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LIE MODELS FOR THE COMPONENTS OF SECTIONS
OF A NILPOTENT FIBRATION

URTZI BUIJS, YVES FÉLIX, AND ANICETO MURILLO

Abstract. We give an explicit Lie model for any component of the space of
free and pointed sections of a nilpotent fibration, and in particular, of the free
and pointed mapping spaces. Among the applications presented, we obtain a
Lie model of the exponential law and prove that, in many cases, the rank of
the homotopy groups of the mapping space grows at the same rate as the rank
of the homotopy groups of the target space.

Introduction

Let F → E
p→ X be a nilpotent fibration of nilpotent spaces in which the base

is a finite complex. The purpose of this paper is to give a new way to compute
the rational homotopy type of the space Secσ(p) (resp. Sec∗σ(p)) of sections (resp.
pointed sections) of p that are homotopic to σ. In particular, when p : X × Y → X
is the projection and the section is given by a map f : X → Y , these are the free
and pointed mapping spaces mapf (X, Y ) and map∗

f (X, Y ).
Since the original work of Thom [15], much has been written on the subject,

mostly from the contravariant Sullivan approach to rational homotopy. As a crucial
contribution, a Sullivan model for Secσ(p) was first constructed by Haefliger [9] and
rebuilt in a more functorial way by Brown and Szczarba in [2]. From those models,
explicit descriptions of the rational homotopy groups of mapf (X, Y ) have been
obtained in [4] and [11]. For instance, if ϕ : LX → LY is a Quillen model for f ,
Lupton and Smith prove that π∗map∗

f (X, Y )⊗Q is isomorphic to the homology of
the complex of ϕ-derivations from LX into LY . However, from the Quillen setting
based in differential Lie algebras, there are only partial descriptions. In this paper,
we construct Lie models for the free and pointed sections of p, and in particular
for mapping spaces, extending the work of Tanré and Scherer [13] on the constant
component of the based mapping space.

Let B be a finite dimensional CDGA model for X, let L be a Lie model for
the fiber F and consider a model of p of the form B → (B ⊗ C∗(L), D), in which
C∗(L) = (ΛV, d) is the usual cochain algebra on L. Moreover (see end of §1) we
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may choose (B⊗C∗(L), D) to be a quotient of a cochain algebra on a Lie model of
the total space and therefore its differential satisfies Dv = dv+Dv+b where b ∈ B,
Dv ⊂ B+ ⊗ V . We denote then by B# the dual coalgebra with comultiplication
∆, and by ϕ : B ⊗ C∗(L) → B a model of the section σ. From ϕ, we deduce the
following twisting function:

ϕ̃ : B# ϕ#

−→ C∗(L) = ΛsL
ξ−→ sL

s−1

−→ L

in which ξ : ΛsL → sL is the projection on the indecomposables. We then make
Hom(B#, L) a differential graded Lie algebra by defining the differential and the
bracket as

[f, g] = [ ] ◦ (f ⊗ g) ◦ ∆,

D(f) = d ◦ f + (−1)|f |f ◦ d − [ϕ̃, f ] − D
# ◦ (1 ⊗ f) ◦ ∆ .

Our main result then states (see Theorem 10 for the precise statement and the
corresponding version for the pointed space of sections):

Theorem. The DGL Hom(B#, L) is a Lie model for the space Secσ(p).

Due to the naturality of this construction, it gives directly a description of the
evaluation fibration Sec∗σ(p) → Secσ(p) → F (Theorem 14), and an exponential law
exp: map(X×Y, Z) → map(X, ZY ) corresponding to the topological one (Theorem
17).

Moreover, being within the Quillen covariant approach to rational homotopy,
these new models enable us to extract information deeply hidden in the Haefliger
model, and explicit computations concerning the homotopy groups of the space of
sections can be made (see Proposition 18 below). In particular we are able to show
that, for coformal spaces Y of finite Lusternik-Schnirelmann category, the growth
rate of the rank of π∗mapf (X, Y ) is, roughly speaking, the same as that of π∗(Y )
(see Theorem 20 for the precise statement):

Theorem. (i) If the image of the twisting cochain is contained in an ideal I with
log index I < log index L, then

log index π∗(mapf (X, Y )) ⊗ Q = log index π∗(Y ).

(ii) If the Lie algebra π∗(ΩY ) ⊗ Q has an infinite number of generators, then
π∗(mapf (X, Y )) ⊗ Q is also infinite dimensional.

In the next section we present the Sullivan model of Secσ(p), which better suits
our purposes. The bridge between the topology and our model is given by another
Lie model of the space of sections which is based on “ϕ-derivations”. In the second
section we describe our new model and extract some consequences. Finally, appli-
cations and explicit computations on the rational homotopy of mapping spaces are
given in §3.

1. Sullivan models for spaces of sections and ϕ-derivations

Our results heavily depend on known facts and techniques arising from rational
homotopy theory. All of them can be found with all details in [7]. It is however
necessary to make precise what a model for a nonconnected space means as long as
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all the path components of the considered space are nilpotent. Notice that, under
our assumptions, this is the case for Sec(p) and Sec∗(p) as [12, Thm.4.1] shows that
Secσ(p) and Sec∗σ(p) are nilpotent.

