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(the Macguys at CORE), Henry Chinasky “Hank”, Henry Sneessens,
Hof Ter Loo, Jakub, Izabela and Philipe, Jean-Pierre Lemaitre, Jirô
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que, l’AB, Lapinot, L’Arlequin (flamin’ groovies), L’Empereur, Les Brux-
ellois, Les habitants d’Ixelles, Les Halles de Schaerbeek, Lewis Trond-
heim, Lionel, Luca and Marie, Luca Pensieroso, Luis Puch, Madame
Lavry et Victor, Maison Communale d’Ixelles (I finally got my resident
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Chapter 1

Introduction

This thesis is a contribution to the analysis of the relationship between
the economic growth and the usage of non-renewable energy resources.
More precisely, it is studied the conditions under which energy-saving
technologies can sustain long-run growth, even if energy is mainly pro-
duced by means of non-renewable energy resources, such as fossil fuels.

1.1 Definition of non-renewable energy resources

First of all, let us provide the definition of non-renewable energy re-
sources which will be considered along this thesis. To do that, it is
needed to define the concept of natural resources. Following Hartwick
(1986), the economic analysis defines natural resources as inputs derived
from nature, which combined with labor, capital and raw materials pro-
duce goods and services. Moreover, as Rotillon (2005) observes, the eco-
nomic viability of a natural resource depends on the available technology
and the price of this resource. Then, a natural resource is deeply linked
to both a specific technology and an economic environment. The theory
of natural resources points out that these resources yield productive ser-
vices over time (see for instance, Dasgupta and Heal (1979), Hartwick
(1986), and Faucheux and Noël (1995)). Therefore, time is a central fea-
ture to study the usage of natural resources. Indeed, natural resource
economics emphasizes the dynamical aspects of the economic problems
involved by the usage of natural resources, as well as the decision-making
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in an inter-temporal setting.

Time allows us to identify different kinds of natural resources. The
standard economic analysis distinguishes between renewable and non-
renewable resources. Following the definition of Hartwick (1986) and
Faucheux and Noël (1995), a renewable resource is a natural resource
that can supply productive inputs to the economic system indefinitely.
However, a non-renewable resource is a natural resource with a finite
stock or supply. Nevertheless, the definition of renewable/non-renewable
resource is not unique. Some authors apply the criterion of existence of
a natural renewal capacity of the resource, i.e., the resource reproduces
itself without human intervention. Indeed, for authors such as Rotillon
(2005), a renewable resource is defined as resource with natural renewal
capacity. Otherwise, we call it non-renewable resource. However, Das-
gupta and Heal (1979, page 3) prefer to use the concept of exhaustible
resource: “a (natural) resource is exhaustible if it is possible to find a
pattern of use which makes its supply dwindle to zero”.

Hence, following the previous definitions, this thesis calls non-renew-
able energy resources to the natural resources for energy production,
with finite stock and no natural renewal capacity, such as fossil (coal,
oil and natural gas)1 or nuclear fuels.

1.2 Energy and non-renewable resources

After establishing the definition of non-renewable energy resources, let
us provide some empirical evidence showing the high dependence of the
world economy on non-renewable energy resources as primary energy,
which refers to energy in its initial form. To this aim, the next section
studies the energy demand by analyzing the world primary energy de-
mand data provided by the International Energy Agency (IEA (2004,
2006a)).

1Fossil fuels have natural renewal capacity but at geological time scale, i.e., the

speed of regeneration of the natural resource is too low to be significant for the

economic system.
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1.2.1 Energy demand

Following IEA (2004), in the absence of new government policies, world
primary energy demand is projected to expand by almost 60% between
2002 and 2030, with an average annual growth rate of 1.7%2, which is
lower than in the past three decades (2% per year; see Table 13). More-
over, the transport and power-generation sectors will absorb a growing
share of global energy in line with past trends (see Table 2). Let us
consider each fuel separately.

Fossil fuels (oil, natural gas and coal) dominate the global primary
energy mix with a share about 80% (see Table 3, total fossil fuels).
Moreover, according to IEA (2006a), fossil fuels will account for around
83% of the increase in world primary demand over the period 2004-2030.

Oil4 is the largest fuel in global primary energy mix (see Table 3),
with annual growth rate of its demand about 1.6% per year (see Table
1). However, IEA (2006a) predicts a decline, from 35.5% in 2002 to
33% in 2030. Oil use is concentrated in the transport sector, which is
the main fuel in road, sea and air transportation. Indeed, IEA (2004)
predicts that transport will account for two-thirds of the increase in total
oil use.

Natural gas5 is the third energy source in the world primary energy
demand, with 21% of the total demand in 2002 (see Table 3). However,
IEA (2004) forecasts that natural gas will be the second largest energy
source after 2020 (24% in 2020, and 25% in 2030), overtaking coal6.
Moreover, it is the fossil fuel with the highest growth rate (2.3% per
year; see Table 1). The power sector will account for 60% of the increase
in gas demand.

2IEA (2006a) estimates 1.6% over the period 2004-2030.
3All tables are provided at the end of the Introduction (Appendix).
4Oil includes crude oil, natural gas liquids, refinery feedstock and additives, other

hydrocarbons and petroleum products.
5Natural gas includes natural gas associated and non-associated with petroleum

deposits (but excluding natural gas liquids), and gas-works gas.
6Nevertheless, IEA (2006a) forecasts that this will not happen before 2030 due to

higher estimates for coal.
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Coal7 is the second energy source, with 25.42% in 1971 and 24.75% in
2002 (see Table 3). However, IEA (2004) projects slower annual growth
rate (1.5%)8 than both oil (1.6%) and natural gas (2.3%) (see Table 1).
Indeed, as it was just observed, coal will be overtaken by natural gas as
the second largest energy source. Most of the increase in coal demand
comes from power stations, but this will decrease in all OECD coun-
tries. However, industry, households and services will use more coal in
non-OECD countries.

Nuclear fuels are exclusively used in power stations. However, the
weight of nuclear power remains lower than fossil fuels (6.37% in 2004;
see Table 3). Indeed, according to the IEA (2004), it will progressively
decline because nuclear power has to compete with other technologies,
and many countries decide to phase out nuclear power. However, IEA
(2004, 2006a) also observes that these projections are subject to great
uncertainty. Indeed, at this moment, the European Union (EU) shows
great interest in nuclear power as a way to reduce both its dependence
on imported natural gas and CO2 emissions. The EU observes that nu-
clear fuels are more widely distributed than oil or natural gas, and they
are CO2-free9.

Finally, let us briefly describe the size of renewable resources in the
primary energy mix. Table 3 (total renewables) shows that the weight of
renewable resources in the world primary energy demand is much lower
than non-renewable resources (14.36% in 1971 and 13.16% in 2004). Ac-
cording to IEA (2004, 2006a), this trend will remain the same, with a

7Coal includes all kinds of coal. They are usually classified in hard coal and

brown coal. Hard coal (coking and steam coal) has the highest gross calorific value

(5700kcal/kg). However, brown coal contains a gross calorific value between 4156

kcal/kg and 5700 kcal/kg.
81.6% according to IEA (2006a).
9Moreover, the EU wants to assume a leading position world-wide in the devel-

opment of nuclear fusion. However, they recognize that important questions should

be addressed, namely nuclear waste, nuclear safety and new future reactors. Indeed,

the EU observes that nuclear fusion (if successful) only affects the european energy

production in the long term (EU (2000)).
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share around 13% in 203010. The group called “other renewables” rep-
resents the energy source with the highest growth rate (see Table 1).
Indeed, the IEA (2004) projects an annual growth rate of 5.7% until
2030. However, the share of these renewable resources remains very low
(0.07% in 1971 and 0.51% in 2004) because they start from a very low
level.

Summarizing, this section concludes that, regarding to energy, there
is clear dependence of the world economy on non-renewable resources.
Indeed, as it was shown before, non-renewable energy resources repre-
sents 86.84% of the world primary energy demand in 2004, with a share
of fossil fuels about 80% (see Table 1, total non-renewables and total
fossil fuels).

1.2.2 Energy reserves

As the previous section just observed, the world economy has high de-
pendence on non-renewable energy resources. However, a key feature of
non-renewable energy resource is that their stocks (reserves) are finite.
Therefore, following Rotillon (2005), the usage of non-renewable energy
resources calls attention to the “survival” (i.e., economic growth and
development) of the economic system due to the limited availability of
these resources. Then, it is important to study the size of these reserves.
Since 80% of the world primary energy demand is provided by means
of fossil fuels, this section focuses on the analysis of fossil fuels reserves11.

It is widely recognized that the estimation of fossil fuels reserves is
extremely difficult. Indeed, IEA (2004, page 89) claims that “estimating
(fossil fuels) reserves remains as much an art as a science”. Then, be-
fore considering the data of these reserves, let us point out the following
three estimation problems. Moreover, this will allow us to introduce the
definitions of “proven”, “probable” and “possible” reserves, which are

10However, the EU has set the target of doubling the share of renewable energy

resources in the EU primary energy demand from 6% in 2002 to 12% in 2010 (EU

(2000)).
11This thesis does not study neither nuclear fuels nor renewable energy resources.
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concepts commonly used in the study of fossil fuel reserves.

First, the reserves of a fossil fuel are usually classified into “proven”,
“probable” and “possible” reserves. “Proven” reserves are accumula-
tions of fuel that they have been discovered and there is a reasonable con-
fidence that they can be extracted in economic profitable way12. When a
discovered reserve is expected to be commercial, but with less certainty
than “proven” reserves, it is called “probable” reserve. Moreover, if a
discovered field is less likely to be recoverable than “probable” reserves,
it is called “possible” reserve. However, problems arise because there are
no legal international standards establishing how much proof is needed
to demonstrate both the existence and economic profitability of a dis-
covery. Nevertheless, in 1997, the Society of Petroleum Engineers (SPE)
and the World Petroleum Congress established a benchmark definition
of “proven”, “probable” and “possible” reserves. Following the SPE
(2000), “proven” reserves (or 1P) are reserves that the estimated quan-
tity can be profitably extracted with probability of at least 90%. If this
probability is of at least 50% then we talk about “proven plus probable”
reserves (2P). Moreover, it is called “proven plus probable plus possible”
reserves (3P) to those with a probability of at least 10%. However, there
are no common information-disclosure requirements for reserves under
the international accounting standards (Faucheux and Noël (1995), IEA
(2004, 2006a) and Rotillon (2005)). Moreover, in practice, the method-
ologies to measure each category of reserves depend on their purpose.
For example, the financial reporting standards (the Securities and Ex-
change Commission (SEC) is a well known case) are the most restrictive
and only consider the lowest estimates with a confidence level above
90%, i.e., they only consider “proven” reserves (1P) (see SEC (2003)).

A second problem with fossil fuels reserves is the reliability and lack
of transparency of the reserves data reported by oil companies13.

12Notice that this depends on the assumptions of extraction cost, technology and

future prices.
13In 2004, Shell downgraded a fifth of its oil and natural gas reserves from “proven”

to “probable” (or even to “possible”). Similarly, since the beginning of 2004, El Paso,

(they revised down its “proven” North American gas reserves by 41%), Canada’s

Nexen and Husky Energy, Forest Oil, Vintage Petroleum and Western Gas Resources
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Finally, as third problem, the reservoir engineers have to deal with
great geotechnical and economic difficulties. For example, an increas-
ing number of companies use seismic data to get estimations of their
reserves. However, as it was just observed, the SEC does not fully trust
on that technique and they forbid booking of reserves based on seis-
mic data alone. Moreover, the price of fossil fuels plays important role.
Indeed, when the price of fossil fuels rises, marginal fields become com-
mercially viable and “possible” reserves can be shifted into “probable” or
“proven” reserves. Moreover, investment in exploration is also affected
by prices. As Appert (2004) observes, the elasticity of exploration and
production expenditures to the crude oil price has averaged 0.5 in the
last 15 years, i.e., if the oil price rises 10%, the exploration and produc-
tion expenditures increase by 5%, inducing new discoveries.

In the following, it is studied the data of fossil fuels reserves cor-
responding to oil, natural gas and coal. First, let us consider the oil
reserves. Despite of the different approaches, the main data bases14

provide an estimate about 1200 billions barrels of remaining “proven”
reserves of oil for 200315. However, for long-term studies, it is more
convenient to consider the remaining ultimately recoverable resources,
which includes “proven”, “probable” and “possible” reserves from dis-
covered fields, as well as oil not yet discovered. Nevertheless, very few
estimates of this kind of reserves are available. Moreover, the existing es-
timates are subject to substantial uncertainty. The most reliable source
for the estimation of global ultimately recoverable resources of oil is the
US Geological Survey (USGS). In its most recent study (USGS (2000)),
they announced the estimation of 3345 billions barrels of ultimate re-
coverable resources of conventional oil for 1996. However, IEA (2004),
taking the IHS Energy database, observes that reserves additions from
discoveries of new oilfields have fallen sharply since 1960s16. Knowing

revised their reserves concluding overestimation errors.
14Oil and Gas Journal, World Oil, Cedigaz, US Geological Survey (USGS), OPEC,

IHS Energy, and BP.
15According to OGJ (2005), 1293 billion barrels at the end of 2005.
16Indeed, Rotillon (2005) notices that the current annual oil consumption is greater

that the annual oil discoveries.
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the estimated reserves, some studies calculate the ratio reserves divided
by annual production of oil (R/P). This ratio provides the number of
years that we can use a non-renewable resource if one keeps the same
annual production of this resource. According to BP (2004), the R/P
ratio at the end of 2003 was 41 years. However, since the reserves are
constantly revised, R/P ratio usually changes on time (Rotillon (2005)).
Indeed, one can observe that this ratio increased from 35 years in 1972
to 45 years in 199017.

Regarding to natural gas, Cedigaz (2006) observes that the “proven”
reserves of this fossil fuel have increased steadily since the 1970s. In-
deed, at the end of 2005, they estimate that these reserves are about 180
trillion cubic meters (tcm) (almost twice as high as twenty years ago),
which are equivalent to 64 years of production at current rates (R/P ra-
tio). The increase of these reserves emerges both from exploration and
technical progress that have allowed existing reserves to be upgraded.
Moreover, most of the new natural gas discoveries comes from oil explo-
ration. However, as for oil, the recently discovered natural gas fields are
generally smaller than in the past. Nevertheless, IEA (2004) observes
that the potential gas resources are much greater than the “proven”
reserves. As for oil, we use USGS (2000). The undiscovered reserves
are estimated about 147 tcm, which accounts for 436 tcm of global ul-
timately recoverable resources of natural gas (in 2004, it was estimated
that only 10% of these reserves were already used). It is estimated that
25% of the undiscovered natural gas reserves are associated with oil.

Finally, let us study the coal reserves. BP (2006) estimates that the
world “proven” reserves of coal at the end of 2005 are about 909 billion
tonnes, which accounts for a R/P ratio of 155 years at current produc-
tion rates. Steam coal reserves are widespread; coking coal reserves are
more limited; and brown coal is used by power plants situated close to

17As for the case of “proven” reserves, IEA (2004) notices that we can estimate

a R/P ratio for ultimately recoverable resource and expected average production of

oil. However, the rate at which the remaining ultimate resources can be converted to

reserves is very uncertain.
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mine, because its calorific capacity is low and coal, in general, is costly
and difficult to transport.

Summing up, this section concludes that the reserves of oil and natu-
ral gas will last, respectively, 41 and 64 years at current rates. Moreover,
the coal reserves will last around 155 years18. Hence, since the world
economy shows a high dependence on fossil fuels, one concludes that the
usage of non-renewable energy resources (in particular, fossil fuels) rises
the question of the maintenance of economic growth and development
in medium and long-term.

1.3 Energy-saving technical progress

The previous section observed that the usage of non-renewable energy
resources (in particular, fossil fuels) calls attention to the “survival”
of the economic system (Rotillon (2005)) in medium and long-term.
Hartwick (1986), Faucheux and Noël (1995), and Rotillon (2005) notice
that this concern was initially introduced in the 19th century. Indeed,
Jevons (1865) announced the end of the Industrial Revolution in the UK
due to both the limited availability of coal reserves and the role of this
energy resource for economic growth. In 20th century, Forrester (1971)
and Meadows et al. (1972) observed that the limited availability of non-
renewable resources will stop economic growth. Later, Dasgupta and
Heal (1974, 1979) also noticed that the usage of non-renewable energy
resources implies a limit to economic growth and development of mod-
ern economies. Indeed, for Dasgupta and Heal (1979) a non-renewable
resource is inessential if there is a feasible programme along which con-
sumption is bounded away from zero. However, if feasible consumption
must necessarily decline to zero in the long-run, the non-renewable re-
source is considered as essential19. Dasgupta and Heal (1974, 1979)

18However, as IEA (2004) observes, the usage of coal is limited due to pollution

and high transport cost.
19As Pezzey and Withagen (1998) observe, Dasgupta and Heal (1974, page 4)

provide a different definition of essentiality: “one regards a resource as being essential

if output (. . . ) is nil in the absence of the resource”.
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show the conditions under which, in absence of technical progress, non-
renewable resources are essential or inessential. However, for the cases
where resources are essential, they observe that essentiality can be over-
come by means of technical progress. Indeed, a non-renewable energy
resource regarded as essential in absence of technical progress, can be
considered as inessential if technical progress is introduced20. There-
fore, the same authors and others, namely Hartwick (1989), Newell et
al. (1999), Löschel (2002), Carraro et al. (2003) and Smulders and
Nooij (2003), believe in technical progress as a way to solve the trade-off
between economic growth and the usage of non-renewable energy re-
sources. Following these lines, technologies that use renewable energy
resources have been proposed as a solution to this problem. However,
the development of these technologies is slow. Indeed, as the last section
observed, the share of renewable energy resources in the world primary
energy demand is quite low (13.16% in 2002). Moreover, according to
the IEA (2006a), this trend will remain the same, with a share around
13% in 2030.

However, Boucekkine and Pommeret (2004) point out that the us-
age of energy-saving technologies is an alternative and/or complement
to the solution of renewable energy resources. Energy-saving technolo-
gies are technologies that reduce unnecessary energy-loss and improve
the efficiency in both power-generation and end-uses. The idea behind
energy-saving technical progress is energy efficiency, which is define as
the inverse of the energy intensity (quantity of energy per unit of out-
put). As the IEA (2004) observes, the world energy intensity decreases
since 1970; and this trend will continue at annual decreasing rate about
1.5% for the period 2002-2030. Moreover, the IEA (2004, 2006a) recog-
nizes the fundamental role of improving the energy efficiency of power-
generation and end-uses, i.e., energy-saving technologies. Furthermore,
this interest is shared by all OECD countries (see for instance, Azoma-
hou et al. (2004, 2006)), with particular attention of the EU through the
Green Paper on energy efficiency “Doing more with less” (EU (2005)).

20This thesis studies two cases (respectively, Part I and II) where non-renewable

energy resources are essential in absence of technical progress.
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Indeed, the straight consequence of this Green Paper21 was the Directive
2006/32/EC of the European Parliament and of the Council of 5 April
2006 on energy end-use efficiency and energy services.

EU (2005), and its subsequent Directive, observes that the EU could
save at least 20% of its present energy consumption22 by improving en-
ergy efficiency. There are many examples of energy-saving technologies
(EU (2005)). An energy-saving electric bulb uses five time less current
than a standard one. Replacing bulbs can easily save EUR 100 annually
for an average household. The energy wasted by the stand-by control
for lighting, heating, cooling and electric motors has increased during
these days, because more and more appliances offer this feature. Elec-
tricity used in stand-by mode can reach between 5 and 10% of total
electricity consumption in the residential sector (IEA). However, there
are more efficient sleep modes that could be implemented. Regarding
the car usage, the fleet of new passengers cars (more energy-saving) put
on to the market in 2008/09 will reduce fuel consumption of around
25% compared to 1998. Furthermore, friction between tyres and the
road accounts for up to 20% of a vehicle’s consumption. Nevertheless,
a properly performing tyres could reduce this consumption by 5%. In
addition to that, an average driver using right tyres at the right pressure
could save EUR 100 of the annual fuel bill (IEA).

1.4 Overview of the thesis

As it was established at the beginning of this introduction, the main tar-
get of this thesis is to study and emphasize the role of energy-saving tech-
nical progress as a solution to the trade-off between economic growth and
the usage of non-renewable energy resources, such as fossil fuel. More

21Following the definition provided by European Commission, “Green papers are

discussion papers published by the Commission on a specific policy area. Primarily

they are documents addressed to interested parties who are invited to participate

in a process of consultation and debate. In some cases they provide an impetus for

subsequent legislation”.
22This accounts for EUR 60 billion per year, which is equivalent to the present

combined energy consumption of Germany and Finland.
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precisely, this thesis studies the conditions under which energy-saving
technologies can sustain long-run growth, even if energy is mainly pro-
duced by means of non-renewable energy resources. A general equilib-
rium framework is considered, giving special attention to the dynamical
properties of the economy. In accordance with the well-known debate of
complementarity vs. substitutability between physical capital and en-
ergy as production inputs, this thesis is divided into two parts.

The first part of this thesis assumes complementarity between phys-
ical capital and energy (Leontieff technology), which captures the idea
of the existence of a minimum energy requirement to use a machine.
Even if in contrast with the standard literature on non-renewable en-
ergy resources (see for instance, Dasgupta and Heal (1974, 1979), Solow
(1974a,b), and Stiglitz (1974)), which assumes substitutability, the as-
sumption of complementarity is indeed supported by various empirical
studies (see for instance, Berndt and Wood (1974) and Hudson and
Jorgenson (1975)). This relationship of complementarity allows us to
introduce the assumption of different generations of machines coexisting
in each period, i.e., vintage capital model, by adding a new variable to
the firm’s problem: physical capital replacement. Indeed, in this first
part of the thesis, it is provided a theoretical study of physical capital
replacement, i.e., vintage effect, which is an important environmental
policy in modern economies when new machines are assumed to be more
energy-saving. There are some few empirical studies dealing with the
vintage effect linked to energy-saving technical progress. For instance,
Azomahou et al. (2006), taking the Structural Analysis Database of
the OECD and the energy databases of the IEA, empirically test (at
sectoral level of OECD countries) the vintage effect considered in this
thesis. Taking the 14 main sectors of the industry, they find empirical
evidence of this vintage effect, with high heterogeneity among sectors.

Following the standard literature on non-renewable energy resources,
this second part of the thesis assumes substitutability between capital
and energy, where there is no minimum energy requirement to use a ma-
chine. A first implication of this assumption is that firms do not replace
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any machine23. Indeed, in this case, firms always keep the old equip-
ment assigning to them an infinitely small amount of energy. In this
second part of the thesis, it is observed that the standard literature on
non-renewable energy resources gives central position to physical capital
accumulation to offset the constraint on production possibilities due to
non-renewable energy resources. This literature assumes the same tech-
nology for both physical capital accumulation and consumption, which
implies (among other things) that the energy intensity of both sectors
is the same. However, data do not support this implication (see for
instance, Azomahou et al. (2006)) and suggest that physical capital ac-
cumulation is more energy-intensive than consumption. Following that,
this second part of the thesis studies the implications of assuming that
physical capital accumulation is relatively more energy-intensive than
consumption, giving special attention to the role of energy-saving tech-
nologies.

1.4.1 Part I: Complementarity between capital and en-

ergy

This first part of the thesis contains two chapters24. The contribution
of Chapter 2 is mainly methodological. Indeed, as far as we know,
this is the first paper on energy resources that considers endogenous re-
placement in a general equilibrium framework. This paper is published
in Resource and Energy Economics (Pérez-Barahona and Zou, 2006a).
Chapter 3 applies the methodology developed in Chapter 2. The main
contribution of Chapter 3 is to analyze the effect of a tax on the en-
ergy expenditure of firms as a way to encourage the replacement of the
old equipment by new machines, which are assumed to be more energy-
saving. This paper is published in the book Economic Modelling of
Climate Change and Energy Policies (Pérez-Barahona and Zou, 2006b).

23Obviously, without replacement, some dynamical properties of the model are lost.

However, one gains more tractability of the problem.
24Chapters 2 and 3 have been written in co-authorship with Benteng Zou.
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Chapter 2: A comparative study of energy-saving technical
progress in a vintage capital model

In this chapter, it is analyzed the hypothesis about the effectiveness
of energy-saving technologies to reduce the trade-off between economic
growth and energy preservation. In a general equilibrium vintage capital
model with embodied energy-saving technical progress, it is proved that
positive growth is only possible if the growth rate of the energy-saving
technical progress is greater than the decreasing rate of the energy sup-
ply.

This model incorporates two new elements with respect to the stan-
dard framework. First, it is assumed embodied technical progress in
contrast to the typical neoclassical specification of neutral and disem-
bodied technical progress. Second, it is considered a vintage capital
model, with endogenous scrapping decision. The standard models con-
sider homogenous and infinitely lived capital stock.

Chapter 3: Energy-saving technical progress in a vintage cap-
ital model

Along the same lines as the previous chapter, Chapter 3 also studies the
hypothesis of the trade-off between energy reduction and growth, which
is less severe if energy conservation is raised by energy-saving technolo-
gies. However, it is studied now the effect of a tax on the energy ex-
penditure of firms as a way to encourage investments in energy-saving
technologies.

This model is an extension, to the general equilibrium case, of the
work of Boucekkine and Pommeret (2004). Moreover, it is considered
(exogenous) technical progress embodied in new capital goods, which are
introduced in the economy through a vintage technology with endoge-
nous obsolescence (scrapping) rule. The analysis of this paper is focused
on the long-run consequences of modifications of a tax on the energy
expenditure of firms. The methodology developed here is a combination
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of analytical and numerical methods. It is found that our model is very
rich to capture the different elements that affect the long-run behavior of
our economy. In particular, it is pointed out the frequently ignored issue
of equipment replacement, which plays important role in energy-saving
technical change. Indeed, an important consequence of considering such
a replacement is that the increase of a tax on the energy expenditure of
firms does not necessarily induce earlier replacement of machines if this
tax is high enough. The reason is the following. To offset the effect of a
higher energy expenditure tax, firms should replace earlier their equip-
ment. Since replacement is costly, firms prefer to take higher energy
expenditure than a faster (and too costly) equipment replacement.

1.4.2 Part II: Substitutability between capital and energy

Chapter 4 and 5 are collected in this second part of the thesis. At
this point, following the standard literature on non-renewable energy
resources, it is considered substitutability between physical capital and
energy. However, in contrast with that literature (where it is also as-
sumed the same technology for both physical capital accumulation and
consumption), this second part studies the implications of assuming that
physical capital accumulation is relatively more energy-intensive than
consumption, giving special attention to the role of energy-saving tech-
nologies. Chapter 4 considers total depreciation of physical capital for
each period. Then, in this chapter, physical capital is regarded as a flow
variable. However, Chapter 5 eliminates this simplification, assuming
physical capital as a stock variable, i.e., a reproducible good.

