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“Where in the Schrodinger equation do you put the joy of being alive?”
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Introduction

“What we observe is not nature itself, but nature exposed
to our method of questioning.”

- Werner Heisenberg

“The goal of mathematics is the symbolic comprehension
of the infinite with human, that is finite, means.”

- Hermann Weyl

At the beginning of the twentieth century, advances in technology en-
abled physicists to observe quantum phenomena through experiments.
These experiments revealed how strange the quantum world is, often de-
fying our classical physical intuition (see, for example, the presentation
of the two-slit experiment in [FLS10]). In the 1920s, these observa-
tions led to the development of quantum mechanics, a theory that is
fundamentally distinct from classical Newtonian mechanics and is char-
acterized by counterintuitive and often paradoxical principles. One of
the most famous of these principles is the Heisenberg uncertainty princi-
ple, which states that it is impossible to simultaneously know the precise
position and velocity of a particle in a quantum system. The more pre-
cisely we know a particle’s position, the more uncertain our measurement
of its velocity becomes, and vice versa. This principle is closely linked
to another fundamental aspect of quantum mechanics: its probabilistic
nature, in contrast to the deterministic nature of classical mechanics.
Whereas in classical mechanics, we can precisely determine the evolu-
tion of a phenomenon from its initial conditions, in quantum mechanics,
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we cannot predict the exact evolution of a physical system but only the
probability distribution of the various possible outcomes.

Despite experiments compelling us to accept the strange nature of the
quantum world, it remains unconvincing that there should be no tangible
link between classical and quantum laws. As a result, almost simulta-
neously with the advent of quantum mechanics, physicists and mathe-
maticians—Iled by Dirac [Dir25] and Schrédinger [Sch82]—began to seek
a bridge between quantum and classical theories. This effort gave rise
to a new field of research at the intersection of theoretical physics and
mathematics: quantization theory. To introduce the fundamental ideas
of quantization theory, we first need to provide a brief description of
classical and quantum mechanical systems.

From Classical to Quantum Mechanics

Classical Mechanics The connection between classical and quantum
systems is elegantly facilitated by a geometrical formulation of classical
mechanics introduced by Hamilton. Hamiltonian mechanics describes
a classical physical system as a pair (M = T*N, H), where N is a
smooth manifold and H is a function in C*°(T*N), the space of smooth
functions on the cotangent bundle of N. Let us delve a bit deeper into
this formalism.

e The manifold N represents the space of all possible positions of a
physical object: the whole space for a free particle, the circle for a
pendulum, the straight line for the harmonic oscillator, etc. It is
called the configuration space of the system.

e The cotangent bundle M = T*N is known as the phase space. Its
elements are pairs (g, p), where ¢ € N represents the position of the
physical object, and p € T/ N is its momentum. It is well known
that cotangent bundles are canonically endowed with a symplectic
structure. In particular, they admit a canonical symplectic form
w and an associated Poisson bracket {-,-} (for a brief overview,
see appendix B; for a comprehensive pedagogical treatment, see
[Mei98]). The symplectic structure is, however, not essential for
writing the kinematics of the system, and sometimes the base space



N is omitted directly considering the more general setting of a
Poisson manifold (M, {-,-}).

o The algebra C*°(M) (with pointwise product) is the algebra of
observables of the system. It contains the physical quantities one
might wish to measure: position, momentum, energy, etc.

e The particular observable H is the Hamiltonian of the system. It
is often interpreted as the total energy of the system.

Hamiltonian mechanics postulates that the time evolution of an observ-
able f in a classical system (M, H) is governed by the equation of motion

d
il = (5.1,

The simplest example of a physical system is the case of a free particle
in R", for which N = R” = {q}, T*N = R*" = {(¢,p)}, w = dp; A d¢',
and

af dg  Of dg

hgh = dq' dp;  Op; Oq*"

If this system is subjected to a force F' derived from a potential V', and

if we define the Hamiltonian as the total energy of the system:

2

H(q,p) = 2% +V(a), (1)

then the Hamiltonian equations of motion for p and g are equivalent to
the famous equation of Newtonian mechanics:

d d - R
£Q—{Q7H} and &p—{p,H} <~ F =mad.

Quantum mechanics As mentioned earlier, quantum mechanics oper-
ates under principles distinct from those of classical mechanics, necessi-
tating a different formalism. Notably, the Heisenberg uncertainty prin-
ciple implies that quantum observables do not commute. The simplest
non-commutative objects we encounter in mathematics are matrices, or
more generally, linear operators on some Hilbert space. In this context
(and also because it matches experimental results), a quantum system
is defined as a pair (H, H ), where H is a Hilbert space and H is a fixed
Hermitian operator on H.
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¢ Quantum observables are Hermitian operators on . The possible
values of these observables are given by their spectrum and are
thus generally discrete.

o The Hilbert space H is the space of states of the quantum sys-
tem. A state is a unit vector ¢ € H that associates a probability
distribution to the possible values of each observable.

o The fixed operator H is the quantum Hamiltonian of the system.
Explicitly, since a quantum observable A is a Hermitian operator, it
admits an associated basis of eigenstates Avy; = A\;;. The possible

values for A are given by its eigenvalues \; € R. If the system is in an
eigenstate 1;, then A will take the value )\; with probability 1. For a

= i, with Y |a[* =1,

each value )\; will occur with probability |o;|?. Quantum mechanics

general state

postulates that the time evolution of a quantum observable A is given
by

d { -
—A=—-[AH
dt il
where £ is a physical constant called the Planck constant and [-, -] is the

commutator of operators.

Quantization By quantization, we mean a process through which one
can build a quantum system from the data of a classical one

(O, H.{--}) ~ (L0, 1,1 1]),

where we denote by .Z(H) the space of linear operators on H. In general,
these processes are realized through a quantization map @Q that trans-
forms classical observables into quantum ones, i.e., smooth functions on
M into linear operators on H:

Q: C%(M) — Z(H).

It is usually required that () satisfies some correspondence principles
between classical and quantum kinematics, the ideal requirement being
the so-called Dirac condition:

i,y =1 = [Q(f1),Q(f2)] = —ihQ(f3). (2)



Let’s now see how one can quantize the classical system describing a
free particle in R™. In this simple case, Schrédinger proposed to use
the Hilbert space L?(R™) of square-integrable functions on R”, and to
associate to the position ¢ and momentum p the operators

it SR™) C LR") = [2R"), ¢~ [q— d'o(q)] (3)

3 -0(q) (4)

pi: S(R™) € L2(R") — L*(R"), ¢ lq s —ih
ql

Note that these operators are, in fact, not defined on L?(R"), but rather
on the dense subspace S(R™), called the Schwartz space, which consists
of smooth functions whose derivatives decay faster than any polynomial
(see Chapter I). Moreover, this satisfies the Dirac condition, which yields
a mathematical formulation of the Heisenberg uncertainty principle since
the commutator of §* and p; is non-zero:

Furthermore, (3) and (4) are sufficient to quantize the classical Hamil-
tonian (1) when V' is a polynomial in ¢:
A2

H=—+V(g).
2m (Q)

This enables us to write the quantum equation of motion

d 1., =~
— = 7. H
dtq h[Q? ]7

which yields satisfactory experimental results.

However, this does not explain how to quantize observables that are
not pure powers of g or p. For example, what should be the operator
quantizing qipj? One might define qz/;;J = Qiﬁj, or the more symmetric
choice q/Z\pj = %(@iﬁj + $:G"). Different orderings are possible, and each
will provide a different extension of the Schrodinger quantization.

For a € S(V?), ¢ € L?(R"), and ¢y € R™, the formula
Qw: S(R*") — Z(L*(R"))

: 5
(Qw(a)9) (90) = (27771)*"/@(‘10*(1)% (qO;q,p) ¢(q)dgdp, ©)
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defines the famous Weyl quantization [Wey27|, which corresponds to the
symmetric ordering ¢'p; = %(q”ﬁ] + 9:¢"). This yields our first example
of quantization:

(SR, B, {,-}) 2% (L(LARM), 1, [, ]).

For a more comprehensive historical survey of quantization theory and
a pedagogical presentation of some of its mathematical approaches, we
recommend [Tod12]. As for us, we will now focus on the particular
quantization approach studied in this work.

Deformation quantization

This work is motivated by a particular approach to quantization in-
troduced in 1978 by Bayen, Flato, Fronsdal, Lichnerowicz, and Stern-
heimer [BFFT78a, BFFT78b]. They suggested that quantization can
be understood as "a deformation of the structure of the algebra of clas-
sical observables, rather than as a radical change in the nature of the
observables”. This deformed algebra structure on the space of classical
observables, often denoted %, can be thought of as inherited from some
operator composition:

Op(a * b) = Op(a) o Op(b). (6)

The fact that the nature of the observables does not change drastically
when the system is quantized enables us to imagine quantization as a
continuous process. Indeed, in deformation quantization, the transition
from quantum to classical mechanics is viewed as a continuous change of
scale. In practice, this is realized by introducing a formal parameter '
in the product x; in such a way that, as h — 0, we recover the classical
pointwise product of functions:

lim a *; b = ab.
h—0

This approach gave rise to the notion of a star-product on a Poisson
manifold.

'From now on, /& will denote a formal parameter rather than the physical Planck
constant.



Definition. Let (M, {-,-}) be a Poisson manifold, and C°(M)[[A]] be
the space of formal power series in A with coefficients in C*°(M). A
deformation quantization on (M,{-,-}) is a map

*n: C(M)[[A]] x C=(M)[[A]] = C%(M)][A]

such that:

1. limp_oa*, b= ab and ax b= ab+ Y32, h*Cy(a, b);

2. The antisymmetrization of C is exactly the Poisson bracket:
[C1] = C1(f1, f2) — Ci(f2, [1) = {1, o} (7)

3. For every k, the coefficient Cj: C*°(M) x C®°(M) — C>*°(M) is a
bi-differential operator.

The mapping %, is called a formal star-product on (M, {-,-}).

Note that (7) is a deformed version of Dirac’s condition (2), since it
implies

1
%1_{% E[av b]*ﬁ - {a’ b}7

where

[a,b]s, = a*pb—Dbxpa.

Weyl quantization provides an easy example of deformation quantiza-
tion. As suggested above, star-products can often be obtained through
operator composition. In the case of Weyl quantization, a simple com-
putation (the details of which are presented in the proof of Proposi-
tion 1.2.13) yields

Qw(ax; b) = Qwl(a) o Qu(b)

i 8
axy b(zg) = (27771)7"/6%(”(’”0’:””“’(93’ WA, 20) g ()b (y)dady, ®)

where a,b € C*®°(R?") and w is the canonical symplectic form on R?":

@ (@,9). (y.m)) = (.€) (_OI 10> (g) .
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The Taylor expansion of (8) around A = 0 yields

h
a*y b(zy) = ab+ Z{a, b}

© 1 /h\F 2 » .
+Zk'<2z> Yo W WGy 1105 g (9)
k=2"" 814y b =1
J1yeees Je=1

where w¥ are the components of the inverse matrix of w. It is easy to
check that (9) defines a star-product on C°°(R?"). In particular, we
have

W 1
1 = 1 _— =
%1_%@ *; b=ab and %1_% iﬁ[a’ b]*%v {a,b}.

Besides formulating the link between classical and quantum mechan-
ics in a particularly satisfying manner, deformation quantization is also
a quite comprehensive theory. In 1994, Fedosov proposed a geometric
construction to associate a canonical star-product with any symplec-
tic connection on a symplectic manifold [Fed94]. Furthermore, in 2003,
Kontsevich proved his own formality conjecture, showing that any finite-
dimensional Poisson manifold admits a formal star-product [Kon03], pro-
viding a definitive answer to the natural question of whether formal
star-products exist on a given Poisson manifold.

Twists and Universal Deformation Formulas

Quite parallel to these developments, Drinfel’d introduced the idea of us-
ing symmetries to construct formal deformations of associative algebras
[Dri86a]. The succinct presentation that follows is inspired by [ESW17].
For a complete overview and further details on the objects mentioned
below, we refer to [ES02].

Whenever a Lie algebra g acts on an associative unital algebra A (over
a ring K) by derivations, the choice of a formal Drinfel’d twist F €
(U(g) @ U(g)) [[h]] allows one to deform any such algebra A by means of
a universal deformation formula:

*r o Al[R]] @ A[[]] — A[[R]]
axpb=ps(Fla®b)).



Here, pg: A® A — A is the initial algebra multiplication, and F' acts
on A ® A since the action of g extends to its enveloping algebra U(g)
and then to U(g) ® U(g). Finally, all operations are extended K[[h]]-
multilinearly to formal power series. In particular, we can consider the
case A = C*°(G), where G is the connected and simply connected Lie
group associated with g. In that case, since it is well known that U(g)
is isomorphic to the algebra of left-invariant differential operators on
G, the twist F' is a formal power series of left-invariant bidifferential
operators.

To define the notion of a Drinfel’d twist, we need to describe more pre-
cisely the canonical structure of the universal enveloping algebra U(g).
In addition to its usual product, the universal enveloping algebra is
equipped with a coproduct, given by the unital algebra homomorphism

A:Ug) —Ug@U(g), Xeg—1X+X®IL

We also introduce the homomorphism € : U(g) — K, defined by e(x) =0
for z € g\ {0} and €(1) = 1. The data (U(g), -, A, 1,€) endows U(g)
with a bialgebra structure. The action of U(g) satisfies the generalized
Leibniz rule: for X € U(g),

X(pala®b)) = pa(A(X)(a @b)).
One calls A a U(g)-module algebra.

Definition. A Drinfel’d twist based on U(g) is an invertible element F' €
(U(g) @ U(g))[[n]] satistying

1. (Ia@A)(F)(1® F) = (A®Id)(F))(F ® 1), where we use the
natural multiplication on (U(g) ® U(g) ® U(g))[[h]] (associativity
condition);

2. (€®IAF =1=(IdQ€)F;

3. F=1®1+ O(h).

The notion of a Drinfel’d twist can be defined similarly on a general
bialgebra, and the data of a Drinfel’d twist based on any bialgebra acting
on an associative algebra A, produces an associative deformation of A
[GZ98, Thm. 1.3]. In particular, we have the following result for the
action of a Lie algebra on an associative unital algebra.
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Theorem. Suppose g is a Lie algebra acting by derivation on an asso-
ciative unital algebra A and F € (U(g) @ U(g))[[A]] is a Drinfel’d twist,
then the formula

axpb:=ps(Fla®D)) (10)

defines an associative unital algebra structure on A. We call the alge-
bra (A, xp) a deformation of A by the twist F', and (10) the universal

deformation formula associated with F.

These deformed algebra structures are linked to star-products by a the-
orem due to Drinfel’d [Dri86b]. A Poisson-Lie group is a Lie group G
equipped with a Poisson bracket for which the group multiplication is a
Poisson map, where the manifold G x G has been given the structure of
a product Poisson manifold. A star-product

o0
axpb=ab+Y hCya,b)
k=1
in some formal parameter /i, on the Poisson manifold (G, {-,-}), is called

left-invariant if every bi-differential operator C} is left-invariant for the
action of G (see [MV92] for more details).

Theorem (Drinfel’d). Let G be a Poisson-Lie group. There is a one-
to-one correspondence between formal Drinfel’d twists on U(g) and left-
invariant formal star-products on C*(Q).

In the case of an abelian Lie algebra g ~ R", any bivector m = 199;\0; €
g ® g yields a Drinfel’d twist through the formal exponential

> hm"
exp(hr) = Z ‘
= n!

seen as an element of (U(g)®U(g))[[h]]. The corresponding left-invariant
star-product for the action of R™ reads

axz b= pa(exp(hr)(a®b))

iy K2 . 11
= ab+ hizjw” (0:0)(93) + = Zj 7 (9;0,a) (9;00b) - - - - (1)
In particular, if g ~ R?>" and 7% = %wij , with w the canonical symplectic
form on R?", equation (11) yields the Weyl star-product (9).
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Beyond Formality

As discussed in the preceding paragraphs, deformation quantization is
an elegant theory that has produced highly general and insightful math-
ematical results. However, it carries a significant limitation: its formal
nature. This limitation not only prevents actual physical measurements
but also poses challenges from a mathematical perspective, as applica-
tions in non-commutative geometry and quantum field theory require
convergence to be meaningful. This implies that Kontsevich’s and Drin-
fel’d results are not the end of the story and that another natural ques-
tion arises: When can we construct non-formal star-products, i.e., non-
formal associative deformed products on the largest possible algebra of
observables A
*p AX A — .A,

which can be approximated by a formal star-product in a certain sense?

For example, one can investigate certain integral formulas obtained by
compositions of integral operators depending on a positive parameter A
and show that the resulting formal Taylor expansion in A of these in-
tegral expressions yields a formal star-product. This is exactly how we
derived the Weyl star-product (9) earlier. The integral (8) converges
to a Schwartz function whenever a and b are Schwartz functions them-
selves, but it will not converge in general for a,b € C*°! We say that (8)
defines a non-formal star-product on the Schwartz space but not on the
space of smooth functions. This highlights the analytical difficulties en-
countered in constructing non-formal star-products even in very simple
frameworks.

Another approach is to follow the steps of Rieffel [Rie93], who proposed a
definition of strict deformation quantizations, which can roughly be seen
as a non-formal version of Drinfel’d universal deformation formula. How-
ever, Rieffel’s construction is limited to highly restrictive contexts, and
creating new examples presents significant analytical challenges. These
difficulties are mainly due to the notion of non-formal Drinfel’d twist.
We denote D(G) the space of smooth compactly supported functions on
G, and D'(G) the space of continuous linear functionals on D(G). As
explained in [BAGS13], at the non-formal level, the notion of a Drinfel’d
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twist based on U(g) corresponds to a universal deformation formula®
for the action « of the Lie group G on an associative algebra A of a
specified topological type, such as Fréchet or C*-algebras. This roughly
consists of the data of a two-point kernel K}, € D'(G x G) satisfying spe-
cific properties that guarantee a meaningful interpretation of the integral
expression

aubi= [ Kiw.yaloza® ab)dedy, (12

with a,b € A. Once well-defined, one also requires the associativity of
the product x5, as well as the limit condition limy_oa * b = pa(a ®
b) in some precise topological context. These requirements, together
with the convergence of (12), raise important analytical difficulties. In
what follows, we delve further into the construction of such non-formal
universal deformation formulas. Unsurprisingly, they will require more
structure than their formal counterparts, beginning with the data of a
specific topology on A and a particular Lie group action.

Definition. An action of a Lie group G on a locally convex topological
vector space (B, || - lner)

a:GxE—E, (g,v)— ag,

is called

1. sub-isometric if, for all n € I, ||agv|l, < Cpllv||n;
2. p-differentiable or C? if for all v € E, the map a(v): G — E is CP;
3. strongly continuous if a is CO.
The following theorem, due to Garding [Gar47|, guarantees that the
smooth vectors of a strongly continuous action form a dense subspace.

Theorem. If « is strongly continuous, then the space of smooth vectors
of B,
E*={veF:al)eC®G,E)},

is dense in E.

2Equation (12) is called a universal deformation formula for the action « of the
Lie group G because it yields a deformation of any algebra A on which G acts.
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Let A be a topological associative algebra, whose topology T is defined
by some family of seminorms indexed by a set I, || - [|ner, and endowed
with a sub-isometric and strongly continuous action « of a Lie group G.
We also require that G acts on A by algebra automorphisms. A direct
consequence of Garding’s theorem is that A is a T-dense sub-algebra
of A. On the other hand, A is naturally equipped with another locally
convex topology. To build the seminorms of this new topology, one needs
to consider the induced action of the Lie algebra g of G on A*°.

gx A = A%,
d
(X,a) = da(X)(a) = atl, Qexp(—tx) (@),

where exp denotes the Lie exponential. Moreover, da(X) is a derivation
of A% and the action of g extends by iteration to its universal enveloping
algebra

U(g) x A — A,

turning A% into a U(g)-module algebra. The seminorms of the new
locally convex topology on A% are then given by

lalln,x)er,u@y = [1X (@) llner-
We denote BY(G, A) as the space of functions
BO(G, A) = {F € C=(G, A) : YA € U(g), | Fllux.a < 0}
where the seminorms ||F'||, x 4 are defined by

£

nx,4 3= sup {|[A(F)]lnx}

and yield a locally convex topology on B°. Observe that for all v € A,
we have a(v) € B%(G,.A). The action of G on A yields the inclusion:

A x A C®(G*,A® A), (a,b)— aa) @ ab),
and we have the canonical isomorphism
O (G2, A™ © A®) = C™(G2) & (A © A®). (13)

To replace the formal notion of Drinfel’d twist presented in the preceding
paragraph, we look for an element Kj € D'(G?) such that
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1. K can be continuously extended to B°(G?) by some density ar-
gument;

2. the deformed product
fiala ©b) = pa (Kn @ 1d(a(a) @ a(b) ) ) (14)

defines an associative algebra structure on A that is continuous
with respect to its locally convex topology and satisfies

lim fig(a ®b) = pala®Db).
h—0
Here, we used (13) to define K ® Id as a mapping

Kp®1d:D(G* A2 A) - A® A.

Such a Kj, is called a non-formal Drinfel’d twist and defines a universal
deformation formula. The following theorem, presented by Rieffel in
[Rie93], gives a first family of examples.

Theorem. Let (V,w) be a symplectic vector space. Then the Weyl cocycle
KY:VxV=C, (v,w)— erw(vw)

defines a non-formal Drinfel’d twist.

In particular, if we go back once more to the Weyl case with V' = R??,
formula (12) then reads

ax}! blao) = @) [ R a(a + 20)bly + a0) do dy,

and
KW (zy) = (2nh) e n“@) € 02 (V2) ¢ D'(V?)

is the non-formal Drinfel’d twist associated with the Weyl star-product.
We also introduce the application

Q6 €DV s [ Kw(2)o(z + 1) =

which we call the twist associated with the Weyl star-product.

In the context of Rieffel’s result, let’s delve further into how the extension
of K}V from D(V?) to B%(V?) is generally achieved. The main challenge
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arises because the inclusion D(V?) ¢ B°(V?) is not dense in the B°-
topology. To address this, we introduce the spaces

BY(G, A) = {F € C*(G, A) : for all A €U(g), (z)"[|Fllnx.a< o0},

where N € Z and (z) = (1+x2)%. Equipped with the natural seminorms,
these spaces are all locally convex spaces. Clearly, BN ¢ BM for N > M,
and we write B = UyxBY. The space D is now dense in B° with
respect to the BN-topology for any N > 0. More generally, D is dense
in BM in the BN-topology provided M < N. Consequently, it suffices
to show that K}V is continuous on D(V?) in the BY-topology for some
N > 0, and then apply a continuous extension result (see Theorem A.39
in Appendix A). Moreover, if K}V is continuous on D(V?) in the BN-
topology for all N > 0, then the deformed product (14) extends to an
associative product on B*°. To establish the continuity of K ,‘{V in the
BN -topology, oscillatory integral techniques are required, relying on the
fact that e oscillates smoothly in every direction of V2.

