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Abstract

Let B be a Lie group admitting a left-invariant negatively curved Ké&hlerian
structure. Consider a strongly continuous action « of B on a Fréchet algebra A.
Denote by A the associated Fréchet algebra of smooth vectors for this action. In
the Abelian case B = R?" and « isometric, Marc Rieffel proved that Weyl’s opera-
tor symbol composition formula (the so called Moyal product) yields a deformation
through Fréchet algebra structures {x§ }ocr on A>®°. When A is a C*-algebra, ev-
ery deformed Fréchet algebra (A, x§) admits a compatible pre-C*-structure, hence
yielding a deformation theory at the level of C*-algebras too. In this memoir, we
prove both analogous statements for general negatively curved Kéahlerian groups.
The construction relies on the one hand on combining a non-Abelian version of
oscillatory integral on tempered Lie groups with geom,etrical objects coming from
invariant WKB-quantization of solvable symplectic symmetric spaces, and, on the
second hand, in establishing a non-Abelian version of the Calderén-Vaillancourt
Theorem. In particular, we give an oscillating kernel formula for WKB-star prod-
ucts on symplectic symmetric spaces that fiber over an exponential Lie group.
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CHAPTER 1

Introduction

The general idea of deforming a given theory by use of its symmetries goes back
to Drinfel’d. One paradigm being that the data of a Drinfel’d twist based on a bi-
algebra acting on an associative algebra A, produces an associative deformation
of A. In the context of Lie theory, one considers for instance the category of
module-algebras over the universal enveloping algebra U(g) of the Lie algebra g of
a given Lie group G. In that situation, the notion of Drinfel’d twist is in a one
to one correspondence with the one of left-invariant formal star-product %, on the
space of formal power series C*°(G)[[v]], see [14]. Disposing of such a twist, every
U (g)-module-algebra A may then be formally deformed into an associative algebra
A[[v]]. Tt is important to observe that, within this situation, the symplectic leaf B
through the unit element e of G in the characteristic foliation of the (left-invariant)
Poisson structure directing the star-product x,, always consists of an immersed
Lie subgroup of G. The Lie group B therefore carries a left-invariant symplectic
structure. This stresses the importance of symplectic Lie groups (i.e. connected Lie
groups endowed with invariant symplectic forms) as semi-classical approximations
of Drinfel’d twists attached to Lie algebras.

In the present memoir, we address the question of designing non-formal Drin-
fel’d twists for actions of symplectic Lie groups B that underly negatively curved
Kidhlerian Lie groups, i.e. Lie groups that admit a left-invariant Kéhlerian structure
of negative curvature. These groups exactly correspond to the normal j-algebras
defined by Pyatetskii-Shapiro in his work on automorphic forms [22]. In particular,
this class of groups contains all Iwasawa factors AN of Hermitian type simple Lie
groups G = KAN.

Roughly speaking, one looks for a smooth one-parameter family of complex
valued smooth two-point functions on the group, {Kp}ger C C*°(B x B, C), with
the property that, for every strongly continuous and isometric action « of B on a
C*-algebra A, the following formula

(1) a*g b= Ky(z,y) az(a) ay(b)de dy,
BxB
defines a one-parameter deformation of the C*-algebra A.

The above program was realized by Marc Rieffel in the particular case of the
Abelian Lie group B = R?" in [26]. More precisely, Rieffel proved that for any
strongly continuous and isometric action of R?" on any Fréchet algebra A, the
associated Fréchet subalgebra A of smooth vectors for this action, is deformed
by the rule (), where the two-point kernel there, consists of the Weyl symbol
composition kernel:

K@(l',y) = 9—271 exp{%wo(a?,y)} )

1
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2 1. INTRODUCTION

associated to a translation invariant symplectic structure w® on R2". The associated
star-product therefore corresponds here to Moyal’s product. In the special case
where the Fréchet algebra A is a C*-algebra, Rieffel also constructed a deformed
C*-structure, so that (A, %) becomes a pre-C*-algebra, which in turn yields
a deformation theory at the level of C*-algebras too. Many further results have
been proved then (for example continuity of the field of deformed C*-algebras [26],
invariance of the K-theory [27]...), and many applications have been found (for
instance in locally compact quantum groups [28], quantum fields theory [9,10],
spectral triples [15]...).

In this memoir, we investigate the deformation theory of C*-algebras endowed
with an isometric action of a negatively curved Ké&hlerian Lie group. Most of
the results we present here are of a pure analytical nature. Indeed, once a family
{Ky}ocr of associative (i.e. such that the associated deformed product () is at least
formally associative) two-point functions has been found, in order to give a precise
meaning to the associated multiplication rule, there is no doubt that the integrals
in () need to be interpreted in a suitable (here oscillatory) sense. Indeed, there is
no reason to expect the two-point function Ky to be integrable: it is typically not
even bounded in the non-Abelian case! Thus, already in the case of an isometric
action on a C*-algebra, we have to face a serious analytical difficulty. We stress
that contrarily to the case of R?", in the situation of a non-Abelian group action,
this is an highly non-trivial feature of our deformation theory.

The memoir is organized as follows.

In chapter 2, we start by introducing non-Abelian and unbounded versions of
Fréchet-valued symbol spaces on a Lie group G, with Lie algebra g:

BY(G, &) = {f € C®(G,E) 1 VX €U(g), Vi €N, 3C >0 : |Xf|l; < cﬂj} :

where £ is a Fréchet space, p := {p;}jen is a countable family of specific posi-
tive functions on G, called weights (see Definition EZT)) affiliated to a countable set
of semi-norms {||.||;};en defining the Fréchet topology on £ and where X is the
left-invariant differential operator on G associated to an element X € U(g). For
example, B(G, C) consists of the smooth vectors for the right regular representa-
tion of G on the space of bounded right-uniformly continuous functions on G (the
uniform structures on G are generally not balanced in our non-Abelian situation)
and it coincides with Laurent Schwartz’s space B when G = R"™. We shall also
mention that function spaces on Lie groups of a similar type are considered in [30]
and in [20] in the context of actions of R? on locally convex algebras.

We then define a notion of oscillatory integrals on Lie groups G that are en-
dowed with a specific type of smooth function S € C*°(G,R) (see Definitions 217
and [224]). We call such a pair (G, S) an admissible tempered pair. The main
result of this chapter is that associated to an admissible tempered pair (G, S), and
given a growth-controlled function m, the oscillatory integral

D(G,&) = &, F»—)/meiSF,
G

canonically extends from D(G, &), the space of smooth compactly supported func-
tions, to our symbol space BE(G, ). This construction is explained in Definition

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1. INTRODUCTION 3

[2.37] which turns out to apply in our situation as a direct consequence of Proposi-
tion 2:29] the main technical result of this chapter.

In chapter 3, we consider an arbitrary normal j-group B (i.e. a connected sim-
ply connected Lie group whose Lie algebra is a normal j-algebra—see Definition
BI). The main result of this chapter, Theorem B35 shows that its square B x B
canonically underlies an admissible tempered pair (B x B, S2_). When elementary,
every normal j-group has a canonical simply transitive action on a specific solv-
able symplectic symmetric space. The two-point function S we consider here
comes from an earlier work of one of us. It consists of the sum of the phases Csén
of the oscillatory kernels associated to invariant star-products on solvable sym-
plectic symmetric space [3L[8], in the Pyatetskii-Shapiro decomposition [22] of a
normal j-group B into a sequence of split extensions of elementary normal j-factors:
B=(..((S1xS) xS3)x...)x Sy. The two-point phase function S5 in the
elementary case, then consists of the symplectic area of the unique geodesic triangle
in S (viewed as a solvable symplectic symmetric space), whose geodesic edges admit

e,z and y as midpoints (e denotes the unit element of the group S):
S5 (x1,22) := Area (@gl(e, r1,22))
with
P : S — S?, (z1,29,23) — (mid(xl,xg),mid(xg,xg),mid(:cg,xl)) ,

where mid(z, y) denotes the geodesic midpoint between x and y in S (again uniquely
defined in our situation).

In chapter 4, we consider an arbitrary normal j-group B, and define the above-
mentioned oscillatory kernels Ky simply by tensorizing oscillating kernels found in
[8] on elementary j-factors. The resulting kernel has the form

_ pnp—dimB B 1 QB
Kyg=10 me,, exp {Escan} )

where S is the two-point phase mentioned in the description of chapter 2 above,
and m?  =mfl ® ..@mdy  where mil, = Janc(lb/:2 1 denotes the square root of the

J
Jacobian of the “medial triangle” map ®¢ 1 In particular, it defines an oscillatory

integral on every symbol space of the type BE(B x B, B4(B,£)). When valued in
a Fréchet algebra A, this yields a non-perturbative and associative star-product g
on the union of all symbol spaces BE(B, A).

In chapter 5, we consider any tempered action of a normal j-group B on a
Fréchet algebra A. By tempered action we mean a strongly continuous action
a of B by automorphisms on A, such that for every semi-norm ||.||; there is a
weight (“tempered” for a suitable notion of temperedness) u$ such that [Jag(a)l; <
15 (g) llall; for all @ € A and g € B. In that case, the space of smooth vectors A
for a naturally identifies with a subspace of BZ(B,.A%) (where fi is affiliated to
p* = {p§ }jen) through the injective map: B

a: A® — BEB,A®), aw g ay(a)].

We stress that even in the case of an isometric action, and contrarily to the Abelian
situation, the map « always takes values in a symbol space B, for a non-trivial

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

sequence of weights p. This explains why the non-Abelian framework forces to
consider such symbol spaces. Applying the results of chapter 4 to this situation,
we get a new associative product on A defined by the formula

ax§ b= (aa)*g a(b))(e) .

Then, the main result of this chapter, stated as Theorem 0.8 in the text, is the
following fact:

Universal Deformation Formula for Actions of Kahlerian Lie Groups on
Fréchet Algebras:

Let (A,a,B) be a Fréchet algebra endowed with a tempered action of a normal
j-group. Then, (A>,xy) is an associative Fréchet algebra, (abusively) called the
Fréchet deformation of A.

Following the terminology introduced in [17], the word “universal” refers to the
fact that our deformation procedure applies to any Fréchet algebra the Kéhlerian
Lie group acts on. The word “universal” does not refer to the possibility that our
construction might yield all such deformation procedures valid for a given Kéhlerian
Lie group. However, regarding the last sentence, the following remark can never-
theless be made. In order to get rid of technicalities let us consider, for a short
moment, the purely formal framework of formal Drinfel’d twists based on the bi-
algebra underlying the enveloping algebra U(b) of the Lie group B. Given such a
Drinfel’d twist F' € U(b) @ U(b)[[v]], one defines the internal symmetry of the twist
as the group G(F'), consisting of diffeomorphisms that preserve the twist:

G(F):={¢:B—B|pF=F},

where F' denotes the left-invariant (formal sequence of) operator(s) associated to
the twist F'. Within the present work we treat (all) the situations where, in the
elementary normal case, the internal symmetry equals the automorphism group of
a symmetric symplectic space structure on B whose underlying affine connection
consists in the canonical torsion free invariant connection on the group B (see [3]).

The rest of the memoir is devoted to the construction of a pre-C*-structure on
(A%, %), in the case A is a C*-algebra. The method we use is a generalization of
Unterberger’s Fuchs calculus [33] and fits within the general framework of “Moyal
quantizer” as defined in [12] (see also [18], Section 3.5]).

In chapter 6, we define a special class of symplectic symmetric spaces which
naturally give rise to explicit WKB-quantizations (i.e. invariant star-products rep-
resentable through oscillatory kernels) that underlie pseudo-differential operator
calculus. Roughly speaking, an elementary symplectic symmetric space is a sym-
plectic symmetric space that consists of the total space of a fibration in flat fibers
over a Lie group @ of exponential type. In that case, a variant of Kirillov’s orbit
method yields a unitary and self-adjoint representation on an Hilbert-space H, of
the symmetric space M:

Q: M= Usa(H) ,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1. INTRODUCTION 5

with associated “quantization rule”:

Q: LY (M) = BH), FwQF):= / F(z)Q(z)dx .
M
Weighting the above mapping by the multiplication by a (growth controlled) func-
tion m defined on the base @ yields a pair of adjoint maps:

Qm : L2(M) — L2(H) and o : L2(H) — L*(M),

where £2(H) denotes the Hilbert space of Hilbert-Schmidt operators on H. Both
of the above maps are equivariant under the whole automorphism group of M.
Note that this last feature very much contrasts with the usual notion of coherent-
state quantization for groups (as opposed to symmetric spaces). The corresponding
“Berezin transform” By, := om o dy is explicitly controlled. In particular, when
invertible, the associated star-product Fy x Fy := B lom(Qm (F1)Qm(F)) is of os-
cillatory (WKB) type and its associated kernel is explicitly determined. Note that,
because entirely explicit, this chapter yields a proof of Weinstein’s conjectural form
for star-product WKB-kernels on symmetric spaces [36] in the situation consid-
ered here. The chapter ends with considerations on extending the construction to
semi-direct products.

Chapter 7 is entirely devoted to applying the construction of chapter 6 to
the particular case of Kéahlerian Lie groups with negative curvature. Such a Lie
group is always a normal j-group is the sense of Pyatetskii-Shapiro. Each of its
elementary factors admits the structure of an elementary symplectic symmetric
space. Accordingly to [3], the obtained non-formal star products coincide with the
one described in chapters 2-4.

Chapter 8 deals with the deformation theory for C*-algebras. We eventually
prove the following statement:

Universal Deformation Formula for Actions of Kahlerian Lie Groups on
C*-Algebras:

Let (A,a,B) be a C*-algebra endowed with a strongly continuous and isometric
action of a normal j-group. Then, there exists a canonical C*-norm on the Fréchet
algebra (A%, x§). Its C*-closure is (abusively) called the C*-deformation of A.

The above statement follows from a non-Abelian generalization of the Calderén-
Vaillancourt Theorem in the context of the usual Weyl pseudo-differential calculus
on R?" (see Theorem RB20). Our result asserts that the element Q,(F) associated
to a function F in B!(B, A) naturally consists of an element of the spatial tensor
product of A by B(#). Its proof relies on a combination of a resolution of the
identity obtained from wavelet analysis considerations (see section BT and further
properties of our oscillatory integral defined in chapter 2l We finally prove that the
K-theory is an invariant of the deformation.

Acknowledgments We warmly thank the referee for his positive criticism.
His comments, remarks and suggestions have greatly improved this work.
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Notations and conventions

Given a Lie group G, with Lie algebra g, we denote by dg(g) a left invariant
Haar measure. In the non-unimodular case, we consider the modular function Ag,
defined by the relation:

da(9)Ac(g) :==dalg™") .

Unless otherwise specified, LP(G), p € [1, oo], will always denote the Lebesgue space
associated with the choice of a left-invariant Haar measure made above. We also
denote by D(G) the space of smooth compactly supported functions on G and by
D'(G) the dual space of distributions.

We use the notations L* and R*, for the left and right regular actions:

Lif(g)=flg7'9), Ryf(g):=[(d9).
By X and X , we mean the left-invariant and right-invariant vector fields on G
associated to the elements X and —X of g:
> d

X = —
dt lt=0

d
:tx s X = E —0 thx .
Given a element X of the universal enveloping algebra U(g) of g, we adopt the same
notations X and X for the associated left- and right-invariant differential operators
on GG. More generally, if « is an action of G on a topological vector space £, we
consider the infinitesimal form of the action, given for X € g by:

o d
X%a) := 7

agix (a), ae€&>,
=0

and extended to the whole universal enveloping algebra U(g), by declaring that the
map U(b) — End(A®), X — X is an algebra homomorphism. Here, £ denotes
the set of smooth vectors for the action:

E*:={ac€ : [gr aya) € C®(G,E)} .

Let Ay be the ordinary co-product of U(g). We make use of the Sweedler
notation:

Ay(X) =) Xay® X €Ul @Ug), X €U(y),
(X)

and accordingly, for f1, fo € C*°(G) and X € U(g), we write

2 X(hf) =Y (Xnh) (Ko ). X(fif) =D (Xah) (X f) -

(X) (X)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



8 NOTATIONS AND CONVENTIONS

More generally, we use the notation

(3) Ay ®Id) o Ay(X) =D > (X)) @ (X)) ® Xz
(X) (X(1))
=: ZX(H) ® Xa12) ® X(2) ,
(X)

and obvious generalization of it.

To a fixed ordered basis { X7, ..., X, } of the Lie algebra g, we associate a PBW
basis of U(g):
(4) (X8, 3eN™},  XP.=XxDxD  XxPm .
This induces a filtration

= Jul(a), U(e)clh(e), k<I,
keN
in terms of the subsets
(5) Up):={ > CaX’, CyeR}, keN,
|BI<k

where |8] := 81+ -+ -+ Bm. For B, 51, B2 € N we define the ‘structure constants’
wi e Rof U(g), b

(6) X0xt = 3w X e U, 41, (0) -
|81<|B1|+82]

We endow the finite dimensional vector space Uy (g), with the ¢!-norm |.|; within
the basis {X7, 8] < k}:

(7) X|e:= Y 1Csl if X =) CsX’ecl(q).
18I<k |B1<k

We observe that the family of norms {|.|; }ren is compatible with the filtered struc-
ture of U(g), in the sense that if X € U (g), then | X |, = |X|; whenever [ > k.
Considering a subspace V' C g, we also denote by U(V) the unital subalgebra of
U(g) generated by V

(8) L{(V):span{Xng...Xn CX; ev,neN},

that we may filtrate using the induced filtration of U(g). We also observe that
the co-product preserves the latter subalgebras, in the sense that Ay (Z/I (V)) -
UV)U(V).

Regarding the uniform structures on a locally compact group G, we say that a
function f : G — C is right (respectively left) uniformly continuous if for all £ > 0,
there exists U, an open neighborhood of the neutral element e, such that for all
(9,h) € G x G we have

|f(9) — f(h)| <e, whenever ¢ 'heU (respectively hg~!e U) .

We call a Lie group G (with Lie algebra g) exponential, if the exponential map
exp : g — G is a global diffeomorphism.

Let f1, fo be two real valued functions on G. We say that f; and fo have the
same behavior, that we write

(9) 1= fa,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



NOTATIONS AND CONVENTIONS 9

when there exist 0 < ¢ < C such that for all x € G, we have cfi(z) < fo(z) <
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CHAPTER 2

Oscillatory integrals

This chapter is the most technical part of this memoir. To outline its content,
we shall first explain the situation on which the general theory is designed. Consider
B a simply connected Lie group endowed with a left invariant Kahlerian structure
with negative curvature. Let also a be a strongly continuous and isometric action
of B on a C*-algebra A. In this context and from previous works of one of us, we
have at our disposal two functions me,, € C*°(BxB,R% ) and Scan € C(B x B, R)
such that setting for § € R*

Kp=0"9mBm . exp {%Scan} e C*(B xB,C),

the following formula

(10) axg b= Ko(z,y) az(a) ay(b)dz dy, a,be A,
BxB
formally defines a one-parameter family of associative algebra structures on A.
Since the function mc,, is unbounded and since the map a(a) = [z — az(a)]
is constant in norm, the only hope to go beyond the formal level is to define the
integral sign in ([I0) in an oscillatory way. What we are precisely looking for, is a
pair (Ao, D), where
e Ay is a dense and a-stable Fréchet subalgebra of A with a topology
(finer than the uniform one) determined by a countable set of semi-norms
{11} ew; and
e D :={D,},cn is a countable family of differential operators on B xB, such
that for all a,b € Ap and all j € N, the image under D, of the map [(z,y) €
BxB — Mean(7,y) az(a) ay (b) € Ag] belongs to L' (B xB, (Ao, ||.||;)) and,
denoting by D7 the formal adjoint of D, such that

D; exp {%Scan} = exp {%Scan} .
Once such a pair is found, there is a clear way to give a meaning of x§ on Ay,
namely by the ||.||;-absolutely convergent A-valued integral:

axgb:=0" dim B /B . exp {éScan(x, y)} Dj.., (mcan(x, Y) az(a) ozy(b)) dzdy.
X

There is an obvious candidate for Ay, which is A°°, the Fréchet subalgebra of A
consisting of smooth vectors for the action «:
A*:={a€ A : afa) =[x+ ay(a)] € C°(B,A)} .

Recall that by the strong continuity assumption of the action, A is dense in A.
Then, the crucial observation, proved in Lemma [5.5] is that we have a continuous
embedding:

a®@a:A® x A® = BE(B x B, A>), (a,b) = [(g,h) — ag(a)on(d)],

11
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12 2. OSCILLATORY INTEGRALS

where the symbol space BE(B x B, A>) is defined in (I8) and where g = {u; };en
is a family of unbounded functions on B x B, called weights (see Definition 211
below). We should already stress that it is because the group B is non Abelian
(and noncompact) that we are forced to consider such symbol spaces associated to
unbounded weights. Therefore, the problem becomes the construction of a family
of differential operators D = {D, }jen, such that for all j € N, we have

D; : B (B x B, A®) — L' (B x B, (A%, |L.I|,)) ,

and
D; exp {%Scan} = exp {%Scan} .

The construction of the family of differential operators D, and therefore of the
associated notion of oscillatory integral, is rather involved and this is the whole
subject of this chapter. Since in this memoir we eventually need an oscillatory
integral for different groups (for B x B in chapters [ and [l and for B in chapter
) and since we intend to apply the whole ideas of the present construction to
situations involving other groups and other kernels, we have decided to formulate
the results of this chapter in the greatest possible generality.

2.1. Symbol spaces

In this preliminary section, we consider a non-Abelian, weighted and Fréchet
space valued version of the Laurent Schwartz space B of smooth functions that,
together with all of their derivatives, are bounded. For reasons that will become
clear later (cf. chapter [l), we refer to such function spaces as symbol spaces. They
are constructed out of a family of specific functions on a Lie group G, that we call
weights. The prototype of a weight for a non-Abelian Lie group is given in Definition
The key properties of these symbol spaces are established in Lemmas 2.8 and
In Lemma[2.15] we show on a fundamental example, how such spaces naturally
appear in the context of non-Abelian Lie group actions.

DEFINITION 2.1. Consider a connected real Lie group G with Lie algebra g. An
element p € C*°(G,R%) is called a weight if it satisfies the following properties:
(i) For every element X € U(g), there exist Cr,Cgr > 0 such that:

[ Xp|<Crp and [ Xp| < Crp.
(ii) There exist C, L, R € R7 such that for all g, h € G' we have:

p(gh) < Cu(g)" p(h)™ .

A pair (L, R) as in item (ii) is called a sub-multiplicative degree of the weight
w. A weight with sub-multiplicative degree (1,1) is called a sub-multiplicative
weight.

REMARK 2.2. For u € C*(G), we set 1'(g) := u(g~1). Then, from the relation
XY = (Xp) for all X € U(g), we sce that p is a weight of sub-multiplicative
degree (L, R) if and only if p" is a weight of sub-multiplicative degree (R, L).
Moreover, a product of two weights is a weight and a (positive) power of a weight is
a weight. Also, the tensor product of two weights is a weight on the direct product
group.
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2.1. SYMBOL SPACES 13

In the following, we construct a canonical and non-trivial weight for non-
Abelian Lie groups. This specific weight is an important object as it will naturally
and repeatedly appear in all our analysis (see for instance Lemmas 215 [2.42] 249
and [B.3]).

DEFINITION 2.3. Choosing an Euclidean norm |.| on g, for € G, we let |Ad,|
be the operator norm of the adjoint action of G on g. The function

26 G R,z /1 + M + [Ad,f?,
is called the modular weight of G.
LEMMA 2.4. The modular weight 0g is a sub-multiplicative weight on G.

PRrROOF. To prove that 0g is a weight, we start from the relations for X € g
and z € G:

X|Ad? =2 sup (Ad,oadx(Y),Ad.(Y)),
Yeg, |Y|=1

X|Ad,—1|? = —2Y up. 1<adX oAdy—1(Y),Ady—1(Y)) ,
€g,|Y[=

X|Ad,|*=—-2 sup (ady oAd,(Y),Ad,(Y)),
Yeg, |Y|=1

X|Ad,1|*=2 sup (Ad, 1 oadx(Y),Ad, 1(Y)).
Yeg, |V|=1

Then, we get by induction and for every X € U(g) of strictly positive homogeneous
degree:

|Ad, | + |Ad, 1 |
\/1 + [Ad, > + |Ady—1|?

where, for X € U(g), we denote by |adx| the operator norm of the adjoint action
of U(g) on g. This implies condition (i) of Definition 271l Last, the inequality

|Adgn| = [Ady © Adp| < |Ady[[Adn|, g,k € G,
implies the sub-multiplicativity of d¢. ]

X 06(2)], | X 0c(2)| < |adx]

< ladx|0g(7) ,

We next give further informations regarding the modular weight of a semi-direct
product of groups. These results will be used in Lemmas [3.27, B.31] Proposition
.20 and Lemma 818

LEMMA 2.5. Let G, j = 1,2, be two connected Lie groups with Lie algebras g;,
let R : Gy — Aut(Gs) be an extension homomorphism and consider the associated
semi-direct product G := G1 Xxr Go whose Lie algebra is denoted by g = g1 X ga.
Consider the adjoint actions Ad’ : G; — GL(g;) and Ad : G — GL(g) and define
the mapping

D GQ — Hom(gl,gg), go — [Xl — Adg2(X1) — Xl} .

Then, in the parametrization Go X G1 — G, (g2, g1) — g1g2, we have the following
behavior of the modular weight of the semi-direct product:

06 = (92, 91) = 6, (g1) + (1+®@(g2) o Ady, |2 + [Ad2, o Ry, |

_ 1/2
IRy 0 (g5 )2+ Ry 0 Ad2[2) 7]
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14 2. OSCILLATORY INTEGRALS

where we use the same notation for the extension homomorphism and its derivative:

d
g2~ g2, X it
In particular, we get the following behaviors of the restrictions of 0g to the subgroups

G1 and G2 N

ORgl (etX)v g1 € Gl .
t=

1/2
2alg, =06, + g1 (14 Ry, + Ry )]

_ 1/2
%lg, = 0a, + [g2 = (1+[0(ga) + 205 H)2) 7]
Moreover, in the case of a direct product, we have the behavior
VG xas, X0, ®1+1®0G2 .

Proor. Fix Euclidean structures on g; and on gs and induce one on g; @ go
by declaring that g; is orthogonal to gs. A direct computation shows that in the
vector decomposition g = g; ® g2, the operator Adgy,,, takes the following matrix
form:

A — Ad} 0
9200 7\ ®(gg) o Ady  AdZ, oRy, )7

with inverse given by

Ad;,l 0
_ 1
Ad(g,g,)1 Rgfl o @(951) Rgfl © Adj; .

But on the finite dimensional vector space End(g), the operator norm of Adg,g, is
equivalent to its Hilbert-Schmidt norm, and the latter reads

1/2
(|adg, >+ [®(g2) o Ad} |* + [Ad?, o Ry, [?) /7.

Similarly, the operator norm of Ad g, 4,)-1 is equivalent to

_ 1/2
(1ad) 2 * + |Ryor 0 @(g3 )] + Ry 1 0 A2 %) 7,

proving the first claim. The remaining statements follow immediately. ]

We should mention that the modular function, Ag, is also a sub-multiplicative
weight on G. Indeed the multiplicativity property implies that for every X € U(g)
and z € G:

(X Ag)(2) = (X Ag)(e) Ac(z), (X Ag)(z) = (X Ag)(e) Ag(x) .

However, this weight will not be of much interest in what follows.
The next notion will play a key role to establish density results for our symbol
spaces. We assume from now on the Lie group G to be non-compact.

DEFINITION 2.6. Given two weights p and ji, we say that i dominates pu,
which we denote by u < fi, if

)
REMARK 2.7. For negatively curved Kéahlerian Lie groups, the modular weight
has the crucial property to dominate the constant weight 1 (see Corollary B.28 and

Lemma [B3T)).
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2.1. SYMBOL SPACES 15

We now let £ be a complex Fréchet space with topology underlying a countable
family of semi-norms {||.||;};en. Given a weight p, we first consider the following
space of £-valued functions on G:

(11)  B(G.&) =
{FeCWnyVXeum%weNJC>omﬁﬂbgcﬁ.

When £ = C (respectively when p = 1, respectively when £ = C and p = 1),
we denote B*(G,E) by B*(G) (respectively by B(G, £), respectively by B(G)). We
endow the space B*(G,E) with the natural topology associated to the following
semi-norms:

(12) IF

XF(9)
| (@M}, ikeN,

1(9) 1 Xk
where U(g) = UgenUx(g) is the filtration described in (&) and |.|x is the norm on
Uy (g) defined in (). Note that for X =37 5, Cp X? € Uy (g), we have

XF(o). Cl| XPF(g)]l; —
IXF)ll; > 181k |CBlIXPF(g) |l < max [XPF ()
| X > 1<k |Cal |8 <k

ljku == sup sup{
Xely(g) 9€G

and hence

(13) 1Pl < s sup XD o 5,

1Bl<k gec m(g) |81<k
which shows that the semi-norms (I2)) are well defined on B*(G, ). When £ = C
(respectively when p = 1, respectively when £ = C and p = 1), we denote the
semi-norms ([I3) by ||.|[x,., k¥ € N (respectively by ||.|;x, j, k € N, respectively by
s & € ).

The basic properties of the spaces B*(G, £) are established in the next lemma.
They are essentially standard but are used all over the text. In particular, in the
last item, we prove that D(G,E) is a dense subset of B¥(G,E) for the induced
topology of BA(G, ), for ji an arbitrary weight which dominates p. This fact will
be used in a crucial way for the construction of the oscillatory integral given in
Definition 2311

Let Cy(G, €) be the Fréchet space of £-valued continuous and bounded functions
on G. The topology we consider on the latter is the one associated to the semi-
norms ||F||; := sup,eq [[F(9)ll;, j € N. This space carries an action of G' by
right-translations. This action is of course isometric but not necessarily strongly
continuous. Consider therefore its closed subspace C,,(G,€&) constituted by the
right-uniformly continuous functions.

LEMMA 2.8. Let (G,E) as above and let p, v and fi be three weights on G.

(i) The right regular action R* of G on Cr,(G,E) is isometric and strongly
continuous.

(ii) Let Cry(G, E) be the subspace of Cry (G, E) of smooth vectors for the right
reqular action. Then Cp (G, ) identifies with B(G,E) as topological
vector spaces. In particular, B(G,E) is Fréchet.

(iii) The left regular action L* of G on B(G,E) is isometric.
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16 2. OSCILLATORY INTEGRALS

(iv) The bilinear map:
B*(G) x BY(G,€) = B"(G,€), (u,F)—[ge G ulg)F(g) €&l,

s continuous.
(v) The map
B"(G,E) = B(G,E), Fr~ u_lF ,

is an homeomorphism. In particular, the space B*(G,E) is Fréchet as
well.

(vi) For every X € U(g), the associated left invariant differential operator X
acts continuously on B*(G,E).

(vii) If there exists C > 0 such that up < Cp, then B*(G,€) C BA(G,¢E),
continuously.

(viii) Assume that u < fi. Then the closure of D(G,E) in BA(G,E) contains
BH(G,E). In particular, the space D(G,E) is a dense subset of B*(G,E)
for the induced topology of BH(G,E).

PRrROOF. (i) Recall that G being locally compact and countable at infinity, the
space Cy (G, £) is Fréchet (by the same argument as in the proof of [32], Proposition
44.1 and Corollary 1]). The subspace Cy, (G, ) is then closed as a uniform limit of
right-uniformly continuous functions is right-uniformly continuous. Thus C..,.(G, )
endowed with the induced topology is a Fréchet space as well.

Being isometric on Cp(G,E), the right action is consequently isometric on
Cru(G, E) too. Moreover, for any converging sequence {g,} C G, with limit g € G,
and any F € Cpu(G,€), we have [[(R}, — R)F||; = supgye |1F(g0g.) — Flgog)],
which tends to zero due to the right-uniform continuity of F'. Hence the right
regular action R* is strongly continuous on C,., (G, E).

(ii) Note that an element F' € Cy., (G, &) is such that the map [g — R;F] is
smooth as a Cy (G, €)-valued function on G. In particular, for every X € U(g), XF
is bounded and smooth. This clearly gives the inclusion C,.,(G,&)* C B(G,¢E).

Reciprocally, G acts on B(G, £) via the right regular representation. Indeed, for all
g € G and X € U(g), we have

P

X oR: =R} o(Ady—1X),
and hence for j,k € N and F € B(G, &), we deduce

{II(Ad 2 X)F (g’g)\lj}

RF|l; = sup sup
|| g ||]7 |X|k

XelUr(g) 9'€G

= sup sup
XelUr(g) 9'€G

{II(Ad — X)F ()5

< |Adg—1 k]| Fll4%
XS Al EL

where |Ady|, denotes the operator norm of the adjoint action of G on the (finite
dimensional) Banach space (Uy(g),]|-|r). Now we have the inclusion B(G,E) C
Cru(G, E). Indeed, for F € B(G), g € G and for fixed X € g, one observes that

|F(gexp (tX)) | = ‘/ F(gexp(tX))) dT‘

= ‘/ )A(:F(gexp(TX)) d’T‘ <X [[F) 1t
0
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2.1. SYMBOL SPACES 17
where ||F'[|1 = supx ey, (g) SWPgec |XF|/|X|;. Hence, we obtain the right-uniform

continuity of F. To show that F € B(G) is a differentiable vector for the right-
action, we observe that

E(F(gexp(tx))—F( ) — (XF)(g / ‘XF gexp(tTX))—()?F)(g)’dr

SN

< It sup { | X2F(9) } < X212 1F 2 |1l
geG

X%F)(g exp(T’X))‘ dr’ dr

which tends to zero together with ¢. (Here ||F'[|2 = supx ey, (g) SUPgeq IXF|/|X]2.)
This yields differentiability at the unit element. One gets it everywhere else by
observing that

(14) X, (R:F)=Ri{XF), VXeU(g), YVgeG, VFeB@G).

An induction on the order of derivation implies B(G) C Cyy(G)*°. The E-valued
case is entirely similar.

The assertion concerning the topology follows from the definition of the topol-
ogy on smooth vectors [35].

(iii) The fact that G acts isometrically on B(G, ) via the left regular represen-
tation, follows from

X(L:F) (g, L:XF)(g)l;
L Pl;x = sup sup IX(ZF) (9Dl _ sup  sup (X F) (91l
XeUr(g) 9'€CG | X |1 X€eUr(g) g'€qd [ X1k
)A(:F -1 .7\ . )A(:F Y
= sup sup IXF( g = sup sup IXFg)ll; = [|F;x
XeUy(g) g'€G | X |k XeU(g) 9'€G | X |1

(iv) Let u € B#(G) and F € B”(G, ). Using Sweedler’s notation (), we have
for j,k e N:

Flli ko = NAABE JAI/G
luF i = sup Sup @)X
|(Xwyu) ()] (X F)(9)]];

J

< sup sup

XeUn(a) 96G (5] w(g)v(g)| X |k

I Xy le [X(2) Ik
< sup IO fuy,
Xeuk(g) (X) | ‘k?

[ lgoge -

Now, for X =35, Cs XP € Uy(g), expanded in the PBW basis (@), we have

Y oY (f)xvmﬁ—v,

18|1<k v<B

which, with m the dimension of g, implies that

(15) Z‘X(1)|k |X(2 |k < Z |Cﬁ‘ Z ( ) < gmk Z |Cﬁ| _ 2mk|X‘k .

1BI<k v<B 1BI<k

Hence we get

e < 27l | o

proving the continuity.
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18 2. OSCILLATORY INTEGRALS

(v) Note first that since p is a weight, for every X € U(g) there is a constant
C > 0 such that |X(p~')| < Cp~!. This easily follows by induction once one
has noticed that for X € g, we have X(u~') = —(Xp)u~2. This entails that if
1 € BH(G) then p~! € B* '(G), even if ! may not be a weight in the sense of
Definition 2] as it may not have any sub-multiplicative degree. Then, (v) follows
from (iv), where the existence of a sub-multiplicative degree is not used in that
proof.

(vi) This assertion follows immediately from equation (I3) and (vii) follows
easily from equation (2.

(viii) Choose an increasing sequence {C,, }nen of relatively compact open sub-
sets in G, such that lim, C,, = G. Pick 0 < ¢ € D(G) of L*(G)-norm one and
define

(16) n .—/ (9) R (xn) de(9)

where x,, denotes the characteristic function of C,,. It is clear that e, is an in-
creasing family of smooth compactly supported functions, which by Lebesgue dom-
inated convergence, converges point-wise to the unit function. Moreover, for all
F € B*(G,€) and [i a weight dominating p, we have

(1 =Pl = sup { =2 (1= 0 0) 1P (0)], }

geG
50, SUD {ﬂg? (1=enl9)}

which converges to zero when n goes to infinity, since p/fi — 0 when g — oo and
for fixed g € G, 1 — e, (g) decreases to zero when n — co. We need to show that
the same property holds true for all the semi-norms ||.||; %, & > 1. We use an
induction. First note that if X € g, then we have

A

1

v *
Xen:_ et X en =

dt lt=0 t= 0/ v(g RtXR (xn) de(9)

dt
= Gl [ 90 By doto)

- /G (X)) (9) Ry(xn) da(g) -

A routine inductive argument then gives

(17) Xey = /G (X4)(9) R (xa) dale), ¥ X €U(g)

which entails

[Xenlloo < [[X9[l1 <00, VX €U(g) .
(This means that the sequence {e,}nen belongs to B(G), uniformly in n.) Now,
assume that ||(1 —e,)F|j x4 — 0, n — o0, for a given k € N, for all F € B*(G,€)

and all j € N. From the same reasoning as those leading to (I3) and with X? the
element of the PBW basis of U(g) defined in (), we see that

&= en)Flljsr < NI = en) Pk + max 1XB (1= en) F) 1.0, -
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2.1. SYMBOL SPACES 19

We only need to show that the second term in the inequality above goes to zero
when n — oo, as the first does by induction hypothesis. Writing X? = X7 X, with
|v] = k and X € g, by virtue of the Leibniz rule, we get

XX ((1—en)F) = —X7((Xen)F) + X7((1—en) XF) .

Note that

[X7((1 =€) XF)j05 < (1 —en)XF

[kt
which converges to zero when n — oo by induction hypothesis, since XF € B*(G,€E)
and |y| = k. Regarding the first term, we have using Sweedler’s notations (2)) and
for a finite sum: o . -
X1((Xen)F) = > (X[ Xen) (X F) -
(x7)
Note that IGMQ/JCIG =0 for any P € U(g), X € g any ¢ € D(G). Indeed, this
follows from an inductive argument starting with
/ ¥(g)dal(g
t=0

/qu )daly dt t O/G sx (V) (9)da(g
for all X € g. Using ([IT)), we arrive at
0 (Ze)F) = 3 ([ (40700 X0) @) (R () = 1))de(9) Do) F
(x7) ¢

which converges to zero in the norms ||.[j 0,4, 7 € N, since it is a finite sum of
terms of the form (1 — e,)F (with possibly re-defined F’s in B*(G, &) and ¢’s in
D(@)). O

REMARK 2.9. We stress that as p < {1 implies that p < Cf for some C > 0
(since G is locally compact), in Lemma [2.8] item (viii) strengthens item (vii). In
particular, when p < i, B*(G,€) is continuously contained in B*(G,&). This
fact is of upmost importance for the continuity of the oscillatory integral, given in
Definition 2371

REMARK 2.10. On B(G, &), the left regular action is generally not strongly
continuous and the right regular action is never isometric unless G is Abelian.

We now generalize the spaces B*(G, ), by allowing a certain behavior at in-
finity of the £-valued functions on G, which is not necessarily uniform with respect
to the semi-norm index. We first introduce some more notations.

DEFINITION 2.11. Let J be a countable set and let p := {y;};es be an associ-
ated family of weights on a Lie group G. We denote by (L, R) := {(L;, R;)} e the
associated family of sub-multiplicative degrees. Given two families of weights p, fi,
we say that ji dominates p, denoted by p < fi, if fi; dominates y; for all j € J.
The term by term product (respectively tensor product) of two families of weights
w and v, is denoted by u.v (respectively by pu ® v).

Consider a Fréchet space £ and p a countable family of weights on G. We then
define

(18) BA(G,&) =
{F €C®(G,E) : VX €U(g),Vj €N, IC >0 : |XF|; < cuj} .
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We endow the latter space with the following set of the semi-norms:

IXF(9)l; ,
(19) |Flle = sup sup {i=80 L ke,
PR xeun(e) gec Lii(9) [ Xk
As expected, the space BE(G, ) is Fréchet for the topology induced by the semi-
norms ([[9) and most of the properties of Lemma [Z8 remain true.

LEMMA 2.12. Let (G, 5) as above and let p, v and fi be three families of weights
on G.

(i) The space BE(G,E) is Fréchet.

(ii) Let (L, R) be the sub-multiplicative degree of . Then, for every g € G the
left-translation L} defines a continuous map from BL(G,E) to BAG,E),
where X := {\;}jen with \; := Mf’j,

(iii) The bilinear map:

BH(G) x BHG, &) — BE#(G, ), (u, F) = [g e G ulg) Flg) € €],

18 cOntinuous. _

(iv) For every X € U(g), the left invariant differential operator X acts con-
tinuously on BE(G, E).

(v) If for every j € N, there exists C; > 0 such that p; < Cjfi;, then
BY(G,E) C BL(G,E).

(vi) Assume that p < fi. Then, the closure of D(G,E) in BA(G,E) contains
BL(G,E). In particular, D(G,E) is a dense subset of BE(G,E) for the
induced topology of BE(G, E).

PROOF. (i) For each j € N, define |.[[} := i:o [Illx. Clearly, the topolo-
gies on & associated with the families of semi-norms {||.[[;};en and {||.[[} };en are
equivalent. Thus, we may assume without loss of generality that the family of
semi-norms {||.||;}jen is increasing. We start by recalling the standard realization
of the Fréchet space (€,{]|.|l;};en) as a projective limit. One considers the null
spaces Vj := {v € £ | ||v/|; = 0} and form the normed quotient spaces &; := £/V;.
Denoting by £; the Banach completion of the latter, the family of semi-norms be-
ing increasing, one gets, for every pair of indices ¢ < j, a natural continuous linear
mapping g;; : £ — &;. The Fréchet space £ is then isomorphic to the subspace
& of the product space [I; & constituted by the elements (z) € ], &; such that
x; = gji(x;). Within this setting, the subspace € is endowed with the projec-
tive topology associated with the family of maps {f; : € = &; : (z) = x;} (i.e. the
coarsest topology that renders continuous each of the f;’s— see e.g. [29, pp. 50-52]).
Within this context, we then observe that the topology on BL(G,&) ~ BE(G,E)
induced by the semi-norms ([I9)) consists of the projective topology associated with
the mappings ¢; : BYG,E) — BM (G,&;) : F — fjoF. Next we consider a
Cauchy sequence {F),}nen in BE(G,E). Since every space B*i (G,¢E;) is Fréchet,
each sequence {f; o F}, }nen converges in B (G, E;) to an element denoted by F7.
Moreover, for every g € G, one has

lgji 0 F7(g) = F*(9)|li = llgji © F7(g) — fi © Fu(g) + fi o Fulg) — F(9)lls
< |lgjio (F7 = fio Fu)(g)lli + || fi o Fulg) — F*(9)|li ,
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which can be rendered as small as we want since every g;; is continuous. Hence
gji © F9 = F' which amounts to say that BX(G, &) is complete.
(ii) Let F € BA(G,€) and g € G and set \; := ufj. We have for j, k € N:

IX(Ly F)(g")]l; I(L; XF)(g)l;
|L; Flljka= sup sup — 4z = sup —g
95T veuw gec (@)X xeupg gea 19Xk
(XF) (g~ d")Il; g
= sup sup IXE) o™l < i (g™ N F ||k -

Xeup(e)g'ec  Hi(g) Xy

Items (iii), (iv), (v) and (vi) are proved in the same way as their counterparts
in Lemma 28 O

REMARK 2.13. In the same fashion as in Remark 2.9 we see that when u < i,
then BL(G, &) C BL(G, &) continuously.

In Lemma 215 we show on a first example, how the notion of B-spaces for
families of weights, naturally appears in the context of non-Abelian Lie group ac-
tions. We start by a preliminary result. We fix an Euclidean structure on g, such
that the basis {X1,..., X,} (from which we have constructed the PBW basis ()
is orthonormal.

LEMMA 2.14. For g € G and k € N, denote by |Ady|x the operator norm of the
adjoint action Ad of G on the finite dimensional Banach space (L{k(g), ||k) Then,
for each k € N, there exists a constant C > 0, such that for all g € G

[Adg|. < Croc(9)" .
where 0g € C®(G) is the modular weight (given in Definition 23]).