Chapter 4: The problem of non-renewable energy resources in
the production of physical capital

This chapter studies the possibilities of technical progress to deal with
the growth limit problem imposed by the usage of non-renewable energy
resources, when physical capital production is relatively more energy-
intensive than consumption. In particular, this work presents the con-
ditions under which energy-saving technologies can sustain long run
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growth, even if energy is produced by means of non-renewable energy
resources. The mechanism behind is energy efficiency.

Standard papers on non-renewable energy resources (see for instance,
Dasgupta and Heal (1974, 1979), Stiglitz (1974), Solow (1974a), Hartwick
(1989), and Smulders and Nooij (2003)) assume the same technology for
both physical capital production and consumption (which implies that
the energy intensity of both sectors is the same), as well as the existence
of reasonable substitution possibilities between energy and physical cap-
ital. Moreover, this literature also claims that if energy is produced by
means of non-renewable resources, physical capital accumulation could
offset the constraints on production possibilities due to non-renewable
energy resources (Dasguptan and Heal (1979)). Nevertheless, Chapter
4 argues that this explanation about physical capital accumulation as
a solution to the problem of non-renewable energy resources is not to-
tally satisfactory since there is empirical evidence showing that physical
capital production is relatively more energy-intensive than consumption
(Azomahou et al. (2006)). Indeed, under this hypothesis, if energy were
produced by means of non-renewable energy resources, this would limit
growth through physical capital accumulation. Then, all solution based
on rising physical capital accumulation can have dubious effectiveness
to solve the trade-off between economic growth and the usage of non-
renewable energy resources if one does not analyze the role of energy in
physical capital accumulation, i.e., equipment good production. Follow-
ing that idea, this chapter shows that, when physical capital production
is relatively more energy-intensive than consumption, technical progress
(in particular, energy-saving technical progress) plays a central role to
guarantee long-run growth. Indeed, it is established that if the growth
rate of technical progress is high enough there is balanced growth path
(BGP) with positive growth of all the endogenous variables. Otherwise,
the economy decreases at constant rate, with all the endogenous vari-
ables converging to zero asymptotically. This result contrasts with the
claim of Stiglitz (1974) and Dasgupta and Heal (1979). These authors
argue that, even without technical progress, capital accumulation can
offset the constraint on production possibilities due to non-renewable en-
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ergy resources. However, Chapter 4 shows that the economy decreases
(converging to zero asymptotically) if there is no growth of technical
progress.

Chapter 5: Capital accumulation and non-renewable energy
resources: a Special Functions case

On the same lines as Chapter 4, this chapter studies the implications
of assuming different technologies for physical capital accumulation and
consumption. The main difference with respect to Chapter 4 is that
the assumption of total depreciation of physical capital for each period
is eliminated, considering physical capital as a stock instead of a flow.
The four main contributions of this chapter are the following.

First, as Chapter 4 shows, in contrast with the claim of Stiglitz
(1974) and Dasgupta and Heal (1979), technical progress plays a crucial
role to sustain long-run growth in this economy. Indeed, Chapter 4, as-
suming that physical capital accumulation is more energy-intensive than
consumption, and total capital depreciation (i.e., physical capital as a
flow variable), shows that the economy decreases at constant rate (with
all the endogenous variables converging to zero asymptotically) if there
is no growth of technical progress. Moreover, considering physical cap-
ital as a stock variable, Chapter 5 proves that neither balanced growth
path (BGP) nor steady state equilibrium exist if there is no growth of
technical progress.

The second contribution of this chapter is mainly methodological.
This model entails some technical difficulties. In particular, one has
to deal with an optimal control problem with mixed constraints and
two states variables: capital accumulation and non-renewable energy
resource stock. Moreover, the capital accumulation law is a non-linear
function with respect to investment. However, it is possible to pro-
vide a close-form solution of the optimal solution paths of our variables
in levels for every time t by applying the technique of Special Func-
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tions representation. This is a very well known method in the field of
mathematical physics to describe the behavior of dynamical systems.
This tool provides a full analytical characterization of both short and
long-run dynamics, without using qualitative techniques, such as phase
diagrams. This chapter uses a family of Special Functions called Gauss
Hypergeometric functions (see Boucekkine and Ruiz-Tamarit (2004) for
an application to the Lucas-Uzawa model).

Applying the previously presented technique of Special Functions
representation, it is provided the necessary and sufficient conditions for
existence and uniqueness of BGP, which is the third contribution of this
paper. Moreover, it is proved that the economy asymptotically converges
to the BGP. This result contrast with Chapter 4, where the economy
does not present dynamical transition. The reason is that Chapter 4 as-
sumes physical capital as a flow variable. Indeed, Chapter 5 eliminates
that simplification by considering physical capital as a durable good.

Finally, since the Special Functions representation provides a close-
form solution of the optimal solution paths of our variables in lev-
els, the fourth contribution of Chapter 5 is that one can explicitly
study the monotonicity properties of the optimal trajectories in lev-
els, which is typically unallowed in standard approaches. It is ob-
tained that the assumption of physical capital as relatively more energy-
intensive sector than consumption, and the technical progress (in par-
ticular, energy-saving technical progress), introduce new results on the
non-monotonicity of the optimal trajectories in levels, which contrast
with Dasgupta and Heal (1974)’s results about the monotonicity of con-
sumption and extraction of non-renewable energy resources.
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Appendix

Table 1
Average annual growth rate of world primary energy demand (%)

Energy 1971-2002 2002-2010 2002-2020 2002-2030

Coal 1.70 1.8 1.6 1.50

Oil 1.4 2 1.8 1.6

Natural gas 2.9 2.7 2.6 2.3

Nuclear 10.8 1.5 0.6 0.4

Hydro 2.5 2.6 2 1.8

Biomass and waste 1.6 1.5 1.4 1.3

Other renewablesa 8.5 8 6.2 5.7

Total primary energy 2 2.1 1.9 1.7

aGeothermal, solar, wind, tidal and wave energy.

Source: World Energy Outlook. IEA (2004)

Table 2
Sectoral shares in world primary energy demand (%)

Energy 1971 1990 2002 2004 2010 2020 2030

Power-generation 21.88 32.07 36.38 36.89 37.83 39.08 40.21

Industry 27.19 24.44 21.61 22.41 21.14 20.82 20.46

Transport 15.46 16.43 17.66 17.57 18.29 19.13 19.85

Own use & losses 9.50 10.05 9.91 9.50 9.87 9.77 9.61

Othera 25.98 17.01 14.43 13.63 12.87 11.21 9.86

Total 100 100 100 100 100 100 100

aThis includes residential, services, public and agriculture sectors.

Source: World Energy Outlook. IEA (2004, 2006a)
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Table 3
World primary energy demand (%)

Energy 1971 1990 2002 2004 2010 2020 2030

Coal 25.42 25.00 23.09 24.75 22.66 22.17 21.84

Oil 43.59 36.43 35.53 35.17 35.33 35.22 34.97

Natural gas 16.11 19.24 21.17 20.55 22.17 23.96 25.05

Nuclear 0.52 6.01 6.69 6.37 6.38 5.39 4.63

Hydro 1.88 2.12 2.17 2.16 2.26 2.23 2.21

Biomass and waste 12.41 10.57 10.82 10.50 10.37 9.91 9.73

Other renewablesa 0.07 0.64 0.53 0.51 0.83 1.12 1.55

Total primary energy 100 100 100 100 100 100 100

Total fossil fuelsb 85.12 80.66 79.80 80.46 80.16 81.35 81.86

Total non-renewablesc 85.64 86.67 86.49 86.84 86.54 86.73 86.50

Total renewablesd 14.36 13.33 13.51 13.16 13.46 13.27 13.50

aGeothermal, solar, wind, tidal and wave energy.
bCoal + oil + natural gas.
cFossil fuels + nuclear.
dHydro + biomass and waste + other renewables.

Source: World Energy Outlook. IEA (2004, 2006a)
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Chapter 2

A comparative study of

energy-saving technical

progress in a vintage

capital model

(Pérez-Barahona A. and Zou B., 2006. A comparative study of energy saving

technical progress in a vintage capital model. Resource and Energy Economics.

Volume 28, Issue 2 , May 2006. Pages 181-191)

2.1 Introduction

Fossil fuel–more precisely petroleum and its refinery products–is an es-
sential input in all modern economies. It has been argued that the
limited availability of this basic input and the stabilization of green-
house gases concentration call for a reduction of fossil fuel consumption.
However, the reduction in petroleum consumption could have a nega-
tive impact on economic growth and development through cutbacks in
energy use (Smulders and de Nooij (2003)). Therefore, there is a clear
trade-off between energy reduction and growth.

Some authors (see for instance, Carraro et al. (2003)) suggest that
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this trade-off could be less severe if energy conservation is raised by
energy-saving technologies. In this chapter, we re-examine the exhaus-
tion problem of fossil fuel. In particular, we study the previous trade-off
in a general equilibrium framework with energy-saving technical progress.
This model based on Boucekkine et al. (1997), considers an economy
with exogenous energy-saving technical progress embodied in the new
equipment. As Baily (1981) observes, technical advances are typically
incorporated into the economy through investment. Therefore, the old
capital goods get less and less efficient over time, which might well induce
the firms to scrap them (obsolescence). In our economy, we assume that
different vintages of capital coexist in each period. Since new vintages
are less energy consuming, firms may decide to replace the oldest and
less efficient vintage. Indeed, if we model the idea of minimum energy
requirement to use a machine by assuming complementarity between
capital and energy inputs, finite scrapping time is optimal (Boucekkine
and Pommeret (2004)). This idea is implemented in this chapter, and
it is consisted with the empirical evidence put forward by Hudson and
Jorgenson (1974), or Berndt and Wood (1975). Notice that the standard
literature on non-renewable energy resources (see for instance, Dasgupta
and Heal (1974, 1979), Solow (1974a,b), and Stiglitz (1974)) assumes
substitutability between capital and energy inputs. Indeed, under this
assumption, it is never optimal to scrap equipment, i.e., infinite scrap-
ping age1.

Our model incorporates two new elements with respect to the stan-
dard framework. First, we assume embodied technical progress in con-
trast to the typical neoclassical specification of neutral and disembodied
technical progress. Second, we consider a vintage capital model, with
endogenous scrapping decision. The standard models consider homoge-
nous and infinitely lived capital stock.

We perform a comparative study to contrast constant and decreas-
ing returns to scale, for two possible scenarios: constant (optimistic) and

1Sustainability implies that it is always optimal to assign an infinitely low amount

of energy to the less efficient machines.
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decreasing (pessimistic) exogenous energy supply. We find that, under
the assumption of existence of balanced growth path (BGP) defined by
constant growth rate of all the endogenous variables and constant scrap-
ping age, constant returns to scale achieves positive long run growth if
the growth rate of the energy-saving technical progress is greater than
the decreasing rate of the energy supply. As we will show, this is not a
trivial result. Indeed, constant return to scale can not ensure long run
growth in our model because of the endogenous scrapping decision and
the minimum energy requirement to use a machine.

The chapter is organized as follows. In Section 2.2, we describe the
general case model, with the representative consumer’s problem and the
rules that depicts both the optimal investment and the scrapping behav-
ior of firms. The BGP is presented in Section 2.3, where we show the
necessary conditions for its existence and uniqueness for both constant
and decreasing returns to scale. Finally, some concluding remarks are
considered in Section 2.4.

2.2 The model

Following Boucekkine et al. (1997), we consider an economy where the
population is constant and there is only one good (the numeraire good),
which can be assigned to consumption or investment. The good is pro-
duced in a competitive market by means of a technology defined on
vintage capital. Both constant and decreasing returns to scale are con-
sidered here. We also assume competitive labor market and exogenously
available energy supply.

2.2.1 Household

Let us assume that the representative household considers the following
standard inter-temporal maximization problem with constant relative
risk aversion (CRRA) instantaneous utility function

max
c(t)

∫ ∞

0

c(t)1−θ

1− θ
exp(−ρt)dt, (1)
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subject to the budget constraint

ȧ(t) = r(t)a(t)− c(t),

a(0) given,

lim
t→∞ a(t) exp

(
−

∫ t

0
r(z)dz

)
= 0,

(2)

with initial wealth a0, where c(t) is per-capita consumption, and a(t)
is per-capita asset held by the consumer at interest rate r(t) which is
taken as given for the household. θ measures the constant relative risk
aversion, and ρ is the time preference parameter (it is assumed to be
a positive discount factor). Since in this chapter we do not explicitly
treat labor, we assume that it has not value leisure for the consumer.
Then, in order to simplify the model, it is considered inelastic labor
supply normalized to one. The corresponding necessary conditions are
r(t) = ρ + θ ċ(t)

c(t) , with limt→∞ λ(t)a(t) = 0, where λ(t) is the co-state
variable associated with the wealth accumulation equation.

2.2.2 Firms

The good is produced competitively by a representative firm solving the
following optimal profit problem

max
y(t),i(t),T (t)

∫ ∞

0
[y(t)− i(t)− e(t)Pe(t)]R(t)dt, (3)

subject to output

y(t) = A

(∫ t

t−T (t)
i(z)dz

)α

, 0 < α ≤ 1, i(t) ≥ 0, (4)

and energy demand

e(t) =
∫ t

t−T (t)
i(z) exp(−γz)dz, 0 < γ < ρ, (5)

where i(t) is the investment of the representative firm, and the initial
conditions i(z) are given for all z ≤ 0. It is straight forward that there
are different capital vintages (that is, different time investment), which
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co-exist to produce final goods2. e(t) is the demand of energy at a price
Pe(t). The firm considers the energy price as given; however, it is en-
dogenously determined in the energy market equalizing the demand and
supply of energy.

Equation (4) is our technology defined on vintage capital. The en-
ergy demand is obtained from equation (5). Here, γ > 0 represents
the growth rate of energy-saving technical progress and T (t) is the age
of the oldest operating machine or scrapping age. The discount factor
R(t) takes the form R(t) = exp

(
−∫ t

0 r(z)dz
)
. Finally, we assume that

0 < γ < ρ to well define our integral3.

Notice that the new technology is more energy-saving. Certainly,
each vintage i(t) has an energy requirement i(t) exp(−γt) 4. Moreover,
it is important to observe that we assume complementarity between capi-
tal and energy (Leontieff technology), which models the idea of minimum
energy requirement to use a machine. Furthermore, this assumption is
undeniable from numerous studies; see for instance, Hudson and Jor-
genson (1974), or Berndt and Wood (1975). As we observed in the
introduction, this complementarity ensures a finite optimal scrapping
age5.

We define the capital stock as

K(t) =
∫ t

t−T (t)
i(z)dz, (6)

2We can consider an alternative technology where decreasing returns to scale only

affects new vintages (not all the active vintages): y(t) = A
R t

t−T (t)
i(z)αdz. Similarly

to our case, it can be checked that the results remain the same.
3It is a standard assumption in the exogenous growth literature to have a bounded

objective function.
4This assumption is central in the early vintage capital models. See Solow et al.

(1966).
5T (t) < ∞ is an essential and standard assumption considering the possibility

of replacement (T (t) → ∞ implies no scrapping). See for example, d’Autume and

Michel (1993) and Bardhan (1969).
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and the optimal life of machines of vintage t 6

J(t) = T (t + J(t)). (7)

From the first order condition (FOC)7 for i(t), we get the optimal in-
vestment rule

∫ t+J(t)

t
αA

(∫ τ

τ−T (τ)
i(z)dz

)α−1

exp
(
−

∫ τ

t
r(z)dz

)
dτ =

1 +
∫ t+J(t)

t
Pe(τ) exp(−γt) exp

(
−

∫ τ

t
r(z)dz

)
dτ,

(8)

where the left hand side (LHS) is the discounted marginal productivity
during the whole lifetime of the capital acquired in t, 1 is the marginal
purchase cost at t normalized to one, and the second term on the right
hand side (RHS) is the discounted operation cost at t.

The optimal investment rule establishes that firms should invest at
time t until the discounted marginal productivity during the whole life-
time of the capital acquired in t exactly compensates for both its dis-
counted operation cost and its marginal purchase cost at t.

From the FOC for T (t), we have the optimal scrapping rule

Aα

(∫ t

t−T (t)
i(z)dz

)α−1

= Pe(t) exp[−γ(t− T (t))]. (9)

The optimal scrapping rule states that a machine should be scrapped
as soon as its marginal productivity (which is the same for any machine
whatever its age) no longer covers its operation cost (which rises with
age).

Here the marginal productivity is given by αA(
∫ t
t−T (t) i(z)dz)α−1,

and Pe(t) exp[−γ(t− T (t))] represents the operation cost.
6Notice that T (t) = J(t− T (t)).
7Following Boucekkine et al. (1997), we can consider an intermediary sector to

create intermediate inputs for the final production. It is easy to observe that the case

of symmetric equilibrium is exactly equivalent to our model without intermediate

good sector. However, as Krusell (1995) observes, if the product-specific returns to

R&D are strong enough, there may be asymmetric steady-state equilibria, in which

large and small capital firms coexist. Nevertheless, this is not the case in our model

with exogenous technical progress.
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2.2.3 Decentralized equilibrium

The (decentralized) equilibrium of our economy is characterized by equa-
tion (2), the necessary conditions of the household’s problem, equations
(4)–(7), the optimal investment rule, the optimal scrapping rule, and the
following two additional equations to close the model: c(t) + i(t) = y(t)
and the equilibrium condition of the energy market e(t) = es(t). es(t)
is the available energy supply8, which in our model is assumed to be
exogenous.

2.3 Balanced growth path

2.3.1 Definition of BGP

Let us define our BGP equilibrium as the situation where all the endoge-
nous variables grow at constant rates, with constant and finite scrapping
age T (t) = J(t) = T (Terborgh-Smith result9). Boucekkine et al. (1997)
considere a model equivalent to our case with constant returns to scale
(α = 1). They provide a sufficient condition for existence of a particular
BGP with both constant scrapping age and constant available energy
supply.10 For the case of decreasing returns to scale (0 < α < 1), we
find that the analytical proof of existence of such a BGP is not possi-
ble. Moreover, it is not difficult to check that an alternative BGP, with
non-constant scrapping age, is not compatible with constant growth of
the other endogenous variables.

As a consequence, in order to compare constant and decreasing re-
turns to scale, we present the necessary conditions for existence and
uniqueness of our BGP for both constant and decreasing returns to
scale.

8The available energy supply is a flow (exogenous) variable; for example, petrol or

any petroleum refinery product to generate energy. Here we do not explicitly treat

neither extraction sector nor producer countries.
9See Terborg (1949) and Smith (1961).

10They assume a technology that saves labor instead of energy, with constant (ex-

ogenous) labor supply.
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2.3.2 Necessary conditions

For the general case 0 < α ≤ 1, taking the necessary conditions of the
household’s problem along the BGP, we get that

r(t) = ρ + θγc = constant = r∗, (10)

and

exp
(
−

∫ τ

t
r(z)dz

)
= exp[−r∗(τ − t)], (11)

where γc is the growth rate of consumption.

Taking equation (9) into equation (8), differentiating with respect to
t and rearranging terms, we obtain:

[exp(γT )− 1]− γ

γPe − r∗
{exp[(γPe − r∗)T ]− 1} =

r∗

P e

exp[(γ − γPe)t], (12)

where γPe and P e are, respectively, the growth rate and the level of
the energy prices. The LHS is constant for any t along the BGP, and
the RHS is a function of t. So the equality holds if and only if γ =
γPe . As in the standard growth model, this result states that, in terms
of energy-saving, energy prices grow at the same rate as productivity.
Moreover, Boucekkine and Pommeret (2004)11 observe that this result
can be justified in the context of intertemporal equilibrium model of
optimal extraction of non-renewable resources.

By definition of K(t), we have that, along the BGP,

K(t) =





i
γi

[1− exp(−γiT )] exp(γit), if γi > 0,

iT , if γi = 0,
(13)

where i(t) = iexp(γit). Then, the growth rate of investment, γi, and the
growth rate of capital stock, γK , are equal.

11Our result γPe(= γ) < r∗ is also consistent with the assumption made in

Boucekkine and Pommeret (2004) about the growth rate of energy prices lower than

the interest rate. Indeed, they point out that if γPe > r∗ the firm would have an

incentive to infinitely get in debt to buy an infinite amount of energy.
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Moreover, from equation (9) and γ = γPe ,

AαK(t)α−1 = Pe exp(γT ), (14)

where Pe(t) = P e exp(γT ). By substituting equation (13) into equation
(14), it yields

exp[γi(α− 1)t] =
Pe exp(γT )

AαK
α−1 . (15)

It is easy to see that equation (15) holds if and only if α = 1 and/or
γi = 0. Then, at this point, we have to distinguish between constant
and decreasing returns to scale. If we have decreasing returns to scale
(0 < α < 1) then γi = 0. However, for the case of constant returns to
scale (α = 1) γi is a priori undetermined.

Constant returns to scale

α = 1 can not ensure long run growth in our model because of the
endogenous scrapping decision and the minimum energy requirement to
use a machine. Now, we are going to study the necessary conditions for
our BGP according to different values of γi.

Let us assume that the energy market is in equilibrium along the
BGP, i.e., energy demand equals energy supply (es(t)). We make a dis-
tinction between two possible scenarios. There is an optimistic scenario
with constant available energy supply. However, there is a gloomy situ-
ation where the available energy supply is decreasing12.

Case A: γi = 0
From equation (5) we get the energy demand along the BGP

e(t) =
i

γ
[exp(γT )− 1] exp(−γt). (16)

Case A.1: constant available energy supply es(t) = es

Equalizing e(t) = es in equation (16), we get

i

γ
[exp(γT )− 1] exp(−γt) = es. (17)

12There is no point in assuming increasing available energy supply, since we are

considering resources subject to exhaustion. The most optimistic scenario is constant

available energy supply.
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Since RHS is constant, LHS has to be constant. This is impossible be-
cause γ > 0 and T is finite. Then, we get a contradiction. In case B we
are going to study γi 6= 0.

Case A.2: decreasing available energy supply es(t) = es ·
exp(−γest), with γes > 0.

Equalizing e(t) = es exp(−γest) in equation (16) yields

i

γ
[exp(γT )− 1] exp(−γt) = es exp(−γest). (18)

Then, to have BGP γ has to equal γes . This means that the economy
chooses a growth rate of energy-saving technical progress equal to the
decreasing rate of energy supply. As a consequence:

i(t) = i∗ =
esγ

exp(γT )− 1
. (19)

Since γi(= γK) = 0, from the production function y(t) = AK(t), γy =
γK = 0.

From the budget constraint y(t) = c(t) + i(t), γc = 0.

Case B: γi 6= 0
Taking i(t) = i exp(γit) in equation (5), the energy demand along

the BGP is given by

e(t) =





i
γi−γ {1− exp[−(γi − γ)T ]}exp[(γi − γ)t], if γi 6= γ,

iT , if γi = γ.
(20)

Case B.1: constant available energy supply es(t) = es

If γi 6= γ, equalizing e(t) = es in equation (20), we obtain

es =
i

γi − γ
{1− exp[−(γi − γ)T ]} exp[(γi − γ)t]. (21)

Similar to the case A.1, we get a contradiction because γ > 0 and T is
finite.

If γi = γ, equation (20) yields

es = iT . (22)
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Hence, this case yields BGP with γi(= γK) = γ. Moreover, as y(t) =
AK(t), then γy = γK(= γ). From the budget constraint y(t) = c(t) +
i(t), we also achieve that γc = γ.

Case B.2: decreasing available energy supply es(t) = es exp(−γest),
with γes > 0.

If γi 6= γ, equalizing es(t) = es exp(−γest) in equation (20), we find

es exp(−γest) =
i

γi − γ
{1− exp[−(γi − γ)T ]}exp[(γi − γ)t]. (23)

It is straightforward to see that BGP is possible if γi = γ − γes . Fur-
thermore, if γ > γes our economy has long run growth because γi =
γ − γes > 013. However, if γ = γes we get that γi = 0 which contradicts
our initial statement. Finally, for the case γ < γes our economy has not
positive long run growth; indeed, γi = γ − γes < 0.

If γi = γ, from equation (20) we get

esexp(γest) = iT . (24)

However, this is impossible because γes > 0 and T is finite.

To sum up our results, we establish the two following propositions
for constant returns to scale:

Proposition 1. Along the BGP, assuming α = 1, es(t) = es and
γ < ρ,

1) the interest rate r(t) = r∗ = ρ + θγ;

2) the growth rate of energy prices equals the growth rate of energy-
saving technical progress (γPe = γ);

3) the growth rate of investment and capital stock are equal to the
growth rate of energy-saving technical progress (γi = γK = γ);

13γK = γi = γ − γes > 0. Since y(t) = AK(t), then γy = γK = γ − γes . From the

budget constraint of the economy, y(t) = c(t) + i(t), we get that γc = γ − γes .
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4) the growth rate of final good output equals the growth rate of energy-
saving technical progress (γy = γ);

5) the growth rate of consumption equals the growth rate of energy-
saving technical progress (γc = γ).

Proposition 2. Along the BGP , assuming α = 1, es(t) =
es exp(−γest) and γ < ρ,

1) the interest rate r(t) = r∗ = ρ + θγc, where γc is given in the
following 3) and 4);

2) the growth rate of energy prices equals the growth rate of energy-
saving technical progress (γPe = γ);

3) if γ = γes, then

(3.1) there is not growth in the investment and the capital stock
(γi = γK = 0),

(3.2) the growth rate of final good output is zero (γy = 0),

(3.3) there is not growth in the consumption (γc = 0);

4) if γ > γes, then

(4.1) there is positive growth in the investment and the capital stock
(γi = γK = γ − γes > 0),

(4.2) the growth rate of final good output is γy = γ − γes,

(4.3) there is positive growth of consumption ( γc = γ − γes);

5) if γ < γes, then the economy decreases at the rate γes − γ.

We have to point out that constant returns to scale, in an optimistic
scenario (i.e., es(t) = es), generates exogenous growth at the same rate
as the growth of (exogenous) energy-saving technical progress (γ). How-
ever, if a gloomy scenario is assumed (i.e., es(t) = es exp(−γest)) our
model can achieve long run growth at the rate γ − γes . If the growth
rate of the energy-saving technical progress is greater than the decreas-
ing rate of energy supply, the growth is positive. However, if the growth
rate of the energy-saving technical progress is equal or lower than the

32



decreasing rate of energy supply, we get zero or negative growth respec-
tively. The reason is the following. First of all, we consider a BGP with
constant and finite scrapping age following the Terborgh-Smith result.
Second, energy supply has two effects on the economy. On the one hand,
through the energy prices; and on the other, through the Leontieff pro-
duction function, which models the idea of minimum energy requirement
to use a machine. When we consider constant available energy supply
(optimistic scenario), following our definition of BGP, we have long run
growth because of the exogenous energy-saving technical progress (in
this case energy prices increase since the economy grows at the growth
rate of the exogenous energy-saving technical progress). However, in the
case of decreasing available energy supply (gloomy scenario) the situa-
tion is quite different. Energy prices increase because of the decreasing
available energy supply. Now, if the energy-saving technical progress
exactly compensates the decreasing available energy supply (γ = γes),
then there is not long run growth, despite of having constant returns
to scale (see equation (18)), because there is constant replacement and
the energy supply has a negative effect on growth due to the minimum
energy requirement (Leontieff technology). However, if the growth rate
of energy-saving technical progress is greater than the decreasing rate of
energy supply, the second effect is also avoided and our economy can de-
pict growth, where the growth rate is the difference between the growth
rate of energy-saving technical progress and the decreasing rate of en-
ergy supply, γ − γes . Finally, if the energy-saving technical progress is
not strong enough to offset the decreasing energy supply, our economy
decreases.

