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Abstract

Climate change is driving dramatic shifts worldwide, including wildfires, droughts,
and unusually high temperatures. Without urgent efforts to reduce greenhouse
gas (GHG) and pollutant emissions, exceeding the established limits for global
temperature rise will become inevitable. A crucial step is to develop innovative
solutions that address the link between energy demand and pollutant emissions.
Since most global emissions stem from traditional combustion-based processes,
finding ways to reduce emissions from these sources will have the greatest impact.

Researchers are actively working on novel combustion technologies that can
achieve high energy efficiency, offer fuel flexibility, reduce greenhouse gas and
pollutant emissions, and ensure robust and reliable operation. However, the
design process of such systems is time-consuming and costly, as changes in design
parameters directly affect system performance. Evaluating the operational behav-
ior of these technologies heavily depends on extensive experimental campaigns
and high-fidelity numerical simulations. Due to the multi-scale and multi-physics
nature of combustion systems, achieving both physical insight and robust designs
require tools that are accurate yet computationally efficient to explore and predict
a wide range of operating conditions and device geometries.

Exclusively relying on experimental diagnostics is not practical, as accessing
the combustion zone is both technically challenging and prohibitively expen-
sive. From a computational perspective, although computational fluid dynamics
tools have advanced significantly in recent years, accurately predicting complex
reacting flows—especially those involving detailed chemical kinetics and ad-
vanced turbulence-chemistry interactions—still demands immense computational
resources, which remains a critical barrier.
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The growing interest and progress in machine learning algorithms offer a
promising pathway to address this challenge. Data-driven reduced order models
(ROMs) can replace computationally expensive full-order simulations, accelerat-
ing design exploration, optimization, and real-time predictions. However, these
models typically require large training datasets generated from high-fidelity sim-
ulations, and the associated computational cost still represents a major limitation
in their practical use.

Multi-fidelity reduced order models provide a solution by striking a balance
between accurate but costly high-fidelity data and less accurate but inexpensive
low-fidelity data, enabling reasonably accurate system predictions at significantly
reduced computational cost. Given the typically large number of quantities of
interest and the high dimensionality of numerical domains, training datasets for
such models suffer from the curse of dimensionality. To address this, dimen-
sionality reduction techniques are commonly applied to simplify the regression
problem. In multi-fidelity frameworks, a shared low-dimensional representation
is established across both fidelity levels using manifold alignment techniques.
These shared manifolds are then employed to train regression models capable of
accurately predicting the system’s full state under new operating conditions.

The overarching goal of my work has been to develop a multi-fidelity reduced
order modeling framework for combustion systems. Specifically, my research
combined proper orthogonal decomposition for dimensionality reduction, Pro-
crustes manifold alignment to establish shared low-dimensional manifolds, and
CoKriging-an extension of Gaussian Process Regression- to predict the system’s
state.

In particular, to address one of the key questions in multi-fidelity model-
ing—determining the minimum number of high-fidelity data points required for
a desired level of model accuracy — I developed incremental sampling algorithms
to (i) reduce the model prediction error, and (ii) minimize the uncertainty of
the framework. The accuracy of the multi-fidelity framework and the effec-
tiveness of the incremental sampling strategies were first assessed on a furnace
operating with a methane-hydrogen fuel blend under Moderate and Intense
Low-oxygen Dilution combustion conditions. The results showed that sampling
strategies focused on reducing model uncertainty were most effective, and that
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the multi-fidelity model achieved prediction accuracy comparable to its single
fidelity counterpart while reducing the number of training degrees of freedom
by approximately half.

The same framework and sampling strategies were also applied to ammonia
combustion in a stagnation-point reverse-flow combustor to test the framework’s
adaptability to different fuels and configurations. In addition, I investigated the
effect of CoKriging predictions in extrapolation scenarios — specifically, test
conditions outside the original design space. The results demonstrated that the
multi-fidelity framework is flexible and effective across different combustion sys-
tems and fuels. While prediction accuracy and computational savings were lower
in extrapolation cases compared to interpolation, the framework still successfully
captured the qualitative behavior of key quantities of interest outside the training
range.

The training dataset for the ammonia case was initially limited, which moti-
vated expanding the design space through additional simulations. This expansion
revealed significant changes in combustion characteristics within the combus-
tor as the equivalence ratio and air inlet temperatures decreased, largely due to
ammonia’s narrow flammability limits. To further improve prediction accuracy,
a hierarchical clustering technique was introduced to optimize the distribution
of training samples. The results showed that this clustering approach not only
provided a more structured strategy for model development but also improved
prediction accuracy while reducing computational cost by tailoring the training
process to localized behaviors within the design space.

Finally, a multi-level multi-fidelity reduced order model was developed by
integrating experimental measurements as high-fidelity data, while 3D and 2D
RANS simulations served as mid- and low-fidelity datasets, respectively. The
results demonstrated that incorporating additional high-fidelity experimental
data progressively stabilized the model’s response and significantly improved its
prediction accuracy compared to the multi-fidelity model trained exclusively
on numerical simulations. It was also observed that the framework was highly
sensitive to the initial selection of the linked datasets and to the constraints applied
when selecting subsequent high-fidelity data points within the design space.
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Overall, this work shows that multi-fidelity reduced order models provide an
effective solution for balancing accuracy and computational cost. The adaptability
of this approach to different fuels and combustion systems makes it particularly
valuable for the combustion community, as it accelerates design and optimization
processes that are otherwise computationally intensive and costly, especially in
combustion applications. Future work will focus on improving model accuracy by
expanding the training dataset, optimizing hyperparameters, exploring alternative
regression methods, and integrating physical knowledge to develop physics-
informed models.
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mental sampling with Guénot et al. [40]’s adaptive sampling
strategies on the 30-fold-statistics of the NRMS error ENRMS. . . 78

6.1 The average NRMSE of QoIs (EQoIs
NRMS) for interpolation test data

(T1 and T2) for different total variance values for case A . . . . . 84



List of figures xxi

6.2 The average NRMSE of QoIs (EQoIs
NRMS) (a) for case A and (b) case

B for variance and error-based sampling strategies . . . . . . . . 86
6.3 The average NRMSE of QoIs (EQoIs

NRMS) for test data inside the
design space (T1 and T2) for each QoI . . . . . . . . . . . . . . . 87

6.4 NO field predictions of MF-ROM (right) built with (a) 5 HiFi, (b)
6 HiFi and (c) 11 HiFi with respect to the CFD simulation (left)
for Tair = 840 K and ϕrich = 1.27 (T2) . . . . . . . . . . . . . . . 88

6.5 The average NRMSE of QoIs (EQoIs
NRMS) for internal (T1 and T2)

and external (T3 and T4) test data . . . . . . . . . . . . . . . . . 89
6.6 NO field prediction of MF-ROM (right) with respect to the CFD

simulation (left) for Tair = 1050 K and ϕrich = 1.65 (T3) with 11
HiFi simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.1 Schematic of hierarchical sampling. . . . . . . . . . . . . . . . . . 95
7.2 Davies-Boudin index to assess evaluate the clustering. . . . . . . . 96
7.3 Silhouette index to assess evaluate the clustering. . . . . . . . . . 97
7.4 Calinski-Harabsz index to assess evaluate the clustering. . . . . . 98
7.5 Design space with 3 clusters . . . . . . . . . . . . . . . . . . . . . 98
7.6 Temperature profiles of two training cases with different flow

structures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
7.7 Cluster distribution after global clustering is applied. . . . . . . . 102
7.8 Average NRME of QoIs (EQoIs

NRMS) of test cases T3− T8 (minimum
error is shown with the red dotted line). . . . . . . . . . . . . . . . . . 103

7.9 Average NRME of QoIs (EQoIs
NRMS) of test cases T1&T2 (minimum

error is shown with the red dotted line). . . . . . . . . . . . . . . . . . 104
7.10 Temperature profiles for the test case ϕ = 0.75, T = 625K for

8 HiFi simulations for (a) MF-ROM with no clustering and (b)
clustering-based MF-ROM. . . . . . . . . . . . . . . . . . . . . . 105

7.11 NO field predictions of MF-ROM (right) built with 8 HiFi simu-
lations for (a) no clustering, and (b) global clustering with respect
to the CFD simulation (left) for T2. . . . . . . . . . . . . . . . . 106

7.12 Cluster distribution after local clustering is applied to C1. . . . . . 107



xxii List of figures

7.13 Average NRMSE of temperature (ET
NRMS) of test cases for local

clustering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
7.14 Temperature field predictions of MF-ROM (right) built with 8

HiFi simulations for (a) no clustering, (b) global clustering, and
(c) local clustering with respect to the CFD simulation (left) for T5.109

7.15 Average NRMSE of NO (ENO
NRMS) for global (left) and local (right)

clustering. Data shown are for the test case with ϕ = 1.4, T =

730K for 30 HiFi simulations. . . . . . . . . . . . . . . . . . . . . 110

8.1 Design space composed of fuel composition, equivalence ratio,
and injector diameter. Points are colored by the injector diameter
value. The crosses represent the condition where three-fidelity
data are available. . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

8.2 NRMSE of temperature (ET
NRMS) averaged over T1 and T2 to

compare MLMF-ROM and MF-ROM prediction accuracy. . . . 115
8.3 Temperature profiles of CFD results and SpS reconstruction for

T2 for (a) MLMF-ROM with 6 experimental data, (b) MLMF-
ROM with 9 experimental data, and (c) MF-ROM with 18 3D
RANS simulations. . . . . . . . . . . . . . . . . . . . . . . . . . . 116

8.4 NRMSE of temperature (ET
NRMS) averaged over T1 and T2 for

different constraints applied to MF-ROM. . . . . . . . . . . . . . 118



List of tables

4.1 Design parameters for the experimental data . . . . . . . . . . . 56

7.1 DBI index values with increasing number of clusters for global
clustering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

7.2 DBI index values with increasing number of clusters for local
clustering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

8.1 Design parameters for the test cases T1 and T2 . . . . . . . . . . 113
8.2 Design parameters for the initial seed of HiFi dataset for 25mm

air-injector diameter . . . . . . . . . . . . . . . . . . . . . . . . . 114





Nomenclature

Roman Symbols

C Covariance matrix

d Design condition matrix

d Each design condition

E Frobenius reconstruction error

k Dimensionality of the low-dimensional manifold

l Levels of fidelity

m Number of designs/snapshots of low-fidelity data

n Number of designs/snapshots of high-fidelity data

p Dimensionality of high-fidelity data

Q Rotation matrix

q Dimensionality of low-fidelity data

r Number of physical degrees of freedom

s Scaling factor

T Aligned low-dimensional manifold of low-fidelity data

U Left singular vector



xxvi Nomenclature

V Right singular vector

W Low-dimensional projection of low-fidelity data matrix

X High-fidelity data matrix

x Column vector for each simulation

Y Low-fidelity data matrix

Z Low-dimensional projection of high-fidelity data matrix

Greek Symbols

α Regression model

δ Gaussian process for the discrepency between the high- and low-fidelity
manifolds

Σ Diagonal matrix of singular values

E Normalized root mean square error

ι Unit imaginary number
√
−1

Φ High-fidelity spatial modes

Ψ Low-fidelity spatial modes

ρ Gaussian process scaling factor

σ Gaussian process uncertainty

Subscripts

desVars Design variables

in inlet

L Linked dataset

pred predicted



Nomenclature xxvii

rec reconstructed

si self-ignition

U Unlinked dataset

Acronyms / Abbreviations

CFD Computational Fluid Dynamics

CHI Calinski-Harabasz Index

DBI Davies-Bouldin Index

DNS Direct Numerical Simulations

DoE Design of Experiments

DT Digital Twin

GHG Greenhouse Gases

GPR Gaussian Process Regression

HiFi High-Fidelity

HPC High Performance Computing

ID Inner Diameter

LES Large Eddy Simulations

LHS Latin Hypercube Sampling

LHV Lower Heating Value

LoFi Low-Fidelity

MFC Mass Flow Controller

MF-ROM Multi-Fidelity Reduced Order Model

MidFi Mid-Fidelity Data



xxviii Nomenclature

MILD Moderate or Intense Low-oxygen Dilution

MLMF-ROM Multi-Level Multi-Fidelity Reduced Order Model

NLP Natural Language Processing

NRMS Normalized Root Mean Square

PCA Principal Component Analysis

PLM Product Lifecycle Management

POD Proper Orthogonal Decomposition

QoI Quantity of Interest

RANS-TE Reynolds-Averaged Navier Stokes Transport Equation

RANS Reynolds-Averaged Navier Stokes

RBF Radial Basis Function

RIC Relative Information Content

ROM Reduced Order Modeling

SI Silhouette Index

SpS Sparse Sensing

SVD Singular Value Decomposition

WSR Well-stirred Reactor



Chapter 1

Introduction

This chapter discusses the ongoing global energy crisis and the transition toward decar-
bonizing combustion through advanced combustion technologies. It also highlights the
challenges in combustion modeling and the growing use of machine learning techniques,
particularly multi-fidelity surrogate modeling, to address them. Finally, the chapter
presents the motivation behind the thesis and outlines its structure.



2 Introduction

1.1 Global energy crisis and the path toward decar-
bonizing combustion

One of the most significant challenges facing humanity in the 21st century is
the global energy crisis. This crisis arises from the growing demand for energy
coupled with the limited availability of fossil fuel resources, creating an urgent
need to combat climate change. The impacts of climate change are increasingly
evident, with more frequent and severe extreme events such as deadly heatwaves,
intense rainfall, hurricanes, wildfires, and droughts. To prevent the most severe
consequences of global warming and ensure a liveable future for all, the Paris
Agreement established a goal to keep the global average temperature increase
well below 2°C above pre-industrial levels while striving to limit the rise to 1.5°C
[100].

However, 2024 marked a critical turning point as the first year when the
global average temperature surpassed the 1.5°C threshold above pre-industrial
levels (Figure 1.1). Alarmingly, 11 out of 12 months in 2024 recorded global
average surface air temperatures above this threshold. The combined average
temperature for 2023 and 2024 was measured at 1.54°C above pre-industrial
levels [18].

The rise in surface temperatures is primarily driven by the increased release of
greenhouse gases (GHG) — namely carbon dioxide, methane, and nitrous oxide
— into the atmosphere. These emissions come from obvious sources like fossil-
fueled power plants and factories, but also from less apparent contributors such
as ships, planes, landfills, animal farming, and rice cultivation fields. According
to data from Climate TRACE [97], power generation was responsible for 25%
of global emissions in 2024, followed by manufacturing processes at 18%. Fossil
fuel operations, including oil and gas production, refining, and coal mining,
accounted for 16%, while transportation and agriculture each contributed 14%
to global emissions. To effectively reduce GHG emissions from these sectors,
decarbonizing the technologies they rely on is essential.

Decarbonization offers a promising solution not only for reducing greenhouse
gas emissions and meeting the targets set by the Paris Agreement but also for
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Global surface temperature: increase above pre-industrial
Reference period: pre-industrial (1850–1900) • Credit: C3S/ECMWF
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Fig. 1.1 Global surface air temperature (ºC) increase above the average for the
1850–1900 designated pre-industrial reference period, based on several global
temperature datasets, shown as annual averages since 1967 [18].

promoting a sustainable future by enhancing air quality and improving public
health. Decarbonizing energy-intensive sectors can significantly contribute to
lowering global GHG emissions. Fossil fuel fe d traditional combustion technolo-
gies, which have been the predominant energy source for decades, are major
emitters of greenhouse gases and pollutants, leading to severe environmental
damage [99]. Therefore, targeting combustion technologies presents a critical op-
portunity to reduce the carbon footprint of these sectors. Developing innovative
combustion systems is essential for the energy transition, as it aims to enable the
efficient utilization of carbon-free fuels and minimize greenhouse gas emissions,
particularly in sectors where electrification remains challenging.
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1.2 Advanced combustion technologies for a sustain-
able future

Advanced combustion technologies are a critical component of the global effort
to decarbonize energy systems and reduce greenhouse gas emissions. These
technologies aim to enhance the efficiency of combustion processes, minimize
pollutant formation, and enable the use of low-carbon or carbon-free fuels. Key
approaches include oxy-fuel combustion [92, 32], which uses pure oxygen instead
of air to produce a concentrated CO2 stream that is easier to capture; chemical
looping combustion [2, 19], which employs solid oxides as oxygen carriers to
achieve intrinsic CO2 separation. When combined with carbon capture tech-
niques, these technologies help to reduce atmospheric greenhouse gases and
mitigate climate change by capturing CO2 emissions from sources such as power
plants and either storing it underground or utilizing it in products.

Pollutant-reducing and fuel-flexible combustion techniques aim to enhance
efficiency while minimizing environmental impact. By optimizing combustion
conditions and enabling the use of diverse fuels, these approaches lower emissions
of harmful pollutants and support cleaner, more adaptable energy production.
Flameless [107] or Moderate or Intense Low-oxygen Dilution (MILD) [15]
combustion, reduces peak temperatures to significantly lower NOx emissions.
Furthermore, hydrogen combustion and ammonia-fuelled systems are gaining
attention as promising carbon-free energy carriers. These advancements are not
only crucial for mitigating emissions from traditional power generation but also
for decarbonizing hard-to-electrify sectors such as aviation, shipping, and heavy
industry.

1.2.1 Formation mechanisms for NOx

In combustion systems, NOx formation primarily occurs through the insertion of
radicals such as O, CHx, and H into the triple bond of molecular nitrogen in the
air [73], producing reactive nitrogen intermediates like cyanides, N2O, and NNH
that are subsequently oxidized to NOx. NOx can also form via oxidation of or-
ganic nitrogen present in the fuel. In conventional combustion, the thermal route
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and the fuel-N route are the main pathways when fuel contains nitrogen. In non-
conventional regimes such as MILD combustion, additional pathways—prompt,
N2O-intermediate, and NNH-intermediate mechanisms—become significant. A
graphical summary of these pathways leading to NO formation from molecular
nitrogen is shown in Figure 1.2.

Fig. 1.2 Simplified scheme of formation pathways of the NO species: thermal
(red arrows), prompt (blue arrows),NNH-intermediate (yellow arrows), N2O-
intermediate (green arrows), adapted from [49].

Under conventional combustion conditions with nitrogen-free fuels, the
thermal route, first described by Zeldovich [114], is the dominant source of NO
emissions. This mechanism becomes significant at temperatures above 1800 K in
the presence of sufficient oxygen, with the NO formation rate doubling for every
35 K increase beyond 1800 K [7]. Because of this strong temperature dependence,
most NO-reduction strategies focus on suppressing temperature peaks and/or
limiting residence time in oxygen-rich, high-temperature zones.

The prompt route, first identified by Fenimore [28], arises when carbon-based
fuels burn under fuel-rich, low-temperature conditions, as can occur in surface
burners, staged combustion systems, and gas turbines. Although its contribution
to total NOx emissions from stationary combustors is currently small, its relative
significance is expected to grow as advanced designs and mitigation strategies
reduce other NOx sources. This pathway involves CHx radicals attacking molec-
ular nitrogen, forming NCN, which subsequently reacts with O, H, and OH
radicals to produce NO, as illustrated in Figure 1.2. Importantly, the prompt
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route does not occur with carbon-free fuels such as hydrogen or ammonia, since
no CHx radicals are present.

The NNH-intermediate route [8] may gain importance when non-conventional
fuels containing relevant amounts of hydrogen are oxidized. Konnov et al. [55]
noted that the NNH route becomes the predominant source of NO at 1500 K,
not only in rich conditions but also in lean and stoichiometric mixtures.

The N2O-intermediate pathway [68] (green line in Figure 1.2) becomes
significant in fuel-lean systems at low temperatures and high pressures, making it
especially relevant for gas turbines and compression-ignition engines. As these
devices are operated at increasingly low temperatures to suppress thermal NOx

formation, the relative contribution of the N2O-intermediate mechanism is
gaining importance.

1.2.2 MILD combustion

MILD combustion is an advanced combustion regime distinct from deflagration,
detonation, or diffusion flames and can be described as a super diluted explosion
or continuous auto-ignition [15]. Achieving and maintaining this unique com-
bustion regime requires careful control of flame stabilization, which is essential
for burner design. In particular, recirculation of hot exhaust gases rates play a vital
role in ensuring flame stability and providing reliable operating conditions [107].
In traditional combustion systems, when temperatures are below the self-ignition
temperature (Tsi) and recirculation rates are high, the flame tends to become
unstable and may blow out. However, when furnace temperatures and recircu-
lation rates are sufficiently high, MILD combustion can be achieved, resulting
in a stable combustion regime without a visible flame, which is why it is often
referred to as flameless combustion [107].

The MILD combustion process is well explained by Cavaliere and de Joannon
[15] using a well-stirred reactor (WSR) model with a stoichiometric CH4/O2/N2

mixture at atmospheric pressure. As shown in Figure 1.3, three combustion modes
illustrate various inlet temperature (Tin) and temperature increase (∆T) scenar-
ios. Feedback and High Temperature Combustion modes represent traditional
combustion processes where heat release is sufficient to maintain the minimum
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temperature required for sustained reactions. In contrast, MILD combustion
requires preheating of reactants (Tin > Tsi) to initiate the process. Additionally,
the maximum temperature increase (∆T = T - Tin) in MILD combustion is lower
than the mixture’s self-ignition temperature due to reduced O2 content.

Fig. 1.3 Different combustion modes for a CH4/O2/N2 mixture in terms of Tin

and ∆T, adapted from [15].

Preheating reactants beyond their self-ignition temperatures and mixing them
with large amounts of recirculated flue gases create highly diluted local conditions
with a uniform temperature distribution. The absence of high-temperature zones
not only enhances thermal efficiency by minimizing radiative heat losses and
ensuring more energy is transferred to the working fluid, but also substantially
reduces thermal NOx formation, as the Zel’dovich mechanism becomes active
only at temperatures around 1800 K. Furthermore, the gradual oxidation process
ensures a more complete combustion of the fuel, effectively minimizing the
release of unburnt hydrocarbons and carbon monoxide. This improvement in
combustion efficiency is particularly beneficial for addressing environmental
concerns as it reduces emissions of NOx, unburned hydrocarbons, CO, and soot,
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while also lowering greenhouse gas emissions associated with the fuel’s carbon
content.

MILD combustion provides a highly efficient and low-emission approach to
energy conversion by operating at lower and more uniform temperatures, which
not only reduces NOx formation and incomplete combustion products but also
minimizes thermal stresses on equipment, extending its lifespan and reliability. Its
adaptability to a wide range of low- and zero-carbon fuels, including hydrogen,
biofuels, and syngas, allows for flexible fuel switching without compromising
performance, making it particularly valuable for decarbonizing energy-intensive
sectors. Combined with improved thermal efficiency, enhanced safety, and
scalability, MILD combustion represents a promising strategy for transitioning
to cleaner, more sustainable combustion systems.

