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Abstract

Recent interest has emerged in community detection for dynamic networks which are ob-
served along a trajectory of points in time. In this paper, we present a time-varying (t-v)
degree-corrected stochastic block model to fit a dynamic network which allows evolving het-
erogeneity in the degrees of nodes within a community over time. In order to aggregate
network information over time via a sliding window we propose a smoothing-based method
that simultaneously allows to recover the: (i) t-v node connection probabilities; (ii) t-v
community memberships; and (iii) t-v node degree parameters. As a novelty compared to
existing literature we provide asymptotic theory for all of these three goals, i.e. we derive
rates of consistency of our smooth estimators for degree parameters and communities us-
ing a time-localised profile-likelihood approach as well as strong consistency of community
membership estimation at every time point. Extensive simulation studies and applications
to two different real data sets complete our work.

Keywords: Dynamic network, Community detection, Time-localised profile-likelihood, Nonparametric
curve estimation

1 Introduction

Networks or graphs are used to encode the interactions among a collection of individuals in a complex
system. Each node in a network represents an individual, while an edge describes the interactions between
each pair of individuals. A fundamental problem in network analysis is community detection, where the
nodes can be partitioned into a collection of cohesive groups, also known as ‘communities’. Nodes within
a community share specific attributes and exhibit high connectivity, while they are sparsely connected
across communities. Recovering the community structure has always received significant attention in
many fields, such as identifying alliances in social networks (Gulati, 1998), discovering co-expressed genes
in gene networks (Lei and Lin, 2023), or collaborating brain regions in brain networks (Liu, Choi, Xie,
and Roeder, 2018; Samdin, Ting, and Ombao, 2019).

A classical model for the network displaying a community structure is the stochastic block model
(SBM) introduced in Holland, Laskey, and Leinhardt (1983) and developed by many authors (Abbe,
2018; Bickel and Chen, 2009; Zhao, Levina, and Zhu, 2012). SBM posits that each node in the network
belongs to a community. An edge between any pair of nodes is independent of other edges and the
probability of an edge occurring only depends on the community assignments of related nodes. In other
words, all nodes within the same community are considered stochastically equivalent having the same
degree, and thus, the model does not allow for the existence of ‘hubs’ (nodes with high connectivity)
which however can be observed in many applications. To address this problem, Karrer and Newman
(2011) proposed the degree-corrected block model (DCSBM), which allows node degree heterogeneity
by introducing degree parameters. In a sense, SBM can be regarded as a special case of the DCSBM
where the degree parameters are all equal. To date, various methods have been extensively studied in
both estimation and asymptotic theory for community detection in SBM and DCSBM. Bickel and Chen
(2009) established a theoretical framework for the consistency of community detection based on the profile
likelihood and modularity algorithms for SBM. Later, Zhao et al. (2012) extended their theoretical results
to the DCSBM. Furthermore, the consistency of other methods, based on pseudo-likelihood estimation
(Amini, Chen, Bickel, and Levina, 2013; Wang, Zhang, Liu, Zhu, and Guo, 2023), variational expectation-
maximization (Bickel, Choi, Chang, and Zhang, 2013; Wang and Bickel, 2017), information-theoretic



(Gao, Ma, Zhang, and Zhou, 2018), and spectral clustering (Jin, 2015; Qin and Rohe, 2013; Rohe,
Chatterjee, and Yu, 2011), were also developed under both the SBM and DCSBM frameworks.

All the aforementioned methods focused mostly on the static network observed as a single snapshot.
However, the network can be observed at multiple time points, and can evolve over time. Such a collection
of networks is referred to as a dynamic network with n nodes and T time points. While both dynamic
and multilayer networks comprise multiple layers, the former explicitly incorporates temporal evolution,
whereas the latter generally refers to a collection of networks without time dependence. In this paper, we
mainly focus on time-ordered sequences of networks. In recent years, numerous studies have sought to ex-
tend community detection procedures to dynamic networks. Huang, Weng, and Feng (2023) implemented
spectral clustering on the weighted integration of multilayer SBM. Pensky and Zhang (2019) employed
kernel-based aggregation spectral clustering for dynamic SBM and studied estimation consistency. Lei
and Lin (2023) proposed a debiased spectral clustering method for the sum-of-squares aggregation and
established the consistency of common community estimation, followed by the consistency of time-varying
estimation using a kernel debiased method in Lin and Lei (2024). Despite the computational advantages
of these spectral clustering methods, they fail to incorporate the node heterogeneity, with only a few
studies extending them to dynamic DCSBM. Liu et al. (2018) combined the degree-normalized spectral
clustering with eigenvector smoothing to detect communities. Bhattacharyya and Chatterjee (2020) and
Agterberg, Lubberts, and Arroyo (2025) generalized spectral clustering to multilayer DCSBM. However,
the former required the node heterogeneity and communities to remain the same across networks, whereas
the latter was only suitable for the networks with a common community structure. On the other hand,
spectral clustering-based approaches (see, e.g. Agterberg et al. 2025; Pensky and Zhang 2019) typically
impose a strong assumption on community connectivity matrices, specifically requiring that the smallest
eigenvalue of each matrix is bounded away from zero across all time points. This condition intuitively
makes the detection problem easier since the communities are well-separated, however, it also restricts
such methods only to the assortative network case where connections within a community are more likely
to appear. A final line of work is based on probabilistic generative models. Lei, Chen, and Lynch (2020)
proposed a least-squares estimator and proved the consistency of common community estimation. Ma-
tias and Miele (2017) and Riverain, Fossier, and Nadif (2023) applied Markov chain methods to estimate
the dynamic community structures which has proven to be intractable for investigating the theoretical
properties of the estimators. Li, Yuan, Zhang, and Qu (2024) allowed for abrupt changes occurring in
communities. However, they assumed that all connectivity probabilities remain constant before and after
the change-point, which is often unrealistic in practice.

Despite many extensions made to dynamic networks and associated estimations, they still have limited
applicability to real-world networks since it is common in reality for a network to be dynamic, hetero-
geneous in node degrees and variable in community structures and connectivities. For example, our
application treating the Travian dataset (in Section 6) involves a network that recorded the communica-
tion among players spanning 30 days. Figure 1 provides an illustration of the time-varying communication
networks. In this figure, we observe that some players (nodes) departed from their original communities
to join new ones, and some players communicated more intensively than others during specific periods.
Thus, existing methods struggle to be directly applicable to such dynamic networks, which simultaneously
incorporate these time-varying features. In this work, we propose a time-varying DCSBM to offer more
flexibility in fitting real-world networks. In contrast to existing dynamic network models, our approach
focuses on how both node heterogeneity and community connectivity evolve over time. Moreover, as
a novelty compared to the existing reviewed literature, we accompany our approach with asymptotic
theory on rates of consistency of the time-varying estimators for degree parameters and communities
which are based on a time-localised profile-likelihood approach. Finally we show strong consistency of
our community membership estimators at every time point.

A key aspect when working with such dynamic networks is that of how to efficiently aggregate the
information from single network snapshots to obtain a more accurate community detection. Hence, in
this paper we choose kernel smoothing of adjacent networks over time to perform aggregation of the
information that one gets from a ‘trajectory’ in time of a dynamic network. Obviously, and in particular
if the series of networks is sparse (in the number of their nodes), this allows us to reduce the sampling
error inherent in estimating the population edge probabilities from observed adjacency matrices. In a
second step, in order to establish a connection between our first-step edgewise smoothing in time and
retrieving the whole structure of the dynamic network we will use our kernel-smooth estimators of edge
probabilities as input to a ‘time-localised’ likelihood approach for recovering the time-varying network
degree parameters and communities. To keep the complexity of our asymptotic derivations manageable
we content ourselves to present our work while using a basic boxcar kernel smoother which allows optimal



(c)t=21

Figure 1: A toy example of a dynamic subnetwork for the Travian dataset with n = 12 nodes
at three time points ¢t = 5,13,21. The red circles and blue squares denote K = 2 distinct
communities given by the ground truth.

rates of convergence essentially for two times differentiable curves (over time). Nevertheless, any other
more sophisticated nonparametric curve estimation method - allowing to treat functions of different
(higher or lower) regularity in time - could equally well be employed without changing the essential ideas
and results of our approach.

Summarizing, the main contributions of our paper are the following. Firstly, we focus on time-varying
DCSBM which allows the heterogeneity of node degrees and community structures to vary throughout
time. Secondly, we combine nonparametric curve estimation of time-varying edge probabilities with
a time-localised profile-likelihood approach to design a smoothing-based method for estimating time-
varying degree parameters and community structures. With this, we provide a novel framework for
applying nonparametric techniques for estimation of smooth curves to networks observed at discrete time
points. Lastly but most importantly, we establish rates of consistency of our smooth estimators of degree
parameters and communities under the asymptotic regimes of both semi-sparse and sparse networks.

Our paper is structured as follows. In Section 2, we introduce dynamic networks and profile-likelihood
estimation of time-varying degree-corrected stochastic block models. In Section 3, we propose our concrete
time-localised profile-likelihood approach for parameter estimation and derive the theoretical rate of
convergence of the MSE-optimal bandwidth as well as a data-adaptive bandwidth selection procedure
designed to work in practice. Section 4 develops the consistency results for time-varying node degree
parameters and community structures. Section 5 studies the performance and robustness of our method
through simulations, and Section 6 gives the application to data sets in two different scenarios, one with
a constant community structure throughout time and the other with time-varying community structures.
Conclusions and discussions are summarized in Section 7. All details of the proofs are provided in the
Appendix.

2 Time-varying degree-corrected stochastic block models

2.1 Dynamic network framework

We consider a dynamic network with n nodes where edges between the nodes may appear or disappear
as the network evolves over time. Assume that such a dynamic network is recorded as a collection
of adjacency matrices {Al, cee AT} where T is the number of time points over which the network is
observed. For simplicity, we focus only on undirected and unweighted networks and allow self-loops, so
that each A’ is an n x n symmetric binary matrix where Af; = A%, = 1 if there exists an edge between
nodes i and j at time point ¢ for any i,5 € {1,...,n}, otherwise, A}; = A%, = 0 if the nodes i and j are
not connected.

Furthermore, we suppose that the n nodes can be grouped into K communities whose structure may
vary over time, but the number of communities, denoted as K, remains fixed. Let the set of vectors
{c!,..., e} describe such a time-varying community structure, where c* € {1,..., K}" represents the
true assignments of the nodes at time point ¢, with ¢! = & indicating that node i belongs to community
k.

To illustrate the concepts, we plot a dynamic subnetwork for the Travian dataset (further described
in Section 6) in Figure 1 involving n = 12 nodes and K = 2 different communities (circle group and
square group). As can be seen, an edge existed between nodes 6 and 10 at t = 5 but disappeared at
t = 13. Later, after some time evolution, it was formed again at ¢ = 21. We also observe that node



1 belonged to the circle group at time points ¢ = 5 and ¢ = 13 but it appeared in the square group at
t = 21. In addition, it is notable that some nodes display higher popularity than others even within the
same community. We refer to a highly connected node as a hub node, and the variation in connectivity
as degree heterogeneity. In the three panels of Figure 1, we observe that nodes 6 and 10 are hub nodes
at t = 5. However, by t = 13, nodes 6 and 10 have a decrease in connectivity while node 12 emerges as
a new hub. Subsequently, node 10 becomes active again at ¢ = 21 and plays the role of a hub together
with node 12. Obviously, the nodes not only exhibit degree heterogeneity in reality but also change with
the networks evolving.

2.2 Time-varying degree-corrected stochastic block model

Assume that for each node i € {1,...,n} at time point ¢ a degree parameter 6! € R, is associated. Its
role is to interpret how ‘popular’ a node in the network is, via a smooth function across time. In this
work, we assume that the propensity to form edges in the network, between any two nodes 7 and j is
a function not only of the popularity of nodes ¢ and j, but also of the communities to which these two
nodes belong. As such, to account for the influence of the communities on the propensity to form ties
between nodes, we consider a K x K symmetric matrix Z' = (Z%, )k x K, representing the community
connectivity parameter, where Z!, denotes the probability of an edge between communities a and b when
nodes i and j belong to communities a and b, respectively. For simplicity, we suppose that the community
connectivity parameters Z* do not depend on the degree parameters 8° = (6%, ... ,0L)T. This assumption
is common in the literature of DCSBM.

In the sequel, we propose to model

Eeige (Af;) = 01052 €[0,1], 4,j=1,...,n,t=1,...,T, (1)
g

where for given community labels and node degree parameters, Afj’s are assumed to be independent

Bernoulli random variables, and where E.: g¢(-) denotes the expectation in a probability model with

parameters ¢! and 6°. Let 17 be the indicator function and further define n,(ct) = 31" 1ct—qy as the

total number of nodes belonging to community a at time point ¢. For identifiability reasons, throughout

this work we assume (i) that 0} is such that Y77 | 0¢1¢.c_qy = n,(c’) for any a = 1,..., K and (4i) that

Ztt e is such that 9t9tZtt . € [0,1]. Note that as a special case, when 7" = 1, model (1) reduces to a
J

static DCSBM that is well studied for community detection (see, e.g. Gao et al. 2018; Zhao et al. 2012).
Moreover, if also 6! = 1 for all nodes in the network, the static DCSBM reduces to the standard static
SBM.

Model (1) defines a valid, dynamic degree-corrected stochastic block model. However, in order to
evaluate the asymptotic behavior of the model with increasing n — oo, one needs to address a scaling
issue related to the probabilities of edges. If Z' is fixed and independent of n with positive entries,
then the average degree of the nodes will be of order n, making the network overly dense as pointed out
by Zhao et al. (2012). Instead, we introduce a baseline parameter p,, characterizing the sparsity of the
network which depends on n but is constant across time and allow Z' scaling with n. In view of this
remark, we redefine slightly our model as:

Ect,gt (Afj) = pnﬁtﬁ W:t 1 5 (2)

where p,, stands for the baseline sparsity of the network. In this work, p, is assumed to be constant
across time but depending on n via p, — 0 as n — co. With W/, we denote a fixed entry from a
symmetric K x K matrix W' := p-1Z" describing the connectivity pattern between nodes from any of
the K underlying communities. As noted in Bickel and Chen (2009), this parametrization allows the
decoupling of the average degree from the inhomogeneity structure.

Remark 1. Let A\, = np, be the baseline average node degree of the dynamic network. As commonly
defined in the literature, while p,, remaining constant in n would refer to a ‘dense’ network (with unrealistic
fast growing connection activity), the regime p, — 0 and A, > logn is referred to as ‘semi-dense’. Neat,
the case of A\, — 0o but not faster than logn is called ‘semi-sparse’, whereas A, = O(1) is considered as
‘sparse’. We will provide further elaboration on these regimes and their implications for our method in
subsequent sections of the paper.

2.3 Profile-likelihood estimation

Our objective for this work is to estimate the time-varying community structure with heterogeneity
of node degrees. There are many related works for community detection, based on graph partitioning



(Newman, 2013), spectral clustering (Lei and Lin, 2023; Pensky and Zhang, 2019) and modularity (Bickel
and Chen, 2009; Clauset, Newman, and Moore, 2004; Zhao et al., 2012). As mentioned in Section 1, these
methods are relatively less flexible in accommodating node heterogeneity and community structure. One
other natural and straightforward approach is the likelihood-based method (Bickel and Chen, 2009; Zhao
et al., 2012).

Before discussing this estimation method, we introduce some basic definitions at first. For each time
point ¢ € {1,...,T}, we consider df = > 7_, Aj; as the number of edges from node i to any nodes in
the network. Let e! = (ef,...,e%)" be a generic vector defined on {1,..., K}" and e} be the candidate
assignment of node 4 at time point ¢. For any vector e?, we define

n K n

Ou(e) = Y Aljlempeizyy,  Or(e) =D Onle’) = Y Al

ij=1 1=1 i,j=1

Here Oy, (€') denotes the total number of edges connecting nodes from communities k and [ when k # [,
implying that Oy (e?) is twice the number of edges within the community without self-loops in the net-
works. The quantity Og(e?) denotes the total number of marginal connections from nodes in community
k to nodes from any community in the network (including itself).

Since it is more complicated to obtain closed form solutions via maximizing the Bernoulli-based
likelihood function, following the method mentioned in Karrer and Newman (2011) and Zhao et al.
(2012), we also consider using the Poisson-based likelihood to approximate the Bernoulli-based likelihood
for simplifying the estimation procedure. Therefore, for any fixed assignment candidates e’ imposing
the constraint that Y- ) 0f1(c_qy = na(e’) for any a = 1,..., K, leads to the following form of the

log-likelihood function of the parameters 8" and Z°,

T n T K
logP(A',...,AT) =2 "> "dllogb} + (Oav(€')log Z%,, — na(e)ny(e)ZL,)

t=1 i=1 t=1 a,b=1

which yields the closed-form MLEs of § and Z(t;t.ct. under the given assignment vector e’ as follows,

N Net (et)dtl A~ Oe?e

t(el) = =", Zto(eh) = —— 1 ——. 3
z( ) Oeé(et) e;‘.je;( ) neg(et ’I’Le,(et) ( )

Plugging these MLEs into the log-likelihood function and omitting constants, we can obtain a function

of only the community assignments. Therefore, for any generic candidate e € {1,..., K}", the criterion

for community detection is defined as

Okl(et)

Q(O(et)) = Z (Okl(et)log W - Okl(et)> ) (4)

where the term O(e?) is used to denote the K x K matrix with elements O;(e'). The term Q(O(e')) is
referred to as the profile-likelihood function in Bickel and Chen (2009) and the estimation of communities
can be derived by maximizing this quantity over all possible candidates e?.

Roughly speaking, the estimation based on (4) can be considered as applying the static DCSBM to
each individual observation A’ separately. Supposing that K is known and fixed, Zhao et al. (2012) showed
that at any fixed time point, optimizing (4) leads to strongly consistent estimators for the communities
as long as A,/ logn — co as n — co. In other words, this model would require the networks to satisfy the
sparsity condition of A\, > logn at every fixed time point to maintain the strong consistency property
when estimating communities. However, this condition is severely constraining in practice. For instance,
upon visual inspection of the three original Travian networks in Figure 2 (a)-(c), a notable facet is that
while communities persist throughout all time points, the first community is less distinguishable at t = 5,
and when ¢ = 13, at least two communities - the first and the eighth - cannot be recognized. Indeed, this
would be tricky in the estimation procedure if only focusing on individual snapshots at ¢ =5 or t = 13.