Decreasing returns to scale

As before, equation (15) holds if and only if α = 1 and/or γi = 0. Since
now we consider decreasing returns to scale (0 < α < 1), the growth
rate of investment has to be zero. As a consequence, γK = 0 because
γi = γK .

Furthermore, considering a canonical vintage capital model with
Arrowian learning by doing technical progress, d’Autume and Michel
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(1993) get that decreasing returns to scale “kills” growth in the long
run. Our model is mathematically close to their economy taking energy
instead of labor.

2.4 Concluding remarks

We analyzed the hypothesis about the effectiveness of energy-saving
technologies to reduce the trade-off between economic growth and energy
preservation. In order to incorporate the role of technology replacement,
we developed a general equilibrium model, where the output is produced
by means of vintage capital technology with endogenous scrapping rule.
New vintages obsolete old machines because of their lower energy re-
quirements. Constant and decreasing returns to scale are distinguished
to develop a comparative study.

Under constant returns to scale and optimistic context (constant
available energy supply), there is long run growth (Proposition 1). In
this case, the (exogenous) growth rate of the economy equals the (exoge-
nous) growth rate of energy-saving technical progress. However, consid-
ering a more realistic situation of gloomy scenario (decreasing available
energy supply), our economy only achieves long run growth if the growth
rate of energy-saving technical progress is greater than the decreasing
rate of the energy supply (Proposition 2). Here, the growth rate of our
economy is given by the difference between the growth rate of energy-
saving technical progress and the decreasing rate of the energy supply
(i.e., γ−γes). Furthermore, when we assume decreasing returns to scale,
the economy achieves BGP only for the gloomy case; nevertheless, our
economy does not exhibit growth in the long run. However, we could
escape from the decreasing returns to scale incorporating additional el-
ements such as learning-by-doing, human capital, subsidies, etc. The
constant scrapping age and the reduced availability of energy (which
affects the economy through the energy prices and the minimum energy
requirements) explain our results in both constant and decreasing re-
turns to scale.
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As the introduction of this chapter notices, the question of endoge-
nous replacement of the old equipment by the new less energy consuming
machinery was not previously studied, neither theoretically nor empir-
ically, by the standard literature on energy resources. In this chapter,
we studied this issue from a theoretical perspective. However, we found
some few empirical studies dealing with this question. Azomahou et
al. (2006), taking the Structural Analysis Database of the OECD and
the energy databases of the IEA, empirically test (at sectoral level of
OECD countries) the vintage effect considered in this chapter14. Tak-
ing the 14 main sectors of the industry, they find empirical evidence of
this vintage effect (as well as induced-innovation hypothesis), with high
heterogeneity among sectors.

Regarding to the growth rate of energy-saving technical progress
(γ), Azomahou et al. (2004), find a value of the annual growth rate of
energy-saving technical progress for the USA around 1.9%. As we estab-
lished in this chapter, one should compare this value with the decreasing
rate of the energy supply (γe). Since in this chapter we study long run
growth, one should consider forecast studies about the energy supply
(in particular, fossil fuels). However, as it is very well known in the
empirical literature of non-renewable energy resources, the reliability of
fossil fuels reserves data reported by oil companies is low. Indeed, the
IEA claims that these data “have been called into question by a series of
large downward revisions” (IEA (2006a), page 81). Nevertheless, as an
empirical illustration, we can consider the studies of the Uppsala Hydro-
carbon Depletion Study Group (Uppsala University)15. They forecast
(up to 2050) an annual decreasing rate of oil supply around 1.8% for
the total world. Then, according to our model (see Proposition 2), the
economy depicts positive growth along the BGP (if it exists). However,
notice that this chapter only considers energy-saving technical progress.
Indeed, if we include other kinds of technical progress (for example, dis-
embodied technical progress, or learning-by-doing), the growth rate of

14They also study the (energy) induced-innovation hypothesis, i.e., the rise of en-

ergy prices induces energy-saving technical progress. However, in our model, energy-

saving technical progress is assumed as exogenous variable.
15http://www.isv.uu.se/nuclear.en.html
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the economy along the BGP will be higher.

Finally, we conclude this chapter pointing out that there is compat-
ibility between economic growth and energy preservation by adopting
energy-saving technologies. However, the growth rate of the energy-
saving technical progress has to be greater than the decreasing rate of the
energy supply to ensure a positive long run growth. Since in our model
energy-saving technical progress is exogenous, an interesting extension
is considering that the economy endogenously decides the growth rate
of energy-saving technical progress. An R&D sector of energy-saving
technologies could be a good way to study this problem.
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Chapter 3

Energy-saving technical

progress in a vintage

capital model

(Pérez-Barahona A. and Zou B., 2006b. Energy-saving technical progress in

a vintage capital model. Economic Modelling of Climate Change and Energy

Policies. Edward Elgar. Pages 166-179)

3.1 Introduction

As IEA (2004, 2006a) observes (see Chapter 1, Table 3), the global pri-
mary energy demand is dominated by non-renewable energy resources
(fossil and nuclear fuels), which account for 86.84% of the world primary
energy demand in 2004, where the share of fossil fuels (coal, oil and nat-
ural gas) is around 80.5%. Moreover, according to the predictions of
the IEA (2006a, 2004), fossil fuels will account for around 83% of the
increase in the world primary energy demand over the period 2004-2030,
rising the share of fossil fuels from 80% to 82%. Hence, regarding to en-
ergy, there is a clear dependence of the world economy on non-renewable
energy resources. However, a key feature of this kind of energy resources
is that their stocks (reserves) are finite. Then, as Rotillon (2005) points
out, the usage of these energy resources calls attention to the survival of
the economic system (in particular, economic growth and development)
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due to the exhaustibility characteristic of the reserves of fossil fuels.
Indeed, authors like Dasgupta and Heal (1974), Hartwick (1989) and
Smulders and Nooij (2003), point out that the usage of non-renewable
energy resources (in particular, fossil fuels) a priori implies a limit to
economic growth and development of modern economies. Nevertheless,
authors like Newel et al. (1999), Carraro et al. (2003), and Boucekkine
and Pommeret (2004) suggest that this trade-off can be (at least) less
serve if energy conservation were increased by means of energy-saving
technologies.

There is a growing evidence that energy-saving technical progress has
been significant in the last two decades. Newell et al. (1999) study how
the increase of the energy cost in recent years induced energy-savings in-
novation in the US. Moreover, Boucekkine and Pommeret (2004) analyze
the optimal pace of capital accumulation, at the firm level, when techni-
cal progress is energy-saving. They develop a partial equilibrium model
with embodied energy-saving technical progress, describing obsolescence
by means of vintage capital technology with endogenous scrapping (re-
placement) decision of the old technology, and complementarity between
capital and energy inputs. Indeed, Azomahou et al. (2006), taking the
Structural Analysis Database of the OECD and the energy databases of
the IEA, find (at sectoral level) empirical evidence of this vintage effect
associated to energy-saving technical progress.

On the same lines as Chapter 2 (Pérez-Barahona and Zou (2006a)),
Chapter 3 extends Boucekkine and Pommeret (2002)’s contribution to
the general equilibrium case. The general equilibrium framework is ex-
tremely interesting because it allows us to study the global effect of
environmental policies on the economy, and its relation with the limited
energy supply of non-renewable resources and the diffusion of energy-
saving technologies. In this chapter, we consider (exogenous) energy-
saving technical progress embodied in new capital goods, which are in-
troduced in the economy through vintage technology with endogenous
obsolescence (scrapping) rule. We find that our model captures a wide
range of effects with long-run implications. Moreover, we achieve to the
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conclusion that the frequently ignored issue of equipment replacement
plays an important role in energy-saving technical change, at least, in the
long-run. Indeed, one important consequence of assuming endogenous
equipment replacement is that an increase of a tax on the energy expen-
diture of firms does not necessarily induce earlier equipment replacement
if this tax is high enough. The intuition is the following. Replacement
can overcome a rise of the energy expenditure tax. However, if this tax
is already high, the replacement should be very often. Since frequent
scraping can be too costly with respect to the change of energy prices,
firms decide to keep their old equipment, which is assumed to be more
energy demanding.

The chapter is organized as follows. In Section 3.2, we describe the
model, the household’s behavior and the rules of both optimal invest-
ment and scrapping behavior of the firms. The necessary conditions for
balanced growth path (BGP) are presented in Section 3.3. Section 3.4
does the comparative static analysis. Finally, some concluding remarks
are considered in Section 3.5.

3.2 The model

Let us consider an economy with constant population level, where the
labor market is perfectly competitive. The production sector produces
only one final good (numeraire), which can be assigned to consumption
or investment. One important difference with respect to the model of
Boucekkine et al. (1997) is that, in our case, intermediate inputs are
produced by means of non-linear technology. Moreover, this technology
is defined by vintage capital. The intermediate inputs market is sup-
posed to be monopolistically competitive to allow for a concave profit
function in the intermediate inputs sectors. Furthermore, we assume
that the energy supply is exogenous.
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3.2.1 Household

The household solves the following standard inter-temporal maximiza-
tion problem with constant relative risk aversion (CRRA) instantaneous
utility function:

max
c(t)

∫ ∞

0

c(t)1−θ

1− θ
exp(−ρt)dt, (1)

subject to the budget constraint and the corresponding transversality
condition:

ȧ(t) = r(t)a(t)− c(t),

a(0) given,

lim
t→∞ a(t) exp

(
−

∫ t

0
r(z)dz

)
= 0,

(2)

where c(t) is per-capita consumption, a(t) is per-capita assets held by the
household and the interest rate r(t) is taken as given by the household.
θ(> 0) measures the constant relative risk aversion, and ρ(> 0) is the
time preference parameter. It is easy to check that, along the optimal
path, the consumption follows

r(t) = ρ + θ
ċ(t)
c(t)

. (3)

3.2.2 Final good firm

The final good is produced competitively by a representative firm solving
the following optimal profit problem:

max
yj(t)

{
y(t)−

∫ 1

0
pj(t)yj(t)dj

}
,

where the per-capita production y(t) is given by following constant elas-
ticity of substitution (CES) production technology:

y(t) =
(∫ 1

0
yj(t)

ε−1
ε dj

) ε
ε−1

,

which is defined over a continuum of intermediate inputs yj(t) with
j ∈ [0, 1]. Moreover, we assume constant elasticity of substitution ε > 1.
Furthermore, prices are given by

pj(t) =
(

yj(t)
y(t)

)− 1
ε

,
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from the standard monopolistic competition economy (see Dixit and
Stiglitz (1977)), and they are taken as given by the final good firm.

3.2.3 Intermediate input firm

Producing in a monopolistically competitive market, the representative
intermediate input-j firm maximizes its profits

max
yj(t),ij(t),Tj(t),pj(t)

∫ ∞

0

[pj(t)yj(t)− ij(t)− ej(t)Pe(t)(1 + Z)] R(t)dt, (4)

subject to

yj(t) = A

(∫ t

t−Tj(t)
ij(z)dz

)α

, 0 < α < 1, (5)

ej(t) =
∫ t

t−Tj(t)
ij(z) exp(−γz)dz, 0 < γ < r, (6)

pj(t) =
(

yj(t)
y(t)

)− 1
ε

, (7)

where

R(t) = exp
(
−

∫ t

0
r(z)dz

)
,

with the initial conditions ij(t) given for all t ≤ 0 and j ∈ [0, 1].

ej(t) and Pe(t) are, respectively, the demand and the price of energy,
which are endogenous. Z is a tax on the the energy expenditure of firms,
which is established by the government1. ij(t) is the investment of the
representative intermediate input-j firm. The output and the price of
intermediate input j are respectively represented by yj(t) and pj(t). The
price of intermediate input j and the final good production per-capita,
y(t), are taken as given by the monopoly. Equation (5) is our non-linear
technology defined over vintage capital. The energy demand is obtained
by equation (6). Here, γ > 0 represents the growth rate of energy-saving
technical progress and Tj(t) is the age of the oldest operating machine

1Notice that, in our model, there is no externality. Indeed, the aim of this tax

(Z) is to induce greater replacement of the old technology, which is assumed to be

more energy demanding. However, in a pollution set-up, this tax can also be useful

to correct pollution externalities by compensating the households.
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or scrapping age. Considering monopolistic competition, the inverse de-
mand function is given by equation (7).

Notice that new machines are assumed to be more energy-saving
than the old equipment. Moreover, it is important to observe that, as
in Chapter 2, we assume complementarity between capital and energy
(Leontieff technology). This assumption describes the idea of minimum
energy requirement to use a machine. Indeed, each vintage t has an
energy requirement of ij(t) exp(−γt). This assumption is standard in
numerous studies (see for instance, Hudson and Jorgenson (1974), and
Berndt and Wood (1975)).

Let us define the capital stock as

K(t) =
∫ t

t−T (t)
i(z)dz,

and the optimal lifetime of machines of vintage t as a function

Jj(t) = Tj [t + Jj(t)]. (8)

Notice that Tj(t) = Jj [t− Tj(t)].

Substituting equations (5)-(8) into equation (4), and considering the
symmetric case2, we can simplify our problem as follows:

max
i(t),T (t)

∫ t+J(t)

t

exp
(
−

∫ t

0

r(z)dz

)

.

[
A

(∫ τ

τ−T (τ)

i(z)dz

)α

− i(τ)− Pe(τ)(1 + Z)
∫ τ

τ−T (τ)

i(z) exp(−γz)dz

]
dτ,

(9)

where r(t) is given by equation (3).
From the first order condition (FOC) for i(t), we obtain the optimal

investment rule:

∫ t+J(t)

t
αA

(∫ τ

τ−T (τ)
i(z)dz

)α−1

exp
(
−

∫ t

0
r(z)dz

)
dτ =

2See Chapter 2, footnote 7.
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1 +
∫ t+J(t)

t
(1 + Z)Pe(τ)e−γt exp

(
−

∫ t

0
r(z)dz

)
dτ. (10)

where the left-hand side (LHS) is the discounted marginal productivity
during the whole lifetime of the capital acquired in t; 1 is the marginal
purchase cost at t, which is normalized to one; and the second term on
the right-hand side (RHS) is the discounted operation cost at t.

The optimal investment rule establishes that firms should invest at
time t until the discounted marginal productivity during the whole life-
time of the capital acquired in t exactly compensates for both their
discounted operation cost and their marginal purchase cost at t.

The FOC for T (t) leads to the optimal scrapping rule:

Aα

(∫ t

t−T (t)
i(z)dz

)α−1

= Pe(t)(1 + Z) exp {−γ[t− T (t)]} . (11)

The optimal scrapping rule states that a machine should be scrapped
as soon as its marginal productivity (which is the same for any machine
whatever its age) no longer covers its operation cost (which rises with
age)3.

To summarize, the (decentralized) equilibrium of our economy is
characterized by equations (2)-(3) (household side), equations (5)-(8),
the optimal investment rule, the optimal scrapping rule, and the follow-
ing three additional equations to close the model: c(t) + i(t) = y(t),
i(t) = ȧ(t) and e(t) = es(t), which is the equilibrium condition in the
energy market. es(t) is the energy supply. As in Chapter 2, we want to
describe the effect of both endogenous energy prices and limited stock
(reserves) of non-renewable energy resources. Due to the difficult analyt-
ical tractability of vintage capital models, we do not explicitly consider
the extraction sector4. Therefore, in this chapter, we assume energy
supply as exogenous variable. Indeed, one can interprete this assump-

3Notice that, the marginal productivity is given by αA(
R t

t−T (t)
i(z)dz)α−1, and

(1 + Z)Pe(t) exp {−γ[t− T (t)]} represents the operation cost.
4Notice that a realistic model of an extraction sector involves issues such as market

power, refinery activities and available reserves.
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tion as a small economy which faces a given flow of energy each period
t.

3.3 Balanced growth path

Let us define our balanced growth path (BGP) equilibrium as the sit-
uation where all the endogenous variables grow at constant rate5, with
constant and finite scrapping age T (t) = J(t) = T (Terborgh-Smith
result)6. In Chapter 2 we showed that there is no long-run growth for
output, investment and consumption for the case 0 < α < 1. Moreover,
since energy market equilibrium requires energy demand to be equal
to energy supply (es(t)), they also observe that (for this case) BGP is
only possible under a gloomy scenario, i.e., es(t) = es exp(−γest), with
γes = γ. In the following, we provide the necessary conditions for BGP
equilibrium. These conditions will be used in the next section of the
chapter.

It is easy to prove that, at equilibrium, the interest rate is constant,
i.e., r(t) = ρ. Differentiating equation (10) and rearranging terms, from
equation (11) we obtain

[exp(γT )− 1]− γ

γPe − ρ
{exp[(γPe − ρ)J ]− 1} =

ρ

(1 + Z)P e

exp {(γ − γPe)t} ,

where γPe and P e are, respectively, the growth rate and the level of the
energy price. The LHS is constant for any t in the equilibrium, and the
RHS is a function of t. So the equality holds if and only if γ = γPe . As
in Chapter 2, this result states that, in terms of energy-saving, energy
price grow at the same rate as productivity. Following Chapter 2, γi = 0
and

K(t) = iT . (12)

The reason for the absence of long-run growth of investment is the fol-
lowing. The effect of both scrapping age and energy-saving technical

5That is x(t) = x exp(γxt), where γx is the growth rate of variable x.
6See, for instance, Bardhan (1969) and Boucekkine et al. (1997).
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progress is not strong enough to overcome the negative effect of de-
creasing returns to scale (0 < α < 1). More precisely, our framework
considers a CRRA instantaneous utility function. As a consequence, the
interest rate is constant along BGP. Then, following Terborgh-Smith re-
sult, the scrapping age is also constant. Taking the optimal investment
rule along the BGP, we get

Aα(iT )α−1

ρ
[1−exp(−ρT )] = 1+

(1 + Z)P e

ρ− γ
[1−exp{−(ρ− γ)T}]. (13)

From Chapter 2, it is straightforward that the discounted operation cost
is constant because the decreasing energy supply offsets the effect of the
energy-saving technical progress (γ). Hence, as the marginal purchase
cost (= 1) remains constant, the investment has to be constant along the
BGP. The economic interpretation of this result is the following. Two
elements are crucial to provide the interpretation. First, the scrapping
age is assumed to be constant and finite, following the Terborgh-Smith
result. Second, the energy supply has two effects on the economy. On
the one hand through energy price, and on the other through the Leon-
tieff production function, which describes the idea of minimum energy
requirements to use a machine. The energy-saving technical progress (γ)
offsets the effect of energy price, which increases due to the energy sup-
ply (gloomy scenario). But the effect of minimum energy requirements
to use a machine is not compensated since the growth rate of energy-
saving technical progress can not be greater than γes (otherwise, there
is no BGP). Hence, since the scrapping age is constant, investment does
not grow along the BGP.

To finish this section, we point out that our findings are not standard
results. Indeed, the neoclassical framework would achieve exogenous
growth. For example, Solow-Swan and Ramsey models, with exogenous
technical progress, describe economies which grow at the growth rate
of both population and exogenous technical progress. However, in this
chapter we find that the reduced availability of energy (non-renewable
resource) offsets the (exogenous) energy-saving technical progress. As a
consequence, since we consider BGP equilibrium with constant scrapping
age, our economy does not achieve long-run growth. Finally, we have to
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observe that our result is consistent with the partial equilibrium model
of Boucekkine and Pommeret (2004), which also depicts no growth along
the BGP.

3.4 Comparative static analysis

In this section, we study the effects of modifications in the parameters of
our economy on the endogenous variables along the BGP, i.e., compar-
ative static analysis. In our model these effects are mainly explained by
the behavior of the scrapping age and investment. The behavior of the
optimal investment is given by equation (13), and the optimal scrapping
age is described by the following expression:

Aα(iT )α−1 = (1 + Z)P e exp(γT ). (14)

Since along the BGP the optimal investment rule (equation (13)) and
optimal scrapping rule (equation (14)) are functions of i, T and P e, we
need a third equation to completely describe the behavior of both the
scrapping age and investment. We find this equation from the equilib-
rium condition of the energy market. From equation (6), the energy
demand is given by the following equation:

e(t) =
i

γ
exp(−γt)[exp(γT )− 1]. (15)

Since we assume exogenous long-run energy supply, which is equal to
es exp(−γt) to have BGP, then we get the expression

es =
i

γ
[exp(γT )− 1] (16)

by equalizing energy demand (equation (15)) and supply. Therefore,
along the BGP, the values of the optimal investment (i), scrapping age
(T ), and level of energy price (Pe) are given by the equations (13), (14)
and (16), which is a static (simultaneous) system of non-linear equations,
taken the values of the parameters as given.
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3.4.1 Energy expenditure tax (Z)

In this section we study the effect of an increase of the energy tax of
firms. More precisely, this section describes the effects of an increase of
Z on the optimal scrapping age (T ), investment (i) and output (y) of
our economy along the BGP. The most natural way to proceed is the
following. From equation (16), we provide the investment (i) as a func-
tion of the scrapping age (T ). Applying this result into equation (14),
and differentiating the resulting expression with respect to Z, we get a
function F1(∂T/∂Z, ∂P e/∂Z). However, we need a second relationship
between these two derivatives to be able to determine their value. This
expression, F2(∂T/∂Z, ∂P e/∂Z), arises by differentiating the optimal
investment rule along the BGP (equation (13)) with respect to Z, af-
ter considerable manipulations. Hence, taking these two functions, it is
possible to provide the analytical expression of both derivatives. How-
ever, due to the complexity of these expressions, we can not determine
the sigh of these derivatives, neither for general values of the parameter,
nor by imposing restrictions on some of them. Therefore, we propose an
alternative approach.

Let us consider the following strategy. Knowing ∂P e/∂Z, we get
∂T/∂Z from function F1(•). Moreover, taking equation (16), we obtain
∂i/∂Z. Since y = A(iT )α, one easily gets ∂y/∂Z. This strategy allows
us to identify the different effects of an increase of Z on the economy,
which is one of the main objectives of this chapter. However, to deter-
mine the value of ∂P e/∂Z, as well as the strength of these effects (i.e.,
the net effect), we have to solve numerically the system of non-linear
equations given by the equations (13), (14) and (16), for different values
of Z. For the numerical solution, we need to provide values to the pa-
rameters involved in the previous non-linear system. From the economic
literature, it is widely accepted a value for the discount rate (ρ) about
3%, as well as 1/3 for α. Following the empirical study of Azomahou
et al. (2004), we consider γ = 0.02. Regarding to the energy expendi-
ture tax (Z), there is no available measurement of Z as an aggregation
of different fuels. However, we can use the data of tax on unleaded
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gasoline provided the IEA (2000, 2006a) as a proxy of Z. According
to the IEA, this tax was about 76% in France, Germany and UK for
the period 1990-2000, with rising trend. Indeed, in 2006, this tax was
80% in France, 83% in Germany and 81% in the UK. Following that,
we consider a value of Z about 80%. Finally, we choose A and es to fit
a ratio investment/output about 16%, which is commonly accepted by
the economic literature.

Optimal scrapping age (T )

Taking the function F1(•), we get:

∂T

∂Z
=

−
(

1
T
− γ exp(γT )

exp(γT )− 1
+

γ

1− α

)−1 1
1− α

(
1

P e

∂P e

∂Z
+

1
1 + Z

)
. (17)

Following equation (17), we distinguish two effects of the energy expen-
diture tax on the scrapping age: direct and indirect effect.

The direct effect is the effect of a modification of the energy tax
on the scrapping age for a fixed level of energy price:

∂T

∂Z |P efixed
= −

(
1
T
− γ exp(γT )

exp(γT )− 1
+

γ

1− α

)−1 1
1− α

1
1 + Z

.

The term 1
1−α

1
1+Z is always positive because 0 < α < 1 and 0 < Z < 1.

Considering γ > 0, ρ > 0 and T > 0, it is easy to prove (see Appendix
A) that the term between brackets is positive. Then, the direct effect
has a negative effect on the scrapping age, i.e., ∂T/∂Z |P efixed < 0. So,
if the energy expenditure tax increases, the scrapping age is reduced
for a fixed level of energy price. The interpretation of this effect is the
following. If the energy tax increases, the operation cost rises for a
fixed level of energy price. Consequently, firms decide to replace their
equipment earlier. We can verify this explanation taking the scrapping
and investment rule along the BGP. When the tax increases, firms can
modify their scrapping and investment decision. The net result is given

48



by substituting the scrapping rule (equation (14)) into the investment
rule (equation (13)). After some manipulations it yields:

(1 + Z)P e

[(
1
ρ
− 1

γ + ρ

)
exp[(γ + ρ)T ] +

1
ρ

exp(γT ) +
1

1 + ρ

]
= 1.

When Z rises, firms compensate the higher tax by dropping the scrap-
ping age for a fixed level of energy price.

However, according to the numerical solution, the negative direct
effect is overcome by an indirect effect of the energy expenditure tax
on the scrapping age through the variation of the level of energy price.
From equation (22), this effect is described by the following expression:

−
(

1
T
− γ exp(γT )

exp(γT )− 1
+

γ

1− α

)−1 1
(1− α)

1
P e

∂P e

∂Z
.

By solving numerically the non-linear system given by the equations
(13), (14) and (16) for different values of Z, we get that ∂P e/∂Z < 0
(see Appendix B, Tables 1 and 2, second column)7. The explanation of
this inverse relationship between the level of energy price and the energy
expenditure tax is provided by the assumption of an exogenous long run
energy supply. Considering the economy along the BGP, if Z rises the
energy supply is not affected because it is exogenous and always decreas-
ing with t. However the energy demand decreases since energy is now
more expensive, for a fixed level of production and scrapping age. Then,
the level of energy price decreases. Therefore, since the term between
brackets is positive (see Appendix A), the indirect effect of Z on the
scrapping age is positive.

However, as we just noticed, the net effect of Z on T results from
the combination of both direct and indirect effects. As it was observed
at the beginning of this section, we can not establish an analytical re-
sult measuring the strength of each effect. Nevertheless, by solving nu-
merically the system previously described, we can conclude the sign of

7Notice that we checked the robustness of this result to changes on the parameters

of the economy. Moreover, in the next sections, we did the same for ∂P e/∂A, ∂P e/∂es

and ∂P e/∂γ .