PRrROOF. Note first that for all £ € N, there exists a constant wy > 0 such that
for all X € Uy, (g) and Y € Uy, (g), we have

(20) |XY|k1+k2 < Why+ky |X|k1 ‘Y|k2 :
Indeed, observe that if
X= > Cix’cly(g) and Y=Y C3X°clhy,(g),

[BI<k1 |B|<k2
we have
. 1 ~2 B1.82 y B
Xy= > cyci > wrx?,
[B1|<k1,|B2| <k [BI<]81+B2]

where the constants wgl’ﬁ ? are defined in (@). The sub-additivity of the norm
||k, +%, then entails that

[ XY [k ke < Yoo ICRICEL D Wt
[B11<ky,|B2]<k2 |BI<|B1+Bz|
Thus, it leads to defining

Wiy hy 1= sup Z |ws
1BrtBa|<kitka |51<)5, 44,

1,82 |
and the inequality (20) is proved. Next, for

X=> CoX{"... X5 €lhlg),
|BI<k
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we have
B Bm
Adg(X) = D Cp (Adg(X1))™ ... (Adg(Xm))"™ € Un(g) ,
1BI<k
and thus by the previous considerations, we deduce

18]

4y (X)), < 37 181 ([T ) 1Adg (X017 [Ady (Xa)[ .. [Ady (Xon) {7 -
|BI<k Jj=2

As the restriction of the norm |.|; from U;(g) to g coincides with the ¢!-norm of
g within the basis {X1,..., X}, we deduce for j = 1,...,m and with |Ad,| the
operator norm of Ad, with respect to the Euclidean structure of g chosen:

|Adg(Xj)|1 < \/E|Adg(Xj)| < \/E‘Adﬂ ‘Xj|g = \/E|Adg‘ )
as X; € g belongs to the unit sphere of g for the Euclidean norm |.|;. This implies

5]

|Ady(X)|, < m"/? (‘Zl‘lgk]_[wj) |Ady|* |
SR =2

and the result follows from Definition 2.3] O

LEMMA 2.15. Let p be a family of weights on G, with sub-multiplicative degree
(L, R). Then the linear map

Ri=|F € C®(G,E) ~ [g— RF] € C®(G,C®(G, 5))] :

is continuous from BL(G,E) to BL(G, BX(G,E)), where v := {v;i}jren and X :=
{)\j}jGN with

Vi = ufj oL and Aj = ,ufj .
More precisely, labeling by (j,k) € N? the semi-norm ||.||; k. of BMG,E), for each
(4,k, k') € N3, there exists a constant C > 0, such that for all F € BL(G,€E), we
have

IR Gy e < ClUF N bk o

PrOOF. Using the relation (I4), we obtain for X € Ui/ (g), F € BL(G,E) and
geG:

= = IV, Ry (XF) ()]
1Xg Ry (F) 6.0 = IRy (XF)jix = sup  sup — Lg,.( Sl
veueeG i ()[Y]

Moreover, since for any Y € U(g) and g € G, we have R;,I}N/R; = Ad/gtl/Y and
since F' € BX(G,£) and p has sub-multiplicative with degree (L, ), we get

N A YXF ,
IR, R (F) s = sup  sup LAd Y XF) @)l

veu el 7 (2)|Y
1¥4
< CIF g Ay 1l X o sup 29020
= 2€G ;7 (2)

R.
< CIF (|, [Adg—1 1] Xar 157 (9)

and one concludes using Lemma 2.141 O
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2.2. Tempered pairs

In this section, we establish the main technical result of the first part of this
memoir (Proposition 2:29]), on which the construction of our oscillatory integral
(and thus of our universal deformation formula for Fréchet algebras) essentially
relies. To this aim, we start by introducing the class of tempered Lie groups (Defi-
nition 2.I7) and the sub-class of tempered pairs (Definition 2.22)). In Lemma 2.21]
we give simple but important consequences for the modular weight, modular func-
tion and Haar measure, when the group is tempered. The rest of this section is
devoted to the proof of Proposition

LEMMA 2.16. Let G be a connected real Lie group and ¢ : R™ — G be a global
diffeomorphism. Then the multiplication and inverse operations seen through ¢ are
tempered function (in the ordinary sense of R™) if and only if for every element
A € U(g) their derivatives along A are bounded by a function which is polynomial
within the chart .

PROOF. Denote m(z,y) = m,(y) = v (¢(z) - ¥(y)) and o(z) = =1 ((z) 1)
the multiplication and inverse of G seen through ¢ € Diff(R™, G). Denote by x,
the transportation of the neutral element e of G: ¥(z.) := e. Lastly, identifying
naturally T, (R™) with R™, for every X € R™ denote by

X;/z = Myy, (X) = wil*(@b*zex)w(m) >

the left invariant vector field corresponding to ¥, X € g.

Assume m and ¢ are tempered in the usual sense. Then for X € R™, by
definition J

XY = Em(:l:,xe +1tX) o’

which is a linear combination of partial derivatives of m all of them being bounded
by some polynomials in z since m is tempered. In the same way, the derivatives
of left-invariant vector fields are linear combinations of higher partial derivatives of
compositions of m with itself in the second variable, which are also bounded by some
polynomials. Hence the left-invariant vector fields are tempered, and consequently
so are the left-invariant derivatives of m and .

Conversely, assume m and ¢ are tempered in the sense of left-invariant vector
fields. We will see that the constant vector fields on R™ are linear combinations
of left-invariant vector fields, the coefficients being tempered functions. Indeed, we

have X = (mm*%)f1 ()N( ¥) and the matrix elements of that inverse matrix are finite
sums and products of the matrix elements of the original one, which are tempered,
divided by its determinant. Thus all we have to check is that the inverse of the
determinant is a tempered function. But 1/ det(m,,, ) = det(m,(,),,) is tempered

*T

since m and ¢ are. ]
The preceding observation yields us to introduce the following notion:

DEFINITION 2.17. A Lie group G is called tempered if there exists a global
coordinate system 1 : R™ — G where the multiplication and inverse operations
are tempered functions. A smooth function f on a tempered Lie group is called a
tempered function if f o is tempered.

1By tempered function, we mean a smooth function whose every derivative is bounded by a
polynomial function. These functions are sometimes called “slowly increasing”.
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REMARK 2.18. Every tempered Lie group, being diffeomorphic to an Euclidean
space, is connected and simply connected. Moreover, by arguments similar to those
of Lemma [Z.16] a smooth function f on a tempered Lie group is tempered if and
only if for any X € U(g), its derivative along X is bounded by a polynomial function
within the global chart R™ — G.

EXAMPLE 2.19. For any (simply connected) nilpotent Lie group, the exponen-
tial coordinates, g — G : X — exp(X), provides G with a structure of a tempered
Lie group. Indeed, in the case of a nilpotent Lie group, the Baker-Campbell-
Hausdorff series is finite.

REMARK 2.20. Observe also that we can replace in Lemma .16 left-invariant
differential operators by right-invariant one. In fact, for a tempered group, left-
invariant vector fields are linear combinations of right-invariant one with tempered
coefficients and vice versa.

LEMMA 2.21. Let G be a tempered Lie group. Then the modular weight 0 and
the modular function Ag are tempered. Moreover, in the transported coordinates,
every Haar measure on G is a multiple of a Lebesgue measure on R™ by a tempered
density.

PROOF. The conjugate action C : G x G — G : (g,7) — grg~! is a tempered

map when read in the global coordinate system. Therefore, the evaluation of the
restriction of its tangent mapping to the first factor G x {e} on the constant section
00X, X €g, of T(G x G) consists of a tempered mapping:

G—g, g—Ciye(lydX).

The latter coincides with g — Ad,(X). Varying X in the finite dimensional vector
space g, yields the tempered map Ad : G — End(g). This shows that 3¢ is tempered.

Transporting the group structure of G to R™ by means of the global coordinates,
it is clear that any Haar measure on R™ (for the transported group law) is absolutely
continuous with respect to the Lebesgue measure. Let dg (&) be a left invariant Haar
measure on G transported to R™. Let also p : R — R be the Radon-Nikodym
derivative of dg(€) with respect to d€, the Lebesgue measure on R™. Let £ € R”
be the transported neutral element of G. By left-invariance of the Haar measure
Ao (€), we get

p(m(&.€)) = p(&)|Jacry, [(€), VE.& €R™,

where m(.,.) denotes the transported multiplication law on R™ and L stands for
the associated left translation operator on R™. Letting £ — &£., we deduce

p(g) = p(ge)UaCLgng) , V€€ R"™ )

and we conclude by Lemma using the fact that the multiplication law is tem-
pered.

Next, we let ¢ the inversion map of G transported to R™. We have in the
transported coordinates:

de(u9)  da(u(§) d¢ dg(u(€)) d¢ p(e(€))

Ag(6) = = = Jac,(§) =222 = Jac, (¢ ,
OO0~ & a©® " de) @ 7 e

and we conclude using what precedes and the temperedness of the inversion map
on G. O
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We now consider the data of a pair (G,S) where G is a connected real Lie
group with real Lie algebra g and S is a real-valued smooth function on G.

DEFINITION 2.22. The pair (G, S) is called tempered if the following two
properties are satisfied:

(i) The map
(21) ¢:G — g, x»—>[g—>R,X»—>()~(.S)(x)],

is a global diffeomorphism.
(ii) The inverse map ¢! : g* ~ R™ — G endows G with the structure of a
tempered Lie group.

REMARK 2.23. Within the above situation, the function S is itself automat-
ically tempered. Indeed, in the proof of Lemma 216, we have seen that direc-
tional derivatives in the coordinate system ¢ are expressed as linear combinations
of left-invariant vector fields with tempered coefficients. Hence, within a basis
{X;}j=1,...v of g, denoting z; = (X;5)(z), we have 8,,S(x) = 3, m¥(x)x) where
the matrix (mf) 4,k have tempered entries. This implies that the partial derivatives
(of every strictly positive order) of S are tempered. In spherical coordinates (r,0)
(associated to the z;’s) one observes that 9,.5(r,0) = R(0)}0,, S where 6 belongs to
the unit sphere SV ~1 and where R(f) is a (rotation) matrix that smoothly depends
on 6. Hence:

s@l=|c+ [ 0,800 <11+ [ RO pap.
70 To

which for large x is smaller than a multiple of some positive power of r. Therefore
the function S has polynomial growth too.

Given a tempered pair (G, S), with g the Lie algebra of G, we now consider a
vector space decomposition:

N
(22) s=PV..
n=0

and for every n = 0,..., N, an ordered basis {e;’}jzlw_qdim(vn) of V,,. We get global
coordinates on G:

(23) al = (e7.8)(x), n=0,...,N, j=1,...,dim(V,).

J
We choose a scalar product on each V;, and let |.|,, be the associated Euclidean norm.
Given an element A € U(g), we let A* be the formal adjoint of the left-invariant
differential operator j, with respect to the inner product of L?(G). We make the
obvious observation that A* is still left-invariant. Indeed, for ¥, ¢ € C(G) and
g € G, since L7 is unitary on L?(G), we have

(LEA*p, ) = (0, AL 1) = (, L Ap) = (A" L), ) .
Moreover, we make the following requirement of compatibility of the adjoint map
on L?(G) with respect to the ordered decomposition (22). Namely, denoting for
every n € {0, ..., N}:

(24) v =PV,
k=0
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we assume:
(25) Vn=0,...,N, YAeU(V,), IBeUV™) suchthat A* =B,

where the space U (V™) is the subalgebra of U(g) generated by V(™) as defined in
([®). We now pass to regularity assumptions regarding the function S.

DEFINITION 2.24. Set
(26) E :=exp{iS} .

A tempered pair (G, S) is called admissible, if there exists a decomposition (22))
with associated coordinate system (23), such that for every n = 0,..., N, there
exists an element X,, € U(V,,) C U(g) whose associated multiplier c,, defined as

X,E =: a,E ,

satisfies the following properties:
(i) There exist C,, > 0 and p,, > 0 such that:

|an| > Cn(l + |xn|fln) ;

where x,, 1= (x{t)j=17.__7dinl(‘/n).
(ii) For all n = 0,..., N, there exists a tempered function pu, € C*(G,RY)
such that:
(ii.1) For every A € U(V ™) C U(g) there exists C4 > 0 such that:

|/~1an| < Cy |an] pn -

(ii.2) n p, is independent of the variables {xi}jzl)__,7dim(vr), for all
r<n:

Opn

o

We now give a sequence of Lemmas allowing the construction of a sequence

of differential operator {D;};en such that, for p a family of tempered weights,
D; sends continuously B*i (G, &;) to L(G, &), where &; is the semi-normed space
(€, [-l;) and which is such that DE = E. Thus is all that we need to construct
our oscillatory integral. We start with a preliminary result, which gives an upper

bound for powers of derivatives of the inverse of a multiplier, in the context of
admissible tempered pairs.

=0, Vr<n, Vj=1,...,dim(V;).

LEMMA 2.25. Fizn=0,...,N. Let @ € C*(G) be non-vanishing and 1 < p €
C>=(@) such that for every A € U(V ™) there exists C > 0 with |Aa| < C p|al.
Fizing X € Z/{(V(”)), a monomial of homogeneous degree M € N, we consider the
differential operator

~/®
Dxa: C®(G) = C¥(G), &+ X(—) .

o
Then, for every r € N, there exist an element X' € U(g) of mazimal homogeneous
degree bounded by rM and a constant C > 0 such that for every ® € C°(G) we

have:
MTZM

Dy ®|<C X'®| .
X,a

o
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ProOOF. We start by recalling Faa di Bruno’s formula:

w1 eIl ()" recm.

where M = (Mj, ..., M,) runs along partitions of r (ie. r = Z;Zl jM;) and
where O is some combinatorial coefficient. Within Sweedler’s notations @), Faa
di Bruno formula then yields for ® € C*(G):
_j ~
") (Fwe).

et (S (Rot) - AETI (%

where the second sum and product run over partitions of My := deg(X()) < M
and where the element X; is of homogeneous degree j = 1,...,r and contains the
combinatorial coefficients of Faa di Bruno’s formula. Of course, we also have that
X1, X(2) and Xj all belong to UV ™). Thus, | X a| < C(X) u|al, the estimation
is satisfied for r = 1. For r = 2, we observe:

Dg(,aq) = Z (X(l)é) )?(2)<Z)?(1)é )2’(2)(1))
(X) (X)
X

(X),(X(2))

Faa di Bruno’ s formula for é then yields the assertion for r = 2. Iterating this
procedure, we get that

(27) Dy @ = ZH (XU) ) (f(’@) ,

(X) =1

for some elements XU), X’ € U(V (™) where the maximal homogeneous degree of
X0 is bounded by jM. (We have absorbed the combinatorial coefficients of Faa
di Bruno’ s formula in XU) and X’.) Therefore, Faa di Bruno’s formula yields for
every j=1,...,r
1
ol o (e

deg(X() [k deg(X)
) s

|

Therefore since w <r?and p > 1, we get the (rough) estimation:

Dy .0 <O ] =0 K| <Y ——ur
2 2 ol

which delivers the proof. O

We now fix an admissible tempered pair (G, S) and for all n = 0,..., N, we
let X,, € U(V,) as given in Definition and we let ay,, i, € C°(G) be the
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associated multiplier and tempered function. Accordingly to the previous notations,
we introduce the differential operators:

P
(28) Dy = Dx: o, : C¥(G) = C®(G), @ X (a ) .

Recall that by assumption, there exists Y,, € U (V(")) such that X;'; = }N’n and thus,
we can apply Lemma [2.25] to these operators. For every r,, € N, accordingly to the
expression (1), we write for ® € C*(G):

Tn

pre=>S" 1] (X(ﬂa—n) (X’ )

(Xn)Ji=1

where Xy(Lj) € U(V(")) and its homogeneous degree is bounded by jM,, with M,
the maximal homogeneous degree of X,, and where the one of X, is bounded by
rnM,. Setting

Tn

1

(29) v, =] (X(f) ) ,

=1 an
we then write (abusively since in fact it is a finite sum of such terms):
(30) Dim =0, X! .
Given a N + 1-tuple of integers ¥ = (rg,...,7n), we will be led to consider the
operator
(31) Dy:=D,, =D D' ... D} .

Using the iterated Sweedler’s notation (B)), a recursive use of ([BQ) yields
Z ST ST DT (Wl [(X0) 1) W] [(X6) 21)(X1) 1) P2]
(Xg) (X1)  (Xj_2) (Xi_y)
[( 0)(221) X1 (21)(X2)( s ...
[(X0)22...21) (XD (2..21) - - - (XN _5) 21) (X N—2) (1) Uv—1]
x [(X6) @222..21)(XD) 22, .21) - - (Xiv—3)(221) (X —2) 21y (K1) (1) U]
X (X§)(222..2) (X1)(22...2) - - - (X v_35)(222) (Xiv—2)(22) (XIv_1)(2) Xy -

X

X

Set then,
(32) P10 = (X)) P1

V1,0 = ()26)(21)()?{)(1)‘1’2
W391,0:= ()26)(221)()?1)(21)()?5)(1)‘1/3

Uno1,10 = (X022 21 (XD (221) - (Xiv—3) 2y (X v_2) 1y ¥n—1
UnN—1,.1.0 = (X0) (222, 21) (XD 22..21) - - - (Xiv—2) 21y (X 1) (1) ¥ v

and

Xy 0= (X0)(222..2) (X1)22...2) - - - (XNv_3) (222) (Xv_2)22) (XNv_1)(2) Xy
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in terms of which we have (with the same abuse of notations as in (31]) above):
(33) Dy =W 0¥s10¥3210---YNn-1,..10 YN0 XNN_1. 10"

LEMMA 2.26. Fizn = 0,...,N and let « € C®(G) and p € C(G,RY)
satisfying the hypothesis of Lemma 225 For j = 1,...,r and r € N*, fix also
X eu(V™) and define

r 1
— @)=
=] (X9-).
Jj=1
where deg(XY)) < jM, for a given M € N*. Consider a monomial Y € U(V(™),
then we have

- US| . ; )
Yo=Y T[(VV=) with deg(v?D) < M +deg(y),
(v) j=1

and moreover there exists C > 0 such that
- urzM—&-r deg(Y)
Yo|<cC
|al”
PROOF. The equality is immediate. Regarding the inequality, we first note
that by virtue of Faa di Bruno’s formula, we have for a finite sum:

deg(YD)  ~(j) ©)
~.1 1 YY)y deg(v)
YO-=-% ] ( k ) .
a o« P a

Hence o o
~ . >, deg(Y,”) deg(Y''7)) JM+deg(Y)
‘W)l‘gc“ L <ct
a |al ol |al
We then conclude as in the proof of Lemma O

From the lemmas above, we deduce an estimate for the ‘coefficient functions’
appearing in the expression of the differential operator Dy in (33).

COROLLARY 2.27. Let (G,S) be an admissible tempered pair with decomposi-
tion g = EBnN:0 V. and accordingly to Definition 224, for n = 0,..., N, we let
(X, am, in) € U(V,) X C2(G) x C=(Q) be the associated differential operator,
multiplier and tempered function. Then, for k = 0,...,N and r, € N*, with
0 € C*(G) defined in [B2), we have

rﬁMkJrrk Z?;(} ’I"ij
Hy
|Wy,....0l < Cy

,,,,,

)

|aug [
for some finite non-negative constant Cy and where M, := deg(X,), n=10,...,N.
PRrROOF. Observe that
k—1
Uy ..0= H(X]/')(z...zl)‘l’k ;

j=0
where Wy, is defined in ([29). Since (X})..21) € U(V*)) with homogeneous degree
of is bounded by r;M; for every j =0, ...,k —1, the estimate we need follows from
Lemma O

We can now state the main technical results of this chapter.
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PROPOSITION 2.28. Let (G, S) be an admissible tempered pair and let p be a
tempered weight. Then, there exists ¥ = (ro,...,rnx) € NN such that for every
element F € B*(G), the function DzF belongs to L'(G). More precisely, there
exist a finite constant C' > 0 and K € N with K < Zszo reMy and My, = deg(Xk)
(with Xi, € Un, () as given in Definition [224]), such that for all F € B*(G), we
have:

XPOLY o, .

||DFF||1 < C sup sup {m

XeUr(g) 9€G

ProoF. By Lemma [22]] in the coordinates (23]), the Radon-Nikodym deriv-
ative of the left Haar measure on G with respect to the Lebesgue measure on g*,
is bounded by a polynomial in {zJ , j = 1,...,dim(V,), n = 0,..., N}. By the
assumption of temperedness of the weight u, the latter is also bounded by a poly-
nomial in the same coordinates. Now, observe from (B3], that we have for any

7= (r1,...,ry) and for K = deg(Xij’O) < Ziv:() ri M,
Dy F| < [Wol [Wi0][Ua10] .- [Un,. ol [Xn.. 0 F]
(34) |‘I/N7~~,0 H ‘va,...7o|K ||F||Ku .
This will gives the estimate, if we prove that the function in front of ||F| x,, in (34)
is integrable for a suitable choice of € NV, We prove a stronger result, namely

that given R = (Ro, ..., Ry) € NN*1 there exists 7 = (ro,...,rn) € N¥*1 such
that the associated functions Uy, . o (which depend on 7) satisfy:

C
(1+ |xo])Bo ... (14 |zn|)BN

From Corollary 227 and writing 77 My + 7, ZJ 0 r]M =7 ZJ o 73 M;, we obtain
the following estimation:

o ()] [W1,0(2)] [P210(@)] ... [Un, .. 0(@)] <

N Tkzj o7 M;

[Wol [¥1,0][W21,0] - [¥n,.. 0l <C H =

Tk
«
k=0 k

Moreover, by assumption of temperedness, see Definition 224 (ii.1), there exist
00, ---,pnN > 0 such that
Tk Z] OTJ

14 |ag])Pere

o ()] [W1.0(2)] Yo 0()] ... [Wn... |<cII“

From the hypothesis of Definition 224 (ii.2), we deduce that the element py is
constant. Indicating the variable dependence into parentheses, one also has
pN-1=pn-1(ZN), HN-2=pN-2(TN-1,ZN),
= p1(x2,...,aN),  plo = po(T1,T2,. .., TN)

Denoting by m,,, n = 0,..., N, the degree of a polynomial function that, in the
variables (23]), dominates the tempered function p,,, we obtain the sufficient condi-
tions:

n—1 k
ropo > Ry and p,r, — Z (mkrk erMj) >R,, n=1,...,N,
k=0 j=
which are always achievable. ([l
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Let now £ be a complex Fréchet space, with topology associated with a count-
able family of semi-norms {||.||;};en. An immediate modification of its proof, lead
us to the following version of Proposition (the only difference with the former
is that now the index K € N may depend on j via the order of the tempered weight
15)-

PROPOSITION 2.29. Let (G, S) be an admissible tempered pair, £ be a complex
Fréchet space and let p be a family of tempered weights. Then for all j € N, there
exist 7; € NVt C; > 0 and k;j € N, such that for every element F' € BL(G,E), we
have

| X F ()]l

Dy F(g)l;da(9) <C;j  sup  su
/GII (9l delg) < €5 sup p{ﬂj(g)lX\kj

X €U, (g) 9€C

b= Gy 1Pl

2.3. An oscillatory integral for admissible tempered pairs

Our notion of oscillatory integral is an immediate consequence of Proposition
2.29] together with the following immediate but essential observation:

ProrosITION 2.30. Let (G,S) be an admissible tempered pair, let E be the
function on G defined in Z6) and, for ¥ € NN*t1 et Dy be the differential operator
gwen in BI). Then, with D% the formal adjoint of Dz with respect to the inner
product of L*(G), we have:

D:E=E, vire NN+
PROOF. By construction, we have
D= Dy° D' ... D)},

where the operators D,,, n =0,..., N, are given in ([28). Hence it suffices to prove
the identity above for ¥ = (0,...,0,1,0,...,0). But this immediately follows by
construction since
1 ~ ~
Df = —X, and X, E=0,E.
This completes the proof. O

DEFINITION 2.31. Let (G,S) be an admissible tempered pair, u a tempered
weight, m an element of B#(G) and p, i two families of tempered weights such that
p = fu (hence p.p < fi.pn). Associated to the family of weights fi.u, let 7; € NVF1L
j € N, as given in Proposition and let D7, be the differential operators given
in (3I)). Performing integrations by parts, the Dunford-Pettis theorem [19] yields
a BE(G, £)-continuous mapping

D(G.&) — €, F»—)/mEF:/EDFj(mF).
G G

Then by Lemma 212 (v) (and Remark 213), the latter extends to the following
continuous linear mapping;:

e~

/mE:Bﬁ(G,é’)—>E,
G

that we refer to as an oscillatory integral.
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Our next aim is to prove that the oscillatory integral on BZ(G, &), does not
depend on the choices made. So let p, p and i as in Definition 231 Fix F €
BL(G,E) and chose a sequence {F,}nen of elements of D(G,E) converging to F
for the topology of BL(G, £). By definition of the oscillatory integral and undoing
the integrations by parts at the level of smooth compactly supported E-valued
functions, we first observe that by continuity, we have:

e~~~

/GmE(F) /GmE( lim F,)

n—oo

—_~—

= lim | mE(F,) = lim [ m(g)E(g) Fa(g) dc(9) ,

where the first limit is in B(G, £) and the last two are in £. Then, the estimate
of Proposition immediately implies that the limit above is independent of the
approximation sequence {F),},en chosen. This shows that the oscillatory integral
does not depend on the differential operators in Dy, used to define the extension (in
the topology of BE(G, £)) of the oscillatory integral from D(G, £) to BA(G, £). Last,
to see that the oscillatory integral mapping is also independent of the choice of the
family of dominant weights ji chosen, it suffices to remark that the approximation
sequence constructed in the proof of Lemma 28] (viii) can be used for any family
it such that p; < fi;. Of course this will hold provided that we can always find
dominant weights. This is certainly the case if there exists a weight dominating the
constant weight 1. Thus we have proved:

PROPOSITION 2.32. Let (G, S) be an admissible tempered pair, £ be a complex
Fréchet space, p be tempered weights, m € B*(G) and p be a family of tempered
weights. Assuming that there exists a tempered weight p. which dominates the
constant weight 1, then the oscillatory integral mapping

—_~—

/mE:BH(G,E)—nE,
G

does mot depend on the choice of the integers ©; € NNT1 and on the family of
dominant weights fi given in Definition 231. Moreover, given ' € BE(G,E), we
have

—_~—

/G mE(F) = lim | m(g)E(g) F.u(g) daly) .

n— oo a

where {Fy, }nen s an arbitrary sequence in D(G, E), converging to F in the topology
of BE(G, E), for an arbitrary sequence of weights i, which dominates pu.

REMARK 2.33. Note that Proposition [2.32] does not assert that the oscillatory
integral on BE(G, £) is the unique continuous extension of its restriction to D(G, £).

We observe that the existence of a tempered weight that dominates the constant
weight 1 implies that every weight is dominated, which is crucial for the construction
of the oscillatory integral, as observed above. This leads us to introduce the notion
of tameness below. We will see that this property holds for negatively curved
Kéhlerian groups, where we can simply use the modular weight (see Corollary
and Lemma [33T]).
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DEFINITION 2.34. A tempered Lie group G, with associated diffeomorphism
¢ : G — g* is called tame if there exist an Euclidean norm |.| on g*, a tempered
weight ug and two positive constants C, p such that

C(1+16P)% < pg.

REMARK 2.35. Observe that when a tempered Lie group G is tame, then there
exists a tempered weight that dominates the constant weight 1. Indeed, 1 < pg.
This is the main reason for introducing this notion.

In the constant family case, i.e. for B*(G, &), we can express the oscillatory
integral as an absolutely convergent one for each semi-norm ||.[|;:

—_—~—

/mmm:/ED$mm VE € BH(G,E) |
G G

where the label 7 € NV*! of the differential operator Dy is given by Proposition
and does not depend on the index j € N which labels the semi-norms defining
the topology of £ nor on the element F' € B*(G,E). However, we cannot access
to such a formula in the case of BX(G,E), since in this case the label 7 € NV+1
depends on the index j € N. However, and from Proposition 2:29] we have the
following weaker statement:

PROPOSITION 2.36. Let (G,S) an admissible and tame tempered pair, £ a
Fréchet space, p, p be tempered weights and m € B*(G). Then for every j € N,
there exists 7; € NNT1 such that for all F € BX(G, ), we have

/mmm:/EDmmm,
G G
where the right hand side is an absolutely convergent integral for the semi-norm

[-115-

We close this section with a natural result on the compatibility of the oscillatory
integral with continuous linear maps between Fréchet spaces.

LEMMA 2.37. Let (G, S) be an admissible and tame tempered pair, (€,{|.1l;})
and (F,{[-}}) two Fréchet spaces and T : &€ — F a continuous linear map. Define

the map T from C(G,E&) to C(G,F), by setting

(TF)(g) :==T(F(g)) -
Then, for any family p of tempered weights, there exists another family of tempered

weights v, such that T is continuous from BX(G, &) to BL(G, F). Moreover for any
m € B*(G), with u another tempered weight, we have

(35) T(/;;n/E(F)) - /;;n/E(TF) .

PROOF. By continuity of T, for all j € N there exist {(j) € N and C; > 0,
such that for all a € £, we have || T(a)|; < Cjllalli(j). This immediately implies the

continuity of 7". Indeed, setting v = y(j), then for F € BX(G,€) and j,k € N, we
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have

X XT(F ' T(XF '
FFL = ap s KTE@I IT(XF ()
T XeUy(g) 9€G a1 X |k XeUy(g) 9€CG iy 1 X |k

XF ,
< sup sup (X F(9)) )

= Gl Flliy ko -
Xetn(e) 906G Ha()| Xk Tk

Repeating the arguments for BE## (G, E) (ue is the tempered weight associated to
tameness) instead of BE(G,E), we see that both sides of (B3] define continuous
linear maps from BE#¢ (G, E) to F. Moreover, it is easy to see that they coincide
on D(G, ) and thus they coincide on the closure of D(G, ) inside BE#¢ (G, E),
which contains BX(G, £) by Lemma 212 (vi), as .14 dominates . O

2.4. A Fubini Theorem for semi-direct products

The aim of this section is to prove a Fubini type result for the oscillatory integral
on a semi-direct product of tempered pairs. We start with following observation:

LEMMA 2.38. Let £ be a Fréchet space, Gy, Gy be two Lie groups with Lie alge-
bras g1, g2 and R € Hom(G1,Aut(G2)) be an extension homomorphism. Consider
i, a family of weights on the semi-direct product G1 xr Ga, with sub-multiplicative
degree (L, R). Set also By and K for its restrictions to the subgroups G1 and Ga
and let 91 be the restriction of the modular weight (cf. Definition 23]) of G1 xr G2
to G1. Then the map

Coo(Gl XR G275) — Coo(Gl,OOO(GQ,g)) s
(36) F Fi=[g1 € G [g2 € G2 Flgagn)]]

sends continuously BE(G, xr G2,&) to BZ(G17BA(G27E)), where v := {V; . }j ken
and A == {\;};en with

R; L;
Vil = Py b, Aj =g -
PROOF. First, observe that for g € Gy xgr G2 with g = g2g1, g1 € G1, g2 € Go,
F € 0°(Gy xR G2) and for X! € g1, X? € gy, we have
(37) X1~91 F(glaQZ) :X1~g F(g)v X2~92 F(gth) :Rgl—l(X2).g F(g) )
where we use the same notation for the extension homomorphism and its derivative:

tioRgl(etX)’ g1 €Gr.

d

g2 = g2, X

From this, it follows that the restriction of a weight on G; xgr G2 to G1 or Gs

is still a weight on G; or Go. Indeed, given p a weight on G xg Ga, call u,

i = 1,2, its restriction to the subgroup G; and given X € U(g;) call X; its image

in U(g1 X g2). Then, Equation (B17) yields )?,ui = ()?i,u)l, i = 1,2, which together

with (1) = (') (where p¥(g) := u(g~')) implies that the first condition of

Definition [2.1] is satisfied. Sub-multiplicativity at the level of each subgroups G,

i = 1,2, follows from sub-multiplicativity at the level of G; xg G2 (with the same
sub-multiplicativity degree).
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Moreover, [37) also implies that for ' € BL(Gy xgr G2,&), X! € Uy, (1),
X2 e Z/{k2(gg) and khk‘g,j € N, we have for 9291 € G1 xRr Ga:

1X1 g0 X2.g, Fg1, 92)ll; = | (XIR -1 (X2) F) (9201)

YF ,
< C(kl’kQ) ‘X1|k1 ‘X2|k2 ‘Rq;1|k2 sup ”}/(‘9—291)‘“
‘ Y €Uy 41y (91X02) ‘ |k1+k2

< Clhr, k) 1X iy [X2[1y Rty 15 (9201) 1Flljites 2 g0
< C'(ky k) | X iy [X 3k, 01(90)" 115(91)™ 115 (92) " 1P [y »

by Lemma [2.17] since for g; € G1, R, coincides with the restriction of Ad,, to go.
Thus, labeling by (j, k2) € N? the semi-norms ||.||; £, » of B2(G2, &), we finally get:

HF”(j,kz),kl,g < C/(klﬁ k2) ||F||j,k1+k27ﬁ ’

which completes the proof. O

Now, assume that the groups G; and G5 come from admissible tempered pairs
(G1,S1) and (Ga, S2). Parametrizing g = gog1 € G1 Xr G2 with g; € G, i1 = 1,2,
we can then set

(38) S:GixrGa = R, gag1 = Si(g1) + S2(92)
and using the notation (26]), we set accordingly

E(g291) := exp{iS(g291)} = E1(91) E2(g2)

For g1 € G1, we let |Rg, | be the operator norm of Ry, € End(gs). Assume further
that the map G; — R*, g1 — |Ry,| is tempered. Then, by Lemma 25 and Lemma
2211 we deduce that 01, the restriction of the modular weight on G; xg G2 to Gy,
is tempered too. Thus for m € B*(G; xgr G32) with u a tempered weight, and with
m the associated function on G; x G5 as constructed in (B8], Lemma 238 shows
that the map

—~—

BE(Gy xp Go,€) = &, F s Eg(/ Ei (mF)) .
Go Gy

is well defined as a continuous linear map. Thus under these circumstances, this
map could be used as a definition for the oscillatory integral on the semi-direct
product G1 Xgr Go. Moreover, when the pair (G1 XRr Go, S) is also tempered and
admissible and when the extension homomorphism preserves the Haar measure dg,,
then the map above coincides with the oscillatory integral on G xg Go, as given in
Definition Z3Tl This is our Fubini-type result in the context of semi-direct product
of tempered pairs:

PROPOSITION 2.39. Within the context of Lemma 238, assume further that
the groups G1 and G2 come from admissible and tame tempered pairs (G1,51) and
(G2, S2) and, with S defined in [BY), that (G1 XR GQ,S) 1s admissible, tame and
tempered too. Assume last that the extension homomorphism

R € Hom(Gq, Aut(G2)) ,

preserves the Haar measure dg, and be such that the map (g1 — |Rg, || is tempered
on (G1,51). Let also W, i be tempered weights on the semi-direct product G Xr Ga.
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Then, for F € BE(G1 xr G2,&), m € B*(Gy xr G2), with F and 1t the associated
functions on Gy x Gy as in [BH), we have

—_—~

(39) /GMRGQEm(F) _/G2E2 (/G By (i F)) .

PROOF. Since the map [g1 — |Rg, || is tempered on (G1,S51), by Lemma 23]
and Lemma 227] one deduces that 01, the restriction of the modular weight on
G1 XRr G to Gy is tempered on (G1,.S1). Thus by Lemma 238 the right hand-side
of [39) is well defined as a continuous linear map from BE#¢ (G xg G2, &) to € (1g
is the tempered weight on G'1 Xg G2 associated with tameness). Note also that, by
our assumptions, the pair (G1 xg Ga,5) is tempered and admissible, the left hand
side of (B9) is also well defined as a continuous linear map from B&#¢ (G xg G2, &)
to &, too. Now, take F' € D(G1 Xgr G2, ) and associate to it Fe D(Gl,D(Gg,E))
as in (30). By construction, we have

/ Em (F) = / E(g) m(g) F(9) da, xrc.(9) -
G1xRrG2 G1XrG2
Since the extension homomorphism R preserves dg,, we have for g1 € G1, g2 € Ga:

dGl XrG2 (9291) = dGl (gl) dG2 (92) )
which, by the ordinary Fubini Theorem, implies that

P

/GIKRGQ Bm (F) = /G2 Ex(92) </Gl E1(g1) m(g291) F'(g291) da, (g1)> de,(92)

—/GZE2</GIE1(ri113‘)>.

Thus, both sides of ([39) are continuous linear maps from BE#? (G xg Ga,E) to €
and coincide on D(Gy Xgr G2, ). Therefore, these maps coincide on the closure of
D(G1 xr G2, &) inside BE#¢ (G Xgr G2, ). One concludes using Lemma 212 (vi),
which shows that the latter closure contains BE(Gy xg Ga, &). O

2.5. A Schwartz space for tempered pairs

In this section, we introduce a Schwartz type functions space, out of an admis-
sible tempered pair (G, S) and prove that it is Fréchet and nuclear. Our notion
of Schwartz space is of course closely related, if not in many cases equivalent, to
other notions of Schwartz space on Lie groups, but the point here is that it is for-
mulated in terms of the phase function S only. This is this formulation that allows
to immediately implement the compatibility with our notion of oscillatory integral.

DEFINITION 2.40. Let (G, S) be a tempered pair. For all X € U(g), we let
ax = E"' X E € C>(G), where E is defined in (26). Then we set

S%(G):={feC™(G) : VX,Y €U(g), VneN, sup la% (2) (Y f)(z)| < o0} .

We first prove that this space is isomorphic to the ordinary Schwartz space of
the Euclidean space g*.
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LEMMA 2.41. Let ¢ : G — g* be the diffeomorphism underlying Definition 2.22],
associated to an admissible tempered pair (G, S). Fizing an Euclidean structure on
g*, denote by S(g*) the ordinary Schwartz space of g*. Then, S°(G) coincides with

SYG)={feC®G) : fop 'eS(e")}.

In particular, endowed with the transported topology, S°(G) is a nuclear Fréchet
space. If moreover the pair (G, S) is tame, then the transported topology is equiva-
lent to the one associated with the semi-norms

{M¢($)"P~f f(x)l} 7

[ lkn = feS%(G,E)— sup sup
[ Xk

X €Uy (g) €CG

k,neN,

PROOF. Recall that f € S?(G) if and only if for all o, 8 € N¥™(@) e have

(40) sup €707 (f o ¢71)(€)| < o0,

fegr
while f € $%(G) if and only if for all X,Y € U(g) and all n € N
(41) sgg lo% (z) (37 f@)| <oo.

Fix {X; }?i:n;(G) a basis of g and let {fj}?i:ni(G) be the dual basis on g*. From the

same methods as in Lemmal[Z2T] one can construct an invertible matrix M (£) which
is tempered with tempered inverse and which is such that in the ¢-coordinates
dim(G)
Xj= > M0, .
i=1
Since by Remark 2.23] S is tempered, for all X € U(g), the associated multiplier
ax = E7' XE in ¢-coordinates is bounded by a polynomial function on g*. Last,
since the pair (G, S) is admissible, associated to the vector space decomposition

g= @évzo Vi, there exist elements Xy, € U (V) and constants Cy, pr > 0 such that
with ap = E7! X, E and with |.|; the Euclidean norm on Vj, we have

[T |n < (C’;l|an| — 1) 1/p".

Summing up over k =1,..., N gives the existence of C, p > 0, such that

N
g<o(i+3 fa(e @)
k=0

Putting these three facts together gives the equality between the two sets of func-
tions on G and the equivalence of the topologies associated with the semi-norms

(@) and (@D).
Last, assume that the pair (G, S) is also tame, with associated weight ps. Then
there exist constants C7,Cs, p1, p2 such that, with ¢ : G — g* the diffeomorphism

underlying Definition [Z22] we have
Cil+ (9% < g < Ca(1 +[g]F)/2 .

which is enough to prove the last claim. (|
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More generally, when £ is a complex Fréchet space with topology underlying
a countable set of semi-norms {||.|[;}jen, we define the £-valued Schwartz space
associated to an admissible tempered and tame pair (G, S) as the Fréchet space
completion of D(G, E) for the topology underlying the family of semi-norms:

)| X f(o
{ | X [k

[ f1ljkm == sup
XeUy(g) e

Note that by nuclearity of S°(G), we have S%(G, £) = S%(G)&E (for any completed
tensor product).

)l b, Gkmen,

2.6. Bilinear mappings from the oscillatory integral

We now present several results which establish most of the analytical properties
we will need to construct our universal deformation formula for actions of Kahlerian
groups on Fréchet algebras. In all that follows, when considering a Fréchet algebra
A with topology underlying a countable set of semi-norms {||.||; };en, we will always
assume the latter to be sub-multiplicative, i.e.

labll; < llall;[loll;,  Va,be A, VjeN.

We start with a crucial fact. Its proof being very similar to those of Lemma 2.15]
we omit it.

LEMMA 2.42. Let A be a Fréchet algebra and let K5 1y e two families of weights
on G with sub-multiplicative degree respectively denoted by (L, R,) and (Lg, R,).
Then the bilinear mapping

ROR:C®(G,A) x C*(G, A) = C®(G x G,C>®(G, A)) ,
(F1, Fy) [(x,y) € G x G (REF)(REF) = [g € G s Fi(gz)Fa(gy)] € A] ,

is continuous from B"1(G,A) x B:2(G, A) to B4(G x G, BXG, A)), where the
families v := {v; 1} ken and A :={\;},;en are given by

— k L1 L2
Vik = (p1; @ pia,j 0Gxa s A= ey

More precisely, labeling by (j, k) € N? the semi-norm |.||;x.x of BMG,.A), for all
(4,k, k') in N3, there exists C > 0 such that for all Fy € B&1 (G, A), Fy € BE2(G, A),

we have

)max(erj,Rzyj)

IR @ R(FL, F2) oy ar < CNE s o, NF2 et o, -

THEOREM 2.43. Let (G x G, S) be an admissible and tame tempered pair. Let
also m € BH(G x G) for some tempered weight p on G x G and let By be
two families of weights on G with sub-multiplicative degree respectively denoted by
(L1, Ry) and (Ly, Ry), such that the family of weights p, @ p,, is tempered on G x G.
Then, for any Fréchet algebra A, the oscillatory integral

—_~

(42) g 1= {(Fl,FQ) — mE o R@R(Fl,FQ)} :

GxG
defines a continuous bilinear map from B (G, A) x B2 (G, A) to BAG, A), where
the family A := {\;}jen, is given by

L1 N L2J
Aj = Haj™ Haj
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More precisely, for any (j,k) € N? there exist C > 0 and | € N such that for any
F) € BA (G, A) and F» € B*2(G, A), we have

[1F1 %5 Falljes < ClFG, 1F2l50, -
In particular, one has a continuous bilinear product (not necessarily associative!):
*xs : B(G, A) x B(G, A) = B(G, A) .
ProoF. By Lemma 2.42] the map
R R : BY4(G, A) x B2(G, A) — B4(G x G, BXG, A)) ,

= k _ L1 Loy . .
where v, = (11,; ® poj 0Gxe and Aj = puy ;7 g 77, is a continuous

bilinear mapping. By tameness, the family of tempered weights p.v is dominated.
Hence the oscillatory integral composed with the map R ® R is well defined as a
continuous bilinear mapping from B (G, A) x B2 (G, A) to BA(G,A). The pre-
cise estimate follows by putting together Proposition 229 Lemma and the
continuity relation |||z < C||.|l;k,u, for any family of weights i that dominates
another family pu. B a O

)max(Rl,thJ)

We now discuss some issues regarding associativity of the bilinear mapping xg.
To this aim, we need to show how to compute the product F; xg F5 as the limit of
a double sequence of products of smooth compactly supported functions.

LEMMA 2.44. Within the contest of Theorem 243, for F1 € BE (G, A) and
Fy € B%(G,A), we let {F1,}, {F2n} be two sequences in D(G,.A) converging
respectively to Fy and Fy for the topologies of BE1(G, A) and BE2(G, A) where
21 = By 22 = W, are such that 21 ® EQ is tempered on G X G. Setting then
Aj = ,uf;-'j,u;zj’j, we have the equalities in BAG, A):

Fl *s F2: lim lim Fl ny %S F2n2 = lim lim Fl ny %S anz .
n1—00 Ng—+00 ’ ’ Ny —>00 N1 —+00 ’ ’

PROOF. Note that the family 2 = {(f; ® fig ;)™ Fri-Raidof, Y1 is
tempered (by assumption) and dominates the (tempered by assumption) family
v = {(p1,; ® ,ugyj)max(Rl«f’Rm)D’éxc}(j,k) and consequently (see Remark 2.13]),

we may view R ® R(F1, F;) as an element of BZ(G x G, BA(G, A)), with A :=
Ll,j Lz,j

{117 1a57 tjen. By the estimate of Theorem 2.43] we know that for all j,k € N,
there exists | € N such that
[F1 *s Falljea < Ok, 9) 1Pl 152004, -

We then write

| F1xs Fo — F1 ., %8 Fon,|lj 60

SNy = Frng) xs Falljea + [1Fin, *s (F2 = Fano) ks

< Ok ) (1Fr = Froa i, 1P llj0, + 1Fm e, 1F2 = Fonallisg,)

< 'k ) (IF = Frn s, 1PN, + 1P 00, 1 F2 = Fang

where in the last inequality we used Remark 2.3l which shows that the semi-norm
II] j.k.a, 15 dominated by ||-||j,k,u2- The latter remark also shows that the numerical

sequence {||F} n, ||jyl,ﬂ1}m€N is bounded since
[F1 i lia, < 1Frm = Fillseg, + 1Flee, < 1Fin — Filljus, + CllF G, -
This completes the proof. O

li0a,)
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REMARK 2.45. In other words, within the setting of Lemma [244] we have in
BAG, A):

FxgF' = lim E(z,2') m(z,z') R (Fyn) RS (F) da(z) de(a')

m,n—00 GxG

for suitable approximation sequences {F, },{F"} C D(G, A).

DEFINITION 2.46. Within the context of Theorem [2.43] we say that the product
*g, given in ([@2), is weakly associative when for all ¢, 19,%5 € D(G, A), one
has (11 %5 12) *s 3 = P1 *s (P2 x5 P3) in B(G, A).

