9(22)) exp (—%za;g) .

(d) If « ¢ N then the functions

G(z) =t (2) (é ?) i (3.92)
H(z) =0 (2) (é e_Tag) (z—1)"5% (3.93)

are bounded for z near 0 and 1 respectively when z is in region
IV, with ¢ = s5—=L We let 22, (z — 1)2 > 0 on the + side of

2isin(ma)

(1,00). If @ € N then the functions

G(z) =Tt (z) (é 12351 log Z> 2503, (3.94)
H(z) =0 (2) (é i 1fg(z - 1)> (z—1)5%  (3.95)

are bounded for z near 0 and 1 respectively when z is in region
IV. We let log z,1log(z — 1) > 0 on the + side of (1, 00).

The above RH problem is equivalent to the one from [20, Section 3].
Indeed, if we define

1

Won(Gis) = etwt (5= is). (3.96)

then WUeog solves the RH problem in [20, Section 3] in the case 1 =
B2 =0, a1 = ag = /2.

In [20], it was proved that the RH problem for W g is solvable if
a > —1/2 for every s € (0, —ioc0), and it follows that the same is true
for the RH problem for ¥,

For 7 > 0 and u € R, we define

() (=2 L) a (2 )
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where s = —iy/7, and
) .

6_%
m) for Rez > 1,
—e 2
0
A(z) = . for 0 < Rez < 1, (3.98)
ew;'oz
_m> for Rez < 0,
—e 2

and where W' (z;s) has to be understood as U}(z;s) for z € (0,1).
Then, ®1(u;7), Pa(u; 7) are smooth on the real line, except at the sin-

gularities :I:g. As u — £o00, ®1 and @5 have the asymptotic behavior

@;Ezg) = (I+ O(u™)) exp((iu+iy/7/4)os)A (\2;; 4 ;) . (3.99)

similar to (3.48).

3.3.1 Lax pair and Painlevé V

The results about the Lax pair and the relation with the Painlevé V
equation hold for ¥T as well as for ¥~. Indeed, ¥ = U™ satisfies
the Lax pair (3.49)-(3.50), where A and B can be parameterized as in
(3.51)-(3.55). The functions v,u defined in (3.56)-(3.57) in terms of
q,7,p, solve equations (3.58)-(3.59), and ¢ defined as in (3.62) solves
the o-form (3.10) of Painlevé V. It has to be noted that the functions
q(s),7r(s),p(s),v(s),u(s),o(s) defined here for 7 > 0 are in general dif-
ferent from their counterparts in Section 3.2 for 7 < 0.

3.3.2 Recursive construction for o € 2N

Similarly to the case 7 < 0, we define

(T (2;5) for z € I,111,
1 1
Ut(z;s) for z € I1,
Xa(z;8) = 0 1 (3.100)
1 0
Uh(z;s) - for z € IV,

with regions I,II,II11,IV as in Figure 3.5. Then, it is easily verified
that, for even «, X, satisfies the RH problem for X, stated in Section
3.2.2. It is important to note that this is not the case for v odd. It
follows that the formulas for Xs and g given in (3.78) and (3.79) still
hold for 7 > 0. By (3.80), we obtain the formula (3.14) for o5 .
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Figure 3.6: The contour I't and the jump matrices for U3,

3.3.3 The kernel K, as 7 — +00

An asymptotic analysis as s = —i\/7T — —ioco of the RH problem for
U ok, equivalent to the RH problem for ¥, has been performed in [20,
Section 5]. The following result can be extracted from that analysis:

Ut (z;5) (é D €23 =140 (s(]aj—i—l)) (3.101)

for z € (0,1), as s — —io0o. Substituting (3.101) and (3.97) in (3.28), we
obtain that the Painlevé kernel KEV converges to the sine kernel, proving
(3.29) whenever |u — v| remains bounded in the limit where 7 — +o0:

KV (u, v;7) = Ko (u,v) + O (7_1/2> .

3.3.4 The kernel K}V as 7 — 0

Recall that the parameter s in the model problem for ¥ is negative
imaginary. Define

. 2z 1
U@ (z;5) = e Ut <|Z| + 5 s> X (2), (3.102)
S
I, for —%<Rez<%,
X(z) =4 e for Rez < —Ll, (3.103)

e 2z 93 forRez>‘%|.

Then ¥ satisfies the following RH problem:
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RH problem for ¥
(a) U@ . C\ Tt — C is analytic, where I'" is as in Figure 3.6,

I = ULaIs, Ff = (e rarg(z — 2 =Ty,
B = (eoang(e+ B = 2Ty T = (rarg(e+ ) = 27
= 1% . argiz = = <z :arge(z —

2 BET T s BT T

= s, _ ™y = [s| sl
I‘I:{z:arg(z—z):z}, F;:[—Z,Z],
fg:{z:Rez:’Z’}, f;r:{z:Rez:—’Z}.

(b) ¥® has continuous boundary values on I't \ {—'%', |7i|} given by:

‘I/f) (2) =g? (2) (é _11> for e IT ULY,
52 () =0?(2) G ‘f) for z € TH UTT
\I/f) (2) =g? (2) (1 _01> for z € f;,

‘lff) (2) v (2)6%03 for z € fér U f;r

(¢) U@ (2) has the following asymptotic behavior as z — oo:

() = (I 4+ 0("1))e™ 3 (2). (3.104)

(d) ¥@(2) inherits its local behavior at —% and % from ¥t(z)
through (3.92)-(3.95) and (3.102).

