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Abstract

2D graphic statics is based on two interdependagrams, namely the form and the force diagrams.
To each edge of the first one corresponds a pawectors in the second one that can be generally
overlapped as a single element. In the case obmbetsed 3D graphic statics, the reciprocity betwee
the two diagrams is normally not attained due &ithpossibility of overlapping all pairs of vectons

the force diagram. This paper explains how to caosthe force diagram in three dimensions while
proposing a solution to deal with the non-overlagppairs of vectors. This procedure applies to any
class of pin-jointed spatial frameworks. Alternatiways of assembling the force diagram are
suggested and a specific double-layered configurasi described. The 3D force diagram defined here
can be regarded as a direct extension of the 2& fdiagram and can be effectively used for early
design explorations.

Keywor ds: structural design, graphic statics, three-dimamadi static equilibrium, force diagram,
topology.

1. Introduction

Exploring non-conventional spatial structures mightve a difficult design problem and designers
usually lack adequate interactive tools. Graphatict has demonstrated its relevance to support the
design of two-dimensional structures in an intévacand informed way. One of its main benefits is
the possibility to represent the form and the infegces in two interdependent diagrams. In this
context, extending graphic statics to the third efision would allow new possibilities for both
structural design and analysis in three dimensidhsre are different ways to embark on this topic
(Jasienski et al. [8]), such as the vector-baseldtlam polyhedral-based approaches. This contributio
is focused on the vector-based approach to defidesign framework where both diagrams are
visualized and handled fully in three-dimensions.fact, vector-based 3D graphic statics can be
regarded as a direct extension of 2D graphic statibich is itself vector-based. On the one hagrd, a
shown by Mackinlay [9], the use of vectors (definadposition, lengths and angles), in place of
polyhedra (defined by areas, volumes and densisiesjns to increase the accuracy in quantitative
perceptual tasks. This aspect is directly relabeithe legibility of the diagrams, which plays a kele

in graphic statics. On the other hand, working witkctors introduces some disadvantages in
comparison to the polyhedral-based approach, edpeiri the construction and transformation of the
diagrams.

Graphic statics was originally theorized by Rank[d8], Maxwell [11], Culmann [2] and then
Cremona [3], based on the reciprocity between ¢he fand force diagrams. Maxwell and Culmann
already pointed out the existence of mechanicallysiple 2D equilibrium configurations for which a
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force diagram cannot be drawn as a reciprocal efdhm diagram. In graph theory, as demonstrated
by Whitney [21], the lack of reciprocity betweenatfigures is related to their topological propestie
Two figures cannot be reciprocal of each othehdirt topological graph is not planar — i.e. a graph
that can be drawn on a plane without crossing mesnterapo and Whiteley [5], Crapo [4], and
Micheletti [14] have extended the notion of recipty in different ways to some cases of structures
with non-planar graphs.

T

Fig. 1 Spatial truss with corresponding diagrantpdiogicalT — FormF — ForceF*

The aim of the present work is to support the smhubf any class of pin-jointed spatial frameworks,
especially focusing on structures that don’t haveuaderlying planar graph and therefore don’t have
reciprocal force diagrams. Specifically, the présdrapproach suggests a series of assembly rules
how to construct 3D force diagrams out of individuector-based force polygons, representing the
equilibrium of the single nodes of the structuréntsl to deal with transformations on these vector-
based force diagrams that preserve their interdkgey to the corresponding form diagrams are also
introduced.

The paper is organized as follows. Section 2 erpltie graphical solution of the internal equiliioni

of a pin-jointed spatial framework on a single nadsis. Section 3 deals with the construction ef th
force diagram based on the assembly of the nodeg fmolygons in self-stressed structures. The issue
of non-overlapping pairs of vectors in the forcaglam is discussed following a graph-theoretic
approach. A procedure to deal also with externatef® is here presented and various ways to
assemble the force diagrams are shown. Sectioneflybsuggests further developments regarding
transformations of the force diagram, while the Isection summarizes the current results of the
research.

2. Solving internal equilibrium

2.1. Node-by-node procedure

In this section, a procedure to solve the inteewglilibrium of a pin-jointed spatial framework is
presented. In this process, a 3D skew force polygbuilt for each node of the structure. The sotut

of the equilibrium of a pin-jointed framework in dwdimensions using a node-by-node procedure is
known since the introduction of graphic statics,resalled by Cremona [4]. What follows is an
extension to three dimensions of this well-knowogadure.

