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Abstract

A crucial issue in a dynamic framework, is how risk valuations at different times are interre-
lated. In this regard, the notion of time consistency was widely introduced and discussed in the
literature. A time-consistent dynamic valuation is a pricing method according to which a prod-
uct that will be, in almost all states of nature, cheaper than another one at a future date should
already be cheaper today. This paper aims to construct a time-consistent, dynamic version of the
Three-step method introduced in [Deelstra et al., 2020] for hybrid life Pure Endowment products,
employing a backward iteration scheme. The backward scheme is illustrated in a dual-iteration
approach using a Pure Endowment product without profit sharing. Furthermore, we explore
the continuous-time limit of the backward scheme, incorporating profit-sharing into the Pure
Endowment to investigate a hybrid life payoff. Our analysis demonstrates that the presence of
the diversifiable component undermines the time-consistency of the dynamic Three-step method.
Consequently, the time-consistent price of the actuarial part shows a notable increase. To address
this, and in accordance with [Devolder and Lebégue, 2016], we present a reduced time-consistent
variant by decreasing the safety loads in each iterative step of the backward scheme.

Keywords:
Premium principles, time-consistent, fair dynamic valuation, backward iteration scheme, hy-
brid life payoff.



1 Introduction

Valuation methods serve as quantitative instruments for assessing the liabilities of an insurance
company and must adhere to regulatory frameworks. In particular, the Solvency 2 regulation re-
quires that fairness be preserved in both the financial and actuarial markets. This entails ensuring
adherence to the market-consistent property and the actuarial-consistent property. In a complete
financial market without arbitrage opportunities, the market-consistent property guarantees the
valuation of purely financial payoffs by employing the risk-neutral measure. Market-consistent
valuations have been largely studied and we refer to [Malamud et al., 2008 for an overview.
In continuation of this theoretical concept, [Pelsser and Stadje, 2014] has proposed a valuation
technique referred to as the two-step method. This method systematically converts individual
conditional valuations into market-consistent valuations, thereby enabling the generation of a
diverse set of market-consistent valuations. Moreover, it was shown in [Dhaene et al., 2017] that
market consistent valuations can be characterised by the hedge-based valuations, which under
the assumption of market completeness corresponds with the two-step valuations.

Nonetheless, there has been recent critique in the literature regarding market-consistency in
the evaluation of long-term insurance liabilities, as discussed, for example, by [Le Courtois et al., 2020].
Based on pooling and diversification arguments, the actuarial-consistent property asserts that
applying insurance premium principles is essential in the valuation of purely actuarial products;
see also [Barigou et al., 2023].

The life insurance industry is increasingly directing its attention towards hybrid products dis-
tinguished by the presence of both hedgeable financial risks and non-hedgeable actuarial risks. An
illustrative category of hybrid products includes participating life insurance contracts, wherein
the insurer initially extends a return guarantee and subsequently offers the policyholder a share
in the event that the realized return surpasses the guaranteed return. The profit-sharing compo-
nent may be earmarked for maturity or scheduled periodically, as illustrated in [Bacinello, 2001].
Additionally, the apportionment of profits could be contingent upon financial risk, actuarial risk,
or a combination of both, as elaborated in [Devolder and Azizieh, 2013|. The literature exten-
sively covers fair valuation operators designed for the assessment of hybrid payoffs. While brief
mention of works such as [Chen et al., 2020] and [Chen et al., 2021] is by no means exhaustive,
our study is particularly focused on exploring the Three-step method elucidated within a static
framework in [Deelstra et al., 2020].

A crucial issue in the dynamic framework, is how risk valuations at different times are in-
terrelated. This inquiry prompts the exploration of the time-consistent property. In essence,
this property asserts that if, it is anticipated that a certain product will be less expensive than
another at a subsequent date, in almost all states of nature, this discernment should, hold true
in the current time-frame, as discussed in [Accialo and Penner, 2011] in the context of random
variables representing purely financial positions. The main contribution of this paper is twofold.
First, we extend the fair Three-step valuation of [Deelstra et al., 2020] to a dynamic context,
thereby providing updated fair values aligned with the available information. In common with
the majority of non-linear valuation operators, the dynamic Three-step method is not time-
consistent. By adapting the iterative version of time-consistency outlined in [Bion-Nadal, 2009]
for hybrid life pure endowment products, against the backdrop of our target dynamic valuation,
namely the Three-step method, we progressively derive a succession of time-consistent values,
evolving from the initially non time-consistent version. Secondly, to alleviate the risk premium of
time-consistency, we adopt the approach proposed by [Devolder and Lebégue, 2016], proven to
reduce the time-consistent Solvency Capital Requirement (SCR). The approach involves reducing
the safety loads employed in the backward scheme.



The remainder of the paper is organized as follows. In section 2, we present the main as-
sumptions used throughout the paper, and an exposition of the Three-step method within in
a dynamic framework. Section 3 introduces the definition of the time-consistent property for
financial products, establishing its association with a backward iteration scheme. Furthermore,
by centering on the Three-step method dynamic, we broaden the scope of the latter backward
procedure to encompass hybrid life Pure Endowment products. Using two iterations, the back-
ward procedure is applied to the Three-step method in the context of a Pure Endowment product
without profit sharing. In a continuous-time limit framework, section 4 is dedicated to deriving
the partial differential equation (PDE) for the Three-step method time-consistent dynamic. By
studying a hybrid life product, namely the Pure Endowment with terminal bonus, we present a
numerical resolution of the PDE. Section 5 concludes the paper.

2 Extending the Three-step method to a dynamic frame-
work

2.1 Assumptions

We consider an arbitrage-free and complete financial market. Moreover, we assume that there
are risks that are not traded on the financial market, which we label as ’actuarial’ risks. These
risks are assumed to be independent from the financial market. Such strong assumptions
have already been imposed in some papers in the literature, such as [Deelstra et al., 2020] and
[Belhouari et al., 2024]. The set of trading dates is [0, T], where T is the maturity. We consider
a portfolio of n insured individuals, all of age x at time 0; their remaining lifetimes are denoted
by (1, 72,...,7) and and these remaining lifetimes are assumed to be identical in distribution.
We denote by N; the number of survivors up to time ¢, formulated as Ny = Z?Zl 1;;>¢. Further-
more, we assume that for each ¢t € [0, T, (7;)1<i<n, ~ T1. Assuming that actuarial and financial
risks are independent, we consider the following probability space

(Q* x Qf, Fev FfPe x PY).

02, Qf denote the actuarial and financial space, respectively. Therefore, the product space
0% x QF reflects all the possible financial and mortality events. P®, P/ denote the real world
actuarial and financial probability, respectively. Referring for instance to [Artzner et al., 2020],
we introduce the risk-neutral financial probability Qf. F7 is the financial filtration while F¢ is
the actuarial filtration composed of the filtration (&;); generated by systematic mortality risk
factors and the filtration VI ;% encompassing information on unsystematic mortality risk. At
any given time ¢ < T, for each individual 1 < i < n, we define I = o(1,,<, : u < t). Thus, it

follows that 7 = & V (V;$"). Notably, we define F 2 Fev F/. Furthermore, we will assume
that the lifetimes of the surviving insured at each instant ¢ display conditional independence,
given the systematic mortality risk information at maturity. EI

For the actuarial instruments, stochastic mortality rates (A\;)o<i<7, adapted to the filtration
S will be used. Thus, the probability of an individual at time ¢ < w to survive until maturity
uw<Tis[

A aupf . (u
u—tDa+t :EIF]’__tX]P’ [6 J; )\Sds]. (1)

In a more precise mathematical formulation, this means that for any t € [0,T], P*(11 > t, 72 > t, ey TNy >
N,
&) = [[;.2; P(i > t|S1).
2At time ¢, we denote the conditional expectation E[.|7;] and the conditional variance V[.|F7] as E£,[.] and
V£, [.], respectively; these are only almost surely unique.



In addition to the actuarial risk, we include the financial risk. In the realm of financial instru-
ments, our focus will be on a sole stochastic investment fund denoted as (S;)o<i<r, coupled
with stochastic interest rates captured by (rt)ogthﬂ The determination of the value for a zero-
coupon bond with maturity v < T at a time ¢ < u can be accomplished through the following
equation

P(t,u) £ By e [1reb) (2)

2.2 Axiomatization
The examination of axioms will take place using a general class of hybrid product described by

the following general set of random variables (rv.s)

vt € [0,T), H: = {H, rv/F, — mesurable & payable at t} . (3)

Furthermore, we introduce two more refined subsets, building exclusively knowing the financial
filtration or the actuarial filtration. The precise definitions of these subsets are outlined below

vt € [0,T7, e {h7 rv/]:tf — mesurable & payable at t} . (4)

vt € [0,T), H} 2 {gt rv/F} — mesurable & payable at t} . (5)
According to [Barigou et al., 2019], we follow some axioms that a valuation operator must verify
in the following; see also [Belhouari et al., 2024].
Definition 1 (t“-Valuation operator). E|

Lett € [0,T], u € [0,T] such ast < u. Let w* : H, — Hy, a function which represents the value
at time t of the hybrid payoff H, € H,.

We say that 7" is a t“-valuation operator if it verifies the following axioms

-Normalization 7}(0) = 0.

-Translation invariance Yx;, F, — mesurable and payable at the instant u, VH, € H,

7 (Hy + 24) = 71 (Hy) + P(t,u)xy.

Definition 2 (Dynamic valuation).

The sequence (}")o<t<u<t, Where each " is a t“-valuation operator, is referred to as a dynamic
valuation.

In a complete and arbitrage-free financial market, discounted purely financial payoffs ex-

hibit martingale behavior under the risk-neutral measure Qf. This naturally guides us toward

formulating the following t“-financial valuation operator ;" f

u, f (T A xQF r— [ r.dsTr
7Tt7f(Hu‘ft):E]};-}XQ [e Jitred uls (6)

with H, € Hy, and 0 <t < u < T.