1.2.3 Staged combustion

Staged combustion, also known as rich-lean combustion, is an effective technique
for reducing NO and unburned NH3 formation (when using NH3 as fuel) by
controlling flame temperature and reaction chemistry. This approach involves
dividing the combustion process into multiple stages by introducing either part
of the fuel (fuel staging), the oxidizer (air staging), or both into the primary
combustion zone. The remaining portion is then supplied downstream into a
secondary zone, allowing for better control over temperature profiles and chemical
reactions to minimize pollutant formation.

In the first stage of fuel staging, combustion occurs under slightly fuel-lean
conditions, resulting in high NOx production and elevated temperatures. In
the second stage, additional fuel is introduced, creating a fuel-rich environment
within the reburn zone [88]. Under these fuel-rich conditions, a reducing atmo-
sphere is established, promoting the reaction of the excess fuel with the NOx

formed in the primary zone. This interaction leads to the effective breakdown
and reduction of NOx emissions.

Air-staging begins with a fuel-rich combustion zone in the primary stage,
where the limited availability of oxidizer suppresses thermal NOx formation by
maintaining lower flame temperatures compared to conventional combustion
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[108]. In the subsequent fuel-lean secondary stage, additional air is introduced to
fully oxidize the unburned intermediates. The temperature in this stage remains
lower than in the primary stage, effectively minimizing thermal NOx formation.

Staged combustion is particularly effective in large-scale systems such as
industrial furnaces, boilers, gas turbines, and internal combustion engines. Its
effectiveness lies in the ability to control the stoichiometry at each stage, allowing
for temperature and reaction rate management. The reduction in peak tem-
peratures directly leads to lower thermal NOx formation, which is a significant
contributor to overall NOx emissions in conventional combustion systems.

1.3 Combustion modeling and challenges

Developing advanced combustion technologies necessitates a thorough under-
standing of fundamental physical phenomena, including fluid dynamics, chemical
kinetics, transport phenomena, and heat transfer. Computational simulations have
become a critical tool in modern scientific research, allowing researchers to inves-
tigate complex processes by accurately replicating system behaviors under various
conditions [110]. These simulations provide essential insights into phenomena
that are difficult or impossible to observe experimentally, thereby reducing the
time and cost related concerns associated with traditional experimental methods.

In the field of combustion, numerical modeling aims to accurately represent
the complex chemical and physical processes governing combustion, allowing for
the prediction of critical aspects such as flame structure, temperature distribution,
pollutant formation, and overall system efficiency. Several modeling approaches
have been developed over the years, each offering unique advantages and facing
specific limitations.

Direct Numerical Simulation (DNS) is one of the most precise techniques
for combustion modeling, as it solves the complete set of governing equations,
species transport, and energy conservation, without relying on turbulence models.
Although DNS provides highly detailed insights into combustion physics, its ex-
treme computational cost - linked to time-space resoluton requirements dictated
by the smallest fluid/chemical time scale - limits its application to small-scale
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systems. On the other hand, Large Eddy Simulation (LES) offers a more practi-
cal approach by explicitly resolving larger turbulent structures while modeling
smaller scales, striking a balance between accuracy and computational efficiency.
However, despite being more feasible than DNS, LES still presents significant
computational challenges when applied to industrial-scale systems.

Reynolds-Averaged Navier-Stokes (RANS) modeling remains the most widely
used approach for engineering applications due to its relatively low computational
cost. By employing turbulence models like k − ϵ and k − ω, RANS models all
turbulent structures through averaged equations, making it efficient for both
steady and unsteady scenarios with simpler flow configurations. However, its
accuracy declines when applied to complex, unsteady, or highly turbulent flows
where more advanced techniques like LES or DNS are necessary. To address
these limitations, hybrid approaches such as RANS/LES and LES/DNS have been
developed, offering enhanced accuracy for multi-scale problems by effectively
capturing varying turbulence intensities across the computational domain.

Despite significant advancements in combustion modeling, substantial chal-
lenges persist. Combustion is inherently a nonlinear, multi-scale, and multi-
physics phenomenon. The nonlinear nature of chemical reactions makes it difficult
to accurately predict ignition and extinction, especially in regimes dominated by
auto-ignition and homogeneous reactions—such as MILD combustion—where
chemical and flow time scales are comparable (Da ≈ 1). This poses challenges
for turbulence–chemistry decoupling methods like Flamelet Progress Variable
model. In addition, simulating fluid-flow phenomena is further complicated by
the wide spectrum of length and time scales that arise even in seemingly simple
problems [14]. Another major challenge lies in accurately modeling chemical
kinetics. Beyond solving the continuity, momentum, and energy equations,
combustion simulations often require solving thousands of chemical reactions
involving hundreds of species, leading to a high-dimensional problem commonly
referred to as the curse of dimensionality.

Recent advancements in high-performance computing (HPC) have signifi-
cantly enhanced computational fluid dynamics (CFD) tools, providing solutions
to many challenges associated with combustion modeling. While these advance-
ments have made CFD tools more accessible and effective, they also contribute to
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substantial energy consumption and, consequently, a significant carbon footprint.
The establishment of various online repositories hosting extensive datasets of
high-fidelity CFD simulations further highlights this issue [16]. For instance,
a case study on turbulent Reynolds number of Reτ = 5200 channel flow DNS
reported an estimated carbon footprint of approximately 106 kg CO2, equivalent
to the emissions from a round-trip Boeing 777 flight between New York and
Beijing [110]. Although CFD tools initially contributed to reducing carbon
emissions through improved design and optimization processes, the increasing
complexity of problems and the continuous push for a deeper understanding of
physical phenomena through enhanced HPC capabilities have started to coun-
teract this benefit. Therefore, a balanced approach is necessary, as CFD tools,
despite their carbon emissions, remain essential for designing and optimizing
advanced combustion technologies aimed at reducing overall emissions.

1.4 Machine learning and combustion science

Machine learning’s ability to process vast amounts of data, learn from historical
patterns, and make predictions makes it a powerful tool across various domains
[89]. Some of the most prominent application areas of machine learning include:

• Predictive analytics and intelligent decision making

• Cybersecurity and threat detection

• Traffic prediction and transportation optimization

• Healthcare diagnostics

• Product recommendations

• Natural language processing (NLP) and sentiment analysis

• Image, speech and pattern recognition

• User behavior analytics
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One possible objective of machine learning models is to develop a digital
twin of a system using a minimal amount of data, effectively creating a function
that maps input–output conditions to provide instantaneous responses [34]. The
concept of the "digital twin" (DT) was first introduced by Grieves in 2002 [39]
within the framework of Product Lifecycle Management (PLM). The original
idea envisioned every system as comprising two parts: the physical system, which
already exists, and a virtual system containing all information about the physical
counterpart—essentially creating a mirrored relationship between the real and
virtual domains. The concept was later adopted by NASA [94] in its aeronautics
and aerospace technology roadmaps, where DTs were defined as integrated, mul-
tiphysics and multiscale simulations of a vehicle or system, continuously updated
using physical models, sensor data, fleet history, and other sources to replicate the
lifecycle of the real asset. These ultra-realistic digital counterparts may include
interdependent subsystems such as propulsion and energy storage, avionics, life
support, vehicle structure, and thermal management. Since the early 2000s, digi-
tal twins have been increasingly applied across diverse fields, including aviation,
healthcare, manufacturing, and precision medicine [6]. Despite variations in
early interpretations, there is now broad consensus in the literature that a digital
twin constitutes a living, intelligent, and evolving model capable of continuously
predicting future states—including defects, damage, or failures—and enabling
simulation of novel configurations through real-time interaction, communication,
and synchronization with its physical twin [6].

Although there is broad consensus on the definition of a DT, the literature
still shows confusion between digital twins, digital shadows, and digital models. A
defining feature of a digital twin is the bidirectional flow of information between
the physical and digital counterparts [43]. In this setup, not only can the physical
system update the digital version, but the digital version can also influence and
control the physical system, enabling real-time synchronization and feedback
[46, 56].

By contrast, when the information flow is unidirectional, i.e., only from the
physical system to the digital counterpart, the system is referred to as a digital
shadow [46, 56]. Here, the digital replica continuously mirrors the physical system
but lacks any feedback mechanism to affect it.
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A third category often confused with DTs is digital models or surrogate models.
Unlike DTs or digital shadows, digital models are static replicas of the physical
system that cannot autonomously integrate real-time data. Data transfer, if any,
is manual, with no real-time link in either direction [46, 56]. Such models are
typically used to approximate the behavior of computationally expensive physics-
based simulations using data-driven methods trained on a predefined dataset
[101].

This distinction also raises the question of how DTs differ from surrogate
or simulation models, since all replicate physical system behavior in a virtual
environment. The key difference lies in purpose and interaction: simulation
models are digital prototypes that predict how a system might behave under
assumed conditions, relying on initial parameters and assumptions rather than
tracking and synchronizing with the real-time states of a specific physical system
[111].

While many cases described as digital twins in the literature are actually
digital shadows or surrogate models, the concept of creating virtual replicas of
physical systems has undeniably gained significant traction across a wide spectrum
of research areas. Brunton et al. [10] reviewed the application of machine learning
models in fluid mechanics, highlighting how machine learning offers a modular
and flexible framework suitable for addressing various challenges such as reduced-
order modeling, experimental data processing, shape optimization, turbulence
modeling, and control.

Advancements in combustion science and engineering have produced ex-
tensive datasets from large-scale simulations, high-resolution experiments, and
sensors. Coupled with machine learning’s proven effectiveness in data analytics, a
new era of data-driven research has emerged: combustion machine learning [50].
Combustion science is inherently interdisciplinary, combining turbulent fluid
mechanics and chemical kinetics. The presence of complex chemical reactions
makes modeling turbulent combustion even more challenging. Therefore, the
application of machine learning in fluid mechanics serves as a valuable foundation
for advancing research at the intersection of combustion and machine learning
[116].
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Fig. 1.4 The number of review articles published annually between 2014 and 2024
on ScienceDirect using the search query “combustion” AND (“machine learning”
OR “data mining” OR “feature extraction”).

The recent trend in machine learning applications within the combustion field
is illustrated in Figure 1.4, revealing a substantial exponential increase in the num-
ber of review articles published over the past decade. This surge demonstrates the
growing interest and success of machine learning techniques in addressing com-
plex combustion problems. These techniques have been applied to various aspects
of combustion datasets with different objectives. For instance, they have been
employed to explore low-dimensional representations of the thermo-chemical
manifold, which simplifies the description of chemical kinetics in turbulent re-
acting flows [79, 112, 113]. Huang et al. [48] used a POD-Galerkin techniqure
to successfully predict the thermoacoustic limit cycle frequency and amplitude
to understand the nonlinear heat release in a combustor. Additionally, machine
learning has been utilized for analysing the dynamics of reactive systems [26],
which is critical for understanding the transient behavior of combustion processes.

Moreover, significant progress has been made in using machine learning to
accelerate numerical simulations of combustion systems by developing efficient
surrogate models or reducing computational costs through adaptive algorithms
[27, 66, 1]. Another important application of machine learning in this field is the
identification of local combustion regimes, which helps in better characterizing
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combustion processes and improving control strategies for various practical ap-
plications [67]. The increasing use of machine learning in combustion research
highlights its potential to revolutionize the field by providing powerful tools for
data-driven analysis, optimization, and predictive modeling.

1.5 Multi-fidelity surrogate modeling

Data-driven models provide an efficient means of capturing the fundamental char-
acteristics of complex systems while significantly reducing computational costs,
enabling simplified yet insightful analyses [57]. These models achieve this by
constructing a function, often termed a digital model, which maps input-output
relationships based on training datasets derived from numerical simulations and/or
experimental data. In many cases, multiple physical models exist for estimating
the same output quantity, each differing in approximation accuracy and compu-
tational cost [80]. A high-fidelity (HiFi) physical model provides highly accurate
predictions necessary for precise analysis but comes with significant computa-
tional expense. In contrast, a low-fidelity (LoFi) physical model delivers faster but
less precise solutions, making it computationally affordable but potentially limited
in accuracy. Different levels of fidelity may be obtained for CFD simulations by
varying the physical model, the size of the computational grid, the computational
time step, the convergence level of the simulations, and/or combining numerical
data with experimental results [58].

Nature of reduced order models require extensive datasets for proper training.
However, in highly nonlinear systems like combustion—in which multiple input
parameters interact over a wide range — generating a sufficient number of HiFi
models can become impractical. Relying solely on LoFi models, while cost-
effective, may lead to inaccurate or incomplete representations of the system
[115].

To overcome the challenge of balancing computational efficiency and ac-
curacy, multi-fidelity modeling techniques have been developed to integrate
high-fidelity and low-fidelity models. These methods capitalize on the strengths
of both approaches, using LoFi models for broad exploration and HiFi models
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for refining critical regions, ultimately enhancing predictive reliability while
reducing computational costs. Peherstorfer et al. [80] conducted a comprehensive
literature review, highlighting that multi-fidelity models have been employed for
over two decades to accelerate optimization and uncertainty quantification. Since
then, their application has expanded across numerous scientific and engineering
disciplines, demonstrating their growing impact.

In the context of data-driven modeling, data assimilation methods are essential
to ensure both accuracy and reliability. Their role becomes particularly critical
in multi-fidelity frameworks, where the objective is to exploit complementary
representations of a physical system that differ in accuracy and computational cost.
Peherstorfer et al. [80] classify data assimilation strategies into three principal
categories: adaptation, fusion, and filtering. Adaptation seeks to calibrate low-fidelity
data such that it more closely approximates high-fidelity information. Fusion
leverages statistical methodologies to integrate data across fidelity levels, thereby
exploiting the unique strengths of each. Filtering emphasizes the extraction
of the most informative content while systematically excluding less relevant or
redundant information.

Since this thesis focuses on the development of surrogate models, the dis-
cussion is focused to the data assimilation strategies tailored to such models. In
the context of multi-fidelity surrogate modeling, data assimilation approaches
can broadly be categorized into two classes: deterministic and non-deterministic
(stochastic) strategies. Deterministic approaches are typically employed when
the underlying process is well understood and not strongly affected by random
variability, as they establish a fixed functional relationship between input and
output variables [29]. While these models aim to minimize discrepancies be-
tween observed data and model predictions, they do not explicitly account for
uncertainty [102, 35]. Representative examples include polynomial regression
[24], Gaussian process models with a zero nugget effect [87], and various neural
network architectures [36].

In contrast, non-deterministic approaches explicitly incorporate variability
and uncertainty in the modeling process [29]. Rather than yielding a single
deterministic prediction, outputs are expressed as probability distributions condi-
tioned on the input variables. Examples include Gaussian process models with
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a non-zero nugget effect [3, 106] and Monte Carlo simulation-based methods
[72]. These stochastic models generally achieve higher predictive accuracy than
their deterministic counterparts, albeit at the cost of increased computational
complexity [29].

Recent studies showcase the versatility of multi-fidelity frameworks across
diverse fields. Yang et al. [109] developed a multi-fidelity reduced-order model
for the rapid simulation and optimization of microfluidic concentration gradient
generators. Perron et al. [84] applied a multi-fidelity approach to analyse high-
dimensional displacement and stress fields in structural mechanics, addressing
variations in discretization and topology. In naval architecture, Liu et al. [63]
utilized a multi-fidelity Co-Kriging surrogate model for hull form optimization
to improve resistance and wake performance in a Japan Bulk Carrier (JBC).

In atmospheric sciences, Nony et al. [75] integrated LES with Reynolds-
Averaged Navier-Stokes transport equation (RANS-TE) models to enhance the
accuracy of atmospheric flow dispersion predictions. In machine learning appli-
cations, Demo et al. [21] successfully combined DeepONet architecture with
Proper Orthogonal Decomposition (POD) and gappy POD to improve sensor
data predictions for parametric and nonlinear Navier-Stokes problems. Guo et al.
[42] developed a multi-fidelity Gaussian process model inspired by hierarchical
Kriging to predict flame frequency response using both harmonic and broadband
forcing data. Lastly, Tong et al. [96] applied a POD-Hierarchical Kriging multi-
fidelity framework to optimize the combustion performance of an aero-engine
combustion chamber.

These studies highlight the growing impact of multi-fidelity modeling in
addressing complex problems across various scientific and engineering domains,
demonstrating its ability to balance computational efficiency with high-accuracy
predictions. Despite these advancements, several critical challenges remain. One
issue is that the common assumption that high-fidelity models represent the
absolute truth, whereas, in reality, all models—regardless of fidelity—are ap-
proximations of physical systems. Furthermore, many existing multi-fidelity
approaches assume a simple hierarchical relationship between models, failing
to capture more intricate interdependencies. Another key challenge is broad-
ening the scope of multi-fidelity frameworks beyond computational models to
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incorporate additional data sources, including experimental measurements, expert
knowledge, and empirical lookup tables. This necessitates not only determining
which information sources to utilize but also optimizing where and under what
conditions to sample them. Statistical techniques, such as experimental design
and value of information analysis, offer valuable insights into these challenges,
reinforcing the need for more sophisticated and adaptable multi-fidelity model
management strategies [80].

1.6 Motivation and outline

The design and optimization of advanced combustion technologies rely exten-
sively on both experimental studies and numerical modeling at various fidelity and
cost. The data generated from these approaches play a critical role in shaping the
development of new technologies that drive the transition toward decarboniza-
tion. However, the inherently nonlinear, multi-scale, and multi-physics nature
of combustion imposes significant limitations on experimental and numerical
data collection. Additionally, accurately capturing these complex phenomena
in numerical simulations is highly challenging, as it requires detailed chemical
mechanisms, which in turn demand substantial computational resources.

Over the past two decades, multi-fidelity reduced-order modeling has gained
considerable attention due to its ability to balance computational efficiency and
predictive accuracy. By combining data from models of varying fidelity, this
approach reduces the cost of generating training datasets while minimizing the
loss of accuracy. Its application is becoming increasingly relevant in fields like
combustion, where both experiments and numerical simulations are costly and
problem specific. The high expense associated with these methods often result in
a limited amount of training data, which poses a challenge for data-driven models.
Multi-fidelity techniques help mitigate this issue by leveraging lower-cost models
while incorporating high-fidelity data to enhance overall predictive capability.

Although reduced-order modeling has become increasingly common in the
combustion community, the application of multi-fidelity surrogate modeling
remains limited due to the intrinsic complexities of combustion. While there has
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been growing interest in multi-fidelity approaches, most efforts have focused on
uncertainty quantification and optimization rather than on achieving accurate
predictive capabilities for the underlying physical problem. Furthermore, many
of the methodologies reported in the literature have not demonstrated broad
applicability across different types of combustion systems. It is well recognized that
surrogate models can provide highly accurate predictions for a specific problem,
yet they often fail when input conditions or the system’s intrinsic dynamics change.
Another important gap is the integration of physical knowledge into data-driven
surrogate models, which has not been clearly addressed in prior studies. Finally,
the scarcity of experimental and numerical data in combustion further constrains
progress in this area. Consequently, research has largely concentrated on bi-
fidelity reduced-order models, with limited attention given to the development
of comprehensive multi-fidelity frameworks.

This thesis aims to address these gaps within the combustion community,
building on the proven effectiveness of multi-fidelity surrogate modeling in other
research domains. The primary objective of this thesis is to develop a multi-fidelity
reduced order model (MF-ROM) framework for combustion applications that
delivers accurate predictions while maintaining a limited computational budget.
In general, the fusion of low-fidelity and high-fidelity data in the construction
of an MF-ROM responds to both an accuracy requirement and a computational
budget availability. In other words, some HiFi simulations are replaced with
LoFi ones to reduce the training cost, with the simultaneous goal of incurring
in a limited accuracy loss of the resulting multi-fidelity reduced order model.
Therefore, a fundamental question is: given a design of experiment (DoE), how
many and which HiFi simulations can be replaced with LoFi ones to train an MF-
ROM whose prediction error remains satisfactory? Another challenge associated
with MF-ROMs lies in the regression methods used for model training. While
these methods generally perform well within the boundaries of the DoE, their
accuracy deteriorates when applied to extrapolation. Therefore, the interpolation
and extrapolation capabilities of the proposed MF-ROM are examined. Addi-
tionally, to enhance prediction accuracy while reducing the number of required
simulations, the potential of unsupervised learning techniques are explored. In
particular, clustering is investigated as a method to identify distinct combustion
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regimes by grouping similar data points, thereby improving model accuracy.
Finally, the study assesses the impact of incorporating experimental data as a third
level of fidelity, evaluating its effectiveness in enhancing prediction accuracy and
further reducing computational costs.

The thesis is structured as follows:

• Chapter 2 provides the mathematical background of the machine learning
techniques employed throughout the thesis

• Chapter 3 details the experimental campaign of the ULB furnace for the
CH4-H2 blend.

• Chapter 4 explains the how the training and test data obtained for the
MF-ROM both for the ULB furnace and the stagnation point reverse-flow
combustor.

• Chapter 5 introduces the novel multi-fidelity reduced order model and its
application with incremental sampling strategies on the ULB furnace for
CH4-H2 fuel blend.

• Chapter 6 show the adaptability of the MF-ROM framework to different
fuels and combustion systems through the stagnation point reverse-flow
combustor for ammonia combustion.

• Chapter 7 investigates the impact of combustion regime identification
and incorporating intrinsic physics into the MF-ROM framework using
clustering techniques.

• Chapter 8 presents the integration of experimental data from Chapter 3 as
a third level of fidelity and discusses the corresponding results.

Chapter 9 summarizes the key findings, presents the conclusion, and outlines
the future research directions.

Additional information is provided to support the thesis. Appendix A provides
the calculations related to prediction and error metrics.



