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STABLE HETEROGENEOUS CARTELS

Marie-Paule Donsimoni

ABSTRACT

We define a notion of cartel stability, which allows firms to
perceive the impact of their actions on overall competitiveness in, the
market. We demonstrate that im an industry with linear demand and
marginal cost conditions and possibly diverse firms a stable cartel
always exists. Furthermore, we determine the characteristics of stable

cartels such as uniqueness, size and possible heterogeneity.




0 INTRGDUCTION

The intrinsic instability of cartels was pointed out by Stigler

when he observed :

“the major difficulty in forming a merger is that it is more
profitable to be outside a merger than to be a participant.
The outsider sells at the same price but at the much larger
output at which marginal cost equals price. Hence the pro-
moter of a merger is likely to receive much encouragement from
each firm — almost every encouragement, in fact — except parti-
cipation," (Stigler {1850]).

At the same time however, some cartels do prevail, Even though the
chiseling effect has often been advanced, the oil and other export car-
tels appear to last for considerable periods of time, Despite the risk
for prosecution, price fiximg arrangements are still common practice.l
‘s a possible explanation of the stability of cartels ome can suggest
tnat Stigler's point is well taken only insofar as firms breaking away
from the cartel are myopic and ignore the effects of their actioms on
the structure of the market; for it. is conceivable that the fall in
price due to increased overall competitiveness in the market leads to 2
fall in profit for the individual contemplating a move out of a cartel
which goes beyond the advantage of joining the competitive fringe. It

is the purpose of this paper to analyse this argument,

Using a simple price leadership model d'Aspremont, Jacquemin,
Jaskold Gabszewicz, and Weymark [1981] established that a stable cartel
would always exist whenever the number of firms is finite and that its
size is a decreasing function of the number of firms in the industry;?
furthermore, no non-negligible group of firms stays in the cartel if its
choice has no impact on market structure, as is the case whem the number
of firms tends to infinity. Donsimoni, Economides and Polemarchakis

"1} examined alternative market conduct arrangements and extended
the argument for the existence of a stable cartel. The characteristics
of stable cartels, in particular their uniqueness, were left as an open

question,




In this paper we maintain the assumption of price leadexship and
examine the impact of variations in cost and demand conditions on the
structure of stable cartels, In the first section all firms face iden-
tical cost conditions. We demonstrate that the size of a stable cartel
increases with the efficiency of firms; im addition, it is shown that the
stable cartel is unique below a certain level of relative cost efficiency.
Beyond that level, two situationms may occur : if the number of firms is
higher than a fixed number uniqueness prevails; otherwise there are two
stable cartels one of which comprises all the firms in the industry. In
the second section, firms face different cost conditions. We demonstrate
that a stable cartel still always exists. As intuition suggests we find
that the proportion of firms of a given cost type in a stable cartel is
an increasing function of their efficiency. In fact a stronper result
obtains : no less efficient firm stays in a stable cartel if at least
one more efficient firm does not find it profitable to enter. In addi-
tion, under homogeneous as well as. heterogeneous cost conditions, the
size of a stable cartel is an increasing function of consumers' willing-
ness to pay and a decreasing function of the elasticity of demand as well

as of the number of firms in the industry.

Observe that the question of uniqueness raised here has mothing to
do with the question whether multiple (stable or not) cartels exist
simultaneously; this latter question can not even be raised within a

framework of price leadership.

Before proceding with a formal model, we should discuss the motion
of equilibrium we shall adopt. FEach firm takes a two-fold decision : it
decides whether or not to join the cartel and it decides on the amount
of output to produce; We suppose that the decision concerning membership
in the cartel is taken frior to the output decision and we solve for an
equilibrium sequentially : once formed a cartel acts as a price leader
without considering the possibility of defection among its members; this
determines the equilibrium level of price, output and (up to side-payments)
profits for firms inside as well as outside the cartel. The stability
or not of a cartel arrangement can then be analyzed by considering whether

a firm inside (outside) the cartel can attain higher profits by defecting




from (entering into) the cartel, assuming that no other firm alters its
cartel membership decision as a result. That is, unlike the second
stage, output game, amy conjectural variation is eliminated from the
first stage, cartel formation game. The formulation clearly allows firms
to recognize that their choice affects the overall competitiveness of

the market (size of the cartel) and this is the key element in the argu-

ment for the existence of stable cartels.,

In Section 1 we consider the simpler case of identical firms;

heterogeneity among firms is introduced in Section 2; Section 3 concludes.