Very few other examples of non-formal Drinfel’d twists exist in the lit-
erature, and they all occur in fairly restricted contexts: see [BG15)] for
actions of Kéhlerian Lie groups on Fréchet algebras, and [LW16] for
abelian actions on sequentially complete locally convex algebras.

For further introductory reading on deformation quantization, we rec-
ommend Sternheimer’s overview, published twenty years after his in-
volvement in the creation of the theory [Ste98|, the 28 questions on
strict deformation quantization proposed by Rieffel at the end of the
last century [Rie98], or, for more recent developments, the surveys by
Waldmann [Wall6, Wall9].

For our part, it is now time to address the precise goal of this thesis.
Deformations of tempered distributions algebras

The T-ordering quantization family We focus on the following family
of quantizations indexed by the real parameter 7 and defined, for a €

S(V?), uw € L?>(R") and = € R" by the integral formula

(@(@) (W) = [ D1~ )+ 7y Quly)dyds.  (15)
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For 7 = 1/2, (15) coincides with the Weyl quantization introduced
above, and for 7 = 0 and 7 = 1, it yields two other famous quantiza-
tions called the Kohn-Nirenberg and anti- Kohn-Nirenberg quantizations,
which correspond respectively to the normal and anti-normal ordering
extensions of Schrodinger quantization. In fact, when 7 € [0,1], this
family of quantizations arises naturally as we change the ordering in the
quantization that extends Schrodinger’s quantization of the position (3)
and momentum (4) operators. Therefore, it is known in the literature
as the 7-ordering quantization family.

For each quantization @), a non-formal star-product is induced on the
Schwartz space, defined through operator composition via an integral
formula similar to that of Weyl quantization (8):

QT(a) © Qr(b) = Qr(a *r b)

16
0k b (0) = / K+ (2, y)a(@ + 20)b (y + wo)dzdy. (16)

As we did for the Weyl case in the preceding paragraph, we associate to
each kernel K, an application

Q,:S(V?) = S(V?), ¢ /KT(Z)(Z5(Z +z)dz

that we call the twist corresponding to the star-product x,. In Sec-
tion 1.2, we will see that the 7-ordering quantization family also arises
naturally in the context of Shubin calculus.

Since the Schwartz space does not contain most of the observables of
physical interest, it is natural to ask whether the star-products

i S(V) x S(V) = S(V)

can be extended in a non-formal way to some larger algebras. The usual
approach to this problem is to construct extensions of the star-products
to some subset of the space S'(V) of continuous linear functionals on
S(V), known as tempered distributions. Rieffel’s theorem, presented
above, is in line with this philosophy since it yields an extension of
the Weyl star-product to B>°(V) which is a subspace of §'(V). Un-
fortunately, Rieffel’s result cannot be used in the Kohn-Nirenberg case.
Indeed, the Kohn-Nirenberg cocycle, defined on V2, for z; = (¢;,p;), by

Ko(21,22) = " PP 5(q1)d(p2),
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does not oscillate smoothly in all of V2 as the Weyl cocycle does. Con-
sequently, the oscillatory integration techniques used in the proof of
Rieffel’s theorem do not apply in this context.

The smooth wave front set This thesis is motivated by the intrusion
in these matters of an object originating from the field of microlocal
analysis. It is well-known that microlocal analysis provides a criterion to
define the pointwise product of distributions. Indeed, the obstruction to
multiply any two distributions is coded by a microlocal object introduced
by Hérmander: the wave front set. Briefly, providing a careful condition
on the wave front set of two distributions, one is able to define their
pointwise product as the continuous extension of the usual pointwise
product of functions [H690]. In 2019, it was observed by Bahns and
Schulz [BS19] that a variant of the wave front set, called the smooth
wave front set, also introduced by Hormander in [H689], could be used
to build algebras of tempered distributions under the pointwise product
but also under the twisted convolution product, i.e., the product defined,
for any skew-symmetric matrix 6, by

uxg v(z) = Fe, /R2m F(& = m)F(g)(me = Py, (17)

where F denotes the Fourier transform. This is a famous family of
star-products containing the Weyl star-product since for

0 I
=% o)

formula (17) is exactly the Weyl star-product (8). However, no other
element of the 7-ordering family can be obtained as a twisted convolution
product. It is well known that formula (17) defines an associative algebra
structure on the Schwartz space:

*g: S XS —S.

Without delving into technical details for the moment, the smooth wave
front set of a tempered distribution is a cone in T*R", i.e., a subset
stable under dilatation, which simultaneously encodes the singular be-
havior at finite points of a tempered distribution and its asymptotic
growth at infinity. For a given cone I' C T*R", one can consider the
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subspace Sf.(R") of tempered distributions whose smooth wave front set
is contained in I'. Bahns and Schulz identified a sufficient conditions on
the cone I' under which the twisted convolution product extends from
S(R™) to S{-(R™) in a non-formal way.

The work of Bahns and Schulz is not a direct consequence of Rieffel’s the-
orem. Indeed, the action of V' by translations on Sf.(V') is not strongly
continuous with respect to the topological structure used on Si.(V') and
some of the algebras Sf.(V') obtained by Bahns and Schulz strictly con-
tain the space B*°.

Extensions of the twisted convolution product were already proposed in
the literature using other techniques, such as those in [Mai86], [GBVS&S],
[Sol12, Sol15]. The smooth wave front set approach has the advantage
of providing a simple sufficient criterion for the extension of the twisted
convolution product, while highlighting, in an intuitive way, the analytic
obstructions arising in the process. Moreover, the smooth wave front set
approach can be adapted to the T-ordering quantization family and, in
particular, to the Kohn-Nirenberg framework.

Structure of the thesis

Chapter I To set the groundwork, we define the Schwartz space and the
space of tempered distributions, presenting some of their key properties.
We then introduce Shubin’s calculus for pseudo-differential operators on
R™. Finally, we show that the family of star-products %, arises natu-
rally through the composition of such operators (see Theorem 1.2.11 and
Proposition 1.2.13).

Chapter II This chapter is dedicated to the notion of the smooth wave
front set, a central focus of our research.

In Section 2.1, we present three definitions, including a new formula-
tion based on unitary representations of the Heisenberg group (see Def-
inition 2.1.29). Additionally, we introduce new examples that we find
enlightening and provide explicit proofs for Proposition 2.1.8 and Corol-
lary 2.1.9, which were previously unproven in the literature.
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In Section 2.2, we introduce a criterion developed by Bahns and Schulz
[BS19, Thm. 3.1], based on results by Hérmander [H689], to extend the
pointwise product to an algebra S} of tempered distributions. We recall
that this algebra consists of tempered distributions whose wave front
sets are contained within the cone I'. However, it appears that several
topological arguments were omitted in their work, and we aim to clarify
the topological properties of the algebra St.

First, we introduce the I'-topology, a locally convex topology on S (see
Lemma 2.2.9 and Definition 2.2.10) based on a notion of convergence
originally introduced by Hérmander in [H689] (Definition 2.2.1). We
then prove in Proposition 2.2.11 and Proposition 2.2.12 that this topol-
ogy is Hausdorff, sequentially complete, and admits the Schwartz space
S as a dense subset. In Theorem 2.2.14, we further demonstrate that,
under Hérmander’s existing condition (see [H689, Prop. 2.9]), the pull-
back by an injective linear map A : R — R™ defines a continuous
map

A SH(R™) — Syp(R™)

in the I'-topology. Finally, we present Theorem 2.2.16, which recovers
Bahns and Schulz’s criterion for constructing algebras of tempered dis-
tributions under the pointwise product, while clarifying the topological
properties of these algebras.

Chapter III In the third chapter of this work, we extend the result
of Bahns and Schulz to the family of star-products %, with particular
emphasis on the Kohn-Nirenberg star-product. We tackle this problem
by focusing on the twists {2, associated with each star-product.

In Section 3.1, we observe that the stability of the cone I under the twist
is the key condition for the non-formal extension of *, to a space Sf. of
tempered distributions. Then, in Theorem 3.1.6, we derive a criterion on
the cone I' ensuring that ), defines a continuous map in the I'-topology,
which stabilizes I':

Q,: SER™) — SEHR™).

In Section 3.2, we build on this result to state Theorem 3.2.2, which pro-
vides, for every value of 7, including the Kohn-Nirenberg case, a criterion
to extend x; to a non-formal star-product on Sf.(R™). In particular, in
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Example 3.2.3, we establish that S{, (0 (V') forms an associative algebra
under each product x,.

In Section 3.3, we prove that the spaces BY (V), central in Rieffel’s con-
struction of a non-formal universal deformation formula for the Weyl co-
cycle, are contained within the algebra Si, ., {0}(V) and that the twists Q,
stabilize the spaces BY (V) (see Proposition 3.3.1 and Proposition 3.3.2).
Finally, in Corollary 3.3.3, we prove that the union B>(V') of all BN (V)
spaces is a graded subalgebra of Sj, {0}(‘/) for the product *;:

(Boo(v) = UBN(V),*T> C (S{,X{O}(V),*T).
N

These results represent a significant step toward generalizing Rieffel’s
construction to the Kohn-Nirenberg kernel, and we hope that this work
will serve as a foundation for future advancements in this direction.

The appendix contains a brief introduction to topological vector spaces
and an outline of Kirillov’s orbit method. A list of recurring symbols
and notations used in this work is provided at the end.



Chapter I

Tempered distributions and

pseudo-differential operators
in R"

"Since Dirac introduced the famous d(x) function, which
would be zero everywhere except for x = 0 and would be infi-
nite for x = 0 such that [ §(x)dx =1, the formulas of sym-
bolic calculus have become even more unacceptable to mathe-
maticians’ rigour. Stating that the Heaviside function Y (x),
which is 0 for x < 0 and 1 for x > 0, has as its derivative
the Dirac delta function 6(x), whose very definition is mathe-
matically contradictory, and then discussing the higher-order
derivatives &'(x), 8" (x)... of this function that lacks actual
existence, goes beyond the limits permitted to us. How can
we explain the success of these methods? When such a con-
tradictory situation arises, it is rare that it does not result in
a new mathematical theory that justifies, in a modified form,
the language of physicists; this is even an important source
of progress in mathematics and physics."

- Laurent Schwartz, Théorie des distributions'

!Translated by the author from the original French text.

21
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This chapter is a condensed presentation of the main definitions and
results about tempered distributions and pseudo-differential operators
that will serve our later purposes. For a more thorough study the reader
might refer to [H690], [Mel03], [RS78], or [Shu01].

1.1 Tempered distributions

1.1.1 Definition and examples

The Schwartz space, S(R"™), is the space of smooth functions ¢: R™ — C
such that for all a, 5 € N

sup
z€R™

xﬂﬁagb(m)’ < 00,

where 2° = mflcz:g" and 0% = O ...09", with 9; == 0/0x;. An
element ¢ of S(R™) is called a Schwartz function. It is clear that ¢,
along with all its derivatives, decays to zero faster than any polynomial

at infinity. We say that ¢ and its derivatives are rapidly decreasing.

Clearly, every compactly supported smooth function is a Schwartz func-
tion:

O (R™) C S(R™).

However, the reverse inclusion does not hold, as the Schwartz space con-
tains functions such as e*|x|2, which are obviously not compactly sup-
ported. It is naturally endowed with a topological vector space (TVS)
structure given by the locally convex topology defined by the family of
seminorms

|¢]la.p = sup ‘xﬁaaqﬁ(x)‘. (I.1)
zeR™

This topology is called the Schwartz topology. The theoretical back-
ground about TVS and related topological notions is presented in ap-
pendix A.

Proposition 1.1.1. The Schwartz space S(R™) endowed with the Schwartz
topology is a Fréchet space, i.e., a separated, complete, metrizable TVS.

Proof. The fact that the Schwartz topology is Hausdorff is a direct conse-
quence of Proposition A.23, since 0 is the only point in S(R™) for which
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every seminorm vanishes. Furthermore, this topology is generated by
a countable family of seminorms and is thus metrizable (see [Die90a,
Prop. 12.14.5]). For example, one can show that (I.1) is equivalent to
the family of seminorms

ol = max sup
o lo|+|B|<k zern

27 ¢(x)| (L.2)
We can then equip S(R"™) with the metric

91 — ¢ollk
A(d1, ¢o) = 3 2L = P2lk
(192 = 2 T 6l

It is easy to see that the topology induced by this metric is the locally
convex topology defined by (I.2). For the completeness of S(R™), see
the proof of [RS78, Thm. V.9]. O

Proposition 1.1.2. The space C°(R™) of smooth compactly supported
functions is dense in S(R™).

Proof. See [H590, Lem. 7.1.8]. O

The dual §'(R™) of S(R™), i.e., the space of all linear continuous func-
tionals on S(R™), is called the space of tempered distributions. For a
linear map u: S(R™) — C, the continuity condition reads

J a, B such that |u(¢)| < Cqpl|¢llaps forall ¢ e S(R™).

For now, we equip &'(R™) with the weak topology, i.e., the weakest
topology making every map

po: S(R") = C, urs u(e)
continuous. The weak topology is equivalently defined by the seminorms
lulp = lu(@)l, ¢ € SR™).

Remark 1.1.3. The class S'(R™) is not the most common class of dis-
tributions. It is more frequent to encounter the space D'(R™) of con-
tinuous linear functionals on the space D(R™) := C°(R") of compactly
supported smooth functions. The main difference between S’'(R™) and
D'(R™) is that tempered distributions behave slightly better at infinity.
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Explicitly, their growth is at most polynomial (see Theorem 1.1.11 be-
low), while the growth of a distribution in D’(R™) might very well be
exponential. This is because we extended the space of test functions; the
fact that a Schwartz function might not have compact support prevents
tempered distributions from exploding at infinity. It is a general idea
that larger spaces have smaller duals and vice versa. Here we have the
inclusions

DR") c S(R") and S'(R") C D'(R).

Example 1.1.4. There is a continuous injection of S(R™) into S’(R™):

v S(RY) < S'(RY), ¢ [¢ - /¢(x)¢(x) dx] |

Similarly, any polynomially bounded continuous function can be used
to define a tempered distribution. For every continuous function w such
that u(z) < C{x)N for some N € R, the mapping

Fu: S(R") = C, Fo(¢) = / w(@)b(x) do

defines a tempered distribution. We will see in Theorem 1.1.11 that all
distributions are of this form, modulo the appearance of weak derivatives
(see Example 1.1.10). It is a classical abuse of notation to use u to refer
both to the distribution F, and the actual function u. Sometimes, we
write F,(¢) = (u,¢). One must be careful not to confuse the pairing
(-, -) of a distribution with a test function with the inner product (-, -)
of L?, which is the integral of the product of the complex conjugate of
the first argument with the second:

(:6) # (6.0 = [ B@)o(x) do.
Proposition 1.1.5. The continuous injection t: S(R™) < S'(R"™) is dense.
Example 1.1.6. The delta distribution 9, defined by
5(¢) = ¢(0),
is a tempered distribution. We will sometimes write, slightly abusively,
5(6) = [ (w)(a) do.

The delta distribution can be translated, which yields a distribution ¢,

5uo () = / 5(2)b(x + 20) dz = b(x0).
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Example 1.1.7. The exponential function, even though it is a smooth
function, does not define a tempered distribution through integral pair-
ing since the integral

/exgb(x) dz

does not converge for all ¢ € S(R). Indeed, for ¢(z) = e~V ¢ S(R),
this integral diverges.

1.1.2 Continuous extension and transpose map

Given a continuous map 7: S(R") — S(R"), Proposition 1.1.5 yields
the continuous map ¢ o T: S(R") — S'(R™). Since S(R™) is dense in
S'(R™), there is at most one continuous extension

T: S'(R") — S'(RY)

of toT (see Corollary A.38). With slight abuses of language and notation,
we call T the continuous extension of T, and we write T|S(Rn) =T
instead of

(T(09) (W) = (oT@) (W), Vo, v € SR,

and, when no confusion arises, the continuous extension T of T will also
be denoted T

Definition 1.1.8. Given a continuous map S: S(R") — S(R"), the trans-
pose of S is the continuous map defined by

S S'(R™) — S'(R™), uw— S'u,
(S"u)(¢) == u(S(9)), for all p € S(R™).

Remark 1.1.9. The transpose is trivially a continuous map for the weak
topology on S’(R™). Therefore, it provides an easy way to construct
continuous maps from S'(R™) — S’(R"), requiring only a continuous
map from S(R") — S(R™). The transpose, however, is generally not
the continuous extension of the original map, though it can be used
to construct it. Explicitly, if we want to find the continuous extension
of a continuous map 7: S(R") — S(R"), it is sufficient to find a map
S: S(R™) — S(R™) such that S'|ggny = T. Then T = S’ is the contin-
uous extension of T'.
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Example 1.1.10 (Operations on tempered distributions). Let u € S'(R™).
Putting into practice what we discussed in Remark 1.1.9, we describe
below four basic operations on tempered distributions as continuous ex-
tensions of their well-known versions in S(R™): multiplication by a poly-
nomially bounded smooth function, weak derivative, linear coordinate
changes, and phase-space shifts.

1. Let O(R™) be the set of smooth functions on R™ which, together
with all their derivatives, are polynomially bounded. From Ex-
ample 1.1.4, the inclusion O(R"™) C S'(R™) is clear. Moreover, if
f € O(R™), then pointwise multiplication by f defines a continu-
ous mapping

S[R") = SR"), ¢~ [fo.
Hence, one can define the continuous mapping
S'(R") — S'(R™), u~ fu,
(fu)(¢) =u(f¢), forall € S(R").

2. For o € N", we write 9% = 97" --- 99" and |a| = a1 + -+ + .

Note that 0 defines a continuous mapping
SR") = SR"), ¢+ 0%.
Again, this induces a continuous mapping
S'(R") — S'(R"), u+ 0%,
0°u(¢) = (—1)l*lu(9*¢), for all ¢ € S(R™).
The operator 9% on 8'(R"™) is called the weak derivative.

3. Let A: R™ — R" be a linear isomorphism. The pullback A*¢ =
¢ o A defines a continuous mapping from S(R") to S(R™). Hence,
the pullback of a tempered distribution by a linear isomorphism
A is defined as

A*u(9) = | det(A)[u((A™)"9).

4. Let T: S(R") = S(R™) and M¢: S(R") — S(R™) be the transla-

tion and modulation operators, respectively:

Toé(y) = ¢y —x) and Mcg(y) =¥ o(y).
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They both continuously extend to S'(R™) as follows: for u €
S'(R™) and for all ¢ € S(R™),

Tou(¢) = u(T—_p¢) and Meu(¢) = u(Mco).

Hence, the phase-space shift

H(z,8)¢(y) = McT:9(y)

also continuously extends to S'(R™): for u € S'(R™) and for all
¢ € S(R"),
(I(z,&)u) (¢) = u (I(==,8)¢) -

As suggested in Example 1.1.4, every tempered distribution is of the
form 0%u where v is some polynomially bounded continuous function
and 97 denotes the weak derivative of order 3 € N™. This remarkable
fact is known as the regularity theorem for tempered distributions.

Theorem 1.1.11 (Regularity theorem for tempered distributions). For
any T € §'(R™), there exists a polynomially bounded continuous function
w and B € N such that T = 0Pu, that is,

7(6) = | (~)u(2)(©79)() da.
This theorem justifies the frequent abuse of notation:

(@) = (u,¢) = / w(@)d(x) da.

The proofs of Theorem 1.1.11 and Proposition 1.1.5 rely on the realiza-
tion of S(R™) and S’(R™) as sequence spaces. This elegant construction
can be found in [RS78, appendix to V.3]. It also implies the stronger
version of Proposition 1.1.5 stated below.

Proposition 1.1.12. If we endow S(R™) and S'(R™) with the topologies
defined in the previous section, and L*(R™) with the topology induced by
its usual Hilbert space structure, then the following inclusions are dense:

S(R™) ¢ L*(R") and S(R™) C S'(R").
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1.1.3 Fourier transform

The Fourier transform of a function f in L'(R") is a linear map usually
defined as
1

F(f)E) = f(&) = Qo

/n e~ f(x) da.

Example 1.1.13. The Fourier transform of the Gaussian function is itself:
|| 12

if f(z)=e % then f(&)=e 2.

To prove this, it suffices to consider the one-dimensional case since, in

A

R™, f is the product of n identical integrals. Observe that both f and
f are solutions to the Cauchy problem

' = —zu, u(0)=1.

To see this, one can apply the Fourier transform to both sides of the

equation and then use (I.3). By uniqueness of the solution, we conclude
that f = f.

An important property of the classes S(R") and S'(R™) is that they
are compatible with the Fourier transform in the sense that it defines
a continuous isomorphism from S(R") to S(R™), which continuously
extends to an isomorphism from S’(R™) to S&’'(R™). This relies on the

following straightforward yet essential observation: for all ¢ € S(R"),
Djo(€) = §6(9),
2;9(§) = —D;d(§).

Notation 1.1.14. We have used the notation D; := —id/0x; # 0; =
0/0x; above in order to avoid the appearance of a factor of ¢ in (I.3).

(1.3)

The multi-index notation is used in the same way:
D® = D{'... Dy~ for all a € N".

This notation is standard in harmonic analysis and pseudodifferential
operator theory. It avoids the need to track powers of ¢ while performing
integration by parts.



1.1. TEMPERED DISTRIBUTIONS 29

Equation (I.3) directly implies that F is a continuous map from S(R"™)
to S(R™) (for details, see [H690, Lem. 7.1.3]). Moreover, F has a
continuous inverse and is therefore a continuous isomorphism of S(R"™).

Theorem 1.1.15 (Fourier inversion theorem). The Fourier transform is
a continuous isomorphism of S(R™). The inverse Fourier transform is

given by .
7 _ 1x-€

A nice proof of this theorem, based on Example 1.1.13, is presented in
[Duo01, Thm. 1.13]. Observe also that

[é@p@de= [o@i@ds, Yo veS®). (14

Hence, one can use Remark 1.1.9 to define the Fourier transform on
S'(R™) as its unique continuous extension to S'(R™):

a(¢) = u(9). (L5)

The following result is a consequence of (I.4), Theorem 1.1.15, and
Proposition 1.1.12.

