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What is an ejector?
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The back pressure p, determines On-design Off-design

the entrainment ratio w = 1, /m,,

The mixed flow is choked in the
on-design regime
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What are the modelling options?
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0OD: global balances 1D: a compromise 2/3D: classic CFD
Fast Local information v Detailed flow field
¥ Only global information Fast No calibration
X Calibration X Calibration (2D effects) ¥ Computational cost

X Complex ¥ Meshing and modelling



What do we want to develop?
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A 1D ejector model

* A high-fidelity database for validation

* Machine learning-based calibration tools

_ Anenhanced 1D ejector model, with closure
relations learned from CFD and experiments

—

Reconcile ejector models with CFD and experiments

Goal of the thesis
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Existing 1D models
Prandtl-Meyer

~— T T ™~ Dividing

oD ( stiressm) iee

Bal Zohis PR EA
Single stream [1] Double stream 2] Double stream + 0D [3]
v On-design v On-design X On-design
v Off-design X Off-design v Off-design
X Shear X Shear v Shear
X Pressure equalization v Pressure equalization X Pressure equalization



Current state of the proposed model

~— ] T ™ Dividing
oD (stresmm)lee
pr} . ps \
Py #Ds
M=1
Euler equations in the mixing ppable stream + 0D + choking
(do(ppApVy) =0 % On-desi (Fy = 7ol
ds ( pAprQ) — _Ad.op + on deSIgrS‘hear and friction: § ” 'pe’p
m(pp P p ) - pQzPp ijff-deSign \Fs — Tpslps - Twlw
dy(ppAyVohe ) =0 ( _ _
| dy(psAsVs) —0 v Shear ¢, «traints: g ]X(Z)A Ps(2) B i(x)
dy(ps AsV2) — _A.d,p, +F Pressure equalization P B
\du(psAsVihes) =0 How does a double stream choke? 7




Compound choking of a double stream

Single stream

dep  dzA
- 1—M?2
D Al — )
Singular if M =1, possible if d,A = 0.

Double “compound” stream [

dep ds A, + d, Ags + force terms
p 4 1-M2 1— M2
P AP f}f]\,fgp + As 7}\45 > B

Singular if 3 =0, possible ifd,A =0.
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M,>1, M, <1 = Multiple options!
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Note: shear and friction forces can be included




Results
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Available tools for experiments and CFD

Experimental facility at VKI
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Results with manual calibration
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Calibration of a system of ODEs

General framework Application on the ejector model
A system of ODEs:
Zlu u = [papt,papt,saTt,pJTt,S:ApJAS]
b du
dr f(u,z,p) —— = Conservation equations + shear + friction
dx
Q;estioq: whif:h? parameters p lead to a close match to D = [fsn, ftr] Shear and friction coefficient
observations u
Solution: define a cost function and calculate its gradient: 201 , p::l:nl:l\m
s N e CFD
L Y N
~\ 2 = . . ..
_ _ = BN Obtained with finite
J(p) /0 (u u) dz H "\ difference approximation
. 05 h of the gradient
- Tricky to calculate! | | = | ——A SN
dPJ — 2/(; (u o u’) dpu dx #yAdjOint s 0.0 0.5 10 15 2.0 2.5
x/L
Question: how to find a closure relation between the — o(Re.. Re. M. M
parameters p and the state u ? fons frr) = 91 wp’ s Mp, My )
Solution: machine learning with a parametric function! Re
P
p=y(u, xazﬂ) Adjoint g Re, Tsr
de:Q/ (u — @)|dpu)|dyp|dx fon
0




A first test case: non-linear advection of a scalar

General framework

A system of ODEs:
du
% - f(ua */I:ap)

Question: which parameters p lead to a close match to
observations u ?

Solution: define a cost function and calculate its gradient:

L .

. Tricky to calculate!

dpJ:Q/ (u—a)|dpu|dz y
0 =) Adjoint

Question: how to find a closure relation between the
parameters p and the state v ?

Solution: machine learning with a parametric function!
p = g(u, xazﬂ) Adjoint g

de:Q/ (u — @)|dpu||dyp|dz
0

Test case
A scalar PDE: A system of ODEs:
du du du
g » T —a(A
it~ “dz w oA
a = g(u) Semi-discretization a=g(u)

Reference solution for observations: a = sin(u)

t=10.00s
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A first test case: results
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Conclusion

* A 1D ejector model

ww T3 1
iR General framework _ 8q/ * Arobust and coherent framework
ﬁem of ODEs: : W ____________ e Extension of the compound flow theory
[ dul | e = I Include a pressure equalization mechanism (full 1D
CHIDS AT @ o spressre i 0
- —T2 F ----------- ° ° ° ° .
p = g(u,z; w) 8 * A high-fidelity database for validation
ol Adiipint Digfctly fromg I .
LU thL == | 9 * Experimental mass flow rates — more local pressure
dod=2-—(u—u)|dpu|d,p|de—— taps underway
0 2 « A first calibration on post-processed CFD
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Calculation procedure