1, IDENTICAL FIRMS

There are N firms in the industry, indexed-by n = },..., N, pro-

ducing a single output with quadratic cost functions C(qn) = q;/ 28,
where q, is the output for firm n and B >0 is a cost efficiency
parameter. K firms, indexed by c¢ = 1,..., K, form a cartel and act as
price leaders so as to maximize joint profits. The remaining (N -K)
firms, indexed by f = 1,..., (N=K), constitute the competitive fringe
and act as price takers. Market demand for the homogeneous good is
linear, Q = N(a - bp), where p is the price of the output and a,b> 0
are demand parameters, which measure the willingness to pay and the
elasticity of demand, respectively. Profits per firm are equal to total
revenue minus total cost of the output supplied by the firm. It follows
that all firms in the cartel (in the fringe) produce the same level of
output, which equates the marginal cost to the marginal revenue asso-
ciated with the residuval demand function faced by the cartel (to the
prevailing price); all firms in the cartel (in the fringe) make the same
profits. The assumption concerning the distribution of revenue among
cartel members is innocuous in this section, since all firms face iden-
tical cost conditions. The multiplicative term N in the demand func-

tion is introduced in order to examine the impact of an increase in the




number of Firms (size of the industry) without reducing into a situation

of infinitesimally small output per firm.

Let = (a, b,B, N) be a vector of industry cost and demand char-
acteristics, and let the (relative) size of a cartel be uj; clearly o
is a point in the set {0, % ,.e.s 1}, yet for computational simplicity
we consider o in the closed interval [0,11. For fixed and a € [0,1],
the industry equilibrium is described by the triple (p» > qf) of price

for the output and production levels for firms inside and outside the

cartel :3
(b+B)
p (w,0) = —22E (a)
®+p)?* -a* 8’
G @ = e (1) m
qf(w, Q) = a(b+ 3 B (¢)

b+B)? —a?B?

As intuition suggests, the equilibrium price increases with the size
of the cartel and consumers' willingness to pay; it decreases with demand
elasticity and cost efficiency. TFurthermore, output per firm in the
competitive fringe (cartel) increases (decréases) with the size of the
cartel, while they both increase with consumers' willingness to pay and
firms' efficiency. Finally, firms inside the cartel.always produce less

than firms outside.

To examine the issue of the stability of an industry equilibrium
we must adopt a concept of stability for a collusive arrangement. As
noted by d'Aspremont and Jaskold Gabszewicz [19821 there is "no unified
theoretical framework for analyzing the effectiveness of collusive coor—
dination"; one may emphasize either individual or unanimous stability.
In this paper we focus on the schemes which are individually stable;
that is schemes such that no individual move is desirable. To be precise
jet us introduce some notation, Denote by “i(m’ Q) = n(qi(m, a), plw, o)

the profits of a firm of type i, i = ¢,f, at the industry equilibrium




associated with & and «. Holding w constant, the ni's can be written

as functions of o alone :

8 8’
n (Ol) =y e————, (a)
¢ (1+y)? - o
2 (2)
8 ${(1+v)
n{a) = = —_—t ], (b)
f 2 { (]+Y)2 —(12 ]

where 6:% and Y;%.

We can now define partial and then total stability of a cartel, for
a given w.

DEFINITION 1 a : A cartel of size a, o € [%, 1], is internally

stable if it is not profitable for a firm in the cartel to join the com—
petitive fringe; i.e., if profits inm the cartel corresponding to the
industry equilibrium at (w,a) are higher than profits in the fringe

. . P - - 1
corresponding to the industry equilibrium at (w,a), o =a - H

v (@ > w (e - %)

DEFINITION 1b : A cartel of size a, a [0, I - %], is externally

stable if it is not profitable for a firm in the competitive fringe to

join the cartel; i,e., if profits in the fringe corresponding to the

industry equilibrium at (w,a) are higher than profits in the cartel
corresponding to the industry equilibrium at (w, (x+), af = o+ _I%J' :
i

n{a) > nc(u + =)

N (3.b)

DEFINITION 2 A cartel of size o, a € [0,1], is stable if it is

externally stable for o € [0, %) » it is both externally and internally

stable for o € [%, 1= §] and it is internally stable for « € (i - —l—,l].