In this case, the undisclosed community structure can however be recovered by aggregation of networks
from various time points. To motivate our smoothing-based procedure, discussed further in Section 3,
if one were to smooth first these adjacency matrices using the basic kernel function, as defined in (7)
below, all communities become more apparent for any individual network as shown in Figure 2 (d)-(f).
Moreover, from a statistical sampling perspective, a solitary network is perceived as a noisy sample from



(a)t=5(HER of 0.067) (b) t=13 (HER of 0.185) (c) t=21 (HER of 0.002)

(d)t=5(HER of 0) (e) t= 13 (HER of 0.002) (ft=21(HER of 0)

Figure 2: The original adjacency matrices (top row: (a)-(c)) and the smoothed adjacency ma-
trices (bottom row: (d)-(f)) with a bandwidth h = 0.47 are presented for three time points
t = 5,13,21 in the Travian dataset among 411 players assigned to 9 communities. The black
and white dots represent the presence (Afj = 1) and absence (Afj = 0) of an edge, respectively.
The non-recognized communities are remarked in red boxes. HER (lower is better) denotes the
Hamming error rate which quantifies the proportion of misclassified nodes.

the population, whereas the aggregated network resulting from proper temporal smoothing has obviously
a closer resemblance to the population version, thereby parameter estimation based on the smoothed
network can alleviate sampling errors inherent in the individual network. The results of the analysis on
the Travian dataset corroborate this observation. The HERs (the Hamming error rate, as defined in (20))
based on smoothed adjacency matrices are substantially lower than those using criterion (4) separately
for each individual network.

3 A kernel smoothing method to recover time-varying degree
parameters and communities

In this section we develop our estimation procedure of smoothing edge probabilities of adjacent networks
over time to deal with the community detection problem for the time-varying DCSBM. For this we embed
our smoothing approach into the framework of nonparametric curve estimation with a target function
observed, in the presence of noise, on a grid of equidistant time points u! := t/T,t =1,...,T of the unit
interval w € [0,1]. This is analogous to the fixed design points in a classical nonparametric regression
setting. More specifically, suppose that there exist curves 6;(u) for any 7 € {1,...,n} and Wy(u) for any
a,be{l,..., K} with u € [0,1], which allow to define our target 7;;(u) as a curve with

Tij(ut) = Ect’g(ut)(Azjl’U/ = ut),
where 0(ut) := (61 (ut), ..., 0, (ut))", such that
Tij(ut) = pnel(ut)ej(ut)wcfc; (ut), (5)

which relates to model (2). In particular, we note 6 = 0;(u') and W/, = Wy, (u'). Observe that 7;;(u')
denotes the probability of an edge connecting nodes i and j at time point ¢. Let efj be defined as the
centered version of A}; where

55;‘ = Agj — Tij (u). (6)



By construction, the expectation of & is zero and its variance satisfies o7;(u’) = 7i;(u")(1 — 73;(u')).
Moreover, the errors ef; are assumed to be independent across any i, j € {1,...,n} and any t € {1,...,T}.

As we have assumed that 7;;(u) is not only a curve over time but also an expectation of edge variables,
one simple but efficient way to obtain an estimator relies on local smoothing with kernel functions. As
such, combining this with the profile-likelihood method from Section 2.3, we propose a two-step time-
localised likelihood estimation procedure which first smooths data over time and then estimates the
communities and parameters of interest based on the smoothed data.

Step 1: Smoothing. In this step, we estimate the edge probability 7;;(u') by averaging the observa-
tions Af; over neighbors in time ¢ for any 4, j € {1,...,n}. Let U(u') = [u’ — h,u’ + h] be a neighborhood
of time point ¢t € {1,...,T} for some bandwidth h € (0,1]. Then for any i, € {1,...,n}, a basic kernel
estimator of 7;;(u') can be written as

) Zt' VAL cuny
- AL s u e U(ut)}

Tijn (U (7)
where | - | denotes the size of the set.

Step 2: Community detection. This step involves the estimation of parameters in time-varying
DCSBM. For any time point ¢ € {1,...,T}, we replace the adjacency matrix A" with the kernel estimator
Fr(u') := (7ij,n(u"))nxn. Correspondingly, for any vector e € {1,...,K}", we define the smoothed
counting variables as follows,

n

K n
Orn(e’) = Y Fijn(u)iermpei—tys Okl Z Own(e), dip =" Fijn(ul), (8)
=1 =1

ij=1

As well, one can obtain the smoothed MLEs of 6! and Z;Ct from (3) under a given assignment vector e
as,
~ Nt et dAt t
Oin(e') = & Ziror nle') = T (9)
7 Oef,h(et) aer nez(e e
where OAefe;,h(et) = Zz,m,zl %Sm,h(ut)l{egze;?,eﬁn:cj.}» and OAef,h(et) = Zg,jzl 7A—sj,h(’u’t)]-{eé:ef]“ PIUgglng
in these smoothed MLEs, the final estimator for 7;;(u) at time point ¢ is written as

Tijn(u' €)= 05 (€85 . (€") Zirs () = ’ : (10)

where 75 (u', €') := (7;jn(u’, €"))nxn.Thus, the smoothed profile-likelihood criterion (also referred to as
the time-localised profile-likelihood criterion) associated only with community assignments is then defined
as

K

QOue) = 3 (Om,h< >1ogm - Om,h<ef>> , (1)
1

k= )Oun(e

with a K x K matrix Oh(et) = (OAkl,h(et))KxK. Note that maximizing Q(Oh(et)) over all possible
candidate assignments will yield the estimated community assignments é'. These estimates are then
substituted into (9) and (10) to construct the estimated degree parameters Hf}h(ét) and the estimated

edge probabilities 7;; , (u’, &).

Remark 2. The kernel estimator 755 (u') in (7) allows one to aggregate the information from the neigh-
boring time points, but it is edgewise without accounting for any topology of the network. In Step 2, we
treat the kernel estimator as a ‘weighted’ adjacency matriz, combining the likelihood information from the
model, to construct the final estimator in (10). A key feature of this approach is that it establishes a bridge
between edgewise smoothing and the network structure. First of all, as usual for nonparametric curve
estimation, it reduces the variance of the estimators. Moreover, Q(Oh(et)) provides an approximation to
the population version Q(E: g:(O(€"))) by smoothing as well. It has a smaller sampling error than the
single-sample Q(O(e?)), enabling the network to gain information from neighboring networks.



In this context, the selection of the bandwidth h in (7) is of significant importance. Although we
smooth the time-varying networks edgewise in our method, we prefer selecting a common bandwidth h
for the entire network and for all time points. We will further discuss this later on in Remark 6. On
the other hand, the probability matrix 7(u’) := (7;;(u"))nxn, serving as the target linked to nonpara-
metric techniques, encapsulates all parameters comprehensively. The goal is to choose a bandwidth that
minimizes the estimation error of the smooth estimator 7,(u’,c’) under the true communities ¢! for
any t € {1,...,T}. For notational simplicity, throughout this work we drop the argument (c') and use
HA;h and 7;;,,(u') to denote éfﬁh(ct) and 7;;,n(u', ¢') when c' is assumed to be given, unless the argu-
ment is explicitly stated otherwise. To facilitate our theoretical development, we state first the following
assumptions required to derive an upper bound on the error of 7 (u?).

Assumption 1 (Trajectories of model parameters). Uniformly overi € {1,...,n}, anda,b e {1,..., K},
assume that both 0;(u), Wap(u) € C?[0,1] over the unit interval u € [0,1].

Assumption 2 (Community structure). The number of communities K is given and fized, independent
of the number of nodes n and time points T'. Assume that there exists a true community vector ¢t €
{1,..., K}"™ such that no(c') is a positive integer for any community a € {1,..., K} and any time point
tef{l,...,T}.

Assumption 3 (Identifiability of parameters). For any time pointt € {1,...,T} and any community a €
{1,...,K}, the degree parameter vector 0 = (0%,...,0%)7 satisfies 31, 0i1¢t—ay = na(c'). Moreover,

to avoid severely unbalanced degrees, we assume that sup;cy . ny 0t = O(1) for any time point t.

Imposing in Assumption 1 that the temporal trajectories of the degree parameters and community
connectivity parameters lie in C2[0, 1] is merely for convenience of phrasing the usual bias-variance be-
havior of the (kernel) smoother in nonparametric curve estimation (e.g., assuming the existence of a
third derivative in time is imposed only for commodity in phrasing the proofs). The actual amount of
smoothness is not essential for the applicability of the second-step of time-localised likelihood estima-
tion of node degrees and communities based on the kernel-smoothed adjacency matrices which estimate
7i;(w) in the first step. In the same way, one could of course replace the simple boxcar kernel smoother
we suggest in (7) by a more refined kernel as to be found in the classical literature. Investigating the
selection of the number K of communities, although interesting in itself, it is not the primary focus of
this work. Thus, as stated in Assumption 2, K is assumed to be fixed and not varying throughout time.
Furthermore, in order for the denominators occurring in the definition of our estimators to be bounded
away from zero, there should be at least one node in each community at any given time point. Finally,
Assumption 3 states the identifiability conditions for the parameters in model (1). Given the community
c', we observe that model (1) is scale invariant. For example, set constants C; > 0 for any k € {1,..., K}
and define new parameters 6/* = 9;?/0:E and Zé;c; =C C':; ZZﬁC?’ then (6%*, ZZ;‘Cé)T and (0!, Zég(;;)T can
result in an identical connectivity probability 7;;(u’). To address this issue, Assumption 3 is imposed to
normalize the degree parameters within each community. Under this constraint, 6! reflects the relative
degree propensity of node i within its community.

Throughout this work, we note a,, ~ b, for any two sequences a,, and b, if the quantity a,/b,
tends to a positive constant as n — oo, and a, =< b, if both a, = O(b,) and b, = O(a,) hold

simultaneously. Let nymin = mingeqy,.., K}’na(ct) be the minimal community size of a dynamic net-
te{1,..,T

work and kK, = nmin/n describe the{ level}of balance in the community sizes. If the community sizes
are balanced for all time points, then x,, ~ 1, otherwise k, — 0 as n — oo. Further, a smaller &,
indicates more unbalancedness in the community sizes. Intuitively, this factor impacts directly our re-
sult. To evaluate the estimation error we define the scaled mean-squared error (MSE) for p;, '7,(u') as
d (pp 7r(ut), pptr(ul)) :=E (L pp'7r(ut) — pplr(u')||%) where || - |% denotes the squared Frobenius
norm.

To model the behavior of community assignments over time, we introduce a sequence of iid Bernoulli
random variables X!, i € {1,...,n}, t € {1,...,T} and a "community stability” parameter vy € (0, 1]
defined via

E(X}) =, (12)

which on average controls the community switching rate and implies that ¢f = cffl if X! =1 and
ct cf_l otherwise. For our theoretical asymptotic results, we allow this parameter v := vp to depend
onT.



We further treat the community assignments c},...,c! for each node i € {1,...,n} as fixed but
unknown parameters, and the network observations A" are thus drawn independently for given ¢! and
0'. We next define

02(0;(w)0; (u)W,
Csup,1 '= Sup  sup  sup (6:(w) 1(7;) av (1)) , Csupo:= sup sup sup (6;(w)d;(w)Wep(u)),
1<4,j<n 1<a,b< K ue0,1] ou 1<4,5<n 1<a,b< K u€l0,1]
(13)

to be positive constants independent of n and 7T such that the second derivatives of the function
(0;(u)0; (u)Wyp(w)) and the edge probability curves 7;;(u) are bounded from above by Cyyp,1 and Cyyp 2,
respectively, over ¢,5 € {1,...,n},a,b€ {1,..., K} and u € [0,1].

Proposition 1 (Pointwise MSE for p,, 17, (ut)). Under Assumptions 1-3 and considering yr from (12)
as a sequence in T, given the true community structure ' for each time point t € {1,...,T}, there exist
ng, To such that for all n > ng, T > Ty,

CT,3

—1~ -1 4 2712 2
d (o Tu(u), oy (u) < Crah + Cra TR =) 4 =0

(14)

with the constant C- 1 depending on Cgup,1, while Cr 2 and Cr 3 depend on Cayp.2-

Proof. All details of this proof are given in Appendix A, here we summarize ideas of the essential
steps. As presented in (10), the entry 7;;5(u’,€’) is a function of the smoothed counting variables
d},h, a?ﬁ-,h, Owin(e?), Op.n(et) and Oy (e') as defined in (8). Lemma A.2 (which itself is based on Lemma
A.1 determining the bias and variance of our Step 1l-smoother 7;;(u')) provides rates of convergence
of these kernel smoothed counting variables to their population quantities E: g¢(d}), Eet gt (Oxi(e’)) and
Ect gt (Or(e")), locally in time point t. We observe that the essential step of the proof is the treatment of
a Taylor expansion of 7;; ,,(u'), given ', being expressed as a (five-dimensional) function of the smoothed
counting variables around its population analog 7;;(u') being expressed as the same function of the cor-
responding population quantities - see (A.9) in Appendix A. This eventually leads to the desired rates of
convergence for the bias, variance and mean-squared error of the scaled 7 (u?). O

Remark 3. In light of the results of Proposition 1, we next give some insights on the nature of our given
assumptions.

1. On the scaled mean-squared error: Observe that, since 7;;(u') is proportional to p,, if we considered
the non-scaled error of 71 (u'), this quantity would increase as p, grows. This however would con-
tradict our common understanding that smaller estimation errors are typically achieved in denser
networks with more information.

2. On the bias term: The first term in equation (14) corresponds to the usual smoothing bias caused
by the smooth functions Zgp(u) and 6;(u) and depends only on the bandwidth h. The second
term accounts for the switching bias introduced by community switching in ¢t and its magnitude
depends on the quantity Th(1 — yr) which is proportional to the expected number of community
changes per node within a local window. Intuitively, this quantity is expected to be much smaller
than one and to vanish asymptotically, i.e., yv — 1 such that Th(1 — vr) — 0, where the first
requirement, yp — 1, is imposed to asymptotically maintain the temporal alignability of community
assignments. This condition is similar to the existing conditions from the literature. For instance,
in Lin and Lei (2024) each node is assumed to switch its community according to an independent
Poisson(7) process. Setting ¥ = T(1—~yr) in their framework has as a direct consequence that their
Assumption 5, namely 7/T = o(1) is comparable to our first requirement yp — 1. Moreover, note
that the sufficient condition for consistent detection in Lin and Lei (2024) (i.e., for their clustering
error bound in Theorem 1 to vanish) involves a decay requirement that matches the latter term
in our condition, namely Th(1 — ~vr) — 0. On the other hand, Pensky and Zhang (2019) posit
that at most s < n nodes may change communities between two consecutive time points. A direct
parallel can be drawn between our work and theirs. The switching rate we consider in our work,
namely 1 — vy, corresponds roughly to the relative frequency s/n from the work of Pensky and
Zhang (2019). They further show that the switching bias in the clustering error bound is of order
(Nmax/Tomin)” Th(s/n), which implies that the requirement for the vanishing clustering error is
roughly equivalent to ours when community sizes are balanced; however, for the unbalanced case,
their requirement is slightly stronger than ours.



3. On node switching: Controlling further the rate with which the term Th(1—~r) decays, one can also
reproduce the same fast bias decay of order h? as in usual nonparametric estimation of C2-curves.
In view of Corollary 2 on asymptotically balancing squared bias and variance by the usual AMSE-
optimal bandwidth, this rate of bias decay holds, in particular, if the total number of switchings
across all nodes, i.e. nT(1 — ~r), remains bounded by Cn*/>(Tp,)~/® with some constant C.

4. On the variance term: We observe in the upper bound for the MSE of p, 7, (u') in (14) that the
variance term, is inversely proportional to the ‘effective local sample size’ nk,p,Th, for which we
can distinguish two scenarios: If the community sizes are balanced, i.e. if kp, ~ 1 since Npin <
n/K, the variance depends only on the effective local sample size of the network np,Th needing
to diverge. However, a potentially unbalanced situation (k, — 0) can lead to detectability issues
for the probabilities of edges within the smallest community. Hence, it is intuitive that a more
stringent assumption is needed, where nk,p,Th needs to diverge as Ky, h,p, — 0 and nT — oo.
Specifically, the effective local sample size of the smallest community should be large enough to
guarantee recovering the connectivity between any pair of communities.

As previously discussed, one optimal choice for h aims to minimize the mean-sqaured error of 7, (u?)
across all time points. Under Proposition 1 we derive the following results for such an optimal bandwidth
hopt With respect to two different regimes of community stability 7.

Corollary 2 (Bandwidth selection). Under the conditions of Proposition 1, the optimal bandwidth hopt
minimizing the asymptotically leading terms of the global mean-squared error

T
gMSE := T~ " d(p, " 71 (u'), p 7 (u'))

t=1
has the following rates:
1. Under low community stability with T(1 — vyr) = O (h*) for some —1 < a < 1, then

hopt ~ (anPnTB(l - ’YT)2)71/3-

2. Under high community stability with the strengthened condition T(1 — ~vr) = O (h), then

hopt ~ (nlinpnT)_l/S.

Plugging the rate optimal bandwidth hepe into the upper bounds provided in Proposition 1, leads to a rate
of convergence of order (iprT

)3 in the low community stability regime and (nk,p,T)™5 in the high

KnPn

community stability regime, for both pointwise and global MSE of p,; 71 (ut).

Observe that Corollary 2 states the asymptotic behavior of h,p; under two distinct regimes, as deter-
mined by the leading bias in Proposition 1: the switching bias dominates for low community stability as
the nodes are more likely to change their communities, whereas the smoothing bias becomes dominant for
high stability regimes. It is intuitive to observe in both cases that the bandwidth h,,; will decrease when
the number of nodes n or the parameter p,, increases, since there is more information in each network
as n or p, increase. Recall that the upper bound of the error is inversely proportional to the level of
community balance, since there are fewer connections within the minimal community with decreasing &, .
This means there is more incentive to aggregate information across more networks with increasing hops.
Interestingly, low community stability implies that the bandwidth should shrink at a faster rate to offset
the additional bias introduced by community switching.

