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Abstract

The absolute differentials ordering (ADO) and the relative differ-
entials ordering (RDO) have been introduced as suitable alternative
inequality criteria to Lorenz ordering (LO). We provide two new alter-
native proofs that ADO and RDO are sub-orderings of LO. Further-
more, we point out some “paradoxical situations”, where these two
different partial orderings fail to rank alternative income distributions.
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1 Introduction

In his seminal paper, Atkinson (1970) has provided an elegant justification
for the use of Lorenz curves as a means of measuring income inequality
within the utilitarian framework. LO is supported by the results of Hardy,
Littlewood and Polya (HLP, 1934), Dasgupta, Sen and Starret (1973), Roth-
schild and Stiglitz (1973), and Marshall and Olkin (1979). They relate it to
the Pigou-Dalton Principle and to the welfarist approach to inequality.

Nevertheless, several theorists, like Chateauneuf (1996) and Moyes (1994),
have recently noted the existence of situations where LO fails to be a suitable
inequality criterion and it gives rise to “pathological situations” in rank-
ing income distributions. For that reason, these scholars have introduced
two alternative inequality criteria to LO, denominated by Moyes (1994)
as absolute differentials ordering (ADO) and relative differentials ordering
(RDO). Such partial orderings have been introduced, in the literature of
economic inequality, by Preston (1990) and Moyes (1994). In the field of
the Theory of Majorization, ADO and RDO first appeared in the research
of Marshall, Walkup and Wets (1967).

Our concern is to analyze the relation between these two partial order-
ings and the Lorenz criterion. We focus our attention on the fact that ADO
and RDO are sub-orderings of LO. This means that, in some circumstances,
they have a greater normative and descriptive content than LO has. But,
sometimes, they contradict unquestioned and clear criteria about how to
reduce inequality: e.g. the Pigou-Dalton principle. Furthermore, there ex-
ist some situations where they, in turn, involve “paradoxical situations” in
ranking income distributions.

This paper consists of three sections. In section 2 we explain our basic
definitions and crucial concepts. In section 3 we show that ADO and RDO
imply LO providing an alternative proof of this well-known result. In order
to prove this relation we apply a very simple technique of Theory of Ma-
jorization (see Marshall and Olkin,1979 chapters 1 and 2). A further proof
of such a relation is also provided in a different setting by relating these
inequality criteria to the sign-change orderings (see Karlin, 1968). More-
over, in this section, we point out the pros and cons of adopting ADO and
RDO. Finally, some remarks on issues related to the use of partial orderings
conclude the paper.



2 Notation and Definitions

We consider a given finite population N = {1,...,4,...,n} of individuals.
A ranked income distribution

T = (X1, ey Tiy oevy Tny)

is a finite collection of positive real numbers such that 0 < z7 < ... < z; <
...<xyand ), x; = 1. Let z; be interpreted as the income of individual i in
the population N. The set of all ranked income distributions for the popula-
tion NV is denoted by N = {:E eRY oy <...<x; <. <xpand Y o= 1}.

An inequality criterion =< is an ordering on N and can be identified with
a subset < of N x X. When x < y, we shall say that y is (weakly) more
unequal than x.

The three inequality criteria considered in this work are defined below.

Definition 1 (Inequality Criteria) Given two income distributions x,y €
N, we say that:

1. x is less unequal than y in the sense of Lorenz, denoted x <ro v,
whenever

k k
Z:EiZZyi, forallke{l,...,n—1};
i=1 i=1

2. x is less unequal than y for the absolute differentials ordering (ADO),
denoted x =Apo Y, if

i1 — T <Y1 — Y Vie{l,...,n—1};

3. x is less unequal than y for the relative differentials ordering (RDO),
denoted x <ppo Yy, if:

LTi4-1 < Yi+1

< Vie{l,...,n—1}.
Z; Yi

On the set N of all income distribution profiles, a normative requirement
to evaluate inequality is the well-known “Principle of Transfers” of Pigou-
Dalton (PDT). The notion of a vector x majorized by another vector y in
the sense of “Pigou-Dalton” implies that, denoting the income of individual



by yg, if y; < y; and if an amount ¢ of income is transferred from individual
J to 4, then income inequality is diminished provided 6 < y; — ;. When x
is obtained by y through a sequence of PDT, then this is equivalent to the
replacement of y; and y; by y; + 6 and y; — 6. Note that, if 6 < y; — y;, this
amounts to the replacement of y; and y; by averages. Then, given x, y € R,
we can obtain z from y through repeated averages of two incomes at a time.
This is theoretically tantamount to say:

Definition 2 (S-majorization) Given x,y € X, x is majorized by y, de-
noted x =g vy, if © = yP for some doubly stochastic matriz P.!