Chapter 2

Mathematical background

This chapter summarizes the methodologies employed throughout the thesis, with a
particular focus on data fusion within the multi-fidelity framework. At the core of this
framework lies the integration of insights obtained from both HiFi and LoFi datasets.
These datasets, while representing the same physical phenomena, often differ in terms
of accuracy, physical modeling assumptions, geometry, dimensionality, and resolution.
Effective data fusion seeks to identify and exploit shared intrinsic structures—often of
reduced dimensionality—across these heterogeneous sources. The chapter covers Proper
Orthogonal Decomposition, which is used to uncover latent spaces and correlations within
the datasets; a manifold alignment technique that leverages these correlations to align
HiFi and LoFi data; and CoKriging regression, which combines the aligned information
from these latent spaces into a continuous, predictive surrogate model. Additionally,
the chapter includes incremental sampling strategies, which address one of the most
fundamental challenges in multi-fidelity modeling: for a given set of conditions being
covered, determining how many HiFi simulations can be effectively replaced with LoFi
simulations while maintaining acceptable predictive accuracy in the final MF-ROM.
This chapter also presents the sparse sensing methodology employed to integrate sparse
experimental data into the MF-ROM framework.
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The primary objective of this thesis is to develop a multi-fidelity surrogate
model that can be applied effectively to advanced combustion systems. The
methodology adopted in this work is structured around three main components:
(i) dimensionality reduction, (ii) manifold alignment, and (iii) regression. Dimen-
sionality reduction is carried out using Proper Orthogonal Decomposition (POD),
one of the most widely applied and effective techniques in the literature. Pro-
crustes manifold alignment is then employed to ensure that the low-dimensional
manifolds obtained from different fidelity levels are represented in a consistent
and reliable manner. Finally, the input–output relationship is modeled using
CoKriging as the regression technique. Sampling strategies are designed to re-
duce either the prediction error or the model uncertainty, while sparse sensing is
introduced to incorporate high-fidelity information from experimental sensor
data into the multi-fidelity surrogate model.

A critical aspect of multi-fidelity frameworks is understanding the relation-
ships among different fidelity levels. In the literature, these differences are typically
categorized into three groups: model differences, which arise from changes in the
governing equations representing physical reality; accuracy differences, stemming
from variations in discretization, dimensionality, or convergence; and source dif-
ferences, which distinguish between experimental and numerical data [29]. In
this context, the use of a simple discrepancy function is advantageous, particularly
for regression models such as CoKriging, where the discrepancy is explicitly
incorporated into the formulation.

Under normal circumstances, datasets at different fidelities are expected to
represent the same physical system, with differences only attributable to model,
accuracy, or source variations. However, in the event of an error where training
datasets represent entirely different problems (e.g., combustion versus fluid dy-
namics), several diagnostic “check-points” can signal incompatibilities within the
multi-fidelity reduced-order modeling framework combining POD, manifold
alignment, and CoKriging. The first indicator arises during POD, where the
eigenvalue spectra would reveal distinct modal energy distributions. The sec-
ond could be observed during manifold alignment, where large residual errors
would indicate a poor correspondence between manifolds. Finally, in CoKrig-
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ing, near-zero correlations across fidelities would result in very high predictive
uncertainty.

Taking into account the methodology and sub-models described in this
chapter, sampling strategies provide guidance on both the placement and the
number of high-fidelity data points required within the design space to achieve
optimal performance. Overall, the multi-fidelity reduced-order model developed
here represents one of the few such frameworks applied to combustion systems
that can accurately predict system responses under varying conditions. Moreover,
by incorporating sparse sensing, this framework moves beyond traditional bi-
fidelity approaches, establishing itself as a "true" multi-fidelity reduced-order
modeling framework.

2.1 Proper orthogonal decomposition

Combustion processes represent a highly nonlinear, multi-physics problem char-
acterized by complex interactions among thermodynamic, chemical, and fluid
dynamic variables — such as temperature, pressure, species mass fractions, and
velocity fields — spanning a broad range of spatial and temporal scales. Detailed
chemical kinetics further complicate modeling efforts, often requiring mecha-
nisms with hundreds of reactive species and thousands of elementary reactions.
For example, even a reduced mechanism for methane combustion may involve
23 species and 51 reactions [117]. As the dimensionality of the problem grows,
especially in data-driven modeling frameworks, the modeling process becomes
susceptible to the "curse of dimensionality". The curse of dimensionality refers
to the rapid growth in computational cost and data requirements as the number
of dimensions (variables or parameters) increases. In high-dimensional spaces,
sampling, storing, or interpolating data becomes exponentially harder, making
many algorithms inefficient or impractical. This issue significantly affects key
components of machine learning applications in combustion considering that
chemical kinetics involve hundreds of species and reactions, including the design
of experiments, feature selection and extraction, model training, generalization,
and prediction accuracy. Various techniques have been proposed in the literature
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to mitigate these challenges. In the context of this thesis, Proper Orthogonal
Decomposition (POD) is employed to mitigate these effects, identify the main
patterns, and reduce the model efficiently without substantial loss of accuracy.

In the literature, Proper Orthogonal Decomposition (POD) is also referred
to as the Karhunen–Loève decomposition [33] or Principal Component Analysis
(PCA) [79], and it is commonly used for reducing the dimensionality of high-
dimensional datasets; while PCA and POD are mathematically equivalent under
a Euclidean inner product, POD constitutes the more general formulation by
enabling physics-based inner products that better capture energy-containing
structures in fluid and combustion systems. Consider a training dataset represented
by a data matrix composed of n designs/snapshots, each having r physical degrees
of freedom (i.e. independent variables) and corresponding to a design condition
d = {di}i=1,...,NdesVars

within the DoE. Each of these n designs may represent a
simulation, and each simulation is arranged as a column vector x ∈ Rp, where the
length p equals the number of computational cells multiplied by the number of
Quantities of Interest(QoIs) (i.e., temperature and chemical species mass fractions),
so p = ncells × nQoI . The data matrixX is formed by collecting these n simulations,
i.e., X = {xi}i=1,...,n. In combustion problems, it is important to note that p ≫ n.

The assumption of a large number of interrelated variables allows the decom-
position of the data matrix (X∈ Rp×n) into a matrix that captures physics invariant
information (Φ ∈ Rp×n), and a matrix that containes parameter-dependent infor-
mation (Z ∈ Rn×n), as follows [52]:

X(r, d) = Φ(r)ZT (d). (2.1)

POD enables the extraction of the most energetic modes (modes containing
the most important information) from the initial training dataset by projecting
it onto a lower-dimensional subspace, preserving the dominant patterns while
filtering out less significant variations. POD projects the columns vector x onto a
rotated basis obtained from the singular value decomposition (SVD) of the matrix
X, which corresponds to solving the eigenproblem of the covariance matrix:

C =
1

n− 1
XTX. (2.2)
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Dimensionality reduction is achieved by retaining only the first k eigenvectors,
resulting in the truncated matrices Φk and Zk with dimensions (p×k) and (k×n),
where k < min(n, p). The last p−k eigenvectors can be discarded while incurring
in minimal information loss because the POD algorithm ensures the minimization
of the Frobenius norm of the reconstruction error:

E = X−ΦkZ
T
k . (2.3)

Several approaches exist in the literature for determining the value of k. In this
framework, the reduced dimension k is selected based on the Relative Information
Content (RIC) criterion [85], which quantifies the total variance captured by
the POD modes. Typically, a threshold of 99% or higher is adopted. With this
selection, the data matrix X can be approximated by the truncated matrices Φk

and Zk (see Figure 2.1, with dimensions (p× k) and (k × n), respectively, as:

X ≈ ΦkZ
T
k . (2.4)

Fig. 2.1 Schematic drawing of POD.

The columns of Φk are referred to as the POD modes, or eigenflames [4],
and the matrix Zk is known as the POD coefficients matrix. Since the eigenvec-
tors of C are orthogonal and the principal components are linear combinations
of the original variables, the approximated/reconstructed system response xrec

corresponding to a given set of POD coefficients z can be calculated as:

xrec = Φk z. (2.5)
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Thus, the ROM is built by regressing the POD coefficients z over the design
space, i.e., by building a model αk = αk(d; z) for each coefficient k, enabling
one to estimate/predict the system response at virtually no cost for any unseen
design condition d∗:

xpred(d
∗) = Φk α(d∗). (2.6)

2.2 Manifold alignment

Multi-fidelity frameworks effectively integrate heterogenous datasets that may
differ in resolution, dimensionality, and underlying physical models, and manifold
alignment is an essential part of this process. Without alignment, direct fusion
of these datasets can lead to degraded model accuracy and inconsistencies in the
learned representations. Manifold alignment seeks to uncover a shared latent
space where the intrinsic relationships between different fidelities are preserved,
facilitating more accurate data fusion and improved generalization in reduced-
order modeling [105]. This approach is particularly important in complex systems
like combustion, where high-dimensional, multi-physics phenomena exacerbate
the challenges of directly comparing or combining datasets across fidelities [79].

Manifold alignment allows to identify a correlation structure between datasets
and therefore transfers information from one manifold to the other by aligning
their underlying low-dimensional representation [104]. The main assumption
behind this technique is that these datasets do share a common low-dimensional
representation which allows the comparison of the embedded data due to their
intrinsic similarity [83]. Manifold alignment is applied as a useful technique in
many different disciplines such as protein alignment [103], image matching and
classification [44, 41] or automatic machine translation [22]. In the literature, there
are two types of manifold alignment approaches. The first method searches for a
shared latent space with a semi-supervised approach by constructing a joint graph
Laplacian and the resultant latent space should cover the individual and shared
characteristics of both manifolds [83]. The other method uses dimensionality
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reduction techniques to discover the intrinsic latent space for each dataset and
then apply Procrustes analysis [64] to align both spaces.

Considering the high-dimensions of each dataset used within this framework,
dimensionality reduction is unavoidable. Hence, the Procrustes manifold align-
ment technique is chosen as the logical approach. As mentioned before, the first
step of this method is applying POD to identify the intrinsic latent space for each
dataset. Then, the Procrustes analysis is used to adjust the translational, rotational,
and scaling components from one manifold to achieve an optimal alignment with
the other.

Consider, HiFi and LoFi datasets used in the framework are X∈ Rp×n and Y∈
Rq×m, respectively. Here n and m indicate the number of observations/snapshots
with n < m, while p and q represent the value obtained by multiplication of grid
points and features, p = ncells,hf × nfeatures and q = ncells,lf × nfeatures. The value
of n must be smaller than m since the fundamental principal behind building
an MF-ROM is using scarcer HiFi data (n) and plentiful LoFi data (m) to reach
acceptable prediction accuracy.

The LoFi dataset includes a linked subset YL ∈ Rq×n which shares the same
input design parameters as the HiFi dataset, and the rest of the data belongs to
the unlinked subset, YU ∈ Rq×(m−n), hence Y = [YL,YU ]. The first step of
this method requires obtaining the reduced manifold for HiFi and LoFi datasets.
Following the application of POD, for a latent subspace dimension of k, the
eigenflames Φ ∈ Rp×k and Ψ ∈ Rq×k, with POD coefficients Z ∈ Rk×n and
W∈ Rk×m, are obtained for HiFi and LoFi inputs, respectively. Consequently,
the LoFi manifold W has also linked and unlinked coefficients subsets, W =

[WL,WU ]. This orthogonal Procrustes problem is solved using the procedure
of Wang and Mahadevan [28] which seeks the manifold T minimising ∥Z − T∥.

The first step is to translate the linked manifolds Z and WL to make sure
that both were centered at the origin. To center the WL, the following shift is
required:

WL =
1

p

p∑
i=1

WL,i = 0. (2.7)
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After translation, scaling and rotation are performed by calculating and apply-
ing a scaling factor (s) and a rotation matrix (Q). These parameters are obtained
through the computation of Singular Value Decomposition of WLZ

T :

UΣVT = WLZ
T . (2.8)

Here U ∈ Rk×k, V ∈ Rk×k, and Σ ∈ Rk×k are the left and right singular
vectors, and the diagonal matrix containing the singular values, respectively. The
scaling factor and the rotation matrix are calculated as follows:

s =
tr(Σ)

tr(WLW
T
L )

. (2.9)

Q = VUT , (2.10)

Finally, the transformed manifold is obtained as:

T = sQW. (2.11)

Each step of the Procrustes manifold alignment process is illustrated in Figure
2.2. The original datasets are presented in the top left panel. Following translation,
the HiFi and translated linked LoFi manifolds are shown in the top right panel.
After scaling is applied, the HiFi, scaled linked, and scaled unlinked LoFi manifolds
are displayed in the bottom left panel. Finally, the bottom right panel shows the
HiFi manifold alongside the aligned LoFi manifold, including both linked and
unlinked components.

Manifold alignment introduces a transformed matrix which is a representation
of the LoFi data, Y, in the latent space of the HiFi data, X. As a result of this
alignment, both manifolds are embedded in the same space, which allows an
easy comparison and the ability to be used in the multi-fidelity framework. By
leveraging manifold alignment, it becomes possible to construct multi-fidelity sur-
rogate models that exploit complementary information across fidelities, enhancing
predictive performance while managing computational costs.
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Fig. 2.2 Steps of the Procrustes manifold alignment technique: the original datasets
(top left), translated manifolds (top right), scaled manifolds (bottom left), and aligned
manifolds (bottom right).

2.3 CoKriging regression

Once the shared latent representation is obtained, with POD coefficients matrices
Z and T for the HiFi and LoFi data respectively, a regression model is required
to relate the POD coefficients with the design space, i.e., a model of the form
αk = αk(d; z, t) - t, where d is the design parameters, z is the high-fidelity
manifold, and t is the low-fidelity manifold, is added due to the additional fidelity
data - for each POD coefficient k.

The Gaussian Process Regression (GPR) [106], also known as Kriging when
a spatial covariance function or kernel is used, is a very popular machine learning
technique used for predicting data points based on probabilistic models that
define distributions over functions and estimate uncertainties. Kriging is a two-
step process: training and prediction. The model finds the underlying patterns
between input-output from the available data during training. After model
training, for a given new input, the model provides a predictive distribution over
possible function values at that input, including a mean value and a measure of
uncertainty.
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Kriging is used to predict a single variable based on the values of that same
variable at observed locations. However, in the multi-fidelity approach, a re-
gression model is required to predict one variable, combining the values of two
or more correlated variables at observed locations. For this reason, CoKriging
[53, 82, 37], also known as collocated Kriging, is preferred for these applications.
CoKriging is an extension of Kriging and it improves the prediction accuracy
by taking advantage of the spatial relations between correlated variables. This
method is particularly useful in situations where one variable is measured more
accurately than the others, making it a good choice for multi-fidelity frameworks.
In cases where two correlated random fields are considered, simple CoKriging
is employed. However, when extending to scenarios involving more than two
correlated fields—corresponding to multiple fidelity levels—a hierarchical for-
mulation is required, necessitating the use of multi-level co-Kriging to properly
account for the nested correlation structures across fidelities.

2.3.1 Simple CoKriging

Consider the two datasets introduced in the previous section: the HiFi dataset
X∈ Rp×n and the LoFi dataset Y∈ Rq×m with corresponding output vectors
x and y, respectively. After applying the POD and manifold alignment, the
datasets are projected into a shared latent space, yielding Z ∈ Rk×n for HiFi data
and T∈ Rk×m for LoFi data, with associated outputs z and t. As described in
Section 2.2, the design space of the HiFi dataset, denoted by PL, is a subset of
the design space for the LoFi dataset, P , resulting in a nested design structure.
These transformed datasets are then concatenated for subsequent multi-fidelity
modeling as follows:

D =

(
P

PL

)
= (p(1), . . . ,p(m),p

(1)
L , . . . ,p

(n)
L ). (2.12)

The predicted value at a given point in the design space D is modeled as
a realization of a Gaussian random variable, thereby defining the associated
Gaussian random field as follows:
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R =

(
T (P )

Z(PL)

)
= (t(p(1)), . . . , t(p(m)), z(p

(1)
L ), . . . ,z(p

(n)
L )). (2.13)

The CoKriging regression model adopted in this study follows the auto-
regressive model of Kennedy and O’Hagan [53] which is based on the following
assumption:

cov{αHiFi(d), αLoFi(d
′)|αLoFi(d)} = 0 for all d ̸= d′. (2.14)

According to this Markov property, once a HiFi observation is available at
a given design point, no additional information can be gained from the corre-
sponding LoFi data at that point [31]. In this framework, the Gaussian processes
αLoFi(d) and αHiFi(d) characterize the local features of the cheap (LoFi) and
expensive (HiFi) responses, respectively. The autoregressive model assumes that
the expensive response can be approximated as a scaled version of the cheap
response via a factor ρ, augmented by a Gaussian process δ(d) that captures the
discrepancy between ραLoFi(d) and αHiFi(d):

αHiFi(d) = ραLoFi(d) + δ(d). (2.15)

In standard Kriging, the covariance matrix is constructed solely based on a
single-fidelity input–output dataset, making its computation relatively straight-
forward. In contrast, CoKriging involves a more intricate covariance structure
due to the inclusion of cross-correlations between more than one fidelity levels.
This results in a higher number of hyperparameters to estimate in addition to the
scaling parameter ρ. The resulting CoKriging covariance matrices are defined as
follows:

cov{T (D),T (D)} = cov{αLoFi(P ), αLoFi(P )}, (2.16)

cov{Z(DL),T (P )} = cov{ραLoFi(P ) + δ(P ), αLoFi(PL)}, (2.17)
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cov{Z(PL),Z(PL)} = cov{ραLoFi(PL) + δ(PL), ραLoFi(PL) + δ(PL)}.
(2.18)

Both αHiFi and αLoFi require the specification of a kernel function (or covari-
ance), which is typically a radial basis function (RBF), along with the calibration of
their hyper-parameters, in addition to the calibration of the scaling factor. Since
the hyper-parameters values have a considerable effect on the fitting properties of
the model — their choice is indeed a model calibration problem — a common
approach is to optimize them. To this end, the Bayesian approach proposed by
Le Gratiet [60] was utilized and then implemented in openMDAO [38], which
provides a closed-form expression for the scaling factor and a numerically tractable
marginal likelihood of the hyper-parameters, whose maximization returned the
best estimate for the parameters given the training data.

Once fitted, the CoKriging model returns a mean prediction function that
estimates αHiFi(d) and its uncertainty σαHiFi(d), with the assumption that the
uncertainty associated with the LoFi data αLoFi and the residual δ are uncorrelated
and can be defined as:

σαHiFi(d) =
√

σ2
αLoFi

(d) + σ2
δ (d). (2.19)

This uncertainty directly reflects the model’s reliability: it is typically low
in regions near high-fidelity training data, indicating confident predictions,
and higher in areas relying more on low-fidelity information or extrapolation,
signaling reduced reliability. The estimated uncertainty also captures the strength
of correlation between fidelity levels, with weak correlations increasing predictive
variance and lowering confidence. In theory, prediction accuracy could be
improved by incorporating more LoFi points; however, this also depends on
the discrepancy between the HiFi and LoFi datasets, as CoKriging relies on a
discrepancy function to relate the HiFi and LoFi manifolds.

An example of CoKriging regression is shown in Figure 2.3 using the toy
datasets provided in [31]. The autoregressive feature is noticeable from the fact
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that the mean prediction goes through the HiFi samples and the uncertainty in
those locations is zero.

Fig. 2.3 Example of CoKriging regression using the toy datasets provided in [31].

2.3.2 Multi-level CoKriging

In the cases that there are more than two levels of data, a multi-level approach
is necessary to incorporate all the information coming from multiple sources.
Assuming that there are l levels of fidelity, for all t = 1, . . . , l, the tth output is
modeled by the Gaussian process αt. Similar to simple CoKriging, both the input
and the output data are stacked from the less accurate to the most accurate. For
each level of data, the conditional distribution of the Gaussian process αt(d) is
determined from αt−1(d).

Even when dealing with multiple levels of fidelity, it is still possible to assume
the Markov property introduced by Kennedy and O’Hagan [53] as follows:

cov{αt(d), αt−1(d
′)|αt−1(d)} = 0 for all d ̸= d′. (2.20)

This property still implies if the value of the higher fidelity data is available,
nothing can be learnt about αt(d) from the lower fidelity data. This assumption
allows to use the auto-regressive model once again as following [60]:
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αt(d) = ρt−1 αt−1(d) + δt(d), t = 2, . . . , l. (2.21)

Here, δt(d) denotes a Gaussian process that is independent of αt−1, . . . , α1

and ρt−1 represents the scale factor linking two successive Gaussian processes, αt

and αt−1. The hyper-parameters in the multi-level CoKriging framework are
estimated using the same Bayesian approach as in simple CoKriging. Notably, the
generalized Bayesian estimation yields a numerical complexity that is equivalent
to performing l independent Kriging estimations [60].

At each fidelity level t, the design set Dt is selected such that Dt ⊆ Dt−1.
While this nested structure is not strictly required, it enables closed-form solutions
for the parameter estimation equations.

2.4 Sampling strategies

A critical aspect of Reduced Order Model training lies in the selection of design
points within the design space that yield the most accurate predictive performance.
The quantity and distribution of training samples required to achieve a target
level of accuracy are highly problem-dependent, influenced by factors such as
the underlying model’s nonlinearity, dimensionality, noise levels, and smooth-
ness of the input/output mapping, as well as the chosen training strategy [62].
Whether derived from physical experiments or numerical simulations, training
data inherently contain uncertainties and deviate from the true solution due to
measurement or modeling errors [31]. Therefore, the central objective is to
sample the design space efficiently, ensuring that the resulting surrogate model
provides a reliable global approximation of the underlying system behavior.

The most basic sampling strategy is simple random sampling, where each point
in the design space has an equal probability of selection. This typically involves
enumerating the design space and selecting a subset using a random number
generator. Stratified sampling improves upon this by dividing the design space
into subregions, or strata, based on specific characteristics, and drawing random
samples from each to ensure balanced representation. Alternatively, uniform
sampling methods aim to maximize the minimum pairwise distance between
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points, ensuring even coverage of the space [74]. A widely used technique, Latin
Hypercube Sampling (LHS), enhances stratified sampling for multidimensional
spaces by dividing each input variable’s range into equally probable intervals and
selecting one sample from each. This ensures that each sample is the only one
in its interval along each dimension, providing efficient space-filling properties
with fewer samples than purely random methods [71].

However, these strategies follow an a-priori approach, distributing training
points without insight into the underlying input/output mapping, which may
result in inefficient sampling. Therefore, the ROM training strategies have moved
from static to dynamically updating models, due to the ability to improve their
fitting capability by adaptive sampling or training [93]. The importance of
adaptive sampling strategies lies in adding training points to the locations in the
design space where they are the most impactful, keeping the number of model
evaluations needed to build the surrogate as low as possible. Clearly, the impact of
a new sample must be estimated from the knowledge gained during the process up
to that point. Therefore, adaptive sampling strategies require a method to choose
the coordinates of a new training point, which in turn requires a decision-making
metric. This metric should target and quantify a potential/estimated improvement
of the surrogate model prediction and/or a reduction of the associated uncertainty.

