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0. Introduction

The study of the spectrum of coupled random matrices has received rather
little attention. To the best of our knowledge, coupled random matrices have
been studied, to some extent, by Mehta in [16], [17], [11]. In this work, we ex-

plain how the integrable technology can be brought to bear to gain insight into
the nature of the distribution of the spectrum of coupled Hermitean random

matrices and the equations the associated probabilities satisfy. In particular,
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the two-Toda lattice, its algebra of symmetries and its vertex operators will
play a prominent role in this interaction. Namely, the method is to introduce
time parameters, in an artificial way, and to dress up a certain matrix inte-
gral with a vertex integral operator, for which we find Virasoro-like differential
equations; for a state of the art survey of these methods, see [20]. These meth-
ods lead to very simple nonlinear third-order partial differential equations for
the joint statistics of the spectra of two coupled Gaussian random matrices.

Bi-orthogonal polynomials and the two-Toda lattice. Given a weight, de-
pending on parameters t = (t1,t2,...) and s = (s1, S2,...) € C* and a coupling
constant c,

pla,y)du dy = da dy edot” B Ferv=2 s

consider the associated (monic) bi-orthogonal polynomials pgl)(:v) and p(2)( )
of degree 7 defined by

01, p®) = hybes, where (f, ) / / d dy f()g(y)p(z, y).

In [2], it was shown that the associated pair of semi-infinite vectors, depending

n (t,s),
Uy(z) := er k2 z) and U3(z) :=e s khflp@)(z*l) ,

M
has the following expressmnﬂ

(0.1) Uy(z) = (Tn )ezl tiz ) ,
nez
\IIZ(Z) _ <Tn(t7 S + [ ]) e~ Zcfo siziz—n> ’
Tnt1(t, 8) nez
in terms of the 2n-uple integrals
(0.2) Tn(t, s) ::/ dZ djA(Z H 207 (i)~ Slyk)“xky’“
R2n
which form a vector 7 := (7,)n>0 of 7-functions. This provides a concrete

realization of the Sato representation of the two-Toda wave functions in terms
of T-functions 7,; see [18], [2].
The pair of semi-infinite matrices L := (Ly, Lo)| B defined by:

0.3 20y = L0y, s =)
2 2

o] = (,02/2,0%/3,...)
2L is lower-triangular, except for a subdiagonal just above the diagonal with all entries = 1
and Lo is upper-triangular, except for a nonzero subdiagonal just below the diagonal.
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together with the pair (¥, ¥%), satisfy the two-Toda lattice equation; in par-
ticular,

oL;
ot

oL _
s,

(0.4) = [(LY)u ,L;] and [(L3)e, L], i=1,2,

for the usual Lie algebra splitting (), ()¢ , explained in Section 2. The familiar
standard Toda lattice (on tridiagonal matrices) is a special reduction of the
two-Toda lattice, in the same way that the Korteweg-de Vries equation (KdV)
is a reduction of the Kadomtsev-Petviashvili equation (KP).

Conversely, starting from the the two-Toda lattice equations (0.4), one is
led to wave functions ¥; and U5 and a representation in terms of 7-functions
as in (0.1). As will be established in Section 3, the functions 7, satisfy the
standard KP-equation in ¢ and s separately (see the beginning of §3), but they
also satisfy another (new and useful) equation, which is third-order, relating
t- and s-derivatives, namely:

THEOREM 0.1.  Two-Toda T-functions t,(t, s) satisfy:ﬂ

0?logt, 0%logT, 0?logt, 0%logT, _0
8751852 ’ 8751(981 . 8518t2 ’ 6t1651 e

Vertex operators and “Christoffel-Darboux” kernels. Backlund-Darboux
transformations refer to the general recipe of factorizing differential or dif-
ference operators and flipping the factors, to form a new operator. When
we let this situation flow in time, the new wave functions (eigenfunctions)
can be expressed in terms of the old ones as Wronskians (continuous or dis-
crete), and the new 7-function is expressed in terms of the old ones, by
means of vertex operators. So, the latter can be viewed as generators of
Béacklund-Darboux transformations for differential or difference operators at
the level of 7-functions. Typically, vertex operators X map 7-functions into
7T-functions, and their squares vanish; although 7 satisfies a highly nonlin-
ear equation, vertex operators have an additive property; that is 7 + X7 is a
7-function as well!

With the two-Toda lattice, we associate four different vertex operators
Xij(A, ), for 1 < 4,5 < 2; they map infinite vectors of 7-functions into 7-
vectors, as explained in Section 5. The vertex operators X;; and Xog are basic
vertex operators for Toda, and KP, as well, whereas X;2 and Xo; are vertex
operators, native to two-Toda. In particular, we construct

Xz, A) = A~ X (V) X (=, ) X (8, 1) x (1),

3in terms of the Wronskian {f, g}+ = %g — f%.



924 M. ADLER AND P. VAN MOERBEKE

with A the customary shift-operator (Av),, = vp4+1, and with

(A
00, yi *ili
X(t,\) = e2or TN e PO LT . x(N\) == diag(..., A7 1A, L),

Besides this work, the vertex operator X will also play a major role in our
later work on symmetric and symplectic matrix integrals. Given a two-Toda
lattice T-vector 7 = (...7_1, 79,71, - ..), we have that 7+ Xi2(y, 2)7 is another 7-
vector. But more is true. We show that the kernels K2 (y, 2), defined by the
ratios (X127), /T, have eigenfunction expansions in terms of the eigenfunctions
W, reminiscent of the Christoffel-Darboux formula for orthogonal polynomials;
to be precise,

THEOREM 0.2.  We have (§5):
1 % —
(0.5) Kion(y,2) == —Xpo(y, 2)m = Y Us:(z7HWy;(y),
Tn —oco<j<n

together with a Fredholm determinant-like formula,

Tn \;=1

(0.6) det (( Un(ya7zﬁ))1§aﬂ§k 1 (HXU (ye, ze)T ) .

In the semi-infinite case, the sum in (0.5) is replaced by 3 o<y

Vertex operators, Virasoro algebras and two-Toda symmetries. The vertex
operators provide central extension realizations for Virasoro algebras; e.g.,
(0.7)

gy iz 2) = 07 Ky, )] and M Ko (y, 2) = (37, Xiap, 2)
with
08 IP = (42 )nez
= % ( 2n+k+1)J(1) +n(n+1)J,§0))n€Z
5= () e = W
forming Virasoro algebras of central charge ¢ = —2.

In (0.8), J,gg) equals 0o for ¢ = 0, Heisenberg generators for £ = 1 and
Virasoro generators for £ = 2. It follows that the vertex operators X;; of the
two-Toda lattice form, upon expansion, the generators of a large algebra of
symmetries, which come from the master symmetries for the pair of matrices
L = (Ly, Ly).

This is a special case (« = 1) of a more general statement concerning
vector-vertex operators, depending on a parameter «,

() P — 0 4y~ 9
Xa(t,u) — ATl i T ot x (u®).
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THEOREM 0.3. The generators Jl(f)(a), defined by

0
%ZkJrlXa(u Z) = [J](CQ)(Q),Xa(t, Z)} ’

form a Virasoro algebra

3 _
I @.37 (@) = (k= 03 (e >+c<’“12’“>5k,z,

with central charge

()"

Commutation of Virasoro and “vertex integral operators”. Consider now
a more general weight p(y, 2)dydz = p;s(y, 2)dydz := Vs WA dydz on R2,
with pg = €"0, where

(0'9) Vt,s(ya z) = + Z tzy - Z 5;2"
= Z iy + th‘y Zsz ;
4,521 i>1 i>1

and a set £ C R? of the form,
(010) FE = E1 X E2 = ngl[a%,l,a%] X Ule[b%,l, bgz] C RQ,

involving disjoint unions. The weight (0.9) and the boundary of the set (0.10)
enable one to define two types of operators:

(i) Virasoro-like operators, for k > —1,

" 0
(0.11) V. = —;af“a—%JrJ,ﬁ + 3 ey ——

i,j>1 ac”'k’]

T = —ypnl Z
' Zlb + Z ]Cja G +k
i= i,j>1 J
with J,(f) and :]]l(f) as in (0.8).

(ii) An operator defined by a vertex integral operator Xis over E,

(0.12) Ug := //E dx dy p(x,y)Xi2(x,y).
It is an important ingredient in this work that Vi and (Ug)™ commute:

Vi, (Ug)"] = [Vi, (Ug)"] =0 for all n > 1 and k > —1.
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Two-matrixz integrals over product sets and Virasoro constraints. It follows
that the 2n-uple integral, like (0.2), but taken over the set E" = E} x Ef
C RQn’

(0.13) TE(t, s) ::/ dz dijA(Z H (timkfsiyk)JrZi,jzlcij:vi%’
En —

is related to 7 := (TRQ) 50’ by
n_

n
7 = ((Ug)"7)n.
This implies, setting all ¢;; = 0, but ¢11 = c:

THEOREM 0.4. 7, and TF satisfy the Virasoro-like partial differential
equations, labeled by k = —1,0,1,...:

(0.14) < Zalﬁq —i—J,gQr)l) 7 4 eprin(00)pn(=0s)TE oTE L = 0
s o _ 5 _
< Zbk+1 b, + J,fz) Tf + Cpn(at)karn(_as)TlE OTE—l = 0.
=1

J,gii and jk(:?r)z were defined in (0.8), the Hirota symbols p(d;)q(—ds) fog in (6.1)
and the p;’s are the elementary Schur polynomials.

Application to the spectrum of coupled random matrices. Consider a prod-
uct ensemble (M, Ms) € H2 := H,,xH,, of nxn Hermitean matrices, equipped
with a Gaussian probability measure,

(0.15) e d My d My ¢~ 3 THME+MF—2eM My)
where dM;dM; is Haar measure on the product H2, with each dM;,

(0.16) dMy = A2 (z) [ [ dusdU and dMy = A2 (y) [ [ dyidU
1 1

decomposed into radial and angular parts. We define differential operators Ay,
By, of weight k, in terms of the coupling constant ¢, appearing in (0.15), and
the boundary of the set

(0.17) E=F x By := ngl[agi_l, agi] X Ule[bgi_l, bgi] - R2.

They form a closed Lie algebra, as spelled out in (11.4):
(0.18)

T

"0 5.0 1 o) 5.0
(Za—ﬂxa—@)’ 5- s (S an Y )
9
8

0 0
Za](?aj “Be’ By = Zbj(?b B
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The following theorem deals with the joint distribution (§11),
(0.19) P, (F) := P(all(M;-eigenvalues) € Ey, all(Ms-eigenvalues) € Es),
and leads to a formula, which is the “mirror image” of Theorem 0.1.

THEOREM 0.5 (Gaussian probability).  The statistics (0.19) satisfies
the n-independent nonlinear third-order partial differential equatio
( F, = 1log P(E) ):
(0.20)

{BQ'AlF" » BrAF, + QL} - {-AQBan , A1Bi1F, + QL} =0.
cc—1 Ay cc—1 B

Remark 1. Since the equation above for the joint statistics is independent
of the size n, the same joint statistics for infinite coupled ensembles should
presumably be given by the same partial differential equation.

Remark 2. For E = Fy x Ey := (—00,a] x (—o0, b, equation (0.20) takes
on the following form: Upon introducing the new variables z := —a +c¢b, y :=
—ac + b, the differential operators A; and B; take on the simple form A4; =
0/0x, By = 0/Jy and (0.20) becomes

5, ((02 — 1)2% +2cx — (1 + c2)y) 0 ((02 - 1)222152 +2cy — (1+ )z

Oz (2= 1) Gan +c Oy (- 1)%E 1

Remark 3. Equation (0.20) also has a “zero-curvature” formulation, namely:
(0.21) [A — X, B1 — Y, =0,

with A,BLF, BoALF,
201 Ln andYn:— 21 L

Xp = .
" BiAF, + 55

MBI E, + =7

The last section deals with coupled matrix ensembles, where the joint
statistics is given by the “Laguerre distribution.” Unlike Theorem 0.5, the
Laguerre case for n x n matrices lead to (inductive) differential equations for
the matrix integral (0.19); indeed, the equation contains a term, which is
expressible in terms of the same expression for (n — 1) x (n — 1) matrices.