When s — —i0 it was shown in [20, Section 6.2] that, for z bounded
away from 0,

U@ () MM (2) = I + €e(z, 5), (3.105)

where M is as in (3.90), €(z,s) = O(|s|?) + O(|s|?>T4®) for 2a ¢ Z, and
€(z,s) = O(|s|log|s|) for 2 € Z.

We substitute (3.105) and (3.102) into (3.97) to find that as 7 — 0,
+x >0,

Py (z; -5 grmia (1
(@2@; —32) =M(z)et 2 1 + €(x, s).
By (3.28), we obtain the Bessel kernel after similar calculations as
for the case 7 < 0, proving (3.30).
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3.4 RH problem for orthogonal polynomials

3.4.1 RH problem for orthogonal polynomials and differ-
ential identity

The correlation kernel (3.21) for the eigenvalues in the random matrix
ensemble (3.1) can be expressed in terms of the solution of a RH problem
which characterizes the orthogonal polynomials pg-")
weight wy, defined in (3.3).

Define Y by

with respect to the

1 ,.(n) 1 )
@pn (Z) 27”,{%”) fR pr(zx) wn(x)daj
(n)

_271-2%1(171—)11)7(1@1(2) _"%(zn—)l an:c_—lix)wn(m)dx

Y(z;n) =

where 1™ > 0 is the leading coefficient of the normalized orthogonal

J
()

polynomial p;~. It is well-known [45] that Y can be characterized as

the unique solution of the following RH problem.
RH problem for Y
(a) Y is analytic in C\ R.

(b) Y has the following jump relations on R, except at the singularities
++/t in the case where t > 0:

1 wy(x)

i =rio b )

(c) As z — o0,
v =(roE) (5 %)
0 =z
(d) If ¢t >0 and o < 0, Y (z) has the behavior

(0() Oz F Vi)
””‘(0(1) ouzzpﬁa))’

as z — £v/t. If t >0 and o > 0, Y is bounded near ++/.

We can express the eigenvalue correlation kernel K, and the logarithmic
t-derivative of the partition function Z,, exactly in terms of Y.
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Proposition 3.4.1. (1) Let K, be the correlation kernel defined in
(3.21). For z,y € R, we have

@ O VY WY@ ((1)>

. (3.107)

(2) Let Zy(t) = Zy(t,o, V) be the partition function defined in (3.4).
Write zg = /t when t > 0 and zy = in/—t when t < 0. For
t < 0, > —% and for t > 0,a > 0, we have the differential

identity

%log Zo(t) = _2%0 <<y16g)22 (20) — (Y1g>22 (-zo)) .
(3.108)

Proof. The formula for the correlation kernel (3.107) follows after a
straightforward calculation from (3.21) and (3.106).

To obtain (3.108), we follow ideas from [70] and [20]. In the remain-
ing part of this proof, we suppress the dependence on n in our notations

and we write p;, x;, and w instead of pg-n), lig.n), and w,. We start with
the well known formula

n—1
Zn(t) =n! T] #;>
=0

Using the orthogonality of the polynomials and the Christoffel-Darboux
formula, it follows that

n—1 n—1

d = Ok j o

pn log Z,,(t) = —22 % = —22/ pj(x)0(pj(x))w(x)dx
j=0 " j=0Y ">

oo n—1
—— [ (L pw | v
00 §=0

-/ ( (s (pu(2))pns (2) —pn<x>am<pn_1<x>>>) w(z)de.

oo Kn

By orthogonality, it is straightforward to check that

d. =,  Otkp-1 | Kn-1
pr log Z,,(t) = —n — + . (J1 — Jo), (3.109)
J1 :/ Opn () Oppr—1(x)w(x)dx, (3.110)

Jo = /_OO O0pPn () Oypr—1(x)w(z)dx. (3.111)
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We start by evaluating Ji:
h== [ p@Ops@)ul@)ds

—0o0

+/_OO O (pn(2)Oxpn—1(z)w(x))dz. (3.112)

The rightmost term in this expression vanishes, as one can see by taking
the derivative outside the integral and using orthogonality. By the form
of the weight function w given in (3.3), we obtain

J= 2@y, (3.113)
2Z0
- [ e, o
oo T+ 20

Writing 0x(pm(2))|e=y= Pm,=(y), we find that

1) [ pa(®)(Pn-1,() — Pn—1,2(F20))w(x) i
Iy _/_Oo e d (3.115)
+pn—1,m(iz0) 100 I%a(iiu;(()m)dx

We proceed in a similar fashion for Js and find that

Opop— x® p._
om0 [ e,
Ki_q 220

a * pp—1(z)w(x)
- — — ——dx. A1
QZopn’x( ZO) /_OO T+ 20 du (3 6)

—0 T — 20

Substituting (3.113)—(3.116) into (3.109), and using (3.106), it is straight-
forward to obtain (3.108). O

Remark 3.4.1. When ¢ > 0 and a < 0, the integrals in (3.114) are
not defined. Using techniques similar to those in [70], one can regularize
those integrals and obtain a differential identity similar to (3.108). We
refer the reader to [70, 20] for more details.

3.4.2 The g-function and normalization of the RH prob-
lem

We proceed with a transformation of the RH problem for Y to one
which is normalized to the identity at infinity, and which has suitable
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jump conditions. This is a standard part of the Deift/Zhou steepest
descent method [36] which we apply in order to get asymptotics for Y’
as n — oo with ¢ small. Define

T(2) = eTo3Y (2)e 97375 03 (3.117)

where g is defined by

o(z) = [ log(z ~ a)duy (), (3.118)

with py the equilibrium measure given by (3.9), minimizing (3.6) and
satisfying the conditions (3.7)-(3.8). Clearly g(z) = logz + O (27!) as
z — 00, and it follows that T satisfies the following RH problem.
RH problem for T

(a) T is analytic in C \ R.

