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Motivation
• Modeling strategies  

2

• Workable large-scale fluidized beds 
simulation:  
TFM or CFD-DEM 
= particle-unresolved models:   

➡ Need for closure laws 

• PR-DNS = powerful tool to build new 
closure laws from fundamental 
conservation principles 

Δ ≫ dp

ρ = ρ(p0, T, Y )
• Most PR-DNS work so far based on: 

•  Gas-phase incompressibility approximation  
•  Uniform description of the solid phase   

• Applications : combustion of coke in FCC: very exothermic + gas expansion 
➡ Density fluctuations at the particle surface  
➡ Weakly compressible approximation.

Reproduced from van der Hoef et al.,Annu. Rev. Fluid Mech. 2008 



• Continuous-forcing method = impose no-slip boundary condition  through 
an additional forcing term in Navier-Stokes momentum equation :  

 

 

 

• Solid phase is tracked with a solid volume fraction  
• Sub-divide each cell in sub-cells, check whether the sub-cell belongs to the body 

 
 
 
 
 

u = us

∂
∂t (ρu) + ∇ ⋅ (ρuu) = − ∇p̃ + ∇ ⋅ τ + f

f = αρ
(us − u)

Δt
α

Solid phase treatment : penalization 
method 
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Kajishima et al., IJHFF, 2002

Reproduced from Luca Brandt’s course, CISM, Udine, July 2019



Scalars treatment at particle 
boundary

• Case 1 : Uniform solid phase description = Dirichlet BC  

•  : uniform temperature over the particle  
(= equivalent to very large solid phase thermal conductivity) 

• Reaction  with  
(= « infinitely » fast reaction, the surface of the particle is free of any reactant) 

➡Penalize scalar transport equations similarly to momentum equation 

T = Ts

A → B YA = 0, YB = 1

4

What BC at the particle surface for temperature and species mass fractions ?



Algorithm: Dirichlet BC at the surface 
of the particles 
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• Advance scalars :  ,  with no forcing term 
 

• Penalize scalars  

         

Z = Yk or T
Z* = Zn + Δtℱ(RHSn, RHSn−1)

q = α
(Zs − Z*)

Δt
Zn+1 = Z* + Δt q

• Compute density from equation of state 

 ρn+1 =
p0W̄ n+1

RTn+1 

• Compute velocity predictor 

 

• Penalize velocity 

 

• Projection step 

u* =
1

ρn+1 (ρnun + Δtℱ(RHSn, RHSn−1))

f = ρn+1α
(us − u*)

Δt

u** = u* +
Δt

ρn+1
f

∇2ϕ =
1
Δt (( ∂ρ

∂t ) + ∇ ⋅ (ρn+1u**))
un+1 = u** − Δt∇ϕ /ρn+1



Body Motion
• Hydrodynamic forces and torques evaluation : 

  

• Body motion solver  

Ff→s = ∮Sp

σ ⋅ n ds

= ∫Vp

∇ ⋅ σ dv

=
d
dt ∫Vp

ρu dv − ∫Vp

fdV

Tf→s = ∮Sp

(r ∧ σ) ⋅ n ds

= ∫Vp

(r ∧ ∇ ⋅ σ) dv

=
d
dt ∫Vp

(r ∧ ρu) dv − ∫Vp

(r ∧ f)dV

un+1
p = un

p +
1

ρpVp ∫Vp

ρu d v

n

− ∫Vp

ρu d v

n−1

−
Δt

ρpVp ∫Vp

fn d v +
Δt

ρpVp
Fn

coll + Δt 1 −
∫ ρn d v

ρpVp
g

Ωn+1
p = Ωn

p +
1

ρpJp ∫Vp

(r ∧ ρu) d v

n

− ∫Vp

(r ∧ ρu) d v

n−1

−
Δt

ρpJp ∫Vp

(r ∧ fn) d v +
Δt

ρpJp
Tn

coll

xn+1
p = xn

p +
Δt
2 (un+1

p + un
p)