Corollary 1.1.16. 1. The Fourier transform extends continuously to
an isomorphism of L?(R™) satisfying

1= = ([ )"

2. The Fourier transform extends continuously to an isomorphism of
S'(R™).

The following proposition shows that (I.3) remains valid in &’(R™). This
is unsurprising since S(R") is dense in §'(R™) and every operation in
(I.3) is continuous on &’(R™). However, we prove it by explicit compu-
tations to put into practice what we have discussed so far.

Proposition 1.1.17. For all u € S'(R™), the Fourier transform satisfies

—

Dju = fj

a,
zju = —Dji.
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Proof. One computes:

Dju(¢) = [Dju](9) by (L5)
= —u(Djé) by Example 1.1.10, point 2
= u(z;¢) by (1.3)
= 0(&9) by (L.5)
= [¢1](9) by Example 1.1.10, point 1.

Note that we change the variable name from x; to {; to stick to the
notation in the proposition. The second equality is left to the reader. [

Example 1.1.18. Let 1 denote the tempered distribution defined by

= /gb(ac) dz

Then the Fourier transform of the delta distribution is

A

3(9) = 3(9) = 40) = s o [ = ().

2m)

Hence, Theorem 1.1.15 implies

l(0) = em) 7 [ eérta e = [3(©6(©) dr = 5().

(2m)
In practice, when a variable x in a pure phase is free under an integral
(i.e., it appears nowhere else in the integrand function), we can replace
the phase by c¢d(z) for some constant ¢ € R. This will be extremely
useful in future computations. Moreover, by Proposition 1.1.17,

Do5(¢) = ¢l Vo e Np.

(271-)71/2

We conclude this section by giving an integral expression for partial
differential operators using the Fourier transform. This will be conve-
nient for understanding the definition of pseudo-differential operators
in Section 1.2. First, we need the notion of the support of a tempered
distribution.

Definition 1.1.19. Let v € S'(R™). A point z is not in the support of u,
denoted supp(u), if there exists a neighborhood U of x such that for all
¢ € S(R™) with supp(¢) C U, we have u(¢) = 0.
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Lemma 1.1.20. Let u € S'(R™). Then supp(u) C {0} if and only if

U= Z caDY6.

finite

Proof. Let u be a finite linear combination of delta distributions as in
the statement. For all x # 0, there exists an open ball B, . that does
not contain 0. For all ¢ € S(R™) such that supp(¢) C By, we have

u(9) = 3 (~1)%ead(D¢) = 3 (—1)%ca D?6(0) = 0.

finite finite
Hence, supp(u) € {0}.
The reciprocal follows from [RS78], problem 29, p. 177. O

Corollary 1.1.21. The Fourier transform yields an isomorphism

{u € S'(R™) : supp(u) C {0}} +— C[¢] = {polynomials in &} .

One way to look at this isomorphism is to consider partial differential
operators with constant coefficients
P(D): S(R") = S(R™), P(D) =Y caD"
Proposition 1.1.17 then implies, for all u € S'(R"),
P(D)u(§) = P()a(§), where P(§) =D cat®.  (L6)

The polynomial P is called the (full) characteristic polynomial of P(D).
It determines P(D) uniquely. Applying the inverse Fourier transform to
(I.6) yields an integral expression for partial differential operators with
constant coefficients:

P(D)ula) = 2m) " [ EP©Quiy) dyde. (L7)

1.1.4 Tensor product of tempered distributions

We are accustomed to encountering the tensor product of functions:

f@g(x,y) = f(x)g(y).
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It is less obvious what the tensor product of two tempered distributions
should be. We present below a theorem of Hérmander that both provides
a satisfying description of the tensor product of tempered distributions
and yields a Fubini-type result.

Lemma 1.1.22. If ¢ is a function in S(R™ x R™) and u is a distribution
in 8'(R™), then

is a Schwartz function in S(R™).

Proof. See [H690, Thm. 2.1.3]. O

Theorem 1.1.23. If u; € §'(R"™) and uz € S'(R™), then there exists a
unique u € S'(R™ x R™) such that

u(p1 @ ¢2) = ur(d1)uz(g2), ¢1 € S(R™), g2 € S(R™).

The distribution v is denoted u1 @ us or us @ uy and is called the tensor
product of uy and ug. Moreover, for all ¢ € S(R™ x R™), we have

u(@) = ur(ug(@(x,-))) = ur(uz(¢(-,y)))-

Proof. A proof for distributions in D’ can be found in [H690, Thm. 5.1.1].
To adapt it to the S’ framework, observe that &’ is a linear subspace of
D’ and use the density of C2° in S. O

The following result is a direct consequence of the above theorem.

Corollary 1.1.24. Let u and v be tempered distributions. We have
supp(u ® v) = supp(u) X supp(v).
Definition 1.1.25. Let X, Y, and Z be topological spaces. A mapping
f: X XY —>Z

is jointly continuous at (xg,yo) if for each neighbourhood W of f(z¢, yo),
there exist a neighbourhood U of x¢ and a neighbourhood V of yg such
that f(U x V) C W. We say that f is jointly continuous if it is jointly
continuous at every point of X x Y.
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Proposition 1.1.26. The tensor product of tempered distributions is a
jointly continuous bilinear map for the weak topology:

®: S'(R") x S'(R™) — S'(R" x R™).

Proof. See [Tre67, Chap. 41, Cor. 2]. O

1.1.5 The Schwartz kernel theorem

In the early 1950s, Laurent Schwartz discovered that each separately
continuous bilinear functional on S(R™) x S(R™) uniquely corresponds
to a jointly continuous functional on S(R™"™) [Sch54b]. This result
became known as the Schwartz Kernel Theorem. A few years later,
Alexandre Grothendieck introduced the concept of nuclear spaces, which
encompasses both § and &', and proved a generalization of Schwartz’s
theorem within that framework [Gro54]. While we will make use of the
nuclearity of S and &' later on, this work does not aim to study nuclear
spaces in general. Thus, the results in this section are specifically stated
for S and §’. For a broader study of nuclear spaces and a more general
formulation of these theorems, we refer the reader to [Tre67] and [Sch82].

We begin with a version of the Schwartz Kernel Theorem that is close
to Schwartz’s original formulation.

Theorem 1.1.27 (Schwartz kernel theorem, first version). Let B(¢,1)) be
a separately continuous bilinear functional on S(R™) x S(R™). Then
there exists a unique tempered distribution T € S'(R™™) such that

B(¢,9) = T(d® 1),

where
¢ ® 10(961, S ’xn+m) = Qb(xl’ ce ,xn)¢(xn+1, cee axn-‘,-m)-

Proof. See [RS78, Thm. V.12]. O

In particular, for all continuous linear operators

A: S(R™) - S'(R"),
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the theorem claims that there exists a unique K4 € S'(R"*™) such that

A@) (W) = Kalp @) = / Ka(w,y)6(z)v(y) dz dy,

where we have made the usual abuse of notation inspired by Theo-
rem 1.1.11. We call K4 the kernel of A.

Example 1.1.28. 1. The Fourier transform can be seen as a continu-
ous linear operator

F: SR") — S'(R"),

FO)W) = S(FW)) = —

W/e”yqb(y)@b(x) dz dy.

Its kernel is simply

1
(27’1’)”/2

—ixy

K]:(xa y) =

e

2. Using the formula (I1.7), differential operators can be written as
P(D): S(R") — S'(R"),
PD)(@)(@) = 20) ™" [ ¢ PEP©o(y)i(a) dyde da.

Hence the kernel of a pseudo-differential operator P(D) is

Kp(e.y) = 2m)" [ 5P de,

Definition 1.1.29. Let F and F be locally convex topological vector
spaces. We call the m-topology (or projective topology) on E ® F' the
strongest locally convex topology on this vector space for which the
canonical bilinear mapping

ExF—EQF, (u,v)—u®uv

is continuous. We shall denote by E®, F the completion of £ ® F with
respect to the m-topology.

The following isomorphisms are direct consequences of the nuclearity
of S and §’. They can be regarded as variants of the Schwartz kernel
theorem.
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Theorem 1.1.30 (Schwartz kernel theorem, second version). We have the
following topological isomorphisms:

SRM&S(R™) ~ S(R™™), (L.8)
S'(RM)®,S'(R™) ~ S'(R™™). (1.9)
Proof. See [Tre67, Thm. 51.6]. O

1.2 Pseudo-differential operators

Pseudo-differential operators should be understood as a generalisation
of differential operators described by formula (I.7). One aims to replace
the class of polynomials P(£) by a larger class of functions that depend
on both x and y:

Au(x) = (27r)_"/ei(x_y)éa(x,y,i)u(y) dy d¢. (1.10)

The function a is called the amplitude of the pseudo-differential operator,
and its properties are carefully chosen to assign a precise meaning to
formula (I.10), which is a priori meaningless. This is interpreted as an
oscillatory integral. The family of linear operators defined in this way
are called pseudo-differential operators.

We start with a presentation of the main properties of symbol spaces.
Then we show that formula (I.10) yields a map

{symbols} — {linear operators on S or S'}.

Such a map is called a quantization map, following the ideas presented
in the introduction of this work. We will see that this map yields the 7-
ordering quantization family (15). We will then examine the composition
law of pseudo-differential operators and show that the family of star-
products ., introduced in the introduction (see (16)), naturally arises
through the symbol of the operator resulting from this composition. Our
main reference for this section is [Shu01].

Notation 1.2.1. In what follows, we write:

o (zy:=(1+4 HIL‘HQ)%, the Japanese bracket ;
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0; = 0/0x; and, for a € N 9% := 9" 952 - - - 9%m;

fora e N* |la| =a1 + -+ ap;

Ay = 0%/02% + -+ 0?/0x2, the Laplacian operator ;

o [ S g if there exists C' > 0 such that f < Cg.

1.2.1 Symbol spaces

Symbols are polynomially bounded smooth functions whose derivatives
are also polynomially bounded. In particular, they extend the notion of
polynomials. Depending on the context, different classes of symbols can
be defined. In this work, we use the so-called Shubin symbols.

Definition 1.2.2. Let m, p be real numbers with 0 < p < 1. The space
of Shubin symbols of order m and type p, denoted G}'(R"), is the space
of smooth functions a € C*>°(R") satisfying

0%a(2)| < Culz)™ Pl Vo e N7

The space G}" is a Fréchet space with respect to the seminorms
sup |0%a(z)| (z) 7Pl o e NP
z
The maps

m mn m+n
Gy x Gy = G, (a,b) = ab,

G — Gnrlel g 9%
are continuous, and we have

N Gr=S, GpcsS vmeR. (I.11)

meR
When p = 1, we simply write G, and the union of all symbol spaces
with p =1 is denoted

G>* = U G™.
meR

The most important property of symbols is that they are characterised
by an asymptotic expansion.
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Definition 1.2.3. Let a; € Gp?, 7 = 1,2,..., with m; — —oo, and
a € C°(R"). We say that a; is an asymptotic expansion of a, and we
write a ~ 3722 ay, if for all r > 2,

r—1
. myr — .
a—Za] eGy, Wheremr—r?ggim].
7=1
Proposition 1.2.4. Let a; € G,7, j = 1,2,..., with mj — —oo, and

a € C(R™). Then there exists a function a such that a ~ 3772, a;.

Moreover, if another function a’ has the same property, then a—a’' € S.

Proof. See [Shu01, Prop. 23.1]. O

1.2.2 Pseudo-differential operators in R"

Definition 1.2.5. We denote A7'(R?") the set of functions a € C>°(R")
that satisfy for some m’ € R

080207 (,, )| < Capy (2PN (g — yym'olatiial - (119)

where z = (z,y,§). We call A?(R?’”) the class of amplitudes of order m
and type p.

The following property is a consequence of basic oscillatory integral the-
ory. The trick is mainly based on appropriate use of integration by
parts. For a general presentation on this topic, the reader might refer
to [Die90b, Chap. 23.17] or [Shu01, Chap. 1].

Proposition 1.2.6. For any amplitude, the integral expression (1.10) de-
fines a continuous linear operator from S to S.

Proof. Let m, p be any real numbers, a any amplitude in A7 (R3"), and
¢ € S. A classical idea when dealing with oscillatory integrals is to apply
integration by parts, taking advantage of the following observation:

e @T=vE = (6)=2M (1 — Ay)Mei(x—y)E,

@YE = (z — )72V (1 = AE)Nei(z—y)E_
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Since ¢ is rapidly decreasing, integration by parts in y yields

A(a) = [ DG (1= A (ala,,)0(y) dy de.

For M sufficiently large, the integrand goes to zero as & — oco. Hence,
integration by parts in £ yields

/ W @) 2N (1-A0)V ((©)72M (1 =AM (alz,y,€)é(y))) dyde.
Then, applying the inequality
(@ —y) 7 S (@) Hy),
one obtains
A(a) 5 (@) 2N [ etz e
(1= A" (7M1 =AM (alw,y, o)) ) dyde.
By the Leibniz rule, estimate (1.12), and the inequality

<£L' - y>/<z> < 1’ for z = ($7y7€)7

the right-hand side can be written as a finite sum in which all terms are
bounded (up to a constant depending only on M and N) by

()72 [N, (6 (€)= ) dy de,

where q?) is some derivative of ¢, and by (§) is a bounded function given
by some derivative of (¢)72™. Since ¢ is Schwartz, the integral above

converges for M > mgm/, and for all k € R,

Sup<$>k|A¢)(5L‘)| < Ck,m,m’”¢”0,N+m+m’-

A similar estimate holds for 95 (A(u(x))). O

Observe that the transpose operator (in the sense of Definition 1.1.8) is

Au(y) = 2m)7" [ ¢ ale, y, €)uly) dade.
By Remark 1.1.9, A admits the following continuous extension on S’:

A:S =8, u— Au,
Au(g) = u(A'(9)), VoES.
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Definition 1.2.7. We denote W} the class of operators on S’ defined
by the integral expression (I.10) with amplitude a € A;"(]R‘g”). Such

operators are called pseudo-differential operators of order m and type p
on R™.

The following theorem characterizes pseudo-differential operators in terms
of Shubin symbols in G;”(R%).

Theorem 1.2.8. Let A € W7'. Then for any 7 € R, the operator A may
be uniquely written as

Au(x) = /ei(x*y)be((l — 1)z + 71y, §)u(y) dy d€ (I.13)

where by € G;”(RQ”) is called the T-symbol of A. Moreover, b,y admits
the asymptotic expansion

br(,€) ~ 3" =711 — 7)19248 (D) DY a(x, . £)|

5 B! y=e’
Y

Proof. See [Shu01, Thm. 23.2]. O

Remark 1.2.9. Formula (I.13) yields a family of maps
Qr:ac€ G?(RQ”) — Qr(a) € Z(S'(R™)),
(@-@)(@(@) = [ a1 =) +7y.€) uly) dy de.

Since L?(R") C S'(R") is a Hilbert space and R?>" ~ T*R" is the phase
space of the flat configuration space R", we call these quantization maps
in the spirit of what we presented in the introduction of this work.

Forr=0and 7 = %, these are respectively the Kohn-Nirenberg and the
Weyl quantizations. We write

Qu(@) =" and Q1p(a) = @

Remark 1.2.10. It is more common to define pseudo-differential oper-
ators using Hormander symbols [H690, Def. 7.8.1] since this approach
allows for localization and can be performed on manifolds (see [H694,
Chap. XVIII], [Die90b], or [ShuOl, § 3]). However, pseudo-differential
operators in R™, as defined with Shubin symbols above, enable the study
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of certain aspects of the behavior of functions as |z| — co. One could
say that the approach through Hormander symbols is local, while the
approach through Shubin symbols is global. In this work, we will focus
on the global approach.

1.2.3 Composition formula

Theorem 1.2.11. Let A’ € W)™ and A" € U2, Then A'o A" € Wintm2,
and if U (x,&) and b (x,£) are respectively the Ti-symbol and To-symbol
of A" and A", then the T-symbol b.(x,&) of A’ o A” has the asymptotic
exTpansion

br(@,€) ~ Y Capys (08 D5Y, (2,€)) (97 DIV, (2,6))
a,B,7,0

where Cpps are constants depending on 7, 71, and T2 such that Coopo =
1, and the sum runs over the sets of multi-indices such that a4+~ = +9.

Proof. See [Shu01, Thm. 23.6]. O

In particular, for 7 = 7 = 7o and using the quantization map @, in-
troduced in Remark 1.2.9, we will denote a *; b as the symbol of the
operator obtained from the composition of Q,(a) and Q- (b):

Qr(a*;b) :=Qr(a) o Q- (b).

Theorem 1.2.11 yields the following asymptotic expansion for this sym-

bol:

axr b~ Z Caﬁwcs (a?Dgﬁ:bfr(x’ f)) <8ngbZ(LE7 5)) . (114)
a,B,7,0

The first two points of the next result are direct consequences of formula
(I.14). The third one follows from basic calculus.

Corollary 1.2.12. Let a € G™ and b € G".

1. For any value of T, the product x; is a bilinear continuous map

ot GM X G = G
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2. If supp(a) Nsupp(b) is compact, then ax; b € S.
3. IfaeS andu e S, then Q-(a)u € S.

Proposition 1.2.13. Let V = R?" and 2 = (¢;,p;) € V. Ifa and b €
S(V), then axr b admits the following integral expression

0%, b(z0) = / Ko (21, 22)a(z1 + 20)b(22 + 20) dz1 dzo, (1.15)

where
Ko(z1,22) = e 2P15(q1)d(p2), (I.16)
Ki(z1,22) = e™P20(q2)6(p1), (L17)

and for 7 #0 and T # 1,

Kr(a,22) = (r(r = 1) R 07180 = (r(r - 1) e,

I 0 T,
T (r— 1)_1In 0 '

Moreover, (S(V),*;) is an associative algebra, and the product %, is

with

jointly continuous.
Proof. Let [Q-(a)] be the Schwartz kernel of the operator Q-(a):

Qr(@](@y) = [ €= a((1 = 7)o+ 7y, ) de.
We compute

[Q-(a)](2,y) = Fa(a)(z + 7(y — 2),y — 2) = (A7 o (1 @ Fa)a)(x, ),

where F5 denotes the Fourier transform in the second variable, and

A — ((1 - 7)1, TIn> .

_In In

Note that the matrix A, is invertible for all values of 7. We define the

mapping
kr: S'(V) = S8'(V), aw [Q-(a),
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and its inverse

E-LS'(V) = S(V), ur (1@ F;Y) o (A7 (u).

Then, we compute
axr b(z0) = ky ' [Qr(a) 0 Q- (D)),
— (18 F5 ") o (A7) [Qr(a) 0 Q- V)],
= [ @A) Qs (a) o Qr (D) a0.0) da
= [ Qs (a) 0 Q: 0)) (a0 — 7.0~ Ta + ) dg
= [ Q@) ~ 70 )IQ- D)~ Ta + 1) dd'dg
Suppose that 7 = 0 (the case 7 = 1 is identical and left to the reader).

Writing ¢’ = g2 and using Example 1.1.18 and simple changes of vari-
ables, the above equality becomes

axob(z0) = [ ¢ [Qo()) (a0, @) [Qo()](d'sq + q0) daz dg
_ /eiqpoei(qo_@ﬁa(qo,pl)ei(Q2—q‘QO)’7b(q2, n) dp1 dn dgs dg
_ /ei@(pofpl)a(qo,pl)e"q‘)(pﬁp")b(qg,po) dpy dgo

= /e*"q2p15(ql)5(pz)a(q1 + g0, p1 + po)
b(q2 + qo, p2 + po) dg1 dg2 dpy dp2
= /K(](Zl, z9)a(z1 + 20)b(z2 + 20) dz1 dzs.

When 7 is different from 0 and 1, the computations become slightly more
involved, but the strategy remains similar: write the full expressions for
[Qr(a)] and [Q(b)], and apply the obvious changes of variables to yield
the desired expression

a*rb(zp) = (r(r—1))™" / €192 21 + 20)b(20 + 20) dz; dzg.

The facts that a %, b is a Schwartz function and that %, is associative
are easily checked. The continuity of x, is a direct consequence of ob-
servation (I.11) and the first point of Corollary 1.2.12.

O]
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Corollary 1.2.14. For every wvalue of T, the product %, given by the
integral formula (1.15), is a non-formal star-product on S(V)

w1 S(V) x S(V) = S(V).

As highlighted in Proposition 1.2.13, associated with the family of star-
products %, we have a family of applications

Q.: S(V?) = S'(V?),

I.18
0 (0)@) = [ Ko (2)0(z +7) = (L1

We call ) the twist associated with the product x,. The cases 7 =0

and 7 = % correspond, respectively, to the Kohn-Nirenberg and Weyl

products. We will sometimes denote

*1 = *Ww, Q%ZQW and *0 = XK N, Q():QKN.

N

The next lemma could be proved now by simple calculus, but it is a
direct consequence of an observation we make in Chapter III (see Corol-
lary 3.1.5).

Lemma 1.2.15. For all values of 7, Q; is an automorphism of S(V?).

By Remark 1.1.9, Q. continuously extends to &'(V?2) as follows:

Q. S'(V?) = S'(V?),

, , (1.19)
(2u) (6) = u((6)), for all ¢ € S(V?),

where

©0)(7) = [ KDl - 2) dz.

We have seen that the algebras defined in Proposition 1.2.13 form a fam-
ily of non-formal deformation quantizations of the pointwise algebra of
Schwartz functions in the sense presented in the introduction. In Chap-
ter III, we will extend these star-products to subspaces of S’. This will
be achieved through an analytical description of tempered distributions
in terms of a microlocal object presented in the following chapter: the
smooth wave front set.
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Chapter 11

The smooth wave front set

"We call it the wave front set by analogy with the clas-
sical Huyghens construction of a propagating wave. In this
construction one assumes that the location and oriented tan-
gent plane of a wave is known at one instant of time and
concludes that at a later time it has been translated in the
normal direction with the speed of light. The data are thus
precisely rays in the cotangent bundle."

- Lars Hormander, [H590]

The classical wave front set, introduced by Hérmander in [H690, Chap. 8],
encodes the relationship between the smoothness of a distribution and
the growth of its Fourier transform. Explicitly, a compactly supported
distribution u € D'(R™) is smooth if and only if its Fourier transform
decreases faster than any polynomial in every direction:

u e CP(RY) <= F(u)(€) <Cn(E™N, N=1,2,... (IL.1)

One could say that the singularities of a distribution are triggered by
certain high-frequency directions in its Fourier decomposition. If we
interpret this in terms of sounds, singular functions would be associ-
ated with very high-pitched sounds, while compactly supported smooth
functions would correspond to more audible frequencies. The idea of the
classical wave front set is to group the singularities of a distribution and

45
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the high-frequency directions causing them into a single object. Heuris-
tically, the wave front set of a distribution u € D’(R™) is the subset of
T*R™ given by

WF (u) = singularities of u x high-frequency

directions causing them.