Definition 3 (Market-consistent property).

3The interest rate process (rt)o<¢<T is a financial risk correlated with the stochastic investment fund
(St)o<i<r-

4To avoid heavy notation, we will use 7y [Hr] to represent the tT-valuation operator, indicating the value at
time ¢ of the hybrid payoff Hy € Hp.




Let 0 <t < u < T. A t“-valuation operator w' is market-consistent with respect to the t*-
financial operator Wf’f defined in @ if and only if

Vhe € Hi VH, € Hy : 7 (Hy + ho|Fr) = 75 (Hy | F) + 77 (B | Fo).

On the actuarial front, we assume that establishing actuarial consistency will draw upon two
actuarial principles, namely, the standard deviation premium principle and the variance premium
principle. Given the stochastic nature of interest rates in our study, we will adopt the framework
proposed by [Belhouari et al., 2024], albeit with minor modifications.

The standard deviation premium principle is
S H | ] = B o J e ds ] + % VO H,] x Vu—t x P(t,u), (7)

for0<t<u<T, H, €H,, and a; > 0 is the portion of the load used at time t.

The standard deviation term is multiplied by the factor \/u — ¢; this small change is necessary
to solve the dimensionality problem that arise from the different time-scales produced by the
expectation and the standard deviation, see [Pelsser and Ghalehjooghi, 2016].

The variance premium principle is

mV (ol ) = B e ] 4 S VP H] x Pt ), (8)

for0<t<u<T, H, €H,, and a; > 0 indicates the portion of the load used at time ¢.
Expressed in monetary units, the expectation differs from the variance. Hence, the parameter
% necessitates multiplication by %ﬂ to address the issue.
Definition 4 (Actuarial-consistent property).
Let 0 <t < u < T. A t“-valuation opemtﬂwf is actuarial-consistent with respect to the
t“-actuarial operator ;" if and only if Vg, € HE,

™ (GulFr) = 7 (Gul Fr),

with "% is given by or (8).

Definition 5 (t7-Fair valuation).

Let 0 <t <u<T. A t“fair valuation is a t*-valuation operator that is both market-consistent
and actuarial-consistent.

Definition 6 (Market-consistent dynamic valuation).

A market-consistent dynamic valuation is a dynamic valuation (7f)o<t<u<r, Where for each
0<t<u<T, 7w} is at*-market-consistent valuation operator.

Definition 7 (Actuarial-consistent dynamic valuation).

An actuarial-consistent dynamic valuation is a dynamic valuation (7§ )o<i<u<T, Where for each
0<t<u<T, 7} is an t“-actuarial-consistent valuation operator.

Definition 8 (Fair dynamic valuation).

A fair dynamic valuation is a dynamic valuation (7} )o<i<u<r, where for each 0 <t <u < T,
m is a t-fair valuation.

5k € Rsq is a quantitative benchmark denoted in the currency monetary unit.



2.3 Three-step decomposition in a dynamic setting

Within the scope of our study, we investigate the Three-step method introduced in [Deelstra et al., 2020].
To this end, we extend the natural dynamic approach of the three-step decomposition. We con-
sider the aggregate hybrid payoff for the insured entities, outlined as

Ny

tH'lCL = h(Su)Zg(Tj)v (9)

Jj=1

where 0 <t <u < T, g:]0,00[— [0,00[ and h :]0, 00[— [0, 0] are two F?-measurable functions
and F;-measurable, respectively.
We decompose tHy s N,>0, With respect to the full spectrum of information, as follows

Nt
HC
tHy, = tNu x1n,50 = «Hy+ Ho + HJ, (10)
t
where N ,
t P x P
A Cpexp! > i Br7 [g(75)]h(Sy)
Hy, = Em}_t\x,i:f[ H,) == N, X 1N, >0- (11)
Ny P xPf
A o ypf > i21(9(75) — Ex Je, [9(75))A(Su)
S S H, —EDNC L[] = N, x1ns0. (12)
A a f a f
H S EL TG vy [ =L ST e H
1 4L P xPf P xPf (13)
= 7, 2 (B3l —ER " [o(r)])h(S.) 1vi0.
j=1
< [g(ry)]
The term ET X 1x,>0 exhibits Fy-measurability, then ;H! is a financial claim; conse-

quently ;' "/ serves as the suitable operator for its assessment. The component is diversifiable
since this assertion hold

Ny
]. a f
2 _ N\ _ RPYxP .
e =N j}_lj(gm) E% el h(Sa) L,

oy B [ (g(m) — B SEL l(r)Dh(S) | LV E.] =0 as

Hence, we assess it by applying actuarial premium principles. Furthermore, both the standard
deviation premium principle @ and the variance principle (8)) conform to pooling arguments in
relation to ¢ H2. Indeed, they approach a zero value in an asymptotic sense®| Concerning the final
part 32, it represents the systematic risk which is unaffected to both hedging and diversification.

a f u
61t is postulated that for each 0 < ¢t < u < T, for all j = 1,...,N¢, the quantities El};tXQ le” Ji T4 (8y)g(T5)],

amf u a f u a . pf u
]E]i- X e I rsdsh(S,)g(T5)], V]jP;_-tXQ le” It 548 k(S )g(r;)] and VEP;_thP’ le” Ji 7548 k(S )g(7;)] are finite.
Inherently, the subscript t appended to +H ] tHi and tH;D; also determines the evaluation instance.

ur
VvV —
Y (H2 ™| Fe)

~ — 0, the variance principle cannot be diversified and differs from

+—+00

8In this formulation

our valuation methodology, i.e. Wf’v(th]:t) — 0.
Ni¢—+o0



To compute its valuation, we propose an Esscher transform following [Deelstra et al., 2020],
detailed as follows A zaxgf
un [ ITr X — (¥ r._ds TT
T (Ha|F) S R e Jimds x 1, (14)

H,cH,, 0<t<u<Tand

u 1
dZg| A oJi 0t nads
” T pawprr [upMy 4.0 (15)
dP | F, IE]P]} xP [e): 9t7uksdé]
t

The explicit formula for 0&2 depends on the specified dynamics of stochastic mortality rates and

will therefore be provided later; see Subsection 3.2 for further details on this point.
Definition 9 (The dynamic Three-step method ).
Let 0 <t <u <T. The dynamic Three-step method is defined by

A 4
P (HulFe) = md GHYF) + m (H2|Fe) + m" ((HE F),

where 77 is given by (), " is given by or and 7" is given by (14).

It is easy to check that the dynamic Three-step method is fair according to our axiomatization.

3 Time-consistent dynamic valuations

3.1 Time consistency properties for financial products

Once a dynamic valuation is defined, the inquiry naturally extends to the temporal behavior
of valuations across distinct time instances. The challenge lies in maintaining the hierarchical
sequence of prices for products evaluated through dynamic valuation, thereby mitigating the
emergence of arbitrage opportunities. We will first establish a mathematical formulation of this
fundamental property for purely financial products, then broaden the scope to encompass hybrid
life Pure Endowment products, with a particular focus on the dynamic Three-step method.
Based on [Acciaio and Penner, 2011], we state the following definition of time-consistency.

Definition 10 (Time-consistent property for financial products).
A dynamic valuation (7})o<i<u<t 1S time-consistent if and only if, VO < t < w,v < T,V 0 <

sSu—t,O<s§v—tELVh7uEH5,gﬁe7-T£,

mislha] < 7 [g0] = i ha] < 7 [70). (16)

For instance, the mathematical expectation is a time-consistent dynamic because of the tower
rule property. Notably, (' o Jo<t<u<T i time-consistent. Alternatively, an iteratively backward
scheme, closely associated to time-consistency, is frequently used in the litterature.

Definition 11 (Iterated property for financial products).
A dynamic valuation (73 )o<i<u<t 1S iterated if and only if, VO <t <u < T, V0 < s < u—t,
Vha € H1,

m s bl = 7 (Rl (17)

9The exclusive occurrence of either s = u —t or s = v — t is permissible, prohibiting their simultaneous
fulfillment.




Remark 1.

FEach time-consistent dynamic valuation satisfies the equation . Moreover, under the mono-
tom‘citﬂ hypothesis, Definitions and are equivalent, see details in the Appendiz.

Through Definition we can progressively devise a forward-looking procedure in a discrete
configuration, enabling when it is not the case initially, the establishment of time-consistency for
dynamic valuations that exhibit monotonicity.

Corollary 1.

Let At* € ]0,T[. Let (7}")o<t<u<t be a dynamic valuation that adheres to monotonicity but
not necessarily time-consisteny, then the resulting sequence (ﬁt)nlﬂ constructed according to the
outlined procedure satisfies time-consistency.

1) First step.

Tr_aes[hr] = Tr_ae[hr].

2) Second step. For s = At*, 2At*, 3At*, ... and while § 254 A <T

Fr_slhr] = mp_8[Fr—s[hr]],

where hy € 'Higw

Several dynamic valuation operators simultaneously lack monotonicity and time consistency.
Consequently, the application of the procedure explicated in[corollary 1]is not universal. Nonethe-
less, counter examples arise more frequently in extreme contexts, offering limited practical value.
Therefore, we will use [corollary 1| as a tool to consider time-consistent valuations. Moreover,
it is pertinent to acknowledge that some contributions in the literature regard the formula-
tion of time-consistency presented in definition [TI] as the primary definition; see for instance
[Bion-Nadal, 2009].

