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Relations between steady-state timescales in the World Ocean

Eric Deleersnijder & Anne Mouchet, 10 March 2018 - 21 December 2019

Abstract. Properties of steady-state timescales in the World Ocean are established. It is
demonstrated that they are non-negative. The average of the partial age over the related
subdomain is seen to be equal to the average of the exposure time over the same
subdomain. In the latter, the exposure time is greater than or equal to the residence time.

Motivation

At a steady state, partial ages in the World Ocean are related to the classical age, as well as
the residence and exposure times. The objective of this working note is to establish relevant
equalities and inequalities, which may be of use to interpret numerical simulation results —
and, perhaps, some field data.

To obtain the aforementioned results, a positivity theorem is first established, which
applies to the solution of a rather general steady-state transport problem.

Positivity theorem

The domain of interest, 7/, is delimited by surface § . The latter is split into several sub-
regions, §', 5% and §°, which do not overlap each other and obviously are such that
S=5"05%UJ5°.0n the domain boundary .5, n is the outward, unit, normal vector.

In the abovementioned domain, the position vector is denoted x. Function ¢(x) obeys the
following partial differential equation

Ve(D-Vg-gq) + £ =0 . (1)
Tensor D(x) is symmetric,
D =D7 | (2)
and positive-definite,
Vy#0:ysDey >0 . 3)

Vector q(x) is divergence-free,
Veq =0, (4)
and satisfies the following boundary condition
la-n]icsiigs =0 - ®)

Source term {(x) is non-negative,

ux) =0 . ©6)
Function ¢(x) satisfies the following boundary conditions:
[DVg)en] ;=0 (7)
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and
[6)=E®)], gs g0 =0 with )20 , ®)

where £(x) is a known function.

The relations above are meant to comprise all of the cases to be considered in the present
working note. Accordingly, in some cases, not all of the three subregions of the domain
boundary will be present. However, it is noteworthy that §% U §¢ will never vanish. In other
words, on a part of the boundary of the domain of interest, if not on the whole boundary, a
Dirichlet condition will always be prescribed, causing function ¢(x) to be non-negative on
this subregion of the boundary.

It will be seen that function ¢(x) is non-negative:

cx) 20 €))

For the sake of the demonstration, it is first assumed that ¢(x) does not satisfy inequality (10)
at every point of the domain. Accordingly, its negative part is introduced, which reads

¢~ (%) —-|g~(x)
— s
Clearly, this function is zero where ¢(x) is positive and is equal to ¢(x) where ¢(X) is

¢ (x) = (10)

negative. As a consequence, proving that §(x) is non-negative is tantamount to demonstrating
that its negative part is zero at any location of the domain of interest.

Multiplying governing equation (1) by ¢~(x), integrating over the domain of interest,
using constraint (4) and the divergence theorem wherever appropriate, one obtains

=0, since (D+V¢)n=0 =0, since =0
on 5% see (7) on SSUS; see (8) <0; see (3)
[c®@-Vo)ends + [ ¢ D-Vg)ends + [(-Vg+D-Vg)dv
st ss0s0 v

11)
1 1 (
-~ | @Pamds - = [ ¢ )Pands + [gpav =0

2 . 2

_Sugs 50 (4

=0, since q-n=0 on STU.SS; =0, since 620 on 59; <0, since pu=0;

see (5) see (8) see (6)
This expression simplifies to a sum of two non-positive terms,
<0, since u=0;
<0; see (3) see (6)
[VgeDeVeryav + [gpdv =0 . (12)
v v

Clearly, both integrals must be zero, which is the case if and only if ¢~(x) is zero at every
location of the domain of interest'. In other words, the negative part of function g(x) is zero,
implying that this function is non-negative. QED.

' Here one might object that if the source term i is identically zero, which is not precluded by (6), then ¢~ may
be a non zero constant, causing the first integral of (12) to be zero. This is not acceptable, for, as explicitly
mentioned above, it is assumed that a Dirichlet condition (with a non-negative value) is prescribed on at least a
fraction of the domain boundary.
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Age and partial age

Let three-dimensional domain £2 represent the World Ocean. The ocean-atmosphere interface
and the rest of the boundary of £ (which is impermeable) are denoted I'* and I'!,
respectively. Then, to apply the above positivity theorem to the age of the water a(x)
(defined as the time elapsed since leaving the ocean surface), one sets ¢(x)=a(x) and

W:Q’ ji:Fi, s§s=r", s°o=0 (13)
D=K, q=v, u=1

where K(x) and v(x) denote the diffusivity tensor and the velocity, respectively. Therefore,
by virtue of the above positivity theorem, water age a(x) is non-negative.

