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Abstract

Uncertainties in the predictions brought about by inherent uncertainties in the kinetic constants need to be as-
sessed to examine the reliability of the simulations. As the volume of the parameter space grows exponentially
with dimension, any method that attempts to fully characterise the parameter space suffers from the curse of di-
mensionality. In this work, we present a compact approach to quantifying the kinetic uncertainty in turbulent
flame simulations and apply it to Sandia flame D. Firstly, we prescribe the quantities of interest (QoIs) a priori.
Then, the most influential subsets of sensitivity matrices of the QoIs are isolated. The subset isolation is found
to be effective as it has identified the reactions that have significant contributions to the uncertainties given by the
polynomial chaos expansion (PCE) a posteriori. Lastly, we propagate the uncertainties of the kinetic constants
falling in the subset into the turbulent flame simulation predictions, and by constructing ordinary least-squares
regression-based sparse PCEs between the predictions and these kinetic constants, uncertainty quantification is
performed. The sparse PCEs have demonstrated their ability to identify the most significant region of uncertain-
ties in the computational domain with small sample sizes while preserving lower cross-validation errors in such a
region.
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1. Introduction1

Simulating multi-physics turbulent combustion re-2

quires multiple models, such as chemical mecha-3

nisms, turbulence models, and combustion models.4

The multiple parameters of these models have epis-5

temic uncertainties that must be propagated to the6

predictions of the simulations to assess their reliabil-7

ity [1]. Among the models, kinetic constants rep-8

resent a very large dimensionality in the uncertain9

space. This paper seeks the efficient propagation of10

these uncertainties.11

For simulations such as computational fluid dy-12

namics (CFD) that involve high-performance com-13

puting, the uncertainty quantification (UQ) with the14

Monte Carlo (MC) method is almost always infeasi-15

ble to obtain convergent statistics [2], since it would16

require several thousands of simulations. Alterna-17

tively, approximating the simulation response with18

a finite series, such as polynomial chaos expansion19

(PCE) and high-dimensional model representation20

(HDMR), can significantly reduce the number of sim-21

ulation realisations up to two orders of magnitude.22

These two surrogate models have been widely ap-23

plied in combustion [3]. However, as the volume of a24

space grows exponentially with dimension, these sur-25

rogate models (actually all methods) that attempt to26

fully characterise the parameter space will suffer from27

the curse of dimensionality [4]. For example, in [5],28

more than 2000 multi-fidelity large eddy simulations29

(LESs) were performed to construct the PCE for a 24-30

dimensional input space. To make matters worse, the31

scales of the kinetic models also grow rapidly (hun-32

dreds of species and thousands of elementary reac-33

tions). Despite the rapid growth of computational ca-34

pability, it does not match the computational demand35

that comes with the increase in dimensionality. The36

curse of dimensionality is essentially a problem where37

the system of equations is ill-posed and thus has no38

unique solution due to our insufficient observations39

for the high-dimensional space that we are trying to40

fully characterise.41

Nevertheless, the theory of compressed sensing [6]42

indicates that it is still possible to accurately recon-43

struct the simulation output when the computational44

cost results in few observations. In the context of45

PCE, this is due to the fact that the weights of most46

basis functions are close to zero [7]. In recent years,47

a number of stepwise regression greedy algorithms48

have been emerging [8], which allow the construc-49

tion of sparse PCE with a very small number of ob-50

servations [9]. Moreover, a large number of studies51

on the detailed mechanism reduction tell us that there52

are many reactions in a kinetic model that have tiny53

effects on the simulation response or on the so-called54

quantity of interest (QoI). This implies that the selec-55

tion of the influential kinetic constants on the QoI be-56

fore constructing the PCE is necessary since no one57