3.2 The Three-step method time-consistent dynamic for hybrid life
Pure Endowment products

We investigate a hybrid life insurance product, where the longevity risk corresponds to what is
commonly referred to in the literature as a Pure Endowment product. The benefit consists of
generating a payment only in case of survival of the insured at a fixed maturity. No payout is
made in the event of premature death. For the financial payoff, we consider a broad framework
involving any measurable function A of the financial investment fund. In terms of quantitative
standpoint, the collective payoff for a maturity v < T is

JHE = (ﬁflm) X h(S.)- (18)

10A dynamic valuation (73" )o<t<u< satisfies the condition of monotonicity if VO <t <u < T,V he, Ju € Hi,

hu < gu = ' [ha] < ¢ [gul.

" The newly generated time-consistent dynamic (7%): is, by construction, assumed to be a sequence of t7-
valuation operators.



The distinctiveness of the Three-step decomposition described in , , and lies in its
use of a homogeneous payoff, which depends on the number of survivors. Under mortality risk,
the number of survivors decreases over time from the initial instant to maturity. This necessi-
tates ensuring price equilibrium across different time points, taking into account the number of
survivors at each point in time. When dealing with hybrid life products, this adjustment should
be integrated into the iterative time consistency property specified in definition

Definition 12 (Time-consistency for hybrid life Pure Endowment products).

Consider the collective payoff given by (18)). Let (H., tH2, and (H? be its three-step decompo-
sition, as defined respectively in , (11), and . Then, the dynamic Three-step method is
time-consistent if and only if the equation below holds

w0 e (e B 4 oo HE) 4w oo HE )] = o L)+ ) HE) 4 " ),
(19)
forall0<t<u<T,0<s<u-—t.

We cannot proceed by applying the iterative time-consistency formula to each three-step
component in isolation. This comes from the fact that a unique initial decomposition at maturity
u cannot be preserved as time progresses. For instance, while the risk 1 s H} is hedgeable at time

t + s, the risk (ﬂfjré [t HE] x N]:,—ts) ceases to be hedgeable at time ¢. Consequently, applying

the financial operator 7t/ to (ijr’; [t HE] x Ak,—:) would be inappropriate. Likewise, there

Nt+s
Ny

its revaluation through a t'**-actuarial operator. Viewed from time ¢,

is no assurance that the risk (ﬂ'f_;_‘i [t H2] % ) will remain diversifiable at time ¢, excluding

A Ny
tLYi s = TJ;S X (Wﬁé[wsHﬂ + e Hol + Wzﬁ[wsHﬁ]) (20)
is a payoff that matures at ¢ + s. Hence, once again, it must be decomposed into a hedgeable
component, a diversifiable component, and a systematic component to apply the Three-step

method and determine the valuation at time t¢.

As an introductory step, we aim to assess the time-consistency of the Three-step approach,
disregarding the diversifiable risk. This results in the three-step decomposition being simplified
to a "T'wo-step’ model, comprising a hedgeable part, and a systematic part, as detailed below

A P xPpf PexPlr — [% A,
tHyy = Eff,éf{f[ i) =Bz, [e7Je 2] 5 h(Sy) x 1y, >0,

A a f a fo _ ru s
R H, BT 1) = (N = B [ OT) < h(S,) X Lo

Therefore, 71 [, H,,] introduced in definition @, is reduced to

o A g w,n s
Ty ’2[tHu] =Ty ’f[tHg] + [tHuy]- (21)
Lemma 1.

The dynamic (7" )o<t<u<T 5 time-consistent; consequently, its time-consistent valuation is

given, by the one-period valuation, as follows

fod “ I - Ty dvU o - v
72 Hp|F) = n2[,Hp|F) :E“;;j‘@ e~/ modvp ()] inﬁXP [e= /i vy,

with t € [0,T).



Proof.
See the Appendix. O

Next, we include the diversifiable risk into the previous decomposition, finding the full three-
step decomposition as provided below
a fo _ ru
JHY =E5 " e [ x 1(S,) x 1n,50,
(H2 = (%—t — e X)) s n(S,) X 1w, 50,

tHS = (e_ ftu Asds _ E%XPJ( [6_ ft,u ksds]) X h(Su) X ]‘Nt>0'

Lemma 2.

The dynamic Three-step method (ﬂf’3)0§t§u§T introduced in deﬁnition@ is not time-consistent.
Proof.

See the Appendix. O

Since the dynamic Three-step method is not time-consistent, we strive to iteratively construct
a sequence of time-consistent valuations by applying in line with definition

Corollary 2.
Let At* €]0,T[. Let (71"*)o<i<u<r be the dynamic Three-step method defined in @ then the

resulting sequence (73); constructed according to the outlined procedure is time-consistent
1) First step.

T ap-[r—a-Hr) = 75 ap[r—ae Hr).
2) Second step. For s = At*, 2At*, 3At*, ... and while § S HAF<T

NT—S ~3

T x Tip_[r—sHrl], (22)

7 _slr—sHr) = mp_3

(Zi\,:fl 11’j>u) Xh(su)

N, and where 0 <t <u <T.

f07” tHu =

To derive explicit time-consistent valuations based on [corollary 2] it is essential to specify the
dynamics of (A)o<i<r, (St)o<i<r and (r¢)o<i<7. Under P*, the stochastic mortality rate A, fol-
lows a stochastic solution of the following equation commonly recognized as Ornstein—Uhlenbeck
intensity process (see [Luciano and Vigna, 2008])

AN\ = fimAedt + T dWon (£),

where (W,,,(t)):>0 is a Brownian motion and i, > 0, o, > 0.
epm(u—t) _q

— oAl utst _ 2 _
Thus, for 0 < t < u < T, Pyt = € "t'0eT2%u where I, = —, and s;, =

;ig (1 — etm(u=1))2 4 %((u —t) — E‘Mn(:ﬁ) The parameter 9,5113 present in is adjusted
in accordance with the Cost of Capital approach detailed in [Belhouari et al., 2024], producing
91512 _ =0.16

Stou

10



The dynamics of the couple stochastic investment fund and stochastic interest rates will be
characterized using the following Black-Scholes-Vasicek model, described under P/ by

dry = (b— ary)dt + Urdﬁ/ (1),
dS; = pugSydt + Sios( de )+ +1-— dWS

where (Wg(t))¢0 is a Brownian motion independent from (W,.(t));>0, a is the constant speed of
mean reversion, b represents a strictly positive scalar such that the ratio g is the long-term mean
value and o, is the constant volatility of interest rates. ug is the instantaneous return of (S;);>o,
og is the volatility of the financial investment fund, and p defines the correlation between the
financial investment fund and interest rates.

Switching to the risk-neutral probability involves the application of Girsanov’s theorem, which
defines the Brownian motions (W, (t)); and (Ws(t)); in the following manner P/

W (t)

Wt ( ) — vt
Ws(t) W

ps—Tu vp
+f0 Jipirs +\/1,pz)du

Drawing upon this, the Radon-Nikodym derivative of Qf with respect to P/ is

|||> 1>

dQ/ _ euW%(T)—ftT(\/ﬂ%ZsJ,-m)dWs —3 T +(\/ﬂ%~ \/%)Q)du

Hence, the following dynamics are obtained under Q7

dry = (0 — ary)dt + o dW,.(t )
dSt = ’I“tStdt + StO'S de + +/ 1-— dWs

with 0 = b+ o,v.

3.3 The backward scheme in a dual-iteration approach

The achievement of closed forms through the recursive equation with a substantial number
of iterations given the stochastic risks on both the financial and mortality fronts, as assumed
in our study, poses a formidable challenge, if not unattainable. To simplify the problem, we
consider two periods [0,t*] and [¢t*,T] in a constant interest rate framework |E|, and where we
set h(S,) = 1. In this case, we are delving into the purely actuarial, Pure Endowment product.
Owing to the requirements of derivation and computation, we will use the variance premium
principle, defined in , as the operator for evaluating the diversifiable risk component of the
Three-step method. This choice enables the derivation of a closed-form solution, unlike the
standard deviation premium principle. In light of the newly introduced denotations

1) .2 2
mt® 12, 1 o2 ol 1 lyx po

~ . % ,(F_Mmt +1) “t* 7'0,t* Tm .V0,t% 0, 't*, T m
f — e_lAOlt*,Te“m +j 3 5 +J 5
1J]

b

t T[)f* m

zf]z; _ e*l/\oloyt*+'] +EkL 50 t*

we hereby present the following lemma.

12ie P(t,T) = e~ "o(T—1),
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Lemma 3.

The Three-step valuation of the Pure Endowment product at the instant t* is T3 [« Hp|Fp] =
). While the time-

1,2 2
_o) g2 o e ler T F ST p_ m2A g lpw 2850 1

* —Xt*lt*’T-i-flSzl* T « pSgx.T [
P(t,T) (e R e

consistent valuation at the instant 0 is

#oloHr| Fo) = D) + 1§,

where

h 2 1) _1 Qg eésf*jl}l - 625$*’T2}4
F((J 15Y) — P(O,T) (e—)\OZO‘T_SO,T(GO,T_f) + ),

2k n
, ey
DG = 52 % PO P, 1) x e om0 (2 — o f}),
—0.16
o)
T g
—0.16
o). = —=.
0,t So.c-
Proof.
See the Appendix. O

A notable aspect is that the aggregated non-diversifiable risks, including systematic and
hedgeable components of the time-consistent formula at time 0, incorporate loading terms arising
from the valuation of the diversifiable component at time ¢*; as shown in I‘((Jh’sy). This implies
that, during the backward scheme, the valuation of the diversifiable component from the prior

iteration impacts the valuation of the subsequent non-diversifiable components.