This characterization of vector majorization in terms of doubly stochastic
matrix confirms the fact that averaging is a smoothing operation, i.e. x
is a smoothing of y in the sense that each income level of z is a convex
combination of income levels in y. We know by HLP (1934)2, that LO is
equivalent to PDT and S-majorization. Such a result makes LO a normative
and descriptive criterion for analyzing inequality (see Sen, 1997). Hence, it
is worth to pursue if this equivalence also holds for ADO and RDO.

3 The relation between ADO, RDO and LO

3.1 Comparing inequality criteria

We start to analyze why ADO is a suitable inequality criterion.

Let us consider two vectors of income profiles x,y € N, that are ADO-
ranked. Set z = y+h Vi € {1,...,n}, where h represents a vector of
elementary transfers among individuals such that Y ;" ; h; = 0. Hence x can
be obtained from y by transferring amounts of income from richer to poorer
people. It shows that * <4po vy if and only if h;11 < h; Vie{l,..,n—1}
with > ; h; = 0. It means that it is possible to obtain, from a given
income distribution vector, another one which shows less inequality, simply
by transferring shares of income from a richer individual to a poorer one
in an absolute progressive way: a suitable requirement for an inequality
criterion.

Analogously for RDO, if, given two vector x,y € R", we interpret y; as
the individual income before tax and x; = f(y;) as this income vector after
taxation, we can see that * <ppo ¥ is in accordance with progressive income

'A square matrix is said to be doubly stochastic if all its entries are nonnegative and each
of its rows and columns sums to one.
*This result is also reproduced in Dasgupta et alii (1973) as Lemma 2.



taxation, if RDO is equivalent to £ non-increasing on (0, +00). In other
words, if we suppose that z results from y through redistributive effects due
to a progressive income tax, we can order the two vectors as RDO does. In
such a case, RDO will appear to be a suitable inequality criterion.

Now a question arises: “If ADO and RDO are suitable inequality criteria,
may we consider them as an alternative to LO?” Or, in other words, what
is the relation between LO and ADO or RDO? An alternative way to check
such a relation is by using a simple technique of Theory of Majorization as
we show in the following proposition:?

Proposition 1 ADO and RDO are suborderings of LO.

Proof. Let us assume z, y € N with & # y and that are ADO-ranked.
It means that y; + h; = z; Vi € {1,...,n}, where h; represents a vector of

n
elementary transfers among individuals such that h; > h;y1 and Y h; = 0.

This implies that there exist a k and j, such that k is the smallest iznéex such
that zx < yx and j is the largest index, smaller than k, such that z; > y;.
Such a pair k,j must exist, since the smallest index ¢ for which x; # y;
must satisfy x; > y;. By choice of k and j, we have the following chain of
inequalities:

yi < x5 <z < Yk (1)

Let h = min(yy — xx; 25 —y;), (1= A) = ykﬁyj and let

yo = (yla e Yji—1, Y5 + ha Yj+1y ooy Ye—1, Yk — ha Yk+1, yn)

From 1 we know A € (0,1). Using some algebra, we verify that

yO = /\y + (1 - /\)(yla s Yi—1, Yk Yj+1s s Y—1, Yjs Yk+15 -y yn) (2)

In a compact form 2 can be written as y° = yT for T = A\ + (1 —\)Q, where
@ is a permutation matrix that interchanges the jth and kth coordinates.
Consequently, as this T-operator is an inequality reducing transformation
(thereafter T-transform), y° < y. It is also true that < y°. Then this
means that, by successive applications of a finite number of T-transforms,
we can derive x from y through a finite product of elementary transfers of
linear kind. The fact that T-transforms are doubly stochastic and the prod-
uct of T-transformations is still doubly stochastic guarantees the existence

3 Alternative proofs of this well-known result are for examples in Marshall and Olkin
(1979) proposition B.1 on page 129 or in Chateauneuf (1996) proposition 6 on page 13.



of a doubly stochastic matrix P, such that z = yP. So ADO implies S-
majorization. Then the equivalence between S-majorization and LO, proved
by HLP (1934) and quoted above, points out what is the relation between
ADO and LO and completes the claim.

b) The proof that RDO implies LO is essentially the same.* B

Thus ADO or RDO do not capture the notion of Schur transformation,
because as we showed A DO implies S-majorization, while the reverse (i.e. S-
magjorization= ADQO) does not hold. Indeed, if we take e.g. the two vectors
y = (10,15,20,25) and = = (11, 14,21,24), we know that y is dominated
in the sense of Lorenz by x, while y is not dominated in the sense of ADO
by x, denoted  Aapo y. Nonetheless, Lorenz majorization guarantees that
there exists a square matrix P such that yP = z, which means that ADO
or RDO are proper subordering of LO.