PROPOSITION 2.47. Within the context of Theorem A3l weak associativity
implies strong associativity in the sense that, when weakly associative, for every
further family of weights Ky O G with sub-multiplicative degree denoted by (Lg, Rs)
such that By @ pg is tempered on G x G. Then, for every element (Fy, Fs, F3) €

£1(G, A) x 8“2(6’ A) x BEs (G, A) one has the equality (Fy xs F3) x5 F3 = Fy xg

(F2 s Fy) in BMG, A) for A = {ul,j‘ pia P20 i ;550 } e

PROOF. Let ug be a tempered weight on G x G which dominates the constant
weight 1 (it exists by assumption of tameness.) Consider the element v, € C*(G)
defined by v4(g) := pe(g,€). The latter is then (by a direct application of Lemma
25) a weight on G that dominates 1. Moreover, it is easy to see that vy ® vy is
tempered on G x G. Hence, all the family of weights By By and p, are dom-
inated e.g. by ﬂl = Ve, /l2 = Vgl and ﬂg = Vgefhy and ﬂl ® ﬂ2 and
“2 ® ,u are tempered on G X GG. The assumptions of Lemma [2.44] are there-
fore Satlsﬁed Let us consider sequences of smooth compactly supported elements
{®1,n}nen, {P2ntneny and {®3 ,, bnen that converge to the elements Fy, F; and Fj
respectively in B2 (G, A), B (G, A) and B2 (G, A). Using separate continuity of
*g and Lemma [2.44] we observe the following equality:

lim ( lim ( lim (@1, x5 B, ) *s @3,%)) = (Fy x5 F3) %5 Fy |
ni1—00 \ No—00 \ N3—00
2
in BA(G, A) for A = {,uf;”',ug,ngd 113753}, One then concludes using weak asso-
ciativity and the commutativity of the limits, as shown in Lemma [2:44] O

In section 25l we have seen how to associate in a canonical way a Schwartz
type functions space to a tempered, admissible and tame pair. Hence, starting with
such a pair (G x G, S), we get a Schwartz space on G x G. But we can also define
a one-variable Schwartz space using the continuity of the partial evaluation maps:

DEFINITION 2.48. Let (G x G, S) be a tempered admissible and tame pair and

A be a Fréchet algebra. We define the A-valued Schwartz space on G associated to
S by

S5(G, A) = {[g €Gw fge)], feS%Gx G,A)} .
We endow the latter with the topology induced by the semi-norms:

(43) [ flljkn = sup sup jk,neN,

XeUy(g) zeG

{Nas, )| X f(@)]] }

| X |k

with pg1(z) == pe(z, e) and pg is the tempered weight on G x G associated with
the tameness (Definition 2:34]).
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The next Lemma shows that the right action on the space of A-valued Schwartz
functions, leads us to a B-type space for family of weights too.

LEMMA 2.49. Let (G x G,S) be a tame and admissible tempered pair, A be a
Fréchet algebra and p be a family of weights on G with sub-multiplicative degree
(L, R), which is bounded by a power of ue1 (see Definition [Z48]). Then, there
exists a sequence {M,}nen of integers, such that for all elements F € BE(G, A)
and ¢ € S%(G, A), the element (R @ R)(F,¢) (defined in Lemma 2.42)) belongs to
BY(G x G,8%(G, A)) where v := {Vj jn}jknen with

R; .
Vjkmn = (uj T ® /L\;{\f")OZkaG , Jk,n eN.

PROOF. Denote by |.||jkn, (4, k,n) € N3, the semi-norms [@3) of S%(G, A).
Then, the semi-norms of an element

P =[(z,y) EGX G [g€G ®(x,y;9) € A] € BLG x G,8%(G, A)) ,
are given by

LIk, (k) =
/ffqﬁ,l(g)nHXg(Yi ® Yv2)(z,y) (P(JJ, Y3 g)”j
sup  sup sup .
z,y,9€G X €Uy (g) (Y1,Y2)€ Up, (8) XU, (8) Vj,k,n(xa y)
Using Sweedler’s notation (2], we have for X € Uy (g), Y1 € Uy, (), Yo € U, (9):

Xy (10 W)y (RIF(9) Rypela)) ) =

> ((Aml)f/lF) (g9z) ((Aﬁz)%@) (9v) »
(X)

which yields the following estimation for arbitrary N € N:
1% (1 © Vo) - (BEF(9) Byo(9)) ) Il
<Y X ) [k X (2l Ay [ [Ady—1 |1 [V |k, [ Y2k,
(X)
ZF ; Z ;
< sup 121 F (gz)| sup 1Z2(g9)ll
ZicUpii, (8) | Z1lktks  Zocthpry(a) | Z2|ktks

<Y X ) [k X (2 [k Adg— |1 [Ady—1 |1 [V |k, [ Y2k,
(X)

x5 (9) 15 Y (99) 1 F Nl bm e 121k ko v

which by Lemma 25 Lemma 214 and the estimate (&) is bounded by a constant
times

(44) X e|Yalk, Yalky 0 xa (@, 0)*" 1(g2) g Y (99) 1F Gkt o 191k kv -
Setting (L, R) for the sub-multiplicative degree of 114 and using
_ ~1/L R/L, —
poigy) < VP e, wgea,
we see that (@) is (up to a constant) bounded by

L R; —N/L NR/L, —
X [l Vil Y2y 0aca (@, 9)2 1 ()i () g Y () /5 ()
X | F

PR | [%2]| P N
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Now, given n € N, chose N,,, M,, € N such that

L, —N,/L _ N.R/L M,
w g < g, and gy <l
Then, set
R; .
Vikn(T,y) = py (@)pg " (g (®y), g kneN.

This entails that (@) is bounded by
| X kY1 ke Yalka 11 (91500 (@, ) 1F N gkrbr o 1915k, N

which, for a finite constant C(j, k,n, k1, ko) > 0, finally gives
[(R@R)(E, ) (k) (kr k) < C U1 Ky ko) ([ otk e 0

proving the claim. O

|j ket k2 N 5

Observe that 1 ® ug,1 is tempered on G x G. By Remark and since the
inversion map on a tempered group is a tempered map, we deduce that 1 ® M\;J
is tempered on G x G too. Hence, when p ® 1 is also tempered on G x G, so is
the family of weights v given in the Lemma [Z49 We then deduce the following
important consequence of the latter:

PROPOSITION 2.50. Let (G x G,S) be a tame and admissible tempered pair,
A a Fréchet algebra, p a family of tempered weights on G, such that the family of
weights (1 ® 1 is tempered on G x G and m € B*(G x G) for some tempered weight
p on G x G. Then the bilinear map g, defined in [@2), is continuous on S*(G, A)
and one has the continuous bilinear map:

x5 : BL(G, A) x S5(G, A) = S¥(G,A), (F,¢)— Lio(F): 9o Fxgp.

REMARK 2.51. In the context of the proposition above, observe that the restric-
tion to S¥(G, A) xS®(G, A) of the bilinear product xg ([@2), we have the (point-wise
and semi-norm-wise) absolutely convergent expression:

1 %5 p2 = / m(zy, 22) E(21, 22) Ry, (01) Ry, (92) da(z1) da(z1) -
GXG
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CHAPTER 3

Tempered pairs for Kahlerian Lie groups

The aim of this chapter is to endow each negatively curved Kahlerian Lie group
with the structure of a tempered, tame and admissible pair. Recall that a Lie group
G is called a Kéhlerian Lie group when it is endowed with an invariant Kéhler
structure, i.e. a left-invariant complex structure J together with a left-invariant
Riemannian metric g such that the triple (G,J, g) constitutes a Kéhler manifold.
Within the present memoir, we will be concerned with Kéhlerian Lie groups whose
sectional curvature is negative. We call them negatively curved.

In section 3.1l we briefly review the theory of normal j-algebras and associated
normal j-groups, which in turn gives a classification result for negatively curved
Kéhlerian Lie groups. In section B2l we explain how an elementary normal j-
group is naturally endowed with a structure of a symplectic symmetric space. Such
structure is the core of the construction of chapter [6l It is also in this context that
we have a clear geometric construction for the phase and amplitude of the kernel
underlying our deformation formula. It is then in sections[3.3] and .4l that we prove
that the phase mentioned above endows a negatively curved Kéahlerian Lie group
with the structure of an admissible and tempered pair.

3.1. Pyatetskii-Shapiro’s theory

The following definition, due to Pyatetskii-Shapiro [22], describes the infinites-
imal structure of negatively curved Kéahlerian Lie groups.

DEFINITION 3.1. A normal j-algebra is a triple (b, a, j) where

(i) b is a solvable Lie algebra which is split over the reals, i.e. adx has only
real eigenvalues for all X € b,
(ii) j is an endomorphism of b such that j2 = —1 and

X, Y] +j[5X, Y] +j[X,jY] - [iX.j¥] =0, X.Yeb,
(iii) « is a linear form on b such that
a(fX,X]) >0 if X£0 and a[jX,j¥]) = ([X,Y]), X,V €b.
We quote the following structure result from [22].

PROPOSITION 3.2. The Lie algebra of a negatively curved Kdahlerian Lie group
always carries a structure of normal j-algebra.

If b’ is a subalgebra of b which is invariant by j, then (b’, a|ps, j|o/) is again a nor-
mal j-algebra, called a j-subalgebra of (b,«,j). A j-subalgebra whose underlying
Lie algebra b’ is an ideal of b is called a j-ideal.

EXAMPLE 3.3. Every Iwasawa factor AN of the simple Lie group SU(1,n) is
naturally a negatively curved Kéhlerian Lie group. Indeed, denoting by K ~ U(n)

43
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44 3. TEMPERED PAIRS FOR KAHLERIAN LIE GROUPS

a maximal compact subgroup of SU(1,n), one knows that the associated symmet-
ric space G/ K is a negatively curved Kahlerian SU(1,n)-manifold. The associated
Iwasawa decomposition SU(1,n) = ANK then yields a global diffeomorphism be-
tween G/K and AN. Transporting to AN the Kéhler structure of G/K under the
latter diffeomorphism, then endows AN with a negatively curved Kéhlerian Lie
group structure, called elementary after Pyatetskii-Shapiro.

The infinitesimal structure underlying an elementary normal j-group (cf. the
above Example [3.3]) may be precisely described as follows. Let (V,w?) be a sym-
plectic vector space of real dimension 2d. We consider the associated Heisenberg
Lie algebra h := V @ RE. That is, b is the central extension of the Abelian Lie
algebra V', with brackets given by

[v1,v0] == wO(v1,v2) E, wy,v2 €V, [E,X]:=0, Xce€b.

DEFINITION 3.4. Let a be a one-dimensional real Lie algebra, with generator
H. We consider the split extension of Lie algebras:

0—=bh—=s:=ax, bh—a—0,
with extension homomorphism py : a — Der(h) given by
(45) py(H)(v+tE) :=[Hv+tE]:=v+2tE, veV, telR.

The Lie algebra s is called elementary normal. Last, we denote by S the con-
nected simply connected Lie group whose Lie algebra is s and we call the latter an
elementary normal j-group.

Note that S is a solvable group of real dimension 2d + 2 and if V' = {0}, S is
isomorphic to the affine group of the real line. It turns out that every negatively
curved Kéhlerian Lie group can be decomposed into elementary pieces: at the
infinitesimal level, one has the following result, due to Pyatetskii-Shapiro [22].

PROPOSITION 3.5. Let (b,a,j) be a normal j-algebra. Then, there exist 3, a
one-dimensional ideal of b and V', a vector subspace of b, such that setting a := j3,
the algebra s := a ® V @ 3 underlies an elementary normal j-ideal of b. Moreover,
the associated extension sequence

0—s—b—b —0,

is split as a sequence of normal j-algebras and such that:

(46) [b',a®3]=0 and [b',V]CV.

In particular, every normal j-algebra b admits a decomposition as a sequence of
split extensions of elementary normal j-algebras s;, ¢ = 1,..., N, of real dimension
2d; + 2, d; € N:

(...(SN l><5N71) [><-~-l><52) X §1 ,
such that foralli=1,...,N —1

[(snx...)x8i41,0,®3] =0 and [(sy X ...) X841, Vi] CV;.

DEFINITION 3.6. A normal j-group B, consists of a connected simply con-
nected Lie group that admits a normal j-algebra as Lie algebra, i.e. B = exp{b},
where b is a normal j-algebra.
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At the group level, for i = 1,..., N — 1, call R* the extension homomorphism
at each step:

(47) R’ € Hom((Sy % ...) x Sit1,Aut(S;)) .

The conditions given in (@f]) implies that R’ takes values in Sp(V;,w?), where
(Vi,w?) denotes the symplectic vector space attached to S;.

3.2. Geometric structures on elementary normal j-groups

In this section, we review the properties of a symplectic symmetric space struc-
ture every elementary normal j-group is naturally endowed with. The phase func-
tion with respect to which an admissible tempered pair will be associated to later
on, was defined in [3] in terms of this symplectic symmetric space structure. We
start with the definition of a symplectic symmetric space as in [I] which is an adap-
tation to the symplectic case of the notion of symmetric space as introduced by O.
Loos [21].

DEFINITION 3.7. A symplectic symmetric space is a triple (M, s,w) where
(i) M is a connected smooth manifold,
(ii) s is a smooth map
st MxM—=M, (z,y) s:(y) = s(z,y),

such that:

(ii.1) For every © € M, the partial map s, : M — M is an involutive
diffeomorphism admitting x as isolated fixed point. The diffeomorphism
sz is called the symmetry at point x.

(ii.2) For all points 2 and y in M, the following relation holds:

Sg O Sy O Sy = Ssz(y) .

(i) wis a closed!] and non-degenerate two-form on M that is invariant under
the symmetries:
ssw=w, YreM.
A morphism between two symplectic symmetric spaces is defined as a symplecto-
morphism that intertwines the symmetries.

Symplectic symmetric spaces always carry a preferred Lie group of transforma-
tions [I]:

DEFINITION 3.8. The automorphism group of a symplectic symmetric space
(M, s,w) is constituted by the symplectomorphisms g € Symp(M,w) which are
covariant under the symmetries:

g 08, =54y 09°, YreM.

It is a Lie subgroup of Symp(M,w) that acts transitively on M and it is denoted
by Aut(M, s,w). Its Lie algebra is called the derivation algebra of (M, s,w) and
is denoted by aut(M, s,w).

IThe closedness condition is, in fact, redundant, see [I].
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We now pass to the particular case of a given 2d + 2-dimensional elementary
normal j-group S with associated symplectic form w®. Let a,t € Rand v € V ~ R4,
The following identification will always be understood:

R?2 55, z:=(a,v,t)— aH+v+tE.
The following result is extracted from [31[618]:

PROPOSITION 3.9. Let S be an elementary normal j-group.
(i) The map
(48) s =S, (a,v,t)— exp(aH)exp(v+tE) = exp(aH)exp(v) exp(tE) ,
is a global Darbouz chart on (S,wS) in which the symplectic structure
reads:
W i=2dandt + W0 .
(ii) Setting furthermore
(49) S(awp (a0, 1) =
(2a — ', 2v cosh(a — a’) — v’ 2t cosh(2a — 2a") — t' + w’(v,v) sinh(a — a’)) ,
defines a symplectic symmetric space structure (S, s,w®) on the elementary
normal j-group S.
(iii) The left action L, : S — S, o’ — z.a’, defines a injective Lie group
homomorphism
L:S — Aut(S,s,u) .
In the coordinates (@8], we have
w2’ = (a,v,t).(a, 0, ") = (a+d e v+, e 2t + Lem VW0 (v,0))
and
7 = (a,v,t)7! = (—a, —e"v, —e2*t) .
(iv) The action R : Sp(V,w®)xS = S, (A, (a,v,t)) = Ra(a,v,t) := (a, Av,t)

by automorphisms of the normal j-group S induces an injective Lie group
homomorphism:

R :Sp(V,w®) — Aut(S,s,w°), A—Ry.
In fact, Sp(V,w®) =~ Aut(S) N Aut (S, s, wS).
Note that in the coordinates (@8), the modular function of S, Ag, reads e(?¢+2)e,

We now pass to the definition of the three-point phase on S. For this we need
the notion of “double geodesic triangle” as introduced by A. Weinstein [36] and Z.

Qian [23].

DEFINITION 3.10. Let (M, s) be a symmetric space. A midpoint map on M
is a smooth map
MxM—M, (zy)— nid(z,y),

such that, for all points z,y in M:
Smid(ac,y) (l‘) =Y.

REMARK 3.11. When it exists, such a midpoint map on a symmetric space
(M, s) is necessarily unique (see Lemma 2.1.6 of [34]).
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REMARK 3.12. Observe that in the case where the partial maps s¥ : M — M,

x — 8, (y) are global diffeomorphisms of M, a midpoint map exists and is given by:
. -1
mid(z,y) := (") (y) -
Note that in this case, every ¢ € Aut(M,s) intertwines the midpoints. Indeed,
since for all z,y € M we have p(s,(2)) = s,y (¢(z)), we get
p(mid(z,y)) = mid(p(z), ¢(y)) -
An immediate computation shows that a midpoint map always exists on the

symplectic symmetric space attached to an elementary normal j-group:

LEMMA 3.13. For the symmetric space (S, s) underlying an elementary normal
j-group, the associated partial maps are global diffeomorphisms. In the coordinates

[@]), we have:

(st " a, v,t) =
(a—l—ao v + g t+to _wo(v ; ) sinh(a;ao) )
2 " 2cosh(%5*) " 2cosh(a — ao) » " Seosh(a—ag) cosh(1522) )

The following statement is proved in [3].

PROPOSITION 3.14. Let S be an elementary normal j-group.

(i) The Kdhler manifold S is strictly geodesically complete: two points deter-
mine a unique geodesic arc.
(ii) The “medial triangle” three-point function

OSSP, (x1,20,13) — (mid(ml,:Eg),mid(xg,xg),mid(atg,xl)) ,
is a S-equivariant (under the left reqular action) global diffeomorphism.

Since our space S has trivial de Rham cohomology in degree two, any three
points (x,y,2) € S* define an oriented geodesic triangle T'(x,y, z) whose symplec-
tic area is well-defined by integrating the two-form «w® on any surface admitting
T(x,y,z) as boundary. With a slight abuse of notation, we set

Area(z,y, z) := / WS
T(x,y,2)

DEFINITION 3.15. The canonical two-point phase associated to an elemen-
tary normal j-group is defined by

S5 (x1,x2) == Area (‘Ifl(e,xl,xz)) € C*(S%R),

where e := (0,0, 0) denotes the unit element in S. In the coordinates (Ag]), one has
the explicit expression:

(50) S’fan(:m, Ty) = tysinh 2a; — t1 sinh 2as + w®(vy, v2) coshay coshay .

The canonical two-point amplitude associated to an elementary normal j-group
is defined by

Agan(l‘la $2) = Jacg-1(e, 21, 1‘2)1/2 c COO(S27 R) .
In the coordinates ([A]), it reads
(51) A§an(x17$2) =

(cosha1 cosh as cosh(a; — ag))d(cosh 2a; cosh 2as cosh(2a; — 2a2))1/2 .
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3.3. Tempered pair for elementary normal j-groups

The aim of this technical section is to prove that the pair (S x S,S55,) is

can

tempered, admissible and tame. We start by splitting the 2d-dimensional symplectic
vector space (V,w?) associated to an elementary normal j-group S into a direct sum
of two Lagrangian subspaces in symplectic duality:

V=>reael.
The following result establishes temperedness.

LEMMA 3.16. The pair (Sx S, S

S o) is tempered. Moreover, the Jacobian of the
map

G:SxS— (sDs)*, [XEE&BEI—)(X Soan) (g )}’

is proportional to (A3, )2.

can

PROOF. Let us fix {f;}7_,, a basis of [* to which we associate {e;}_, the
symplectic-dual basis of [, i.e. it is defined by w®(fi,e;) = d; ;. We let E the central
element of the Heisenberg Lie algebra h C s and H the generator of a in the one
dimensional split extension which defines the Lie algebra s:

0—>bh—>s5—>a—>0.

Accordingly, we consider the following basis of s & s:

H1 = H (S5) {0} 5 H2 = {0} (5] H 5
fio= fiefor, f7 = {0}ef;,
ej = e {0}, e = {0}de,
E1 = E @ {0} 5 EQ = {O} @ E 5

where the index j runs from 1 to d = dim(V')/2. From Proposition B0ii) and with
the notation v = (x,y) € * @ [ =V, we see that the left-invariant vector fields on
S are given by:

{I = 0Oa— Z] 1(%0q, +yjauj) — 2t0
(52) L= 0o, — %0, ,
6,1 = 63!] + at )
E = O .
Thus, we find
(53) H, S'Csan = 2ty cosh 2a; + 2t; sinh 2ay — W’ (vy,v2)e” " coshay ,
H, S5 = —2t; cosh 2ay — 2ty sinh 2a; — w®(vy,v2)e” 2 coshay |
E1 S5 = —sinh2a, ,
E, S5 =sinh2a; ,
f1 ScSan = y% cosha; coshag + %y{ sinh 2a, ,
F285,, = —yi cosha, coshay — Syjsinh2a;
e Sfan = —xé coshaj coshas — %x{ sinh 2ag ,
S’fan = 55]1 cosha; coshag + %xé sinh 2a; .
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A computation then shows that the Jacobian of the map ¢ : S xS — (s ® s)*,
underlying Definition 222] is given by

92d+2 ( coshay coshag cosh(a; — az)) 24 cosh 2a; cosh 2as cosh 2(a; — ag)
— 22d+2 A%an(x17x2)2 Z 22d+2 ;

and hence ¢ is a global diffeomorphism. It is also clear from Proposition iii),
that the multiplication and inversion maps on S x S are tempered functions in the
coordinates (B3]). Therefore, the pair (S x S, S, is tempered. O

can)

REMARK 3.17. Note that the formal adjoints of the left invariant vector fields
(52), with respect to the inner product of L?(S) read:

H* =-H+2d+2, fj=-f;, ¢ =-¢, E'=-E,

so that the assumption (28]) is trivially satisfied.

We will now prove that the tempered pair (S x S, S5, ) is admissible and tame.

For this, we need a decomposition of the Lie algebra s and we shall use the following
one:

3
(54) s=EPVi where V; :=a, Vi:=I", Vp:=[ and Vi5:=RE.
k=0
Note that both V{, and V3 are of dimension one, while V7 and V5 are d-dimensional.
Accordingly, we consider the decompositions of s ® s given by

3 3
s@{0} =P Vix and {0}@s=PVas,
k=0 k=0

where the subspaces V;, ¢ = 1,2, of each factor correspond respectively to the
subspaces Vj, of 5 within the decomposition (54]). We then set:

3
(55) B =Vipy®Voy and s®s= @Q}k ’
k=0

by which we mean that there are four subspaces involved in the ordered decompo-
sition of s ® s. We also let

k
) =PV, k=0,1,2,3,

as in 24) and we let U(0®*)) be the unital subalgebra of U(s @ s) generated by
20(*) as in (§). Accordingly, we consider the associated tempered coordinates (ZI)):

w0 = Hi S5, aly =[5, alyi=ei S5, wis=EiSS,
withs=1,2, 5 =1,...,d and we use the vector notations:
(56) To := (21,0, 720) € R?,
F1i= (w10, 21) == (@] )0 (23))) € R,
Ty 1= (21,2, %2,2) 1= ((2] 5)0y, (25 5)02,) € R*
Ty = (1,3, 72,3) € R?.
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According to the notations (a,v,t) ERx R* x R~Sand v = (z,y) € @ [=V,
we set

a = ((11,0,2) E]R2, f:(l'l,xg) Ede, g:(yl,yg) €R2d, FI: (tl,tQ) €R2 .
We consider the functions
S19 := tgsinh 2a; — ¢1 sinh 2as, Q9 := UJO(’Ul,Ug) , 712 := coshay coshas ,

in term of which we have
S5 =512 + Y12 Qg .

Introducing last

__( sinh2a, cosh 2a,
(57) A= (— cosh2ay —sinh 2a1)
B —% sinh 2a9 —cosh a; cosh ag
" \cosha; coshas % sinh 2a; ’
5= (e_‘“ coshas, e~ %2 cosh al) , 5= (— sinh 2a, sinh 2a1) ,

the relations given in (G3) can be summarized as:

(58) Ty =0, @To=B.IF, & =-By, To=24t—Q57.

We first treat the easiest variable #'s, which lead to multipliers a3 that satisfy
property (ii) of Definition [2.24] with constant p3:

LEMMA 3.18. Consider an element X € U(Vs) such that the associated mul-
tiplier ax is invertible. Then, for every Y € U(BVB)) = U(s @ s) there exists a
positive constant Cy such that

|?Oéx‘ § Cy |Oéx‘ .

PRrROOF. Note first that Uz turns out to be a two-dimensional Abelian Lie
algebra. Note also that ag,, ¢ = 1,2 is independent of the variable ¢. Thus, given
a two-variables polynomial P, we have for X = P(F1, Es) € U(03):

axy = P( - sinh2a2,sinh2a1) .

It also follows from the explicit expression of the left-invariant vector fields given
in (57) that Yax =0 for all Y € U(P3_, D). Hence, it suffices to treat the case
of Y € U(Vy). Observe that the restriction of H ;j to functions which depend only
on aj, equals d,;. Thus in this case, we see that Yayisa polynomial of the same
degree as P, but in the variables e* and e*%. This is enough to conclude when
ax is invertible. (]

Next, we treat the variables #5 and Z7. We first observe

LEMMA 3.19. There exist finitely many matrices B(,y € Ms (Rlet, e*2])

such that for all integers N1 and Ns, the elements I?{Vl I}évz B consist of a linear
combination of the B(,)’s, where the matriz B has been defined in (B7). The same
property holds for the matriz A.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3.3. TEMPERED PAIR FOR ELEMENTARY NORMAL j-GROUPS 51

PROOF. Set

1 .
. [ —35sinh2as 0 . 0 -1
D'( 0 lsinh2a,) © D=72(1 0 )

and observes that

B=D+T and 9;I'=T, i=12.
The derivatives of B therefore all belong to the space generated by the entries of D
and I' and by finitely many of their derivatives. This is enough to conclude since

restricted to functions that depend only on the variable a, we have H = Oq. The
proof for the matrix A is entirely similar. |

We can now deduce what we need for the variables s and Z.

LEMMA 3.20. There exist finitely many tempered functions my .y (respectively
m, () depending on the variable ¥3 only, such that for every element X € UEBR)
(respectively X € UDW)), the element X Ty (respectively X &) belongs to the
space spanned by {my (), My (T2} (respectively {my (), My (yZ1}).

PrOOF. This follows from Lemma [BT9] and the expressions (52)) for the in-
variant vector fields. Indeed, the latter implies that for every X € U (@i:l V)
(respectively X € U(21)) of strictly positive homogeneous degree, X % (respec-
tively X Z1) is either zero or one of the entries of the matrix B. O

REMARK 3.21. Note that in view of the expressions (B2) and (E3) and by
symmetry on Z; and Zo the assertion in Lemma [3.20] holds for every element X in
U(s @ s) for both variables #; and .

Last, we go to the variable Zy. The next Lemma is proved using the same type
of arguments as in the proof of Lemma [3.19]

LEMMA 3.22. There exist finitely many vectors () € R2[e*o1 e*2] such that
for all integers N1 and N3, the elements H{Vl HéVQ ~ consist of a linear combination
of the vy ’s.

Observing that }NIifis proportional to t; and that }Nliﬁlg = —y9, the Lemmas
[B.19 and .22 then yield the following result.

LEMMA 3.23. There exist finitely many matrices M,y € Ms (Rle***, e*2]) and
Jinitely many vectors v(,) € R2[e®, a%] such that for all integers N1 and Na, one
has o

H{VlHéV? To = MNl,Nng + 912UN17N2 s
with
My, N, € span{My} and vn, N, € span{v)} .
The following result is then a consequence of Lemmas B.I8] [3:20] and 322

COROLLARY 3.24. For every k = 0,...,3, there exists a tempered function
0 < my, with Oz, my, = 0 for every j < k and such that for every X € U,
there exists C'x > 0 with

|5(:fk| < Cxmy (1+ |fk‘) .

REMARK 3.25. In fact the function my above depends on ¥y, s, T3 and the
functions m; and ms depend on 5 only (and mgs is constant as it should be).
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We are now able to check the admissibility conditions of Definition [2.24] for
the tempered pair (S x S, S5, ).

can

PROPOSITION 3.26. Define

d
Xo ::1—H12—H22, X1 1:1_2 ((fjl)2+(fj2)2) )

Jj=1

d
Xop=1=3  (()*+(e))?) , Xs=1-Ef - E}.

Jj=1

Then the corresponding multipliers ay, := e~ Scan )?k ¢iScan , k=0,...,3, satisfy
conditions (i) and (ii) of Definition 2241
PRrOOF. We start by observing the following expression of the multiplier:

ap=1+|2Zk)? —ife, k=0,...,3,

where
Br = X1k x1k + Xog Tok

with obvious notations. Then we get

I 1 < 1

o> (L4 12> + 87 — (14 12[?)*

and the first condition of Definition 2:24]is satisfied for C, = 1 and px = 2. Let now

X € U(B™) be of strictly positive order. Then, using Sweedler’s (2)), notations we
get

)Z(X;C = Z ()?(l)fk)()?@)jf:k) - ’L)? )?1)/\3 Tk — ’sz XQJ@ T2k -
(X)

Since X (1), X(2), X1,k Xo,x € U(BM), Corollary yields
X ag| < Crmi(1+[@x])? + Comy (1 + |7]) -

As 1+ |Zk|* < |agl, the second condition of Definition Z24] is satisfied for pj, =
mk(l + mk). O

Last, we prove tameness for the pair (S x S, S5, ). We start by describing the
behavior of the modular weight of the group S:

LEMMA 3.27. Within the chart [8]), we have the following behavior of the the
modular weight 0s of an elementary normal j-group S:

s < [(a,v,t) — cosha + cosh2a + |v|(1 + €** + cosha) + [t|(1 + €**)] .

Proor. Within the decomposition RH @& V & RFE of s, and within the chart
@) of S, a quick computation gives

id 0 0
(59) Ad(gp) = | —€® e 0],
2¢29t  Le?wO(v,.) e
id 0 0
Ad(g )1 = v e @ 0
-2t —1e7%WO(v,.) e
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Now, the result follows from the equivalence of the operator and Hilbert-Schmidt
norms on the finite dimensional vector space End(s), together with obvious esti-
mates. ]

COROLLARY 3.28. The tempered pair (S x S, S

can
PROOF. Combining the last statement of Lemma 25 with Lemma 327, we get
dsxs(ar,v1,t1; az, va, t2) > C(coshay + coshas + [vi] + |va| + [t1]| + [t2]) ,
so that with the relations (B8)) in mind, we see that there exists C’ > 0 with
)1/2

) is tame.

(1Zol” + |21 + |22 + |Z3]?) '™ < O 0gxs -

According to Definition 234] we may set p, = 03, which is tempered since dsxs
is by Lemma and Lemma [Z2T] O
We summarize all this by stating the main result of this section:

THEOREM 3.29. Let S be an elementary normal j-group and let S5, be the

smooth function on S x S given in Definition BI5. Then, the pair (S x S, S5,) is
tempered, admissible and tame.

REMARK 3.30. From Remark B:21] and the above discussion, we observe that
setting V15 := Yy & Y, yields a decomposition into three subspaces: s s =
Uy @ V12 @ V3 also underlying admissibility but with associated elements X, X3
and Xi5 := X7 + X5. The corresponding multipliers are ay, a3 and a2 = g + as.

3.4. Tempered pairs for normal j-groups

Let B be a normal j-group with Lie algebra b. We first observe:
LEMMA 3.31. Let B =B’ x S; be a Pyatetskii-Shapiro decomposition with Sy

elementary normal. Then, there exists C > 0 such that for every g1 = (a,v,t) € Sy,
g € B, we have:
08(g919") > C(0w/(¢') + cosh 2a + |v] + [¢]) .
PROOF. By Lemma [Z5] we know that there exists C; > 0 such that for all
g1 €S; and ¢’ € B’, we have,
O(919) = C1(0m (9) + (1 + |Adg, Ry/|* + [Ry-1Ad 1 %)

In the decomposition RH &V & RE of s, the B’-action may be expressed under the
following matrix form:

1/2)

id 0 0
Ry,=10 A(g) 0|,
0 0 id

where A(g’) is the matrix in the linear symplectic group Sp(Vi,w?) as defined in
Proposition B9 (iv). From (B9) and setting as usual g1 = (a,v,t), we therefore
obtain:

id 0 0
Adg, Ry = | —e%v e*A(g) 01,
2e%t  1e*WO(v, A(g').) €
id 0 0
Ry-1Ad -1 = Al tv e A(g)t 0
—2t —%e‘“wo(v, ) e 2
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Using once again the equivalence between operator and Hilbert-Schmidt norms on
End(s), we deduce for some Cy > 0:

(14 |adg, Ry |* + |Rg/71Adg;1|2)1/2 > Cy(cosh2a + |v| cosha + [t])
> Cy(cosh2a + |v| + |t]) |

and the proof follows. O

Now, we let also b = a @ n be a decomposition of the Lie algebra of a normal
j-group B, with n the nilradical of b and a its orthogonal complement. It follows
then that a is an abelian subalgebra, so that b = a X n and the group B may be
identified to its Lie algebra b with product

(a,n)-(a/,n') = (a+d, (efad“’n) cBH )

where n -cpg n’ denotes the Baker-Campbell-Hausdorff series in the Lie algebra n,
which is finite since n is nilpotent.

DEFINITION 3.32. Let {H;}7_; and {N;}7", be bases of a and n respectively.
The coordinates system

R™™ s a@n, (a1,...,QnN1y. -y Np) >
(arcsinh(al)Hl + -+ 4+ arcsinh(ay,)Hp,ni Ny + -+ + nmNm) ,
are said to be adapted tempered coordinates for B.

LEMMA 3.33. In any adapted tempered coordinates on B, the multiplication and
inverse operations are tempered maps Rt x R*Tm — RT™ gnd R 5 RPE™
respectively.

Proor. Let aq,...,a,,n1,...,n, be adapted tempered coordinates on B as
in the above definition. Then, since

sinh(a + a’) = sinha cosha’ + coshasinha’ |

the {a; }-coordinates of the multiplication of x, 2z’ € R™*™ read

sinh (arcsinh a; + arcsinha}) = a;\/1 + a;2 +aj\/1+a?,

so that they clearly are tempered functions in the a;, a} variables. For the n part,
recall that there is a decomposition in real root spaces n = @ n, for the adjoint
action of a. Now if n’ € n,, we have

ead(arcsinh(al)H1+--<+arcsinh(an)H”)n/ — ea(Hl) arcsinh(ay)+-+a(Hz) arcsinh(an)n/
a(Hl) Oé(Hn)
:(al—i—\/l—i—a%) ...(an—i— 1—|—a%> n',
which is a tempered function in aq,...,a,. As the CBH product in a nilpotent

group is polynomial, linearly decomposing nj Ny + ...n., N, along the root space
decomposition and using the above computation, we get that the n; coordinates
of the product of z and z’ are tempered in all variables. For the inverse map, as
(a,n)"! = (—a, —e’adan)7 the above computation also shows the result. O
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LEMMA 3.34. Let b = b’ xs be a Pyatetskii-Shapiro decomposition of a normal j-
algebra b, with s an elementary normal j-algebra and with corresponding Lie group
decomposition B = B’ x S. Denote R : B’ — Aut(S) the associated extension
homomorphism. Then in any adapted tempered coordinates for B’ = o @ n', with
dim(a’) = n/, dim(n’) = m/ and S = a @ n (recall that by Proposition B3, n is
an Heisenberg Lie algebra, thus nilpotent), with dim(a) = 1, dim(n) = m, R is a
tempered map R™ Tm' x RI+m _ R1+m,

PROOF. Let a1,...,an/,n1, ..., Ny A0 Grrp1, Min/ 41, - - - s M/ +m, be adapted
tempered coordinates for B’ and S respectively. The group B’ acts trivially on
H, 41, the generator of a. Moreover, the coordinates a1, ...,an 41,71, .., "m/+m,
are adapted tempered coordinates for B. Indeed, one knows [22] pages 56-57] that
the infinitesimal action of Hy, ..., H, is real semi-simple with spectrum contained
in {—%, 0, %} Denote ¢/ : B — B and ¢ : S — B the inclusions seen through the
coordinates. Now by Lemma [3.33] the map

(o,z) eB' xS (2')-i(x) €B,
is tempered. But the n part of that product is exactly R,/ (x) and so, this concludes
the proof. |

We are now prepared to state and prove the main result of this chapter.

THEOREM 3.35. Let B be a normal j-group with Pyatetskii-Shapiro decomposi-
tion B = (SN [ ) X Si. Parametrizing the elements g,g' € B as g = g1g2 ... gn
and §' = gigs ... gy with g;, g, € S;, we define

N
SEn i BXBoR, (g,0)— Y S5.(9i.90) .
i=1

Si
where S,

(B x B, SE

can

is the canonical phase of S; given in Definition BIBl Then the pair
) is tempered admissible and tame.

ProoF. We will use an induction over IV, the number of elementary factors in
B. Accordingly, we set B = B’ xg S, with B’ := (SN X ) X Se and S :=S;. We
then observe that Bx B = (B’ xB') xgxr (S X S) and from Lemma[2Z5] and Lemma
B34, that the extension homomorphism R x R =: R? is tempered within adapted
coordinates. By Theorem [3.29] the pair (SxS, S5,,) is tempered and admissible. By
induction hypothesis, the latter also holds for (B’ x B/, Sgn). Moreover, Equations
(B8] tell that, in the “elementary” case of S x S, the adapted tempered coordinates
and the coordinates associated to the phase function are related to one another
through a tempered diffeomorphism. By induction hypothesis, the latter also holds
for B’ x B’. Obviously, the extension homomorphism R x R is then tempered
within the coordinates associated to the phase functions as well. Note that under
the parametrization ¢ = ¢g19’,h = hih’ € B, g1,h1 € S1, ¢, € B’ € B, the
multiplication and inverse maps of B become:

gh = gRy(h)g'h', g7 =Ry(gr)g ",

and similarly for B x B. From this and the temperedness of the extension homomor-
phism R x R, we see that temperedness of the multiplication and inversion laws in
B x B will immediately follow once we will have shown that the map (2I]) is a global
diffeomorphism from B x B to (b@® b)*. We will return to this question while exam-
ining admissibility. To this aim, let us set G; := B’ x B’, G5 := S x S and denote
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respectively by g1 and go their Lie algebras. Let us also set S7 := Sgn, Sy =S5,
and let us assume, by induction hypothesis, that the pair (G1,57) is admissible,
with associated decomposition g; = @ﬁ;o‘lﬂk. Let us consider an adapted basis of
g1, {1wi}, k = 1,...,dim(gy) with associated coordinates 1(b); := 1wg.S1(b) on
G1. Similarly, let us consider the basis {sw} [r =1,2; j =0,1,2,3} of g2 adapted
to the decomposition (B3], where, for the values 1 and 2, j consists of a multi-index
and where r labels the copies of S in S x S. Accordingly, we have the associated
coordinate system (B8)) on G2 that now reads 2(z)} := ow}.S2(x).

On G := Gy xRz Go, with S(zb) := S1(b) + Sa2(z), ¢ € Ga, b € G1, we then
compute that:

—_~—

1(@b) = 1wy,.S(wb) = 1(b)r, and o(xd)] := ;ZU/;.S(J,‘I)) = Rj(2w}).S2(x) .

Hence it suffices to look at the properties of the multipliers within gs. From
Pyatetskii-Shapiro’s theory, we know that for the values 0 and 3 of j, the action of
G is trivial: RZ(gw'f) = wj. Hence:

2(zb); = 2(2)j, Vj€{0,3}.

Hence it suffices to look at the properties of the multipliers within the subspace
V xV =%, &U,. For j = 1,2, however, the action is not trivial but stabilizes
component-wise V' x V. Accordingly, we set:

2
R;(ow)) = Y [RpFowy, Vje{l,2},

p=1

where, again, p is a multi-index. We therefore have:

(60) 2(wb) =Y RV o(2);, Vi€ {1,2}.

p=1

From Pyatetskii-Shapiro’s theory, we know that the linear operator [Rg]g is sym-
plectic, thus it has jacobian one. In particular, this implies that the map ZII) is a
global diffeomorphism from G to g*. (Hence, we have completed the proof of tem-

peredness of the pair (B x B, SZ ).) We now consider the ordered decomposition:

g=g2Dg1 = (@?:omj)@<@kjvéomk) ;

where indices occurring on the left (g2) are considered as lower than the one on the
right (g1). Within this setting, we compute that for every element X € U(g2):

(2)0x (l‘b) — e—iS(xb) (j(v' eiS) (.’L‘b) = 2aR§(X)('T) ,
where sax 1= e~ 52 ()?.6132) denotes the multiplier on G. Again, for the extreme
values of j, we observe that:
(Q)Ozx(ftb) :an(ft), VX EZ/{(Q]()EBQ]:;) ,
so in these cases the properties underlying admissibility are trivially satisfied. For

j = 1,2, we have with the notation X; :=1 — 32 (2w})? of Proposition B.20]

r=1

2
RI(X;) =1~ (RIP2uwp)”

r=1
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which leads to
2

2
2 . - S r
@ax, (@) =1+ > (2(2b)])” — i Y[Ry, 17" Ry, |57 wp a(2),
=1

r=1
where b = (b1,b2) € B’ x B’ = G;. This gives the property () of Definition 224
From the expression (60) and the structure of the elementary case (Lemma [B:20),
we then observe:

(61) Aax, =0, VAUV xV), deg(A) >3.

Also, setting —ifx, (zb) = —i Zle Ry, ]5" [RbT]f/T @\;:.Q(x);,r, we deduce from
the expressions (62) and (B3)) that, for every A € V x V: A.Bx, = 0. From the
expression (60) and setting o(x)12 := (2(2)1,2(x)2), we then deduce that for every
A e U(V x V) of strictly positive degree:
|A((2)axl(:cb) + (2)0x, (#b))| = |A|2 (zb)12|?| = ‘Rz ). IRE (2(2)12) 7|
< |R2ldeg(A)+20A ulz(x)l( (@)12)]?
where the last estimate is obtained from Corollary [3 Since
|(2(2)12)]* = R{- . RE (2(2)12)]* < |R12;—1\2\(2(Ib)12)|2 :
we then get
| A(@yox, (@) + @)ax, (2b)) | < [RF|ENT2Cy o () [RE-: [ (2 (ab)12)
< Ca RGN RE P puna(@) |2)ax, (2b) + 2)ax, (2D)] -
But by (61)), we know that we may assume deg(A) < 2, hence
‘g(@)axl (ﬂvb) + (2)0x, (mb))| <Ca a%(b) M12($) |(2)aX1 (ﬂvb) + (2)0X, (wb)‘ .

Defining the element u},(zb) := 0% (b) u12(x) yields admissibility at the level of
VxV.

Last, tameness also follows by an induction argument, using Lemma and
Lemma 3311 O

REMARK 3.36. Observe that Remarks 2200 Lemma 2.2T]and Lemma 33Tl show
that on the one-variable Schwartz space &5ean (B, &) associated with the two-variable
tempered, admissible and tame pair (B x B, SZ ) (see Definition Z.48) one has the
same topology associated with the equlvalent semi-norms

s )" | X f(@)] .
feS8°(B,E)— sup sup{ }, jk,neN,
XUy, (b) 2B | X [k
or even with
s )" | X f@)], .
feS8°(B,E)— sup sup{ }, jk,neN.
XU, (b) 2B | X [k
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CHAPTER 4

Non-formal star-products

This chapter is devoted to the construction of an infinite dimensional parameter
family of non-formal star-products on every negatively curved Kéhlerian Lie group.
In section 41l we first review the construction of one of us of such non-formal
star-products, living on a space of distributions. Their covariance properties and
their relations with the Moyal product are given there. In section 4.2 we apply
the results of chapters Pl and B to give a proper interpretation of the star-product
formula as an oscillatory integral and eventually prove that the Fréchet space B(B)
becomes a Fréchet algebra for all these star-products. This is proved in Theorem
[49] the main result of this chapter and, we believe, and important result in itself.

4.1. Star-products on normal j-groups

We consider an elementary normal j-group S viewed as a symplectic symmetric
spaces as in section We start by recalling the results obtained in [213].

DEFINITION 4.1. Set S := {(a,v,6)} = Rx R?? x R. The twisting map is the
smooth one-parameter family of diffeomorphisms defined as

d9:S—S: (a,v,8) — (a,sech(%f)v,%sinh(%f)), 6 €R*.

Let S(S) be the Euclidean Schwartz space of S, i.e. the ordinary Schwartz
space in the coordinates [@8]). Accordingly, let S(S)’ be the dual space of tempered
distributions. Let us also denote by

o0

(]-'u)(a, v,€) = / e Cty(a,v,t)dt ,

— 00
the partial Fourier transform in the t-variable. For v > 0, we let O¢ ,(R™) be the
subset of smooth functions, the derivatives of which are uniformly polynomially
bounded:

Oc~(R™) :=
{feC®®R™) :Ir>0:Ya e N":3C, >0, [0°f(z)] < Ca(l+|a])" o1} .

Note that O¢ 1 (R™) is the space of Grossmann-Loupias-Stein symbols, traditionally
written KC(R™).

DEFINITION 4.2. We denote by ©, the subspace of C*°(R,C) constituted by
the elements 7 such that exp o £ 7 belong to the space O¢ 1 (R, C), and normalized
such that 7(0) = 0.

Let 79 be the element of C*(S), given by:

To 1= %log OJaCd);l .

59
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Viewed as a function of its last variable only, 7y belongs to ®. Indeed, we have:
d

(1+y1+25)

242
1+ &5

Ja%e_l(a,v,f) =274

To an element 7 € ©, one associates a function on S by [(a, v, &) — 7(€)] and,
to simplify the notations, we still denote this function by 7. One then defines a
linear injection:

(62) Ty, = Floexp(ry —7)o ((bgl)* oF :8(S) = S(S),

where, by a slight abuse of notation, we identify a function with the linear operator
of point-wise multiplication by this function. We make the following obvious but
important observation:

LEMMA 4.3. Let 7 € ©. Then the inverse of the map Ty -, given by
T(;Tl =F Lo(pg)*oexp(—To+7)0F,

defines a continuous linear injection from S(S) to itself. Moreover, Tefj extends to
a unitary operator on L?(S) if and only if T is purely imaginary.