In this work, we will not use the classical wave front set, but rather a
derived notion, initially introduced by Hérmander in [H689] to study the
propagation of singularities of pseudo-differential operators in R™: the
smooth wave front set. It is a global object in the sense that it encodes
information about the behavior at infinity of the studied distribution.
Unlike the classical wave front set, it provides no information about the
location of singularities but only about their existence. Due to this,
it is invariant under translations, which is an important property in
the context of deformation quantization. Its definition was originally
given in terms of Weyl operators in [H689], but equivalent definitions
exist in terms of the short-time Fourier transform (see [RW12]) or, as
we will show in this chapter, in terms of matrix coeflicients of unitary
representations of the Heisenberg group.

2.1 Definitions and Examples

2.1.1 Weyl Operators

For any Shubin symbol a € G™, the Weyl quantization (see Remark 1.2.9)
yields a map
aV:ue SR~ aV(u) e S'(RY).

Sometimes, aW(u) turns out to be a Schwartz function. In particular,
if we take a € S(R?"), then ¢"' maps any tempered distribution to
a Schwartz function. When au € S(R"), we say that the symbol
a regularizes the distribution u, and we denote by G™(u) the set of
symbols of order m that regularize u. We also introduce the space

G(u) = UGm(u)
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The definition of the smooth wave front set of a given tempered distribu-
tion w is constructed as a necessary condition on symbols to regularize
u. Before stating the definition, we need to introduce the notion of
conic subsets, as well as those of elliptic and characteristic directions of
a symbol.

Definition 2.1.1. A subset I' of R" is called a cone (or conic subset) if,

for every x € I" and all real numbers ¢t > 0, tx is also in I'.

Note that a cone is entirely determined by its intersection with the unit
sphere S"~! ¢ R™. We will say that a cone I' is open (closed) when
I'n.S™ ! is open (closed) in S™~1.

Definition 2.1.2. Given a Shubin symbol a € G™, a point in the phase
space zg € (T*R™) \ {(0,0)} is called non-characteristic or elliptic for a
if there exist C,e > 0 and an open conic set I' C (T*R"™) \ {(0,0)} such
that zp € I' and

ja(2)] > €(2)™, z€T, |2/ =C.

The set of all elliptic directions of a symbol a will be denoted ell(a).

Definition 2.1.3. The characteristic set of a, denoted char(a), is the com-
plement of ell(a) in T*(R™). If z € char(a), we say that z is characteristic
(i.e., not non-characteristic) for a.

Definition 2.1.4. If u € S'(R™), then its smooth wave front set WF (u)
is the set of all directions z € T*(R™) \ {(0,0)} such that, for any m,
a € G™ and oV (u) € S, it implies z € char(a):

WF (u) = ﬂ char(a).
a€G(u)

We can formulate an equivalent definition negatively: a vector z # 0
does not belong to the wave front set of u if and only if there exists
a € G™ such that aV'u € S and z ¢ char(a). In particular, we have the
following corollary, which will be useful.

Corollary 2.1.5. A vector z # 0 does not belong to the wave front set of
u if z is non-characteristic for some element a € G(u).
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Note that both char(a) and WF (u) are conic subsets of T*R"™ \ {(0,0)};
char(a) is an open cone, while WF () is a closed cone.

The following proposition tells us that if zg # 0 and 29 ¢ WF(u), we
can construct a very convenient symbol b such that bVu € S and zy ¢
char(b).

Proposition 2.1.6. If zy # 0 and zg ¢ WF(u), then there exist b € GO and
an open conic set T" C T*RI\ {(0,0)} containing zo such that 0 <b <1,
b(z) =1 for z € T" and |z| > 1, and b’ u € S(R").

Proof. See [RW12, Prop. 1.7]. O

Figure II.1: Visual representation of a symbol b around a
directionzy not contained in WF as given by Proposition 2.1.6

Definition 2.1.7. Let u be a distribution in D'(R™). The conic support
of u, conesupp(u), is the set of all z € R™ such that any conic open set
I'y C R™\ {0} containing x satisfies

supp(a) NT'; is not compact in R".
The following proposition and corollary are stated, without proof, by

Hormander in [H689]. An exhaustive demonstration of both results is
presented below.
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Proposition 2.1.8. If u € S'(R"™) and a € G™, then

WEF(a"u) € WF(u) N conesupp(a).

Proof. We start by showing the inclusion WF(a"u) C conesupp(a).
Suppose zg ¢ conesupp(a). Then there exists an open cone I containing
2o such that I Nconesupp(a) = ) and I"Nsupp(a) is compact. Consider
a smaller cone I C T" still containing 2o, and let b € G° be such that
b=1inT"N{|z| > 1} and b = 0 outside I". Then, supp(a) N supp(b) is
compact, and by Corollary 1.2.12, b %y a € S. Hence,

0" (a"u) = (bxw a)" (u) €S,
which implies zg ¢ WF(a"V'u).

Now, we show the inclusion WF(a"u) C WF(u). Suppose zg ¢ WF(u).
By Proposition 2.1.6, we know there exist a symbol 0 < b < 1 and two
open cones I'" T such that b= 1in I N {|z| > 1}, b = 0 outside T (see
Figure I1.1) and "'u € S. Let @ = 1 — b € G°. We observe

u = (d+5>wu:dwu+l~)wu,

where 8"Wu € S. Hence, to prove that zg ¢ WF(a"Wu), it is enough to
find a symbol r for which the direction zg is non-characteristic such that

v (aW (&Wu)) =(rxwarxya)Vues.

Since @ = 0 in IV N {|z| > 1}, we can take r = 1 in T N {|z] > 1},
where I ¢ I' is an open cone containing zy, and r = 0 outside I"”.

Then supp(r) Nsupp(a) is compact, and 7 *y axw @ € S. In particular,
W (a" (@"u)) € S and 29 ¢ WF(a"V'u), which concludes the proof. [

Corollary 2.1.9. If conesupp(a) N WF(u) = 0, then o (u) € S. In
particular, WF(u) = 0 if and only if u € S.

Proof. By Proposition 2.1.8, we know that conesupp(a) N WF(u) =
implies WF(a"Vu) = (). Hence, all we need to show is that WF(u)
if and only if u € S.

0
0

First, if u € S, then 1"« € S and since all directions are elliptic for the
symbol 1 € G°, we have WF (u) = ().
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Conversely, since no direction is in the wave front set, Proposition 2.1.6

allows us to construct, around any direction z;, a symbol 0 < b; < 1

such that there exist two open cones I'; C I'/ containing z;, with b; =1

in I'/ N {]z\ > %}, b; = 0 outside I'; (as depicted in Figure II.1), and

bWu € S. Since S is compact, we can choose a finite number of

directions z; and symbols b; such that the family of bump functions
i ST SR,z bi(x),

forms a partition of unity on the sphere S?"~1. Letting
bo=1-)Y b,
i

we have

n
bo+ Y bi=1on T*R"
=1
Hence,

n w
uz(bg—{-Zbi> u:bgvu+ZbZVu,
i=1 i

where all terms on the right-hand side are Schwartz functions by Propo-
sition 2.1.6. O

Definition 2.1.10. A real symplectic vector space V is a vector space
endowed with an anti-symmetric and non-degenerate bilinear form
w: VxV =R

Two symplectic vector spaces (V,w) and (V',w’) are linearly symplecto-
morphic if there exists a linear isomorphism

A:V — V' suchthat '(Av, Aw) = w(v, w).
The set of linear symplectomorphisms of (V,w) onto itself forms a Lie

group denoted Sp(V).

Note that the smooth wave front set is an object defined on the vector
space T*R?" ~ R?" which admits a natural symplectic structure given
by the two-form:

@ (2,9).(y) = (,€) (_OI IO> (g) .
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Figure I1.2: Partition of unity of T*R"™ as built in the proof of
Corollary 2.1.9. Each symbol b; is constructed as in Figure II.1.

One of the advantages of the definition of the smooth wave front set in
terms of Weyl operators is to highlight its behavior under symplectic
transformations x € Sp(2n).

Theorem 2.1.11. For every linear symplectic transformation x of T*R™,
there exists a unique (up to a phase factor) unitary operator Uy on
L2(R™), which is also an automorphism of S and S', such that

Ux_laWUX = (ao ).

Proof. See [H694, Thm. 18.5.9] and [H689, Prop. 2.2]. O

A direct consequence of this proposition is stated in [Sch14, Prop. 2.58].

Corollary 2.1.12. Let u € 8’ and x be a linear symplectic map. Then
WEF(Uyu) = {x(z, &) : (z, §) € WF(u)}.

In particular,

o if x: (z, &) — (& —x), then Uy is given by the Fourier transform

and

WE(Fu) ={(§, —2) : (z, §) € WF(u)};
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o ifx: (z, &) — (A e, ATE) with A € GL(n,R), then
Uyu = /| det(A)|uo A

and

WF(uo A) = {(A*lm, ATE)  (z, €) € WF(u)} ;

o if x: (z, &) — (x, £+ Ax) with A a real, symmetric n X n matriz,
then
Uyu(z) = eiITA”"u(x)

and
WEF(e® 4%y) = {(z, £ + Az) : (z, §) € WF(u)}.

Note that the three families of symplectic transformations considered in
Corollary 2.1.12 correspond respectively to the matrices

-1
(_(}n {)) {(AO }) e GL(n)},
I, O
{(A In) :AESym(n)},

which form a set of generators of Sp(2n). Hence, any symplectic trans-
formation x € Sp(2n) is obtained as the product of such generators, and
the unitary operator U, associated is given by the composition of the
corresponding operators listed in Corollary 2.1.12.

Remark 2.1.13. Theorem 2.1.11 and Corollary 2.1.12 suggest an interac-
tion between covariant and contravariant quantities in 7*R". In partic-

ular, the symplectic transformation associated with the unitary operator
Uyu(x) = emTAZu(x)

yields the addition £ + Az, which makes sense if we interpret T*R"
as the symplectic vector space R?", but can be confusing if we see x
and £ respectively as a contravariant vector and a covariant vector in
T*R™. A way to clarify the situation is to interpret Az as the element
(Az)’” € (R™)*, obtained as the image of the vector Az € R™ by the
canonical isomorphism

VsV e £
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where 2° is the unique covector in (R™)* satisfying (z,v) = z°(v) for all
v € R™. We think the slight abuse of notation to write Ax instead of
(Aac)b is acceptable as long as we are working with vector spaces. At this
stage, we don’t find it useful to introduce a peculiar notation for this.
We will encounter more transformations of this form in chapter III.

2.1.2 The Short-Time Fourier Transform

It has been shown by Rodino and Wahlberg [RW12] that an equivalent
definition of the wave front set can be stated in terms of the Short-
Time Fourier Transform (STFT). The STFT is a central notion in time-
frequency analysis, and for its detailed treatment, we refer to [Gro01].

Definition 2.1.14. Let ¢ € S(R™)\{0} be a window function, z = (z, §) €
T*R™ and II the phase-space shift introduced in Example 1.1.10. The
Short-Time Fourier Transform (STFT) of a tempered distribution u €
S'(R™) is defined by the pairing

Vy(u)(2) = (u, I(2)9).

Sometimes, we will use the usual abuse of notation

Volw)(e, &) = [ uly)bly =) dy.

n

Proposition 2.1.15. For a given window function v, the STFT defines a
continuous map
Vy i S'(R") = S'(R*),

and for any u € 8'(R™), the map
z = Vy(u)(2)

is continuous and polynomially bounded.
Proof. See [Gro0Ol1, Thm. 11.2.3]. O

Thanks to Proposition 2.1.15, it makes sense to consider the cones in
which the STFT of a tempered distribution decreases faster than any
polynomial. We shall say that the directions included in such cones are

not in the wave front set of u.
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Definition 2.1.16. Let v € S'(R™) and ¢ € S(R™)\{0}. The pair
(w0, &) € T*(R™) \ {(0,0)} is not in WF'(u) if there exists an open
conic set (5, ¢) € T*(R™) \ {(0,0)} containing (z9, §) such that

sup((z, £))N|Vyu(z, €)] < o (IL.2)
in I‘(xo’&)) for all N > 0.

Remark 2.1.17. It is important to note that the condition of rapid decay
of the STFT in an open cone containing a given nonzero vector does
not depend on the choice of the window function ¢ € S(R™)\{0} (see
[RW12, Cor. 2.3]). In particular, WF’ does not depend on the choice of
the window function.

Theorem 2.1.18. Definition 2.1.16 and Definition 2.1.4 are equivalent:

WF = WF'.
Proof. See RW12, Thm. 3.1 and 3.2]. O

The following lemma shows that Definition 2.1.16 can be equivalently
stated using the integral estimate

/<(x, NNy (z, €)| de de < co.

Lemma 2.1.19. Let X be an open set in R™ and f a continuous function.
Then

sup(z)V|f(z)] < o0 for N=1,2,... (I1.3)
zeX

if and only if
/X<x>N|f(:U)|dx <oo for N=1,2,... (IL.4)

Proof. Suppose (I1.3) holds. Then

[ @M@l de = [ )tV () do
X X

Reciprocally, if (IL.4) holds, then lim, o (z)"|f(x)| = 0, which implies
|f(z)] < On(z)~N for all N > 0. O
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The definition of the smooth wave front set in terms of the STFT allows
us to easily prove some properties of WF. For example, consider the
following proposition.

Proposition 2.1.20. If u € S'(R"), v € S'(R™), then
WF(u®v) C (WF(u) U{0}) x (WF(v) U {0}).
A laborious proof of this result, based on the calculus of pseudo-differential

operators, is given in [H689, Prop. 2.8]. Now, as observed in [Sch14], it
is a direct consequence of the fact that

V¢1®¢2 (ul ® UQ) - V@ZH (ul) ® V@h (UQ)

The invariance of WF under time-frequency shifts also becomes obvious.

Proposition 2.1.21. The smooth wave front set is invariant under time-
frequency shifts. For u € S'(R") and z = (w, n) € R?",

WF(u) = WF(II(2)u).

Proof. One computes
Vo (L) (z, €) = Oy (u)(x — w, € 7).

Moreover, if T' is an open cone and (x, §) € T', then (tx — w, t§ —n) is
also in IT" for ¢ sufficiently large. Hence, condition (I1.2) is satisfied in "
for u if and only if it is also satisfied for 11, u. O

2.1.3 Unitary representations of the Heisenberg group

By looking more closely at the definition of the smooth wave front set,
hidden mathematical structure can be revealed. Indeed, there is a strong
connection between the smooth wave front set and unitary representa-
tions of the Heisenberg group.
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Representation theory of the Heisenberg group In this paragraph, we
define the Heisenberg group, describe its irreducible unitary representa-
tions, and recall some notions from representation theory. For the basic
concepts in representation theory, we refer to [Kir04].

Let V' be a real symplectic vector space of dimension 2n, and Z a direc-
tion in V. The Heisenberg group H, is defined as the product V x R

endowed with the group action

(v,t) - (w,s) = <v+w,t+s+;w(v,w)>.

As such, it is a central extension of the additive group (V,+):
0—=R=>VxR—=V—=0.

It admits an obvious Lie group structure, and its Lie algebra b, is the
vector space V @ RZ endowed with the Lie bracket

[(v,5), (w,t)] = w(v,w)Z.

Definition 2.1.22. Let F' be any subspace of a symplectic vector space
(V,w). We define the w-perpendicular space F*“ as

F*={veV:iwwvw) =0 YweF}.

The subspace F' is called

e isotropic if F C F¥,
e Lagrangian if F = F“,
o symplectic if F'NFY = {0}.

Remark 2.1.23. Any symplectic vector space (V,w) can be decomposed
into a direct sum of Lagrangian subspaces V = @Q @& P. Then, any
element h € H,, can be written as h = (¢ + p, z) with ¢ € Q and p € P.

Definition 2.1.24. Let V be a finite-dimensional vector space, H a com-
plex Hilbert space, and G a Lie group.

1. A representation (p, V') of G on V is a group homomorphism

p: G — GL(V).
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A representation is called irreducible if there is no non-trivial linear
subspace W C V such that the restriction p|y of p to W defines
a representation (p|y, W) of G on W.

. A unitary operator on H is a bounded linear operator U: H — H

that satisfies U*U = UU™* = I, where U™ is the adjoint of U with
respect to the inner product on H, and Iy : H — H is the identity

operator on H. We denote by U(H) the group of unitary operators
on H.

. A unitary representation of G on H is a group homomorphism

p: G—U(H)

such that for each fixed v € V', the map g — p(g)v is continuous
from G to H. The notion of an irreducible unitary representation
is identical to the finite-dimensional case.

. For any hy, ho € H, the function

g c G <p(g)h1,h2> eC

is called a matrix coefficient of the representation p.

. An irreducible unitary representation (p, H) of G is called square

integrable if for all non-zero vectors h; and he in H the following
integral converge

/ [(p(g)h1, h2)|* dg < 0,
G

where dg is the Haar measure on G.

Theorem 2.1.25. Let V = Q@ P be a decomposition of V into Lagrangian
subspaces. All irreducible unitary representations of H,, are equivalent

to one of the following representations, where p is any real number and

v any vector in V:

U,u: H, — U(LQ(Q))7
Uu(q +p, 2)(qo) = €020 PDy (g5 — g),

po: Hy — C,  pu(w, 2)8(qo) = € (qo).
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Proof. We show this by applying the orbit method to the Heisenberg
group (see appendix B). The explicit computations are presented in
section B.3. ]

Notation 2.1.26. We introduce the Dirac “bra-ket” notation for states
¥ e L*(Q):

[¥) = 1.
The inner product on L?(Q) then reads
wit!) = | 6@ (a)do,

and the representation is

U(g) [¢) = [g = Ulg)¥(q)]-
Finally, for a given "ket" |¢), its dual (¢| (“bra”) is defined by

(Wl LAQ) = C, [¢') = (yly").

For example, if [¢) is normalized, the orthogonal projection onto the
line directed by [¢) is given by

¥) (¥l: L*(Q) — L*(Q),
@) = ) (l") = (@) [4) -

Proposition 2.1.27. If (H,U) is a square-integrable irreducible unitary
representation of a Lie group G, then, for all ) different from zero,

L 10(0)0) (Ulg)0] dg = D
This equality is known as the resolution of the identity.

Remark 2.1.28. The unitary representations of the Heisenberg group
are not square-integrable on H,, = V x R. However, if we restrict the
representation U, from Theorem 2.1.25 to the vector space V, then for
any elements hi, ho of L?(Q) such that

/ [{Up(g)ha, ho)|? dg < oo,
and the integral

/V Un(9)) (Up (9] dg

yields a resolution of the identity which corresponds (up to a phase
factor) with the inversion formula of the STFT (see [Gro0l, Cor. 3.2.3]).
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A new definition for the smooth wave front set In this paragraph, we
show that the matrix coefficients of the representations U, introduced in
Theorem 2.1.25 provide a new definition of the smooth wave front set,
equivalent to the two definitions given in Section 2.1.1 and Section 2.1.2.
Recall that the smooth wave front set is an object defined on V :=
T*R"™ ~ R?", which has a natural structure of a symplectic vector space
given by the two-form:

w((a:,{), <y777>) = <7],l’> - <§7y>

Obviously, the sets {(x,0)} and {(0, &)} are Lagrangian subsets of (V,w).
If we restrict the unitary representation of the Heisenberg group H,
to V.= T*R", i.e., by setting z = 0 and ¢ + p = (z,0) + (0,§) in
Theorem 2.1.25, we obtain

Uy, )0 (q) = e P (q — z).

We propose the following definition for the smooth wave front set, for-
mulated in terms of representation theory concepts.

Definition 2.1.29. Let u € S'(R") and ¢ € S(R™) \ {0} be a window
function. We say that (zo,&) € T*(R™) \ {(0,0)} is not in WF(u) if
there exists an open conic set 'y, ¢y € T*(R") \ {(0,0)} containing
(z0,&0) such that

sup((z, )N [(Up(x, £)tb|u)]
is bounded on F(mo,fo) for all N > 0.

Proposition 2.1.30. Definition 2.1.29 is equivalent to Definition 2.1.16
and Definition 2.1.4:
WF = WF = WF'.

Proof. Using Notation 2.1.26, we compute

U, 011 = [ Ul )1 ) dy
= [y =) () dy
= [llo(2m)"/2e 556V, £ ..

Since |¢'2%¢| = 1, this concludes the proof. O
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2.1.4 Examples

The goal of this section is to build an intuitive interpretation of the
smooth wave front set of a distribution through a series of chosen exam-
ples that we find enlightening.

Example 2.1.31 (1 and §). We begin with two contrasting examples that
will be crucial in building our intuition for the smooth wave front set.

1. The wave front set of 1. We compute [V, 1(x, )| = [)(€)|. Since ¢
is Schwartz, [Vy1(x,&)| decays rapidly in every direction (z,§) as
long as £ # 0. Conversely, in the cone R" x {0}, |Vy1(z,&)| = 14(0)|
is constant. We conclude that

WEF(1) =R"\ {0} x {0}.
2. The wave front set of the delta distribution §. We compute

Vyd(x,8)] = (=)l
For the same reason as above, this implies

WF(5) = {0} x R\ {0}.

Note that Proposition 2.1.21 implies WF(e#*0) = WF(1) for any & € R™
and WF(d,,) = WF(9) for any zo € R™. We observe that singularities
at finite points seem to be encoded in {0} x (R™\ {0}), while lack of
decay at infinity is detected by directions in (R™\ {0}) x {0}.

Example 2.1.32 (The Heaviside function). Based on our observations in
the previous example, it is natural to wonder what happens in the case of
a distribution exhibiting singularities at finite points and lacking decay
at infinity. The Heaviside function, defined by

1, >0
Hiz) = 0, <0

is a good example. It presents a singularity at 0 and remains constant
at 1 as £ — +o0. We compute

400 .
Vol &) = | [ e i)y,

—T
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We study the behaviour of Vy, H in a direction (x,&) by considering the
function

£ ’ / T ity dyl (IL5)
—tx

We consider five scenarios.

o =0, ¢ #0. Without loss of generality (see Remark 2.1.17), we
assume 1(z) = e~*". Observe that
t€

1 te2
Vur(.9)] = |vre 4 ir (5 ).

where F' is the Dawson function, which behaves like % at infinity.
Hence, Vy, H is not rapidly decreasing in directions = = 0, £ # 0.

e £>0,£=0. As t tends to oo, the function (II.5) tends to

[ v

which is a strictly positive constant. Hence, Vi H is not rapidly

)

decreasing in directions = > 0, £ = 0.

e x>0,& #0. As t tends to oo, the function (II.5) behaves as
\&(t{ )|, which is rapidly decreasing since P es.

e £ <0,&+#0. We observe

“+oo

. +Oo
) dy\ < [ Tl

—tx

Vot - | [

—tx

Hence, the limit (I1.5) tends to 0 faster than any polynomial since
1 is Schwartz.

e x < 0, ¢ = 0. The function (II.5) tends to 0 faster than any
polynomial since 1) is Schwartz.

