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Abstract

In this paper, we present new second-order methods with converge rate O (k:_4), where
k is the iteration counter. This is faster that the existing lower bound for this type of
schemes [1, 2], which is O (k:_7/ 2). Our progress can be explained by a finer specification
of the problem class. The main idea of this approach consists in implementation of the
third-order scheme from [15] using the second-order oracle. At each iteration of our
method, we solve a nontrivial auxiliary problem by a linearly convergent scheme based
on the relative non-degeneracy condition [3, 10]. During this process, the Hessian of the
objective function is computed once, and the gradient is computed O (1n %) times, where
€ is the desired accuracy of the solution for our problem.
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order methods
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1 Introduction

Motivation. In the last years, the theory of high-order methods in Convex Optimization
was developed seemingly up to its natural limits. After discovering the simple fact that
the auxiliary problem in tensor methods can be posed as a problem of minimizing a convex
multivariate polynomial [15], very soon the performance of these methods was increased
up to the maximal limits [5, 7, 9], given by the theoretical lower complexity bounds [1, 2].

It is interesting that the first accelerated tensor methods were analyzed in the un-
published paper [4], where the author did not express any hope for their practical imple-
mentations in the future. In [4] and [15], it was shown that the p-th order methods can
accelerate up to the level O (k_(p+1)), where k in the iterations counter. The main advan-
tage of the theory in [15] is that it corresponds to the methods with convex polynomial
subproblems.

However, the fastest tensor methods [5, 7, 9] are based on the trick discovered in [11]
for the second-order methods. It allows to increase the rate of convergence of tensor
methods up to the level O (k*(?’p*l)/ 2), which matches the lower complexity bounds for
functions with Lipschitz-continuous pth derivative. Thus, for example, the best possible
rate of convergence of the second-order methods on the corresponding problem class is of
the order O (k:_7/2).

Unfortunately, this advanced technique requires finding at each iteration a root of a
univariate nonlinear non-monotone equation defined by inverse Hessians of the objective
function. Hence, from the practical point of view, the methods proposed in [15] remain
the most attractive.

The developments of this paper are based on one simple observation. In [15] it was
shown that the accelerated tensor method of degree three with the rate of convergence
O (k:_4) can be implemented by using at each iteration a simple gradient method based on
the relative non-degeneracy condition [3, 10]. This auxiliary method has to minimize an
augmented Taylor polynomial of degree three, computed at the current test point x € R™:

(Vf(x),h) + 5(V2f(@)h, h) + D f(2)[h]* + Al — jnin .
At each iteration of this linearly convergent scheme, we need to compute the gradient of
the auxiliary objective function in h. The only non-trivial part of this gradient comes
from the gradient of the third derivative. This is the vector D?f(x)[h]? € R™. It is the
only place where we need the third-order information. However, it is well known that

D3f(x)[h)? = mT—lz[Vf(:n—I—Th)—i—Vf(x—Th)—2Vf(:):)].

li
7—0
In other words, the vector D3 f(z)[h]? can be approximated with any accuracy by the
first-order information. This means that we have a chance to implement the third-order
method with the convergence rate O (k:*4) using only the second-order information.

So, formally our method will be of the order two. However, it will have the rate of
convergence, which is higher than the formal lower bound O (k*7/ 2) for the second-order
schemes. Of course, the reason for this is that it will work with the problem class initially
reserved for the third-order methods. However, interestingly enough, our method will
demonstrate on this class the same rate of convergence as the third-order schemes.



In order to implement our hint into rigorous statements, we need to introduce in the
constructions of Section 5 in [15] some modifications related to the inexactness of the
available information. This is the subject of the remaining sections of this paper.

Contents. The paper is organized as follows. In Section 2. We introduce a convenient
definition of the acceptable neighborhood of the exact tensor step. It differs from the
previous ones (e.g. [6, 8, 16]) since for its verification it is necessary to call oracle of the
main objective function. However, we will see that it significantly simplifies the overall
complexity analysis. We prove that every point from this neighborhood ensures a good
decrease of the objective functions, which is sufficient for implementing the Basic Tensor
Method and its accelerated version without spoiling their rates of convergence.

In Section 3 we analyze the rate of convergence of the gradient method based on the
relative smoothness condition [3, 10], under assumption that the gradient of the objective
function is computed with a small absolute error. We need this analysis in order to
replace the exact value of the third derivative along two vectors by a finite difference
of the gradients. We show that the perturbed method converges linearly to a small
neighborhood of the exact solution.

Finally, in Section 4 we put all our results together in order to justify a second-order
implementation of the accelerated third-order tensor method. The rate of convergence
of the resulting algorithm is of the order O (k:*4), where k is the iteration counter. At
each iteration we compute the Hessian once and the gradient is computed O (ln %) times,
where € is the desired accuracy of the solution of the main problem. Recall that this rate
of convergence is impossible for the second-order schemes working with the functions with
Lipschitz continuous third derivative (see [1, 2]). However, our problem class is smaller
(see Lemma 4).

We conclude the paper with Section 6, where we discuss our results and directions for
the future research.

Notation and generalities. In what follows, we denote by E a finite-dimensional real
vector space, and by E* its dual spaced composed by linear functions on E. For such a
function s € E*, we denote by (s, z) its value at x € E.

If it is not mentioned explicitly, we measure distances in E and E* in a Euclidean
norm. For that, using a self-adjoint positive-definite operator B : E — E* (notation
B = B* = 0), we define

lz| = (Bz,2)'?, z€E, |gll. = (g.B7'g)"/? ge B

Sometimes, in the formulas involving products of linear operators, it will be convenient
to treat x € [E as a linear operator from R to E, and x* as a linear operator from E* to
R. In this case, xz* is a linear operator from E* to E, acting as follows:

(zz*)g = (g,z)z € E, geE*.

For a smooth function f : dom f — R with convex and open domain dom f C [E, denote
by V£ (z) its gradient, and by V2f(x) its Hessian evaluated at point x € dom f C E. Note
that

Vfi(x) € E*, V2f(z)h € E*, x€domf, hekE.



