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Abstract

This paper aims at presenting an alternative and more consistent way to account for bodies in the framework of computing in-

compressible external flows in aerodynamics using vortex particle-mesh methods (VPM). More specifically, we present a purely

grid-based numerical technique using an immersed interface method and the James-Lackner algorithm to compute the 2-D poten-

tial flow in an unbounded domain, including irregular interior boundaries and also the presence of a given vorticity field. This

ingredient is one of the main components that are required for the computation of general viscous flows. It is therefore the first step

towards an integrated unbounded immersed interface VPM method.
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1. Introduction

Vortex Methods have been studied in the literature for several decades (for an extensive review, see [1] and [2]).

They have reached a high level of maturity in terms of theoretical analysis and application. They belong to the

class of lagrangian methods, as they handle particles carrying vorticity. This feature is particularly well suited for

the computation of incompressible unbounded (or partially bounded) vortical flows (inviscid and viscous) like jets

or wakes. In order to improve the computational efficiency, many efforts have been made to combine the particle

representation of the flow with an underlying grid, resulting in vortex particle-mesh methods (VPM, see [3] [4]).

There, the computation of the spatial differential operators, especially the time consuming solution of the inherent

Poisson equation, are performed on the grid.

The integration of solid bodies inside the domain (and the associated no slip condition at the walls) has also been

studied thoroughly and different strategies have appeared. Some of them are based on Brinkman-type penalization

techniques [5] [6] [7]. Despite their simple formulation and successful application to many different types of flow

(bio-locomotion [7], fluid-structure interaction [5], etc.), penalization methods remain problematic, mainly due to the
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induced smearing of the solution near the body interface and the subsequent local loss of accuracy [8], that is caused by

the mollified grid representation of the body force. Another class of techniques is based on Lighthill’s wall diffusion

model, using a combination of a fast Poisson solver and a boundary element method (here called the potential flow
solver) to compute, from a given vorticity field, the velocity field that satisfies a no through-flow condition at the wall

(using a vortex panel method [9] [10] [11] or a method based on the computation of sources of velocity potential

[12]). The residual slip velocity is then diffused into the flow, yielding at convergence the desired no slip condition

(some methods directly use the vorticity induced slip velocity for the wall diffusion process [13]). Those methods

have shown to perform well for wall-bounded flows (flow past a sphere [14] [11], flow past a moderate aspect ratio

wing [11], etc.). However, in the author’s opinion, the lack of full consistency between the panel elements and the grid

solution may be responsible, in some cases, for time fluctuations of certain diagnostics (such as linear momentum).

Therefore, an alternative methodology is sought for and described here, based on the immersed interface method

introduced in [15] and further improved in [16] to require only one-dimensional finite difference stencil corrections

(dimension splitting). Here, the interface is treated in a sharp and consistent way, while keeping the same order of

convergence up to the wall. The strategy to enforce a no slip boundary condition at the wall is still based on Lighthill’s

wall diffusion model; yet, contrary to the vortex panel method, everything is computed on the grid at once.

The aforementioned potential flow solver basically solves a Poisson equation in an unbounded domain. For purely

lagrangian vortex methods, the boundary condition at infinity is implicitly enforced using Biot-Savart’s law through

direct or fast summation techniques (FM, fast multipole method in two [17] and three dimensions [18]); yet at a still

relatively high computational cost. For VPM methods, one can still use FM for the outer boundary condition needed

by the fast finite difference solver [4]. Alternatively, techniques based on fast Fourier transform (FFT) solvers may

be used [19] [20], but these remain hardly applicable to immersed interface methods because of the required stencil

corrections. We follow here a different approach, based on the James-Lackner algorithm [21] [22], which has been

further improved in [23] (and which additionally remains compatible with mesh refinement techniques). In this case

however, taking into account interior boundaries involve the need for an iterative approach, as has been shown in [24].

The present work combines the ideas from [16] and [24], and lays the foundations for an alternative numerical

technique in the framework of VPM methods to compute consistently the flow past irregularly shaped bodies in an

unbounded domain. This paper describes the first step to be performed inside that global methodology, i.e. the

computation of the velocity field induced by a given vorticity field with a no through-flow condition at the solid walls,

using here a second order finite difference Poisson solver. Section 2 states the problem we are here considering and

explains its link with the more general problem consisting in the computation of unsteady viscous flows; Section 3

describes the global algorithm as well as all its necessary ingredients (immersed interface method and James-Lackner

algorithm); Section 4 provides some examples and grid convergence study results that confirm the second order

accuracy for single and multiple body potential flows with fixed circulation. The problem of how to treat a cusped

body such as an airfoil is also handled. The difficulty lies there in the fact that, first the circulation is a priori unknown

(as it is prescribed the Kutta-Joukoswky condition) and, second, that the solution is moreover singular if the circulation

differs from its prescribed value. A way to overcome these problems by enforcing numerically the Kutta-Joukoswky
condition is proposed. Finally, the grid convergence of this method is assessed.