We can now state the following proposition :

PROPOSITION t : A stable cartel always exists. If firms are not too

efficient relative to market demand, i.e., Y = % > (k-1),
k= — 2 , the stable cartel is unique. Otherwise, two situations
(1 +V17)

may prevail : if the number of firms is greater than a fixed number W,
uniqueness prevaile; if it is lower than N two stable cartels exist, one

of which necessarily includes all the firms in the industry.

To establish the above proposition we introduce two lemmas which
characterize the profit functions inside and outside the cartel and are
interesting in their own right. These lemmas specify the shape of the
the profit fumctions (convexity and horizontal distance). This informa-—
tion will be useful since the notions of internal and external stability
have geometric analogues, Figure 1 illustrates the relationship
between the horizontal distance between the profit functions and the

concepts of internal and external stability, respectively,

LEMMA 1 : Profits in the cartel and in the fringe are equal to each
other and to the perfectly competitive profits at a«=0. They are

both increasing convex functions of o. Profits in the fringe are higher
than in the cartel for o € (0, 11, Profits in the cartel are equal to
the monopoly profits at o = 1,

2

n(@) =m0 =x'= & S (a)
(1+v)
ni(e) > wl(e) >0, o€ [0, 1]5 (b)
n;(a) > nZ(o.) >0, a € [0,1]; (c) )
ne(a) > m (0, a€ (0,133 (d)
ny = = § & (e)

a2 -1




A cartel of size of is externally stable : rrf(ue) > nc(ae + 1/N)

Figure l.a
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A cartel of size o is internally stable : nc(ozl) > nf(ul -~ 1/R8)

Figure 1.b —




n° and ' are computed by assuming that all firms in the industry
are price takers (nﬁ) or that they act as a single momopolist (11’).
Equation (4-a) ((4-e)) obtains by setting o equal to zero {one) in
equations (2). Taking the first and second oxder derivatives with
respect to o in (2), equatioms (4-b) and (4~c) follow., Comparing (2-a)
and (2-b), (4-d) follows.
Q.E.D.

From Lemma 1, we know that the ni's, i = ¢, £, have well defined
inverse functions for w € {nu, ﬂl]. Denote by ai(n), i = ¢, £, these

inverses. Taking into account the definition of n® we obtain that :

RN ) R
(1+v) (1 '(E:—)%f . | (b)

LEMMA 2 : The horizontal distance between the profit functions of
cartel members and of competitive firms is equal to zero at W= n’.
If firms ave not too efficient relative to market demand, t.e., Y > &x-1,

o ()
(5)

i

af(n)

it inereases monotonically as W varies from w’ to n'. Otherwise, it

increases monotonically as w varies from m’ to W =u’k® and decreases

monotonically as T varies from T to u :

a (n) =a ) =0; | : (a)
cz":(n) % u'f(n), for ™ ;ﬁ?f; (b) (6)>
T 2w, for v Z x-1. (©)

(6-a) follows from the definition of the ‘ai .functions. Differ.—
entiate ctc(n) - af(n) : a monotonically decreasing function of T
obtains which is strictly positive at n = n® and reaches zero at m = W.
Bence (6-b) follows. To obtain (6-c), note that both T and W' can be

written as multiples of w’. Comparing these multiples (6-c) obtains.
Q.E.D.




Lemmas 1 and 2 establish that there are two basic configurations
of the profit functions in term of a as illustrated by Figures (2-a)
and (2~b). 1In both cases the profit functions are monotonically in-
creasing functions of o« . Whereas, bowever, in Figure (2-a) the hori-
zontal distance is monotonically increasing, in Figure (2-b) it first

increases until m =W and then decreases.

Before proceding with the proof of Proposition 1, let us give an
intuitive argument. Suppose we are in the case in which the horizontal
distance between the profit functions is monotonically increasing and
* be a profit level at which this distance is equal to % (Fig~
ure 3). Let u; and u: be the points at which the functions nf(u)
and nc(c.) attain the value n¥, respectively; observe that, by the
definition of w¥, a: - (x; = -:3.
there exists a unique element a* of the set Foeers

let n

N- i
N
-closed interval [a; ,az]. It is now clear that o¥ constitutes a stable

in the

It follows that, barring jathology,

cartel, Let W  be the profit inside the cartel at a*; the horizontal
distance' between the profit functions is inferior to ﬁl- for all w's
below n' and it follows that o* is internally stable; similarly, let
7% be the profit outside the cartel at a*; the horizontal distance
between the profit functions is greater than }5- for all m's greater
than n° and it follows that o* is externally stable.