4 Partial Differential Equation for the Three-step method
time-consistent dynamic

4.1 Derivation

In the preceding section, several simplistic measures were used to derive the time-consistent valu-
ation across two periods. To comprehensively unveil the repercussions of time consistency on pric-
ing, a more sophisticated numerical approach surpassing two iterations is imperative. This section
focuses on studying the continuous time limit of the Three-step method when integrated into the
backward scheme. In order to accomplish this, and following [Pelsser and Ghalehjooghi, 2016]
we will derive partial differential equatior@ of the Three-step method time-consistent dynamic,
incorporating all the stochastic processes of mortality and finance considered in our study. Con-
sidering an infinitesimally small time increment dt that tends towards 0, we position ourselves
within the (¢,¢ + dt) interval and employ

N,
. de,3pdVtddt
t

T =
This time, we purposefully adopt the standard deviation premium principle to assess the actuarial
component of the Three-step method. Interestingly, the variance principle enables the generation
of a similar PDE, reflecting also a time-consistent price.

13We will proceed without including the payoff in the partial differential equation.
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Theorem 1.

Let t™) be a strictly positive real scalar. The Three-step method time-consistent dynamic (ﬁ?)te[O,T—t(U]
is a solution of the following Partial Differential Equation

reRY = AE” + % X Aiz), (24)
with
A = 9,78 + 1,057 + (0 — ar) 0,73 + (00 + A )ONFS + 0S5265 73+ a 2 93
+ 2038377,5 + po,05Si02gTE + (7P — 72\,
AP = 6252(0573)? + 02, (07T D)2 + 02(0,78)? + 2p050,S:0s T30, 77 + (7P — 7F)2 A,
00 = )02 et -1

Opy XK ——————————
T I
Hm

72 [) = ALV, - 1.

Proof.

See the Appendix. O
Represented by A,El), the first component of the PDE captures the time-consistent price of

the aggregate replicable and systematic risks. The subsequent part ( G X AE2)>7 relates to the

time-consistent value of the diversifiable risk.

Contrary to the time-consistent case, the static continuous-time valuation framework circum-
vents the requirement for a partial differential equation. Indeed, a closed-form expression is
readily tractable, and is given by the following formula

f o .
mleHr] = B e I fp) - S\ B ()2 %

a x P [y7Pa xPf "
AT PP

Ny

for all t € [0, — t)], with (V) denoting a strictly positive real scalar.

Let us remark that our analysis of time-consistency shall be conducted over the interval
[0, T —t(M]. Consequently, this entails a static transition from time 7" to time T'—t(). Moreover,
we shall exploit the Three-step closed-form solution in the static framework and adopt, as the
terminal condition, the Three-step valuation at time 7' — ¢t(!) of the payoff 7_¢1y Hp maturing
at T. The rationale behind this circumvention will be explained in detail in the subsequent
subsection, which outlines the numerical resolution scheme.

4.2 Numerical scheme for the resolution of the PDE using a Pure
Endowment product with terminal bonus

We will concentrate our inquiry on a hybrid life product identified as the Pure Endowment with
terminal bonus. Within this setting, a financial profit-sharing element is incorporated in addition

13



to the actuarial yield of the pure endowment product. In the event that the financial investment
fund exceeds the capitalized premium P by the insurer’s technical rate i, profit-sharing between

the insurer and the insured will occur, given by h(St) = C x (1 +8(Sr—P(1 +i)T)+), where /3
represents the profit-sharing rate, and C' > 0 is the guaranteed minimum capital. Therefore, the

defined formulation for the hybrid collective payoff is as follows HS = Np x C' x (1 +8(St—P(1+
i)T)+). Working on a first-order basis, the premium P is calculated through P = (25)" X1 ps,
where Tﬁﬂ signifies the prudent survival probability, and it is entirely allocated to the financial
investment fund, resulting in Sy = P. Here is the unfolding of the Three-step decomposition of
the Pure Endowment product with terminal bonus

1 _ ]P’EX]Pf 7IT7 (1) Asds
Tft(l)HT = E]:T—t(l) [e T—t ] X h(ST) X 11\1T7\"(1)>07

T
2 _ Nr =S ) Asds
T—t(l)HT = (7NT—t(1) e “T-t X h(ST) X 11\[T7t(1)>07

T T
3 ) (1) Asds Pe xPf -/ (1) Asds
rn B = (7 o 2o LR (TS M) Sy Ly, s,

As stated in the dynamic Three-step method is not time-consistent because of
the presence of diversifiable actuarial risks. Consequently, we will numerically address the PDE
stated in[Theorem 1] using the finite difference method to obtain the time-consistent price. Firstly,
we discretize (t)¢, ()¢, (St)t, (M) and (Ny); on the following finite grids [0, Tft(l)}7 [Prmins Tmaz]s
[0, Sinaz]s [0y Amaz], and [0, n], respectively. The parameters rymin, "maz, Smaz, a0d Apqq are con-
figured to be attained with a probability that is very low E We define the discretization step
by AC = W, where ¢ € {t,S,7,A\, N} and M, denotes a strictly positive integer that
represents the number of steps in the grid for (. Furthermore, we denote the time-consistent
option price at time iAt, for an underlying asset price of jgAS, with a mortality intensity value
of jAAM, an interest rate value of (i, + j-Ar), and a current count of surviving policyholders

JNAN by 75 . ., where je €{0,1,..., M} for Ce{S,r,\,N}and i {0,1,.., M}
Given that the risk factors ]\th(l) = NNt(l) and Mt(z) =e Jize Aeds are not Markovian
t—t

processes we establish the terminal condition at the instant 7' — ¢t(1) instead of at 7. The
definitive formula below follows from the closed-form expression in , the valuation of the call
option under stochastic interest rates, and the log-normal distribution of the investment fund

4The survival probability 75, is computed according to Makeham’s formula using the parameters from the
Belgian Royal Decree.

15)\maz = 0027 Tmin = 70-17 Tmax = 003: Smaz =T7.

16The derivation of the PDEs is based on Ito’s lemma, whose formulation is predicated upon the foundational
tenets of Markovian assumptions governing the risk factors (S¢)¢, (r¢)e, (At)¢, (Nt)t.
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under P/

72 lr_en Hr] = C x (P(T —tW T+ B(Sy_ oy ®(dp_yy) — P(T — tW, T)PGx

1.2
Ap i) ,T+§5T_t(1) T X

O(dp_,0) — (T — W, T)))) x e

_p(
e 0T (D) T (D) + C x O[T t(l) \/7P _ t(l )|:1 + Qﬁ(ST,t(D X

eust“)q)((;T ) — PG(I)(5T vy —os Vi) +ﬁ2(52 el )62(”5'%”%”(1) X
6T () + o5V t(l D(0p_yy —ogV t(l —2PGSp_ t(l)e/tst( )

@(5T7t(1)))} 2 X lNT—t(1)>O X

71 67>\T7t(1)lT7t(1) T+ ST (D 672)\T7t(1)lT7t(1) T+25T ¢(1) T) ’
Np_y

where

s st gog) (S
Tt oo VD ’

6‘(1) 1 —0.16 ’
T—t, T = ST_y). 1
i (T -t 7% + ln(Tigl’) —In(P(T — M, T))
T—t(1) — ( — t(l) T) 9
_ 1 ) AC)
n(T —tW,T)% = 6%t™ + Tt(l) +—= (73 - 56_2‘”(1) + 26_‘”(1)) 4 2PISort
a a
2pogo, (1 —e~at™)
— =

The approximations for the partial derivatives existing in are detailed as follows

~J ~JN

—
~JN _ Tit1,d5,dr,0x IVERVISVN .
O s rin = AL , 1< My
FIN e i =TI e a
i+1,55.dr,dx i+t1,j5—20r,d e
A if j¢ = Mg
~IN ~JN
= ¢ Tit1lg+2.r.dy _ Nitlig.dr.dy oo
8S7T NIV I VNG = if jg=0
~IN _~IN
Tit1,g+1udrdy _ Nitlg—1Lirdx else
2AS
~IN _=IN
Titlg.drdn  Vitlig.dr—2.dx i = M
2AT Jr = My
J iN
ZIN ) TR g et 2,y T Nt ig g, e
NN B r if j.,=0
~IN _~IN
Tit1gg.dr+liy _ Mitlig.ir—1Liy clse
2ATr
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7N N
i+1,55,dr:d i+1l,g,dr,d)—2

if =M
2AN I A
: ~JIN _~IN
O\TIN . = Tittigiria+2” Titligiria if iy =0
4,850 dx AN IX
~IN _~IN
Tit1,5g,dr.da+tl itlgg.driy—1 else
2AN
7N —27 N o 4mINC o
T S T - 1 —92 ep .
i+1,0g5,dr 0\ i+1,05—1,0r,J) i+1,J5—=2.dr:dx lf — M
AS? Js S
j FIN —97IN N
927N = Tiiggt2,rdy T2 it g+ Lirgn TRt g ey if jg=0
S5 ,0r:0x AS2 ’
FIN —97IN RN o
T g+1dmdy 2T it ,gg.drix T it ldg—Lirmdx else
AS?
#IN —27IN ) CymIN )
Tit1,5g.drdx 2N itlig.dr—Lix T Vitlig.dr =24 i i = M
G5 adrs . i _
) — Ar2 in f ir r
j 7T N 277N T . P
%N = ¥ lg.dr 20y 2Tt 1,5g,dr+ 1y T T it 1,dg,dris if Gr=0
T 0,785JrJN —Ar2 ] T
~IN _9xIN ~IN )
i lgdrt Ly 2T it 1,5g.drix T it lig.dr—1iix else
Ar2
~JIN _2”jN o +5-’er .
Tit1,5g,0rein _“itligdrin—1 1 "itlgg,ir.x—2 i = M
G5 adrs i _
} AN2 iy I ix A
] ~JN — ~JN ~. . . .
P L= — i tig.drinte 2Tt 1,5g,0miat1 T it 1,55 dris if jx=0
ATgs drda AN _
~JIN _9=IN ~IN
Tt 15g,dmiatl 2t 1, rix TN itl,g.driy—1 else
A2
; 0 if jn =0
(T =) s iin = (min—1 ~jn ) el
CEVISENELVDN / R— L else
e (T30 i — Tt s drdn
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~JN _
H’LJSJTJ)\