49



∂T/∂Z. Following that, we get that for a large enough Z (according
to our parametrization, greater than 84%), the sign of this derivative is
positive (otherwise, it is negative). Then, our result establishes that an
increase of the energy tax does not necessarily induce earlier replacement
of machines (i.e., lower T ) if Z is large enough (see Appendix B, Tables
1 and 2, second column). The interpretation of this result is the follow-
ing. When the energy tax increases, firms can compensate the higher
tax by an earlier replacement of their equipment. However, if this tax
is large enough, they should replace the machines very often. But this
replacement is too costly because it should be done frequently. Then,
firms prefer to keep their old equipment, more energy demanding.

Optimal investment (i)

Let us study the effect of Z on i, i.e., ∂i/∂Z. By differentiating equation
(14) with respect to Z, and rearranging terms, we get

∂i

∂Z
= −i

[
1

1− α

1
1 + Z

+
(

1
T

+
γ

1− α

)
∂T

∂Z
+

1
1− α

1
P e

∂P e

∂Z

]
. (18)

From equation (18), we can distinguish both a direct and indirect effect
of Z on investment. For a fixed scrapping age and level of energy price,
we get the direct effect:

∂i

∂Z |P e and T fixed
= −i

(
1

1− α

1
1 + Z

)
< 0.

Since the term between brackets is positive, the direct effect is negative.
If the tax increases, the operation cost of machines rises too. Then, firms
decide to reduce their investment for a fixed scrapping age and level of
energy price.

However, there are two additional indirect effects from the varia-
tion of both scrapping age and level of energy price. This effect is given
by the following expression:

−i

[(
1
T

+
γ

1− α

)
∂T

∂Z
+

1
1− α

1
P e

∂P e

∂Z

]
.

The sign of the indirect effect is undetermined because ∂T/∂Z > 0 (see
the previous section) and ∂P e/∂Z < 0. Nevertheless, considering both

50



effects together (direct and indirect effect), the net result is provided by
the numerical solution (see Appendix B): ∂i/∂Z < 0. The explanation is
the following. The direct effect reduces investment because an increase
of the tax raises the operation cost. However, this effect is not offset by
the indirect effect of the scrapping age and level of energy price. Indeed,
according to the numerical solution, the behavior of the scrapping age
reinforces the direct effect.

Final good output (y)

The comparative static of the final good output is directly provided by
the comparative static of both optimal scrapping age and investment
considered before. The ∂y/∂Z is given by the equation of the final good
output along the BGP, i.e., y = A(iT )α. Differentiating that expression
with respect to Z, we get

∂y

∂Z
= αy

(
1
i

∂i

∂Z
+

1
T

∂T

∂Z

)
.

From the previous sections, we know that ∂T/∂Z > 0 and ∂i/∂Z < 0.
According to the numerical solution, the effect of increasing an already
high energy expenditure tax on the final good output is negative. Indeed,
the decrease of the optimal investment overcomes the later replacement
of machines.

3.4.2 Disembodied technical progress (A)

This section studies the effect of an increase of A, which is the technical
progress that affects all generations of machines of the economy, i.e.,
disembodied technical progress. We apply a similar strategy as in the
previous section with Z. Taking logs and differentiating equations (14)
and (16) with respect to A, we get

∂i

∂A
= i

[
−

(
1
T

+
γ

1− α

)
∂T

∂A
− 1

1− α

1
P e

∂P e

∂A
+

1
A

1
1− α

]
, (19)

∂i

∂A
= −i

(
γ exp(γT )

exp(γT )− 1

)
∂T

∂A
. (20)
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Optimal scrapping age

Combining equations (19) and (20), it yields

∂T

∂A
=

(
1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 (
1
A

1
1− α

− 1
1− α

1
P e

∂P e

∂A

)
. (21)

From equation (21), we identify the direct effect of an increase of the
disembodied technical progress (A) on the scrapping age along the BGP
(T ):

∂T

∂A |P efixed
=

(
1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 1
A

1
1− α

.

This effect is positive (see Appendix A), i.e., ∂T/∂A|P efixed > 0. When
A increases, the marginal productivity of all machines rises too, and
firms decide to replace later their equipment. Therefore, T increases.

However, the net effect of A is a combination of the direct effect
described above and the following indirect effect of A on T thought the
level of energy price (P e). This indirect effect is given by the expression

−
(

1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 1
1− α

1
P e

∂P e

∂A
.

The indirect effect is negative because ∂P e/∂A > 0 (see Appendix B,
Tables 1 and 2, third column). The explanation is the following. When
A rises, the marginal productivity of all machines increases too. There-
fore, firms replace later their equipment. The older a machine the greater
its energy requirements. Then, the demand of energy rises for a fixed
level of energy supply. As a consequence, the level of energy price (P e)
increases too.

According to the numerical solution (see Appendix B), the net effect
of an increase of the disembodied technical progress is a rise of replace-
ment age. Indeed, one can observe that, on the one hand, the higher A

the greater marginal productivity of all machines. Therefore, firms scrap
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later their equipment (direct effect). On the other, the level of energy
price increases, reducing the scrapping age (indirect effect). However,
the former effect is stronger than the direct effect. Hence, firms replace
earlier their equipment, i.e., ∂T/∂A < 0.

Optimal investment

The effect of a rise of the disembodied technical progress on the optimal
investment is given by equation (19)8. We can distinguish a direct
effect of A on the optimal investment:

∂i

∂A |P e and T fixed
= i

1
1− α

1
A

> 0.

The greater A the higher marginal productivity of all machines. Conse-
quently, firms invest more (see the investment rule along the BGP, i.e.,
equation (13)) for a given scrapping age and level of energy price.

Moreover, the direct effect is reinforced by a decline in the scrapping
age for a given level of energy price (indirect effect through the
scrapping age):

−i

(
1
T

+
γ

1− α

)
∂T

∂A
> 0.

Indeed, when A increases firms replace earlier their equipment, then in-
vestment rises.

But there is an indirect effect through the level of energy
prices, which is given by the following expression:

−i

(
1

1− α

1
P e

)
∂P e

∂A
< 0.

This effect is negative because the greater A the higher the level of energy
price. However, according to the numerical solution (see Appendix B),
this effect is not strong enough to offset the positive effects. Hence, the
net result is that an increase in the disembodied technical progress raises
the optimal investment, i.e., ∂i/∂A > 0.

8Notice that equation (20) directly provides the ∂i/∂A as a function of ∂T/∂A.

However the variation on T contains the effect of the energy price level. For that

reason we take equation (27), which considers both effects separately.
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Final good output

The final good output is given by y = A(iT )α. Then, taking logs and
differentiating with respect to A, we get

∂y

∂A
= y

[
1
A

+ α

(
1
i

∂i

∂A
+

1
T

∂T

∂A

)]
.

As we can observe, an increase in the disembodied technical progress
rises the final good output since the marginal productivity of all ma-
chines grows (direct effect), for fixed i and T :

∂y

∂A |i and T fixed
= y

1
A

> 0.

Moreover, this effect is reinforced by a positive effect of A on i (indirect
effect though the optimal investment):

α
1
i

∂i

∂A
> 0.

However, the negative indirect effect of A through the scrapping
age,

αy
1
T

∂T

∂A
< 0,

does not offset the previous positive effects (see Appendix B). Hence,
the net result of an increase in the disembodied technical progress is a
rise of the final good output, i.e., ∂y/∂A > 0.

3.4.3 Energy supply level (es)

In this section we study the effect of an increase of the level of (exoge-
nous) energy supply (es) on the optimal replacement, investment and
output of our economy. As in the previous section, taking logs and
differentiating equations (14) and (16) with respect to es, we get

∂i

∂es
= i

[
−

(
1
T

+
γ

1− α

)
∂T

∂es
− 1

1− α

1
P e

∂P e

∂es

]
, (22)

∂i

∂es
= i

(
1
es
− γ exp(γT )

exp(γT )− 1
∂T

∂es

)
. (23)
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Optimal scrapping age

The effect of an increase in the level of energy supply on the replacement
age is given by combining equations (22) and (23):

∂T

∂es
=

(
γ exp(γT )

exp(γT )− 1
− 1

T
− γ

1− α

)−1 (
1

1− α

1
P e

∂P e

∂es
+

1
es

)
. (24)

From equation (24), we get the direct effect of es on T :

∂T

∂es |P e fixed
=

(
γ exp(γT )

exp(γT )− 1
− 1

T
− γ

1− α

)−1 1
es

< 0.

This is a negative effect (see Appendix A). If we fix the level of energy
price, firms have to replace earlier their equipment. However, it is not
possible to interpret the effect of es without considering the variation of
P e. For that reason, we have to study the indirect effect through the
level of energy price. This effect is described by the expression

(
γ exp(γT )

exp(γT )− 1
− 1

T
− γ

1− α

)−1 (
1

1− α

1
P e

)
∂P e

∂es
> 0.

The numerical solution shows that ∂P e/∂es < 0 (see Appendix B, Ta-
bles 1 and 2, fourth column). The interpretation of this result is that the
level of energy price decreases when the energy supply level increases.
Then, the indirect effect is negative.

Finally, following the numerical solution, the net effect is positive.
Indeed, a rise in the energy supply level reduces the level of energy price.
Hence, firms decide to replace later their equipment, i.e., ∂T/∂es > 0.

Optimal investment

Equation (22) describes the effect of an increase of the energy supply
level on the optimal investment. In this case, this increase affects the
optimal investment through two indirect effects.

If we fix the level of energy price, the rise of the energy supply level
rises the optimal investment because the scrapping age is lower:

∂T

∂es |P e fixed
< 0.
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Then, the indirect effect through the scrapping age, which is given
by the expression

∂i

∂es |P e fixed
= −i

(
1
T

+
γ

1− α

)
∂T

∂es |P e fixed
> 0,

is positive. As we have shown in the previous section, the higher energy
supply level the lower scrapping age for a fixed level of energy price.
Then, for a fixed P e, when the energy supply level increases, firms in-
vest more because they decide to replace earlier their equipment.

Moreover, there is an additional effect from the variation of the level
of energy price. This is a positive indirect effect through the level
of energy price:

∂i

∂es |T fixed
= −i

1
1− α

1
P e

∂P e

∂es
> 0.

When the energy supply level increases, the level of energy price de-
creases for a fixed scrapping age. As a consequence, firms invest more
because the operation cost it is reduced.

Taking both effects together, the numerical solution concludes that
the net result is positive, i.e., ∂i/∂es > 0. Hence, firms invest more
when the energy supply level increases.

Final good output

The effect on the final good output is straightforward from the behavior
of the optimal scrapping age and investment. As for the case Z, but
differentiating with respect to the level of energy supply, we get

∂y

∂es
= α

(
1
i

∂i

∂es
+

1
T

∂T

∂es

)
> 0.

Since both effects are positive, the greater energy supply level the higher
final good output.
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3.4.4 Embodied technical progress (γ)

This section studies the effect of an increase of the growth rate of energy-
saving technical progress (γ), which is embodied in new equipment. Tak-
ing logs and differentiating equations (14) and (16) with respect to γ,
we get

∂i

∂γ
= i

(
1
γ
− T exp(γT )

exp(γT )− 1
− γ exp(γT )

exp(γT )− 1
∂T

∂γ

)
, (25)

∂i

∂γ
= i

[
−

(
1
T

+
γ

1− α

)
∂T

∂γ
− 1

1− α

1
P e

∂P e

∂γ
− T

1− α

]
. (26)

Optimal scrapping age

The effect of the embodied energy-saving technical progress on the re-
placement decision of firms is described by combining equations (25) and
(26):

∂T

∂γ
=

(
1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 (
T exp(γT )

exp(γT )− 1
− 1

γ
− T

1− α
− 1

1− α

1
P e

∂P e

∂γ

)
.

For a fixed level of energy price, an increase of γ reduces the scrap-
ping age, i.e., direct effect:

∂T

∂γ |P efixed

=

(
1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 (
T exp(γT )

exp(γT )− 1
− 1

γ
− T

1− α

)
< 0.

The interpretation is the following. The greater γ the lower energy
requirements of new equipment. Then, for a fixed level of energy price,
firms decide to replace their equipment earlier.

However the replacement decision is also determined by the variation
of the level of energy price, which is ∂P e/∂γ < 0 (see Appendix B, Tables
1 and 2, fifth column). When γ increases, the new equipment requires
less energy than the old machines. Then, for a given scrapping age,
the demand of energy decreases. As a consequence, the level of energy
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price decreases too. This is the indirect effect of γ through the level
of energy price:

−
(

1
T

+
γ

1− α
− γ exp(γT )

exp(γT )− 1

)−1 1
1− α

1
P e

∂P e

∂γ
> 0,

which is a positive effect9. Indeed, since the level of energy price de-
creases, the operation cost decreases too and firms decide to replace
their equipment later.

The combination of both effects gives us the net effect of γ on the
scrapping age. From the numerical solution (see Appendix B), the effect
of a decrease of the level of energy price (positive indirect effect) is
not strong enough to overcome the negative direct effect. Hence, the
higher growth rate of embodied energy-saving technical progress the
lower replacement age, i.e., ∂T/∂γ < 0.

Optimal investment

Equation (26) gives us the behavior of the optimal investment (i) when
there is a variation of the growth rate embodied energy-saving technical
progress (γ). In this case, we can distinguish a direct effect of γ on i:

∂i

∂γ |T and P e fixed

= −i
T

1− α
< 0.

For a fixed scrapping age and level of energy price, when the growth rate
of embodied energy-saving technical progress increases, firms rise invest-
ment because the new equipment requires less energy. This is clear from
equation (13) (optimal investment rule along the BGP). Indeed, for fixed
T and P e, it is straightforward that the RHS rises when γ increases10.
To keep the equality, investment has to increase in order to rise the LHS.

However, two positive indirect effects overcome the negative direct
effect. Indeed, following the previous section, a variation of γ changes

9From Appendix A, changing T by γ and viceversa, it is straightforward that�
1

T
+ γ

1−α
− γ exp(γT )

exp(γT )−1

�−1

> 0.
10By differentiating RHS with respect to γ, for T and P e fixed.
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the replacement age (∂T/∂γ < 0). This indirect effect through the
scrapping age is described by the expression

−i

(
1
T

+
γ

1− α

)
∂T

∂γ
> 0.

The greater γ the lower T . Then, firms decide to invest more.
This effect is reinforced by a second positive indirect effect through

the level of energy prices (∂P e/∂γ < 0), which is given by

−i
1

1− α

1
P e

∂P e

∂γ
> 0.

When γ rises, the level of energy price decreases. As a consequence, the
operation cost of machines falls, and firms decide to invest more.

Finally, from the numerical solution (see Appendix B), the net result
of an increase in the growth rate of embodied energy-saving technical
progress is a rise of the optimal investment, i.e., ∂i/∂γ > 0.

Final good output

Taking the final good output along the BGP, we get

∂y

∂γ
= yα

(
1
i

∂i

∂γ
+

1
T

∂T

∂γ

)
.

From the previous sections, we know that ∂i/∂γ > 0 and ∂T/∂γ < 0.
Hence, according to numerical solution, the net effect of an increase of
the growth rate of embodied energy-saving technical progress is nega-
tive, i.e., ∂y/∂γ < 0. Indeed, the negative effect of the replacement
age overcomes the positive effect of the optimal investment. As a con-
sequence, the level of final good output falls11. This result is consistent
with Boucekkine et al. (1997) and Boucekkine et al. (1998). These
authors get decreasing level of final good output after a positive shock
of the (exogenous) embodied technical progress. Indeed, the economy

11Observe that a fall in the level of final good output does not necessary implies a

decrease in welfare. Indeed, gains in welfare could be found during the transition to

the BGP
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considered by these authors shows long-run growth. However, the lev-
els (series without the trend) decrease. In our model, this fall can be
compensated by including additional elements to the investment, such
as human capital investment. Furthermore, if we increase the embodied
energy-saving technical progress (γ) together with disembodied techni-
cal progress (A), the final good output rises (see Appendix B, Tables 1
and 2, last column).

3.5 Concluding remarks

Along the same lines as Chapter 2, this chapter studied the hypothesis of
the trade-off between energy reduction and growth, which is less severe
if energy conservation is raised by means of energy-saving technologies.
Our model is an extension, to the general equilibrium case, of the work
of Boucekkine and Pommeret (2004). We found that our model is very
rich to capture a wide range of different aspects that affect the long-run
behavior of our economy. In particular, we pointed out the frequently
ignored issue of equipment replacement, which plays important role in
energy-saving technical change. Indeed, an important consequence of
considering such a replacement was that the increase of a tax on the en-
ergy expenditure of firms does not necessarily induce earlier replacement
of machines if this tax is high enough. The reason is the following. To
offset the effect of a higher energy expenditure tax, firms should replace
earlier their equipment. Since replacement is costly, firms prefer to take
higher energy expenditure than a faster (and too costly) equipment re-
placement.

This chapter entails several limitations. In the following, we point
out three main boundaries of our analysis. First, as Section 2 observes,
due to the difficult analytical tractability of vintage capital models, we
do not explicitly study the extraction sector. However, it is widely ac-
cepted that the extraction sector plays important role to determine the
evolution of energy prices, with particular significance of market power
issues. Therefore, a valuable extension of this chapter is to include the
extraction sector into our framework.
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Second, this chapter shows that a tax on the energy expenditure of
firms has important implications on both investment and replacement.
However, it is clear that this tax will also affect the investment in tech-
nical progress. Indeed, this is an important decision for firms, which
is assumed to be exogenous in this chapter. Then, another extension
is to consider energy-saving technical progress as an endogenous vari-
able. Some studies point out the importance of assuming endogenous
technical progress in this kind of models (see for instance, Carraro et
al. (2003) and Buonnano et al. (2003)). Since it is considered a general
equilibrium set-up, we could implement this idea by means of a R&D
sector (see Löschel (2002) for a survey about technical change in eco-
nomic models of environmental policy).

Finally, let us consider some comments about the robustness of our
numerical results. As Section 3.4.1 observes, the strategy followed in
this chapter allows us to identify the different effects of an increase of
Z, A, es and γ on the economy, which is one of the main objectives of
this chapter. However, we had to solve numerically a static system of
non-linear equations to measure the strength of the different effects (i.e.,
the net effect). As we observed in Section 3.4.1 (footnote 7), the effects
on the level of energy price are robust. However, the net effect depends
on the value of the parameters. Therefore, we chose a parametrization
which is empirically supported by the economic literature. Nevertheless,
this calls for an accurate econometric calibration of our model, consid-
ering the particularities of each country.

Appendix A

Proposition 1. If 0 < α < 1, 0 < Z < 1, γ > 0, ρ > 0 and T > 0 then
(

1
T
− γ exp(γT )

exp(γT )− 1
+

γ

1− α

)−1

> 0.

Proof. The term inside the brackets is equal to

(exp(γT )− 1)(1− α)− γT exp(γT )(1− α) + γT (eγT − 1)
T (exp(γT )− 1)(1− α)
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If 0 < α < 1, γ > 0 and T > 0, the denominator is greater than zero12.
About the numerator, rearranging terms, we obtain that it is equal to

exp(γT )(1− α + αγT )− (1− α + Tγ).

If we rename γT = x, the numerator is a function f(x) = exp(x)(1 −
α + αx) − (1 − α + x). It is easy to see that f(0) = 0 and f ′(x) > 0
because x > 0. Then, the numerator is greater than zero.

Since numerator and denominator are greater than zero, then

(
1
T
− γ exp(γT )

exp(γT )− 1
+

γ

1− α

)−1

> 0

¥

Appendix B

In this chapter we write a program for Gauss to solve the static system
of non-linear equations given by the equations (13), (14) and (16). The
structure of the program is simple. First, we assign values to the pa-
rameters of our model from the economic literature. Since we want to
study the effect of the change of some parameters on the optimal scrap-
ping age, investment, energy price and output, we generate a sequence
of them. After that, we solve the static system of non-linear equations
by a standard Newton-Raphson algorithm. Finally, we plot the optimal
scrapping age (T ), investment (i), level of energy price (P e) and final
good output (y) against the different values of the parameters, conclud-
ing the corresponding sign of the derivatives.

12Observation: if γ > 0, ρ > 0 and T > 0 then exp(γT ) > 1 and exp(ρT ) > 1.
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Table 1: Parametrization

Parameter ∆Z ∆A ∆es ∆γ

A 15 [15,16] 15 15
α 1/3 1/3 1/3 1/3
ρ 0.03 0.03 0.03 0.03
γ 0.02 0.02 0.02 [0.02,0.04]
ee 1300 1300 [1300,1310] 1300
Z [0.85,0.95] 0.85 0.85 0.85

Table 2: Results

Variable ∆Z ∆A ∆es ∆γ ∆γ∆A

P e ↓ ↑ ↓ ↓ ↑
T ↑ ↓ ↑ ↓ ↓
i ↓ ↑ ↑ ↑ ↑
y ↓ ↑ ↑ ↓ ↑
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Chapter 4

The problem of

non-renewable energy

resources in the production

of physical capital

(Pérez-Barahona, 2007a. The problem of non-renewable energy resource in the

production of physical capital. CORE Discussion Papers. 2007/8)

4.1 Introduction

Standard papers on non-renewable energy resources (see for instance,
Dasgupta and Heal (1974, 1979), Stiglitz (1974), Solow (1974a), Hartwick
(1989), and Smulders and Nooij (2003)) assume the same technology for
both physical capital production and consumption (which implies that
the energy intensity of both sectors is the same), as well as the existence
of reasonable substitution possibilities between energy and physical cap-
ital. Moreover, this literature also claims that if energy is produced by
means of non-renewable resources, physical capital accumulation could
offset the constraints on production possibilities due to non-renewable
energy resources (Dasguptan and Heal (1979)). Nevertheless, this chap-
ter argues that this explanation about physical capital accumulation as a
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solution to the problem of non-renewable energy resources is not totally
satisfactory since there is empirical evidence showing that physical capi-
tal production is relatively more energy-intensive than consumption (see
Chapter 5 or Pérez-Barahona (2007b)). Indeed, under this hypothesis,
if energy were produced by means of non-renewable energy resources,
this would limit growth through physical capital accumulation. Then,
all solution based on rising physical capital accumulation can have dubi-
ous effectiveness to solve the trade-off between economic growth and the
usage of non-renewable energy resources if one does not analyze the role
of energy in physical capital accumulation, i.e., equipment good pro-
duction. Following that idea, this chapter shows that, if physical capital
production is relatively more energy-intensive than consumption, tech-
nical progress (in particular, energy-saving technical progress) plays a
central role to guarantee long-run growth. Indeed, we establish that if
the growth rate of technical progress is high enough there is balanced
growth path (BGP) with positive growth of all the endogenous vari-
ables. Otherwise, the economy decreases at constant rate, with all the
endogenous variables converging to zero asymptotically. This result con-
trasts with the claim of Stiglitz (1974) and Dasgupta and Heal (1979).
These authors argue that, even without technical progress, capital ac-
cumulation can offset the constraint on production possibilities due to
non-renewable energy resources. However, this chapter shows that the
economy decreases (converging to zero asymptotically) if there is no
growth of technical progress.

This chapter emphasizes the role of energy-saving technical progress
as a solution to solve the trade-off between economic growth and the us-
age of non-renewable energy resources, such as fossil fuels. Boucekkine
and Pommeret (2004) point out the importance of energy-saving tech-
nologies. The idea of this kind of technologies is energy efficiency. Ac-
cording to various studies (EU (2005)), the European Union (EU) could
save at least 20% of its present energy consumption (EUR 60 billion
per year, or the present combined energy consumption of Germany and
Finland) by improving energy-efficiency.
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In order to illustrate the ideas previously presented, this chapter
builds a general equilibrium model, based on Hartwick (1989), with
three sectors: final good, equipment good, and extraction sector, where
physical capital production is relatively more energy-intensive than con-
sumption. In this model, the equipment good sector produces physical
capital by means of a technology defined over two inputs: energy and
investment, where the energy is directly obtained from a given stock
of a non-renewable energy resource. This work presents the conditions
under which technical progress (in particular, energy-saving technical
progress) can guarantee positive long-run growth.

The chapter is organized as follows. Section 4.2 introduces the model,
with a description of each sector. The optimal solution of this economy
is presented in Section 4.3, together with the interpretation of the main
results of the chapter. Finally, Section 4.4 concludes.

4.2 The model

Following Hartwick (1989), let us consider an economy with three sec-
tors where the energy is obtained by means of non-renewable energy
resources, and the population is constant 1. The final good sector pro-
duces a non-durable good with AK technology, where physical capital
is the only input. As usual, the final good is assigned to consumption
or investment. The equipment sector produces physical capital (equip-
ment good) be means of a technology defined over two inputs: energy
and investment. Finally, the extraction sector directly produces energy
by extracting a non-renewable resource from a given stock.

4.2.1 Final good sector

The final good sector produces a non-durable good Y (t) by means of the
following AK technology:

Y (t) = A(t)K(t), (1)

1See Stigliz (1974) for an analysis of the growth possibilities open to an economy

with non-renewable energy resources and an exponential growing labour force.
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where A(t) is the (exogenous) disembodied technical progress, and K(t)
represents the equipment good, which is the only input to produce the
final good. Moreover, the final good is used either to consume, C(t), or
to invest in physical capital, I(t), verifying the budget constraint of the
economy

Y (t) = C(t) + I(t). (2)

As the introduction points out, the standard literature on non-renewable
energy resources considers energy as an additional input in the produc-
tion of the final good2, assuming the same technology for both physical
capital production and consumption. Then, if energy is produced by
means of non-renewable energy resources, there is (a priori) a limit to
economic growth due to the stock restrictions of this kind of natural
resources. In general, the solution to this problem (without replace-
ment of non-renewable resources by renewable ones) is based on greater
physical capital accumulation. However, this literature does not study
the case of having different technologies for physical capital production
and consumption, which is empirically supported (see Chapter 5). In-
deed, if physical capital production is relatively more energy-intensive
than consumption, non-renewable resources can limit growth through
the equipment production. In fact, the aim of this chapter is to study
the effects of this hypothesis on the long-run growth of the economy. For
simplicity reasons, an AK technology is assumed, considering energy as
input for equipment production, i.e., physical capital production is rel-
atively more energy-intensive than consumption.

4.2.2 Equipment good sector

The equipment good sector produces physical capital by means of a
technology with two inputs. On the one hand, the equipment good sector

2In general, Y (t) = F [K(t), R(t)]. Examples:

Y (t) = [α1K(t)(σ−1)/σ + α2R(t)(σ−1)/σ]σ/(σ−1) CES,

Y (t) = K(t)α1R(t)α2 Cobb–Douglas.
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takes the fraction of final good devoted to equipment production, i.e.,
I(t). And on the other, the equipment production needs energy, R(t),
which is directly produced by the extraction sector. The technology
for equipment production is represented by the following Cobb-Douglas
function:

K(t) = [θ(t)R(t)]αI(t)1−α, with 0 < α < 0, (3)

where α is the share of non-renewable energy resource in equipment pro-
duction, and θ(t) denotes the embodied energy-saving technical progress.
In this chapter, technical progress is considered as exogenous variable.