Remark 4. In practice, the selection procedure of hopt is challenging because the true value of 7;;(u') is
unknown. Inspired by Yang and Jie (2020), we adopt a leave-one-out cross-validation approach to design
a data-adaptive bandwidth selection. The procedure is as follows. For any time point t € {1,...,T}, let
A7t = A\ {At} be the training set consisting of other networks surrounding time point t. In Step 1,
for each time point t € {1,...,T}, we use the training set A~' as our new observations to obtain the
leave-one-out kernel estimator by

T ’
St AL v {uth) .
[{AL s ut e Uut) \ {u'}}]

Tin(u') =
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Substitute next 7;j p,—c(u') for 75 (ut) into the time-localised profile-likelihood criterion (11) in Step 2
and compute ét_t by solving the following program over all possible candidates et,

K

ét—t = argnﬁx Z (Okl,h,t( )IOg

k=1

Orin_i(et .
k”z e ~ = Oxn—t(€")
Okn—t(€)Opp,—¢(€)

where OAkl,;L_t(et) and 0Ak7h7_t(et) are obtained by replacing 7i;n(u') with 75 p,—(u') in Okl’h(et), and
O n(el), respectively. Following the definition in (10), the leave-one-out estimator 7ijp —i(ut,é",) is
constructed based on &', as

5 5 A At

. t oAty dg,h,—tdg',h —tOAt 55,,t7h7—t(cft)

Tigh,—t(u', €4) = — — (15)
Oa; _oh 4( )ch h—t(€2y)

J,—t’

where Lif’h77t is obtained similarly by replacing 7 p(u') with 7ijp,—¢(u') in (Z’;,h. As we discussed in
(6), the observed network A can be interpreted as a perturbation of the population T(u'). Intuitively,
%h,,t(ut,éﬂt) = (ﬁj,h,,t(ut,éit))nxn can be considered as a prediction for A'. We then derive the
cross-validation value for each time point t € {1,...,T} as CVi(h) = ||Fn_¢(ut,é",) — A'||2 via the
squared Frobenius norm. Finally, the optimal bandwidth is chosen by mzmmzzmg the average C'Vi(h)
across all time points, that is

Nioocy = arg hren%)nl] T Z Vt

Hardle, Hall, and Marron (1988) suggested that, under general conditions in nonparametric regression, the
bandwidth selected through the leave-one-out cross-validation criterion consistently estimates the asymp-
totically optimal bandwidth that minimizes the global mean squared error. In our setting, the elementwise
smoothing of the independently observed adjacency matrices over time satisfies the required reqularity
conditions in the case of high community stability. Therefore, hioocy converges to hopt in probability as
well.

4 Consistency of kernel smooth estimators

Recall that in Step 2, the smooth estimator of 6! for any i € {1,...,n} is given by (9), while the smoothed
profile-likelihood criterion Q(Op(e?)) is provided in (11). We now investigate theoretical properties for
the smooth estimators in the time-varying DCSBM. As the sum of edges in a network is proportional to

n?p,, for all time points under the asymptotic regime (with p,, — 0 as n — o0), we consider the scaled
On(e)
nthn

&' =arg  max . Q (Oh(et)> . (16)

ete{l,...K n2p,

time-localised criterion as @ ( ) Then the estimated community structure for any ¢t € {1,...,T}

is obtained as,

We first investigate the consistency in estimating the node degree parameters. With slight abuse of
¢ ¢ ot
the same notation d(-, -), we define the scaled mean-squared error for 8,, as d(6,,0") := E (%Heh — 0t||§)

where || - ||2 denotes the squared Euclidean norm.

Theorem 3 (Counsistency of degree parameters). Under Assumptions 1-3, consider the true community
structure c' for each time point t € {1,...,T} to be given. Let 9; = (é’ih,...,éfhhyr be the smooth
estimators of the degree parameters where éfh is defined in (9). Provided that yp — 1, pp,h — 0 as
n,T — oo such that np,Th — co and Th(1—~r) — 0, the estimator éz is mean-squared error consistent

for 0" at any time point t € {1,..., T}, and satisfies

Co.3

At ot 4 2,2 2
< T 1-— —_—
d(6,,0") < Cy1h™ + Cyo2Th"(1 — yr)” + T’

(17)

with the constant Cg 1 depending on Csup 1, while Cg o and Cy 3 depend on Cgyp 2.
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Proof. The main technical component of this proof is similar to the proof of Proposition 1 following the

O, ,,(ct)
idea that 91 hs given ¢, can be seen as a (two-dimensional) function of din p t and n;;) . Again, Taylor

expansion of this functlon around its population limit delivers the aforementioned rates of convergence
via those of Lemma A.2. For details, we refer to Appendix B. O

Theorem 3 provides an upper bound for the estimation of node degree parameters at time point
t. Recall that 6! measures the popularity of node i, assumed to be independent of the community

connectivity parameter in this context. Therefore, for consistency of 92 in Theorem 3, note that no
additional assumptions of balancedness in community sizes are necessary (unlike for Proposition 1 where
the bound for 7 (u') relies on k,). Additionally, we will later show that these bounds in Proposition
1 and Theorem 3 remain valid when replacing ¢' by the estimator ¢’ provided that ¢ converges to ¢!
almost surely.

Remark 5. Most of the existing work on dynamic networks has focused on recovering community struc-
tures rather than on node-specific degree propensities, either in terms of estimating the trajectories of 6°,
or providing rigorous convergence rates for the corresponding estimators. Spectral-based procedures can
in principle accommodate degree heterogeneity via normalization approaches; however, the heterogeneity
is treated as a ‘nuisance’ component and is hidden in the spectral embedding, which makes it difficult
to track the evolution of node-specific propensities over time. FEven when plug-in estimators of 8" are
considered, for example, layerwise mazimum profile likelihood estimators as in Agterberg et al. (2025),
the resulting error bounds do not benefit from the multilayer or temporal structure and essentially coin-
cide with the static single network rate of order (n,on)_l/2 (up to logarithmic factors). In our work, we
instead develop a smooth estimator for ' that combines information from neighboring networks with the
likelihood structure, thereby achieving a sharper variance rate.

Remark 6. In practice, it could be interesting to assign a bandwidth to each individual edge in the
dynamic network. However, implementing such an approach would incur significant computational costs.
Furthermore, the rate as stated in Theorem 3 would become difficult to derive, as it is not straightforward
how to associate the nxn elements of the bandwidth matriz to the components of the n-dimensional vector

~t
0,,. Given the above considerations, we prefer to adopt a common bandwidth throughout this study.

We now investigate the consistency of the estimated community structure ¢'. To simplify the discus-
sion, we introduce some extra notation. Considering the true assignment ¢! and any candidate assignment
e', define Ny (cf,e’) = {1 <i<n:c =a,ef =k} to be the index set of nodes whose true community
is a and candidate community is k. Further let na(k)(c', e') = [Naw (¢!, e")| be the size of this set and
Agy(ctiet) =370 0i1(ct—a.ct—ry be the degree-corrected Welghts Wlth respect to Ny (c', e') which

satisfy that Zszl aky (€, €") = ng(c'). We define next Hy(e') as the population version of the scaled
Opi(e!) where

t K A t ot A t ot
Ho(e) = Eoe g Ou(e)\ _ Wt o a (€€ Ay (e )7 (18)
ct,0 TL2 ab n n
P a,b=1

K K t t t t

w A k)(c e )

H t = H ty nb(c) ab a( )
e = 3 BT

Let H(e') denote the K x K matrix with entries Hy;(e'). Similarly to Zhao et al. (2012) and Sengupta
and Chen (2018), we also define the population version of the criterion as

K t
Q) i= Y (Hule'log e Hule)).

k=1

Since we use the time-localised criterion to approximate the population version in this work, our first
strategy to prove the consistency of &' is to measure the disparity between these two terms.

Lemma 4 (Uniform convergence of @ (%{f‘t))) Under Assumptions 1-3, if v — 1, pn,h — 0 with

both n and T diverging such that np,Th — oo and Th(1 —~yr) — 0, then over €' € {1,...,K}", the

12



scaled time-localised criterion Q (%et)) is uniformly close to the population version Q (H(e')) for any

Pn
time point t € {1,...,T}, that is, there exists €, — 0 such that

P (H}:}X 0 <Oh2(€t)> -Q (H(et))

< ei) =1, as yr =1, pp,h =0, np,Th — oo, Th(1—~r) — 0.

n?py,
(19)
Proof. For the proof we refer to Appendix B. O
Next, we quantify the error rate for community detection by using the Hamming distance,
1o
(e, ) 1= min Z; Liettets (20)

where 7(e') denotes the set of all permutations of the assighment vector ef. For convenience, we refer
to (et ¢t) as the Hamming error rate (HER) at time point t. To show that the estimator ¢ converges
to its true value ¢!, a natural condition would be the uniqueness of ¢!, alongside the maximization of
Q (H(e!)) achieved by ct. Hence, we give the following assumption to guarantee that a unique maximizer
of Q (H(e?)) exists.

Assumption 4 (Detectability of community structures). For each time pointt € {1,...,T}, we assume
that the community connectivity matric W* does not have two identical columns.

Lemma 5 (Uniqueness of the maximizer of Q (H(e'))). Under Assumptions 2-4, Q (H(e")) is uniquely
mazimized at the true labels ¢t (up to label permutation), that is, for any generic vector et € {1,..., K},

Q(H(e")) < Q(H(c")

where equality holds if and only if et = c'. Furthermore, there exist some constants 0 < M’ < M such
that

M'Osu(e’, ') < Q (H(c")) — Q (H(e")) < Mbsupi(e, ") (21)
with Oine := inf1<;<n infiep0,1) 0i(u) and Osup = SUP <<, SUP,e(0,1] i (10)-
Proof. For the proof we refer again to Appendix B. O

This Lemma also gives the lower and upper bounds for the population optimality gap for incorrect
community assignments. Based on Lemmas 4 and 5, we have the following theorem.

Theorem 6 (Consistency of community detection). Under Assumptions 1-4, if yr — 1, pn,h — 0 such
that np, Th — 0o and Th(1 —~vr) — 0 as both n and T diverge, the community estimators, as defined in
(16), are weakly consistent for any time point t € {1,...,T}, that is

V6 >0, P(ge', ") <d) =1

Further, if both n and T diverge such that (np,Th)/logn — oo, then the community estimators are
strongly consistent, that is
P(u(e'c") =0) — 1.

Most previous work has shown that for the static (degree-corrected) stochastic block model the weak
consistent community estimation is possible if np, — oo and the strong consistency is achievable if
(npn)/logn — oo. In the time-varying setting, our time-localized profile-likelihood approach is weakly
consistent at each time point as long as np,Th — oo when n,7 — oo. Furthermore, when np,Th
diverges faster than log n, we show that the algorithm is strongly consistent in recovering the communities
at each time point. We also observe that pooling information across networks in time is reflected in
the rate condition np,Th — oo of our Theorem 6. In other words, Theorem 6 shows that, under
smoothness and stability (switching) assumptions, our time-localized likelihood approach can linearly
aggregate information within a local window, effectively boosting the signal from np,, to np,Th which
in turn enhances the performance of community recovery. The above results also apply to time-varying
SBM as well, by setting all 6 = 1.
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Another noteworthy aspect is that we do not impose any restrictions on the baseline average node
degree \,,, allowing our method to be applicable across all regimes of p,, — 0 (e.g., sparse, semi-sparse, or
semi-dense networks as mentioned in Remark 1). In particular, for semi-sparse or highly sparse networks
- such as the regime of A, = O(1) in Lin and Lei (2024) - our results in Theorem 6 still guarantee
a strongly consistent community estimation requiring that 7' diverges such that (T'h)/logn — oco and
yr =1—o0 ((log n)_l). However, in the semi-dense case when A, > logn, there is no need to pool
information across networks since each single network contains sufficient information. This observation
is fully supported in the numerical simulation in Section 5 where criterion (11) prevails in sparse and
semi-sparse networks with A, < logn.

> . . T
Recall from (9) and (10) that BZ(et) = <Qf7h(et),...,02)h(et)> and 7p,(u’, e’) = (7 (u’, "))

. Based on the consistency results of ¢’ from Theorem 6, the following corollary states that the bounds

nxn

~t
in Proposition 1 and Theorem 3 continue to hold for the estimators 8, (¢') and 7, (u?,é") with the
community estimate &".

Corollary 7. Suppose that Assumptions 1 - 4 hold. If yy — 1, pn,h — 0 such that (np,Th)/logn — oo
and Th(1 —~r) — 0 as both n and T diverge, then the following bounds hold.

~t ng
d(o, (e"), 0" < Bt T?h%(1 — ~vp)? :
(0,(¢"),0°) < Co1h™ + Co 2 (1—=97)" + oo Th
c,
d(p, ' Fr(u', "), pptr(uh)) < Crih® + CroT?h* (1 — y7)* + WjTh

where the constants Cy1 and Cr 1 depend on Csyp1 while the constants Cgo,Cr2,Cy3,Cr 3 depend on
C(sup,2-

5 Numerical simulations

In this section, we explore the performance of our method constructed in Section 3 for recovering the
community structures and the degree heterogeneity across time. In Step 2, we use the greedy label-
switching algorithm (see, e.g. Glover and Laguna 1997; Zhao et al. 2012) to maximize the smoothed
profile-likelihood criterion in (11). Further, we use the data-adaptive procedure based on the leave-one-
out cross-validation method to select the optimal bandwidth mentioned in Remark 4.

Time-varying network-generating process. We consider 7' = 100 networks and assign n nodes
to K = 2 communities. Assume that the community label ¢ of each node follows a Markov chain with

AN S’
I—-v v
Roughly speaking, each node will steadily alter the community assignment over time with probability
0 1.3 0.7

(1 —7). Let next Z" = 07 1.3
temporal variation, we add smooth periodic perturbations to the diagonal and off-diagonal elements via
the functions

initial probabilities (P(c} = 1) = P(c} = 2) = 1/2) and a state transition matrix I' =

denote the baseline community connectivity matrix. To introduce

fin(z) = 0.1sin(27rx — 0.17), fout(z) = —=0.1s8in(27x).

Using these functions, the time-varying connectivity matrix at time point ¢ is defined as Z}, = p,,(ZY, +
Jin(u*) 1=y + four(u*)1qpy). For each community, half of the nodes are randomly chosen to have at a
given time point ¢ the same node degree parameter 6! given by the function fg(u') defined below, and
the other half of the nodes are chosen accordingly to satisfy the identifiability constraint in Assumption
3 at each time point. Finally, given all parameters ct, 8" and Z*, the edges Aﬁj are generated according
to model (1). Focusing on the effect of different types of degree heterogeneity, we consider the following
scenarios:

e Scenario 1 (SBM): Fix fe(u') = 1 for all t € {1,...,T}, as such, the model reduces to a time-
varying SBM in which all nodes within the same community are considered equivalent and having
the same degrees.

e Scenario 2 (DCSBM with smooth trajectories): Set fo(u') = 1.640.1sin(27ru’) forallt € {1,...,T}
where a sinusoidal curve is used to model the trajectories of 8°; in particular, fo (u?) € C?[0,1] and
thus Scenario 2 satisfies Assumption 1.
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e Scenario 3 (DCSBM with non-smooth trajectories): Set fg(u') = 1.6 X 11 is 0da 3 +0-8 X Lt is even}
so that each node alternates between high- and low- degree configurations over time.

For each scenario, we allow varying the network size n € {50,100}, the sparsity parameter p, €
{0.05,0.1,0.15,0.2} and the community stability parameter v € {1,0.95}. Beyond these scenarios, we
also explored the robustness of our approach to unbalanced community sizes, the number of communities
K and to disassortative mixing. Additional numerical results are provided in Appendix C.

Methods. We compare our proposed time-varying DCSBM (TVDCSBM) with several community
detection methods for dynamic networks. One natural baseline applies the static DCSBM (SDCSBM)
separately to each adjacency matrix A’, relying solely on the single network for estimation. We also
include the likelihood-based dynamic SBM (DSBM) of Matias and Miele (2017) which uses Markov chains
to recover the temporal evolution of node communities. In addition, several spectral-based algorithms
are considered as benchmark, including the kernel debiased sum-of-squares (KD-SoS) method of Lin and
Lei (2024) and its degree-corrected variant (KD-DC-SoS) in which the normalized spectral clustering is
used to account for degree heterogeneity, and the degree-corrected multiple adjacency spectral embedding
approach (DC-MASE) of Agterberg et al. (2025). To evaluate the detection accuracy, we consider the
HER, defined in (20), as the measure of the agreement between the estimated and the true communities.
This index ranges from 0 to 1, with lower values indicating better agreement. Given the substantive
interest of the node-specific degree heterogeneity in applications, we also evaluate the estimation accuracy
of @" for competitors that allow for degree heterogeneity, namely, SDCSBM, TVDCSBM, DC-MASE and
KD-DC-S0S. Notably, KD-DC-SoS does not explicitly estimate 8°. Nevertheless, one can still create
pseudo-estimates of @' for KD-DC-SoS by plugging its community estimates into formula (3), in the
same spirit as formula (5.1) in Agterberg et al. (2025). Although heuristic and possibly suboptimal, this
construction enables an empirical assessment of how the community estimates of KD-DC-SoS facilitate
the recovery of the degree parameters. For all methods, the estimation error for @' is assessed by

the distance d(ét(ét)7 "), where ét(ét) generally denotes the degree parameter estimates obtained from
different methods. In our dynamic framework, the average value is computed over all time points to
compare overall performance across methods, and the figures in this section all present the mean results
over 50 replications.

Results. The community detection results are shown in Figure 3. As expected, the performance of
most methods improves as n or p,, increases, reflecting the fact that denser and larger networks provide
more information for community recovery. In the weak signal regime with small n or p,, our method
achieves substantially lower HER than the competing approaches. This result agrees with the detection
threshold established in Theorem 6: for TVDCSBM, a sufficient condition for consistent detection is
nppTh > logn, which is less stringent than the requirements imposed for the competing methods. For
example, the static SDCSBM needs np,, > logn and KD-SoS of Lin and Lei (2024) needs np,vTh >
V0og(Th +n). Thus, TVDCSBM is expected to have a good performance, and aggregation across
networks is essential in such regimes. In contrast, in large networks the advantage of TVDCSBM is
dissipating with growing p,,, since there is sufficient information within each network to accurately recover
communities in such scenarios, lessening the necessity of aggregation across networks.

Comparing the three scenarios, it is obvious that DSBM is the most sensitive method to the effect of
0'. KD-DC-SoS incorporates a regularization step to mitigate node heterogeneity and performs compet-
itively in Scenario 2 which uses the smooth trajectories of 8%, however, it struggles to accommodate the
more complex configurations, such as Scenario 3 which uses non-smooth trajectories. There, the strong
violation of the smoothness assumption makes aggregation across networks introduce too much noise
which in turn distorts the leading eigenvectors. TVDCSBM also shows a mild degradation in Scenario 3,
as expected under this form of misspecification, but its performance is overall superior. In contrast,
SDCSBM and DC-MASE show a relatively stable performance across the three scenarios as they do not
rely on the smoothness assumption. In addition, DC-MASE posits a time-invariant community struc-
ture, which limits its flexibility in applications where communities evolve over time. This limitation is
particularly apparent when v = 0.95, where as a non-negligible fraction of nodes changes communities
between consecutive time points, the performance of DC-MASE no longer improves even when p,, and n
are large enough.

Table 1 summarizes the estimation accuracy of the degree parameters 8" across the three scenarios.
The results on estimating the edge probability matrices 7(u?) are reported in Table 3 of Appendix C.