In what follows, we often work with directional derivatives. For p > 1, denote by
DP f(x)[hi, ..., hy

the directional derivative of function f at x along directions h; € E, i = 1,...,p. Note
that DP f(x)[-] is a symmetric p-linear form. Its norm is defined in a standard way:

(D7) = max {|DPF@h )| Rl < L=} @

In terms of our previous notation, for any = € dom f and hq, ho € E, we have
Df(x)[m] = (Vf(x),h1), D*f(z)h1,ha] = (V>f(x)h1,ha).

Thus, for the Hessian, our definition corresponds to the spectral norm of self-adjoint linear
operator (the maximal module of all eigenvalues computed with respect to operator B).
If all directions h1, ..., h, are the same, we apply notation

DPf(x)[h]P, heE.
Then, Taylor approximation of function f(:) at € dom f can be written as follows:

) = Quply) +ollly — ("), yedomf,

P
Qply) = fl@)+ kZ aDif(@)ly —a)%, yeE.
=1
Note that, in general, we have (see, for example, Appendix 1 in [12])
IDPf @) = max{|DPr@)AP|: nl <1} (1.2)

Similarly, since for x,y € dom f being fixed, the form D? f(z)[-, ..., | — DPf(y)[,...,] is
p-linear and symmetric, we also have

|DPf(@) = DPf)| = max {|DPf@)P — DPF@)AP|: M0l <1}, (13)

In this paper, we consider functions from the problem classes F;,, which are convex and
p times differentiable on E. Denote by L, its uniform bound for the Lipschitz constant of
their pth derivative:

[1DPf(z) =DPfy)l < Lplle—yll, 2yedomf, p=>1. (1.4)

If an ambiguity can arise, we use notation L,(f). Sometimes it is more convenient to
work with uniform bounds on the derivatives:

My(f) = S |1DP f (). (1.5)

If both values are well defined, we suppose that L,(f) = Mp+1(f), p > 1.



Let F(-) be a sufficiently smooth vector function, F' : dom F' — Ey. Then, by the
well-known Taylor formula, we have

F(y) - F(@) - 3> D)y -
- (1.6)

1
= 1% JQ=7)PDPHF(z +7(y — 2))[y — x|PTldr, x,y € domF.
1

Hence, we can bound the residual between the function value and its Taylor approximation
as follows:

FW) = Qp®)| < Giyly— =P, @,y e dom f. (1.7)

By the same reason, for functions Vf(-) and V2f(-), we get the following guarantees:

IVF(y) = VQup@)le <y — |7, (1.8)

IV2£ () = V2l < ylly — P, (1.9)

which are valid for all x,y € dom f.
Finally, for simplifying the long expressions we often use the trivial inequality

(al/p + bl/p>p < 277 Ya 4+ b), (1.10)

which is valid for all a,b > 0 and p > 1.

2 Tensor methods with inexact iteration

Consider the following unconstrained optimization problem:

Ifei]ﬁl f(z), (2.1)

where f(+) is a smooth convex function with Lipschitz-continuous derivative of order p > 1:
[1DPf(x) = DPfy)l < Lyplz —yll, =z,y€ck. (2.2)

In this section, we work only with Euclidean norms.

We are going to solve problem (2.1) by tensor methods. Their performance crucially
depends on ability to achieve a significant improvement in the objective function at the
current test point.

Definition 1 We say that point T € E ensures pth-order improvement of some point
x € E with factor ¢ > 0 if it satisfies the following inequality:

p+1

(VIT),z=T) > VD" . (2.3)



This terminology has the following justification. Consider the augmented Taylor poly-
nomial of degree p > 1:

A def
Qupr(®) ) + Ghyly — 2l yeE.

In view of (1.7), for H > L,, this function provides us with a uniform upper estimate for
the objective. Moreover, for H > pL,, this function is convex (see Theorem 1 in [15]).

We are going to generate new test point 1T as a close approximation to the mini-
mum of function Qx,p, m(+). Namely, we are interested in points from the following nested
neighborhoods:

Nyple) = AT €E: |VQup (D)« < yIVF(T)Il}, (2.4)

where 7 € [0,1) is an accuracy parameter. The smallest set /\/;97 () contains only the

exact minimizers of the augmented Taylor polynomial. Note that Q,, #(z) = Vf(x).
Therefore, if V f(z) # 0, then x §ZN;H(33) for any v € [0,1).
These neighborhoods are important by the following reason.

Theorem 1 Let x € E and parameters v and H satisfy the following condition:

’y—i—% < Il? (2.5)

Then any point T from the set /\/;YH(J:) ensures a pth-order improvement of x with factor

1
def — 'l
co(p) X [gpg}g'] . (2.6)
Consequently, we have
pt1
f@) = f(T) = ern@)VATIL 27)

Proof:
Let T € N;H(x) Denote by 7 = ||z — T'||. Then

VAT + 25 HV (), T =) + <£>2 TQp

p!
= |VA(T) + "' B(T — )|}
= [IVA(T) = VQup(T) + VQupu (D)

(1.8)

< (& Al

Therefore,
_ H2-12
2B UVF(T), 2= T) > (1—A)VAD2 + Togetr® — 297 [V (D).
In other words,
—~2)p! H2-12 L def
(VD)2 =T) > SBIVHD)|2 + Gt — 22 |V S ().
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The right-hand side of this inequality is a convex function in r. Its derivative in r is as
follows:

—~2)(p— 1)(H?-L?
#(r) = —Ue g p )2 ¢ PO b g p(T)).
Note that
IVFT)e = IVAT) = Vup(T) + Vi (T) — Err - B(T — 1)),

L
< Lowr 4| VAT + Lo,

. At the same time,

1
Thus, r > r, o [4(1_7)722”31;@)“* ’

A DRVAD)E Ly+H
#(r.) — oh T V7T

+1)(H?-L2 —~)p! *
L@ >2<Hp! 2. [ RIS — Lo v £ ().