+ 7Tz+1

~J
Z+1»]Su]r*27]/\

IS =2,Jr=2,5x

i+17j5_27j7‘7j>\

~J

Z+1a]s7jr+17j>\ -

4ASAr

’“J

if js

Tit+1,75,dr —Lh

:Ms&jr:Mr

+ 7Tl+1 IS5 =2,0r=1,4x
AASAT

i+17j3727j1'+15.j)\

iij:MS &jr#MmO

~J _ ﬁ.jN
1+1;JS+17J7 JA i+1,5s+1,5r—2,x
+ ~JN _ ~.]
it 1l,gs—1,4r—2,0x  "itlgs—1.gria
4ASAr

if js # Ms,0 & jr = M,

ﬁ.JN ) _ ﬁ.JN ) )
i+1,5s+2,5r,9x i+1,55+2,5r—2,5x
+ FINo . qiN

41,55, dr—2.90  Vitlgs,grda
4ASAr

if jg =0 & j, = M,

~JN
Tit1,55,5r 4205
~JIN
+ T

= F s i
82 ~JN _ P Lr;
Tidsdrin — , R I o
2JS—2,JrJA 41,75 —2,jr 42,72
4ASAT

if js = Ms & j. =0

FIN .
i+1,j5+2,5r,9x
~J
Tit1,5.0r 42,02

ﬁ'JN _
i+1,55+2,5r+2,7x
~JN _
+ Tit1,js,drda
4ASAr

iij_O&]r*

— N . )
i+1,5s+2,5-—1,5x
~J
Tit1,5s,dr41.0x

,ﬁ.JN
i+1,55+2,5-+1,5x
~JjN _
+ it 14s.dr—1,x
4ASAr

if js = 0 & jr #0,M,

77rJN _ 7i.jzv
i+1,js+1,jr+2,jx i+1,954+1,57:95

_ ~IN
A s 1ea ~ Fibdis—Lst2.s
4AASAr

if js #0,Ms & j, =0

FIN . o qIN . )
74+17JS+17]T+17J>\ i+1,js+1,5-—1,5x

_ ~JN
A e 1ge—1gs — Fitlgs 1,41
4ASAr

else

Excluding the boundary conditions, the backward recursive scheme assumes the ensuing

structure for ¢ € {0,1,..., M; — 1}
~JN _ 7. . ~JN + ~jN - ~] + 5
Tils s = Visdr it gs drds T Chs e Tl s+ 1dmds — Cisde Fitts—Lgmis T 05 Tkt jo jottin —
— &N (1) 9jr + #IN (1) 9jr -
d Tit1,5,r—1,4x (azAt T—tMW 9A )\ t+e ]T,]A) i+1,55,Jr,dx+1 (0iAt,T—t(1) 2AN + ejmjx)x
~JN ) . Jn—1 _ ~JN .
T s deinet T 90 PR oo in 95 T s gogn = T o e JINAAT
Qint N jn—1 ~jN .
D) 9 Si—&-l,jer,jx Jr( Tt 1,45, dmdn 1"1‘17.757]7"7])\) IAAA.
m orat 1 . . 1.2 .2
here b 1—USJSAt—M2At—T - = 5 (PmintirAr)jsAt+—5057i5At
w N T+ (FmintirAr)AL » Yisagr T 1+ (rmin+irAr)At )
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o2At 1 02,At

2

(0—a(rypin+ir AT)At 1 )
- T — Ty et— — FHhmirAl+—5 o At
G T+ (Fnin+ir AT)AL > Chrada T (rmin tir Ar)AE > Jir = TH (rmin 13 ATAD
i 77er _77r-7N +77er —‘7er .

QN . = pong . i+1,55+1,jr+1,7) i+1,j5+1,jr—1,5) i+1,jg—1,4r—1,5) i+1,5g5—1,jr+1,5) andSqN .
i+1,js,drga — PIr08IS ™ _ AT _ i+1,55,0r 0
~IN ~IN 2 ~IN ~IN 2 ~IN ~IN
( : )2(ﬂ-’i+1vjs+1vjrwj)\_Tri*’les*lvjraj)\) +o2 (Fid15g,dmiat1 ™ Fitlig,iriy—1) + o (Fid1 g dr 1,0y~ FitLig,ir—1,4y)
0sJs , . Om IAN2 oy A2

e —*ih Liy (= j
c Tit1 g dr gy Vitljg.dr =1y (~IN _ ~IN
pPorasys 2AT (T 1 Gt gmds — ikt gs—1ein )"

4.3 Numerical results

We consider a cohort of n = 100 females aged 35 contracting a pure endowment with a termi-
nal bonus. Our numerical application follows the assumptions used in [Belhouari et al., 2024],
where the parameters characterizing our financial-actuarial models can be summarized as follows

Parameters | Numerical Values ‘

Qi 30%

i 0.9%

C 100000

T 10

P 0.9070291
To 16%

a 40%

0 0.8%

o 0.5%
gs 15%

p 20%
Hs 5%

8 40.19%

Ao 0.001080584
Hm 0.0745323698
Om 0.0002248628

Prior to elucidating the numerical results, we must preliminarily verify the convergence of the
finite difference method. Since the discretization step AN remains invariably equal to llﬂ it
obviates the need for any calibration of the number of steps concerning the number of survivors.
As depicted in[Figure 1} the convergence of time is reached after 989 iterations, implying that ap-
proximately one iteration occurs every three days and one tier. [Figure 2| |Figure 3| and [Figure 4|
respectively investigate the convergence of interest rates, mortality rates, and the financial invest-
ment fund. The stability of the numerical values is deemed sufficient for Mg = 35, M, = 40 and
M)y, = 40. contrasts the time-consistent values of the Three-step method with its static
counterparts and the best estimate calculated under Z§ x Q/. The dynamic Three-step method
follows a monotonic trend analogous to that of the best estimate, reflecting a price upward over
time. Furthermore, it demonstrates that the static values of the dynamic Three-step method
exhibit a modest increase, ultimately resulting in a 3.7% cumulative growth by time 0. By in-
cluding the diversifiable part, the dynamic Three-step method loses its time-consistent property,

a 0f
which it previously maintained with a valuation formula equivalent to E_Zr‘iXQ [e™ [ reds +Hrl,
as referenced in Therefore, to better understand the effect of time-consistency, it is

7ie. My =n.
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important to compare the time-consistent Three-step prices, net of this best estimate, with the
one-period Three-step prices, net again of this best estimate. [[¥] As we can sece in the
static values undergo a substantial increase, ending in an 185% increase by time 0. To address
this issue, we follow [Devolder and Lebegue, 2016] and adjust the ca;a; safety loads applied in
the backward recursive scheme. In our study, we propose to linearly decrease the safety loads
over the last seven years as an initial attempt, and over the entire time-frame as a final attempt,

within the backward algorithm E as detailed below
0.3

T X1 0 <i < 770| 7 — linear load decrease

QAL =

% X g 0 < i <989| 9 — linear load decrease

As illustrated in the first attempt successfully reduces the percentage increase due
to time consistency in the instant 0 to a value below 100%, specifically 54%. More favorably, the
last attempt, attains a 23% uplift in the one-step price at time 0.

7| — per3days and one tier
| —— per3days

Value

93000 96000
I

Time of evaluation

Figure 1: The Three-step method time-consistent dynamic with Mg = 35,
M, =40, My = 40, My = n = 100, and, S; = Sg, s = rg, At = Ao, Ny = n.
M =1)

5 Conclusion

This paper explores the extension of the Three-step method to the dynamic context. To achieve
this, we first refine the axiomatization of valuation operators, as well as the properties of market-
consistency and actuarial-consistency, ultimately deriving a dynamic three-step decomposition.
We defined a crucial concept from the literature known as the time-consistency. Furthermore,
we presented an iterative backward procedure in a discrete model, enabling the enforcement
of time-consistent dynamics where such consistency is previously absent. With a combina-
tion of any hybrid pure-endowment product, we identified that the diversifiable component of
the Three-step method detrimentally induces the non-verification of the time-consistent prop-
erty. Therefore, we applied the backward procedure through a dual approach to the Three-step

181n the one-period framework, the difference between the Three-step price and this best estimate is equal to
the static value of the diversifiable component.