To calculate partial (water) ages, the domain is split into K non-overlapping subdomains
QFk | with k=1,2,...K . The boundary of each subdomain is denoted I'*. The related
characteristic functions are defined as

1 if xe Qk
ok(x) = (14)
0 if x¢ QF

The partial ages are denoted ak(x). Then, to apply the above positivity theorem to partial
water age ak(x), one sets ¢(x)=a*(x) and

{W:Q, Si:[‘i’ ss=rs, 0=

(15)
D=K, q=v, u=owk

Therefore, partial water ages ak(x) are all non-negative.

Mean partial age and residence time in a subdomain

To obtain the mean residence time in €%, it is first necessary to deal with the following tracer
transport problem in Q¥

k
9 _V.(Chy—K-VCk)
ot (16)
ckox)=1, [Ckex)] __, =0

Then, from “concentration” CX(¢,x), the following intermediate variable is to be evaluated
ntx) = [Ckex)dr . (17)
0

Combining (16) and (17) leads to the partial differential from which n*(x) may be derived:

Ve(KeVnk—nkv) + 1 =0
el “8>
To prove a*(x)—n*(x) is non-negative, one sets ¢(x)= a*(x)—nk(x) and
V=0, §i=0, §5=0, go=T*
{D:K, q=v, =0, &=[a*®] {19
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Therefore, ak(x)—nk(x) is non-negative.
Finally, the mean partial age and residence time in Q¥ are obtained from

= 1
(@*,6%) = or [ [a*@).ntx)]a0* . (20)
Qk
where V¥ is the volume of k-th subdomain, i.e.
vk = [dQk . 21)
Qk
Since ak(x)—nk(x) is non-negative, the mean residence time cannot be larger than the
mean partial age
ak > gk (22)
QED.
It is noteworthy that inequality (22) was obtained without having to prove the positivity of
variable 1¥(x). For the sake of completeness, it will be seen that, in accordance with
elementary physical intuition, 1% (x) is non-negative. To do so, one sets ¢(x)=nk(x) and

V:Qk’ i:®’ S=0, o=Tk
S S S 23)
D=K, q=v, u=1, £=0
As a consequence, Nk(x) satisfies inequality
nkx) =0 . (24)

Residence and exposure times

The residence time in subdomain Q% , 8%(x) , may be obtained by setting ¢(x)=0%(x) and
v=0k, 5i=0, $5=0, s°=T*
(25)

D=K, q=-v, u=1, £=0

As a consequence, residence time 6% (x) is non-negative.
The exposure time in subdomain 2%, ©k(x), may be obtained by setting ¢(x)= Ok (x)

and solving the following partial differential problem
7/:[2, Si:[‘i’ ss=rs, 0=
(26)
D=K, q=-v, u=owk

As a consequence, residence time @K (x) is non-negative.
In subdomain Q% , the difference between the exposure time and the residence time is non-
negative. To prove that this statement holds valid, one must set ¢(x) = @*(x)—6%(x) and

vV=Q0k, Si=0, 55=0, go=Tk
{D:K, q=-v, u=0, {=[OFm)]
Thus, in subdomain Q% , the inequalities
Ok(x) = 6k(x) = 0 (28)

hold valid. This result is far from unexpected.

(27)
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Partial age and exposure time

To obtain the mean exposure time in £2% , it is first necessary to deal with the following tracer
transport problem in £2:

k
9 _V.(Chy—K-VCk)
ot (29)
ChOx)=0x), [(KVCHen] =0, [Ckex] =0

Then, from “concentration” CX(¢,x), the following intermediate variable is to be evaluated
ntx) = [Ckex)dr . (30)
0

Combining (29) and (30) leads to the partial differential from which n*(x) may be derived:

{V-(K-Vnknkv) + wk =0
€1y
k — k —
[(K-Vn¥)en] =0, [n*®)] ., =0
Finally, the average over 2% of the exposure time is
ok = - [ ntxyaek . (32)
vk Ok

Intermediate variable n*(x) is equal to partial age a*(x). This is easily seen by setting
¢(x)=n*(x) and
7/:[2, Si:[‘i’ ss=rs, 0=
(33)
D=K, q=v, u=wk
Clearly, (33) is equivalent to (15). Therefore, by virtue of (20) and (32), the following relation
holds valid

ak = ek (34)

Concluding remark

The above results are in line with elementary physical intuition. However, it must realised that
they critically depend on the boundary conditions. If other boundary conditions were used, it
is far from guaranteed that they would be left unchanged. In other words, should one wish to
rely on other boundary conditions, all the developments should be remade — without
prejudging their outcome.