= V(D). [_(14-7)2(17—1) (1 + %) + (p+1)2(1—7) (1 _ %) _ ’Y%}

(2.5)
= VDI [1-pr-p%] = 0.

Therefore,
—~2)p! H2_12 L
(Ve =T) = sr) = v [P IV + St =y 19D
H?—L2

—\p!  L,+H 1—~)p! L
rlV DI |G - e+ S U - v

= VD)l

Inequality (2.7) is valid since our function is convex:
f@) = f(O)+(VfT),z-T). O

Thus, we have proved that the pth-order improvement at point x € [E can be ensured
by inexact minimizers of the augmented Taylor polynomials of degree p > 1. Let us
present the efficiency estimates for the corresponding optimization schemes.

From now on, let us assume that the constant L, is known. For the sake of notation,
we fix the following values of the parameters:

v o= g5 H = 2pL, (2.8)

Then we can use a shorter notation for the following objects:
1

def def — D
No@) NP @ e aenan,®) = [ ] @29

As a consequence of all these specifications, we have the following result.



Corollary 1 For any x € E, all points from the neighborhood N,(x) ensure the pth-order
improvement of x with factor c,.

Let us start from the simplest Inexact Basic Tensor Method:

Tpy1 € Np(mk), k>0. (2.10)

Denote R(zo) = max{lly —a7[| : f(y) < f(x0)}-

Theorem 2 Let the sequence {xy} >0 be generated by method (2.10). Then for any k > 1
we have

fg =< [P (R o)+ Uw) = 7))

(2.11)
(1.10) D
< () B ) + 45t = ).
Proof:
In view of inequality (2.7), we have f(xy) < f(xo) for all k£ > 0. Therefore
def
ka —.%'*” S Ro = R(x(]), k Z 0.
Consequently,
27) il (V f (s )wpsn—2*)\
fan) = flons) 2 Vi)l > o (Tl
pt1
f@ri)—f*\ 7
Z O ( R(zo) ) :

ptl
Denoting &, = %(f(wk) — f*), we get inequality §k — §py1 > .7, Hence, in view of
0

Lemma 11 in [16], we have
P
& < Hle+0a+eM] k=21

This is exactly the estimate (2.11). O

Let us present now the convergence analysis for Inexact Accelerated Tensor Method.
We need to choose the degree of the method and define the prox-function

dp1(z) = pllzP*!, z€E.
This is a uniformly convex function of degree p + 1:
-1
dpt1(y) = dpra(2) + (Vdpsa(2),y —2) + 557 (3)" ly—2P*, zyeE  (212)

(see, for example, Lemma 4.2.3 in [17]).



Define the sequence

Ay = 2 (%pr (%)pﬂ’ a1 Appr— Ay, k>0 (2.13)
Note that for all values By = (gﬁ)p+1 with k£ > 0 we have
B80T @H_k[k}3ﬁ1<(mu_kh_p}yf<l,
Biet1 p+HL pFL R+ = \ptl 7 pil R <

Therefore, the elements of sequence { Ay, }r>0 satisfy the following inequality:

p+1

ar, < 2YPBEe, Avy, k>0, (2.14)

Inexact pth-Order Accelerated Tensor Method (ATMI,)

Initialization. Choose xy € E. Define coefficients Ay by (2.13) and
function g (z) = dpr1(z — x0)

Iteration k > 0. (2.15)
1. Compute vy = arg 1;161118 Yr(z) and choose y, = ﬁxk + Ai’ilvk.
2. Compute zj4+1 € Np(yx) and update
VYr1(2) = Yr(2) + aps1[f(@r41) + (VF(@rt1), 7 — Tpet1)]-
First of all, note that by induction it is easy to see that
Yr(z) < Apf(z) +dpy1(z —20), x €E. (2.16)

In particular, for ¢y def miIIE1 Yr(z) and all € E, we have
S

(2.16) (2.12) _
Apf@) +dpar(z —20) > (@) > i+ (3P e —wlptt. (217)

Let us prove by induction the following relation:
1/J;; > Akf<.1‘k), k > 0. (2.18)

For k = 0, we have 95 = 0 and Ap = 0. Hence, (2.18) is valid. Assume it is valid for some
k > 0. Then

Vi = min {¥u(e) + o [f@nn) + (VF (i) o = )] |

(2.17)

. " -1
> min {0+ 51 (3" o — o7+ aen[f (o) + (VF@re) @ — )]}

8



Note that

Vi + arp1[f (@) +(Vf(@p11), 7 — 2p11)]

Apf(zr) + ag1[f(@p11) + (VI (@k41), T — Tp41)]

©
vV V=
&

A1 f(@rs1) + (Vf(@p11), a1 (z — 2pp1) + Ag(zr — Th41))

= Apprf(@rs1) + (VI (@rs1), arr1(z — 0) + Agy1(Ye — Te1))-

Further, for all z € E we have

-1
zﬁ (D777 |z — v + aps 1 (Vo (@gg1), @ — vg)

p+1

p=1
> 2 (%HHVf(ka)H*) i

Finally, since zj41 € Np(yx), by Corollary 1 we get

p+1

(VIi@rt1)s vk — Thr1) 2> el Vi (@rg)ll+” -

Putting all these inequalities together, we obtain

p+1 p+1

p—1
Vipr = Apaf(op) — 5520 (ak+1HVf(€Uk+1)H*> "t Apniepl| Vi (@rr) "

p+1

po1 AL
= Apf(zrs1) IV (@pe)]l" (Ak+10p— 2 a/fu)

(2.14)
> A f(@pg)-

Thus, we have proved the following theorem.

Theorem 3 Let sequence {xy}r>0 be generated by method (2.15). Then, for any k > 1,
we have

p+1
fa - < 3 (B) - Lolle® —aolt, (2.19)
Proof:
Indeed, in view of relations (2.16) and (2.18), we have
¥ 1 ¥ (2.13) 4 2w \P (p+1\PTL 1 . p+1
flan) = < ddpnet —a0) 4 (G2 ) (5) - phllet ol
p +1 N 2p+1)L ptl N
= 3(2) B e ol = G ()7 o gl



3 Relative non-degeneracy and approximate
gradients

In this section, we measure distances in E by general norms. Consider the following
composite minimization problem:

min {F(a:) e o(x) + w(x)} , (3.1)

r€dom v

where the convex function (-) is differentiable, and #(+) is a simple closed convex function.