pays the computational budget for the reactions that58

don’t have impacts on the simulation response.59

In this work, we will present a compact approach to60

quantifying the kinetic uncertainty in turbulent flame61

simulations and apply it to the Sandia flame D [10].62

This approach has two main parts. In Part I, we first63

define the QoIs a priori, then similar to the princi-64

pal component analysis [11, 12] or the active sub-65

space [13], the eigendecomposition is applied to iso-66

late the most influential subset of the sensitivity matri-67

ces of QoIs. In Part II, we construct the sparse PCEs68

between QoIs and all kinetic constants falling in the69

subset to perform UQ.70

2. Methods71

Let y = {y1, . . . , yM}T denote the QoIs in the72

thermochemical state space, which can include tem-73

perature, concentrations of selected species.74

2.1. Subset isolation75

In spatially homogeneous systems, at a given time76

point with given initial conditions, y can be expressed77

as a function of kinetic rate constants, y(k) : RQ →78

RM , where k = {k1, . . . , kQ}T is the vector of rate79

constants for Q reactions. Let ∆y = y(k + ∆k) −80

y(k) be the variation of y subject to a perturbation in81

k. The Taylor series gives us82

y(k +∆k) ≈ y(k) + ∂y(k)

∂k
∆k, (1)

to evaluate the magnitude of fluctuations, which can83

be written as84

M∑
i

(yi (k +∆k)− yi(k))
2 ≈

M∑
i

(
∂yi(k)

∂k
∆k

)2

.

(2)
Note that the right-hand side above is a quadratic85

form, thus86

∥∆y∥22 ≈ (∆k)TSTS∆k, (3)

where S = ∂y/∂k is the first-order sensitivity ma-87

trix. As the logarithmic transformation leaves param-88

eters additive while preserving monotonicity, it can be89

normalised as S̃ = ∂ lny/∂ lnk.90

Since Eq. (3) is positive-definite (unless zero-effect91

constants exist), the response, ∥∆y∥22, is an ellip-92

tic paraboloid, where the most rapid variation occurs93

along the minor axis of the Q-dimensional elliptic94

section. To find those axes that characterise the fastest95

variations, i.e., to identify a subset of the most influen-96

tial constants, the eigendecomposition can be applied.97

Let the close-to-zero eigenvalues be zero, then the98

normalised sensitivity matrix can be approximated99

S̃TS̃ ≈ AqLA
T
q , (4)

such that100

rank(AqLA
T
q ) ≪ rank(S̃TS̃) = rank(S̃). (5)
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In L and AT
q are the truncated largest eigenvalues in1

descending order, λi, and their corresponding eigen-2

vectors, aT
q,i, where i = 1, . . . , q, and q ≪ Q. Sim-3

ilarly, if we separate the first q elements with max-4

imum absolute values in each eigenvector, then the5

others can be considered as zero. A subset is isolated.6

Furthermore, as described at the beginning of this7

section, S̃ is observed with given initial conditions8

and at a given time point. We can obtain the sensi-9

tivity matrix at different time points with various ini-10

tial conditions. After N observations, S̃ can be en-11

closed into a larger matrix, X = {S̃1, . . . , S̃N}T ⊂12

R(M×N)×Q, e.g., if we have only 1 QoI (M = 1),13

then X containsN observations ofQ reactions. Once14

our collections have traversed all the time points and15

initial conditions we care about, XTX will provide16

us with comprehensive kinetic information.17

Lastly, we briefly justify the effectiveness of inves-18

tigating spatially homogeneous systems for turbulent19

combustion. The production rate of a given QoI is its20

time derivative, ω̇i = dyi/dt, and a turbulent com-21

bustion model based on finite-rate chemistry for this22

QoI may be represented as ω̇i = ω̇i(ut, ω̇i), where23

ω̇i is the production rate considering turbulence-24

chemistry interaction in each cell, and in ut are the25

variables pertaining to turbulence. Assume changes in26

kinetic constants do not affect the flow field (e.g., in-27

compressible flow with constant viscosity), thus those28

non-influential subsets are also non-influential on the29

turbulent combustion model response.130

2.2. Regression-based sparse PCE31

Let ξ = {ξ1, . . . , ξD}T denote a set of indepen-32

dent random variables that represent the uncertainties33

in the rate constants, where D is the dimension of the34

stochastic space. For simplicity, here we consider a35

single QoI, y, as the following description will hold36

componentwise. The PCE approximates the model37

response to the stochastic space by truncating at some38

finite order39

y(ξ) ≈
P∑

i=0

uiψi(ξ), (6)