At this point, two observations are needed. First, this model consid-
ers physical capital as an intermediate good (equipment good). Indeed,
it is assumed total depreciation of physical capital for each period. This
allows us to regard K(t) as a flow variable instead of a stock, getting an
AK configuration, which has no dynamical transition. However, Chap-
ter 5 (2006) eliminates this simplification assuming K(t) as a durable
good (stock variable). This entails technical difficulties3 and dynamical
transition. Nevertheless, both models essentially have the same behav-
ior along the BGP. Then, since the aim of this chapter is to study the
conditions under which technical progress can sustain long-run growth,
K(t) is considered here as a flow variable for simplicity reasons.

Second, equation (3) assumes substitutability between energy and
investment. However, there is a very well known debate about sub-
stitutability vs. complementarity. Indeed, if one considers the idea of
a minimum energy requirement to use a machine, the assumption of
complementarity should be chosen (see Chapter 2 and 3). Nevertheless,
taking the argument of Dasgupta and Heal (1979), if I(t) is interpreted
as final good service providing a certain (minimum) energy flow, one can
keep the substitutability assumption.

3Chapter 5 deals with an optimal control problem with mixed constraints and two

states variables: capital accumulation and stock of non-renewable resource. He pro-

vides a full analytical characterization of both short and long-run dynamics applying

the technique of Special Functions representation.
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4.2.3 Extraction sector

The energy is directly produced by extracting a non-renewable energy
resource R(t) from a given homogeneous stock S(t). As Dasgupta and
Heal (1974), and Hartwick (1989), it is assumed costless extraction4.
The evolution of this resource stock is described by the expression

R(t) = −Ṡ(t), where S(0) is given. (4)

Since one can not extract more than the available stock, the following
restriction should be included

S(t) ≥ 0. (5)

4.2.4 Central planner solution

The central planner (optimal solution) maximizes the instantaneous util-
ity function of the representative household:

maxW =
∫ ∞

0
ln[C(t)] exp(−ρt)dt,with ρ > 0,

subject to equations (1)-(5), where ρ is the time preference parameter
(it is assumed to be a positive discount factor).

4.3 Equilibrium

This section presents the central planner solution, providing a full an-
alytical characterization of the equilibrium of this economy. In the fol-
lowing, we solve the optimal control problem involved by this model.
Moreover, the corresponding dynamical system is analyzed, providing
the interpretation of the results.

4According to Dasgupta and Heal (1974), the extraction cost do not introduce any

great problem if one assumes any non-convexities. Indeed, one can easily introduce

extraction cost, EC(t), by modifying the budget constraint of the economy:

Y (t) = C(t) + I(t) + EC(R, S), where ∂EC/∂R > 0 and ∂EC/∂S ≤ 0.

70



4.3.1 Optimal control problem

We can easily rewrite the central planner problem as an optimal control
problem with mixed constraints:

max
∫ ∞

0
ln[A(t)θ(t)αR(t)αI(t)1−α − I(t)] exp(−ρt)dt

subject to:

Ṡ(t) = −R(t),

S(t) ≥ 0,

with 0 < α < 1, ρ > 0, and S(0) given,

where S(t) is the state variable, I(t) and R(t) are the control variables,
and A(t) and θ(t) are exogenous functions.

Following Sydsæter et al. (1999, pages 109-110), the Lagrangian
associated with this problem is

L(•) = ln[A(t)θ(t)αR(t)αI(t)1−α − I(t)] exp(−ρt)− λ(t)R(t) + q(t)S(t),

where λ(t) and q(t) are the Lagrangian multipliers. The corresponding
first order conditions (FOC) are:

∂L
∂R(t)

= 0;
∂L

∂I(t)
= 0;

∂L
∂S(t)

= −λ̇(t);

q(t) ≥ 0(= 0 if S(t) > 0);

lim
t→∞λ(t)S(t) = 0 (Transversality condition).

The FOC for R(t), I(t), and S(t), yield, respectively,

A(t)θ(t)αα 1
R(t)

(
R(t)
I(t)

)α

A(t)θ(t)α
(

R(t)
I(t)

)α
− 1

exp(−ρt) = λ(t) + q(t), (6)

R(t)
I(t)

= [A(t)θ(t)α(1− α)]−
1
α , (7)
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q(t) = −λ̇(t). (8)

Since the non-renewable energy resource is assumed to be essential input,
it is not optimal to completely deplete the stock S(t) in a finite t (see
Hartwick (1989)). Therefore, S(t) > 0 for all t, which implies that
q(t) = 0 for all t. Then, from equation (8), one concludes that the
shadow price of the non-renewable resource is constant for all t, i.e.,
λ(t) = λ.

Notice that, since λ(t) = λ for all t, the transversality condition im-
plies that the stock of non-renewable energy resource should be depleted
asymptotically, i.e.,

lim
t→∞S(t) = 0. (9)

4.3.2 Dynamical system

Taking the FOC, the equilibrium of this economy is characterized by the
following dynamical system:

Proposition 1. The optimal solution of this economy is a path

{R(t), I(t),K(t), Y (t), C(t), S(t)},

and a constant λ that satisfy the following conditions for all t:

1)

A(t)θ(t)αα 1
R(t)

(
R(t)
I(t)

)α

A(t)θ(t)α
(

R(t)
I(t)

)α
− 1

exp(−ρt) = λ; (10)

2) equations (1)-(4), (7) and (9);

where A(t) and θ(t) are exogenous functions.

Proposition 1 provides a dynamical system of 7 equations and 7
unknowns, which describes the equilibrium of this economy (optimal
solution) for all t. Notice that λ is the shadow price of the non-renewable
resource.
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4.3.3 Optimal solution

Solving the dynamical system of Proposition 1, one obtains the optimal
solution paths for {R(t), I(t),K(t), Y (t), C(t), S(t)}, and the constant
λ. Following Solow (1974a), it is assumed A(t) = A · exp(γat) and
θ(t) = θ · exp(γθt), where A > 0, θ > 0, γA ≥ 0, and γθ ≥ 0. Then,
Proposition 2 establishes the optimal solution of this economy:

Proposition 2. For a given S(0) > 0, ρ > 0, 0 < α < 1, A > 0,
θ > 0, γA ≥ 0, and γθ ≥ 0, the equilibrium of the economy in every time
t is given by

R(t) = ρS(0) exp(−ρt), (11)

S(t) = S(0) exp(−ρt), (12)

I(t) = ρS(0)θ[A(1− α)]
1
α exp

{(
1
α

γA + γθ − ρ

)
t

}
, (13)

K(t) = ρS(0)θ[A(1− α)]
1−α

α exp
{(

1− α

α
γA + γθ − ρ

)
t

}
, (14)

Y (t) = ρS(0)θA
1
α (1− α)

1−α
α exp

{(
1
α

γA + γθ − ρ

)
t

}
, (15)

C(t) = ρS(0)θ
α

1− α
[A(1− α)]

1
α exp

{(
1
α

γA + γθ − ρ

)
t

}
, (16)

and the shadow price of the stock of non-renewable resource is

λ(t) = λ =
1

ρS(0)
. (17)

Proof. The proof is provided in Appendix ¥

4.3.4 Interpretation of the results

As general comment, one can observe that this economy is always in
the BGP, which is defined as the situation where all the endogenous
variables grow at constant rate, i.e., x(t) = x · exp(γxt), where γx is the
growth rate of the variable x. Indeed, Proposition 2 implies that

γS = γR = −ρ, (18)
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γY = γC = γI =
1
α

γA + γθ − ρ, (19)

γK =
1− α

α
γA + γθ − ρ. (20)

The reason is the following. Section 4.2.2 points out the implications of
assuming physical capital as a flow variable (total depreciation). Indeed,
the assumption of physical capital as a non-durable good implies that
the economy described in this chapter has an AK representation. Then,
this economy is always in the BGP, without dynamical transition. Fur-
thermore, taking a similar set-up to this chapter, Chapter 5 proves that
the assumption of physical capital as a stock variable (durable good)
adds dynamical transition with essentially identical long-run behavior
as the economy with physical capital as flow variable5. Since this chap-
ter focuses on long-run growth, one can avoid some technical difficulties
assuming physical capital as a non-durable good.

Extraction sector

Equation (18) implies that both the stock of non-renewable energy re-
source S(t) and the extraction flow R(t) decrease at the same constant
rate. The explanation is the following. γS = γR because energy is di-
rectly produced by extracting R(t) from the stock S(t) (see equation
(4)). Moreover, the reason why both variables decrease at constant rate
is because energy is produced by means of a non-renewable energy re-
source. Then, since the non-renewable energy resource is assumed to be
essential input, the stock of the resource should be depleted asymptoti-
cally. The depletion rate is ρ, which is the time preference parameter of
the household. Indeed, the greater ρ, the less important the future for
the household. Then, if ρ rises, the non-renewable resource is depleted
faster, reducing the growth rates of the economy (see equations (19) and
(20)):

∂γi

∂ρ
< 0, for all i = Y, C, I,K, R, S. (21)

5As Chapter 5 observes, capital accumulation also implies that the growth rate of

the technical progress affects the levels of our endogenous variables.
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This effect is also reflected in the shadow price of the non-renewable
energy resource (see equation (17)). The greater ρ, the lower shadow
price of the resource. Then, the resource extraction increases6.

In addition, regarding to the levels, i.e., the initial values of the en-
dogenous variables, Proposition 2 implies that the greater ρ, the greater
the initial values, but with lower growth rates.

Final and equipment good sectors

From Proposition 2, one observes that technical progress (in particular,
energy-saving technical progress) is a key element to guarantee long-
run growth. Indeed, if there is no growth of technical progress, i.e.,
γA = γθ = 0, the economy decreases due to the negative effect of ρ (see
equations (19) and (20)). Furthermore, one can establish the conditions
for technical progress to preserve positive growth:

Proposition 3. γK > 0 if and only if (1− α)γA + αγθ > αρ;

γY (= γC = γI) > 0 if and only if γA + αγθ > αρ.

Notice that, according to this model, the growth rate of physical
capital γK is lower than the growth rate of output γY (= γC = γI).
Indeed, one can easily obtain that γK = γY − γA. This is because the
output incorporates the effect of the disembodied technical progress A(t)
(see equations (1) and (3))7. Then, the condition for positive growth of
all the endogenous variables of the model is presented in the following
proposition:

Proposition 4. γK > 0 and γY (= γC = γI) > 0 if and only if
(1− α)γA + αγθ > αρ.

Proposition 4 establishes that the growth rate of technical progress

6Notice that a higher endowment of non-renewable energy resource (S(0)) also

reduces the shadow price of the resource. Both ρ and S(0) increase the extraction

level. However, only ρ affects the depleting growth rate. This is because ρ represents

the time preference of the household.
7If γA = 0 then γK = γY (= γC = γI).
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should be high enough to maintain positive growth. Otherwise, the
economy decreases at constant rate, with all the endogenous variables
converging to zero asymptotically. Moreover, from equations (19) and
(20), it is clear that the higher the growth rate of technical progress, the
higher the long-run growth rates of the economy8.

A simple quantitative evaluation can be done by applying equations
(18)-(20) and the previous condition. Taking an explicit target of GDP
annual growth rate (γY ), one can determine the minimum annual growth
rate of energy-saving technical progress (γθ) compatible with that target.
The empirical literature widely accepts a value for the time preference
of household (ρ) of 3%, as well as an annual growth rate of disembodied
technical progress (γA) about 1%. According to this model, for a target
of γY = 2% (which is a common target for developed countries), the an-
nual depleting rate of the resource should be 3%, i.e., γS = γR = −3%.
Moreover, for given values of the share of energy resource in the pro-
duction of equipment goods (α), the second row of Table 1 provides the
compatible values of the annual growth rate of energy-saving technical
progress (γθ).

Table 1

α 0.25 0.5 0.75

γθ 1% 3% 3.7%
γY with γθ = 0 1% -1% -1.7%
γK with γθ = 0 0% -2% -2.7%

The values of the second row can be compared with empirical estimations
of γθ. Azomahou et al. (2004) estimates an annual growth rate of
energy-saving technical progress for the USA around 1.9%, and 0.9%
for France. According to this exercise, problems could arise if the share
of non-renewable energy resource in equipment production (α) is high.
Indeed, one can observe (see Table 1, second row) that the higher α the
higher growth rate of energy-saving technical progress (γθ) is required.
This effect can be illustrated by the following two figures.

8Notice that the levels of the endogenous variables are positively affected by the

levels of technical progress (see Proposition 2).
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Figure 1
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Figure 1 represents the set of pairs (γθ, γA) that yields the same
growth rate of physical capital9, i.e., level curves. In this model, the
level curves for the growth rate of physical capital are parallel straight
lines with negative slope −1−α

α , where the growth rate of physical capital
(γK) increases as one moves to the top right-hand corner of the figure. If
the share of non-renewable resources in equipment good production rises,
the absolute value of the slope decreases. Then, the level curves become
flatter (bold line). Hence, for a fixed growth rate of disembodied tech-
nical progress (γA), the growth rate of energy-saving technical progress
(γθ) should be higher in order to maintain a target of growth rate of
physical capital. The reason is unambiguous. The greater the share of
non-renewable resources in equipment good production, the greater re-
quired growth rate of energy-saving technical progress to ensure a target
of growth rate of physical capital. Figure 2 replicates the same logic as
Figure 1, but for the case of output growth rate. Indeed, the greater
the share of non-renewable resources in equipment good production, the
greater required growth rate of energy-saving technical progress to en-
sure a target of output growth rate.

Finally, Table 1 also illustrates how important is energy-saving tech-

9From equation (20), for a fixed value of γK , we can easily obtain the level curve

γθ = (γK + ρ)− 1−α
α

γA. Notice that γθ = ρ− 1−α
α

γA is the level curve corresponding

to γK = 0.
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nical progress to guarantee positive growth. Rows third and fourth pro-
vide, respectively, the growth rate of output and physical capital, when
there is no growth of energy-saving technical progress (i.e., γθ = 0), but
there is the disembodied one (γA = 1%). When α = 0.25, the growth
rate of output is 1%. However, there is no growth of physical capital
(γK = 0%). Moreover, as α increases, both the growth rate of output
and physical capital are negative. Nevertheless, as the second row il-
lustrates, the economy can maintain a growth rate target (in this case,
γY = 2%) opting for energy-saving technologies.

Energy efficiency

The previous section points out the role of technical progress to guar-
antee long-run growth. The mechanism behind that is energy efficiency:
technical progress allows for a BGP with positive growth because it re-
duces energy intensity. Let us define energy intensity as the quantity of
energy per unit of output, i.e., the ratio R(t)/Y (t) 10. Taking equations
(12) and (15), one easily obtains the following proposition:

Proposition 5. For a given ρ > 0, 0 < α < 1, A > 0, θ > 0,
γA ≥ 0, and γθ ≥ 0, the energy intensity of the economy in every time t

is given by:

R(t)
Y (t)

=
1

θA
1
α (1− α)

1−α
α

exp
{
−

(
1
α

γA + γθ

)
t

}
. (22)

From this proposition, we can conclude that the energy intensity
decreases at the constant rate11

γR(t)
Y (t)

= −
(

1
α

γA + γθ

)
. (23)

10There are two alternative definitions of energy intensity: R(t)
K(t)

and R(t)
I(t)

.
11Notice that, following the alternative definitions, energy intensity decreases at

constant rate too. Indeed,

γ R(t)
K(t)

= − � 1−α
α

γA + γθ

�
; γ R(t)

I(t)
= − � 1

α
γA + γθ

�
.
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Then, technical progress decreases energy intensity, which is consistent
with empirical works, such as Azomahou et al. (2004). Indeed, the
greater the growth rate of technical progress, the lower the growth rate
of energy intensity. Furthermore, if technical progress does not grow,
the energy intensity is constant and the economy does not overcome the
growth limit problem of non-renewable energy resources (indeed, in this
case, output decreases at the rate ρ).

4.4 Concluding remarks

This chapter studied the possibilities of technical progress to deal with
the growth limit problem imposed by the usage of non-renewable energy
resources, when physical capital production is relatively more energy-
intensive than consumption. In order to illustrate the problem, we
considered a general equilibrium model with three sectors: final good,
equipment good, and extraction sector. In this model, the equipment
good sector produces physical capital by means of a technology defined
over two inputs: energy and investment, where the energy is directly
obtained from a given stock of a non-renewable energy resource. This
work presented the conditions under which technical progress (in par-
ticular, energy-saving technical progress) guarantees positive long-run
growth. Indeed, Proposition 4 established that the growth rate of tech-
nical progress should be high enough to maintain a positive growth of all
the endogenous variables. Otherwise, the economy decreases at constant
rate, with all the endogenous variables converging to zero asymptotically.
The mechanism behind that was energy efficiency (Proposition 5): tech-
nical progress reduces energy intensity, allowing for a BGP with positive
growth. The optimal solution (central planner solution) was considered.
However, one can easily obtain the same results for the decentralized
economy, which is a typical outcome when no externality is considered
in the economy.

This chapter entails several limitations. The main one is pointed
out in Section 4.2.2. This model considers physical capital as a non-
durable good, i.e., flow variable. However, physical capital is usually
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considered as a durable good, i.e., stock variable. The assumption of
physical capital as a flow variable allow us to deal with an optimal con-
trol problem with only one state variable (the stock of non-renewable
energy resources) instead of two state variables (the previous one, and
the stock of physical capital). Indeed, this model has AK representation,
which has no dynamical transition (see Proposition 2). The simplifica-
tion of physical capital as a flow variable is equivalent to consider phys-
ical capital as a stock variable, with total depreciation for each period.
However, this is not a very realistic assumption because one important
characteristic of physical capital is its partial depreciation, i.e., physical
capital is a durable good. Then, one should examine the consistency of
the results presented in this chapter considering energy as an input for
physical capital accumulation, i.e., physical capital as a stock variable.
As Section 4.2.2 also observes, this kind of analysis is done in Chapter
5, where physical capital is a durable good. This chapter entails techni-
cal difficulties and dynamical transition. However, the behavior of this
model along the BGP is essentially identical to our model with physical
capital as a non-durable good. If one focuses on the behavior along the
BGP, the simplification of physical capital as a non-durable good pro-
vides a simpler set-up, without dynamical transition.

Two possible extensions of the model could be done. First, the quan-
titative evaluation presented in Section 4.3.4 points out the convenience
for an accurate estimate of the share of energy resources in the equipment
good sector (α). As Table 1 notices, the share of energy resources in the
equipment good production has important role to determine the growth
rate of technical progress to guarantee a target of long-run growth. Since
the standard literature on non-renewable energy resources assumes the
same technology for both physical capital production and consumption,
there are only estimations of this share for final good production. Fi-
nally, as second extension, one should observe that technical progress is
assumed to be exogenous variable. However, technical progress (in par-
ticular energy-saving technical progress) is a variable decided endoge-
nously by the economy. Due to the tractability of the set-up considered
in this chapter, one can incorporate endogenous technical progress by
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adding a R&D sector for the energy-saving technical progress. Following
Aghion and Howitt (1992) and Grossman and Helpman (1991a,b), one
can model energy-saving technical progress with improvements in the
“quality” of investment goods. Doing that, one can study the capacity
of different policies (such as fossil fuel taxes or R&D subsidies) to in-
duce greater investment in energy-saving technologies, and their effects
on the short and long-run growth of the economy.

Appendix

The strategy to solve the dynamical system of Proposition 1 is the fol-
lowing:

Step 1: Replacing equation (7) into equation (10), it yields R(t).

Step 2: Replacing R(t) into equation (4), S(t) is obtained by solving a
linear first-order differential equation.

Step 3: Knowing S(t), the shadow price of the non-renewable resource λ

is determined by equation (9).

Step 4: Taking R(t) into equation (7), one obtains I(t).

Step 5: Applying R(t) and I(t) into equation (3), K(t) is determined.

Step 4: Taking K(t) into the final good technology (equation (1)), the
output Y (t) is easily obtained.

Step 6: Since Y (t) and I(t) have been determined, one gets C(t) from the
budget constraint of the economy (equation (2)).

In the following, we apply the previous strategy to calculate the equi-
librium.

Step 1 yields

R(t) =
1
λ

exp(−ρt). (A.1)

The linear first-order differential equation involved in Step 2 is

R(t) = −Ṡ(t), where S(0) is given.
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The solution of this equation is given by the following expression:

S(t) = S(0)−
∫ t

0
R(τ)dτ.

Solving the integral, one easily obtains

S(t) = S(0) +
1
λ

1
ρ
[exp(−ρt)− 1]. (A.2)

Taking the preceding expression for S(t) into the equation (9), it yields
equation (17) of Proposition 2

λ =
1

ρS(0)
.

Replacing equation (17) into equations (A.1) and (A.2), one gets, re-
spectively, the equations (11) and (12) of Proposition 2. Following Step
4 - 6, one can easily complete the proof ¥

82



Chapter 5

Capital accumulation and

non-renewable energy

resources: a Special

Functions case

(Pérez-Barahona, 2007b. Capital accumulation and non-renewable energy re-

sources: a Special Functions case. CORE Discussion Papers. 2007/9)

5.1 Introduction

A central problem in resources economics is the production of energy by
means of non-renewable energy resources, such as fossil fuels. Indeed,
authors as Dasgupta and Heal (1974), Hartwick (1989), and Smulders
and Nooij (2003) point out that the usage of non-renewable energy re-
sources implies a limit to the economic growth of modern economies.

The standard literature on non-renewable energy resources (see for
instance, Dasgupta and Heal (1974, 1979), Solow (1974a,b), and Stiglitz
(1974)) gives central position to physical capital accumulation to offset
the constraint on production possibilities due to non-renewable energy
resources. Indeed, as Stigliz (1974) and Dasgupta and Heal (1979) claim,
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physical capital accumulation can compensate the negative effect of non-
renewable energy resources on economic growth, even without technical
progress (the economy can achieve, at least, steady state). However,
this literature assumes the same technology for both physical capital
accumulation and consumption. Nevertheless, since physical capital is a
crucial element to solve the problem imposed by non-renewable energy
resources, the assumptions on the technology for physical capital accu-
mulation play an important role too. Indeed, the assumption of same
technology for both physical capital accumulation and consumption im-
plies (among other things) that the energy intensity of both sectors is
the same. However, data does not to support this implication. There
are not available data to construct an energy-intensity measurement of
the theoretical physical capital and consumption sectors considered in
this kind of literature. However, we can use databases at sector level as
proxy for our energy-intensity data. Physical capital accumulation, i.e.,
equipment good production, usually involves the transformation of raw
material such as iron, steel, non-ferrous metals or non-metallic minerals.
Moreover, transport and storage also plays important role on these kinds
of activities. However, consumption good sectors are more related with
other activities, such as food, clothes or construction. Azomahou et al.
(2006), taking the Structural Analysis Database of the OECD and the
energy databases of the IEA, build an energy intensity measurement
(ratio between energy consumption and value added) of 14 sectors of
the economy. They find that this ratio (mean) is particularly high for
iron and steel (0.809) and transport and storage (0.85). Moreover, non-
ferrous metals (0.599) and non-metallic minerals (0.507) also present
considerably high energy intensity. However, the activities more related
with consumption goods present lower energy intensity. Indeed, food
and tobacco accounts for an energy intensity of 0.134. Furthermore, the
energy intensity of textile and leather (0.082) and construction (0.018) is
lower. Then, we can conclude that data seems to support that physical
capital accumulation is more energy-intensive than consumption.

In this chapter, we study the implications of assuming different tech-
nologies for physical capital accumulation and consumption. More pre-
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cisely, we assume that physical capital accumulation is relatively more
energy-intensive than consumption. We use a general equilibrium model
with three sectors (non-durable good, physical capital and extraction
sector), based on Dasgupta and Heal (1974), Hartwick (1989) and Chap-
ter 4. We point out four main contributions of this chapter. First, in
contrast with the previously presented claim of Stiglitz (1974) and Das-
gupta and Heal (1979), technical progress plays a crucial role to sustain
long-run growth in this chapter. Indeed, Chapter 4, assuming that phys-
ical capital accumulation is more energy-intensive than consumption,
and total capital depreciation (i.e., physical capital as a flow variable),
shows that the economy decreases at constant rate (with all the endoge-
nous variables converging to zero asymptotically) if there is no growth
of technical progress. Moreover, considering physical capital as a stock
variable, Chapter 5 shows that neither balanced growth path (BGP) nor
steady state equilibrium do not exist if there is no growth of technical
progress.

The second contribution of this chapter is mainly methodological.
This model entails some technical difficulties. In particular, we have
to deal with an optimal control problem with mixed constraints and
two states variables: capital accumulation and non-renewable energy
resource stock. Moreover, the capital accumulation law is a non-linear
function with respect to investment. However, we provide a close-form
solution of the optimal solution paths of our variables in levels for every
time t by applying the technique of Special Functions representation.
This is very well known method in the field of mathematical physics to
describe the behavior of dynamical systems. This tool provides a full an-
alytical characterization of both short and long-run dynamics, without
using qualitative techniques, such as phase diagrams. In this chapter,
we use a family of Special Functions called Gauss Hypergeometric func-
tions (see Boucekkine and Ruiz-Tamarit (2007) for an application to the
Lucas-Uzawa model).

Applying the previously presented technique of Special Functions
representation, we provide the necessary and sufficient conditions for
existence and uniqueness of BGP, which is the third contribution of this
chapter. Moreover, we prove that the economy asymptotically converges
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to the BGP. This result contrast with Chapter 4, where the economy
does not present dynamical transition. The reason is that Chapter 4
assumes physical capital as a flow variable. Here, we eliminate that
simplification considering physical capital as a durable good.

Finally, since the Special Functions representation provides a close-
form solution of the optimal solution paths of our variables in levels,
the fourth contribution of this chapter is that we can explicitly study
the monotonicity properties of the optimal trajectories in levels, which
is typically unallowed in standard approaches. We obtained that the
assumption of physical capital as relatively more energy-intensive sector
than consumption, and the technical progress (in particular, energy-
saving technical progress), introduce new results of non-monotonicity
of the optimal trajectories in levels, which contrast with Dasgupta and
Heal (1974)’s results about the monotonicity of consumption and ex-
traction of non-renewable energy resources.

In this chapter, we give special attention to energy-saving technolo-
gies. The idea behind energy-saving technical progress is energy effi-
ciency, which is define as the inverse of the energy intensity (quantity of
energy per unit of output). The importance of this kind of technologies is
pointed out in Boucekkine and Pommeret (2004). The interest for energy
efficiency is shared by developed countries, such as the EU, regarding to
the Environment and Energy Policy. In particular, the European Com-
mission, through the Green Paper “Doing more with less” (EU (2005)),
opened the debate about the opportunities of energy-efficiency savings
in the EU. Indeed, according to EU (2005), the European Union (EU)
could save at least 20% of its present energy consumption improving
energy-efficiency.

The chapter is organized as follows. Section 5.2 describes our econ-
omy, providing the dynamical system corresponding to the optimal so-
lution. In Section 5.3, we study the BGP equilibrium. Section 5.4 solves
the dynamical system presented in Section 5.2 using Gauss Hypergeo-
metric functions. In Section 5.5, we provide the analytical expressions of
the optimal solution paths. Section 5.6 studies the monotonicity prop-
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erties of the optimal trajectories in levels. Finally, some concluding
remarks are considered in Section 5.7.

