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1 Introduction

The classical optimal growth models have played a central role in the theory
of economic dynamics. The model is described by the presence of a planner
maximizing the sum of discounted utilities of consumption subject to a convex
one-sector production set. This simple and elegant model proves to be useful in
explaining many aspects of capital accumulation.!

The study of this type of optimal capital accumulation problems can be
considerably enhanced by means of Lagrange multipliers techniques.? Lagrange
multipliers have been widely used in solving finite dimensional constrained
optimization problems as they also facilitate the analysis on the properties of
the solution [see Rockafellar (1976)]. However, in infinite horizon optimal growth
models, these multipliers will typically belong to an infinite dimensional decision
space. Therefore, the questions whether the Lagrange multipliers exist and
whether they can be represented by a summable sequence arise.?

In this paper we extend the Lagrangean to infinite dimensional spaces and
provide sufficient conditions for Lagrangean to be represented by a summable
sequence of multipliers in infinite discrete time horizon optimal growth models.
We take the approach of placing restrictions directly on the asymptotic behaviors
of the objective functional and the constraint functions. In this sense, our work
is closely related to Dechert (1982).

Considering the set of problems in the form of: inf {F (x) | ¢ () < 0}, where
F: (> —Rand ¢: (> — (> are convex functions and = € ¢°°, Dechert (1982)
extends the Lagrangean to infinite dimensional spaces. However, a limitation
to the direct use of his results in infinite horizon optimal growth models stems
from the fact that he assumes that the objective functional and the constraint
functions are real valued on £°°. That avoids the analysis of the cases where the
usual Inada type conditions are assumed for the utility (in this case there is no
extension of utility value to R) and the production functions.

The paper is organized as follows. In section 2, we first present the problem
in general form and give the extension of the Kuhn-Tucker theorem where the
multipliers are represented in (¢>°)', the dual space of £*°. Second, we present
the sufficient conditions for having an ¢! representation of the multipliers and
state our main result. Finally, section 3 is devoted to the applications to a
one-sector optimal growth model and an incentive-constrained optimal growth
model.

!See Aliprantis, Border and Burkinshaw (1990, 1997) for some recent studies and Stokey
et al. (1989) for more details.

2Dynamic programming is another technique used in analyzing such models; see for in-
stance Alvarez and Stokey (1998), Le Van and Morhaim (2002). See also Weitzman (1973) for
the close connection between duality theory for infinite horizon convex models and dynamic
programming.

3The existence of separating vectors and whether they can be represented by a sequence of
real numbers in infinite dimensional spaces have been widely studied; see for instance Bewley
(1972), Majumdar (1972), Colonius (1983), Rustichini (1998) and McKenzie (1986).



2 Model

Consider the following intertemporal optimization problem (P):

min F (x)
st ¢(x) <0
x el

where F' : £ — R U{+oo} and (¢;); __ : 0 — R U {+oo} are con-
vex functions. Let ¢ (z) denote for (¢, (z )) —0...00- We define C = dom
(F) = {z€l>®]|F(z) <400}, T = do (¢) = {z €] ¢, () < 00, Vt}
and assume that C # 0.

By means of an application of the separation theorem on Banach spaces, we
give the following extension of the Kuhn-Tucker theorem in which the multipliers
are represented in (£>°)' :

Theorem 1 Let x* be a solution of (P). Assume that Vz € T’ we have ¢ (x) €
2. Suppose a0 € £ such that

2? € C, sup¢, (2°) <0 (Slater condition).
t

Then 3A* € (£*°)" such that

it) A" (z%) = 0,

)
(7) A* >0,
(
(tit) F(x)+ A" ¢(x) > F ("), Ve e (TNC).

Conversely, if 3z* € (T NC), A* € (£*°)" such that (i) — (iii) hold, then x* is
a solution.

Proof. Define the set Z as:
Z={(pz) ERx{*:Fxe £, p>F(x)—F(z"), 2t > ¢, (x), V¢ >0 }.
Z is non-empty (e.g. take p = F (x9) — F (2*) + € and 2z = 0,Vt > 0, where
¢ > 0 and x( satisfies the Slater condition). It is obvious that Z is convex and it

satisfies Z N (R_ X K‘f’) = (). Since int (E‘f’) # (), we can apply the separation
theorem: 3 (c,A) € Rx (£°)" \ {0} such that:

V(p, z) € Z, V(p/, z/) € (R x £2): cp + A7 <cp+ Az (1)

In particular, this relation implies that:

cp+Az2>0,V(pz) € Z (2)



Note that (p,2) € Z if p > 0 and 2 > 0, V¢ (take = x* in the definition of Z).