19[Devolder and Lebegue, 2016] examined the impact of various time-dependent evolutions, including linear,
quadratic, and exponential, of security loads on the solvency capital requirement.
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- —— 45fawx
---- 40 faux

Value

93000 96000

Time of evaluation

Figure 2: The Three-step method time-consistent dynamic with M; = 989,
MS = 35, M)\ = 40, MN =n= 100, and, St = So, Tt = To, >\t = )\0, Nt =n.
M =1)

< — 50imbd
o © 7 ---- 40imbd
o
= S 45mbd
[w] w
= @ _
o -
o
g |
g B I I I I
0 2 4 6 8

Time of evaluation

Figure 3: The Three-step method time-consistent dynamic with M; = 989,
Mg = 35, M, =40, My =n = 100, and, S; = So, 1y = 19, A\t = Ao, Ny = n.
(t(l) =1)

o B ]
o

E § T cm———

2 i
=] — 35 stock
S A ---- 45 stock
® T T T T T

0 2 4 6 8

Time of evaluation

Figure 4: The Three-step method time-consistent dynamic with M; = 989,
My =40, M, = 40, My = n = 100, and, S; = Sy, 1t = 79, A\t = Ao, Nt = n.
M =1)

method to derive closed, time-consistent formulas using the purely actuarial Pure Endowment
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Value

— J-step-TC
- - 3stepS

Best estimate
T T T T T

0 2 4 6 8

90000 94000 98000
|

Time of evaluation

Figure 5: The dynamic Three-step method in the static versus time-consistent
case and the best estimate under Z§ x Qf. (t(V) = 1)

— Static
= = TCHullloading

- TC-7-lnear load decrease
TC-9-linear load decrease

Value
500 1000

0
|

Time of evaluation

Figure 6: The dynamic Three-step method net of the best estimate

a0l
E%XQ [e” S reds +Hr] in the static versus time-consistent cases. (t(!) = 1)

product. Thanks to the two-iteration closed-form solution, we observed that the diversifiable
part influences the valuation of the non-diversifiable components of the subsequent iteration.
Thus, achieving time-consistency by relying on traditional non-linear actuarial operators, such
as the variance/standard-deviation premium principle, to assess the diversifiable part is not en-
tirely viable. Immersed in the continuous-time limit, a partial differential equation governing
the Three-step method time-consistent dynamic was derived. By specifying a financial terminal
bonus as the financial payoff of the hybrid life Pure Endowment product, the PDE was nu-
merically solved using the finite difference method. The obtained numerical results indicated
that the effect of time led to a slight rise in the one-step prices of the full Three-step method.
Nonetheless, the static prices of the diversifiable actuarial component have surged notably when
compared to the time-consistent Three-step prices, net of the best estimate under Zg x Q’. That
being said, the time-consistent property, though vital for avoiding arbitrage opportunities, is
not immune to criticism and may have specific downsides. To mitigate the resulting impact,
the safety charges applied in the backward scheme were progressively reduced through a linear
approach. In most cases, the actuary managing premium assessments has considerable flexibility
in setting the level of security measures to apply. When necessary, a more risk-averse strategy
can be employed by raising the security proportion loading, causing the premiums to increase.
Conversely, a less cautious approach permits a reduction in the loading, resulting in lower pre-
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miums. In our case, moderating the security loadings becomes a rational decision to ensure a
suitable trade-off between time-consistency and the smooth progression of price changes. This
indicates that careful consideration is required concerning the magnitude of security charges used
in the backward scheme when applying non-linear actuarial premium principles to the valuation
of the diversifiable part of the Three-step method.
APPENDIX.
Details about
mSPGHAF) — 0,

Ni—+oco

VGH2|F) — 0,

N;—+o0

for any t € [0,T].

Proof.

Let 0 <t <u<T,such as N; > 0.
Using the independence between mortality and finance, coupled with the application of the tower
rule, we ascertain a zero value for the best estimate

Ny
as@f rods 1 a1 _ [ ds a s @f s
By e Wt o] = o < B e W (S )IEE Y (3 (9(r) — B TS, (7))
j=1
1 £ al f
= X BRI rnGs ZE“” g~ Ex [g(r)))
=0.
Regarding the loading term
Ny
a s pf a s pf f
V) = NNP’ FR(m) — BT, lo(m)h(Sy)]
Jj=1
f AL f
WE“” (S < VX Z RGN

We further notice that

a s pf f @ pf @« PF PO x P f f oy pf
VE P oM (g(r) —ER3e [g(r)))] = B F VS [0 g(r) — S0 B SE [a(m)])+
f f N Ne f
VPR SE, D () = > ERE [g(r)]].
j=1 j=1

Hence
a f p f a f f
VS (9(r) — ER e lg(m))] = ER <P VRS [ g(r)]] +0.

Since the remaining lifetimes (7;)1<;<n, are independent and identically distributed condi-
tional on the filtration of systematic mortality &, this variance can be rewritten as

Ny

VSIS glry) ~ B, lo(m)D] = N x B VEE [o(r)]
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Thus

a a 1 “ ‘
VP [ H2) = B P [h(S0)%]) x <= < ER P IVEXE [9(m)]).

Ni
Finally
u’“xuf yEe xpf -
V(H2F) = 5 x Ex Xﬂ”f[h(s ) x S o le bl py )
wSD(, 2| F,) = 2 JEEXE IE“”“”f ijtéﬂ;fu[g(nm
T (tHu|ft *7 -Ft X\/U—tXP(t,’U,).
Therefore 7P (,H2|F,) —> 0, and 7V ((H2|F) — O. O
N¢—+oo Ni— 400

Details about remark [l

Proof.
First, we seek to validate the assertion that the iterated property is inherent in the concept of

time-consistency. Let 0 <t <u <T,0<s<u—tand hy € ’H{:.
The translation invariance axiom implies that,

il sl = i o [ha].

Since 7} [hu] € ’HLS and using we reach the iterative definition.
Under the assumption of monotonicity, we embark on the verification of the converse direction.
Let 0<t<uv<T,0<s<u—t,0<s<v—t hy, €HL, Jv € HI such as 7T,§L+s[h7u] < 7y [G0)-

Since ', [hy] € 7—[{+s, Ty, s[u] € 7—[{+s, then by monotonicity

LGN | B A R

Hence using (17)),

' [h) < 7 [g0].

Details about [emma 1|

Proof.
Let 0 <t <u<Tsuchus0<s<u—tand Nigps > 0.

S N S u, S N S u, u,n
m PR X e ) = O o (B )

Ny

S 2EEXQ o= [ rudv Nits
= w2 B e e R, x S

a u a f u
(EH}th[ —fH_S)mdv] +]E%+XSP [e—ft+s>\7;dv]_
B [ )

t+32[E]P’ xQf g —fﬁirsT’”d”h(S )] x Niys

]'-t+ u Nt

a pf wu

X BT [ diks 2oy
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a u f u
Let us set tLY%+5 = E]I;__tj:(@ [ ft+s TUdvh(Su)] N&-:s % E?—ifp [ *ft+s >\vdv]7 then its two-step
decomposition is

a f — (v v a f _ fu v
(LY = ]EE; jj;f [eLYits] = Eﬂ;:@ e Jita v p(S,)] x EEXP []Eiijﬂ“’ [e= S M) 1y o,
a a a f u
LY = ( LYis - Bl @ e e n(8,)] x B BT [ S x Ly,

Using the independence between mortality and finance and tower rule property under Z§ and
Q7, we obtain

.o IV, .o IV,
t+s,2 t+s u,2 t+s,2 t+s u, u,
m P X el = S (i s HU 4 S H))]

= Trszrs f[ LY’t}—Li-s] + ’/T:Jrs n[tL}/z-Si/s]

_ ]EEI;_;XQf [67 T”dvh(su)] % ]EIF"“X]P’f [EZZXPf [67 I )\vdv}+

Fits
E%XQ'f e~ J vy (5,)] x Ze xP/ [e Ji Avdv]—
EH;XQf e I rvdvh( )] % EP“X]P’f [E?:ifp le - Avdv]
= 5 [em i ravn(s,)] x B fom ]

= L HE + " [ HEY)

= Wgﬁ[tHU]'

Thus, the time-consistent valuation at time ¢ € [0, 7] can be calculated as 72, Hr] = EESXQJ( [e” ) rodvh (S| x

E?_—% XlP)f [67 ftT )\vdv}. D
Details about [emma. 2
Proof.

For the proof, we rely on the variance premium principle as the operator for evaluating the
diversifiable risk. Notably, the result holds true under the standard deviation premium principle,
and the proof can be readily adapted.

Let 0 <t <u<Tsuchus0< s <u—tand Nyyps > 0. Since E]P;fff[e_fﬁs”dv(ﬁ _
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o o ad
e~ Jres 2] = 0, and g(Tl)}}.HSVGu ~ Bernoulli(e™ J/++ *»4%) we have

N, N,
A ji]ts ) mi s Hal] = 0% =0 x (”ﬁé s HY) + 050 (o4 s HE + il [t+sH3})]

Ny
t+s,3 (P fo _ ru rodv Nt+s a fo_ (u Aydv
= af S <Y e Sk medvp(S,) X (Egif[e S Moy g
ay pf u . "
E%:}D [6_ Jis A'udU] - EP%tIipf [6_ s )\vd'U]) + % % P(t n S,U)X
pexpf (N = [ AodvogBe xB! o1 o Nigs
Vz2, [m —€ }]Efﬂs [A(Su)7] x N, ]
s “xQfr — [* r,do Nijs axpf . _ [u v
= ﬂf+ 73[]EI_P;§::Q [6 s mod h(Su)} ]if—: X E%j?} [e S Avd ]+
E]PaxIPf [e_ fﬁls )\,,dv(l e ffls Audv)]
At Fiys
x P(t X «
or <P Nits
P xPf 2 Nits
E]—'HS [h(Su) ] X 7Nt ]

_ mPexQ = % rdu Nets ZyxPf [ N,duy | aeps
Let us set (LY; s =Ex 7" [e7 e+ h(Su)] = x B [e7 eve |4+ S5 x P(t+s,u) x
B E [ [ Mg —em [ doavy)

N X E]P}ifff [(S.)?], then its three-step decomposition is
a o mf a foo_ [u apf ZxPf . ru
LY =BT L] = (B3 o7 e (8] X B B [em ]
paxpl [ — [M  Apdy — [ Apdu
R le™ Jtts (1—e™ Jtts )] a o, f
+3e x T N X E%f) [R(S,)?] x P(t+ s,u)) x 1n,>0,
P xPf PxQf — [ rud Nets
fLY2, = LYy — EECGHSWAS[ 1LYy =B Ve Jeor Uh(Su)](thx
zaxpf . _ ru ) 79xPf . _ ru
EFZI [e™ Jebe Avdv] _E]-'Zj e J: A“dv]) X 1n,>0,
3 _ mPxPpf P xPpf _ (mPrxQF — [ rydy
t LY} f— ]EFzVGHSVF,QS[ tL:/t-i-s] J{Eft\/}'tf“[ 1LY ] = (Eﬁ“f [e™ Jer h(Su)]x
ZGxP! _ (u P x P Zg XP _ fu 45 TP XP
[B552F fom di 2wde] — <P (B [om i Mov]]] 4 e BE ! [h(S,)%]
EE® xpf [e” It Avdu(lie— I Avdu)] Euxaxlpf [ I A”dv(l—e_ I Avdv)]
P@+@ﬂo[ﬂﬂ - _Ex - ) X Ly, 0.