5.2 The model

Let us consider a three sector economy with exhaustible energy re-
sources, where the population is constant1, based on Dasgupta and Heal
(1974), Hartwick (1989) and Chapter 4. The final good sector only pro-
duces a non-durable good, which can be assigned to consumption or in-
vestment. The final good is produced by means of AK technology, where
the physical capital (durable good) is the only input. The durable good
sector accumulates physical capital by means of a technology defined
over two inputs: investment and energy. Finally, the extraction sector
directly produces energy by extracting non-renewable energy resources
from a given stock.

5.2.1 Final good sector

The final good sector produces a non-durable good Y (t) by means of the
following AK technology:

Y (t) = A(t)K(t), (1)

where A(t) is the disembodied technical progress (or scale parameter),
and K(t) represents the physical capital, which is the only input to
produce the final good. Here, we consider AK technology because it is
the simplest set-up2. Final good is used either to consume, C(t), or to
invest in physical capital, I(t), verifying the budget constraint of the
economy:

Y (t) = C(t) + I(t). (2)

The standard literature on non-renewable energy resources (see for in-
stance Dasgupta and Heal (1974, 1979), Stiglitz (1974), Solow (1974),

1As Chapter 4 observes, Stigliz (1974) studies an economy with non-renewable

resources and exponential growing labor force.
2Nevertheless, one could include more inputs such as energy (for final good pro-

duction), or labor.
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Hartwick (1989), or Smulders and Nooij (2003)) assumes the same tech-
nology for physical capital accumulation, K̇(t), and consumption3. How-
ever, as we will see in Section 5.2.2, this chapter assumes that physi-
cal capital accumulation is a function of investment and non-renewable
energy resources, R(t), (i.e., K̇(t) = g[I(t), R(t)]). This implies that
physical capital accumulation is relatively more energy-intensive than
consumption.

5.2.2 Durable good sector

The durable good sector accumulates physical capital, K̇(t), by using
two inputs. On the one hand, the durable good sector takes the fraction
of final good devoted to investment. And on the other, this sector uses
the energy, R(t), produced by the extraction sector. The technology
for physical capital accumulation is represented by the following Cobb-
Douglas function:

K̇(t) = [θ(t)R(t)]αI(t)1−α, with 0 < α < 0, (3)

where θ(t) denotes the embodied energy-saving technical progress, and
K(0) is given. In this chapter, technical progress is considered as an
exogenous variable.

Two observations should be made at this point. First, notice that we
assume substitutability between energy and investment. Indeed, there is
a very well known debate about substitutability vs. complementarity. If
one considers the idea of minimum energy requiring to use a machine, the
assumption of complementarity should be chosen. However, following
the argument of Dasgupta (1979), one can assume substitutability if
I(t) is interpreted as final good service. Following that, we assume that
the provision of a flow of final good I(t) implies the provision of a certain
energy flow.

As second observation, one can notice that the main different be-
tween Chapter 4 and our model is that Chapter 4 considers physical
capital as a flow variable instead of a stock. As it is pointed out in that

3They consider Y (t) = F [K(t), R(t)], where Y (t) = C(t) + I(t) and K̇(t) = I(t).
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chapter, this is a simplification which assumes total capital deprecia-
tion for each period. However, our model eliminates that simplification,
considering physical capital as a stock variable. The main consequence
of our assumption is the following. The model of Chapter 4 has not
dynamical transition, i.e., the economy is always in the BGP. However,
as we will prove later, considering physical capital as a stock generates
dynamical transition towards the BGP. Moreover, despite of having the
same long-run growth rate as Chapter 4, our BGP levels are different
because they are affected by the growth rates of technical progress.

5.2.3 Extraction sector

Energy is directly produced by extracting non-renewable energy re-
sources, R(t), from a given homogeneous stock S(t). As Dasgupta and
Heal (1974), and Hartwick (1989), we assume costless extraction4. The
law of motion of the stock of non-renewable energy resources is described
by the expression

R(t) = −Ṡ(t), where S(0) is given. (4)

Since one can not extract more than the available stock, the following
restriction should be included

S(t) ≥ 0. (5)

5.2.4 Optimal solution

The central planner (optimal solution) maximizes the instantaneous util-
ity function of the representative household:

maxW =
∫ ∞

0
ln[C(t)] exp(−ρt)dt, with ρ > 0,

4Dasgupta and Heal (1974): “Extraction cost do not appear to introduce any

great problem, provided that we assume any non-convexities”. Indeed, one can easily

introduce extraction cost EC(t) by modifying the budget constraint of the economy:

Y (t) = C(t) + I(t) + EC(R, S), where ∂EC/∂R > 0 and ∂EC/∂S ≤ 0.
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subject to the equations (1)-(5), where ρ is the time preference parameter
(it is assumed to be a positive discount factor).

One can easily rewrite the problem as optimal control problem with
mixed constraints:

max
∫ ∞

0
ln[A(t)K(t)− I(t)] exp(−ρt)dt, with ρ > 0

subject to:

K̇(t) = [θ(t)R(t)]αI(t)1−α, with 0 < α < 0,

R(t) = −Ṡ(t),

S(t) ≥ 0,

with K(0) and S(0) given,

where K(t) and S(t) are the state variables, and I(t) and R(t) are the
control variables. Following Sydsæter et al. (1999), the sufficient con-
dition for this problem is a dynamical system described by the next
proposition:

Proposition 1. Given the initial conditions K(0) and S(0), the
optimal solution of the optimal control problem described above is a path
{C(t), R(t), I(t), S(t),K(t)} that satisfies the following conditions:

K̇(t) = θ(t)αR(t)αI(t)1−α, (6)

Ċ(t)
C(t)

= (1− α)A(t)θ(t)α

(
R(t)
I(t)

)α

− α

(
θ̇(t)
θ(t)

− İ(t)
I(t)

+
Ṙ(t)
R(t)

)
− ρ, (7)

(1− α)A(t)θ(t)α

(
R(t)
I(t)

)α

= α
θ̇(t)
θ(t)

+ (1− α)

(
İ(t)
I(t)

− Ṙ(t)
R(t)

)
, (8)

A(t)K(t) = C(t) + I(t), (9)

Ṡ(t) = −R(t). (10)

The proof is provided in Appendix A ¥
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This system has five equations and five unknowns 5. Equation (6)
is the accumulation law of physical capital. Notice that, in this model,
energy is an input to accumulate physical capital. If one denotes K̇(t) =
g[θ(t), I(t), R(t)], for a general utility function U [C(t)], equation (7)
could be rewritten as

UccĊ

Uc
− ρ =

ġI

gI
−AgI .

This is the Ramsey optimal savings relation. Similarly, equation (8) is
equivalent to the following expression:

A(t)gI =
ġR

gR
,

which is the efficient condition for using up the non-renewable resource,
i.e., a variant of the Hotelling rule. Finally, equation (9) is the budget
constraint of the economy, and equation (10) is the law of motion of the
stock of non-renewable energy resources.

5.3 Balanced growth path equilibrium

Let us define balanced growth path equilibrium (BGP) as the situation
where all the endogenous variables grow at constant rate, i.e., x(t) =
x exp(γxt). Following Solow (1974a), we assume that A(t) = A exp(γAt)
and θ(t) = θ exp(γθt) for all t, where A, θ, γA, γθ are strictly positive
and exogenous parameters. Indeed, we will prove later that both kind
of (exogenous) technical progress should grow at a high enough rate in
order to have BGP with positive growth rates.

5Indeed, there are two more equations: one transversality condition (TC) for each

state variable:

lim
t→∞

ψ(t)K(t) = 0 and lim
t→∞

λ(t)S(t) = 0,

where ψ(t) and λ(t) are the corresponding lagrangian multipliers. We will use these

two TC conditions in order to obtain the two constants involved in the calculation

of the endogenous variables of the dynamical system. Actually, one could write a

system of seven equations (the five previous equations and these two TC) and seven

unknowns (the preceding unknowns and the two constants related with the state

variables).
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The following proposition summarizes the growth rates of the en-
dogenous variables of our model, along the BGP (necessary condition):

Proposition 2. Along the BGP, Y (t), C(t), and I(t) grow at rate

γY = γC = γI = γθ +
1
α

γA − ρ,

the growth rate of the stock of physical capital is

γK = γθ +
1− α

α
γA − ρ,

and extraction, R(t), and stock of non-renewable energy resources, S(t),
grow at rate

γR = γS = −ρ.

The proof is provided in Appendix B ¥

Parameter ρ is the (positive) discount rate, which represents the
degree of impatience of the household. Indeed, the greater ρ the more
impatient the household. Then, household prefer a higher level of present
consumption than to postpone it. As one can observe from the previous
proposition, the greater ρ the greater decreasing rate of the stock of non-
renewable energy resources. This is because, since household does not
want to postpone consumption, he prefers to extract a higher amount
of energy resource in order to have greater present consumption.

Furthermore, since the stock of non-renewable energy resources is
lower, this reduces the long-run growth rates of the economy for a
given growth rate of technical progress. However, this negative ef-
fect of impatience could be compensated by greater growth rates of
both disembodied technical progress (γA) and energy-saving technical
progress (γθ). Indeed, from Proposition 2, if (1 − α)γA + αγθ > αρ,
then γY (= γC = γI) > 0 and γK > 0 (if BGP exists). The reason is
that technical progress (in particular, energy-saving technical progress)
reduces the energy intensity of the economy (i.e., increases energy effi-
ciency). If one defines energy intensity as the ratio R(t)/Y (t), it is easy
to prove that, in our model, the growth rate of energy intensity along
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the BGP is6

γR/Y = −
(

γθ +
1
α

γA

)
,

which is negative for γA > 0 and γθ > 0. This is consistent with empirical
works, such as Azomatou et al. (2004).

However, the following observation should be done regarding to the
cases less or equal. If (1− α)γA + αγθ = αρ, then γY (= γC = γI) = γA

and γK = 0. An interesting example of this case is γA = 0 and γθ = ρ,
which implies (see Proposition 2) γY (= γC = γI) = 0 and γK = 0,
i.e., steady state equilibrium7. This result contrasts with Dasgupta and
Heal (1974). As we observe in the Introduction, these authors achieve
steady state equilibrium without technical progress. In our case, where
physical capital accumulation is relatively more energy-intensive than
consumption, we need technical progress (in particular, energy-saving
technical progress) to reach, at least, steady state equilibrium. Indeed,
let us consider the case (1−α)γA + αγθ < αρ. If γA > 0 and/or γθ > 0,
then γK < 0. However, this is not possible because we do not consider
physical capital depreciation. A particular example of our last case is
γA = γθ = 0. Rewriting the dynamical system (6)-(10), one can easily
obtain that, along the BGP (if it exists), all variables decrease at the
constant rate ρ. However, as for the previous case, it is not possible
that the stock of physical capital decreases because we do not consider
physical capital depretation. Then, BGP (neither steady state) does not
exist if there is no growth of technical progress.

5.4 Analytical solution using Gauss Hypergeo-

metric Functions

In Section 4, we will fully characterize the dynamics of our economy. As
we explain in Section 1, the equilibrium of our economy is described by

6Notice that we can consider two alternatives definitions of energy intensity,

R(t)/K(t) or R(t)/I(t). For these definitions, the corresponding BGP growth rates

are γR/K = − �γθ + 1−α
α

γA

�
and γR/I = − �γθ + 1

α
γA

�
.

7As one will verify later, our analysis is also valid for γA = 0 or γθ = 0 (we do

not consider negative growth rates of technical progress). The case γA = γθ = 0 is

discussed at the end of this paragraph.
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the dynamical system (6)-(10). Here, we will use a new technique in eco-
nomics called Special Functions8. This is a very well known technique
in the field of mathematical physics. The tool of Special Functions pro-
vides us a full analytical characterization of the dynamics of our system,
without using qualitative techniques such as phase diagrams. However,
this methodology has not been sufficiently explored in economic theory
and, in particular, in growth models9.

Since we are interested in the dynamics towards the BGP, it is useful
to detrend our dynamical system10. Let us define the following change of
variable x̃(t) = x(t)/exp(γxt). Then, the transformed (detrended) vari-
ables will be constant along the BGP (if it exists). Applying this change
of variable, one obtains the following detrended dynamical system with
five equations and five unknowns (K̃, C̃, R̃, Ĩ, S):

˙̃K(t) +
(

γθ +
1− α

α
γA − ρ

)
K̃(t) = θ

α
R̃(t)

α
Ĩ(t)

1−α
, (11)

˙̃C(t)
C̃(t)

= (1−α)Aθ
α

(
R̃(t)
Ĩ(t)

)α

−α

( ˙̃R(t)
R̃(t)

−
˙̃I(t)
Ĩ(t)

)
−γθ− 1− α

α
γA, (12)

(1− α)Aθ
α

(
R̃(t)
Ĩ(t)

)α

= (1− α)

( ˙̃I(t)
Ĩ(t)

−
˙̃R(t)
R̃(t)

)
+ γθ +

1− α

α
γA, (13)

C̃(t) + Ĩ(t) = AK̃(t), (14)

Ṡ(t) = R̃(t) exp(−ρt). (15)

Achieving the analytical solution of this dynamical system, one fully
characterizes the dynamics of the economy described by in this chapter.
Moreover, if there is BGP, the variables involved in this (detrended)
dynamical system will be constant along the BGP. Furthermore, since
γA and γθ are exogenous parameters, one can easily recovers the original
variables by retrieving the change of variable.

8See Abramowitz and Stegun (1970).
9See Boucekkine and Ruiz-Tamarit (2007) for an application to the Lucas-Uzawa

model.
10Notice that this is not a compulsory step to apply Special Functions. However,

eliminating the long-run trends allows us to have less messy expressions.
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In order to obtain the analytical solution of the dynamical system
(11)-(15), we will apply the following strategy:

Step 1. Let us define the ratio X(t) = R̃(t)

Ĩ(t)
.

Step 2. One can easily observes that equation (13) is a Bernoulli’s
equation (see Section 5.4.2). Then, we can obtain the analytical solution
for the ratio X(t).

Step 3. Taking X(t) into equation (12), one obtains a linear first-
order differential equation. Solving this differential equation, the ana-
lytical expression for C̃(t) is straightforward.

Step 4. Rewriting equation (11), one gets

˙̃K(t) +
(

γθ +
1− α

α
γA − r

)
K̃(t) = θ

α
X(t)α[AK̃(t)− C̃(t)].

Since we have the analytical solution for C̃(t) (Step 3), the previous
expression is a linear first-order differential equation. By solving it, one
gets the analytical solution for K̃(t). Notice that, this step will involve
the application of Special Functions. In particular, we will use a family
of Special Functions called Gauss Hypergeometric functions. Later, we
will provide a briefly introduction to these fuctions.

Step 5. From equation (14),

Ĩ(t) = AK̃(t)− C̃(t).

Since we know both C̃(t) (Step 3) and K̃(t) (Step 4), the previous ex-
pression gives us the analytical solution for Ĩ(t).

Step 6. Since we know Ĩ(t) and X(t), one can easly gets R̃(t).

Step 7. Finally, from equation (15), S(t) is obtained by solving a
linear first-order differential equation.

5.4.1 Step 1.

Let us define the ratio X(t) = R̃(t)

Ĩ(t)
. Taking logs and differentiating with

respect to t, one gets

Ẋ(t)
X(t)

=
˙̃R(t)
R̃(t)

−
˙̃I(t)
Ĩ(t)

. (16)
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5.4.2 Step 2.

Applying equation (16) into equation (13), one finds

Ẋ(t) =
γθ + 1−α

α γA

1− α
X(t) + Aθ

α
X(t)1+α. (17)

One can observe that equation (17) is a Bernoulli’s equation. Following
Sydsæter et al. (1999), a Bernoulli’s equation is defined as

ẋ(t) = q(t)x(t) + r(t)x(t)n,

which has the following solution:

x(t) = exp
(

p(t)
1− n

)(
ϕ + (1− n)

∫
r(t) exp(−p(t))dt

) 1
1−n

,

where p(t) = (1− n)
∫

q(t)dt, ϕ is a constant, and n 6= 1.
Then, the solution of the Bernouilli’s equation (17) is

X(t) = exp
(

1
α

Zt

) (
ϕ +

αAθ
α

Z
exp(Zt)

)− 1
α

, (18)

where Z = α
1−α

(
γθ + 1−α

α γA

)
, and ϕ is a constant which should be

calculated.

5.4.3 Step 3.

Applying equations (16) and (18) into equation (12), one finds that

˙̃C(t)
C̃(t)

=
Aθ

α exp(Zt)
ϕ + αAθ

α exp(Zt)
− Z

α
, (19)

which is a linear first-order differential equation.
A linear first-order differential equation is defined as

ẋ(t) + a(t)x(t) = b(t),

whose solution is given by the expression (Sydsæter et al. (1999))

x(t) = x(0) exp
(
−

∫ t

0
a(ξ)dξ

)
+

∫ t

0
b(τ) exp

(
−

∫ t

τ
a(ξ)dξ

)
dτ.
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Applying this result into equation (19), we find that

C̃(t) =

C̃(0) exp
[

1
α

(
ln(ϕZ + αAθ

α
exp(Zt))− ln(ϕZ + αAθ

α
)− Zt

)]
, (20)

where C̃(0)(= C(0)) is the initial condition for consumption, which
should be determined.

5.4.4 Step 4.

Rewriting equation (11), one gets

˙̃K(t) +
(

1− α

α
Z − ρ−Aθ

α
X(t)α

)
K̃(t) = −θ

α
X(t)αC̃(t) (21)

Since from the previous steps we know the analytical solution for X(t)
(equation (18)) and C̃(t) (equation (20)), K̃(t) is the solution of the
linear first-order differential equation (21).

Applying the previous result about the solution of a linear first-order
differential equation, from equation (21) one finds that

K̃(t) = exp
[
− 1

α
ln(ϕZ + αAθ

α
)
]

·exp
{

1
α

[
ln(ϕZ + αAθ

α
exp(Zt))− ((1− α)Z − αρ)t

]}

·


K(0) +

Z

Z + ρ

C̃(0)
αA


 2F1

(
− ϕZ

αAθ
α

exp(Zt)

)

exp((Z + ρ)t)
− 2F1

(
− ϕZ

αAθ
α

)




 , (22)

where

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
= 2F1

(
1,

Z + ρ

Z
, 1 +

Z + ρ

Z
;− ϕZ

αAθ
α

exp(Zt)

)
,

2F1

(
− ϕZ

αAθ
α

)
= 2F1

(
1,

Z + ρ

Z
, 1 +

Z + ρ

Z
;− ϕZ

αAθ
α

)
,

and K(0)(= K̃(0)) is the (given) initial condition for capital.
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As one can observe, equation (22) involves Special Functions (2F1).
In this chapter, we use a family of Special Functions called Gauss Hy-
pergeometric functions11, which are defined as

pFq(a; b; z) =
∞∑

n=0

(a1)n × (a2)n × . . . (ap)n

(b1)n × (b2)n × . . . (bq)n

zn

n!
,

where a = (a1, a2, . . . , ap), b = (b1, b2, . . . , bq), and (x)n is the Pochham-
mer symbol, defined by:

(x)n =
Γ(x + n)

Γ(x)
,

where Γ(x) is the Gamma function.
The proof of equation (22) is provided in Appendix C ¥

5.4.5 Step 5.

Since we have the solution of C̃(t) (equation (20)) and K̃(t) (equation
(22)), from equation (14) one finds that

Ĩ(t) = exp
{

1
α

[
ln(ϕZ + αAθ

α exp(zt))− ln(ϕZ + αAθ
α)− Zt

]}

·
{

A exp((Z + ρ)t)ζ(t)− C̃(0)
}

, (23)

where
ζ(t) =

K(0)+
Z

Z + ρ

C̃(0)
αA

[
1

exp((Z + ρ)t)2F1

(
− ϕZ

αAθ
α
exp(Zt)

)
− 2F1

(
− ϕZ

αAθ
α

)]
.

5.4.6 Step 6.

Since X(t) is defined as X(t) = R̃(t)/Ĩ(t), taking the solution of X(t)
(equation (18)) and Ĩ(t) (equation (23)), one finds the solution for the
energy flow R̃(t):

R̃(t) = exp
[
− 1

α
ln(ϕZ + αAθ

α)
]

Z
1
α exp

(
1
α

Zt

)

·
{

A exp
{(

1− α

α
Z − ρ

)
t

}
ζ(t)− C̃(0) exp

(
− 1

α
Zt

)}
. (24)

11See Boucekkine and Ruiz-Tamarit (2007) for a quick overview of Gauss Hyper-

geometric functions.
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5.4.7 Step 7.

Since we have the solution for R̃(t) (equation (24)), one can find the
solution for the stock of non-renewable energy resources, S(t), by solving
equation (15), which is a Linear first-order differential equation. The
solution of this equation is

S(t) = S(0) +
∫ t

0
R̃(τ) exp(−ρτ)dτ, (25)

where S(0) is given. The corresponding integral is equal to
∫ t

0
R̃(τ) exp(−ρτ)dτ = [1] + [2] + [3] + [4],

where

[1] =
(ϕZ + αAθ

α
)−

1
α Z

1
α AK(0)

2( 1
αZ − ρ)− Z

{
exp

[(
2

(
1
α

Z − ρ

)
− Z

)
t

]
− 1

}
,

[2] = A2
1

Z + Ω
Z

Z + ρ

·
[

3F2

(
a; b;− ϕZ

αAθ
α

)
− exp

(
−(Z + Ω)

Z + ρ

Z
t

)
3F2

(
a; b;− ϕZ

αAθ
α

exp(Zt)

)]
,

[3] = −A2

2F1

(
− ϕZ

αAθ
α

)

2( 1
αZ − ρ)− Z

{
exp

[(
2

(
1
α

Z − ρ

)
− Z

)
t

]
− 1

}
,

[4] =
(ϕZ + αAθ

α
)−

1
α Z

1
α C(0)

ρ
(exp(−ρt)− 1) ,

with

A2 = (ϕZ + αAθ
α
)−

1
α

Z
1+α

α

Z + ρ

C(0)
α

,

Ω =
(

2ρ− 2− α

α
Z

)(
Z

Z + ρ

)
,

a =
(

1,
Z + ρ

Z
,
Z + ρ

Z

Z + Ω
Z

)
,

b =
(

1 +
Z + ρ

Z
, 1 +

Z + ρ

Z

Z + Ω
Z

)
,

and ∣∣∣∣−
ϕZ

αAθ
α

∣∣∣∣ < 1.

The proof is provided in Appendix D ¥
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5.4.8 Computation of the constants ϕ and C(0)

Equations (20), and (22)-(25) are the analytical solutions for, respec-
tively, C̃(t), K̃(t), Ĩ(t), R̃(t), and S(t). However, we still need to deter-
mine the value of the constants ϕ and C(0)(=C̃(0)), in order to finish
the calculations. To do this, we use the two transversality conditions
(TC) involved by the states variables of our model:

lim
t→∞ψ(t)K(t) = 0, (26)

lim
t→∞λ(t)S(t) = 0, (27)

where ψ(t) and λ(t) are the corresponding Lagrangian multipliers. In
addition, the TCs will also imply restrictions on the parameters, which
allow us to complete the full characterization of the optimal trajectories.

TC for the stock of physical capital (K(t))

From equation (A.1) (see Appendix A), we obtain the shadow price of
physical capital, ψ(t):

ψ(t) =
(ϕZ + αAθ

α)α

(1− α)θα
C(0)

(ϕZ + αAθ
α exp(Zt))−

1−α
α . (28)

Taking equation (22), one gets12

ψ(t)K(t) =
(ϕZ + αAθ

α
exp(Zt))

(1− α)θ
α
C(0)

·
{

K(0) +
Z

Z + ρ

C(0)
αA

[
1

exp((Z + ρ)t) 2F1

(
−ϕZ

αAθ
α

exp(Zt)

)
− 2F1

( −ϕZ

αAθ
α

)]}
.

Then, the TC for K(t) (equation (26)) implies that

C(0) =
αA

2F1

(
− ϕZ

αAθ
α

) Z + ρ

Z
K(0), (29)

where K(0) is given.
Equation (29) establishes a first relationship between ϕ and C(0).

In order to have a system of two equations and two unknowns, we can
obtain the second equation from the TC for the non-renewable energy
resources (equation (27)).

12Notice that K(t) = K̃(t) exp
��

1−α
α

Z − ρ
�
t
�
.
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TC for the stock of non-renewable energy resource (S(t))

Since λ(t) = λ for all t (see Appendix A)13, equation (27) implies that

lim
t→∞S(t) = 0. (30)

The transversality condition for S(t) implies that the stock of non-
renewable energy resources can not infinitely increase (i.e., as Boucekkine
and Ruiz-Tamarit (2007), non-explosive solution) and it should be de-
pleted in the infinite (this is because we assume that this kind of energy
resources are essential and there are not alternative resources, such as
renewable energy resources).

Taking equation (29) into equation (25), we get that

S(t) = S(0)− (ϕZ + αAθ
α
)−

1
α Z

1
α C(0)

ρ
(exp(−ρt)− 1)−A2

1
Z + Ω

Z

Z + ρ

·
[

3F2

(
− ϕZ

αAθ
α

)
− exp

(
−(Z + Ω)

Z + ρ

Z
t

)
3F2

(
− ϕZ

αAθ
α

exp(Zt)

)]
, (31)

where

3F2

(
− ϕZ

αAθ
α

)
= 3F2

(
a; b;− ϕZ

αAθ
α

)
,

3F2

(
− ϕZ

αAθ
α exp(Zt)

)
= 3F2

(
a; b;− ϕZ

αAθ
α exp(Zt)

)
.

From equation (31), if the term (Ω+Z)Z+ρ
Z is negative14, then S(t) will

infinitely increases. Hence, (Ω + Z)Z+ρ
Z should be greater than zero in

order to avoid explosive solutions. Since ρ and Z are positive, we have
to ensure that Ω + Z is positive too15. Then, from the definition of Ω
(equation (25)), we can establish the following proposition:

Proposition 3. Any particular non-explosive solution to the dy-
namical system (6)-(10) has to satisfy the following condition:

ρ >
2
3

(
γθ +

1− α

α
γA

)
.

13Since q(t) = 0, λ is easily obtained taking equation (28) into equation (A.2) in

Appendix A.
14

3F2(a; b; 0) = 1 for a and b different than zero.
15Notice that, from Proposition 2 and the definition of Ω (equation (25)), Ω should

be less or equal to 0 in order to have BGP.
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Moreover, Proposition 2 establishes that the growth rate of technical
progress should be high enough to ensure BGP equilibrium. Indeed, we
can consider both conditions in the following proposition:

Proposition 4. Any particular BGP solution to the dynamical sys-
tem (6)-(10) has to satisfy the following condition:

2
3

(
γθ +

1− α

α
γA

)
< ρ <

(
γθ +

1− α

α
γA

)
. (32)

The interpretation of Proposition 4 is the following. As we observe in
Section 3, ρ represents the household’s impatience degree. Indeed, the
greater is ρ the less important is future for the household (i.e., the more
impatient is the household). Proposition 2 establishes that technical
progress should be high enough ((γθ + 1−α

α γA) > ρ) to guarantee BGP,
which is the right hand side (RHS) of condition (32). However, the
left hand side (LHS) of condition (32) establishes that the growth rate
of technical progress should be not too high (2

3(γθ + 1−α
α γA) < ρ). If

this is not the case, an explosive solution will appear (see Proposition
3). Nevertheless, an explosive solution is not possible because of the
transversality condition for S(t).