To this end, adaptive sampling strategies have been combined with multi-
fidelity surrogate models, with the goal of deciding on a cost/effect balance
basis whether an expensive HiFi sample is needed in place of a cheaper one. An
augmented expected improvement for multi-fidelity Kriging was proposed by
Huang et al. [47], by using multi-fidelity data to minimize the total evaluation
cost by finding the overall optimum of the real system. Pellegrini et al. [81]
used a sampling strategy that sequentially adds LoFi or both HiFi and LoFi
samples depending on the prediction uncertainty and on a parameter based on
their computational cost ratio. Cai et al. [12] used an algorithm to sample
both HiFi and LoFi at every iteration based on the cross-validation error and
a Voronoi partition. Liu et al. [61] applied a sampling method updating the
dataset of the corresponding fidelity level that provides the maximum reduction
of the MF uncertainty. Kimpton et al. [54] combined expected improvement
with a repulsion function that ensures a filling design space, in a multi-level
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fashion. Guénot et al. [40] used a basis improvement based adaptive sampling
strategy that enhances POD-based models by selecting new sample points that
improve the modal basis while exploring the parameter space. The influence of
each snapshot on the modes is quantified using singular-value-weighted angles,
and candidate points are evaluated based on proximity to influential snapshots.
Efficient computation is achieved through thin SVDs of small matrices, avoiding
costly full SVDs of the full snapshot set.

2.4.1 Adaptive sampling based on prediction error

The first incremental sampling method proposed in this work is rather a bench-
mark strategy that requires the availability of the full HiFi and LoFi datasets X
and Y. Starting from a baseline/minimal set of HiFi data and the full set of LoFi
data, the choice of a new HiFi training point is driven by the calculated prediction
accuracy improvement. Therefore, given the initial set of HiFi samples D0 ∈ X,
the HiFi dataset is progressively augmented by adding the simulation data x′(d′)

corresponding to the DoE coordinates d′ such that, at the i+ 1-th increment, x′

is:

argmin
x′∈(X−Di)

E(x′) := {x′|∀x : E(M[Di + x,Y ]) > E(M[Di + x′,Y ])}, (2.22)

where E(M[Di + x,Y ]) is the Normalized Root Mean Square (NRMS) error
defined in Appendix A computed between the test vector and the data vector
predicted by the model M obtained using the HiFi dataset Di augmented with a
new sample x. Therefore, the chosen new HiFi sample is the one that maximizes
the prediction accuracy improvement among the pool of available samples.

Clearly, at a given stage i, this strategy requires the generation of all possible
models M built with the HiFi training dataset Di plus each one of the remaining
training data x. Therefore, besides requiring the full HiFi dataset up front, it
encompasses the generation and evaluation of many models at each sampling
increment, making it unfeasible in a practical context.
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2.4.2 Adaptive sampling based on model uncertainty

In a practical context, a different approach is needed since the full HiFi dataset
is generally not available upfront because of its computational cost. At the same
time, the full set of LoFi data is considered to be available, being it much cheaper,
although this might not be the case in general. In this case, the HiFi sample
coordinates of successive dataset increments should be identified using heuristic
methods.

The uncertainty of the CoKriging model is a good indicator of missing
information, i.e., of the need to add a sample in the proximity of the region where
it is larger. In fact, the addition of a HiFi sample will improve the CoKriging
discrepancy model where it has the largest uncertainty.

Therefore, a new samplex′(d′) is added corresponding to the DoE coordinates
d′ such that, at the i+ 1-th increment, it is:

argmax
dj

[
Nmodes∑

k

Σk σαk(dj)

]
j = 1, . . . , p− i, (2.23)

where the overall prediction uncertainty in the DoE coordinates dj is com-
puted by summing the uncertainty associated with each POD coefficient k,
weighted with the corresponding eigenvalue Σk, i.e., the POD coefficients’ un-
certainty are weighted with the importance of their mode.

2.5 Sparse sensing

Sparse sensing (SpS) leverages the inherent sparsity present in many physical
systems to enable efficient data acquisition and reconstruction with significantly
fewer measurements than traditional approaches. The core principle of SpS is
that complex, high-dimensional systems often exhibit low-dimensional structure,
allowing the full system state to be represented by a small number of basis vectors
[9]. For machine learning algorithms that seek to extract such low-dimensional
patterns, SpS is particularly advantageous, as it enables accurate reconstruction
of high-dimensional states from limited measurements by exploiting coherent
underlying structures [69]. In this context, the full state can be approximated
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as an unknown linear combination of basis vectors, and the objective of sparse
sensing is to solve the resulting linear system:

y = Cx, (2.24)

where y∈ Rs denotes the vector of observations/measurements, C∈ Rs×p is
the measurement matrix, and x∈ Rp represents the full state of the system.

Since the goal is to reconstruct the full-state by using only a few sparse mea-
surements, s ≪ p, which means that the matrix C is non-invertible. Furthermore,
the system is typically ill-conditioned, rendering standard linear techniques such
as the pseudo-inverse ineffective. However, by assuming that the system admits a
sparse representation in an alternative basis, the full-state vector x can be expressed
as:

x = ΦkΨk, (2.25)

where Φk denotes the truncated transformation basis of order k, and Ψk

represents the projection of x onto this truncated basis.
The transformation basis is obtained by applying POD, as described in Section

2.1, to the dataset. This yields the reformulated expression of Equation 2.24 as:

y = ΘZk,SpS, (2.26)

where Θ = CΦk, and Φk is derived via POD. The SpS algorithm employed
follows the approach of [86], which incorporates a weighted least squares re-
gression subject to physical bounds on temperature, constrained between 300
K and 3000 K. Measurement uncertainty is accounted for through the weight
matrix W , a diagonal matrix with entries W i, i = 1/σi, where σi represents
the uncertainty associated with the i-th measurement in y. For temperature
measurements, the uncertainty is assumed to be 1% of the recorded value [59].

To improve the accuracy of the SpS reconstruction and maintain numerical
stability, air and fuel inlet temperatures are included into the measurement vector
for each case, with the same uncertainty assumption applied to these values.



Chapter 3

Experimental setup

This chapter presents the semi-industrial furnace used in this work since the experimental
measurements of this system is used in this study. The main measurement techniques
temperature and the energy balance of the furnace are provided.
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3.1 ULB semi-industrial flameless furnace

The experimental furnace which can operate both in conventional and flameless
modes utilized in this work is shown in Figure 3.1. It has a cubic combustion
chamber (1100 x 1100 x 1100 mm) which is made of stainless steel. To limit
the heat loss through the calculated walls is internally insulated with a 200 mm
thick high temperature (∼1300◦C) ceramic foam layer, resulting in a combustion
chamber with inner dimensions of 700 x 700 x 700 mm.

Fig. 3.1 Schematic of the ULB furnace (left), its cross section (right top), and the
nozzle (bottom right). Only some probe ports are shown for the sake of clarity.

A commercial WS REKUMAT M150 recuperative Flame FLOWX burner
with a nominal power of 20 kW is installed at the bottom of the combustion
chamber (Figure 3.1 (top right)) to preheat the combustion air by extracting
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the energy from the flue gases by means of its integrated metallic finned heat
exchanger. In this setup, it is not possible to actively control the preheating
level, being just the result of an energy balance. Moreover, due to hardware
limitations, air temperature at the combustion chamber entrance can only be
delivered analytically (see Section 3.1.2).

The experimental setup is designed to accommodate variations in geometry,
injection system, air excess, and load, enabling the simulation of different industrial
applications. As shown in Figure 3.1 (bottom right), the fuel is injected through
a centrally located nozzle with an inner diameter of 8 mm, surrounded by the
coaxial air jet whose dimensions can be adjusted (ID 16-20-25 mm). However,
it is not possible to achieve flameless combustion with this configuration when
the furnace is at ambient temperature. To address this issue, industrial flameless
recuperative burners have a "flame mode", in which the fuel is injected close to
the air jet to ensure the flame is attached to the burner during the heating of the
furnace. Once the lowest furnace temperature (typically in the lower corner)
exceeds the fuel-air mixture’s self-ignition temperature, the burner transitions to
"flameless mode," where all fuel is delivered through the coaxial injector, enabling
flameless combustion.

The test bench features an air-cooling system with four cooling tubes (Figure
3.1 (top right)) with an outer diameter of 80 mm, extending 630 mm into the
combustion chamber from the top wall. The system enables the combustion
chamber to operate under different stable conditions by adjusting the airflow,
allowing simulation of the impact of variable load.

There are openings for measurements in each vertical wall of the combustion
chamber. One side features 110 x 450 mm quartz windows, enabling optical
diagnostics. The quartz glass (GE124) has a transmissivity of about 90% in the
200-2000 nm wavelength range, allowing OH∗ and CH∗ chemiluminescence
imaging. The remaining three walls are sealed with the same insulation material
and contain ports for temperature measurements.

The flow control scheme and feeding systems are presented in Figure 3.2.
The system consists of gas bottles, a set of Brooks Mass Flow Controllers (MFC)
SLA-585XX for various flow ranges and fuels (CH4, NH3, H2, CO2, and N2),
and a static mixer to create a homogeneous fuel blend. A natural gas (NG) line



42 Experimental setup

supplies the burner through a three-way valve. Combustion air and cooling air
are supplied by two blowers, with their flow rates also regulated by MFCs.

Fig. 3.2 Schematic piping and instrumentation diagram of the ULB experimental
test setup.

3.1.1 Temperature measurements

There are eleven thermocouple ports installed at equal intervals of 50 mm in one
of the three walls of the combustion chamber. An air-cooled suction pyrometer,
equipped with a 0.5 mm diameter B-type thermocouple (Platinum-Rhodium
30% / Platinum-Rhodium 6%), is used for in-flame temperature measurements.
Type B thermocouples are ideal for high-temperature applications, offering high
accuracy (± 0.5% standard accuracy) and stability at temperatures up to 1700◦C.
The suction probe features a Venturi tube connected to a compressed air circuit,
with a maximum pressure of 6 bar(g). The thermocouple is protected by two
concentric sintered alumina shields, guarding it against chemical attack and
radiation heat exchange. The outer ceramic shield has an outer diameter of 10
mm, an inner diameter of 7 mm, and a length of 400 mm, while the inner ceramic
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shield is a filled alumina cylinder with a diameter of 5 mm. The inox portion of
the probe has an external diameter of 12 mm (Figure 3.3).

Fig. 3.3 Schematic view of the suction pyrometer.

The compressed air drives the injector, which ensures the suction of gas at high
speed (approximately 100 m/s). The hot gas then heats the thermocouples through
convective transfer. The high-speed suction, coupled with the two ceramic shields,
ensures that the equilibrium temperature measured at the tip of the inner ceramic
layer closely matches that of the hot gases, eliminating the need for corrections
for radiation losses. The response time of the suction pyrometer is approximately
10 seconds. The differential voltage signal is continuously sampled at 10 Hz
and automatically converted to temperature units using a National Instruments
cold-junction compensated acquisition card. According to the manufacturer’s
specifications, the measurement uncertainty is 0.5% of the reading. However, the
final temperature measurement error is estimated to be 1%, taking into account
both the repeatability of the measurements and the instrument errors.

Six K-type thermocouples (Nickel-Chromium/Nickel-Alumel) are positioned
flush against the insulation on another wall of the chamber, spaced 100 mm apart,
to monitor the temperature of the inner wall. Additional K-type thermocouples
are placed at various fixed points to measure temperatures, including at the outer
window, fuel, cooling air at the inlet and outlet, combustion air, and exhaust
gases after the heat exchanger.

Temperature at the top and bottom walls is measured by two shielded N-
type (Nicrosil/Nisil) thermocouples which are positioned inside the combustion
chamber, which are located 250 m off-axis. The thermocouple on the bottom
wall is positioned next to the combustion chamber outlet, just before the heat
exchanger, and is used to measure the flue gas temperature at the outlet. The
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measurement uncertainty for both K-type and N-type thermocouples is estimated
at 1.5%.

3.1.2 Energy and mass balance

The mass and energy global balances must be estimated by using the available
experimental measurements in order to calculate the boundary conditions for
the CFD simulations. The fuels CH4 and H2 are used in the scope of this thesis
in the ULB semi-industrial furnace. Therefore it is possible to write the global
combustion reaction in a general form using the equivalent molecule CxHyOz as:

CxHyOz+m(1+E)(O2+fN2/O2
N2) → xCO2+

y

2
H2O+mfN2/O2

(1+E)N2+mEO2,

(3.1)
where x, y, z are the coefficients for the equivalent molecule, E is the air excess,

fN2/O2
is the ratio of molar fraction of N2 and O2 in air. The number of oxygen

molecules required for the complete combustion of one mole of corresponding
fuel, m, can be written as:

m = x+
y

4
− z

2
. (3.2)

The coefficients x, y, z are determined as a weighted average of the number
of atoms considered in each species i, using the corresponding molar fraction as
the weighting factor. For example, x can be expressed as:

x =

Ns∑
i=1

NC,ixi, (3.3)

where NC,i represents the number of carbon atoms in species i. The injected
fuel mass flow rate into the chamber is determined as:

ṁf =
Pth

LHV
, (3.4)

where Pth represents the desired thermal power, LHV is the lower heating
value, determined using Hess’ law applied to the global chemical reaction (Equa-
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tion 3.1), considering water in the gaseous state (i.e. using its standard enthalpy
of formation). The combustion air mass flow rate is then given by:

ṁair = ṁf (m(1 + fN2/O2
)(1 + E)), (3.5)

where m(1 + fN2/O2
) is the stoichiometric coefficient for air. Then, the

equivalence ratio ϕ can be defined as:

ϕ =
ṁf/ṁair

(ṁf/ṁair)st
. (3.6)

The global energy balance of the furnace can be modeled as shown in Figure
3.4. Then, it would be possible to write the energy balance as follows.

Pth + Pf + Pair = Pcool + Pwalls + Prad + Pexh +∆P, (3.7)

where Pth is the thermal power generated by the combustion, while Pf and
Pair represent the sensible heat of the fuel and combustion air, respectively (with
the latter typically being negligible). Pcool donates the power transferred to the
cooling bars, Pwalls accounts for the heat losses to the walls, Prad represents
the radiative power transferred through the window, and Pexh corresponds to
the power associated with the enthalpy of the exhaust gases. In order to close
the energy balance, all remaining unaccounted losses are included as ∆P . The
sensible power terms (i.e. Pf , Pair, Pcool, Pexh) are determined using the following
equation:

Pi = ṁi

∫ T2

T1

cp,idT, (3.8)

where T1 is the inlet temperature or the reference temperature (Tref =

298.15K) of the fluid i inside the furnace, T2 is the temperature of the fluid i at
the outlet of the furnace, and cp,i is the specific heat capacity at constant pressure
of the fluid which is approximated with a 4th degree polynomial according to
the NASA’s JANAF tables [70].
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Fig. 3.4 Simplified sketch of the ULB furnace for the global power balance

The process efficiency (ηp) of the furnace can be written by considering the
useful heat extracted by the cooling system and the radiative losses through the
window as follows:

ηp =
Pcool + Prad

Pth
. (3.9)

An important consideration is that when the window is closed with insulation
material, the operator must increase the cooling heat flux to maintain constant
operating parameters.

In the global power balance sketch shown in Figure 3.4, the incoming air
passes through the heat exchanger, where it is preheated by the exhaust gases
before entering the combustion chamber. Detailed sketches of the combustion
chamber and heat exchanger are provided in Figure 3.5. However, due to
hardware limitations, the air temperature at the heat exchanger exit, which
subsequently enters the combustion chamber, cannot be directly measured and
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must instead be determined from a secondary energy balance across the heat
exchanger.

εhexṁexh

∫ Texh,in

Texhout

cp,exhdT = ṁair

∫ Tair,in

Tair,out

cp,airdT, (3.10)

where εhex is the heat exchanger efficiency, ṁexh and ṁair are the exhaust
and cooling airflow rates, respectively. The manufacturer’s data indicates that a
value of 0.9 can be used for εhex.

Fig. 3.5 Separate sketches of the combustion chamber (left), and the heat exchanger
(right) considered for the global power balance.

To determine the radiative power transmitted through the window (Prad), the
window can be modeled as illustrated in Figure 3.6. Assuming the furnace operates
under steady-state conditions, the furnace interior and exterior surroundings are
large, isothermal surfaces, and the insulation layers are adiabatic, and diffuse-grey
surfaces with uniform radiosity. The internal and external surfaces (A1 and A2),
along with both sides of the insulation layer (AR), form a diffuse-grey enclosure.
The surfaces A1 and A2 behave as black surfaces at the interior and exterior
temperatures, respectively, while AR acts as a re-radiating surface, making its
emissivity irrelevant. The net radiation passing through the window, represented
by surface A2, can then be expressed as:
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Prad =
Eb1 − Eb2

1−ε1
ε1A1

+ 1
A1F12+[(1/A1F1R)+(1/A2F2R)]−1 + 1−ε2

ε2A2

, (3.11)

where εi is the emissivity of the surface i, and Fij is the view factor between
surfaces i and j. Since the outer surface represent the surroundings, the emissivity
ε2 can be taken as 1. Ebi is the black body emissive power of surface i, and can
be expressed as:

Ebi = σT 4
i . (3.12)

where σ = 5.67× 10−8W/m2K4 is the Stefan-Boltzmann constant.

Fig. 3.6 Idealized sketch of the window to estimate the radiative power transmitted
through the window.

The view factor F12 can be determined by using the relation between aligned
parallel rectangles [51], as explained in [11]. F1R can be estimated by using the
summation rule on the surface A1 by, F1R = 1− F12, and due to the symmetry
of the closure, F2R = F12.

Finally, the convective and radiative heat loss through the furnace walls, Pwalls

can be found as follows:

Pwalls = A(hconv + hrad)(Twalls − Tsurr), (3.13)
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where A is the global external furnace wall surface, Twalls is the external
wall temperature, Tsurr is the air temperature of in the surroundings, and hconv

and hrad are the convective and radiative heat transfer coefficients, respectively.
Additional information about the estimation of these coefficients can be found in
[11].





Chapter 4

Data generation

This chapter introduces the numerical setup employed for both the semi-industrial furnace
and the stagnation point reverse-flow combustor considered in this thesis. In addition,
it provides a detailed description of the data generation process for each benchmark case,
outlining the modeling assumptions, boundary conditions, and operating parameters that
form the basis for the subsequent analyses.
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4.1 ULB semi-industrial flameless furnace

4.1.1 CFD data generation

The semi-industrial furnace described in Section 3.1 was previously simulated in
3D by Ferrarotti et al. [30]. To minimize discrepancies between the 2D and 3D
simulations arising from differences in the numerical setup, the 2D simulations
were performed using the same configuration as the 3D cases. Reynolds-Averaged
Navier–Stokes (RANS) simulations for both dimensionalities were conducted
with the commercial solver Ansys Fluent 19.1. The same design parameters were
applied to both 2D and 3D simulations: H2 mole fraction ranging from 0% to
100%, equivalence ratio between 0.7 and 1, and air injector diameters of 16 mm,
20 mm, and 25 mm. The fuel blends were assumed to enter at 343 K, while
the air inlet temperature and the heat losses associated with the cooling tubes
and furnace walls were determined for each design condition using the furnace
energy balance described in Section 3.1.2, under the assumption of an outlet
temperature fixed at 1273 K.

For the numerical setup, Reynolds stresses were resolved using the standard
k–ε turbulence model. Radiation was treated with the Discrete Ordinates (DO)
model, while radiative properties of the reacting mixture were accounted for
using the weighted-sum-of-gray-gases (WSGG) approach with the coefficients
proposed by Smith et al. [95]. Turbulence–chemistry interactions were modeled
through the Partially Stirred Reactor (PaSR) approach [17], with Cmix = 0.5, as
previous studies demonstrated that this value provides good agreement between
simulations and experiments for methane–hydrogen MILD combustion condi-
tions [30]. As the introduction of hydrogen leads to notable changes in simulation
outcomes, accounting for diffusion effects, a non-unity Lewis number assumption
was applied to both HiFi and LoFi datasets. This was addressed by accounting
for binary diffusion coefficients calculated following the kinetic theory and a
modification of the Chapman-Enskog formula. An effective diffusion coefficient
of the species in the mixture was obtained by applying a mixing rule. A sensitivity
analysis performed by Aversano et al. [5] identified the Kee chemical mechanism,
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consisting of 17 species and 58 reactions, as suitable for this furnace under the
investigated operating conditions.

For the 3D simulations, the numerical domain was defined as a 45° angular
sector of the full furnace geometry, exploiting its geometric symmetry. The
validity of this assumption was confirmed by Ferrarotti et al. [30]. Similarly,
for the 2D simulations, a rectangular cross-section of the cylindrical furnace
representation was employed. Following the mesh sensitivity analysis reported
by Ferrarotti et al. [30], numerical domains of approximately 216k cells for the
3D case and 29k cells for the 2D case were adopted.

The training dataset based on 3D furnace simulations was generated using the
Latin Hypercube Sampling (LHS) technique by Aversano et al. [5], comprising
45 design points, as illustrated in Figure 4.1. An equal number of simulations (45)
were performed for both the 3D and 2D cases. The datasets include temperature
fields as well as major species (CH4, H2, O2, H2O) and minor species (CO and
OH).

Fig. 4.1 Design space composed of fuel composition, equivalence ratio, and
injector diameter. Points are colored by the injector diameter value.
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4.1.2 Experimental data generation

Experimental measurements were obtained from six equally spaced thermocouple
ports, located 100 mm downstream, as described in Chapter 3. A schematic of the
furnace, indicating the positions of these thermocouple ports and their approxi-
mate locations on a 2D projection, is shown in Figure 4.2. The only available
data from both experimental campaigns are the local temperature measurements
collected from these ports. For temperature measurements, the uncertainty is
assumed to be 1% of the recorded value [59].

Fig. 4.2 The sketch of the ULB furnace with thermocouple ports and approximate
measurement locations.

A detailed numerical and experimental investigation of the semi-industrial
furnace with a 16 mm air injector diameter is provided in Ferrarotti et al. [30],
where in-flame temperature profiles, pollutant emissions, and OH∗ chemilumi-
nescence images were used to validate the numerical results. The temperature
measurements employed in this study were performed using an air-cooled suc-
tion pyrometer equipped with a 1.5 mm B-type thermocouple. To protect the
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thermocouple from chemical degradation and radiative heat exchange with the
furnace walls, it was housed within two concentric sintered aluminium shields.
The numerical simulations were conducted using a RANS-based solver, with
turbulence-chemistry interactions modeled using the PaSR approach. A paramet-
ric study was performed to identify the optimal constant Cmix, assess turbulence
model sensitivity, and determine the appropriate complexity of the chemical
mechanism. Aversano et al. [5] further validated the optimized numerical setup
for three test cases, showing strong agreement (average error being below 6%)
with measured temperature profiles at several axial locations. For more detail,
the full experimental and numerical configurations can be found in Ferrarotti et
al. [30], and the CFD validation against experiments is discussed extensively in
Aversano et al. [5].