At

As a benchmark, we also consider an estimator 6, (c') computed with the true communities ¢!. In both
At

scenarios 1 and 2, the proposed estimator 8),(¢") consistently achieves the lowest estimation errors, nearly

~t
matching the oracle performance of 8, (ct), and this improvement can be attributed to the smoothing step
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Figure 3: Average Hamming error rates (HER) of different methods with varying p, €
{0.05,0.1,0.15,0.2},n € {50,100} and v € {1,0.95}. Here v = 1 corresponds to networks
sharing a common community structure across all time points (while the degree parameters
remain time-varying), whereas v = 0.95 allows all parameters to vary over time.

which effectively reduces the estimation variance when the true parameters evolve smoothly over time,
whereas the spectral-based or static approaches do not take advantage of this smoothness and therefore
fail to achieve comparable accuracy in estimating @°. This observation provides empirical support for
the result of Theorem 3. Furthermore, when the smoothness assumption does not hold, as in Scenario
3, the smoothing step introduces a substantial bias which in turn leads to a larger estimation error for
0'. Importantly, however, this does not significantly impair the accuracy for community detection. This
robustness stems from the explicit modelling of 8° in our framework, which effectively decouples the
degree variation from the latent community structure and mitigates the impact of model misspecification
on clustering performance.

6 Applications

We analyze two types of real-world networks. In the first dataset, the ‘Workplace’ network shares a
common community structure across all time points but with time-varying node degrees. The second
application based on the ‘Travian’ dataset, features evolving community structures and node degrees
over time. In all applications, we used our proposed TVDCSBM for community detection, where the
bandwidth is selected using the data-adaptive procedure as described in Remark 4, and compared it
with the same benchmarks employed in Section 5. The performance of the methods is assessed by the
Hamming error rate.
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Table 1: Average estimation errors d(@t(ét)7 0") with n = 100,7 = 100 and K = 2. All values,
expressed in units of 1072, represent means with standard deviations in parentheses across

50 replications. Boldface indicates the smallest value among all competing methods, excluding

~t
the unattainable oracle 8, (c') with known true c'.

Method v=1 v =095
pn = 0.05 p, = 0.10 p,, = 0.15 p,, = 0.20 p,, = 0.05 p,, = 0.10 p, = 0.15 p,, = 0.20

Scenario 1: time-varying SBM with homogeneous degrees

) TVDCSBM 0.26 0.16 0.12 0.09 0.65 0.62 0.54 0.45
(0, (ct), known ct)  (0.07) (0.04) (0.03) (0.02) (0.17) (0.09) (0.06) (0.07)
TVDCSBM 0.26 0.16 0.12 0.09 0.65 0.62 0.54 0.45

(0, (&), estimated &) (0.07)  (0.04)  (0.03)  (0.02)  (0.18)  (0.09)  (0.06)  (0.07)
1845  8.68 5.42 3.79 1845  8.70 5.45 3.82

SDCSBM (0.26)  (0.11)  (0.07)  (0.05) (026)  (0.13)  (0.08)  (0.05)

1844 865 541 378 1848 870 547  3.86

DC-MASE (0.27)  (0.12)  (0.07)  (0.05) (027)  (0.13)  (0.08)  (0.06)

1842 865 541 378 1841 863 541  3.79

KD-DC-508 (0.26)  (0.12)  (0.07)  (0.05) (027)  (0.13)  (0.07)  (0.05)
Scenario 2: time-varying DCSBM with smooth trajectories

| TVDCSBM 051 027 019 014 365 262 212 178

(@L(ch), known ¢ty (0.05)  (0.02)  (0.02)  (0.01)  (0.08)  (0.03)  (0.03)  (0.02)

. TVDCSBM 0.51 0.27 0.19 0.15 4.02 2.91 2.29 1.94

(0L(&)), estimated &) (0.05)  (0.02)  (0.03)  (0.01)  (0.09)  (0.07)  (0.07)  (0.08)

1829 831 483 319 1836 838 493  3.19

SDCSBM (0.44)  (0.14)  (0.10)  (0.10)  (0.49)  (0.17)  (0.11)  (0.07)

1752 7.65 443 285 1831 815 497 3.3

DC-MASE (0.34)  (0.08)  (0.07)  (0.04)  (1.58)  (0.25)  (0.24)  (0.24)

S 1734 7.65 443 285 1774 795 465 3.0l

(0.31)  (0.08)  (0.07)  (0.04)  (0.29)  (0.12)  (0.08)  (0.05)

Scenario 3: time-varying DCSBM with non-smooth trajectories

_ TVDCSBM 1599 1575 1560 1547 1551  14.40 1344  13.26
() (c!), known ¢y (0.05)  (0.07)  (0.11)  (0.07)  (0.12)  (0.28)  (0.03)  (0.02)
TVDCSBM 16 1577 156 1546  18.16 159  14.82  14.18

(6, (¢"), estimated &) (0.04)  (0.08)  (0.12)  (0.1)  (0.81)  (0.69)  (0.75)  (0.54)
1840 850 5.14 347 1839 854 5.18  3.50

SDCSBM (0.27)  (0.16)  (0.08)  (0.08)  (0.35)  (0.13)  (0.12)  (0.08)
17.91 8.12 4.89 3.28 18.39 8.40 5.21 3.57

DC-MASE (0.24)  (0.12)  (0.06)  (0.05)  (0.48) (0.18)  (0.2)  (0.11)
KD-DC-SoS 43.70 31.35 27.19 25.09 40.46 28.58 24.67 22.73

(2.17)  (0.30)  (0.11)  (0.09)  (0.54)  (0.27)  (0.20)  (0.14)
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Table 2: Summary statistics of node degrees across the 7' = 10 time points in the Workplace
dataset with n = 92 participants partitioned into K = 5 communities.

Tme t = ¢t = t= t=t=t=t=1t=t= 1t =
1 2 3 4 ) 6 7 8 9 10
Mean 4.09 3.30 2.67 4.04 224 3.20 3.28 348 343 2.04
Min O 0 0 0 0 0 0 0 0 0
Max 15 12 12 14 11 11 12 19 12 10

6.1 Workplace dataset analysis

The first example is a dynamic network of the physical proximity between staff in an office building in
France observed for a period of ten days'. During this period, 92 participants, distributed across 5 known
departments, wore electronic proximity detectors to record the face-to-face interactions at intervals of 20
seconds. We construct one snapshot for each day in which an edge was considered to exist between
two participants if there was at least one recorded contact between them on that particular day. In
conclusion, we formed a time-varying network comprising 10 adjacency matrices each with 92 nodes.
Table 2 reports summary statistics of node degrees. As observed, the maximum degree of the nodes is
19, while the minimum degree is 0 across all time points. In this section, a node with zero degree stands
for an ‘isolated node’ which may be interpreted as a situation in which the corresponding participant is
not interacting with the other participants at that moment. However, each selected node must have at
least one edge throughout the entire period (i.e. one edge for at least one moment in time) to satisfy the
identifiability condition of node communities.

The departments of the 92 nodes are considered as the ground truth for communities with the
community assignment of each node remaining constant over time. Another notable observation is that
the largest group among these communities comprises 34 nodes, whereas the smallest group has only
4 nodes. Thus, this example also highlights the feature of unbalanced community sizes in the dynamic
network. In this application, the optimal bandwidth is determined to be h = 0.5. Comparing the
partitions found by the three methods with the ground truth, we observe that our approach TVDCSBM
performs overall the best with an HER of 0.16, followed by KD-DC-SoS (0.23) and DC-MASE (0.24). The
DSBM and static DCSBM methods perform significantly worse, with HERs of 0.36 and 0.41, respectively.
As mentioned in Section 2.3, it is a distinct challenge to recover the community structure in sparse
networks based on a single network as one is lacking sufficient information. On the contrary, our procedure
benefits from smoothing the networks over time, even in cases of unbalanced community sizes.

6.2 Travian game dataset analysis

Travian is a popular browser-based real-time strategy game? where players will form alliances (commu-
nities) to expand their territory. These alliances are publicly available and can serve as the ground truth
for evaluating community detection algorithms. Communication, collaboration, and competition among
players may lead to the reorganization or adjustment of the communities. These variations also affect
the connections within and between communities.

This dataset collected the message records of 2853 players from Germany spanning 30 days. During
this period, there were additions of new players and departures of old players. Considering the stability
of the network (where we restrict all participants of our dynamic network to always be present across all
time points) and the impact of the community size on community identification, we retained the nodes
from those communities that had more than 40 players at all time points to form a subnetwork, upon
which further analyses were performed. Consequently, the networks in this study involve a total of 411
nodes from 9 communities corresponding to their alliances. Similarly, we also construct one snapshot
for each day in which an edge was considered to exist between two players if there was at least one
recorded message between them on that particular day. For simplicity, self-loops are not considered in
this case. Finally, a dynamic network is formed by 30 adjacency matrices. Each matrix represents a
network corresponding to 411 players at specific time points, with roughly balanced community sizes
ranging from 40 to 51 nodes in each community.

"Mttp://www.sociopatterns.org/datasets/contacts-in-a-workplace
“http://ial.eecs.ucf.edu/travian.php
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Figure 4: Hamming error rates (HER) at each time point for different methods in the Travian
dataset. Lower values indicate more accurate community estimation relative to the ground
truth.
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Figure 5: Community estimation results for the Travian subnetwork at three different time
points. The red circles and blue squares denote two estimated communities, while the gray
spheres indicate the nodes misclassified into communities other than those depicted by the
clusters of red circles and blue squares.

As introduced in Figures 1 and 2 of Section 2, the temporal dynamics of community memberships
of nodes as well as the connectivity between communities are observed in this dataset. Moreover, the
heterogeneity in node degrees not only exists, but also changes as the network evolves. Thus, we use
this analysis to validate the applicability of our approach. Figure 4 shows that the TVDCSBM performs
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better than the other methods. The HERs of our method, as h = 0.47, are close to 0 for all time points,
and this suggests that even when the node labels change over time, aggregating the information over a
neighborhood of a time point is effective in practice. DC-MASE also performs competitively, however,
the assumption of a fixed community structure over time prevents it from tracking the nodes that switch
communities.

Next, we examine the estimated partitions of the subnetwork presented in Section 2. Indeed, the 12
nodes are divided into two discernible communities, represented by red circles and blue squares as visually
evident in Figure 1. Node 1 is a variable node over time and it switches community from the group of
red circles to the group of blue squares at time point 14. It is seen from Figure 5 that the subnetwork
partitions obtained by the three aggregation methods (TVDCSBM, DC-MASE, and KD-DC-SoS) are
close to the ground truth. At time points 5 and 21, TVDCSBM is able to recover the community
structure accurately and achieves zero HER. SDCSBM performs well at time points 21 but encounters
challenges at time points 5 and 13, particularly in recovering the community of node 1. This result can
be explained as the subnetwork displays local sparsity at ¢ = 13 and some nodes are isolated without any
connections. Consequently, determining the community assignments for these ‘isolated nodes’ becomes
a challenging task if one only focused on the individual snapshots. Since the DSBM method misses the
time-evolving heterogeneity among nodes within the same community, the hub nodes are more prone
to misclassification. As a result, combining Figures 4 and 5, we observe that DSBM has the worst
performance overall.

All in all, our analyses demonstrate that improved performance of community detection for networks
with more refined structure, including variation of its features over time, can be achieved by a method that
is capable to adapt to these features - such as our proposed TVDCSBM. In particular, in cases where the
network lacks sufficient information (or contains many isolated nodes), reliable statistical inference would
be rather intractable to achieve if only based on analysing one individual network per time. Therefore,
it is of substantial importance to pool information, e.g. via kernel smoothing, across networks over time.

7 Conclusion and discussion

Flexible network models are crucial for accurately modelling real life networks. Our proposal in this paper
focuses on the case of dynamic networks and allows time-varying degree heterogeneity in the nodes, as
well as time-changing communities of nodes. We propose a simple but efficient two-step algorithm that
incorporates kernel-based smoothing techniques into the profile-likelihood estimation, and we provide as
well statistical guarantees for the consistency of the method in recovering both node heterogeneity and
community structures. For time-varying DCSBM, we demonstrate that weak consistency in community
detection can be achieved as np,Th — oo, thereby relaxing the constraint on network sparsity imposed
by static DCSBM: we recall that np,, is the effective sample size per network, whereas T'h is the effective
number of networks over time within the smoothing window. Our theoretical results are well-supported
by numerical simulations and analyses of real-world networks, and in particular show substantial gains
for the case of very sparse time-varying networks.

As extensions of our work, one might possibly allow as well for the number of latent communities,
K, to change over time. The smooth change of the number of communities over time also incurs an
additional layer of complexity where one meticulously needs to track the appearance/disappearance
of a new/old community, or merging/splitting phenomena as is done for e.g. in Greene, Doyle, and
Cunningham (2010). Yet another extension could target the incorporation of labelling information and
using sequences of networks to predict the health status of patients as in Relion, Kessler, Levina, and
Taylor (2019), or the use of node covariate information for improved community structure estimation.
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A Proofs of the results from Section 3

Lemma A.1 (Bias and variance of 7;; ,(u')). Under Assumption 1, the kernel-based estimator 7 p(u'),
as defined in (7), satisfies

Bias: E(%zj,h(ut)) - Tij(ut) < C'sup,lpnhz + Csup,QPnTh<1 - fYT) + O(pnh3) )
Variance: Var(ij5n(u)) < Csup2Pn +0 ik
7 - Th Th)

where the constants Cgup 1 and Csup 2 are defined in (13).
This lemma serves as a preparatory step for subsequent proofs.

Proof. Let an even number 2L denote the number of observations in the local neighborhood U(u').

Asymptotically, we have L = ’{Aﬁj, ut e U(ut)H =Th, and 7, 5(u) can then be redefined as
t+L
Fign( Z AL (A1)
L&
We further consider a variable &f; = ?Lt Ll 2et o ot et to count the number of time points in a

local interval from ¢ — L to ¢t + L where either node ¢ or node j (or both) switches communities relative
to their communities at time point ¢. Therefore, the bias of 7;; 5 (u") can be expressed as,

2L
E(fijn(u')) = mij(u') = Eer E(Fygn(u') | €5) = 75(u’) = Y P(E]; = m) (E(Fijn(u’) | € = m) — 7i;(u")) .
m=0
(A.2)
Note from (6) that the error EZ] has zero mean for every time point ¢ = 1,...,7T, and combining with
(A.1), we thus have that
Tz Tz
E(fin(ut) | €5 =m) = 5= > B (rlu’) +ely |5 =m) = o= > E ()| €5 =m).
2L 2L
t'=t—1L t'=t—L
Now consider the conditional bias given Efj = m for some m € {1,...,2L}. Suppose that there exists
a construction of community assignments c¢!~%, ..., c¢!*¥ such that Efj = m holds. The conditional bias
can be decomposed as,
t+L
E(rin(u) | € =m) —mig(ut) = 5 D= (pubilu 050 W () — (a8 (0 Woges ()
t'=t—L
p t+L
=203 (00 YW () = 0300, (YW o () )
t'=t—L
t+L
0 S (B (YW () = Bu(a )5 (YW (') ) = B+ By
t'=t—L ! '

where the first term B; corresponds to the smoothing part and the second term B measures the bias
induced by community switching. Under the condition & ! = m and without loss of generality, if we let

t L7é017~-~, t L+m_17$cf, f L+m:cf,...,cf+L—c Whllec§ L ...=c§+L cJ,
t+L
B, = g—z t/:tZ_LQi(ut)aj(ut) (Wci:/c}' (u') = Werer (ut)) Lot st or ot/ 2ct)
Pn B t t ¢ 1
~ 97 Z 0;(u")0;(u u') (W v ;’( u') — chc; (u )) < ﬁCsup,ZmpT“
t'=t—L

23



with the constant Cuup,2 1= SUPj<; j<p, SUP <4 p< k¢ SUPye[0,1] (0 (u)8; (u)Wap(u)) due to 0;(u), Wap(u) > 0
for all ¢ € {1,...,n}, a,b € {1,...,K} and u € [0,1]. Concerning the smoothing bias Bl, let (0 -
W)ij(u) := 0;(u)0;(u)W v . (u) denote the product of three functions 0;(u), 0;(u) and W ¢ (u). Under

Assumption 1 where 6;(u), Wap(u) € C?[0, 1] holds uniformly over i,j € {1,...,n},a,b € {1,..., K}, we
have (- W);;(u) € C?[0,1] as well uniformly over i, € {1,...,n}. Applying a Taylor expansion to the
function (6 - W);;(u'’) around point uf gives that

00 = 0w+ 0w ) (L) 0 W) <t’Tt>2 i <<|t'Tt|)‘°’> ,

where (- W);] (u') and (6- W);/J(ut) represent the first and second derivatives evaluated in u’. Thus, the
term By becomes

= 8 [omnon () 1 (45 o (451 )

p® - W)LW) (LN 31 L\’
=T (F) (e L2)+O (7)) < Comamnt+0 ).