After eliminating the possibility of explosive solution, we can estab-
lish a condition on the parameters to deplete the stock of non-renewable
energy resources in the infinite. From equation (31) and condition (32),
it is clear that

lim
t→∞S(t) =

S(0) +
C(0)

ρ

(
Z

ϕZ + αAθ
α

) 1
α

−A2
1

Z + Ω
Z

Ω + ρ
3F2

(
− ϕZ

αAθ
α

)
. (33)

From equation (30), limt→∞S(t) = 0. Then, we obtain the following
condition replacing A2 in equation (33) and equalizing to zero:

S(0) =

C(0)
(

Z

ϕZ + αAθ
α

) 1
α

[(
Z

Z + ρ

)2 1
α

1
Z + Ω 3F2

(
− ϕZ

αAθ
α

)
− 1

ρ

]
, (34)
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where S(0) is given.

Equation (34) is the second relationship between ϕ and C(0). Then,
equations (29) and (34) is a non-linear system of two equations and two
unknowns. Solving this system, ϕ and C(0) will be determined.

5.5 The optimal solution paths

Section 4 provided the analytical solution of the dynamical system (11)-
(15) using Gauss Hypergeometric Functions. But this is the solution
of the detrended dynamical system. However, one can easily recover
the solution of the original dynamical system (6)-(10) by multiplying
each detrended variable by its corresponding BGP growth rate, i.e,
x(t) = x̃(t) exp(γxt). Moreover, Section 4 also established the param-
eters constraints to have BGP solution. In Section 5, we put together
all the previous conditions, providing the optimal solution paths of our
economy.

5.5.1 Computation of the constant ϕ

Taking equation (29) into equation (34), we reduce the previous non-
linear system of two equations ((29) and (34)) and two unknowns (ϕ
and C(0)) to the following single equation for ϕ, where C(0) is directly
found (equation (29)) once ϕ is determined:

S(0)
K(0)

= αA

(
Z

ϕZ + αAθ
α

) 1
α

.


 Z

Z + ρ

1
α

1
Z + R

3F2

(
− ϕZ

αAθ
α

)

2F1

(
− ϕZ

αAθ
α

) − Z + ρ

Z

1
ρ

1

2F1

(
− ϕZ

αAθ
α

)

 , (35)

where K(0) and S(0) are given.

Since equation (25) requires
∣∣∣− ϕZ

αAθ
α

∣∣∣ < 1, we only consider parame-
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terizations with solution for equation (35) such that16

ϕ ∈
(
−αAθ

α

Z
,
αAθ

α

Z

)
. (36)

5.5.2 Optimal solution paths for the ratio X(t)

From equation (18), rearranging terms, we get the following proposition
for the optimal solution path for X(t):

Proposition 5. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then

(i) it does exist a unique path for X(t), starting from X(0) =
(

Z
ϕZ+αAθ

α

) 1
α ,

such that

X(t) =
(

Z

ϕZ exp(−Zt) + αAθ
α

) 1
α

; (37)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the constant

XBGP =
(

Z

αAθ
α

) 1
α

.

Moreover, it is easy to see that condition (36) implies that the start-
ing point, the transitional dynamics, and the BGP of X(t) are always
positive:

Corollary 1. Under the conditions (32) and (36), the optimal so-
lution path for X(t) is positive.

5.5.3 Optimal solution paths for the consumption C(t)

From equation (20), we recover C(t) by multiplying C̃(t) by exp(γCt)
(see Proposition 2). Then, rearranging terms, we establish the following

16If some particular parametrization generates a solution for the equation (35) out

the interval (36), we should study the continuation formulas of the Gauss Hyper-

geometric representation for S(t). However, this is beyond of the objective of this

chapter.
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proposition:

Proposition 6. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then

(i) it does exist a unique path for C(t), starting from

C(0) =
αA

2F1

(
− ϕZ

αAθ
α

) Z + ρ

Z
K(0),

such that

C(t) = C(0)

[(
ϕZ

ϕZ + αAθ
α

)
exp(−Zt) +

αAθ
α

ϕZ + αAθ
α

] 1
α

· exp
{(

γθ +
1
α

γA − ρ

)
t

}
; (38)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the unique BGP

CBGP (t) = C(0)

(
αAθ

α

ϕZ + αAθ
α

) 1
α

exp
{(

γθ +
1
α

γA − ρ

)
t

}
;

where K(0) is given.

Regarding to the sigh of the optimal solution path, for C(0) >

0, condition (36) implies positive starting point, transitional dynam-
ics and BGP. From Proposition 6, the condition for C(0) > 0 is that

2F1

(
− ϕZ

αAθ
α

)
> 0. Then, we can establish the following corollary:

Corollary 2. Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
>

0, the optimal solution path for C(t) is positive.

5.5.4 Optimal solution paths for the physical capital K(t)

Taking equation (29) into equation (22) and rearranging terms , we ob-
tain the optimal solution path for the detrended physical capital. Then,
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multiplying K̃(t) by exp(γKt), one can establish the Proposition 7:

Proposition 7. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then

(i) it does exist a unique path for K(t), starting from K(0), such that

K(t) = K(0)(ϕZ +αAθ
α
)−

1
α

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

)
(

ϕZ

exp(Zt)
+ αAθ

α
) 1

α

· exp
{(

γθ +
1− α

α
γA − ρ

)
t

}
(39);

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the unique BGP

KBGP (t) =

K(0)

(
αAθ

α

ϕZ + αAθ
α

) 1
α 1

2F1

(
− ϕZ

αAθ
α

) exp
{(

γθ +
1− α

α
γA − ρ

)
t

}
;

where K(0) is given.

Furthermore, as in the previous case, we can establish the following
corollary for positive optimal solution path:

Corollary 3. Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
>

0, the optimal solution path for K(t) is positive, for a given K(0) > 0.

The proof is provided in Appendix E ¥

5.5.5 Optimal solution paths for the investment I(t)

Applying equation (29) into equation (23), one gets the optimal solution
path for the detrended investment. After multiplying Ĩ(t) by exp(γIt)
and rearranging terms, we find the following proposition:

Proposition 8. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then
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(i) it does exist a unique path for I(t), starting from

I(0) = AK(0)


1− α

Z + ρ

Z

1

2F1

(
− ϕZ

αAθ
α

)

 ,

such that

I(t) =
AK(0)

2F1

(
− ϕZ

αAθ
α

)
(

ϕZ + αAθ
α

exp(Zt)
(ϕZ + αAθ

α
) exp(Zt)

) 1
α

·
[

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
− α

Z + ρ

Z

]
exp

{(
γθ +

1
α

γA − ρ

)
t

}
; (40)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the unique BGP

IBGP (t) =
AK(0)

2F1

(
− ϕZ

αAθ
α

)
(

αAθ
α

ϕZ + αAθ
α

) 1
α (

1− Z + ρ

Z
α

)

. exp
{(

γθ +
1
α

γA − ρ

)
t

}
;

where K(0) is given.

It is easy to prove that condition (32) implies 1 > αZ+ρ
Z . Indeed,

if 2F1

(
− ϕZ

αAθ
α

)
> 1, then I(0) > 0. Since 2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
>

2F1

(
− ϕZ

αAθ
α

)
> 1 (see Appendix E), equation (40) will be positive too.

Then, we establish the following corollary:

Corollary 4. Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
>

1, the optimal solution path for I(t) is positive, for a given K(0) > 0.

5.5.6 Optimal solution paths for the output Y (t)

Since Y (t) = C(t) + I(t), Propositions 6 and 8 provides the optimal
solution path for the output:

Proposition 9. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then
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(i) it does exist a unique path for Y (t), starting from Y (0) = AK(0),
such that

Y (t) = AK(0)

(
ϕZ + αAθ

α exp(Zt)
(ϕZ + αAθ

α) exp(Zt)

) 1
α 2F1

(
− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

)

· exp
{(

γθ +
1
α

γA − ρ

)
t

}
; (41)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the unique BGP

YBGP (t) = Y (t) = AK(0)

(
αAθ

α

ϕZ + αAθ
α

) 1
α 1

2F1

(
− ϕZ

αAθ
α

)

· exp
{(

γθ +
1
α

γA − ρ

)
t

}
;

where K(0) is given.

Concerning to the sign of the optimal solution path, we proceed as
in Corollary 3:

Corollary 5. Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
>

0, the optimal solution path for Y (t) is positive, for a given K(0) > 0.

5.5.7 Optimal solution paths for the extraction of non-

renewable resources R(t)

Since R̃(t) = X(t)Ĩ(t), we get the optimal solution path for the de-
trended non-renewable resources from Proposition 5 and equations (23)
and (29) (notice that C̃(0) = C(0)). Considering γR = −ρ, we recover
the optimal solution path for R(t). Then, we establish the following
proposition:

Proposition 10. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then
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(i) it does exist a unique path for R(t), starting from

R(0) = AK(0)
(

Z

ϕZ + αAθ
α

) 1
α


1− α

Z + ρ

Z

1

2F1

(
− ϕZ

αAθ
α

)

 ,

such that
R(t) =

(
Z

ϕZ + αAθ
α

) 1
α AK(0)

2F1

(
− ϕZ

αAθ
α

)
[

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
− α

Z + ρ

Z

]

· exp(−ρt); (42)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to the unique BGP

RBGP (t) =
(

Z

ϕZ + αAθ
α

) 1
α AK(0)

2F1

(
− ϕZ

αAθ
α

)
[
1− α

Z + ρ

Z

]

· exp(−ρt);

where K(0) is given.

Following the same reasoning as in Corollary 4, we can establish the
following condition for positive optimal solution path for R(t):

Corollary 6. Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
>

1, the optimal solution path for R(t) is positive, for a given K(0) > 0.

5.5.8 Optimal solution paths for the stock of non-renewable

resources S(t)

Taking equation (31) into equation (25), rearranging terms, we get the
optimal solution path for the stock of non-renewable energy resources:

Proposition 11. Under the conditions (32) and (36), if equation
(35) admits a unique solution, then
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(i) it does exist a unique path for S(t), starting from S(0), such that

S(t) = C(0)
(

Z

ϕZ + αAθ
α

) 1
α

·





(
Z

Z+ρ

)2
1
α

1
Z+Ω

exp
(
(Z + Ω)Z+ρ

Z t
) 3F2

(
− ϕZ

αAθ
α

exp(Zt)

)
− 1

ρ

1
exp(ρt)





· exp(−ρt); (43)

(ii) this equilibrium path shows transitional dynamics, approaching asymp-
totically to zero;

where K(0) and S(0) are given.

Regarding to the sigh of the optimal solution path for the stock
of non-renewable resources, for C(0) > 0, it is enough to require that
exp(ρt) increases faster than exp

(
(Z + Ω)Z+ρ

Z t
)
:

Corollary 7. Under the conditions (32), (36), 2F1

(
− ϕZ

αAθ
α

)
> 0,

and ρ > (Z + Ω)Z+ρ
Z , the optimal solution path for S(t) is positive, for

K(0) > 0 and S(0) > 0 given17.

Finally, we conclude this section with a corollary of all the conditions
to guarantee positive optimal solution paths of our economy:

Corollary 8. Under the conditions (32), (36), 2F1

(
− ϕZ

αAθ
α

)
> 1,

ρ > (Z + Ω)Z+ρ
Z , 3F2

(
− ϕZ

αAθ
α

)
> 1 and , the optimal solution paths for

X(t), C(t), K(t), I(t), Y (t), R(t), and S(t), are positive, for K(0) > 0
and S(0) > 0 given.

17Notice that (Z + Ω)Z+ρ
Z

> 0 (see Section 5.8.2). Moreover, the condition

2F1

�
− ϕZ

αAθ
α

�
> 0 is required to guarantee C(0) > 0.

110



5.6 On the monotonicity of the optimal solution

paths

Applying Gauss Hypergeometric representation, Section 5.5 provided
the closed-form solution of the optimal paths of our variables in level.
An important outcome of these closed-form solutions is that we can
explicitly study the monotonicity of the optimal trajectories of the vari-
ables in level. These kinds of studies are typically unallowed in standard
approaches18.

5.6.1 The relationship between ϕ and S(0)/K(0)

We will see later that the sign of ϕ is important to determine the mono-
tonicity properties of our optimal solutions paths. Therefore, we have
to study the sign of ϕ before dealing with the monotonicity issue. From
condition (35), taking all parameters as given, one observes that the
ratio S(0)/K(0) decides ϕ (and, in particular, the sign of ϕ)19.

Let us define (S(0)/K(0))∗ as the ratio corresponding to ϕ = 0.
Then,

(
S(0)
K(0)

)∗
= αA

(
Z

αAθ
α

) 1
α

(
Z

Z + ρ

1
α

1
Z + Ω

− Z + ρ

Z

1
ρ

)
. (44)

From (35), applying the implicit function theorem, one obtains that

∂ϕ

∂(S(0)/K(0))
< 0.

The proof is provided in Appendix F ¥

Hence, for S(0)/K(0) > (<)(S(0)/K(0))∗, ϕ is negative (positive).

18An exception is Dasgupta and Heal (1974), where only consumption and extrac-

tion can be analyzed in level.
19Notice that Corollary 8 implies that both left and right hand side of equation

(35) are positive.
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5.6.2 Monotonicity of the ratio X(t)

From equation (37), we easily obtains that

dX(t)
dt

= ϕ

[
Z

α

X(t)

ϕ + αAθ
α

Z exp(Zt)

]
.

Taking Corollary 8, one can observe that the term between the square
brackets is positive. Then, the sign of the derivative is determined by
the sign of ϕ. If ϕ < (>)0, then dX(t)/dt < (>)0 for all t. Moreover, if
ϕ = 0, then X(t) is constant for all t. Since the sign of ϕ is determined
by the ratio S(0)/K(0) (see Section 6.1), we can establish the following
proposition:

Proposition 12.

(1) If S(0)/K(0) > (<)(S(0)/K(0))∗, then X(t) decreases (increases)
monotonically for all t.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then

X(t) =
(

Z

αAθ
α

) 1
α

for all t.

See Appendix H, Figure 1, for an illustration.

5.6.3 Monotonicity of consumption

Equation (38) is the optimal solution path for consumption. First, let
us study the detrended consumption

C̃(t) = C(0)

[(
ϕZ

ϕZ + αAθ
α

)
exp(−Zt) +

αAθ
α

ϕZ + αAθ
α

] 1
α

. (45)

From equation (45), we get

dC̃(t)
dt

=
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−ϕ



C̃(t)

Z exp(−Zt)
α

(
ϕZ exp(−Zt) + αAθ

α

ϕZ + αAθ
α

)−1
1

ϕ + αAθ
α

Z



 (46)

As for X(t), the expression between braces is positive. Then, the sign
of ϕ determines the sign of the derivative. Hence, we can establish the
following proposition:

Proposition 13.

(1) If S(0)/K(0) > (<)(S(0)/K(0))∗, then C̃(t) increases (decreases)
monotonically for all t.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then

C̃(t) = αA
Z + ρ

Z
K(0)

for all t.

See Appendix H, Figure 2, for an illustration.

Knowing the monotonicity properties of C̃(t), let us study C(t). As
we established before, C(t) = C̃(t) · exp(γCt), where γC = γθ + 1

αγA− ρ.
Then, it is straightforward that

dC(t)
dt

= exp(γCt)

(
dC̃(t)

dt
+ C̃(t)γC

)
. (47)

Taking Corollary 8, one can observe that all terms in equation (47) are
positive, except dC̃(t)/dt. However, we can study this derivative from
the monotonicity properties of C̃(t). If S(0)/K(0) > (S(0)/K(0))∗, then
dC̃(t)/dt > 0 for all t. Consequently, from equation (47), dC(t)/dt > 0
for all t. If S(0)/K(0) = (S(0)/K(0))∗, then dC̃(t)/dt = 0 for all t.
Nevertheless, from equation (47), we conclude that dC(t)/dt > 0 for all
t.

However, the difficult case arises for S(0)/K(0) < (S(0)/K(0))∗ be-
cause dC̃(t)/dt < 0 for all t. Replacing equation (46) into equation (47),
and rearranging terms, it yields

dC(t)
dt

= exp(γCt)C̃(t)
[
γC −

(
Z

α

ϕZ

ϕZ + αAθ
α exp(Zt)

)]
. (48)
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As in the previous section, all terms of equation (48) are positive. Since
exp(Zt) increases with time, the term between brackets achieves its max-
imum value when t = 0. Thus, if

γC ≥ Z

α

ϕZ

ϕZ + αAθ
α (≡ γ∗C),

then, dC(t)/dt > 0 for all t > 020. However, if γC < γ∗C , there exist a
strictly positive t∗ such that dC(t)/dt < 0 for all 0 < t < t∗, dC(t)/dt =
0 for t = t∗, and dC(t)/dt > 0 for all t > t∗. It is easy to prove that

t∗ =
ln

[
ϕZ

αAθ
α

(
Z−αγC

αγC

)]

Z
.

The proof is provided in Appendix G ¥
Moreover, it is easy to see that

dt∗

dρ
=

1
γC(Z − αγC)

.

From Proposition 2, taking the definition of Z (equation (18)), one con-
cludes that dt∗/dρ > 0. This result implies that the more impatient is
the household (i.e., the greater is ρ) the greater is the number of periods
where consumption decreases (t∗)21.

We summarize the monotonicity properties of C(t) in the following
proposition:

Proposition 14.

(1) If S(0)/K(0) ≥ (S(0)/K(0))∗, then C(t) increases monotonically
for all t.

(2) If S(0)/K(0) < (S(0)/K(0))∗, then

(2.1) if γC ≥ γ∗C then C(t) increases monotonically for all t > 0;

(2.2) if γC < γ∗C then C(t) decreases monotonically for all 0 <

t < t∗, and increases monotonically for all t > t∗.
20If γC = γ∗C , then dC(t)/dt = 0 for t = 0, and dC(t)/dt > 0 for all t > 0.
21Unfortunately, we can not provide a general conclusion of the effect of technical

progress on t∗.
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See Appendix H, Figure 3, for an illustration. Moreover, Figure
4 considers an example of initially decreasing consumption, but after
t∗ = 99.85 periods, consumption increases monotonically.

The economic interpretation of Propositions 13 and 14 is the follow-
ing. If the proportion of non-renewable energy resources with respect
to physical capital is high enough (i.e., S(0)/K(0) > (S(0)/K(0))∗),
then the detrended consumption (C̃(t)) increases monotonically until
its BGP level. Moreover, this effect is reinforced by the growth rates
of technical progress through the long-run growth rate of consumption.
Therefore, the consumption (C(t)) increases monotonically for all t > 0.
If S(0)/K(0) = (S(0)/K(0))∗, the detrended consumption is constant
(its BGP level) for all t > 0. However, as in the previous case, technical
progress allows for a consumption increasing monotonically for all t > 0.
Finally, if the proportion of non-renewable energy resources is too low
(i.e., S(0)/K(0) < (S(0)/K(0))∗), the detrended consumption decreases
monotonically for all t > 0. However, if the growth rates of technical
progress are high enough to achieve a high enough long-run growth rate
of consumption (i.e., γc ≥ γ∗c ) , then the consumption increases mono-
tonically for all t > 0. Nevertheless, if the growth rates of technical
progress are not so high (i.e., γc < γ∗c ), then the consumption decreases
monotonically until t∗. And then, consumption increases monotonically
for all t > t∗ because the technical progress effect is now high enough
(notice that technical progress increases with time).

An observation should be made at this moment. Taking a stan-
dard model of non-renewable energy resources with same technology for
both physical capital and consumption, Dasgupta and Heal (1974) also
described a non-monotonic behavior. However, we find two main differ-
ences between Dasgupta and Heal’s result and our case. First, notice
that what matters for Dasgupta and Heal’s result is the size of both S(0)
and K(0). However, since our model assumes that physical capital ac-
cumulation is more energy intensive that consumption, the key element
for our result is the proportion of S(0) with respect to K(0). Second,
according to Dasgupta and Heal (1974), if the initial stocks of S(0) and
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K(0) are high enough, the consumption initially rises and, after some
periods, it will decreases. However, in our model, the non-monotonic
behavior appears when the proportion of S(0) with respect to K(0) is
not high enough. Indeed, as we explained before, if the growth rates
of technical progress are high enough (γc ≥ γ∗c ) the negative effect of
a low proportion of S(0) with respect to K(0) is compensated. Other-
wise, if the growth rates of technical progress are not so high (γc < γ∗c ),
the consumption decreases during an initial period. But, since technical
progress rises with time, consumption increases after some periods.

5.6.4 Monotonicity of physical capital, investment and

output

Equation (39) provides the optimal solution path for K(t). Let us study
the detrended capital:

K̃(t) =

K(0)(ϕZ + αAθ
α)

1
α

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

)
(

ϕZ

exp(Zt) + αAθ
α

) 1
α

. (49)

From equation (49), taking the formula (E.1) from Appendix E, we get

dK̃(t)
dt

= K̃(t)
ϕZ2

α exp(Zt)

·

 Z + ρ

2Z + ρ

1
Aθ

α

2F1

(
a, b, c;− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

exp(Zt)

) − 1
αAθ

α
+ ϕZ exp(Zt)


 , (50)

where
a = 2; b = 1 +

Z + ρ

Z
; c = b + 1.

Since 2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
> 0, applying the Euler integral representa-

tion as in Appendix D, one verifies that 2F1

(
a, b, c;− ϕZ

αAθ
α

exp(Zt)

)
> 0.

Therefore, following Corollary 8, all terms in equation (50) are positive.
However, we can neither establish the sign of dK̃(t)/dt nor conditions
on the parameters to find out that sign. Nevertheless, we can con-
clude that K̃(t) is not necessarily monotonic. Moreover, since K(t) =
K̃(t) exp(γKt), where γK = γθ + 1−α

α γA − ρ, K(t) is not necessarily
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monotonic neither:

Proposition 15.

(1) K̃(t) is not necessarily monotonic.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then K̃(t) = K(0) for all t.

(3) K(t) is not necessarily monotonic.

(4) If S(0)/K(0) = (S(0)/K(0))∗, then K(t) increases monotonically
for all t.

See Appendix H, Figure 5, for an illustration.

Let us study the monotonicity of investment. Since Ĩ(t) = AK̃(t)−
C̃(t), then dĨ/dt = AdK̃(t)/dt − dC̃(t)/dt. Hence, from Sections 5.6.3
and 5.6.4, we conclude that the detrended investment is not neces-
sarily monotonic22. Moreover, since I(t) = Ĩ(t) exp(γIt), where γI =
γθ + 1

αγA − ρ, the investment is not necessarily monotonic neither:

Proposition 16.

(1) Ĩ(t) is not necessarily monotonic.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then

Ĩ(t) = AK(0)
(

1− α
Z + ρ

Z

)

for all t.

(3) I(t) is not necessarily monotonic.

(4) If S(0)/K(0) = (S(0)/K(0))∗, then I(t) increases monotonically
for all t.

22We achieve the same conclusion by differentiating equation (40) with respect to

t.
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See Appendix H, Figure 6, for an illustration.

Since the detrended output Ỹ (t) is equal to AK̃(t), then dỸ (t)/dt =
AdK̃(t)/dt. From section Proposition 15, we know that K̃(t) is not nec-
essarily monotonic, but we can not establish a general condition for this
non-monotonicity. Hence, we can only conclude that Ỹ is not necessarily
monotonic23. Since Y (t) = Ỹ (t) exp(γY t), where γY = γθ + 1

αγA− ρ, we
conclude that Y (t) is not necessarily monotonic neither:

Proposition 17.

(1) Ỹ (t) is not necessarily monotonic.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then Ỹ (t) = AK(0) for all t.

(3) Y (t) is not necessarily monotonic.

(4) If S(0)/K(0) = (S(0)/K(0))∗, then Y (t) increases monotonically
for all t.

See Appendix H, Figure 7, for an illustration.

5.6.5 Monotonicity of extraction and stock of non-renewable

energy resources

Let us conclude Section 5.6 studying the monotonicity properties of the
extraction (R(t)) and stock (S(t)) of non-renewable energy resources.
From Equation (42), we obtain the detrended R(t):

R̃(t) =

·
(

Z

ϕZ + αAθ
α

) 1
α AK(0)

2F1

(
− ϕZ

αAθ
α

)
[

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
− α

Z + r

Z

]
(51)

Taking logs and differentiating with respect to t, it yields

dR̃(t)
dt

=

23As for investment, we get the same conclusion by differentiating equation (41)

with respect to t.
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
R̃(t)

Z + ρ

2Z + ρ

Z2

αAθ
α exp(Zt)

2F1

(
a, b, c;− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
− αZ+ρ

Z


ϕ, (52)

where
a = 2; b = 1 +

Z + ρ

Z
; c = b + 1.

Following Corollary 8, we observe that the terms between square brack-
ets in equation (52) are positive. Then, the sign of dR̃(t)/dt is deter-
mined by the sigh of ϕ. Hence, we establish the following proposition:

Proposition 18.

(1) If S(0)/K(0) > (S(0)/K(0))∗, then R̃(t) decreases monotonically
for all t.

(2) If S(0)/K(0) = (S(0)/K(0))∗, then24

R̃(t) = AK(0)
(

Z

αAθ
α

) 1
α

(
1− α

Z + ρ

Z

)
.

(3) If S(0)/K(0) < (S(0)/K(0))∗, then R̃(t) increases monotonically
for all t.

See Appendix H, Figure 8, for an illustration.

Since R(t) = R̃(t) exp(−ρt), then dR(t)/dt = exp(−ρt)(dR̃(t)/dt −
ρR̃(t)). Hence, applying equation (52), we obtain

dR(t)
dt

= R̃(t) exp(−ρt)

·





 Z + ρ

2Z + ρ

Z2

αAθ
α

exp(Zt)

2F1

(
a, b, c;− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
− αZ+ρ

Z


 ϕ− ρ



 . (53)

Since the terms between square brackets are positives, we obtain the
monotonicity properties of R(t):

24Notice that condition (32) implies that 1 > αZ+ρ
Z

.
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Proposition 19.

(1) If S(0)/K(0) ≥ (S(0)/K(0))∗, then R(t) decreases monotonically
for all t.

(2) If S(0)/K(0) < (S(0)/K(0))∗, then R(t) is not necessarily mono-
tonic.