Additional experiments were conducted with 25 mm air-injector diameter
as part of this thesis under the design conditions listed in Table 4.1. To ensure
consistency with the previous 16 mm air-injector measurements, the same ex-
perimental setup was used for in-situ flame temperature measurement. Likewise,
the same numerical modeling approach was employed for simulating the 25 mm
cases. Before incorporating the experimental data into the training dataset for
the multi-level multi-fidelity reduced order model, it is essential to verify that the
numerical simulations adequately represent the experimental measurements. A
comparison of measured and computed temperature profiles at multiple axial posi-
tions (z = 100, 200, 300, 400, 500, and 600 mm) for the test cases TC2 and TC6 are
presented in Figure 4.3 and Figure 4.4. The use of a suction pyrometer and its as-
sociated spatial averaging effect—typical for this type of measurement—has been
rigorously examined in Lavadera et al. [59] and accounted for in Aversano et al.
[5]. To maintain consistency and enable a fair comparison, the CFD results were
volume-averaged over a spherical region with a 10 mm radius, corresponding to
the probe’s diameter.

TC2 and TC6 are selected as they represent the bounds of the design space
in terms of H2 mole fraction — TC2 with the lowest and TC6 with the highest.
These cases highlight how the model performs under varying design parameters
when compared to experimental data. As shown in Figure 4.3, for TC2, a slight
overestimation is observed in the far downstream region, but the numerical



56 Data generation

Dia [ mm] H2 [mole fraction] ϕ [-]
TC1 25 0.35 0.73
TC2 25 0.20 0.76
TC3 25 0.45 0.85
TC4 25 0.25 0.85
TC5 25 0.54 0.74
TC6 25 0.80 0.90
TC7 25 0.65 0.91
TC8 25 0.70 0.94
TC9 25 0.40 0.95
TC10 16 0.60 0.93
TC11 16 0.30 0.78
TC12 16 0.05 0.83

Table 4.1 Design parameters for the experimental data

simulation captures the temperature measurements near the injector with an
average error of 11%. In TC2, the combination of low H2 mole fraction and
lean mixture results in a MILD combustion regime, characterized by a more
uniform temperature distribution and smoother gradients. Considering the spatial
averaging effect of the suction pyrometer — especially near the injector — the
numerical and experimental data show good agreement.

In contrast, the model behaves significantly differently for TC6. As shown in
Figure 4.4, the numerical simulation fails to capture the temperature profile both
near the injector and further downstream. The overestimation in temperature
exceeds the average measurement uncertainty of 10K. The combustion charac-
teristics in TC6 are influenced by the higher H2 mole fraction, which leads to
sharper temperature gradients. These steep gradients complicate the comparison
between the spatially averaged experimental measurements and the localized
numerical predictions. The resulting average error between experimental and
numerical data for TC6 is approximately 16%.

The numerical simulations for the 16 mm air-injector diameter cases demon-
strated excellent agreement with experimental measurements, with an average
error below 6%, as reported by Ferrarotti et al. [30]. In contrast, for the 25mm
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Fig. 4.3 CFD model and experimental temperature measurements for TCA at
axial positions, (a) z=0.1 m, (b) z=0.2 m, (c) z=0.3 m, (d) z=0.4 m, (e) z=0.5 m and
(f ) z=0.6 m.

cases, the error increased to between 11% and 16% — approximately two to
three times higher. This discrepancy can be attributed to the influence of injector
diameter on turbulence intensity and mixing characteristics. A smaller injector
diameter leads to higher jet velocities, more intense turbulence, and finer mixing
scales, all of which affect the combustion behavior and necessitate recalibration of
the mixing constant Cmix in the PaSR combustion model.

Ferrarotti et al. [30] used a value of Cmix = 0.5, which was found to be optimal
for methane-air MILD combustion in the 16 mm configuration. To maintain
consistency across all simulations, this same value was retained for the 25 mm
cases. For 25 mm conditions that remain within the MILD regime, the sensitivity
to Cmix is reduced, and the predictions remain acceptable. However, in cases
where elevated H2 mole fraction increases flame speed — and where the larger
injector diameter further alters mixing behavior, this fixed Cmix value becomes
less accurate. In such scenarios, an adjusted Cmix is likely required to better match
the experimental results.
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Fig. 4.4 CFD model and experimental temperature measurements for TCB at
axial positions, (a) z=0.1 m, (b) z=0.2 m, (c) z=0.3 m, (d) z=0.4 m, (e) z=0.5 m and
(f ) z=0.6 m.

4.1.2.1 Sparse sensing reconstruction

The sparse sensing method reconstructs the flow field using a truncated transfor-
mation matrix, making the choice of retained variance—i.e., the percentage of
variance that defines the number of modes k Equation 2.25. In this thesis, LoFi
data is employed for SpS, reflecting its practical relevance in real-world applica-
tions due to its low computational cost and utility in capturing the fundamental
physical behavior. To determine an appropriate retained variance threshold, sen-
sitivity analysis is performed across all training cases—three for the 16 mm and
nine for the 25 mm air injector diameters—by evaluating the average normalized
root mean square error of temperature predictions (ET

NRMS) against experimental
measurements.

The ET
NRMS values for the 16 mm cases are shown in Figure 4.5. As illustrated,

varying the retained variance has a negligible impact on the SpS reconstruc-
tion accuracy of the temperature field compared to experimental measurements.
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Therefore, the reconstruction is robust to the choice of retained variance in these
cases.

Fig. 4.5 NRMSE of temperature (ET
NRMS) for each experimental data for 16mm

injector diameter for different total variance values.

In contrast, the 25 mm injector cases exhibit sensitivity to the retained variance
in SpS reconstruction. As shown in Figure 4.6, the reconstruction error relative to
experimental measurements decreases as more variance is retained. The minimum
average error of 5% is achieved when 99% of the total variance is preserved. Given
that the 16 mm cases are unaffected by the retained variance, a threshold of 99%
is adopted for SpS reconstruction in the remainder of this study, based on the
performance observed for the 25 mm cases.

The SpS reconstruction of the temperature field alongside the CFD results is
presented in Figure 4.7 for one representative case from each injector diameter.
When 99% of the variance is retained, the SpS reconstruction not only minimizes
the discrepancy with the experimental measurements but also demonstrates good
agreement with the CFD predictions for both injector sizes.

4.2 Stagnation point reverse-flow combustor

The stagnation point reverse-flow combustor, sketched in Figure 4.8, which
consists of a first, rich, and non-premixed combustion stage that is followed by a



60 Data generation

Fig. 4.6 NRMSE of temperature (ET
NRMS) for eact experimental data for 25mm

injector diameter for different total variance values.

(a) (b)

Fig. 4.7 Temperature profiles of CFD results and SpS reconstruction for (a) Dia =
16mm, H2 = 0.05, ϕ=0.83 (TC12), and (b) Dia = 25mm, H2 = 0.80, ϕ=0.90 (TC6).

secondary lean combustion stage. The design space is composed of the air inlet
temperature (Tair) and the equivalence ratio in the fuel-rich stage (ϕrich/ϕprimary

). The exhaust temperature at the combustor outlet is set to 1200 K and used as a
design constraint to infer the air mass flow rate for the CFD simulations via an
energy balance accounting for the nominal input power, and the pressure is fixed
at 5 bar, as typically seen in micro gas turbine applications [90]. Numerical domain
is consisted of 48k elements [78]. The MF-ROM is developed to reconstruct the
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temperature and species concentrations fields (NO, NH3, H2, O2, OH, H2O,
NO2, NH2, and N2).

Fig. 4.8 Schematic view of the stagnation point reverse-flow combustor investi-
gated in this work [90]

The first training dataset is generated for 19 design conditions shown in
Figure 4.9. The design parameters range between 800K-1000K for the air
inlet temperature and 1.0-1.6 for the equivalence ratio of the first stage of the
combustor. This training set includes 15 simulations, placed within the parameter
space, with a 0.15 spacing for ϕrich and a 100 K spacing for Tair (black markers
in Figure 4.9). The other 4 simulations serve as a test set, 2 inside (T1 and T2)
and 2 outside (T3 and T4) of the training space (green triangle markers in Figure
4.9).

The second set of training simulations for the stagnation point reverse-flow
combustor contains 84 steady-state simulations in total as shown in Figure 4.10,
distributed across the design space as 76 for training and 8 for testing. The
sampling in the design space was selected to follow the structure of the first training
dataset shown in Figure 4.9), with 100K intervals for temperature between
600K and 1100K and 0.15 increments for the equivalence ratio between 0.7
and 1.6. However, at low temperatures and low equivalence ratios—specifically
around 600-700K and an equivalence ratio of 0.7 — deviations in combustion
characteristics, such as the combustion location and maximum temperature profile,
were observed. To address this, a denser sampling was implemented between
600K–800K for temperature and 0.7–0.85 for the equivalence ratio (red rectangle).
Additionally, to explore the combustion limits under these design conditions,
the equivalence ratio was extended down to 0.6. The upsampled regions in the



62 Data generation

Fig. 4.9 Design space considered in this work. The full black dots represent the
training cases, while the full triangles represent the test cases with two interpola-
tion cases, namely T1 and T2, and two extrapolation cases, namely T3 and T4.
The empty red and blue circles represent the two employed initial configurations,
namely case A (red circles) and case B (blue squares)

design space correspond to conditions where the numerical model predicted no
combustion (red crosses), and thus, they were excluded from the dataset.

4.2.1 CFD data generation

The 2D RANS simulations were performed using the commercial software AN-
SYS Fluent 19.1. Due to the symmetry of the setup, for the 2D simulations,
the cross-section of a cylindrical representation of the combustor was chosen.
The closure of Reynolds Stresses was achieved using the Realizable k-ϵ model
with enhanced wall treatment. Radiation was modeled using the Discrete Or-
dinates (DO) model and the WSGG model is employed with the coefficients
proposed by Smith et al. [95]. Turbulence-chemistry interactions, specifically
to close the mean reactive source term, were handled with the Eddy Dissipation
Concept (EDC). Otomo et al.’s [76] detailed kinetic mechanism was used for
the ammonia oxidation. The 2D axisymmetric computational domain consists
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Fig. 4.10 Design space considered in this work. The full black dots represent
the training cases, while the full triangles represent the test cases with eight
interpolation cases (T1-T8).

of 50,000 triangular/quadrilateral elements with five prism layers at the walls.
A uniform boundary condition was applied at the inlets for the mass flow rate,
temperature, and molar composition. Each of the numerical simulations required
approximately 18 hours on a 20-core CPU (Intel® Xeon® processor E5-2630
v4).

4.2.2 CRN data generation

The combustor was also modeled by means of a compact Chemical Reactor
Network (CRN) composed of 6 ideal chemical rector models, with the structure
shown in Figure 4.11. The CRN was previously calibrated to match the output
average value of NO from the CFD simulations [90]. In this work, the calibrated
CRN model was employed as the low-fidelity counterpart. CRN simulations
were carried out using the NetSMOKE++ solver [98] at the same locations in
parameter space as the CFD simulations. As for the computational cost, a single
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CRN solution can be obtained within seconds on 1 CPU with 2.3GHz quad-core
Intel® processor.

Fig. 4.11 Scheme of the Chemical Reactor Network of the combustor [90]

The Quantity of Interest (QoI) values at each grid point of the 2D flow field
are determined through point-wise predictions, where each reactor’s output is
projected onto the corresponding CFD grid point. The grid point is selected
by minimizing the discrepancy between the CFD values in that cell and the
predicted values from all reactors. The CFD grid is divided into 6 - the number
of reactors - and the value of each reactor is assigned to the elements within each
zone. The extrapolation of CRN data on the CFD grid for each reactor is shown
in Figure 4.12 through zones A-F.

Fig. 4.12 Schematic of the LoFi data generation, CFD field (top) and CRN
extrapolation (bottom).



Chapter 5

Development of the
multi-fidelity reduced order
model

This chapter addresses two fundamental questions regarding the multi-fidelity framework:
the impact of additional high-fidelity samples and their distribution within the design
space on prediction accuracy. The incremental sampling methodologies introduced in
Section 2.4 are applied to combustion problem using CH4-H2 as the fuel blend.

This chapter is based on the following publication:

Aysu Özden, Alberto Procacci, Riccardo Malpica Galassi, Francesco Contino,
Alessandro Parente, "Incremental sampling methods for multi-fidelity surrogate
modeling: Application on a furnace operating in MILD combustion conditions",
Applied Thermal Engineering (2024), 122902, doi:10.1016/j.applthermaleng.2024.122902.
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5.1 Methane-hydrogen mixtures in the ULB furnace

This work presents a framework for the generation of a multi-fidelity reduced
order model (MF-ROM) of a combustion furnace operating in MILD conditions.
Two- and three-dimensional simulations of the MILD combustion furnace with
design parameters of air injector diameter, fuel composition, and equivalence ratio
are fused to build the model (See Chapter 4). Moreover, a typical question related
to MF-ROMs is tackled, that is, how many high-fidelity simulations should be
employed to get a favourable trade-off between accuracy and training cost.

5.1.1 Dataset and workflow settings

This work presents a framework for the generation of an MF-ROM of the semi-
industrial MILD combustion furnace with a nominal power of 20 kW, whose
schematic is shown in Figure 3.1. Two- and three-dimensional simulations of
the MILD combustion furnace with design parameters of air injector diameter,
fuel composition, and equivalence ratio are fused to build the model (See Chapter
4). Moreover, a typical question related to MF-ROMs is tackled, that is, how
many high-fidelity simulations should be employed to get a favourable trade-off
between accuracy and training cost.

The training dataset, namely the 45 companion HiFi/LoFi simulations, needed
to be split into train/test sets. Instead of making a-priori choices of the test
simulations, a k-fold cross-validation is performed, given the limited amount
of data samples available, which would otherwise lead to biases in the model
performance evaluation. More specifically, a 30-fold cross-validation with random
test sets containing 4 simulations was performed.

The total variance retained in the POD modes after dimensionality reduction
was set to 99.9%, while the CoKriging model was built with radial basis functions
as covariance, and a constant regression model for the scaling factor, the latter
being estimated with a Bayesian optimization together with the covariance hyper-
parameters.
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5.1.2 Reference high-fidelity digital model

A high-fidelity digital model of the semi-industrial MILD combustion chamber
was already developed by Aversano et al. [5] using 3D simulations only, and
then employed by Donato et al. [23] to assimilate experimental data. The POD
method was used to decompose the physics-invariant information (POD modes)
from the system-dependent information (POD coefficients), while the behavior
of the POD coefficients over the design space was modeled with a Kriging
regression. This strategy can be seen as the single-fidelity special case of the
methodology presented in this thesis, where the HiFi information contained in
the POD coefficients Z always overrides the low-fidelity information contained
in the dataset Y, which therefore is not used.

The average NRMS error for the features of interest, computed as per Equation
A.3 on field quantitites in the prediction of the test simulations are provided in
Figure 5.1. More specifically, the error statistics are reported (mean, standard
deviation, and kernel density estimation in the form of a violin plot) over the
30 random folds. The error for temperature and the main chemical species mass
fractions and pollutants, except for CO, OH, CH4, and H2, are predicted around
and below 10%. The higher errors for CO, OH, CH4, and H2 are expected
since these species are more challenging to predict due to their much more
localized distribution [5]. The 30-fold-mean NRMS error averaged over the
QoIs is µ30[ENRMS] = 0.8, where the contribution of the less accurate species is
clearly dominant.

Figure 5.2 shows the temperature and OH field comparison between the CFD
and the HiFi ROM for a selected test point, which is an unseen design condition
for the ROM. The field plots show that the HiFi ROM is able to predict accurately
the true distribution of the features of interest without any noteworthy difference,
except for a slight misplacement of the flame edge in the injector post-tip.

The full-HiFi error figures are shown in Figure 5.1 and Figure 5.2 will
represent the lower error bounds, i.e., the best achievable performance of any
MF-ROMs, and will be reported in black in all the following figures.
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Fig. 5.1 30-fold statistics (mean, standard deviation and kernel density estimation)
of the QoIs NRMS errors EQoIs

NRMS exhibited by the reference high-fidelity ROM
built by using the full set of 41 HiFi simulations.

Fig. 5.2 Slice of the 3D flow field compared between the true field from the CFD
simulation (left half) and the digital twin prediction (right half) in a selected test
point for temperature (a) and OH mass fraction (b).

5.1.3 Multi-fidelity digital model

Two MF-ROMs were built by employing the incremental sampling strategies
outlined in Section 2.4.
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Both strategies required an initial HiFi training set that acts as a seed for the
incremental sampling. To this end, 6 design conditions placed close to the corners
of the parameter space were picked, leaving 39 simulations for the train/test sets,
performing again 30-fold cross-validations with random test sets containing 4
simulations each. The initial set of six simulations was chosen because CoKriging
requires a minimum number of samples, determined by both the number of
fidelities and the dimensionality of the design space, to ensure a valid Cholesky
decomposition of the covariance matrix. Since this decomposition is only feasible
when the matrix is symmetric and positive definite, having too few simulations
may lead to an ill-conditioned matrix, preventing stable decomposition and
undermining model reliability. The initial se of six simulations were chosen
closer to the design space boundaries and this choice was justified by the fact that
Kriging-type methods are known to be inaccurate when used for extrapolation
[45].

The performance of the MF-ROM utilizing the initial 6 HiFi and 41 LoFi
simulations (referred to as Base MF-ROM), is compared with a SF-ROM con-
structed using the same 6 HiFi simulations and no LoFi simulations (referred to
as Base SF-ROM), in order to show the effect of the LoFi data on predictions.
This comparison is depicted in Figure 5.3 for each feature of interest within the
context of a 30-fold cross-validation scenario. The full HiFi ROM performance
is reported as well for reference. As illustrated in the figure, the MF-ROM gener-
ally provides more accurate predictions with reduced bias across most features
compared to the SF-ROM. Notably, for species characterized by localized and
challenging-to-predict behaviors such as H2, OH, and CO, the average perfor-
mance of MF-ROM improves that of the SF-ROM. This outcome underlines the
utility of employing MF-ROMs, as they demonstrate the capability to achieve
better prediction accuracy compared to their SF-ROM counterparts constructed
using the same amount of HiFi data.

5.1.3.1 Error-based incremental sampling method

Here, MF-ROMs were incrementally built employing the criterion in Equation
2.22, which progressively adds the HiFi sample that provides the largest accuracy
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Fig. 5.3 30-fold statistics (mean, standard deviation and kernel density estimation)
of the QoI-averaged NRMS error ENRMS for Base MF-ROM and SF-ROM
compared to the SF-ROM with 41 HiFi simulations (Full SF-ROM).

improvement among the pool of remaining HiFi simulations. The performance
of the obtained models was evaluated by comparing their predictions against the
test data in the 4 randomized test points, using 30-fold cross-validation. Figure
5.4 shows the probability distribution of the NRMS error ENRMS defined in
Equation A.4 over the 30 folds at each increment. A decreasing trend is observed
for the 30-fold-mean error and 30-fold-standard-deviation with increasing HiFi
samples, which reveals that (i) the addition of HiFi simulations improves the
prediction accuracy of the MF-ROM and (ii) the bias induced by the test set
choice (represented by the standard deviation, or PDF spread) is less and less im-
portant because the left-out simulations are less impactful on prediction accuracy.
Moreover, the PDFs are skewed towards lower errors, meaning that only a few
random test case combinations have less accurate predictions, typically when test
cases are clusterized towards the domain boundary. Further, it is observed that the
MF-ROM accuracy largest improvement happens in the first ∼ 20 increments,
while it plateaus after ∼ 30 HiFi samples are reached. When the full set of 41
HiFi samples is added, the accuracy of the MF-ROM recovers the performance
of the high-fidelity ROM shown in Section 5.1.2, Figure 5.1, as expected.
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Fig. 5.4 30-fold statistics (mean, standard deviation, and kernel density estima-
tion) of the QoI-averaged NRMS error ENRMS with increasing HiFi samples
employing the error-based strategy.

After a general understanding of the behavior of this sampling strategy ob-
tained by looking into the QoIs-averaged error, it is beneficial to examine the
error behavior feature by feature. Figure 5.5 shows the QoIs errors (Equa-
tion(A.3)) at 4 select stages of the incremental sampling, namely 9, 18, 27, and 41
(full) HiFi samples. These error figures show that for every feature, the addition
of HiFi simulations increases the performance of the MF-ROM, as expected.
Very disparate prediction performances across the QoIs are observed, coherently
with the full-high-fidelity model (black symbols, also shown in Figure 5.1), with
excellent accuracy for temperature and major products, and decreasing quality
for reactants and radical species. It is noteworthy to remark that the MF-ROM
with 9 HiFi samples already exhibits acceptable error figures compared to the
full-high-fidelity ROM.

The temperature and OH predictions for the same test case are compared
in Figure 5.6 as the number of HiFi simulations increases, particularly in the
ranges of 9-18-27 HiFi simulations, for the error-based method. The temperature
exhibits an overestimation near the symmetry axis for small and medium number
of HiFi samples. A similar overestimation trend is observed in OH predictions,
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Fig. 5.5 30-fold-statistics of the QoIs NRMS errors EQoIs
NRMS exhibited by MF-

ROMs built by using 9, 18, 27 and 41 HiFi simulations employing the error-based
sampling strategy.

accompanied by a less accurate depiction of the flame shape. Both predictions
improve with the increasing number of HiFi samples.

Lastly, topological observables were analyzed, namely the wall temperature
(i.e., the average temperature predicted on the side wall x = 0.35 m), the peak OH
value/position, and the flame length (measured as the maximum height reached
by the 20% OH iso-line). 30-fold-statistics on the relative errors εobs on such
quantities (Equation A.5) are shown in Figure 5.7 at the same 4 selected stages
of the incremental sampling (9, 18, 27, full). The convergent trend towards the
reference full-HiFi performance is here found again, except for the 30-fold-mean
peak OH position whose error does not change appreciably. The error values
confirm that the OH prediction in general is not very accurate, regardless of the
number of low-fidelity data injected in the model, while the wall temperature
(which is more relevant in a practical context) is very well predicted, even with 9
HiFi samples only.
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(a) Temperature

(b) OH mass fraction

Fig. 5.6 Comparison between the MF-ROMs for the error-based method built
with 9 (left), 18 (center), 27 (right) HiFi simulations and 41 LoFi, temperature
(top row), and OH mass fraction (bottom row). Each plot compares a slice of
the predicted 3D field (right half ) against the same (mirrored) slice of the test
simulation (left half ).