We first want to prove that ¢ > 0. On the contrary, if ¢ < 0 then keeping z
fixed and letting p — +oo in (2), we obtain a contradiction. Hence ¢ > 0.

Now we claim that A € (£), ,ie. Az>0,Vz € (3. For that, take z € £3°.
Let 0 = (1,1,1,...1,...) and p = 1. Then, (p, 0+ pz) € Z for any p > 0.
From relation (2), we notice that cp + A (0 4+ pz) > 0, Vu > 0 or equivalently
ut(ep+A9) + Az > 0, Yu > 0. Letting u — -+o0o, we obtain that Az > 0,
Vz € £5°. Hence, A € (£°),

We now prove that ¢ > 0. Assume on the contrary that ¢ = 0. In this case,
we know that A # 0. Note that the closure of Z is:

Z =1 (20,2) ERx (®:3x € £, 20> F(x)— F(2*), 2z > ¢, (x),Vt }.
Observe that we still have,
cp+Az>0,V(p,z2) € Z. (3)
As (F (2°) — F (z*), ¢ (2°)) € Z, from (3), we obtain a contradiction:
0> Ag (2°) >0,
due to the fact that sup ¢, (2°) <.

Let A* = ¢ !A in order to obtain the claim (i) of the theorem. Now, we prove
the claim (ii) of the theorem. Since A* > 0, (0, ¢ (2*)) € Z and ¢ (z*) € (>,
we have on the one hand A*¢ (2*) < 0 and A*¢ (z*) > 0 on the other. Hence,
A*¢ (%) = 0.

Finally, take zg = F (x) — F (z*) and z = ¢ (), Vz € (' N C). Then, from
inequality (3), we obtain that:

F(z)—F (") +A¢(z) >
F(z)+A¢(z) > F(z*)+ A9 (:E*) V€ (Fﬂ C).

As for the converse, let = € £°° satisfy ¢ (x) < 0. Then, x € I". If x ¢ C then
F (z) = +o0 and of course we have F (z) > F (z*). Now assume that x € C.
Relations (i), (ii) and (iii) imply that

F(z) 2 F(z) + A¢(x) 2 F (2") + Ao (z7) = F (2").
Thus, we have proved that x* is an optimal solution. m

Corollary 1 Let the assumptions of Theorem 1 be satisfied. If x* (solution to
the optimization problem P) satisfies that x* € int (I N C), then we have

Ve €, F(z)+A¢(x) > F(z")+ A" ¢ (x¥)
where A* € (()., and A*¢ (z*) = 0.



Proof. We know that 3A* € (£>°) such that:
Vee (TNnC), Fz)+A¢(x) > F(z")+ A" ¢ (z*) and A"¢ (™) = 0.

Now assume that x € €. As z* € int (TNC), we have (ux* + (1 —p)x) €
int (I'N C) where p € [0,1] and p approaches to 1. Then, we can write that :

F(ua® + (1)) + N6 (ua* + (1 - p)a) > F(a*) + A6 (a").
As F and ¢ are convex and A* > 0, we obtain that:
pF (%) + (1= p) F () +pA"¢ (%) + (1 = p) A"¢ (x) = F (27) + A9 (27) =

F(x)+A¢(z) > F(z*)+ A¢(z*), Ve el>®. nm

2.1 An /‘representation of the multipliers

In this section we provide an ' representation of the multipliers. As F and ¢ are
convex and a Slater condition on ¢ is satisfied, by means of a standard separation
argument on Banach spaces we have shown the existence of a A* € (£%°), .

However, we know that (fl)‘ = (> but (£>°)" # ¢t

Denoting the set of bounded linear functionals generated by the purely fi-
nitely additive measures on integers with £° [see Rudin (1973) for a broad analy-
sis of those functionals], we can identify the dual space of £*° with a direct sum
of two subspaces: (€>°) = (' @ ¢°. Then, for each A* € (£*°), , we adopt the
notation A* = A' + A® where A € ! and A® € ¢°. Our aim is to avoid the ¢*
part of A* € (£>°)!, so that each constraint ¢, (z) will have a multiplier \; as-
sociated with it. To that end, we will take the approach of presenting sufficient

conditions so that A® = 0.