(b) T has the following jump relation for 2 € R (except for = = 4/t
ift > 0),

1) =1 (T )
(c) T(2) =1+ 0(z71), asz— oo
(d) Ift >0, a < 0, as z — £+/t, we have
- (G QLTI
O(1) O(lzF Vi*)
If t >0 and o > 0, T is bounded near ++/.

By the fact that V' is one-cut regular, we have (3.9) with h real analytic
and positive on [a,b]. By (3.118) and the Euler-Lagrange conditions
(3.7)-(3.8), it can be shown that g satisfies the following properties which
we will need later on:

0 for x > b,
(a) g4(x)—g—(x) = 2mi for x < a,

2mi [P h(E)((€ — a)(b—€))2d¢  for x € [a,b],
(b) g+(z) +g-(x) —=V(z)+£<0for z >band z < q,
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(c) g+(x) +9-(2) = V(z) +{
2 [Fh(€) (€ —a)(&—b)/?de  forx <a,
= 0 for x € [a,b],
—27 [T h(€) (€ —a)(& —b))/2de  for z > b.
In part (a), the square root is positive for s € (a,b), and in part (c), the
square roots are positive for s > b and negative for s < a, with branch

cut on [a,b]. The function h is analytic on a neighborhood U of R, and
we define the function ¢ : U \ (—o0,b] — C as

o) = [ Th(E) (€ — a)(e — b))V de. (3.119)

with the square root analytic on C \ [a,b] and positive for £ > b, and
with the path of integration not crossing (—oo,b]. By property (a) of
the function g, it follows that

(g1 (@) — g (2) = 26(x) for z € (a,h).
Combining this with property (c) for the function g we obtain
62n¢+(33) 72— tlo
Ty(x)=T_(x) ( 0 |62n¢(l)> for x € [a, b].
By property (c) of the function g it follows that

—2¢(x) for z > b,

g+ () +9-(x) = V(z)+ L= {_2¢+(x) —2mi for z < a.

(3.120)
Combined with property (a) of g it follows that
2 _ 4la,—2n¢(z)
Ty (z) =T-(x) ((1) [#* — 1 16 > for < a and for b < «x,

where we note that e=2"%+(@) = ¢=2n¢-(2) by (3.120).

3.5 Asymptotic analysis for T"as n — oo fort < 0

In what follows, we will perform further transformations on 7' in order
to obtain a RH problem for which we can compute large n asymptotics.
We first complete the analysis in the case ¢ < 0.
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I‘S,top Z\/jt FS,'COP

> »

NN

I‘S,bottom I‘S,bottom

Figure 3.7: The contour I'g.

3.5.1 Opening of the lens

We deform the jump contour for 7', which is the real line, to a lens-
shaped contour around [a,b] as in Figure 3.7. It is important that the
singularities +iv/—t lie in the region outside of the lens, and that the
lenses lie within the region U of analyticity of h. Since we want to obtain
asymptotics which are valid for ¢ arbitrary small, we choose the lenses
to pass through 0, and with shape independent of ¢ and n.

Define

T(z) for z outside the lens,

1 0
T(z) ( 2n0(2) 1) for z in the upper parts of the lens,
CEOR

1 0
T(z) < 2no(=) 1) for z in the lower parts of the lens.
(2-t)>

(3.121)

The function (22 — ¢)® is chosen with branch cuts on (—ioco, —iy/—t] U
[iv/—t, +i00), outside the lens-shaped region, and positive for real z. It
is such that (22 —)* = |22 — #|* for z € (a,b).

It follows that S solves the following RH problem.

RH problem for S

(a) S is analytic for z € C\ I's where I's = I's top U I's bottom U R is
the contour shown in Figure 3.7.
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(b) S has the following jump relations on I'g:

2 _ qla,—2n¢(z)
Si(x)=8_(x) <(1) =% =1l 16 ) , forzeR\]a,b],
0 2 o
s+<x>:5_<:c>( L ‘), for & € (a,),
e
1 0
Si(z) =5_(2) | e2ne= E for z € I's top U T's bottom-
(22—t)>

(c) S(z)=I+0(z7") as z = .

(d) S(z) is bounded as z — 0, as z — a, and as z — b.

3.5.2 Global parametrix for ¢ < 0

The jump matrices for S tend to the identity matrix exponentially fast
everywhere on I'g, with the exception of the interval (a,b) and small
neighborhoods of a, b, and 0. We construct a global parametrix N which
solves the RH problem for S, ignoring exponentially small jumps and
small neighborhoods of a, b, and 0. We will show later on that the global
parametrix is a good approximation of S away from a, b, 0.

RH problem for N

(a) N :C\ [a,b] — C**? is analytic.

(b) N has the following jump relation on (a,b), where the orientation
is taken from left to right:

$2_ «
N+(:c):]\7_(:c)< 0 | Ot’> for & € (a,b).

BE=E

(¢) N(z) =I+0 (1) as z— ooc.
Define
N(z) = D(c0) ' Ny(2)D(2), (3.122)

where
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zZ—a

1/4
with (Z_b> analytic on C\ [a, b] and positive for z > b. D(z) depends
on « and t and is given by

D(z) = d(2)"", (3.124)
<<z—a><z—b)>1/2< b logle? — t]de ))
d(z) = ex —Q )
) p( o / €~ 2)VE a0
(3.125)

with \/(z —a)(z — b) analytic in C \ [a,b] and positive for z > b, and
with /(£ — a)(b — &) positive for £ € (a,b). Then, it is straightforward

to verify that IV solves the RH problem for N. Moreover, as z — a and
z — b, N(z) has the following behavior:

N(z)=0 (]z - a]_1/4> as z — a, (3.126)
N(z) =0 (yz - b\—l/‘*) as z = b. (3.127)

To verify this, one first shows that Ny(z) satisfies the conditions (3.126)-
(3.127). It then remains to show that d is bounded near a and b. This
can be seen by deforming the integral between a and b to a contour
surrounding the interval [a, b] and applying a residue argument.