Acknowledgment. We thank Taka Shiota for many useful discussions con-
cerning Fay identities. We also thank Edward Frenkel for urging us to compute
the central charge for the Virasoro algebra defined in Theorem 0.3.

4in terms of the Wronskian {f,g}x = Xf.g — f.Xg, with regard to a first order differential
operator X.

) |
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1. Operators A and ¢ with [A,¢] = 1 and the /-function

Define the column vector x(z) = (2")nez, and matrix operators A, A*,
g,e* as follows:

0
Ax(2) = 2x(2), ex(z) = 5-x(2),
z
* —1 * a
A'x(2) = 27 x(2), €"x(2) = FX(Z)-
Note that
A =AT=A, e =T 4 A,
and

ATx(z™h) =2x(z7h), Ax(zh) =2z"x(z")
(L.1) ex(z™) =27 x(z7h) — £x(z7Y)
e Tx(zh) = 2x(z7") = grx (7).

The operators A, A*,e,&* have the following matrix representation:

A = (6ij-1)ijen, € =diag(i) A= (08 j11)ijez

(1.2) o .
A* = (6i,j+1)i,j€Z, 6* = — dlag(z) . A = (—’L(;i,jfl)i,jez.

For future use, we also introduce the d-function,

> 1 t=t
(1.3) sty= >t =T T

n—=——oo
with the customary property

f<A,u>5<§> — O A>5<3>.

Note the function

(1.4) ) = L5 =1 S ()

P

has the usual d-function property

ﬁ %f()\,u)cS()\,M)dM = (AN

and is a function of A — u only, since

(15) <% + a%) SO0 1) = 0.

For future use, we state:
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LEMMA 1.1 (T. Shiota). We have the following matriz representatz’on:ﬂ

1
(16) eVIEOLN) = () @ () and
—A)e* * 1 *
TGN = X () © X,

Proof. Note that, sinceE

A" = (0ij-n)ijez, €" = (()ndijtn)ijecz »
A = (8ijan)ijez, €7 = ((—)ndij—n)ijez ;
we have
d(NA) = Z ATAT Z N0 jn+1)ijer = ()‘Z I- 1) ,JEL »
nez nez
S\ AT = Z APATHL = Z N (04 j—n—1)ijez = ()\j_i_l)z‘,jez )
nez neZ
and

elh=Ne Z (= A" Dndijin)ijez = << i ) (=)~ ) ’
= J ijez

Y . o .
nzo%((—z)n&d—n)i,jez = (( —i47J ) (=AY >i,jez.

1

V(A = | <¢_ k)(u—A)"—’“A’“—j—l
i—k>0

i,jET.
= (WA Ve,
(—X)e* * _ —1 _ y\k—iy—k+j—1
e O(A,A") ; (—i+k>(u AT
k—i>0 ij€ET
= (BN Dijez- O

5Given two column vectors a and b, the matrix a ® b is defined componentwise as follows

(a & b)ij = aib]'.

SFor any k,n € Z, n > 0, we use the standard notation (k)n := k(k — 1)...(k — n + 1) and

n n!
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2. The two-Toda lattice

Consider the splitting of the algebra D of pairs (P, P,) of infinite (Z x Z)
matrices such that (P;);; =0 for j —¢> 0 and (P2);; =0 for i — j > 0, used
in [6]; to wit:

D = D, +D._,
D, = {(pP) ’ Py =0ifli—j| >0} ={(P,R) €D ’ P =B},
Do = {(PLPy) | (P =0ifj >, (Po)yy =0if i > j},

with (P, P») = (P1, P2)+ + (P1, P2)— given by

(2.1) (P1,P)y = (Pry+ Pay, Pru + Pay),

(P, ) = (P — Py, Poy — Pru);

P, and Py denote the upper (including diagonal) and strictly lower triangular
parts of the matrix P, respectively.

Throughout this paper, we will use the following operators e (%) (a mul-
tiplication operator) and €”(*) (a shift), where

(2.2) &i(z) = Ztkzk and &a(2) = Z spz "k,
1 1

X 2700 > 20
m(z)=> Py and  n2(2) :ng,
(2 1 (2

1

so that
MR f(t,5) = f(t +alz""], s +b2])
with [a] = (a,a?/2,03/3,...).

The two-dimensional Toda lattice equations

oL oL .
e a—%:[(o,L2)+,L} n=12...

are deformations of a pair of infinite matrices

(2.4) L= (Ly,Ls) = ( Z al(l)Ai7 Z az@)Ai) €D,

—oo<iL1 —1<i<o0o

(2.3) — [(L’f, o)+, L} and

with A the shift operator of Section 1 and where agl) §2)

matrices depending on ¢t = (t1,t2,...) and s = (s1, 82, ...), such that

and a,”’ are diagonal

agl) =1 and (a@) #0 for all n.

In analogy with Sato’s theory, in [18] it is shown that a solution L of (2.3)
has the representation

Ly = WiAW = SIASTY, Ly = WoA W, !t = SoA~1S; !
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in terms of two pairs of wave operators
. , .
Sl — ZZSO Ci(t, S)Al, 52 — ZZZO Ci(t’ S)Al
¢, ¢, diagonal matrices, ¢y = I, (¢f)i; # 0, for all ¢

and

(2.5) Wi = Si(t, 8)6&(/\).
One also introduces pairs of wave and adjoint wave vectors ¥ = (¥, ¥3y), and
U = (0, U5):
(2.6) Ui(t,s;2) = Wix(z) = “Six(2),
Uit si2) = (W) () = e %O (S) I (=),

which evolve in ¢t and s according to the following differential equations:ﬂ

{ =0 = (L}, 0) 4 ¥ = (L), (L})u) ¥
(2.7)

7= = (0, L)1 ¥ = ((L§)e, (L5)e)¥
{ -0 = —((L7,0)4) " "
-0 = —((0, L)1) 0.

Besides L = (Lj, Ls), we define the operators L* = (L3, L5), M = (M, M>)
and M* = (M, M3) as follows

(2.8)
L= (WiAW L Wak Wy h), L= (W) 7T AW, (W) 1Ay,

M = (WieWy ' Wae* Wy h, M* = (W)t Wy, (W )~ tewy)),

which satisfy, in view of (2.6) and (1.1):

LU= (2210, MU= (§ 8 )w (L, M] = (1,1),

9 )qz [L*, M*] = (1,1).

"Here the action is viewed componentwise, e.g., (A, B)¥ = (AV¥q, B¥s) or (2,27 1)U =
(2\111,271\1/2).
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The operators L, M, LT, M" and W := (W, W3) evolve according to

& (4)- [ (3]
(5)- oo (£)

ow ow
— = (L},0)L W, d — =(0,L5) W.
oty ( 1> )+ , all D5 ( ) 2)+
Ueno and Takasaki [18] show that the two-Toda deformations of ¥, and
hence L, can ultimately all be expressed in terms of one sequence of 7-functions
T(TL, t, S) = Tn(tl, to,...;81,82,.. ) = det[(Sfng(t, 3))i,j]—oo§i,j§n—1a nez:

to wit:

(2.9)

Mo, (¢,
(2.10) Uy(t,s;2) = e Mt 5) e tiz )
nez

Tn(t, )

Tnts

2 t oo —
\I’Q(t, s Z) _ (6 Tn+1 S Zl Siz Zn)
nez

Uit oo
\I/“{(t,s;z) _ € TnJrl t s) —Zl tlzlz—n)
712 ) -y
UE(t,s:2) = (L(t’s)ezl si Zn) .
Tnt1(t, ) nez.

Finally the pair of matrices W = (W7, Wa) satisfies the bilinear relation
(in the =+ splitting of (2.1))

(Wt )W (', ) ~)- =0
or equivalently,
(2.11) Wi (t, 8)W1 (tl, 81)71 = Ws(t, s)Ws (t/, 81)71,

from which one proves Proposition 2.1; for details see [6]. Equation (2.13)
below is established in Adler-van Moerbeke [4].

PROPOSITION 2.1 (bi-infinite and semi-infinite). The wave and adjoint
wave functions satisfy, for all m,n € Z (bi-infinite) and m,n > 0 (semi-
infinite) and t,s,t', s’ € C>:

(2.12)
7{ Uy, (t,s;2)0%,,(t, 85 2)
Z=00

d
7{ o, (t,s;2)W5, (¥, s z)QjZ
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Moreover Ly has the following representation in terms of T-functions

> d/ot _
(2.13) k=Y diag PO/ON) Tiktr10Tn ) pit.
=0 Tn+k—£+1Tn nez

In the semi-infinite case, we reinterpret A~! as AT, where A is the semi-
infinite shift operator. Then one shows (2.11) and (2.12) are also valid. Also
the semi-infinite case is obtained from the infinite case by setting 7_; = 0 for
1> 1 and 79 = 1. Then the semi-infinite wave vectors

(\Ilm(t, s;z)e” Ztizi)n>0 and (W;n(t, 5 z)ez Sizﬂ')

n>0
are vectors of polynomials of degree n = 0,1,2,... in z and 27! respectively,
as follows from (2.12); see [2]. In the semi-infinite case, we must define L} and
Lg™ for integers n < 0; namely for n € Z:
(2.14) Li (e 2570 (2)) = mi(2"e” 2550 (2),

Ly (e i) = (e (),
where 7 refers to the projection 7 (3,7 a;2) = >0 a;z'. Observe that
Lgn) = L}, L;—(") = L2T” for n € Z, n > 0; indeed, multiplying the vector

\Ifl(z)e_Ztizi of polynomials with 2", n > 0 maintains, the polynomial charac-
ter, and thus for n > 0,

L (01(2)) = w4 (2" W3 (2)) = 2" W4 (2) = LTW(2).

3. Bilinear Fay identities and a new identity
for two-Toda 7-functions

Two-Toda 7-functions 7(t,s) satisfy the KP-hierarchy in ¢ and s sepa-
rately, of which the first equation reads:

0 \* ACAS 0\’ 02
— ] 1 — ] 1 — ] 1 —4———"11 =0.
(3751) 0g7+6<<37§1) og7’> +3<3t2> 8T ot10t3 g7 =0
But they also satisfy the following identity:

THEOREM 3.1. Two-Toda T-functions satisfy:E

{6210g7'n 8210g7'n} {6210g7'n 3210g7’n} —0

(3.1) 8751852 ’ 8751681 8516t2 ’ 6t1651

8in terms of the Wronskian {f, g}+ = %g — f%.
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The proof of this theorem hinges on the bilinear identity, due to Ueno-
Takasaki [18] and a number of lemmas:

PROPOSITION 3.2.  Two-Toda T-functions satisfy the following bilinear
identities:

(3:2) j{ Tt = [27Y, 8) T (¢ + [71), 8')e5T (it pnmm=1g,

= § Tunalts = Bl + eSO g,
2=0

or, expressed in terms of the Hirota symbol,E

[e.e]
(3.3) me_n_H QG)pj( ) 21 akatk+ kask)T 41 O T

= 3% (ap g Abr 5
a
= Z pfm+n+J Qb)p]( s )e1 N at’“ g as’“ Tm © Tn+1,

both, for the bi-infinite (n,m € 7Z) and the semi-infinite case (n,m € Z,
n,m > 0).