9%(0: (w)0; (W) Wap (w))
ou?

for a constant Csup,1 := SUP;<; j<p SUP1<qb< K SUPye[0,1] ’ Since the switching indica-
tors X! are iid Bernoulli random variables, each time point ¢ = 1,...,T has a probability 1 —~r of being
a switching point for any node i = 1,...,n. Therefore, for any integer L’ < L such that u!* € U(ut),
the probability that node i belongs to community ¢! at time point ¢+ L’ is at least (’yT)LI, implying that
node 7 has not changed its community from time point ¢ to ¢ + L’. Moreover, given the independence of
community switching among nodes, the probability of the event {Efj > 1} to occur is at most 1 — (y7)?L.
Based on this observation, putting B; and Bs together and plugging them into (A.2) immediately yields
the bias of 7;;(u') as follows:

E(7ij,n(u")) — mi5(u') = P(E]; = 0) (E(Fijn(u’) | £ = 0) — 735 (u))
+ ) P(EL =m) (E(7ijn(u) | £ =m) — 7i;(ul))
P(E!; = 0) (Coup,1 puh? + O(pnh®))

2
1
+ Z P(gztj = m) (Csup,lpnh2 + O(pnhg) + Csup,Qmpn>

2L
2 3 Csup,2Pn t
< Csup,1pnh” + O(pnh”) + —o7 2L x P(&; > 1)
< Csup,lpnhQ + O(pnh3) + Csup,2pn(1 - ('VT)2L)
< Cysup,lpnh2 + Csup,QpnTh(l - A/T) + O(pnh3)7

where the last inequality holds due to the fact that 1 — 2™ < (1 —2)(1+z+...,+2" ) <n(l —x). We
next consider the variance of 7;;,(u’). Note that the independence of the error terms e}; across nodes
i, € {1,...,n} and time points ¢ € {1,...,T} is assumed in our model setup in (6). Specifically, the
edges At ’s are assumed to be formed mdependently given community labels and node degree parameters
for any z ,j€{l,...,n}and any t € {1,...,T}. So (A.1) implies that

t+L t+L

Var (751 (u Z Var( w) = é Z gfj(ut').

t'—t L t'=t—L
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Using the fact that o7;(u’) = 75;(u’)(1 — 75;(u')), this variance can be rewritten as

t+L t+L

) 1 , 1 ,
Var(fij,n(u')) = 773 > mii(0") = 173 > (ryh))?
t'=t—L t'=t—L

Pn Z?;Lt_,;9i(ut/)9j(ut/)wc§’c§’(Ut,) o P2

- 4T2h2 O\
Csu 2pn P2

< ZSUp.2in Zn

<=7, ¢ (Th

O

Before we proceed to the proof of Proposition 1 from the main manuscript, we first show that the
smoothed counting variables converge to their corresponding population version. Recalling the definitions
of d! and Oy (e"), we observe that the former is proportional to the baseline average node degree, np,,, and
the latter is proportional to the baseline average number of edges in a network namely, n2p,,. Furthermore,
as defined in (18), the quantities Hy;(e) and Hy(e!) denote the population counterparts of O (et)/(n?p,,)
and Oy (e?)/(n?p,), respectively:

Aoy (chie’)  Aygy(ct,e) K ny(c W;b Aa(k)(ct,et)
Z x =D
n

n n
a,b=1 a,b=1

Hy (e

)

where Aqp)(c',€) = 30, 0f1iei—q ct—py- Let ny(e’) = 30 1oy and &y (e') = ny(e’) /n. We consider

the expectations and variances of the following scaled quantities.

Lemma A.2 (Convergence of the smoothed counting variables). Under Assumptions 1-3, and for any
fized assignment € € {1,..., K}", the smoothed counting variables, defined in (8), satisfy that

E df—h —-E d < Cuup1h?® + Caup2Th(1 — 1) + O(R?) (A.3)
P ot ot npn >~ Usup,1 sup,2 YT ) .
dt , Cup.2 1
ih | o Csup, _ .
Var( /)n) S oonTh +0 <nTh> (A.4)
0 - N - .
< ]:izhp > Hkl < Obup lﬁk( ) ( t)hQ + Osup,QHk(et)Hl(et)Th(l - ’YT) +0 (Kk(et)ﬁ’l(et)hg) )
(A.5)
Orin(e Coup 21, (€")Fi(e') fir(e')ri(e")
n?py, ) n?p,Th O n2Th ' (4.6)
(O;;p( >> Hi(€") < Cuupaia (€)1 + Coupaiin(€)Th(1 — 1) + O (Ru(e)h?) (A7)
Ok h(et) CVsup Q'ZLk(et) ’%k(et)
: < : . .
Var ( n2py, - n2p,Th +0 n2Th (A.8)

Furthermore, if there exist yy — 1, pn,h — 0 and nT — oo such that np,Th — oo and Th(1—~r) — 0,
then for any i € {1,...,n},k,1 € {1,..., K} and any vector et € {1,..., K}",

- dt Owin(€t) am Oun(e!) am
Lh q_) Ect’gt ( ¢ ) y 7]”’}1(6 ) q_> Hkl(et), 7k7h(e ) q_> Hk(et)

nPn NPn n2py n2py,
. qm . .
where the notation * =’ denotes the convergence in quadratic mean.

Proof. Note that our smoothing-based method discussed in Section 3 is edgewise across time, as such the
7i5,n(u')’s are independent variables over all ¢ and j since At ’s are independent given 8" and ¢!. Relying
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on the results of Lemma A.1, it holds that

th 1 &
e () W ZE le h 7 Z T"J + Csup,lpnh + Csup,?ﬁnTh(l - VT) + O(pnh3)]
=1 j=1
dt 3
=B o (n;n) + Caup,1h? + Coup 2 Th(1 — 1) + O(h?),
and
dt, 1 <& 2 C 1
7, o A sup, 2pn an _ sup,2
oo (22) - g i« 9 0 (8)] - 21 -0 ()
Similarly, the expectation and variance of Mf;) can be written as follows,
Onin(e) 1 < . ¢
1 n
> n2p Z [Tij(ut) + Csup,lpnh2 + Csup,2pnTh(1 — 'YT) + O(pnhg)] 1{62216,6;:[}
n ',j*l
1 ab EZJZI CSUP,ll{egzk’et,:l} 9
:n abzl Zzle 1{et k‘tha}Ze 1{et lct b}+ n2 J h/
Sor_1 Ceu ,21 et=k,et=l S Letg =y O(R®)
+ =1 pn2{1 ¥ }Th(l—vT)—F J=1 {@n2 L=}
= Hy(e") + Csup’lkk(et)kl(et)hQ + Csup’leék(et)Fél(et)Th(]. —y7r)+ O (Fok(et)/%l(et)h?’) ,
and
Okl,h( su ,2pn p%
Var ( ) Z Var(7i;.n(u 1{et het=l} = po Z P +0 T Liet=p,et=1}
n n ij=1 i
_ Zi,j:l Osup,Q]-{efzk,e;:l} y 1 L0 nk(e )nl(e )
n2 n2p,Th n*Th
_ Csup,Qf%k(et)’%l(et) +0 Rk(et)%l(et)
n2p,Th 2Th '

A t
Again, we consider the quantity 02’2’17’)(:') satisfying that

n

O (e 1 :
]E( k,h( )) _ r Z E(Tz‘jﬁ(ut))l{eE:k}

n2pn ij=1
=

1 n
w2, Y [7i(u) + Coup1pnh® + Coup 20 Th(L = 47) + O(puh®)] Loty

zj—l

Zn i—1 Csup 11{6‘,:k}
_ b i,j= ) i 2
= nz Z Do 29 Lier= km}Ze Lig—py + =5 h

ablnzl

Zij:l Csup,2 {ef=k} Z?] 1 1{ef k}O( )
+ n2 Th(l — ’YT) + n2
= Hy,(€") + Csup1fk(e)h? + Coup 2fk(€)Th(1 — 1) + O (7i(e")h?)
and
Op.n(ch) I = [Csup2pn /)n

v < n?pn n4pn ']21 verlin I{Et_k} ”Tp% ijzzl ;h v 1{6§:k}
_ Zm-zl Csup2lict=1} " 1 Lo ni(et) _ Csup.2Fir(€') L0 Fr(e?) .

n? n2p,Th n3Th n2p,Th n2Th
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Hence, the results of (A.5) through (A.8) are obtained. By the mean-variance decomposition, the MSE
of each smoothed counting variable tends to 0 since

‘25 h d; i 4 272 2 1
E|—= —Eq g | — =0 A +T°h* (1 —7)* + — 0,
npn ’ NPy npnTh

N ¢ 2 R DA t
E (O() - Hkl<et>> =0 (%(et)ﬁ%(et)h‘* + R (DA (TR (L = 7r)* + W) o0

n?py, n2p,Th

. 2
O t pa t
’ ( - Hk<et>> = 0 (Rt + TR - e + AT ) o,
as yr — 1, pn,h — 0 and nT — oo such that np,Th — co and Th(l — ) — 0. Thus, each smoothed

counting variable converges in quadratic mean to its corresponding population version. O

Proof of Proposition 1. To verify Proposition 1, we first inspect the individual edge probability 7;; »(u')
for any 4,5 € {1,...,n}. Define

. N A R . T
X (dﬁ,h dt ), Octetn(€) O p(eh) OC;,h(Ct)>

npn npn’  nPpn T n?p, T nPpy
where 7, corresponds to the m-th entry in & for any m € {1,...,5}. We notice that ﬂ-j)h(ut), defined in

(10), can be treated as a function of &,

Pnl10 V3
D4Ds

Tign(u') = f (D) =

Correspondingly, let

dﬁ d; t t t
V= Ect,G‘ W vEct,G" @ 7Hc§c§ (C )a Hcfb (C )7 Hcg (C ) ;

and v, be the m-th entry in v for any m € {1,...,5}.

Remark 7. Let k, =1 1( ) /n be the ratio of the size of the community to which node i belongs at
time pomt t relatwe to the total number of nodes. One can show that as n diverges, the scaled terms
(Ke L t) Vs, K t11/4 and K, ot Yws are bounded below and above by positive constants. Recalling from (13)

the deﬁmtwn of C;upg, it is similarly natural to allow for a lower bound on 6;(u) and Wyp(u) for any
ie{l,...,n},a,be{l,...,K} and u € [0,1]. Specifically, define

Cing = dnf - inf ué%f,u (0i (w)0; (u)Wap(u)) ,

to be a positive constant independent of n and T such that p,Cint < 7j(u’) = Ege 0t (A ) < pnCsup,2
overi,j €{1l,...,n} andt € {1,...,T}. It is easy to see that

dt 7-1_ Ect t Af
Cinr < ]ch,ﬂt <npz > _ Z]—l np,@ ( J) < Csupg,

ZZj:l chﬂ‘ (A;?j)l{ef:k,e?:l}

2
n?py,

Re tli tClnf < Hc’c

(c") =

3 < HC: Rc; Csup,27

ZZj:l ]Ec‘,Gt (Alztj)l{ez:k}

et Cint < Heg(c') = 2y
n

< ’icg Csup,27

which implies that v1, vo and the scaled terms (I’ic’gﬁc;)_lyg,ﬁ;lyzl and Ii;ll/g, are bounded below and
i i j

above by positive constants.
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To simplify the notations, define the index set N! = {1 < i < n : ¢! = a} of nodes whose true

K3
community is a at time point ¢. With this definition, it is clear that the identifiability of 6! in Assumption
3 is equivalent to ) N, 0t = n.(c'). By a Taylor expansion around the point v, we have that

Tign(u') = f W)+ VI (€)' (@ ~v)
where V f (€)" (2—v) is the Taylor remainder term. The term V f (&) denotes the vector of first derivatives
of the function f(-) evaluated in & = (£1,&,,...,&5) " where &,, = Dy, + (D, — vy for some o € (0, 1)

and any m € {1,...,5}. Concerning the first term f(v), it is not difficult to show that f(v) is equivalent
to 7;;(u"). Given the community labels ¢' and the identifiability of 0" via Assumption 3, we have that

Ec" ot (dt)Ec" ot (dt)Ect ot (Ocicg (C ))
Ect,et (Oc;‘ (ct)) ct Bt( (' (ct))

(51008, 28 ) (S0 00328 ) (St e, 940022
(S, S5 020028 ) (Sonen, T 000128, )
ef (Zg 1 9§Zt ) X ej (Zz 1 efzztct) (ZSGN’; 92) (ZmGNz, 9£n> szc;
_ i J

(Zse/\qt_ 93) (Zg 19§Zcfcf) (ZmeNgt_ an) (Zz 105, )

fv) =

Next we consider the Taylor remainder term Vf (£)" (2 — v) and break it up as (Rf1 + Rpa + Rys —
Rf4 - Rf5) where

pn§2§3 N Pnflf?) ~ Pn§1§2 ~
Ry = v1), Rpp=—7""(Ds—19), R U3 —u3),
i1 €165 (01 — 1) F2 6165 (02 —v2) 18 e (03 —v3)
pn&1628s Pn&16283
foo="ge vl Bo="e g v,
Combining it with (A.9), the Taylor expansion for 7;; ,(u') becomes
7~'ij7h(ut) = Tij(ut) + Ry + Ryo + Rps — Ryps — Rys. (A.10)

To show the asymptotic behavior of this remainder term, we need to show the convergence of each part
Ry¢y,. Since Ry has the same behavior as Ry and as well Rys has the same behavior as Ry4, it suffices
to focus on Ryi, Ry3 and Ryy separately in the following steps.

Step 1: Ry, (same as for Rjy;). Lemma A.2 suggests that for any m € {1,...,5}, iy, converges to
its population version v, in quadratic mean which implies that &, € (¥, V) also converges to v, as
yr — 1, h, pp — 0 and nT — oo such that np,Th — oo and Th(1 —~r) — 0. From Remark 7, we know
that /46_211/4 and /-;C_;lu5 are positive constants. Applying Slutsky’s Theorem, we have that

_ P _ 1 P 1 1 P 1
(Rcﬁﬁc‘.) 153 - (’icgﬁc’?) 11/37 . T 1 and e e | (All)
! ! H:ct. 4 Hct. Vs Hc’: 55 K’c’: Vs
i i J i

as yr — 1, h,p, = 0 and nT — oo such that np,Th — oo and Th(1 — y7) — 0, which implies that

pn€2£3 N 52 X ("iciﬁcg)_lg?) N
()= o— X P01 — 1)
s (ri'er) (v'es)
vy X (Kethiet) tug
= — +0p(1) | X pu(P1 —11)
(H;1V4) (m;ly5>

:valpn(ﬁl _V1)+0p(pn(f/1 _Vl))7 (A.12)

R =
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= )(C]> =7 Zl’f; is a constant. We next take the expectation and variance on both
sides of (A.12). By (A.3),

E(Rp1) = My, pnE (01 — 1) + o(pnE (01 — 11))
< MVflpnCsup,1h2 + MVflpnCsup,QTh(l - 'YT) + O(pnhg) + O(pnh2 + pnTh(l - ’VT))
= Mvy, CSUP,lpnh2 + Mvf, pnCsup 2 Th(1 —y7) + 0(pnh2 + pnTh(1 = 97)), (A.13)

and also substituting the variance bound from (A.4), we have that
Var(Ry1) = Mg, piVar (1 — v1) + o(p; Var(dy — 11))

C 2 p2 P M%f Csup,2pn P
< M2. 2 sup, O n ( n ) _ 1 ( n ) A.14
= Monn X T\ arn ) O\ o telamn) A

where the final o (np:,?h) holds because the O (n‘ﬁ‘h) term is also of order o (npf}h).

Step 2: Rjy3. We use next the same technique to handle Ry3. By expression (A.11) and Slutsky’s
Theorem, it is easy to show that

pn€ibe €16 L
Rps = = - = Rt n —
137 T (3 — v3) (’%}154) (”;;155) X (Fetfiet) ™ pulis — v3)

e - N
= — — +o0,(1)] x (KZCEI@C}) Lon(ig — v3)
(Kct. V4) (Hct. V5)
i J

= My, (Kethiet) ™ o3 — v3) + 0p ((f‘ic; Ket) ™ o3 — VS)) (A.15)

with a constant My, = W Following (A.15), (A.5) and (A.6), we have that
K, V4 nc? vy

E(Ryg3) = M g, (et fies) ™ puE (5 = v5) + 0 (et iet) ™ pulE (i — v3) )
< My, (Kehien) ™ on X Coupabict it h® + My gy (et hiet) ™' pn % Coup,abict it Th(1 = yr)
+ 0 ((/ﬁcﬁnc;_)*lpn X Kt et h3) +o ((ncgncz_)*lpn X Kethict (h2 +Th(l— fyT)))
= Mv 1, Csup1pnh® + Mv 5, Csup 200 Th(1 — v7) + 0(pnh® + pn Th(1 — y7)), (A.16)
Var(Ry3) = M%fs(/icfncg)_2pi\/ar (3 —v3) 4o ((/{C§ ch)_Qinar(ﬁg — Vg))

C. 2Rt Rt Rt Rt Rt Rt
< M%fg(’ic?”cﬂ_gpi X Suzi;hci +0 <("$c’:"5c;.)2p,21 X 621T2> +o ((”C”{c3)2pi X 2cl ; >
UETS n?py, i n T n%py,
2
_ MVfSCsup,an +o Pn (A 17)
N2kt ket Th n2kpkee Th |- '
i j i J

Step 3: Ry4 (same as for Rjys). Considering R4, we apply Slutsky’s Theorem once more, and we
have that

pn€1&283 . Eiéo X (Retket) "6
Ry = Pn1828s o : L e
" 36 Pa =) (5%253) (”;;155) X Ky pn(Pa = va)

vivy X (Ketkiet) v IR
9 N +0p(1) | X hi' pn (P4 — va)
() () )
i 3

= va45;1p7l(194 —v4)+0p (ﬁ;lpn(m — 1/4)) (A.18)
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viveX (K ke ) T v
with a constant My, = m (A.18), (A.7) and (A.8), we calculate that
-2 2 H—filu5

Hci’ %
(Rf4) = MVf4/€;1an (’)4 - 1/4) +o </€;1an(1>4 - 1/4))
< Mvj»4/g:1pn X CsuP,llﬂtcth + va4n;1pn X Csupygﬁchh(l — ’YT)
+0 (Hglpn X licgh?’) +o0 (K;lpn X Kt (h2 +Th(1 — 7T))>

= ]\4Vf4613up,1pnh2 + Csup,QpnTh(l - ’YT) + O(pnh2 + pnTh(l - ’YT))) (A19)
and that
Var(Rjy4) = M%fﬁfpi\/ar (g —vg) 4o (/fc_,_,Qinar(m — u4)>
Oa 2Kt KRt K.t
2 -2 2 Sup,27ve; -2 2 2 -2 2 2
< vallﬁc:: Pn X W + 0] </€c§ Pn X ’]’LzTh,) + o0 (ch Pn X nQPHTh)
M2 C'su n
_ M Cwapn [ pn ) (A.20)
n IicsTh n HcsTh
Note that, analogously to Ry and R4, we define the constants My, and My, corresponding to Ry
and Ry as follows,
vive X (Ketkgt ) " tis
vrs and vas — — i J

My, = — —
V4ls Kot VAR VS
i J

Therefore, taking the expectation on both sides of equation (A.10), and then combining (A.13), (A.16)

and (A.19), the bias of 7;; 5 (u') is determined as

E(7ijn(u')) — 735 (u') = E(Rp1) + E(Ry2) + E(Ry3) — E(Rya) — E(Rys)
(IMv 5, Csupa| + [Mv g, Csup,1| + |Mv g, Csup,1| + [Mv £, Coup,1
+|Mstcsup,1|) pnh2 + (|MVflcsup,2| + |Mszcsup,2| + |MVf3 sup,Z‘

+|Mv 1, Coup 2| + | Mv 1, Coup,2|) pnTh(1 — 1) + 0(pnh® + pp Th(1 — 7))
(A.21)