2. Problem statement

Vortex particle-mesh methods (VPM) are lagrangian methods that solve the Navier-Stokes equations in vorticity-

velocity formulation. We here only consider incompressible flows (∇ ·u = 0)

Dω

Dt
Δ=

∂ω
∂ t

+u ·∇ω = (∇u) ·ω+ν∇2ω ∇2Ψ=−ω ,

with ν the kinematic viscosity of the fluid. The incompressible velocity field u can be linked to the vorticity ω =
∇×u through the above Poisson equation for the streamfunction Ψ, as u = ∇×Ψ and ∇ ·Ψ = 0 (Lorenz’ gauge).

Numerically, next to the computation of the time evolution of the particles’s vorticity (main variable), one additional

step therefore consists in solving the Poisson equation, i.e. computing the velocity that is associated to the given

vorticity field. For a flow past a non moving body with boundary ∂Ωint , the boundary conditions are lim|x|→∞ u = U∞
(with U∞ a constant free stream flow) and u = 0 on ∂Ωint (no slip condition). The 2-D case (Ψ= Ψez and ω = ωez)
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is sketched in Fig. 1.
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Fig. 1. Sketch of the different domains.

However, the translation of the no slip condition into vorticity formulation is not straightforward. We use here

Lighthill’s wall diffusion model stating that, at each time step Δt, a vorticity flux can be computed as ν∂ω/∂n =
Δus/Δt, where Δus is the residual slip velocity resulting from the computation of the velocity field as the solution of

the above Poisson equation satisfying a no through-flow condition on ∂Ωint (see [9] [10] for more details). We refer to

the latter problem as finding the associated potential flow induced by the vorticity field (despite the usual convention

that ω = 0), which is the core of the present work.

By abusing the notation slightly, we call u the potential velocity that satisfies the no through-flow condition u ·n= 0

on ∂Ωint , with n the inward pointing normal to Ωint . In 2-D, this is equivalent to saying that the streamfunction Ψ = Ψ
is constant along the boundary ∂Ωint , with Ψ a priori unknown. The slip velocity generated by the latter condition

can be seen as an infinitely thin vortex sheet (interior boundary charge) γ Δ= −[∂Ψ/∂n], with [a] Δ= a+−a− (a+ and

a− are respectively the boundary evaluations outside and inside Ωint ). Despite the unknown Ψ, the problem is not

under-determined as we also prescribe the circulation Γ Δ=
∮

∂Ωint
γ(x′) dx′.

Moreover, we assume that the vorticity field is compact and completely included inside the computational domain

Ωcomp (Ωint ⊂ Ωcomp), as shown in Fig. 1, and we extend the solution in Ωint with Ψ = Ψ. By means of the decompo-

sition Ψ Δ= Ψb +Ψ∞ with Ψ∞ = (U∞ ×x) · ez the free stream contribution, we can formally write the set of equations

for the unknown body contribution Ψb

∇2Ψb = −ω in Ωcomp (1)

Ψb = Ψ−Ψ∞ on ∂Ωint such that

∮
∂Ωint

γ(x′) dx′ = Γ

Ψb = Ψ−Ψ∞ on ∂Ωcomp ,

with Ψ and the outer boundary condition Ψ on ∂Ωcomp being both a priori unknown. Using the free space Green’s

function for 2-D Poisson equations G(x) = 1
2π log(|x|/L) (L is a reference length), the solution reads

Ψ(x) = Ψ∞(x)−
∫

Ωcomp

ω(x′)G(x−x′) dx′ −
∮

∂Ωint

γ(x′)G(x−x′) dx′ , (2)

where γ is part of the solution and thus also a priori unknown.