PROOF. As the partial Fourier transform F is an homeomorphism from S(S)
to S(S), and as exp(—7p + 7) belongs to O¢ 1 (R, C), a subspace of the Schwartz
multipliers O (R, C), it suffices to show that the map f — f o ¢y, is continuous

on S(S). So, let f € S(S). Then, as
fo¢(a,0,8) = f(a,sech (€) v, §sinh (5¢) ) ,
we deduce from
Ok (fode) = (05 f)oda, O)'(fode)=sech (§6)™ (9 f) o ¢o
and from an iterative use of the relation

¢ sinh (¢
_Zﬁv (8vf)o¢9(a,v,§)+cosh (%f) (85]")0(;59(0,,1),5) )

that any (ordinary) derivatives of f o ¢y is a finite linear combination of derivatives
of f composed with ¢¢ and with coefficient in the polynomial ring R[v, e?¢, e=%].
To conclude the first claim, we then observe that as a derivative of a Schwartz
function is a Schwartz function, any derivatives of f composed with ¢y is bounded
(in absolute value) by (a? + |v]? + cosh(6€))~™, with n arbitrary. For the second
claim, observe that

9e(fogo)(a,v,§) =

Ty} =F "o (d0) 0 Jac,i* oexp(r) o F = F 1o Jacy o (¢)" 0 exp(r) o F .

which entails since F and Jac(lb/e ’5 (¢g)* are unitary, that 7, 0. Tl is unitary if and

only if the operator of multiplication by exp(7) is unitary, which is equivalent to
R(1)=0. O

REMARK 4.4. Denoting by 7y the formal adjoint of Tp » with respect to the
inner product of L?(S), then we have Ty, =1, i? and thus, Lemma ({3)) implies
that 7; is continuous on S(S) too.
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Let w® be the standard symplectic structure of R24+2 ~ T*R*1! and let *8 be
the Moyal product in its integral form on S(R2%+2). Recall that the latter product
is by definition the composition law of symbols in the Weyl pseudo-differential
calculus and that it is given by
1

fixg fa(x) = COEGE)

/ e TSV f1(y) fo(2) dy dz
R2d+2 y R2d+2

where So(z,y, 2) = w(z,y) + W(y, 2) + w’(z,x). For 7 € O, denoting by
5977—(S) = TQ,T (S(S)) ,

the range subspace of Ty in the tempered distribution space S(S)
inclusions

!’ one has the

S(S) C &, (S) C C=(S) .
We consider the linear isomorphism:
T,} : €.-(S) = S(S).

Identifying S ~ R2?*2 by means of the global coordinate system (@S]), we transport
under Ty, the Moyal product on S(R?¥*+2) ~ S(S). This yields an associative
product:

*g,r ! 59’.,-(S) X 59,-,—(8) — 59,-,—(8) s
given by

(63) fixor fo = Te,T(Tg;Tl(fl) *9 Tg}l(fz)) . 1, f2€8&.-(8) .

The associative algebra (59)7-(8), *9)7-), endowed with the Fréchet algebra structure
transported under Ty , from S(R?¥*+2), satisfies the following properties [21[8]:

THEOREM 4.5. Let 7 € © and 0 # 0. Then,

(i) For all compactly supported u,v € Eg -(S), one has the integral represen-
tation:

(64) Ukgr U= Ky r(x1,22) R} (u) R}, (v) ds(x1) dg(z2) ,
SxS

where the two-point kernel is given by
(65) Ko (21,22) = (m0) ") Ay (21, 25) exp {2 S5, (v1,22)}
with, in the coordinatedl @g) -
Ap,r (w1, 72) =
A5 (x1,15) exp {7(2sinh2a;) + 7( — Zsinh2as) — 7(3 sinh(2a; — 2as)) } ,
and with S5 and AS, defined in (B0) and (5.

can can
(ii) The product xg ; is equivariant under the automorphism group of the sym-

plectic symmetric space (S, s,w>): for all elements g of Aut(S, s,w®) and
u,v € D(S), one has

9" (W) %0, g"(v) = g" (U xp,7 v) .

L As usual, we set z; = (aj,vj,t;) € R24+2
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REMARK 4.6. Observe that when 3(7) # 0, then the amplitude Ag , also
contribute to the phase of Ky .. However, as the amplitude is a function of the
variables in a X a := RH x RH only, in the two dimensional case (i.e. V = {0}),
there is no 7 € © such that the combined phase coincides with those found in [16].
In particular, this means that the upper half-plane is a symplectic manifold that
supports two non-isomorphic Moyal quantizations.

Consider a normal j-group decomposed, following Proposition [3.5] into a semi-
direct product B =B’ x S where S is elementary. One knows from Proposition
and [3] that the extension homomorphism R : B’ — Aut(S) underlies a homomor-
phism from B’ into the isotropy subgroup Aut(S, s,w®). at the unit element e of S
viewed as a symmetric space:

R:B — Sp(V,w’) C Aut(S, s,w®). ,

where (V,w?) is the symplectic vector space attached to S. In particular, the action
of B’ leaves invariant the two-point kernel Ky, on S x S. Iterating the above
observation at the level of B’ and translating the “extension Lemma” in [6] within
the present framework, we obtain:

PROPOSITION 4.7. Let B be a normal j-group with Pyatetskii-Shapiro decompo-
sition B = (Sy X ...) x Sy and fix 7 := (11,...,7n) € ON. Parametrizing a group
element g € B as g = g1...9Nn, with g; € S;, we consider the two-point kernel on B
given by

(66) Ko7(9,9") = Ko, (91,91) - - - Koy (98, 9N »
where Kg ;, is the two-points kernel on S; X S;, defined in ([@3)). Then, the bilinear
mapping

w7 i= [(wo) > | Kozlo.g) Bylu) Ry (v) ds(9) ds(g)] .
BxB

s associative on
E97B) :=Eprn(SN) Q- @ E,r, (S1)

(recall that Eg -, (S;) is nuclear). Moreover, at the level of compactly supported
functions, the product xg = is equivariant under the left-translations in B.

4.2. An oscillatory integral formula for the star-product

In this section, we fix B a normal j-group, with Lie algebra b. We also let
7 € OV be as above (N is the number of elementary components in B) and form
the two-point kernel Ky = on B x B, defined in (G6). Proposition 4.7 implies that
the deformed product

(67) urerv= | Ko,z(9,9") Ry(u) Ry (v) de(g) ds(g’)

X
is weakly associative (in the sense of Definition Z46]) and left B-equivariant. The
results of chapter 2] will allow to properly understand the integral in (7)) as an
oscillatory one. As a consequence, we will see that the deformed product extends
as a continuous bilinear and associative map on the function space B(B,.A), for A
a Fréchet algebra. We start with a simple fact:
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LEMMA 4.8. Let B be an elementary normal j-group and ¥ € . Then the
amplitude Ag 7, as given in Proposition B, consists of an element of B*~ (B x B)
for a tempered weight .

PRrROOF. Consider first the case where B = S is elementary. Within the nota-
tions of section 3.3 we have

|Z3] = |(x1,3,22,3)| = ’(— sinh 2as, sinh 2a1)‘ = (sinh2 2a5 + sinh? 2a1)1/2 ,

so that the function
tean (1, x2) := cosha; coshay ,
is a tempered weight. As the left invariant vector field H on S restricted to func-

tions of depending on the variable a only, coincides with the partial differentiation
operator d,, we get from the explicit expression

AS, (x1,x5) = (coshay coshag cosh(a; —as))?y/cosh 2a; cosh2ay cosh2(a; — as) ,

that there exists p > 0 such that for any X € U(s @ s), there exists a constant
Cx > 0 with _
’XAfan’ <Cx Mgan :

Hence AS, € Btean(S x S). Next, since 7 € @, we have expo 7 € Oc1(R).
Thus, there exists » > 0 such that the n-th derivative of expo £ 7(z) is bounded
by (14 |z|)"~". Let us denote by deg(7) such positive number r. Since expo £ 7
depends on the variable a only, among all elements of U(s & s), only the powers of
I;Ti, i = 1,2, give non zero contributions. Therefore, an easy computation shows
that for any X € U(s @ s), there exists a constant Cx > 0 with

|X’ exp{*7(Zsinh2a)}| < Cx (1+ |Z5)2des(™)

Hence Ag ; belongs to B/~ (S x S) for p, = T des(7)

The general case B = B’ x S follows easily by Pyatetskii-Shapiro theory, since
only the variables in V' C S are affected by the action of B’ and that Ag 7 is
independent of these variables. |

We now consider a Fréchet algebra A, with topology underlying a countable
family of sub-multiplicative semi-norms {J|.||;}jen. Combining Lemma E8 with
Theorem leads us to prove that the integral in the expression of the deformed
product (64]) can be properly understood as an oscillatory one in the sense of chapter
2l In particular, this allows to define the product xy 7 on B(B,.A). This is the main
result of this chapter.

Before going further, a clarification regarding the notion of temperedness should
be made. Recall that in the framework of a tempered pair (G, S), the notion of
temperedness comes from the global coordinate system associated to the phase
function S (see Definition 2 T7 and Definition [2:22)). Thus, in the case of a normal j-
group B, this notion is a priori only defined on the product group BxB. However, we
have seen in the proof of Theorem that the coordinate system (2I]) associated
to the phase function SZ, is related to the adapted tempered coordinates on B x B
(see Definition B32)) by a tempered diffeomorphism. Hence, it seems natural to
define directly the notion of temperedness on B by mean of the adapted tempered
coordinates. Having saying that, the important observation is that two functions
1, 2 are tempered on B, if and only if ¢ ® ws is tempered on B x B. It implies
a great simplification of the assumptions in Theorem 2.43] Proposition 2.47 and
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Proposition .50, namely the temperedness at the level of tensor product of weights
can be reduced to temperedness at the level of each factor.

THEOREM 4.9. Let B be a normal j-group. Fiz 7 € ON and let By B fhy be
three families of tempered (in the sense of adapted tempered coordinates) weights
on B of sub-multiplicativity degree (Ly, Ry), (Lg, Ry), (Ls, Rs). Considering Ky 7
the two-point kernel on B defined in (66)), the correspondence

(B, A) x B2 (B, A) — BAB,A)  with v; = uy®
(P, F) = [ Koz |(@1,22) = RS, (F)R,(F))
BxB
is a continuous bilinear map and is equivariant under the left translations in B in
the sense that for all g € B, we have

Ly(Fixo#F2) = (LyFi)%p #(LyFa) in BA(B,A) for A= {,uL1 9, ’uéﬁ?”R?’j} .

Moreover, the map %¢ 7 is associative in the sense that then for every elements F)
in B%i (B, A), j =1,2,3, we have the equality

(Fi %07 Fo) %07 F3 = Fixg7 (Fa %97 F3) in B2(B,A),
with
p= {Mu pa 20 s P Y e
In particular, (B(IB, .A),*g;,-:) is a Fréchet algebra.

PrROOF. That the bilinear map *p 7 (with the domain and image as indicated)
is well defined and continuous, follows from Theorem  (cf. the above discus-
sion for the condition of temperedness of the weights 1nvolved), Theorem [B.35] and
Lemma[d8 Associativity follows from associativity in g #(B), which implies weak
associativity in the sense of Definition and Proposition 247 So, it remains to
prove left B-equivariance. We first note that by Lemma (ii), the group B acts
on the left continuously from B(B, A) to BX(B, A), with v = {ufj } (for any family
of weights p of sub-multiplicative degree (L, R)). Also, we have by Lemma 2.44]
that Iy xg 7 Fo = limy,, n, Fi p, *0,7 F2p, in BY(B,A), with v = {ulL;JuZ“} for
any pair of sequences {F1 ,,} and {F5,} of smooth compactly supported A-valued
functions on B, which converge to Fy and Fj, in the topology of B (B, A) and
BL (B, A) for any sequence of weights A, and fi, dominating p  and p,. From
continuity of the left regular action (see Lemma ii) and left IB% equivariance at
the level of D(B, A), we thus have

L; (F *9,7 F’) = n. }LIIEOO L (Fn *9,7 F7,z’) = n. }LIIQOO(L;FH) *6,7 (L;FT/L/) s

where the limits are in B2(B, A), for A = {uLl i Bg L? sB2, 7 }. It remains to find spe-

cific approximation sequences {F1 ,,} and {F2 n}, such that {L3Fy ,} and {L}F .}
converge to LyFy and LjF,, in the topology of B (B, A) and BY:(B, A) with
{,uljj} and 7, = {ugjj} For this, we observe that the same construc-
tlon as in the proof of Lemma 2.8 (viii), does the job. Indeed, recall that there, we
have constructed the approximation sequence {F,}, by setting for F' € B(B, A):

F,:=e¢,F €D(B,A) where e, := /}Bi/)(g) Ry(xc,)ds(g) € D(B),
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and 0 < ¢ € D(B), [; ¥ (x)de(z) =1, {Cy} is an increasing sequence of relatively
compact open subsets of B converging to B and x¢, is the characteristic function of
C,. Fixing g € B and setting CY := ¢.C,,, the sequence {C?} is still an increasing
sequence of relatively compact open subsets on B converging to B. Also, as

ehi= Lyfen) = [ 96 By (xex) dale)) € DB).
we deduce that for all j,k € N:
* * * . ~ ~R;
[ Lg(Fn) = Lg(F)lljky = 11 = el) Ly(F)lljky  with 4 ={4;" Fjen

which, by Lemma T2 (vi), converges to zero as Ly (F') € BL(B, A) with v = {uf’}
and 7 < 7. g

Let SSean (B, .A) be the one-variable Schwartz space associated to the admissible
and tame tempered pair (B x B, SE ), constructed in Definition 2480 The next
result follows immediately from Proposition 2.50]

PROPOSITION 4.10. Let B be a normal j-group and ¥ € Y. Then, endowed

with the multiplication g 7, the space SSean (B, A) becomes a Fréchet algebra which,
for u an arbitrary family of tempered weights, acts continuously on B-(B, A), via

L*g)?(F) = F*9,? 'z Fe BE(B7A) y pE SSE;M (BvA) .
In particular, (‘S'S&cBan (B, A),*g,7) is an ideal of (B(B,.A), g 7).

We now see that, as expected, the constant function is an identity for the
deformed product.

PROPOSITION 4.11. Let B be a normal j-group. Fiz 7 € OV, W oa family of
tempered weights of sub-multiplicative degree (L R) and F € B(B, A). Identifying
an element a € A with the function [g — a] in B(B, A), we have

axgr F'=aF, Fxgra=Fa,
in BA(B, A). In particular, if A is unital, the element [g — 14] € B(B,.A) is the
unit of (B(B, A), %p,7).
PROOF. Since the constant unit function is a fixed point of the map T %1,, for

every ¢ € S5 (B, A), we have:
O*pra= Tg,;(TOf;(go) *ga)

in SSan (B, A). By Remark B36] we see that the transported Schwartz space
SSean (B, A) is a (dense) subset of the ordinary Schwartz space S(b,.A), under
the usual identification B ~ b. Since T0_7 71 preserves the latter space, we see
that T, 1(p) € S(b, A). It is well known (see [26] for the Fréchet algebra val-
ued casé) that the Moyal product admits the constant function as unit element.
Thus ¢ %97 a = pa and a xg 7 ¢ = ayp for all ¢ € SSeun (B, A) and a € A. Now,
consider the injective homomorphism L, . from (BE(JBS, A),*g);) to the algebra of
continuous operators acting on SScan (B, A), defined in Proposition AI0l From the
previous considerations, the associativity of the deformed product and the fact that
SScan (B, A) is an ideal of BL(B, A), we get

Lyy .(Fxpza)= Ly, .(Fa), VI ¢€B.B,A),

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



66 4. NON-FORMAL STAR-PRODUCTS
which entails by injectivity that F %9 7 a = Fa in BB, A), with v = {MJLJ} As

Fa € BL(B, A), we deduce that the equality F'*g »a = Fa holds in fact in BE(B, A).
The case of a xg = F' is entirely similar. [l
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CHAPTER 5

Deformation of Fréchet algebras

In this chapter, we consider a normal j-group B and a pair (A, &), consisting of
a Fréchet algebra A, together with a strongly continuous (not necessarily isometric)
action « of B by automorphisms. For a € A, we let a(a) be the A-valued function
on B, defined by

(68) afa) =[g €Br ay(a) € A].
Our main goal, achieved in section 5.l is to show that the formula
axgzb:= (aa)xg.7 (b)) (e)
equips A with a new noncommutative and associative Fréchet algebra structure.
This is proved in Theorem 5.8 as a direct consequence of Theorem and of Lemma

which shows that the map (G8) is continuous from A to BX(B, A>), for u a
nontrivial family of tempered weights on the group B.

5.1. The deformed product

We do not yet need to work with isometric actions. We start by general con-
siderations regarding tempered actions:

DEFINITION 5.1. A tempered action of a tempered Lie group G on a Fréchet
algebra A, is given by the data (a, u®) where a is an action of G on A and p® is a
family of tempered weights on G such that for all j € N, all a € A and all g € G,
we have

leg(a)ll; < w5 (9)lalls -

REMARK 5.2. Note that for a tempered action and for g € G fixed, a4 acts
continuously on A.

We denote by A the set of smooth vectors for the action o of B on A:
A% :={ac A : ala) e C*(B,A)}.
When the action is strongly continuous, A% is a dense subspace of 4. On this
subset, we consider the infinitesimal form of the action, given for X € b by:
d
X%(a) = E‘t:o agix(a), ae A™,

and extended to the whole universal enveloping algebra U(b), by declaring that the
map U(b) — End(A>®°), X — X is an algebra homomorphism. The subspace 4>
carries a finer topology associated with the following set of semi-norms:

lalljx == [X*(a)ll;, a€A™, X eU(b), jeN.

Considering the PBW basis of (b) associated to an ordered basis of b as in (), one
can use only countably many semi-norms to define the topology of A°°. The latter

67
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are indexed by (j, k) € N2, where j refers to the labeling of the initial family of semi-
norms {||.||;};en of A and k refers to the labeling of the filtration 2 (b) = Ugenli(b)
associated to the chosen PBW basis, as defined in (). In turn, A becomes a
Fréchet space, for the topology associated with the semi-norms

. xeo .
(69) -1k = A% = [0, 00), a+s sup llallj,x = su 7” (@)l ,
xeun(e) 1 Xlk  xeun@ Xk

with j,k € N and where |.| is the /!-norm of Uy, (b) defined in ([@). As in ([I3)), we
have

lallj, < max flaf/; xs

|BI<k

with {X? |8| < k} the basis (@) of Uy (b). Hence the semi-norms (J) are well
defined on A°.

In the context of a tempered action on a Fréchet algebra A, we observe that
the restriction of the action to A is also tempered, but never isometric, even if
the action is isometric on A unless the group is Abelian. This explains why in our
context it is natural to work with tempered actions, rather than with isometric
ones.

LEMMA 5.3. Let (A, a, u®) be a Fréchet algebra endowed with a tempered action
of a tempered Lie group G. Then, the restriction of a on A is tempered too, with:

lag(@)]ljr < Ck)oa(9)* 15 (9) llalljx, G k€N, geG aec A®.
PRrROOF. First remark
log ((Adg—1 (X)) (@) l; _ | (Adg-1 (X)) (a)|;
Jog(@ly = sup 12l D Oy ) gy L0t GO (@I
X €U (g) ‘ |k X €Uk (g) ‘ |k

As for X € Uy(g) and a € A, we have

Y%(a)l;
Ixe@l, <Xl swp @ g
veun Yk

|j,k )
we get, with |Ad,|; denoting the operator norm of the adjoint action of G on the
normed space (Ui(g), |-|x):

|Ady 1 (X) |k
—Ir— llalljx = 15 (9) [Adg=1 1 la

llag(a)lljn < p§(g) sup |,k

xetp(g) Xl
and one concludes using Lemma 2,141 a

EXAMPLE 5.4. Applying the former result to « = R* and A = SSean (B) (which

is its own space of smooth vectors), we see that the right-action of B on SScan (B)
is tempered.

The following statement is the foundation of our construction:

LEMMA 5.5. Let (o, pu®) be a tempered and strongly continuous action of a

Lie group G on a Fréchet algebra A. Setting then v := {M?ag}j,keN, we have an
equivariant continuous embedding

a: A® — BYG,A®) , a—ala) =[g€ G ag(a) e A7].
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ProoF. Note first that for a € A and g, go € G, we have

a(ag(a))(go) = agyg(a) = (Rya(a))(go)
and thus a : a € A+~ [g — a4(a)] € C(G, A) intertwines the actions R* and «.
Let now a € A* and X € U(g). By equivariance and strong-differentiability of «
on A we get
Xa(a) = a(X%a) .
Since for all j € N and all a € A, we have [|ay(a)l|; < p§(g)l|all;, we deduce that
[Xeg(@ll; _ log (X @)l

ke = SUp  sup sup sup
£ XEZ/lk(g)gEG nDIX e xeu(a)gea 1S (9IX ]k

la(a)

o X0l

= |lalljx
Xeup(e) | Xk /

This analysis shows that the map a : A — BE" (G, A) is continuous. Now we
want to take into account the intrinsic topology of A in the target space of the
map «. Remark that the topology of BX(G,.A%) is associated with the countable
set of semi-norms

Yo (XF(g))l;
|FllGk) 'y = sup sup sup )
R XeUy (a) 9€G Yeu(g) Vik(9) [ X e [Yk

Since ag-10X* oy = (Adg-1 X)* for all X € U(g) and g € G, we get for F' = a(a)
and v = {ufog }j ke

[V (Xy ag(a))ll;
lla(a)] i k),k'y = SuUp sup sup
R (@) 06 (@) [ Xl Y]

Xely (g) 9€G YeUy(g) #J
B [V (ag(Xa))ll;
= sup sup sup =
XeUy (g) 9€G YeUy(g) M5 (9) 0c(9)* [ X e Y|k
ag((Ad,—1Y)*X%a)||;
L ww s s Jas(Ba VX9l

Xeuy (a) 9€G Yeu(a) 15(9)0c(9)" | X |k [V ]k
[(Adg-1Y)*X%al;

< 'sup sup sup
Xeu (a) 9€G Yeur(a) 0697 X |w [Y]k
|Ady-1 [k [Y X al|;
< (sup —) sup sup
geG DG(Q) XeU, (g) YEU(g) \X|k' |Y|k
Ad,- YX / Z%al|;
< ( sup | Lk)( sp sup Y Xk ) 12 all;
geG DG(Q) XUy (g) YEUL(g) |X|k’ Y]k ZeUy, 1 (g )|Z\k+k'
= (sup M)( wp sup %) lall
9ec 0¢(9)* 7\ xeu,, (o) veur (o) [ XIx Y]k » ’
and one concludes using Lemma 2.141 O

The next result, although rather obvious, will also play a key role.

LEMMA 5.6. Let A be a Fréchet algebra and let p be a family of tempered
weights on a tempered Lie group G. Then, the evaluation map at the unit element,
BL(G, A) = A, F — F(e), is continuous.
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Proor. Fix j € N. We have for any F € BL(G, A):

N 105 [P R—
1) < ) sup s = (@1 F o

and the result follows immediately. (Il

Last, we need to lift the action o from A> to BX(B, A>), v = {u$0g}, and to
show that this lift acts by automorphisms of the product xg .

LEMMA 5.7. Let (o, u®) be a strongly continuous and tempered action of a
normal j-group B on a Fréchet algebra A and 2Ry be two families of tempered
weights with sub-multiplicative degree (L;, Ry), (LQ,EQ). For g € B, the map

Gg: F— [go eBw— ag(F(gO))] ,

is continuous on BLi (B, A®), i = 1,2. Moreover, given (§,7) € R* x ®N | & defines
an action of B by automorphisms of the deformed product xg 7, in the sense that
for all Fy € BE1 (B, A®) and Fy € B2 (B, A*), we have for all g € B:
(Ség(F *9,7 FI) = OAéq(F) *0,7 dg(F/) m BK(B,AOO) s
with .
v={u 5" ok ke -
PROOF. For F € BE(B, A®), X,Y € U(b) and g,¢" € B, we have
Y (X ay(F)(9) = g ((ady1Y)" (XF(g)))

This entails that

X [ (X 64 (F)(g")
lag(F)l(jkyhrp = SUp  sup  sup
S NGR R = i ®) oeB yeuv)  Hk(9') [ X i [V

o ((Adg 1Y) (XF(g) )
= sSup sup Ssup

XUy (b) g'€B Y€ Uy (b) 15,6 (9") 1 X i [Y [

LY (XF(G)Il;
< C(k)p§(9)os(9)* sup  sup sup
! XeUy (6) 9B veuy (o) Hik(g) X e Y]k

= C(k) 15 (g) DB(Q)kHFH(J’,k),k’,E ;

proving the continuity.

Next, consider Fy € B (B, A*®) and Fy € BE2 (B, A>), together with f, and
A, two families of tempered weights that dominate respectively p, and p,. Defining
Fi, = Fie, € DB, A) and F,,, = Fye,, € D(B,A), with e, € D(B) defined in
([I8), from

Gg(Fin) = g(F1)en,  Gg(Fon) = ag(F2)ey ,

we deduce from Lemma (viii) that {ag(F1 n)} and {ég4(F2n)} converges to
{a,(F1)} and {d,(F)} in the topologies of B (B, A>®) and B2 (B, A>) respec-
tively. Thus, we can use Lemma [Z44] to get the d-equivariance at the level of
smooth compactly supported functions from the commutativity of & and R*:

ag(Fror F') = dg( lim FoxpzFl) = lim  Gy(F, %7 F)

n n

n,n’'—oo n,n’—oo
s TILHEOO bg(Fn) *o,7 Gg(Fy) = Gg(F) xg,7 Gg(F')
in BX(B, A>), with v = {,ullj’kk,ug jEEzarY O
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We are now prepared to state the main result of the first part of this memoir:

THEOREM 5.8 (Universal Deformation Formula of Fréchet Algebras). Let (A, «)
be a Fréchet algebra endowed with a tempered and strongly continuous action of a
normal j-group B. Let also € R* and 7 € ON. Then, (A, %9 ) is an associative
Fréchet algebra with continuous product. 7

PROOF. Let u® be the family of tempered weights, with sub-multiplicative
degree (L, R), associated with the tempered action « as in Definition Bl Let
a,b € A, then by Lemma 5.5, a(a), a(b) € BE(B, A®), where p = {u$0§}. Then,
since dp is sub-multiplicative of degree (1,1), Theorem [9shows that o(a)*e 7 a(b)
belongs to BX(B, A>), for v = {u?nj 92k} and that the map

A% x A% — BY(B, A°), (a,b) — ala)xg 7 a(d),
is continuous. Applying Lemma for the Fréchet algebra A°° then yields that
the composition of maps

A% x A* — BY(B, A*) — A® |
(a,b) = a(a) xg.7 a(b) — (a(a) xg.7 a(b))(e) =: ax§ -
is continuous.
It remains to prove associativity. With & defined in Lemma [5.7] we compute

for a,b € A* and g € B:

a(a *g 7 b) (9) = oy (a *g 7 b) =ay (a(a) *g 7 a(b) (e)) = dy (a(a) *g 7 a(b)) (e) .
Using Lemma [B7, we deduce the equality in BZ(B,.A>)
indicated above):

(for the value of v as

bg(a(a) %7 (b)) = g (a(a)) *p.7 Gg((b)) -

As a short computation shows, for « € A4 and g € B, we have &g(a(a)) =
L;_l (a(a)). Thus, using the equivariance of the product x¢ » under the left regular
action, as stated in Theorem B0 we get the equalities

y(a(@)) %0, ég (b)) = Li-1 (@) %0, L1 (a(b)) = L+ (aa) xa,7 (b)) |

in BA(B, A®), for A\ = {u?Mj Ry 92k}, Evaluating this equality at the unit element,
yields, by Lemma [5.6 the equality in A> (remember that g € B is fixed):

a(a *g 7 b) (9) = Lz,l (a(a) *g 7 a(b))(e) = (a(a) *g 7 a(b)) (9) .
Hence, the functions a(a *g‘,;b) and «(a)*g 7« (b) coincide. This implies for a,b,c €
A
axgz (bxgzc) = (ala) o7 a(bxg 7 c))(e) = (ala) xo,7 (a(b) %o,7 alc)))(e) ,
and the associativity of xj -~ on A> follows from associativity of ¢ on the triple

Cartesian product of the space B4(B, A), as stated in Theorem [0 O

REMARK 5.9. Contrarily to the R?!-action case treated in [26], in the non-
Abelian situation the original action is no longer an automorphism of the deformed
product *p 7 on A*°. This can be understood as the chief reason to introduce the
whole oscillatory integrals machinery in chapter [2] and also to consider the spaces

BE(B, A).
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To conclude this section, we establish a formula for the deformed product x§ -
on A, which in some sense, is more natural. It will also clarify an importaﬁt
point, namely that the universal deformation of the algebr A = Cpy(B), for the
action v = R* coincides with (B(B),*g.7).

PROPOSITION 5.10. Let (c, u®) be a strongly continuous and tempered action
of a mormal j-group B on a Fréchet algebra A. Then, for a,b € A® and 0 € R*,
7€ OV, we have

—_~—

(70) axgzb= Ko7 (a(a) @ a(b)) ,
BxB

where we denote
afa) @alb) :BxB— A :  (z,y) — az(a)ay(b) .

ProOF. Since for a € A, the element a(a) belongs to BL(B, A®), p =
{ug‘bﬁ}, by Lemma and the Leibniz rule, we get that

a(a) ® a(b) € BEA(B x B, A®) ,

which shows that the right hand side of (0] is indeed well defined. Next, by
construction we have

—_~—

a(a)xozab) = [ Koz(R@R(a(a),a(b))) € BAB, A7),
BxB

with

A= {uP Rty
where the map R®R has been defined in Lemma2.42] Now, using Lemma[2.44] we
get with the element e,, € D(B) defined in ([I6), n € N, the equality in BA(B, A>):

afa) xg 7 a(b) = lim Ko z(z,y) R} (enc(a)) Ry (ema(b)) dg(x) dg(y) -

n,m— o0 BxB

By Lemma [5.6] we know that the evaluation at the neutral element is continuous
from BA(B, A®) to .A*. Thus we get

axg b= (a(a)*gza))(e)

= lim Ké’,‘?(xv y) en(‘r)ax(a) €m (y)ay(b) d]B(x) dIB(y) )

n,m—c0 Jp p
one then concludes using Proposition 2.32] ([l

COROLLARY 5.11. Let € R* and 7 € OF. For A= C,,(B) and a = R*, we
have

(.Aoo,*g’;) = (B(B),*gﬂr) .

ProOF. By Lemma [2Z8] (ii), the set of smooth vectors in C,.,(B) for the right-
regular action is B(B). By the Proposition above, their algebraic structures coincide
too. (]

1Recall that Cy.,(B) denotes the C*-algebra of right uniformly continuous and bounded
functions on B, endowed with the sup-norm.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



5.2. RELATION WITH THE FIXED POINT ALGEBRA 73

5.2. Relation with the fixed point algebra

Under slightly more restrictive conditions on the tempered action (o, u®), we
exhibit a relationship between the deformed Fréchet algebra (A, *g. ~) and a fixed

point subalgebra of (Bﬁa (B, A),*g,7). This construction is very similar to the
construction of isospectral deformations of Connes and Dubois-Violette [13]. So,
throughout this paragraph, we still assume that A is a Fréchet algebra carrying a
strongly continuous and tempered action « of a normal j-group B. But now, we
further assume that the action is almost-isometric. By this, we mean that there
exists a family of tempered weights u® such that for a € A and all g € B, we have

leg(a)ll; = 15 (9) llall; -

EXAMPLE 5.12. For any Lie group G, take A = LP(G), p € [1,00). Then, on
this Banach space (not algebra), the right regular action is almost isometric with
associated weight given by Agp .

Also, to simplify the discussion below, we assume that each weight pJ is sub-
multiplicative. We start with the simple observation that for any family of tempered
weights p, the extended action (defined in Lemma B.7) & on BE(B, A), commutes
with the left regular action L*. This leads us to defined the commuting composite
action B := & o L* = L* o &, explicitly given by:

(B4F)(90) = ag(F(97 90)), 9.90€B, Fe€BLB,A).
Note also that by Lemma (ii) and Lemma b7, for fixed ¢ € B, 3, sends
continuously BE(B,.A) to B4(B,.A), with v = {ufj }. Thus, in present context of
sub-multiplicative weights, §, is continuous on BZ(B,.A). Now observe that for
an almost isometric action of a Lie group G on a Fréchet algebra A, the map
a:aw g ag(a)], is an isometric embedding of A> into BL (G, .A). Indeed for
all 5,k € N, we have

(X (@) (9)ll;

lle@)ljkpue = sup sup
PR Xcun(e) gec 15(9) [ X Tk
agy(X%a)|, Xqll.
(71) — sup sup || g( )HJ _ sup || a”] —_ ”a |j,k .

XeU(g) 9g€G ,LL?(Q) |X|k B XeUr(g) |Xk|

By (Bﬁa (B,A))B, we denote the closed subspace of B~ (B,.A) of fixed points for
the action . It is then immediate to see that the image of A*° under « lies
inside (Bﬁa (IB%7A))’8. Reciprocally, an element F' of (Bﬁa (B, A))B, satisfies F'(g) =
ag(F(e)) for all g € B, i.e. F = a(a) with a := F(e) € A. But by our assumption
of almost-isometry and (ZIl), we have |jal|;x = [|F|;k,u~, for all j,k € N, and
thus a = F(e) has to be smooth. This proves that « : A® — (B‘—‘a (IB%,.A))B is an
isomorphism of Fréchet spaces, which is isometric for each seminorm. Moreover,
the map « is an algebra homomorphism. Indeed, by the arguments given in the
proof of Theorem .8, applied to the case of an almost-isometric action with sub-
multiplicative weights p®, for all a,b € A*° we have the equality

aa+§-b) = ala) xprab) in (B (B,A4)",

which also shows that (Bch (IB%,.A))B is an algebra for xp . In summary, we have
proved the following:
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PROPOSITION 5.13. Let § € R*, 7 € O and let (A, a, u®,B) be a Fréchet

algebra endowed with a strongly continuous tempered and almost-isometric action of
a normal j-group B. Then, we have an isometric isomorphism of Fréchet algebras:

(A%, 7) = (B (B, A)" 50,7 -

REMARK 5.14. We stress that the assumption of sub-multiplicativity for the
family of weights u®, associated with the tempered action «, is in fact irrelevant in
the previous result. However it is unclear to us whether a similar statement holds
without the assumption of almost-isometry.

5.3. Functorial properties of the deformed product

To conclude with the deformation theory at the level of Fréchet algebras, we
establish some functorial properties. We come back to the general setting of a
strongly continuous and tempered action (c, u®) of a normal j-group B on a Fréchet
algebra A (i.e. we no longer assume that the action is almost isometric). We start
with the question of algebra homomorphisms.

ProOPOSITION 5.15. Let (A, {||.|l;}, @), (F,{ll-I}},B) be two Fréchet algebras
endowed with strongly continuous and tempered actions of a normal j-group B by
automorphisms. Let also T : A — F be a continuous homomorphism which inter-
twines the actions a and . Then for any 0 € R* and 7 € OV, the map T restricts
to a homomorphism from (A, *g ) to (.7-"00,*57;).

PROOF. Since by assumption T oo = S0 T, we get for any P € U(b) that
T o P* = PP o T, which entails that T restricts to a continuous map from A> to
F°°. The remaining part of the statement follows then by Lemma 237 O

Next, we prove that if a Fréchet algebra is endowed with a continuous invo-
lution, then the latter will also define a continuous involution for the deformed
product, under the mild condition that T(—a) = 7(a). Indeed, the latter implies
that

Ko - (71,72) = Ko 7 (22, 71) ,

so by Lemma [2.44], we get:

PROPOSITION 5.16. Let (A, ) be a Fréchet algebras endowed with a strongly
continuous tempered action of a normal j-group B. Assuming that for 0 € R* and
7€ OV, we have 7j(—a) = 7j(a), j =1,...,N, then any continuous involution of
A is a continuous involution of (A, x§ =) too.

In a similar way, we deduce from Lemma [2.44] that the deformation is ideal
preserving:

PROPOSITION 5.17. Let (A, «) be a Fréchet algebras endowed with a strongly
continuous tempered action of a normal j-group B and @ € R*, 7 € ON. IfT is a
closed a-invariant ideal of A, then I is a closed ideal of (A>,x§ ).

We now examine the consequence of the fact that the constant function is the
unit of (B(B),*g,7).

2In Lemma [B22 we will see how to suppress this extra condition.
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PROPOSITION 5.18. Let (A, «) be a Fréchet algebras endowed with a strongly
continuous and tempered action of a normal j-group B and 6 € R*, 7 € @V, If
a € A% is fized by the action «, then for b € A, we have

ax*g = b= ab, bxgza=ba.

ProoF. This is a consequence of Proposition [£.1]] together with the defining
relation of the deformed product:

axgzb=(ala)*gzab))(e) = (axszalb))(e) = (aa(b))(e) =ab.
The second equality is entirely similar. |

Next, we study the question of the existence of a bounded approximate unit for
the Fréchet algebra (A, g ~). We recall that a Fréchet algebra (A, {||.||;}) admits
a bounded approximate unit if there exists a net {e)}rca of elements of A such
that for any a € A, the nets {aex}rea and {exa}rca converges to a and such that
for each j € N, there exists C; > 0 such that for every A € A, we have |ley||; < C;.

PROPOSITION 5.19. Let (A, @) be a Fréchet algebra endowed with a strongly
continuous and tempered action of a normal j-group B and such that A admits a
bounded approzimate unit. Then for any 0 € R*, ¥ € O, the Fréchet algebra
(A, %5 =) admits a bounded approzimate unit too.

PRrOOF. Let {f\} be a net of bounded approximate units for A, let also 0 <
1 € D(B) be of L'-norm one and define

ewzéw@MAAmmw.

Observe that even if {f\} is not smooth, {ey} is. Indeed, for all X € U(b), we have

Xy = /B Xob(g) ag(f) dz(g) ,

and we get for the semi-norms defining the topology of A, with u® the family of
tempered weights associated to the temperedness of the action a:

Xo‘e)\
featys = sup gl < s [ 10100) oy (1)1 0500
xeup(o) Xk T xeun(o)
c wp [1EUO

~ xeupo)Je Xk

4 (9) ds(g) x |l

Hence, the net {ex} belongs to A and is semi-norm-wise bounded in A € A as
[l fall; is. Next, we show that it is indeed an approximate unit for A>: Since
[ =1, we first note that for any a € A

eAa—a—/w ) (ag(fr)a —a) dg(yg /z/J 9) ag(frog-1(a) — ay-1(a)) dr(g) ,

which gives

namwmséwmw@wh%aw—%amM%@7

which converges to zero because || f ag-1(a) — ay-1(a)||; does by assumptions and
because 1 is compactly supported. The general case is treated recursively exactly
as in the proof of Lemma (viii). Hence, A (with its original algebraic struc-
ture) admits a bounded approximate unit too. Now, we will prove that a bounded
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approximate unit for A is also a bounded approximate unit for (A>,§ ~). So,
let {ex} be any bounded approximate unit for .A4>°. First observe that if we view
the product g » as a bilinear map

xg,7 2 B(B) x BL(B, A®) — BX(B, A®) , = {u20k}jnen, v={uS 0k} jnen |

a slight adaptation of the arguments of Proposition [£.11] shows that for all a € A>:
1 %7 ala) = ala) ,

where 1 denotes the unit element of B(B). Combining this with Proposition 510
gives the equality in A°:

ex*gra—a= Ko7 (afex) ® ala) - 1® a(a)) ,
BxB

where
aley) ® ala) — 1 ® ala)
= [(z,y) € B x B — a(ex)ay(a) — ay(a)] € BL2E(B x B, A™) .

But by Proposition 236, we know that given (j, k) € N2, there exist positive integers
7 € N*N_such that (where the differential operator Dy is given in (3I)), we have

ex*g 0 —a= - Ko,7(x,y) Dr(az(ex)ay(a) — ay(a)) ds(z) de(y) ,
X
with the integral being absolutely convergent for the semi-norm ||.||; » of A*°. Now,
take an increasing sequence {C), }nen of relatively compact open subsets in G, such
that lim, C;, = G and fix € > 0. By the absolute convergence in the semi-norm
II.l;,& of the integral above and since the net {e)}xea is bounded in the semi-norm
II.l;,&, there exists n € N such that

| [ KortwpDr(asten)ay @) - ayfa)) dao)dalo)]| | <<
BxB\Ch, 3.k

Moreover, since {e, } is an approximate unit for A, from a compactness argument,

we deduce that for any n € N, we have

liin H /Cn Ko z(z,y) D?(ax(e,\)ozy(a) - O‘y(a)) dg(2) dB(y)Hj,k =0

This concludes the proof as the arguments for a x§ - e\ are similar. O

Lastly, we show that the deformation associated with a normal j-group coincides
with the iterated deformations of each of its elementary normal j-subgroups.

PROPOSITION 5.20. Let B be a normal j-group with Pyatetskii-Shapiro decom-
position B = B’ x S, where B’ is a normal j-group and S is an elementary normal
j-group. Let A be a Fréchet algebra endowed with a strongly continuous and tem-
pered action (a, ™) of B. Denote by o (respectively by o) the restriction of o
to B (respectively to S). For C a subspace of A, denote by Cg° (respectively by Cg?,
CS° ) the set of smooth vectors in C for the action of B (respectively of B', S). Then,
for 8 € R* and 7= (7, 71) € ONFL (N is the number of elementary factors in B'),
we have

’

S B
(A %5.2)87 46 2) = (A %32)
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PrOOF. Observe that being the restrictions of a strongly continuous and tem-
pered action, the action o of S on A is also strongly continuous and tempered. But
the action o® of B’ on Ag° is also strongly continuous (which is rather obvious)
and tempered. To see that, note that for ¢’ € B’ and a € Ag°, we have

S ’ ’ S
, X a2 (a)|; ||aB,((Adq,_1X)O‘ a)Hj
||oz]B/ (@)|lje = sup — 9 ' — sup g :
IR X e tn(s) | X [k X €Uy (s) | X |k
||(Adg/71X)aSa||j

X €U (s) | X &

As B’ acts on S by conjugation, it acts on Uy (s) and by Lemma [ZT4] we deduce
that

(72) legr (@)l < C (k) 15 (") 0m(9")* llall i -
By Lemma 2.5 we have

0B

B =~ Opr + [g/ — (1 + |Rg’|2 + |Rg/71|2)] ,

and by Lemma [3.34] the extension homomorphism R is tempered. Hence, the
action o of B’ on AS is tempered with associated family of tempered weights
given by {MJO-‘O[@ B/}(j,k)eN"" Note also that the subspace of smooth vectors for B
coincides with the subspace of smooth vectors for B’ within the subspace of smooth
vectors for S, i.e.

Ag” = (AS)g7 -

Indeed, the inclusion Ag° C (AZ)F is clear since a € (AZ°)g if and only if for all
X' eU(V), all X € U(s) and all j € N, we have

B’ s
X" X all; < o0,

and X'X € U(b). But this also gives the reversed inclusion since [b’,s] C s, any
element of U(b) can be written as a finite sum of elements of the form X’'X, with
X' eU(b) and X € U(s).

Next, we show that the action o of B is by automorphisms on the deformed
Fréchet algebra (A ,*3;). First, by Proposition and Lemma 244 we get
with the elements e,, € D(S) defined in (I8), n € N, and for a,b € Ag°:

—_~—

S
axg b= Ko (ala) ®a(b))
SxS

= lim Ko, (,y) en(2) 0 (a) em(y)ay (b) ds(z) ds(y) -

n,m-—oo SxS
Observe also that [2)) shows that for ¢’ € B’ fixed, the operator ozlg,l is continuous

on A2°. From this and the absolute convergence of the integrals in the product
*g‘; at the level of compactly supported functions, we deduce that for a,b € A
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and ¢’ € B':
ofi(axg, b) = lim o ( [ Ko (@,y) en()al(a) em(y)ay(b) ds(a) ds(y))
= hgl KQ,Tl (l‘, y) €n (x)ag’w(a) E€m (y)ag'y(b) dS ('T) dS(y)
,M=00 J§xS
= lim Koy (2,y) en(@)aR (0 (g (@) em(m)aik , ) (af (b)) ds(@) ds(y) -

n,m—oQ SXS

Remember that

R € Hom(B', Aut (S, s5,w%) N Sp(V, w%)),
where (V,w") is the symplectic vector space attached to S. Using the invariance of
the two-point kernel and of the left Haar measure under the action of Sp(V,w®) =
Aut(S) N Aut(S, s,w’), we get:

o (a g, b)

— lim Ko7, (2,y) en(2)a (a2 (a)) em(y)as (ol (b)) ds(z) ds(y)

n,m—0oQ SxS

= ozg,/ (a) *g‘il oz?,/ ().

Thus, both Fréchet algebras ((Ag",*g‘il)ﬁ?,*gi) and (AR°,*g ») are well defined
and their underlying sets coincide. It remains to show that their algebraic struc-
tures coincide too. But this follows from Proposition as the extension homo-
morphism R of B =B’ xg S is tempered. O
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CHAPTER 6

Quantization of polarized
symplectic symmetric spaces

In the previous chapters, we defined a deformation of every Fréchet algebra that
admits a strongly continuous (and tempered) action of a normal j-group. In par-
ticular, the method applies to every C*-algebra which the group acts on. However,
in that C*-case, our procedure does not yet yield, at this stage, pre-C*-structures
on the deformed algebras. To cure this problem (in the case of an isometric action)
we will represent our deformed algebras by bounded operators on an Hilbert space.
The present chapter consists in defining these Hilbert space representations.