On-design Off-design

0D 0D
____— SE— e - L1 Tt
— ‘\ — \
M., = M, <1 M., <1
Shock
Primary nozzle (assumed choked) Shooting method to match the back pressure:
OD junction (impose M., ) * |terate on the position of the shock (on-design)
Secondary inlet * lIterate on M., at the exit of the OD junction
Mixing pipe

21



Compound equations



Compound flow equations with shear

Euler equations in the primary and the secondary domain:

(d.(ppA,V,)
(ppA VQ)
(p )
dz(psAs VQ)
\dm(psAsVsht,s)

Equivalently:

=0
= —Apdp, + Fp
=0
=0
= —Asdyps + Fs
=0

P
d:cpt,i . Ffi
Dt.i Aip
da:Tt,i —0

Iy

B 1— M2 T

A'ip 1— ]\J@2 Ai

constrained by:

{pp(w) = ps(z)
A, + A,

< [p, sl
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Compound flow equations with shear

Let’s reformulate the pressure equation:

L

d 1 —1)M?]| F; M? | d,A; 1—M?] d, 1 — 1) M?
P _ —+ (’Y % ; n Y i . - dxAz _ Az 27, p . + (/Y 2) 1
D 1 - M; A;p 1— M; A; v M D M

The total cross-section comes forward after summing the equations for both domains:

1— M 1—M?2| d, 1+(y=—1)M?| F, [1 — 1) M?] F,
ZdA—dA Ap P A, s p_ (Y-DM; | F, [1+(y—1)M;
yM?2 YMZ | p Y M2 p yM?Z p
Reformulating:
1 —1)M? _ . — M? — M2
p B M, p v M p M2 ~M?2

p

24



Comparison to the single stream equations

Single stream:

dap _ [1+(7—1)M2] F +[ v M? ]dxA

D 1 — M? Ap 1—-M2| A
Equivalently:
d M*> 1 ~1)M?*1 F
p__ 7 gAs | L =DM F
p A(l-M?) Y M? p

Compound equation:

N 1+ (y—1)M2| F 1 — 1) M2 F, — M? 1 — M?
dop _ 1 dy A+ b 2) £ p+[ O 2) 5] with 8= A, -+ Al 5
p B YM; p YM; p YM; Y M

These equations are equivalent if M, = M,!

Choking occurs if these equations become singular:

e M =1 for the single stream

* 3 =0 forthe compound flow

Physically only possible if the numerator is also zero (no infinite pressure gradient).

The pressure gradient follows from a (considerably more complicated) quadratic equation.




A note on choking

The pressure equation is singularif M = 1:

dep  [1+4(y—1) M? F+ yM? 1 d A
p 1 — M? Ap 1—-M2| A

Equivalently:

@_ 1 2 da:A . 2 £
; _1_M2<[7M} v + (14 (y UM]Ap)

The gradient is only finite (and thus physical) if the numerator is also zero.
Incase ' = 0: d, A = 0 (so at the throat)

In case of friction: F' < 0 ,so d;A > 0.
Friction moves the choked section downstream!

The pressure gradient follows from de I'Hopital’s rule:

dzp 0 1 o1 dg A B 0 I
28 e (b 22 [ -y a7 )

Which results in a quadratic equation for the pressure gradient (a subsonic and a supersonic solution).




Choked conditions

We obtained the following equation:

dy 1 l+(y=1)M;|F 1 — 1) M?] F,
p_ 1 d. A+ (v 2) p p_l_[ + (7 2) s]
p 0 vM; p YM;

1 — M? — M?
YV g

—_|_AS
p M

In choked conditions, both the numerator and the denominator are equal to zero. Through de I'Hopital’s rule:

1 5 Sub- and supersonic
\/bda:p — 4adﬁfpcdwp solution

de) ? da:p d:cp bd:cp
Adzx - + bazp—— + Cdx :O-—:_ +
! ( P Y p P p Qada:p Qada:p

4,

1— M) +2(1+ 22072
.',) + ( + 2 ’5)] Cdmp:—dg;mA‘i‘aami

2
Fonlon (Mp —M3)" (1+(y—1) M7\ F,
v M}

2 M3ZM? yM2 pA,

Adzp = E

1=p,S

MA— M1+ M?2 B, 14 M2 F,
(17]\122)2+2(1+%_1ﬂj?) 1_Mz'2 Fi _2fshlsh P2 26 22 - ’ 22 - -
bazp = Z — RVE — e E My M yM; App yM 3 Agp
o fwattlwan (14 (y—1) M2\ d, A
funlan (M2 = 212)° (123 s M - i 2 i
— Qgai L P — 2fshlsh (]\/I — _[Vf") R
2 M2M? yM2 b * MM} ~v—1 v—1 la
2 s
- fwalllwall— |:1 + —MSI
gl 2 Asp

1 1
+ fwalll’wall fYT [1 + WT]\J?] 27




Choked conditions without additional forces

The pressure equation simplifies:
dep 1
p B

(dzA)

2
1 — M

ith = A —
wi I5; P ’YMI?