3.5.3 Local parametrix at a and b

We need to construct local parametrices near the endpoints a and b.
This construction, using the Airy function, is standard [27, 34, 35]. The
explicit formula for the local parametrices near a and b is not relevant
to later calculations, we only need that these local parametrices exist.
Let U, (U,) be an open set which is independent of n and which
contains b (a). The following RH problems can be solved in terms of the
Airy function. We do not give details about this construction here.

RH problem for P®)
(a) PO : U, \Tg — C>*? is analytic on Uy \ T's.
(b) P® has exactly the same jump relations as S has for z € T's N U,

(c) PO (2) = (I+0O(n'))N(z) as n — oo, uniformly for z € U, and
|t| sufficiently small.
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RH problem for P(@
(a) P :U,\T's — C?*?is analytic on U, \ T's.
(b) P(@) hags exactly the same jump relations as S has for z € TsNU,.
(¢) P@(z) = (I + O 1))N(z) as n — oo, uniformly for z € U,
and || sufficiently small.
3.5.4 Local parametrix at the origin

Let Uy be a sufficiently small disk around the origin, which is indepen-
dent of n. We want to construct a local parametrix which has the same
jumps as S in the disk Uy and which matches with the global parametrix
up to order 1/n at the boundary of Uy. This matching condition has
to be valid in the double scaling limit where n — oo and simultane-
ously ¢ — 0 in such a way that n?t tends to a non-zero constant, or
equivalently such that 7, — 7 < 0, with 7, ; defined in (3.24).

RH problem for P
(a) P:Uy\Ts — C?*2 is analytic.
(b) P has the same jump relations as S:

P (2)Py(2) = S7H(2)S4(2), for z € UyNTg.

(¢) P(z) = (I + O (n')) N(2) uniformly for z on the boundary dUp,
as n — oo and simultaneously ¢ — 0 in such a way that n?t tends
to a non-zero constant.

We will construct a solution to the RH problem for P in terms of
the model RH solution W~ studied in Section 3.2.

Construction of the parametrix
Define X : Uy — C by

AMz) = —in x o(z) — ¢(i\/jt)_2¢(_i\/jt) for Imz > 0, (
—p(z) — ¢(i‘/jt)_2¢(_i\/jt) for Imz < 0.

3.128)

By (3.119), A is a conformal map in Uy (if this one is chosen sufficiently
small, but containing +iy/—t), and we have

NIV = ~M=iv/=0) = 2 (9(iv/ ) + 6~V D),
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and

X(0) = gy (0).
We define s, ¢ such that A sends iv/—t to isy, /4 and —iy/—t to —isy ¢ /4:

Snt = —4iA(iv/—t) = —2n(¢(ivV/—t) + ¢(—iv/—1))

= —4nRe ¢(iv/—t) > 0. (3.129)

By (3.119), we have

i/t
spt = —4mnRe (/0 h(s)((s —a)(s— b))l/2 ds)

= dnmyv/—ty (0) + O|t*?) = /=7s + O(n|t|*?), (3.130)

as t — 0, n — oo, with 7, + as in (3.24).

There remains some freedom to choose the contour I'g, which has
to be of the shape shown in Figure 3.7, but is otherwise arbitrary. We
choose I's such that the upper and lower lenses are mapped to the
straight lines Fl ) F4 (see Figure 3.3) by A.

Recall the deﬁnition of UM from (3.85). We take P of the form

P(z) = E(z) T (\(2); s00) W (2). (3.131)

Here, F has to be analytic in Uy, and W takes the form

2 _ p\a/2,—np(z)\?3
W(s) = {((z t)*/“e )7 o301 forImz >0, (3.132)

((* = t)*a/Qe”‘ﬁ(Z))U?’ for Im z < 0.

It is constructed in such a way that P has the required jump condi-
tions on I'g N Up. The branch cuts of (22 — t)®/? are taken on the lines
(—ioo, —iy/—t) and (i\/—t,i00). E is an analytic matrix-valued function
on Up which is constructed such that P(z) approximates N(z) on the
boundary 0Uy:

)\ - Bn.t 2 7 - i
E(z) = N(z)W™1(z) () ZS4 e MFoseHtos - (3133)
AMz) + =t
where we have chosen the branch cuts for z in (iv/—t, i00) and (—iy/—t, —ic0)
such that

A _ isnyt \ 293
<(Z)4> =1+0(n"') for Re(z) >0 and z € 9U, (3.134)
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as n — oo and s, remains bounded. Note that N(z)W~1(z) is contin-

. Ap)— ot \ 292 .
uous across the real line and that W ! (W) has no singular-
z)+—

ities at £iy/—t. No other component of ¥ has discontinuities. It follows
that E is analytic on Uy.

Proposition 3.5.1. Let P(z) be defined as in (3.131). Then, P satisfies
the RH problem for P.