The construction relies on defining a unitary representation of the normal j-
group B at hand. This unitary representation is obtained as the tensor product
of irreducible unitary representations of the symplectic symmetric spaces (cf. (9))
underlying the elementary factors S; in the Pyatetskii-Shapiro decomposition B =
(Sw x ...) xSy of the normal j-group (cf. {@T)).

At the level of an elementary factor S, the unitary representation Hilbert space
will be defined through a variant of Kirillov’s orbit method when viewing the sym-
plectic symmetric space S as a polarized co-adjoint orbit of a central extension of its
transvection group (i.e. the subgroup of the automorphism group of the symplectic
symmetric space, generated by products of even numbers of geodesic symmetries—
see Proposition below). However, the construction applies to a much more
general situation than the one of elementary normal j-groups: the situation of
what we call “elementary local symplectic symmetric spaces”. In particular, for
these spaces, we will obtain an explicit formula for the composition of symbols
(see Proposition [6.55) which will be our main tool to investigate the problem of
C*-deformations in the next sections. We therefore opted, within the present chap-
ter @ to start with presenting this more general situation in the sections [6.1] to
[6.6] and then to later pass to the particular case of elementary normal j-groups in
chapter [

Once the elementary case is treated, one then needs to pass to the case of a
normal j-group B. In that case, as already mentioned above, the Hilbert space H will
consist in the tensor product of the Hilbert spaces H; representing its elementary
factors S;. In order to define the B-action on the tensor product Hilbert space
H, we will need to represent every elementary group factor S; on each Hj for
every k less than or equal to j. The issue here is that the transvection group of
S, does not generally contain S; as a subgroup. However, we will show that S;
injects into the subgroup of the automorphism group Aut(Sy) of Sy that preserves
Kirillov’s polarization (see Proposition [[26) on S;. The latter property will be
shown, already in the more general case of local symplectic symmetric spaces, to
be sufficient to extend the action of S, on Hj, to an action of S; x S on H; @ Hy,

79
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(see section below). Iterating this result will then lead to our definition of the
unitary representation of B on H and its associated symbol calculus.

At the level of an elementary normal j-group S, the above mentioned quanti-
zation map (allowing to represent our algebras by bounded operators), realizes the
program of the construction of ‘covariant Moyal quantizers’ in the sense of [12] (see
also [18] Section 3.5]). Such an object is of the following nature: Let (M,w) be a
symplectic manifold and let G be a Lie subgroup of the symplectomorphisms group
Symp(M,w), together with (H,U), a Hilbert space carrying a unitary representa-
tion of G. Then, a covariant Moyal quantizer, is a family {Q(z)},ear of densely
defined self-adjoint operators on H such that

(73) U(g) Ux)U(g)* = Qg.z),  Y(g,2) €eGx M,
(74) Tr(Qz)) =1, Ve e M,
(75) Tr(Qx) Uy)) = 0a(y),  Y(x,y) e M x M,

where the traces have to be understood in the distributional sense and where d,.(y)
is a shorthand for the reproducing kernel of the Liouville measure on M. Associated
to a Moyal quantizer, there are quantization and dequantization maps, respectively
given, on suitable domains and with dy the Liouville measure on M, by

Q:fes /Mf(x)ﬂ(x) dp(z)

and by
o: A Tr(Q(z) A) .

Then, condition (3] ensures that both quantization and dequantization maps are
G-equivariant. Condition ([74)) is a normalization condition and condition (78] says
that Q and o are formal inverses of each other. At the non-formal level, condition
(@) together with self-adjointness of the quantizers, implies that € is a unitary
operator from L?(M) to £2(H), the Hilbert space of Hilbert-Schmidt operators on
H. Transporting the algebraic structure from £2(#H) to L?(M), one therefore ob-
tains a non-formal and G-equivariant star-product at the level of square integrable
functions:

Jix fa =0 (1) Qf2)) -
This non-formal star-product turns to be a tri-kernel product, with distributional
kernel computable as it is given by the trace of three quantizers:

fix fa(z) = /M Ny fi(xr) fa(zz) Tr(QUz) Q1) Qw2)) dper) du(zs) -

To construct such a quantizer for an elementary local symplectic symmetric
spaces, we essentially follow the pioneer ideas of Unterberger [33] and recast them
in a much more general geometric context. Note that, however, in the work of
Unterberger the condition ({8 does not hold but, as we will see in the present
chapter, is restorable by a minor modification of his construction. This condition
is also called the ‘traciality property’ as it eventually allows to prove that:

/fl*fQ ) du(z /fl ) Fa(e)du(z), Vi fa € LA(M) .

Traciality is a property not shared by every quantization map (for example its fails
for the coherent-state quantization) and proved to be fundamental in the work of
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Gracia-Bondfa and Varilly. For instance, in [12], they were able to construct (and
to prove uniqueness of) an equivariant quantization map on the (regular) orbits of
the Poincaré group in 3 4+ 1 dimensions solely from the axioms (73), (74), (73).

6.1. Polarized symplectic symmetric spaces

In this section, we introduce a particular class of symplectic symmetric spaces
(called hereafter “polarized”) for which we will be able to define a symmetric space
variant of Kirillov’s orbit method (see the next section). Within the present section,
after defining polarized symplectic symmetric spaces, we associate to every such
space an algebraic object (its “polarization quadruple”) on which we will later base
our unitary representation.

Let (M, s,w) be a symplectic symmetric space and let Aut(M, s,w) be its au-
tomorphism group and aut(M, s,w) its derivation algebra (see Definition B7] and
Proposition [3.8)). Choose a base point o in M. Then the conjugation by the sym-
metry at o yields an involutive automorphism of the automorphism group:

(76) o Aut(M, s,w) — Aut(M,s,w), g~ S,0g058,=:0(g) .

The following result is a simple adaptation to the symplectic situation of a
standard fact for general symmetric spaces [21]:

PROPOSITION 6.1. The smallest subgroup G(M) of Aut(M,s,w) that is stable
under o and that acts transitively on M is a Lie subgroup of Aut(M,s,w). It
coincides with group generated by products of an even number of symmetries:

G(M) =gr{s; 05y |,y € M}.
The group G(M) is called the transvection group of M.
We now come to the notion of polarized symplectic symmetric spaces:

DEFINITION 6.2. A symplectic symmetric space (M, w, s) is said to be polar-
izable if it admits a G(M)-invariant Lagrangian tangent distribution. A choice of
such a transvection-invariant distribution W C TM determines a polarization of
M, in which case one speaks about a polarized symplectic symmetric space.

The infinitesimal version of the notion of symplectic symmetric space is given
in the two following definitiond] (see [1,5]):

DEFINITION 6.3. A symplectic involutive Lie algebra (shortly a “siLa”)
is a triple (g, 0,w) where (g,0) is an involutive Lie algebra (shortly an “iLa”)
i.e. g is a finite dimensional real Lie algebra and o is an involutive automorphism
of g, and, where @ € A’ g* is a Chevalley two-cocycle on g (valued in the trivial
representation on R) such that, denoting by

g=tdp,

the 4-1-eigenspace decomposition of g associated to the involution o =: id¢®(—id,),
the cocycle w contains ¢ in its radical and restricts to p X p as a non-degenerate
two-form. A morphism between two such siLa’s is a Lie algebra homomorphism
which intertwines both involutions and two-cocycles.

Hnvolutions ¢ are denoted the same way either at the Lie group or Lie algebra level.
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DEFINITION 6.4. A transvection symplectic triple is a siLa (g, 0, @) where
(i) the action of £ on p is faithful, and
(i) [pp]="¢.

LEMMA 6.5. Every symplectic symmetric space determines a transvection sym-
plectic triple.

PRrROOF. Let (M, s,w) be a symplectic symmetric space. Define a transvection
symplectic triple (g, o, o) as follows: g is the Lie algebra of the transvection group
G(M), o is the restriction to g of the differential of the involution (76) and w =
W, is the pullback of w at the base point o by the differential 7, : g — T, M of
the projection 7 : G(M) — M, g — g.o. See [1] for the details. O

Defining the notion of isomorphism in the obvious way, one knows from [11[5]
the following result. It is a symplectic adaptation of the classical analogue for
general affine symmetric spaces [21].

PROPOSITION 6.6. The correspondence (M, s,w) — (g,0,w) described above
induces a bijection between the isomorphism classes of simply connected symplectic
symmetric spaces and the isomorphism classes of transvection symplectic triples.

In the above statement, the “reverse direction” (i.e. (g,0,w) — (M, s,w)) is
obtained as follows. One starts by considering the (abstract) connected simply
connected Lie group G whose Lie algebra is g. Then the automorphism o of g
uniquely determines an automorphism of G, again denoted by o. The connected
component K of the subgroup of G constituted by the elements that are fixed by o
is then automatically a closed subgroup of G. The coset space M := G/K is then
naturally a connected smooth manifold which is also simply connected consequently
to the connectedness of K and simple connectedness of G. One then check that the
formulae

(77) sy (9'K) = go(g™ g ) K ,

define a structure of symmetric space (M, s) in the sense of Loos. The Lie algebra of
K then coincides with €, implying a natural isomorphism p — Tk (M). The latter
yields a Lie algebra homomorphism from the original iLa (g, o) to the transvection
iLa of (M, s). This homomorphism turns out to be an isomorphism due to the above

conditions (i) and (ii) imposed on (g, o). Note that from the above exposition, one
extracts

LEMMA 6.7. Every iLa determines a simply connected symmetric space.

Note also that two non-isomorphic iLa’s (when non-transvection) could deter-
mine the same symmetric space. More precisely:

DEFINITION 6.8. Let (g;,0,) (j = 1,2) be two iLa’s with associated simply
connected symmetric spaces denoted by (M, s;) respectively. One says that they
determine the same simply connected symmetric space if M, and M, are
isomorphic as symmetric spaces.

Of course, one has an analogous definition in the symplectic case.

Now given a siLa (g, o, @), the two-cocycle w is generally not exact, or equiva-
lently, the symplectic action of the transvection group on the symplectic symmetric
space is not Hamiltonian (see [IL[5]). However, it is always possible to centrally
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extend the transvection group in such a way that the extended group acts on M
in a Hamiltonian way. The associated moment mapping then is a symplectic equi-
variant covering onto a co-adjoint orbit, in accordance with the classical general
result for Hamiltonian homogeneous symplectic spaces [31]. The situation we con-
sider in the present article concerns such non-exact transvection triples underlying
polarized symplectic symmetric spaces.

LEMMA 6.9. Let (M,s,w) be a symplectic symmetric space, polarized by a
transvection-invariant Lagrangian distribution W C TM. These data correspond
(via the correspondence of Proposition [66]) to a €-invariant Lagrangian subspace

W in p.

PrOOF. Under the linear isomorphism m|, : p — ToM the subspace WO
of T,M corresponds to a Lagrangian subspace W of the symplectic vector space
(p,@). O

According to the previous Lemma, we use the following terminology:

DEFINITION 6.10. A siLa (g, 0, w) is called polarized if it is endowed with W,
a t-invariant Lagrangian subspace of (p, ).

Let (g,0,w) be a non-exact transvection symplectic triple (i.e. the Chevalley
two-cocycle @ is not exact) polarized by a Lagrangian subspace W C p. Let us
consider ®, the algebra of W-preserving symplectic endomorphisms of p. Note
that the faithfulness condition (i) of Definition [64] implies the inclusion ¢ C D.
The vector space © @ p then naturally carries a structure of Lie algebra (containing
g) that underlies a siLa. We centrally extend the latter in order to define a new
siLa:

L=D0pORZ,

with table given by
(X, Y]e =[X,)Y]|+w(X,Y)Z, [X,Z]e:=0, VX, YecDDp,
where [.,.] denotes the Lie bracket in © @p and where we have extended the 2-form

w on p to a 2-form on the entire Lie algebra ® & p by zero on D.

LEMMA 6.11. Let (g,0,w) be a non-exact polarized transvection symplectic
triple. Within the notations given above, consider the element £ € £* defined by

<§7Z>:1a £|@@pzo'
Define moreover:
D:=D0RZ, o0¢:=1idgy®(—idp),
and )
g=00RZ, t=teoRZ, 7:=id;®(—idy).

Then, the triples (£,0¢,£) and (g, 5, 55‘51) are ezxact sila’s.

ProOOF. We give the proof for the first triple (£, 0¢,d€) only, the second case
being handled in a similar way. Since for X, Y € p, we have [X,Y] € £ C D, we get

which at once proves closedness, non-degeneracy and D-invariance of the 2-form o0&
on p. O
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REMARK 6.12. The exact siLa’s (£,0¢,0¢) and (ﬁ,&,éﬂg) and the non-exact

siLa (g, 0, w) all three determine the same simply connected symplectic symmetric
space.

DEFINITION 6.13. Given an exact siLa (g,0,w) (i.e. w = §¢ for an element
¢ € g*), by a polarization affiliated to £, we mean a o-stable Lie subalgebra b of
g containing £ and maximal for the property of being isotropic with respect to the
two-form w.

The following statement is classical (see e.g. [21]).

LEMMA 6.14. Let (G,0) be a connected involutive Lie group i.e. a connected
Lie group G equipped with an involutive automorphism o. Let us denote by K the
connected component of the subgroup of G constituted by the o-fixed elements. Then
K must be closed and Formula (IT1) defines a structure of symmetric space on the
quotient manifold M = G/K.

Note that in this slightly more general situation, M need not necessarily be
simply connected.

Within the above setting let us denote by (g,o) the involutive Lie algebra
associated to (G, o). Let us furthermore assume that it underlies an exact siLa with
polarization b as in Definition In that context, M automatically becomes a
polarized symplectic symmetric space. Denote by B := exp{b} the analytic (i.e.
connected) Lie subgroup of G with Lie algebra b. One has K C B and we will
always assume B to be closed in G. Since B is stable under o, the coset space G/B
admits the following natural family of involutions o:

(78) M xG/B—G/B, (9K,qB)— c,i(90B) :=go(g 'g0)B .

DEFINITION 6.15. With the same notations as above, the quadruple (G, 0, &, B)
is called a polarization quadruple. Its infinitesimal version (g,o,&,b) is called
the associated infinitesimal polarization quadruple. A morphism between
two polarization quadruples (G;,0;,&;,B;), j = 1,2, is defined as a Lie group
homomorphism

¢2G1—>G2,

that intertwines the involutions, such that ¢(B;) C By and such that, denoting
again by ¢ its differential at the unit element, one has ¢*&; = &£;.

The map (78) corresponds to an ‘action’ of the symmetric space M = G/K on
the manifold G/B. The following result is a consequence of immediate computa-
tions.

LEMMA 6.16. Let (G,0,&, B) be a polarization quadruple. Then, the following
properties hold for all x and y in M :

00, =0

2 _
o, =1dg/p, .00 Ds(ay) -

Moreover, we have the G-equivariance property:
goo,o9 '=0,,, VgEG,VreM.

We also observe that under mild conditions on the modular functions of G and
B, a G-invariant and M-invariant measure always exists on the manifold G/B:
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LEMMA 6.17. Let (G,0) be an involutive Lie group and B a o-stable closed
subgroup of G such that the modular function of B coincides with the restriction to
B of the modular function of G. Then, there exists a (unique up to normalization)
Borelian measure dg,p on the manifold G /B which is both invariant under G and
under the action of M = G/K given in (8).

ProOOF. Under the closedness condition of B and under the coincidence as-
sumption for the modular functions, it is well known that there exists a (unique
up to normalization) G-invariant Borelian measure dZ, g on G /B. Now, define
dg/p = dg/B + 0% dg/B As g is an involution, the latter measure is g -
invariant. Moreover, from L} o g% = g} © L* () O1 G/B for all g € G, we deduce
that dg,/p is also G- 1nvarlant By uniqueness of dg, /B the latter is a multiple of
the former. To conclude with the M-invariance, it suffices to observe that for all

g € G, wehave ggy = Liooj oLy, O

We end this section by constructing two canonical exact polarization quadruples
out of a non-exact transvection triple. We omit the proof which is immediate.

PROPOSITION 6.18. Let (g,0,w) be a non-ezxact transvection symplectic triple
polarized by W C p. Within the context of Lemma B11, we set B := D & W and
b:=t®W. Then the quadruples (£,00,&,B) and (§,5,&|-,b) are polarization
quadruples.

The latter observation leads us to introduce the following terminology:

DEFINITION 6.19. The polarization quadruple (£, ¢, &, B) associated to a non-
exact polarized transvection triple (g,0,w), is called the (infinitesimal) full po-
larization quadruple. The sub-quadruple (g,5,¢ |§,b) is called the associated
(infinitesimal) transvection quadruple.

In the sequel, we will denote by L the connected, simply connected Lie group
with Lie algebra £ and we will consider the connected Lie subgroup G of L tangent
to g. We will denote by B (respectively B) the connected Lie subgroup of L
(respectively of G) associated to B (respectively to b).

We summarize the present section by the following

PROPOSITION 6.20. (i) BEvery symplectic symmetric space uniquely de-
termines a transvection symplectic triple (cf. Definition G.4]).

(ii) Fvery siLa (cf. Definition [63]) uniquely determines a simply connected
symplectic symmetric space.

(iii) In the simply connected and transvection case, the correspondences men-
tioned in items (i) and (ii) are inverse to one another.

(iv) Every non-ezact transvection symplectic triple (g, 0, @) (cf. Definition
with non-exact two-cocycle) uniquely determines a pair of exact polariza-
tion quadruples: the associated infinitesimal full polarization quadruple
(£, 02,5 B) and its transvection sub-quadruple (g, o ,§| ) (cf. Proposi-

tion [G.I8 and Definition [6.19)).
(v) The three siLa’s involved in item (iv): (g,0,@), (8,0, 5§‘ ) and (£,0¢,88)
all determine the same simply connected polarized symplectzc symmetric

space (cf. Definition [6.8]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



86 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

6.2. Unitary representations of symmetric spaces

In this section, we fix (g,0,w) a non-exact polarized transvection triple, to
which we associate a (connected and simply connected) transvection quadruple
(G,5,¢,B), according to the construction underlying Definition We start
with the following pre-quantization condition: in the sequel we will always assume
that the character £|p : b — R exponentiates to B as a unitary character

x:B—=UQ1), b x(b) .

By this we mean that we assume the existence of a Lie group homomorphism y
whose differential at the identity coincides with £|p. Note that then, the character
is automatically fixed by the restriction to B of the involution:

oY =x.
Of course, the pre-quantization condition is satisfied when the group B is exponen-
tial, as it will be the case for Pyatetskii-Shapiro’s elementary normal j-groups:

(79) x(b) := e¥&es®)) = p e B

LEMMA 6.21. Let (g,5,&,b) be the transvection quadruple of a non-exact trans-
vection triple (g, 0, @) such that B is exponential. Then, the pre-quantization con-
dition is satisfied.

PRrROOF. Since B is exponential, by the BCH formula, the statement will follow
from f([b, b]g) = 0. By construction of £ (see Definition [6.11]), this will follow if the
Z-component of [b, b]; vanishes. But the latter reads w(b, b)Z which reduces to
zero by Definition [6.13] of a polarization quadruple and by Proposition which
shows that (g,4,&,b) is indeed a polarization quadruple. |

We then form the line bundle:
E,:=Gx,C—G/B,

and consider the associated induced representation of G on the smooth sections
I'*(E,). We will denote the latter representation by U,. Identifying as usual
I'*°(E, ) with the space of B-equivariant functions:

(B, ~ C>(G)?
(80) = {p € C=(G) | ¢(gb) = X(b)¢(g), Vb€ B,Yg € G},

the representation U, is given by the restriction to C“(G)B of the left-regular
representation:

(81) U (9)¢"(¢") = ¢(g7"d"), Vo eT™(Ey).
We endow the line bundle £, with the Hermitian structure, defined in terms of the
identification (80]) by:
hyp(P1,92) = 01(9) @2(9), V1,62 €T¥(Ey), ¢BeG/B.
We make the assumption that the modular function of B coincides with the restric-

tion to B of the modular function of G. By Lemma 617, this condition implies the
existence of a G-invariant and o g-invariant Borelian measure dg 5 on G//B. Here,

o :G/B — G/B, gB ~ &(g)B is the involutive diffeomorphism given in (78] for
the involutive pair (G, &) and subgroup B, underlying the transvection quadruple
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(G,5,€,B). We then let H, be the Hilbert space completion of T%°(E, ) for the
inner product:

(Greahi= [ han(pr,@2)dgp(oB)
/B

Of course, the induced representation U, of G then naturally acts on H, by unitary
operators. Now observe that the 6-invariance of character y, implies that the pull
back under & of an equivariant function is again equivariant. Therefore, we get a
linear involution:

SiH = My, (D) =6
Also, the ¢ z-invariance of the measure dgs /B implies:

(2P1, Ep2) = /(;/B hgp (361, X62) dg, p(9B)

— [ hagm (@1 520 dg 5 9B) = (G1,52)

G/B
for all ¢1,92 € H,, showing that ¥ is not only involutive but also self-adjoint.
Thus the element ¥ belongs to Us,(H, ), the collection of unitary and self-adjoint

operators on H,. When composed with the representation U, of G, the operator
Y. satisfies the following properties, whose proofs consist in direct computations:

PROPOSITION 6.22. Let (M, s,w) be the polarized symplectic symmetric space
associated to a transvection quadruple (G‘,&,{,B) (cf. Lemmas and [6.10)).
Assume that the modular function of B coincides with the restriction to B of the
modular function of G. Then the map

G = UsaHy), 97 Ux(9)SU(9)"
is constant on the left cosets of K in G. The corresponding mapping:
Q:M=G/K = Ua(Hy), 9K = QgK):=U,(9)2U(9)",
defines a unitary representation of the symmetric space M = G’/R’ in the sense
that, for all x, y in M and g in G, the following representative properties hold:
() = Idy,

(s2) Q) Qy) Aa) = Asay)

Ux(g) z) Uy (9)" = Q(g-z) -

DEFINITION 6.23. The pair (H,, ) is called the unitary representation of
(M, s) induced by the character x of B.

We are now ready to define our prototype of quantization map on a polarized
symplectic symmetric space:

DEFINITION 6.24. Let (M, s,w) be a the polarized symplectic symmetric space.
Denote by L'(M) the space of integrable functions on M with respect to the G-
invariant (Liouville) measure ds. Denote by B(H,) the space of bounded linear

operators on the Hilbert space H,. Consider the G-equivariant continuous linear
map:

Q: L) = B, o) = [ @) 2 duo).
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The latter is called the quantization map of M induced by the transvection
quadruple (G, 5,&, B).

REMARK 6.25. From ||Q(x)|| = |2]| = 1 (the norm here is the uniform norm
on B(H,)), we get the obvious estimate ||2(f)|| < ||f]|1, from which the continuity
of the quantization map follows. Also, from Proposition and from the G-
invariance of d,s, the covariance property at the level of the quantization map
reads: -

Ug)QNHU(g)*=Q(f), VfeL'(M),vged,

where 9f := [goK — f(g 'goK)]. The latter equivariance property, under the
full group of automorphisms of the symplectic symmetric space, is an important
difference between the present “Weyl-type” construction and the classical coherent-
state-quantization approach. For instance, as it appears already in the flat case of
R?" holomorphic coherent-state-quantization (i.e. Berezin-Toeplitz in that case)
yields a equivariance group that is isomorphic to U(n) x C", while Weyl quantiza-
tion is equivariant under the full automorphism group of R?" i.e. Sp(n,R) x R?",
Another essential difference is unitarity (see Proposition below). Lastly, the
quantization defined above is in general not positive, i.e. for 0 < f € L*(M), Q(f)
is not necessarily a positive operator. But since Q(f)* = Q(f), it maps real-valued
functions to self-adjoint operators.

REMARK 6.26. The quantization map of Definition [6.24] is a generalization of
the Weyl quantization, from the point of view of symmetric spaces. Moreover,
we will see that for the symmetric space underlying a two-dimensional elementary
normal j-group (i.e. for the affine group of the real line) this construction coincides
with Unterberger’s Fuchs calculus [33].

Our next step is to introduce a functional parameter in the construction of the
quantization map. There are several reasons for doing this, among which there
is one of a purely analytical nature: obtaining a quantization map which is a
unitary operator from the Hilbert space of square integrable symbols, L?(M), to
the Hilbert space of Hilbert-Schmidt operators on H,, denoted by £2(#,). This
unitarity property will enable us to define a non-formal x-product on L?(M) in a
straightforward way.

DEFINITION 6.27. Identifying a Borelian function m on é/B with the operator
on H, of point-wise multiplication by this function, we let

Ym:=mol.

When m is locally essentially bounded, the family of operators U, (¢)XmUy (9)*,
g € G, can be defined on the common domain I'®°(E,). Note however that the
latter family of operators is not necessarily constant on the left cosets of K in G
and unless g}i( m = m~!, one loses the involutive property for 3, (but one always
keeps the é—equivariance). Also, these operators are bounded on #,, if and only if
the function m is essentially bounded. But we will see in Theorem [6.43]that in order
to obtain a unitary quantization map we are forced to consider such unbounded
Ym’s. We mention a simple self-adjointness criterion, interesting on its own.

LEMMA 6.28. Let m be a locally essentially bounded Borelian function on é/B
such that g}(ﬁ =m. Define

Om(9) = Uy(9) Em Us(9)", g€,
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on the domain
By = {<p €M, my|p € ’HX} where my = [goB — m(g 'gB)], g€ G .

Then, Qml(g) is self-adjoint on H,. Moreover, T®(E,) is a common core for all
Om(g)’s, g € G.

PRrOOF. Note first that the formal adjoint of X, is Zg;( m. Therefore, when
0% M = m, the operator (m(z) is symmetric on I'2°(Ey). Next, we remark that
as both ¥ and U, (g), g € G, preserve I'2°(E, ), we get for ¢ € T®(E,):

Qm(9)*¢ = [my[*p
that is, Qm(g) squares on T°(E,) to a multiplication operator. Since Qp,(g) is
symmetric on the space of smooth compactly supported sections of F,, the latter
entails that ~
[Qm(g)ell = lmglell, Ve e IE(Ey),

and thus Qm(g) is well defined on B,. Then, the same computation as above, shows
that Qm(g) is also symmetric on its domain Bg. Observe that B, is complete in
the graph norm, given by [[¢||? + ||[mgy|¢||?, and that ['>°(E,) is dense in B, for
this norm. Thus Qm(g), with domain By, is a closed operator. Clearly B, C
dom (Qum(g)*), since Qm(g) is symmetric on B,.

Choose an increasing sequence of relatively compact open sets {C, } nen in G /B,
converging to G/B. For n € N, let x,, be the indicator function of C,,. Then of

course xn¢ € By for all ¢ € H,. Note also that for ¢ € By, we have by definition

of my and from the relation g}( m = m:

Qm(9)p = myQ2)p = Qa)myp, z=gKeM.
Thus for g € G, z = gK € M, ¢ € dom(Qm(g)*), ¢ € H, and using the fact

that x,m, is essentially bounded (i.e. the associated multiplication operator is
bounded), we get

<907Xan(g)*w> = <Qm(9)Xn@=¢> = <Q(:L‘)ﬁg)(n(p7l/}> = <907Xnmgﬂ(x)¢> :
Using the monotone convergence theorem, we obtain

1Qm(9)*¥]| = lim [|xnQm(9)*¥|] = Lm sup [(, xnQm(g)*¥)]|

= lim sup }<%XnmgQ(33)1/)>| :nlggoHXnmgQ($)¢||

" lpll=1

= [lmyQ(z)¢|| = [[Q(x)myy]| = [[mge]| = [[jmg[e]] ,

so that necessarily ¢ € By. Thus dom(Qm(g)*) = By, as required. Note lastly
that I'°°(E,) being dense in each By for the graph norm, it is a common core for
all the Q. (g), which are therefore essentially selfadjoint on that domain. |

REMARK 6.29. At this early stage of the construction, it is important to ob-
serve that our representation of M (Proposition [6:222)) and the associated quanti-
zation map (Definition [£224]) could have been equally defined starting with the full
polarization quadruple (L, or,&,B) (see Definition [6.19) of a non-exact polarized
transvection triple (g, o, w), instead of the transvection quadruple (é, g, f‘é, B). In
particular, all the results of sections [6.3] [6.4] and can be thought as arising
from the full quadruple. We will make great use of this observation in section [6.7]
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6.3. Locality and the one-point phase

We next pass to the notion of locality in the context of transvection quadruples,
out of which we will be able to give an explicit expression of the operators Qp, ()
on H,.

DEFINITION 6.30. Within the notations of Definition B.19, we say that the
polarized symplectic symmetric space (M, s,w), associated to a non-exact polarized
transvection triple (g, o, w), is local whenever there exists a subgroup @ of G such
that:

(i) The map
QxB—G, (gb)—qb.

is a global diffecomorphism. In particular, Q is closed as a subgroup of G.
(ii) For all ¢ € @ and b € B, one has

C,(a(b)b™) € B,
where C,(g’) := gg'g~" denotes the conjugate action of G on itself.

(iii) For every ¢ € Q, setting 6q =: (5q)Q (&q)B relatively to the global de-
composition G = @.B, one has:

x((69)%) =1.
For a local symplectic symmetric space, the identification @) ~ G /B allows to
transfer the symmetric space structure of the former to the latter:
LEMMA 6.31. Let (M, s,w) be a local symplectic symmetric space. Then:
(i) The mapping:

~— Q
5:QxQ—=Q, (q.¢)—s5,(d)=q(3(¢g"¢)",
defines a left-invariant structure of symmetric space on the Lie group Q.
(ii) Moreover, the global diffeomorphism
Q—G/B, q—4qB,
intertwines the symmetry s with the involution o, defined in ([(8) for the
transvection quadruple (G,&,§, B):
5, = a,zdB), Vg4 €Q.

(iii) Under the identification Q ~ G/B given above, the (é,gk)-mvam’ant
measure dg 5 on G/B constructed in Lemma BIT, becomes a (G,s,)-
invariant measure dg on the Lie group @, which is also a left-invariant
Haar measure on Q.

(iv) Last, we have an isomorphism of Hilbert spaces H, ~ L*(Q) induced by
the G-equivariant isomorphism:

C(@)P - C®(Q), ¢ pi=

>

Q )
under which, we have ¥ = s3.

PROOF. Ttem (ii) follows from a direct check implying in turn the left-Q-
equivariance of s from the left-G-equivariance of g. The fact that s, fixes g isolatedly
is a consequence of the following observation. Considering the linear epimorphism
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6.4. UNITARITY AND MIDPOINTS FOR ELEMENTARY SPACES 91

Pgip—=q=T.Q~ TB(G/B) tangent to the projection p : M ~ C:'/K' — G/B ~
@, gK — gB, one observes that for every X € p:

TP X) = (P 5i) g (X) = —p g X -
Hence oz, 5 = —idg and (i) follows. Last, (iii) and (iv) are immediate consequences
of the Q-equivariant identification @ ~ G/B. O

From now on, we will always make the identification H, ~ L?(Q), under which
we can derive the action of the individual operators Q(z), € M. For this, we need
a preliminary result:

LEMMA 6.32. Let (M, s,w) be a local symplectic symmetric space and let @ €
C>=(G,C)? be a B-equivariant function. Then, for all ¢,q0 € Q and b € B, one
has:

Ly 0™ o Ligy—1 $(q0) = E(gg 'ab) &(s4a0) -

with
(53) B(gh) i= X (C, (5006 7Y)) .
and Cy(g') == gg'g~" denotes the conjugate action of G on itself.

PRrROOF. A direct computation yields:
Ly, 06% 0 Lig -1 #(0) = ¢(aba (b™1)5(q™"q0)) = (45 (4™ 90)Cy 414 (b5 (b71))) -
Under the assumption of locality (Definition[630), we have Coierto) (b5(b1)) € B.
The &-invariance of x and item (iii) of Definition then yield the formula. O

REMARK 6.33. We call the function E in (83) the one-point phase. Observe
that the latter is well defined thanks to the second condition in the assumption of
locality (Definition [6.30).

COROLLARY 6.34.~Let (M, s,w) be a local symplectic symmetric space. For
0 € L*Q) and x = gbK € M, g € Q, b € B, we have

Q(x) p(q0) = E(gy 'ab) ¢ (3,(q0))

where E is the phase defined in (83) and s is the symmetry of the Lie group Q
constructed in Lemma [6.31]

6.4. Unitarity and midpoints for elementary spaces

In addition to locality (Definition [630), we will assume further conditions on
the structure of our polarized symplectic symmetric space (M, s,w), which will
enable us to give an explicit expression of the three-point kernel associated to a
WKB-quantization of M as well as to prove the triviality of the associated Berezin
transform (see Definition below). Recall that the notion of midpoint map on
a symmetric space is given in Definition

DEFINITION 6.35. A local symplectic symmetric space (M, s,w) is called el-
ementary when, within the context of the section [6.2] the following additional
conditions are satisfied:

(i) The symmetric space (Q, s) is solvable and admits a (necessary unique)
midpoint map. (By a result proved in [34], this implies that @ is expo-
nential.)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



92 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

(ii) There exists an exponential Lie subgroup Y of B normalized by @ and
such that the semi-direct product

S:=QxY c G,

acts simply transitively on M.
(iii) Denoting by Q) the Lie algebra of Y, there exists a global diffeomorphism
U : () — q such that

<€7 (Adq*1 - Ad(§eq)*1)y> = <§7 [W(Q)a yD , Yye,Vqe.

(iv) The Lie algebras 9 and q are Lagrangian subspaces of the Lie algebra s
of S that are in symplectic duality with respect to the evaluation at the
unit element e of S of the symplectic structure transported from M to S
via the diffeomorphism S — M = é/f{, z— oK.

REMARK 6.36. Let (M, s,w) be an elementary symplectic symmetric space.

(i) From now on, we always make the S-equivariant identification:
S=QxY— M, gb — gbK .

Observe that under this identification, the G-invariant Liouville measure
dps on M is a left Haar measure on S, which under the parametrization
g=qb, q € Q,beY,is proportional to any product of left invariant Haar
measures on ) and on Y. We simply denote the latter by ds.

(ii) For m a locally essentially bounded Borelian function on  and « € S, the
operator Qp, () given in Lemma will be simply denoted by Qp, ().
This is coherent with the identification above and with the notation of
Proposition [6:221 when m = 1. Moreover, the family {Qm(x)},es satisfies
the first axiom, ([73]), of a covariant Moyal quantizer, as given at the very
beginning of this chapter.

(iii) Since @ normalizes Y, the restriction to S = @ x Y of the representation
U, of G on H,, ~ L*(Q) given in (8I)), reads:

Uy(gb)(0) = X (Cy-1,(b)) w(a™ " a0) -

In the elementary case, we observe the following relation between the one-point
phase E and the diffeomorphism ¥ : Q — q:

LEMMA 6.37. Let (M, s,w) be an elementary symplectic symmetric space. Then,
forqe @ and y €9, we have:

E(g"e?) = exp{i(¢, [¥(q), y])} -
PROOF. By definition, we have for ¢ € Q and b € Y:
E(¢'0) = X(6(Cs(g-1)(0)) Cg-1(b71)) -

Next, we write
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6.4. UNITARITY AND MIDPOINTS FOR ELEMENTARY SPACES 93

Since @) normalizes Y and B is G-stable, we observe that each of the four factors in
the right hand side above, belong to B. Thus, we can split E(¢~'b) according to
this decomposition, to get

E(q7'0) = X(Cy-1(0)) X(C(s, )1 (b)) -
The result follows from the definition of the diffeomorphism ¥ and the character
X- O

Now, using Corollary [6.34] Definition [6.27 and Lemma [6.28] under the identi-
fication S ~ M, we note

PROPOSITION 6.38. Let (M, s,w) be an elementary symplectic symmetric space.
Let g € Q, b € Y and let m be an essentially locally bounded Borelian function on
Q. Then the densely defined (on By, = By—see Definition and Lemma [628)
operator Qym(gb), acts as:

Qm(gb)e(q0) = m(q~"q0) E(qy 'qb) 0(s,q0) » Yo € By CHy, Voo €Q.

COROLLARY 6.39. Let (M, s,w) be an elementary symplectic symmetric space,
m be an essentially locally bounded Borelian function on Q and f € D(S). Then
the operator Qum(f) defined by

Qm(f) : D(@Q) = D'(Q) ,
0o (g i= [0 €DQ) > | wlan) Flab) (Dm(ab)) (a0) do(a) dof) |
has a distributional kernel given by

O (f)la0, 4] =
m (mid(e, g5 'q) ") ‘Jac(ﬁc)fl‘(qalq) /Y f(mid(go, q)b) E(mid(e, g5 'q)b) dv () .

PROOF. Observe first that under the decomposition S = @ x Y, the left Haar
measure on S coincides with the product of left Haar measures on @ and Y:

ds(gb) = do(q)dy(b), VgeQ,VbeY.

For f € D(S) and any Borelian m, it is clear that Qp,(f) defines a continuous
operator from D(Q) to D’(Q) and acts as:

O o(an) = [ Flaimia™ o) Blai 0 (s an)) dol@) dv(0). ¢ € P(Q)
X

For any qo € Q, we set ¢'(q) := 5,(qo) and we get from the defining property of

the midpoint map that ¢ = mid(qo,q’). Now observe that left-translations (in the

group Q) are automorphisms of the symmetric space (Q, s). Indeed, for all ¢q, g, ¢’

in @, we have

Lyy(s4(Ly—14") = 00 (5(a 7 05 "0"))”

Hence, by Remark B.12] we get

= 840q(d) -
mid(q07 ql) =4qo mid(67 qalql) = qu o (ﬁe)_l °© anl(ql) )

the invariance of the Haar measure dg under left translation gives:

[Jacmid (g )| (@) = |Jace)-1| (g5 'd) -
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94 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

Therefore, a direct computation shows that:
Qm (f)e(q0) = / f(mid(qo,q)b) m(mid(e, gy 'q) ") [Jac(se)-1|(go "q)

QXY
x E(mid(e, g5 'q)b) (q) dg(q) dy(b) ,

and the result follows by identification.
O

REMARK 6.40. As a consequence of the preceding corollary, we deduce that for
an elementary symplectic symmetric space, the second axiom, ((4)), of a covariant
Moyal quantizer is satisfied when m(e)|Jac(sey-1|(e) = 1. Indeed, for f € D(S), we
deduce that

T [ (f)] = /Q (Pl q] do(a)

— m(e)|Tacgee)1|(€) /Q @b () ds(8) dola) = /S J(2) dea),

since E(b) =1 for all b € Y by Definition (iii) and Lemma [6.37]

Our next aim is to understand the geometrical conditions on the functional
parameter m necessary for the quantization map to extend to a unitary operator
from L?(M) to the Hilbert space of Hilbert-Schmidt operators on H,,. For this, we
introduce the following specific function on @Q:

DEFINITION 6.41. For (M, s,w) an elementary symplectic symmetric space,
define the function mgy on @ as:

_ 1/2

(84) mo(q) = ‘Jacﬁe(q 1)Jauc\p(q)| /
REMARK 6.42. Observe that both |Jacy| and |Jacse| are si-invariant. Indeed,
we have Wos, = —V and s°0s, = s, 05° hence the claim follows from |Jac, | = 1

(cf. Lemmal[6.37] (iii)). However, mg need not be s}-invariant, as |Jacse | need not be
invariant under the inversion map on ). Thus, from Lemma [6.28] the quantization
map {lm,, need not send real functions to self-adjoint operators.

We can now state one of the main results of this chapter:

THEOREM 6.43. Let (M, s,w) be an elementary symplectic symmetric space and
m be a Borelian function on Q which is (almost everywhere) dominated by mo and
assume that Y is Abelian. Then the quantization map:

O £ W) 1= [ 7(ab) Qonla) ds(at)
is a bounded operator from L*(S) to L2(H,) with
12 || < [Jm/mpl|o -
Moreover, Q. is a unitary operator if and only if jm| = mg.

PRrROOF. Recall that a linear operator T : D(Q) — D'(Q) extends to a Hilbert-
Schmidt operator on L?(Q), if and only its distributional kernel belongs to L?(Q x
Q). In this case, its Hilbert-Schmidt norm coincides with the L?-norm of its kernel.
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Thus by Corollary [6.39] we deduce that if f € D(S), then the square of the Hilbert-
Schmidt norm of Qp,(f) reads

[Qm ()3 =
/Qz y Im|?(mid(e, gy 'q) ") [Jace) 1 | (g5 q) F(mid(go, @)b) f(mid(qo, q)bo)

x E(mid(e, g5 'q)b) E(mid(e, g5 q)bo) do(g) dv(b) dg(go) dv(bo) -
Performing the change of variables mid(qo, q) — ¢ (the inverse of the one we per-
formed in the proof of Corollary [6.39]) and using the relation between the function

E and the diffeomorphism ¥ : ) — ¢ given in Lemma [B.37, we get the following
expression for ||Qm(f)[3:

— T i -1 o —lo
/QQ ] Im|?(q™"q0) [Jac(sey-1](5°(q9 *q)) F(gb) f(gbo) (& e @) doe(t)—loelbo))
xY

x dq(q) dy(b) dg(go) dy(bo)
and the latter can be rewritten as
/ L(q{)lf(qb)f(qbo)ei<57[‘1’(qo)’log(b)_log(boﬂ>dQ(q)dy(b)dQ(qO) dy(bo) ,
Q>xv> |[Jacge|(qp )
where in the last line, we used left-invariance of the Haar measure on Q. Setting
wo = ¥(qo) € q and dwy the Lebesgue measure on q, we get

5 _ lm|? (U~ (wo)) f(gb) f(gbo) (€. [wo log(b)~log(bo)])
I = | 8 0) ) Tnce] (31
X dQ(q) dy(b) d’wo dy(bo)
:/ ImP (V= (w0)) 1) F(gho) ¢~ 46 woston(6)-1og(oo))
0 )

xqxY2 Mo 2(Wt(wo

7/ |m\ (wo
Qxq Mo?

We will next use the relation (Whlch follows from the construction of £ € g*):
& XY]))=w(X,Y), VX, Yeg,

and the fact that q and Q) are Lagrangian subspaces in symplectic duality (see
Definition [635]). Now, since Y is Abelian and exponential, the exponential map
D — Y : y — exp(y) is a measure preserving diffeomorphism (the vector space
2) being endowed with a normalized Lebesgue measure dy) inducing the isometric
linear identification:

X qx Y2 |Jac§e

x dq(g) dy(b) dwo dy (bo)
2
/ f(qb) e i(&;[wo,log(b)]) dy(b)| do(q) dwp .

exp* : L2(Y) = L*(9) .
Within this set-up, the (isometrical) Fourier transform reads:

FiIAY) = IA), ¢ [wo H/ e (€ lwotos) qy (p)

where, again, the vector space q is endowed with a normalized Lebesgue measure
dwy. We therefore observe that

m|? (U~ (w
ImIE= [ et [P o) dola) duo.
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96 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

where we set Ly f : b+ f(qb). Hence, we see that if [m| < C'mg, we have:

1) < C? /Q (L2 1) o) | duwo dg(a)
xq

—c [ Lol &:0)dela)
QXY

=C|fll3, YfeD(E).
i.e.
[Qm(Hllz <C|fllz, VfeD(ES).

By density, we deduce that Qu,(f) is Hilbert-Schmidt for all f € L?(S) and with
equality of norms if and only if |m| = mg. In this case, a similar computation
shows that for any fi, fo € L(S), we have

T [Qun(f1)* Ynlf2)] = /S F1(ab) folab) ds(ab) .

which terminates the proof. |

REMARK 6.44. Let (M, s,w) be an elementary symplectic symmetric space and
m be an essentially bounded function on Q. By Lemma [6.28] we know that when
s:m = m, then the family {Qm,(x)}zes consists of self-adjoint operators. By
Remarks [6.36] (ii) and [6.40] we also know (under a mild normalization condition)
that the first two axioms, (3] and ([74)), of a covariant Moyal quantizer (as defined
at the beginning of this chapter) are satisfied. Now, observe that the content of the
previous Lemma can be summarized as follow:

Tr[Qs:m(2) Qm(y)] = d:(y) <= |m[=mg.

Hence, when my is s -invariant, then the family {Qm, (2)}.cs satisfies also the third
axiom ([73).
6.5. The x-product as the composition law of symbols

DEFINITION 6.45. Let (M, s,w) be an elementary symplectic symmetric space
such that m/mg € L*°(Q) and such that Y is Abelian. Then let

om : L2(Hy) = L*(S)
be the adjoint of the quantization map Q,,. We call the latter the symbol map.
Recall that the defining property of the symbol map is
(f,oml[A]) = Tr[Qm(f)* A], VA€ L*(Hy), VfelL?S).
Hence, the symbol map is formally given by
(85) om[A](z) = Tr[A Qs m(z)], z€S.

Here again, the trace on the right hand side is understood in the distributional
sense on D(S). Note however that when m is essentially bounded, this expression
for the symbol map genuinely holds on £'(#, ), the ideal of trace-class operators
on H,. When m is only locally essentially bounded, it also holds rigorously on
the dense subspace of £2(H,,), consisting of finite linear combinations of rank one
operators |p)(¢| with ¢ € D(Q) and ¢ € H, arbitrary.
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DEFINITION 6.46. Let (M, s,w) be an elementary symplectic symmetric space.
Assuming that m/mg € L>(Q), we then set

Bm : L*(S) = L*S), f~ omoQm(f),

and we call this linear operator the Berezin transform of the quantization map
Q.

REMARK 6.47. The Berezin transform measures the obstruction for the symbol
map to be inverse of the quantization map. Said differently, the unitarity of the
quantization map on L%(S) is equivalent to the triviality of the associated Berezin
transform.