We can now establish Proposition 1. Let w¥ be the profit level(s)
in the closed interval [n”, w'] at which the horizontal distance
between the profit functions is equal to é :

a (M) - a (n*) = —Nl- (¢))

X

4
From Lemmas ! and 2 it follows that w can never be equal to n°, and

that three cases may occur : there may be zero, one, or two values of
n* such that (7) holds.

Consider the case where .there is no value of n* such that (7)
holds. This implies, from Lemma 2, that the horizontal distance between

the two profit functions is always less than ~Nl- It follows that a* =1,




The horizontal distance between the profit functions increases mono-
tonically as u varies from u’ to w'.

Figure 2.a

nf(oc)

The horizontal distance between the profit functioms increases
(decreases) monotonically as W varies from n° to W (from ¥ to n')

Figure 2.b
figure 2.0
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At n* the horizontal distance between the profit functions is equal

*

to }/N. n* defines the interval (u:, a:). o is a multiple of 1/N

in that interval, it is both internally and externally stable.

An Example of a Stable Cartel

Figure 2




“i,e., all the firms in the industry form a stable cartel and this

stable cartel is unique : From Definition 2, a*¥ = 1 is a stable cartel

if it is internally stable, This is clearly the case since at T =u',

in particular, the horizontal distance is less than :1- and therefore

Tlc(l) >uf(l - %) Uniqueness follows since for all a's less than }

external stabilicy fails, i.e., firms always wish to enter the cartel

since the horizontal distance between the profit functions is less than l_‘]l‘
Consider the case where there is a unique value of n* such that (7)

holds. By Lemma 2, it follows that the horizontal distance between the

profit functions is monotonically increasing as W varies from n° to n*

and that it is less than ':i Furthermore, as W varies from w* to 11“,

it is always greater than %; yet it may :ot monotonically inerease (see

Figure 2-b)). Barring pathological cases , there exists a unique element

a* of the set %,..., 1 - % in the closed interval [uf(n*), uc(n*)].

It can readily be shown that o* constitutes a stable cartel and that

it is unique : By Definition 2, o* is stable if it is internally and

externally stable. Let n% be the profit attained in the fringe with a

cartel of size o*. Since the horizontal distance between the profit

functions is greater than R} for all mn's greater than ¥, it follows
that n° is greater thanm nc(cc.* + %), this establishes external stabil-
ity at o¥. Similarly, let n" be the profit attained in the cartel with
a cartel of size o¥. Since the horizontal distance between the profit
functioys is smaller than %I_ for all m's smaller than w*, it follows

* is internally stable.

that w- is greater than 'ﬁf(ct* - i}-), thus «
Uniqueness follows trivially : For 'all values of a greater than o
internal stability fails, i.e., firms in the cartel make lower profits
than if they exited and, similarly, for all values of a smaller than o¥
external stability fails, i.e., firms outside the cartel make smaller

profits than if they joined the cartel.

Consider last the case where there are two values of ¥ such that

(7N holds.® TFrom Lemma 2 this implies that we are in the configuration

*

of Figure (2-b). 1In additiom, one of the values of m is in the open

interval (r®,W) and the othexr in the open interval (w, Tl’)7. Let
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T:':‘ be the smallest value of the two., This situation is identical to

the previous situation where ¥ was unique. Thus, the unique element
1 | . R

0(': of the set Foreoo 1 - ¥ irn the closed interval [rxf(n’:‘), ac(n’:)]

is a stable cartel. However, the unique element u: of the set

%,..., ] - % in the closed interval [af(n’;), uc(n:)] is not stable

since external stability fails, That external stability fails stems from
the fact that the horizontal distance as u varies from n: to n’ is

monotonically decreasing and less than % .
case a* =1 is itself a stable cartel since it is internally stable,

Q.E.D.