Proof. (3.2) follows at once from Proposition 2.1 and the 7-function rep-
resentations (2.10), whereas (3.3) follows from the shifts t — t —a, ¢/ —
' +a, s+— s—0b, s — s +b, combined with the definition of the Hirota

symbol. O
ProrosiTION 3.3.
= 02 log T+l
(3 4) (Lk;) o pk*l(at)Tn-f—Q O Tn o 0510ty
: ] = = Flogrars
n,n+1 T T 0g Tn+1
n+27n 0s10t1
= 02 log T+l
Tk —1 pk—l(_as)7n+2 CTn Ot10sy,
n,n+1 Tn+2Tn 0% log Tn41
0s10t1

Proof. Set m = n+1, all by, and aj, = 0, except for one a;,1, in the Hirota
bilinear relation (3.3). The first nonzero term in the sum on the left-hand side
of that relation, which is also the only one containing a;; linearly, reads
(3.6)

pj+1(—2a)p;(d;)e
whereas the right-hand side equals

Aj+15¢. 1 8t1+1 Trn+2 o Th + ... = —2a]+1pj(3 )Tn—|—2 O Tnp + O( j+1)

~ 0 0
(3.7) po(0)p1(0s)e Gt 3t1+1 Tntl O Tnal = Do — (1 +aj 17— 5 + .. )Tnt1 © Tl
j+1

9For the customary Hirota symbol p(8;)f o g := p((%)f(t +y)g(t —y)
y=0
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Comparing the coefficients of a;1; in (3.4) and (3.5) yields

- o2
—29:(d - _ v :
PJ( ) T2 © Ty aslathT"H O Tn+1
in particular, we have
pkfl(ét)Tn-l—Q O Tn 0?
3.8 = — log 7,
( ) T,%Jrl 8813tk & Tntls
and so, for k =1,
2
TnTnao 0
3.9 = — log 7p41.
( ) 7'7214_1 8516t1 & Tnt1

Dividing (3.8) and (3.9) leads to the second equality in (3.4). But, according
to (2.13), the (n,n + 1)-entry of L¥ is given by (3.4). The similar result for L5
is given by the involution

t «— —s and L «— hLgh L. O

Proof of Theorem 3.1. Set k = 2 in the identities of Proposition 3.3; then
subtracting aitl of identity (3.5) from 8%1 of (3.4) leads to Theorem 3.1. a

The (n,n + 1)-entries of L} and hLj2h~! have the following equivalent
expressions, which will be useful in the theory of Toeplitz matrices, as applied
to the distribution of the length of the longest increasing sequences of a random
permutation. The second identity, appearing in L? below is an expression
purely in terms of one component 7,41, at the expense of introducing a 9/0ts-
derivative; the third identity involves 9/0t; and 9/9s;1 only, but at the expense
of involving nearest neighbors 7, and 7,,41.

LEMMA 3.4. Two-Toda 7-functions satisfy:

0 T,
2 _ v n+2
(3.10) (Ll)m+1 = 5 loe

Tn
82
0s10to 1Og Tn+1

2
B510%, log 741

0 T,
T23—1 _ n+2
(hL2 h ) n,n+1 - 681 IOg Tn

82
Ot10s2 1Og Tn+1

92
B1,051 log 741

_ —ilo (T"+1)2 o 1
- 381 & Tn 3818t1 08 Tn+1 | -
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Proof. From Proposition 3.3 (k = 2), it follows that

02 log Tpi1 B 02 log Tpi1 %(Tnm o Ty)
6516t2 6818751 Tn+2Tn
82 10g Tn+1 0 Tn+2

0}
881[%1 3t1 Tn

B 02 log Tp41 ( 0 log T2 0 Tn+1)

— +—1
6818751 (9751 Tn+1 (9751 08 Tn

_ 9% log Tn41 ilo  Tntl 0? log 7
6818751 6t1 & Tn 6316t1 8 Tntl

8 Tn+
—1
+ (9751 o8 Tn

02 log Tp41 0 Tnal 0 H?
= =" (2] —1 ———5logT,
0510t otq % Tn * otq 8 0510ty O8 Tnt1

! ) ,using (3.9)

0 Tony1 02 0 0?
= 2—1 nt 1 — [ =——=1 .
3t1 8 Tn 381[%1 08 Tn+1 + 8t1 <8818t1 08 Tn+1

The second to the last equation establishes the first equation (3.10). The
second equation (3.10) is simply the dual of the first one by t; < —s;. O

The remaining statements in this section hold for both the bi-infinite case
and the semi-infinite case; we thank T. Shiota for showing us how shifting
the arguments in various directions, and repeatedly, leads to many different
identities.

PROPOSITION 3.5 (the Fay identity). If

/ /

(3.11) a—ao = Z[zk_l] - Z[yk_l] and B — 3 = Z[vk] — Z[uk],

with p,q,p', ¢ > 0, we have
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B imﬂ(a,ﬁ — [vd])m (e, B + [vg])v;”'*lw
/=1 %;é (Ug — vk)

1 0"
r/l Oz’

)

=0

Tni1(a, B — [2))Tim (. B/ + [z M)
<n+1( B = [z])im( ’ﬁ+[])1‘[11’/(m—vk)

where r :=n—m+q—p and v’ := —n+m + ¢ — p’, with the understanding

that (0/0z)" =0 for r < 0.

Proof. The relations (3.11) imply

m(i-) and S Gimon=—t _ 11 (1— %)

(i 2) Y (1-%)
If f denotes a holomorphic function in a large enough disc around z = oo,
as in

(3.13) ST (—a)zt -

=S =R

f(z) = Tn(a - [271]7ﬁ)7—m+1(al + [271]7ﬁl)7

then we have, using (3.13),

1 o (i —al)zt n—m—1
N 1 i i d
o b f(z)e z z
q _ Z
= L f(Z)Hl (1 yk) L—m le
et (1 2)
1 q(. _ 1
= o f@l)ll:[[},émiylil;x"ijledx, upon setting z = %
74 Jr—0 1 — 2z

p —1 —1
_ Zf(ZZ)szl(Zg — Y )Zn—erq*erl
=1 - (ZEI - lel) ‘
)

L ( d >rf(x1)n%<x—y;1>

ri \da (-2

which uses the fact that the integrand has poles at x = zkfl (1 <k<p)and
at =0, if r=n—m+q—p>0. In = the sign change in dz due to z = 1/z
and the change of orientation of the contour integration cancel each other out.

If f” denotes a holomorphic function in a large enough disc around z = 0,
as in

)

z=0

f/(z) = Tn+1(a7ﬁ - [Z])Tm(alvﬁl + [Z])v

then we have, again using (3.13),
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2 % f E(ﬁz Nz "anmfldz
7T7/

= —1 Hq ( _u_zk) n—m-—1

= 27”,7{ f( )mz dz

B T GG o RS e
i*(}f (Z) Hzl,/(z _ Uk)z dZ

_ o f/ HZ 1(U€ _uk)vnfmqtp’fq/fl

l
=1 Hk 1 (W - vk)
k#

H(a) ol

which used the fact that the integrand has poles at z = v (1 < k < p') and at
2=0,ifr"=-n+m-—p +q¢ >0. O

COROLLARY 3.6.
ot = [271 s + [0] = [u))a(ty8) = Tty s + [0] = [u])m(t = [271],9)

i (tes — [Tt (= [z, 5 + [0]).

Proof. Settingm=n—1,a=t, B=s+[]—[u], o =t—[z7Y], 3/ =s,
we have a — o' = [z71] and B — 3 = [v] — [u], andthusp:p =q =1,
g=0,with0=—p' +¢ <n—m=p—q=1;thatis, r =0, v’ = —1. Then
Proposition 3.5 leads to the proof of Corollary 3.6. O

COROLLARY 3.7.

Tty s+ 1) a1 (E+ [0 = [25 '] s — o)) ———

+ Tt + [0 = [ s o+ i) (8 s — [M)ﬁ

— Tapt (E+ [, )t = [2571], 5 + [o] — [va]) ——

U1 — V2

+ T+ [0, s 4 (o] = (o]t =[5, 8) —2

fU2_U1.

Proof. Setting m =n, a =t+[27'], o/ =t —[z'], B =5+ [v1], f =
5 — [va], we have a — o/ = [27'] + [25 '] and B — ' = [v1] + [ve], and thus
p=2,¢=0,p =2, ¢ =0 with—2=-p'+¢ <0=n—-m<p—qg=2,and
so, r = r’ = —2. Similarly Proposition 3.5 ends the proof of Corollary 3.7. O
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4. Higher Fay identities for the two-Toda lattice

LEMMA 4.1.

k+1
S rvea(t =[5 s + ' D

k+1 k+1 1

t— ,S+ —
2l et L e
J#L i#Em i#L

k+1 k+1 k
= TN(t,S)TN_k_1<t—Z Z-_l S+Z _1>H 71—yi_1

1 i=1

i#Em
Proof. In Proposition 3.5, we set
k+1
a=t, a’:t—Z[zfl],
j=1
k+1
/3 + [ym ]7 =S + Z _1
z#m
Now obviously,
k+1 k+1
a—a =) [ and §- 6 = [y, = Dl ',
j=1 i=1

i#Em

p=k+1,¢=0,p=1,d=k, n=N—-1, m=N—-k—-1, r=r=—

With these data, we have

Z Tn_1(a — [z, ]aﬁ)TN—k(o/ + [Zé_l]aﬁ )H]:;( Zi_l)

k+1

= (e, B = [y Drv—k—1(, 8 + ') T i =97,

=1
i#Em

establishing Lemma, 4.1.

939

).
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THEOREM 4.2.  The two-Toda tau-functions 7(t,s) satisfy the following
two higher Fay identities:
(=[5 T+ [y s 1 )
) Yj — %) 1<ij<k

e AGAE) ™ (#+ Sho ) - St )
[Tk.o(yr — 2e) D)

v_1(t — [zt ;8 + -1
det(Nl( ;7] [y] ])
1<i,j<k

(4.1) det(

)

TN (2, 8)

S (B SHERS RS 3 )

= A THAETY T

Proof. The inductive method for proving the first identity is due to [6].
As to the second relation, we also proceed by induction on the index k. Since
the identity is obviously true for k = 1, we assume it to be valid for £ > 1 and
we prove its validity for K+ 1. Indeed, by expanding the determinant according
to the first column, we find

ot <m-1<t —lils+ [y;l]))
TN(t’S) 1<i,j<k+1

_ kij et =l s+ ') (vt s+ )
- (_1) det 1<i,j<k+1
— T~ (t, s) TN (t, s) S
= J#1
k41 -1 -1
_ 1 1Tt — [z s+ [yr ) -1_ -1 -1_ -1
;< ) —rws H(y ) H( 5
- T il RN T
-1 -1
TN—k (tfz,#e[zi ]73+Zj¢1[yj ])
: , by induction
TN(t7S)
_ A@THAETY
)
b el = s o D (t - S e+ )
.Z(_l) Hk+1( -1 -1 Icfl -1 -1 -1 0—1
=1 j=2 Yq y] ) ;;} (ZZ Zj )( )
[ TN—k—1 (tf ’f“[z;l],s+2’f“[y;l])
= AETHAGT i ,
by Lemma 4.1, ending the proof of Theorem 4.2. O

Such Fay identities were also obtained in the context of the multicompo-
nent KP hierarchy by J. van de Leur [19].
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5. Eigenfunction expansions and Vertex operators

In terms of the vertex operator,
X(03) = STV~ ST

acting on functions f(t1,t2,...) of t € C* and using the diagonal matrix
X(A), define the following four operators acting on column vectors g =