As a preliminary step, the determinacy of the stmec has to be evaluated. The degree of static
indeterminacyn of a space structure is (Calladine [1]):

n=b-3v+s+m (1)

where b is the number of bars, v is the numberedfices, s are the support force variables —he. t
number of restraints imposed by the support camuiti 6 if the structure is self-stressed —, ang m i
the number of inextensible mechanisms. The resudipresents the number of independent states of
self-stress in the structure. The value n therefegresents the numbers of indeterminacies in the
structure. By varying the value of the force parearseall the possible solutions of the problem loan
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found. The solution of the internal equilibriumstatically determinate structures is carried otgraf
having solved the external global equilibrium —. ithe equilibrium between applied loads and
support forces — see D’Acunto et al. [6]).

The internal equilibrium of the structure can blved node by node as explained in the next section,
ranking at every step of the process the nodesderaling order according to the number of unknown
forces. Before starting with the resolution of tiaes, the bars with null force can be identifiad a
removed by applying some basic rules (Pirard [17]).

2.2. Equilibrium of a spatial node

Given a pin-jointed framework, any node can besiwal together with the external forces appliedton i
and the internal forces generated by the bars ctehdo it. The result, obtained by means of an
imaginary cut, generates what is known as theldoely diagram (Matrti [10], p.44). In this sectiohet
geometrical construction to solve the equilibriufnaonode regarded as a free body diagram is
described. The procedure will be exemplified usingode B connected to three other nodes,{P,,

Ps} by means of three bars{f f2, f3o} and a given external fordg, (Figure 2). In order to represent
the general case in 3D, the three bars and thenaktéorce are chosen to be non-coplanar and a
coplanar triplet out of these four elements doderist.

Based on this set-up, in the form diagram F thesetors §10, f20, 20} can be defined in such a way
thatfi, = po- pi , beingpy the position vector of Pandp; the position vectors of; Pfor i =1, 2, 3

Additionally, three unit vectorsd, dao, dso} can be obtaineddp = “:Z”.

In the force diagram F* the fordg*, which is a free vector equivalent ftg, defines with its tail and
head two points @ and Q* respectively. A planél, is set parallel todio, d,} and includes . A
second planél, is set parallel tody, dso} and includes ©. Note that the order of the vectors in the
force diagram can be freely chosen and consequdrglgquilibrium state would not be affected in
casell; is set to include @ andIl, is set to include @ therefore the order of the vectors in the force
diagram can be freely chosen. The intersectiorhefplaned]; andIl;, is a line }y* parallel tody.
Furthermore, a ling{* parallel tod,is defined passing through the point@nd being consequently
included in the plan#l;. A second linesb* parallel todsyis defined passing through the poing@nd
being consequently included in the pldifie From these geometrical constructions the pointsa®d
O;* are obtained: @ = l10* N |,¢* andO3z* = " N [50*.

Three forcesfo*, fxo*, f2*} related to {f1o, f20, f30} are then defined as follows:
f10*= (02*- 01*) = paodio f20*= (05*- 02*) = pa0t20 f30* = (00* - 05*) = uzedao

whereo* represent the position vectors of @nd the absolute values @f are the magnitudes of the
forcesfio*. The forcefy* and the three forced{*, fx*, f*} thus generate the 3D skew force
pOIygonfoo*l f]_o*l fzo*l fgo*.

In order to determine if the bark, f., f30} connected to the node Bre in tension or compression, it
IS possible to evaluate the signi@f Since the unit vectord, are defined to be directed towards iP
o < 0, then the corresponding bar is pulling the nadd it is in tension. Ifso > 0, then the bar is
pushing the node and it is in compression. Thegmtesl method is also valid if more than one acting
force on the node are already determined. In th&® cin the force diagram F* the known forces are
assembled in sequence, beingf @ the tail of the first known force and,*Cat the head of the last
known force. A construction equivalent to the omeehexplained was already described by Saviotti
([18], p. 48) for the decomposition of a force pase into three skew forces
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Figure 2: Equilibrium of a node in space (3 unkndartes: §10*, fo0*, f30*})

As an example, the presented procedure is appliesblive the equilibrium of the nodes of a self-
stressed tetrahedron. Five 3D force polygons aitefouthe five nodes of the structure (Figure 3).
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Figure 3: Self-stressed tetrahedron with the fpaggons of all the individual nodes resolved
3. Construction of the force diagram

3.1. From the 3D for ce polygonsto the 3D for ce diagram

After the 3D force polygons of the individual nodee determined, a 3D force diagram of the entire
structure can be assembled. For non-self-stresaedwses, this includes also the 3D force polygbn
the external forces representing the external gledpailibrium (D’Acunto et al. [6]).