In [14] (see also [1]), Sullivan introduces a couple of adjoint functors,

SimpSet CDGA
〈 〉

��
AP L ��

between the homotopy categories of commutative differential graded algebras and
simplicial sets. As in [3], a model of a general space X as above, not necessarily
connected, is a Z-graded free CDGA (ΛW, d) such that its simplicial realization
〈(ΛW, d)〉 has the same homotopy type as the Milnor simplicial approximation
S∗(XQ) of XQ. In the same way, a model for a map f : X → Y is a morphism of
free CDGA’s (ΛU, d) → (ΛW, d) such that its simplicial realization has the same
homotopy type as the simplicial map S∗(fQ). Note that, as the realization functor is
not, in general, an equivalence, this definition does not preserve quasi-isomorphisms
and thus, the model of a given nonconnected space does not provide its rational
cohomology algebra (see Example 3). However, as explicitly described just after
Theorem 1, it is possible to obtain a Sullivan model of any component Xi of X
from a given model of X.

We start by introducing the Haefliger model [9] of the space of sections of a given
fibration via the functorial description of Brown and Szczarba [2]. From now on,
as stated in the introduction, F → E

p→ X shall denote a nilpotent fibration of
nilpotent spaces in which the base X is a finite complex. Moreover, when we deal
with pointed mapping spaces or spaces of pointed sections, we assume that the fibre
F is simply connected.

Let B be a finite dimensional CDGA (commutative differential graded algebra)
model of the nilpotent finite complex X, and let (B, d) → (B⊗ΛV, D) → (ΛV, d) be
a relative Sullivan algebra, or KS-extension, which models the nilpotent fibration
F → E

p→ X. We denote by B� the differential coalgebra dual of B with the grading
B�−n = B�

n = Hom(Bn, Q). Consider Λ(B ⊗ ΛV ⊗ B�), the free commutative
algebra generated by the Z-graded vector space (B⊗ΛV )⊗B� and endowed with the
differential d induced by D and by the differential on B�. Let J be the differential
ideal generated by 1 ⊗ 1 − 1 and the elements of the form

v1v2 ⊗ β −
∑

j

(−1)|v2||β′
j |(v1 ⊗ β′

j)(v2 ⊗ β′′
j ), v1, v2 ∈ V,

b ⊗ α ⊗ β −
∑

j

(−1)|β
′
j |(|α|+1)β′

j(b) ⊗ α ⊗ β′′
j , b ∈ B, α ∈ ΛV,

where ∆β =
∑

j β′
j⊗β′′

j . The map induced by the inclusion V ⊗B� ↪→ B⊗ΛV ⊗B�,

ρ : Λ(V ⊗ B�)
∼=−→ Λ(B ⊗ ΛV ⊗ B�)/J

is an isomorphism of graded algebras and thus d̃ = ρ−1dρ defines a differential in
Λ(V ⊗ B�) for which:

Theorem 1 ([2, 9]). (Λ(V ⊗B�), d̃) (resp. (Λ(V ⊗B�
+), d̃)) is a model of Sec(p)(resp.

Sec∗(p)).
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For the model of the components of Sec(p) and/or Sec∗(p) we follow the approach
and notation of [3]:

For any free CDGA (ΛW, d), in which W is Z-graded, and any algebra morphism
u : ΛW −→ Q consider the differential ideal Ku generated by A1 ∪ A2 ∪ A3, where

A1 = W<0, A2 = dW 0, A3 = {α − u(α) : α ∈ W 0}.

(ΛW, d)/Ku is again a free CDGA of the form (Λ(W
1 ⊕ W≥2), du) in which W

1

is a complement in W 1 of d(W 0) modulo identifications via A1 and A3 (see [3] for
details). Note that W

1
depends also on u. Moreover, if (ΛW, d) is a model of a

(nonconnected) space X and u corresponds to a 0-simplex of X, as remarked in [3,
4.3], (Λ(W

1⊕W≥2), du) is a Sullivan model of the path component of X containing
the fixed 0-simplex.

We now apply this to the following: let σ : X → E be a section of p which is
modeled by a fixed retraction

φ : (B ⊗ ΛV, D) → (B, d).

This morphism restricts to an algebra map ΛV → B which determines an algebra
morphism denoted also by

φ : Λ(V ⊗ B�) → Q.

Then, it turns out that:

Theorem 2 ([2, 3]). The projection

(Λ(V ⊗ B�), d̃) −→ (Λ(V ⊗ B�), d̃)/Kφ
∼= (Λ(V ⊗ B�

1
⊕ (V ⊗ B�)≥2), dφ)

is a model of the inclusion Secσ(p) ↪→ Sec(p). Moreover,

(Λ(V ⊗ B�
+), d̃) −→ (Λ(V ⊗ B�

+), d̃)/Kφ
∼= (Λ(V ⊗ B�

+

1

⊕ (V ⊗ B�
+)≥2), dφ)

is a model of the inclusion Sec∗σ(p) ↪→ Sec∗(p).

In particular, (Λ(V ⊗ B�
1
⊕ (V ⊗ B�)≥2), dφ) is a model of Secσ(p), which shall

be denoted by (ΛS, dφ). If F is 1-connected, then (Λ(S/V ), dφ) is a Sullivan model
of Sec∗σ(p).

Example 3. Consider the space map(Sn, Sn), n odd, n > 1, which is also Sec(p)
for the trivial bundle p : Sn × Sn → Sn. A model of Sn is (Λx, 0) with |x| = n,
and a model of map(Sn, Sn) is (Λ(x⊗ H∗(Sn)), 0) = (Λ(x, y), 0) with |y| = 0. The
0-simplices of the realization of this CDGA are given by

〈Λ(x, y)〉0 = Hom(Q[y], Q) ∼= Q .