3. Methodology

This section presents the different components of the the potential flow solver. Section 3.1 details the treatment of

the interior boundaries using the immersed interface method; Section 3.2 explains the handling of the outer boundaries

using the James-Lackner algorithm; Section 3.3 provides the global algorithm.
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3.1. Immersed interface method for the interior boundaries

The method presented here is based on [16] and [25]. Consider a one-dimensional function f (x) Δ= f (0)(x) ⊂
C∞(R\{xα}) with a discontinuity in xα (possibly in many derivatives) and some grid points ...,xi−1,xi,xi+1, ... such

that xα ∈ [xi,xi+1). If the points are equidistant with spacing h Δ= xi+1 − xi (this constraint can be relaxed, see [16]),

one can write for example a jump-corrected finite difference stencil for the second derivative in xi as

f (2)(xi) = Ri−1 f (0)(xi−1)+Ri f (0)(xi)+Ri+1

(
f (0)(xi+1)− Jα

)
+O(h2)

Jα = [ f (0)]α +
h+

1!
[ f (1)]α +

(h+)2

2!
[ f (2)]α +

(h+)3

3!
[ f (3)]α ,

where {Ri−1,Ri,Ri+1}= {1,−2,1}/h2 are the coefficients of the uncorrected finite difference stencil, h+ Δ= xi+1 −xα
and [ f (k)]α = f (k)(x+α )− f (k)(x−α ) is the jump of the kth derivative f (k)(xα).

Two- or three-dimensional operators, such as the Laplacian ∇2(·), are handled by correcting the derivatives along

the different grid directions individually (dimension splitting approach). The derivative jumps at the intersections

of the interface with the grid lines are computed using one-sided finite difference stencils, the (unknown) boundary

condition Ψ and the free stream contribution Ψ∞, depending on which side is in Ωint . The other stencil configurations

are treated similarly and are detailed in [16].

Prescribing the circulation is carried out straightforwardly after realizing that the correction terms actually behave

like an additional bulk vorticity field [26]. Indeed, if one gathers all the correction terms Jα,k that have to be applied

at a certain grid point xi j near the interface, one can write the following equation

(
∇2Ψ

)
i j =−ωi j −∑

k

(−RkJα,k
) Δ=−ωi j −

(
ωγ

)
i j .

ωγ can be equivalently seen as a discrete projection of the singular vortex sheet γ onto the grid nodes, that is also

consistent with the numerical discretization scheme. It is only non-zero in the vicinity of the body interface. The

circulation constraint is then, in 2-D :

Γ =
∮

∂Ωint

γ(x′) dx′ =
∫

Ωcomp

ωγ(x′) dx′ � ∑
i, j

(
ωγ

)
i j h2 .

The resulting system is solved using the library HYPRE [27] [28]; in particular the GMRES solver is combined with

an algebraic multigrid preconditioning.

3.2. James-Lackner algorithm for the outer boundary

The methodology adopted here is based on [21] [22] [23], and particularly on [24] for the generalization of the

method to problems with an unbounded domain including interior boundaries. Obtaining the outer boundary condition

on ∂Ωcomp requires the additional decomposition Ψb
Δ=Ψ0+δΨb. The first step of the algorithm consists in computing

Ψ0 as the solution of problem (1), except that Ψ0 = 0 on ∂Ωcomp (and thus also outside of Ωcomp). Formally, this

results in

Ψ0(x) = −
∫

Ωcomp

ω(x′)G(x−x′) dx′ −
∮

∂Ωint

γ0(x′)G(x−x′) dx′ −
∮

∂Ωcomp

γcomp(x′)G(x−x′) dx′

= Ψb(x)−
∮

∂Ωcomp

γcomp(x′)G(x−x′) dx′+
∮

∂Ωint

(γ − γ0)(x′)G(x−x′) dx′ ,

when comparing with (2). γcomp is an artificial vortex sheet on ∂Ωcomp and has to be cancelled out in δΨb. The

application of Green’s third identity gives γcomp(x) = ∇Ψ0(x) ·n, meaning that this artificial vortex sheet can easily

be computed using Ψ0. Moreover, the body vortex sheet γ0 that we obtain for Ψ0 is different from the exact solution

γ , because the outer boundary conditions are not yet correct in Ψ0. This introduces a second correction term in δΨb
and, using the decomposition, we can write

δΨb(x) =
∮

∂Ωcomp

γcomp(x′)G(x−x′) dx′ −
∮

∂Ωint

(γ − γ0)(x′)G(x−x′) dx′ .
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In case there is no body in the domain, no inner vortex sheet are present and the term involving (γ − γ0) vanishes in

δΨb. The remaining term involving γcomp is easily accounted for, as we can compute it using Ψ0. This is the original

two-step James-Lackner algorithm [21] [22]. However, as already explained in [24], the presence of the body and the

associated vortex sheet on ∂Ωint makes the task more difficult because (γ − γ0) is part of the final solution Ψb. At this

point, one has to introduce the following iteration :

Ψ(k+1)
b (x) = Ψ0(x)+

∮
∂Ωcomp

γcomp(x′)G(x−x′) dx′ −
∮

∂Ωint

(γ − γ0)
(k)(x′)G(x−x′) dx′ .

The way to perform this iteration for Ψb and the way to integrate it inside the global methodology is explained in the

next Section.