5.1.3.2 Uncertainty-based incremental sampling method

In this section, MF-ROMs were incrementally built employing the criterion
in Equation 2.23, which adds the HiFi sample corresponding to the DoE lo-
cation where the MF-ROM uncertainty is larger. Again, the performance of
the obtained models were evaluated by comparing their predictions’ average
NRMSE distribution against the test data in the 4 randomized test points, using
30-fold cross-validation. Figure 5.8 shows the 30-fold-statistics of the NRMS
error ENRMS defined in Equation A.4 at each increment. The trend of the 30-
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Fig. 5.7 30-fold-statistics of the relative errors εobs on wall temperature, peak OH
value, peak OH position, and flame length exhibited by MF-ROMs built by using
9, 18, 27, and 41 HiFi simulations employing the error-based sampling strategy.

fold-mean of the error with an increasing number of HiFi simulations is similar
to the error-based method. However, the number of increments needed to reach
the plateau is lower. A sharper decrease in the error indicates a faster and steadier
convergence to the full-high-fidelity NRMS error.

The effect of additional HiFi simulations on the prediction accuracy of the
QoIs is shown in Figure 5.9, where only the mean over the 30-folds is shown
for the sake of clarity. All the QoIs errors exhibit a smooth decreasing trend
with increasing HiFi samples, maintaining the disparities across the QoIs already
observed in the previous sections.

Again, a more compact visualization of predictive performance is shown in
Figure 5.10, which depicts the QoIs errors (Equation A.3) at 4 selected stages of
the incremental sampling, namely 9, 18, 27, and 41 (full) HiFi samples. These
error figures show that for every feature, the addition of HiFi simulations increases
the performance of the MF-ROM. Moreover, the accuracy of the MF-ROM with
27 HiFi simulations and the high-fidelity ROM trained with the full set of HiFi
simulations show very close accuracy metrics. Figure 5.11 shows slices of the
predicted flow fields of temperature and OH in the 9/18/27 HiFi stages of the
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Fig. 5.8 30-fold statistics (mean, standard deviation and kernel density estima-
tion) of the NRMS error ENRMS with increasing HiFi samples employing the
uncertainty-based strategy.

Fig. 5.9 30-fold-mean of the QoIs NRMS errors EQoIs
NRMS exhibited by MF-ROMs

built employing the uncertainty-based sampling strategy.

incremental sampling, compared against the test simulation in a selected test point.
The temperature field progressively improves with additional HiFi simulations,
both in the flame location and in the peak value. The OH field topology improves
as well, reaching a satisfying flame location with 27 HiFi simulations, with the
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peak OH value being over-predicted at 9 HiFi stage and under-predicted at 18
HiFi, finally reaching a more accurate value at 27.

Fig. 5.10 30-fold-statistics of the QoIs NRMS errors of the QoIs NRMS errors
EQoIs
NRMS exhibited by MF-ROMs built by using 9, 18, 27 and 41 HiFi simulations

employing the uncertainty-based sampling strategy.

This behavior is confirmed by Figure 5.12, which shows the 30-fold statistics
of the topological relative errors at the same increment stages.

5.1.3.3 Performance comparison of incremental sampling methods

The performance of error-based and uncertainty-based sampling methods are
compared, alongside an adaptive sampling methodology introduced by Guénot
et al. [40]. The comparison is based on the NRMS errors exhibited by the MF-
ROMs resulting from these three methods, as illustrated in Figure 5.13. Guénot
et al.’s adaptive sampling method was utilized with non-intrusive POD-based
surrogate models. The findings reveal that all three methods exhibit similar
trends, with Guénot et al.’s method closely resembling the error-based approach
presented in this study. Additionally, it is observed that the uncertainty-based
strategy demonstrates faster convergence in prediction accuracy with increasing
HiFi samples compared to the other two methods.
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(a) Temperature

(b) OH mass fraction

Fig. 5.11 Comparison between the MF-ROMs for the uncertainty method built
with 9 (left), 18 (center), 27 (right) HiFi simulations and 41 LoFi, temperature
(top row), and OH mass fraction (bottom row). Each plot compares a slice of
the predicted 3D field (right half ) against the same (mirrored) slice of the test
simulation (left half ).

This result may appear counter-intuitive at first glance because one would
expect the error-based strategy to be the best possible strategy if the goal is
to minimize the prediction error of the MF-ROM. However, it is important
to consider that this sampling strategy can be classified as a greedy algorithm,
meaning that at each increment it selects the locally optimal solution. In other
words, this methodology does not guarantee to uncover the globally optimal
set of training samples at each iteration. This would require a combinatorial
search over the set of possible training samples, which becomes computationally
intractable when the number of possible training samples grows larger than a
few samples.
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Fig. 5.12 30-fold-statistics of the relative errors εobs on wall temperature, peak
OH value, peak OH position, and flame length exhibited by MF-ROMs built
by using 9, 18, 27, and 41 HiFi simulations employing the uncertainty-based
sampling strategy.

Fig. 5.13 Comparison between error-based and uncertainty-based incremental
sampling with Guénot et al. [40]’s adaptive sampling strategies on the 30-fold-
statistics of the NRMS error ENRMS.
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The uncertainty-based strategy can also be classified as a greedy algorithm,
and thus it incurs the same local optimization problem. However, given that the
uncertainty exhibited by the MF-ROM in a specific location is informed by the
entire set of LoFi training samples as well, it is believed that the uncertainty-based
method approximates a better global optimization method. By choosing the
uncertainty-minimizing samples, this method selects HiFi samples that efficiently
explore the design space based on the combined HiFi and LoFi information, and
in the long run this results in more accurate models than the ones produced by
the error-based strategy.

The adaptive sampling strategy of Guénot et al. [40], which is based on basis
improvement, generally performs best for smooth and energetic fields where
dominant modes are well represented. However, for QoIs that are highly nonlin-
ear, strongly localized, and less energetic in the POD decomposition - such as OH
and CO - uncertainty-based sampling provides better performance, particularly
when initial snapshots are insufficient or when large discrepancies exist between
low- and high-fidelity data, as it directly targets poorly captured or uncertain
regions.

Such a result is remarkable since it demonstrates that the uncertainty-based
strategy is a satisfying incremental sampling method for the problem under in-
vestigation, as well as being the only feasible one in a practical context. Moreover,
it is demonstrated that an MF-ROM built with such a strategy employing ∼
20 HiFi simulations instead of 41, plus 41 LoFi simulations, delivers a model
whose accuracy is comparable to the full-high-fidelity model while reducing
by approximately one-half the number of degrees of freedom needed for the
training.

5.2 Summary

An MF-ROM for a MILD combustion furnace was developed and the effects of
sampling strategies on the prediction accuracy of this model were investigated.
This framework was based on the combination of the POD, the Procrustes
Manifold Alignment, and the CoKriging regression model. The ROM was used
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to predict the three-dimensional flowfields of temperature and chemical species for
varying design parameters, namely air injector diameter, H2 mole fraction, and
the equivalence ratio. The training datasets included 45 two-dimensional (LoFi)
and 45 three-dimensional (HiFi) CFD simulations of the same furnace for the same
design conditions. The framework fused the LoFi and HiFi data with the goal of
reducing the number of HiFi simulations required for a desired model accuracy.
Preliminary studies indicated that the number and the design conditions of the
chosen HiFi data have a crucial impact on the prediction accuracy. As a result,
two incremental sampling strategies were implemented and their effectiveness
was examined. The error-based strategy added the HiFi sample that provides the
largest accuracy improvement among the pool of remaining HiFi simulations,
while the uncertainty-based one added the HiFi sample corresponding to the
DoE location where the MF-ROM uncertainty was larger. The latter is more
suitable as well in a practical context since it does not require the availability of
the full HiFi dataset upfront.

The uncertainty-based method reached the full-high-fidelity model accuracy
on the quantities of interest with ∼ 20 HiFi and 41 LoFi simulations, instead
of 41 HiFi simulations, therefore exhibiting a saving of approximately half the
number of degrees of freedom needed for the training. If accuracy requirements
on minor species were relaxed, the MF-ROM configuration with ∼ 9 HiFi and
41 LoFi simulations demonstrated as well good performance, in which case the
saving would be 65%.

Future developments will seek further performance improvements in the
MF-ROM accuracy, especially in minor species, by an ad-hoc tuning of the CoK-
riging hyper-parameters which have a strong impact on the model predictions.
Moreover, a scenario in which the DoE exploration is performed on the fly during
the incremental sampling will be addressed, instead of being constrained to a
fixed LHS. Lastly, additional fidelity levels will be explored using less expensive
chemical reactor networks and more detailed chemical kinetic mechanisms, to
improve predictions on minor species.



Chapter 6

Adaptability of the MF-ROM to
different type of combustion
systems

This chapter focuses on extending the MF-ROM framework to different combustion
systems and fuel types, thereby demonstrating its versatility and robustness. In addition,
the predictive performance of the MF-ROM is systematically assessed not only for
interpolation within the sampled parameter space but also for extrapolation beyond the
training data, highlighting its potential for broader applicability in practical combustion
problems.

This chapter is based on the following publication:

Aysu Özden, Matteo Savarese, Lorenzo Giuntini, Alberto Procacci, Riccardo
Malpica Galassi, Axel Coussement, Francesco Contino, Alessandro Parente, "A
multi-fidelity framework for developing digital twins of combustion systems
from heterogeneous data: Application to ammonia combustion", Proceedings of
the Combustion Institute (2024), 105608, doi:10.1016/j.proci.2024.105608.
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6.1 Ammonia combustion in a stagnation point reverse-
flow combustor

To benchmark the MF-ROM framework on stagnation point reverse-flow com-
bustor fueled with ammonia, two-dimensional Reynolds-Averaged Navier Stokes
(RANS) Computational Fluid Dynamics (CFD) simulations, along with a Chem-
ical Reactor Network (CRN) derived from these simulations, are employed to
develop the MF-ROM to predict the spatial fields of thermo-chemical variables
at unexplored design conditions. Results show that, in most cases, the new MF-
ROM attains competitive predictive accuracy against the single-fidelity ROM
built with only high-fidelity data for temperature and main chemical species dis-
tribution while considerably lowering the computational costs. This framework
provides a significant advantage when discovering unexplored scenarios in the
design stage for a limited computational budget by incorporating simulations
that are structurally different in their intrinsic nature.

6.1.1 Test case

The system investigated in this study is a stagnation-point reverse flow combus-
tor, sketched in Figure 4.8, which consists of a first, rich, and non-premixed
combustion stage that is followed by a secondary lean combustion stage. The
configuration of the 2D numerical simulations and the CRN solutions can be
found in Chapter 4. In this chapter a total of 19 steady-state Reynolds-Averaged
Navier Stokes (RANS) simulations were carried out. The training set includes 15
of such simulations, placed within the parameter space, with a 0.15 spacing for
ϕrich and a 100 K spacing for Tair (black markers in Figure 4.9). The other 4
simulations serve as a test set, 2 inside (T1 and T2) and 2 outside (T3 and T4) of
the training space (green triangle markers in Figure 4.9).

6.1.1.1 MF-ROM setup

The MF-ROM was built to reconstruct the temperature and species concentration
fields (NO, NH3, H2, O2, OH, H2O, NO2, NH2, and N2) predicted by the CFD
simulations in the combustor. To build the HiFi and LoFi datasets, both models
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were evaluated at every training point, resulting in 15 observations for each
dataset which are shown as black dots in Figure 4.9. Additionally, for testing
purposes, HiFi observations were also obtained for both interpolation (T1 and
T2) and extrapolation test cases (T3 and T4). With reference to the definitions in
Section 2.1, the dataset dimensions are p = q = ncells × nQoIs = 474800, m = 15,
and n = 5,6,..,15 as the number of HiFi observations increases in each new iteration
of the sampling strategies. The results are shown with increasing numbers of
HiFi simulations, starting with a subset (seed) of 5 CFD simulations. This is
a requirement for the Co-Kriging regression model (as explained in Section
5.1.3), while the LoFi simulations are always kept to 15. We emphasize that the
choice of the initial subset of HiFi simulations influences the model performances.
Therefore, we assigned two alternative initial simulation subsets, as depicted in
Figure 4.9 by red circles for case A and blue squares for case B. The first subset
(case A) contains the four corners of the design space and the simulation at the
center (Tair=900 K, ϕrich=1.30). The second subset (case B) includes the four
corners of the inner rectangular region plus the simulation at its center. Case
B corresponds to the scenario where an initial Design of Experiments (DoE) is
extended to include conditions that were not originally planned.

6.2 Results

6.2.1 Model sensitivity to cut-off variance

We assessed the effect of the variance cut-off, i.e., the percentage value that
determines the number of modes k in Equation 2.4, on the model performance.
Here, the MF-ROM is trained with an increasing number of HiFi simulations
and tested only on interpolation test cases T1 and T2 for case A, so that the
test cases are always within the initial design space boundaries. The results in
the form of averaged normalized root-mean-squared error (ENRMS) across all
QoIs for the 2 test cases are shown in Figure 6.1 for cut-off variance ranging
from 95% to 100%. We observe that the effect of the cut-off variance threshold
on prediction accuracy is smaller than that of the addition of HiFi simulations
until a saturation happens after 11 HiFi simulations and no further accuracy
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improvement is observed even with 100% variance. We conjecture that when the
total number of HiFi simulations is small, the loss of information for lower cut-off
variances is negligible because only the mostly linear features are captured by the
MF-ROM (e.g., temperature and major species), thus only the first few modes
are actually needed. In some cases, such as 7 HiFi simularions, the addition of the
last modes is even detrimental. However, as the dimensionality of the training
data increases with additional HiFi simulations, also the non-linear features (e.g.
minor species) start to be correctly captured with the information contained
in the lower-energy modes (high k). Hence the loss of information becomes
significant with low cut-off variances because such modes are removed. In fact,
with lower cut-offs, the model’s performance plateaus despite the addition of HiFi
samples. Given the minimal cost differences among various cut-off values, we
consider the 99.9% cut-off variance as the most suitable option for this study.

Fig. 6.1 The average NRMSE of QoIs (EQoIs
NRMS) for interpolation test data (T1

and T2) for different total variance values for case A

6.2.2 Incremental sampling

We show the MF-ROM performance using two different incremental sampling
algorithms, namely Variance Based (VB) and Error Based (EB), used for adding
HiFi samples progressively. The results of the two methods are reported in Figure
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6.2, both for case A (Figure 6.2a) and for case B (Figure 6.2b). As a reference,
the (ENRMS) averaged across all QoIs for 4 test cases is compared between the
MF-ROM and the Single-Fidelity ROMs obtained both with only LoFi samples
(LoFi SF-ROM) and only with the given number of HiFi samples (HiFi SF-ROM).
As we observe for case A, the MF-ROM delivers improved accuracy with respect
to the HiFi SF-ROM when the number of HiFi samples is low, namely equal to
6 and 7. This was the sought-after main result, testifying to the effectiveness of
the MF-ROM approach in integrating information from the LoFi model when
the number of HiFi samples is scarce. The accuracy of the MF-ROM and the
HiFi SF-ROM become comparable when the number of HiFi samples is equal
to or higher than 8, with performance highly similar to the best-case scenario
(i.e., 15 HiFi samples). This means that, after enough information is gathered for
the reconstruction of all the QoIs, no more can be learned from additional HiFi
samples.

Regarding the differences between cases A and B, it is clear that case A is a
preferable alternative as both sampling approaches converge faster to an MF-ROM
with comparable performance to the best-case scenario, while more scatter in the
results is observable for case B (Figure 6.2b). This is because the ROM necessitates
more samples to include the variability in the data that must be captured, while it
is already present in a more significant manner within the starting seed of case A.
It is also observed that the first two simulations by the EB method were located at
the corners of the design space, confirming the key role of corner simulations for
developing a reliable MF-ROM, and the sampling algorithm aims to surround the
design space as fully as possible. The effect of the sampling algorithm is evident
for case B, as case A already contains an acceptable amount of variability in the
POD modes. Even though both sampling strategies perform similarly for case A,
the EV method is impractical to use for real-life design optimization problems
since it requires the knowledge of all HiFi simulations that are not expected
to be generally available. Therefore, case A and variance-based sampling were
considered as baseline training settings for further analysis.

Summarizing, the important result is that, both for case A and case B, the
MF-ROM can reconstruct the QoIs with better accuracy than the SF-ROM
build with the same number of HiFi samples, for a relatively low amount of CFD
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simulations included, namely 6 for case A and 11 for case B. This implies that
additional HiFi samples can actually be avoided by training an MF-ROM with
similar accuracy to even the best-case scenario.

(a) Case A (b) Case B

Fig. 6.2 The average NRMSE of QoIs (EQoIs
NRMS) (a) for case A and (b) case B for

variance and error-based sampling strategies

6.2.3 Interpolation and extrapolation capabilities

We compare the abilities of the MF-ROMs trained with the best-selected options,
namely case A and variance-based sampling, to both interpolate within the design
space’s boundaries (test cases T1 and T2) and to extrapolate towards unexplored
conditions (T3 and T4) since extrapolation remains a frequent vulnerability of
fully data-driven tools.

First, we report in Figure 6.3 the average NRMSE between T1 and T2 cases
obtained from the MF-ROM for different amounts of HiFi samples, evaluated for
each QoI. It can be noted that the reconstruction of variables with substantially
linear behavior over the operating range considered (such as temperature, which
depends rather linearly on ϕrich and Tair, and stoichiometry-dependent species
such as O2, H2O and N2) is effective, while minor species remain more challenging
to predict as they have a strongly non-linear behavior with both operational
parameters considered. This also implies that, as the low-fidelity model is able
to capture the trend of major species extremely well and that of pollutants and
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radicals less efficiently, the number of HiFi samples required for an acceptable
prediction of the latter quantities is generally higher. Nevertheless, with 11 HiFi
samples, all quantities are reconstructed with virtually identical performance to
the best-case scenario.

Fig. 6.3 The average NRMSE of QoIs (EQoIs
NRMS) for test data inside the design

space (T1 and T2) for each QoI

Figure 6.3 shows that the MF-ROM shows better accuracy in predicting
temperature, O2, H2O, and N2 fields. These QoIs exhibit smooth, non-localized
distributions, are less sensitive to turbulence–chemistry interactions, and represent
energetically dominant variables, making their behavior easier to capture and
reducing surrogate model prediction error.

Because the prediction error for certain variables—such as the minor species
NO—can be comparatively higher, we present a direct comparison between the
original CFD flow field and the MF-ROM prediction for test case T2, as shown
in Figure 6.4. As it is shown, remarkable agreement is already observed when
6 HiFi are used to train the MF-ROM, with very similar results to the 11 HiFi
samples scenario, while a considerable mismatch is observed when only 5 HiFi
samples are considered. For the 11 HiFi samples case, a relative error of 0.3% was
observed in the prediction of the NO peak value, testifying to a high degree of
accuracy in interpolating even hard-to-predict variables.
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Afterward, we directly compare interpolation and extrapolation performance,
and the results are shown in Figure 6.5. It is observed that the average error
obtained for the interpolation cases T1 and T2 (blue triangles) is always lower than
the one obtained for extrapolation cases T3 and T4 (green squares). This can be
attributed to the fact that it is more difficult to identify the strong nonlinear trend
for characterizing cases that are quite far from the training range. Consequently,
more HiFi samples are needed to include such variability in the POD modes. As
a further testament to this, we show the contours of NO in Figure 6.6 for the
extrapolated case, T3, obtained with 11 HiFi samples, which is where MF-ROM
is the closest to its best-case reference, showing a good agreement with the CFD
counterpart.

(a) (b) (c)

Fig. 6.4 NO field predictions of MF-ROM (right) built with (a) 5 HiFi, (b) 6 HiFi
and (c) 11 HiFi with respect to the CFD simulation (left) for Tair = 840 K and
ϕrich = 1.27 (T2)

The computational cost of the MF-ROM includes data generation, training,
and prediction. While training and reconstructing costs occur on the order
of seconds,—less than 1% of the time for a full CFD solution—the primary
computational expense for MF-ROM lies in data generation. Besides achieving
precise predictions, it is essential for the MF-ROM to utilize a training dataset with
an optimal number of HiFi simulations to maximize computational efficiency.
Figure 6.5 demonstrates two notable improvements in the accuracy of MF-ROM
for interpolation cases, where the ENRMS stabilizes: one when the total number of
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HiFi simulations reaches 6, and another when it reaches 11. The MF-ROM with
11 HiFi simulations guarantees 85% accuracy while offering a 25% reduction in
overall computational cost during the data generation phase. Furthermore, the
performance of the MF-ROM for the scenario involving 6 HiFi simulations is
improved by up to 50% compared to the baseline case with 5 HiFi MF-ROM.This
makes it possible to further reduce the training cost by up to 60%.

Fig. 6.5 The average NRMSE of QoIs (EQoIs
NRMS) for internal (T1 and T2) and

external (T3 and T4) test data

Interestingly, for extrapolation cases, the MF-ROM achieves performance
close to the HiFi SF-ROM made with all available HiFi for a relatively low number
of HiFi in the training. This is mainly because the variance related to T3 and T4
cases can only be covered within the POD modes by adding HiFi samples outside
the range, and the level of information needed to predict these cases is therefore
contained in a very similar manner in the POD modes of the low-fidelity model,
while the addition of HiFi in interpolation continuously improves the results on
T1 and T2, as more HiFi simulations enrich the available information even in
lower energy modes. Therefore, an important consequence of this aspect is that
the low-fidelity model can be employed to expand the boundaries of the design
space in a computationally efficient manner, and subsequently, HiFi samples can
be strategically performed in smaller numbers using the MF-ROM strategy, thus
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allowing for saving computational budget with respect to a solely HiFi ROM
approach.

Fig. 6.6 NO field prediction of MF-ROM (right) with respect to the CFD simula-
tion (left) for Tair = 1050 K and ϕrich = 1.65 (T3) with 11 HiFi simulations

6.3 Summary

A multi-stage, ammonia-fuelled combustor prototype was analyzed across various
sampling strategies and initialization techniques within and beyond the parameter
space as a benchmark test case. The high-fidelity dataset was constructed using 15
RANS simulations within a 2-parameter design space, while 4 extra simulations
were used as test cases. The low-fidelity dataset was assembled by performing
cost-effective CRN simulations from a previously designed equivalent CRN
system model at the same 15 operating conditions. By training several MF-ROMs
with different strategies, we could draw the conclusions summarized within the
following snapshots:

• The method is generally effective in predicting quantities of interest, even
slightly outside the design range. Furthermore, the multi-fidelity approach
offers a reduced model with higher accuracy than the single-fidelity model
obtained with the same number of high-fidelity samples when the latter
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is scarce. When the high-fidelity dataset is enriched, the role of the low-
fidelity information becomes secondary.