- T 1pnh2 + C‘r,2pnTh(1 - ’YT) + 0(pnh2 + pnTh(l - ’YT))a

where the constant C; ; depends on Cgyp 1, while the constant C; 2 depends on Cgyp 2
We next investigate the variance of 7;; ,(u'). Using equation (A.10), for any i # j € {1,...,n}, the

variance can be expressed as,
5 2
Var(i—w h( t)) = Var (Rf1 +Rypo+ Ry3 — Rypy — Rf5) <E <Z ‘Rfm — E(Rfm)|>
m=1
5 5
<5 E(Rpm —E(Rfm))* =5 Y Var(Rpn). (A.22)
m=1 m=1

|z;|" with C,. = n"~! for any r > 1 (see,

Note that the C, inequality states that (3 i, |z])" < C, >0
e.g. von Bahr and Esseen 1965). Thus, we apply the C,. inequality by setting r = 2 and n = 5 to conclude

the inequality in (A.22). Next combining (A.14), (A.17) and (A.20), inequality (A.22) implies that

Var(?ij h(t/T))
vfl C'sup 2,077, sz C’sup 20n vf3 C’sup 20n vf4 Csup 20n va Csup 20Pn
- nTh nTh nzncg kit Th TLQIngTh n2/<cc;_ Th
Pn ) Pn Pn Pn
to (nTh to <n2ﬁcgnc;Th> to <n2ﬁC§Th> to <n2nC§Th>
< 5(M%flcsup,2 + M%f2csup,2)pn 5M%f3csup,2pn
- nTh n2k2Th
2
5(MVf4CSUP72 + Vf5CSUp 2) +0( Pn ) +o Pn 7
nTh n2k2Th

n2k,Th
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where we define x,, = mini)tncz (c')/n to measure the level of balance in community sizes. The last
inequality holds as K, < k.,Vi € {1,...,n}. Additionally, since kK, < 1 and nk, > 1, we have that

Pn Pn Pn Pn Pn
TS RT3 Th < ot and e res S m . Therefore, all leading terms can be bounded by

ng:{,ih for some constant C. Then the variance of 7;; 5, (u') satisfies
Var(Fi; a(ut)) < Z8Pn 4o (_Pn (A.23)
b “nk,Th nk,Th)’

where the constant C; 3 depends on Cyyp 2. To investigate the essential issue of the impact of network
sparsity on parameter estimation, we consider the scaled quantity (p,, 7 (u')) since 7 (u') is proportional
to pn. Recalling the definition of d(p,, 175 (u'), p, 17 (u?)), we have that

dlpy ' F(u), o 7)) =z Z {E [Fiin(u) = EGiyn@))] + [E (R () = ()]}
2 2
:Al,h + AQJL )

where AL, = o S E [Figa(ut) — E(Fyn(wh)]® ALy, = 2 S0 [B (Figa(u) = 75 (u!)]” . Note
that Af, and A}, represent the variance and the squared bias, respectively. Combining (A.21) and
(A.23), we obtain that the leading term of d(p,, 175 (u'), p,, 17 (u?)) implies

CT,3

d(p, T (u'), p 7 (u)) < Crah® + Cr 2T (1 = r)” + wronpnTh

B Proofs of the results from Section 4

Proof of Theorem 3. This proof is similar to the proof of Proposition 1. As 0! i.n» defined in (9) can be

dt o f h( )
seen as a function of 7} = = and Uy = —

, we have that

. nee (et o
0t = g(in.0y) = —= = .
i,h g(01,04) nis H;1ﬁ4

Note that, conditional on ¢" and under the assumption 37y~ 0 = nc(c’), we have that

et ct ]Ect ¢ (dt et (Ct)z efetzt et (ct) X 95 Z 0.7
9(1/1,V4)=ni( ) ’O(Z)Z - i =— ( =107 ) =0!. (B.1)

Fer (0) " Bt T (2 ) (o1 )

We use again a Taylor expansion of éf ,, around the point (14, v4) T implying that

0t —g(vr,va) + V(e €))7 ( - )

Dy — 1y
=0; + %(’71 —1n) - ,17/1(&4 —vy)
Fo &l Fo (64)?
=0; + Ry1 — Rya (B.2)

where the term Vg(¢7,&4) 7 (?1_”1) denotes the Taylor remainder term for éf-,h, and Vg(&1,&}) is the vector

Va—UV4
of first derivatives of g(-) evaluated in (&],&}) T with &, = Dy, + o/ (D, — Vi) for some o’ € (0,1) and any
m € {1,4}. We then rewrite the remainder term as (Rg1 — Rg4) where

L _ &

T(Vl - 1), Rg4

Ry = -
rEd (€02

(ﬁ4 — V4).
In analogy to the Taylor expansion for f(), we analyse next each of the terms R, and Rg4.
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Given that ¢ € (U, Vm),Vm € {1,4}, we conclude from Lemma A.2 that (&},£;)7 converges to
(v1,v4) " in quadratic mean provided that vy — 1, pn,h — 0 as nT — oo such that np,Th — oo and
Th(1 — ) — 0. Considering that /@;_11/4 is a non-zero constant, as stated in Remark 7, we have that

1 p 1 1

%
1 -1 —2 -2
ko €y Kava Ry (G)? 0 RV

G i i

as yr — 1, pn,h — 0, np,Th — oo and Th(1 — ~vr) — 0.
(B.3)

For Ry, letting My,, = ﬁ, we have that
‘ ‘ v

1

Rg1 = —15/
”cg /

(01 —11) = [Myyg, +0p(1)] (1 — 1) = My, (1 — 1) 4 0p(01 — 11).

Taking the expectation on both sides and plugging in the expectation bound from (A.3), we obtain that

E(Rg1) = My g, E(01 — 1) + 0 (E(1 — 1)) < Myg, Csup1h* + My g, Csup 2 Th(1 — v7) + 0 (h* + Th(1 — 7)),

(B.4)
furthermore, by (A.4),
Var(Rg1) = M3, Var(ty — v1) + o (Var(dy — 11))
M% Csu 2 1 1
< g1 p,
S path 9 <nTh) to (npnTh)
M%g Csup 2 1
= —4a . B.5
nppTh to (npnTh> (B-5)

As for Rg4, applying Slutsky’s Theorem once again, expression (B.3) yields that

S & 14
Ryy=—7F-—=0n—w)=—-= XK, (l4—14)
" e AR
v Z1a
- l_;Q + o,,(l)] X k(i — va)
I{Ctv ]/4 1

= MVg4K,;1(l/)4 — V4) + Op </§;1(]>4 — 1/4)) 5

where My,, = —%—. Then, by (A.7) and (A.8), the expectation and variance can be obtained as follows,
Kot Vi

E(Ry1) = Mg, Bloa = va) + o (1 B(os — va))
< Myg, Coup,1h? + My g, Coup2Th(1 — y7) + 0 (h* + Th(1 — 7)), (B.6)
and

Var(Rg4) = M%g4m;2\/ar(ﬁ4 —w)+o (n;QVar(ﬁ4 - V4)>

Coup,2Ket Kt Ket
2 -2 sup, C'i —2 Ci -2 Ci
< Mg,k % Wi Th T 0 (’%; % n2Th) o (HC? - nzpnTh>

M2 Cy,
_ Vga p,2+ < 1 ) (B.?)

n2ket ppTh © n2ket ppTh
Taking expectation on both sides in (B.2) and combining (B.4) and (B.6), we have that

E(6!,) — 6! = E(Rg1) — E(Ry4)
< [|Mvg, Csup | + |Mvg, Csup 1] B
+ [|Myg, Coup 2| + |Mvg,Csup 2|] TR(1 — y7) + 0 (R* + Th(1 — vr)
= Co1h? + Co 2 Th(1 — yr) + o(h* + Th(1 — 7)),
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where the constant Cp ; depends on Cgyp1 while the constant Cp o depends on Cyyp 2.
Using again the C, inequality with r = 2 and n = 2, we have Var(z1 + x2) < 2(Var(z1) + Var(zz)),
and from (B.2), we conclude that
Var(é;h) = Var (Rj1 — Rga) < 2[Var(Ry1) + Var(Rg4)],

and then substitute (B.5) and (B.7) to get that

2M2, Cs, 2M3,, O 1 1
Vor_=up? | T Ve 02 L o (——— ) +o
np,Th n?kepnTh npnTh n?kepnTh

_ Cbg 1
= + 0 - ,
npnTh nppTh

where the constant Cp 3 depends on Cgyp 2. Note that the last equality holds due to n < 712’%5 for any

Var(é;h)

IN

~t ~
ket We now turn back to the distance d(6),, "), which by the bias and variance of 95 n, satisfies

~t 1< A 5 2 . 2 Co3
d(6,,6") = = > |E (8L, —E(BL,)) + (B(8:,) — 0F) | < Conh + CoaT?h2(1 = 7p)? + — 22
(6,,60") - ;{ ih (0;in)) + (E:;,) —0; < Cypah™ + Cp2 (1—v7r)"+ npnTh
where the constant Cp ;1 depends on Cgyp 1, While Cy 2, Cp 3 depend on Cyyp 2. O
Proof of Lemma 4. For any generic matrix A € R™ ", let ||Al = max; j=1,.. n|A4i;| and ||Als =

P j=11Ai;]. Since Q(-) is a Lipschitz function in all arguments, by this Lipschitz continuity and the
triangle inequality, we have that

‘Q (%ﬂe)) - Q)| < 2| %) e
<L OhZ(et) _ E(O;(et)) H I w — H(e') (B.8)

where L is the constant occurring in the Lipschitz continuity of Q(+). To show (19), we need to establish

uniform convergence of both £, norms over e € {1,..., K}".

Bernstein’s inequality states that if ¥;’s are independent, |Y;| < B,E(Y;) =0and S, = Y., Y;, then
it holds that P(|S,| > w) < 2exp {—M}. Relying on Bernstein’s inequality, we deal with the
first term. Combining the definitions of 7;; ,(u') and Oy 4(e') and letting

n T
Su(e) =Y > Al imnet=n L ev(uny
i,j=1t'=1

we have O (€')/(n?pn) = Swi(et)/(2n2p,Th). Notice that Al’s are independent for all time points
and \A§j| < 1. For any fixed € > 0, letting B = 2, w = 2n%p, The and a = 3 we then have that

3Csup,‘2+25 ’
v <

Opin(€!) _ E(Okl,h(et))‘ > 5) =P <

n?py, n?py

Su(e’) — E(Su(e)) > .
2n2p,Th  2n2p,Th | —

=P (|Sk(e’) —E(Su(e")| = 2n*p,The)

2e2ntp2 T?h?

< 2expq —
Var(Sy;(et)) + 4n2p,The/3
E2n4p2 T2h2
<2 - n <2 —an®p,Th
- exp{ Csup,2n?pnTh + 2n2pnTh5/3} - exp{ on-p }
(B.9)
given that
n T
Var(Su(e) = > ) Var(AfG) L erpet=ty Lt ev(uryy < 2Csup,2n’pnTh.
dj=11'=1
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Since there exist K™ possible assignments of e’ and K2 elements in the matrix Oh(et), using the union
bound, we conclude that for any € > 0,

b <ma}x Onle!) E<0h<et>>‘

n?py, n2pp
where the last convergence follows when np, Th — co. This means that the first term of (B.8) converges
to zero in probability if np,Th — co. To inspect the second term of (B.8), by (A.5) we have that

> 5) <2K""exp {—an®p,Th} = 2K* [K exp {—anp,Th}]" — 0

(B.10)

EOW) _ e < HE (W) ~ Huale)
n2p,, . n=pPn 1
K
< Z Fir(e)Ri(€") (Coupah® + Coup 2Th(1 — 1) + O (h*)) = O(h* + Th(1 —y7)) = 0,
k=1

(B.11)

as yr — 1 and h — 0 such that Th(1 —~r) — 0. Combining (B.10) and (B.11) implies that the left-hand
side of (B.8) converges to zero in probability if vz — 1, pp,h — 0 and nT — oo such that np,Th — oo
and Th(1 —~r) — 0. O

Proof of Lemma 5. Recalling the definitions of Hy;(e?) and Hy(e!), we note that when e = ¢f,

ng(c)ny ()W} nie(e) K ()Wt
Hkl(ct): k( ) l2( ) kl’ Hk(ct): i ( )21_12 1(c') ki
n n
H, t n?wWt . /
Let G}, = #ﬁz()et) and B!, = 55 (Ct)W(f&)(ib, - S,(cf)Wt ;- Applying that arg maxg(C; log G —

C,G) = C,/C,, we can obtain that for any generic vector et € {1,..., K}",

S Aagiy (e, ) Ay ()W,
2

x log G%,

Q(H(e") = Z

k=1

n

K K
Za,szl ns(ct)WésAa(k) (ct7 et) Zb,slzl TLS/(Ct)Wth,Ab(k) (ct7et) ¢
- 5 X 3 x Gy
n n

K
1 o
=7 2o 2 A (g (e ) [Wéb log Gy — 51 2J

k,=1a,b=1 ab
1 K K
<5 D7D Aaiy(ch €)My (! €!) [Wiylog B, — W]
k,l=1a,b=1
_i na()np()Wey | nale)n(e)Way, [ na(€) S na(€)Wi, )
N n?2 & n?2 n2
a,b=1
-1
() ine (YW | | nale ()W
n2 n2
K
Hab(ct)
_ Ho (e ) g ()] =0 (H(c B.12
;1[ (N8 g ey (e ~ ()] = @ UHD), (1

where one goes from line 2 to line 3 by plugging in the maximizer of the function and where the equality
holds if and only if G}, = B, whenever A,y)(c’,e')Ayy)(ct,e’) > 0 due to the uniqueness of the
maximizer of this concave function Ci log G — C’éG .

Next, we show that Q (H(e?)) = Q (H(c')) if and only if et = ct. The ‘if’ part is immediate after
plugging e’ = ¢! in the definition of Q (H(e')). Now we need to prove that

Q (H(e")) =Q (H(c")) implies the event {e' = c'}.
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Suppose that Q (H(e')) = Q (H(c")). Notice that when Aq)(c’, e’) > 0, the index set N7, must
be a non-empty set, indicating nqx)(c’,e’) > 0. Thus, the equality in (B.12) gives that G}, = B,
whenever ng ) (c, e )ny)(ct,e’) > 0 for k,l,a,b € {1,...,K}. Since B' := (B.,)xxx and G' :=
(Gt)) ki are constructed with W' and H(e?), both matrices B*, G* are symmetric. Under Assumption
4, we can further conclude that B’ does not have two identical columns. Finally, combining the above
conditions with Assumption 2, and subsequently applying Lemma A.2 from Zhao et al. (2012), the matrix
n(c, e') = (nyu)(c’, et))KxK or its permutation is a diagonal matrix with all positive elements, which
implies that all nodes are accurately assigned to their true communities (i.e. ¢’ = e!). Hence, the
sufficiency part is proved.
To finish this proof, we evaluate the bound on Q (H(c')) — Q (H(e')). Let

K
HA(ct,et)le Z |Aa(k)(ct,et)|.

a,k=1

Note by Assumptions (b) and (c) of Zhao et al. (2012) that Q(-) has continuous and bounded first
derivatives in a neighborhood of H(c!) implying that there exist some positive constants M’ < M such
that

Act,et) At et)

n n

A(c, et)

n

1
M (B.13)

< Q(H(cf)) —Q(H(et)) < ;MHA(C;,ct) _

1

A(ct e)

since, from (18), H(e') is a function depending on . Next by the definition of A(ct, ), it is easy

to see that A(c?, ¢t) is a diagonal matrix satisfying Za:l Ao(ay(c,€') = n. Thus,

K
[A(e, €)= A’ €|, = Z\Aaw) c'e') = N (€€ + DD [Aam (€' €) = Mgy (', &)

a=1 k#a
= QZZ |Aa(k) C 6 | = 229 ]_{pt#(.t}
a=1k#a
from which we can conclude that
n n
20 Y Lyerzery < | A(c!,c') = A(c' €")]], < 20ap D Liersey (B.14)
i=1 i=1

with Oinf := inf1<ij<pn infuepo,1) 0i(u) and Osup = sup; <;<, SUP,e(o,1) 0i(u) and after plugging it into (B.13)
inequality (21) follows. O

Lemma B.3. For any mmis = 1,...,n and any constant C' > 0, if pp,h — 0 and nT — oo such that
(npnTh)/logn — oo, then the following convergence holds,

Oh(et) B Oh(ct) B E (Oh(et)> E (éh(ct)> N %

t. rp )< ) 2 2 2 2
{e*ni(et,ct) <mmis } n=pn n=pn n=pn n=pn n
0

—0. (B.15)

Proof. The technique of proving this result is similar to Lemma A.1 of Zhao et al. (2012). Letting
Sw(e') = >0 ,- 1th VA ket =iy L cuquryy We have Opn(e!)/(n?pn) = Sii(e')/(2n2p,Th).

¢ ¢ t ¢ ¢ b
Note that when e} #¢f,....el, ~#c el =c, ... =,
Mmis Mmis
t/
Ski(e") = Sule Z Leuv ev(utyy Z Al ( {et=k} — 1{c;:k}) +2) Al (1{e§:k,e§:z} - 1{c§:k,c;:z}>
=1 i<j

Mmis

+2)° Z A% (1{e;=k,e;=z}*1{cg=k,c;=5}) ,

i=1 j=mmis+1
Var (Spi(e') — Sw(c")) < 8Csup2mmisnpnTh.

35



Apply Bernstein’s inequality again. Setting B = 2 and w = 2n%p,, The, for € < 6Csup 2Mmis/N,

o)

On(e)  Omnl(c) E(Oun(e)) N E(Onin(c"))

n2py, n2py, n2py, n?p,

=P (|Skl(et) — Skl(ct) — E(Skl(et)) + E(Skl(ct))| > anpnThs)
2e2ntp2 T%1h?

<2expq—

Var (Ski(et) — Sgi(et)) + 4n?p,The/3

20t p2 T2h?