The most important example of function #(+) is an indicator function for a closed convex

set. Denote by z* one of the optimal solutions of problem (3.1), and let F* = F(x*).
We assume that ¢(-) is non-degenerate with respect to some scaling function d(-):

na(@)Ba(r,y) < Boly) E wly) — olz) — (Volz),y — z) 5.

< Ld(SO)Bd(fUay), T,y € dOHlT,Z),

where 0 < pq(p) < Lg(p). Denote by v4(p) = % < 1 the condition number of function

©(+) with respect to the scaling function d(-). Sometimes it is more convenient to work
with the second-order variant of the condition (3.2):
pa(p)V2d(z) = Vip(z) X La(¢)Vid(z), = € domy. (3:3)

We are going to solve problem (3.1) using an approximate gradient of the smooth part
of the objective function. Namely, at each point x € E we use a vector g, () such that

9o (x) = V()] < 4, (3-4)

where 6 > 0 is an accuracy parameter.

Our first goal is to describe the influence of parameter § onto the quality of the
computed approximate solutions to problem (3.1). For this, we need to assume that
function d(-) is uniformly convex of degree p + 1 with p > 1:

Ba(z,y) > Siopai(d)llz —ylPT, 2,y € domy. (3.5)

Consider the following Bregman-Distance Gradient Method (BDGM), working with
inexact information.

Choose zy € E. For k > 0 iterate:

(3.6)

v =arg min {4() + {05(2).y — o) +2La(0)Balr.) |

Lemma 1 Let the approximate gradient g, (xi) satisfy the condition (3.4). Then for any
x € E we have

Ba(zrr.x) < (1= 19a(9)) Balar, @) + g5, [F(2) — Flape)]
(3.7)

1

2p 2 (p+1)(247a(9)) \ P
o0 7 <0p+1(d)7j(@)> , k20

10



Proof:
The first-order optimality condition for the optimization problem defining the point x4

is as follows:
(9p(zk) +2La(p)(Vd(zpt1) — Vd(2k), @ — Tp1) +P(2) > P(Tp41) (3.8)

for all € dom1. Therefore, denoting rj,(z) = Bq(xs, x), we have
reni(@) (@) = (d() = d(wn) = (Vo) @ — 2x4))
~(d(w) - d(wr) - (Vd(ar),x - o))
= d(ax) = (Vd(ae), op = w11) = dlwps1)

+(Vd(xg) — Vd(xks1), T — Tiy1)

(3.8)

—Balar, th1) + gy [(9e(@r), & = Tps1) + ¥(2) — P(2r41) |-

Note that (g,(2), — zpy1) = (9p(xk) — Vo(ag), x — 2p41) + (Veo(2k), £ — Zp41), and

(Volew)ho —zin) £ (Volar) o — zim) +9(@) — o(er) — pale)d(e o)

(3.2)
< La(@)d(@g, zes1) + @(@) — p(Tre1) — pal@)d(zp, ).
Hence,
res1(z) — ri(z) + ﬁ(@[F(l‘kH) — F(x)]
< {gp(r) = Veo(an), @ — 2i41) — 5Ba(wn, wrs1) — 57a(0)d(@r, @)
(3.5)
< —31a(@)r(@) + (ge(ar) — Ve(ar), o — zpr1)
_ op+1(d) <”x _ [P+ 4 g, — ||+
D) 1Tk = Tht 5Yd(@)||zp — || .
Since ||z|| = || — || for all x in E, the maximum in zj of the expression in brackets is

attained at some z; = (1 —a)zg41 + ax with a € (0,1). On the other hand, the minimum

of the function
aPtl ¢ %’yd(go)(l —a)Ptt o e|o,1],

3=

is attained at & = % with g = (%m(«p)) . This is
(1.10)
~FP+1 A+l — 5 B gP _ _p ()
WA BT = et e T @er 2 5

11



Thus,
rer1(2) = (1= 37a(0)r(z) + gy [F (@rr) — F(2)]

o d
< {gp(@n) = Veplan), = Ti1) — gt il lle — gy |7

B4) 1 1
2p 5= (D) (2+ya(e)) P
< et (TR =
Applying inequality (3.7) with = = z* recursively to all k = 0,...,7 — 1, we get the
following relation:

Ba(xr, x*) + ﬁ(%) Til(l — NP (2p41) — F(27)]

< (]‘ - ’}/)Tﬂd(l‘o,l‘*) + ST87

2p ;2t1 <<p+1><2+vd(go>>>i

or@ale) ) o 2nd

T-1

Sro= Y (A-y)T 1 = %(1—(1_7)T>,

k=0

Thus, denoting F}. = oggigTF(xk)’ we get the following bound:

(3.9

) AT .
Fp—F* < %Ld(@ﬁ(mo,x*)wmd(@), T>1. (3.10)

Note that hﬁ)l % = % Hence, for pi4(p) = 0 we get the following rate of convergence:
gt

(3.9) . .
Fr—F* < 2L4y) (Tﬁ(xo,x*) n 25) , T>1. (3.11)

In our main application, presented in Section 4, we need to generate points with small
norm of the gradient. In order to achieve this goal with method (3.6), we need one more
assumption on the scaling function d(-).

From now on, we consider the unconstrained minimization problems. This means that
in (3.1) we have ¢(x) =0 for all x € E.

Definition 2 We call the scaling function d(-) norm-dominated on the set S C E by some
function 05(-) : Ry — Ry if there exist a convex function 0g(-) with 05(0) = 0 such that

Ba(z,y) < Os(llz—yl) (3.12)
forallxz € S and y € E.