The map Q[y] → Q, y �→ q corresponds to the component given by the
maps of degree q in map(Sn

Q, Sn
Q). The injection mapq(Sn

Q, Sn
Q) ↪→ map(Sn

Q, Sn
Q)

is modeled by the projection (Λ(x, y), 0) → (Λx, 0) that maps y to q. Note
that, although (Λ(x, y), 0) is a model for the function space in the sense de-
fined above, H∗(Λ(x, y), 0) is isomorphic to neither H∗(map(Sn

Q, Sn
Q); Q) nor

H∗(map(Sn, Sn); Q). In fact, as both map(Sn, Sn) and map(Sn
Q, Sn

Q) have infin-
itely many components, their rational homology in degree zero is infinite dimen-
sional and, therefore, their rational cohomology in degree zero is not countable.
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Next, we introduce a vector space which gives, in general, the rational homotopy
Lie algebra of Secσ(p) and, under some conditions, a Lie model for this space.
Indeed, we consider the differential graded vector space (Derφ

B(B ⊗ ΛV, B), δ) of
φ-derivations over B, where Derφ

B(B ⊗ ΛV, B)n are the B-module maps of degree
n, θ : (B⊗ΛV )∗ → B∗−n, for which θ(xy) = θ(x)φ(y)+(−1)n|x|φ(x)θ(y), x, y ∈ V .
The differential is defined as usual, δθ = d ◦ θ + (−1)n+1θ ◦ D.

Observe that, as graded vector spaces, Derφ
B(B ⊗ ΛV, B) ∼= Hom(V, B) ∼=

(V ⊗ B�)� via the canonical isomorphism Θ: Derφ
B(B ⊗ ΛV, B) → (V ⊗ B�)�,

Θ(θ)(v ⊗ β) = (−1)|β|(|v|+|θ|)β(θ(v)). From now on, we restrict to and focus on
Derφ

B(B ⊗ ΛV, B), the positive φ-derivations over B,

Derφ
B(B ⊗ ΛV, B)i =

{
Derφ

B(B ⊗ ΛV, B)i for i > 1,

ZDerφ
B(B ⊗ ΛV, B)1 for i = 1,

in which Z denotes the space of cycles. We shall also denote by δ the differential
of this complex.

Given (Λ(V ⊗ B�
1
⊕(V ⊗B�)≥2), dφ) = (ΛS, dφ), the model of Secσ(p) described

above, for simplicity call it d = dφ and, as for any Sullivan model, write d =
∑

i≥1 di

in which di(S) ⊂ ΛiS. Then, the same proof of [4, Thm. 5] produces:

Lemma 4. The following diagram commutes:

S�
1 S�

2

d�
1�� S�

3

d�
1�� · · ·

d�
1��

Derφ
B(B ⊗ ΛV, B)1

Θ ∼=

��

Derφ
B(B ⊗ ΛV, B)2

δ��

Θ ∼=

��

Derφ
B(B ⊗ ΛV, B)3

δ��

Θ ∼=

��

· · ·δ��

�
On the other hand, extending [4] we define the following.

Definition 5. Consider the linear map of degree 1,

[ , ] : Derφ
B(B ⊗ ΛV, B) ⊗Derφ

B(B ⊗ ΛV, B) −→ Derφ
B(B ⊗ ΛV, B),

defined by:

[ϕ, ψ](v) = (−1)|ϕ|+|ψ|−1
∑

l

bl

(∑
i �=j

ε φ(v1 . . . v̂i . . . v̂j . . . vk)ϕ(vi)ψ(vj)
)
,

in which, for the differential D in B ⊗ ΛV , Dv =
∑

l bl v1 . . . vk and ε is the sign
defined as follows: for each set of indices Γ ⊂ {1, . . . , k} write ρΓ =

∑
n�∈Γ |vn|. For

instance, ρ≤i,j denotes |vi+1| + · · ·+ |̂vj | + · · · + |vk| if i < j or |vi+1| + · · ·+ |vk| if
i ≥ j. Then,

ε = (−1)ρi,j |ϕ|+ρj |ψ|+ρ≤i,j |vi|+ρ≤j |vj |.

This operation induces a bracket in homology with respect to which:

Lemma 6. H∗(s−1Derφ
B(B ⊗ ΛV, B)) is a graded Lie algebra.

Proof. First, proceeding as in [4, Lemma 10], it is shown that, given derivations
ϕ, ψ ∈ Derφ

B(B ⊗ ΛV, B) and v ⊗ β ∈ S,

(1) Θ [ϕ, ψ] (v ⊗ β) = (−1)|ϕ|+|ψ|−1〈Θϕ, Θψ; d2(v ⊗ β)〉.
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Here, 〈 , ; 〉 : S� × S� ×Λ2S → Q is the usual pairing. As d2 induces a Lie algebra
structure on s−1H∗(S, d1), the lemma follows. �

As an immediate consequence, Theorems 1 and 3 of [4] can be extended to:

Theorem 7. As Lie algebras, for n ≥ 2,

πnΩSecσ(p)Q
∼= Hn(s−1Derφ

B(B ⊗ ΛV, B), δ),

πnΩSec∗σ(p)Q
∼= Hn(s−1Derφ

B(B ⊗ ΛV, B+), δ),

while for n = 1,

ΓQ

(
π1Secσ(p)

) ∼= H1(s−1Derφ
B(B ⊗ ΛV, B), δ),

ΓQ

(
π1Sec∗σ(p)

) ∼= H1(s−1Derφ
B(B ⊗ ΛV, B+), δ).