< 2expq — n

{ 4Csup 2MmisnpnTh + 2n2p,The /3 }

n3p, The? }

< 2exps —
- p{ SCSUP,QmmiS

on the other hand, for ¢ > 6Csyp 2Mmis/ N,

Owin(e?) B Orn(ch) _ E(Ori.n(e)) . E(Opi.n(ch))

>g>

n?p, n2py n2py n2p,
< Z_:2n4p721/172 h2
ex —
P 4Csup 2MmisnpnTh + 2n2p, The /3

3n?p, Th
< 2exp {- 2T

As ni(et, ') < mp;s, there exist (m:,;s

On(e'). Define P; as the probability on the left-hand side of (B.15), and let & = (Cmis)/n for some
constant C. Using the union bound, if C' < 6Cgp 2,

)K mmis possible assignments of e’ and K? elements in the matrix

3 T 2 3 T 2
Pl < 2( n )Kmmis+2 exp {_ " Pn he } < QnmmisKmnlis+2 exp {_ n"Pn he }
Mmis 805up,2mrnis 8Csup,2mmis

C2npuTh H s

=9K? |K 1 -
[ exp{ ogn SCsup,z

—0

as (npnTh)/logn — co. Otherwise, if C' > 6Cqyp 2,

3n2pnTh S0 Th
M= 2( ; >Kmmid+2 €xp {7LP4€} < QnmxxlisKmxxlid+2 exp {np46}
Mmis

3 Mmis
= 2K* {K exp {logn — 4npnThH
—0

as (np,Th)/logn — oco. Consequently, the convergence (B.15) holds for any constant C'if (np,Th)/logn —

Q. O
Proof of Theorem 6. Step 1: we first show the weak consistency. Let (e, c’) = 237" | Licttety. As
defined in (16), ¢' is the maximizer of Q (%}:t)). Thus, in order to show weak consistency, we only

need to show that there exists ¢!, — 0 such that

On(e') On(c)
F ({et:b(gl?:)t()>6fl}Q ( n2p, >Q n2p,, — 0. (B.16)

By the continuity and the uniqueness of Q(H (e')) in Lemma 5, we can always find a specific ¢!, such that
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) > maX{et:,(et,ct)>6t} Q )+ 26 Then

P
({ef L(et c‘)>(5t Q( nzpn ) ( nzpn >>

)>Q On(e!) +
max
{et: L(Et ct >6t} n2pn n2pn {et:(et,ct)>5t}

Oh(et) t t
P - max H(e > 2e,,
([ < n?py, {et:(et ct)>6t}Q ( n2py, {et:u(et,ct)>6t} QH(e))
') t Oh(et) t t
P > €, max —— | = max H(e")) > ¢,
({ ( TLQpn {et:(et,ct)>6t} Q nzpn {et:(et,ct)>6t} Q( ( ))

<| (H(c")) - @ (Onhg(:t)> > 6;) +P (mez}x Q <Oh(et)> —Q(H(e")| > ei) —0

as yr — 1, pn, h — 0 such that np,Th — co and Th(1 — yr) — 0, and where the last convergence holds
by (19) in Lemma 4.
Step 2: To show strong consistency, we need to prove that

On(e?) On(ch)
P —_— —_— .
<{€ttbg?§)>0} @ ( n2p,, > Q n2py, =0

Since in (B.16) we analyze the behavior of the @ () function on the set {e’ : (e, c’) > d%}, we now focus
on its complement set and it is thus sufficient to show that

Oh(et) Oh(ct)
. 2on |\ 2o, : B.1
({et:1<nb(né?’?ét)<n5%} Q ( n2pn Q n2pn >0]—=0 ( 7)

E(Oh(e )))
n2pn

I /\

Q(H(e") + 262)

+

IA

| /\

Since @ (+) is a continuous function, we can establish from (A.5) that @ ( converges to Q (H(e!))

for any e’ € {1,...,K}" as yv — 1,h — 0 and np,Th — oo and Th(1 —~yr) — 0. Also note that by
Lemma 5, Q (H(e')) < Q (H(c")), thus there exists an n!, such that

Q(M@w%>SQ<M@@%)

n?pn n?pn

E(On(e?) _ H(et
n2pn,

also holds for any e’ when H )H < nt with T large enough. Using a first order Taylor

expansion of @@ (%ﬁit))) around %{Eit)) implies that
E(Op(ct E(Oy(e!
Q<<£;»>_Q<<£;»>
. T R R
E(Op(ct E(Oy (et E(Op/(c!
= —vec (VQ <(n§/§n ))>> vec ( (n;/(ln ) - (n;;n ))> +0<

n?pp n?pn
E(On(e!))  E(On(c! E(On(e!) E(On(c!
> 2, [ BOne) _ EOu(e)) ﬂ< <5e»_<§w»H>, (B18)
nepn n=pn 1 n=pn n=pPn
where vec (VQ (w)) is the vector of first derivatives of the function Q(-) evaluated in %ﬁ:t»
and M; is a positive constant since Q) (%ﬁ(}i))) Q (%ﬁ) > 0 as we just showed above. We now
consider bounding the ¢; norm H ]E(O'L(i ) E(gé‘éi ) Hl and rewrite it as | Ry — Ra|; where

o= BORED e - O ), = () e
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From the expectation in (A.5) the vanishing bias between ]E(Ozlg’iz(et)) and Hy,(e?), forany e’ € {1,...,K}",
is given by

Coup,1r(€")Ri(e")h? + Coup 2 (e')Ri(€)Th(1 — vr) + O(Fr(e') iy (eh)h?).

Tthus7 withou‘g losstof generality if we let ni(e’,c') = muis and ef # cf,... el F el =
o i1y eh =,
E(O,n (e E(Oi,n(ct
( 2, ( )) _Hkl(et) _ ( 2, ( )) +Hkl(ct)
n"Pn n=pPn

Pn (CSUp,lhz + Csup,QTh(l — "}/T)) Tmis O(hd) Mmis
n?pn > (et ~ L) + 2 (Lt = Let=ny)

=1 =1

20 (Coupah® + Crup 2 Th(1 = 7)) "¢
+ p n2p P Z <1{(,t koet=1} — l{vf—k ot l})
n =
O h3 Mmis
( ) Z (1{62:k7€;:l} - 1{C§:k,c;.:l})
i<j

_|_

n2

mmm

2pn(C:>u lh +Csu 2Th 7T
+ = = > Z (Leemtet =ty = Letmret=n )

2
n
Pn =1 j=Mmmis+1

mmls

<l{e§’=k,e;’.=l} - 1{c§=k,c§=l})

=1 j=mmis+1
< 4mmis(csup,1 h? + C’sup,QTh(1 - FYT))

=o (e, ),
since y7 — 1, h — 0 as n, T — oo satisfying Th(1 —~7) — 0. As such, |R1]|; < K?||R1]|e = o (¢(ef,ch))

given that K is fixed. Considering Ry, as, from (18), H(e') is a function depending on M , |1 Re|lx ~
(e, c') follows by substituting the bounds in (B.14). By the (reverse) triangle inequality e have that

MR2lly = [[Bally [ < [1B2 = Rally < [[Bally + (B2l

n

which implies that ||R1 — Rs||; ~ (e, c'). Applying the same argument under the o norm yields
|R1 — Ra||, ~ t(e, c'). Therefore, plugging these quantities into (B.18) we conclude that there exists a
positive constant M’ such that

0 (IW) —Q <W> > M"i(e "), (B.19)

n?py, n?py,

when Hw —H (et)H < nt with T large enough for any e’. The remainder of our proof is similar
to the proof of statement (1.1) in Bickel, Chen, Zhao, Levina, and Zhu (2015). For any generic vector
et € {1,...,K}", we use a Taylor expansion for Q (On’%;t)) around ]E(g’;iéet)) and then obtain that

. . . T . R
Oy (et E(Oy (et E(Op (et Oy (et E(Oy (et

Q ( n}é(pn)> =Q <(n;p(n ))> + vec <VQ <(n§p(n ))>> vec ( 7;2(/)”) - (ngp(n ))> (B.20)

On(e!)  E(On(e)) H

n?pp n?py,

+ 0,

where vec (VQ (M)) represents the vector of first derivatives of the function Q(-) evaluated in
%. Since @ (-) has continuous second derivatives in a neighborhood of w

Assumption (b) of Zhao et al. (2012), we have that

0 <<Op<>>> _vo (E@p(») +0/(let,et). (B21)

as stated in
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Using the Taylor expansion from (B.20) for @ (%:t)) and Q (O;L’%:t)), then based on (B.21), we have
that

0 (éh2<et>> 0 (éh;ct))
n*pn n?pn

S (Ohjet)) 0 (E(%(é») 0 (O;;(ct)) o (E(Og<ct>>> i (E(O;w))) _g (E(@(dﬁ)))
n*pp népy nepn népy népy n*pn

On(e)  E(On(e! On(c')  E(Op(c! e E(On(e
oo B0 04 B0 041 |
Lo Ot EOnet) H N 04’ On(e) _EOn(e') H Lo (E(O;w») 0 (E@(ﬁ)))
n=pn n=pPn n=pPn n=pPn - n=pPn n=pPn

Using this bound, we have that

(On(e)\ . (E(On(c")
P({e«m(e‘?cf <nat}zc fm +Q< n?py, ) Q( n?pp >>0>

<P ConIm — M"i(e!,c") > 0
- ({et 1<nL(ef Ct)<n5t} Z L(e , C )

m=1

3 n
M”mmis M//mmis
< p I, > —_Mmis (1, > 2 Mmis )
- Z Z <{et:nL(eItI,13)§—mmis} 4Cn ) + Z < 4> 4Cyn >

m=1mmis=1 Mmis=1

where the first inequality holds when plugging in the bound from (B.19). To show (B.17), it is enough to
show that Z P (maX{et mi(et,et)=mmis} Im > Mcm“"ﬁ) for any m = 1,2, 3, and Z 4P (14 > %)

n

converge to 0.
For I: Let C = 411\471 and (np,Th)/logn — oo, then Lemma B.3 yields that

n n
M//mmis > ( M//mmis )
P max LH>—— | < P max I >——
Z ({e‘:nb(e‘,ct)_mmis} ! 4C1n Z {et:ni(et,ct)<mmis} ! 4C1n

Mmis=1 Mmis=1

<n max P max L > —
Mmis=1,...,n {et:nb(et,ct)gmmis} 40171

due to the exponential decay implied by the use of Bernstein’s inequality.
For Iy: Let ¢ = {4~ and apply the bound in (B.10), hence, as (np,Th)/logn — oo,

= M
Z P<{e*:nb(erf'1,12?§—mmi5}j 4nC > Z P <H}3X

Mmis=1 Mmis=1

>
n2pn nzpn 4(72

Onle!) _ E(Oh<et>>|| M”) o

2
For I3: For any 1 < muis < n, set ¢ = ,/leci’”;m‘s and a = m Applying the union bound, we
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conclude from inequality (B.9) that

Oh<et>E<éh<et>>H N M"mmis>

P max 5 3
{e‘:nL(e‘,ct)Smmis} n p’ﬂ n pn

<2< " )Km“‘iSJrzeXp{—anzpnTh}

TMmis
. . 3e2n2p, Th
< O Mmis K Mmis+2 exp Pn
]\/[I/
305111372 + Cs

3M"np,Th imis
=2K? {Kexp {logn— P }]

12C4up,2C5 + 4/ M Cs
Thus, when (np, Th)/logn — oo, we have that

n
Mﬂmrnis)
P max I3 > ————
Z ({e‘:nL(et,c‘)_mm;S} 3 40377,

Mmis=1
n ~ A
0) t E Ol ¢ M7 mis
< Z P max h2(e)_ ( ;(e)) >\/L — 0.
ey {et:ni(et,ct)<mmis} || N°Pn nepn - 40371

For I,: For any 1 < mpis < n, let ¢ = ,/%4;;“5. Since (B.9) implies that

M" mis 3 Zn? nTh 3M” mis nTh
]P’(I4>m> < 2K?exp LN ek L :2K2exp{— MmisThp — },
4C4n 3cvsup’2 + J\g4 1203up,204 + 4\/ M 04
the convergence 7 | P (14 > %j;‘;‘s) — 0 follows due to the exponential decay as (np,Th)/logn —
0. O
Proof of Corollary 7. To proceed, we define the following fractions for an arbitrary vector et € {1,..., K}™,
1975( t) ne;‘j (et)ECt’gt (df) : ( t) ]Ectﬁt (dlz‘:)Ect,Bt (d;)Ec“,Ot (Oe§e§ (et))
e ) = —————) iile’) =
Eet 0t (Oct(e')) ! Eet 6t (Oct(€'))Ecr 60 (Ot (€"))

Let 9'(e!) := (9}(e),..., 0% (e"))T and 9'(et) := ( i;(€))nxn. Observe from (B.1) and (A.9) that
Ui(c") = 0f and ¥f;(c") = 7ij(u’) for any i,j € {1,...,n} when e’ = ¢', we thus have 9 (ct) = 6" and
P'(c!) = T(u'). Here we prove only the result for é;(ét), since the argument for 7, (ut, &") follows in
the same way. Notice that d(éZ(ét), ") =E (%Hé;(ét) - 0t||§> By the law of iterated expectations, we
obtain that

B (116 - 0'18) = 12 [E (184) - 02 | &)

E (116,(") = 9" ()l | & € n(c")) P(&' € m(e"))

SI— 3=

b S B (Bl - o3 | = e Be =)
etgn(ct)
B %]E (Hé:b(ct) - ﬁt(Ct)H%) P(u(e, ct) = 0)

n

1 it ) )
o3 Y E(le@ - 0Bl =€) P =)
Mmmis=1 {et:ni(et,ct)=mmis}
1 At .
= —E (|103(c") - 9'(c)3) PU(&', ¢) = 0)

n

> S E(I0he) - 9" ()E) e =€)

mmis=1 {et:ni(et,ct)=mmis}

:E1+E27
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where 7(c') represents the set of all permutations of the true assignment vector ¢'.

For E;: Theorem 1 states that, given cf, E (%Hé;(ct) - 19t(ct)|\§) < nglh4+09,2T2h2(1—WT)2+%,

impliying that the first term F; is bounded by

Co3
Coah* + CpoT?h?*(1 — y7)? ’ B.22
0,117 + Co 2 (1=97)" + npnTh ( )
owing to P(u(¢',ct) = 0) < 1.
For F5: Now the remaining task is to quantify the second term FE5. To this end, consider that
lE étt_ﬂtt2<zE étt_,ﬂttQ Eﬁt B _ 9t(et)I12 B.23
CE(18,(e7) =9 (e)lz) < ~E([104(e7) =9 (e)ll2) + —[[9°(e") — I (c)l2- (B.23)

Here e represents an arbitrary vector within the set {e’ : ni(ef, c!) = muyis} and thus, the second term

is deterministic. This decomposition allows to separate the contribution of the deviation induced by
the estimation error under the same community assignments, and the deviation induced by community
misclassification. Following the same strategy as in the proof of Theorem 1, since Lemma A.2 holds for
any vector e', it is easy to show that

Coy3
npnTh’

1 A
~E (/16),(e") = 9'(e"]13) < Coah® + CoaT?h?(1 = 91)* + (B.24)

To bound the second term in (B.23), observe that for each node i the absolute deviation due to misclas-
sification satisfies that

nef (et)]Ec",Bt (df) ncﬁ (ct)Ec‘,G” (di)

Ectg¢(Oct(€'))  Eerpe(Oct(c))

o Ect,e‘ (dﬁ)
 Ectg:(Oci(et))

[93(e") = Vi(c)] =

]Ect,et (Oe- (et)) |‘|

Ect,Qt (ch (ct)) - Ec”,Bt (Oe§ (et)) ‘
]Ect,et (ch (Ct))

o Ec*,Bt (df)
Ect ,0t (Oeﬁ (et ))

net(e') — Nt (ct)’ + ne (e

%

Consider that n.(e’,c’) denotes the total number of misclassified nodes at time point ¢. The misclas-
sification of these nodes can potentially affect at most Ceup 2n(ne(e?, c))p, edges. Intuitively, it holds
that

Net (et) — Nt (ct) < nL(et’ ct)7 Ect,et (Oci (ct)) - Ect,et (Oeﬁ (et)) < CSup72n(nL(et7 ct))pn~

Thus,

Eet g¢(db)
Di(et) — 0i(ch)| < ——0
| z( ) z( ) = Ect,gt(Oeﬁ(et))

nu(et, ct) +

Csup,2nc§ (Ct)n(nL(etv ct))pn
Ect ot (O ("))

Since B gt (df) = 7, 7ij(u") < Coup2npn and Eee g (Ot (€7)) = 3o0 i) Toj(u)1er—ety > Cintnet (€7)npn,
we further obtain that

[9%(et) — E(c)] < o Crm2 P [m<et,ct> +

Csup,an,’L:(Ct)n(nb(etvct))pn _ C'nu(el, c)
Cinfnez (et)npn o

Cintring: (o

for some constant C’. Aggregating across all nodes yields that

2
n n t
[9°(e") = 0" ()5 = D 19i(e") = vi(e) < <)> < C%n(nue’, ")), (B.25)
i=1 i=1
Substituting (B.24) and (B.25) into (B.23) gives that

1 At 09,
EE (Heh(et) — ﬂt(ct)Hg) <2 (C’g’lhé1 + Cg’2T2h2(1 — 'YT)2 + W;:h + 0'2(m(et, ct))2> .
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which implies that the term FE5 fulfills that

= Co,3 .
4 212 2 s 12 t L t\\2 t_ t
Ey < E E 2(0971/1 + Cy2Th*(1 — r) +m+0 (ni(e’, c")) )]P’(c =e")
mmis=1 {et:ni(et,ct)=mm;s}
= E E 2 Cy 1h4 + Cy 2T2h2(1 — ’)/T)2 + 00’3 + Clszms P(ét = et)
’ ’ npnTh
Mmis=1 {et:ni(et,ct)=mumis }
Co,3 g R
4 212 2 > 12, 2 t_ _t
SZ(Cg,lh +CQ’2Th(17'YT) +m+c n E E P(C—e)

Mmis=1 {et :TLL(et ,ct ):mmis}

Co,3 R
_ 4 20207 _ )2 , 12,2 _ SN
=2 (Cg,lh + Co2T“h*(1 —yr)° + i Th +C"n ) (1 -P(u(e,c") =0)).

Theorem 2 ensures that exact recovery occurs with high probability
P(u(é', ") = 0) > 1 — O] exp{C4logn — Cynp,Th}
with some constants C1, C%, C%. Hence,
Ey < 4C™C exp{(C} + 2)logn — Cynp,Th}.

which decays at an exponential rate, faster than that of F;. O

C Additional simulation results

C.1 Estimation errors for edge probability matrices

Let 7(u?, ét) generally denote the edge probability estimates obtained from different methods. In this sec-
tion, we assess the estimation accuracy of 7(ut, &") using the scaled mean-squared error d ('7' (ut, &"), T (ut, ct))
as defined in Section 3. For comparison, we also include the oracle estimator 7 (u?, ¢!) computed with
the true community assignments ¢’ as a benchmark. Table 3 reports the results for Scenarios 1-3 from

Section 5 of the main text.