where in ψ = {ψ0, . . . , ψP }T are the PCE basis40

functions and in u = {u0, . . . , uP }T are their cor-41

responding weights. According to the Askey scheme,42

the multivariate orthogonal polynomials that con-43

struct the basis functions are indicated by the prob-44

ability distributions of ξ. Let p be the maximum45

polynomial order, then the size of the expansion is46

given by P + 1 = (p+D)!
p!D!

. For N realisations of47

1For flow fields that could be affected by kinetic con-
stants, temperature should be the primary pathway, such
as the temperature(energy)-driven density changes in com-
pressible flows, or the temperature-dependent viscosity. In
these cases, including temperature in QoIs can be a conve-
nient treatment.

the model, a sampling vector of model responses can48

be written as y = {y1, . . . , yN}T, with their corre-49

sponding stochastic inputs, ξ1, . . . , ξN . Considering50

P+1 terms ofN samples arranged in a basis function51

matrix, Ψ = {ψ(ξ1), . . . ,ψ(ξN )}T ⊂ RN×(P+1),52

Ψû ≈ y holds if such coefficient estimates (û) exist.53

The objective translates into an ordinary least-squares54

(OLS) problem, i.e., minû ∥Ψû−y∥22, hence the co-55

efficient estimates56

û = (ΨTΨ)−1ΨTy. (7)

For a converged solution, oversampling may be re-57

quired, i.e., N ≥ P + 1, which further increases the58

computational cost.59

Nevertheless, the theory of compressed sensing [6]60

indicates that it is still possible to accurately recon-61

struct the model response when N ≪ P + 1, in62

the context of PCE, which is essentially due to the63

fact that the weights of most basis functions are close64

to zero. In this work, we demonstrate a forward-65

backward stepwise regression method to construct66

sparse PCE, as summarised in Algorithm 1, and de-67

tails can be found in the work of Abraham et al. [7].68

N has become a dimension-independent input param-69

eter based on computational resources. In the forward70

step, we regress ξ and y on P + 1 basis functions in-71

dividually (line 4). From Eq. (7) we can derive the72

variance-covariance matrix of û and its variance is73

given by74

V(û) = diag
(
(ΨTΨ)−1σ2

)
, (8)

where σ2 is the variance of y and in the j th individual75

regression it can be estimated by76

σ̂2
j =

1

N − 1
∥ψj ûj − y∥22. (9)

Now an indicator of the statistically significant basis77

function can be given (line 8). Once a basis func-78

tion has been selected, it will be added to the sparse79

matrix, Ψ∗, and removed from the candidate matrix,80

Ψ. Every time Ψ∗ is updated, we perform an OLS81

to correct its corresponding weights, û∗. In the back-82

ward step, we calculate confidence intervals (CI) of83

each û∗
j to let columns, i.e., basis functions in Ψ∗

84

know whether they should leave or stay (line 14). The85

forward-backward step will iterate over the residual,86

r̂, until a maximum number of iterations is reached.87

A sparse PCE through statistical significance testing88

has been constructed.89

Further refinements can be exploited for such an90

expansion. û∗ can be rearranged into increasing or-91

der with respect to the coefficient of variation of each92

û∗
j . We can perform leave-one-out (LOO) cross-93

validation for all possible subsets along this sequence94

and truncate it when the LOO error reaches its mini-95

mum. The LOO error is the error between observation96

and prediction obtained by extrapolating theN th sam-97

ple from the other N − 1 samples. By averaging the98
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Algorithm 1 The construction of the forward-backward
stepwise regression-based sparse PCE.