Finally, we conclude that
WF(H) = {0} x R"\ {0} UR™ \ {0} x {0}.

This matches the observations from the previous example: the smooth
wave front set detects the singularity at 0 through the component {0} x
R™\ {0} and the lack of decay as z — +oo through R \ {0} x {0}.



62 CHAPTER II. THE SMOOTH WAVE FRONT SET

In the following lemma, we formalize some of the intuitions developed
in the previous examples.

Lemma 2.1.33. Let u € S'(R").

1. uw e S'(R")NC®(R™) < WF(u) N ({0} x R™\ {0}) = 0;
2. If there exists ¢ € S(R™) and v € S'(R™) such that u = v¢ (in

particular, if u is compactly supported), then WF(u) N (R™\ {0} x
{0}) = 0.

Proof. Let i be a smooth, compactly supported function. We consider
the symbols 1 ® ¢ and ¥ ® 1 in G, such that:

ell(1 ® ¢) = conesupp(1l @ ¢») = R™ x {0},
ell(y ® 1) = conesupp(y ® 1) = {0} x R",

and

({0} x R"\ {0}) N conesupp(1 ® ¥) =0
(R™\ {0} x {0}) N conesupp(¢) ® 1) = 0.

1. Suppose u € 8'(R™) N C*®°(R") (i.e., u € C* and is polynomially
bounded). By applying Example 1.1.18, we compute
(6 @)W ul) = [ 0% (T70) uy) dy g
z+y
— [8te =y (57 ) uly) dy
= Y(x)u

(),

which is clearly a Schwartz function. Since ell(¢y ® 1) = {0} x R™,
we conclude that

WF(u) N ({0} x R") = 0.

Reciprocally, if WF(u)N ({0} x R™\ {0}) = 0, then (¢ @ 1)V u(x) =
Y(z)u(x) € S(R™). This implies that u is smooth on supp(v).
Since 1) is arbitrary, u is smooth on every compact subset of R™.
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2. We compute

A

= [ ¥y —z)v(y)o(y) dy,

which defines a Schwartz function since ¢ € S(R™). Since ell(1 ®
1) = R™ x {0}, we conclude that

WF(vp) N (R™\ {0} x {0}) = 0.

This lemma justifies the decomposition of WF(u) into three parts:
WF(u) = WF, UWF¢ UWF 4,

where WF, C R" \ {0} x {0}, WF¢ C {0} x R™\ {0}, and WF,¢ C
R™\ {0} x R™\ {0}. Each of these subsets can be interpreted as follows:

o directions in WF,, represent lack of decay at infinity;
o directions in WF¢ represent lack of smoothness at finite points;

o directions in WF ¢ represent rays of singularities (see point 2 in
Example 2.1.35), high-order oscillations (see Example 2.1.34), or
superpositions of WF, and WF¢.

Note that if WF¢(u) = 0, then u is necessarily smooth. However, if
WF, (u) = 0, we cannot conclude that u decreases faster than any poly-
nomial at infinity, as illustrated in Example 2.1.34.

Example 2.1.34 (Quadratic phases). Besides singularities at finite points
in R™\ {0} x {0} and lack of decay at infinity in {0} x R™ \ {0}, the
smooth wave front set will also detect high-order oscillations through
components in the rest of R2"\ {0}. Let’s consider ¢***| which exhibits
quadratic oscillations. As a direct consequence of Corollary 2.1.12 and
Example 2.1.31, we have

WF(eicxz) {(z,cx) :x #0}.

0, but e is not rapidly decreasing

We emphasize that WF, (")
at infinity.
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Using Proposition 2.1.20, we compute

{(z,cx): x € R} x (R x{0}))\

WF (e @ 1) = (
= {(x1,29;cx1,0) : 1,22 € R} \ .

R* R*

— WF WFe= WF

wr, | B

Figure I1.3: In one dimension, representing the wavefront set
of a tempered distribution is straightforward. Indeed, since
T*R ~ R?, we can draw WF in the two dimensional plan.
Above, we illustrated, from left to right, the wave front sets of
1, 6, H and ei@®. The components WF,, WF¢ and WF¢ are
respectively depicted in orange, red, and green.

Example 2.1.35 (Characteristic functions). Characteristic functions pro-
vide visual examples that combine singularities with a lack of decay at
infinity.

1. Let D == {(z,y) : 22 + y? < 1} be the closed disc and yp its
characteristic function. Then we have

WE(xp) = {0} x R*\{0},

which is represented in Figure II.4c. The red arrows should be
understood as elements of (R?)*.
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2. Let H = {(z,y) : y > 0} be the half-plane and xp its characteristic
function. In this case, the singularities of xm exclusively arise
in the y-direction. Consequently, these singularities will appear
in WF(xn) not as the whole of {0} x (R?\{0}), but rather as
{0} x ({0} x R\{0}). Proposition 2.1.20 enables us to verify our
intuition. Since yg = 1 ® H, we have

WF(xu) = (WF(1) U{0}) x (WF(H) U{0})
= {(xl,O; O,fg) 1 €9 7& 0} U {(:Bl,l'Q; 0,0) T xToy > 0},

as depicted in Figure 11.4b.

3. Let xp2\p be the characteristic function of the set R2\ D. The
singularity at finite points yields a component {0} x R™\{0}, while
lack of decay in every direction implies a component R™\{0} x {0}.
Thus, we have

WE(xg2\p) = ({0} x R"\{0}) U (R"\{0} x {0}).

2.2 Topological Algebras of Distributions

It is well known that the pointwise product of functions cannot be nicely
extended to distributions. This is known as the Schwartz impossibility
theorem [Schb4a]. However, the pointwise product can be suitably ex-
tended to certain subspaces of S'(R™) by means of the smooth wave
front set.

For any closed cone I' € T*R™ \ {0}, we introduce the space S[-(R™) of
tempered distributions whose wave front set is contained in I':

Sr(R™) = {u e S'(R") : WF(u) CT}.

Note that S[.(R™) is a linear subspace of S'(R™). Our claim is the fol-
lowing: for a suitable choice of I' and an appropriate topology, the usual
pointwise product of functions on S(R™) extends continuously to a map-
ping

Sp(R") x Sp(R™) — Sp(R™)

endowing Sf-(R™) with a structure of topological algebra.
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WE, £ - T
— | — WFy a8
<_ _> :: XH WFQEE -‘
— | 3 T T
e | V5 T 1 T L T 11
WEF,
i
®
(a) Representation of WF(eiC“2 ®1). (b) Representation of WF(xm).
o \YF:E ...‘.
WEX WF 1
A WFE
< > < > »
Y
XD . T y
“. XR2\D >
(¢) Representation of WF(xn). (d) Representation of WF(xg2\p)-

Figure 11.4: We propose a visual representation of the smooth wave
front set for several examples in R? discussed earlier. Since the wave
front set is a four-dimensional object, its depiction requires a certain
degree of creativity and imagination. In Figure I1.4a, the gray gradient
illustrates the increasing oscillation rate as x grows. In Figures I1.4b
to I1.4d, the blue regions indicate where the functions take the constant
value 1, while the darker blue lines mark the singularities, where the
function ’jumps’ to 0. A direction (z,y) € R? x R*\ {0} Cc T*R?
in the wave front set is depicted by attaching an arrow, representing
the vector y, to the point z € R?, where y is viewed as an element of
(R?)*. Red arrows from the origin represent elements of WF¢, while
green arrows depict elements of WF,¢. The directions (x,0) € WF are
depicted as orange dots on the boundary, corresponding to directions
in which the distribution does not decay rapidly.
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In Section 2.2.1, we briefly review the existing results on the subject as
exposed in [H689], [BS19], and [Schl4]. In short, these results yield a
condition on I' under which the pointwise product of two distributions
u,v € SL(R™) is well-defined, and such that u - v is again an element
of S[.(R™). They also define a notion of convergence for sequences in
SH(R™) and prove the sequential continuity of the pointwise product
from SH(R™) x SRH(R™) to S'(R™) (i.e., the topology of the codomain is
not the sequential topology of S[-.(R™), but rather the weak topology on
S'(R™).

In Section 2.2.2, we present some topological refinements of these re-
sults. Specifically, we reformulate the notion of convergence in Sf-(R™)
mentioned above as a locally convex topology, and we try to adapt the
existing results in order to construct a sequentially continuous product

Sp(R") x Sp(R™) = Sp(R™)

with respect to this locally convex topology on Sf(R™).

2.2.1 Review of Existing Results

In [H689, p.120], the following notion of convergence for sequences in
Sf(R™) is proposed.

Definition 2.2.1. A sequence (u,) in S-(R™) converges to 0 if

1. For every ¢ € S(R"), the numerical sequence (Jun(¢)|) tends to
zero (weak convergence);

2. For any m € R and for every symbol a € G™ whose cone support
does not intersect I', the sequence of Schwartz functions (a"Vu,)

tends to zero in the Schwartz space topology.

This notion of convergence is referred to as the Hormander topology in
the literature.

Note that the second condition makes sense thanks to Corollary 2.1.9.
Any sequence will converge to at most one point in the Hérmander topol-
ogy since the weak topology is Hausdorff on S’(R™) (see the corollary
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following Proposition 19.3 in [Tre67]). The following lemma is due to
Hoérmander [H689).

Lemma 2.2.2. The space S(R™) is sequentially dense in S[.(R™) in the
Hormander topology, i.e., for all w € SL(R™), there exists a sequence
(¢n) C S(R™) converging to u in Sp(R™).

The following result characterizes the pullback of a tempered distri-
bution by a linear map. It was demonstrated by Hérmander [H689,
Prop. 2.9]. Observe, however, that in [H689], the contribution of the
kernel of A in WF(A*u) was accidentally forgotten.

Proposition 2.2.3. Let A : R™ — R" be a linear map, and let I be a
closed cone in T*R™ such that

rn{(0,&):ATe =0} =9.

Then, the pullback A* is uniquely defined as a sequentially continuous
map
A" SE(R™) — S'(R™)

which continuously extends the usual pullback on S(R™)
A*: S(R™) — S'(R™), A*(¢) = ¢o A.
Moreover, for every u such that
WF(u) N {(0,€) : AT¢ =0} =0,
we have the following inclusion for the wave front set:

WF(A*u) C A*WF (u)
= {(z, AT¢) € T*R™\ {(0,0)} : (Az, &) € WF(u)} UKerA x {0}.

Remark 2.2.4. Note that we wrote A*: S(R") — S’(R™) because, for
¢ € S(R™), ¢ o A is generally not in S(R™). However, if A is injective,
we have A*: S(R") — S(R™). When we say that

A*: SH(R™) — S'(R™)
continuously extends the mapping

A" S(R") = S'(R™),  A™(¢) = o A,
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we mean explicitly that, for every ¢ € S(R™) C S-(R"), the distribution
A*¢ should satisfy

(A"¢, ) = (9o A,4p), for any ¢ € S(R™).

Remark 2.2.5. It is important to note that the continuity statement
in Proposition 2.2.3 is not as strong as one might wish. Indeed, the
pullback

A*: SL(R™) — Shp € S'(R™)

is stated to be a sequentially continuous map when S’.- is endowed
with the topology induced by the weak topology on S’(R™), and not
with the Hormander topology of Definition 2.2.1. Explicitly, the result
states that any sequence (u,) C S{(R™) converging to u € SH(R") is
mapped to a sequence A*u,, converging to A*u in S’'(R™).

Example 2.2.6. We call the map diag the diagonal map, defined by
diag: R" = R*, s (z,z).
Then, for any closed cone I' C T*R?" such that
I'n{(0,0,61,&): & + & =0} =10, (IL6)
the pullback by the diagonal map is a sequentially continuous map
diag*: S[-(R*) — S'(R™)
and, for any u € SH(R?"?),
WF(diag*u) = diag"WF(u)

={(z,& + &) €e T"R"\ {(0,0)} : (x,2,&1,&) € WF(u)}.

This example is not without significance. Indeed, if f and g are contin-
uous functions, then their pointwise product is given by

fg=diag"(f ®g).

Hence, combining Proposition 2.1.20, Proposition 2.2.3, and Exam-
ple 2.2.6, we can extend the pointwise product of functions to tempered
distributions as uv = diag* (u®wv), provided some conditions on the wave
front sets of u,v € S'(R™).
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Theorem 2.2.7. Let u,v € S’ be such that (0,§) € WF(u) implies that
(0,—&) ¢ WF(v). Then, the pointwise product of u and v is uniquely
defined as diag*(u ® v) and is again tempered. Moreover, we have the
following inclusion for the wave front set of uv:

WF(uw) C {(z,£+n) : (,€) € WF(u) U {0},
(z,n) € WF(v) U{0}}\ {0}.

Bahns and Schulz have observed that to construct an algebra of tem-
pered distributions under the pointwise product, it is enough to find a
I" such that, if u and v are in S}.(R™) and satisfy the condition of The-
orem 2.2.7, then the inclusion WF(uv) C T holds [BS19, Sch14]. They
stated the following theorem, which is straightforward in view of our
preceding results.

Theorem 2.2.8. Let I'1 and I'y be closed cones in R™ such that T'y is
stable under addition and does not contain 0. Then the set Sp ,p,(R")
is a commutative and associative algebra under the pointwise product.

In [BS19, Thm. 3.1], Bahns and Schulz even state that, under the con-
ditions of Theorem 2.2.8, the pointwise product yields a sequentially
continuous map

Sl,“1><1“2 X SI/“1><I‘2 — Sll“lxl‘g

with respect to the Hérmander topology. In our understanding, however,
this statement rests on Proposition 2.2.3 and Proposition 1.1.26, which
only ensures sequential continuity in S'(R™) (see Remark 2.2.5), and no
extra argument is given to take into account the topology of Sf(R™).
We address this issue in Section 2.2.2.

2.2.2 Topological refinements

In this subsection, we address the topological issues raised in Remark 2.2.5
and in the brief comment following Theorem 2.2.8. First, we reformulate
the Hormander topology (Definition 2.2.1) as a sequentially complete,
locally convex topology on S-(R™). To do so, we begin with the following
lemma.
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Lemma 2.2.9. Let (uy) be a sequence in S{-(R™) and u be a tempered
distribution in S’'(R™) such that

1. for all ¢ € S(R™), |un(d) — u(d)| = 0;

2. for any m € R and for every symbol a € G™ whose cone support
does not intersect T,

sup |z79%"W (u, — u)(a:)‘ <50

reR™

Then w is in S[-(R™).

Proof. By contradiction, suppose there exists z € WF(u) such that z ¢
I'. To get a contradiction, it is sufficient to construct a symbol a such
that conesupp(a) NT" = () and z ¢ char(a). Indeed, the second condition

w Wi in the

is equivalent to the convergence of the sequence (a" uy) to a
Schwartz topology. Since the Schwartz space is a Fréchet space, it follows
that aW'u € S(R™). But, by the negative characterization of the wave
front set (see Corollary 2.1.5), this in turn implies that z ¢ WF(u),

which yields a contradiction.

Such a symbol is constructed as follows. Since we suppose z ¢ I' and
since I' is a closed cone, one can find two open cones I' and I" such
that z € I ¢ IV and I NT = (. We then build a symbol a € G° such
that @ = 1 in I\ B?" and supp(a) C I” (similar to the one depicted
in Figure I1.1). This symbol satisfies conesupp(a) NT' = () and, on the
other hand, z ¢ char(a) since z € I'" and a = 1 in I'”. The symbol a
satisfies the required properties, and the proof is complete. O

Motivated by the above lemma, we introduce the following locally convex
topology on Sf-(R™).

Definition 2.2.10. We introduce the following semi-norms on Sf-(R"™):

L ulg = [(u, ¢)|, where ¢ € S(R™);

2. ||u|]£a6 = ||a"ulla,5, Where a is a symbol whose cone support
does not intersect I', and || - [|o,5 is a Schwartz semi-norm defined
in (I.1) (which makes sense thanks to Corollary 2.1.9).
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We denote by Tr the locally convex topology induced by these semi-
norms and by G the set of symbols that define a semi-norm on Sh(R™),
ie.

G' = {a € G* : conesupp(a) N T = 0} .

We call Tr the I'-topology on Sf-(R™).

The topology Tr is of course equivalent to Hormander topology (see
Definition 2.2.1) in the sense that w, — u in Hormander topology if
and only if u, — w in Tr. However, we find it useful to reformulate
this as an actual topology rather than as a convergence criterion. Since
sequential density implies density, S(R™) is dense in S[.(R") as a direct
consequence of Lemma 2.2.2. Moreover, the space S[.(R"™) endowed with
the I-topology is separated, since Tr is finer than the weak topology.
The following property follows immediately.

Proposition 2.2.11. The space S[.(R™) endowed with the T'-topology is
separated, and S(R™) is dense in S[.(R™).

Thanks to Lemma 2.2.9, we can show that (S[.(R™), 7r) is sequentially
complete.

Proposition 2.2.12. The space S{.(R") endowed with the T'-topology is

sequentially complete.

Proof. First, note that the dual of a Fréchet space endowed with the
weak topology is sequentially complete (see [Sch82, Chap. IV.6]). In
particular, since S(R™) is Fréchet, S'(R"™) is sequentially complete for the
weak topology. Let (uy) C Sf-(R™) be a Cauchy sequence in Sj.(R"™) with
respect to the I'-topology. Obviously, (u,) is also a Cauchy sequence
in the weak topology, and thus converges to a tempered distribution
u e S'(R™).

Moreover, for each symbol a in G', (a"Wu,) is a Cauchy sequence in

the Schwartz space topology by definition of the I'-topology. Since the

W) converges to a

Schwartz function ¢, € S(R™). Furthermore, for any symbol a, a" is

W

Schwartz space is a Fréchet space, the sequence (a

a continuous operator on &'(R™). Hence, (a"Vu,) converges to aVu in

S'(R™). Since convergence in S(R™) implies convergence in §’'(R™), the



2.2. TOPOLOGICAL ALGEBRAS OF DISTRIBUTIONS 73

sequence (a"V'u,) also converges to ¢, in &'(R") for any symbol a € G*.

Since S’(R™) is separated, a"Vu = ¢, in S'(R") for any symbol a € GT.

Eventually, we have shown that the distribution w is such that the se-
quence (u, —u) converges to 0 in the I'-topology. By Lemma 2.2.9, u is
in S{.(R™), which concludes the proof. O

The pullback by a linear isomorphism A is well defined as a continuous
map for the I'-topology
A*I SI/—‘ — 81/4*1"

as a direct consequence of Corollary 2.1.12. However, when A is not a
linear isomorphism, the continuity in the I'-topology is not obvious, and
consequently, neither is the definition of a continuous pointwise product
of tempered distributions.

The goal of this subsection is to prove a stronger version of Theo-
rem 2.2.8, i.e., showing that, under the right conditions on I' and for
a suitable choice of topology on Sf-(R™) x S{.(R™), the pointwise product
is a continuous map

Sp(R™) x Sp(R") — Sp(R™)

in the I'-topology. To do so, we need to prove a refined version of
Proposition 2.2.3 at least for injective linear maps, and in particular for
the diagonal maps (see Example 2.2.6).

We start with some preliminary observations about the injection map
LR = R (2, x,) (21, ..., 20,0, ..., 0).

Let ¢1 € S(R"), ¢o € S(R™) and ¢ = ¢1 @ 2 € S(R™™). For a €
G™(R?") and 2’ € R", we compute

" (1*9)(a") = a' (¢1(2")) $2(0).

Let 1,, be the unit function on R™ and x be a compactly supported
smooth function on R™ such that x(0) = 1. Let also z = (2/,2”) with
7’ € R" and 2” € R™. We define the new symbol @ € G™(R?"+2™) by

a(z,8) = (@@ (x ® 1)) (z,8) = a(a’,&)x(2").
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We compute

/ / " /!
Ewgb(x) — /ei(x—y)éa (x;_y,é-/) % (‘T —;y > ¢(y) dy/ dy// dé—/ dé-//
L s / / " /!
= [ s~y (x - ,§’> X (m - ) oy) dy' dy" de’

2 2
= x(a")p2(z")a" 1 (a).

With a, 8 € N, let’s consider the Schwartz semi-norm

" () ()

s =S 1020)] ) (0% 1) (o)

We are going to show it can be controlled by a Schwartz semi-norm of
@V ¢(x). Let @, B € N**™, We compute

@ o(@)|_; = sup [0 (x(a")or(a")a" 61 ("))
= sup 2797 (x(z")éa(a")a" 61 () )|

> sup |27 [x(a")b2(a")| 0 ("' 1) (o)

If we suppose @ = (o, 0), B = (8, 0), we have
07 (a"61) @)
> sup |(+)*] [x(0)6:(0)] [0° (a1 ) (')
= sup 62(0)] |(2')0° (a" 1) ()
= |a" (7 9) (@)

max(xll)¢2 (xll)

sup
X

a8’

Thanks to our computations above, we can show the following lemma.

Lemma 2.2.13. Let I be a closed cone in T*R™™™ such that
I'n{(0,0,0,&"):" eR™} =0

and I', a closed cone in T*R"™, defined by

=0T ={(2,¢): 3¢ € R™ such that («/,0,¢',¢") €T}
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The pullback by the injection map
F: S(R™™) — S(R™)
extends uniquely to a sequentially continuous map for the I'-topology

*: SHR™M™) 5 SH(R™).

Proof. Since S(R™) is sequentially dense in S[.(R™) and S[(R") is a
sequentially complete and separated topological space, it is enough to
show that * is continuous on S(R"*™). Then we can use a continuous
extension theorem to conclude (see Theorem A.39 and Remark A.40
below).

We have to verify that, for any ¢ € S(R"™™), every semi-norm from
Definition 2.2.10 of (t*¢ is controlled by a semi-norm of ¢. Explicitly,
for any o, 3 € N*, ¢ € S(R"), and a € G', we must find @, 3 € N*t™,
¢ € S(R™™) and @ € G' which satisfy

1 6ly S 16l + 1911k -5 (IL7)
[ g T (IL.8)

By nuclearity of the Schwartz space (see Theorem 1.1.30) and the fact
that, for any a € G, the mapping o' : S(R") — S(R") is continuous,
we can suppose

¢ =1 ® P2 € S(R") @ S(R™).