Definition 1 Let x € (*, y € (> and T € N. A sequence zT (z,y) is defined
by:

Tt, t S Ta

T —
vy =1, S

We make the following assumptions which will prove to be useful in our
analysis:

Assumption 1 If x € C, y € (> satisfy VT > Ty, 27 (x,y) € C then
F (xT (z,y)) — F (x) when T — oco.
Assumption 2 If v € T, y € T and 27 (x,y) € T, VT > Tj then
(a) ¢ (27 (2,9)) — ¢ (x), as T — oo,
(b) IM s.t. VT > Ty, H¢ (xT (x,y))” <M,
(¢) YN > Ty, lim [¢; (2 (2,)) — ¢, ()] =0.



We also adopt the following conventions [see Rockafellar (1976)] in our analysis:
0 (+00) = (+00)0=0,
a (+00) = (4+00) a=+o0if a > 0.

We have the following remark on the assumptions we have made:

Remark 1 Assumption 1 is satisfied if F' is continuous in C =dom(F') for the
product topology. Assumption 2-(a) is the asymptotically non-anticipatory as-
sumption (ANA) and Assumption 2-(c) is true if the asymptotically insensitivity
(AI) assumption holds [see Dechert (1982)] for ¢ in T' = dom (¢). Obviously,
Assumption 2-(b) is satisfied when T' = dom (¢) = £>° and ¢ is continuous.

More precisely, the restrictions on ¢ that we use lead to the following two
lemmas :

Lemma 1 Under Assumption 2-(c), we have:
A (2N (z,y)) = N¢ (y), for any N > Tp.

Proof. Follows directly from the property of £%. Indeed, for any A® € ¢° and
x € £ with tlim x (t) =0, A’z = 0. Given N, as tlim [ & (2N (z,9)) — ¢, (y)] =
0, we have

A [ ¢ (2N (z,9) — o (y)] =0,

completing the proof. m

Lemma 2 Let Assumptions (2-a) and (2-b) be satisfied. Then, VYA € (1,
~ 1 (T _ Al
Jim Al (27 (w,9)) = Ao ().
Proof. We have for T' > T,

A (2T (2,y)) — Ao (2)] <

N %)
Sl [ (2" (@) = 6 @)+ | (27 (2 9) o ()] D M-
t=0 t=N+1

By Assumption (2-b), we know that 3M such that:

VT, || (¢ (2,y)) — ¢ (@)|| < M' = M + |6 ()] -
Now, Ve > 0, ANy such that:

oo

Y < (zM’)_la,

t=Np+1

and 3T > Ty, VT > T,

Al (90 (&7 (2,9)) = ¢, ()] < (2No) " e.



Hence, VT' > max {T'},
1<t<No

A6 (27 (2,y)) — A'¢ (x)| < No (2No) e+ M’ (2M’)*1 e=¢,

completes the proof. m

With this structure in mind we can proceed with our main result:

Theorem 2 Let Assumptions 1-2 and the assumptions of Theorem 1 be satis-
fied. Let dom (¢,) = dom (¢), Vt. Let x* be a solution and x° satisfy the Slater
condition. If z7 (J:*, xo) belongs to (I'NC), VI > Ty, then there exists A € (%
such that:

Vo e 0>, F(z)+A¢(z) > F(2%) + Ao (z7)

and

Ag (™) = 0.

Proof. By means of Theorem 1, we know that JA* € (EOO)/, A* > 0 such
that
Vee (TNC), F(x)+A¢(x) > F(x*)+ Ao (z")

and

A*¢ (2¥) = 0.
Write A* = A'+A® where A' € ¢} and A® € (5. As A* > 0, we have A'¢ (z*) =0
and A*¢ (%) = 0. For a given N > Ty, 2V (2*,2°) € ('N C). Hence,
F (a:N (x*,:vo)) + Aty (IN (az*,xo)) + A (ZEN (I*,xo)) > F(x").

Note that A'¢ (¢ (z*,2")) — A'¢(z*) when N — oo by Lemma 2 and
A (xN (w*,xo)) = A9 (xo) by Lemma 1. By Assumption 1, we know that
F (N (z*,2°)) — F(2*) when N — oo. If A® # 0, by taking the limits in
the previous inequality we obtain F (z*) > F(2*)+ A¢ (2°) > F(2*) : a
contradiction. Hence, A® =0 and A = A' € ¢} . We have proved that:

F(z)+A¢(z) > F(z%), Yz e (NC), Al

where A¢ () can be written as:
A () =D N, (x), At 20, Vt.
t=0

LetI:{t|)\%>0}.Wehave
F(x)+ ) Aoy (2) > F(a7).
tel

If I =0, then F (z) > F (z*), Vo € C. In this case, if x ¢ C, then F (z) = +oc0
and the inequality still holds. Finally, what happens if I # (0 ? If z ¢ T then



S Af¢, (x) = +o0. Since F (z) € RU {400}, we have F (z)+ > M\ ¢, (z) = +00
tel tel
so that the inequality F' (x)+A¢ (x) > F (z*) holds. On the other hand, if z € T’

and z ¢ C we have also F (z)+ 3 A\ ¢, (z) = 400 and F (z)+A¢ (z) > F (z*).
ter
Thus, Va € £, F (x) + A¢ (x) zeF(a:*) ]

3 Applications
Example 1 One-sector optimal growth model

Production possibilities are represented by a production function f and pref-
erences are described by a one period reward function u and a discount factor
B. At period t, a single commodity is used as capital to produce output and
the output is either consumed or saved as capital until the next period. This
process repeats ad infinitum. The problem is formalized as follows:

max Z Bu(cr)
t=0

subject to
C¢ + kt+1 — f (k'f) S 0, Vt
¢ > 0,Vt>0
ke > 0,Vt>1
ko > 0, given.

Definition 2 For any initial condition kg > 0, when k = (ky, ko, ...kt ...) is
such that 0 < ki1 < f (k) for all t, we say it is feasible from ko and the class
of feasible accumulation path is denoted by ] (ko) .

Definition 3 A consumption sequence ¢ =(cg,c1,Ca,...Ct,...) is feasible from
ko > 0 if there exists a sequence k €[] (ko) that satisfies 0 < ¢ < f (ki) — ki1,
for all t; and the class of feasible consumption sequences from ko is denoted by

> (ko) -

In section 2, actually ¢°° denotes the space of uniformly bounded sequences
of R", n > 1. Now, we will denote by ¢>° the space of sequences {(ct, k¢)}
with sup |¢;| < +o0 and sup |k| < +00. We make the following assumptions:

t ¢

Assumption 3 The one period reward function u is concave in R and strictly
increasing. Further, 5 € (0,1) and v’ (0) < +o0.

Assumption 4 The gross production function f is concave, differentiable in
R, and strictly increasing. Further, f(0) =0,1 < f'(0) < +o0 and f’ (c0) < 1.

Assumption 5 In order to extend u and f on R, we have u (¢) = —o0 if ¢ < 0
and f (z) = —c0 if z < 0.



The assumption of f/ (00) < 1 implies the existence of a maximum sustain-
able capital stock k for which f (k) < k iff k > k and f (E) = k. Further,

if f(0) > 1, then for all ky > 0, there must be some 0 < k' < ko such that
f (k/) > k. Then, for all kg > 0, there is a feasible interior consumption-
accumulation plan described by k'>0and ¢ = f (kl) -k
Note that this problem can be written as
min F (x)
st. ¢(x) <0
X € £ X £

where x = (¢,k), F(x) = — 3 f'u(c;) and F : £ x £ — RU {+o00}. We
=0

denote ¢, = (¢¢,97,9;) where ¢, (x) = ¢ + kerr — f(ke), 67 (x) = —c,

V¢ >0, and ¢}, (x) = —k11, V¢ > 0. Accordingly, C = dom (F) = (2 x (>,
I' = dom (¢) = (>° x (3 = dom (¢;), YVt and CNT = {5° x (.

Now we will show that Theorem 2 is satisfied for this optimal growth problem
under Assumptions 3 to 5:

1. Since f (0) > 1. for any ko > 0, there exists k& such that 0 < k' +& <
Flko) and 0 < k' +¢ < f(k:) with ¢ > 0. Let k0 = (kzokk:)
¢’ = (e,6,¢,...) and x* = (¢, k%) . Note that sup¢, (c”) < 0. Thus,

t

Slater condition is verified.

2. Consider any x € C, X € (% x £* such that VT, xT (;(7;) € C. We know

that:
~ T ~ e ~
F (xT (%,?{)) = 726% (c) - Z Gt (E) .
t=0 t=T+1
As X € (™ x £°°, Sup’a‘ < +oo. In other words, da > 0, Vi, ?t‘ < a.
t
Note that,
Z Bru(a) = u(a) Z " — 0 when T — o0, as 3 € (0,1).
t=T+1 t=T+1

Then, we have
F (XT (%,ﬁ)) — F ()Nc) when T" — oo

so that Assumption 1 is satisfied.