PROPOSITION 6.48. Let (M, s,w) be an elementary symplectic symmetric space
with Y Abelian and let m a Borelian function on Q such that m/mgy € L>®(Q) and
such that Y is Abelian. Then

(i) The Berezin transform is a positive and bounded operator on L*(S), with
2
[ Ben|| < [[m/myZ, -
(ii) The Berezin transform is a kernel operator with distributional kernel given

by
Bml[#1, 22] = Tr[Qg: m(21) Qm(z2)] |

and the latter can be identified with

2 .
Bm[l‘l,xz] _ 5q1 (QQ) « / ‘EL (\I,fl(w))el(&[w,loglnflogb2]> dw ,
q 0

where x; = q;b; €S, 7 =1,2.

ProOF. Note that by construction By, = €, o O, yielding positivity and
boundedness from boundedness of €,,. The operator norm estimate comes from
those of Theorem The second claim comes from the computation done in the
proof of this Theorem. O

For m = my, the symbol map o, is the inverse of the quantization map . In
particular, the associated Berezin transform is trivial. A G-equivariant associative
product *m,, on L%(S) is then defined:

(86) fl *mg f2 = Om, [Qmo(fl)Qmo(f2)] ) Vflvf? € L2(S) :

We deduce from (80)) that the product (8] is a three-point kernel product, with
distributional kernel given by the operator trace of a product of three (2’s:

J1#m, fa(x) = : Sf1(y) F2(2) Tr[Quz g () Qo (1) Qi (2)] ds(y) ds(2) -

We will return to the explicit form of the three-point kernel and its geometric
interpretation in the next section.

We now come to an important point. Putting together Remark and The-
orem [6.43] we see that in general the quantization map 2, need not be unitary
and involution preserving (the complex conjugation on L?(S) and the adjoint on
L2(H,)) at the same time. However, in most cases (e.g. for elementary normal
j-groups), the function my is s -invariant, which implies that the complex conju-
gation is an involution of the Hilbert algebra (L*(S), *m,):
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98 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

PROPOSITION 6.49. Let (M, s,w) be an elementary symplectic symmetric space
with Y Abelian. Assuming further that smg = mg, then for all f1, fa € L*(S), we
have:

fl *my f2 :E*moﬁ-

Next, we pass to a possible approaclﬂ to define a x-product for the quantization
map Qp, in the more general context of an arbitrary function m (and without the
assumption that Y is Abelian).

DEFINITION 6.50. Let (M, s,w) be a polarized, local and elementary symplectic
symmetric space and fix m a locally essentially bounded Borelian function on Q.
We then let L2, (S), be the Hilbert-space of classes of measurable functions on S for
which the norm underlying the following scalar product is finitdd:

m|?

o= [ (@7 ) (f Futaben i€l )

x (/fg(qbg)ei<£’[w’1°gb2]>dy(b2)> do(q) dw .
Y

REMARK 6.51. Formally, we have

(f1, f2)m = (f1, Bmf2) = Tr[Qm(fl)*Qm(fQ)] )

where (.,.) denotes the inner product of L*(S) and Tr is the operator trace on H.,.

Repeating the computations done in the proof of Theorem [B.43] we deduce
following extension of the latter:

PROPOSITION 6.52. Let (M, s,w) be an elementary symplectic symmetric space
and let m be a locally essentially bounded Borelian function on Q.

(i) The quantization map Qm is a unitary operator from L2,(S,ds) to L2(H,),
(ii) Associated to the quantization map Sy, there is a deformed product %pm
on L2 (S,ds), which is formally given by:
f1%*m fo = B;I ©0m [Qm(fl)Qm(f2)] )

(iii) (L2,(S),*m) is a Hilbert algebra and the complex conjugation is an invo-
lution when s;m = m.

6.6. The three-point kernel

The aim of this section is to compute the distributional three-point kernel
Tr [ Qg (%) Qung (¥) Qg (2)] of the product *m, given in B6). We start with two
preliminary results extracted from [34]:

THEOREM 6.53. Let (M, s,w) be an elementary symplectic symmetric space.
Given three points qo,q1,q2 in Q, the equation
S4080:540(0) = @,

admits a unique solution ¢ = q(qo,q1,92) € Q. In particular, this yields a well-
defined map
Q= Q% : (q0,q1,92) = (0,54, (0), 84,54, (2)) -

2This is however not the approach we will follow for the symmetric spaces underlying ele-
mentary normal j-groups—see Proposition [(.19]
3We do not exclude the possibility that L2 (S) be trivial.
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6.6. THE THREE-POINT KERNEL 99

The latter is a global diffeomorphism called the medial triangle map whose in-
verse s given by:

(I)Q : Q3 - an (QO; q1, QQ) = (mid(q07 ql)vmid(qlv q2)7mid(q27qo)) :

T1

mid(xy,z2) mid(xs,z1)

mid(xg, 333) T3

X2
FIGURE 1. The medial triangle of three points

LEMMA 6.54. Let us consider the map

v:Q* = Q% (g0, q1,¢2) — (mid(e, qp 'q1) , mid(e,q; "g2), mid(e, g5 'qo)) -
Then

vo ®5 g0, q1,q2) = (¢ "0, (85,0) " 01s (54,850 '@2)

where q is the unique fized point of s,,8, S, -

PrOOF. We have mid(e,q; "q1) = ¢y 'mid(qo,q1) and similarly for the other
points. Therefore setting
(4 41+ 43) := (mid(qo, q1),mid(q1, ¢2),mid(g2, q0)) = P (g0, a1, q2) ;
we get
V(g0 q1,92) = (90 40,41 41,95 ' 45) -
A quick look at the above figure leads to SqSq! §q6(q0) = ¢o and the assertion
immediately follows. O

THEOREM 6.55. Let (M, s,w) be an elementary symplectic symmetric space
with Y Abelian. Assume that Jacge is invariant under the inversion map on Q. Let

%'E q(q0,q1,q2) denote the unique solution of the equation s, s, s, (¢) = q in Q.
et

T (90,41, @2) = [Jace)-1](go 'q1) [Jacisey-1[(q5 " g2) [Jac(se)-11(g3 o) -
Then, one has:
s;mp = mg ,
and the kernel of the product xm, (B0) is given by:

K, (20, 21,22) = 71/2(@62 (90,91, 92) |Jva>—1|(QO;(J1,fI2)

)
x |Jac‘1"1/2( 0 )|Jac\p\1/2(q1 S404 )|Jac\p\1/2(q2 —ql—qoq)
X E(q 1370)E((§qoq)_1x1) E(( 5q,8 qoq) 1952) :
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Proor. Under the assumption that Jace is invariant under the inversion map
on (), my is s -invariant and reads:

my(q) = |Jac,e(q) Jac\p(q)|1/2 .

Accordingly, for f € L?(S), we get from Corollary the following expression for
the operator kernel of Qum,(f):

Quno ()90, 9] =Tace| /2 (mid(e, g5 'q) ™) [Tacie) 1| (g5 )
< [ fasala b Blwiale gy ab) di(0).
Y

Since for f € L*(S), Qm, (f) is Hilbert-Schmidt, the product of three Qm,, (f)’s is a
fortiori trace-class and thus we can employ the formula:

Tr[Qmo(fO)ng(fl)Qmo(fZ)} =
/Q3 Qo (f0)[90, 1] Puno (F1)[1, g2] Qo (f2)[92, 90] d(g0) do(g1) do(g2) -

Using Theorem and the formula above for the kernel of O, (f;), we see that
the above trace equals:

/3 . |Jva,|1/2(mid(e,qo_lql)_l) \Jac\ﬂl/z(mid(e,ql_lqg)_l)
Q3xY

x |Jacy |'/? (mid(e, g5 'q0) ") T*(q0, a1, q2) fo(mid(go, q1)bo) f1(mid(gi, g2)b1)
X fa(mid(ga, qo)bg)E(mid(e,qglql)bo) E(mid(e,qflqg)ln) E(mid(e,q{lqo)bg)
x dg(qo) dg(q1) dg(gz) dy(bo) dy (b1) dy (b2) -

Performing the change of variable (qo, g1, ¢2) — @51(q0,q1,q2) and setting z; =
gib; €8S, 5 =0,1,2, we get

/Ss [Jace|"/? (g5 q) [Tacw|'/? (g " 5,,9) 1Tace|"? (g5 54, 84,0) T2 (25" (g0, 41, 32))
X !Jac%l (90, a1, a2)E(q " 0) E((s,,0) ' @1) B((s4,54,9) ' @2) fo(wo) fi(x1)

X fa(x2) ds(zo) ds(x1) ds(z2) ,

where ¢ = q(qo, 1, g2) is the unique solution of the equation s, s, s, (¢) = ¢ (see

Lemma [6:54]). The result then follows by identification. O

Last, using Lemma [6.37, we deduce the following expression for the phase in
the kernel of the product xpm,:

COROLLARY 6.56. Write K, = Am, ¢~ " for the three-point kernel given in
Proposition [6.551 Then we have for x; = q;b; €S, ¢; € Q, b; €Y, 7=0,1,2:

S(.’L‘O, x1, ./L'Q) =
(&, [V (qq "q), logbo]) + (€, [¥(qy "54,9):log bu]) + (€, [P (a3 ' 5,,84,9), logba])

where ¢ = q(qo, q1, g2) s the unique solution of the equation s, s, s, (q) = q (see
Theorem [6.53]).
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6.7. EXTENSIONS OF POLARIZATION QUADRUPLES 101

6.7. Extensions of polarization quadruples

We first observe that, given two polarization quadruples (G;, 0;,&;, B;), j = 1,2
(in the general sense of Definition [B.I5]), a morphism ¢ between them yields a G-
equivariant intertwiner:

(87) ¢* 1 C®(Ga)P? — C=(G1)P
such that
Uy (91)9" 2 = 6" (Ux, ((91))#2) -
Note that the condition ¢*&; = & (cf. Definition [6.15]) implies x1(b1) = x2(¢(b1))
in view of (79).

In the context of the transvection and full polarization quadruples, we observe:

LEMMA 6.57. Let (M, s,w) be an elementary symplectic symmetric space, asso-
ciated to a non-exact polarized transvection triple (g,0,w). Consider (L, oy, &, B)
and (é, &,§|é, B) and the full and transvection polarization quadruples as in Defi-
nition BI9. Then, the intertwiner (B7) corresponding to the injection G — L is a
linear isomorphism.

PROOF. The injection j : G — L induces a global diffeomorphism G/B —
L/B, ¢B — ¢B. Indeed, the map G/f{ — ]L/]j : gK — ¢D is an identification.
Considering the natural projections G/K — G/B and L/D — L/B, one observes
that the diagram

G/K — L/D

! L

G/B % L/B
where ¢(gB) := ¢gB, is commutative. In particular, ¢ is surjective. Examining its
differential proves that is also a submersion. The space Q = G /B, being expo-
nential, has trivial fundamental group. The map ¢ is therefore a diffeomorphism.
Also the restrictions C®(G)F — C°°(Q) and C*®(L)B — C°°(Q) are linear iso-
morphisms and one observes that j*¢|o = ¢lg. O

Note that when the modular function of B coincides with the restriction to B of
the modular function of L, then there exists a L-invariant measure on L./B. From
the isomorphism L/B ~ G /B ~ @, we see that the later is a left-Haar measure on
Q. Hence, under the assumption above, we deduce that the left-Haar measure dg
is also L-invariant. This, together with the above Lemma, yields:

LEMMA 6.58. In the setting of Lemma and when the modular function of B
coincides with the restriction to B of the modular function of L, the injection ® — £
induces a unitary representation R : D — U(H,) of the corresponding analytic
subgroup D c L on the representation space H, associated to the transvection

quadruple (G, 7,¢,B).

Consider now two Lie groups G}, j = 1,2, with unitary representations (U, H,),
together with a Lie group homomorphism

p: G1 — GQ N
and form the associated semi-direct product G; Xxg G2, where
(88) Ry, (92) := Cp(g)(92) = pg1)g2p(91) ", Vg; €Gj .
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102 6. QUANTIZATION OF POLARIZED SYMPLECTIC SYMMETRIC SPACES

We deduce the representation homomorphism:
(89) R:G1—UMH2), g1 Ualp(gr)) -
Within this setting, we first observe:
LEMMA 6.59. Parametrizing an element g € G1 Xg G2 as g = g1.92, the map
U:Gyxr Gy =5 UH1QH2), g+ Ui(g1) @ R(g1)U2(g2) ,

defines a unitary representation of Gy Xgr Ga on the tensor product Hilbert space

H:=H1QHs.
PROOF. Let g;,9; € Gj, j = 1,2. Then, on the first hand:

U(9192-9195) = U(9191R; ~1(92)95) = Ur(9197) @ R(9191) U2 (R -1 (92)95)
= Ui(g9191) ® R(g1) U2(g2) R(g1) U2(g5) ,
while on the second hand:
U(g192) U(g192) = (Ur(g1) ®@ R(91) U2(g2)) (Ur(91) © R(g1) U2(93))
= U1(9191) ® R(g1) U2(g2) R(9}1) U2(93) -

and the proof is complete. O

Consider Lastly two full polarization quadruples (L;,0;,&;,B;), j = 1,2, asso-
ciated to two local symplectic symmetric spaces (M, s;,w;). Let also (Uy,, Hy;,, )
be the unitary representation of L; and of the representation of the symplectic
symmetric space M; = G;/K; = L;/D; (see Remark [6.29). Finally, let K be
a Lie subgroup of IL; that acts transitively on M7, and consider the associated
K-equivariant diffeomorphism:

¢ :K/(KNDy) — M .

Now, given a Lie group homomorphism p : K — D, C Ly, we can form the semi-
direct product K xg Lo, according to (88]). Under these conditions, we have the
global identification:

(90) (K xr L2)/((KND1) xg Da) — M; x Mo ,
(91.92)(KND1) xr D2 = (¢(g1K N D1), g2Ds) .

PROPOSITION 6.60. Let U be the unitary representation of K xg Lo on H :=
Hy, @Hy, constructed in Lemma [6.591 Then under the conditions displayed above,

(i) the map
Q:Kxrly = Usa(H), g Ulg)o(B1®@%2)0U(g)",

is constant on the left cosets of (KN D) xg Dy in K xg Lo.
(ii) For every g1 € K and gy € Lo, one ha

Q(g2-91) = Q1(g1) ® Qa(g2) -
(iii) Under the identification [@Q)), the quotient map
Q: My x My —)Z/{sa(H) 5

18 K XRr LLo-equivariant.

4Warning: the reverse order in the group elements.
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PRrOOF. We start by checking item (ii). Observe first that
U(g291) = U(1R —192) = Uy, (91) ® R(91)Uy, (Ry-192)
= Uy, (91) ® Uy, (92)R(91) -

Now, since p is D,-valued, we have for all g1 € Kt

R()Z2R(51)" = U, (p(90)) 52U, (p(91))" = s
(cf. Lemma [6.1T]). Moreover, one has

2(g9291) = (Ux, (91) ® Uy, (92)R (1)) © (X1 @ B2) 0 (Uy, (91)" @ R(91) Uy, (92)")
= Uy, (91) 21Uy, (91)" @ Uy, (92)R(91)22R(91)" Uy, (92)"
= Q1(91) ® Q2(g2) -

This implies (i) and (i) consequently. Regarding item (iii), one observes at the
level of K xg Lo that

Q(gg) =U(g) Qg ) U(g)" ,
which is enough to conclude. (Il

REMARK 6.61. In the same manner as in Definition 627 given a Borelian
function m on the product manifold (L;/D;) x (Lg/D3), we may define for g €
K XR ]Lgl

O (g) = Ulg) omo (X1 @ Ba) 0 U(g)” -

Of course, the above procedure can be iterated, namely one observes:

PROPOSITION 6.62. Let (Lj,05,&;,B;), j = 1,..., N, be N full polarization
quadruples, associated to N elementary symplectic symmetric spaces (Mj,s;,w;)
satisfying the extra conditions of coincidence of the modular function on B; with
the restriction to B; of the modular function of L;, according to Lemmas and
[6.58. For every j =1,...,N — 1, consider a subgroup K; that acts transitively on
M; together with a Lie group homomorphism p; : K; — f)j_H. Set Ky = Ly,
assume that for every such j, the subgroup p;(K;) normalizes K11 in Lj11 and
denote by R; the corresponding homomorphism from K; to Aut(K;i1). Then,
iterating the procedure described in Proposition yields a map

Q:M1><M2><--~><MN—>Usa(H)7

into the self-adjoint unitaries on the product Hilbert space H := Hy, @ -+ @ Hyy
that is equivariant under the natural action of the Lie group

(. .. ((Kl XR, Kg) XR, Kg) XRg - - ) XRy_1 LN .

This ‘elementary’ tensor product construction for the quantization map on di-
rect products of polarized symplectic symmetric spaces (but with covariance under
semi-direct products of subgroups of the covariance group of each piece) allows to
transfer most of the results of the previous sections. For notational convenience,
we formulate all that follows in the context of two elementary pieces, i.e. in the
context of Proposition rather than in the context of Proposition

So in all that follows, we assume we are given two elementary symplectic sym-
metric spaces (M;, sj,w;), j = 1,2 (see Definition [6.35]). We also let S; = Q; x Y},
j = 1,2, be the subgroups of éj (and thus of ;) that acts simply transitively
on M;. We also assume that we are given a homomorphism p : §; — D, (i.e.
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the role of K in Proposition [6.60] is played by S1). In this particular context, the
identification ([@0) becomes:

S1xr Sz = My x My,  g1.g2— (g1D1, 92D2) .
We also let mg := m} ® m32 be the smooth function on Q; x Qa, where mj is
the function on @; given in (84)). Combining Proposition [6.60] with the results of
sections [6.3] [6.4], and [6.6] we eventually obtain:

THEOREM 6.63. Let (Mj,sj,w;), j = 1,2, be two elementary symplectic sym-

metric spaces and consider an homomorphism p : S1 — D,. Within the notations
given above, we have:

(i) Identifying Hy, @Hy, with L*(Q1 X Q2) and parametrizing an element g €
Sl XR Sz as g = Qszqlb1, q; S Qj, bj S Yj, we have fOT‘ (TS D(Ql X Qg)
Qo (9)e(@1, G2) =
mJ(q; ' q1) m3(gy ' g) BS1 752 (@ "q1b1, @ "gobo) (81 (1175_2(12@2) ,

—q1
where
ES1*S2 (q1b1, g2bs) := E® (q1b1) E% (qoby), Vg; € Q;, Wb €Y,
and ESi, j = 1,2, is the one-point phase attached to each elementary

symplectic symmetric space M; as given in Lemma [6.32]
(ii) Moreover, when Y1 and Yo are Abelian, the map

Qm, : L2(S1 xr S2) = L2 (Hyy © Hos) »

[ f(g) Qmo(g) dSl><R82(g) s

Sl X RSQ
is unitary and S; XRr So equivariant.
(iii) Denoting by om, the adjoint of Qm,, the associated deformed product:

J1%mg f2 1= om, [Qmo (fl) Qmo(f2)] )

takes on D(S1 xr Sq) the expression
/ KSID(RS2 (g g g )fl(g,) f2(g”) dSIMRS2 (g/) dSl X RS2 (g//) )
(S1xrS2)2

where the t/i/zr:a/e points kernel KE%OKRSZ‘ is given, with g = gag1, 9 = ghy}

and g" = g3g7 by
Kr™(9,9'.9") = Kpa (91,91, 97) Kza (92, 92, 95)

with KrSr{O, 7 = 1,2, as given in Proposition [6.55]
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CHAPTER 7

Quantization of Kahlerian Lie groups

The aim of this chapter is two-fold. First, we establish that the symplectic
symmetric space (S,s,wS) associated with an elementary normal j-group S (see
section3.2]) underlies an elementary local and polarized symplectic symmetric space,
in the sense of Definitions [6.19] and Using the whole construction of
chapter [6] we will then be able to construct a B-equivariant quantization map for
any normal j-group B. Second, we will show that the composition law of symbols
associated to this quantization map, coincides exactly with the left-B-equivariant
star-products on B that we have considered in chapter [l

7.1. The transvection quadruple of an elementary normal j-group

We start by describing the non-exact transvection sila (g, o, @) underlying the
symplectic symmetric space structure (S, s,w’) of an elementary normal j-group,
as described in section

The transvection group G of S is the connected and simply connected Lie
group whose Lie algebra g is a one-dimensional split extension of two copies of the
Heisenberg algebra:

(91) g:=ax,(hobh),

where, again, a = RH and the extension homomorphism is given by p = py ©
(—pp) € Der(h @ b), with py defined in ([@H)). The involution o of g is given by

(92) o(aH+ (X®Y)):=(—aH)+ (Y ® X), VaeR, VX,Yeph.
One has the associated (£1)-eigenspaces decomposition:
g=tdp, t:=hy and p:=adbh_,
where for every subspace F' C b, we set
(93) Fy ={X®(*X), XeF}Chap,
and for every element X € h we let Xy := (X @ (+X)) € h @ b. Last, we define
@ € A%g* by
(94) w(H,E_)=2 and w(v_,v")=uw’(v,v), Yu,o' €V,

and by zero everywhere else on g x g. Note that w is €-invariant and its restriction
to p is non-degenerate. This implies that w is a Chevalley two-cocycle (see [1]).
Also, from [H,bh_] = b = ¢, we deduce that [p,p] = ¢ and clearly the action of ¢
on p is faithful. Thus, in terms of Definition [6.4] we have proved the following:

PROPOSITION 7.1. The siLa (g,0,w) defined by @), @2) and @), is a
transvection symplectic triple.
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106 7. QUANTIZATION OF KAHLERIAN LIE GROUPS

Consider now (g,d,06¢) the exact siLa constructed out of the non-exact silLa
(g,0,w) as in Lemma [E11] Recall that g is the one-dimensional central extension
of g with generator Z and table

(X,Y]; = [X, Y], +=(X,Y)Z, VX,Yeg.
The involution & equals id; @ (—idy), where : =t®RZ and { € g is defined by
(&,7) =1 and §|g = 0. Accordingly, we set G = exp{g} and K = exp{t}. We
identify g with G via the global chart:
(95) aH 4+ v1 ® vy +t1EPtoE+LZ — exp{aH} exp{vi Dvo+t1 E® . E+ 47},

where a,t1,t2,¢ € R and v1,v2 € V. The group law of G in these coordinates then
reads:

(a,v1,v9,t1,t2, ) (a’, v}, vh, th, th, 0') = (a +d, e v + ), e vy + v),
e+t + %e‘a/wo(vl, v)), €2ty + th + %ea/wo(vg,vé),
(96) C+ 0+ (72 — Dty + (2 = Dty + %wo(e’“/vl — e vy, v} — vg)) ,
and the inversion map is given by:
(a,v1,v9,t1,t9,0) "1 =
( —a, —e%vy, —e vy, —e2ty, —e 2y, — — (2 — 1)t; — (e72% — 1)t2) )
Moreover the involution ¢ admits the following expression:
g(a, v, va,t1,ta, 0) = (—a,ve,v1,ta,t1,0) .

Under the parametrization of G given above, we consider the following global co-
ordinates system on G/K:

(97) C:'/IE' — R%4+2, (a,vl,vg,tl,tg,f)f( — (a,m — v, t] —ty — %wo(vhvg)) .

From the formula sgk(g'f() = g5(97'¢)K for the symmetry on G/K, we deduce
the following isomorphism of symplectic symmetric spaces:

PROPOSITION 7.2. Under the identifications S ~ R2I+2 ~ G/K associated
with the charts [@8)) and (@T), the symplectic symmetric space G/K' underlying the
exact siLa (§,5,0¢) defined above, is isomorphic to the symplectic symmetric space
(S, s,w") underlying an elementary normal j-group S, as given in section B.11

Next, we need to endow (S, s,w®) with a structure of polarized symplectic sym-
metric space. From Lemma [6.9] it suffices to specify W, a £-invariant Lagrangian
subspace of p. To this aim, we again consider the splitting of the 2d-dimensional
symplectic vector space (V,w®) into a direct sum of two Lagrangian subspaces in
symplectic duality:

V=>rol.
Relatively to this decomposition and within the notation ([@3]), we define:
W=[_oRE_Cg.
Following then Proposition [6.I8] we let

b=toW=toRZOW,
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be the polarization Lie algebra. Accordingly with the terminology introduced in
Definition [6.19] we call (g,5,&,b) the transvection quadruple of the symplectic
symmetric space (S, s, w®).

Regarding the question of existence of G-invariant measures on the homoge-
neous spaces G/K and G/B, we first observe the following fact:

LEMMA 7.3. Let (g = ¢ ® p,o0) be the involutive Lie algebra associated to a
solvable, simply connected, oriented symmetric space M = G/K such that [p,p] = €.
Then both G and K are unimodular Lie groups.

Proor. Under the orientation hypothesis, let v, denote a K-invariant volume
element on p ~ Tk M. Since £ = [p,p] C [g, g], under the solvability assumption,
the Lie algebra ¢ is nilpotent. Therefore for every Z € ¢, one has Tr (adz[¢) = 0 and
there exists an ad-invariant volume element v¢ on €. The volume element v¢ Av, on
g is therefore £-invariant. It is also ady-invariant since, due to the iLa condition, for
every X € p, the element ady is trace-free. The simple-connectedness of M implies
the connectedness of K. The latter is therefore unimodular, as well as G. O

REMARK 7.4. The above lemma implies that G, K and B := exp{b} are all
unimodular (b is nilpotent). In particular, there exist G-invariant measures on the
homogeneous spaces G/K and G/B.

Last, we need to specify the local and elementary structures underlying the
polarized symplectic symmetric space (S, s,w®), as introduced in Definition B.301
and Definition [6.35] respectively. We first note:

LEMMA 7.5. Let
q=a®(F®0) and P:=(120)dR(E®0)+2).

Then q is a Lie subalgebra of g supplementary to b and Q) is an Abelian Lie subal-
gebra of b which is normalized by q. Moreover, the associated semi-direct product
q X Q) is naturally isomorphic to the Lie algebra s and induces the vector space
decomposition § = s @ k.

PrOOF. First observe that for all X € h, one has X @0 =X_+ X, € hdh
and therefore

w(H,E®»0)=w(H,E_+E;)=w(H,E_)=2,
@@ 0,0 ®0) =w(v_ +v4,0. +0)) =w(v_,v]) =’ (v,0), Yo,0 €V.
The fact that q is a Lie subalgebra follows from
[H,"® 0] =[H,I"®0|+w(H,I"®0)Z=a0,
and
F&0,I" &0 ="M (Ee®0+2)=0.
Next, observe that ) is Abelian:
.9 =[120,1003+[[®0,R(E®0)+ 2Z)] =w’(L)((E®0)+2) =0.
To see that q normalizes ), let € [ and ¢ € R. Then one has
(H,x®0+t(E®0+ 2))5
=H,z®0)+w(H,v_)Z+tH E®0) +tw(H,E_)Z
=2®0+2t(Fp0+ 7).
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Similarly, for all y € [*, one has:
Y@ 0,200+ t(EQ0+2))=[y20,220]+u’(y,2)Z =’ (y,2)(E®0+ Z) .
The rest of the statement is immediate. (]

REMARK 7.6. Neither q nor 9 are &-stable. However, since (q) = a® (0@ [*)
and [0 @ [*,9)] = 0, one sees that &(q) normalizes ) as well.

LEMMA 7.7. Equipped with the subgroup Q = exp{q} of G, the symplectic
symmetric space (S, s,w®) is local in the sense of Definition B.30.

PRrROOF. Note first that

b=toWoRZ=h,0_eRE_ORZ=0,0 (o) (RE®RE)®RZ.
Thus, under the parametrization ([@3) of G, we have
(98) B = {(O,n@ml,HGBmg,tl,tQ,é) cmi,mo €L, nelr, t,ta,0 € R} ,
and

Q= {(a,n,0,0,0,0) s nel’,ac R} )

Thus for ¢ = (a,n,0,0,0,0) and b = (0,n' & m},n’ & mh,t,t5,¢') € B, we have
using (96):

g.b= (a,(n+n)dmi,n' &mh,t] + Iu0(n,ml), th, ¢’ + 1 (n,m} —ml)) ,
from which we deduce that the map

QxB—G, (g,b)—qb,

is a global diffeomorphism (i.e. the first condition of Definition 630 is satisfied).
Note that identifying B with b, one has

bo (b)) =20, ,
where we set b =: b; +b,, according to the vector space decomposition b = tD (bNp).
For the second condition, observe that as bNp =1_ G RE_, we get
[a,6Np]=[a,[L]®[a,RE_] =1L ®RE; Chy =£CbH.

To check the last condition, consider ¢ = (a,n,0,0,0,0) € @, with a € R, n € I*.

We then have

(99) 6¢=(—a,0,n,0,0,0) = (—a,—n,0,0,0,0)(0,n,n,0,0,0) = (5¢)% (5¢)7 ,

since (0,n,7n,0,0,0) € I C by C b. Thus, X((&q)B) = 1 since for b = (0,n &

my,n @ ma,ty,ts,£) € B, we have x(g) = e'. ]
Next, we come to the symmetric space structure of the group @Q:

LEMMA 7.8. In the global chart:

(100) q~ad@l* - Q, (a,n)— exp{aH}exp{n®0},
the left invariant symmetric space structure s on QQ described in Lemma reads:
(101) Samy (@’ n') = (2a —a',2cosh(a —a’)n—n') .

Moreover, the symmetric space (Q, s) admits a midpoint map, which in the coordi-
nates above, is given by:

mid((a,n), (ao, no)) = (a—;a07 o —;no sech(“EGO)) .
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PROOF. By definition we have s, ¢ = q&(q’lq’)Q and the formula for the
symmetry follows easily from ([@6) and ([@9). The formula for the midpoint map

comes from a direct computation of the inverse diffeomorphism of the partial map
s7:=1Q 3¢ = s,q€Q)] O

REMARK 7.9. Setting A := exp{a} and N := exp{l* @& 0} we have the global
decomposition Q = AN and for ¢ = an € @, the symmetry at the neutral element
reads s,q = a~'n~!. Also, the global chart

(102) G/B — R (a,ny & my,ng & ma, t1,ts,0)B — (a,n, —ny) |

a,t1,ta,0 € R, ni,ng € I*, my, ma € [, identifies G/B with @ via the coordinate
system (I00).

LEMMA 7.10. The Abelian subgroup Y := exp{Q} of G, endows the local sym-
plectic symmetric space (S, s,wS) with an elementary structure in the sense of Def-
tnation [6.39]

Proor. We already know by Lemma [[.8 that the left invariant symmetric
space (Q,s) admits a midpoint map. We also know by Lemma that Y is
normalized by @ and that S is isomorphic to @ x Y. But we need to know
that Q x Y acts simply transitively on the symmetric space G‘/K’ . For this, let
g=(a,v,0,t,0,t) € Q@ x Y and ¢’ = (a’,v],v},t},t5,0') € G. Then we get

99 =(a+d, e vt vl v, e 2+t + %efa/wo(v, v), 5,
O +e 2t + %wo(efa/v,vll — ),
and thus in the chart @7) of G/K, we get:
99'K v (a+a' e vtv] —vh, e 2t t] —th — L0 (vf, vh) + 10 (€7 v, v —v})) .
This means that under the identification S ~ G / K, Q x Y ~ S acts by left trans-

lations and the second condition of Definition (638 is verified. For the third
condition, note that under the parametrization (@8] of G, we have

Y = {(0,m,0,¢,0,¢) : mel, t €R}.

Take ¢ = (a,n,0,0,0,0) € Q,a e R,ne Fand b=¢¥ = (0,m,0,t,0,t) € Y, m €[,
t € R. A computation then shows that

(&, (Ady—1 — Ad(ﬁeq)_l)y> = 2tsinh 2a + 2 coshaw’(n,m) ,
which entails that
(103) W(a,n) = (2sinh2a,2ncosha) .
The last condition follows from (@4]). O
REMARK 7.11. Parametrizing G as in (@), S ~ G/K as in ([@7) and Q ~ G/B
as in (I02)), we have the following expression for the action of G on S:
(a,v1,v2,t1,t2,0).(a’, 0", 1)
= (a+d, e Vv — eV vy + e 2t — 20ty + ) — %wo(vl,vg)) ,
and on Q:

(a,n1 ®mi,ne & ma,ty,ta,l).(a',n) = (a + a/,efa/nl —e%ny + n') .
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REMARK 7.12. From similar methods than those leading to Lemma B.27] we
deduce that we have:

g < [(a,n) € Q > cosha+ |n|(1+eY)].

From the Remark above and in analogy with Remark[3.36] we define the Fréchet
valued Schwartz space of @), denoted S(Q, ), as the set of smooth functions such
that all left (or right) derivatives decrease faster than any power of 9g. The latter
space is Fréchet for the semi-norms:

2 ()| X £(2)]
{= b

fesS@Q,€)— sup sup j k,neN,
X€eUy(q) €Q | X [k
or even for
(@)™ | X f(z)||.
feSQ, € sup sup{ hd |!(|k H]} : j,k,neN.

XeUy(q) z€Q

7.2. Quantization of elementary normal j-groups

In this section, we specialize the different ingredients of our quantization map
in the case of the elementary symplectic symmetric space (S, s,w®) determined by
an elementary normal j-group. We also (re)introduce a real parameter € in the
definition of the character ([79):

xo(b) = exp{ (¢, log(b))}, beB, OcR,
which is globally defined as B is exponential. By Lemma and Remark [4] the
Haar measure ds on S (respectively dg on Q) is invariant under both s} (respectively
s*) and G. Observe that under the parametrization [@8) of the group B, we have
xo(b) = exp{%¢}. Note that within the chart (I00), any left-invariant Haar measure
dg on @ is a multiple of the Lebesgue measure on q (these facts are transparent in
Equations ({#3), (I0I) and in Remark [.TT]). Also, within the chart ({@8]), any left
invariant Haar measure ds on S is a multiple of the Lebesgue measure on q x 2).
By Remark (iii), the restriction to S = @ x Y of the induced representation
U,, (that we denote by Uy from now on) of G on L?(Q, dg) reads within the charts

(@3) on S and (I00) on Q:

Us(a,v,t)¥(ao, no)

= exp {5 (2700t + w0 (Je7%n — ng, ¢~ *m)) } (ag — a,mg — e~ n) ,
where (a,v,t) € Switha,t eRandv=n@®m e *® =V and (ag,no) € Q with
ag € R and ng € [*.

REMARK 7.13. In accordance with the notations of earlier chapters, from now
on, we make explicit the dependence on the parameter § € R* in all the objects
we are considering. For instance, we now set {2y n, instead 2, for the quantization
map, *¢g,m instead of x, for the associated composition product, Ky, instead of
K, for its three-points kernel, Eg instead of E for the one-point phase etc.

LEMMA 7.14. Within the coordinates (A8) on S and under the decomposition
v=n®d®me L=V, the one-point phase Ey of Lemma [6.32] reads

Eo(a,v,t) = exp{ — Z (tsinh 2a + w’(n, m) cosh®a) } .
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PRrROOF. Recall that from Lemma [6.37, we have:
Eg(q"e¥) = exp {5 [¥(q),9]) } -
Which from (I03) becomes:
Eo(qg 'e¥) = exp {% (t sinh 2a + w®(n, m) cosha) } ,

with ¢ = (a,7,0,0,0,0) € Q,a € R, n € I* and b = e¥ = (0,m,0,t,0,t) € Y, m € [,
t € R. Since ¢! = (—a, —e%n,0,0,0,0), one gets

E¢(gb) = exp { — Z (tsinh2a + w’(n,m)e” cosha) } .

One concludes by observing that the coordinates gb are related to the coordinates
@8) through
(a,v,t) = (a,n,0,0,0,0).(0,m,0,t — 2w’ (n,m),0,t — $°(n,m)) .

From (I0I) and (I03), we observe:
|Jacse (a,n)| = 2%+ cosh |Jacy (a,n)| = 2942 cosh 2a cosh® a ,
so that the element mg given in (84)) reads:
mg(a,n) = 272 cosh'/? 24 cosh?a .
From this, we deduce:

PROPOSITION 7.15. Parametrizing S as in {8]) and Q as in ([I00), we have the
following expression for the action on L*(Q,dq) of the unitary quantizer Qg m, (),
x € S, associated with the polarized symplectic symmetric space underlying an ele-
mentary normal j-group S:

Q.my (@, v, ) (ag, no) = 2971 cosh(2a — 2a0)*/? cosh(a — ag)?

X exp {%(Sinh@a — 2ap)t + w®(cosh(a — ag)n — ng, cosh(a — ao)m))}

X 1/)(2@ — agp,2cosh(a — ag)n — no) .

REMARK 7.16. Observe that ‘Jacée is s -invariant, as it is an even function
of the variable a only. Thus, by Lemma and Remark [6.42] we deduce that
the unitary quantization map {2 m, is also compatible with the natural involutions
of its source and range spaces (the complex conjugation on L2(S,ds) and the ad-
joint on £2(L?(Q,dg)). In particular, it sends real-valued functions to self-adjoint
operators.

Our next result is one of the key steps of this chapter: it renders transparent the
link between chapters d] and Bl and chapters [6] and [7l For this, we need the explicit
expression of the tri-kernel Ky m, of the product (86]) for an elementary normal j-
group S. First, observe that the unique solution of the equation s, 0s,, 05, (q) =q,
q,q0,q1,q2 € Q, as given in Lemma [6.53] reads

q= (ao — a1 + as, cosh(ag — a1)ny — cosh(as — ag)ny + cosh(a; — ag)no) )
From [61[23], we extract
LEMMA 7.17. Within the notations of Proposition [6.55], we have
J = |JaC¢Q’ .
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The_n, Proposition and a straightforward computation gives Ky m, =
Amg e%s with:
Amg (71,22, 23) = mo(a1 — az) mg(az — az) mg(as — ay)
= 23443 ¢osh(2a; — 2a2)"/? cosh(ay — az)? cosh(2ag — 2a3)'/?
x cosh(as — ag)d cosh(2a3 — 2a1)1/2 cosh(ag —a;)?,
and
S(x1, 2, x3) = sinh(2a2 — 2a1)ts + sinh(2a; — 2a3)ts + sinh(2a3 — 2a2)t1
+ cosh(a; — ag) cosh(ay — az) w®(vs, v1)

+ cosh(ay — a3) cosh(as — a1) w®(vi, vo)

)
)
)
+ cosh(az — a1) cosh(a; — az) W’ (va,v3) .
By identification, we thereby obtain:

PRrROPOSITION 7.18. For g1,92,93 € S and 0 € R*, we have

Ko.mo (91,92, 93) = Ko.0(97 '92,91 ' 93) ,

where the three-point kernel on the left hand side of the above equality is given in
Proposition [6.53] and the two-point kernel on the right hand side is given in Theorem
3 for 7 = 0. In particular, the products *g m, and xgo coincide on L*(S,ds).

Before giving the link between the generic kernels Ky, and Ky ., hence a
fortiori between the generic products xg m and %4 -, we will give the relation between
our quantization map and Weyl’s. Denote by Q°, the Weyl quantization map of
S in the Darboux chart [{@8). For a function f on S, QU(f) is an operator on
L*(RI*1) ~ L2(Q,dg) given (up to a normalization constant) by

Q°(f)(ag, no) =
C(6,d) / ¢~ #(2(a0—a)t+w" (no—n,m)) f(ee nEm0 i t) ih(a, n) dadndmdt .
R2d+2

Then, recall that for 7 € © (see Definition IEI) the inverse 7, ! of the map (62)

is continuous on the ‘flat’ Schwartz spac‘ S(S). As the Weyl quantization maps
continuously Schwartz functions to trace- class operators, we deduce that Q0 o Ty, Tl

is well defined and continuous from S(S) to £} (L?(Q,dg)). From this, we get

PROPOSITION 7.19. Let 7 € © (see Definition d2]). Then, as continuous oper-
ators fronl S(S) to the trace ideal £*(L*(Q,dg)), we have

(104) Q° OTQ_J =Qpm, where m(a,n)=my(a,n) exp{r(3sinh2a)} .

PRrROOF. By density, it suffices to show that for f € S(S), the operators Qo m(f)
and Q°(T; (f)) coincide on D(Q). Note then that for f € S(S), we have

T(,_’T( )a,v,t) =
1/
27r/ C‘)Shdi) ef(%smh(%))f(a,sech(%)v,t’) e () geay
Rr2 cosh (

)

1By this we mean the ordinary Schwartz space in the global chart ([@8]).
20bserve that SSean(S) C S(S).

&% Q;
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Hence, for ¢ € D(Q), we get
Q°(T, 1 (f)) ¥ (ao, no) =
1/2 (6¢ /8 . 2 (08N,
Cy (d) / cosh - (92 ) ET(% sinh (é)) 67%(2(a07a)t+w0(n07n,m)) ez&tfig sinh (75)15
R2d+4 cosh (TE)

% f(a+2ao 7 sech(i—g) (n+mng)/2, sech(%&)m7 t’) YP(a,n)dédt dadndmdt .
Performing the change of variable a — 2a — ag, n — 2cosh(%)n — ng and m —
g g 05 ( 1 0

cosh(%)m, we get
QU(T, 1 ()¢ (ao, no) =
2 43 e 2 (W]
Cg(d)/ COSh1/2 (975) COShd (05) eT(O slnh( 5 )) f(a,n,m,t’) ezft—ze bmh( 5 )t
R2d+4

4
% e—% (2(ao—a)t+w0 (no—cosh (%)mcosh (%)m)) w(2a —ag,?2 COSh(i—g)TL _ nO)
x d¢ dt’ dadn dm dt .

Integrating out the t-variable yields a factor & (5 — %(ao — a)) and thus we get
QT ()¢ (ag, no) =
1/2 d T(gsinh (2(a—a ))) ’
Cs(d) cosh™/“2(a — ap) cosh®(a — ag) e"\0 ©)) fla,m,m,t")
R2d+2
> 6% ( sinh (2(a—a0))t/+w0 ( cosh(a—ao)n—no,cosh(a—a(,)m))

x 9 (2a — ag, 2 cosh(a — ag)n — ng) dadndmdt’ ,
which by Proposition coincides with Qg m (). a

From the above result and the defining relation (G3)) for the product x¢ . for a
generic element 7 € @, we then deduce:

PROPOSITION 7.20. To every T € ©, associate a right-N-im}arianE function
m on Q as in (I04)). Then, the three point kernel Ko of the product g m defined
in Proposition (ii), is related to the two-point kernel Ky, given in Theorem
4.0l via:
Kom(91.92.93) = Ko.-(97 "92,91 '92), Vg1,92.93 €S.
In particular, the product xg m is well defined on B(S) and coincide with xg ;.

REMARK 7.21. From now on, to indicate that a right-N-invariant borelian
function m on @ is associated to an element 7 € @, as in ([I04), we just write
m € O(S).

REMARK 7.22. Observe that, considering the ‘medial triangle’ three-point func-

2i
tion ®g given in Proposition B14] (ii), and writing Ko m = Am e’ forma right-
N-invariant function on @, we have:

mg(az — as)

Am(z1,22,23) = m(a; — az) m(az — ay)

ﬁ(ag —CL3)
1/2 M my m
= |Jacq>s_1(x1,:c2,x3)| Eo(al —ag) E(ag —as) Eo(ag —ap) .

3See Remark [Z9] for the definition of the abelian subgroup N.
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The expression above for the amplitude (in the case where m is right- N-invariant),
could also be derived from the explicit expression for the Berezin transform (see
Definition [6:46). Indeed, in the present situation, its distributional kernel in coor-
dinates (48)), reads:

Bgmlx1, z2]
= (5(&1 — ag) (5(’/7,1 — ng)é(ml — mz)/R

By standard Fourier-analysis arguments, we deduce:
m|?

(3 arcsinh($ao)) eTaolti=t2) qq

m|?
m? ‘?

BG,m = p)
mgo

(3 arcsinh(39;)) .

Finally, let us discuss the question of the involution for the generic product
*p.m. Since in general, the formal adjoint of Qg m(x) on L?(Q,dg) is Qg s+m(),
we deduce

Ji*om f2 = fo *9,sxm fi.

Hence, we obtain that the natural involution for the product xg m is
m . _

(3 arcsinh($8;)) f .

pp—
srm

(105) *gm : [

REMARK 7.23. From Theorem and the previous expression for the involu-
tion, we observe that the element my defined in (84)) is uniquely determined by the
requirement that the associated quantization map is both unitary and involution
preserving.

7.3. Quantization of normal j-groups

Consider now a normal j-group B = (Sy Xgny-1...) Xr1 S; with associated
extension morphisms

(106) R’ € Hom((Sny % ...) X Sj11,Sp(V},w))), j=1,...,N—1,

as in ([AT). We wish to apply Proposition [6.62] to this situation. For this, recall that
for S an elementary normal j-group viewed as an elementary symplectic symmetric
space, © denotes the Lie algebra of W-preserving symplectic endomorphisms of p
where the Lagrangian subspace W has been chosen to be [ @ RE_ ~ [ @ RE.

PROPOSITION 7.24. Denote by ®g the stabilizer Lie subalgebra in sp(V,w®) of
the Lagrangian subspace .
(i) Let Sym(l) be the space of endomorphisms of | that are symmetric with
respect to a given Fuclidean scalar product on I. Let also
7 :End(l) x Sym(l) = Sym(l), (7,S)+— ToS+SoT".
Then, endowing Sym(l) with the structure of an Abelian Lie algebra, one
has the isomorphism:
Do ~ End([) x,, Sym() .

(ii) The Lie algebra Dg contains an Iwasawa component of sp(V,w?).
(iii) Letting D¢ trivially act on the central element E of b induces an isomor-
phism:
D~ @0 X f) .
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PRroOOF. Item (i) is immediate from an investigation at the matrix form level.