C.2 Unbalanced community sizes

Previous studies in the main text all involve balanced community sizes. In this section, we investigate
the performance of our method for unbalanced community sizes. We follow the same data generating
process as in Section 5 with 7" = 100 and n = 100, and keep the same smooth trajectories for degree
parameters 8" and connectivity matrices Z*. The initial community assignments are drawn independently
with P(c} = 1) = 0.8 and P(c} = 2) = 0.2. We then consider p,, € {0.05,0.1,0.15,0.2}, and v € {1,0.95}.
When v = 1, the community structure is time-invariant with 78 nodes in the first community and 22 nodes
in the second community. When v = 0.95, community assignments will evolve over time according to the
same Markov switching process of Section 5. It is worth noting that since the community assignment
process of each node is initialized away from its stationary distribution, the community proportions are
nonstationary at early time points and gradually converge toward their stationary regime (at around
t = 40). This setup therefore represents a setting with unbalanced communities and a nonstationary-
to-stationary transition. The results are summarized in Table 4. Relative to Figure 3 and Table 1 in
the main text, all methods are slightly sensitive to unbalanced community sizes, however, KD-(DC)-
SoS and DC-MASE are more affected than TVDCSBM. This observation is aligned with the fact that
the theoretical analyses of KD-(DC)-SoS and DC-MASE assume the community sizes to be roughly
balanced (see Assumption 3 of Lin and Lei (2024) and Assumption 1 of Agterberg et al. (2025)). These
discrepancies are gradually diminishing as p,, grows.

C.3 Number of communities

To evaluate the performance of our method under a more complex community structure, we extend the
baseline simulation from Section 5 to the case with K = 4 communities. We first construct a four-block
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state transition matrix I and the baseline connectivity matrix Z° as follows,

0.95 0.02 0.02 0.01 1.3 0.7 075 038

r— 0.02 0.95 0.01 0.02 70 _ 0.7 13 07 0.75
0.02 0.01 095 0.02 | 075 07 13 0.8 ’
0.01 0.02 0.02 0.95 0.8 07 08 1.3

and then retain the same way as described in Section 5 to simulate a sequence of 7' = 100 DCSBMs on
n = 100 nodes where the degree parameters 0" follow a sinusoidal trajectory fo (ut) = 1.6 + 0.1 sin(27ut)
for all t € {1,...,T}. The results are then shown in Table 5. We see that all methods have larger
Hamming error rates in the four-community setting compared to the two-community case as shown in
Figure 3 of Section 5. This deterioration is expected, as each community contains fewer nodes (about
25 when n = 100 and K = 4), which results in less information available for community recovery.
Nevertheless, TVDCSBM is still able to achieve smaller Hamming error rates for community detection
and lower estimation errors for the parameters than the competing methods.

C.4 Disassortative networks

As noted in the introduction, a positivity assumption imposed on Z' in spectral clustering methods
restricts the applicability to assortative networks. In contrast, our proposed method does not require any
such positivity constraint and can therefore accommodate both assortative and disassortative structures.
Previous simulations in this work mainly focus on assortative networks. To generalise now this, we
design the following simulations to evaluate the performance of our method for disassortative networks.
Specifically, we generate a sequence of T' = 100 DCSBMs with n = 100 nodes. The degree parameters 6"
follow the sinusoidal trajectory fg(u') = 1.6 4+ 0.1sin(27u?),Vt € {1,...,T}. The connectivity matrices
Z' are generated as in Section 5; the only difference is the baseline matrix Z° which is set according to
the two scenarios below.

e Scenario 1 (K = 2): Swapping of diagonal and off-diagonal entries of Z° in the data generation
process of Section 5.

e Scenario 2 (K = 4): Swapping the within-community and between-community values for the first
and second communities of Z° in Section C.3. That is,

0.7 13 0.75 0.8
1.3 0.7 07 0.75
075 0.7 13 038
0.8 07 08 1.3

Z° =

By construction, the networks generated under Scenario 1 with two communities stand for the case of
complete disassortative mixing, in which connections within the same communities are less frequent than
the connections between communities. Scenario 2 generalises this setting to K = 4 communities and
incorporates heterogeneity in mixing patterns: the first and second communities are disassortative, while
the thrid and fourth communities retain assortative structures.

The results are shown in Table 6. Interestingly, we observe that our proposed method still achieves the
best performance under both disassortative scenarios. In addition, TVDCSBM with estimated labels also
yields the lowest estimation errors for both 8" and 7(u?) among all competing methods. This observation
is expected, as the estimation procedure in TVDCSBM is based on likelihood maximization, which does
not impose any prior assumption on the positivity of community connectivity matrices Z* (or W*) beyond
the identifiability conditions in Assumption 4. Moreover, neither the theoretical guarantees in Theorem
2 nor the Tabu search algorithm used in practice relies on the assortativity assumption of networks. A
similar property also holds for SDCSBM and KD-(DC)-SoS; however, these competing methods become
less competitive in the sparse regime.
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Table 3: Average estimation errors for #(uf, &) with n = 100, T = 100 and K = 2. All values,
expressed in units of 1072, represent means with standard deviations in parentheses across
50 replications. Boldface indicates the smallest value among all competing methods, excluding

the unattainable oracle 7 (u', ¢!) with known true c'.

N=1 v =0.95

Method
pn = 0.05 p, = 0.10 p, = 0.15 p,, = 0.20 p,, = 0.05 p,, = 0.10 p,, = 0.15 p, = 0.20
Scenario 1: time-varying SBM with homogeneous degrees
TVDCSBM 0.90 0.53 0.38 0.29 4.76 3.10 2.36 1.93
(7r(ut, ct), known ct) (0.08) (0.04) (0.03) (0.02) (0.18) (0.11) (0.08) (0.07)
TVDCSBM 0.91 0.54 0.39 0.30 9.75 6.56 4.99 4.12

(Fn(ut,é"), estimated &') (0.08)  (0.06)  (0.05)  (0.03)  (0.28)  (0.22)  (0.18)  (0.26)
97.57 4555  26.88  17.15  97.62 4577  27.26  17.34

SDCSBM (1.03)  (0.61) (0.53) (041)  (1.07)  (0.50)  (0.56)  (0.31)
48.18 20.35 12.52 8.69 50.74 27.20 19.96 16.47

DC-MASE (148)  (0.32)  (0.18)  (0.13)  (0.66)  (0.33)  (0.18)  (0.11)
KD-DC-SoS 45.34 20.35 12.52 8.69 50.61 24.88 15.92 11.42

(0.80)  (0.32)  (0.18)  (0.13)  (0.73)  (0.37)  (0.24)  (0.18)

Scenario 2: time-varying DCSBM with smooth trajectories

TVDCSBM 1.84 1.02 0.67 048 1315  9.18 7.42 6.06
(Fn(ut,ct), known ¢t)  (0.13)  (0.07)  (0.04)  (0.03)  (0.31)  (0.26)  (0.35)  (0.07)
TVDCSBM 1.95  1.02 074  0.52  22.65 15.29 11.18  8.95

(Fn(ut, &), estimated &) (0.23)  (0.07)  (0.05)  (0.05)  (0.71)  (0.47)  (0.62)  (0.76)
131.88  55.66  27.68  15.68  131.93  56.16  28.08  15.94

SDCSBM (1.66)  (1.40)  (080)  (0.52)  (1.46)  (L22)  (0.85)  (0.48)
5754 2437 1390 882 6951 3858 2012 2453

DC-MASE (0.82)  (028) (0.19)  (0.14)  (0.79)  (0.38)  (0.24)  (0.19)
KDD S0 57.35 2436 1390 882 6667 3055  17.85 1124

(0.89)  (0.28)  (0.19)  (0.14)  (1.19)  (0.45)  (0.26)  (0.26)

Scenario 3: time-varying DCSBM with non-smooth trajectories

TVDCSBM 4091 4023 39.82 3947 4214 3878 3590  35.49
(Fn(uf,c), known ¢')  (0.22)  (0.21)  (0.29)  (0.19)  (0.63)  (0.99)  (0.10)  (0.07)
TVDCSBM 40.93  40.28  39.84 3947  49.48 4345 3994  37.88

(Fn(ul,e'), estimated &') (0.21)  (0.22)  (0.31)  (0.26)  (0.50)  (1.01)  (1.47)  (0.78)
116.63 5216  28.06  16.49 11647 5258 2833  16.75

SDCSBM (1.18)  (1.02)  (0.79)  (0.50)  (1.09)  (0.90)  (0.78)  (0.47)

53.75  22.66 13.41  8.89  60.63 33.15  24.64  20.50

DC-MASE (1.03)  (0.38)  (0.16)  (0.12)  (0.70)  (0.32)  (0.22)  (0.14)
KD-DC-SoS 60.64 3436 2602 2191  60.35 3395 2557  21.46

(1.04)  (0.34)  (0.15)  (0.11)  (0.68)  (0.29)  (0.20)  (0.12)
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Table 4: Average estimation errors under the unbalanced community size setting with varying
pn € {0.05,0.1,0.15,0.2},v € {1,0.95} and fixed n = 100,7 = 100 and K = 2. All values,
expressed in units of 1072, represent means with standard deviations in parentheses across
50 replications. Boldface indicates the smallest value among all competing methods, excluding

the unattainable oracle estimators with known true ct.

Method r=1 v =09
pn = 0.05 pp = 0.10 p, = 0.15 py, = 0.20 p,, = 0.05 p, = 0.10 p,, = 0.15 p,, = 0.20

. ~t . .
Average Hamming error rates for ¢ across all time points

TVDCSBM 1.06 0.40 0.19 0.24 20.82 11.77 8.33 6.25
DSBM 49.89 49.73 49.84 49.88 50.12 49.46 49.39 49.40
SDCSBM 43.98 41.71 36.56 28.74 43.03 34.87 25.82 18.36
DC-MASE 38.78 9.44 0.26 0 41.41 35.55 34.29 33.65
KD-SoS 14.39 3.31 1.98 2.84 31.18 19.04 16.25 15.18
KD-DC-SoS 19.30 5.91 1.91 0.95 30.23 16.53 12.98 11.55

At
. . At . .
Average estimation errors for 0 (¢") across all time points

tTVDCSBM 0.49 0.25 0.20 0.14 0.53 2.59 2.12 1.89
(0,,(c), known c') (0.05) (0.01) (0.03) (0.01) (0.08) (0.04) (0.02) (0.02)
TVDCSBM 0.53 0.27 0.20 0.16 3.89 2.79 2.25 1.88

() (&), estimated &) (0.08)  (0.07)  (0.04)  (0.05)  (0.1)  (0.06)  (0.05)  (0.05)
19.01 1009  6.86 480 1854  8.60 5.11 3.32

SDCSBM (048)  (028)  (0.27)  (0.25)  (0.44)  (0.18)  (0.11)  (0.11)
1952 7.98 406 258 1847 830 513  3.60

DC-MASE (2.21)  (0.94)  (0.07)  (0.05) (1.03)  (0.2)  (0.19)  (0.21)
MDD S0 1961 824 428 268 1803 817 493 3.1

(1.46)  (0.74)  (0.34)  (0.14)  (0.38)  (0.15)  (0.1)  (0.07)

. . ~ t . .
Average estimation errors for 7(u',¢") across all time points

TVDCSBM 2.06 1.13 0.79 0.51 13.13 9.34 7.73 7.05
(Fn(ut,ct), known ¢t)  (0.15)  (0.06)  (0.05)  (0.02)  (0.35)  (0.30)  (0.10)  (0.07)
TVDCSBM 2.26 1.18 0.83  0.55 21.83 14.50 10.98  8.44

(7n(ut, "), estimated &) (0.21)  (0.19)  (0.07)  (0.09)  (0.68)  (0.48)  (0.45)  (0.52)
13590 6196 3526  19.96  132.26  57.59  29.40  16.45

SDCSBM (1.40)  (0.68)  (0.83)  (0.65)  (1.49)  (1.03)  (0.68)  (0.49)
64.40 2723 1419 880 6876 3749 2817  23.69

DC-MASE (0.97)  (1.96)  (0.23)  (0.17)  (0.85)  (0.38)  (0.27)  (0.24)
KDD S0 61.57 2582 1440 891  67.06  33.03 2237  17.12

(1L70)  (0.39)  (0.42)  (0.21)  (1.24)  (0.44)  (0.30)  (0.20)
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Table 5: Average estimation errors for four-community networks with varying p, €
{0.05,0.1,0.15,0.2},v € {1,0.95} and fixed n = 100 and 7" = 100. All values, expressed in
units of 1072, represent means with standard deviations in parentheses across 50 replications.
Boldface indicates the smallest value among all competing methods, excluding the unattainable

oracle estimators with known true ct.

Method r=1 v =09
pn = 0.05 pp = 0.10 p, = 0.15 py, = 0.20 p,, = 0.05 p, = 0.10 p,, = 0.15 p,, = 0.20

. ~t . .
Average Hamming error rates for ¢ across all time points

TVDCSBM 3.12 1.50 0.71 0.24 53.84 37.55 28.32 22.25
DSBM 67.07 65.54 58.63 52.80 65.33 66.12 66.43 66.08
SDCSBM 64.81 63.66 61.48 58.14 64.55 63.42 61.64 58.72
DC-MASE 55.54 20.76 4.54 0.34 64.55 62.30 55.69 51.59
KD-SoS 42.45 14.47 8.27 4.47 62.13 52.08 42.04 34.63
KD-DC-SoS 39.00 12.58 7.16 4.33 62.22 51.84 41.24 33.80

At
. . At . .
Average estimation errors for 0 (¢") across all time points

/TVDCSBM 0.52 0.30 0.20 0.15 423 3.21 2.66 2.28
(6% (c!), known ¢f) (0.05)  (0.02)  (0.01)  (0.01)  (0.08)  (0.05)  (0.05)  (0.09)
TVDCSBM 063 0.34 022 016 618 473  3.88  3.36

() (&"), estimated &) (0.08)  (0.04)  (0.02)  (0.01)  (0.32)  (0.16)  (0.12)  (0.11)
22.05  11.84  8.84 7.63 22.09  11.99 9.02 7.94

SDCSBM (055  (0.38)  (0.48)  (045)  (0.65)  (0.47)  (0.48)  (0.46)
25.53 10.47 5.53 3.46 23.74 10.51 7.06 4.89

DC-MASE (4.06)  (1.39)  (0.40)  (0.07)  (3.23)  (1.10)  (0.94)  (0.58)
KD-DC-SoS 21.56 9.74 5.90 4.04 21.28 10.47 7.00 5.34

(1.94)  (0.91)  (0.87)  (0.86)  (1.32)  (0.74)  (0.41)  (0.31)

. . ~ t . .
Average estimation errors for 7(uf,¢") across all time points
b

TVDCSBM 1.51 0.84 0.58 0.45 1150 844 6.90 5.83
(Fn(ut,et), known ¢!)  (0.11)  (0.07)  (0.03)  (0.02)  (0.27)  (0.21)  (0.16)  (0.30)
TVDCSBM 1.94  0.98  0.62  0.46 22.98 16.27 12.46 10.02

(7 (ut, "), estimated &) (0.17)  (0.07)  (0.03)  (0.02)  (0.37)  (0.38)  (0.32)  (0.26)
178.44  81.02  49.97  34.04  179.62  80.88  50.22  34.39

SDCSBM (2.31)  (0.69)  (0.50)  (0.38)  (2.17)  (0.88)  (0.61)  (0.37)
DC-MASE 75.39 32.29 16.21 9.47 74.81 38.38 28.05 22.48
) (22.31)  (9.08)  (4.21)  (0.42) (16.97) (5.71)  (6.56)  (5.68)
KD-DC-SoS 59.46 24.47 14.31 9.27 66.09 32.95 20.37 13.67

(1.76)  (0.89)  (0.78)  (0.44)  (2.18)  (0.75)  (0.45)  (0.28)
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Table 6: Average estimation errors for disassortative networks with varying p, €
{0.05,0.1,0.15,0.2}, K = {2,4} and fixed n = 100,7 = 100 and v = 0.95. All values, ex-
pressed in units of 1072, represent means with standard deviations in parentheses across 50
replications. Boldface indicates the smallest value among all competing methods, excluding the

unattainable oracle estimators with known true .

Scenario 1 (K = 2) Scenario 1 (K = 4)

Method
prn = 0.05 p,, = 0.10 p, = 0.15 p,, = 0.20 p,, = 0.05 p,, = 0.10 p,, = 0.15 p,, = 0.20

Average Hamming error rates for ¢' across all time points
TVDCSBM 19.89 11.34 8.20 6.46 54.74 35.49 24.14 17.88
DSBM 50.12 49.54 49.42 49.42 65.39 66.21 66.69 66.93
SDCSBM 42.28 33.76 22.79 15.02 64.67 63.50 61.85 58.93
DC-MASE 41.60 35.54 34.60 33.61 64.50 62.10 55.20 50.27
KD-SoS 27.83 15.72 9.93 7.86 62.02 53.37 43.80 36.80
KD-DC-SoS 27.27 14.85 9.18 7.19 62.32 53.13 43.18 35.84

Average estimation errors for 9t(ét) across all time points
. TVDCSBM 3.63 2.60 2.12 1.78 4.42 3.20 2.67 2.29
(@h(ct)7 known ct) (0.09) (0.04) (0.03) (0.02) (0.10) (0.04) (0.04) (0.10)
TVDCSBM 4.05 2.83 2.30 1.95 6.28 4.72 3.78 3.21

() (&), estimated &) (0.13)  (0.08)  (0.05)  (0.08)  (0.26)  (0.16)  (0.12)  (0.09)
1856 8.60 5.19 339 2217 1210  9.29 8.13

SDCSBM (044)  (022)  (017)  (0.15)  (0.59)  (0.41)  (0.39)  (0.52)
1855 825 499 320 2398 1053 694 485

DC-MASE (149)  (028)  (0.26)  (020)  (246) (1.03)  (1.05)  (0.61)
DD 1801 808 475 310 2132 1061 791 7.8

(0.47)  (0.14)  (0.08)  (0.06)  (1.33)  (0.77)  (0.49)  (0.56)

. . ~ t . .
Average estimation errors for 7(u',¢") across all time points

TVDCSBM 12.93 9.05 7.36 6.02 1144  8.33 6.86 5.81
(Fn(ut,ct), known ¢t)  (0.33)  (0.29)  (0.31)  (0.08)  (0.31)  (0.19)  (0.12)  (0.33)
TVDCSBM 21.73 14.29 10.98 8.89  23.23 16.09 11.98  9.45

(7 (ut, "), estimated &') (0.64)  (0.54)  (0.55)  (0.64)  (0.35)  (0.39)  (0.28)  (0.26)
129.95 5801 2954 1558  178.80  80.70  50.01  34.53

SDCSBM (147)  (0.94)  (0.85) (0.51)  (1.83)  (0.78)  (0.55)  (0.38)
68.42 37.37 27.78 23.22 76.33 36.60 28.32 23.16

DC-MASE (0.80)  (0.41)  (0.29)  (0.23) (15.16) (417)  (3.05)  (5.41)
KDD S0 66.60  30.63 1779 1124 6610 3353 2140  14.74

(0.91)  (0.49)  (0.27)  (0.38)  (2.08)  (0.68)  (0.52)  (0.28)
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