3. Let x =(c,k), k: > 0,Vt and y = (¢',X'), k} > 0,Vt. We have:

1 T o Ct+/€t+1—f(k’t)<—|—oo7 if t<T
0 ) =L Ll F(k) < too, i £S5 T

and
(;5%« (XT (x7y)) =cr +kpyy — f(kr) < +oo.

Then, x” (x,y) € T, VT. It is evident that if T >t + 1, we have:
¢ ((x" (x,¥))) = oy (%).

It is clear that the same is also true for QS,Q (xT (x, y)) and gbf’ (xT (%, y)),
as well. Thus, Assumption 2-(a) is satisfied.

4. Foranyx e I', y €T, let

My = ¢ (x)[I = sup ¢, (x)|
t>0

and
My = [l ()[I” = sup ¢, ()] -
>0

Knowing that

Tt tST

T —
X (X7Y)_{ Yt, t>T

and simply setting M = max { M7, M>} lead us to conclude that IM such
that, VT, ||¢ (:vT <x, y>)

5. We know that

< M. This proves that Assumption 2-(b)

is satisfied.

¢t(x)a tSN

VN, ¢t (XT(va)) :{ ¢t(Y)’ t>N

A A
Let ¢ = N + 1. Then we have ¢, (x* (x,y)) = ¢, (y), when ¢t > t > N.
Thus, Assumption 2-(c) is satisfied.

6. It is obvious that 2”7 (x*, xo) belongs to £3° x £°, VT.

Summimg up, we have shown that the assumptions of Theorem 2 are fulfilled
for our optimal growth problem. Hence there exists A € €1+ such that Vx € £°°,
if x* is optimal, then

F(x)+A¢(x) > F(2")+ Ap(2*) and Ag (2™) = 0.

These establish the following proposition.



Proposition 1 If x* = (c*, k*) is optimal then there exists A € E}F such that
Vx = (¢, k) € £ x £,

D B u(er) =Y N (R — L))+ Mo ) Nk >
t=0 t=0 t=0 t=0
> Bule) = > A ler ki — F(R))+ D N+ Y Nk (4)
t=0 t=0 t=0 t=0
and
M (e + ki — f (k) = 0,9 (5)
N =0, (6)
NEr =0, vt. (7)

As by-products of this proposition, we obtain that the sequence {5’ (c;)}
is in /' and Euler equation holds for this optimal growth problem. Clearly, the
property {ﬁtu' (c;)} is in €' can be obtained in different ways even without
resorting to our approach. In order to obtain that prices belong to ¢!, Le Van
and Dana (2003), for instance, use Euler equation and the monotonicity of
the optimal paths. In fact, the monotonicity property of optimal paths in the
one sector growth models goes back to Dechert and Nishimura (1983) among
others. Ekeland and Scheinkman (1986) obtain that {8u’ (¢j)} is in ¢! under
more general settings by considering non-concave infinite horizon problems with
unbounded returns. Their analysis does not involve Euler equation and the
monotonicity of the optimal paths. Instead, their analysis relies mainly on
Fatou’s lemma together with some technical assumptions on the utility function
(see Assumption P2(c;), page 221). In our approach, both results are obtained
independent of each other. In particular, the proof of the summability of the
sequence { 3"’ ()} is immediate from our theorem.

Corollary 2 Let Assumptions 3-5 be satisfied. Assume that u is strictly con-
cave and continuously differentiable with u (0) = +o0. Let x* = (c¢*, k*) be the
optimal solution. Then we have:

(i) The sequence {ﬂtu’ (¢p)} is in £3\{0}.

(ii) Euler equation:
vt (cf) = pu’ (C:+1) f (kf+1) (8)

Proof. It is clear that by means of Inada condition (u’ (0) = +00), we have
¢ >0, kf >0, Vt. Thus, \7 = \} = 0, V¢, from equations (6) and (7).

(i) Define ¢, k as follows:

ke = k', it
ce=cf, Vt#T,
cr = ¢ +¢e, € € R such that ¢ +¢ > 0.

10



Inequality (4) implies that:
Bru(er) = Ar ¢p = lu(ch +¢) = Ap (cp +e),
for any ¢ in a neighborhood of zero. This implies:
g’ (er) — Ay = 0.
Since, from Proposition 1, X € ¢}, then (ﬂTu’ (c})) e,
(ii) Define

et =cf, Vt
ko = Ko, Wt AT +1
kri1 =k, +¢, € € Rsuch that k7 +e > 0.