Ttem (iii) follows from the fact that the derivation algebra of the non-exact
polarized transvection symplectic triple (g, o, w) underlying an elementary normal
j-group S admits the symplectic Lie algebra sp(V,w?) as Levi-factor [3].

Item (ii) follows from a dimensional argument combined with Borel’s conju-
gacy Theorem of maximal solvable subgroups in complex simple Lie groups. In-
deed, on the first hand, the dimension of the Iwasawa factor of sp(V,w") equals
dim sp(V,w°) — dimu(d) that is 2d + 2220 @2 = d(d + 1) with 2d ;== dim V =
2dim[. On the other hand, the dimension of the Borel factor in End(l) equals
d+ d(d Y which equals dim Sym([). Hence ®( contains a maximal solvable Lie

subalgebra of dimension 2(d + d(d— 1)) d(d+1). Borel’s Theorem then yields the
assertion since sp(V,w?) is totally split. O

From [3], we observe that the full polarization quadruple of S underlies the Lie
group L = Sp(V,w) x G. Hence:

COROLLARY 7.25. Let S be an elementary normal j-group viewed as an ele-
mentary symplectic symmetric space (see Definition [638]) and let (L,o1,&,B) be
the associated full polarization quadruple (see Definition [619]). Then we have the
global decomposition L. = QB and moreover A]L|B = Ag.

We can now prove the conditions needed to apply Proposition [6.62]

PROPOSITION 7.26. Let B = (Sy Xgn-1...) XRrt S1 be a normal j-group, to
which one associates the full polarization quadruples (Lj,o1,,&;,B;), j=1,..., N,
of the S;’s. Then, there exists an homomorphism p; : S; — ]~3j,1 such that its
image p;(S;) normalizes S;j_1 in L;j_1 and such that the extension homomorphism
R; constructed in ), coincides with R7 € Hom(S;, Aut(S;_1)) in (I0G).

PRrROOF. Firstly, by Pyatetskii-Shapiro’s theory [22], one knows that the ac-
tion of S; on S;_; factors through a solvable subgroup of Sp(V;_1,w?_;). Setting

(AN);_1 the Iwasawa factor of Sp(V;_1, ?_1), we thus get an homomorphlsm.
pj:S; = (AN)j1 .

But Proposition [[.24] (ii) asserts that (AN),_; is a subgroup of exp{®q ;_1}, where
Dg,j—1 is the stabilizer Lie subalgebra in sp(V;_1,w 0 1) of the Lagrangian subspace
[;_1. Combining this with the isomorphism of Propositionm (iii), yields another
homomorphism:
ﬁj : (AN)j_l — Dj_l C Dj_l .

Hence p; := p; o p; is the desired homomorphism. Now, observe that by [3], Propo-
sition 2.2 item (1)], the group S;_; viewed as a subgroup of L;_q, is normalized
by Sp(Vj-1,w;_;) for the action given in Proposition B.9 (iv) and that this ac-
tion is prec1sely the one associated with the extension homomorphism R in the
decomposition (I06). Thus, all that remains to do is to prove that the exten-
sion homomorphisms R7 and R; coincide. Here, R;(g) := C,, () € Aut(S;_1),
g € Sj, is the extension homomorphism constructed in (88). But that R/ = R;
follows from a very general fact about homogeneous spaces. Namely, observe that
if M = G/K, then action of the isotropy K x M — M, (k,gK) — kgK, lifts to
G as the restriction to K of the conjugacy action K x G — G, (k,g) — kgk™!
(indeed: kgK = kgk~'K). O
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From this, we deduce that Proposition [6.62] and Theorem [6.63] are valid in the
case of a normal j-group. Moreover, we also deduce that the associated product
*g.m coincides with xg 7 of Proposition [L.7

PROPOSITION 7.27. Let B be a normal j-group. To every 7 € ®F , we associate
a function m on Qn X ... Q1 bym=my ® --- @ my where m; is related to 7; as
in (I04). Then, the three-point kernel Ko m of the product xg m defined in Theorem
(iii), is related with the two-point kernel Ky . given in Proposition E7 (66)
via:

Kom(91,92,93) = Ko.7(91 '92,91 '92), V91,092,935 €B .
In particular, the product xg m is well defined on B(B) and coincide with *g 7.

REMARK 7.28. To indicate that a functionm =mpy ®---®mj; on Qn X ...Q
is related to elements 7; € © as in ([I04)), we just write m € ©(B).

We also quote the following extension of Proposition [.10

PROPOSITION 7.29. Let B be a normal j-group. For any m € ©(B), the quan-
tization map Qg m is a continuous operator from S(B) := S(Sy) ® --- @ S(S1) to
ct (L2(QN7dQN) X ® L2(Q17dQ1))'

Our last result concerns the representation homomorphism (89).

LEMMA 7.30. Let B =B’ xgr S1, S1 = Q1 X Y. Then, the restriction of the
homomorphism R : B — U(L*(Q1)) (see [89)) underlying the one p =: B’ — Dy
of Proposition [[.20), defines a tempered action (see Definition 511) of B’ on S(Q1).

PROOF. Parametrizing S; ~ s; = {(a,n,m,t)}, @1 ~ ¢1 = {(a,n)} as usual,
the matrix of the Pyatetskii-Shapiro extension homomorphism R, is expressed
under the form

0 0 0 0
w0 R 0 0
7= |0 Ro(g) Ri(eHD) 0]

0 0 0 0

where (by Borel’s conjugacy theorem) the element Ry (¢') is (conjugated to) an
upper triangular matrix form in End(*). The determinant of this element then
consists (as a small induction argument shows) in a product of powers of the mod-
ular functions of the elementary factors of Ss,...,Sy of B’:

det(R) = IS, A¢7

One deduces from a careful examination of the construction of p in Proposition
[[26] that R is explicitly given by:

R(g)¢(a,n) = det(R+(9") " 2p(a, Ry (') 'n) .

Temperedeness results in a direct computation using that the semi-norms of S(Q1)
are given by (see the discussion right after Remark [T.12)):

DQl(ﬂﬂ)"PN(f(xﬂj}
| X% 7

lfllkn:= sup sup {
XeUy(q1) z€Qn
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that left invariant vector fields associated with H the generator of a and {f; }?:1
be a basis of [*, read in the coordinates (I00):

d
H=0,-Y n0n,, fi=0n, j=1,..,d,
j=1

together with the behavior of the modular weight d¢g, given in Remark [[12). O
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CHAPTER 8

Deformation of C*-algebras

Throughout this chapter, we consider a C*-algebra A, endowed with an iso-
metric and strongly continuous action « of a normal j-group B. In chapter Bl we
have seen how to deform the Fréchet algebra A, consisting of smooth vectors for
the action a. Our goal here is to construct a C*-norm on (A*,%§ ), in order to
get, after completion, a deformation theory at the C*-level. We stress that from
now on, the isometricity assumption of the action is fundamental. The way we will
define this C*-norm is based on the pseudo-differential calculus introduced in the
previous two chapters.

The basic ideas of the construction can be summarized as follow. Consider H,
a separable Hilbert space carrying a faithful representation of A. We will thereof
identify A with its image in B(#). Let SSeun (B, A) be the A-valued one-point
Schwartz space associated to the tempered pair (B x B, SE ) as given in Defini-

tion 240l Since this space is a subset of the flat A-valued Schwartz space of B,
Proposition [.229] shows that for every m € ©(B), the map

(107) f € 85 (B, A) s OF (/) = / 08 (2) ® f(z) ds(z) |

is well defined and takes values] in K(Hy)®A, where H, := L*(Q1)®---QL*(Qn).
Then, the main step is to extend the map (I07), from SScan (B, A) to B(B, A). As
for a € A, the A-valued function a(a) := [g € B — a4(a) € A] belongs to B(B, A),
we will define a new norm on A* by setting

lallo.m = [[26m(a(a)

where the norm on the right hand side above, denotes the C*-norm of B(’HX ® H)
This will eventually be achieved by proving a non-Abelian C*-valued version of the
Calderon-Vaillancourt Theorem in the context of the present pseudo-differential cal-
culus. This theorem will be proved using wavelet analysis and oscillatory integrals
methods.

)

8.1. Wavelet analysis
Let B be a normal j-group, with Pyatetskii-Shapiro decomposition
B=(Syx...)xS;,

where the S;’s, j = 1,..., N, are elementary normal j-groups. Recall that our
choice of parametrization is:

Sy x---xS; =B, (N, - sg1) = g1 gN -

LGiven a Hilbert space H, C(H) denotes the C*-algebra of compact operators.

119
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REMARK 8.1. Observe that the extension homomorphism at each step, R/,
being valued in Sp(Vj7w§J), it preserves any left invariant Haar measure dg; on S;:

(108) (R,)*ds; =ds;, Vg’ €(Snyx...)xS;_1.

This implies that the product of left invariant Haar measures ds, ®- - - ®ds,, defines
a left invariant Haar measure on B under both parametrizations ¢ = ¢g1...gyN or

g=gn...g1 of g €B.

The aim of this section is to construct a weak resolution of the identity on the
tensor product Hilbert space L*(Qn) ® -+ ® L*(Q1) := H, from a suitable family
of coherent states for B, that we now introduce.

DEFINITION 8.2. Let B be a normal j-group. Given a mother wavelet n €
D(QnN X -+ X Q1), let {nz}zep be the family of coherent states defined by

N = Up(x)y, z€B,

where Uy is the unitary representation of B on #,, constructed in Lemma [6.59] for
the morphism underlying Proposition [{.20]

Observe that in the elementary case, we have:

(109) ne(q0) = (g 'qob) n(q 'q0), ==qb€eS, qeQ,
where the phase EY is defined by
(110) Ej(z) == x0(Cy-1(b)), z=gb€ES.

In the generic case, setting B = B’ xg S; with B’ a normal j-group and S; an
elementary normal j-group, for n = 7' @0, n’ € D(Qn x --+ x Q2), n* € D(Q1)
and parametrizing g € B as g = ¢'.g1, ¢ € B’, g1 € S1, we have (see Lemma [6.59):

(111) Mg = 1y @ R(g" )11y,

where R : B’ — U(L?(Q,)) is the homomorphism underlying (8d). Parametrizing
nowgeBasg=g1.9, ¢ €B, g1 €Sy, we find

(112) ng =1y @ (R(g)n")

PROPOSITION 8.3. Let B be a normal j-group, £ a complex Fréchet space and
N E€DQnN X -+ X Q1). Then, the map

].‘71: LOO(QN X oeee XQl,g) —)LOO(B,g),

g1’

frofreBo Flan o2 00) Mol a1 (ax) oy (a1) € €]
Q1 X XQnN

restricts as a continuous map F" : S(Qn X --- X Q1,E) — SSan (B, E).

PrOOF. Assume first that B = S is an elementary normal j-group. We denote
by EY the element of C*°(S) given in ([I0), so that with z =q¢b €S, g€ Q, b€E Y,
we have for every f € S(Q,€):

(F1)) = | e ahnta w)idola) = [ flaaBhab)mia) dolan)
Decomposing as usual q = a & n, we let H be the generator of a and {f; }?:1 be a

basis of n. Then, from the expressions given in (B2]), we see that the associated left
invariant vector fields read in the coordinates (I00):
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d
H=0,-Y njOn,, fi=0n, j=1,....d.

Moreover, in the chart @8] of S, with = (a,n & m,t), the function Ej takes the
following form:

Ej(z) = exp {5 (e >t — e “w’(n,m))} .
Hence, defining

d
iHE§ = aEj and —> fiEj=

a simple computation gives
a(z) = (et —e WO (n,m)),  Blz) =072 *|m|?,

where |m|? = Z?:l w9 (f;,m)?. Moreover, it is easy to see that both a and
are eigenvectors of H with eigenvalue —2 and that f; 8 = 0. Hence setting P =
1- Z?Zl fj2, we get by integration by parts on the gg-variable and with k, k' € N
arbitrary:

(F7f) (=) =

. PE [f(ag0) 1(q0)]
EY(qob)(1 — H2F a0 d
/@ oA o) | ot + a0t (L Btaon)” ] 2™
where
2k"—1
Z Kar (Fec).
r=1
This easily entails that
1 _ H2k Pk j
T L Saw)ntao)ls g

1 + a(qob) Qk') (1 + B(qob))lC

By left invariance of H and P, we get up to a redefinition of f € S(Q,€) and of
n€DQ):

A / I1.f(g90)l; [m(q0)|
I(F @1 < O [ e e ]

Now, given any tempered weight u on S, one therefore has
[ 1@ @ds(a) <

Clk, K / 1) [1f (ag0) 15 In(g0)]
Q2xY (1 +a(q0b)2k’)(1 +ﬂ(q0b))k

7 do(9o) -

dq(g0)dq(q) dy(b) -

Observing that for every X € U(q), the element )A(:q [gb — EY(gb)] only depends
on the variable C,-1(b) =: expAd,-1y, where b = e¥ € Y, changing the variable
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following by :=: exp(yo) := qu—l(b) (yo € 9) yields

/ 1(gb) |1f (aq0) 115 In(qo)|

Q2xv (1+ a(qob)z’f’) (1 + B(qob))k

/ 11(gg0bogy ) |det Adg, || 1|/ (g90)l; [7(q0)]
Q2xY (1 + a(bo)?*) (1 + B(bo))"*

Writing yo = (mo,tp) € [ x R as before, we observe that a(by) = (bo) =
0=2|mo|? and dy(bo) = dyo. Therefore this last integral exists as soon as k: and &’
are large enough in front of the polynomial growth of . Since for every Y € U(s),
one has Y, [x — n,] = (dUp(Y')n),, the left-invariant derivatives of F"f follow the
exact same treatment.

Passing to non-elementary case, we first observe that by Lemmal[Z.30, the restricted
action R of the tempered Lie group B’ on S(Q1) is tempered in the sense of Defini-
tion 5]l Therefore, in the above discussion, replacing n by R(g')n yields constants
C(k, k') that now depend polynomially on the tempered weights {,qu e C>™(B)}
associated to the tempered action R (within the notations of Definition [B.T).
Now, within the conventions of (III]) and considering f := f' ® f1 € S(Qn X ... X
Q2,)®8(Q1) and n:= 1’ @1n' € D(QN X ... X Q2)®D(Q1), one has:

(F11) (1) = (F" £)(g) (FROT 1) (1) -

Let dR the infinitesimal form of R, that is for n' € D(Q;), it is defined by
dR(X)n' == &|,_oR(e!X)n' for X € b’ and extended as an algebra morphism
to U(b’). Note that for any X € U(b’) and ¢’ € B’, we have

dq(g0)dq(q) dy(b) =

do(90)de(q) do(bo) -

Xy R(g )" = R(g") (dR(X)n").

Now, for every tempered weight 1 = ¢/ ®@pu; on B and X = X' ® X; € U(b) (obvious
notations), denoting

7' = dR(X(p))n" € D(Qn X -+ X Q2) ,

we then have

(113) / (@) | X (F1 1) (9)],ds(9)

B

<3 / ) [ o) I, 7 F00) X, oy (PR a0 s

=30 [ W@, (@ [ o) K (FROT f(g0)dgr

(X7

From what we have proven in the elementary case and by induction hypothesis on
N, the map

_— =1
B — R4, g/ '—)/S ,ul(gl)’Xlgl (]_-R(g i )fl(gl))’dgl >

is temperate. Hence, the integral (I13) exists. We conclude by nuclearity of the
Schwartz spaces S(Qn X + -+ X Q1,E). O
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We then deduce the following consequence:

COROLLARY 8.4. Let B be a normal j-group and n € D(Qn X -+ X Q1). Then,
the maps [B > x +— (n,n)] and [B > x — (n,1,-1)] belong to L*(B).
PROOF. This follows from Proposition B3 with € = C since (n,7,) = F"(n) ()

and (1, 1y-1) = (0, Nx)- O

The next result is probably well knownf but since we are unable to locate it in
the literature and since we use it several times, we deliver a proof.

LEMMA 8.5. Let (X, ) be a o-finite measure space and H a separable Hilbert
space. Consider an element

KeL®(X xX,n®uwBH)),
such that

2. 2.
o s [ Gy diet) < o0 o sup [ Gl i) < o0

Then, the associated kernel operator is bounded on L*(X,u;H) ~ L*(X,u) ® H
with operator norm not exceeding c1 Ca.

PRrOOF. Let Tk be the operator associated with the kernel K. For vectors
O,V e LA(X, u; H)NLY(X, pu; H), we have ‘(@,TK\IIH < o0o. Moreover, the Cauchy-
Schwarz inequality gives

(@1 = | [ (@), K (w9) )y, dnls) )|
< [ 10 1K) s 196 e () )
< ([ 19 I ) lso dut) due))

1/2
([ 1 wlon 190 i) du(o)
XxX
<crea 192 (x ) 1Lz (x ) 5
and the claim follows immediately. ([l

We are now able to prove that the family of coherent states {n;}.cp provides
a weak resolution of the identity.

PROPOSITION 8.6. Let B be a normal j-group, H a separable Hilbert space and
ne€DQn x---xQ1)\{0}. Then, for all &,V € H, @ H the following relation
holds:

(119 (@B = 07 [ (e B e, )y o).

where (ng, ¥)4, is the vector in H is defined by:
(@, (10, O)rt )y = (Mo @0, W)y, ny Vo EH,

and '
C*(n) := 2m0) "™ B2 AG ko ll3
where Agyx..x@, = Aqy ® - ® Agq,, with Aq, the modular function of Q;.

21t can be viewed as a Banach space valued version of Schur’s test Lemma.
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PrOOF. We first demonstrate that for & € H, ® M, the map [z € B —
(1o, ®)3, € H] belongs to L*(B,H). To see this, let {B;};en be an increasing
sequence of relatively compact subsets of B, which converges to B. For each j € N,
we define the operator

T (B0 2 0 H, F o [ 009 F@)dala).
Clearly, each T j" is bounded:
177 Pl o < / 2 . | () 3¢ s ()

< Il meas(®5)2( [ |F@)IBas(e) "

= |03, meas(B;) 2| F|| n2(5,3) -

To see that the family {T;7 }jen is in fact uniformly bounded, note that the adjoint
of T} reads:

T" :Hy@H — L*Bj,H), @ [z€B;— (n., Py, €H].

Hence for F' € L?(B;, H) we get

T F@) = [ (o) ) )

J

that is |T}'|* = S7 ® Idy, where S] € B(L?*(B;)) is a kernel operator with kernel
KJ(x,y) = (12, ny). Applying Lemma[83] a simple change of variable gives ||S7[| <
[z — (n,mz)]|l1 := C which is finite by Lemma [B4] and of course, is uniform in
7 € N. Finally, since

/B s @20, 13, ds () = 77" @125, 30y < CIIOIZ, on -
g
taking the limit j — oo gives

/}B e @20, 12, ds () < C1D)2,_ g0

as needed. The rest of the proof is computational. Assume first that B = S is
elementary. In this case, for ®, ¥ € H, ® H and n € D(Q), we have in chart (E8)

and from ([I09):
/S<<7796a \I]>'HX7 <77m7 (I)>HX>H dg(l’) =
/ (¥(aog, no), ®(a1,n1))x 77(610 —a,ng — ea_aon) ﬁ(al —a,ny — e“_‘“n)
R4d+4

X exp {% ((e2%0 — e 2%1)e®* (¢t + w(n,m)) — e"w®(nge™ " — nie™ ™, m))}

x dadndmdtdagdng da; dn; .
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Integrating out the t-variable yields a factor 2mfl e=2412%§(ay — a1), the former
expression then becomes

2l (¥ (ag,mo), ®(ag,no))n n(ao —a,ng — ea_aon) ﬁ(ao —a,n, — ea_a‘)n)
R4d+2

X e~ 2aF2a0 oxp { — z(ea_a‘)wo(no - nq, m)) } da dn dm dag dngdn; .

0

Integrating the m-variables, yields a factor (276)%e~%+4%05(ny —ny) and we get,
up to a constant:

/2d 2(\Il(a0, ng), ®(ag, n1))n 77(@0 —a,ng — ea_aon) ﬁ(ao —a,ng — e“_aon)
R2d+

x e~ (@+2)(@=a0) 44 dp dag dng ,
which after an affine change of variable and restoring the constants, gives

2m0) W, B) gy an / In(a,n)|? e dadn,
Rd+1

which is all we needed since Ag(a,n) = eld+a,
The case of a generic normal j-group B is treated with the same argument lines as in
Proposition B3 set B’ xSy, with S; elementary normal and assume that the relation

([II2) holds for B’. With the notations of (ITIl), we ha\/fe for all p = ¢’ ® Pl =
Y’ @' € H, and omitting the constant CB(n)~1 = C® (n/)~1C% (n')~1):

[ o) o)da(o)

= /IMS (' o) (0" R(g g, ) (R g, s ") (s 0 ) (9) ds, (91)

=/ <w’7n;/>(/ <R(9'_1)s01,n§1><n§17R(g’_l)¢1>dsl(91))<n’g/,w’>dw(9’)
B’ S1

= [ ) Rl e RO ) )

= <9017¢1>/B§90/777/g'><77;/71//>dg/ = (" "), ¥ = (p,9).

O

REMARK 8.7. In the following, we will absorb the constant C(1)*/? of Propo-
sition in a redefinition of the mother wavelet n € D(Qn X -+ X Q1).

REMARK 8.8. Other types of weak resolution of the identity can be constructed
in this setting. For instance, setting 7, := Q]?;O (x)n, where 7 is arbitrary in #H,, we
have from the unitarity of the quantization map Q]f;oz

W, 8) = ]| / (8,70 (s &) da(ar)

for all ¢, € H,. Similarly, let W  be the Wigner function on B, associated to a
pair of wavelets 7, n,:

W;Lj,y(z) ‘= Om, [|77m><77y|](z) = <77y|Qmo )Me), z,9,2€B.
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Then, these Wigner functions may be used to construct a weak resolution of the
identity on L?(B): For all fi, fo € L?(B), we have

(f1, f2) = H??II“‘/B (f, Wil,) (Wi, f2) ds(x) di(y) -

PROPOSITION 8.9. Let B be a normal j-group, H be a separable Hilbert space and
A be a densely defined operator on H, ®@ H, whose domain contains the (algebraic)
tensor product D(Qn X -+ X Q1) @ H. For x,y € B and n € D(Qn X -+ X Q1)
define the element (1., Any)#, of B(H) by means of the quadratic form

HXH%C) (¢a¢)'_><77m®¢7147]y®¢>7{x®%
Assuming further that

sup [ 0ne,An o, Lo do(w) <00, sup [ e, Angre o do(o) < o0

then A extends to a bounded operator on H, @ H.
PROOF. Since 7, is smooth and compactly supported, our assumption about

the domain of A ensures that (1., An,)s, is well defined as an element of B(H).

Thus, Lemma applied to (X,pu) = (B,dg), yields that the operator A on
L?(B,H) given by

AF(r) = / (s Ay, F(y) dpa(y) |

and is bounded, with

_ 1/2
4] < (sp / e Ame, s ()

1/2
(su0 [ 0 Am ol o) < o0
z€B

For ® € H, ® H define the H-valued function on B: @ := [z € B+ (1, D)y, €
‘H]. By Proposition we know that @ belongs to L?(B,H) with 1Plln, on =
||<i>||L2([B’H). Take now &,V € dom A. In this case, we can use twice the resolution
of the identity to get

@AW= [ (0@, G A, (s B, )y, o) ()
X
= (D, A) 12 3¢) -
Therefore, we conclude that
(@, ATy o | = [(D, AT) 125 30)|
< [1®llz2 @0 [Yliz2 @20 1Al = 193, en Wl on Al < oo,
and the result follows immediately. O
8.2. A tempered pair from the one-point phase

Let S be an elementary normal j-group. Consider the one-point phase Eg,
defined in (B3], and given by

(115) Ey(gb) = Xo (Cq(b~15b)) = a5 |
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Recall that from Lemma [[.T4] we have in the coordinates &) and up to a global
constant factor:

S(a,n @ m,t) = tsinh2a + w®(n,m) cosh®a .

The aim of this section it to prove that the pair (S, S), is tempered, admissible
and tame. For this, we consider the following decomposition of the Lie algebra s
(i.e. the one we used in Equation (B4])):

3
s=@Vi where V, :=a, Vi:=I0", Vp:=[ and V3:=RE.
k=0

As usual, we us fix {f;}9_;, a basis of [* to which we associate {e;}4_, the
symplectic-dual basis of [, defined by w°(fi,e;) = d; ;. Associated to the decompo-
sitionv=n®m e *®[ =V, we get coordinates

n; ::wo(n,ej), m; ::wo(fj,m), j=1,...,d.

From the expressions (B2]) of the left invariant vector fields of S, in the chart (),
we get the following coordinates system on S:

(116) 2o :=HS =22 — (1 + e 2)w’(n,m), o = f] S=(1+e)m;,
(117) ) =S =(1+en;, x3:= ES =sinh2a .
We then deduce:

LEMMA 8.10. The pair (S, S) is tempered in the sense of Definition 222l More-
over, the Jacobian of the map

p:S—=s, g [s—>R, Xes— (XS)(9)],

is proportional to m% x Ag 1/(d+1),

The following Lemma is actually all that we need to prove admissibility (in the
sense of Definition 2:24)) of the tempered pair (S, S):

LEMMA 8.11. For every k € {0,1,2,3}, there exists a tempered function my, > 0
with 0,,my, = 0 for every j < k and such that for every X € UV R)), there exists
Cx > 0 with

| X 24 < Cx my, (1 + |a]) -
PROOF. From the computations, for k € N* and 7,5 =1,...,d:
H* 2y = (—1)F (2% ttem20¢ — 2K (1 4 2Fe 20 (n, m)) |
H*2) = (~1)*(1 + 3% 29)m;, fia) =0,
Hkac2 = ((—1) +€e*)n;, flxz (14¢€2)6/, &al=0,

. h2 k - N -
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and elementary estimates, we obtain:
| Xo| < CR(1+ [wo) (1 + [21] [22]), VX € U(Vh)
[Xaf] < Cx(1+2])), vX eu(v),
[Xaj| < CR(L+ )1+ Jzal), VX €U(V®),
| Xs3| < C%(1+ |as]), VX € U(s),

and the claim follows with mg(z) = (1 + |z1| |22|), myi(z) = 1, ma(z) = (1 + |z3]),
ms(x) = 1. O

Repeating the arguments of the proof of Proposition .26, we deduce admissi-
bility for the tempered pair (S, S).

LEMMA 8.12. Define

d
Xo=1-H?cUVy), Xi:=1-Y_ fleu(),
j=1
d
XQ;:1_Ze§eu(v2), X3:=1-FE*>cU(Vs).
j=1

Then the corresponding multipliers ay, = E~! X, E satisfy conditions (i) and (ii)
of Definition 2241, with pr, = 2 and the uy’s are given by the my’s of Lemma BI1l

Lastly, we observe that tameness (see Definition 2:34]) follows from Lemma B.27]
and arguments very similar to those of Corollary B.28 We then summarize all this
by stating the main result of this section:

THEOREM 8.13. Let S be an elementary normal j-group and let S € C*°(S) be
as given in [[I3). Then the pair (S,S) is tempered, admissible and tame.

REMARK 8.14. For B a generic normal j-group B, we could also define a one-
point tempered pair, by setting

N
(118) Ej :=exp{%S8°}:B-U1), SP:BoR, go ) S%(g),
j=1

where S% is the one-point phase (II5) of each elementary factor of B in the
parametrization ¢ = g1 ...gy € B, relative to a Pyatetskii-Shapiro decomposi-
tion. Then temperedness and admissibility will follow from arguments very similar
than those of Theorem

REMARK 8.15. The one-point Schwartz space S (S) associated with the two-
point pair (S X S, Scan) as given in Definition 248 coincides with the one-point
Schwartz space SS(S) associated with the one-point par (S, S).

8.3. Extension of the oscillatory integral

Associated to a tempered, admissible and tame pair (G, S), we have constructed
in section a continuous linear map for any Fréchet space £ and any element
m € B*(G) (with p a tempered weight on G):

e~

/Em:Bﬁ(G,é’)—>€,
G
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which extends the ordinary integral on D(G, ) and that we called the oscillatory
integral.

The aim of the present section is to explain how for the tempered pair (S, S) of
Theorem [BI3] one can enlarge the domain of definition of the oscillatory integral.
For this let £ be a Fréchet space, pp = {p;}jen a family of tempered weights on S
and v be a fixed tempered and Y-right-invariant Welghtﬁ on S. Let us then consider
the following subspace of C*°(S, £):

BEY(S,E) = {F €C®(S,8) : V(j,X,Y) e NxU(q) xU®),3IC :
IX Y F(ab)l; < Cv(@) ™) pii(qb)} -

This space may be understood as a variant of the symbol space BE(S, E), where
a specific dependence of the family of weights p in the degree of the derivative is
allowed. We endow the latter space with the following set of semi-norms:

IXY F(gb)];
(119) W Flj k1 koo = SUD sup  sup { }
PR XU (1) Vet () abes 1 (ab) V()R [ Xk, Y]k,
where j, ki1,ko € N, and Uy oy Un(a), Upen Un () are the filtrations of U(q) and
U(9) associated to the choice of PBW basis as explained in ({l). As expected, the
space BEY (S, E) is Fréchet for the topology induced by the semi-norms (I19) and
most the properties of Lemma remain true.

LEMMA 8.16. Let (S,E) be as above, let p, p and ji be three families of weights
on 'S and let v, A\ and U be three right-Y-invariant weights on S.
(i) The space BEY (S, E) is Fréchet.
(ii) The bilinear map:
BEY(S) x BEA(S,E) = BLLYA(S,E),  (u,F) — [g €S u(g) F(g) € €],
18 coOntInuUous.
(iii) If there exists C' > 0 such that p < Cfi and v < CD, then B2V (S, &) C
BEP (S, E) continuously.
(iv) Assume that pp < p and v < ©. Then, the closure of D(S,E) in BEY(S, €)
contains BEV(S,E). In particular, D(S,E) is a dense subset of BEY (S, E)
for the induced topology of BLY (S, E).

PRrROOF. The first assertion follows from the fact that a countable projec-
tive limit of Fréchet spaces is Fréchet and that BEY(S,£) can be realized as the
countable pI‘OJGCthG limit of the family of Banach spaces underlying the norms

0 le o 212_0 [[-[4,21,1,s,- The proof of all the other statements are identical
to thelr counter-parts in Lemma O

We are now able to prove our extension result for the oscillatory integral asso-
ciated to the admissible, tempered and tame pair (S, S):

THEOREM 8.17. Let p be family of tempered weights on S, v a Y-right-invariant

tempered weight on'S and m an element of BX(S) for another tempered weight X on
S. Let also Dy, ¥ € N*, be the differential operator constructed in BI)). Then for

3We may view v as a function on Q.
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all j € N, there ezist 7; € N*, C; > 0 and kj,l; € N, such that for every element
F e BEY(S,€E), we have

/S ID-m()F(g)l; ds(g) < C; 1 F 5, 0

Consequently, the oscillatory integral constructed in Definition 2311 for the tame
and admissible tempered pair (S,S), originally defined in BE(S,E), extends as a
continuous map:

—_~—

/mE:BE’”(S,S)—)é‘.
S

PRrROOF. The proof is very similar to those of Proposition 2.28 so we focus on
the differences due to the particular behavior at infinity of an element of B (S, £).

By Lemma R0, the Radon-Nikodym derivative of the left Haar measure on S
with respect to the Lebesgue measure on s*, is bounded by a polynomial of order
2d + 4 in the coordinate x3. For each j € N, the weight j; is also bounded by a
polynomial in zq, z1, x2, x3. Now, observe that by construction of the operator D7
in ([B1), we have for any 7 = (1o, 71, 79,73) € N4, with K1 = 2rg+2r;, Ky = 2ry+2r3
and with the notations given in (B3)):

D7 F| < [Wol [W1 0] [W2,1,0 | X3910F]

(120) < CWol [W10] 2,10/ 1Ws2.1,0] 5 V22 [ Flj ks iy o -

This will gives the estimate we need, if we prove that the function in front of
| F|lj, k1 Kapp in (I20) is integrable for a suitable choice of 7 € N*. We prove a

3210

stronger result, namely that given R € N, there exists 7 € N* such that
[Wol [¥1,0] [W2,1,0/ [W5,2,1,0] 702"
< C
= (L fo) o (1 + [z ) (1 4 [22]) 2 (1 + |23 |) s
From Corollary 227 and Lemma [812] we obtain the following estimation:
(Wol W 0] [W2,1.0[[¥s2,1.0]
P s 4] ea])270 1 (1 + |ag|)?ralrotratra) 1
T (ol (14 faa])* (L4 fza))?r2 (L4 fas])?rs
Lastly (this is the main difference with the proof of Proposition 2.28]), note that
v, the tempered function on @, can be bounded by |x2[P2|23/P3 for some integers
p2, p3. Hence |Wo| [¥y ] |Wa1,0]|Ps21.0| 202 is smaller than
C (1 + |1‘0|)72T0(1 + |$1|)727’1+2T§’(1 + |$2|)72T2+2rg+2p2(r0+r1)

% (1 4 |x3|)—27‘3+2T2(7‘0+r1+r2)+2p3(r0+r1)

b

and the claim follows. O

8.4. A Calderdn-Vaillancourt type estimate

For j =1,...,N, fix m; a Y,-right-invariant tempered weight on S, (that we
identify in a natural manner as a function on @);), in the sense of Definition .17
for the tempered pair (S;,S%) underlying Theorem B3l Let also A be a C*-
subalgebra of B(H), with H a separable Hilbert space. Our aim here is to prove
that for F' € B(B, A), the operator Qg m(F'), defined via a suitable quadratic form
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on Hy ® H, is boundedd. We start by proceeding formally, in order to explain
our global strategy. Also, to simplify the notations, we assume first that B = S is
elementary. So let ®,¥ € H, ® H. Using twice the resolution of the identity of
Proposition [B.6, we write

(@, Qm(F)V)3, omn =

s <<7717 (I)>’HX7 <77Iv Qe,m(F)Uy>HX <77y7 \II>HX>H dS(x) dS(y) .

Next, we use the S-covariance of the pseudo-differential calculus to get

<77wa99,m(F)77y>HX = <77y*1maQ9,m(L;le)77>HX .

Then, we exchange the integrals over S and @ and expand the scalar product of
H, to obtain:

(s Qo o ()11}, = / F(qogb) T (q0) m(g~") E(gb) n(q05°q) do (q0) ds(ab) -

SxQ
Given F' € B(S, A), this suggests to define the function
(121) F":SxQ—A,  (gb,q0)— F(qogb) n(qs°q) ,

so that with m(gb) := m(¢~!) and with the notations of Proposition B3 we will
have

(- Qe = F7( [ B 302) () ) o)

S
Consequently, we obtain

(@, Q0,m(F) V)3, om =
/SXS<(U1,W>HX,ﬂ(/E(z) m(z) (L;,IF)”(,,z) dg(z))(y—lx)<ny,\I/>HX>H

S
X dg(x) ds(y) .

Surprisingly, this is the right hand side of the (formal) equality above which gives
rise to a well defined and bounded quadratic form on H, ® H, once the integral
sign in the middle is replaced by an oscillatory one in the sense of Theorem [B17]
for the tempered pair (S, S).

Coming back to the case of a generic normal j-group B, the most important
step is to understand the properties of the corresponding map F' — F" given in

liva)

LEMMA 8.18. Let A be a C*-algebra, B be a normal j-group with Pyatetskii-
Shapiro decomposition B = (Sy X ...) xSy and n € D(QNn X -+ X Q1). Then the
map

F— F" .= {qNbN ESN > |gN_1bN_1 ESN_1 ... [Chbl €Sy —
[(qﬁw 1) €QN XX Q1 Fdiaqnb - gy _1gn—1bn—1qNaNbN)

xn(dysan, ... d1s°q) € AH H ,

4Observe that this property holds for F € SS%an (B, A), by Proposition [[.29 as S5%an (B,A) C
S(B; A).
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is continuous from B(B, A) to
BENN (Sp, BEN -V (S _q, . BB (S, S(Qn X -+ X Q, A)) L))
where for j = N,...1, we have settled:

a2 _ nj(kj—1,li—155k1,l1sk,0)
vj = an’ H {0 }(k] 105150kl k1) EN2T 0

where (kj_1,1j—1;...;k1,l1;k,1) € N* labels the semi-norms of the space
BT (S, BB (S, S(Qn x - x Q1 A)) L),
and the exponent n;(k;—1,l;-1;...;k1,l1;k,1) € N is linear in its arguments.
PRrooF. For notational convenience, we assume that B contains only two el-
ementary factors, i.e. B = Sy X S; with S1,Ss elementary normal j-groups. This
is enough to understand the global mechanism and the proof for a generic normal
j-group with an arbitrary number of elementary factors will then follow by induc-

tion, without essential supplementary difficulties. In this simplified case, we have
to prove that the map

F i F":= [qg2by € So = [q1b1 € S1 — [(¢h,q)) € Q2 X Q1 —
F(qyq1b1g5q2b2) n(dhs g2, 15°q1) € A]]]
is continuous from B(B, A) to
(122) BE2"2 (Sg, BE (S1,8(Q2 x Q1, A)) .

By the discussion following Remark [[12] it is clear that one may regard S(Q2 x
Q1, A) as a Fréchet space for the topology induced by the following countable set
of semi-norms:

[flle; == sup sup sup

Z2€Ux(a92) Z1 €Uk (a1) (q2,91)€EQ2 X Q1
i.e. we may use right-invariant vector fields instead of left-invariant one since they
are related by tempered functions with tempered inverses. Note then that the nat-
ural Fréchet topology of the space (I22) is associated with the following countable
family of semi-norms (indexed by (ka, lo, k1,11, k, j) € N6):

)

{UQZ(@WQl(fh) 122, Z), f (ql,qz)ll}
22| Z k

®— sup sup sup  sup sup sup sup sup
X €Uy (q2) X' €Uy, (D2)a2b2€S2Y € Uy, (a1)Y' €U (D1)q101ES1Z€ Uk (928d1)(q2,91)EQ2X Q1
00, (qé)jDQl (ql) ”Z q2,q1)}/‘11b1 }/qlleQ’zbzX@bz(I)(qu?; q1b1; q/2a qll) ”
DSQ(QQbQ)n2(k1’ll’k’j)aQ2(qQ)2k2asl(Q1bl)nl( ’j)DQl((h)le |X|k2 ‘X,|l2 |Y‘k1 |Y,‘11 |Z‘k .

To simplify the notations, we denote the latter semi-norm by ||.||k,,15 k1 ,i1,k,5- Then,
for

(X, X" Y)Y, 2%, Z") € U(a2) x U(D2) x U(q1) x UD1) x U(az) x U(a1) ,

we get within Sweedler’s notation:

22, 2L Va0, Yy Xanbs X P (q1b1s a2boi g ) = .33 Y Z Z

(X) (X7) (V) (X7) (
(Z%l)qu%l)q;Y(l)qlblY(l)qlblX(l)qzbzXh)qszF(qiqlblq’zqzbz)>

(Z<2>q Zia)g, Y<2>q1~’?<2>q277(qé§6(%)7q'lﬁe((h))) :
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From the same reasoning as those in the proof of Lemma (v), we deduce that
0, (qé)jDQ1 (qll)j
0s, (gobg )21tk 9, (g2) 22 0s, (q11)™ (K:9) g, (g1) %
qule q1b1 qlblqub2qusz(qaCIlblqg(th)H
| X oo | X i [Y Ly 1Y 10, 1 2211 27
|24 22 Yo, X g0 (055°(02), 415 (a1)) |
|X\k2|Y\k1|ZQ\k\Zl|k ’

where the first supremum is over:

[E |k ey b, < C'sup

X sup

(123) X sup

(g2b2, q1b1,45,47) € S2 X S1 X Q2 X Q1 ,

the second over:
(X, X', Y. Y', 2%, Z%) €Uy, (d2) X Up, (D2) X Uy, (1) X Uy, (D1) X Un(q2) x Un(a1)
and the third over:
(X,Y,2%,2") € Uy, (d2) x U, (a1) x Ur(g2) x Ur(a1) -
Next, we observe:

Ziy 22 Y6, Yy X X i, F (@ 1016 q2b2) =

—_~—

(Ad(qiqlblqéqabz)*l (Z1) Ad(q’zqzbz)*l (22) Ad(q’ztmbz)’l (YY) X X’ F) (qll(hblqlzchlh) .

This, together with Lemma 2.T4], entails that the F-dependent supremum in (I23))
is, up to a constant, bounded by:

I F || 2 ke 41+ k-t 12 085 x8: (€5910105G2b2) " Ds, s, (ghgobe) T T

which by sub-multiplicativity of the modular weight, is bounded by:

| F || 2k kg 11+ ka4 0528, (@ha2b2) T g s (¢ q1br)F

Now, by Theorem B3H] the pair ((So x S1)2, 55, @ 1+ 1@ S51,) is tempered
(and admissible and tame), so that by Lemma 2.2T] the modular weight (s, xs,)>
is tempered. Then, using the last statement of Lemma 25 together with the
methods of Lemmas B33 and B:34] we see that dg, ks, is tempered in (any) adapted
coordinates (see Definition B32) for B = Sy x S;. This clearly implies that the
restriction dg,xs, |s;, 7 = 1,2, is also tempered in the adapted coordinates for S;.
In view of the expressions (II0l), we see that the adapted tempered coordinates
and the coordinates associated to the one-point pair (S;,Ss,) (which is tempered
by Theorem [BI3]) are related to one another through a tempered diffeomorphism.
Hence, we deduce that D§2D<SI|§]. is tempered in the sense of the one-point phase
function too. Last, using the explicit expression of the tempered weight ds; given in
Lemma 3.27, we deduce that there exist m; € N and C; > 0, such that 9s,xs, |s; <
C’jbg;j, j = 1,2. Hence, the F-dependent supremum in ([I23]) is, up to a constant,
bounded by

m2(2k:+k:1+l1) DS ( mik
1 .

[ F || 2k 4k 411 4 ko412 05, (G2G2D2) q1q101)

For n-dependent term in (I23)), we first note:
Zy Zoy Yo Xoon(a35° (42), 415°(1)) = Yo, X (2 Z°n) (¢h5°(2), 415 (1)
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so that up to a redefinition of 1, we can ignore the right-invariant vector fields.
Next, we observe that with ¢ = (a,n), ¢ = (a’,n’) in the coordinates (I00]), we
have:

q's°(q) = (2a+a’,e **n’ + 2ncosha) .

With H the generator of a and {f; };l:l a basis of [*, the associated left-invariant
vector fields on @) read:

d
H=0,- njon, . fj=0n.
j=1

Choosing n = 1o ®@m; with n; € D(Q;), it is enough to treat each variable separately.
So just assume that n € D(Q). Now, for N = (Ny,..., Ng) € N? with |[N| = k, we
have with fV := f1 ...fg]lv‘i7 O = 0Nv .. 0N and setting qo := ¢'s°(q) € Q:

n
F2n(g0) = 2" cosh a (9Yn) (o) -
Since cosha < 2cosha’/2 cosh ag/2, the latter and Remark entail that

| F¥n(qo)| < C cosh(a’ /2)* cosh(ao/2)" |0} n] (0)
< Cog(q)" cosh(ao/2)" |05 n|(qo0) -
On the other hand, we have

d
Hyn(qo0) = 2(dan)(go) — 2 Z(nje_“ + n5e ) (9n,1) (q0) -
j=1
Since w; :=nje"* + njje>* is an eigenvector of ﬁq with eigenvalue —2, we deduce
that for k € N, H, f; 1(qo) is a linear combinations of the ordinary derivatives of 7,

with coefficients given in the ring Clw;] of order at most k. Moreover, the rough
estimate:

|w| = (w1, ..., wq)| < 4coshagcosha (|ng| + |n'|) ,

gives by Remark
‘ﬁj 1(q0)] < Cog(q)* cosh® ao|no|*| P(0a, 9, )n|(0)

for a suitable polynomial P. This implies that the n-dependent term in (23] is,
up to a constant, bounded by:

20, (45)" 0q, (a))" 171l (ghs®(q2), 5% (1)) ,

where 77 belongs to D(Q2 X (1) and is obtained from n by multiplication by cosh a, |n|
and by differentiation along all its variables. Finally, we deduce (with mq, ms € N
fixed) that

N M kgt ker 1 kg < O N E | 2bet ey 03+ 4 sup
(g2b2,91b1,95,97) €S2 XS1 X Q2 X Q1

00,(a5)7 0, (¢1)7HF0s,(ghqabe ) ™2 CR TR (g q1b1) ™ Mill(ghs¢ (42), 4is°(q1))
05, (qaba) 2 (Frlukd) 9, (g2)2R2 05, (qubr)™ (R9) 04, (q1)?k -

Observe then that by LemmaB.27land Remark[7.12] we have 0s|g < C D2Q. Then, by
the sub-multiplicativity and the invariance under the inversion map of the modular
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weights, we deduce that the fraction above is smaller than (a constant times):
j+ ko +2ma (2k-+k1 -+ j-+k1+2mak
20, (§e(q2))] 2+2ma( 1 1)%1 (§e(q1))a 1+2my 082(q2b2)m2(2k+k1+l1)
05, (q2b2) ™21k D, (g2)2F2 B, (101)™ (F9) D, (g1) %01
j+k+2mg (2k-+k1 +1 j+k1+2m1k
% s, (q1b1) ™0, (s (q2)) T g, (g7 (00)) T
x 17| (g35° (42), q15°(a1)) -

Because 7 is compactly supported, the expression in the last line above is smaller
than a constant. Also, since s°(a,n) = (2a,2ncosha), we deduce, by Remark [[.12]
again, that 0g 0 5¢ < Cbé. Thus, the expression above is bounded by (a constant
times):
3Q2(q2)2j+4m2(2k+k1+h) 20, (q1)2j+4m1k s, (q2b2)m2(2k+k1+l1) s, (qlbl)mlk
05, (qabg )2 (Fr:l1k:3) 0, (gy by ) (R9) ’

and one concludes using Lemma and Remark [[T2] which show that for all
g € Q, beY, we have 0g(q) < ds(¢b) and, by suitably choosing n4(k,j) and
nQ(kl,ll,k7j)- O

REMARK 8.19. Lemma (8I8]) admits a straightforward generalization for sym-
bols valued in a Fréchet algebra. Namely, if £ is a Fréchet algebra and y is a family
of tempered weights on B, then the map F — F" is continuous from BZ(B, £) to

BENYN (Sy, BEN-1"N " Sy q, L BE (S, S(Qn X - X Q1, A))..L))

where the p.’s now depend also of the restriction of p to S; (and the v;’s are

unchanged).