Proof. Conditions (a) and (b) are satisfied by construction. We verify
(c). For z € 9Up we have

P(z)N7Y(z) = E(2)TWD(A(2); $p.0)W (2) N71(2). (3.135)
It follows from (3.87) that

A(z) — St
A(z) + Znat

203 ]
TD(A(2); 504) ( ) e~ M@ Htos — 11071, (3.136)

as n — 0o, where O(n~1) is uniform for s, ; in compact subsets of (0, 00)
and z € OUy and branches are chosen as in (3.134). By (3.132), we find
that

P(2)N7Y2) = B(2)(I+ O(n 1) E7L(2). (3.137)

The proposition follows if E(z) is bounded uniformly on 0Uy. By (3.133)
it is clear that the only part of E which could diverge is W1 (z)e~*A(2)73,
which contains €"?(*)=A(2) To deal with this we note that

() —iA(z) _ e—%(aﬁ(i\/ft)w(fi\/ft)), (3.138)

which has modulus 1 because of the symmetry ¢(z) = ¢(z). Substituting
this into (3.133), one indeed finds that E(z) = O(1) uniformly on the
boundary 0Uy. O
3.5.5 Small norm RH problem

Define R(z) by

S(z)P(z)~1 for z € Uy,
(a) -1
R(z) = S(z)P\%(z) for z € U,, (3.139)
S(z)P®(2)~1  for z € U,
S(z)N(z)~! for z € C\ (Uy U U, U Uy).

It follows from the conditions of the RH problems for P, P(@), P®) and
N that R(z) satisfies
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RH problem for R
(a) R is analytic on C\ I'p where
I'r =0U,UdU,UoUyU (FS \ ((a, b) uUygUuU, U Ub))) (3.140)

(b) R has the following jump relations on I'g:
Ry(2) = R-(2)(I +O(n™"))

as n — oo, uniformly for z € I'g, in the double scaling limit where
Tt — T < 0.

(¢) R(z) has the following asymptotics as z — oo:

R(z)=T+0(z").

We have that R solves a RH problem, normalized at infinity and with
jump matrices that are uniformly close to the identity matrix. This type
of RH problem is often called a small norm RH problem, and it implies
that R itself is uniformly close to I: in the double scaling limit where
n — oo and ¢ — 0 in such a way that 7,,; — 7 < 0, we have

R(z)=1+0(n"), (3.141)
where the error term O(n~!) is uniform for z € C\ I'g.

Remark 3.5.1. In fact, it can be shown that the estimate (3.141) holds
not only if n — oo, ¢ — 0 in such a way that 7,; — 7 < 0, but also if
Tn,t — 0 and if 7, ; = —o00. To see this, we first recall from Proposition
3.1 in [19] that (3.136) holds uniformly for s,; € (0,00) (or 7, < 0)
as n — oo, and it follows that the same holds for (3.137). Since E is
uniformly bounded, this implies that condition (b) of the RH problem
for R is uniform for 7,,; < 0 as n — oo, and thus (3.141) is too.

3.5.6 Proof of Theorem 3.1.2 for ¢t <0

If 7,4 — 7 < 0, we have by (3.130) that s,,; — s € (0,4+00). We have
that s, = dnmpy (0)y/—t + O(n~1) as n — oo.

First, recall formula (3.107) which expresses the correlation kernel
in terms of Y. Expressing Y in T by (3.117), we obtain

L=V ()
K, (x,y) = |$2 o t|a/2€n(9+(m)+ 5 )!y2 _ t|a/2€n<g+(y)+

0 )7 ()

2mi(r — y)

@*‘g(y))

X
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Using the identity g+ — %V +/{4/2 = —¢4 on (a,b) and substituting S
into the equation, by (3.121), we obtain

1 noy (y) 2_tle/2 1
Kn(x7y) = (_ ‘;2_15‘01/2 |Zn¢+|(y) ) S+ (y)

27i(x — y)
6—n¢+(1‘)|x2 _ t|o¢/2
S+(.ZU) (en¢+(x)|x2 _ t’oz/Q) : (3142)

Now, we use the fact that S = RP for z close to the origin. Substi-
tuting this and the definition (3.131) of P, we obtain for z,y € Uy:

Ko(a.y) = @) () AWy B ()

2ri(x — y)
<R @B @8 0w ().

Up to this point, no approximations have been made. Now, we use the
fact that R = I+ O(n~!) in the double scaling limit and the analyticity
of £ and R, which imply that

BN ()R (y) R (0) By (2) = T+ O(x — y),
as ¢ — y for n sufficiently large. We find, for fixed u, v, that

1 % < B u B v >_ 1
Gy @n T gy (07 T nv(0)) T 2mi(u— o)
-1

<) (1) (9050 () + 00

as n — 00, t — 0. By (3.47) and (3.85) we have
S O o A -1
<<I>2()\;7')> =e 4BV (\;s =+—7) ) (3.143)
and it follows from (3.130) that

1 U v

iy (O (”7 ~ v (0) nwv<0>>
— KEV(A(@n), A(yn); —s24) + O(n™ 1Y), (3.144)

as n — 0o, t — 0; with KEV given in (3.28). In the case where 7, ; —
T <0,

Mag) =7u+0(n™"Y), —si, =70+ 00 (3.145)
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which proves (3.27) by continuity of the kernel. If 7,, 4 — —o0, the error
terms in (3.145) become of order O(n|t|*/?). Nevertheless we can apply
(3.29) (which holds whenever u — v has a limit as 7 — —o0) in (3.144)
to obtain
slggo KEV()‘(xn)7 AMYn); _Si,t) = Ksm()‘(xn)a AYn)) + 0(35,1)7

as n — 00, sy — 00. This yields (3.25), since A(zp,) — A(yn) = m(u —
v) + O(n~1) as n — oo, uniformly in ¢ < to for some sufficiently small
to > 0. Finally, if 7, — 0, we substitute (3.30) into (3.144) and obtain
(3.26). This completes the proof of Theorem 3.1.2.