Input: ξ ⊂ RD×N ,y ⊂ RN

Output: Ψ∗, û∗

1: Ψ(ξ) = {ψ1, . . . ,ψP+1},Ψ
∗ ← 0, û∗ ← 0, r̂ ← y

2: while i = 1, 2, . . . , f(N) do
3: while j = 1, 2, . . . , columns(Ψ) do ▷ forward
4: ûj = (ψT

j ψj)
−1ψT

j r̂

5: û← û ∪ {ûj}
6: V(û)← V(û) ∪ {V(ûj)}
7: end while
8: j∗ = argmaxj{|ûj | · V(ûj)

−1/2}
9: Ψ∗ ← Ψ∗ ∪ {ψj∗}

10: Ψ← Ψ \ {ψj∗}
11: û∗ = (Ψ∗TΨ∗)−1Ψ∗Tr̂ ▷ OLS
12: while j = 1, 2, . . . , columns(Ψ∗) do ▷ backward
13: if CI of û∗

j includes 0 then
14: Ψ∗ ← Ψ∗ \ {ψ∗

j }
15: end if
16: end while
17: û∗ = (Ψ∗TΨ∗)−1Ψ∗Tr̂ ▷ OLS
18: r̂ ← r̂ −Ψ∗û∗

19: end while

sum of squares of such errors for all samples, it can1

be derived as2

ELOO =
1

N

N∑
i=1

(
y(ξi)−ψ(ξi)û

1− hi

)2

, (10)

where hi is the ith element on the diagonal of the3

hat matrix, H = Ψ(ΨTΨ)−1ΨT, of y. Similar to4

the determination coefficient, LOO error can be nor-5

malised by the variance of the model response6

eLOO =
ELOO

V(y) + ϵ
, (11)

where in practice we add a very small value, ϵ (e.g.,7

10−30), to avoid dividing by 0.8

3. Application9

3.1. Identification of influential subsets10

In UQ of CFD combustion, a typical approach11

can be first to find uncertainties of interest, and then12

to explore how QoIs are affected by these parame-13

ters. In this approach, a QoI or a combination of14

QoIs is chosen a priori, which will bring about dif-15

ferent subsets of influential constants. In flame D,16

we have chosen temperature and the mass fraction17

of two pollutants with different chemical timescales,18

y = {T, Y CO, Y NO}T.19

We calculated the sensitivity matrices using the20

GRI-Mech 3.0 scheme [14] with Cantera©. To make21

the time scale span the most intense variations up22

to the quasi-steady state, 36 time points have been23

selected between 10−5 to 0.005 seconds as obser-24

vations. A consistent initial temperature, T initial=25

1880 K, is maintained since this is the pilot flame26

temperature in flame D. Flame D (Re = 22400) has27

Table 1: A most influential subset (q = 7) of the reactions
for the given QoIs, y = {T, Y CO, Y NO}T, ϕ ∈ (0, 3.2],
T initial= 1880 K.

# Reaction In which aT
q,i Retain/Drop Uj

1. R51 H+CH3(+M)⇔CH4(+M) 1, 2, 3, 4, 6, 7 retain 2.0
2. R37 H+O2⇔O+OH 1, 2, 3, 4, 6 retain 1.2
3. R154 CH3+O2⇔O+CH3O 1, 3, 6 retain 3.0
4. R52 H+CH4⇔CH3+H2 1, 6, 7 retain 2.0
5. R158 2CH3⇔H+C2H5 1, 6 retain 5.0
6. R155 CH3+O2⇔OH+CH2O 1, 7 retain 3.0
7. R118 HO2+CH3⇔OH+CH3O 1 retain 10.0
8. R177 N+NO⇔N2+O 2, 3, 4, 5, 7 retain 3.0
9. R10 O+CH4⇔OH+CH3 2, 4, 5, 6, 7 retain 1.5