3.3. Global algorithm

The iteration procedure from the previous section is sketched in Fig. 2. Several calls to the immersed interface

solver from Section 3.1 are made, after having prescribed a given outer boundary condition on ∂Ωcomp. The different

steps of the algorithm are

1. Compute the solution Ψ0 using the immersed interface Poisson solver with homogeneous outer Dirichlet bound-

ary conditions.

2. Obtain the artificial vortex sheet γcomp using one-sided finite differences.

3. Evaluate the contribution of γcomp to Ψb on the outer boundary ∂Ωcomp, using fast multipole summation tech-

niques with vortex panels. Initialize the iteration index (k := 0).

4. Solve for Ψ(k+1)
b using the immersed interface Poisson solver to obtain the solution in Ωcomp and increment the

iteration index (k := k+1).

5. Extract the bulk vorticity field
(
ωγ−γ0

)(k)
.

6. Evaluate the new outer boundary condition on ∂Ωcomp due to γcomp and
(
ωγ−γ0

)(k)
, using fast multipole sum-

mation techniques with singular particles.

7. Assess the convergence by means of the error measure ‖Ψ(k)
b − Ψ(k−1)

b ‖2 in Ωcomp. If it is lower than the

prescribed tolerance or the maximum number of iterations has been reached, the procedure stops, else go back

to step 4.

4. Results

First, we present the results for the potential flow past a cylinder and with non zero circulation. A convergence

study is performed as the analytical solution is known. The present method is also compared to the vortex panel

method. The method is then further illustrated and validated in the case of the flow past multiple bodies. Finally, the

flow past a cusped airfoil is considered, and we develop an implementation of the Kutta-Joukowsky condition that is

consistent with the present framework.

4.1. Potential flow past a cylinder

We consider here the potential flow past a circular cylinder of radius R (diameter D) with prescribed circulation,

whose solution Ψcyl can be found in [29]. The circulation is Γ/(4πU∞R) = 0.5. The solution is computed on the

domain [−D;D]× [−D;D], using a grid (N + 1)× (N + 1), thus defining a mesh size h Δ= Δx = Δy = 2D/N. As the

streamfunction is defined up to a constant, we compute the error field ε Δ= (Ψ−Ψ)−Ψcyl . We consider the norms

ε∞
Δ= ‖ε‖∞

Δ= maxΩcomp |ε| and ε2
Δ= ‖ε‖2

Δ= (1/D2
∫

Ωcomp
ε2 dx)1/2. Results are given in Fig. 3: they confirm an

asymptotically second-order behavior in both norms.
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1. Compute Ψ0 in Ωcomp.

2. Compute γcomp using FD4.

3. Compute BC induced by γcomp

using panels.

4. Compute Ψ(k)
b in Ωcomp.

5. Extract
(
ωγ−γ0

)(k)
.

6. Compute BC induced by
(
ωγ−γ0

)(k)
.

Ψ0

Ψ0 = 0 on ∂Ωcomp

γcomp =
∂Ψ0

∂n

k = 0

k := k + 1

Ψ
(k)
b

convergence

(
ωγ−γ0

)(k)

+Ψ∞

δΨ(k−1)
b

δΨ(k)
b

Fig. 2. Sketch of the different computational steps of the algorithm.
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Fig. 3. Grid convergence study for (a) ε2 and (b) ε∞ (potential flow past a cylinder): present approach (thin solid), constant panels (thin dashed),

linear panels (thin dash-dotted), first-order slope (thick dashed) and second-order slope (thick solid).

In order to allow a comparison with a vortex panel method, we use panels of approximative length h with uniform

and linear intensity discretization, and which are respectively first and second-order methods. Grid convergence results

for both approaches are also given in Fig. 3. The level of the error for the present approach is found to be similar to

that obtained with linear panels. The advantage here is that the representation of the boundary is fully consistent with

the underlying finite difference stencil.

4.2. Potential flow past multiple bodies

We now consider the flow with an angle of attack α = 10◦ past three bodies defined on a domain [−L;L]× [−L;L],
and a grid (N +1)× (N +1). The bodies are a triangular shape (body 1), a pentagonal shape (body 2) and an ellipse

(body 3). Even if some parts of the body geometries are not convex, it is nevertheless guaranteed here that the one-

sided correction stencils at the different irregular points do not cross the boundary. The streamlines of the potential

flow are given in Fig. 4(a).
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Fig. 4. (a) Computed streamlines for the flow past multiple bodies, using N = 400; (b) Grid convergence study for mass flow rates: ε f ,12 (thin

solid), ε f ,13 (thin dashed) and second-order slope (thick solid).
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In order to validate the results, the mass flow rates between the bodies are computed: ΔΨ12
Δ= Ψ1 − Ψ2 and

ΔΨ13
Δ= Ψ1 −Ψ3 (Ψm is the constant streamfunction value for body m, see also Fig. 4(a)). A mesh convergence study

is performed in Fig. 4(b) and one can observe again a second-order convergence for the errors ε f ,12
Δ= |ΔΨ12−ΔΨre f

12 |
and ε f ,13

Δ= |ΔΨ13 −ΔΨre f
13 |, where ΔΨre f

mn are the results obtained with the linear vortex panel method.