3.5.7 Proof of Theorem 3.1.1 for ¢t <0

We start from the differential identity (3.108). Following the transfor-
mations Y — T — S — R given in (3.117), (3.121) and (3.139), and
recalling the definition (3.131) of the local parametrix, we find the fol-
lowing form for Y'Y/, Write j = 1 for Imz > 0 and j = 2 for Im z < 0.
Then

(Y_lyl)z,g (2) = <B(Z) + W)W/ (2) + e "9(2)os (e"g(z)“3)/>2 ;

(@ EOHOED)) L (3.146)
where / in general means the derivative with respect to the main argu-

ment, /. means the derivative with respect to z , and where

B(z) = (¥W\) T (RE) ™ (2)(RE) () ¥V ().

We will show that B(z) is bounded uniformly for s € (0, 00) and n large,
but we will first calculate the other terms in the above expression. We
have

((W‘1W’)(z) + o) (en9<Z>U3)')

2,2
_n (o) + /2 a2 ’
2 z—2z20 Z-+ 2
where we used
V/
O (@) + gl () = = (3.147)

2
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By condition (d) of the RH problem for ¥~ and (3.85), it follows that

()L @MYy 1 (A(2)) = —2i;\,(t20) (H'H')11(1)
_ 2 L 00) aszos . (3.148)
Z— 20
and
(@) @O0 () = =222 (G160
_ zoji-/2zo +0O(1) asz— —z, (3.149)

where both O(1) terms are uniform for large n and sufficiently small |¢].
Now, we use the following lemma, which we will prove below.

Lemma 3.5.2. (1) The following identity holds:

(67 E)20(0) =~ (1) = 5 4 P22

(2) B(z) is bounded uniformly as n — oo for ¢ < tg for some suffi-
ciently small ¢g.

Equations (3.146)-(3.149) and Lemma 3.5.2 can be substituted into
(3.108) to obtain

d ~ a [4iN(z0) (Snt 0o (Snt) « a
— 1 7 (t V= —— | ————2 [ == S e L _
dt o8 n( ' ) 220 < Sn,t 2 + « 2 + 22’0

+ g (V'(=20) = V'(20)) + B(20) — B(—20) + O(l)) (3.150)

as n — oo and for sufficiently small |t|. After a straightforward calcu-
lation in which one uses (3.11) and (3.130), Theorem 3.1.1 follows upon
integration.

Proof of Lemma 3.5.2. Equation (3.46) implies that

(H™'H')11(1) = —(G7'G)22(0).
We proceed to evaluate (G71G’)22(0). Substituting

U(¢) = G(¢)¢(2?%, for ¢ in a neighborhood of 0,
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into (3.49), (3.51) and evaluating the terms of order z~!, we find that

(Go3G1)92(0) = %” -1 (3.151)

Writing
G(z) = Go(1+ G12 + 0(2%)), z =0,
we also have
(G71GN(0) = G, (3.152)

and, by (3.52),

d

— Gy =B 1
5.Go = BoG, (3.153)
%Gl = Gy'B1Gy = —%GEIU;;GO. (3.154)

By (3.151), (3.152) and (3.154), we obtain

a —1, v _73
85(G G')2,2(0) = St

1
—. 3.155
> (3.155)
By analyzing at the behavior of ¥ as s — 400 in Section 3.2.3, one finds

that as s — 400,
(G71G)22(0) = —% + g +o(1). (3.156)

Integrating (3.155) using (3.62) and comparing (3.156) to (3.11), one
finds that

o(s)

(0}

(G7'G")2,2(0) =

NCRRVA
| Qo

It remains to show that B(z) is bounded. It follows from (3.141) and
Remark 3.5.1 that

R 2)R(2)=0(n™Y) asn— oo, t — 0.

We will show that E and E~'E’ are bounded uniformly as n — oo and
t—0.
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For z in a neighborhood of zy, we write

4
E(z) =[] #i(2),
j=1
fi(z) = D71 (00) No(2),

o isnt) 2%
fa(z) = D(z)o103(z + 29) 273 ()\(z) + ZS,t) n3os,

_ — %03 isni 2% — %03
f3(2) = (2 — 20)" 2 )\—T n o277,
Ti

f4(2’) _ 6nd>(z)0367i)\(z)036703 )

Each fj,7 =1,...,4 is uniformly bounded at £zy as n — oo and ¢t — 0.
This is clear for fi and f3. To see this for fo, one can perform a contour
integral to find that

= (5 ol

For f4, it follows from the definition of A and the fact that ¢(z) = ¢(2).
One can do the same for z in a neighborhood of —zy. Thus
B(£z) = lim (TM) 7 (A(2);50,) O(1) TV (A(2); 8n0),

z—+20 ’ ’
which is bounded as long as s lies in compact subsets of (0, +oc). To
see that B(+zp) is bounded as well as s — 0o, we substitute in ¥ from
(3.83) and use the fact that it converges to the identity. To see that
B(=£zp) is bounded as s — 0 we refer to the small x behavior of ¥ in

[19] (formulas (4.23), (4.53), (4.61), (4.64), (4.67)).
O

3.6 Asymptotic analysis of T"as n — oo for ¢t > 0

In this section, we will analyse asymptotically the RH problem for 7" in
the case where ¢t > 0, which means that the singularities =1/t are real
and approach the origin as ¢t — 0. Many of the notations here will be
the same as the ones in Section 3.5 to emphasize the parallels in the
analysis. We will refer to many arguments given in the previous section,
so it is recommended to read Section 3.5 before this one.
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1—\Stop FS’top

I‘Sbottom I‘Sbottom

Figure 3.8: The contour I'g.