Every bar in the form diagram F will be representedhe force diagram F* by a pair of vectors,
which are equivalent in magnitude and are oppdsitdirection. The two vectors belong to two
different 3D force polygons. In order to reduce thember of elements in the force diagram F*, as
many pairs of vectors as possible should be oveeldpAs highlighted by Maxwell [13]Ve also
represent every stress twice over, for it appeaaaide of both the polygons corresponding to the
two joints between which it acts. But if we canaage the polygons in such a way that the sides of
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any two polygons which represent the same foraec® with each other, we may form a diagram in
which every stress is represented in direction aragjnitude, though not in position, by a single line
which is the common boundary of the two polygonislwtepresent the points of concourse of the
pieces of the frame”.

Considering the example of the self-stressed tetham and trying to assemble the 3D force diagram
of the entire structure, not all the pairs of vestcan be overlappeéhd*/ foo* andfs*/ f3* in Figure

3). As explained in the following section, thisasconsequence of the topological properties of the
system.

fis 1,4

\ [ e — |
\ _ F 2 o
\ P fi4 \ |23

Figure 4: Self-stressed tetrahedron and the cavreipg 3D force diagram

3.2. Non-overlapping pairs of vectors

The presence of non-overlapping pairs of vectorshénforce diagram is not a peculiarity of spatial
structures but can also occur in two-dimensionalicsires since it is only depending on the
topological graph of the structure itself. This vedready highlighted by Maxwell [11] for specifi®©2
cases. Some force diagrams developed by Culmanndg also built with non-overlapping pairs of
vectors and as a result they were not reciprocaigidighted by Cremona [3]. For reciprocal figures
to be possible, Maxwell introduced the followinghddions: ‘every line belongs to two polygon only
and e=s+f-2 [11] and also Since every polygon in one figure has three or rsates, every point in
the other figure must have three or more lines eaging to it; and since every line in the one figur
has two and only two extremities to which linesvenge, every line in the other figure must belang t
two, and only two closed polygdnd1]. Moreover, as explained by Maxwell [11] coaring the
vector-based and the polyhedral-based approacDh tgr&phic statics;Diagrams of forces in which
the forces are represented by lines may be alwagstrmcted in space as well as in a plane, but in
general some of the lines must be repeated (irmatebe overlapped as explained). [...] We have thus
a complete but redundant diagram of forces [...] Tisisa more convenient though less elegant
construction of a diagram of forces, and it nevecdmes geometrically impossible as long as the
problem is mechanically possible, however comgitahe original figure may be”.

The question of non-overlapping pairs of vectorthim force diagram has been recently treated using
graph theory. Whitney [21] demonstrated that a lgitags its reciprocal if and only if it contains eon

of the Kuratowski’'s graphs as a subgraph. Accordinguratowski’s theorem, a planar graph can be
mapped directly on the surface of a sphere. Bynsita, if the topological graph underlying a pin-
jointed framework is not planar, then a reciprdecate diagram cannot be obtained. Van Mele and
Block [20] presented a graph theoretical approact2® graphic statics. This is focused on the
algebraic formulation of the form and force diagsaof structures with underlying planar graphs.
Different ways to extend the notion of reciprocity non-planar graphs can be found in literature.
Micheletti [14] presented a method to extend th&precity to non-planar graphs representing 3D
self-stressed networks.
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Considering the example of the self-stressed tethaim, its underlying topological graph is not
planar, being an isomorphic ofsKThis is one of the two elementary non-planar gathat are
presented in Kuratowski's definition of non-plamaiiHarary [7]). Indeed, in the force diagram F* of
the self-stressed tetrahedron non-overlapping pdirgectors can be found (Fig.3). They constitute
together a 3D close skew polygdg (| fi3*| f20*| fa*).

3.3. Dealing with external forces

In literature, the application of graph theory be Wefinition of 3D force diagrams has been mainly
studied in relation to self-stressed structureghia section, an extension to structures with iedpl
external forces is suggested.