θn+1
p = θn

p +
Δt
2 (Ωn+1

p + Ωn
p)

⇒ un+1
s (x) = un+1

p + Ωn+1
p ∧ (x − xn+1

p )
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Validation: cold flow 
• Sedimentation of a particle in a closed cavity  

• Drafting-Kissing-Tumbeling 
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Sedimentation of 5 particles with 
fixed temperature 

Temperature field Vorticity field 



Scalars treatment at particle 
boundary
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• Case 2 : Coupled heat and mass transfer (CHMT) between fluid/solid phases 
➡ Continuity of the scalar function + fluxes at the interface  

•   (but not known a priori)  

•   (but not known a priori) 

•  

•  

➡Need to modify the diffusion operator to account for discontinuities in transport 
coefficients 

Tf = Ts

Yk, f = Yk,s

qf = qs ⇔ κf
∂Ts

∂n
= κf

∂Tf

∂n

jA, f = jA,s ⇔ DA,s
∂(YAW̄ )

∂n
s

= DA, f
∂(YAW̄ )

∂n
f

What BC at the particle surface for temperature and species mass fractions ?

• Case 1 : Uniform solid phase description = Dirichlet BC  

•  : uniform temperature over the particle  
(= equivalent to very large solid phase thermal conductivity) 

• Reaction  with  
(= « infinitely » fast reaction, the surface of the particle is free of any reactant) 

➡Penalize scalar transport equations similarly to momentum equation 

T = Ts

A → B YA = 0, YB = 1



Sharp interface method for CHMT

• Modification of the diffusion operator when an interface is 
identified  

 

with additional terms depending on the jump conditions:  
. 

∇ ⋅ (β ∇f ) = βi+1/2, j (
fi+1, j − fi, j

Δx ) − βi−1/2, j (
fi, j − fi−1, j

Δx ) / Δx

+ βi, j+1/2 (
fi, j+1 − fi, j

Δy ) − βi, j−1/2 (
fi, j − fi, j−1

Δy ) / Δy − (Fx + Fy)

Fx(aΓ, bΓ), Fy(aΓ, bΓ)
10

Shao et al., IJHMT, 2012  
Sulaiman et al., Chem Eng. Sc., 2019

i i + 1i − 1

Γ

fi

Ω− Ω+

fi+1

θΔx(1 − θ)Δx

• 1-D illustration: possible discontinuity in first derivative  
• 2-D :  

    

aΓ = f + − f − = [ f ]Γ = 0
bΓx

= β+ f +
x − β− f −

x = [βfx]Γ

bΓy
= β− f +

y − β− f −
y = [βfy]Γ

• Finite difference framework : we need information on 
jumps along cartesian coordinates:  

 
bΓ,x = bΓ,nnx − bΓ,sny = − bΓ,sny

bΓ,y = bΓ,nny + bΓ,snx = bΓ,snx

Continuous function 

Continuous flux 



Validation: sharp interface for CHMT  

• Steady-state reaction-diffusion in a  cylindrical particle  
 
 

, with  
 

• Analytical solution :  

, with . 

∇r ⋅ (Ds ∇rC) − kC = 0 C(r = R) = C∞

C(r)
C∞

=
J0 (i Da r

dp )
J0 (i

Da
2 )

Da =
d2

p k

Ds

11Concentration profile, D = 20h, Da = 100
Evolution of the  error L2
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Da = 10

Da = 100

Application: 3-inline catalytic particles 

Reactant mass fraction field Longitudinal mass fraction profile  
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Sedimentation of 5 particles with 
coupled heat and mass transfer

Reactant mass fraction field Temperature field 



Conclusion

• Original combination of the penalization method and the weakly 
compressible approximation 

• Validation of the numerical method 
• Applications: particulate flows with chemical reactions and various 

boundary conditions:  
• Fixed temperature / composition 
• Coupled heat and mass transfer between phases  

• Current extension to 3D 
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