(gn(t17t27 i '))nEZ3
G0 Xalbom) = XG0, KL = - ()X (),
Xa(s, 1) = —X(5, X" G0A, K3(s5,2) i= A"y (V)X (=5, ),

and the compositions

(5.2)
Xia(p, A) XQQ(,u,)\)) = (Xi(t,A) X3(s,0) @ (Xa(t, 1) Xa(s, )

— < XT(tv )‘)Xl(tnu') Xf(tv )‘)XQ(SaM) )
X(s, VX1 (t,11) X3(s,\)Xa(s, 1) )

The main theorem of this section is the following@

THEOREM 5.1.  The following holds: (i) in the bi-infinite case,

(5.3) ( (2j<nq’*( )\Ijlj( Nnez (ijnq’ikj()‘)qj%(ﬂ*l))nez )
' (X jen V5, AN (1) nez (Xjon UMD W25(1™))nez

1 X A) Xar(p, A) -
o\ X( ) Xao(p,A) )

and (ii) in the semi-infinite case,

(5 4) ( (20§j<nql>{]()‘)q]1]( ))n>0 (Z]Zn\IV{( )\II2J( 1)) >0 )
' (20§j<n‘1’§J( )‘I’IJ(M))n>O (ijn‘l’%()\ )‘I’2J(M 1))n>0

1 Ot (=N
_ l X117 Xop N (1— //_() et tilu )0 ~
T X2 Xao 0 0

10For column vectors v1, v2, wi and wa, we define

(1 v2) @ (w1 wa) = v Qw1 v @ wa _
v2 Qw1 w2 ® w2
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COROLLARY 5.2 (eigenfunction expansion). In the semi-infinite case, the
functions below admit the following eigenfunction expansions:

/I/ _ oo n n__\n
(55) (1) leRr N < Zw NUi(n)  lul < [N
1 A1 Ysn(pr=A") U™ \p
( - ;) € - Z 2] 2] )
eE‘f"(snu”—tnA")ﬁ(t + [)\— ],s Z \I, A)Wo; (1 )

The proof of Theorem 5.1 and Corollary 5.2 relies on Lemmas 5.3 and 5.4.

Remark 1. With the identities

(5.6) e 21 “fiz1—q and Za (I—a)™",

the composition of X (¢, ) and X (—t, \) relates to the customary vertex oper-
ator X (t,\, ), as follows:

(7)) X(~tNXEpmf = X(=t,0) (ST f— )

= ETRNET T f 4 3 - )

= 3 Mem(“ e+ =)
A
=: HX(RM, M),

where X (¢, 1, A) admits the following expansion in terms of W-generators:

(5.8) X(t,p,A) = exp <i ti(p' — )\i)> exp (i()\i — )1 6(2 >

1

o) _ yW\k
~ ZL k'A) AW with W = .
k=0 ’ {=—00

Note that X1; and Xog are closely related to the two-Toda vertex operators
defined in [6]. Acting on infinite vectors of 7-functions,H they give

(5.9) Xi1(p,A) =XiXs = —x"(Wx(WX(—t, )X (¢t p)

Hhere (£)7 = 30,00 () (252)" and < o > _ G
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= i ((§) xemn),

A =N S ek
- (R Y e
nez

k=0 : f=—0c0
A
= 2 Xt
M _ A ( ’A7 M)?
(5.10)
Xoa(p, A) = X5Xz = —A7 XWX (1) X (=5, 1) X (5, ) A
- 5 xenn)
- N - 7/1/7)‘
=X \\p ( )neZ
__ (i (1= V" 5= A_z_ka))
- nt
p=A\im K nez
M ~
= X
T (8,7, 1)
With@

k ' )
W) =3 (0 ) ana =
7=0

Remark 2. One easily computes from (5.8) and (5.9):
W =6,0, WV =JY and W=7 _-mn+1)JV,  nez
0/0t, ifn>0

S = ()t <0 JP = 3T
0 ifn=0 try=n
and
(5.11)

Before establishing Theorem 5.1 we first prove the following lemmas:

I2Note that in the notation of [6]

=2 =

~ A
X(t, A\ p) = X X11(ps A) and X(s, A, p) = p KXoz (1, A).
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LEMMA 5.3.  The following hold:

: * ntl X (=t,\) X (t,0)Tn X=X ()T
(1) l,n()\)qjl,n(lu‘) = - (%) 7'n+1“ +1 + (%) e z.n o) )
.. " 1 —1 A\ X (s,) X (=5,\)Tn AL X (5,0) X (=5, M) Ty
(i) Vo n(A ) Wan(pn) = (;) S — - (;) - a0
* _ X(—=s,\) X (t,u)Tn —1 X(=s,\)X(t,p)Tp—
(i) W5 (AW () = (uA)" A )t T e

(V) Wi Mot (uh) = (un) " XCEX G () =n XX (e

Tn—1 Tn

Proof. (i) By the explicit expression for X (¢, ), the right-hand side of the

first relation equals

A A Tnt1(t, ) Tn(t, s)

-3

(ﬁ)n St (ui =2 Tat1(t+ A7 )t =[], s)
2\ Tn+1(t7 S)Tn(tv 5)

= U1 (A)V1n(p)

7(&)" L S5oui-2) (ﬁrn+1(t+[All—[ulLs) rn(t+[A1]—[u1Ls>

by Corollary 3.7 with v — 0, v;1 — 0, 21 = A and 292 = p, and finally by

(2.10).
(ii) Similarly

w 1-2 w Tn+1(t, 8) Tn(t, s)

é " 6Efosi(ui7>\i) Tn(t, s + [)‘_1])7-”+1(t75 — [N_l])
U Trnt1(t, 8)Tn(t, )

= W, (A )Wan(u )

by Corollary 3.7, with 21 — 00, 22 — 00, v1 = A~ and vy = -
(2.10).

(iii) Also, the right-hand side of the third relation equals

neEf(tmifsMi) Tn(t _ [/1’71]7 s+ [)‘71]) _ L Tn—l(t _ [/1’71]7 s+ [)‘71])
(A) ( Trn+1(t, s) HA Tn(t, s) >

( )\)nezfo(tiui—siki) Tn (t7 s+ [Ail])Tn(t _ [1”‘71]7 8)
K Tt (6, 5)Tn(t 5)

= U\ Wra(p)

by Corollary 3.6 with u =0, v = A~! and z = y, and by (2.10).

1

(A)"emiwm 1 (5m+1(t7s+[xl]—[u-1])+Tn(t,s+[x1]_[u—l])>

, and by
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(iv) Finally,

et D (st —tan) (1 Tnra(t 4 A ls—[w') |, ml+D s =)
(1A) ( N (t,s) + ) )

_ (M)\)—n-HeZ‘fo(Siui—ti/\i) Tn(t + [A71]7 S)Tn(t7 S — [Hil])
Tn(t, $)Tn—1(t, s)

= Ui 1 (N)Wana(p™t)
by Corollary 3.6 with ¢ +— t+[A7!], 2 =\, v = 0and u = p~! and by (2.10). O
In the next lemma we show that the Christoffel-Darboux type kernels,

formed by means of the two-Toda wave function (2.10) can be expressed in
terms of vertex operator acting on the 7-functions; set X := X(u, \):

LEMMA 5.4.  When 1 < |u)| < |u|?, the following holds (bi-infinite case)

1) T TN = - (§)" HEAEE (771 (7)),
() Sjon W5, )oY = (2)" EesdXoodm — (1%, (7)),
() e U5, (p) = (uA)"! HERTEAR = (1K (),
(V) Sjon ULy Wa(u7Y) = (ua) " HEAE s — (1%, (7)),

The proof is based on summing up the expressions in Lemma 5.3 and
noting that, given the inequalities above,

(%)n and (uA)" — 0 when n — —c0

and A\
<—> and (uA)™" — 0 when n — +o00.
i

Proof of Theorem 5.1 and Corollary 5.2. In the bi-infinite case, the state-
ment of Lemma 5.4 leads at once to (5.3), whereas in the semi-infinite case,
summing up the expression (i) of Lemma 5.3 yields a boundary term, by the
fact that 79 = 1. For (iii) the boundary term vanishes, since 7_; = 0. To
prove the first expansion of the corollary, let n 7 oo in the (1,1)-entry of (5.4),
assuming |p/A| < 1. Setting n = 0 in the (2,2) and (1,2)-entries of (5.4) yields
the second and third relations of (5.5), after first stripping the exponential part
from the equation. O
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6. A remarkable trace formula

Given two differential polynomials p(d;) and ¢(0s), define the customary
Hirota operation:

0 0
(6.1)  p(3)a(@s)f o g:=p(5 )alz )t +y.s+2)g(t —y.5 —2)
Yy z y=2=0
THEOREM 6.1. In the semi-infinite case, we have the following trace
formula involving elementary Schur polynomials, for n,m > —1:

1
6.2 ot pmtly —
( ) ogigv_l( 1 2 )m TN(t, S)

Pn+N(5t)pm+N(—5s)Tl OTN-1.

Remark 1. Here is an alternative way of writing (6.2):

(6.3)
1 _ By
1 1
(LY Lyt = () i+i’§L+N pijpir (O)pjr (—0s)TN-1(t, 8)
0<i<N-—1 0 8) HE=nt il
i,4',5,5'>0

where the p;; are the moments

ij 1= //xiyjev(x’y)dx dy.

We shall need the following matrix of matrix operators:B
(6.4)

Nip Nip \ [ WieWNes(A/ W Wied ™ =V s(A% )Wy !
Noi Nao |\ =WaeW =NVeg(A/NWE —Wael=V"§(A* /X)Wyt
where 6(A/A) = Ao(A, A), with the delta function §(z) = > 00 2", as defined

in (1.3).
PROPOSITION 6.2.  The following holds:
(6.5)

Nip N\ W1 (p) ® Wi(N) Wy(p) @ W5(A)
No1  No T —Uy(p ) @ UT(A) —Ts(p™) @ U5(A 1)

= (W e h)e (V) L weh).

Proof. Using (1.4) and Lemma 1.1, we compute
N = AWt Neg, Aywt
= Wix(p) @ x*(\WWwy!
= (Wix(w) @ (W)~ (N) = Ta(p) @ Ti(V)

I3Note that in the notation of [6], N1 = “—;)‘Nu and No = 7L>\>\N22.



THE SPECTRUM OF COUPLED RANDOM MATRICES 947

and
Noy = =AWy eW =V 5(A A*) W5t
= —Wa x"(n) @ x(V) Wy
= —(Wax(p ) @ (W) (A1) = —Ta(u ) @ T3,
The remaining relations are established in a similar way. O

Remark. The operators N(t,u, \) have been considered in [6]; they are
generating functions of symmetries on the W-manifold in the following sense,
by (2.8):

Ni = (=17 "Ihe=NMig(\ L)
SPEED W (TR Y L e 1k
_ (_1)i—1 -k k=17 k—1+¢
= (-1 i Ag::l - (Z:}; AR (M LR,

PROPOSITION 6.3. In the bi-infinite case, the following holds:

(6.6) S = W)@ W),
nez
sznLg = Uz Hewizh.
nez

Proof. Setting p = A = z in formula (6.4) for N;;, we find
Nii(t,z,2) = (—1)i_15(Ll-/z) = (—1)’;1 Z z "L},
neL
which combined with Proposition 6.2 yields Proposition 6.3. O

PROPOSITION 6.4.  In the semi-infinite case, the following holds (see
notation (2.14)):

(6.7) S = Wi(z) @ Ui(e),
nez
Soen, M = W) @ Ua(h).
nez

Proof. Acting with Y, ., zf"Lgn) on the wave function Wy(z), recalling
that 7 is the projection 74 (3 ;c7) = > ;>0 a;7', and using the usual property
of the §-function in the third equality, we obtain:

(Z 21"L§n)> Ui = > 2wy (Z"\I’1(Z)e_ > tz)

nez ne”L

= 7y (% <Zil>n‘1’1(z)€_ Z?tizi)
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= (W1(21) ® Wi (1)) W (2)e 20 B

which is valid for all z,z; € C; this establishes the first relation of Proposi-

tion 6.4.