Clearly, if function d(-) is norm-dominated by function 0g(-) and ng(7) > 0g(7) for all
7 > 0, then d(-) is also norm-dominated by function 7g(-).
Let us give an important example of a norm-dominated scaling function.

12



Lemma 2 Function d4(-) is norm-dominated on the Euclidean ball
Br = {rek: |z <R}
by the function
Or(t) = (T +2R7)*+3R*r* < 37+ 3R*7?, 72>0. (3.13)

Proof:
Let x € Bg and y = x + h € E. Then

Ba(z,y) = gllyll* = Zll=ll* — z]*(Bz,y — )
= glllzl® +2(Bz, k) + 1)) = ;2] ||=||*(Bz, k)
= glllzll* +4(Bz, h)? + ||h[|* + 4|z ]|* + | R]*)(Bz, h) + 2|l2|*| 4]
—gllzll* = l|lz[*(Bz, k)
= (IRl +2{Bz, h))? + g[]2]*.
Thus, we can take 0p(7) = %(72 +2R7)% + %R27'2. O
Note that the statement of Lemma 2 can be extended onto all convex polynomial

scaling functions.
The importance of norm-dominated scaling functions is related to the following fact.

Lemma 3 Let scaling function d(-) be norm-dominated on the level set
L) = {zxckE: p(r) <p@)}
by some function 0(-). Then, for any x € L,(T) we have:
o(@) = p@") > La@)0* (£h51Ve@).), (3.14)
where 0*(T) = m)E\LX[)\T —0(1)].

Proof:
Indeed, for any « € L,(Z) and y € E we have

—

3.2)
<

©(y) o(x) + (Ve(z),y — x) + La(p)Ba(z, y)

L @)+ (Vela),y — 2+ La(@)6(ly — o).
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Therefore,

o = ming(y) < min{e(@) +(Ve(e).y— ) + La(@)0(ly —=|) |

mig min {cp(x) + (Vo(z),y —x) + Ld(‘P)e(T)}
20 y:fly—z||=r

= () +min{ —rl| V(@) + La)0(r) |

= ¢(x) — La(p) 0" (mHVgO(x)H*) ' -

Thus, for norm-dominated scaling functions, the rate of convergence in function value
can be transformed into the rate of decrease of the norm of the gradient of function ¢(-).
This feature is very important for practical implementations of Inexact Tensor Methods
presented in Section 2. In the next section, we discuss in details how it works for inexact
third-order methods.

4 Second-order implementations of the
third-order methods

In this section, we are going to solve the unconstrained minimization problem

gleiJIEl f(z), (4.1)

where the objective function is convex and smooth, using the second-order implemen-
tations of the third-order methods. For the pure second-order methods, the standard
assumption on the objective function in (4.1) is Lipschitz continuity of the second deriva-
tive (see, for example, [13, 14]). We are going to replace it by a stronger assumption,
using the following fact.

Lemma 4 Let constants My(f) and My(f) be finite. Then

Ms(f) < /2Ma(f)Ma(f). (4.2)

Proof:
Let z € dom f. Then for any direction h € E and 7 > 0 small enough, we have x 4+ 7h €
dom f and

0 < V2f(z+7h) (L6) V2f(z) + D3 f(z)[h] + 72 fl(l — A)D*f(x + AR)[R]?dA
0

= V2f(z) + 7D f(2)[h] + 52 Mu(f)I|RI* B.

Thus, D3 f(z)[h]* < 2(V2f(x)h, h) + TMy(f)||h[|*. Minimizing this inequality in 7 > 0
and taking the supremum of the result in h € E, we obtain inequality (4.2). O
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Thus, from now on, we assume that
Ls(f) = Mulf) < +oo. (4.3)

Assumption Ma(f) < 400 is not so necessary. We will discuss different variants of its
replacements in Section 5.

In our situation, we can apply to problem (4.1) the third-order tensor method ATMI;
(see (2.15)). At each iteration of this method we need to minimize the augmented third-
order Taylor polynomial Q.3 (). As it was shown in [15], this can be done by an
auxiliary scheme based on the relative smoothness condition. This approach is based on
the following matrix inequality (see Lemma 3 in [15]):

V2 f(@) = SMu(IRIPB = D¥f(a)[h] = §V2f(x) + §Ma(f)RI*B,  (4.4)

1
£

which is valid for all z € dom f, h € E and £ > 0.

As compared with [15], our situation is more complicated. Firstly, we are not going
to use the exact minimum of function Qw,& (). And secondly, we are going to minimize
this function using its approzimate gradients.

Let us start from discussion of the second issue. Let us fix a parameter 7 > 0 and
consider the following vector functions:

hy(x) = H[Vf(y+7(z—y) = Vfly) -V f(x)ly—=)] € E,
gy(x) = H[Vfy+r(z—y)+Vfly—7(x—-y)-2Vf(y)] € E*, z,y€cE.
They are the finite-difference approximations of the third derivative along direction [z—y]%.

Lemma 5 For any x,y € E, we have

() — DA f(y)le —ylPll. < SMa(f)llz — yl?, (4.5)
g7 (z) — D3f(W)z — 92| < TMa(f)]z -y, (4.6)
gy (x) — D> f()lz — 9l < ToLa(f)llz —yl*. (4.7)

Proof:
Denote h = 7(x — y). Then, by Taylor formula we have

(L.6)

Vi +h)=Viy) = Vifh—3D*f([h* "= 5 [(1—=X)>2D*f(y+ Ah)[h]3dA.

C—=r

Applying a uniform upper bound for the forth derivative to the right-hand side of this
representation, we get inequality (4.5). Further,

(1.6)

Vil —h)=Vfy) +V2f(h—3D*f(yh)* "= 5 [(1—=X)2D*f(y — Ah)[—h]*dA.

O —
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Adding these two representations, we get

gy (x) = D*f(y)[z — y)?