• The method is sensitive to the initial set of high-fidelity samples included
in the training of the multi-fidelity model if the dataset size is small. In
particular, by including the extremes of the design space at the beginning
of the training procedure, the multi-fidelity approach converges with fewer
high-fidelity samples to performance similar to the best high-fidelity model.

• The variance cut-off, on the other hand, has a less pronounced effect, and
its importance is greater in the interpolation phase. A high variance cut-off,
in general, allows for a constant improvement in the model when adding
more high-fidelity samples because lower-energy modes are retained.

• The variance-based sampling algorithm is more effective in choosing the
subsequent addition of high-fidelity samples to the training set than the
error-based one. Although the error-based algorithm performs better when
the boundaries of the design space are not included in the initial seed, it has
been determined that it is not suitable for real-life scenarios.

• In interpolation, progressively adding high-fidelity samples consistently
improves performance, whereas, in extrapolation, additional out-of-range
samples are needed to cover new conditions. This method initially covers
the unexplored range with the low-cost model and then strategically adds
high-fidelity samples, optimizing the computational budget.

In summary, the method efficiently blends information from data with pro-
foundly different levels of fidelity. The results demonstrate that this method
can potentially help alleviate the computational budget needed to train reliable
reduced models and digital twins, representing a key help for the design of more
efficient combustion technologies. As for future work, how to build error es-
timates to optimally place the HiFi samples in the parameter space should be
investigated to improve the accuracy of the model.





Chapter 7

Clustering based multi-fidelity
reduced order model for
ammonia combustion

This chapter introduces a clustering-based multi-fidelity reduced-order modeling frame-
work aimed at improving computational efficiency while preserving high predictive accuracy.
The methodology leverages unsupervised clustering to identify distinct combustion regimes
within the training dataset, enabling a more structured and targeted model development. A
hierarchical clustering approach is employed, beginning with global clustering to partition
the design space into different combustion regimes. Subsequently, a localized clustering
strategy is applied within these subsets to further refine predictions and enhance model
performance.

This chapter is based on the following publication:

Aysu Özden, Riccardo Malpica Galassi, Francesco Contino, Alessandro Parente,
"Clustering-based data-driven multi-fidelity reduced order modeling of ammonia
combustion", Proceedings of Combustion Institute (2025), under review.
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7.1 Regime identification: Unsupervised clustering

The novelty presented in this chapter lies in integrating the MF-ROM architecture
with clustering strategies.

Clustering is a widely used technique in data analysis for grouping data based
on their features. The term unsupervised indicates that the algorithm identifies
similarities and hidden patterns without prior knowledge of predefined labels or
categories. Among the various clustering methods reviewed in [91], the k-means
algorithm [65], known for its simplicity and effectiveness, is utilized in this work.
The data is partitioned into a user-defined number of clusters, k, each represented
by a centroid. The goal is to assign each data point to the cluster that minimizes the
Euclidean distance between the point and its centroid. To determine the optimal
value of k, considering both cluster homogeneity and inter-cluster distances, the
Davies-Bouldin index [20] is employed as a statistical evaluation metric. Since a
smaller value for DBI indicates a more compact solution, the value of k is chosen
based on the minimum value of the DBI. Additional information about other
indices can be found in Section 7.1.2.

7.1.1 Hierarchical sampling

This chapter introduces a hierarchical clustering framework that employs a cas-
cade of unsupervised clustering techniques to progressively refine data selection
and improve model accuracy. As illustrated in Figure 7.1, the process begins with
global clustering - black dotted cluster- where the entire dataset is partitioned
into broad groups based on overall similarities. This initial step provides a coarse
segmentation of the design space, grouping data points with comparable char-
acteristics (green dotted clusters). Next, local clustering is applied within each
global cluster, revealing finer structures and uncovering more intricate patterns
and relationships (blue dotted clusters). By systematically breaking the dataset
into smaller, more homogeneous subsets, the approach enables more targeted
and precise model training. This cascading strategy not only enhances computa-
tional efficiency but also improves the model’s ability to capture complex patterns,
ultimately leading to more accurate predictions.
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Fig. 7.1 Schematic of hierarchical sampling.

In this study, first clustering is applied across the entire design space to identify
distinct combustion regimes and assess how this improves MF-ROM accuracy
compared to the no clustering approach. Clustering is performed using temper-
ature and NO profiles, as they are key indicators of combustion characteristics.
Then, the potential for further refinement is explored by performing an additional
clustering within a specific subset of the domain, to enhance predictive accuracy
locally.

7.1.2 Clustering evaluation metrics

To determine the optimal value of k, considering both cluster homogeneity
and inter-cluster distances, there are different metrices used commonly in the
literature. Three commonly used indices in the literature for evaluating clustering
solutions are the Davies-Bouldin index (DBI) [20], the Silhouette index (SI) [25],
and the Calinski-Harabasz index (CHI) [13]. The DBI measures the similarity
between clusters, assuming that the data density decreases as the distance from a
cluster’s characteristic vector increases. It can be calculated as follows:

DBI =
1

k

k∑
i=1

max
j ̸=i

Di,j , (7.1)

where k is the number of clusters and Di,j is defined as:
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Di,j =
d̄i + d̄j
di,j

. (7.2)

Here, d̄i and d̄j represent the average Euclidean distances from the points
to the centroids in clusters i and j, respectively, while di,j denotes the distance
between the centroids of clusters i and j. In this context, the DBI measures
the ratio between the average within-cluster distance and the between-cluster
distance. A smaller DBI value indicates a more compact clustering solution. The
DBI values for global clustering with an increasing number of clusters (from 2 to
6) are shown in Figure 7.2, where 2 clusters are identified as the optimal solution
according to this index.

Fig. 7.2 Davies-Boudin index to assess evaluate the clustering.

Tha SI provides a measure of affinity for each cluster and can be calculated as:

SI =
bj − aj

max(aj , bj)
, (7.3)

where bj represents the minimum average distance between the j-th ob-
servation and the points in other clusters, and aj denotes the average distance
between the j-th observation and the points within the cluster to which it has
been assigned. The SI ranges between -1, indicating that the point would be
better assigned to another cluster, to +1, which indicates maximum affinity within
the assigned cluster. Therefore, for different values of k, the solution with the SI
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closest to +1 should be preferred. As shown in Figure 7.3, 2 clusters is the optimal
choice based on the SI.

Fig. 7.3 Silhouette index to assess evaluate the clustering.

Another option is the CHI, which evaluates the overall between-cluster
variance VB and the overall within-cluster variance VW , and is defined as:

CHI =
VB

VW
× Np − k

k − 1
, (7.4)

where Np is the number of observations. The values of VB and VW can be
calculated as:

VB =
k∑

i=1

N (i)
p ∥ci − µ∥2, (7.5)

VW =
k∑

i=1

∑
xj∈Ci

∥xj − ci∥2, (7.6)

where N (i)
p is the number of observations in the i-th cluster Ci, wiht centroid

ci. The mean of the datasets is denoted as µ. The CHI measures both the
separation of clusters (VB) and the dispersion within a cluster (VW ) with the goal
of maximizing VB and minimizing VW .Therefore, the optimal solution according
to the CHI is the one that yields the highest CHI value for a given k.
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Fig. 7.4 Calinski-Harabsz index to assess evaluate the clustering.

Figure 7.4 displays the CHI values for cluster numbers ranging from 2 to 6.
According to this plot, the optimal number of clusters for the dataset is determined
to be 3. The distribution of simulations for the 3-cluster solution is presented in
Figure 7.5.

Fig. 7.5 Design space with 3 clusters

The cluster distribution shown in Figure 7.5 is similar to the result obtained
by applying DBI in a cascaded manner (see Figure 7.7 and Figure 7.12 ). This
raises the question: rather than using DBI hierarchically, wouldn’t it be more
efficient to apply CHI in a single step? While the end results may be similar,
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our approach focuses on identifying the inherent similarities within the dataset.
By using a cascaded approach, we also address the dispersion of the clusters,
ultimately achieving the optimal solution of CHI through DBI’s hierarchical use.
Moreover, the observed similarity arises from the naturally clustered structure of
the training set. In regions with a higher density of simulations, CHI partitions
the data in a manner similar to DBI; however, under conditions of uniformly
spaced simulations in the design space, CHI would underperform since it does
not account for the intrinsic similarities among data points. Compared to SI, DBI
is easier to compute and offers an objective framework, which is why we chose
DBI as the cluster evaluation metric for this work.

7.2 Case Study: Two-staged ammonia combustor

Ammonia was chosen in this study for its specific characteristics that make it
a very well-suited candidate for ther proposed clustering-based multi-fidelity
framework. Ammonia’s narrow flammability range results in distinct combustion
characteristics results in distinct combustion behaviors in the investigated design
space, making it suitable to local ROMs.

The stagnation point reverse-flow combustor, illustrated in Figure 4.8 is
investigated in this chapter. It features a primary non-premixed combustion
stage, followed by a secondary lean one. The design space is defined by the air
inlet temperature (Tair) and equivalence ratio in the primary stage (ϕprimary)
with values ranging from 600K to 1100K for temperature and 0.6 to 1.6 for the
equivalence ratio as shown in Figure 4.10.

7.2.1 MF-ROM Configuration

The MF-ROM is developed to reconstruct the temperature and species con-
centrations fields (NO, NH3, H2, O2, OH, H2O, NO2, NH2, and N2) at the
accuracy of the CFD simulations. The dataset dimensions for the first MF-ROM
are p = q = ncells × nQoIs = 474800, with m = 76, and n = 5, 6, ..., 76 as the
number of HiFi observations increases in successive iterations of the incremental
sampling strategy explained in Section 2.4.
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For the MF-ROMs constructed after clustering, the dimensions of p and
q remain the same. However, since the maximum number of simulations is
determined by the number of simulations within each cluster, the value of m and
the maximum value for n vary across different MF-ROM configurations. The
results are presented with an increasing number of HiFi simulations for each
MF-ROM setup, starting from an initial subset (seed) of five CFD simulations,
which is a prerequisite for the Co-Kriging regression model, while the number
of LoFi simulations remains fixed at the value of m. It is shown that the choice of
initial subset of HiFi simulations significantly influences the model performance,
and as demonstrated by Özden et al. [78], the initial seed is always selected to
enclose the group of LoFi simulations within each MF-ROM configuration.

The training cost and prediction efficiency of the MF-ROM depends on the
amount of HiFi data included in the training set; however, the total training
and prediction time remains on the order of minutes on 1 CPU with 2.3GHz
quad-core Intel® processor. The computational cost of HiFi and LoFi simu-
lations are provided in Chapter 4.2. Hence, the dominant computational cost
arises from producing the HiFi training dataset, whereas the MF-ROM training
and prediction steps are comparatively inexpensive once the dataset has been
generated.

7.3 Results

The following sections present hierarchical clustering analyses, demonstrating
the benefits of clustering at different scales.

7.3.1 Global clustering for MF-ROM improvement

Distinct flow characteristics of temperature profiles and NO emissions were ob-
served during the database preparation phase Section 7.2. Therefore, the sampling
frequency was increased in the region with an equivalence ratio of 0.6 to 0.85
and temperatures between 600K and 800K. The temperature distribution in these
regions is shown in Figure 7.6a. Combustion occurs within the primary chamber,
and the temperature distribution follows the expected pattern. In contrast, Figure
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7.6b illustrates a case where the air inlet temperature and equivalence ratio are too
low to sustain ignition within the primary chamber. However, due to mixing and
turbulence effects, ignition is observed along the walls, though the combustion
exhibits weaker reactivity—an expected outcome under lean conditions with
lower inlet temperatures.

(a) ϕ = 1.0, T = 900K (b) ϕ = 0.7, T = 650K

Fig. 7.6 Temperature profiles of two training cases with different flow structures.

Unsupervised clustering was carried out on physical parameters - the mean
and maximum temperatures in the primary combustion stage, as well as the NO
concentration averaged at the outlet - that could highlight these behaviors. The
clustering was applied to the LoFi data, assuming its availability at every training
point. This assumption aligns with a more realistic scenario where HiFi data is
limited due to computational constraints. As outlined in Section 7.1.2, the Davies-
Bouldin Index (DBI) was used to determine the optimal number of clusters via
k-means clustering. The number of clusters was then varied parametrically from
2 to 6, with the corresponding DBI values shown in Table 7.1. The results suggest
that the optimal number of clusters is two.

After determining the optimal number of clusters, the training dataset was
partitioned into two groups, namely C1 and C2, using k-means clustering, as
illustrated in Figure 7.7. This clustering approach effectively categorized the data
based on distinct flow characteristics, ensuring that each subset captured a specific
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Table 7.1 DBI index values with increasing number of clusters for global cluster-
ing.

2 3 4 5 6
DBI 0.28 0.61 0.75 0.86 0.78

combustion regime. Through unsupervised clustering, C1 includes 59 training

Fig. 7.7 Cluster distribution after global clustering is applied.

simulations and 6 test cases, while C2 consists of 17 training simulations and 2
test cases.

The primary motivation for clustering is to enhance MF-ROM accuracy
when distinct physical phenomena are present within the training dataset. To
assess this improvement, the averaged normalized root mean square error of QoIs
(EQoIs

NRMS) across test cases is analyzed. Both Figure 7.8 and Figure 7.9 present
the EQoIs

NRMS trends as the number of HiFi simulations added to the linked dataset
increases for C1 and C2, respectively. The results are also compared against the
accuracy of the baseline single-fidelity reduced-order model (SF-ROM) trained
solely on LoFi data, since in theory, additional HiFi samples improve the accuracy
of the SF-ROM.
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As demonstrated in Figure 7.8 and Figure 7.9, unsupervised clustering signif-
icantly improves MF-ROM performance by increasing prediction accuracy and
achieving the unclustered models’s accuracy with fewer HiFi simulations, thereby
reducing computational costs. However, since C1 represents 75% of the baseline
training data, the overall improvement in MF-ROM accuracy is less pronounced
in C1 compared to the more substantial enhancement observed in C2.

The comparison of MF-ROM and baseline SF-ROM (EQoIs
NRMS) shows that

dataset diversity plays a decisive role. In Figure 7.9, the unclustered MF-ROM
produces errors five times larger than the baseline SF-ROM, whereas clustering
consistently reduces errors below the baseline limit—highlighting the need for
dataset partitioning when training data are diverse. In Figure 7.8, both clustered
and unclustered MF-ROMs have higher prediction errors compared to the base-
line, indicating that further clustering within C1 is required. The larger error
gap in Figure 7.9 arises from the much smaller training dataset for C2, which
minimally affects C1 predictions but yields substantial gains for C2 cases when
clustering is applied.

Fig. 7.8 Average NRME of QoIs (EQoIs
NRMS) of test cases T3− T8 (minimum error is

shown with the red dotted line).



104Clustering based multi-fidelity reduced order model for ammonia combustion

The MF-ROM with no clustering achieves a minimum (shown with red
dotted line) EQoIs

NRMS of 0.24 with 42 HiFi simulations, whereas the MF-ROM
built on C1 reaches a lower EQoIs

NRMS of 0.1 for 52 HiFi simulations. While this
represents a 60% improvement in accuracy, it comes at the cost of a 24% increase
in computational expense. For the clustering-based MF-ROM, the EQoIs

NRMS for 42
HiFi simulations is 0.19, which remains 20% more accurate than the no-clustering
model at the same number of HiFi simulations. In C2, the clustering-based model
achieves stable accuracy significantly faster than the model without clustering.
Specifically, only 8 HiFi simulations are required for the clustering-based model,
no-clustering requires 15 simulations to reach a comparable stability. Moreover,
the no-clustering MF-ROM does not match the accuracy of the clustering-based
approach until 52 HiFi simulations (red dotted line in Figure 7.9), demonstrating
that the clustering-based model is approximately six times more efficient in
achieving its optimal accuracy.

Fig. 7.9 Average NRME of QoIs (EQoIs
NRMS) of test cases T1&T2 (minimum error is

shown with the red dotted line).

The pronounced non-monotonicity in EQoIs
NRMS for the MF-ROM with no

clustering shown in Figure 7.8 and Figure 7.9 are primarily due to the regression
model attempting to fit the training data with different behavior. The rapid error
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reduction and stabilization, predominantly observed in C1 and C2, highlight the
effectiveness of clustering in improving the framework’s performance.

(a) No clustering based (b) Clustering based

Fig. 7.10 Temperature profiles for the test case ϕ = 0.75, T = 625K for 8 HiFi
simulations for (a) MF-ROM with no clustering and (b) clustering-based MF-ROM.

Since global clustering has a stronger impact on MF-ROM performance when
trained on C2, the flow field analysis is presented for the test case ϕ = 0.75, T =

625K. The temperature profile comparison in Figure 7.10 demonstrates that
with just 8 HiFi simulations, the clustering-based MF-ROM closely matches
the CFD results, significantly enhances the prediction accuracy compared to
the no-clustering model. This flow field representation highlights the substan-
tial improvement achieved and underscores the critical role of incorporating
clustering-based inputs in the MF-ROM framework.

The NO flow field predictions for the test case T2, shown in Figure 7.11,
demonstrate the significant advantage of clustering. Since T2 lies within cluster
C2, the MF-ROM with global clustering exhibits significantly improved NO
predictions compared to the unclustered model, even with only 8 HiFi simula-
tions. The ENO

NRMS without clustering is obtained as 1.12, whereas with global
clustering it decreases to 0.62, indicating a 50% improvement in NO prediction
accuracy through clustering. This improvement is particularly notable because
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the majority of training samples differ substantially from those in C2, resulting in
poor prediction accuracy without clustering.

(a) (b)

Fig. 7.11 NO field predictions of MF-ROM (right) built with 8 HiFi simulations
for (a) no clustering, and (b) global clustering with respect to the CFD simulation
(left) for T2.

7.3.2 Localized clustering for performance refinement

We investigated the potential for further improving the accuracy of the MF-
ROM developed for C1, as the global clustering step indicated that the training
dataset required additional separation. To achieve this, an additional unsupervised
clustering was performed within the training simulations of C1, focusing on
a more localized level. The cluster count was systematically varied between 2
and 6, and the corresponding DBI values were analysed, as shown in Table 7.2.
According to the DBI values, C1 was divided into two local clusters as illustrated
in Figure 7.12. Given that Co-Kriging performs better for interpolation than
extrapolation, only 3 of the 6 available test points within this region were selected
to evaluate the model’s performance. The resulting clusters consist of 23 training
simulations in C11 and 36 in C12.

A similar trend to what was observed in C2 is also evident for the test case
within C11. Since the number of simulations in C11 is 50% less, the model
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Table 7.2 DBI index values with increasing number of clusters for local clustering.

2 3 4 5 6
DBI 0.81 0.92 0.94 0.99 1.03

Fig. 7.12 Cluster distribution after local clustering is applied to C1.

achieves higher accuracy with half the number of HiFi simulations. Specifically,
the accuracy reached with 10 HiFi simulations in C11 is only achieved with 25
simulations in C1 (Figure 7.13a). Additionally, the minimum error achieved in
C11 at 12 HiFi simulations is 15% lower than the minimum error observed in C1

at 58 HiFi simulations.
For the model accuracy within C12, the test case at ϕ = 1.4, T = 730K is

selected as a representative example. As illustrated in Figure 7.13b, local clustering
achieves higher accuracy compared to both the no-clustering and global clustering
approaches, enhancing model performance by up to 45% while utilizing 30%
fewer HiFi simulations. However, the improvement is less pronounced than in C11

due to a higher concentration of simulations within this cluster—approximately
60% of the simulations in C1 belong to C11. Despite the slower improvement
with local clustering for this test case, it still demonstrates potential for reducing
prediction error.

The effects of clustering on the temperature field for T5 are illustrated in
Figure 7.14 using 8 HiFi simulations for each condition. Although T5 belongs to
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(a) ϕ = 1.08, T = 950K

(b) ϕ = 1.4, T = 730K

Fig. 7.13 Average NRMSE of temperature (ET
NRMS) of test cases for local cluster-

ing.

cluster C1 and is therefore not expected to be significantly influenced by global
clustering, the improvement from Figure 7.14a to Figure 7.14b is substantial, both
in terms of matching the temperature distribution and accurately capturing the
flame length. For some applications, the accuracy achieved with global clustering
alone may be sufficient. Nevertheless, as shown in Figure 7.14c, applying local
clustering can further reduce the over- and underestimation of temperature,
yielding a more precise prediction.

Beyond temperature, NO is a critical parameter in combustion technologies
that warrants investigation. Therefore, the MF-ROM performance for NO pre-
dictions under both global and local clustering is evaluated at ϕ = 1.4, T = 730K

and the flow fields are shown in Figure 7.15. The accuracy of NO prediction for
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(a) (b) (c)

Fig. 7.14 Temperature field predictions of MF-ROM (right) built with 8 HiFi
simulations for (a) no clustering, (b) global clustering, and (c) local clustering
with respect to the CFD simulation (left) for T5.

the test case improved by 25% with local clustering compared to the global clus-
tering. This highlights the potential of local clustering in enhancing prediction
accuracy, not only for temperature but also for NO.

7.4 Summary

A clustering-based MF-ROM framework for ammonia combustion, address-
ing challenges in multi-fidelity modeling when dealing with varying combus-
tion regimes is presented. The application of unsupervised clustering effectively
identifies different flow characteristics, leading to a more accurate and efficient
MF-ROM. By leveraging data-driven clustering, the framework optimizes the
distribution of training samples, reducing the reliance on HiFi simulations while
maintaining or improving predictive performance.

The findings highlight two key improvements:

• Global clustering enhances MF-ROM accuracy by segmenting the train-
ing dataset based on combustion regime differences, leading to improved
performance with fewer HiFi simulations.
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Fig. 7.15 Average NRMSE of NO (ENO
NRMS) for global (left) and local (right)

clustering. Data shown are for the test case with ϕ = 1.4, T = 730K for 30 HiFi
simulations.

• Localized clustering further refines model accuracy within specific subsets
up to 50%, demonstrating that targeted clustering strategies can improve
interpolation capabilities and computational efficiency.