Similarly, one shows for all z,zo € C

nez

leading to the second relation.

(Z ZQ"L?"’) (xR e

1

W;(Zgl)ez?osizé T

- Z W;(= \DQJ )ezclxjsizi

by (5.5)

= (Wh(zh) @ Wa(zg 1)) Wh(2L)eDn 5,

O

Proof of Theorem 6.1. Multiplying the first relation of Proposition 6.3
with the second transposed, and using Proposition 6.4 in the second equality,

we find

> AT

nme”zZ

nez meZ
(T1(N) @ T ()) (P2 (™) @ W5 (™))
W1(A) ® U5 (=) (PI(N), Pa (™)),

using regular matrix multiplication, in the last equality.
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Upon taking the trace of the matrix above up to N — 1, and using both
Theorem 5.1 and Corollary 5.2, we find

6.8) Tn(ts) S AT S (L T

n,mez 0<i<N—-1
= 7v(ts) D Wu(N)P(nT) - (TI(N), Ta(ph))
0<i<N—1

= )N 1eRe WA s ey (= AT s+ ()
S N (1 4 A s = ()

= Q)M e+ s = [ vt = s+ 7).

1

Then, using the Taylor expansion, in A~! and p~!, we find:

FEEDsF ) = an (£ f(ts F W DA

_ }:pdi&)<§:pmﬁﬂ9f@ﬁﬂtm>kn
n=0 m=0

[e.9]

= Z (pn(iét)pm(qzés)f(t7 SHA"p
m,n=0
Therefore, on the one hand,
(6.9) T+ [A",s— Z Pr(00)pm (=) 71 (£, )N "1™
m,n=0

on the other hand, using the explicit matrix representation of 71 (see [2]), we
see that

(6.10)
T R B L

El (tiz® 7513/ 0($ y)d d
- [ epampe e

= Z AT ™ //x"ymev”( Ydz dy

m,n>0
= Z Mn,m)\fn/fm7
m,n>0

which, upon comparison with (6.9), leads to

,Ufn,m(t, S) = pn(ét)pm(_éS)Tl (t’ 5)'
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Therefore (6.8) reads

n - T
Tn(ts) Y AT Y (L (™)

n,mez 0<i<N-—-1
= MY pi(0)pi (=0Tt )N
i,j>0
3" pi(=3)py D)ot AT T
i’,j/ZO
- Z Ainlu’im Z pl(ét)pj(_és)Tl(t, S)pi/(—ét)pj/(és)ﬁv,l(t, S),
n,mez i+i/=N4n—1

JH+i'=N+m—1

Upon comparison of the coefficients of A™"u =™ for n,m > 0, we find

™(ts) >, (LTL5 )
0<i<N-1

n T(m
= 7v(ts) > (L, ™),
0<i<N—-1

since Lgn) = L?,L;—(m) = (Ly )™ for n,m >0,
= Yo pi@)pi(=0s)Ti(t, )pir (=00)pjr (Ds)Tn-1(L, 5)
i+i/=N+n—1
JHi'=N+m—1

= PNin_1(0)PNtm_1(=0s)T1 o T5_1, for n,m > 0,

leading to the statement of Theorem 6.1. O

7. Two-Toda symmetries and the ASV-correspondence

Define the four vector fields
(W1, Wa) = Y;5(Wq, Vo) := (=Nyj oW1, Niju Vo)
on the manifold of wave vectors ¥ = (U, Wy) and the four vector fields
7= X7
on the manifold of 7-vectors. They are symmetries of the two-Toda lattice;

i.e., they commute with the basic (¢, s)-flows (see [6]).

THEOREM 7.1. There exists the Adler-Shiota-van Moerbeke-correspondence
between symmetry vector fields on ¥ and those acting on T:

Nij, oW1 Ni'u‘l’z) ( - XigT n = XiyT
71 _ Js Js — 771_1 —-7 A 772_1 —J)
(ra) (P R (e - )BT (e 1)

Proof. For Ni; and Nag, the result follows from [6] by the conversion rule
from N; to Nj; (see footnote 13) and from (X(t, A, ), X(s, A, 1)) to (Xi1, Xa2)
(see footnote 12). For i # j, we prove for instance the following two identities:
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~ Nige¥i(z) (e — 1)X127'_

(©) Uy(2) T

For the vector fields 7, = X197, acting on the 7-functions 7, consider the
derivation of Wy with regard to that vector field:

(W12 _ (e‘"lTn(t,s)) Tn(t, 5)
U, (2) Tn(t, ) e~ Ty(t, s)
(6™ M7y (t,8))Tn(t,s) — e M1, (t, )Ty (t, s)
e~ (t, s)Tn(t, s)
X127n(t, 8)
Tn(t, )

(7.2)

= (-

where in the above we have used the commutation of the symmetries with the
t-flows. Considering the vector field f = Xiof (see (5.2)) acting on column
vectors f = (fn(t,s))nez, we compute using (7.2) and, in the third identity,
the relation of Corollary 3.7, with n — n — 1, t — ¢t — [z27}], s = s+ [A71],
=z, 29 =p, 01 =0, vy =1,

eEtiZiz"<(X127—(t — [zil], ) nTa(t,s) — (X7 (t,8))nTn(t — [zil], s))

(1) _ _
Win (1) e=titt yny (t, 8) T (t — [u=1], )
— eEti(Zi*#i)luezfo(ti#i*SiV) (5) (ILLA)n71

(=D A =z = s+ AT D) —p i [ s+ AT T =[] s)
Tn (t,8)Tn (t—[n~1],s)

. . -1 -1 -1
_eE(t.L-z"—siX‘)zn)\n—lz—lTnfl(t [Z ]78+ [A ])Tn(t [lu‘ ]73)
Tn(t,8)Tn(t =[], 5)

n—1 X(_57 )‘)X(t7 Z)Tn_l

Tn

= —(\z2) , using the definition of X (¢, 2)
- _ Z W3, (A )Wy (2), by Lemma 5.4 (iii),
j<n
e T ()05, (AT ()
Wi (1)

Nige W
7M7 by Proposition 6.2,

Wi ()

thus proving

(7.3) (F1(2))n = —(N120¥1(2))n-

Comparison of both expressions (7.2) and (7.3) for ¥, (z) yields (i).
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Nai, U X
(i) =g = (e ™ D=EL

Consider now the derivative of Wy with regard to the vector field 7,, =
X917, acting on 7-functions. At first

(o (2))n B e, 1t s)\  Talt,s)
(7:4) Uon(z) ( Tn(t, s) )67727n+1(t,5)

(67172 7.'n+1(t7 8))Tn (t7 S) — (eim Tn+1(t’ 8))Tn (t’ S)
e 1y 11(t, $)Tn(t, s)

— (e A1) (X”T)n.

T

Acting with the vector field f = Xy f on Uy (2), and using (7.4), we apply,
in the third identity, Corollary 3.6 with n + n+1, with t + t+[271], s —~ s—[1]

and subsequently with z — X\, u+— p~t v — 2

. DIIEE (X217(tvs[Z]))n+17—n(tv5)(XZIT(tvs))TLTn+1(tvS[Z])>
~ (W2(2)n B (

Vo n(pu=1) eXsint o (£s) Ty (t5— [ 1))

o ) ) 1 n+l
- _ Disi (27 =pt) Di(sipt—t; \Y) n L
e e (1z) (M)\)

A=z T ya G+ A" 5= [2] =[N Tn (t,8) —pA T g1 G+ A" s —[n™ D71 (85— [2])

X
Tn (t,8) Tyt (t,s—[p— 1]

Ss;z T =St A (i)n ’LL)‘T"JFl(t + [)‘71]7 S — [Z])Tn+1(t,8 — [lu‘il])
A H)‘Tn(t7 S)Tn+1(t7 s —= [lu‘il])
n X(=t, )X (5,27 D Tnt1(t, s)
Tn(t, s)

= €

- (Y

= Z\I”{j()\)\l’gj (z), from Lemma 5.4 (iv),
S Wan ()W (), (2)
Wan (p~t)
(N21u¥2(2))

— ==t 22" by Proposition 6.2,
Ton(ut) VP

and thus

(\I’(z))n = (N21u¥2(2))n-
Comparison with expression (7.4) yields (ii). The proofs of the other identities
contained in (7.1) can be done in the same style. Note that even the identities

involving Nj; and Nog, which were established in [6], can be shown in this
fashion. This ends the proof of Theorem 7.1. O
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8. Fredholm determinants of Christoffel-Darboux kernels

The following theorem involves determinants of the kernels:

Kiin(y,2) =Y Wi(2)We(y Koin(y,2) =Y Wiy(2)Way(y™ ),
<n >n

Kion(y,2) = > Wz YW(y),  Koon(y,2) = sz~ )Wau(y™),
<n {>n

already mentioned in Theorem 5.1:

THEOREM 8.1. The following holds:
(det (K11,n(Yis Zj))lgingk)nez (det (Ka1.n(Yi, Zj))1§i,j§k)
(det (K12,0(yi, Zj))lﬁingk)nez (det (K22,(yi, Zj))1§i,j§k)

o l ( H?:l Xll (yfa Zﬁ)’r H?:l XZI (yfa Zf)T )
H?:l Xl? (yfa Zﬁ)’r H?:l XZQ (yfa Zf)T

(8.1) neZ

nez

Proof. We work out the result for the kernels K5 and K71. Indeed, since,
using Lemma 5.4,

Kion(zj,mi) = Y Uy, ) Wie(z))
I<n

-1 -1
)n—lezgf:l(taz;‘fsay?)Tn—l(t - [Zj ]7 s+ [yz ])

(yizj Tn(t7 S)

we have, using the second relation (4.1) of Theorem 4.2,

(8.2)

et (Z \If&(yil)‘lfw(zj)>
£<n 1<i,j<k
k n—1 k 1 1
I det(fn—ﬂt—[zj s+ Iy 1>)
1 i=1 Tn(t 5) 1<i,j<k

k n—1 k
<H ini) A(y_l)A(Z_l) (H ezgcl(t“z?_s“y?)>
1 =1

Tkt =3l s+ 30 )
Tn(t, s)

k
= % (HXH(Znyi)T) ,
i=1 n
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using the computation below. Observe indeed that compounding two operators
X12(2i, i)

Koz y)mn = (A x(w)x(2)X (1 21)X (=s,91)7)
gt e S (= [ s+ [y )

yields
(Xi2(22,¥2)X12(21,¥1)T)n

= (Kualzasy)((gaz)" " eST O = 275 + [y Dnez)

2 - .
= (yQZQ)n_l(ylzl)"_z H ezizl(tiz;'_siyj)(l _ ﬂ)(l _ ﬂ)
j=1 z2 Y2
2 2
* Tp—2 (75 - Z[zi_l],s + Z[y;ﬂ)
1 1
9 n—1 9 ' '
B (H y) || e | BNCRE U B | O
1 j=1 1<i<j<2 1<i<j<2

2 2
N (t =3 Iz s+ Z[yf]) :
1

1

and so on; this establishes the equality (=) in (8.2) and the Kjs-identity in
(8.1).