An alternative proof of the proposition I can be provided by relating all
binary relations in definition 1 to the sign-changed orderings.’

Indeed, let S (g) be the number of sign changes of the function g (-),
which can be properly defined. A natural condition on y — x, corresponding
to y being in some sense more variable than x, is

S(y—x)=1 with sign sequence —, +.

For z, y € X, it is well known that x <o y if and only if S (y — z) < 1.
As x <apo y means hiy1 < h; Vi€ {l,..n—1} with > ; h; = 0, then
x <apo younly if S (y — z) < 1 with sign sequence, —, +. Hence it is evident
that ADO implies LO.%

3.2 Polarization and Transfers

After having shown the suitable characteristics of ADO and RDO and their
relation with LO, we have to notice that if we adopt ADO and RDO as
alternative inequality criteria to LO, we can no longer make use of important
tools to study inequality such as the PDT or S-majorization, which have a
normative and descriptive appeal as Dasgupta and alii (1973), Rothschild
and Stiglitz (1973) and Sen (1997) pointed out. Moreover, we can observe
that ADO and RDO sometimes fail to rank income distributions, giving rise
to extreme “paradoxical situations”.

It is enough to suppose that there exists a S-convez function f, i.e. a transformation
reducing inequality that maps y into z, multiplying the vector y for a bistochastic matrix P.

’See Karlin (1968) vol. 1, chapters 5 and 6.

A similar argument shows that RDO implies LO.



Indeed, let us assume the existence of an hypothetical decision maker
concerned for equity, who must choose between two income distributions
y = (10,15,20,25) and = (0,0,0,70). Then, if he decides according to
the Lorenz criterion, he will prefer y to x (i.e. y <po ). If he decides
according to ADO he will be not able to conclude that = represents an evi-
dent unfair distribution with respect to y. Note that such an ambiguity of
ADO and RDO does not depend on the particular distribution z. We con-
tinue to obtain such paradoxical situation with vector like z = (1,1, 1,67),
x=(2,2,2,62), etc. ADO and RDO then can not rank some high-polarized
distribution, which are evidently Lorenz dominated by y and represent un-
equal allocations of income.

If only one transfer of income takes place from richer people to poorer
ones, the transfer must be from the richest to the poorest in order to sat-
isfying ADO: an extreme requirement for a suitable inequality criterion.
Finally, ADO and RDO, not considerig the distribution as a “whole”, can-
not rank income vectors which show small differences among quantiles: if
y=(1,1,4,5) and = = (2,3, 3,3), we can see that © <50 y, but © Aapo vy
and  Arpo y. Analogously with y = (3,3,5,5), x = (3,4,4,5): <10 v,
while, z Aapo y and z Arpo y. One should notice that ADO and RDO
lead to paradoxes different with respect to the LO ones (see Chateuneuf,
1996). While if # <70 y with y = (10,15,20,25) and = = (11, 14, 21, 24),
we could think y less unequal than x at least when we consider subgroups
{2, 3}7, there is no doubt that x = (0,0, 0,70) is more unequal than y even
if 2 Aapo y and x Zgrpo y. In other words, ADO and RDO are “more
incomplete” (partial) orderings and they lead to more “pathological situa-
tions” than LO does. Hence, they cannot be considered suitable substitutes
of Lorenz ordering. ADO and RDO arouse too extreme paradoxes in ranking
income distributions.

4 Conclusion

The proposal of using two different inequality criteria, namely ADO and
RDO, like alternatives to LO led us to focus on the characteristics of these
two partial orderings. They capture more information concerning income
distribution than LO does, taking into account the differences (ratios) in
the income of the groups of individuals belonging to a given distribution.
However, they are normatively inconsistent: in some situations, they are not

"Inequality increases as we pass from y to z (i.e. yz —y2 = 20 — 15 = 5 < 23 — 2 =
21-14=17).



coherent with some unquestioned and clear criteria like the PDT about how
to reduce inequality. Moreover, some examples have showed that several
paradoxes, in ranking alternative income distributions, arise when we use
these two partial orderings.

The conclusion is that every partial ordering faces some situation it can-

not rank. We then have to use every inequality criterion, paying much
attention to its limits and overall to its normative and descriptive contents.
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