This study shows that unsupervised clustering accelerates multi-fidelity re-
duce order model convergence and reduces computational costs while preserving
predictive accuracy. Future work could explore (1) integrating MF-ROM feed-
back (i.e. uncertainty estimates, eigenproperties) into the clustering algorithm to
leverage physical information from the training dataset, potentially improving
model accuracy without increasing computational costs, (2) extending the error
threshold approach—which automates clustering quality assessment and data
diversity—into a fully unsupervised approach.



Chapter 8

Multi-level multi-fidelity
framework for
methane-hydrogen combustion:
integrating CFD and
experimental data

This chapter addresses the following questions: (a) Can more than two fidelity levels
be effectively combined in a multi-fidelity framework for combustion applications? (b)
Does the inclusion of higher-fidelity data enhance model accuracy while reducing training
cost? The proposed methodology employs sparse sensing for flow field reconstruction,
integrating it as an additional fidelity level. The performance of the resulting multi-level
multi-fidelity reduced-order model is further evaluated under varying training constraints
derived from the dataset.
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8.1 Case Study: ULB semi-industrial furnace

The test case considered in this chapter is the semi-industrial furnace, with
the corresponding experimental setup described in detail in Chapter 3. Both
experimental and numerical data are utilized to construct the training dataset.
The parameter space, defined by fuel composition, equivalence ratio, and injector
diameter, is illustrated in Figure 8.1. Numerical data from 2D and 3D simulations
for 45 conditions were previously reported in Chapter 4. However, due to
limitations in experimental coverage, this study uses only the numerical data
corresponding to air injector diameters of 16mm and 25mm. The available
experimental conditions are marked as black crosses in the figure.

Fig. 8.1 Design space composed of fuel composition, equivalence ratio, and
injector diameter. Points are colored by the injector diameter value. The crosses
represent the condition where three-fidelity data are available.

The experimental dataset comprises 12 operating conditions—3 with a 16
mm and 9 with a 25 mm air-injector diameter. The 16 mm cases, along with
their corresponding numerical simulations, were detailed in the ULB furnace
characterization study by Ferrarotti et al. [30]. The additional experimental
configurations for the 25 mm and 16mm injectors are listed in Table 4.1. As
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reported in Chapter 4, the numerical dataset is more extensive, consisting of
27 simulations (2D and 3D) for both injector sizes, as visualized in Figure 8.1.
This broader numerical coverage enables the implementation of the multi-level
MF-ROM approach, enhanced by the integration of experimental data.

8.1.1 Multi-level multi-fidelidy (MLMF-ROM) configuration

The MLMF-ROM developed in this study is employed to reconstruct temperature
fields using experimental measurements and CFD simulations of the ULB semi-
industrial furnace. Experimental measurements serve as high-fidelity (HiFi) data,
3D RANS simulations as mid-fidelity (MidFi), and 2D RANS simulations as
low-fidelity (LoFi). The HiFi dataset includes 12 conditions—3 for the 16 mm
air-injector and 9 for the 25 mm—while the MidFi and LoFi datasets comprise 27
cases in total. Due to the limited availability of HiFi data, only two cases (T1 and
T2 from Table 4.1 ) are selected for testing. The corresponding design parameters
are summarized in Table 8.1. These cases are chosen in line with the literature,
which suggests that Kriging-type algorithms yield more accurate predictions for
interpolation scenarios [45].

Dia [ mm] H2 [mole fraction] ϕ [-]
TC1 16 0.30 0.78
TC2 25 0.45 0.85

Table 8.1 Design parameters for the test cases T1 and T2

As temperature is the sole quantity of interest (QoI), the dataset includes 36
probe locations for 16mm and 42 for 25mm in the HiFi data, with ncells,MidFi =

216360 for MidFi and ncells,LoFi = 28683 for LoFi simulations. Following the
methodology in [77], an initial subset of 6 experimental and numerical cases is
used. The critical role of the HiFi seed selection has been emphasized in [77, 78].
Of the 3 available HiFi conditions for the 16mm injector, 1 is reserved for testing
(Table 8.1) and the remaining 2 are included in the initial HiFi-linked seed. The
remaining 4 HiFi cases are selected from the 25mm injector experimental dataset,
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positioned as close as possible to the boundaries of the experimental design space,
as detailed in Table 8.2.

Dia [ mm] H2 [mole fraction] ϕ [-]
TC2 25 0.20 0.76
TC5 25 0.54 0.74
TC6 25 0.80 0.90
TC9 25 0.40 0.95

Table 8.2 Design parameters for the initial seed of HiFi dataset for 25mm air-
injector diameter

The initial linked training dataset includes 6 HiFi cases, each paired with
corresponding MidFi and LoFi data. Out of the total 10 available HiFi cases,
the remaining 4 cases are used to build the first unlinked dataset with the MidFi
data. The second unlinked dataset is constructed using the remaining 19 LoFi
simulations — out of 27 total — after excluding the 2 test cases and the 6 cases
used in the initial linked dataset.

8.2 Results

We first examine the sensitivity of sparse sensing reconstruction to the retained
variance in the temperature field. Then, we compare the performance of the
MLMF-ROM against the MF-ROM trained solely on CFD data to assess the
impact of incorporating additional HiFi experimental measurements on prediction
accuracy. Finally, we evaluate the model’s sensitivity to dataset constraints.

8.2.1 Performance of MLMF-ROM

We evaluated the prediction accuracy of the multi-level MF-ROM, which inte-
grates experimental measurements with 3D and 2D RANS simulations, against
the MF-ROM that relies solely on 3D and 2D simulations. This comparison aims
to assess the impact of incorporating additional high-fidelity data. As detailed in
Section 8.1.1, the test cases TC1 and TC2 (Table 8.1) are used to evaluate both
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models. The initial training seed consists of six conditions: TC10 and TC12 for
the 16mm injector, and TC2, TC5, TC6, and TC9 for the 25mm injector (Table
8.2).

The incremental sampling algorithm described in Section 2.4 is employed to
sequentially select the next condition to add to the linked dataset from the remain-
ing experimental cases (TC1, TC4, TC7, TC8) for the 25mm injector—these
are the only experimental data not used in the initial seed or for testing. The
same selection sequence is applied to both the MLMF-ROM and MF-ROM
for consistency. Once all available experimental cases have been included, the
MLMF-ROM evaluation is concluded, while the MF-ROM continues by select-
ing additional linked datasets from the remaining 17 numerical simulations. The
resulting ET

NRMS, calculated with respecto to the experimental data, values for
both models across all sampling iterations are presented in Figure 8.2.

Fig. 8.2 NRMSE of temperature (ET
NRMS) averaged over T1 and T2 to compare

MLMF-ROM and MF-ROM prediction accuracy.

The results are obtained using a 99.9% cut-off variance for the POD in both
models, as recommended in Section 2.1. Throughout the process, the MLMF-
ROM consistently delivers lower prediction errors compared to the MF-ROM.
Specifically, the MLMF-ROM reduces the prediction error to around 1% after
incorporating just 9 experimental measurements as HiFi data. In contrast, the
MF-ROM requires 18 high-fidelity 3D RANS simulations to achieve a similar
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level of accuracy. Despite adding more training points, the prediction error of the
MF-ROM continues to fluctuate between 1.5% and 4.5%. This underscores the
stabilizing role and performance gains achieved by incorporating high-fidelity
experimental data into the multi-fidelity framework. By providing ground-truth
reference points, experiments anchor the model, mitigate systematic CFD bias,
and enable more accurate discrepancy corrections, ultimately yielding more
reliable predictions across the design space, especially in regions where CFD
alone is less dependable.

The temperature flow fields for test case TC2 are also compared in Figure 8.3
to visually assess model performance. The baseline MLMF-ROM configuration,
using 6 linked training points, shows reasonable agreement in temperature mag-
nitude but does not accurately capture the flame length. When 9 linked datasets
are used in the MLMF-ROM, the model demonstrates excellent agreement with
both the temperature distribution and the overall flow structure compared to the
experimental observations. On the other hand, although the MF-ROM with
18 linked datasets achieves its minimum error—matching the error level of the
MLMF-ROM with only 9 experimental cases, as shown in Figure 8.2—the MF-
ROM still fails to accurately capture both the temperature field and the flame
structure for TC2.

(a) (b) (c)

Fig. 8.3 Temperature profiles of CFD results and SpS reconstruction for T2 for (a)
MLMF-ROM with 6 experimental data, (b) MLMF-ROM with 9 experimental
data, and (c) MF-ROM with 18 3D RANS simulations.
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8.2.2 Impact of dataset limitations on model performance

Although the MLMF-ROM consistently shows a steady decrease in prediction
error with the addition of HiFi data—reaching errors as low as 1%—the fluctuat-
ing performance of the MF-ROM raises some concerns. This instability was not
previously observed for the same problem presented in Chapter 6. The primary
cause of this unexpected behavior is the constraints imposed on the selection of
training data, which were necessary due to the limitations of the available dataset
in this study.

The configuration established for the MLMF-ROM is also applied to the
MF-ROM to ensure consistency in the comparison. To better understand the
unexpected behavior observed in the MF-ROM, the following configurations are
systematically investigated:

• Constrained: The initial set of simulations is fixed to cover the boundaries
of the training dataset as much as possible. The selection of the next HiFi
training point is limited to the four available conditions with experimental
data, after excluding the test cases and the initial linked dataset.

• Unconstrained: The initial set of simulations remains fixed, but the model
is now free to select the next HiFi training point from all available LoFi
training points, without being restricted to the four experimental cases.

• Unconstrained+Alt.Init.: The initial set of simulations is redefined to
achieve better coverage of the design space, and the model is free to select
the next HiFi training point from the entire pool of available LoFi training
points.

The change in the model’s behavior is illustrated in Figure 8.4 in terms of
prediction error. The instability improves slightly when the model is allowed to
freely select the next HiFi training point without restriction. This is expected, as
the model naturally aims to select the next point that minimizes its uncertainty.
When the selection is constrained to a limited subset of conditions, it is highly
unlikely that this subset contains the most informative point to reduce model
uncertainty, which leads to the observed instability in performance.
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Fig. 8.4 NRMSE of temperature (ET
NRMS) averaged over T1 and T2 for different

constraints applied to MF-ROM.

The most significant improvement in the model’s behavior is achieved when
the initial linked subset of conditions is carefully selected to ensure better coverage
of the entire design space. It has been previously shown in [78] that MF-ROM
is particularly sensitive to the selection of the initial set of simulations. Due to
the limitations of the experimental dataset—especially for the 16mm injector
cases—the initial linked dataset included conditions that did not follow the com-
monly recommended strategy of selecting points at the boundaries of the design
space. Specifically, for the 16mm injector, only three experimental conditions
were available: one was used as the test case (the one located near the center), and
the other two were included in the initial linked dataset. Unfortunately, these
two remaining cases were also located near the center of the H2–ER plane for the
16mm configuration, making them far from the optimal boundary-focused selec-
tion suggested in the literature. When the initial linked dataset was restructured
to include three 16mm and three 25mm cases specifically chosen at the edges of
the design space, the instability in the model’s predictive behavior with additional
HiFi training points was notably reduced. Nevertheless, even after removing
these constraints, the prediction error of the model did not exhibit the expected
monotonic decrease. This remaining issue is likely due to the limited quantity of
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available training data and the single QoI used in the model, which together may
not provide sufficient information for CoKriging to achieve a robust fit.

8.3 Summary

We developed a Multi-Level Multi-Fidelity Reduced Order Model (MLMF-
ROM) that integrates experimental measurements and numerical simulations at
multiple fidelity levels to enhance prediction accuracy for combustion applications.
The framework combines Sparse sensing for reconstructing the temperature field
from limited experimental measurements, Proper Orthogonal Decomposition for
dimensionality reduction, Procrustes Manifold Alignment to align the different fi-
delity datasets, and CoKriging to predict the POD coefficients for reconstructing
the full-state temperature profiles at the highest fidelity. A semi-industrial furnace
capable of operating under MILD combustion conditions was used as the bench-
mark case. The high-fidelity dataset includes experimental measurements at 12
design conditions within a three-parameter design space, with 10 conditions used
for training and 2 reserved for testing. The mid- and low-fidelity datasets consist
of 27 simulations using 3D and 2D RANS models, respectively. Based on the
normalized root mean square error (NRMSE) and the reconstructed temperature
profiles at the test conditions, the following conclusions can be drawn:

• Incorporating additional high-fidelity data improves the stability of the
model and reduces the overall prediction error.

• The MLMF-ROM achieves its minimum prediction error with approxi-
mately 50% fewer simulations in the training dataset, effectively lowering
the overall training cost.

• Although MLMF-ROM and MF-ROM could reach to similar NRMSE
values when averaged over the test cases, the full-state field predictions from
MLMF-ROM demonstrate much better agreement with the high-fidelity
data compared to those from MF-ROM.

• Constraints imposed on the MLMF-ROM, driven by the limitations of
the available training dataset, negatively impact the selection of the initial
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linked dataset and restrict the effectiveness of the incremental sampling
algorithm in reducing model uncertainty.

• The performance of the multi-fidelity framework is highly sensitive to
the selection of the initial set of simulations and to the choice of unlinked
simulations used to iteratively reduce model uncertainty.

In summary, the proposed framework effectively integrates multi-level train-
ing data to enhance prediction accuracy while significantly reducing training
costs in replicating the behavior of a complex combustion system. Although the
results are promising, further investigation is required by incorporating additional
quantities of interest (QoIs) and a broader range of experimental measurements.
This would help overcome current limitations related to the design space cover-
age and provide more flexibility for the incremental sampling strategy to reduce
model uncertainty.



Chapter 9

Conclusions and future work

The final chapter of this thesis is dedicated to discussing the initial objectives and the key
results achieved. It highlights the main accomplishments of this PhD work and concludes
with a discussion on future directions and potential improvements.
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9.1 Conclusions

The global energy crisis is compelling society to rethink and transform how
we approach energy systems. It is crucial to meet the rising energy demands
while addressing pressing environmental concerns, such as climate change and air
pollution. Traditional combustion technologies, which have been the dominant
energy source for decades, are among the first systems that must be adapted.

This challenge is particularly acute for hard-to-abate sectors, such as trans-
portation and manufacturing, where electrification is not yet a viable solution.
Reducing greenhouse gas emissions in these sectors remains one of the most
significant obstacles facing researchers today. Designing innovative combustion
systems is a key element of the energy transition. However, developing environ-
mentally friendly combustion technologies that can accommodate fuel flexibility
while ensuring stability, efficiency, and robustness still presents considerable
challenges.

Despite substantial efforts to develop new combustion solutions, the design
process remains expensive and time-consuming. This is largely because achieving
a thorough physical understanding and creating robust designs for complex,
multi-scale, and multi-physics combustion systems require advanced tools capable
of exploring and accurately predicting a wide range of operational conditions
and geometries.

With the growing interest in data-driven approaches, reduced-order models
(ROMs) have attracted significant attention from both the scientific and industrial
communities, particularly for combustion applications. ROMs aim to approximate
expensive full-order models by leveraging available numerical and/or experimen-
tal data to predict system behavior under new operating conditions. These models
are typically trained using a limited number of high-fidelity (and computationally
expensive) data across a broad design space, embedding the critical parameters
necessary for real-time predictions or use in outer-loop applications.

However, combustion problems are inherently complex, highly non-linear,
and often involve multiple design parameters, which substantially increases the
need for high-fidelity training data. Acquiring such comprehensive datasets is not
only extremely costly but, in many cases, practically impossible. Multi-fidelity



9.1 Conclusions 123

reduced-order models (MF-ROMs) offer a promising solution by combining a
small number of expensive high-fidelity simulations with a larger set of more
affordable low-fidelity simulations. This approach enables a balance between
prediction accuracy and computational efficiency, making it feasible to develop
reliable models within constrained budgets.

The objective of this PhD thesis was to develop a multi-fidelity framework
for reduced-order models which can be useful to digital twins of combustion
systems that can achieve acceptable prediction accuracy while operating within a
limited computational budget.

The key activities and accomplishments of this work are summarized below:

• Chapter 5 - Development of the multi-fidelity reduced order model:
A multi-fidelity framework was developed and integrated with various
incremental sampling strategies to effectively balance prediction accuracy
and training cost. The trade-off between accuracy and computational
savings was evaluated for each sampling method, and the strategy focused
on minimizing model uncertainty demonstrated the best performance. The
framework was validated successfully in a semi-industrial furnace capable
of operating under MILD conditions with a methane-hydrogen fuel blend.

• Chapter 6 - Adaptability of the MF-ROM to different type of com-
bustion systems: After demonstrating the successful operation of the
MF-ROM, it was essential to ensure that its performance was not system-
specific. To this end, the framework was further validated on a stagnation
point reverse-flow combustor operating with ammonia as the working
fuel, where both interpolation and extrapolation prediction accuracy were
carefully assessed, showing reliable and robust results and confirming its
broader applicability.

• Chapter 7 - Clustering-based multi-fidelity reduced order model for
ammonia combustion: The multi-fidelity framework was improved with
a clustering approach to detect distinct characteristics within the training
data and improve corresponding prediction accuracy. Hierarchical clus-
tering accurately identified different combustion regimes and integrated
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physical information about the training dataset, enabling the framework to
consistently deliver reliable predictions within each cluster while signifi-
cantly reducing training costs.

• Chapter 8 - Multi-level multi-fidelity framework for methane-hydrigen
combustion: integrating CFD and experimental data: A multi-level
multi-fidelity framework was developed by integrating experimental and
numerical data. The results demonstrated that, even with limited exper-
imental measurements, this approach could provide more accurate pre-
dictions while requiring less training data compared to a multi-fidelity
framework trained only on numerical simulations. Additionally, the frame-
work showed sensitivity to the selection of the initial linked dataset and the
design conditions of the added high-fidelity data.

9.2 Future work

Multi-fidelity reduced order models present an effective solution for problems
where data at varying levels of fidelity are available, even in limited quantities.
The successful application of this framework to combustion problems has been
demonstrated, and its capabilities have been enhanced to address several key
challenges. Nevertheless, many challenges remain, and there are still numerous
opportunities to further advance and refine the current model.

In light of the multi-level multi-fidelity framework presented in Chapter
8, the experimental dataset should be expanded to better cover the boundaries
of the parameter space, particularly for the 16 mm injector cases. Additionally,
since 2D and 3D CFD simulations for the semi-industrial furnace with a 20 mm
injector diameter are already available, future experimental efforts could focus on
acquiring measurements for these configurations as well.

From the numerical perspective, the optimal Cmix value determined for the
16 mm cases does not appear to be suitable for the 25 mm cases. A validation
study should therefore be conducted to determine the appropriate Cmix for the
25 mm configurations by comparing numerical simulations with experimental
measurements, following the same methodology used for the 16 mm cases. If
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additional experimental data for the 20 mm injector becomes available, the same
validation process should be applied to identify the optimal Cmix for these simu-
lations, ultimately enhancing the performance of the multi-level multi-fidelity
ROM.

The CoKriging regression model used in the framework is known to have
hyperparameters significantly influence the prediction accuracy and require
careful calibration to enhance the framework’s performance. While the model
has demonstrated good predictive capability for certain species and temperature
profiles, there remains substantial room for improvement, particularly in the
prediction of minor species and challenging targets such as OH, which exhibit
highly localized distributions.

The framework developed in this thesis is fundamentally data-driven, with
no explicit incorporation of physical inputs or constraints. Although the applica-
tion of the unsupervised clustering alogrithm implicity captures certain physical
characteristics, the baseline methodology remains detached from the physics
of the problem. However, physical information or laws or constraints can be
integrated into the framework at various stages. In dimensionality reduction,
physics-weighted correlation matrices or modes consistent with conservation
laws may be used. For manifold alignment, alignment can be guided by physical
quantities such as energy distributions or temperature gradients rather than purely
geometric features. The greatest flexibility lies in regression, where CoKriging
can be extended with physics-informed kernels or constrained formulations that
embed governing equations.

CoKriging is not the only viable regression model for multi-fidelity frame-
works. Exploring alternative approaches such as multi-fidelity Polynomial Chaos
Expansion (MF-PCE), multi-fidelity Support Vector Regression (MF-SVR),
multi-fidelity Bayesian Optimization (MFBO), and multi-fidelity Neural Net-
works (MF-NN) could offer valuable insights. The choice of regression model
should carefully account for factors such as the size of the available training dataset,
the underlying physics of the problem, and the computational resources available.

Over the next decade, multi-fidelity reduced-order models in combustion
are expected to undergo transformative advancements. By combining physics-
informed modeling with expansive databases of combustors, fuels, and fidelity
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levels, and integrating AI-driven techniques for adaptive sampling and prediction,
these models will achieve unprecedented accuracy with minimal computational
cost. This will enable autonomous exploration of complex design spaces, robust
predictions across diverse combustion systems, and real-time optimization, posi-
tioning MF-ROMs as a central tool for next-generation industrial combustion
design and control.
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Appendix A

Prediction and error metrics

The multi-fidelity reduced order model in this work is obtained as a functional
relation of the kind:

{xpred, σ(xpred)}(d∗) = M[X,Y ](d∗), (A.1)

where the model M depends on the employed HiFi and LoFi training data X

and Y, as well as on the CoKriging hyper-parameters, and returns a predicted
flowfield xpred and its point-wise uncertainty σ(xpred) in an unseen design
condition d∗.

In this work, the ROM prediction accuracy is quantified using the Normalized
Root Mean Square (NRMS) error, which is a common metric to assess model
performance. Specifically, NRMS error is used to evaluate the accuracy of the
predictions compared to test points, namely CFD simulation results for selected
test cases. The NRMS error is obtained by dividing the Root Mean Square (RMS)
error by the data mean:

EQoI
NRMS(d

test) =
1

µ[x(dtest)]

√∑n
i=1 (xi(d

test)− xi,pred(dtest))2

n
, (A.2)

where xi(d
test) and xi,pred(d

test) are the test simulation data and the ROM pre-
dicted data respectively for a given quantity of interest (QoI), e.g. temperature or
a chemical species, and n is the number of cells of the flow field. More synthetic
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measures of error are also employed by averaging the NRMS error over a set of
Ntest test conditions:

EQoIs
NRMS =

∑Ntest
t EQoIs

NRMS(d
t)

Ntest
, (A.3)

and in turn over a set of NQoIs QoIs:

ENRMS =

∑NQoIs
q Eq

NRMS

NQoIs
. (A.4)

In addition to global accuracy measures, the prediction quality is assessed
by employing topological and combustion-specific observables, such as the wall
temperature, the OH radical peak position and value, and the flame length. In
such cases, relative errors are used:

εobs =
obs(dtest)− obspred(d

test)

obs(dtest)
. (A.5)
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