Since, by Lemma 5.4,

Kiin(zjy) = Z‘I’Té(yi)‘l’w(zj)
<n
_ —(ﬁ)n—l Sty Tl = 12 i) 0)
y) -2 s

we have, using the first relation (4.1) of Theorem 4.2,

det (Z ‘I’Te(yz)‘lfu(zj)>
1<i,j<k

<n

gy A(y)A(z
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In the last equality, we used the composition of the vertex operator

( 2" > X(t,z,y)

X11(z, ) = XE(t, )X, (£, 2) =
1(2,9) = X{(t,9)X1 (2, 2) 1) Ty

several times, to yield

k B k - N N k n
JIRSHERMEE (-7 e (H eatles Sayj)) (H yi1>
1 a=1

Hk;j(zk - yﬁ) j=1

k k
- (t+ L z[z;w,s) |
1

1

thus establishing the result, for the Kj; and Kj2 components of (8.1); the
remaining cases are more of the same. O

It is also interesting to compute the Fredholm determinant of the kernel
K = Ki3 5, namely

(8.3)

det(1 = AK) = 1+ 30 [ [ det( @y TL oo i) doidy)
1 : 1

over a set of the form E = F; x Ey C R? with regard to the measure

p(z,y)dz dy.

COROLLARY 8.2.  The wvector of Fredholm determinants (in the sense
above) equals

(84) det(I — )\KE) = leiAJﬁfE dxdyﬂ(xyy)X(Ly)T
T

for the kernel KX = Kis,,(y,2)Ip(2), with Xia(z,y) being the corresponding
vertex operator, given before Theorem 5.1.

Proof. Putting the corresponding determinant obtained in Theorem 8.1 in
the Fredholm formula (8.1), we find for a subset of the form E = E; x By C R,

(det(I — AK"))nez

() i
= 1+21:( ,:;) //Ek det(K (i, yj))1<ij<k H(P(ﬂcuyz‘)dwidyi)

o (=) 1 (& k
= zo:( k') //Ek . (HX(mz,yz)> TH(p(xhyz)dl'zdyl)

1 1

= %é% (—)\//EX(x,y)p(x,y)dmdy)kT

_ Ly yrey)
T
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9. Differential equations for vertex operators and
a Virasoro algebra of central charge c = —2

Consider the vector of integrals

(9.1) Up = //Edmdyp(w,y)xl2(x7y)

over the subset E := [a,b] x[c, d] C R?, of the vertex operator Xia(x,%), defined
in (5.2), integrated over the weight

p(z,y)dz dy = "12@V dzdy .= 21321657V g dy.

Also consider the vector of operators

0 0
2 = gt gkt 2 () Cij 5
(92) Vi oY ga K +i,jz>1w]‘%i+kj ’
with
1
(9.3) 1P = (JO)nez = 5 (22 + @n+k+ 1)1 +n(n+ 1)J1§0))nez,

then the following theorem holds:

THEOREM 9.1. For allk > —1 and n > 1,

Vi, (Ug)"] =0,
with the vector J,(f) forming a Virasoro algebra of central charge ¢ = —2:
k3 —k
37.37] = k=032 + (-2) ( = ) Ot -

Before proving Theorem 9.1, we first need a few lemmas. For the sake of
later investigations on matrix integrals (symmetric and symplectic), we intro-
duce operators depending on a real parameter o > 0. So, define Heisenberg
and Virasoro operators, depending on «,

2 k>0

k

JP@) = L=kt g k<0 and JP(a) = ¥ J0TY:
0 k=0

together with “vector operators” acting on vectors of functions f =
(fn(tlat2a-~))n€Z,

1
1@ = (J@)
1 0 0 0
= (W@ +ng”) and TP = ng” = ndu,
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1P = (1)
_ % ﬂz;k 1010 (0) : + (1 - %) (e + 130 (@) - k1)
- (¢ :Ji(l)aJ(l)a:—i- na+(k+1)(1-2)) 7Y (@
(5,2, @@+ (nak v - ) 0@

n((n —1a +2) J(0>)
i .
2 nez

Note J,(f) (c) coincides for a = 1 with J,(f) of (9.3). Given the vertex operator,
containing a parameter a as well,

Xo(u) = STt~ X T

and the “vector vertex operator,” remembering x(z) = (..., 271, 1,2,2%,..)7,
Xa(u) = A-1eST e K a0,

we prove:

LEMMA 9.2.  The vertex operator X, := X,(u) and J(g) = J,gn(a)
satisfy the relations:

Xy = [, Xa]) 4 Xo T,
aﬁaziu’f“(xaun) = J2 Xt — Xou" T,
Proof. Setting X := X, (u) and using
auPX = [Btg, X] and u’X = [(9(? X] B8>1,

one immediately checks the first relation; although the following relation holds
for all k € Z, for brevity one checks it for & > 1,

0 0
k+1 _ —i+k i+k
=X = «a U X —|— TP X +a X —
5 2 2 tx
—i+k#0 i+k#0
0 0 0
- i~ W)t X2+ a [_,X}_
; (= R)ti ]Gti ; ot | ot
—i+k<0 —i4+k>0
0 0
ti|l —, X X—
* 2 " Otivk’ ] T oty

i>max(1,—k+1)
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0 « 0?2
= x5 [ K]
7,j>1

« o[ d « 0 0
-5 E ooy Z ¥

i+j=k i+j=k
4,521 i,521

9
a4(2) a 0 0 ©
= U5 S | Xl | +ax
27k 2%; ot;’ " ot k
i,j>1

(6%
_ §[J,§2) —(k-1)JY x]+ax gV,

where in the last equality, one has used the identity

— . X],—| = W)X = (k- 1DuFX = (k—1)|—, X|.
,.ﬂZ_J[at@- o) = (2 (= DX = (k=) 5
i,5>1 4,721

Finally, using the above and the first commutation relation of Lemma 9.2, one
computes on the one hand,

aguk*'1 (X (w)u™) = (k+ Du*X u" + anuF X uom
u

+ %[J,f) — (k= 1)JY, X u") + a X uen gV
= (na+Fk+umthx 4+ % [, Xume]

- %(k: — D (ufX = XJ7) +axur g

and, on the other hand,

Jé,zﬁﬂif u — X uan‘]lf:,r)z = 3 [JIEQ),XUM}
_ «Q na(, ky _ (0)
+ (na+(k+1) —2(k‘—|—1) u" (X - XJ)

+ aJ,gl) Xu™™ + Xu"aJ,gO)(an +1).

Using again the first commutation relation of Lemma 9.2, we see that the two
expressions are easily seen to coincide. O
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PROPOSITION 9.3.  Gliven the vector vertex operator,

)

Kot u) = A1edn ™ 2 5T oty (),
define the generators J,(;)(oz) by means of
FKalt,2) = [I0(0). Ka(t2)] . P Ka(t,2) = [I0(0), Kalt,2)]

The J,(f) (a)’s form a Virasoro algebra

k3 —k
3737 @] = s = 03 2l0) + ¢ ( E ) et
with central charge

(@)

The J,(gl)(a) form a Heisenberg algebra, interacting with Virasoro, as follows:

k

3@ 3 @] = =6
12,57 (@)] = —£ LY e) +k(k+1) (é‘%) Okt

Proof. The proof follows from Lemma 9.2 and an explicit computation for
the central charge. O

PROPOSITION 9.4.  The vertex operator, defined in (5.2),

Xig(u,v) = A_lX(—s, v) X (t,u)x(u)x(v)

leads to a Virasoro algebra of central charge ¢ = —2,
0
— K (0,0) = I, Kz, 0)]

with generators (in t)

I =10

a=1

= S (W +en+k+ )Y 40 +1)00)

2 nez’

Similarly, the involution u < v, t < —s leads to the same Virasoro algebra
i s, with same central charge.
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Proof. Noticing that one piece of Xya(t, s;u,v) is precisely X, (¢;u) for
a = 1, we apply Proposition 9.3 for o = 1:

%ukﬂxm(t,s;u,v) = (%ukﬂxl(zﬁ;u)) X(=s,v)x(v)
= [P0 X1t w)] X (s, 0)x()
= [P, Xual.
The central charge ¢ = —2 is obtained by setting o = 1 in the general formula
for ¢ in Proposition 9.3. O

Proof of Theorem 9.1. We consider the vector of operators given by the
double integral of a vertex operator,

(9.4) /ab dz /cd dy(%3 (xk+1X12(x,y)p(x,y)) ;

thought of as acting on a column of functions F'(¢, s,c). On the one hand, the
integral (9.4) equals

r=b

d
05 = 2 [dyXaty)e ey

r=a

(k19 e O [P d Via(2,9)
= (b %7 3 de | dyXia(z,y)e :
a a c

On the other hand, by Proposition 9.4, it equals

(9.6) = /cd dy /ab dz <(%:Ck+1X12(33,y)) p(x,y)

d b . .
+ / dy/ da Xya(z, y)a ! (Z iCzj:v"ly]) p(z,y)

4,521

0

d b
- ([Jl(f)a'] + Z Zfz‘ji)/ dy/ dz Xyo(z, y)eV2@Y)

=1 ik

where the derivations 9/da, d/9b,d/dc act on the operator only and not on the
function F(t, s, c); note that for an operator A, (0A)F = [0, A]F. Comparing
the two ways (9.5) and (9.6) of computing (9.4), we obtain [V, Ug| = 0, with
Vi as defined in the beginning of this section. The rest follows from the next
argument:

Ve, Upl = > UL [V, , UglU " =0.
k=1
Incidentally, in view of Corollary 8.2, it also implies that [V,,e V2] = 0, since

—AUg _ yoo  (=A)"mm
e E =501 Ug. O
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10. Vertex representation of probabilities
and Virasoro constraints

Consider a weight p(y, 2)dy dz = pis(y, 2) = Vs WA dy dz on R2, with
po = "0, where

(10.1) Vis(y,2) i=cyz + i tiy' — i 5;2".
1 1
Given the space of Hermitean matrices Hy, and given
spectrum M; = {z1,...,zx} and
spectrum My = {y1,...,yn}, with My, My € Hy,
we define, for a set E C R?,

Hy g = {(My, Ms) € HY, with all (zy,y,) € E}.

Consider the product Haar measure dM;dMs on the product space H3;, with
each dM;, decomposed into its radial part and its angular part, as in (0.16).
Also define the probability measure

dMldMQeTth,S(MhMQ)
ffH?\r dMydMyeTr Ve.s(Mi,Mz) "

Recall from (9.3), the definition of the vector Jl(f); also define another one

50

k

1
(102) 1Y = (I )nez = §<J;2> +@n+k+1D)IY +nn+1)7 ez,
- - 1 - -
I = Uinez =500 + @+ k+ DIV + 0+ DI ez
Given the disjoint union
(103) E = E1 X E2 = U;Zl[a%,l,agi] X Ule[bgl',l, bgz] C RQ,

define the following integral:

(10.4) Upi= [ /E KXo, y)po (@, y)dady,

of the vertex operator X3, defined in (5.2). The main theorem of this section
is:

13 — 5O Li=1,2.
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THEOREM 10.1.  Given the set E, as in (10.3), the probability

P(all My-eigenvalues € FEy and all Ms-eigenvalues € Eo)

I e , AMyd My eTr Vi,s (M1, M2) B

10.5 _ e _
( ) ff?ﬂ dMdMy e™r Vs (M1, Mz2) T

is a ratio of two T-functions 7Y and 1,, such that
= ((Ug)"7)n.

Moreover, T, and TF satisfy the partial differential equations, labeled for
k> -1,

2 - -
(10.6) < ZakH + Jk )> TnE + Ckarn(at)pn(_as)TlE © TnEfl = 0
k1 0 72\ E 9 ONE o 1E
Zb ab +Jk Th +Cpn( t)karn(_ S)Tl °OTp—1 = 0.
=1
Remark. Whenever some a; or b; = oo, we must interpret: ak+1 8?1 or
bkle 8?7 = 0; in particular 7, satisfies the same equations, but without the

boundary terms.
The following proposition is due to [12], [8], [9]:

PRroroOSITION 10.2.