Based on the assumed independence between mortality and finance, using tower rule property
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under Zg and Q7 and after completing some necessary calculations

3N 3N
5,3 t+s u,3 5,3 t+s u, u,V u,n
m P ) el = O (i s B s HE 4 i HD)

= 7T£+S’f[tLY2i-s] + Trers’V[tLY'ta-s] + Trf+s’n[tLYﬁi-s]

_ E%XQf e s rvdvh(gu)] X E?}:XW [e” J ’\”dv] + aégs
EE;ZXQf e it rodv p(y 4 Syu)Eg_f:ﬁ)f [h(Su)?]] %
[ e e e )
Ny
%E?}Zx]}"f []E]i-if?f e T (8)]2) V?;XW[N]:;S]E%EM [e~ Jibs Avdv
B [ ) Pt 4 5)
Since EZ < o= i rvdvp(§,)] x B2 (o= [ Mav] = g T[] § o], 53], 9™ sve,,, ™

Bernoulli(e™ s Avdv) and through additional refinement, we arrive at

Nits Nits
e fvt X Ty lers Hal) = m %) fvt X (ﬂé‘i’;[tﬂHi}+7Tt“¥[t+sH5]+ﬂ2ﬂ[t+sHS})]
u u,n a @ @ fo [ pydo
= m T H )+ m M HE + o o | e TEH)
a o mf Z“H”f—“)\vdvzf“rsvs — [tTs \,do
B (B fom e dev) e ST Ml (1 e ST
P(t,t+s) + aég X Ei‘ix@f e ST v Pt 4 s, u) x E?;jjff [h(S.)%]
a f a u "
B B XF [ S Mdv (1 o S vy

X N

# i HY + oV [ H2) 4 " [ ).

In the end, we conclude that the dynamic Three-step method (m}®)g<;<u<7 is not time-consistent.
O

Details about [emma 3l
Proof.

We implement the backward scheme referenced in , specifically concentrating on two itera-
tions. That is, we set At* =T — t*, s = At* and § = 2At* = T. The value at the instant ¢*
is

w3 [ Ho|Fie] = ol [i HE) + m [ HE) + 77 [ HE
PexPlr — [T A, ds — JX Asds
_ " ZgxPl e T x\.d Qg E]—',* [e ¢ (1 —e 7 )]
= P, ) (B fe o e+ S = Ni- )
“Aeslex ptishe p ezxt*lt*,TJrzsf*,T)

2 _pH) 2 Qs e
= P(t*, T) (ef)‘t*lt*,TJr%St*,Te Oy 1 Stx, 7 + t %
2k Ny
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Secondly, the time-consistent valuation at the instant 0 can be calculated as follows

~ w0 Nix B
g loHr|Fo] = m ’3[% X . 1+ Hr | Fye]| Fo)
a pf T T
* Ny« a pf . EP i<]P’ e~ ft* Asds 1—e— ft* Asds
= T(é 7S[P(t*vT)( TZ ]E?_—ijp [e_ ft’l*: )‘Sds} + % X F [ n( )})]

axpf — [T xgds —JT xgds
. ZExPS [Ty 4 L ER e (1—e™ )]
Let us set oLYy = P(t*,T) x (NTf X IEJ]_-‘i>< [e7 Jor Asds] Qx5

n )
then its three-step decomposition is
Pe xP/ . Pe xpf [ ZGXPF Ty .
oY} = E}_Oij]__tf* [0LY:] = P(t*,T) x (EJ%X [E]-"i* e SN ds]] + %X

a T T
EE Ofo [e~ Ik /\SdS(l o Jix )\SdS)]>
b

n

oLYZ = oLY —EEXF | [oL¥;] = P(t*,T) x (22 x B X7 [ i 2o

FoV& = VF,

ZExPT o _ 1Ty g

_E]‘—Qz* [6 Jo A q] )
P xS P xPf . ZgxPT [T
LY3 =E LY —E LY | = P(t*, T)(EZ e Jo "G5 —
0 t FoVS \/th* [ 0 ¢ ] foZ.th; [ Oth ] ( f’T ) Fiex [ ]
; aonf T PEXPT o — [ Xst(l_e* e Ast)

E]};:XIP’ [EZG xP [6_ fO )\Sds]] + Qx| Fyx [ ]_

0 ]:t* 2k n
]En;foxpf [e” fg; )\SdS(lie—fg; )\Sd.s‘)]j|>

- .

With tower rule property under Z& and Q/, as well as the constancy of interest rates, and

9(71)‘]_-0v(5t* ~ Bernoulli(e™ I Asds) we obtain

#oloHr|Fo] = m LY + mh "V [oLY2] + mh " oLY;:]

Zg xP! [IE]E:XW e Iz Asds(] — g= 1= Aads)]]
o

. ZGxPf . _ (T N ds Qup» E]—'
= P(O,T) (B e I Aoy 4 G =20 p )

a a 2 . o
02 X PO, P(E T)PEG X [(BS 2 o S 20e]) e 7 2wt s (1 o 7 2o

142 ZexPl o L. 2 ZEXPT 0 o il.
Qg e25t TR0 [e Apxly ,T] _ eQSt*,TE 0 [6 22X 1y ,T]

) Fo Fo

=P(0,T ( =Xolo,r =55 (05, 7—3) | X
(0.1 (e * 2k n

+ %2 % P(O,t*)P(t*,T)zei%f*T(Gi}‘):Ti%) (EI-F;;XPf [eizAt*lt*,T e fot* )\SdS}i

a fo wlow _ t*
Ew}oxp e N R )\Sds}).

oy 0f a v of
The terms E?_%XQ [e= b= and EZ}-‘;XQ [e=2 e=li=.7] are solved using the following density

t* (1)
a fo eo,t*/\sds t* (1) ebm (tF —u) _q 1 pt* (1) ebm (t*—u) 1. o
diZg| e _ SO S AW ()= [ (00 o ) 2 du

dPe | 7, EE X [¢ alt. Auds] ’
0
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3 3 @ 'f — * * — t* @ 'f — * *
whereas, the derivation of the terms IE]P}_OX]P> [e=2Aerlen 5 e=2Jo A+d5] and E]P;OXP [em 2l

el Ads] inyolves the corresponding density

Pa =2 lyx
dp _ e :e_%fot F(u)?du— fo u)dWm(u)
dHD(l Fo IEEP;;XQJ([672)%*%*,T]

Fu) =2 X lpe poetmt =),

After performing the necessary computations, we arrive at the following final formula

1s2, . 252,
2 (1) . e2%tr,T — t*,
woloHr|Fo) = P(0,T) (e**“(’f*%f“’olf%) + O;k — n :

—2s2, (D _1
P, T)2e 2 Ca=2) (2 f8y,

T2f4)+ﬁxp(o ) x

Proof of [Theorem 11
Proof.

To mitigate notational ambiguity, we opt to exclude the ”3” notation from 7}, though the
derivation of the PDE especially for the Three-step method time-consistent dynamic remains
implicit.

The risk ;LY;rqr = NE\Z‘“ X Tetdt, considered at time ¢ + dt, is decomposed into the three
components in order to evaluate it at time ¢, resulting in the following

1 _ mwP*xPpf Nitat ~
tLYt+dt =K [ X Tytarl,

FevFf g Ne
N, ~ P xPf N
LY? = Sitdt oz —-E U
t iy ag N, t+dt -Ft\/GtertV]'—tert[ Nt Totdt)s
P xPf Nitat ~ P xPf Nitat ~
Ly? . =E Tt T E X T .
t t-+dt ftV6t+dt\/Ff+dt [ N, t+dt] ft\/ft+dt [ N t+dt]

t-+dt [ Niyar
Ny

Therefore, the constraint 7, = m; X Tri4at] 18 equivalent to

T = t+dt f[ LYi+dt] 7Tt+dt SD[ LYt+dt] + 7Tt ’n[tLYtert]

PoxQf p_— [iHdt . ds paxpf  (Nivdr -
=K e Jt s B X T
7o Foert, Ty Tl
PexQf  — [t ds Nt—i—dt - pa xpf Nt+dt R
E e Jt 599 % X T —E X T,
[ Ry X Tt = B vt T, Freel)]
asps Nepde - Pa xS Netar .
Vi E X Topar — B X 7 x Vdt x P(t,t + dt)+
) =, et =Byl N, vl ¢ )
ZgxQF [ [itdt g opexp! Nitar - ZExQF [ itdiy g P B! Niyar -
]E]_— [6 t g x E X 7Tt+dt” E]_— [ t s x E [
t ffV6t+dt\/‘Ft+dt N; t -FtV-F ivat Ny
f N, ~ .
Purely actuarial risks in IEI]P;T X;P;f [ }\J;td” X Tyrqt) are Fy-measurable, which allows them to be
t+dt

factored out of expectations under Zg or P measure. Hence

]EP“fo[ [ reds o B xBY [Nt+dt

Zg XQf [ ftH'dt rsds P xPf [Ntert ~ ]]
.7-',:V.7:,+dt Ny

X =K
t+dt]] Fi ]'—fV]'—rerf Nt
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. . a pf N,
Secondly, since the computation of EX. *F " A
]:tVGtertV]:H,dt t
a f N, - a f N,
E]P’ xP ; [ }\J]rdt % 7Tt+dt} — EIF’ xQ ; ;\Jfrdt
FiNGoyarVFS, 4 - Mo FeVSiparVFL 4,0 N

plying tower rule property leads us to

X Ty1qt] does not depend on any mea-

sure, then

X Tetqt). Consequently, ap-

P <O = St ds (Nt+dt - pa x P Nitar _ - Dl =0
Fi N, FiV&iraVFl b N

REP” xB Nitd 73] =

X T
FVSiyarVF], ' N t+dt

Thirdly, using the same previous argument, we have that

ZgxQf Nitae

FiNGiyarVFS 4 - Mo

X Tt4a¢]. By further applying tower rule property, we have

79%Qf . _ [t+dt o pf Nitar . 795 Qf . _ pt+adt Nivtar .
]E}_g Q [6 J; rsds o PP , tdt 7rt+dt” _ E]:e Q [e /; rads +dt 7Tt+dt]~
t ]:tVGtertV]:tert Nt t Nt