3.6.1 Opening of the lens for ¢t > 0

We open the lens as in Figure 3.8. We define S in the same way as for
t < 0in (3.121), except that we use the contour pictured in Figure 3.8
instead of the one in Figure 3.7, and except for the fact that we define
(22 — t)® such that it is positive on (a, —v/t) and (V/t,b):

(22 - t)a — ‘22 - t|aeia arg(zfﬁ)eia arg(z+\/f)?

with the conventions —37/2 < arg(z — v/t) < 7/2 and —7/2 < arg(z +

V) < 3m/2.
The RH problem for S is the following.

RH problem for S

(a) S is analytic for z € C\T's where I's = I'syop U 5hottom UR is the
union of the lens and the real line, see Figure 3.8.

(b) S has the following jump relations on I'g,

2 _ 4la,—2n¢(z)
Si(z) = S_(x) (é [+° =1 16 > for z < a and b < z,
0 |22 — |
Si() =5 (z) | __ ) forae (@ -vHUWED),
[
1 0
S+ (Z) =5_ (ﬂf) e2ne(z) 1 for z € Fstop U FSbottom)
(1)

2nd4(x) 2 _ 4l
e [=° 1 > for = € [V, V1.

s =5 (g 150

(c) S(z)=I+0(27") as z — oo.



3.6. ASYMPTOTIC ANALYSIS 153

(d) For a < 0, S has the following asymptotics as z — ++/t:

_(0(1) O(lzF Vi)
S<Z>‘(O<l> 0<|zw%a>>'

For a > 0 the following asymptotics hold:

(o) o) as z — +V/t from
S(z) = ((9(1) (9(1)) outside the lense,
(O(zF V™) 0Q) as z — +V/t from
S(z) = <0(|Z F V™) (’)(1)> inside the lense.

(e) S(z) is bounded as z — a and as z — b.

3.6.2 Global parametrix

As for t < 0, we now ignore small neighborhoods of a,b,0 and exponen-
tially small jumps.

The solution to the RH problem obtained in this way is constructed
as for t < 0: N is given by (3.122)-(3.125), where the parameter ¢ is
positive in (3.125).

The function N now has singularities at ++/¢. Applying a contour
deformation argument on the integral in (3.125), we obtain the following
behavior,

N(z) = O]z £ Vt|727%), 2z = FVt. (3.157)

3.6.3 Local parametrices at endpoints a and b

The local parametrices at the endpoints a and b remain unchanged with
respect to Section 3.5.3. They satisfy the same jumps as S near a and
b, and as n — oo, they match with the global parametrix N on the
boundary of fixed disks around a and b.

3.6.4 Local parametrix at the origin

Let Uy be a sufficiently small disk around the origin which is indepen-
dent of n. We will construct a function P which satisfies the following
conditions.

RH problem for P

(a) P:Uy\T's — C%?*? is analytic.
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(b) P has same jump relations as S:

Pl (2)Py(2) = S~1(2)S4(2), for z € UyNTg. (3.158)

(c) As n — oo and simultaneously ¢+ — 0 in such a way that n?t tends
to a non-zero constant, we have

P(z)=(I+0(n")) N(2),
uniformly for z on the boundary 9Uj.

These RH conditions are exactly the same as in the case ¢t < 0, but it
has to be noted that the function S and its jump contour are different
here than in the case t < 0. Therefore the construction of the local
parametrix differs from the construction done before.

In analogy with the case t < 0, define

o(z) — w for Imz > 0,

3.159
—o(z) — w for Im z < 0. ( )

Az) = —in X {
By (3.119), A is a conformal map in Uy,

AWV =~V = = (6 (VD) — 64 (VD)
and
X (0) = iy (0)

We have that A(z) is a conformal map which sends v/ to |sp|/4 and
—V/t to —|sp.t|/4, with

Snt = —AAWVE) = 2064 (V) — 6+ (—V)). (3.160)
By (3.119), we have

Vit
Spt = —27rin/ Yy (s)ds
NG
= —4inmVty (0) + O(nt*?) = —i /7y + O(nt3/?),  (3.161)

as t — 0, n = oo, similar to the case t < 0.

Recall the definition of ¥ in (3.102). We now fix the lens by
requiring that it is mapped to the jump contours I'y, I's, I'3, and 'y of
U2 by \. We search for P in the form

P(z) = E(z) TP (\(2); s0.0) W (2), (3.162)
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where
((zzft)(’/ze_"‘b(z))v‘q’agol for Imz > 0, Re A(z) ¢ [7 lsz"‘, ‘SZ'”],
((z2—15)*"‘/2e"¢’<z>)g3 for Imz < 0, Re A(2) ¢ [— IS’ZH, ‘S’i’tl],
W(z) = _ 3
((fot)a/Qe% e’”‘i’(z)) 3030'1 for Imz > 0, Re A(z) € [7 ls’zt‘, ‘SZ'”],
\ ((zkt)—a/%*%enwz))”?’ for Im 2 < 0, ReA(2) € [—1pt], ool ],

The above construction was done in such a way that W induces the
correct jump relations for P. F is an analytic function which has to be
such that the matching condition (c) of the RH problem for P is valid
for z on the boundary of Uy. Therefore, we recall the definition of x in
(3.103) and let
E(z) = N(2)W ™} (2)e A7 x(A(2)) .

Proposition 3.6.1. P(z), defined as in (3.162), satisfies the RH prob-
lem for P.