= 5= (D4ly+ A =)~ Dy = el =)o - s

and we obtain inequality (4.6). If the forth derivative derivative is Lipschitz continuous,
then

1
gy () — D3f(y)[z — y)?[ls < %bf(l — A)? - 2X7 ||z — yl[* La(f)dA,

and this is inequality (4.7). O

In this paper, we usually employ the approximation g;() Note that
VQau() = VY + V@) (z—y) +3D°f()e -y + &z - yl?B(z - y).

Thus, we can easily compute approximate gradients of function Qy,;),? #(+) using the first-
order information on function f(-). Let us show that this can help us to minimize the
augmented Taylor polynomial of degree three by the machinery presented in Section 3.

At each iteration k of ATMI3, we need to find point xi1 € N3(yx). For the sake of
notation, let us assume that y, = 0. We need to find a point z € N3(0) by minimizing
the function

pr() = Qosers(z) = f(0)+(VF(0),2) + 3(V2f(0)x,z) + § D* F(0)[«]® + L& |l *.
Thus, our auxiliary problem is as follows:

min op(x). (4.8)

Denote zj, = arg miIrEl or(x) and ¢} = i (x}). Note that
xe

Vor(z) = V£(0)+ V2f(0)x + %D?’f(O)[yc]2 + Ls||z||? Bx, (4.9)
V2pu(e) = V2f(0)+ Df(0)[e] + Ls(||z|*B + 2Baa" B)
(4.10)
= sz(O) + Dgf(O)[l'] + L3v2d4($).
Therefore,
(4.4)
Vor(w) = (14 1) V2RO + (14 5) LsV2da(a),
(4.11)
5 (4.4) 1 9 ¢ 5
Vere) = (1= 1) VRO + (1-§) LsV2da(e),
Now it is clear that in our case a good scaling function is as follows:
pe(z) = 3(V2f(0)z,z) + Lads(z), z€E. (4.12)
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Indeed, applying the relations (4.11) with & = /2, we get

(1 - %) V() = Vipp(z) = (1 + %) V2pi(z), x cE.

Thus, we can take

Bo= IU’Pk(SOk) :1_% = 2_:\[’ L = ka(sok) = 1"'\[’

and obtain for function ¢g(-) the condition number bounded by an absolute constant:

def  pp, (pr) 1 _ 1 1
0 ¥ B = w7 b (413

The second condition for applicability of method (3.6) is the uniform convexity of the
Bregman distance. In our case, this is true since

(2.12)
ﬁpk(may) Z L35d4($7y) > %61/3”1'—?4”47 T,y € E. (414)

Thus, in terms of inequality (3.5), we have o4(p) = iLg. This property is important for
bounding the size of the set

Ly = {zeE: gp(z) < o(0)}.

Lemma 6 For any x € L we have

W=

def
lol < 2R el < Re 2 (221950)).)° (4.15)
Proof:
Indeed,
(Vf(0),0—z}) = (Vei(0),0 —23) = ¢i(0) — ¢} + By, (0, z7)
= B (75, 0) + By, (0,2%) = plBp, (3,0) + B, (0, z7)]
(2.12) .
> ﬂL3[5d4(x270)+5d4(0ax1t)] > 2pu 18”%”
Consequently, we have the following bound:
1
logll < 2[22IvsO)L]° (4.16)
Further, for x € Ly, we have
(Ver(0),0 —z) = ¢r(0) = pr(x) + B (0,2) = By, (0,2)
(2.12)
> pLsBa,(0,2) > Lzt
%
Thus, [lal] < [V (0)]1+]° = 2R, 0
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The third condition is the possibility of approximating the gradient of function g(+).
In our case, in view of Lemma 5, we can take

Jorr(x) = Vf(0)+ V2f(0)x + %gg(w) + Ls||x||? Bz, (4.17)
where g7 (z) = L[V f(rz) + Vf(—72) — 2V f(0)]. In this case,

(4.6)
19gr(2) — Vor(@). < ILsl|z|?, ze€E. (4.18)

Thus, in order to ensure condition (3.4) and keep 7 separated from zero (this is neces-
sary for stability of the process), we need to guarantee the boundedness of the minimizing
sequence for function g (). However, since we know an explicit upper bound (4.15) on
the size of the optimal point, it is possible to ensure this by introducing an additional
constraint on the size of variables. Let us replace the problem (4.8) by the following one:

min op(z), Sy € {z€E: |z < Ry} (4.19)
TESE
In view of Lemma 6, the optimal solutions of problems (4.8) and (4.19) coincide.
Consider the following variant of method (3.6) with accuracy parameter § > 0.

epe 1e . _ _ 39
Initialization. Choose zg = 0 and set 7 = SEVDS O

For ¢ > 0 iterate:
1. Compute the approximate gradient g, -(x;) by (4.17).
1 (4.20)
2. 1f gy ()l < 1V £(2:)]l. — 6, then STOP.

3. Else, compute the new point

Tit1 = arg min {(gwk,r(wi),@ +2 (1 + %) Bor (l‘i,x)}-

Let us mention the main properties of this minimization process. First of all, since all
points x; belong to Sk, for all ¢ > 0 we have

(4.18

)
190r (@) = V@l < FLsR} = goroabi o - SRV FO)). = &

This means, in particular, that the sopping criterion at Step 2 of method (4.20) is correct:
if it is satisfied, then z; € N3(0).
Moreover, all conditions of Lemma 1 are satisfied with

d() = pk()7 LPk(SOk) = 1+%7 PYPk(SOk) = %7 04(pk) = ZL?)
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Therefore, in our case, inequality (3.7) with p = 3 can be rewritten in the following form:

Boo(@iz1,2) < (1= 3) Bpe (2, 2) + ﬁ[wk(x) — @r(zip1)] + 9, (4.21)
1
where § = %6 5 (%) P <by def 9;5//; . Consequently, in view of inequality (3.10), we have
. LiR3+1iL3R: | ¢
)—or < (2 2){ k2 k T>1 4.22
OglgnT(Pk(wz) o < ( +\f){6[(1+213)71_1] +5+}, > 1, (4.22)

where L; is any upper estimate for the value ||V2f(0)]|.
From this bound, we have a natural limit for the number of iterations of method (4.20),
sufficient for obtaining the following inequality:

pr(dr) —9p < 202+ V2)dy, (4.23)

where 7 = arg min {gpk(x) cxe{0,xzq,... ,xT}} € L. Indeed, for this it is enough to
have :