10. R167 HCO+O2⇔HO2+CO 2, 3, 5 retain 2.0
11. R56 H+CH2O(+M)⇔CH3O(+M) 2, 4, 5 retain 2.0
12. R169 CH3O+O2⇔HO2+CH2O 2, 4, 5 drop -
13. R239 CH+N2⇔HCN+N 3, 4, 5 retain 3.0
14. R274 CH3+N⇔H2CN+H 3 drop -
15. R166 HCO+M⇔H+CO+M 5 drop -
16. R125 CH+H2⇔H+CH2 6 drop -
17. R98 OH+CO⇔H+CO2 7 drop -
18. R160 CH3+CH2O⇔HCO+CH4 7 drop -

a small degree of local extinction [15], we therefore28

selected 64 observations in the range of ϕ ∈ (0, 3.2]29

by taking the equivalence ratio of the main jet as an30

upper bound (ϕ = 3.17). Thus, 6912 observations of31

325 reactions for three QoIs were enclosed in X.32

The dimensions of the subset, q2, are arbitrarily33

specified based on the case of interest, and in this ap-34

plication, we present the case of q = 7, as shown in35

Table 1. A q of 7 indicates that a total of 72 = 4936

entries will appear in the subset, some of which be-37

long to the same reaction. We ranked the reactions38

that fall in the subset according to the importance of39

the eigenvector (aT
q,i) in which they appeared and the40

frequency. It can be seen that reactions that are recog-41

nised as important, such as R37, are captured. Such42

a subset of X can be further isolated since it has be-43

come tractable. First we removed the reactions that44

appeared singly in the less significant eigenvectors,45

i.e., R160, R98, R125, R166, and R274. We then46

noted that together with R177, the entry magnitudes47

of R239 dominate the 3rd-5th eigenvectors, namely,48

R177: -0.603, 0.423, 0.280 and R239: -0.544, -0.460,49

-0.516, thus we have retained it. Lastly, we arbitrarily50

dropped one of R56 and R169, say, R169, to maintain51

a 12-dimensional input space for the next procedure.52

The final subset has been selected.53

Once a subset is identified, its statistical definition54

must be specified. The kinetic constants are presumed55

to be independent, and the rate constant of an indi-56

vidual reaction is characterized by a lognormal distri-57

bution with a nominal value, k0j , and a temperature-58

independent uncertainty factor Uj , which reads [16,59

17]60

ln kj ∼ N
(
ln k0j , (

1

3
lnUj)

2

)
. (12)