Note, however, that in that

To illustrate the possibility of two stable cartels we introduce
Table . Appropriate values of & have been selected, namely, a =b =1,
B =50, and N = 10. Comparing the profits attained inside and outside

the cartel for different values of a it can readily be seen that « =~]%

and a =1

are both stable cartels.

a LR e

0 .00961 .00961
/10 .00970 00979
2/10 .00999 .01039
3/10 .01052 .01152
4/10 01136 L01342
3/10 .01265 .01665
6/10 01470 02247
7/10 .01817 .03434
8/10 ,02497 .06490
9/10 .04340 . 19599

1 . 24752 6.37438

TABLE 1 : An example of two stable ccyiels.
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Proposition 1 establishes the existence of a stable cartel for
arbitrary cost and demand conditions. The question follows whether the
characteristics (size) of a stable cartel depend, and if so how, on cost
and demand conditionms, This is the object of the following Proposition
which, in a way, formalizes the argument in Fellmer {19493 and Stigler

[19647 concerning the elements which facilitate collusion among firms,

PROPOSITION 2 : The size of a stable cartel (not including all the
firms in the industry) is an increasing function of consumer's willing-
ness to pay and of cost efficiency. It is a decreasing function of the
nunber of firms in the industry and of the elasticity of demand.

* and w*

To establish Proposition 2 it suffices to note that o
are monotonically increasing fumctions of each other. The comparative
static exercise is carried out for interior solitions only, i.e.,

0 <a* <1, and hence we limit ourselves to the situation where the
horizontal distance between the profit functions is inmcreasing., It
suffices to totally differentiate equation (7) which can be written as
F(n*,w) =0. Since we restrict ourselves to the increasing horizontal
distance we know that F“* > 0. That FN >0 follows immediately. The
other components are more difficult to obtain. A simplifying computa-
tion stems from the recognition that a only enters through n?, while
b and B enter both through %’ and (l1+Y) in equation (7). Yet,

all results are unambiguous and the followings hold:

* F, * F
dn N dn a
L =2 <0, —— === >0
dN F ' da F ?
T(* “*
* F, * ¥
LI TR
a* 8 ¥

Q.E.D.
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2. HETEROGENEQUS FIRMS

In this section we introduce M types, indexed by m=1,..., M, of
N identical firms each. Within each type, firms face the same quadratic
cost function Cm(qn,m) = q:"mIZ Bm, where qn,m is the output of the
firm n within type m and Bm >0 is a cost efficiency parameter
characterizing type m firms. For convenience we rank types by decreas-
ing efficiency : B, Z .2 Bm> R, BM. Observe that since the f's
are not necessarily all different the assumption that there is the same
number of firms of each type is innocuous. A cartel is now characterized
not only by its size but alse by its composition; it comprises Krn firms
of type m, m=1,..., M, The assumptions of the previous section still
hold with minor changes to account for differentiated firms. In partic-
ular, firms in the cartel are assumed to receive the profits associated
with their own production, Thus firms in the cartel have the same
profit within each type but different across distinct types. Similarly,
the fringe comprises (N—Km) firms of type m, m = },..,, M. Within each
type firms in the fringe make the same profits while these profits
differ across distinct types.. Finally, market demand is assumed to be
Q = NM{a-bp) to account for the change in the number of firms com—

pared with the first section.

Define ® = (a, b, Bl,...,BM, N, M) as the vector of cost and demand
parameters, and O = (u],..., OLM) € [0,1}M as the vector characterizing

the cartel, The industry equilibrium for given ®w and o« is given by :

plw,0) = _ab+B) s (a)
(b +B)* - B
c
q (w,0) = a m=1,...,M (b) 8)
¢ m " (b +B) - B2
(b+B)
9, {(w,a) = a , m=1, , M, (c)
R O
- = _1 B
wvhere B=EEB.andBﬁEEuBm.
‘m=1 m=
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The profit functions can easily be derived

Bm a’
Mo p@d = - ——————r, m=1,..., M3 (a)
s .
(b+B) 8C
(9
8 _ 2
nfm(oz) =—£'1[-—£1—€b—+2§)—;2] y, m=ly.0., M, (b)
> r -
b+8) - B
1t can readily be seen that by setting M = 1 in equations (8) and
(9) the results of the first section obtain.
The profit schedule #®, , i=c,f, m=1,...,4, is a monotonically

i,m
increasing function of o holding constant the other a's. Thus, it has

. . - .9
a well defined inverse on [nm R nm] :