4.3. Potential flow past an airfoil

The solution Ψ jou for the potential flow past a symmetric Joukowsky airfoil is given in [29]. The angle of attack is

here α = 10◦. The domain is a square defined by [−L;L]× [−L;L] (with a computational grid (N+1)× (N+1)). The

chord is given by c/L = 1.2 and the thickness parameter by ε/c = 0.035. The airfoil and the computed streamlines of

the flow are displayed in Fig. 5(a).
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Fig. 5. (a) Computed streamlines for the flow past an airfoil with α = 10◦, using N = 50 and imposing numerically the Kutta-Joukowsky condition
(with a 2-D stencil of order p = 1), the method is seen to perform well despite the low numerical resolution; (b) Stencil used for the discretization

of equation (3) (zoom on the trailing edge area). Grid nodes used for p = 2 (crosses) and for p = 4 (bullets). As an illustration, the weights (for

p = 2) to compute the derivative ∂
∂y (·) are w1...5 = {0,−3, 1

2 ,
9
2 ,− 1

2}/Δy and wT E =−∑5
k=1 wk .

One important feature of the Joukowsky airfoil is the cusped trailing edge. Setting the circulation to Γk/(4πU∞R) =
−sin(α) ensures that the velocity vector at the trailing edge remains finite (Kutta-Joukowsky condition). The velocity

vector is then aligned with the trailing edge (see Fig. 5(a)). Any other choice of Γ leads to an infinite velocity at this

point. Yet, for airfoils, the particular required circulation is not known a priori; hence, predicting this circulation is

mandatory for potential flow.

Numerically, we have to replace the prescription of the circulation and write a new equation that enforces the

proper circulation. As the present approach is iterative, we expect the predicted circulation to change at each iteration

step and eventually adopt the correct value, after global convergence. As a consequence, all intermediate solutions

have to be assumed singular at the trailing edge. Despite the local singularity, the solution remains regular on both

sides of the trailing edge and the proper condition can be equivalently rewritten as :

∂Ψp

∂n

∣∣∣∣
up

T E
+

∂Ψp

∂n

∣∣∣∣
down

T E
= 0 , (3)

where the subscript T E refers to the trailing edge (see Fig. 5(b)). Equation (3) is discretized using two-dimensional

finite difference stencils of order p. As an example, two of the resulting stencils for p = 2 and p = 4 are shown in Fig.
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5(b).

The ability of the method to capture this geometric feature, as well as to obtain the correct circulation is tested here

in form of a grid convergence study. The trailing edge is placed on a grid line (y = 0). Results are shown for ε∞ in

Fig. 6(a) and for εΓ
Δ= |Γ−Γk| in Fig. 6(b). The accuracy of the method is here only first order, for both errors, even

when increasing the order p of the 2-D stencil. In fact, if the circulation is not equal to Γk, the gradient of the solution

is infinite in xT E and so is the jump in the first derivative, which is not taken into account in the present approach. The

trailing edge would need a special treatment in order to improve the convergence order. We leave this as a subject for

further investigation.
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Fig. 6. (Grid convergence study for (a) ε∞ and (b) εΓ (potential flow past an airfoil): p = 8 (thin solid), p = 4 (thick dashed), p = 2 (thin dashed),

p = 1 (thin dash-dotted) and first-order slope line (thick solid).

5. Conclusion

A two-dimensional second-order finite difference potential flow solver has been presented, based on the immersed

interface method for the handling of irregularly shaped bodies and on the James-Lackner algorithm to obtain the

solution in an unbounded domain. This type of solver is also required when computing unsteady viscous flows using

a vortex particle-mesh (VPM) method combined with Lighthill’s wall vorticity diffusion model. In the case of the flow

past an airfoil, a way to discretize the Kutta-Joukowsky condition has been presented. However, the global method is

then only first order accurate.

The integration of this solver inside a VPM method is the next step following this work. It requires some additional

ingredients, such as the computation of a grid-consistent wall vorticity flux and its diffusion into the surrounding fluid.
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