Conventionally, the external forces are modeledusr bars connected to the structure (Pirard [17])
In the underlying topological graph of a pin-joidtéramework each of these elements is thus
represented as a member with one of its extremétesected to a node of the structure and the other
extremity as a leaf vertex. Contrary to the conegrall approach, the present proposal is to burtle a
the leaf vertices of the external forces into on&ue vertex. This vertex would then correspond in
the force diagram to the force polygon of the endéglobal equilibrium. Each external force is thus
represented twice in the force diagram F*, onciaénforce polygon of the external global equililniu
and once in the force polygon related to the nddine structure where the force is applied. In this
way, it is possible to deal with the external fareathout modifying the condition of planarity dfet
structure’s underlying graph.

By applying the proposed rule, it is easy to detedpecific condition of non-planarity (hence of
generation of non-overlapping pairs of vectorsha force diagram) that occurs in the case in the
topological graph an external force is applied ioirgerior node of a pin-jointed framework. In this
situation, the member representing the externalefdis connected with one of its extremities to the
interior node of the structure and with the otheremity to the previously introduced vertex of the
external global equilibrium. As such, this membdlt intersect at least another member of the graph,
representing a bar of the pin-jointed frameworkisT¢ondition was already described by Maxwell
[12]“if it [the external force] is in the interior oftte frame it is a side of more than one other patygo
and it cannot be represented in the reciprocal daag by a single line”.

The self-stress tetrahedron of the previous exaraptka tetrahedron with three support forces and
one applied load are used to illustrate how theresl forces are dealt with in the proposed approac
As can be observed, based on the proposed conwetti® topological graphs of the two tetrahedra
are isomorphic and the resulting 3D force diagramsequivalent in topological terms.

T F
A l Py

Figure 5: A tetrahedron with external loads. Intdygological diagranT, Ve represents the vertex where all the
external forces connect.
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3.4. Assembly of the 3D for ce diagram

3.4.1. About the compactness of the force diagram

Given a complex spatial pin-jointed framework cosgxb of several elements, its force diagram might
present many non-overlapping pairs of vectors. uehsthe force diagram itself can be assembled in
many different ways, its compactness dependindpemtmber of non-overlapping pairs of vectors.

Concerning the legibility of the force diagram, osfategy is to reduce the number of non-
overlapping pairs of vectors to the minimum so thatforce diagram is as compact as possible. The
degree of non-planarity of a graph defined as the minimum number of members ofgttagh that
should be removed in order to make the graph plamahe present context, this definition applies t
the isomorphic graph of the structure that has fdweest amount of intersecting members. The
hypothesis is here presented that the minimum atr@furon-overlapping pairs of vectors in the force
diagram can be deduced by the degree of non-ptgnafrithe topological graph of the structure.
Specifically, the hypothesis is that each degreaamf-planarity implies the presence of two non-
overlapping pairs of vectors in the force diagratence, the number of non-overlapping pairs of
vectors in a force diagram is always a multiple2oMoreover, it is a multiple of 4 the number of
independent vectors that constitute the skew polydgfined by the non-overlapping pairs of vectors.
Algorithms already exist to check the planarityaofjraph. These might be also used to deduce the
degree of non-planarity of the underlying graphaofiiven structure and as such to figure out the
minimum number of non-overlapping pairs of vectibia have to be expected in the force diagram.

An opposite strategy to the one previously desdrilseto assemble the force diagram in order to
maximize the number of non-overlapping pairs ofteex This can be achieved by constructing the
force diagram in such a way that each nodal foatggon of the structure has at most one vector that
is overlapped to one of another force polygon.

3.4.2. The double-layered force diagram configumati

A specific method is here proposed to constructordzased 3D force diagrams in such a way that
they are visually readable and have persistent g&@al properties that might be used to contrelrth
transformations. The force diagrams built accordothe proposed method present a peculiar double-
layered configuration. In particular, the two layare represented respectively by the force polggon
the external forces (or the topological equivalenes in self-stressed structures) and the force
polygon of the non-overlapping pairs of vectorse3éntwo layers are themselves connected through
forks made of overlapping pairs of vectors. Théofeing procedure explains how to build the double-
layered force diagram configuration.