L+ SR +3LRY < T2 (< (1+4)").
Hence, we have the following bound:

T o< T6) € 2am (143 ()1 (LR + SR ). (4.24)

However, the upper-level method ATMI3 needs a point with a small norm of the
gradient:

IVerEr)lle < glIVAO)]s (4.25)

In order to derive this bound from inequality (4.23) with an appropriate value of 5+,
we use the fact that out scaling function pg(-) is norm-dominated. Indeed, in view of
Lemma 2 and representation (4.12), this function is norm-dominated on any Euclidean
ball B, by the following function:

0,(r) = 3(L1+5L3r?)72 + 3La7™

Hence, in view of Lemma 6, our scaling function pg(-) is norm-dominated on the set Ly
by the function 6, (-) with 7, = 21/3Ry,. Therefore, for applying Lemma 3, we need to
estimate from above the inverse to its conjugate function.

Lemma 7 For any r > 0, we have

0 (6) < /2(L1 +5Lsr2)E + 204 (26)** . e>o. (4.26)
3 \3

Proof:

Consider the primal function 6(7) =

is defined as follows:

aTtT

o+ % with a,b > 0. Then its conjugate function



We need to find A > 0 from the equation £ = 6*(\).
Note that the optimal solution 7 = 7()\) in the above maximization problem can be
found from the equation

A = ar+brd. (4.27)

Therefore,
e =0\ “ED ar2(n) 48
Thus, we can write down 7(\) as a function of £:
() = a+ j§+12b§ < min {22’ 31&’} '
Hence,
) (4%7) JTGE 1 pi/A (%)3/4.

It remains to use the actual values a = L; + 5L3r% and b = 2Ls. O

Now we can write down the condition for our parameter §, which ensures the desired
inequality (4.25). Indeed, in view of inequalities (4.23) and (3.14), after T} () inner steps
we can guarantee that

IVer(an)ll. < L-6;)7 (3@ +v2)dy) = L-(6;)7"(45+),

where L =1+ % In order to stop method (4.20) at this moment we need to guarantee
that the norm of the corresponding approximate gradient is small enough. Hence, our
condition for the parameter § can be derived from the following target inequalities:

I @)l < 8+ IVir(En)lle < 6+ L-(07,)7" (464

@
< §lVFGED| -

In view of Lemma 7, this inequality will be satisfied if

- . \3/4
26+ 2Ly/2(L + 5Lsi)d: + 208 (35.)7 < e, (4.28)

where €, > 0 is a lower bound for the norm of the gradients of the objective function
during the whole minimization process. Recall that

1
N 2 ~ 4/3
Pr o= 23 <2L\3[2va(0)H*> ’ , 04 = 922/3 .

Hence, this inequality can be rewritten in the followingform:

2/3
201+ (24745 + 602 | 2+ 10(162-+ VRITSO)L) < By
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Using the closest upper integer bounds on the coefficients, it can be strengthen as follows:

25 + 2152/3¢ _LIV2FO) + 361 VAP < be,, (4.29)
3

where we replaced L; by ||V2£(0)]| since this corresponds to the actual role of this constant
in the complexity analysis of method (4.20).
This means that, in accordance to (4.29), we need to choose

3/2
— Eg
=0 <||Vf(0)||1/2 + ||v2f(o)||3/2/L;/2> : (4.30)

Since [V f(0)[|« > €4, we always have § < O(eg).
Note that all coefficients in the condition (4.29) are known (provided that we have a
good estimate for the Lipschitz constant L3). Thus, we have

Ty(5) = O <ln Gﬂ) ,
where G and H are the uniform upper bounds for the norms of the gradients and Hessians
computed at the points generated by the main process. Validity of the assumption on the
finiteness of these bounds will be discussed in Section 5.

Let us write down our inexact algorithmic schemes (2.10) and (2.15), employing the
inner procedure (4.20). These methods have only one accuracy parameter 6 > 0, which
must be chosen in accordance to condition (4.29). They need also the constant Ls.

We start from the variant of Inexact Basic Tensor Method (2.10).

Inexact 3rd-Order Tensor Method

Initialization. Choose z( € E.
Iteration k& > 0.

Compute zx41 € N3(x) by method (4.20) with the following settings:

(4.31)
a) Starting point x o = 2. Approximation step 7 = 8(2+\/§)ﬁ‘;f(x T
k) Il*
b) Objective function ¢ (x) = ka7376[/3 ().
/3 1
. 3
c) Feasible set Sy, = {x e — x| <2 [%HVf(wk)H*} }
d) Scaling function py(z) = (V2 f(zk)(x — 1), x — xx) + Lada(z — xp).
At each iteration of this method, we have O (ln G:—f) iterations of the inner scheme.

Each of them needs three calls of oracle of the main objective function (twice for computing
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the approximate gradient of function ¢ (-) and once for verifying the stopping criterion).
In view of Theorem 2, the rate of convergence of the main process is as follows:

fa) = < (3)° [HLsB @) + 3(flwo) — £9)], k=1 (4.32)
Thus, the analytical complexity bound of the method (4.31) is of the order
1/3
0 (R(;,;O) : (Lfs) In ngH) : (4.33)

where €y > 0 is the desired accuracy in the function value. Note that this method uses
only the second-order oracle.
Let us look now at the accelerated scheme.

Inexact Accelerated 3rd-Order Tensor Method

Initialization. Choose z¢ € E. Define coefficients A by (2.13) with p = 3.
Define function ¢g(z) = da(x — xp).

Iteration k > 0.