�

Here, as for any nilpotent space Z, ΓQ(π1Z) denotes the rational vector space⊕m
i=1 Γi/Γi+1 ⊗ Q, where π1Z = Γ1 ⊃ Γ2 ⊃ · · · ⊃ Γm = {1} is the lower central

series of π1Z. In particular, dim ΓQ

(
π1Z) = rk π1Z.

It is important to note that, at the chain level, the bracket above does not
define, in general, a differential graded Lie algebra (DGL henceforth) structure on
s−1Derφ

B(B ⊗ΛV, B) or s−1Derφ
B(B ⊗ΛV, B+). Nevertheless, the following holds.

Lemma 8. If (ΛV, d = d1 + d2) has only linear and quadratic differentials, then,
given ϕ, ψ, γ ∈ Derφ

B(B ⊗ ΛV, B),
[ϕ, ψ] = (−1)|ϕ||ψ|[ψ, ϕ];
δ [ϕ, ψ] + [δϕ, ψ] + (−1)|ϕ| [ϕ, δψ] = 0;
(−1)|ϕ| [ϕ, [ψ, γ]] + (−1)|γ|(|ϕ|+|ψ|+1) [γ, [ϕ, ψ]] + (−1)|ψ|+|ϕ|(|ψ|+|γ|) [ψ, [γ, ϕ]] = 0.

Proof. The first assertion is direct. Via Lemma 4 and formula (1) above, it is a
straightforward (but tedious) calculation to show that the second and third asser-
tions are equivalent to d1d2 + d2d1 = 0 and d2

2 = 0 respectively. �

Now we recall the definition of the chain and cochain functors defined in the
category of differential graded Lie algebras.

On the one hand, the Cartan-Eilenberg-Chevalley construction on a given DGL
(L, dL) is the differential graded cocommutative coalgebra C∗(L, dL) = (ΛsL, d =
d1 + d2) in which, as usual, (sL)k = Lk−1 and

d1(sx1 ∧ · · · ∧ sxk) = −
k∑

i=1

(−1)nisx1 ∧ · · · ∧ sdLxi ∧ · · · ∧ sxk,

d2(sx1 ∧ · · · ∧ sxk) =
∑

1≤i<j≤k

(−1)nij s [xi, xj ] ∧ sx1 · · · sx̂i · · · sx̂j · · · ∧ sxk.

Here, ni =
∑

j<i |sxj |, and

sx1 ∧ · · · ∧ sxk = (−1)nij sxi ∧ sxj ∧ sx1 · · · sx̂i · · · sx̂j · · · ∧ sxk.

The dual of the construction above is the commutative differential graded algebra
C∗(L, dL) = Hom(C∗(L, dL), Q). If L is of finite type, then C∗(L, dL) = (ΛV, d),
where V and sL are dual graded vector spaces and d = d1+d2 in which: 〈d1v; sx〉 =
(−1)|v|〈v; sdLx〉 and 〈d2v; sx ∧ sy〉 = (−1)|y|+1〈v; s [x, y]〉.
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From now on we shall write, for convenience, C∗(L) and C∗(L) instead of
C∗(L, dL) and C∗(L, dL).

Also, recall that, for a nilpotent space X of rational homology of finite type,
a Lie model is a DGL of finite type (L, dL) together with a quasi-isomorphism
C∗(L, dL) 
−→ APL(X).

Then, if we choose a model of the fibre of p of the form (ΛV, d) = C∗(L), with
L a Lie model of F , we have:

Theorem 9. The space s−1Derφ
B(B ⊗ ΛV, B) (resp. s−1Derφ

B(B ⊗ ΛV, B+)) en-
dowed with the usual differential δs−1ϕ = −s−1δϕ and bracket

[
s−1ϕ, s−1ψ

]
=

(−1)|ϕ|s−1 [ϕ, ψ] is a Lie model of Secσ(p) (resp. Sec∗σ(p)).

Proof. Lemma 8 shows that s−1Derφ
B(B ⊗ ΛV, B) (resp. s−1Derφ

B(B ⊗ ΛV, B+))
is in fact a DGL. To prove that s−1Derφ

B(B ⊗ ΛV, B) is a Lie model of Secσ(p) we
show that C∗(s−1Derφ

B(B ⊗ ΛV, B)
) ∼= (ΛS, dφ) as CDGA’s. On the one hand, as

algebras,

C∗(s−1Derφ
B(B ⊗ ΛV, B)

)
= Hom

(
C∗

(
s−1Derφ

B(B ⊗ ΛV, B)
)
, Q

)
= Hom

(
ΛDerφ

B(B ⊗ ΛV, B), Q
)

∼= Λ
(
V ⊗ B�

1
⊕ (V ⊗ B�)≥2

)
= ΛS,

where the last isomorphism is provided by the canonical isomorphism Θ. Next,
observe that, as the differential of ΛV = C∗(L) has only linear and quadratic
parts, so does the differential dφ in ΛS. Finally, it is straightforward, using
Lemma 4 and formula (1), to show that the linear and quadratic parts of the
differential in (ΛS, dφ) are carried to the linear and quadratic parts of the dif-
ferential on C∗(s−1Der(ΛV, B; φ)