By (4), we have:
“Ap K+ A [ (Bp) 2 =Ap (B +e) + Apg [ (kg +e)),
for any ¢ in a neighborhood of zero. Therefore,
~Ap + A f (Rpp) =0.
From (i), we know that A} = 37/ (¢%) . Hence, Euler equation follows. m

Remark 2 In order to have an {* representation of Lagrangean, Dechert (1982)
introduces the hypothesis that:

OF (x*) C (%,

together with two constraint conditions: ¢ is asymptotically insensitive (AI) and
non-anticipatory (ANA). Contrary to Dechert (1982/, the hypothesis OF (x*) C
0 is not necessarily verified. Indeed, suppose that f (0) < % Let u be differen-

tiable in Ry with u' (0) = +oo. If OF (x*) C £, then we will have:
OF (z*) = { (v (c}), Bu' (c}), ..., B (c}), ..)}-

Hence, F is differentiable at x* and thus, continuous at x* (for the topology
£>). Hence, Ye > 0, In,

<e.

[ee] (o9}
sup e — il <n= |37 Blule)) =37 Blule)
t=0 t=0

We know that ¢ — 0. Then, 3T, ¥Vt > T, 0 < ¢ < n. So define ¢; = cj,
t#T and e = & —n < 0. (¢, ...ct, ...) verifies sup|c; —¢;| = n and u(c) =
¢

S Blu()— > Blule)| <
t=0 t=0

—o0. Thus, | B u(ch) — 6Tu (cT)‘ = +o0 and

€, does not hold.

11



Remark 3 The assumption that f'(0) > 1 is crucial to have multipliers in (*.
Indeed, assume, on the contrary, that f'(0) < 1. Assume that Inada condition
holds. We then have the Fuler equation:

~Ap + A f (Rpp) =0.

Since f' is decreasing, we have f (k3.1) < f'(0) < 1. Hence )‘%“H > \p, VT
In other words, Ny > )\(1) = (c§) > 0,VT. That proves that the multipliers Al
are not in (1.

Example 2 The Recursive Utility and Optimal Growth

In the previous example, one can use the support prices approach according
to Weitzman (1973) and McKenzie (1986) tradition. But this approach is spe-
cific to separable utilities. We give below an example where their method fails.
Actually, if we want to generalize their method to this example, we will not find
support prices period by period, but the whole sequence of support prices. It
turns out to prove that the optimal growth model has a summable sequence of
multipliers.

Regarding production technology we keep the same assumptions as in Ex-
ample 1. We know that for all kg, there exists A (ko) > 0 such that k € IT (ko)
implies k; < A (ko) for all ¢. Let w denote the first coordinate projection function
and S be the shift operator, i.e. 7x =xg and S (x) = (1, ...2, ...) . Following
Dana and Le Van (1990, 1991), we focus on utility functions that can be ex-
pressed as:

U(c) =W (mwc,U(Sc)) (9)

where W : Ry xRy — Ry is an aggregator function that satisfies the following
properties:

(W1) W is continuous and satisfies W (0,0) = 0;
(W2) W is concave and nondecreasing in both arguments;

(W3) There exists 6§ € (0,1) such that

‘W(c,z) fW(c,z‘)‘ < 6‘272“ ,Vz,V2' Ve

Under assumption (W3), one can check that for any A > 0, one can define
the utility of the stationary sequence (4, A4, ..., A, ...) denoted by W (A, W(A4,..)
as the limit of W (cp, W(eq,...W(cr,0))...) with ¢, = A, for every t. We actually
have W (A, W (A4,..) < (1—6)""W(A4,0).

Dana and Le Van (1991) established that, under (W1)-(W3), with every
aggregator W is associated a unique utility function U, which satisfies (9) and
meets other regularities conditions such as continuity and the concavity. As in
Dana and Le Van (1990), we add:

12



(W4) W is CL. Tt satifies Inada conditions:

%—VZ(O,Z) = +o0,Vz >0,

ow
8—(0, z) < +oo,¥e>0,Vz > 0.
2

This optimal growth problem with recursive preferences can be written as
follows:

min F (x)
st.p(x)<0
x € (T x (¥
where x =(c,k), ¢, (x) = ¢t + key1 — f(ke), V& > 0, ko > 0 is given and
F(x)=-U(c) with F: £ x {* — R,.

Proposition 2 The optimal growth problem with recursive preferences under
(W1)-(W4) has a solution and multipliers in ¢*.