27r) det( “Yi ) 1<i j<n
10.7 / du e _ | SLIsn
GO0 " A@AW)

PROPOSITION 10.3. For E = E; x Ey C R?, the following holds:

(10.8) //2 ecTr(M1M2)eTrZfo(tiMf*S¢M§)dM1dM2
H

N . .
= [ Tl pdye™a sty enson) Ay (@) Ay ),
EY =1

Proof. Consider a symmetric function f(z,y) := f(z1,...,ZN;Y1,---,YN)
in y1,...,ynN for given x1,...,xyN; then we have, using the skew-symmetry of

the Vandermonde Ay (y),
[ [ Sr @A) ) et 05,y oy

- / o AN () S (17 AN () f (@, y)e= Yoo dady

o€lly
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= / R2N Apn(z) Z (_1)UAN(yU—1(1),...,ya_l(N))

o€elly

N - .
. f('r;yo'—l(l), PN ’yO'_l(N))ezl xzyzdxdy

- / ]R2NA (Z( 1)0(_1)0) AN(yl,-..,yN)f(x’y)eEivmiyidxdy

o€lly
N
= N[ [ An@ AN () dudy,

The function

N N

f(x,y) = HIE1><E2(xi7yi) = HIE1(xi)IE2(yi)
1 1
has the desired symmetry property, so that, using (10.7), one computes

/ / €€ Tr(MyM2) Te 37 (6 M =s3M3) g 0, dVE
H

2
N,E

= // Hdw,dezAQ VA% (y He iz (tiw)—siv)

/ / AU dUe® T V1eUy Uyl

- // Hdm, dezAQ AQ H e—i= 1(tzxk—szy,€)

// dUldUQBCTrIUQyUQT,

substituting Us for UlTUg,

N N
= ; A% (1) A3 T
- o[ o 1o [T k()83 ) (o)

He i= l(t :kasy )det( )ISZJSN
An(z)An(y)

N N N , )
= cy / /E T dei [T dyidn(@)An(y) T X terhmswite s,
1 1 k=1

where the last identity follows from the previous calculation. O
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Consider now a more general weight p(y,z)dydz = pis(y, z)dydz =
Vs W2 dydz on R2, with py = €%0, where

[o.¢] o (o] o
(10.9) Vis(y, z) == Vo(y, z)—l—z tiy’—z 82" = Z cijylz]—i-z tiy’—z $;2",
1 1 i,j>1 1 1

with arbitrary Vy and the inner product with regard to a subset E C R?

(10.10) (Foahe = [ dydzpr(v,2)f W)g(o)

Given the moment matrix (over E),

(10.11) mn(t, s,c) = (ij)o<ij<n—1 = (', 27) Bo<ij<n-1,

according to [2], [3], the Borel decomposition of the semi-infinite matrixd
Moo = Sy 1S with S; € D_oop, S2 € Do oo

with S1 having 1’s on the diagonal, and S having h;’s on the diagonal, leads to
two strings (p™M(y), p®(2)) of monic polynomials in one variable (dependent
on E), constructed, in terms of the character x(2) = (2" )nezn>0, as follows:

(10.12) PP () = Six(y), pP(2) = h(S3") T x(2).

We call these two sequences bi-orthogonal polynomials; in fact, according to [3]
the Borel decomposition of ms, = S| 16, above is equivalent to the “orthogo-
nality” relations of the polynomials:

(10.13) () P E = Gnmhn.

The matrices

Ly := SlASfl, and Lo := SzATSEI,

interact with the vector of string orthogonal polynomials, as follows:

(10.14)  LipM(y) =9pV(y), ALy kPP () = 2p)(2).
Also define vectors ¥; and U3, as follows:
(10.15)  Wy(z) := eEtkzkp(l)(z) and U5 (z) := e*Es’“Z_khflp(Q)(zfl)

(53 x(z).

_ eEtkszIX(Z) _ e—Zskz_k

15Dy o (k < £ € Z) denotes the set of band matrices with zeros outside the strip (k, £).
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As a function of (¢,s), the couple L := (L1, Ly) satisfies the two-Toda lattice
equations (2.3), and ¥ and W3 satisfy the equations (2.7); remember that L,
W, and V3 all depend on F.

Moreover, according to [2], Theorem 3.4, the determinant of the moment
matrix can be expressed as a 2n-uple integral over E® C R?™:

(10.16) i
nldetm,(t,s,¢) = // eVos (k) oy dy
= nldet (En(t)moo(O,O,c)En(—s)T)
n—1
= H hi(t,s,c)
0
= Tf(ta S’C)’

where E,(t) := (the first n rows of eX1 A") is a matrix of Schur polynomials
pn(t). Also 7,(t,s,c) is a T-function with regard to ¢ and s. Note that for
Vo = cxy and F = E; x FE5, this integral is precisely the one obtained in
Proposition 10.3.

ProprosITION 10.4.  Given the bi-orthogonal polynomials (pl,(g , pk ) for
a general weight py = "0 on R2, the kernel defined in terms of (10.15),

(10.17)
K(y.y'522) = Kuy,?) = 3 U)W
0<k<n
— Z 621 tiylpl(gl)(y)hk pk ( ) - sz ’
0<k<n

defines a projector; i.e., it has the reproducing property with regard to the
measure podz dz':

/ K(y,y;2,2)K(z, 2 ;u,u)po(z, 2)dz dz' = K(y,y';u,u’)
RQ

and

(10.18) / K(z,2';2,2")po(z,2")dzd2’ = n.
R2

Proof. Using the explicit expression (10.17), using the fact that p; s(y, 2)

= po(y, z)eETo(tiyLsizi) in the second equality, and using the orthogonality
relation (10.13), in the third equality, one computes
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//2K(y,y';z,z')K(z,z';u,u')po(z,z')dzdz’
R

= //11{2 ( Z eztiyipl(gl)(y)hlzlplgz)(zl)eEsiz/i)

0<k<n

: ( 3 eztﬂw”<z>h;1p§2><u'>eEsw”') polz, ' )dz d'

0<t<n

= [ X e wnte o)

0<k,l<n
= B (pi (200 pu a2, )z !

e 1 _ 2 _ s
= Y S hg P (W)e Z = K (y,d!) = K(y, s u,u),
0<k<n

/ , K(z, 72,2 )po(2,2")dz d2’
R

= / K (z,2")po(z, 2" )dz d2’
R2

= Z // )hk prs(z, 2" )dz d2’

0<k<n

Consider, for E € R?, the vectors (see (10.16))

(10.19) ¥ = (Tf) = (//En ﬂ(dxkdykpt,s(xk,yk))An(ﬂﬁ)An(y)> ;
P

n>0
R2
T = (Tn)nZO = (Tn )n>07

with pg as in (10.9), and the vector of operators Ug, defined in (10.4), but for
the weight pp as in (10.9). Given the set E C R2, define, in accordance with
(9.3):

10.20 Ve = — k1 0 ;
( ) Kk ;a, 9a; —i—chj

]>1 acl“rk,_]

- o) o)
(10.21) Vi = [y (O RIR l op
2: Ob; k %;1 J82]+k

We now state:
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ProposiTION 10.5. For E = FE| x Ey C Rz,E we have
(10.22) E = (Up)"1),.

1 2

Proof. In what follows, we use the monic bi-orthogonal polynomials p; ”, p;
defined by p; s(z,y) on R?; therefore the h;(t,s,c) are the R? inner products.
We first compute, using (10.16) for E = R? and Proposition 10.3, and remem-
bering notation (10.4), and formulae (10.16) and (10.17):

% — (Hh )//nH dzrdykpe,s(Tr, Yr)) An (Z) An(Y)

(Hh ) //n H dzkdypt,s xk,yk))det(pl ) (25))1<i<n det( ) (y;))1<is<n

// H dxkdykpo xlwyk det < B xk sz 1 xk i— lpz )l(ye)e_ZSiyz>

1<k,t<n

/1. H(dxkdykpom,yk))det( 3 %(m)%(yﬁ)

0<isn—1 1<k, 0<n

// H (podzrdyr) det (Kn(Tk,¥e)) 1< o<n
E'Vl

k=1

1 n
// H podzrdyr) | = H Xio(zk, yi)T , using (8.1),
B i "

k=1
1 n
= (— (/ X12(27,y)po(x,y)dxdy> T> :
T 5 N
establishing (10.22). O
Proof of Theorem 10.1. In [2] (see for instance the introduction), we have
shown that the vector 7 = TRQ, which is independent of the a;’s and b;’s,

satisfies the infinite set of equations, for k£ > —1,

Ver = + ZZCU@C )T=0
i,5>1 k+l’-7
ﬁ’m’ = —|— jcijm—)1 = 0.

16((Ug)™7)n means the n'™™ component of the vector (Ug)™r
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According to Theorem 9.1 , we also have [V, (Ug)"] = 0 and thus
0= [V, (Ug)"r = Vi(Ug)"1 — (Up)" Vit = Vi(Ug)";

taking the nfh component, we find (Vi(Ug)"7),, = 0 and similarly with Vy
replaced by Vi. Since (Ug)"7),, = 7F by (10.22), this leads to:

" 0
10.2 — k+1 R
( 0 3) ( ;az 8 + Z ZCZ] 8Ck+l,]) Tn 0

1,7>1

0 2) 0
b’““ -+ ) + Y dem— | = .
But, by p. 285 of [2] and by Theorem 6.1,

87’,’1LJ
Ocap

n—1
(10.24) = Triz Z(L?Lg)m = poz-i-n—l(at)pﬁJrnfl(_aS)TlE o Tf]—l'

Remember, one is really interested in the probability, expressed by 7-functions
(see (10.8) and (10.16)),
e, dMydM, Tt Ve,s(M) 75

P((My, Ms) € H2 ) = =
(( 15 2) Hn,E) ffHQ dMldMQGTrW’S(M) Tn’

for pg = "0 = e“*¥; thus, we must set all cij = 0, but ¢ = cq1; this leads to the
statements (10.6), ending the proof of Theorem 10.1. O

11. PDE’s for the joint statistics of the spectra
of Gaussian coupled random matrices

Consider the Gaussian probability measure
(11.1) Cnd M dMye™ 3 TH(MP+M3 —~2eM M)

defined over the space of Hermitean matricex H2 = H,, x H,, with a coupling
constant c. Consider the joint probability

(11.2) P,(E) := P(all (M;-eigenvalues) € E, (Ma-eigenvalues)e FE5)

for a set of the form F = Ey x Ey := ngl[agi_l,agi] X Ule[bgi_l,bgi] c R%
Before stating the theorem, we remind the reader of the differential operators
Ap, By, depending on the boundary points of F and the coupling constant c:

(11.3)
. 0 5.0 1 .0 5.0
(Za—“%—w)’ Bi=- 1@@*?@—@)’
8 0

5 0
Z%aaj 5 Br=D bigy ~ e
7j=1
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they form a Lie algebra parametrized by c:

1+¢ 2
(11.4) ALBi] =0 [A1, Ao = 77— 22 A A2 Bl = 5 _CCQ-Al
-9 1+ c?
[A2,B2] =0 [A1,Bo] = 1_225’1 [B1,Ba] = 11_2231.

We now prove Theorem 0.5, as announced in the introduction:

THEOREM 11.1 (Gaussian probability). The joint_statistics (11.2) satis-
1

fies the nonlinear third-order partial differential equatio 7 (Fy := o log Py (E)):
(11.5)
{Bair, Btk 55 lasn L asr s3] o
A1 1 B1

c2—1 c? —

Remark. When E; = Es, equation (11.5) is trivially satisfied.