)
. The same arguments apply to show that

s−1Derφ
B(B ⊗ ΛV, B+) is a Lie model of Sec∗σ(p). �

Observe that a model of the fibration p, B → (B ⊗ ΛV, D) → (ΛV, d) can be
chosen so that Dv = dv + Dv + b, b ∈ B, Dv ∈ B+ ⊗ V . This is obtained by
applying the cochain functor to a surjective Lie model of p, LE → LX , to get a
relative Sullivan algebra, or KS-extension, C∗(LX) → C∗(LE) = C∗(LX) ⊗ ΛV .
Now, a finite dimensional model for X is obtained by taking B to be a finite
dimensional CDGA quotient of C∗(LX) by some acyclic ideal.

2. Lie models for the components of Secσ(p)

For the fibration F → E
p→ X, and with the notation of the last observation

of the previous section, write C∗(L) = (ΛV, d) with V = (sL)� and L a model
of F . As before, let φ : B ⊗ C∗(L) −→ B be a model of the section σ : X → E
of p which restricts to an algebra morphism (not commuting with differentials!)
φ : C∗(L) → B. We shall denote by φ̃ the linear map (of lower degree −1)

φ̃ : B� φ�

→ C∗(L) = ΛsL
ξ→ sL

s−1

→ L

in which the composite ΛsL
ξ→ sL

s−1

→ L is the canonical twisting cochain from the
Chevalley-Eilenberg coalgebra on L to L. In general, φ̃ is a twisting cochain only
when φ, and thus φ� commutes with differentials. For convenience, we shall use the
same notation for the restriction to φ̃ : B�

+ → L.
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Next, in the graded vector space Hom(B�, L), we consider the usual bracket
[f, g] = [ , ] ◦ f ⊗ g ◦ ∆, and the perturbed differential Dφ = D − adφ̃ −R:

Dφf = ∂Lf + (−1)|f |fδ −
[
φ̃, f

]
−Rf ,

where Rf = s−1D� ◦ (1B� ⊗ sf) ◦ ∆. Finally, discard the negative graded part by
defining Hom(B�, L):

Homi(B�, L) =
{

Homi(B�, L) for i > 1,
Z(Hom1(B�, L)) for i = 1.

The same process is carried out to define Hom(B�
+, L). Then, our main result

reads:

Theorem 10. The DGL Hom(B�, L) (resp. Hom(B�
+, L)) endowed with Dφ and

[ , ] is a Lie model for Secσ(p) (resp. Sec∗σ(p)).

Remark 11. As the vector space Hom(B�, L) is canonically isomorphic to B ⊗ L,
another formulation of this result is the following: consider a basis {bi} of B, its
dual basis {βi}, and write φ̃(βi) = �i. Then, in B ⊗ L consider the usual bracket
[a ⊗ �, b ⊗ �′] = (−1)|b||
|ab ⊗ [�, �′] and the perturbed differential

δφ(a ⊗ �) = da ⊗ � + (−1)|a|a ⊗ δ� +
∑

i

(−1)|bi||
|abi ⊗ [�, �i] + R(a ⊗ �),

where R : B ⊗L → B ⊗L corresponds to the operator R through the isomorphism
above. Finally, restrict to the DGL Lφ:

Lφ
i =

{
(B ⊗ L)i for i > 1,

Z(B ⊗ L)1 for i = 1.

The same process, starting with Hom(B�
+, L), produces the DGL Lφ

∗ .

Thus, one immediately obtains:

Corollary 12. The DGL’s Lφ and Lφ
∗ are Lie models of Secσ(p) and Sec∗σ(p),

respectively. �

Due to Theorem 9, Theorem 10 shall be established once we prove:

Theorem 13. As differential graded Lie algebras,

(Hom(B�, L), Dφ, [ , ]) ∼= (s−1Derφ
B(B ⊗ ΛV, B), δ, [ , ]),

(Hom(B�
+, L), Dφ, [ , ]) ∼= (s−1Derφ

B(B ⊗ ΛV, B+), δ, [ , ]).

Proof. We only show the first assertion as the second has an identical proof. First
note that, as graded vector spaces, s−1Derφ

B(B ⊗ ΛV, B) ∼= Hom(B�, L):

s−1Derφ
B(B ⊗ ΛV, B)n = Derφ

B(B ⊗ ΛV, B)n+1
Θ→ (V ⊗ B�)�

n+1

∇← Homn+1(B�, sL) = Homn(B�, L),

in which ∇ is the canonical isomorphism ∇λ(g⊗β) = (−1)|g||λ|g(λ(β)). It is easily
checked that this restricts to an isomorphism s−1Derφ

B(B⊗ΛV, B) ∼= Hom(B�, L).



LIE MODELS FOR SECTIONS OF A NILPOTENT FIBRATION 5609

Next, we see that this is an isomorphism of Lie algebras. For that, choose ϕ, ψ ∈
Derφ

B(B⊗ΛV, B) and λ, µ ∈ Hom(B�, L) such that Θϕ = ∇λ and Θψ = ∇µ. Then,
a straightforward computation shows that, for any v ⊗ β ∈ S, Θ [ϕ, ψ] (v ⊗ β) =
∇s [λ, µ] (v⊗β). It is worthwhile to mention that in this computation, the fact the
following diagram commutes is essential:

(B ⊗ B) ⊗ B�
m⊗id

B� ��

idB⊗B⊗∆

��

B ⊗ B�

FB

��
(B ⊗ B) ⊗ (B� ⊗ B�)

F(B⊗B)

�� Q.