Uj’s can be found in [17, 18], and are listed in Table 1.61

3.2. Uncertainty quantification of flame D62

We briefly describe the models for the flame D63

simulations. The simulations were carried out us-64

ing OpenFOAM® with various corresponding numer-65

4



ical schemes. A k-epsilon Reynolds-averaged turbu-1

lence model was chosen to calculate the flow field,2

which was assumed to be 2-dimensional symmetric3

for flame D. A Cartesian structured grid was used4

for spatial discretisation, and after a grid convergence5

test, a final computational domain with ∼24000 cells6

was prescribed. For the kinetic model, we used the7

same GRI-Mech 3.0 scheme as in 3.1. The SEULEX8

ODE solver [19] in conjunction with the tabulation9

of dynamic adaptive chemistry [20] were chosen to10

solve the kinetic mechanism. The kinetic constants11

following the distribution of (12) in the subset were12

characterised into the uncertain inputs by the quasi-13

random Sobol’ sequences [21]. The eddy dissipa-14

tion concept [22] combustion model was used to take15

turbulence-chemical interactions into account. The16

main computational domain is in xz ∈ [0, 0.15] ×17

[0, 0.6] m2, where x = 0 is the symmetry axis and z18

is the streamwise direction.19

3.2.1. Construction of sparse PCEs20

Recalling Algorithm 1 and the cross-validation21

truncation process, the upper bound of the number of22

basis functions for a sparse PCE is given by the num-23

ber of samples, e.g., let f(N) = N in line 2. That24

is, for any size of samples, the sparse PCE can re-25

construct the model responses well, i.e., small LOO26

error. However, with tiny sample sizes, the statistical27

moments given by PCE are questioned, even though28

the cross-validation error is small. Therefore, the con-29

vergence of the statistical moments should be tested30

first.31

Fig. 1: Standard deviation fields of temperature in flame D
given by the sparse PCEs at different sample sizes. In the
vicinity of the flame D inlet (xz ∈ [−0.02, 0]×[0, 0.1] m2).

We have constructed sparse PCEs for QoIs of all32

cells in the computational domain. The calculations33

of sparse PCEs were performed based on the Python34

package RHEIA© [23]. At small sample sizes, i.e.,35

18, 24, and 36 samples, we have found spatial incon-36

sistencies in the standard deviation of temperatures on37

the co-flow air side at the inlet of flame D, as shown38

in Fig. 1. The temperature standard deviation field39

is given by the 4th order sparse PCEs. The spatial in-40

consistency here refers to the inconsistency of regions41

spatially delineated by cells with high standard devia-42

tions. In the computational domain outside the region43

illustrated in Fig. 1, the temperature standard devia-44

tion field is almost spatially consistent for all sam-45

ple sizes, which means that sparse PCEs can give us46

an asymptotically qualitative result even with a very47

small sample size. This is not possible with full PCE,48

for example, the 2nd order full PCE theoretically re-49

quires at least
(
12+2

2

)
= 91 samples to obtain a solu-50

tion for the coefficients for the 12-dimensional uncer-51

tainty input space in this work. Assuming that spatial52

consistency of high standard deviation cells identified53

by sparse PCEs represents convergence, in this ap-54

plication, 48 samples are sufficient to delineate the55

region in the computational domain where the uncer-56

tainties are most significant (Fig. 1).57

It was also found that the region identified as hav-58

ing the most significant uncertainties tended to have59

smaller cross-validation errors. We can truncate the60

standard deviation at different LOO errors, i.e., if61

the eLOO in Eq.(11) of a cell is greater than a given62

threshold, then let its standard deviation be 0. Fig. 263

shows such truncated standard deviation fields for 4864

samples with thresholds of 0.02 and 0.01, respec-65

tively. It is clear that the most significant region of66

uncertainties has not been erased when the error is67

tiny. Similar behaviours were observed at other sam-68

ple sizes.69

Note that this most significant region of tempera-70

ture uncertainties identified by the sparse PCEs is not71

the region with the highest temperature but rather the72

one just before this region, i.e., where the main jet73

contacts the pilot flame and begins to burn (Fig. 2).74

In contrast, the region with the highest temperature75

shows lower uncertainties relative to its surroundings.76

But this region is not well captured by the smaller77

eLOO, probably due to its lower uncertainties.78

3.2.2. Global sensitivity analysis79

Table 2: Number of occurrences of the reactions with the
highest total-order Sobol’ indices for T in all cells with non-
zero standard deviation. N samples= 48.

# Occurrences # Occurrences
1. R37 1892 7. R158 736
2. R10 1678 8. R56 602
3. R118 1628 9. R155 535
4. R52 1592 10. R154 384
5. R51 1357 11. R167 371
6. R239 1226 12. R177 203

Henceforth, a global sensitivity analysis among the80

input space can be performed. In the computational81

domain, we can count the number of occurrences of82
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Fig. 2: Left two: truncated standard deviation fields of tem-
perature by different LOO errors. N samples= 48. The same
legend as in Fig. 1. Similar behaviours were observed at
other sample sizes. Right: the mean field of the temperature.