By combining all these simplifications, stretching dt towards 0, we derive the following

Im™ + % x Im® = 0,

728 xQf = _ pt+dt N 5 5
6 [e= fi T roas Negrat oz 0
. +dt Tt
where Im) = dhm Zt T and
t—0
paxpf Netde  ~ pa xpf Neqdt , ~
Vft>< [ tNth EXFepar—E % ! [ 3V+t L X Fpat]]
Im® = lim P(t,t+ dt) x T Dkt ear
dt—0 ’ dt

~ P ~ ~

Let us denote dW (s) = pdW,.(t)++/1 — p2dW g(t) and dWP(s) = pdW,.(t)++/1 — p2dWs(t).
Before delving into the application of Ito’s lemma, a prerequisite is to determine the dynamics
of the stochastic mortality rate A\; under Zg. The density described in can be restated anew
as follows,

a (T—u) _ et (T—w) _
AL | _ g oo S C =t aW, ()= [ (0 o S C0 ) 2
dPe | 7,

Hence, it becomes apparent that the transition to Zg through Girsanov’s theorem can be ac-
complished by positing (dW},(¢))i>0 as dW,5 (t) = dW,, (t) — 96}%0,“% dt. Therefore, we
reach the dynamics of A\; under Z3, as follows

A\ = (05 + ) dt + 0, d W (1),

oD

_p(1) 2 etm(T—t) _q
where t7T—00,T0' X &=,

m Hm
By employing Ito’s lemma with jump process under Zg x Q7, we obtain

t+dt t+dt t+dt
ﬁt-&-dt = 771'15 + / 8,5771'st + / aSﬁSTSSSdS +o0s / 857?sSdep(s)
t t t
t+dt t+dt t4dt —
+ / (0 — ars)0,7sds + O’r/ Or s dW,-(8) + / (921% + lmAs)ONTrsds+
t t t
2 2™

t+dt 1 t+dt 1 t+dt
Om / T AW (s) + —0% / 0374 S%ds + ~o? / D37 ods+
t t t

t4dt t4dt t+dt
~o / %7 ds + po,os / 0275 Seds + / (7% — 74)dNs,
t t t
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where 7% denotes the time-consistent value just before the jump in the number of survivors,
ie. wX] =7 |Ns — 1].
By applying the discount factor multiplication e~ JErrods
culation of the mathematical expectation to reach m

, we subsequently engage in the cal-

ZSXQf Nipat — [tHdt . (s t+dt ng@f Nitae — [ttt dsa ~
Im® — 7, lim F LN X R R, T S e i
— It
dt—0 dt dt—0 dt
t4dt Zg X QY Nyyar — [+t p dsq ~
T S e S e g e Salds
dt—0 dt

a f ¢
. fttert ]E?:i xQ [N;,\Zdte— S rsdsasfrsssdwp(s)]
og lim

dt—0 dt

a0l ,
fHdt Rz *Q [—Nﬁ:“ e I rsdsg 7 (0 — ary)]ds

1- t Fi
+ dtlino dt

t4dt ZEXQF (Nopar — (14t dsq ~
R S 5w )
o, lim

dt—0 dt

dt 78 xQF _ [t+d -
ft—O— tE]_-(iXQ [NtTtdt < e ftt tTSds(eg:}’l)"—"_MmAS)aAﬂ-S]ds
dt—0 dt
a f
9 ftt+dt ]Eii xQ [N;\Zdt e ft“rdt rsdsagﬁ.ssg]ds
2 dt—0 dt

tdt ZgxQF ¢ rttdt . o Nyjay a2 ~
— 1 f E]:t [6 \lt Tta)\ﬂ-s]ds
2 dt—0 dt

t4dt 23 xQf (N _ [ttat -

. ft+ E]—‘i Q [ j\tdte J: rsdsagﬂ.s]ds

2 dt—0 dt

t+dt ~ZExQf - N _ pttdt 5

t+ E]—'st Q [ t+tdte ft rsdsagrﬂ.sss]ds
dt

N,
f
f:+dt E?—% xQ [N;\-;_tdf e~ fttert rsds(,ﬁ.: _ ﬁs)st]

dt—0 dt
a f
ft+dt ]EZ{.; xQ [Nt-{—tdt e~ ftt+dt rsdsa)\,ﬁ_dem(S”ds

o lim t Fi N,
™ dt—0 dt

og0, lim
p " dt—0

. . . . ) .o 1 .
= —ry7 + atﬂ_t + ’l"tStaSﬂ't + (9 — art)aﬂrt + (915’1% + [Lm)\t)a)\ﬂ‘t + §Ugsfa§7t+

1 - 1 - . - -
iafnaim + 503637& + pJTUSStﬁ‘fSWt + (7} — T) A

74 xQf

20We remind that IE_.,_-f

[dNt] = A\¢dt.
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Solving for the limit Im(? requires expanding the variance term as a preliminary step

aypf  Negat ~ a s pf Nitar ~
Vaiance terme = VP xP [—— AR Ttrdt — EE*P tdt Tetdt]]
Nt ]:t\/6t+df\/}—t+dt Nt
_ B XPY [P x B! Niyar .
= [ FVES I X Titdt]]
t t+dt VL gy Nt
axpl  Nevdr - 2 P xP/ (P <P/ ~ 2
— BB %P X 7 _EEX (E x 7 )
2 s ) B (B [reral)
_ mpexpf o Nevar - 21 e 2
=E KiN X Ttar)”] — (7)) —
t
P P/ [ (mP® xPF Nicar . _\2
E E [ X T dt} — T
Fo FiVSiparVFL 4 N, + g
~ P xPf Nt+dt ~ ~
— 27Tt X [E]:t [ Nt X 7Tt+dt] — ’/Tt].
poxpf [ Nyjde  ~ pa xpf Nitdt  ~
. V}_t [TXﬂt+dt7EF1v6t+dt\/Ff d [ N XTetatl] (2) ~ (2)
Hence lim itdt =Imy~ — 2@msy ", where
dt—0 dt 2
FoN . _ aypf (N _ 5
]EWXP [(MXT"t+dt)2]_(ﬂ't)2 2 . g ¥ [ t+dt ><7Tt+dt]—7"t
Im\? = hm L Tt and Im{? = lim -2t
dt—0 dt—0

dt

By employing Ito’s lemma with jump process once more, this time specifically under P¢ x P/,
we obtain

t+dt t+dt t+dt ~p
Titdt = Tt + / Oytsds + / OsTssSsds + og / 0g7sSsdW (8)+
t t t
t+dt t+dt o t+dt
+ / (b—ars)0,wsds + or/ OrTsdW 1 (8) + pom / 8,\7?;9D/\Sds—|—
t t t
t+dt N 1 t+dt t+dt
crm/ O\t sdW i (s) + 50%/ 0273 S2ds + —o? / O3 sds+
t t t

1 t4+dt t4+dt t4+dt
503 / 027yds + po,og / 027, Seds + / (7% — 75)dNs.
t t t

Through a computation highly analogous to that applied to {m!), brings us to

1
lm2 = Oyt + usStasm + (b— ary)0r 7t + m MONTE + 50%5?827@—&—

1 -
QUmaAm + 0 2027, + po,0§S; 0247y + (TF — ) At

In our final application of Ito’s lemma with jump process, focusing on (7;44;)? under P* x P7,
we obtain

t+dt t+dt t+dt ~ P
(Fogar)® = (71)? +/ 8t(7~rs)2ds+/ 65(%3)2u553d8+05/ 05(75)%S,dW (s)+
t t t
t4+dt t+dt ~ t+dt
+ / (b— ars)ar(ﬁ's)zds + O'r/ 3T(7?s)2dWr(s) + um/ 8>\(7~r3)2)\5d5+
t t t
t+dt o 1 t+dt 1 t+dt
o [ OAE AV (o) 50k [ SRSk + ok, [ SRR
t t t

1 t+dt t+dt t+dt
503/ 02(7s)?ds + poros/ 0%4(74)%S,ds +/ (75)? = (75)%)dNs.
t t t
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Therefore,

Im$® = 0,(7)? + s S:Ds + (b= ary)0p(7¢)? + wm MO (7)?+

(7e)®
SORSTOR(T) + SRR () + SR + poso Sl (T
(7)% = (7))
= 20707 + 2us SO0y + 2(b — ary) 0pTeTy + 2pm AeONTL T
+ 0282 (957,)? + 37 7] + 02, [(0a7)? + B3] 4+ o2 [(0r7) 2+

@ﬂ',ﬂrt] + 2pasaTSt[8TS7rt7rt + 0g0p 7] + (7] )2 — (7)*) e

aypf N - aypf
Vﬂ; xP [% ><7Tt+dt*]]‘:ﬂ; T/]F; - [ t+ ><7rt+df]]
tV©o ~
Finally, hm e = 0252 (0s71)2+02, (071 )2 +02(0,70) 2+

dt—0

2p050,S; X s 0p7y + (T — 75 )? Me.

The proof is concluded by considering the continuity property of the root function, and ap-
plying the rule that the the product of two existing finite limits equals the limit of the product.

O
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