Here m denotes multiplication and

FB(b ⊗ β) = (−1)|b|β(b), FB⊗B(b ⊗ b′ ⊗ β ⊗ β′) = (−1)|b||b
′|+|b|+|b′|β(b)β′(b′).

Finally, we prove that the isomorphism above commutes with differentials. Ac-
cording to Lemma 4, this is equivalent to the commutativity of the square

S�
n S�

n+1

d1
�

��

Homn(B�, L)

∼=∇

��

Homn+1(B�, L).
Dφ

��

∇∼=

��
.

Let λ ∈ Homn+1(B�, L) and θ ∈ Derφ
B(B⊗ΛV, B)n+1 such that ∇λ = Θθ. For any

v ⊗ β ∈ Sn, write Dv = d1v + d2v + Dv + b, where Dv = b′w ∈ B+ ⊗ V . From now
on, for simplicity in the notation and to make formulas clearer, we shall omit signs
and write just ±. However, a careful application of the Koszul convention leads to
proper sign adjustments. On the one hand, a short computation shows that

d�
1(∇λ)(v ⊗ β) = ±β

(
θ(d1v + d2v + b′w + b)

)
± 〈v, λ(δβ)〉.

On the other hand,

(∇Dφλ)(v ⊗ β) = ±〈v, ∂sLλ(β) ± λ(δβ) − s
[
φ̃, λ

]
(β) ±Rλ(β)〉.

Now, one easily sees that β
(
θ(d1v)

)
= ±〈v, ∂sLλ(β)〉 while a direct computa-

tion, with the aid of formula (1) and the commutative square above, shows that
β
(
θ(b)

)
= 0, β

(
θ(d2(v)

)
= ±〈v, s

[
φ̃, λ

]
(β)〉, β

(
θ(b′w)

)
= ±〈v,Rλ(β)〉 and the

theorem follows. �

Next, we give an explicit and natural Lie model of the classical evaluation fibra-
tion.

Theorem 14. The fibration Sec∗σ(p) → Secσ(p) ev→ F , in which ev(γ) = γ(∗), is
modeled by the exact sequence

0 → Hom(B�
+, L)

Hom(i�,L)−→ Hom(B�, L) ev−→ L → 0

in which i : B+ ↪→ B and ev(f) = f(1). Equivalently, it is modeled by

0 → Lφ
∗

j−→ Lφ q−→ L → 0
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in which j is the restriction of the inclusion B+ ⊗ L ↪→ B ⊗ L and q the obvious
projection.

Proof. Apply the functor Derφ
B(B⊗ΛV,−) to the sequence 0 → B+ → B → Q → 0

to get an exact sequence

0 → s−1Derφ
B(B ⊗ΛV, B+) → s−1Derφ

B(B ⊗ΛV, B) → s−1Derφ
B(B ⊗ΛV, Q) → 0.

By Theorem 9 (see also [4, Cor.7.2]), this is a Lie model of the evaluation fibration.
Observe that here, s−1Derφ

B(B ⊗ΛV, Q) ∼= s−1(V �) = s−1sL = L. To finish, apply
Theorem 13 and the result follows. �

3. Mapping spaces

The results proved in the earlier sections give, in particular, Lie models for
pointed and free mapping spaces, when applied to the trivial fibration. In fact,
let X be a finite complex and let f : X → Y be a map modeled by the morphism
φ : C∗(L) = (ΛV, d) → B in which L is a Lie model of Y and B a finite dimensional
CDGA model of X. Hence φ is a retraction of the trivial KS-extension B → B⊗ΛV .
In this particular context, Theorems 10, 14 and Corollary 12 read:

Corollary 15. The DGL’s Hom(B�, L) and Hom(B�
+, L), or Lφ and Lφ

∗ , are
Lie models of mapf (X, Y ) and map∗

f (X, Y ) respectively. Moreover, the fibration
map∗

f (X, Y ) → mapf (X, Y ) ev→ Y is modeled by

0 → Hom(B�
+, L)

Hom(i�,L)−→ Hom(B�, L) ev−→ L → 0 or

0 → Lφ
∗

j−→ Lφ q−→ L → 0.

�
Remark 16. Note that, for mapping spaces, the differential in these models simpli-
fies to Dφ = D − adφ̃, i.e., Dφf = ∂Lf + (−1)|f |fδ −

[
φ̃, f

]
. In fact, for the trivial

KS-extension, R = 0 as D vanishes.
Equivalently, in Lφ,

δφ(a ⊗ l) = da ⊗ l + (−1)|a|a ⊗ δl +
∑

i

(−1)|bi||l|abi ⊗ [l, li].

It is convenient to observe that, in the purely algebraic setting, for a given linear
map of degree −1, ϕ : B� → L between a differential graded coalgebra and a DGL,
Dϕ does not define a differential in Hom(B�, L). For that, a necessary and sufficient
condition is that, with the usual differential D and bracket [ , ], the Maurer-Cartan
equation is satisfied,

Dϕ =
1
2
[ϕ, ϕ].

Moreover, those maps satisfying the Maurer-Cartan equation are exactly the twist-
ing cochains.