— b \Z
8By (T}

uc’m(“m) = —B——"‘ (l (n—)) ¢ > (a)

m m

(10)
() = M(b+B8) . "z,%%_ ®

uf,m T{m = ““-—“é““-— - C ¢ » )

m ol
k=M 8 o

where ¢ = I o B and L is the profit attained by type m firms

ke=1 m
k#m

undexr perfect competition,

Observe that the horizontal distance between the profit schedules of
a given type of firms is independent of the proportion of other firms in
the cartel. Indeed, from (10) we obtain that mc,m(“m) - uf,m(“m) does
not depend on the other ak's. Bowever, profit schedules for type m firms
are indexed by the proportion of other firms in the cartel. In particular,
equation (10) indicates that the profit schedules are shifted to the left
as the proportion of other firms in. the cartel increases. Figure 4 il-
lustrates this point in the simple case when M = 2 and where the hori-
zoptal distance between the profit schedules of type | firms is increasing

monotonically as a, increases.

]

We can now define a stable cartel in this new context
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DEFINITION 3 : A cartel of size a = (al,...,um) , is stable if for
all types of firms m, m = 1,..., M, it is externally stable when

o € (o, %), it is both internally and (xternally stable for

a € [(fli)’ 1 —(%)) and it is internally stzble for o € @ —(%), 1].

Before examining the existence of a stable cartel with heterogeneous
firms we introduce two lemmas which characterize willingness to enter or

to exit the cartel.

LEMMA 3a & Given of = (af,...,a) € (O, if no firm of type n°
wishes to join the cartel, then no less efficient firm of type m > o®

wishes to join the cartel.

LEMMA 3b : Given ol = (at,...,a;) € (O,I)M, if no firm of type m'l
wishes to exit the cartel, then no more efficient firm of type m < n®

wishes to exit the cartel.

To establish these two lemmas we introduce two additional features

of the profit schedules :

= 2, i=c,f; mk=1,...,M. an

Equation (11) obtains from equation (9). It says that the ratio of prof-
its for two types of firms m and k is equal to the ratio of their

efficiency parameters R, both for firms in the cartel and in the fringe.
In addition, it can be shown differentiating (9) with respect to the

share of a given type of firms in the cartel that the increase (decrease)
in profit of type m firms associated with the entry {exit) of type k firms
in the cartel is an increasing function of the efficiency of type k firms,

both for firms in the cartel and in the fringe. This can be written as

3 i .
3_B; —,ad—k— >0, 1i=c,f; mk=1,,..,M (12)
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We can now establish Lemma 3 . If no firm of type n® wishes to exit
the cartel it follows that a° is externally stable for type o° firms
1

e e e
(ul,l..,u +§""’“M)' (13)

e
n L la)=m e

f,m c,m®

Taking into account equation (11) we obtain for all m = },..., M :
e e e ] e
" om (a))nc’m (ul,..., ume+—- AR (14)

In addition, taking equation (12) into account,we obtain that for all

e
m>m

e e 1 e e
e RPN ‘e
“c'm (Cf,) s ame R s Qo :C‘M) >
(15)
e e 1 e
nc,m (0'1’ > o'mes > ‘xm + ﬁ: ’GM)

Combining (14) and (15), we observe that a® is externally steble for
type m firms, m > w°
e e e ] e
LV ((x);nc,m(al,...,am+ﬁ,...,un). 16)
This completes the proof of Lemma 3a. A symmetric argument would estab-
lish Lemma 3b.,
Q.E.D.

Having characterized profit schedules as well as entry and exit con-

ditions across types of firms we can now demoustrate the following

PROPOSITION 3 : 4 stable cartel o* erists. The proportion of firms
of type m, u;':], s an increasting function of the efficiency of the typre, Bm.
There is one type of firm w* such that u** € [0,1). ALl firms of tipe
m<m* are in the cartel and all firms 01? type m>m* are in the fringe.

To establish Proposition 3 it suffices to procede step by step. Let
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¥ * _
02,...,01M = 0.

two values of o such that the cartel of size (0(’:,0,..., 0) is stable

From Section 1, we know that there exists either one or

from the point of view of type | firms. If (x’: is unique and less than
one the search for o* is completed. By Lemma 3a, if no firm of type 1
wishes to enter for o = (a’r, 0,...,0), then no other firm wishes to

enter, thus o* = (ot’r,(),..., 0) is a stable cartel. If a’:‘ is unique

and equal to one we can set o = u’r and a:‘,..., u; = 0, and search for
u’; such that o = (a‘;, a:, 0,..., 0) is stable from the point of view