Let x be a compactly supported smooth function such that x(0) = 1.
For (I1.7), simply observe that

e

= |2(0 |‘/¢1 (2) da’
[ 6@ @ x) (@) do

[ eata e de|| [ on(ayuta') ao

For (I1.8), our computations above show that

S C¢27X

< C¢2,X

16" @0 < Il 55
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for @ = («,0), 8 = (5,0) and

a(2,€) = (0 ® (x ® 1) (2, €) = ala’, €)x(2").
Hence, the result is proved provided that

conesupp(a) NI' =) = conesupp(a) N T = 0.

Since
conesupp(a) = (conesupp(a) U0) x ({0} x R™),

we must impose

CN((T°U0) x ({0} x R™)) = 0.
This is equivalent to
r'n{(0,0,0,") :&"eR™} =0
and
ST = {(x’,g’) : 3¢” € R™ such that (2/,0,¢,¢") € f} CT.

By Hoérmander’s result 2.2.3, the wave front set of (*u for any distri-
bution u € SIF satisfies WF(1*u) C *T', which means it is sufficient to
impose the minimal constraint

I =/T= {(x',ﬁ') : 3¢" € R™ such that (2/,0,¢,¢") € f} .

O]

For any injective linear map A, we can find a linear isomorphism L such
that A = L o . In particular, for

diag: R" — R*, 2 — (z,z),

diag = (:;: 2) ot.

Moreover, the pullback of a tempered distribution by a linear isomor-

we have

phism A is well defined as a continuous map in the I'-topology

L*: SH(R™) — Spep(R™)
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without any condition on I'; as a direct consequence of Corollary 2.1.12.
Hence, the pullback by any injective linear map is defined on Sf.(R") as
a continuous extension of the pullback on S(R™), modulo the condition
of Lemma 2.2.13 applied to L*I', which is equivalent to asking

PN {(0,€) : AT¢ =0} = 0.
We have proved the following theorem.

Theorem 2.2.14. Let A: R™ — R™ be an injective linear map. Let I' be
a closed cone satisfying

PA{(0,€) : ATE = 0} = 0.
Then the pullback
A" S(R™) — S'(R™)
extends uniquely, in the I'-topology, to a sequentially continuous map
A" SH(R™) — Syp(R™)
with
AT = {(2, AT¢) € T'R™\ {(0,0)} : (4a,€) € T},

Remark 2.2.15. The tensor product of tempered distributions, to the
best of our knowledge, has never been shown to be continuous for the
Hoérmander topology. However, just like the pullback by a linear map,
the tensor product is central in the definition of a continuous pointwise
product on S[.(R™). Nevertheless, Proposition 2.1.20 yields the following
inclusions:

Sl,_‘1 (Rn) X 8{‘2 (Rm) — Sfl (Rn) ® 81/12 (Rm) — Sfl@FQ (Rn+m)7

(U, v) P Uu®v = u®w,

where I'y ® 'y = (I'; U {0}) x (I'2 U {0}). Hence, we can endow the
product Sp (R™) x Sp (R™) with the subspace topology induced by
S]{—‘1®F2 (Rn+m) .

The following refinement of Theorem 2.2.8 follows immediately from
Theorem 2.2.14 and Remark 2.2.15.
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Theorem 2.2.16. Let ' = I'y xI'y with 'y a closed cone in R™ such that I'y
is stable under addition and does not contain 0. Then, the space S[.(R™)
is a commutative and associative algebra under the pointwise product
uv = diag*(u ® v). Moreover, if SL(R™) and S{,(R*™) are endowed
with the I'-topology, and S[-(R™) x S[.(R™) is endowed with the subspace
topology induced by SIC®F(R2”), the pointwise product is a sequentially
continuous map

SHR™) x SH(R™) — SH(R™).

Compared to Theorem 2.2.8, we see that in order to equip the codomain
with the I'-topology while preserving continuity, we had to adjust the
topology of S[.(R™) x Sf-(R™). This space is no longer viewed as the topo-
logical product of Si-(R™) with itself, but as a subspace of (Stgp, Trer),
endowed with the induced topology. When we will state further than
some products are sequentially continuous, it should be understood in
that way. In the next chapter, we will deform such products.



Chapter III

Deformation of tempered
distributions algebras

"We attempt here to establish a mathematically rigorous
and physically manageable formulation for quantum mechan-
ics in phase space. To obtain the right mathematical context,
we must, for example, specify those pairs of functions whose
twisted product may be formed; and a suitable function space
should include as many observables of physical interest as
possible.”

- José M. Gracia-Bondia et Joseph C. Vérilly, [GBVS8S]

Let V be a 2n-dimensional symplectic vector space. In Section 1.2.3, we
introduced the twists

Q,: S'(V?H = S'(V?),
Q(0)(7) = [ Ke(2)o(z + ) dz,
and their associated family of star-products
a*r b(zp) = /KT(zl, zo)a(z1 + 20)b(z2 + 20) dz1 dza.

In Section 3.1, we give a sufficient condition on a cone I' C T*V? for the
twist €2, to define an automorphism

. 2 2
Q1 SL(V?) = SL(V?)

79
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in the I-topology. This is achieved by imposing the stability of I' under
a certain symplectic transformation of 7*V2. Additionally, we observe
that this result generalizes to a larger family of operators 4.

In Section 3.2, we make the following central observation: for all ¢, ¢ €
S(V), the family of products %, can be equivalently defined by

¢ xr ¢ = diag" (Q (¢ @ ¥)).

Thus, to construct a cone I' such that (S(V), %) forms an associative
algebra, it is sufficient to combine the results on the twist {2, presented in
Section 3.1 with Theorem 2.2.14 and deduce the conditions required for
I'. Again, this strategy can be applied to a broader class of products x4,
which includes the twisted convolution product (17) studied in [BS19].

In Section 3.3, we apply our result to the spaces BY (V) presented in the
introduction.

3.1 Continuity of the twist

In this section, we show that the twist {2, is an automorphism of
S(V?) and 8'(V?) associated with a symplectic transformation via The-
orem 2.1.11 and Corollary 2.1.12. From there, the condition for its
continuity in the I'-topology will be easy to state.

Notation 3.1.1. In what follows, we write:
e V is a 2n-dimensional symplectic vector space and T*V ~ V x V*
is its cotangent bundle;

e x = (q,p) is an element of V, £ is an element of V*, and (z,¢) €
TV,

e T=(z1,72) = ((q1,p1), (g2, p2)) is an element of V2, and g = (T, )
is an element of T*V2.

First, we express the Weyl quantization map in terms of unitary rep-
resentations of the Heisenberg group. Let H = T*V? x RZ be the
Heisenberg group associated with 7*V2, and let (U, L?(V?)) be one of
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its irreducible unitary representations realized by the orbit method (see
Theorem 2.1.25 and Appendix B.3). We also introduce the application

Ewip(q) = ¢(—q).
We define the mapping

G:H — U(L*(V?))
~ . (IT1.1)
(h) = Uu(h)ZwU,(h™")
which can be restricted to T*V? C H, yielding a mapping
o:T*V? = U(L*(V?))
7 - T (IT1.2)
o(9) = Uu(@)EwUu(g™)-
Explicitly, we compute
o(7,E)(z) = P27 — 7).
w

Then, it is easy to check that for any symbol a, the Weyl operator a
is given by

(") (@) = [ alg)o(gyilar) do. (111.3)

This link between quantization operators on a given space and the rep-
resentation theory of a related group is not a mere coincidence. As a
symmetric space, R?" is the most basic example of a theory developed
by Bieliavsky and Gayral to quantize a particular class of symmetric
spaces, see [BG15, Chap. 6].

Motivated by (II1.3), we prove the following technical lemma.

Lemma 3.1.2. With Q) and o defined respectively as in formulas (1.18)
and (I11.1), one has

o lo(@)0 = ((B7') o) (9),

where B is the symplectic transformation of T*V? defined by

BT — I4n _BT ’
0 I4n

with
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Proof. Let ¢ € S(V?). Note that
0 (6)(z0) = (rlr ~ )" [ D020 - 2) 2,

where 0, denotes the complex conjugate.

First, let 7 be different from 0 and 1. We compute
2o, /9 2] (8)(@ — 2)dz

HTTA2E (O ) (¢)(2F — T + Z) dZ

Il
\\\

)e2i@ T2 () (27 + W — T + Z) dZ dw
)2 @T0tEQ (15 — 7) (2T + W — To) dZ dw.

The variable Z now only appears in the phase; using Example 1.1.18,
some delta distributions will appear in this expression. Setting

z= ((Q17p1)7 (QQ7p2>)7 w = ((ylanl)a (y27772)>7 E: (5%75%7§%a§%)7

we develop the phase:

O, (2)Q, (@ — 2)e¥ = Q, (w)en (21-7m)

1 (260 = 75rm) iae (263~ w2 ip2 (263 n2)
Then, after a change of variable, we get
[Q Lo ()90 | () (o) /Q )2 TT0)E (2T W — T)d (275% — 172)
5 (2(7 ~ )& — 1) (200 = )& —m) 0 (276 — 1) dw
= 2iE5 O (2 (7 + 6,8)) — 7o)
=0 (z+5:(8),€) = (B'(2,9)).

For 7 = 0 and 7 = 1, the twist is different, but the computations are
essentially identical.

O]

Remark 3.1.3. As a direct consequence of Lemma 3.1.2 and formula
(IT1.3), we observe that

(aoB)Y =01V, (IIL.4)
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Since §; is symmetric and

B. — 0 —I I 0 0 I\ (I —-B;
T \1 o/J\p 1J\-1 o) \o I
is symplectic, formula (III.4) and Corollary 2.1.12 imply

QO =F o brio F (111.5)

where F is the usual Fourier transform. In general, for any symmetric
matrix A, the operator

T
QA:J,—;floem A:EOJ,—;

is a unitary operator on L? and an automorphism of S and S’ as a direct
consequence of Theorem 2.1.11. Moreover, for any tempered distribution
u € &', Corollary 2.1.12 implies

WEF (Qa(u)) € {Ba(z,€) : (z,£) € WF(u)},
where B 4 is the symplectic transformation of T*R"™ given by
B, — 0O I\ (I O 0o 1\ (I —-A
A7\ o J\a 1)\-1r o) o 1)

The symplectic transformation B4 implies the addition of contravariant
quantities x € R™ with covariant quantities £ € (R™)*. This should be
understood as explained in Remark 2.1.13.

In particular, we could consider the symmetric matrix

0 ¢
where 0 is any skew-symmetric matrix. The family of unitary operators
QG — J:—l o eixTG):c o ]:’

is associated with the family of products

u*p v = diag® (Qg(u @ v)),
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which coincides with the twisted convolution product (17), presented in
the introduction, and aligns with the framework studied in [BS19]. This
encompasses the Weyl case for

p1(0 =)
2\-1, O

We observe that the family of operators €y, associated with the twisted
convolution product (17) and indexed by skew-symmetric matrices 6,
intersects with the family of twists )., which corresponds to the 7-
ordering quantization family precisely when 7 = %, at the Weyl star-
product.

Remark 3.1.4. As stated above, the operators §2, and g are special cases
of the more general 24, which does not always require the symplectic
vector space V. The symplectic structure of V is only necessary when
the transformation B, is involved. Therefore, whenever possible, we
present our results below for 4 and in R”, as this provides a more
general framework. We will return to the symplectic vector space V'
when discussing €2, and Q.

The next result follows immediately from Remark 3.1.3. Note that it
implies Lemma 1.2.15, which we left unproved in Chapter I.

Corollary 3.1.5. Let A € R™ "™ be a symmetric matriz and I be a closed
cone in T*R™. The operator Q4 is a unitary operator on L*>(R™) and an
automorphism of S(R™) and S'(R™) with respect to the Schwartz topology
and the weak topology, respectively. Moreover, for u € S'(R™),

WF(Qau) = {Ba(z,§) : (x,§) € WF(u)}.

We can now state a simple condition on a cone I' under which the oper-
ator €14 is a continuous map

Q4 : SH(R™) — SL(R™)
in the I'-topology.

Theorem 3.1.6. Let A € R™*" be a symmetric matriz and T be a closed
cone in T*R™ such that B4(I') C I'. Then the operator Q4 is a contin-
wous map in the I'-topology

Q4 : SHR™) — SH(RM).
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Proof. To ensure the continuity of €24 in the I'-topology, we need to
prove that, for any «,3 € N* and any symbol a € G, there exist
o, € N* and a symbol ¢/ € G' such that the following estimate
holds:

124 W) g8 S lller o, (IIL.6)

a7a7ﬁ ~

Since 4 is an automorphism of S(V') and
M (Qa(w) = (249230 24) () = Qu ((a0BA)V u),
the estimate II1.6 holds for @’ = a o B4 as soon as
cs(a)NT =0 = cs(aoBy)NT =1.
But by hypothesis, B4I' C I', and the proof is complete. O

Corollary 3.1.7. Let V be a symplectic vector space. Under the respective
conditions B, C T and ByI' C T, the twists Q. and Qg are continuous
maps

Q1 SL(V?) = SH(V?), and Qg : SH(V?) — SH(V?).

Example 3.1.8. The stability condition B4I' C T is trivially satisfied
for T = V2 x {0}. In Section 3.3, we will see that this example is of
particular interest.

3.2 Construction of the Star-Product

For all ¢, 9 € S(R™), and for a symmetric matrix A, we define the family
of products

¢ xa ) = diag™(Qa(¢ @ ¥)),

which includes the T-ordering family of star-products x, and the twisted
convolution products xyg. Combining Proposition 2.1.20, Theorem 2.2.14,
and Theorem 3.1.6, we can establish a sufficient condition under which
the product x4 of two tempered distributions is well-defined. More-
over, when x4 is well-defined, we provide an inclusion for the smooth
wavefront set of u x4 v.
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Theorem 3.2.1. Let T be a closed cone in T*R?"™ and

I :=diag"T = {(m, diagT(n)) : (diag(z), n) C f}

such that

C1 : 70 ({0} x ker(diag)) = 0;

Cy : BA(T) crT.

If u and v are two tempered distributions in S'(R™) satisfying WF(u ®
v) C T, then the product uxav is well-defined as a tempered distribution
in 8'(R™), and

WF(uxgv) CT.

Proof. Condition Cs ensures that (24 is a continuous map from S’F(Rzn)
to S'T(IR{Q”) by Theorem 3.1.6. In particular, it implies that WF(Q,(u ®
v)) is included in T.

Condition C; ensures that the pullback by the diagonal map is well-
defined and continuous on S’f(RQ”). In particular, the product ux4 v =
diag* (2 (v ® v)) is well-defined, and WF(u x4 v) is included in T' by
Theorem 2.2.14.

The theorem follows immediately from the cited results. O

To build algebras of tempered distributions under the family of products
*4 based on Theorem 3.2.1, it is sufficient to add a condition on I' to
control the wavefront set of u x4 v.

Theorem 3.2.2. Let T be a closed cone in T*R?" and T’ := diag* T such
that

C: :T'n ({0} X ker(diagT)) =0;
Cy : BA(f) C f;

Cs : (Tu{0}) x (Tu{0}) CT.



3.2. CONSTRUCTION OF THE STAR-PRODUCT 87

Then the product
x4 : SHR™ RSHR™) C S’T(R%) — SHR™), axab:= diag"(Qa(a®b))

is well-defined as a sequentially continuous map for the I'-topology. If
Q4 is equal to Qr or Qy, this product endows S[-(R™) with an associative

algebra structure.

Proof. Condition C3 ensures that for all u,v € S(R™), WF(u ® v) is
included in T, i.e., that u®@ v € S’F(RQ“) (see Proposition 2.1.20).

The continuity, understood in the sense of Remark 2.2.15 and Theo-
rem 2.2.16, follows from the continuity of diag* (Theorem 2.2.14) and
4 (Theorem 3.1.6). The associativity of *, and % is trivial. O

Example 3.2.3. Let [ = R?" x {0}. Then, all conditions of Theorem 3.2.2
are trivially satisfied, and Sg.,., (0} (R™) is an associative algebra under
both the twisted convolution product and the 7-ordering star-product.

Example 3.2.4. Let R’} = {(z1,...,2,) € R" : 1 > 0}. Then the cone

T = ((B" x RY) U{0}) x ((R" x R%) U {0}) \ {0}

satisfies every condition of Theorem 3.2.2, and diag*(I') = R™ x R.
Hence, (Sﬁvai (R™), % A) is an algebra for any symmetric matrix A.

Example 3.2.5. More generally, let T be a cone in T*R?" of the form

I'=((T1 x T2) U {0}) x ((T1 x T2) U {0}) \ {0},

where T’y is a cone in (R™)* stable under addition and not containing
zero, and I'y is a cone in R™. Condition C; is satisfied since £ € I'y

implies —¢ ¢ T'y, and
ker(diag”) = {(¢,~€)}.

Thus,
ker(diag?) N Ty x T'y = 0.

Condition (3 is satisfied since

diag*(T) = {(z,6 +n) :x €Ty, £ € Tg,n € Ta},
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which is clearly a subspace of I'1 XxI'y because I's is stable under addition.
Thus, diag*(T) = 'y x I's.

For condition Cs to hold, any x,y € I'y and &, n € I's must satisfy
Ba((2,9), (§,n) = ((z,9) + A(&,n), (&) € T.

Note that this is always true for I'y = R™.

In summary, if I's is stable under addition and does not contain zero,
and if T satisfies the condition

Ba((z,y),(&m) €T,
then Sf. ,r, (R™) is an algebra under the product x4.
In the case of the twisted convolution product xg, condition Cs becomes
rel,ely —= z+0£eTly.

Note that asking for z — §7¢ € I'; would be redundant since 6 is skew-
symmetric. This condition corresponds to the result of Bahns and Schulz
[BS19, Cor. 4.2]. In particular, all deformed algebras of tempered dis-
tributions obtained by Bahns and Schulz fall within the scope of The-
orem 3.2.2. However, the algebra M presented in [GBVS8S8] cannot be
obtained through our result. Indeed, the algebra M cannot be recon-
structed within the smooth wavefront set framework, as the conditions
on WEF are too restrictive to build examples containing Dirac deltas,
which are included in M. Nevertheless, the construction in [GBVS88] is
restricted to the Weyl case and is not valid within the Kohn-Nirenberg
framework.

Remark 3.2.6. In the spirit of Remark 2.1.13, we introduce a slight
abuse of notation to give a precise meaning to the sums of covariant
and contravariant quantities that arise due to the transformation of the
wavefront set imposed by the twists through B,. This time, however,
we take advantage of the symplectic structure of V. We denote b€ the
element (b,€)* € V, defined by the canonical isomorphism induced by
the symplectic form w on V,

V*V, e gl

where ¢ is the unique vector in V' such that £(z) = w(&, ) forallz € V.
We systematically use this notation throughout this section.
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Example 3.2.7. In the case of the %, product, let I’ be a cone in T*V?
of the form

I'= ((I'y xT2) U{0}) x ((I't x T2) U{0}) \ {0},
where I'9 is a cone in V* stable under addition and not containing zero,
and I'y is a cone in V. Condition C5 becomes

€l €Ty = x+bcT; and z—blEeTy.

For the sake of completeness, we state the following two corollaries,
which are direct consequences of the discussion in Example 3.2.5 and
Example 3.2.7. The first corollary is exactly [BS19, Cor. 4.2], while the
second one is, to the best of our knowledge, a novel result. In these
statements, additions of elements of V with elements of V* must be
understood in the sense of Remark 2.1.13 and Remark 3.2.6.

Corollary 3.2.8. Let 6 be a skew-symmetric n X n matriz. Let I's be a
conic subset of R"\{0} stable under addition, and let T'y be a closed cone
in R™ such that

rel,€ely = x+0£cT.

Then, Sp .r,(R™) ds an associative algebra under pointwise multipli-
cation and the twisted convolution product xg, and both products are
sequentially continuous in the I'-topology.

Corollary 3.2.9. Let V' be a symplectic vector space, and let Iy and I'o
be closed cones in V' such that T'y is stable under addition and does not
contain zero, and

rel,E€ly = x+b£€l’y and $—bz§€F1.

Then, the space Sfler(V), endowed with the I"-topology, is an associa-
tive algebra under the pointwise product and the product *r, and both
products are sequentially continuous in the I'-topology.

We conclude this section with a practical result that can be useful for
quickly verifying whether the product x4 of two tempered distributions
is well-defined and for estimating its smooth wavefront set. This result
and the corollaries that follow again involve the addition of covariant
and contravariant quantities, interpreted as outlined in Remark 2.1.13
and Remark 3.2.6.
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Theorem 3.2.10. Letu,v € S'(R™) and A € R™™"™ be a symmetric matriz.
Let (z,€) represent (x1,x0; £1,&2). If the linear system

T+ AE, —€) =0

has no solution such that (z1,§) € WF(u) and (xz2,—&) € WF(v), then
the product
u*4 v = diag*(Q4(u ®@v))

is well-defined as a tempered distribution, and its wavefront set satisfies
the inclusion
WEF(uxav) C{ (2,61 + &) : (v,2) =7 + AL with
(z1,&1) € WF(u) U{0} and (z2,&2) € WF(v) U {0}}\{0}.

Proof. Proposition 2.1.20 implies that
WEF(u®wv) C (WF(u) U{0}) x (WF(v) U{0})) \ {0}.
Moreover, Corollary 3.1.5 gives the inclusion

WF(Q4(u®v)) € {B(@.9) : (a1,&1) € WEF(u) U {0}

(I1L.7)
and (z2,&) € WF(v) U{0}}\{0}.

By Theorem 2.2.14, the pullback diag*(Q4(u ® v)) is well-defined if
WF(Qa(u®v)) N{(0,0;¢, =€)} = 0.

Thus, the inclusion in (III.7) provides our sufficient condition. The
wavefront set inclusion follows immediately from Theorem 2.2.14. [

The following two results are particular cases of Theorem 3.2.10. The
first corollary, to the best of our knowledge, is a novel result. It provides
a criterion under which the 7-ordering star-product studied in this work
(including the (anti-)Kohn-Nirenberg case) extends to some subspace of
S’. Note that if we set 8, equal to zero, we recover Theorem 2.2.16, and
the proof remains valid.
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Corollary 3.2.11. Let V be a symplectic vector space, and let u,v €
S'(V)). If there is no solution to the linear system

r+b:£ =0,
y_b7T£:O7

such that (x,&) € WF(u) and (y,—§) € WF(v), then the star-product
uxr v = diag* (- (u ® v))

is well-defined as a tempered distribution, and its wavefront set satisfies
the inclusion

WF(ux;v) C { (x, &+n): (x+bm, &) € WE(u) U{0} and
(g; + bZ’g,n) € WF(v) U {0}}\{0}.
Proof. By Proposition 2.1.20,
WF(u®w) € (WF(u) U{0}) x (WF(v) U{0})) \ {0},
and by Corollary 3.1.5,
WE(Qr(u®v)) C {Br(2,y:€n) : (2,£) € WF(u) U {0}
and (y,n) € WF(v) U {0}}\{0}.
Equivalently, we have
WE(Q(u@v)) € { (¢ — by —bTE:8,m) : (2,€) € WF(w) U {0}

and (y,1) € WF(v) U {0}}\{0}. (I1.8)

By Theorem 2.2.14, the pullback diag*(Q2;(u ® v)) is well-defined if
WF(Q(u©v)) N{(0,0;¢, =)} = 0.