With all of the above, we have a covariant algebraic construction to describe
the rational homotopy type of mapping spaces and the corresponding evaluation
fibrations. As a first strong application we see that the exponential law for spaces
can be modeled by the corresponding exponential law in our context.

Let B and C be finite dimensional CDGA models of X and Y respectively,
let L be a DGL model of Z and let f : X × Y → Z be a map represented by
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φ : C∗(L) = ΛV → B ⊗ C. Consider the linear maps of degree −1, ϕ̃ : C → L,
ψ̃ : B → Hom(C�, L), defined by ϕ̃(c) = φ̃(1 × c), ψ̃(b)(c) = φ̃(b ⊗ c). Then, we
have:

Theorem 17. A Lie model for the exponential law

exp: mapf (X × Y, Z)
∼=→ mapf1

(
X, mapf2

(Y, Z)
)

is the DGL isomorphism

Ψ: Homφ̃(B� ⊗ C�, L)
∼=→ Homψ̃

(
B�,Homϕ̃(C�, L)

)
induced by canonical adjunction.

Proof. Let S, T, U be compactly generated spaces. Denote by ev : map(S, U)×S →
U the evaluation map and by A : [T, map(S, U)] ∼= [T ×S, U ] the bijection given by
adjunction. Hence, two maps h, k : T → map(S, U) are homotopic if and only if the
composite maps T ×S

h×id−→ map(S, U)×S
ev−→ U and T ×S

k×id−→ map(S, U)×S
ev−→

U are homotopic.
In particular, for T = map(X × Y, Z), S = X and U = map(Y, Z), the expo-

nential map exp : map(X × Y, Z) → map
(
(X, map(Y, Z)

)
is the only map up to

homotopy making homotopy commutative the diagram

map(X × Y, Z) × X × Y

ev

��

exp×id �� map
(
X, map(Y, Z)

)
× X × Y

ev×id

��
Z map(Y, Z) × Y.ev

��

Now denote by
(
Λ

(
V ⊗ (C ⊗B)#

)
, d̃

)
and

(
Λ

(
(V ⊗C#)⊗B#

)
, d̃

)
the Haefliger

models for map(X ×Y, Z) and map
(
X, map (Y, Z)

)
. Recall also [3, 9] that a model

for the evaluation map ev : map(Y, Z)×Y → Z is given by ω : ΛV → Λ(V ⊗C#)⊗C,
ω(v) =

∑
i(v ⊗ γi) ⊗ ci, with {ci} and {γi} a basis of C and its dual basis of C#

respectively. Denote by θ : C# ⊗ B# → (C ⊗ B)# the linear isomorphism defined
by θ(γ ⊗ β)(c ⊗ b) = (−1)|β||c|β(b)γ(c). A simple computation shows that

Γ = Λ(θ ⊗ 1) :
(
Λ

(
(V ⊗ C#) ⊗ B#

)
, d̃

)
→

(
Λ

(
V ⊗ (C ⊗ B)#

)
, d̃

)
is an isomorphism of differential graded algebras making commutative the diagram

ΛV

ω

��

ω �� Λ(V ⊗ C#) ⊗ C

ω⊗id

��
Λ

(
V ⊗ (C ⊗ B)#

)
⊗ C ⊗ B Λ

(
(V ⊗ C#) ⊗ B#

)
⊗ B ⊗ C.

Γ⊗τ
��

Here, τ (b⊗ c) = (−1)|b||c|c⊗ b. Since rationally, homotopy classes of maps between
two spaces correspond in a bijective way to homotopy classes of maps between their
models, this shows that Γ is a Sullivan model for exp.

Now, using the isomorphism of Remark 11, Ψ can be written as the canonical
isomorphism Ψ′ : (B⊗C)⊗L → B⊗ (C⊗L) defined by Ψ′((b⊗c)⊗�) = b⊗ (c⊗�).
The cochain algebra map C∗(Ψ′) is the above isomorphism Γ. Therefore Ψ is a Lie
model for exp. �



5612 URTZI BUIJS, YVES FÉLIX, AND ANICETO MURILLO

Another important application of our models is that rational homotopy groups
of free and pointed mapping spaces together with their evaluation subgroups, i.e.,
(generalized) Gottlieb groups, can be effectively computed. We now present some
results in this direction.

Proposition 18. For any 1-connected space Y , α ∈ πn(Y ), n ≥ 1, there is a
natural isomorphism,

π∗mapα(Sn, Y ) ∼= ker adα ⊕ coker adα

while π∗map∗
α(Sn, Y ) ∼= π∗(Y ).

More generally, if X =
∨

i∈I Sni is a wedge of spheres and αi ∈ πni
(Y ), i ∈ I,

then
π∗map(αi)(X, Y ) ∼= (

⋂
i

ker adαi
) ⊕ (

⊕
i

coker adαi
)

and π∗map∗
(αi)

(X, Y ) ∼=
⊕

i π∗(Y ).

Here, adα : π∗(Y ) → π∗(Y ) denotes the adjoint of the Whitehead bracket, adα(β)
= [α, β].

Proof. Fix L a Lie model of Y and consider the CDGA model of Sn, B = (Λa/〈a2〉,
0), |a| = n. Next, choose φ̃ : B� = Q ⊕ 〈β〉 → L of the form φ̃(β) = x in which
x ∈ Ln−1 is a cycle representing α ∈ πn−1(ΩSn) = πn(Sn). Hence, if we denote by
eL the suspension snL, B ⊗ L ∼= L ⊕ eL and as such,

δφ(y, z) = (δy, (−1)|a|δz + (−1)n|y|[y, x]).