* is over.

of type 2 firms. If a} is less than one the search for o
By Lemma 3a, if no firm of type 2 wishes to enter, then no firm of

type m > 2 wishes to enter. Furthermore by Lemma 3b, if no firm of
type 2 wishes to exit, then no firm of type ] wishes to exit. Thus

a¥ = (uf, a’:, 0,..., 0) is a stable cartel, This process can be repeated
if u: =1, If u: is not unique, there are two values, one equal to 1|
the other less than 1,which are stable cartels from the point of view of
type 1 firms. If a proportion 0¥ <1 join the cartel, them mo other
firm will join by Lemma 3 a. Instead, if all firms of type | are im the
cartel, then other firms of type 2 may wish to enter. The process of

search described above can then be repeated.
Q.E.D.

As a final remark, note that the equilibrium condition similar to
equation (7) can be written for each type of firm as :
* *\ x 1 * A——
1.!m/uc,m (“m) uf,m (“m) =N T € (Em ’ T'm)‘ an
where L. (‘rhlm) is the value of the profit per firm of type m in the
cartel for o = 0 (o_:m = 1) given the other (xk' s. In Figure 4, the
range of variation of mw can be seen to vary as a, varies, Thus, the
comparative static results established in Proposition 2 can easily be
extended noting that the proportion of firms m in the cartel decreases

with the number of types of firms M and increases with their avexrage ef~

ficiency g .




3. CONCLUSION

We have established the existence of possibly heterogeneous stable
cartels and we have determined their characteristics such as uniqueness,
size and composition. ¥t should be the subject of further work Lo
determine the extent to which alternative specifications might confirm
or contradict the results derived above. Of particular intercst are the
possibility of side payments among cartel members, the adoption of a
mode of market conduct other than price leadership and the possibility

of differentiated output across firms.
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FOOTNGTES

'Sherer {1981, p. 169] mentions that by 1967 several hundred cases were
in front the EEC Cowmission, while every year a do:en or so cases are
brought to court by the Federal Trade Commission in the United States.
Insofar as export cartels are concerned, they are still legal in most
developed countries and seem to last for substantial periods of time.
A survey of international export cartels throughout the world can be

found in UNCTAD [1971, chapter 3].

*The d'Aspremont et alii result was extemde” . [* ~r o L Lwvol] who
showed that under their assumptions, the number of firms in the cartel
was equal to three so long as there was more tham three firms in the
industry., This result, however, depends crucially on the value of the

parameters in the cost and demand functioms as we show below.

*fo obtain (1) set the supply of the competitive fringe equal to the sum
of the inverses of each competitors margimal cost function; define the
residual demand function faced by the cartel as market demand less the
supply of the competitive fringe; equate the corresponding marginal
revenue to marginal cost per cartel member in order to determine the
output supplied by the cartel. The equilibrium price in (1-a) obtains
by equating total supply and market demand. Finally the equilibrium
quantities in the fringe and the cartel are obtained by equating marginal
cost to the prevailing price and the corresponding marginal revenue,

“This case could occur, however, in the extreme case where % equals
zero, i.e., when there is an infinite number of firms. Observe that in
this case the cartel of size o equals zero would be a stable cartel,

as was alyeady established by d'Aspremont et alii [1981l,

SObserve that two pathologies may occur : ap(n*) and, by the definition
of T, ac(n*) may be multipses or 3 in which case there will be two
values of aF and, in turn, two stable cartels one of which would have
one more firm than the other one; ¥ may be equal to n' in which case

both a* equals one and | - % would be stable cartels.




*This case will occur when the two following conditions are satisfied :
first, we must be in the situation corresponding to Figure (2-b),
i.e., Yy > k; second, it must be the case that the horizontal distance
between the profit functions, computed at . equals W is greater
than %~. Hence, there is a maximum number of firms N such that
below that number of firms there will be two stable cartels :

N = (o, (m) - ap CHE

?Observe that if n* was equal to T there would be a unique stable

cartel of size a equals one.

BAllowing for side payments might of course affect the results, Observe,
however, that a full treatment of the possibility of side payments
should involve the consideration of a third stage game, this time among
the firms in the cartel. TFor an argument among these lines see Pitchik

and Osborne [1982].

9 - P . .. :
Denote L ( nm) as the minimum (maximum) profit attained by type m

firms in the cartel given the other ak's.
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