Hence, the sufficient condition follows from (II1.8). The wavefront set
inclusion follows immediately from Theorem 2.2.14. O

The second corollary is exactly the result stated in [BS19, Thm. 3.1],
which provides a similar sufficient condition to extend the twisted convo-
lution product (17). Again, if we set § = 0, we recover Theorem 2.2.16.
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0
0T
matriz, and let u,v € §'(R™) be such that the linear system

Corollary 3.2.12. Let A = , where 0 is a skew-symmetric n X n

r+0£=0

has no solution (z,&) with (z,£) € WF(u) and (z,—§) € WF(v). Then

the twisted convolution product of u and v is well-defined as
uxg v = diag"(Qp(u ®@v)),

and its wavefront set satisfies the inclusion

WEF(uxgv) C {(z,§+n): (x+0n,£) € WF(u) U {0}
(x —0¢,m) € WF(v) U{0}}.

Proof. Using the skew-symmetry of 8, we observe that

WE(Q(u @) € { (= 00,y +08:€,m) : (2,€) € WF(u) U{0}
and (y,7) € WE(v) U {0} }\{0}.

The rest of the proof is identical to that of Corollary 3.2.11. O

3.3 Analysis of the B"-spaces, towards a Rieffel’s type
deformation formula

In the previous two sections, we have shown that the space Si, ., {O}(V)
behaves well under our construction (see Example 3.1.8 and Exam-
ple 3.2.3). This space is of particular interest to us since it contains
the space B(V) = UyBY(V), outlined in the introduction, where

BN(V) = {u € C®(V):Va € N, |0%u(y)| < C <y)N}.
Proposition 3.3.1. Let E be an n-dimensional vector space. The space

B>(E) is contained in S’EX{O}(E).

Proof. Let u € BN (E). We will show that WF(u) C E x {0} for all N >
0. To do so, we will use the definition of the wavefront set WF in terms
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of the Short-Time Fourier Transform (STFT) (see Definition 2.1.16 and
Lemma 2.1.19). Specifically, we need to prove that for any cone I' in
T*E such that T'N (E x {0}) = 0, we have, for any M > 0,

/F«%Q)M [V (u)(z, )| dodé < oo.

The condition on I' implies that for all directions (z,£) € T', there exist
constants C}., Cr > 0 such that

(r) <Cr () and ((z,£) <Cr(g). (IT1.9)

Using these estimates, we perform integration by parts and use the fact
that v € BY. We obtain:

J @ M Vst a.€)| ded
= [ 4™ | [ e ¥ty — oyuty) dy) dodg
r
= [t | [ (€7 e (1= A Wy — 2)uly) dy dwde
S [ c@" " [ i —a) )| dydo de,

where 1 is a Schwartz function corresponding to some derivative of 1.
Now, since 1) is Schwartz, the following estimate holds for any P:

Wy =) S o —y) " S (@) (y) 7"
This estimate, combined with (II1.9), gives the following bound:
[ )M Vol ) dods
S [ @Y [@F @)V dydade

< / CrCL (6)yMFP—K+n+1 / VP (&)L dy da de.
I

Since K and P can be chosen arbitrarily large, we choose P > N and
K > M + P, and the expression is bounded. Thus, we conclude that
WF(u) C E\ {0} x {0}, and consequently, B> C Slex{o}' O

Proposition 3.3.1 implies that the space B>°(V) is contained in the as-
sociative algebra Sj, ., oy (V)-
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In the following, we show that the twist (), can be restricted from the
space S(,QX{O}(VZ) to B¥(V?), and that B (V) forms a subalgebra of
{/X{O}(V) for all values of 7.

Proposition 3.3.2. For any value of 7 and any N > 0, the twist ),
stabilizes the space BN (V?),

Q. BY(V?) = BN (V?).
Proof. Let Z = (21,22) = (q1,p1,q2,p2) be an element of V2, and let

ue BN(V2), ie., [0°u(z)| < (2)" for all multi-indices o € N". We wish
to show that for any multi-index v € N, the following estimate holds:

020 @)| = | [ Ko@) oguz 7y x| s @)Y (o)

We proceed separately for the special cases 7 = 0 and 7 = 1, and for
the other values of 7.

As shown in Proposition 1.2.13, when 7 takes values other than 0 and
1, the kernel K, associated with the twist 2, is the smooth function

. 71[
K, = Cre®/m2  where J, = 0 1 T
(r—1)""I, 0

By performing integration by parts, we obtain the following expression
for the left-hand side of (II1.10) with C; > 0:

C;

/ Kr(2) (z2) 2 (1= AL
[(20) M (1= 2™ {83u(z + 7))} dz].

72M1 *2M1

Since derivatives of (z1) are of the form by, (21) (21) , where
bar, (21) is a bounded function, and |K,(Z)| = 1, and since u € BN (V?)
by hypothesis, this yields the estimate

020, ) (@) 5 [ ()M ()M (2 4 Y
< <E>N/<§)N_M dz, where M =2min{M;, Ms}.

~

Since M can be made arbitrarily large, choosing M > N provides the
desired estimate.
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When 7 = 0 or 7 = 1, the kernels Ky and K; are distributional (see
Proposition 1.2.13):

Ko(z1,22) = e P 6(q1)0(p2),
Ki(z1,22) = e™P26(q2)d(p1).

We consider the case 7 = 0 below; the argument for 7 = 1 is similar.
Let us compute:

02 uow)()| = | [ 7 8(01)3(p2) D2 u(z +7) d2

= | [ 0gu@ + (0.01.02,0) dpn o]

Successive integration by parts in p; and ¢o yields:

e ) - )

[(@2) 72 (1= 8™ {O20(® + (0,p1,42,0))}] dp1 daa|.

—2M> —2M>

Since derivatives of (go) are of the form by, (q2) (q2) , where
bas, (g2) is a bounded function, |e'®2P1| = 1, and v € BY(V?) by hypoth-
esis, this yields the estimate

0@ @] S [ a2 () (@) (o)™ @) dz
S <T>N/<(p1,Q2)>N7M dpy dga,

where M = 2min{Mj, Ms}. Since M can be made arbitrarily large,
choosing M > N provides the desired estimate.

O
Corollary 3.3.3. For any value of T, the product x, satisfies
ot B x BN — BMAN,

In particular, (B> (V'), ;) is a graded subalgebra of (S{,X{O},*T).

Proof. We aim to show that for any v € B (V) and v € BY(V), the
following estimate holds:

|09 (u %7 v \—‘/K u(z1 + x)v(ze + x)) dz §<m>M+N,
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for any multi-index o € N, and any value of 7.

Note that 0% (u(z)v(z)) is a finite sum of products of derivatives of u
and v, and hence is bounded by <x>M+N. In other words, the pointwise
product gives B>(V') a structure of graded algebra:

BM (V) x BN (V) — BMTN (V).

We proceed by considering the special cases 7 = 0 and 7 = 1 separately,
and then deal with the remaining values of 7 using the techniques from
Proposition 3.3.2.

We consider the case 7 = 0 below; the argument for 7 = 1 is similar.
Integration by parts yields:

08 (wnion ) (@)] = | [ €70 ()72 (1= 8,
[(02) ™25 (1 = 8,2 {02l + (0,p1))0( + (42,0))}] dpi |
This gives the estimate
02 (wrse ) (@) 5 [ 02)72 (o) (@)™ (@)™ @)+ dpy das

S @M [ ()M (g0) VT dpy dgs,

Since K7 and K9 can be made arbitrarily large, choosing K1 > M and
K5 > N provides the desired estimate.

When 7 takes values other than 0 and 1, integration by parts gives, with
C. >0,

192 (ukr v) (2)] = C

[ K@) ) (- )"
[(20)750 (1= L) {5 u(z1 + 2)u(zp + 7)) dz‘ ,
This implies the estimate
05 (wxe ) ()] S [ {22) 28 (o) 720 ()™ ()™ ()M iz

< <$>M+N/<E>M+N—K iz,

~

where K = 2min{Kj, K2}. Since K can be made arbitrarily large,
choosing K > M + N provides the desired estimate.

O]
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Proposition 3.3.2 and Corollary 3.3.3 imply that any star-product on
a symplectic vector space V' that can be extended to S, (0} using the
smooth wave front set method automatically provides a graded algebra
structure on B¥(V) = |Jy BY. If this star-product is defined by an
integral formula associated with a twist K,

u*v(x) = /K(Z)u(zl + z)v(22 + ) dZ,

then K is a non-formal Drinfeld twist in the sense presented in the
introduction, and satisfies Rieffel’s hypothesis for defining a universal
deformation formula. This is an important step in the direction of gen-
eralizing Rieffel’s result to all such star-products, including *,, xg, and
the Kohn-Nirenberg star-product g .
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Conclusion and further
prospects

To conclude, let us briefly review the key contributions of this work:

1. We have introduced a new definition of the smooth wave front set,
highlighting its connection to the irreducible unitary representa-
tions of the Heisenberg group, realized through Kirillov’s orbit
method [Kir(04].

2. We have developed new examples of the smooth wave front set and
provided explicit demonstrations of previously unproven results in
the literature.

3. We extended the work of Bahns and Schulz [BS19] by introducing a
new approach based on Drinfel’d twists, thereby broadening their
results to the entire 7-ordering quantization family, including the
Kohn-Nirenberg and anti-Kohn-Nirenberg cases. Furthermore, we
have supplied continuity arguments that were omitted in [BS19].

4. We extended each twist €2, to the space B® = (Jy BY and con-
structed an algebra of tempered distributions under %, that con-
tains B°°. This is a crucial step in Rieffel’s construction of a non-
formal universal deformation formula in the Weyl case.

Our results open the door to several exciting prospects:

First, our new definition of the smooth wave front set, framed through
representation theory, provides a foundation for generalizing this concept
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beyond the Euclidean setting. There is potential for extending it to
non-abelian groups, with strategies from Howe’s work [How79] offering
promising avenues for such adaptations.

Moreover, the use of Kirillov’s orbit method to realize the unitary irre-
ducible representations of the Heisenberg group establishes a link with
quantization (see [Jagl2]), a connection that remains to be fully ex-
plored. This approach may extend to Lie groups where Kirillov’s method
is effective, particularly nilpotent Lie groups. More broadly, we hope this
work demonstrates the potential for using the smooth wave front set in
the context of non-formal deformation quantization.

Finally, our extension of Bahns and Schulz’s results to the Kohn-Nirenberg
framework, alongside the construction of a twisted algebra that includes
the BN-spaces, lays the groundwork for extending Rieffel’s theorem to
the Kohn-Nirenberg cocycle. We anticipate that these results will be
instrumental in adapting the proof of Rieffel’s theorem, leading to a
non-formal universal deformation formula based on the Kohn-Nirenberg
twist.



Appendix

A Topological Vector Spaces
The goals of this first appendix are:

1. To provide the basic background on topological vector spaces (TVS);
2. To prove a continuous extension theorem for TVS;

3. To state the results on nuclear spaces used in this work.

The first section provides the essential topological definitions in terms of
filters, which are instrumental in understanding the topological nuances
that arise in the spaces considered here. In particular, we address the dis-
tinctions between continuity, density, completeness, and their sequential
counterparts: sequential continuity, sequential density, and sequential
completeness.

In the second section, we present important results on topological vector
spaces and locally convex topological vector spaces. We also prove the
continuous extension theorem that is fundamental to the results in this

work.

The primary references for this appendix are [Tre67] and the appendix of
[Jagl7]. For a more detailed and pedagogical treatment with complete
proofs, we recommend [Ram18] and [Clal6].
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A.1 Basic Filter Topology

Definition A.1. Let F be a set. A filter .% is a family of subsets of F
such that:

F o 0¢ 7
F, MUV eZF thenUNV € F;
F; :IfUe % andU CV,thenV € %.

Definition A.2. A family % of subsets of F is a basis of a filter % on FE
if it satisfies the following two conditions:

By : BC ZF,ie., ifU € A, then U € .F;
By : For every U € .7, there exists V € & such that V C U.

Proposition A.3. A basis B determines a unique filter # on E.

Proof. Suppose that .#’ and .% are two filters admitting 2 as a basis.
For any U € .%’, there exists V € 4 such that U C V. By By, V € %,

and by F3, U € .%. We have shown that .%’ C .#. The other inclusion
is shown in a similar fashion, so .# = .%#'. O

Proposition A.4. A collection of non-empty subsets B of E is a basis
for some filter F on E if and only if for every U,V € A, there exists
W € B such that W CUNV. In this case, F is uniquely determined
by 4.

Proof. Let % be the collection of all subsets U of F containing at least
one element V from %. To show that %, as defined, is a filter on F,
we need to verify conditions Fy, F5, and F3. Condition Fj is straight-
forward. Conditions F} and F5 are ensured, respectively, by the fact
that £ does not contain the empty set and that the intersection of two
elements of Z contains an element of Z. Moreover, conditions By and
By follow directly from the definition of .%, and hence £ is indeed a
basis for .%. The uniqueness of .# follows directly from the previous
proposition. O
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Definition A.5. Let (x,) be a sequence of points in E. The filter defined
by the basis composed of the subsets S, = {zn, Tn+1,...} is called the
associated filter of the sequence (xy,).

Definition A.6. A topology 7 on a set F is defined by providing, at each
point x € E, a filter .# () such that:

T, : If U € Z(z), then z € U;

Ty : If U € F(x), then there exists V € % (z) such that for every

y €V, we have U € Z(y).

The filter .% () is called the neighbourhood filter of x, and we say that
FE endowed with the topology T is a topological space.
Definition A.7. Let X be a subset of a topological space E.

1. X is open if, for every point x € X, there exists a neighbourhood
V € .Z(z) such that V C X.

2. X is closed if its complement X¢ is open.

3. The closure of X, denoted X, is the smallest closed set containing
X.

4. The interior of X, denoted X°, is the largest open set contained
in X.

Definition A.8. 1. A topological space E is first-countable if, for every
point = € E, the filter .#(z) has a countable basis.

2. A topological space E is second-countable if its topology is gener-
ated by a countable collection of open sets. Explicitly, F is second-
countable if there exists a countable collection U = {U;}2, such
that any open subset of E can be written as a union of elements
from some subfamily of U.

Definition A.9. 1. A filter .# on E converges to x € E if # (z) C .Z.
We say that .# is finer than .#(x).

2. A sequence (x,,) C E converges to x € E if, for every U € Z(x),
there exists n(U) such that for all m > n(U), we have z,, € U.
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Proposition A.10. A sequence (x,) C E converges to x € E if and only
if its associated filter converges to x.

In general, filters and sequences on a topological space E can converge
simultaneously to several different points (consider two filters with a
non-empty intersection on a space endowed with the trivial topology)!
To avoid this undesirable feature, we often require the topological spaces
we study to be separated or Hausdorff.

Definition A.11. A topological space E is separated (or Hausdorff) if
for every pair of distinct points z,y € FE, there exist U € % (x) and
V € Z(y) such that UNV = .

Proposition A.12. In a separated topological space, the following hold:

1. Filters and sequences converge to at most one point;

2. Singletons are closed.

Proposition A.13. 1. If V is closed, then y € V if and only if, for
every U € F (y), we have UNV # ().

2. Let E be a topological space. If A is dense in E, then A = E.

Definition A.14. Let F be a topological space and A C E. The sequential
closure sc(A) of A in E is defined as the set

sc(A) :={z € E : 3(a,,) C A converging to z}.

Because of our experience with metric spaces, we often equate the closure
of a set with its sequential closure. However, in general topological
spaces, limits do not necessarily capture the closure of a set. Topological
spaces in which sc(A) = A are called Fréchet-Urysohn spaces. A weaker
condition is to require that every sequentially closed! subset is closed.
Spaces satisfying this property are called sequential spaces. We will show
below that first-countable spaces are Fréchet-Urysohn.

Proposition A.15. Let E be a first-countable topological space and A C
E. Then, the sequential closure of A coincides with the closure of A:

A =sc(A).

! A subset A of a topological space is sequentially closed if, for any sequence (z,,) C

A converging to a point z, we have z € A.
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Proof. 1If z € A, then every neighbourhood of z intersects A non-trivially.
Let U = {U;} be a countable basis of .%(z). We can construct a sequence
(an) C A converging to z by picking each a; from AN U;.

Conversely, if there exists a sequence (a,) C A converging to a point
z € E, then for every U € .F(z), there exists n(U) such that for all
m > n(U), we have a,, € U. In other words, every neighbourhood of z
intersects A, and hence z € A. O

In particular, every metrizable space is Fréchet-Urysohn. Note that the
standard definition of a topological manifold requires second-countability,
and hence manifolds are another example of Fréchet-Urysohn spaces.

Definition A.16. Let A and B be two subsets of a topological space E.

1. Ais dense in B if for any x € A, every U € % (x) satisfies BNU #
0.

2. A is sequentially dense in B if for every x € B, there exists a
sequence in A that converges to x.

Note that a sequentially dense subset is always dense, but the reverse
only holds in sequential spaces.

Definition A.17. Let f: E — F be a function between topological spaces,
and let .# be a filter on E. The image f.# of the filter .# by the
function f is the unique filter on F' whose basis is {f(V) : V € Z#},
where f(V)={f(z) e F:x € V}.

Definition A.18. Let f: £ — F be a function between topological spaces.
We write b = limy,_,, f(x) if for every V' € % (b), there exists U € .% (a)
such that f(U) C V. We call b the limit of f(x) as x tends to a.

Definition A.19. Let E and F' be two topological spaces.

1. A function f: F — F is continuous at a point z if for every V €
Z(f(x)), the set f~1(V) = {z € E: f(x) € V} is an element of
Z(x). The function f is continuous on E if it is continuous at
every point of F.
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2. A function f: F — F is sequentially continuous if for every se-
quence (z,,) C E converging to x € E, the sequence (f(z,)) C F
converges to f(z) € F.

Proposition A.20. Let f: E — F be a function between topological
spaces. If f is continuous and the sequence (x,) C E converges to
x € E, then the sequence (f(xy)) C F converges to f(x) € F. In other
words, continuity implies sequential continuity.

Again, the reciprocal of Proposition A.20 only holds in sequential spaces
and, in particular, in first-countable spaces. However, we can still ex-
press the link between continuity and convergence in terms of filters.

Proposition A.21. A function f: E — F between topological spaces is
continuous if and only if for every filter % on E converging to x, the
filter fF converges to f(x).

A.2 Topological Vector Spaces

A topological vector space (TVS) is a vector space F equipped with a
topology compatible with its vector space structure, i.e., such that the

maps
ExE—E;, (ryyymaxz+y and CxE—E; (\z)— Az

are continuous with respect to the usual topology on C and the product
topologies. Morally, this implies that the topology is invariant under
translations and dilations.

Proposition A.22. Let E be a TVS. The filter of neighbourhoods % (x)
of a point x € E is given by the family of subsets V +x where V € .7 (0).

Thus, to study the topology of a TVS; it is sufficient to study the filter
Z(0). For example, the next proposition ([Tre67, Prop. 4.1]) allows
us to verify that a topological space is separated by considering what
happens near zero.

Proposition A.23. A TVS E is separated if and only if for every point
x #0 in E, there exists a neighbourhood U of 0 such that = ¢ U.
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Proposition A.24. Let E be a TVS. For every x € E, % (x) has a basis
composed of closed sets.

Proof. By Proposition A.22, it suffices to show the property for .7 (0).
Let U € #(0). The map s : (z,y) — = — y is continuous on E. Thus,
s~ 1(U) is a neighbourhood of (0,0) in E x E, which must contain a
square W x W where W is a neighbourhood of 0 in E. Therefore, W
is such that W — W C U. We will show that W c U. If x € W, then
every neighbourhood of x, and in particular x + W, intersects W. This
implies that there exist y,z € W such that x + y = 2, or equivalently
r=z—y €W —W, proving W C U and concluding the proof. O

In this work, we have encountered a particular type of topological vec-
tor space, known as locally convex topological vector spaces (LCTVS).
These spaces are termed ’locally convex’ because they admit sufficiently
many 'convex’ neighbourhoods of the origin. While they are typically
defined using this property, we have chosen to adopt the seminorms ap-
proach below, as this is how the topologies we dealt with in this work
naturally arise.

Definition A.25. A seminorm on a complex vector space E is a non-
negative function p: £ — R™ such that

1. for all v,w € E, p(v 4+ w) < p(v) + p(w);

2. for all A € C and for all v € E, p(Av) = |A|p(v).

Definition A.26. A locally convex topological vector space is a vector
space endowed with a family of seminorms and equipped with the coars-
est topology making all these seminorms continuous.

It is clear that such a topology gives E a TVS structure. Given a family
of seminorms {p, }acr on a vector space E, we can define the quasi-ball

B o={veE py(v)<rforalll<i<n}CE

[CSRTTI el

with » > 0, n € N, and {a1,...,a,} C I. These quasi-balls form a
basis of the neighbourhood filter .%(0) in the locally convex topology
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associated. Hence, a locally convex topological vector space is first-
countable if and only if its topology can be generated by a countable
family of seminorms. In general, LCTVS are not sequential.

The following proposition ([Tre67, Prop. 7.7]) is of practical importance
in verifying the continuity of linear maps between locally convex spaces.

Proposition A.27. Let V and W be two locally convex spaces. A linear
map f:V — W is continuous if and only if for every continuous semi-
norm q on W, there exists a continuous seminorm p on 'V such that, for

alx eV, q(f(x) < p(x).

A TVS structure enables the definition of the concepts of Cauchy se-
quences, Cauchy filters, and uniform continuity.

Definition A.28. A sequence (z,,) in a TVS F is a Cauchy sequence if for
every U € .#(0), there exists n(U) € N such that for all n,m > n(U),
Tm — Ty € U.

Definition A.29. A filter on a subset A of a TVS F is a Cauchy filter if
for every U € .%(0), there exists M € .# such that M — M C U.

Proposition A.30. 1. A filter associated with a Cauchy sequence is
called a Cauchy filter.

2. For every x € E, Z(z) is a Cauchy filter.
3. If F is a Cauchy filter and % C F', then F' is Cauchy.
4. BEvery convergent filter is Cauchy.

Definition A.31. 1. A subspace A of a TVS FE is complete if every
Cauchy filter on A converges to a point a € A.