We are now ready to prove a non-Abelian (curved) and C*-valued version of
the Calderén-Vaillancourt estimate, the main result of this chapter.

THEOREM 8.20. Let B be a normal j-group, A a C*-algebra faithfully repre-
sented on a separable Hilbert space H, F € B(B,A), n € D(Qn X -+ x Q1) and
m € O(B). Define for x,y € B, the element of A given by

<"71799,m(F)77y>7-[X = ﬂ(é E§1 l’i’l1 e (/S EEN IhN {QN S SN = ...
1 N

(124) [gl €S1 = (L2aF)"(gns- - 913 .)} ]) ...)(y_lx) :

where m(gb) = m(qg~t) and where Eij is the one-point phase of S; as defined in
[I3). Then we have:

SUP/ (|1, Q0,00 (F)my )21, || di () < o0, SUP/ {72, Qo0 (F)my) 3¢, || dB (@) < 00 .
z€B JB yeB JB

Consequently (see Proposition B3l), the operator Qg m(F) on H, @ H defined by
means of the quadratic form

U, deHy@H— - (s Oty 5 My Qo.on (F )1y Y14, 1y ), )y A () di(y)
X

is bounded. Moreover, there exists k € N (depending only on dimB and on the
order of the polynomial in 0g, ® --- ® Vg, that majorizes |m|) and C > 0, such
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that for all F € B(B, A) we have

120,m(F)|| < C|Fllioe=C sup sup||X F(z)| .
XeUy(b) zeB

PrOOF. To simplify the notation for the matrix element given in (I24]), we
write

—_~—

(N Qg,m(F)ny>HX = .7-'"’(/3 EIGB Ih[z — (L;AF)”(,7 z)])(y—lx) ,

where Ef is given in (II8). Observe that this notation is coherent with our Fubini
type Theorem [2.39] Thus,

Sup/ [ (2> 20, (F)ny )2, || dis (@)
yeB JB

—_~

_?elngnﬂ(/BElgm[zH (L;,lF)"(.,z)])(y—lx)HdB(x)

—_~

= sup/ ||}"ﬁ</ EEm[z — (L;—lF)T,(,Z)]>(x)H dp(x) .
yeB JB B

The fact that this expression is finite follows then by combining Propositions [R.3]

and 85 with Theorem and Lemma and the fact that L}, maps B(B, A)

to itself isometrically. The second case is similar since

<nza99,m(F)77y>3-LX = (ny, Qoo m(F")N2) w1, -

The final estimation we give is a consequence of Proposition together with the
estimates underlying Lemma B3] Theorem B.I17 and Lemma RI8] |

REMARK 8.21. In view of Remark RI9] on may wonder what happens in The-
orem when one choses a symbol in B*(B, A) instead of a symbol in B(B, A).
So let F' € B*(B, A), with p a tempered weight. Then, from the same argument
than those of Theorem (using by Remark BT9] instead of Lemma [BI8]), one
deduces that

(125) /B [ {1, Q20,00 (F)ny )2, || di () < 00 .

However, as the left regular action is no longer isometric on B*(B, A) (see for
instance the second item of Lemma [2.12)), there is no reason to expect that the
supremum over y € B of the expression given in (23] to be finite. Accordingly
(and as expected), there is no chance for the operator Qg m (F') to be bounded when
F belongs to B*(B, A) with unbounded p.

8.5. The deformed C*-norm

Now, we assume that our C*-algebra A is equipped with a strongly continuous
and isometric action « of a normal j-group B. We stress that the results of this
chapter cannot hold true in the more general context of tempered actions. This
is the main difference between the deformation theory at the level of Fréchet and
C*-algebras. Given an element a € A, we construct as usual the A-valued function
a(a) on B:

ala) :==[g € B a4(a) € A .
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Thus, from Theorem (.8 we can deform the Fréchet algebra structure on the set
of smooth vectors A>° by means of the deformed product

a*xgm b= (a(a) xom a(b))(e), a,be A®.

We have seen in ([I08]) how to modify the original involution at the level of B(B, A).
At the level of the Fréchet algebra A, an obvious observation leads to:

LEMMA 8.22. Let B be a normal j-group. For m € ©(B), the following defines
a continuous involution of the Fréchet algebra (A%, xg )

. mn 1 . ; m; 1 . i %
kgm : A = A%, a— STy (5 arcsmh(%Eﬁ,)) R (5 arcsmh(%Ef‘))a ,
where En, ..., E1 are the central elements of the Heisenberg Lie algebras attached
to each elementary factors of B.

REMARK 8.23. Note that when sfm; = m;, j = 1,..., NV, there is no modifi-
cation of the involution.

The construction of a pre-C*-structure on (A>, xg ) follows then from Theo-
rem [820] and from the following immediate result (compare with Lemma [5.5):

LEMMA 8.24. Let (A, a,B) be a C*-algebra endowed with a strongly continuous

and isometric action of a normal j-group. Then, we have an isometric equivariant
embedding o : A* — B(B, A).

PROOF. The equivariance property of « is obvious and implies (with the fact
that « is an isometric action of B on A) that for any k € N:

X
||Oé(a)||k,oo = sup sup ” g ag(a)H
9B xeun (o) 1 Xk
g (X a) [Xal
=sup sup —L— = sup = lla|lx ,
geB Xeup (o) X[k Xeup (o) Xk
and the proof follows. |

Recall that H is any separable Hilbert space carrying a faithful representation
of our C*-algebra A, which therefore, is identified with a C*-subalgebra of B(H).
Then by the previous lemma and Theorem B20] we deduce that the map

a€ A% [|Qgm(afa))],

takes finite values. It is also important to observe that the norm above is by
construction the operator norm on H, ® H, that is the spatial C*-norm on A ®
B(H,). For future use, we also recall that the spatial C*-norm is the minimal C*-
cross-norm. (We invite the reader unfamiliar with tensor products of C*-algebras
to consult, for example, Appendix B of [24].) More precisely, combining the Lemma
with Theorem B20] we deduce the following inequality:

COROLLARY 8.25. Let (A, a,B) be a C*-algebra endowed with a strongly con-
tinuous action of a normal j-group and m € O(B). Then, there exists k € N and
C > 0 such that for any a € A%, we have:

1X a
Qom(a(a))|| < Clla|ly :==C sup .
1920, (@) || < Clla] Xew{ i, }
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PROPOSITION 8.26. Let m € ©(B). Then, the following defines a C*-norm on
the involutive deformed Fréchet algebra (A, %§ ., %g.m):

(a(a))
where the operator Qg m(a(a)) is defined in Theorem B2W. Accordingly, we let
Ag m be the C*-completion of A> that we abusively call the C*-deformation of A.

)

PRrROOF. By construction we have for all a,b € A>
Qo,m (a(a™m x§ 1, b)) = ng(a(a))*ng (a(b))

and the claim follows immediately. ]

REMARK 8.27. We already know that at the level of the deformed pre-C*-
algebra (Am,*g"m), the action of the group B is no longer by automorphism. But
at the level of the deformed C*-algebra there is no action of B at all.

In a way very analogous to Proposition [5.20] we can show that the C*-deforma-
tion associated with a normal j-group coincides with the iterated C*-deformations
of each of its elementary normal subgroups. To see this, fix B be a normal j-group
with Pyatetskii-Shapiro decomposition B = B’ xS and A a C*-algebra endowed with
a strongly continuous and isometric action o of B. Of course, o°, the restriction of o
to the subgroup S, is strongly continuous on A. Let us fix also h = m’®@m € O(B),
with m’ € @(B’) and m € O(S). Then, we can perform the C*-deformation of A
by means of the action of S. We call this deformed C*-algebra Ag’m. Then B’ acts
strongly continuously by #-homomorphisms on AS . Indeed, it has been shown in
the proof of Proposition (] that the subspace of smooth vectors for B coincides
with the subspace of smooth vectors for B’ within the subspace of smooth vectors
for S. In turns, A, the set of smooth vectors for B on A, is dense in Agm. As
the action of B’ is (obviously) strongly continuous and by #-homomorphisms (as
shown in the proof of Proposition too) on A, a density argument yields the
result. Thus, we can perform the C*-deformation of Ag’m by means of the action

of B’. We call this deformed C*-algebra (A§ m)]g'm, But we could also perform the
C*-deformation of A by means of the action of B directly. We call this deformed
C*-algebra Alg’m. Now, the precise result of Proposition [5.20} is that at the level of
the (common) dense subspace A, both constructions coincide. Thus it suffices to

show that the C*-norms of (Aim)lg:m/ and A]g,m coincide on A®°. But this easily
follows from our construction. Indeed, the C*-norm of (AS )elm, at the level of

A% is by definition the map
a HQ]gjm,([z' €eB Qg’m([z €S a..(a)])])] -
But by the construction of section [(.3] we precisely have
Qe ([2/ €B = Qi ([2 €S = a2 (a)])]) = U (a(a)) .
Thus, we have proved the following:
PROPOSITION 8.28. Let B be a normal j-group with Pyatetskii-Shapiro decom-
position B = B’ x S, where B’ is a normal j-group and S is an elementary normal

j-group. Let A be a C*-algebra endowed with a strongly continuous isometric action
a of B. Within the notations displayed above, we have:

B’

Alg, (A )9 m’
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In the remaining part of this section we prove that the deformed C*-norm
constructed above coincide with the C*-norm of bounded and adjointable operators
on a C*-module. This will make clearer the analogies with the construction of
Rieffel in [26] for the Abelian case and it also explains the choice of the spatial
tensor product in Theorem

DEFINITION 8.29. Let m € ®(B). Then, for f1, fo € S (B, A), we define the

A-valued pairing;:

(126) <f17 f2>9,m = A <"7307 Qe,m(ffg‘m *6,m f2)77:1:> dIB(x) y

where where {1 },ep C H, is the family of coherent states given in Definition
and the involution #p m on S%=n(B, A) is defined by:

mpy (1 T ) 1 (1 TR > ) %
* f =z arcsinh(: F 0---0 = arcsinh(: F
0,m f STy P (9 N) sy p) (9 1) f

In the last formula, Ey, ..., F; denote the central elements in each Heisenberg Lie
algebra attached to each elementary components in B and f* := [z € B — f(z)*] €
SSean (B, A).

PROPOSITION 8.30. Endowed with the pairing (I26) and action
S5 (B, A) x A — S%=(B,A), (f.a)~ [g€B— f(9)a],
the space S%n (B, A) becomes a (right) pre-C*-module for the C*-algebra A.

PROOF. We need first to show that the pairing (I26)) is well defined. Also, to
lighten a little bit the notations, we assume that the normal j-group B contains only
two elementary factors, i.e. B = So X S; with S5, S; elementary normal j-groups.
(The proof for a generic normal j-group with an arbitrary number of elementary
factors has no essential supplementary difficulties.) Take first an element F' €
BL(B, £), where £ is any Fréchet space and p any family of tempered weights. In
this situation (which is slightly more general_than the situation of Theorem B20]),
by analogy with equation ([I24)), it is natural to define:

(0, Qo.m(F)n)n, =

—_~

fﬁ(/sl E§1 Ihl(/s E§2 my [92 €Sy [91 €S F"(gg,gl;.)]D)(e) .

2
By a slight adaptation of Lemma [BI8] (see Remark B.T9]), we deduce that
F € B2 (Sy, BE (S1,8(Q2 x Q1,€))

for suitable tempered weights. Now, Theorem B.I7 and Proposition [R:3] entails that
(0, Q,m(F)n)2, € €. This observation being made, we further remark that for ev-
ery f € 85 (B, A), the element f € C™(B, S5 (B, A)) defined by f(z) := [y —
f(zy)] actually lives in BL(B, S%=»(B, A)) for a suitable family of tempered weights
p. Applying the preceding reasoning for the Fréchet space & = S Sean (B, A), we de-
duce that the element (17, Qg m (f)7) lives in S%==(B, A). Using the B-equivariance
of the quantization map {2g m, we then notice that the value at = € B of the above
element (17, Qo.m(f)n) equals (7., Qp.m(f)n.). Which we deduce from that the
matrix coefficient [x — (0, Qo.m(f)n:)] belongs to S%=n (B, A). Hence,

[0 Qo102 i) < o
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Thus, we conclude from the stability of S%=n(B, A) under *g, (see Proposition
[L10), that the pairing (.,.)g m is well defined.

Testing this pairing on the dense subset span{ay,a € A, p € S5 (B)} of
SSean(B, A), we see that

(S§5en (B, A), S5 (B, A))gm = A.A

which is dense in A. Next, we observe that the pairing can be rewritten as

(f1, f2)o.m = /B<77x,99,m(f1)*Qe,m(f2)77x>dma(3?)-

This shows that (f1, f2)5 m = (f2 f1)e,m and proves positivity and non-degeneracy.
Last, it is clear that (f1, f2)o.ma = (f1, f2a)s.m for all a € A and all SSean(B, A). O

REMARK 8.31. It can be shown that the pairing can be rewritten as:

(Fro f2)om = / F1 xgm f2(9) ds(9) = Tr(Q m(f1)" Qm(f2) -

However, this is by far less convenient expressions, as shown in the proof of Theorem

B33 below.

DEFINITION 8.32. Let m € ®(B). For F € B(B, A), let LY™(F) be the opera-
tor on S%an (B, A) given by

LO™(F)f = Fxgm f -

By Proposition dI0, the operator LY™(F), F' € B(B, A), acts continuously on
SSean(B, A). Moreover, L™ (F) is adjointable, with adjoint given by L™ (F*em).
Indeed, for all fi, fo € SSn(B, A) and F € B(B, A), we have

(o L™ (F) fo) g.m = /IB (s Qo (£ %g.mm F 5gmm fo)ns) ds ()

= /]B (N2, Qo (F*™ Hgm f1)"™ *9,m f2) 1) dB ()

= (LP™(F**=) f1, f2)0.m -

Note also that the operators L?™(F) all commute with the right-action of A. But
we have more, since in fact L™ (F), for F € B(B, A), belongs to the C*-algebra
of A-linear adjointable endomorphisms of the pre-C*-module S%e»(B, A). Indeed,
from the operator inequality on B(H,) ® A
* * * 2
Qé,m(.f fom *9,m From *0,m F *9,m f) = Q&m(f) Q@,m(F)‘ QO,m(f)
< [120,m (F)1*Q0,m (£)* Qo,m (f)
= [19Q6,m (F)[*Q0,m (f**™ *6,m f) .
we deduce for F € B(B, A) and f € S (B, A), the operator inequality on A:

(LOD(E) L™ (F) fom < [1Q6,m(F)P(F, fom

Hence we get

(127) IZS™ ()| < 119200 (F)I
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where the norm on the left hand side denotes the norm of the C*-algebra of A-linear
adjointable endomorphisms of the pre-C*-module S (B, A). Now, observe the
dense embedding of the algebraic tensor product

BB)®az A= BB,A), > ¢i@a;i—[geB Y ¢i(g)a; € A .

Via this embedding, the norm on the right hand side of (I27) is by construction
the restriction to B(B) ®a1g A of the minimal (spatial) C*-norm on B ®,1¢ A, where
B is the C*-completion of {Qg m(F), F € B(B)} in B(H, ). Hence, we deduce that

IL™(F)]| = [Qo.m(F)Il,  VF € B(B) @ag 4,
which by density implies that
ILO™(F)| > [Q0,m(F)|l,  VF € B(B, A).
Thus we have proved the following:

THEOREM 8.33. Let B be a normal j-group, A a C*-algebra and m € O(B).
Then

IL#™(F)|| = |Q0m(F)|l,  VF € B(B,4),
where the norm on the left hand side is the one of the C*-algebra of A-linear ad-

jointable endomorphisms of the pre-C*-module 8% (B, A) and the norm on the
right hand side is the spatial C*-norm of B(H,) ® A.

Back to the case where A carries a strongly continuous isometric action «, we
deduce:

PROPOSITION 8.34. Let (A, ) be a C*-algebra endowed with a strongly con-
tinuous and isometric action of a normal j-group B and let m € O(B). Then, the
C*-norm on the involutive Fréchet algebra (AOO,*g‘vm, *g.m) given by

a€A* — HLQ’m (a(a))
coincides with the deformed norm ||.||o,m of Proposition [B26l

b

8.6. Functorial properties of the deformation

In this section, we collect the main functorial properties of the deformation. We
still consider a C*-algebra A, endowed with a strongly continuous and isometric
action « of a normal j-group B. Given an element m € @ (B), we form Ay, the
C*-deformation of A. We let By m (B, A) and Spm(B, A) be the C*-completion of
the pre-C*-algebras:

(B(B, A), xg,m, *o,m) and (SS“‘" (B, A), %0, m; *6,m) »
for the (deformed) C*-norm
F = [[Qo,m(F)] -
Firstly, we observe from Proposition [(.29] the following isomorphism:
LEMMA 8.35. Let A be a C*-algebra and m € O(B). Then we have:
Som(B,A) ~K(H,) @ A.
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Now, we come to the question of bounded approximate units for the deformed
C*-algebra Ag m. Since A possesses a bounded approximate unit (as any C*-algebra
does), Proposition 5.J9 shows that the pre-C*-algebra (A, g, *o,m) possesses a
bounded approximate unit as well. Thus, we deduce from Corollary

PROPOSITION 8.36. Let (A, «) be a C*-algebra endowed with a strongly contin-
uous action of a normal j-group B and m € O(B). Then Apm possesses a bounded
approximate unit {ex}rea consisting of elements of A>.

Next, we observe that the two-sided ideal (SS<an (B, A), %g.m,*¢.m) is essential
in (B(Ba A)a *G,ma *G,m):

PROPOSITION 8.37. Let A be a C*-algebra and m € O(B). Then, the ideal
SSean(B, A) is essential in the pre-C*-algebra B(B, A), that is to say we have for all
FeB(B,A):

1€2,m ()| = sup {[|1Q2%,m(F xg,m f)]| : f € 8% (B, A), |Qm(f)ll <1}

ProOOF. This is verbatim the arguments of [26], Proposition 4.11], combined
with the equality ||Q.m(F)| = ||[L?™(F)|| of Proposition 834 for all F € B(B, A)

(thus for f € S%an (B, A) too) and with the existence of bounded approximate units
of the pre-C*-algebra (S5 (B, A), %g m) as shown in Proposition O

The proof of the next two results is word for word the one of the corresponding
results in the flat situation, given in [26] Proposition 4.12 and Proposition 4.15].

PROPOSITION 8.38. Let A be a C*-algebra, I an essential ideal of A and m €
©(B). Then the C*-norm on (B(B,A),*gvm) given in Theorem is the same
as the C*-norm of Proposition B34 for the restriction of the action of B(B, A) on
SFean(B, I).

PROPOSITION 8.39. Let A be a C*-algebra and m € O (B). The C*-algebra
Bym(B, A) is isomorphic to the C*-deformation of the algebra of A-valued right
uniformly continuous and bounded functions on B, C.(B, A), for the right regular
action of B.

The following two results treat the question of morphisms and ideals. They
can be proved exactly as [26] Theorem 5.7, Proposition 5.8 and Proposition 5.9],
by using our Propositions [5.15] and 517

PROPOSITION 8.40. Fizm € @ (B) and let (A, o) and (B, B) be two C*-algebras
endowed with strongly continuous actions of B. Then, if T : A — B is a continuous
homomorphism which intertwines the actions o and 3, its restriction T : A* —
B extends to a continuous homomorphism Ty m : Agm — Bom. If moreover T is
injective (respectively surjective) then Ty m is injective (respectively surjective) too.

PROPOSITION 8.41. Fizm € ©O(B) and let (A, ) be a C*-algebra endowed with
a strongly continuous and isometric action of B and let also I be an a-invariant
(essential) ideal of A. Then Iy m is an (essential) ideal of Apm.

8.7. Invariance of the K-theory

In this final section, we show that the K-theory is an invariant of our C*-
deformation, exactly as in the Abelian case [27]. We still consider a C*-algebra A,
endowed with a strongly continuous and isometric action « of a normal j-group B.
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Given an element m € ©(B), we form Ag m, the C*-deformation of A. We endow
Bo.m(B, A) with the action & of B defined on B(B, A) by

(128) (dgF) (x) == oy (F(gilx)) .

We will show that & is a proper action of B on the C*-subalgebra Sy m(B, A), and
that Ag m is the generalized fixed point algebra for this action, in the sense of [25].
We also let @ denote the extension of « from A to B(B, A), given by

(Gg(F))(2) = ag(F(x)) ,
so that
&y =dgoll =L} od,, VgeB.
This also shows that the infinitesimal form of & on B(B, A*) is related with the
infinitesimal form of o on A* by

(Xf) () = X*(f(z)), VX e€U(b), VfeBBA®).
We start with some preliminary results:

LEMMA 8.42. The action & is isometric on Bm (B, A) and its restriction to
So.m (B, A) is strongly continuous.

PROOF. The isometry follows from the covariance of the pseudo-differential
calculus: for all g € B, we have

Qo.m (6(F)) = Tdn1,) © a9 (Qm(L5F))
= Idp(s,) @ ag(Us(9) © Qom(F) 0 Ug(g)*), VF € B(B, A) .

For the strong continuity of & on Sy m(B, A), it suffices (by density) to prove it on
SSean(B, A). Since by Theorem the operator norm is weaker than the Fréchet
topology of B(B, A), it suffices to prove strong continuity on S%n(B, A) for the
induced Fréchet topology of B(B, A). As S%an (B, A) is a subset of B(B, A) stable
under the inversion map of B and that the right regular action R* is strongly con-
tinuous on B(B, A), we deduce that the left regular action L* is strongly continuous
on S%an (B, A). Since & = GoL* = L*o@, it then remains to prove strong continuity
of & on §%=n (B, A) for the induced Fréchet topology of B(B, A). As & commutes
with the right regular action R*, it commutes with the left-invariant differential
operators. By isometry of «, strong continuity everywhere will follow from strong
continuity at the neutral element eg. This also implies that for f € S%an (B, A), we
have in the semi-norms defining the topology of B(B, A):

X (agf) = X fllso

llag(f) = fllk = sup

X €Uy (b) | X &
Ao (X F) — X flla
X €Uy (b) | X |k

Hence it suffices to consider the case k = 0. By a compactness argument, we see
that the strong continuity of o on A implies strong continuity of & on D(B, A) for
the uniform norm, namely ||&4(f)— f|l«c = 0, g — eg and one concludes by density
of D(B, A) in S%n (B, A). O
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We now come to the question of the properness of the action & on Sp.m (B, A),
in the sense of [25]. For this property to hold, we need to find a dense &-invariant
w-subalgebra By of Sg m (B, A), such that for all f1, fo € By, the maps

[9 € B Ap(g) ™2 f1 %p.m g (f5°™)] and [9 €B — f1%0.m ag(f3"™)] ,

belong to L' (B, Sp,m(B, A)) and denoting by M (By)® the subalgebra of the multi-
plier algebra of Sy m (B, A) of elements which preserve By and which are invariant
under the extension of & to M (Spm(B, A)) we have

(1€ B0 [ From o577 50m o) ()] € M(Bo)"

Our candidate for By is S%=»(B, A>). Note first:

LEMMA 8.43. Letm € ©(B). Then (S%=»(B, A>), *g.m) is a dense G-invariant
x-subalgebra of Sp.m (B, A).

PROOF. That S%=n(B, A°) is closed under the involution *¢ n, and under the
action & of B is clear. Since S5 (B, A®) is dense in SSe=»(B, A) for the Fréchet
topology of the latter, since S%=»(B, A) is dense on Sy m (B, A) for the C*-topology
of the latter and since the C*-topology is weaker than the Fréchet topology on
SSean(B, A), the density statement follows. Last, that (Ssca" (B,A“),*gﬁm) is a
subalgebra of Sy m(B, A) follows from Proposition a

The two conditions underlying properness rely on an important preliminary
result:

LEMMA 8.44. Let fy, fo € 8% (B, A>®). Then the map
(129) (1,22) EBXx B —

[y €B s R (f1) R, (ay(f2)) = [2 € B fi(221) oy (foly " 22)) € A]] ,
belongs to BE(IB% x B, SScan (IEB,SS%" (B, A"O))), with

o anldn.kizd2,kasm)
B= {DBXB }(jl,kl;jg,kz;m)EN5 )

where (j1, k1; jo, ko;m) € N° labels the semi-norms of SSean (IB%,SS%“ (IB%,AOO)) and
n(j1, k1; ja, ka;m) € N is linear in its arguments.

PROOF. Recall that the Fréchet topology of S%an(B, A>) can be associated
with the set of semi-norms

£l Gaym == sup  sup Sup%(x)jHYaXf(x)H
J;k),m X €U (b) YE U, (b) z€EB | X %Y | )

and the one of BE(IEB x B, S§Sean (IB%, SSean (B, AOO))) can be associated with the set of

semi-norms

‘|F||l,(j1,k1),(j2,k2),m = sup sup sup sup sup
XeU(b®b) Y1 € Uk, (b) Yo Uy, (b) ZE Up (b) x1,72,y,2€B

08 (y)108(2)72(| 2% Yo, Y1y Xz, ) Fl1, 2233 2)]) |
0B xB (@1, T2)MIk1I2:k2m) | X (1YY g, [Yaky | Z |m
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Applying this to the four-point function constructed in ([I29), we get using the
Sweedler notation:

z“ %,Z?I,y X(zl,zg) |:f1 (le) Qg (fQ(y_lsz))]

—ZZ Yzzyly{(Xl f1)(211)01y((X2f2)( ZIQ))]

(X)

= Z Z Ze 572,2: {()71 J1) (ze1) ay (Y &Efg)(yflzxg))}

(X) (1)

— ZZZZQ [ Ad —1}/2 1X1 fl)(zx1)ay((Ad —1}/22Y1 1Y1 2X2f2)( ZLL'Q))]

(X) (Y1) (Y2)

=SSz ad, Yau X fi) (am)

(X) (1) (Yz2) (2)
ay(((Ady—l Z) Ad —1}6 2 Yl 1 Y1 2 X2f2)( Z.’EQ)) .

Hence we get

|72 Va2 V1y Ko [fr(z00) @y (aly202)) |
Xeitlll(]ieeb)ylesg,i(b)Ygesgg(b)ZeS;n(b) | X Y1 [k, [Yalko | Z|m
0x8 (71, 22)"205(y)"
op(zx1)Vog(y—1zxs)
with N, M € N arbitrary. This implies that the norm ||.|[; ;%) of the map (I23) is

smaller than a constant times:

0B(y)7' 08(2)7208xB (21, 22) 08 (y)"
pxp (71, T2) U kd2.k2m)dp (221 ) Nog (y— 1 2m)M

< C(l, k1, kg, m) 37 Il ko) m [ f2ll (04 ke ) e £ s

X Ll (v iia)m 2l (02,04 8y ko) ey o -

As M, N are arbitrary, using the sub-multiplicativity of the modular weight and the
fact that 0pxp < 0pR1+1®0p (proved in Lemmal[Zh), we can find n(j1, k1, j2, k2, m)
such that the fraction above is uniformly bounded. This achieves the proof. O

PROPOSITION 8.45. For m € ©(B) and f1, fa € S (B, A>®), the maps
(9 €B = Ag(g) 2 fi*om ag(f3°™)] and [g€B > fixom ag(f5"™)]
belong to L' (B,S@vm(B, A)) Moreover, the map

Afy gy 0 85n (B, A%) = 8% (B, A%), [ /]Bf*e,m g (f1°™ *0.m f2) dz(9) ,

belongs to M(stn(B, AOO))&, the subalgebra of the multiplier algebra of Sg m(B, A)
consisting of &-invariant and S(B, A>)-preserving elements. Consequently, the ac-
tion & of B on Sp.m(B, A) is proper in the sense of [25].

PROOF. The first part of the claim follows from the definition of the product
*9.m in term of an oscillatory integral:

—_~

firom ag(f") = Kom(z1,22) R}, (f1) By, (Gg(f3"™)) da(21) da(z2) |
BxB

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



146 8. DEFORMATION OF C*-ALGEBRAS

combined with Lemma [8.44] and with the inclusion
S (B, S5 (B, A™)) C L' (B, So.m(B, A)) ,

together with the fact that the multiplication by Ay 1/2 i5 continuous on the space
SScan (B,%(B,A)) as the latter is a tempered function. For the second part,
we again use Lemma [B44] which shows (since SS¢» (B, A) is an algebra for the
product xg m) that the map Ay, s, sends continuously S5 (B, A>°) to itself. Since
the G-invariance of the map above is rather clear, it remains to show that the latter
extends from Spm (B, A) to itself, i.e. that it is indeed an element of the multiplier
algebra of Sy m(B, A). For this we need to find a convenient expression for

/B Fi ko g(f2)dn(g) s Vfi, fo € S(B,A®), WyeB.

By Proposition 2.36] we can express the oscillatory integral underlying the product
*9.m in term of absolutely convergent integral. More precisely, writing K¢ m =

2ig
e 07" Ag m, we have

/B f1 %0.m A (f2)(v) ds(g) =

/ E%Sm(xl’m[’xl,xz [Am(ﬂﬁhx2)f1(y$1)0¢g(f2(971y$2))} dp(g) dp(71) dp(z2) ,
]BS

where one can choose the operator D such that the coefficients decay (in a tempered
way) as fast as one wishes, so that taking into account the decay of fi, fa, the triple-
integral above is absolutely convergent. As D commutes with left translations, we
get after the change of variable g — yzog:

/B F1 %6.m 6 (f2) () da(g) =

% ZT,T —
/]B3 e 9 Seanlrn, 2)Dw1,w2 |:Am(x1’x2)f1(yl‘1)ay12g (f2(g 1))} dg(g) d(z1) dg(z2) .
By (the ordinary) Fubini Theorem, the triple integral above becomes:

/B2 e%SC"‘“(”“’QEQ)DIME2 {Ae,m(l'laxQ)fl(yxl)ayxz (/]Bocg(fz(g_l)) dIB(Q))]
x dg(x1) dp(x2) ,

which means that as expected, we can write

/Bfl *9,m Qg (f2) dr(g) = fi *a,moz(/

B

oy (297" dz(9)) )

Now, we observes that the map

(130) fr—>/ag dg(g) ,

sends continuously S%=n (B, A*) to A®. Indeed, for X € U(b), we have

xe /E ag(Flg™)) da(g) = /B g (dy 1 X)* (f(g™))) de(g)

which entails that

HXQ/]BO‘Q(f(g_l)) dB(Q)H < /Ba[g(g)deg(X)HXa(f(g_l))HdB(Q)
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which is finite since the group inverse map is continuous on S%an (B, A). This is
enough to conclude in view of Lemma [8.24] (Il

The C*-subalgebra of M (m(lﬂ%, A)) generated by the operations described in
the previous Proposition is called the generalized fixed point algebra of %(B,A)
and is denoted symbolically by Sy m(B, A)%. Also, it is proved in [25] that the
linear span of

(131)  {[g€B — A(g) "2 fi *o.m Gy(f27™) € S (B, A®)] -
f15f2 € Sscan(BvAoo)} )

forms a subalgebra of the crossed product B Kdﬁ(l& A), whose closure is strongly
Morita equivalent to the generalized fixed point algebra, with equivalence bi-module
given by Sy m (B, A) itself. Our final task is to show that Sp m (B, A)® is isomorphic
to Ag,m and that the action is saturated, meaning that the algebra generated by
the set of functions ([I31)) is dense in the crossed product B x4 Sp.m(B, A). Note
that here, there is no distinction here between the reduced and full crossed product
algebras, since B is solvable and thus amenable.

LEMMA 8.46. With the notations as above, we have Spm(B, A)* ~ Ag m.

PROOF. Call P : §%un (B, A>®) — A% the map given in ([30). As observed
earlier, P sends S (B, A%) to A® C Agm- As Sp.m(B, A)% is the closure of the
image of P(S%=(B, A°)) under the map o : A~ — B(B, A), in M (Sy.m(B, A))
and that B(B, A) C M (Spm(B, A)) isometrically (by Theorem B33), we get that
So.m(B, A)¥ C a(Agm).

Now, let ¢; € SSean(B) and a; € A>®, j=1,2,so0 that p; ® a; € SSean (B, A)
and

P(Sﬁ @ a1 *gm P2 @ a2) = /[Bag(a1a2) P1 *9,m 302(971) dg(g) -

By isometry of the action o and Lemma [5.5], we therefore get for every k € N:

HP(% ® a1 *9,m P2 @ az) - / ag(aiaz) ©a(g™") dB(Q)Hk
B

= swp X[ | [ (X0 (@02)) (01 50m eals ™) - (o) dalo)]
X e U(b) B

< Cllayaz|x / 05(9)" |01 *0,m @2(97") — w2(g )| dz(g) -
B

Now, by Lemma B3] we see that there exists n € N such that 95" € L'(B). This
implies that the quantity above is (up to a constant) bounded by:

larazlk 0511 105" (¢1%0.mP2—92) lso = llaraz|li 05" |1 ll1%6.m%2—P2/loktn »

where the last semi-norm is the one on the one-point Schwartz space S%un(B),
as given in Remark By Proposition applied to the Fréchet algebra
SSean(B) (which is its own subspace of smooth vectors for the right regular action)
we can let 1 range over an approximate unit for the deformed Fréchet algebra
(Ssca“ (B), *gm). Thus, P(cp1 ® a1 *g,m P2 @ ag) will converges to

/]B ag(alaz) @2(9_1) dB(g) )
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for the Fréchet topology of A%°. Let then (py ranging over approximate d-functions
supported at the neutral element. The latter integral will converges to ajas for the
Fréchet topology of A*°, and thus for the norm topology of Ay . We conclude by
the density of A*.A> in Ay m.Apm and by the density of Agm.Aom in Agm. O

To prove that the action & of B on Sy m(B, A) is saturated, we need an inver-
sion formula for the product xg . This result (for an elementary normal j-group)
is extracted from [4] but we provide the detailed arguments for the sake of com-
pleteness.

PROPOSITION 8.47. Let m € O(B), let B be a normal j-group and let fi, fo €
SSean(B, A). Then for all z € B, we have the absolutely convergent representation:

| BKi wg (71, 72) (R;l,lfl) *0,m (R;;1f2)(z) dg(z1) ds(z2) = f1(2) f2(2) .

PrOOF. Fix z € B and consider the continuous map
S (B, A) = S% (B, 4), [ [z€B— (Ri-1f)(z) = f(za™') € A] .

Then, using arguments very similar to those leading to Lemmas 2.42] and 249 we
can deduce that the map

Y1z,

(f1, f2) = {(?117212) EBXxB~ [(iﬂhxz) = (R* ,1f1)(z)(R;2x;1f2)(Z) € A” )

is continuous from S%= (B, A) x S (B, A) to BL(B x B, S%»(B x B, A)) for a
suitable family p of tempered weights on B x B. Hence, the map

(1, f2) = [(21,22) €BX B> (B2 f1) wom (BRI f2)(2)]

is continuous from S%an (B, A) x SSean (B, A) to S%=n (BxB, A), which in turn entails
that the map

(1o f2) = [(@1,22) €BX By K® o (0,02) (R 1) wom (R f2)(2)]

’ m

is continuous from S%an(B, A) x SSean(B, A) to SSean(B x B, A), since the kernel
K® w3 is tempered. In summary, the expression
-0,

KB m3 (z1,22) (R;71f1) *6,m (szlfQ)(Z) dIB(xl) d[ﬂ;(ﬂ?g) )
BxB —0 = ! 2

is well defined as an absolutely convergent integral for all z € B. Next, from
Remark Z5T] for the restriction of xgm to SSean (B, A) x S5 (B, A), we have the
(point-wise) absolutely convergent expression:

Jixom f2 = i BKIeBm(x’uw'z) Ry, (f1) Ry, (f2) de(2)) de(25) -
X
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Hence,

K* w3 (71, 72) R;;l(ﬁ) *0,m Rzz—l(h) dg(z1) dp(2)

= KIB (3017902)( K§ (7, 25) R vet (1) R 1(f2)dIB($/1)dIB($/2))

BxB

= [ K a(ena)( | KEm(eia ahe) Ry (f2) Ry (f2) ds(ah) da(ah) )
BxB —0m BXB !

The rest of the proof is computational: we are going to show (in the distributional
sense and up to numerical pre-factors) that

w2 (1, 32) K§ o (@1, whwe) Ag (1) Ap ' (22) di (1) dp(22)

where 5? is the Dirac measure on B supported at g. We first prove that without
loss of generality, we may assume that B is an elementary normal j-group. Indeed,
let B’ xg S1 be the Pyatetskii-Shapiro decomposition of B and assume that T% =
6F @ 6% and TS = 651 ® 651, As usual, an element g € B is parametrized as
g=g19, where ¢’ € B’, g1 € S;. Firstly, we observe that under this decomposition,
the modular function of B is the product of modular functions of B’ and S;. This
follows from the decomposition of left invariant Haar measures dg = dp' ®ds, , from
the relation (I08)) in Remark Bl and the definition of the modular function:

As(g) = de(97")  de(¢''g; ) dB(Rg’—l(gfl)glfl)

ds(g) dB(glg) B d(g919)
_ds, Ry (7)) de(9") _ (Ry-1)*ds, (g7 )dw (9" ")
ds, (91)dm (") ds, (91)dm(¢")

ds, (g7 Ddei(9") ,
T T e () As, (91)Ar(9') -

Also, by construction, we have Kéﬁvm(x, y) = Kg,m, (z',y )K ' (x1,y1) , and thus

6 , My
Kgm(xy, st) = Kg’m, ('y, s't") Keslm1 (Ile/ (y1), Sle/(tl)) .

Hence, for x = x12',s = s18',y = n1y/,t = t1t' € B with z1,s1,91,¢1 € S; and
', s,y ,t' € B, we get from our induction hypothesis, that the distribution TES
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reads:

/ KIB/ m’2 (y/v t/) KSI m2 (yla tl) KéB:m/(I/y/? Slt/) Kslml (l‘le/ (yl)v SlRS' (tl))
S2 xB/2 —0, ,0 6,—9 ’

m ‘my

< A (1) Ag, (y1) Az (') Ag (t1) dwr (') ds, (y1) dar (¢') ds, (1)

= ac’ s’/[(1 (ylﬁtl)Kle(‘TlR (yl) s1R (tl))

7m1

x Ag(yr) &g (t) ds, (y1) ds, (t)

=07 @) o) | K e () K, (21, s1t0)

§2 0>

x A3 y) A3 (1) ds, (31) ds, (1)
=0 (") oF (¢) T51 ,, = 6% (a) 6% (¢') 6 (1) 62 (51) = 0% () O (L) .

Now, for B = S an elementary normal j-group, using the explicit expression
for the two-point kernels, we find in the coordinates [{@8) and up to numerical
pre-factors:

T§17x2 = /R4d+4 da1 dCLQ dv1 d’UQ dtl dtQ
mi(a; — ag)m(—a; — aj)m(ay + ay) mg(a1)mg(ag)mg(as + af — ag — ap)
m(—ay)m(ag)m(a; + a) — az — al) Ag(ar)As(az)

X exp {% t1 smh 2as — sinh 2(as + a2)) — tg(sinh 2a; — sinh 2(aq + a'l)))}

X exp

<[

the 22 sinh 2(ay + a}) — the 2" sinh 2(ay + aé))}

X exp

|

D

0 (01, vy (cosh ay cosh az — cosh(ay + a}) cosh(as + aé)) }
( O(vy,vy)e " sinh 2(ag + ab) — W’ (va, vh)e™ "2 sinh 2(a; + a’l)) }

X exp %

vy, vh)e™ 2 cosh(ay + a}) cosh(ag + aé)) }
X exp

{#
{
X exp{
{
{-

( (v9,v])e” " cosh(a; + a}) cosh(as + ag))}

X exp{ — 20,00}, vh)e” 7 cosh(ay + af) cosh(as + aé)} ,

Integrating out the variables ¢;,ta, yields a factor sech2a;sech2as d(a})d(ab), and
thus we get:

2 2 2
5 N s mg(a1)mg(az)mg(ar — as)
Tml’% = 0(a1) 8(az) /R4d+2 cosh 2a; cosh 2as Ag(a1)As(az)

X exp < 2 (t e~ 22 sinh 2a; — e~ 2*¢; sinh 2(12)}

X exp 9‘” vz, vhe”®2 sinh 2a; + 2v}e”** cosh a; cosh az) }

210

X exp {5 (v1,vie”* sinh 2as 4 2v5e™** cosh ay cosh 02)}
{ - Fw (v}, v5)e”“ % cosh aj cosh ag} da; dag dvy doy .

X exp
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Integrating out the variables vy, vo, yields a factor:
§(vie™ ™ sinh 2a; + 2vhe ** cosh a; coshas)
x 0 (vhe *? sinh 2ay + 2v}e”“* coshay coshag) .
Observe that the Jacobian of the map
VxV=VxV, (v,vh)— (vie”* sinh2ay + 2v5e”** cosh ay cosh ay,
/

vhe” % sinh 2a; + 2vje”* cosh ay cosh a2) ,

is proportional to e~ 2d(artaz) ¢ogpH24 ai cosh?? as cosh2d(a1 —ag). Thus, the former
¢ function is proportional to:

e?a1ta2) goch? g, sech®@ay sech® (ay — az)d(v)) 6(vh)

and consequently,

S
Tm’l,w’z = 6(0’11) 6(0’12) 6(vll) 5(/0/2) X
/ e2(01%2) cosh 2(ay — ag)exp {%(tée‘Qa? sinh 2a; —t} e 21 sinh 2a2)}da1da2 )

R2
But the pre-factor e=2(®1192) cosh 2(a; — as) in the expression above is exactly the
Jacobian of the map:

R? = R?, (a1,a2) — (6_2“2 sinh 2a1, —e 2% sinh 2a2) ,

so that

TE’ME& = 5(a}) d(ab) 5(v}) 6 (vh) / exp {% (ult'Q + th’1> } duy dus
R2
= 6(ay) 8(ay) 3(v7) 8(v3) 6(t1) 8(t2) = 6% (1)0° (x2) -
This concludes the proof. O

LEMMA 8.48. The action & of B on Sp.m(B, A) is saturated, that is, the con-
volution algebra generated by the elements

(132) [9 € B = Alg) 2 fi xo.m Gy (f57™) € S5 (B, A™)]
where fi, fo € S%an(B, A®), is dense in the crossed product C*-algebra B x4
So.m (B, A).

PrROOF. Call Ej the subalgebra of B X4 Sp.m(B, A) generated by the elements
given in (I32)) and E its closure for the C*-norm of the crossed product algebra.
We need to show that E = B X4 Sp.m (B, A). By Lemma 844 we know that

Ey C 8% (B, 8% (B,A>)) C L' (B,Sp.m(B, A)) ,

so that E C B x4 Sgm(B, A). Since E is a two-sided ideal of B x4 Spm(B, A)
[25] Theorem 1.5], the converse inclusion will clearly follow if we prove the existence
of a bounded approximate unit of B X 4 Sp.m (B, A) consisting of elements of E. But
this follows from the following arguments:

The inversion formula of Proposition B.47] gives in this context:

A(g)~Y/? K (u,0) R (f17™) %0,m Ry (Gg(f2)) dp(u) dg(v) =

Alg)" V2 fi"™ dy(fa)

BxB ~%m
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point-wise for any f1, fo € S%an (B, A>). Since the right regular action R* preserves
SSean (B, A*) and commutes with the action & given in (28], approximating the
Riemann integral above by Riemann sums, shows that the maps

[9 € B Alg)™" 2 f1"™ 4y(f2) € SB,A™)], Vfi, fo € S(B,A™),

belong to E as well. But with such maps, it is easy to construct an approximate
unit in B X4 Sp.m(B, A). Indeed, as

[ R LR dalw) = (g 1
B

where 1 above is the constant unit function of B(B), it suffices to consider the net of
elements A(g) ™'/ o) @ ay G4(pa @ ay), where @y are in S%an(B) and approximate
the Dirac measure supported at the neutral element, and where a) is a bounded
approximate unit for A®°. O

COROLLARY 8.49. The deformed C*-algebra Ag m is strongly Morita equivalent
to the reduced crossed product B X4 Sp.m (B, A).

PRrOOF. By [25] Theorem 1.5], E' (as described above) is strongly Morita equiv-
alent to the generalized fixed point algebra Sy m(B, A)% for the action & Then one
concludes using Lemmas and [8.48] a

We are now able to prove the main result of this section:

THEOREM 8.50. For allm € ©(B) and 6 € R*, we have K.(Apm) ~ K.(A),
*=0,1.

PROOF. From Corollary B9, we have K, (Agm) ~ K. (B x4 Sp.m(B, A)). As
B is solvable, we can use the Thom-Connes isomorphism (see for instance [11]
Theorem 10.2.2]) to deduce that K, (Ag,m) is isomorphic to K, dim(s) (So,m (B, 4)).
But as B is even dimensional, we get K,(Agm) ~ K. (%(B,A)). Last, from
Lemma B35, we know that Spm(B, A) ~ K(H,) ® A and thus K.(Apm) ~ K.(A)
as needed. O
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