In the first step, all the external forces are added into a 3D skew force polygon representing the
global equilibrium. This force polygon constitutime first layer of the force diagram. In the second
step, the nodal force polygons where the extermes are applied are introduced into the force
diagram. This is done so that every external féirel®nging to each nodal polygon is overlapped to
the corresponding force of the polygon of the glaspiilibrium. The sequential order of the external
forces in the polygon of the global equilibriumdistermined in such a way that each pair of adjacent
nodal polygons defines an overlapping pair of vecttn the form diagram, each overlapping pair of
vectors represents the bar of the structure thatexts the nodes corresponding to the adjacent noda
force polygons to which the vectors belong. Theserlapping vectors constitute the previously
introduced forks.

In the third step, the remaining nodal force polyg@re assembled in the force diagram in order to
maximize the number of overlapping pairs of vectditse nodal polygons that only contain internal

forces have to be placed in this step. Once alidiee polygons are placed, a 3D skew polygon whose
sides are composed by all the non-overlapping pdingectors is established, thus constituting the
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second layer of the force diagram. The most compawfiguration of the force diagram is attained
when the number of vectors composing the secoret layfour times the degree of non-planarity of
the underlying topological diagram of the struct@a® defined in Section 3.2.

Eventually, the force diagram will be defined byotiayers: one of the external forces, and one ®f th
non-overlapping pairs of vectors, themselves comtedy the forks of the overlapping pairs of
vectors.

T F F*

Figure 6: Assembling a tetrahedron with externatoin the double-layered configuration. The fager is the
skew force polygon composedfgf| rs*| ro*| ri1*, the second layer is the skew force polygon congbose
foz*l f13*| fzo* | f31* and the forks are the fOIlOWing pairs of VeCtQES/f21*, f23*/f32*, f03*/f30*, fOl*/flO* .

Other more complex examples are presented to dwigual readability of the diagrams. A spatial

truss composed of 24 elements with 3 external foarel 2 supports is shown in Figure 7. Following

the proposed arrangement rules, the most compiaet fliagram F* implies 16 (4x4) non-overlapping
vectors. This can be deduced by considering tHatat 4 members have to be removed in order to

make the topological diagram T planar (represemeldshed line in T).

T F F*

Figure 7: 3D truss composed of 24 bars — topoldgiegramT — form diagrant — force diagranfr*

In Figure 8 a double layered force diagram confitjon for a compression-only surface structure
with a degree of non-planarity of 12 is shown.His tcase, 12 vectors of the external applied l@adis
12 vectors of inner forces are represented twidkerforce diagram F*.
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Figure 8: Compression only surface structure —Iltmpoal diagramT — form diagrant — force diagranf*

4. Further developments: transformations on the 3D for ce diagram

Given a pin-jointed framework, the goal of consting its 3D force diagram is double: providing a
visual understanding of the relationship between fibrces within the structure and allowing the
manipulation of these forces without affecting tbpology of the structure. Regarding the second
aspect, first tests conducted by the authors Haeers that some transformations on the force diagram
can be applied, even in the presence of non-oyargppairs of vectors, without losing its
interdependency to the form diagram, which carrdesformed accordingly.

For example, if the position of the supports is mestrained, global scaling transformations (albng

or 3 directions) on the force diagram can be diyeapplied to the form diagram. Furthermore, local
transformations like the displacement of individpalnts of the force diagram can be applied in such
a way that the form diagram can be transformed rdaogly without altering its topology. Future
work will cover the families of transformations ¢ine 3D force diagram and the necessary rules
underlying these manipulations that preserve texrdependency to the 3D form diagram.

F&F, L Poi

©3
+ ~C

Figure 9: Self-stressed tetrahedréng F, — Geometrical properties

5. Conclusion

The problem of assembling 3D force diagrams has likscussed in the present paper within the
scope of vector-based graphic statics and graprythBased on existing methods, a procedure has
been explained to find the equilibrium of the indal nodes of a given pin-jointed framework.
Moreover, a rule that enables the treatment ofreatdorces has been presented. The issue of non-
overlapping vectors in the 3D force diagram hase@mined with the aid of graph theory. Based on
this, different approaches to construct the foregrm have been discussed and a specific procedure
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to build a double-layered configuration of the fdiagram has been explained. Some complex case-
studies have been shown to illustrate the visualvenience of the proposed double-layered
configuration. The establishing of rules to consttrthe force diagrams represents a critical step
forward in providing intuitive geometrical tools Wsualize and handle the forces within any cldss o
pin-jointed frameworks. Future research will foaus the geometrical transformations of the force
diagrams that keep the topology of the form diagmarariant.
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