Table 3: Number of occurrences of the reactions with the
highest total-order Sobol’ indices for Y NO in all cells with
non-zero standard deviation. N samples= 48.

# Occurrences
1. R239 10731
2. R177 427

the reaction with the highest Sobol’ index given by1

the sparse PCEs in the cells whose standard devia-2

tions are not zero, i.e. cells where the Sobol’ indices3

exist. For temperature and CO, all reactions in the4

subset have played their roles of having the highest5

total-order Sobol’ indices in the corresponding cells,6

which makes it difficult to provide a clear interpreta-7

tion of this count, e.g., see Table 2. This might be due8

to the fact that we have chosen a combination of three9

QoIs with quite distinct properties to identify the sub-10

set, making it problematic to target a particular QoI11

for analysis.12

However, for the NO chemistry as a relatively inde-13

pendent module (which can be cut from GRI-Mech),14

we found that only two reactions dominated the entire15

computational domain, as listed in Table 3, namely16

R239: CH+N2⇔HCN+N and R177: N+NO⇔N2+O.17

It is interesting to note that we happen to have re-18

tained R239 in 3.1, which confirms the effectiveness19

of checking the entries in the significant eigenvectors20

in the subset isolation procedure. Hence, we explored21

the total-order Sobol’ index fields of R177 and R23922

regarding the mass fraction of NO, as shown in Fig. 3.23

The figure clearly demonstrates the transition of the24

dominant reaction from R177, which dominates the25

deviations of Y NO in pure pilot flame, to R239 after26

the pilot flame contact with the main jet. Note that27

R177 and R239 have an identical uncertainty factor28

of 3.0 (see Table 1). This simulation behaviour is in-29

teresting, as it seems that the effect of uncertainties30

of the Zeldovich mechanism initially dominates the31

variations of NO in the pilot flame and is then rapidly32

replaced by the uncertainties of the Fenimore mecha-33

nism. Further research may be required.34

Fig. 3: The total-order Sobol’ index fields for Y NO of R177
and R239. N samples= 48. Similar results were observed at
other sample sizes.

4. Conclusions35

In this work, we have presented a compact ap-36

proach to quantifying the kinetic uncertainty in turbu-37

lent flame simulations and applied it to flame D. This38

approach is applicable to arbitrary kinetic models and39

arbitrary CFD combustion configurations. The main40

findings are as follows:41

• The construction of sparse polynomial chaos ex-42

pansion (PCE) remarkably alleviates the curse43

of dimensionality in turbulent flame simulations.44

It has the ability to delineate the region where45

the uncertainties are most significant with a46

smaller sample size while preserving a lower47

cross-validation error in such a region. For ex-48

tremely small sample sizes, the sparse PCE can49

still give an asymptotic result.50

• The quantities of interest (QoIs)-based subset51

isolation provides this approach with a flexi-52

ble selection strategy. We can perform self-53

validation based on the global sensitivity anal-54

ysis given by the sparse PCE a posteriori. In55

this application it was found to be effective: it56

has identified the reactions that contribute sig-57

nificantly to the uncertainties of NO mass frac-58

tion.59

Finally, we would like to propose two aspects that60

may merit further exploration.61

• In addition to the algorithms in this work, a62

number of stepwise regression greedy algo-63

rithms for constructing sparse PCE have been64

emerging, such as orthogonal matching pursuit,65

6



least angle regression, etc. [8]. It may be an in-1

teresting topic to examine the performances of2

such algorithms or to develop novel tailored al-3

gorithms for numerical combustion.4

• The sensitivity matrix is the Jacobian of the5

QoIs to the kinetic constants, and if the cal-6

culation of the system of the Hessian of the7

QoIs (weighted by uncertainty factor) is possi-8

ble to be implemented, i.e., a further expansion9

of Eq. 1, then the subset isolation perhaps can10

provide the following uncertainty quantification11

procedure with a more accurate selection sce-12

nario.13
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