See Appendix H, Figure 9, for an illustration. As Proposition 19
establishes, if the proportion of non-renewable energy resources with
respect to physical capital is too low, the extraction of non-renewable
energy resources is not necessarily monotonic. Indeed, it is possible to
generate an example of non-monotonic behavior of R(t) (see Figure 11).
But unfortunately, we can not establish an analytical condition for this
case. Figure 10 shows a non-monotonic case of the extraction of non-
renewable resources, where R(t) increases during an initial period. And
then, R(t) decreases monotonically until zero. The economic interpre-
tation of this case is the following. As we observe in Section 5.2.4, the
Hotelling rule is the efficient condition for using up the non-renewable re-
sources. Indeed, equation (8) is the Hotelling rule for our economy. For
this particular case, Figure 10 shows that I(t) always increases. Then,
for a fixed R(t), the RHS of equation (8) (i.e., the growth rate of the
marginal productivity of extraction of non-renewable energy resources)
rises. Since the RHS of equation (8) (i.e., the marginal productivity
of investment) equals the LHS, then LHS has to increase too. Hence,
R(t) should rise, increasing the LHS and reducing the RHS. However,
technical progress increases with t. Then, after some periods, technical
progress can increase the LHS even if R(t) decreases25. Finally, we point
out that this result contrasts with Dasgupta and Heal (1974). These au-
thors obtained that R(t) decreases monotonically for all t. However, our
model allows for a non-monotonic behavior of R(t). Indeed, this possi-
bility rises the importance of considering physical capital production as

25Notice that energy-saving technical progress also affects the RHS, through its

growth rate γθ. However, we assumed that γθ is constant. Then, the effect of energy-

saving technical progress on the RHS is constant with t. Nevertheless, the effect

of technical progress (in particular, energy-saving technical progress) on the LHS

increases with t.
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more energy-intensive than consumption sector, and the role of technical
progress (in particular, energy-saving technical progress).

To conclude, we study the monotonic properties of the stock of
non-renewable energy resources. Equation (10) establishes that Ṡ(t) =
−R(t). Then, dS(t)/dt = −R(t). Hence, since R(t) > 0 for all t,
dS(t)/dt < 0 for all t:

Proposition 20. S(t) decreases monotonically for all t.

See Appendix H, Figure 11, for an illustration.

5.7 Concluding remarks

In this chapter, we studied the implications of assuming that physical
capital accumulation is relatively more energy-intensive than consump-
tion. We pointed out four main contributions of this chapter. First, we
concluded that technical progress (in particular, energy-saving techni-
cal progress) is a key factor to sustain long-run growth when physical
capital accumulation is more energy-intensive than consumption. As we
noticed, this result contrasts with Stiglitz (1974) and Dasgupta and Heal
(1979), where the economy achieves steady state even without technical
progress. Indeed, we showed that, in our model, neither BGP nor steady
state are possible if there is not technical progress. The second contribu-
tion was the application of Special Functions representation to provide
a close-form solution of the optimal solution paths of our variables in
levels for every time t. This new technique in economic theory allows
us to have a full characterization of both short and long-run dynamics.
Indeed, the third and fourth contributions emerge thanks to this tech-
nique. Taking the close-form solutions, we provided the necessary and
sufficient conditions for existence and uniqueness of BGP, which was
the third contribution of this chapter. Moreover, we also proved that
there is asymptotic convergence to the BGP. Finally, the fourth con-
tribution was the study of the monotonicity properties of the optimal
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solution paths of our variables in levels. As we pointed out, this kind
of studies are typically unallowed in standard approaches. We found
that our assumptions on physical capital accumulation (relatively more
energy-intensive than consumption), and technical progress, implies new
non-monotonic behavior of the optimal trajectories. In particular, we
showed that consumption and extraction of non-renewable energy re-
sources can depict non-monotonic behavior. Moreover, we noticed that
this non-monotonic behavior of consumption and extraction contrast
with the non-monotonicity result of Dasgupta and Heal (1974).

This model has several limitations. Among of them, we point out the
following three limits of our analysis. First, following Sollow (1974a),
we assumed unlimited (exogenous) technical progress. Regarding to our
disembodied technical progress (A(t)), this assumption models the idea
of unlimited growth of knowledge. However, unlimited energy-saving
technical progress (θ(t)) could arise physical incompatibility problems
related to the thermodynamic laws. In the literature of exogenous
energy-saving technical progress, the assumption of unlimited growth of
energy efficiency is widely used (see for instance Boucekkine and Pom-
meret (2004), Azomahou et al. (2004), and Pérez-Barahona and Zou
(2006a,b)). Indeed, these authors assume that the limit of improving
energy efficiency is very far away. In our model, we take that point of
view. However, from Section 5.5, one should observe that the effect of
technical progress on our economy is a combination of both disembodied
and energy-saving technical progress (see constant Z and BGP growth
rates). Then, for high enough growth rates of disembodied technical
progress (γA), it is possible to have positive BGP without growth of
energy-saving technical progress (see Proposition 2). Nevertheless, if γA

is not high enough, the economy could achieve positive BGP by adopt-
ing renewable energy resources. This case is not analyzed here, but it is
a very interesting extension to our model since it could rise additional
questions such as the depletion of non-renewable energy resources in a
finite period.

A second limitation of our analysis is that we assumed exogenous

122



technical progress. The reason of taking that assumption is the follow-
ing. The aim of this chapter was to study the conditions under which
technical progress can offset the trade-off between economic growth and
the usage of non-renewable energy resources. Then, we did not analyze
how the economy can achieve these conditions. However, a very interest-
ing extension to our model is to assume technical progress (in particular,
energy-saving technical progress) as an endogenous variable. Indeed, as
we observed in Proposition 2, our BGP growth rates are not affected by
the stock of non-renewable energy resources. However, the scarcity of
energy resources could rise new investments in energy-saving technolo-
gies, establishing an effect of the stock of non-renewable energy resource
on the BGP growth rates. As it is suggested in Chapter 4, a possibil-
ity to endogenize energy-saving technical progress could be by means
of an R&D sector (for energy-saving technologies) following Aghion and
Howitt (1992) and Grossman and Helpman (1991a,b).

Finally, as third limitation, we notice that it was assumed no phys-
ical capital depreciation. Indeed, our model is based on Dasgupta and
Heal (1974), Hartwick (1989) and Chapter 4, which do not consider cap-
ital depreciation neither. This simplification is frequently considered in
models of resources economics (see for instance Sollow (1974a,b), Pezzey
and Withagen (1998), and Stokey (1998)). However, for an accurate un-
derstanding of the relationship between non-renewable energy resources
and physical capital accumulation, capital depreciation should be con-
sidered.

Appendix A

Following Sydsæter et al. (1999, pages 109-110), the Lagrangian associ-
ated with our optimal control problem with mixed constraints is

L(•) = U [A(t)− I(t)] exp(−ρt) + ψ(t){g[θ(t), I(t), R(t)]}−λ(t)R(t) + q(t)S(t),

where ψ(t), λ(t) and q(t) are the Lagrangian multipliers, U [•] is a
general utility function, and g[•] is a general production function for
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physical capital accumulation.
The corresponding first order conditions (FOC) are:

∂L
∂I(t)

= 0;
∂L

∂R(t)
= 0;

∂L
∂K(t)

= −ψ̇(t);
∂L

∂S(t)
= −λ̇(t);

q(t) ≥ 0(= 0 if S(t) > 0);

lim
t→∞ψ(t)K(t) = 0 and lim

t→∞λ(t)S(t) = 0 (Transvarsality conditions).

From the FOC, one obtains

ψ(t)gI = Uc exp(−ρt), (A.1)

ψ(t)gR = λ(t) + q(t), (A.2)

ψ̇(t) = −UcA(t) exp(−ρt), (A.3)

q(t) = −λ̇(t). (A.4)

Since it is not optimal to completely deplete the stock of non-renewable
energy resource in a finite t26, i.e., S(t) > 0 for all t, then q(t) = 0.
Taking equation (A.4), this implies λ(t) = λ for all t.

Applying equation (A.1) into equation (A.3), one gets

ψ̇(t)
ψ(t)

= −A(t)gI . (A.5)

Taking logs in equation (A.2) and applying equation (A.5), one obtains
the Hotelling rule

A(t)gI =
ġR

gR
.

Taking the functional forms of my model, equation (8) is easily obtained
from the Hotelling rule.

Taking logs in equation (A.1) and applying equation (A.5), one finds
the Ramsey (saving) rule

UccĊ

Uc
− ρ =

ġI

gI
−AgI .

26Notice that non-renewable energy resources is an essential input for physical

capital accumulation. Moreover, energy-saving technical progress is embodied in the

new equipment goods.
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Applying the functional forms of my model, one gets equation (7).
Finally, equation (6) is the technology for physical capital accumula-

tion, equation (9) is the budget constraint of the economy, and equation
(10) is the law of motion of the stock of non-renewable energy resource.
¥

Appendix B

Along the BGP, all the endogenous variables grow at constant rate, i.e.,
x(t) = x exp(γxt). Moreover, we assume that A(t) = A exp(γAt) and
θ(t) = θ exp(γθt) for all t, where A, θ, γA, γθ are strictly positive and
exogenous parameters.

By writing equation (7) along the BGP, one obtains

γA + αγθ = α(γI − γR), (B.1)

which implies that

γC = (1− α)Aθ
α
(

R

I

)α

+ γA − ρ. (B.2)

Since Y (t) = C(t) + I(t), γY = γI = γC . Moreover, from the final good
technology (Y (t) = A(t)K(t)) one gets that γK = γY − γA. Then,

γK = (1− α)Aθ
α
(

R

I

)α

. (B.3)

From equation (8) along the BGP, it is easy to obtain that

(
R

I

)α

=
αγθ + (1− α)(γI − γR)

(1− α)Aθ
α . (B.4)

Applying equation (B.4) into equation (B.3), one gets the value of the
ratio (

R

I

)α

=
γθ + 1−α

α γA

(1− α)Aθ
α . (B.5)

Replacing this ratio into equations (B.2) and (B.3), one obtains

γY = γC = γI = γθ +
1
α

γA − ρ
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and
γK = γθ +

1− α

α
γA − ρ.

From equation (B.1) and the two previous expressions, one finds that
the long-run growth rate of the energy is γR = −ρ. Finally, since Ṡ(t) =
−R(t),

γS = γR(= −ρ)¥

Appendix C

Equation (21) can be rewritten as a standard linear first-order differen-
tial equation:

˙̃K(t) + a(t)K̃(t) = b(t), (C.1)

where
a(t) =

1− α

α
Z − ρ−Aθ

α
X(t)α,

b(t) = −θ
α
X(t)αC̃(t),

and K(0)(= K̃(0)) is given.
Since the previous steps provide the solutions for X(t) (equation

(18)) and C̃(t) (equation (20)), one can solve the differential equation
(C.1) applying the following result (Sydsæter et al. (1999)):

K̃(t) =

K̃(0) exp
(
−

∫ t

0
a(ξ)dξ

)
+

∫ t

0
b(τ) exp

(
−

∫ t

τ
a(ξ)dξ

)
dτ. (C.2)

Taking equations (18) and (20), one obtains that

a(t) =
1− α

α
Z − ρ− ZAθ

α

ϕZ
exp(Zt) + αAθ

α . (C.3)

After some calculations, one finds
∫

a(ξ)dξ =
(

1− α

α
Z − ρ

)
ξ +

1
α

ln

(
ϕZ

ϕZ + αAθ
α exp(Zξ)

)
. (C.4)

Evaluating the integral (C.4) in t and 0, and after rearranging terms,
one obtains the first part of equation (C.2):

K̃(0) exp
(
−

∫ t

0
a(ξ)dξ

)
= K̃(0) exp

(
− 1

α
ln(ϕZ + αAθ

α)
)
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· exp
(

1
α

(ln(ϕZ + αAθ
α)− ((1− α)Z − αρ)t)

)
.

In order to calculate the second part of equation (C.2), we first obtain

b(τ) exp
(
−

∫ t

τ
a(ξ)dξ

)
=

−Zθ
α
C(0) exp

{
1
α

[ln(ϕZ + αAθ
α exp(Zt))− ln(ϕZ + αAθ

α)]
}

· exp
{(

−1− α

α
Z + ρ

)
t

}
exp(−ρτ)

ϕZ + αAθ
α exp(Zτ)

, (C.5)

by evaluating the integral (C.4) in τ and t. Then,

∫ t

0
b(τ) exp

(
−

∫ t

τ
a(ξ)dξ

)
dτ =

−Zθ
α
C(0) exp

{
1
α

[ln(ϕZ + αAθ
α exp(Zt))− ln(ϕZ + αAθ

α)]
}

· exp
{(

−1− α

α
Z + ρ

)
t

}

·
∫ t

0

exp(−ρτ)
ϕZ + αAθ

α exp(Zτ)
dτ. (C.6)

In order to calculate equation (C.6), we need to obtain

∫ t

0

exp(−ρτ)
ϕZ + αAθ

α exp(Zτ)
dτ. (C.7)

To do this, we follow Boucekkine and Ruiz-Tamarit (2004). Equation
(C.7) is equal to

∫ t

0

(
ϕZ exp(ρτ) + αAθ

α exp((Z + ρ)τ)
)−1

dτ.

Taking the following change of variable V = exp(−(ρ + Z)τ),

∫ t

0

(
ϕZ exp(ρτ) + αAθ

α exp((Z + ρ)τ)
)−1

dτ =

∫ exp(−(ρ+Z)t)

1

(
1 +

ϕZ

αAθ
α V

Z
Z+ρ

)−1

dV. (C.8)
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Recalling y = exp(−(ρ + Z)t), A0 = ϕZ

αAθ
α , and β = −1, equation (C.8)

can be rewritten as ∫ y

1

(
1 + A0V

Z
Z+ρ

)β
dV. (C.9)

Applying the binomial theorem:

(1 + axb)c =
∞∑

n=0

(−c)n
(−axb)n

n!
,

equation (C.9) equals

∞∑

n=0

(−β)n

n!
(−A0)n

∫ y

1
V

Z
Z+ρ

n
dV,

which is equal to

∞∑

n=0

(−β)n
−(A0)n

n!
1

Z
Z+ρn + 1

(
y

Z
Z+ρ

n
y − 1

)
. (C.10)

Applying the property X
X+n = (X)n

(1+X)n
, equation (C.10) equals

y
∞∑

n=0

(a)n(−β)n

(1 + a)n

(−A0y
Z

Z+ρ )n

n!

−
∞∑

n=0

(a)n(−β)n

(1 + a)n

(−A0)n

n!
. (C.11)

Taking the definition of Gauss hypergeometric function

2F1(a, b, c; z) =
∞∑

n=0

(a)n(b)n

(c)n

zn

n!
,

one finds that equation (C.8) equals

exp(−(ρ + Z)t)2F1

(
− ϕZ

αAθ
α exp(Zt)

)
− 2F1

(
− ϕZ

αAθ
α

)
, (C.12)

where

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
= 2F1

(
1,

Z + ρ

Z
, 1 +

Z + ρ

Z
;− ϕZ

αAθ
α

exp(Zt)

)
,

2F1

(
− ϕZ

αAθ
α

)
= 2F1

(
1,

Z + ρ

Z
, 1 +

Z + ρ

Z
;− ϕZ

αAθ
α

)
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Hence, retrieving the change of variables,
∫ t

0

exp(−ρτ)
ϕZ + αAθ

α
exp(Zτ)

dτ =
1

αAθ
α
(Z + ρ)

·
[

2F1

(
− ϕZ

αAθ
α

)
− 1

exp[(ρ + Z)t] 2
F1

(
− ϕZ

αAθ
α

exp(Zt)

)]
. (C.13)

Finally, taking together equations (C.3), (C.5), and (C.13), and rear-
ranging terms, one can easily obtain equation (22) ¥

Appendix D

Equation (24) can be rewritten as follows:

R̃(t) = [a] + [b] + [c] + [d],

where

[a] = (ϕZ + αAθ
α
)−

1
α Z

1
α AK(0) exp

{(
2− α

α
Z − ρ

)
t

}
,

[b] =

(ϕZ + αAθ
α
)−

1
α

Z
1+α

α

Z + ρ

C(0)
α

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)
exp

{
2

(
1− α

α
Z − ρ

)
t

}
,

[c] =

−(ϕZ + αAθ
α
)−

1
α

Z
1+α

α

Z + ρ

C(0)
α

2F1

(
− ϕZ

αAθ
α

)
exp

{(
2− α

α
Z − r

)
t

}
,

[d] = −(ϕZ + αAθ
α
)−

1
α Z

1
α C(0).

Then,
∫ t

0
R̃(τ) exp(−ρτ)dτ =

∫ t

0
[a] exp(−ρτ)dτ +

∫ t

0
[b] exp(−ρτ)dτ

+
∫ t

0
[c] exp(−ρτ)dτ +

∫ t

0
[d] exp(−ρτ)dτ.

It is easy to prove that
∫ t

0

[a] exp(−ρτ)dτ =

(ϕZ + αAθ
α
)−

1
α Z

1
α AK(0)

2( 1
αZ − ρ)− Z

{
exp

[(
2

(
1
α

Z − ρ

)
− Z

)
t

]
− 1

}
= [1],
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∫ t

0

[c] exp(−ρτ)dτ =

−A2

2F1

(
− ϕZ

αAθ
α

)

2( 1
αZ − ρ)− Z

{
exp

[(
2

(
1
α

Z − ρ

)
− Z

)
t

]
− 1

}
= [3],

∫ t

0

[d] exp(−ρτ)dτ =
(ϕZ + αAθ

α
)−

1
α Z

1
α C(0)

ρ
(exp(−ρt)− 1) = [4],

where

A2 = (ϕZ + αAθ
α)−

1
α

Z
1+α

α

Z + ρ

C(0)
α

.

The integral [b] involves 3F2 Hypergeometric functions. Indeed, apply-
ing the Euler integral representation (Abramowitz and Stegun (1970),
page 558, formula 15.3.1), we obtain that

∫ t

0

[b] exp(−ρτ)dτ = A2
Z + ρ

Z
(αAθ

α
)

Z+ρ
Z

·
∫ 1

0

(1−ξ)
ρ
Z

(∫ t

0

(
αAθ

α
exp(Zτ) + ϕZξ

)−Z+ρ
Z

exp
{(

2− α

α
Z − 2ρ

)
τ

}
dτ

)
dξ,

The integral
∫ t
0 (·)dτ can be rewritten as

∫ t

0

{
ϕZξ exp(Rτ) + αAθ

α exp[(Z + Ω)τ ]
}−Z+ρ

Z
dτ, (D.1)

where
Ω = −

(
2− α

α
Z − 2ρ

)
Z

Z + ρ
.

Following a similar strategy as in Appendix C (equation (C.7)), we can
apply the change of variable V = exp{(Ω + γ)τ} to equation (D.1).
Taking γ = −(Z +Ω)[(Z +ρ)/Z]−Ω, one can prove that equation (D.1)
equals

−
(
αAθ

α
)−Z+ρ

Z Z

Z + ρ

1
Z + Ω

·
[
exp

{
−(Z + Ω)

Z + ρ

Z
t

}
2F1

(
â, b̂, ĉ;

−ϕZξ

αAθ
α

exp(Zt)

)
− 2F1

(
â, b̂, ĉ;

−ϕZξ

αAθ
α

)]
,

where
â =

Z + ρ

Z

Z + Ω
Z

; b̂ =
Z + ρ

Z
; ĉ = 1 +

Z + ρ

Z

Z + Ω
Z

.

Then, ∫ t

0

[b] exp(−ρτ)dτ = A2
1

Z + Ω
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·
{

[INT1]− exp
(
−(Z + Ω)

Z + ρ

Z
t

)
[INT2]

}
, (D.2)

where

[INT1] =
∫ 1

0

(1− ξ)
ρ
Z 2F1

(
â, b̂, ĉ;− ϕZξ

αAθ
α

)
dξ,

[INT2] =
∫ 1

0

(1− ξ)
ρ
Z 2F1

(
â, b̂, ĉ;− ϕZξ

αAθ
α

exp(Zt)

)
dξ.

Assuming that
∣∣∣− ϕZ

αAθ
α

∣∣∣ < 1, we can apply the following property (see
Luke (1975), Vol.1, page 58, equation (10)):

p+1Fq+1 {(β, αp); (β + σ, ρp); Z} =

Γ(β + σ)
Γ(β)Γ(σ)

∫ 1

0

tβ−1(1− t)σ−1
p+1Fq+1 {(αp); (ρp Zt)} dt

for |Z| < 1, Re(β) > 0, and Re(σ) > 0.
In our case, t ≡ ξ, p ≡ 2, q ≡ 1, β ≡ 1, σ ≡ r

Z + 1,

αp ≡
(

Z + ρ

Z

Z + Ω
Z

,
Z + ρ

Z

)
,

ρp ≡
(

1 +
Z + ρ

Z

Z + Ω
Z

)
,

and Z ≡ − ϕZξ

αAθ
α for [INT1], and Z ≡ − ϕZξ

αAθ
α

exp(Zt)
for [INT2]. Then,

[INT1] =
Z

Z + ρ
3F2

(
a; b;− ϕZξ

αAθ
α

)
,

[INT1] =
Z

Z + ρ
3F2

(
a; b;− ϕZξ

αAθ
α

exp(Zt)

)
,

where

a =
(

1,
Z + ρ

Z
,
Z + ρ

Z

Z + Ω
Z

)
,

b =
(

1 +
Z + ρ

Z
, 1 +

Z + ρ

Z

Z + Ω
Z

)
.

Applying this result into equation (D.2), we obtain [2] ¥
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Appendix E

Under the conditions (32), (36), and 2F1

(
− ϕZ

αAθ
α

)
> 0, it is clear that

the only problem is the term

2F1

(
− ϕZ

αAθ
α

exp(Zt)

)

2F1

(
− ϕZ

αAθ
α

)

in equation (39). Since we know that the denominator is positive, we
have to verify that the numerator is positive too. To do that, we use the
following property (see Abramowitz and Stegun, 15.2.1, page 557):

d

dz
2F1(a, b, c; z) =

ab

c
2F1(a + 1, b + 1, c + 1; z) (E.1).

Since our a, b, c terms and 2F1(a, b, c; z) are positive, we conclude that

2F1(a + 1, b + 1, c + 1; z) and the derivative are positive too. Then,

2F1(a, b, c; z) increases as z raises. Since exp(Zt) increases our z term,
then

2F1

(
− ϕZ

αAθ
α exp(Zt)

)
> 2F1

(
− ϕZ

αAθ
α

)
> 0

¥

Appendix F

Let us define

F

(
S(0)
K(0)

)
=

S(0)
K(0)

− αA

(
Z

ϕZ + αAθ
α

) 1
α

.


 Z

Z + ρ

1
α

1
Z + R

3F2

(
− ϕZ

αAθ
α

)

2F1

(
− ϕZ

αAθ
α

) − Z + ρ

Z

1
ρ

1

2F1

(
− ϕZ

αAθ
α

)

 . (F.1)

Condition (35) implies

F

(
S(0)
K(0)

)
= 0.

Then, applying the implicit function theorem, one obtains

∂ϕ

∂(S(0)/K(0))
= −∂F/∂(S(0)/K(0))

∂F/∂ϕ
. (F.2)
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From (F.1), ∂F/∂(S(0)/K(0)) = 1. Moreover, ∂F/∂ϕ = −∂g(ϕ)/∂ϕ,
where

g(ϕ) = αA

(
Z

ϕZ + αAθ
α

) 1
α

·

 Z

Z + ρ

1
α

1
Z + R

3F2

(
− ϕZ

αAθ
α

)

2F1

(
− ϕZ

αAθ
α

) − Z + ρ

Z

1
ρ

1

2F1

(
− ϕZ

αAθ
α

)

 . (F.3)

Applying the following property (Luke (1975), Vol.1, page 111 (Property
38))

3F2 {(a, b, c); (d + 1, c + 1);Z} =
c

c− d
2F1 (a, b, d + 1;Z)

− d

c− d
3F2 {(a, b, c); (d, c + 1);Z} ,

one obtains that

3F2

(
− ϕZ

αAθ
α

)

2F1

(
− ϕZ

αAθ
α

) =
Z + Ω

Ω
− Z

Ω

2F1

(
a′, b′, c′,− ϕZ

αAθ
α

)

2F1

(
− ϕZ

αAθ
α

) ,

where

a′ = 1; b′ =
Z + ρ

Z

Z + Ω
Z

; c′ = 1 + b′.

Then, we can rewrite g(ϕ) with 2F1 functions. Applying the formula
(E.1) for the derivative of 2F1, one gets ∂g(ϕ)/∂ϕ. Rearranging terms
and taking Corollary 6, we obtain that ∂g(ϕ)/∂ϕ < 0. Hence, from
(F.2), one concludes that

∂ϕ

∂(S(0)/K(0))
< 0

¥

Appendix G

Let us consider the case

γC <
Z

α

ϕZ

ϕZ + αAθ
α .
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Taking

γC =
Z

α

ϕZ

ϕZ + αAθ
α exp(Zt∗)

, (G.1)

we obtain t∗. From (G.1), one gets

exp(Zt∗) =
ϕZ

αAθ
α

(
Z − αγC

αγC

)
. (G.2)

Since, under Corollary 8, the term Z − αγC is strictly positive, we can
apply logs in (G.2). Then,

t∗ =
ln

[
ϕZ

αAθ
α

(
Z−αγC

αγC

)]

Z
.

If the term between square brackets is > 1, then t∗ > 0. We can prove
it by contradiction. Let us assume that

ϕZ

αAθ
α

(
Z − αγC

αγC

)
≤ 1.

Then, it easy to prove that

γC ≥ Z

α

ϕZ

ϕZ + αAθ
α ,

which contradicts our initial statement. Then t∗ > 0 ¥

Appendix H

Notice that this is not a numerical simulation. We proceed as follows.
First, for given values of the parameters, we obtain the corresponding
constant ϕ by solving numerically the non-linear equation (35)27. Once
ϕ is known, we plot the optimal solution paths provided in Section 5.5.

27Since our problem is concave, the solution paths are unique. Then, equation (35)

has a unique solution for ϕ. A formal proof of uniqueness of the solution of equation

(35) could be done. However, this is beyond the objective of this chapter. The

uniqueness can be tested by plotting equation (35), for given values of the parameters.

134



Parametrization

α γθ γA A θ (S(0)/K(0))∗ ρ

0.32 0.019 0.01 1 2 0.0056 0.03

Note for the Figures

• All Figures share the same parametrization except Figure 4, where
we specify the parameters value.

• ϕ is the constant corresponding to the ratio S(0)/K(0). In particu-
lar, ϕ = 0 is the constant corresponding to the ratio (S(0)/K(0))∗.

• x(t) represents the variable and detrx(t) is the corresponding de-
trended variable.
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Figure 2: C̃(t)
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Figure 3: C(t)
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Figure 4: special case of C(t)
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Figure 5: K̃(t) and K(t)
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Figure 6: Ĩ(t) and I(t)
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Figure 7: Ỹ (t) and Y (t)
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Figure 8: R̃(t)
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Figure 9: R(t)
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Figure 10: special case of R(t)
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Figure 11: S(t)
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