Proof. From (10.5), it clearly follows that

E
t ..
Pn(E) — Tn ( 78702])

2
T}} (t, S, Cij) r ’
where 7 is an integral over E® C R*", i.e., (z,y) € E} x E} = E™,

(11.6)
sy = [[ dudyan(@)an)
n o =L@ yR—2emyr)+ Yo LTk —siyi) Y. i gs1 CiuTRYL
e (L)AL ,
k=1
and where £ denotes the locus
L ={t; =s; =0, c11 = c and all other ¢;; = 0}.
Observe the following involution on 7°(t, s) = 7,(t, s, a, b, ¢):
(11.7) (=8, —t,b,a,c) = 1,(t,s,a,b,c),
implying for the A;, B;, defined in (11.3) and V;, W;, defined below:

Ai = (1) Bi, Vi e (=1)'W; .

In view of (11.6), we write down the Virasoro equations (10.23) for 7.,

E

but with the shifts ¢9 — —% +tg9, S9 +— % + 89. It is convenient to consider new
Virasoro generators Vi and W, such that

0 0
11. =4+ -+

7in terms of the Wronskian {f,g}x = Xf.g — f.Xg, with regard to a first-order differential
operator X.
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namely, in terms of (10.20) and (10.21):

(11.9)
1 ~
Vi = ] (V_1+cV_y)
_ 0 n(ti—cs1)
- ot1 2 -1
1 ) 7] 0 .0 .0
T Zl(tl ot 38171)+ Z € (Zaci—l,j +Jcaci’j71)
i>2 i,j>1
i,#(1,1)
1 ~
W = 2 (cV_1 +V_y)
_ 9 n(ci—s1)
- 0s1 ¢z -1
1 ) 7] 0 .0 .0
R ZZ(Ctlatiﬂ +8283171)+ Z C”(Claci—l,j Jr]aci,jﬂ) ’
i>2 i,5>1
i,#(1,1)
0
VQ = V() — C%
_ 7] L, 0 nn+1) .0
o 8152 + thl ati + 2 + Z teij Gcij
i>1 i,i>1
(4,3)#(1,1)
3 0
Wy = Vofc&
0 .0 n(n+1) .0
= 75 + lez s, + 5 + Z JCij e,
i>1 i,j>1
(4,5)#(1,1)

With this new notation, and by virtue of (10.23) and (10.2), the 7,’s satisfy
for all n > 1:

(11.10) Aptn = Vit and Brm, = Wi, k=1,2.
In particular, on the locus £, we have from (11.9),
Arma| =G Birn| =52
L L L L
. o n(n+1) (@ n(n+1)
AQTnﬁ—(_a_tQ"i_ 3 )nﬁ BZTnﬁ—(a_SQ"i_ 2 )nl:a
and so
(11.11)
% logr,| = Ajlogt, B aisl log,| = Bilogm, B
% logm,| = —Aslogm, L + —n(n2+1) 8%2 log 7, . = Bylog 7, , - —n(n;l)
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= 0, we have

Using [B1, V1]
L

Bi A1y,

L

BiViTy,

L

V1B,
c

ViWhTy

L

2 (2,
6t1 681

Ctl—Sl
n T
1—c2 )"

L

_ ( 0? n ne ) .
ot10s; 1—¢2) " L’
and so, on the locus L,
(11.12) O g = Bidylogm + "
Ot10s7 -1
Using (B2, V1] ; = 0, we see that
By A1, = BVim,
L L
= WViBom|,
= ViWam|,
o (90 nn+1l)
= ),

and so, on L, we haveE
62

(11.13) T

0? n(n+1) 0
<8t1632+ 2 o)™

= By A log 7.
L

log 7,

971

Setting (11.11), (11.12), (11.13) into the formula of Proposition 3.3 (for k = 2,
as spelled out in Lemma 3.4) and its dual, namely

82
9 == log T, 9
(11.14)  ——log e Btla(zSQ e and  ——log Tntl _
681 Tn—1 m 10g Tn 3t1 Tr—1

82
0s10to 1Og Tn

18Using the following relation for non-commutative operators X and Y
XY log f = f% (fXYf—-XfYJ).

02 )
0s10t1 1Og Tn
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one is led to an expression for B log % and, using the involution (11.7), a
dual expression for A; log "5

Tt AsBilog 7,
11.15 —Ajlog 22 =
( ) Lo8 Tn—1 A1 By log 7, + czn—fl

By Aql
~Bilog ™ML = 2AilogTn
Tn—1 B1Aq log 7, + 2_1

Upon taking A; of the second expression, subtracting from it B; of the
first one and using [Ay, B1] = 0, one finds the following identity

By Ay log 7, B AsBilog 7,
"Bi Ay log Ty + Y VA B log 7, + <

c

=0.

1

This difference amounts to the equality of two Wronskians (G, := %log Tn):
(11.16)

%MﬁmBﬂﬂmﬂi—}:{&&%,A&%+ C}.
Aq B1

c2—1 c2—1
Because of the fact that
log P,(E) = log(Tn(E)/Tn(RQ)) = log ,(E) — log Tn(RQ),

together with the fact that A;7,(R%?) = Bi7,(R?) = 0, we have that
Fo(E) := Llog P,(E) satisfies (11.16) as well, thus leading to (11.5). O

T n
Remark. For small n, the equation (11.5) for 7,, = det m,, can be checked,
using the explicit moment matrix my, = (1ij)o<i,j<n—1, Where

prij = / de | dyztyle 3@y -2ew),
E1 FE>

It suffices to compute the action of A; and B; on ji;;, namely

(11.17)

ihi—1,5 + Clpi -1
¢z -1

Aptij = pig1,j + Aoptij = (i + 1)pij — pita,j

JHig—1+ Cifhi—1,j
1—¢2

and check equation (11.15), at least for small n.

Bipij = —pij+1+ Bopuij = (5 + V)i — frij+2

12. Coupled random matrices with
the Laguerre statistics

Consider the Laguerre probability measure

(121) CndMldMQBTr(fMlJra log M1—Ma+alog Ma+cMy Ma)

)
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defined over the space of Hermitean matricex H2 = H,, x H,, with a coupling
constant ¢. Consider the joint probability
(12.2) P,(E) := P(all (M;-eigenvalues) € E;, (Ma-eigenvalues)e FEs)

for a set of the form E = By x By := Ul_,[ag;i_1,a] x Ui_;[bai_1,b2] C R2.
Before stating the theorem, we remind the reader of the differential operators
Ay, By, depending on the boundary points of F and the coupling constant c:

(12.3)
~ 9 o 9 d
Al‘z;“fafaj‘c% Bl—zbfﬁ‘c—a
J=
Agzicﬁi (n+1+a)Alfc —Zb +n+l14+a)Bi—c 0 .
— JaCLJ‘ ’8b 8612
=

Note that Ay and By acting on 7,, depends on the index n.

THEOREM 12.1 (Laguerre distibution).  The joint statistics (11.2), namely
P,(E) = 1,(E)/o(RT), is a ratio of two functions, each satisfying the non-
linear third-order partial differential equationa (Gy, = log 7,(E)):

(12.4)

{(BQAl +Ci) G, , B1A1Gn}

0
Bens {(“4231“

e )Gn,AlBlG} ~0.

Ay B1

Remark. Equation (12.4) is actually an inductive set of equations with re-
gard to n, since it contains derivatives of the form 07, (E)/0co1 and 07, (E)/0c12.
The point is that, according to (10.24), these derivatives can be expressed in
terms of (¢, s)-derivatives of the expression 7,,_1(F) in (12.5) below; to be
precise,

omn(E)
Oco1

anrl(ét)pn(_és)Tl (E) o Tnfl(E)

t=s=c;; =0,c11=c

= > e (=00 (0s)Ta-1(E)
i+i'=n+1
j+j'=n
i,3,5,§'>0

t=s=c;;=0,c11=c

The t, s-partials of 7,,_1 (F) can then be expressed again in terms the operators
A;, B; applied to 7,,_1, etc... .

This result hinges on knowing, as before, the Virasoro constraints for the
(t,s) deformations of the matrix integral (12.1). Unlike the Gaussian case,

in terms of the Wronskian {f,g}x = Xf.g — f.Xg, with regard to a first-order differential
operator X.



974 M. ADLER AND P. VAN MOERBEKE

which could be obtained by merely shifting the time, we invoke here a method,
due to [5], of representing the matrix integral by vertex operators acting on a
vacuum vector.

PROPOSITION 12.2.  The integral

(12. 5) .
Tn / dl'dyA H izl(tixzisiyi)+zi7jzl Ciszyia
with the weights p and p satisfying
! ) Azi ~/ ~ ] ~~zi
(12.6) A D ¥ Y A R A PV 1
p o f Yisoquid P f Yiso®d
satisfies the following Virasoro equations for k > —1:
(12.7)
2r a a
(Z 0" fai) g0 - Z( W+ D2 Mt i) ﬁ“HkJrHl)) T=0
1 i>0 m,e>1
2r
0 R 0 ~
(Z B ) 5 Z(ai(ﬂfﬁi + D temige ) M&)m)) =0
1 i>0 m,e>1 ’
Proof. See [5].

Proof of Theorem 12.1. Since
p(z) = p(z) = z%7,
with

p Z—

= and f(z) =

we have 0y = —a, 01 =1, ag =0, a; = 1 and all remaining «; and 5; = 0.
Therefore, for all k£ > 0,

2r
0
Z k+1 (2) Z —
(128) ( - ai+ aai <Jk Jk k+1 ZCZ.] aCk+Z])) T = 0

3,7>1

i,5>1

a - -
k+1 9 (2) (1) _
(E b; + (Jk +al,’ — k+1+ E ]czjacz,j-i-k)) =0,

where J¢ N ),J h ,J % ),J are defined in (10.2) and in the formulas following
Theorem 3.1. Guided by the same principle as (11.8), one redefines

. 0 .0 n(n +2a + 1)
; i D DR ey 2

i,j>1

(4,5)#(1,1)
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> 0 0 0 0
Vo = iti— — — + icij——+nm+a+) V1 + —
2 ; 8ti+1 3t2 i%:l J ({9ci+17]‘ ( )( ! 8t1 )
(6.4)#(1,1)

and similarly for W;, using the map s < —t and ic;j0/0cy4i j < jci;0/0¢; jtk-
Here the involution acts as follows:

Ai = Bi, VieoW;.

Then 7, satisfies for k = 1,2

(12.9) Ay, = Vi, and By, = WiT,.
Evaluating Axt,, Bipmn, A1Bim., AsBi7, along the locus L, using the
commutation relation [A2, Willz = —cagl and (12.9), and setting d,, =
n(n + 2« + 1)/2, one checks
0T, o™y,
a, - - - dn n a — - dn n
= —dnle G| = Bi-damle
9%,
- - - dn By — dn n
aslatl B (Al )( 1 )T ’ﬁ
O (As — (n+ o+ 1)dy) (By — dy)
= - —(n+a n —dp) T —C=—Tn,
9510tz |, 2 ! dea1 g
and so,
dlog 7, n(n+ 2o+ 1)
= 1 _—
51 |, By log 7| 5
0% log 7 Ai1Bylog,|, and 0 log 1y (A Bi+c 0 )10
a Ao, = - Tn a Ao, = - a Tn
6818751 r 151708 L 6818752 r 21 6621 S L

Setting these expressions into equations (11.14), we find an equation and its
dual:

0
Tral (A2B1 + c5%)log 7,
—Ajlog M 4 2n42a+1) = cat
18 Tn—1 (2n +2a+1) A1Bilog T,
0
Tl (B2A1 + c5e=) log T
—Bilog ™ 4+ (2n +2a+1) = c12
1oe Tn—1 ( " “ ) B Ay log 7,

Finally, upon subtracting By of the first from .4; of the second, one is led to:

(A2B1 + ca%) log 7, (B2 A1 + 08%2) log 7,

./4181 IOng B ! Bl.Al long o

1

ending the proof of Theorem 12.1. O
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