_ : _ A Af+1
1. Compute vy = arg Ixnelil Yi(x) and choose yp = Api Tk + Aoy Uk

2. Compute xi11 € N3(yx) by method (4.20) with the following settings: (4.34)

38
+V2IIV (i)l

a) Starting point zj o = yx. Approximation step 7 = 3

b) Objective function ¢ (x) = Qy, 361, ().
2 :
c) Feasible set Sj = {:v e =yl <2 %HVf(yk)H*} }
d) Scaling function pg(x) = %(VQf(yk)(x —Yk), T — Yr) + Lada(z — yg).

3. Update ¢p11(2) = ¥x(2) + ap1[f (@11) + (Vf(@h41), 2 — 2p41)]-

As before, each iteration of this method needs at most O <ln G:—H> iterations of the
g

inner scheme. In view of Theorem 3, the rate of convergence of the main process in (4.34)
is as follows:

o\ 4
fla) = < & (9" Lallwg — 2|, k> 1. (4.35)
Thus, the analytical complexity bound of this method is of the order
1/4
O <||930 —z* - (’;—f?’) In G€J;H> , (4.36)

Recall that method (4.34) is a second-order scheme.
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5 Bounds for the derivatives

The complexity analysis in Section 4 is valid only if we can guarantee the finiteness of the
constants G and H. The simplest way of doing this consists in considering the following
class of functions:

Miaa = {fe€ CHE) : Mi(f) < 400, Ma(f) < 400, My(f) < +oo}. (5.1)

This is a nontrivial class, but it is quite restrictive. In this section, we show that it is
possible to derive the finiteness of G and H from our main assumption (4.3) and the
properties of the minimization schemes.

Indeed, we can easily bound the derivatives at test points belonging to a bounded set.
Let us present a trivial result, which follows directly from the Taylor formula (1.6).

Lemma 8 For any x € Bp(xo) o {zx € E: |z —x0|| < D}, we have

V@)l < IV F(o)ll + V2 (@0) D + 511 D% f (xo) | D? + §Ma(f)D?, 52
5.2
IV2f @)l < IV2f (o)l + 1D f(z0) | D + 5Mu(f) D2,

We can use the right-hand sides of inequalities (5.2) as our constants G and H provided
that the distance between zy and the test points does not exceed some D < 4o00. Note
that we do not use D, G, and H in our methods. They appear only in the bounds for
the number of inner steps and stay inside the logarithm. The important criterion (4.29),
defining an appropriate value of the parameter § > 0, is based on the available information
about the first and second derivatives at the current test point.

Thus, we need to prove that the sequences of test points in our methods are bounded.
Let us start from Inexact Basic Tensor Method (4.31). For this method, the situation is
very simple. We have already assumed that the size of the level set R(z) is finite. Since
the method (4.31) is monotone, for any xj generated by this scheme, we have

len — ol < oy — 2| + |2 — ol < 2R(z0), Kk >0.

Thus, we can take in (5.2) D = 2R(x).
Let us look now at Inexact Accelerated Tensor Method. Actually, for proving the
boundedness of sequences of the test points {y}r>0, it is better to consider its monotone
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variant.

Monotone Inexact Accelerated 3rd-Order Tensor Method

Initialization. Choose zy € E. Define coefficients Ay by (2.13) with p = 3.
Define function ¢y (z) = d4(x — x9).

Iteration k > 0.

_ . A Ak41
1. Compute vy = arg glelg Y (z) and choose y, = Apiy Tk + Ap oy Uk

2. Compute 211 € N3(yr) by method (4.20) with the following settings:

N (5.3)

V2V f (i)l

a) Starting point xj o = yi. Approximation step 7 = 3

~

b) Objective function ¢ (x) =y, 3614().
1
c) Feasible set Sy, = {x Sl =yl <2 [%va(yk)ll*} ’ }

d) Scaling function pi(x) = 5(V2f(yr)(z — yr), = — yr) + Lada(x — yp).
3. Update ¢p11(2) = Yx(2) + a1 [f (Err1) + (VI (@k41), © — Trt1)]-

4. Choose xp 1 = arg min {f(x) :x € {xo,... ,a:k,j:k+1}}.
X

The additional Step 4 of this method ensures monotonicity of the sequence { f(x) }x>o0-
The complexity analysis, presented in the end of Section 2, remains also valid for the
monotone variant (5.3). Indeed, in the right-hand side of the relation (2.18), we can
replace the point z; by any point with better value of the objective function.

Lemma 9 Let points {yx}r>0 be generated by the method (5.3). Then
lye — zoll < (1+ V2)R(x0), k>0. (5.4)

Proof:
Indeed, choosing in the relation (2.17) p = 3 and = = x™*, we get

iclloe =¥t < glla* — ol

At the same time, since f(xg) < f(xo), we have ||z —z*|] < R(zp). Hence, in view of the
definition of yi at Step 1 in (5.3),

luk — a0l < max{]lax — zofl, ox — woll} < max{2R(zo), (1 + VD) R(z0)}
— 1+ VD)R()). 0

24



Thus, for the accelerated monotone method (5.3) we can take D = (1 + v/2)R(zo).

6 Conclusion

The main conclusion, which we can derive from our results is that the existing classification
of the problem classes, optimization schemes, and complexity bounds is far from being
perfect. Traditionally, we put in one-to-one correspondence the type of numerical schemes
(classified by its order) and the problem classes (classified by the Lipschitz condition for
the highest derivative). In this way, we attach the first-order methods to functions with
Lipschitz-continuous gradients. The second-order methods correspond to the functions
with Lipschitz-continuous Hessian, etc.

This picture allows us to speak about the optimal methods. For example, we say that
the Fast Gradient Methods (FGM) with the convergence rate O (k*Z) are the optimal
first-order methods. However, the only reason why FGM could be called optimal is that
they implement the lower bound for a certain problem class, which is considered to be the
natural field of application for the first-order methods only.

However, now it is clear the above over-simplified picture of the world must be replaced
by something more elaborated. We have seen that there exist problem classes for which
the second- and the third-order methods demonstrate the same rate of convergence. So,
the correct classification of problem classes and optimization methods must be at least
two-dimensional. This is, of course, an interesting topic for the further research.
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