Hence the map Ψ: π∗
(
Ωmapα(Sn, Y )

)
= H∗(B⊗L) → ker adα defined by Ψ[(y, z)]

= [y] is obviously surjective and kerΨ
∼=→ coker adα via [(y, z)] �→

[
z − [x, t]

]
with

δt = y. In the same way, consider the CDGA model of X =
∨

i∈I Sni , B =
(Λ(bi)/(bjbk), 0), |bi| = ni, j, k ∈ I. Let {βi} be a basis of B� and choose φ̃(βi) = xi,
a cycle in Lni−1 representing αi. In B ⊗ L ∼= L ⊕ (

⊕
i eiL),

δφ(y0,
∑

i

yi) = (δy0,
∑

i

(−1)niδyi + (−1)ni|y0|[y0, xi]).

A similar argument to the previous case proves the desired general result. �

Remark 19. Observe that, for X =
∨

i∈I Sni , the model of the evaluation fibration
π∗map∗

(αi)
(X, Y ) → π∗map(αi)(X, Y ) → Y is then

⊕
i eiL → L ⊕ (

⊕
i eiL) → L,

and the evaluation subgroup of π∗(Y ) is
⋂

i ker adαi
. This is coherent with the

topology because the class of a map g : Sn → Y is in the image of the evaluation if
and only if g∨f : Sn∨X → Y extends to the product, which means that [g, xi] = 0
for all i. Note also that the connecting map in the rational long exact homotopy
sequence is given by

∂ : H∗(L) →
⊕

i

H∗(eiL), ∂γ =
∑

i

(−1)ni|γ|+1
[
γ, [xi]

]
.

The previous examples give the flavor of the general situation. Suppose B is
1-connected and filter the model B ⊗ L of the mapping space given in Remark 11
by the differential ideals Fp = B≥p ⊗L. This filtration induces a spectral sequence
of graded Lie algebras in which E1

p = Bp ⊗ H∗(L) and E2
p = Hp(B) ⊗ H∗(L). If

L = (L, 0), the differential of any stage is easy to compute: If {hj} are cocycles
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in B such that the classes {[hj ]} form a basis of H∗(B) and φ̃(hj) = �j , then
d2([a] ⊗ �) =

∑
j [ahj ] ⊗ [�, �j ], and higher order differentials have a similar form.

From this we see that, in this context, the rate of growth of the rank of
π∗mapf (X, Y ) is the same as that of π∗(Y ). Recall that the log index of a graded
vector space V is defined as the limit

log index V = lim sup
k

log dim Vk

k
.

Recall also that a simply connected space Y is coformal if its rational homotopy type
depends only on its rational homotopy Lie algebra. In other words, if its minimal
model is isomorphic to the cochain algebra on the graded Lie algebra π∗(ΩY )⊗Q.

Then, assuming X and Y are simply connected, we deduce:

Theorem 20. Let Y be a coformal space of finite Lusternik-Schnirelmann category.
Then:

(i) If Im φ̃ ⊂ I with log index I < log index L, then

log index π∗(mapf (X, Y )) ⊗ Q = log index π∗(Y ) ⊗ Q.

(ii) If the Lie algebra π∗(ΩY ) ⊗ Q has an infinite number of generators, then
π∗(mapf (X, Y )) ⊗ Q is also infinite dimensional.

Proof. Recall that for any simply connected space Y of finite Lusternik-Schnirel-
mann category m there are at most m numbers that can appear as log index I for
some ideal I in L = π∗(ΩY ) ⊗ Q [8]. Moreover, the sum of the ideals Ij with log
index Ij < b = log index L is an ideal with log index < b [8]. Since Y is coformal, a
Lie model for Y is (L, 0).

Next, observe that, in the spectral sequence defined above, the image of d2

is contained in the ideal generated by Im φ̃ and thus, in I. To describe d3, let∑
k[ak]⊗uk be a d2-cocycle, i.e.,

∑
j,k[akhj ]⊗[uk, �j ] = 0. Then, there are elements

cj,k ∈ B such that ∑
j,k

akhj ⊗ [uk, �j ] = d
(∑

j,k

cj,k ⊗ [uk, �j ]
)
.

Then,

d3
(∑

k

[ak] ⊗ uk

)
=

∑
j,k,s

[cj,khs] ⊗
[
[uk, �j ], �s

]
,

which is also contained in the ideal generated by Im φ̃ and thus, in I. As this
fact occurs in general at each stage, the log index of the image of any differential
dr is, by hypothesis, strictly less than the log index of the complex. Therefore
log indexEr = log index L for each r. Since the spectral sequence has only a finite
number of terms, (i) follows.

For (ii) choose a nonzero cohomology class of maximal degree α ∈ H∗(B) and an
indecomposable class γ ∈ L with |γ| > |α|+1. Then, α⊗γ is an element of E2-term
of the spectral sequence which survives at any stage as γ is indecomposable. The
result is obtained by iterating the process with a sequence γi ∈ H∗(L) of different
degrees. �

Observe that the condition Im φ̃ ⊂ I can be weakened, assuming only that a set
of cycles representing H∗(B) is sent to I via φ̃.
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