+ Ay

In choked conditions, both the numerator and the denominator are equal to zero. Through de I'Hopital’s rule:

dop\” d, d, baa 1
Adzp (TP) + bdeTP + Cdxp = 0 # _p — _ dxp + \/bQ — 4ad:1:pcd.’cp

dzxp solution

p Qada:p Qafda:p

1— M?
Mg

Sub- and supersonic

Adyp = E

1=p,S

A;

2 _
(1-M2)" 2 (1+ 5 022)

VEM;

Cdxp = _dmxA

bazp = 0

1. Since a >0, c must be < 0. The nozzle
must form a throat! (d,.A > 0)

2. This expression matches with the original
paper proposing compound choking !

28




Compound flow equations with shear and friction

We obtained the following equation:

d.p 1 14+ (y=1)M2| F 1 —1)M?2] F, 1— M 1 — M?
p_ 1 d. A+ (v 2) p P_|_[ + (v 2) s] with :Ap 2P_|_AS—23
p B vM; p Y M p v M v M

Let’s fill in the shear force and the friction force:
Fp = —Tshlsh = _fsh (vag — PsUs ) sh — fsh’)/p (M2 Mz) Lsh
Fs — Tshlsh + Twalllwall — fsh’)/p (M2 MQ) fwallfpr lwa,ll
After some manipulations:
2
=~ do A+ foplop—2 — = fuwattbwau (L+ (v = 1) M
ﬁ( fsnlsh YR 2f wlwaur (14 (v — 1) M)
The two last terms are always positive but have a different sign in front. _ :
 Shear ‘pushes’ the choked section to a convergent section The position of the choked section

|
depends on the flow! 29

* Friction ‘pushes’ it to a divergent section




Adjoint computations



The continuous adjoint method

General dynamical system of ODEs:

= f(u,t,p)

Question: which parameters p lead to a close match to
observations u ?

Solution: define a cost function and calculate its gradient:

T
dpJ:2f (u—ﬂ,) dpu |dt
0

Tricky to calculate!
u follows from integration of f :

tn ln
u:u0+/ fz},dt:uo—i—/ f(u,t,p) dt
0 0

u is thus directly affected by p through the integration, but
also indirectly through w at all previous times!

Notation

state vector

observed state vector

time

vector of closure parameters
function for the time derivative of u
cost function

adjoint state vector

> W=V * &g

uy T




The continuous adjoint method

We consider a constrained optimization problem:
T
Minimize J(p) = / (u— '&)2 dt s.t. = f(u,t,p)
0

Using a Lagrange multiplier:

T T
Minimize L(p) :/o (u— 11)2 +/0 A(t) (@ — f(u,t,p)) dt

We compute the gradient:

T T
dpﬁzf 2w — @) dyu dt+/ Adyis — dyf) dt
0 0

f depends directly AND indirectlyon p: dpf = Opf + Ouf dpu

T

T
dpL = /2u ) pudt+ — Opf — Ouf dpu) dt

dpL = / u—u) dpu dt + Adptt dt /Aapfdt—/ AOy [ dpu dt
L | 0




The continuous adjoint method

T T T T
dpL = / 2(u— 1) dpu dt +/ Adpt dt|— / AOp f dt — / ANOuf dpu dt
0 0 0 0

We integrate by parts:

T - T T T T
dpL = / 2(u—1it) dpu di+ )\dpu] - / Adpu dt- / Ay f dit— / Ay f dpu dt
0 | 0 0 0 0

Regrouping:
T _ T T
dpL = / [2 (u — '&) — A= A@uf] dpu dt + [)\dpu] — / AOp f dt
0 0

0

The expression for the gradient becomes very easy if the terms between the brackets would be zero. Therefore we impose:

{)\ = Q(ru, — r{j,) — Ny f ( dpu(0) = 0 because the IC is fixed)

By constructing an adjoint system and solving it backwards in

ANT) =0
time, we compute how the parameters have acted over time.

T
Al — d.J — _/ A0y f dt The gradient is obtained by 1 forward and 1 backward solution,
P P 0 P independently of the number of parameters.




ODEs with a neural network term

The dynamical system of ODEs now contains a neural network term to predict the parameters p :

= f(u,t,p)
D= g(u,t;’w)

We're now interested in the gradient with respect to the weights w (could be thousands) of the network

The adjoint system becomes slightly more complicated:

{)\ =2(u—w) — A(Ouf + Opf Oup)
A(T) = 0

T
Aol = duyJ = —/ Ay fOwp dt
0

All the rest remains the same!
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