Proof. Condition (a) and condition (b) hold by construction. We pro-
ceed to prove (c). By the definition of F(z), we have

P(z)N7!(2) = EG)VP (A(2); sap)e*E7x(A(2) BT (2).
For z € 90Uy, it follows from (3.104) that

U (M) snt) = (1 + O )x(A()eN

as n — oo, where the O(n™1) is uniform for s,; in compact subsets of
(0, —ioo) and A(z) sufficiently large. Using the same calculations as in
the proof of Proposition 3.5.1 we find that E is bounded on dUjy and
so the result follows in the same manner as in the proof of Proposition

3.5.1. O

3.6.5 Small norm RH problem

A small norm RH problem can be constructed in a similar way as in
Section 3.5.5: define

S(2)P(z)~1 for z € U,
S(z)P@(2)~1 for z € U,,
R(z) = (b) (1
S(z)P\")(z) for z € Uy,
S(z)N(z)~t  for z€ C\ (Up UU, U ).

Then R satisfies the following RH problem, similar to the case where
T < 0.
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RH problem for R

(a) R is analytic on C\ I'p where

T'r = AU, UdU, UAUU (Ts \ ((a,b) UUs UU, UTH)). (3.163)

(b) R has the following jump relations on I'g:
Ri(z) = R_(2)(I +O(n™1))

as n — oo, uniformly for z € ', in the double scaling limit where
Tt — 7 > 0.

(¢) R(z) has the following asymptotics as z — oc:

R(z)=I1+0(z"").

In the double scaling limit where n — oo and at the same time ¢ — 0
in such a way that n’t tends to a non-zero constant, it follows that

R(z)=1+0(n™1), (3.164)

uniformly for z off the jump contour for R. As for ¢t < 0, one can extend
this result to the cases where n — oo and ¢ — 0 in such a way that
n?t — oo and in such a way that n?t — 0. We do not give the details
here, as the arguments are very similar to those in [20]: see equations
(5.1), (5.17), (5.18), (5.25) in [20] for n?*t — oo and equations (6.1),
(6.28), (6.32), and (4.6) in [20] for n?t — 0.

3.6.6 Proof of Theorem 3.1.2

In the same way as when t < 0, we can find an expression for the
correlation kernel in terms of S when ¢ > 0 :

1 né 1 (y) |y —t|*/2
J— € Y
Ky (z,y) = omi(z — y) <_ ‘y27t|a/25(y) P e) )

1 ‘xQ _ t’a/Qe—n¢+(:c)
X S+ (y)S+(CL') <6n¢+(x)|$2 . t|_a/25(1})> (3165)

[0 forxe (—Vt V1),

ow) = { 1 for x € (a,—Vt) U (V1,b). (3-166)
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Substituting the small norm RH solution R into the formula for the
correlation kernel in (3.165), one obtains:

B 1 _ e+ (y) |y2_t|a/2
Kulew) = o=y (Ciiment) )
x Wit () (W) (A W); s00) ES () R ()

€—n¢+($)|x2 _ t|a/2 >

< B OBV @i W) (500 0

From the asymptotic behavior (3.164) and the analyticity of R and v,
we have

B (y)R1(y)Ry(2)E(x) =1+ O(z — y),

as ¢ — y for n sufficiently large. Combining this with the definition for
W, one finds that

1

(2)y— .
amie 57 (L 00) (T T W) sun)

Ky (z,y) =
<1+ 0 = )P Oy sn) ().

Now, we can use (3.97) and (3.102) to express U in terms of the
functions ®; and ®3. We have the relation

U —iym) | O ), —lsl/a<u<s|/4,

<CI)1(U; T)> P -1
(0 7) Wiy (L), we RN [l sl

and after a similar calculation to the one in Section 3.5.6, using the fact
that X'(0) = mnyy(0), one finds that Theorem 3.1.2 holds for 7,; €
(0, 00).

3.6.7 Proof of Theorem 3.1.1 for ¢t > 0

We assume here that @ > 0. The formulas (3.146)-(3.147) which we
obtained in the proof of Theorem 3.1.1 for ¢ < 0, hold also in the case
t > 0, if we replace ¥(1) by W), We obtain from (3.102) and condition
d) in the RH problem for ¥+ that as z — v/,

/2 2V(2)
Vi Tl

(H™'H"),, ()+0 (1),
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where the error term is uniform for large n and sufficiently small ¢.
Likewise as z — —/1,

/2 2XN(z)
z+ \/i—i_ ]

where the error term is uniform for large n and sufficiently small ¢. Thus,
by (3.108), we obtain

() ),, (0 = (6716, 0+0 1),

% log Zn(t, 0, V')
_ _2%0 2i)8\;(t20) (G71G)2,2(0) — W(HIH')ZQ(U
n 2%0 + g (V'(=20) = V'(20)) + B(20) — B(—20) + 0<1>>

(3.167)

as n — oo and sufficiently small . As in the case t < 0, we have

— / — /
(G 1G/)2,2 (0) = - (H 1H/)2,2 (1) = +
and we can use the large s asymptotics given in (5.1) in [20] to find that

(@76, 0) =~ (), = 7)1 02

In the same manner as for ¢ < 0, one can show that

Blzzo) = lim (UP) 7 (A(2); sn) O TP (2): 0,0,
which is uniformly bounded for n large and s € (0, —ioco). To show this
for s — —ioo, one uses equations (5.10) and (5.15) from [20]; while to
show this for s — 0, one uses equation (6.10), (6.19) and (6.23) from
[20]. Substituting the formula for G and H into (3.167) with B bounded
yields Theorem 3.1.1 for t,« > 0 after integration.
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