Proof. The proof of the existence of a solution is standard and follows from
the continuity of U and f. We will show that Theorem 2 applies :

i) We know that for all ko, there exists A (ko) > 0 such that k € II (ko) implies
ky < A (ko) for all t. Then U is well defined and bounded from above over 3 (ko)
as a consequence of A (ko) also bounding feasible consumption. In other words,

We feasible, U (S) < W (A (ko) , W (A (ko) ...)) < .

Consider now X = (¢,k) € C, X = (¢,K) € 05° x £ such that VT,
' ()Ng;) € C. We have:

F (" (x%) - F (5)] =
(W (co, . W (er, W (dpyq,-2))) = W co, .. W (e, W (ersa, --.)))| <
§T+1 ]W (CITH,W(...)) - W(CT,W(...))’ < 26THIW (A (ko) , W (A (ko) ...))
which leads to:
F (xT (%i)) ~F (?;) when T — oo.
Thus, Assumption 1 is satisfied.

ii) Slater condition and Assumption 2 are easily verified from Example 1.
Finally, it is obvious that 7 (x*, XO) belongs to £3° x (3.

All the assumptions of Theorem 2 are satisfied. m

13



From Inada condition, the optimal paths satisfy Vt,c; > 0, k; > 0. Proposi-
tion 2 implies that there exists A € 1 such that Vx = (¢, k) € (2 x (°,

W (W (¢f5 ) = D M (¢f + Ky — f(K])) >

t=0

W (cg, .. W (¢, ...)) — Z At (et + kepr — f(ke)),  (10)
t=0
and
N (6 + Ky — £ () =0,

Corollary 3 Assume that W is strictly concave and continuously differentiable.
Let x* = (c*, k*) be the optimal solution. Let U be the recursive utility defined
by U(c) =W (mwe,U(Sc)). Then we have:

(i) The sequence g—g (G Cfsnn) s in €\ {0}.

(ii) Euler equation:

vt, dc (¢t 2i41) = dc (s 2i42) W(Ctaztu)f/ (kfy) . (11)

where Vt, zf = W(c;, W(ciyq,..-)) =U(c], ciyqs-on)-
Proof. (i) Define ¢,k as follows:

ke = ki, Vt,
Ct:Cra Vt#Tv
cr =cp +¢€, € € Rsuch that ¢ +¢ > 0.

Inequality (10) implies that:
W (¢, . W (cp,...)) = Ar ¢ > W (e, . W (cp + &,...)) = Ar (¢p+¢€),
for any ¢ in a neighborhood of zero. Then, we have:

ou * *
% (CO, ey Cp,y ) - )\T =0.

(ii) Define

c=c;, Vt
ke = K, VAT +1
kri1 =k, +¢, € € Rsuch that k. +e > 0.

By (10), we have:

—Ar ko + Arga f (k};ﬂ_,'_l) > =Ar (k;u,_l + 5) +Ar1 f (kl;_,_l + E) )
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for any ¢ in a neighborhood of zero. Therefore,
—Ar+ Apgaf (Byq) =0.

From (i), we know that A\p = 2% (¢, ., ¢, ...) . It is easy to check that

8CT

% (COs - Cpyoe) = W(COazl)"'W(ct—lvzt )W(Ct,ztﬂ),
while
oU oW ow ow

— (3, ., c* L) = —=(ch, 2)) ... ———(c}, 2z ) —=—(ci i, 2 0).
8CT+1 ( 0y “T+1> ) 02 ( 0> 1) Oz ( to t+1> dc ( t+1> t+2)

Hence, Euler equation follows. m
Example 3 The Incentive-constrained optimal growth model [Rustichini (1998)]

Consider the following problem (G):

max Zﬁtv<xt7xt+1)7 0< ﬁ <1,
t=0

st (zg,x0401) € A CR™ WL,

o, 1S given,

where the government announces the optimal sequence of allocated capital goods
(z¢). The government is assumed to have a full commitment power. This as-
sumption is too strong as the government has the possibility to modify its pre-
vious plan together with the specification of the continuation value that the
government will receive after any deviation from the previous plan. The value
of the deviation defines a constraint on the plans chosen by the government:
o0
at any date N, the value of the government’s criterion, > BNV (xy, x441)
t=N
should be greater than the value of the deviation, D(xx). Then, the incen-
tive constrained optimal growth problem can be written in the general form by
adding these additional constraints to problem (G):

max Zﬁtv<xt7xt+1)7 0 < ﬁ <1,
t=0

s.t. Z BNV (2, 2041)
=N

(l’t7.’17t+1) e AcC R2",Vt,

xg € mi(A), is given

%

D(zn),VN =0,1, ...,

where 71 denotes the projection on the first component.
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We make the following assumptions:
Assumption 5 The set A is convex, compact and non-empty.
Assumption 6 The function V is concave, continuous on A. The function D
is continuous and convex on 71 (A).