2. A subspace A of a TVS F is sequentially complete if every Cauchy
sequence in A converges to a point a € A.

A space in which every Cauchy sequence converges is called sequentially
complete. It is clear, by Proposition A.10, that completeness implies
sequential completeness. Once again, the converse holds in sequential
spaces.
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Definition A.32. Let A be a subset of a topological space E. The topol-
ogy induced by E on A is given by the neighbourhood filters .% (z) N A,
x € A, having as a basis the collection of sets {UNA: U € .7 (z)}.

Definition A.33. Let F and F be two TVS and A a subset of E. A
function f : A — F' is uniformly continuous if for every neighbourhood
V of 0 in F, there exists a neighbourhood U of 0 in E such that for
every r1,xs € A,

r1—22 €U = f(z1) — f(x2) € V.

Proposition A.34. Let E and F be two TVS, and A a subspace of E.
FEvery continuous linear map f : A — F is uniformly continuous. In
particular, every continuous linear map from E to F is uniformly con-
tinuous.

Proof. By continuity, for every V € .#(0p), there exists U € #(0g)
such that U = f~%(V). Thus, for every x1,25 € A, if 21 — 29 € U,
then f(z1) — f(x2) € V. Since f is linear by assumption, it follows that
f(x1) — f(xe) € V. O

Proposition A.35. Let E and F be two TVS, f: AC E — F a uniformly
continuous function, and # a Cauchy filter on A. Then, the filter f.F
on F' is a Cauchy filter.

Proof. As a reminder, a basis of f.# is given by {f(M) C F: M € Z}.
By uniform continuity, for every V' € .Z#(0F), there exists U € .#(0g)
such that for all 21, x9 € A with 1 —x9 € U, we have f(x1)— f(z2) € V.
Since .# is Cauchy, there exists M € .% such that for all 21,z € M, we
have M —M C U. Therefore, f(M)—f(M) C V, and since f(M) € f.Z,
it follows that f.% is Cauchy. O

Remark A.36. The space S[-(R™) endowed with the I'-topology intro-
duced in the second chapter of this work is a locally convex topolog-
ical vector space whose topology is defined by an uncountable set of
seminorms. Since this space is a priori not sequential, we need to be
careful not to deduce too much from sequential properties. Especially
since most topological results in the existing literature are formulated
in terms of the Hérmander topology, which is in fact just a criterion for
the convergence of sequences.
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Continuous Extension Theorem

Let E and F be two TVS, A a dense subspace of £, and f : A — F
a uniformly continuous function. When F' is complete, it is natural to
hope that for reasonable topologies, the function f might be continuously
extended from A to E by

f(z) ifx € A,

?:E—)F; f(q/‘):{cllg%f(a) ifre E\A.

In this section, we demonstrate such a result in the case where F and
F' are Hausdorff topological vector spaces. The reader may note that a
more general formulation of the continuous extension theorem exists for
uniform spaces (see, for example, [Jam&87, Prop. 12.13]).

Proposition A.37. Let f and g be two continuous functions from a topo-
logical space X into a TVS E. The set A ={x € X : f(z) = g(x)} is
closed.

Proof. The function D : =z — f(z) — g(x) is continuous, and {0} is
closed in E. Consequently, since D is continuous, the set A = D~1({0})
is closed. O

Corollary A.38. Let f, g, X, and E be as in the previous proposition. If
f and g are equal on a dense subset of X, then they are equal at every
point of X.

Proof. This is an immediate consequence of the previous proposition.
Since the set A = {x € X : f(x) = g(z)} is dense and closed in X, we
have A = A= X. O

Theorem A.39. Let EE and F' be two TVS, A a dense subset of E, and
f A= F auniformly continuous function. If F' is complete, then there

exists a unique continuous function f : E — F such that f(z) = f(x)
forallz € A.

Proof. The uniqueness of f follows directly from Corollary A.38.

To prove its existence, let z € E. Since A is dense in FE, every neigh-
bourhood U € % (x) has a non-empty intersection with A. Thus, the
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collection {UN A : U € % (x)} forms a base for a filter on A, denoted
F (x)NA. Since .Z (x) converges and is therefore Cauchy on E, % (x)NA
is a Cauchy filter on A. By Proposition A.35, f(.%(z) N A) is a Cauchy
filter, and since F is a complete TVS, this filter converges to a unique
limit in F', denoted f(x).

If x € A, F(x) N A is the filter of neighbourhoods of x for the induced
topology, and hence it converges. By the continuity of f on A, the filter
f(Z(x) N A) converges to f(z), implying that f(z) = f(z).

Now, we show the continuity of the function f. Let x € E and V be
a closed neighbourhood of f(x). (By Proposition A.24, we can assume
that V is closed without loss of generality.) By the definition of f(z),
V e f(F(x) N A). Consequently, there exists U € .#(z) such that
UNAC 7_1(V). The goal is to show that UN A C T_I(V), and then
prove that U N A = U, which will demonstrate the continuity of f since
U is a neighbourhood of x.

Let y € U N A. For every U’ € .Z(y), the intersection U’ NU N A is non-
empty. Thus, these subsets form the base of a filter G on E, which is
obviously Cauchy as it is finer than .% (y)N A, and by uniform continuity,
f(G) is a Cauchy filter converging to f(y). Hence, every neighbourhood
of f(y) contains a set of the form f(U’' N U N A) and therefore also
contains points of f(U N A), which is a subset of the neighbourhood V/
of f(x). Thus, every neighbourhood of f(y) intersects V. Since V is
closed, this implies f(y) € V, and hence U N A C fﬁl(V).

Without loss of generality, we can assume that U is an open neighbour-
hood of x. It is clear that UNA C U. Toprove U CUNA, let y € U.
By the definition of closure, every open neighbourhood U’ of y inter-
sects U N A. Hence, every open neighbourhood of y has a non-trivial
intersection with U N A, which implies y € U N A. Therefore,

U=UnAdcFf (V).

This shows the continuity of f and completes the proof. O

Remark A.40. If A is a sequentially dense subset of E but F' is only
sequentially complete, then the theorem yields a unique sequentially

continuous map
f:E—F.
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B The orbit method

The orbit method is a procedure whose ambition is to associate to every
coadjoint orbit of a Lie group, a unitary representation of this Lie group.
The method was first introduced in 1962 by Kirillov for nilpotent Lie
groups [Kir62] but as since been extended to more general frameworks.
This appendix gives a short presentation of the method and presents in
an exhaustive fashion the case of the Heisenberg group for which it high-
lights a one-to-one correspondence between coadjoint orbits and unitary
representations of the group. We start with a review of some basic no-
tions of differential and symplectic geometry. Our main references for
this appendix are Kirillov’s lectures [Kir04] and the review presented in
[Jagl2]. We also recommend [Leel2| for a comprehensive presentation
of the necessary background in differential geometry and Lie theory, and
[CFM21] for the concepts in symplectic and Poisson geometry.

B.1 Preliminaries
Differential and symplectic geometry

We will call manifold a paracompact and Hausdorff smooth manifold.
Let G be a Lie group. We denote g its Lie algebra, g* the dual of g,
exp : g — G the exponential map and e € G its neutral element. If M
and N are two manifolds and f: M — N a smooth map, we also denote,
for a point z € M,

f*w T M — Tf(x)N

the differential of f at x. Any group G acts on itself by conjugation
C:GxG—G, Cud =gdg "

Differentiating C' yields an action of GG on its Lie algebra g called the ad-
joint action. Then, one defines the coadjoint action of G on g* by duality.
These actions yields representations of the Lie group G, respectively on
the vector spaces g and g*.
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Definition B.1. 1. The adjoint representation of G is defined by
Ad:Gxg—yg

d
(9, X) = AdyX =Cy, X = T

g exp(tX)g_l.
0

2. The coadjoint representation of G is defined by
Ad:Gxg =g
(9:6) = Ady € == [ > R : X > (§,Ady1 X))
Definition B.2. Let M be a manifold on which G acts smoothly
GXMC;”)M; (g,2) — g - x.

1. The fundamental vector field of the action 7 associated to an ele-
ment X € g is the vector field X* on M defined by

d
X = T Oexp(tX) - T

2. If the action of G is transitive, we say that M is a G-homogeneous
space.

3. Let N be another manifold on which G acts smoothly. A map
F: M — N is called G-equivariant if for each g € G and z € M,

F(g-z) =g F(x).
Definition B.3. Let M be a manifold and G a Lie group. A principal
G-bundle over M is a pair (P,7) where P is a manifold endowed with
a free action of G and m : P — M a smooth surjective map called the
projection, satisfying the following conditions:

1. Forallz € M and p € 7 !(x), 77 1(z) = {p-g: g € G}. The set
771 (x) is called the fiber of P above .

2. For all x € M, there exists a neighbourhood U C M of x and a
diffeomorphism

¢: U x G — n 1 (U)
such that for all (y,9) € U x G,

(mod)(y,g) =y and  é(y,99") = d(y.9) - 4.

The diffeomorphism ¢ is called a local trivialisation of P.
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The following two theorems (|Leel2, Thm. 21.17 and Thm. 21.18]) char-
acterise homogeneous spaces as quotients of Lie groups by a closed sub-

group.

Theorem B.4. Let G be a Lie group and K a closed subgroup of G. The
left coset space G/H admits a unique structure of smooth manifold such

that the quotient map
7 G— G/H

is a smooth submersion. The left action of G on G/H
g1 (g2H) = (9192H)

gives to G/H the structure of a G-homogeneous space. In other words,
m: G — G/H defined a principal H-bundle over G/H.

Theorem B.5. Let G be a Lie group, M a G-homogeneous space, and let
x be any point in M. The stabiliser K = stab(x) of © under the action
of G is a closed subgroup of G and the map F: G/K — M defined by

F(gK) =142
is an equivariant diffeomorphism.

Definition B.6. 1. A symplectic manifold is a pair (M,w) where M
is a manifold and w a closed and non-degenerate 2-form called the
symplectic form.

2. A symplectomorphism between two manifolds (M, w;) and (Ms, ws)
is a diffeomorphism

F: M1 —)MQ s.t. F*(JJQ = W1.

Let (M,w) be a symplectic manifold. Since w is non-degenerate, there
is, for all x € M, a natural isomorphism T, M ~ T7M defined by the
symplectic form:

v ET,M s’ €T M,
(W, w) == wy(v,w), w € Ty M.
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This isomorphism extends to the space of smooth sections of T'M and
T*M (i.e., between vector fields and one-forms), respectively denoted
I'>°(TM) and Q(M):

X eI™®(TM) — X’ =w(X,) € QM)

Reciprocally, to a one-form £ € Q(M), one associates a unique vector
field £ defined as the unique vector fields such that w(&F,Y) = £(Y) for
all Y € I'>°(M). This is known as the musical isomorphism. Note that
the musical signification of b and f matches the physical conventions
for indices. Indeed, in physics going from vector field to one-form is
represented by a lowering of coordinate indices X* — X; and the passage
from one-form to vector fields by a raise of coordinate indices X; — X°.
In musical theory, a b lowers a note by half a tone and a f raises it by
half a tone.

Definition B.7. A Poisson algebra is an algebra A equipped with a Lie
structure [, -] such that

[AB,C] = A[B,C]+ [A,C]B, forall A,B,C € A.
Definition B.8. A Poisson structure on a manifold M is a map
{}: OF(M) x CF(M) — C=(M)
such that (C*°(M),{-,-}) is a Poisson algebra. A manifold endowed with
a Poisson structure is a Poisson manifold.

Proposition B.9. A symplectic manifold (M,w) is automatically endowed
with a Poisson structure given by

{f)g} = W(Xfa Xg) ) fOT’ all f:g € COO(M)
Example B.10 (Cotangent bundles). The cotangent bundle of any man-
ifold M is canonically endowed with a symplectic structure. Consider
the projection
m:T"M — M
and the one-form 6 € Q(T*M) defined by
Op: Tp(T*M) - R, v (z,7m, (v)).

The canonical one-form @ is called the Liouville’s one-form. The exterior
derivative of  yields a 2-form w = df € Q?(T*M) which happens to be
symplectic (see for example [Mei98] for details).
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Example B.11. [Coadjoint orbits] If G is a Lie group we can define the
coadjoint orbit of a point & € g*, with regards to Definition B.1, as the
set

Og = Adiy(60) = {¢ € ¢" : 3g € G sit. Ad)(&) = €}

By Theorem B.5, as a G-homogeneous space, O¢, = G /K where
K := stabg,(Ad") = {k € G Ad}(¢) = &}

It is equipped with the canonical symplectic form defined for all z,y € g
and £ € Og, by
we(Xe, Ye) = —(& [z, 9])

where X* denotes the fundamental vector field on O, for the coadjoint
action

* d b

This form is known as the Kirillov-Kostant-Souriau (KKS) symplectic
form.

B.2 Condensed overview of the method

Induced representation Let G be a Lie group, B a closed subgroup of
G and (p, V) a representation of B on a finite dimensional vector space
V. Since B is closed, Theorem B.4 ensures that G/B is endowed with a
manifold structure such that the projection

m:G—G/B, g~ gB

defines a B-principal bundle structure over G/B. Let E, .= G x,V be
the associated vector bundle through the representation (p, V'), i.e. the
set

E,={[(g,v)]: g€ GveV}
of equivalence classes [(G, V)] defined by the B action,
(g, v)] = {(gb,p~"(b)v) : b € BY,
with the vector bundle structure defined by the projection

p: E, —» G/B, [(g9,v)] = 7(g).
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Note that smooth sections of E, are in one-to-one correspondence with
B-equivariant smooth functions:

P (B,) = C=(G, V)P = {¢ € C¥(G,V) s ¢(gh) = p(b) "(9)}
Definition B.12. The left action of G on C*®°(G,V)? | given by

A:Gx C®(G, V) = =G, V)P

B.1
(9:) = Aof = |9 = Flg7'9)] ()

defines a representation of G on C*°(G,V)®. This representation is
sometimes called the induced representation from B to G.

Suppose that V' is endowed with an inner product (-,-)y and that
p is a unitary representation of B on V for this inner product, i.e.
(p(b)v, p(b)w)y, = (v,w),,, for all b € B and v,w € V. Suppose more-
over that there exists a G-invariant volume form dy on N = G/B
(a condition for the existence of such a measure is given in [BG15,
Lem. 6.17]). Then the space C°(G, V)P of smooth compactly sup-
ported B-equivariant functions on G inherits a prehilbertian structure

defined by
(e0) = [ (ol b))y dy.

This inner product is invariant under the action of G given by (B.1). If
we denote H the Hilbert space defined as the completion of C>°(G,V)E
for (-,-), (B.1) induced a unitary representation of G on H denoted
Ind%(p) and called the unitary induced representation from B to G.

Kirillov correspondence Kirillov’s idea has been to look at all the rep-
resentations induced by the stabilisers of coadjoint orbits of a Lie group
G and compare them to the unitary dual® G of G. Let O¢, be the coad-
joint orbit of a point & € g*, K the stabiliser of £ under the coadjoint

2The set of unitary equivalence classes of irreducible unitary representations of G.
It admits a topological structure. For details see [Kir04]
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action and ¢ the Lie algebra of K. Note that

d
= {X cg | dt‘OAdzxp(tx)go = 0}
d
= {X €g| dt’ <AdZXp(tX)£07Y> =0, forall Y € g}
0

d
= {X cg | <f(), dt)oAdeXp(_tX)Y> =0, forall Y € g}
={X eg| (=, y]) =0, forall Y € g}.

Since O, is a symplectic manifold (see Example B.11), it has even di-
mension and so has g/¢.

Definition B.13. A real polarisation associated to &g is a sub-Lie algebra
b of g such that

1. b is stable under Adg ;
2. for all z,y € b, (&, [z,y]) =0;

3. dimg/b=1dimg/t.

A polarisation b associated to &y yields a Lie algebra homomorphism
EOZb%Rv X'_><§07X>

Suppose that the associated Lie subgroup B := exp(b) is closed and
write log(b) the unique element of g such that exp(log(b)) = b. Moreover,
suppose that &y extends to a group homomorphism between B and the
unitary group U(1),

Xéo B — U(l) , X(b) — €i<§07 10g(b)>.
satisfying x., = . The corresponding representation
Xéo BxC—C, (b7 z) N 6i<£0’ log(b))z

is unitary. Under the same conditions that in the previous paragraph,
one can construct the unitary induced representation from B to G,

Indg (Xﬁo)‘
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Definition B.14. Let O(G) denote the set of all coadjoint orbits of G
and G its unitary dual. The mapping
o(G) = @v Og Indg(Xfo)

is called the Kirillov correspondence.

Note that all the suppositions made throughout this presentation hold
for connected, simply connected nilpotent Lie groups. For other classes
of groups, special attention has to be paid to each of these assump-
tions (see [Kir04] for a complete overview). The following theorem is a
refinements of the result presented in [Kir62] due to Brown [Bro73].

Theorem B.15. For any connected, simply connected nilpotent Lie group
the Kirillov correspondence is a homeomorphism between the unitary
dual of the group and the orbit space with its quotient topology.

B.3 The Heisenberg group

In this section, we apply the orbit method to the Heisenberg group. Let
(V,w) be a symplectic vector space of dimension 2n and Z a direction
in V. We consider the associated Heisenberg algebra b, = V & RZ
with the Lie bracket given by [v,v'] = w(v,v')Z, the element Z being
central. The corresponding simply connected Lie group H,, is a copy of
b, equipped with the action

(v, ) - (V', 1) = (v +o' u+ '+ ;w(v,v’)> .
We introduce the musical isomorphism induced by w
"V s VE Pe() = w(v, )
which extends to the isomorphism

ih b, (o, )V 1) = w(v, o)+ .

Coadjoint orbits One computes

Adyy iy Clv, ) = (v — ', ).

Hence, the coadjoint orbits of H,, are of two types: if u = 0 they are
reduced to a single point and we denote them O,, if u # 0 they are
copies of V' indexed by the value of ;1 and we denote them O,,.
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Induced representations In the spirit of the orbit method, we construct
the irreducible unitary representation of H,, associated to each of its
coadjoint orbit. For a non-trivial orbit O, let § := WZ e Oyandp CV
be a maximal Lagrangian subspace which defines a real polarisation
b=p@dRZ. We denote B := exp(b) the associated subgroup. Because
p is Lagrangian in V', the KKS form

w§0($, y) = <£07 [x7y]>

vanishes on [b,b]. Hence, &y: b — C is an homomorphism of Lie algebras
inducing the representation of B defined by the multiplicative character

x: B—=C, x(b)— {60, log (b))

We define q¢ C V as the Lagrangian subset satisfying p ®q = V. We
denote @ := exp(q) the abelian subgroup associated. Hence Q = H,,/B
and H,, admits a structure of B-principal bundle over H,, /B with the
projection

mH, =@, ((¢+p)n)—aq

The vector bundle associated to this principal bundle through the rep-
resentation y is denoted

E, =G x, C.
One has the linear isomorphisms
I%(By) = C%(G,C)F ~ C*(Q).
through which, the H,-action (B.1) on C*°(Q) reads
U, (gb)u(qo) = e~ Ete(a=a0,P))y gy — q).

The latter induces a unitary representation of H, on L?(Q) which is
precisely Ind%(y). The trivial point-orbits yields 1-dimensional repre-
sentations given by

Pv(v/, ,u/) — 6i<bv’ (CTS)) _ eiw(v,v’).
By Theorem B.15, the Kirillov correspondence
OH = U,u € H,
O'U ’_> py E Hn

is an homeomorphism between the space of coadjoint orbits O(H,,) and
the unitary dual H,, of H,,.



List of recurring notations and
symbols

Roman letters

afN Kohn-Nirenberg operator associated with the symbol a,
39

av Weyl operator associated with the symbol a, 39

B Symplectic transformation associated to the twist 2,
81

Ba Symplectic transformation associated to the operator €2 4,
33

char(a) the set of characteristic points of a symbol a, 47

D; short for —i0/0x; # 0; = 0/0x;, 28

diag the diagonal map = — (z,z), 69

ell(a) the set of elliptic points of a symbol a, 47

H,,, b, the n-dimensional Heisenberg group and its Lie algebra,
56

H Hilbert space, 3

F(fHy=1f Fourier transform of f, 28
Z(H) space of linear operators on a Hilbert space H, 4

Qr interpolation family of quantizations, 39

121



122

WF’
Greek letters

0, day

Qa

Short-Time Fourier Transform (STFT) with window func-
tion v, 53

locally convex topology on Sf, 72

the unit sphere in R", 47

the space of unitary operators on a Hilbert space H, 57
the smooth wave front set, 47

the smooth wave front set in terms of representations of
H,, 59

The smooth wave front set in terms of the STFT, 54

the delta distribution at 0 and at a point zg, 24

the Laplacian operator, A, = 0?/9z% + --- + 0%/0x2,
36

time-frequency shift, IT(x, §)p(y) == McToo(y), 27
symplectic form, 114

Twist associated with the twisted convolution product
*9, 33

Unitary operator associated to the symmetric matrix A,
83

Functions and distributions spaces

BN(G, E)

B>*(G, E)

C>(M)

C(R™)

smooth functions on a Lie group G valued in a locally
convex topological vector space E that are polynomially
bounded along with all their derivatives, 15

the union of all the BY (G, E) spaces, 15

smooth functions on a manifold M, algebra of observ-
ables, 3

the space of smooth compactly supported functions, 23
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C>(G,V)B  B-equivariant smooth functions on G valued in V, 117

D(R™) the space of smooth compactly supported functions, 23

D'(R™) the space of continuous linear functionals on D(R"), 23

G;”(R") the space of Shubin symbols of order m and type p, 36

G™(u) the set of Shubin symbols of order m regularizing u, 46

G(u) the set of Shubin symbols of any order regularizing u,
46

G" the set of symbols regularizing every distribution in Sf,
72

L?(R") the space of square-integrable functions, 5

O(R™) polynomially bounded smooth functions with polynomi-

ally bounded derivatives, 26

S(R™) the Schwartz space, 22
S'(R™) the space of tempered distributions, 23
SH(R™) tempered distribution with WF C T, 65

Other Symbols

*0 the twisted convolution product, 17

*A Product associated with the unitary operator 24, 85

0; short for 0/0x;, the partial derivative in the i*" coordi-
nate, 22

0« ooy .- 09, for a € N 22

(-,-) pairing of a distribution with a test function, 24

(-] commutator or Lie bracket, 4

(-,) usual inner product on L? or on a finite dimensional vec-
tor space depending on the context, 24
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|}, (-], (-] )  the Dirac bracket notation, compatible with the inner
product on the state space L?(Q), 58

{,} Poisson bracket, 2
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