Assumption 7 If (z7, 23, ..., 27, ...) is optimal from z, then there exists T such
that:

(i) (zo,T) € A, (T,T) € A,
(i) D(zo) — V(z0,T)— (1 — B) ' V(T,T) <0, D(T) — (1 - ) ' V(Z,T) <0,

(iii) 3T such that (z%.,7) € A for every T > Ty.
We then obtain the following propositions:

Proposition 3 Under Assumptions 5-7, the Incentive-constrained problem has
a solution.

Proof. First, observe that under Assumption 7-(ii), the feasible set is non-
empty. It is then straightforward to prove that V' is continuous for the product
topology and the feasible set is compact for this topology. Hence, there exists a
solution. m

Proposition 4 Under Assumptions 5-7, the Incentive-constrained problem has
a solution and multipliers in €*.

Proof. Obviously the sequence (z,Z, T, ..., T, ...) satisfies the Slater condi-
tion by Assumption 7-(ii). Let us check whether the assumptions of Theorem 2
are satisfied:

(i) It is obvious that I' = C' = {x € £ : (x4, x441) € AVt =0,1,...}.

(ii) Since A is compact and V', D are continuous, Assumption 2 (b) is satis-
fied. One can easily check that Assumption 1 is also satisfied.

(iii) To check Assumption 2 (a), observe that for x, y € T, for T' > N, we
have:

lon (x"(x,¥))— on(x)| <2M (1—pB)~ g7 N

where Vi, ¢;(x) = D(xi)—il BV (x4, x441) and M = max {V (a,b) : (a,b) € A}.
Thus, when T" — 400, =
On (X7 (x,¥)) = dn(x).

(iv) Since, given N, for ¢ large enough, ¢,(x™(x,y)) = ¢(y), Assumption 2
(c) is satisfied.

Finally, by assumption, the sequence x*(x*,¥) belongs to I' = ' N C for
every T > Tp. All the assumptions of Theorem 2 are satisfied. m
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By Proposition 4, we obtain that the Lagrange multipliers are in ¢'. We will
now show how this result can help us to characterize the steady states of the
incentive constrained problem.

Let (27,5, ...z}, ...) is optimal from xy. By Proposition (4), V(z¢, z141) €
A, we have:

>

ZﬁtV(l’I,xIﬂ) - Z AN [ (zn) Zﬂt NV (@}, 2i41)
N=0

t=0 t=N

Zﬂtv(xt7$t+l Z AN lD Z 5t_NV(l’t,iUt+1)]
t=0 t=N

and
oo

Ay [D(:r,}‘v) -3 BNV (g, xjgﬂ)l =0,VN. (12)

t=N

The first order conditions can be easily obtained as:

[Ut + ﬁt] Va(zy, 55:+1) + [UTH’l + ﬁHl] ‘/1($:+17 37:+2)
—/\t+1Dl($t+1) ZO, t:O,l,... (13)

where v; = Z AnBN and Vi, Vs denote the partial derivatives of V(z,v)
with respect to az and y, respectively.

Let us study the steady states (Zy) where the incentive constraints are bind-
ing. One of the necessary conditions follows from (12) as:

V (%o, Zo) = (1 = B8) D (Zo) - (14)

which can have many solutions. Consider one dimensional case and assume that
(To,Zo) € int A. Writing (13) for ¢ — 1 and ¢ at the steady state, and noting
that vy = Bui_1 + A, one can prove that [see Rustichini (1998)]:

Vi (2o, %0) + D' (20)
D'(Zo) — V1 (Zo, Zo)

)\t+1 = )\t-

By Proposition 4, we know that \ € €1+. Then, in addition to (14) we also have:

V3 (Zo,%0) + D' (Zo)
D' (Zy) — V1 (Zo, To)

0< <1. (15)

It should be noted that (14) and (15) are just necessary conditions for Zy
to be a steady state of the incentive constrained problem. It is also worth
mentioning that Rustichini (1998) used more assumptions (see Theorem 5.7,
page 357) on the functions V and D in order to obtain (15).
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