FOURIER MATRICES FOR G(d,1,n) FROM QUANTUM GENERAL
LINEAR GROUPS

ABEL LACABANNE

ABSTRACT. We construct a categorification of the modular data associated with every family
of unipotent characters of the spetsial complex reflection group G(d, 1,n). The construction
of the category follows the decomposition of the Fourier matrix as a Kronecker tensor product
of exterior powers of the character table S of the cyclic group of order d. The representations
of the quantum universal enveloping algebra of the general linear Lie algebra gl,, with
quantum parameter an even root of unity of order 2d, provide a categorical interpretation of
the matrix A™ S. We also prove some positivity conjectures of Cuntz at the decategorified
level.

In the theory of representations of finite groups of Lie type, unipotent characters are an
important object of study. Indeed, these characters are the building blocks for the irreducible
characters. They have been classified by Lusztig and are partitioned into families. To each
family of unipotent characters, Lusztig has associated a modular datum consisting of a Fourier
matrix and of the eigenvalues of the Frobenius.

One important observation is that the classification of unipotent characters does not depend
on the finite field of definition of the reductive group, and only depends on the structure of
the Weyl group W, neither do the modular data. It has been later realized by Lusztig [16],
that one can define a similar set of “unipotent characters” for a finite Coxeter group which is
not a Weyl group, together with polynomials which share similar properties with the degrees
of unipotent characters of a finite group of Lie type. Thereafter, modular data associated
with families of unipotent characters of finite Coxeter groups have also been constructed [17].

As Weyl groups are rational reflection groups and Coxeter groups are real reflection groups,
a similar combinatorial version of unipotent characters for a certain class of complex reflec-
tion groups, called “spetsial groups”, has been studied by Broué, Malle and Michel [4, 5].
Malle [18] has tackled the case of spetsial imprimitive complex reflection groups, by defining
unipotent characters and their degrees, families of characters and a modular data for each
family. The combinatorics developed by Malle is a generalization of Lusztig’s combinatorics
for the classification of unipotent characters of a finite group of Lie type with Weyl group of
type B.

In this article, we will study the case of the complex reflection group G(d,1,n) and the
problem of categorifying the modular data associated to the families of unipotent characters.
Indeed, modular categories are known to produce modular data, and given a modular datum,
it is a classical problem to determine whether it arises from a category or not. As the
modular datum associated with a family of unipotent characters of G(d, 1,n) does not satisfy
a positivity property, one needs to use triangulated or super categories.

A first step in this direction has been achieved by Bonnafé and Rouquier [3]: they gave a
categorical interpretation of the modular data associated with the unique non trivial family
of unipotent characters of the cyclic group G(d,1,1). Their category is constructed from
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the Drinfeld double of the Taft algebra, which is a finite dimensional version of the quantum
enveloping algebra of the standard Borel of sls. In [14], the author explained how to reinterpret
the category of Bonnafé and Rouquier into the framework of slightly degenerate categories.
This framework turned out to be well adapted for the problem of categorifying modular data:
the modular data of some families of the complex reflection group G(d,1,n) arise from the
representation of the Drinfeld double of the quantum enveloping algebra of the standard Borel
of sl [15].

The aim of this paper is to give a categorical interpretation of every modular datum arising
from a family of unipotent characters of G(d, 1,n). More precisely, Cuntz [9] has noticed that
the Fourier matrix of any family of unipotent characters of G(d,1,n) is obtained from the
Kronecker tensor product of some elementary building blocks of the form A™ .S with S being
the renormalized character table of the cyclic group of order d. This matrix A\™ S, together
with a diagonal matrix \"™ T define a modular datum. Therefore, we will first construct a
categorification of these building blocks which will then give a categorification of the Fourier
matrix of any family of unipotent characters of G(d,1,n).

The categorical interpretation of A™ S will be obtained using representations of the quan-
tum group Ue¢(gl,,,) where & is an even root of unity of order 2d. More precisely, we consider the
semisimplification of the category of tilting modules, as in the classical construction for simple
Lie algebras. But this will produce a category with an infinite number of non-isomorphic sim-
ple objects. Fortunately, many of the invertible objects of this category lie in the symmetric
center and one can modularize this category in order to obtain a category that we denote by
Q)m - The category 92)m ¢ admits many pivotal structure and the choice of a pivotal structure
is related to the choice of the unit element in the fusion algebra defined by A\™ S.

Theorem (Theorem 3.5). The category gbmf is a categorification of the modular datum
defined by A" S and A" T.

Each family % of unipotent characters of G(d, 1,n) is defined by the choice of non-negative
integers wy, ..., w, and integers 0 < nq,...,n, < d. Up to some constant, the Fourier matrix
of the corresponding family of unipotent characters is a submatrix of the complex conjugate
of A" S®---® A" S, the product being the Kronecker tensor product of matrices; there is
a similar construction for the eigenvalues of the Frobenius s using the various matrices A" T.

It is then natural to consider the Deligne tensor product 95&5 =D 1K K E%n £l

n1,§"

Theorem (Theorem 4.5). There exists a non-degenerate subcategory %&5 of 95&571 which is
a categorification of the modular datum associated to the family of unipotent characters F

The first section of this paper is a recollection of known results concerning fusion algebras,
modular data and their categorification. Then, in a second section, we study thoroughly the
representations of the quantum group U, (gl,,,) at an even root of unity. The semisimplification
of the category of tilting modules gives rise to a semisimple braided pivotal category, with
a non-trivial symmetric center. We then explain the effect of killing the symmetric center
and describe the modular datum that one can extract from the category @,,¢. The third
part is dedicated to the comparison of this modular datum with the m-th exterior power
of the renormalized character table of the cyclic group of order d. Using the categorical
interpretation of the matrix \™ S, we prove several conjectures of Cuntz related to positivity
questions. Finally, in the fourth section, we consider the modular data defined by Malle, which
are associated to families of unipotent characters of the complex reflection group G(d,1,n).
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These modular data are shown to be obtained from a variant of the categorical construction
of the second section.
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1. CATEGORICAL PROLEGOMENA

Our base field is the field of complex numbers C, but most of the materials of this section
remain true over an algebraically closed field of characteristic O.

1.1. Fusion algebras from S-matrices. We start by a recollection of some basic facts on
the notion of a fusion algebra.

Let I be a finite set and S a square matrix with complex entries indexed by I. We suppose
that S is symmetric and unitary, and that there exists ig € I such that S;,; # 0 for every
1 € I. We also suppose that for every i, j, k € I, the number

Si1S;iSk,
(1) N i’fj - Z : S.j
lel io,l
is an integer.
To such a matrix S, we associate a Z-algebra As, which is free as a Z-module with basis
(b;)icr- The product is defined on the basis by

bi-bj =Y NFb
kel
and is linearly extended to As = @;c; Zb;. It is easily checked that this multiplication is
associative and that b;, is the unit element. The algebra Ag is the fusion algebra associated
with the matrix S and the integers (Ni]fj)z;j,ke 1 are the structure constants with respect to
the basis (b;);er. Note that multiplying S by any complex number w of module 1 leads to an
isomorphic fusion algebra A,s ~ As.

Lemma 1.1. Let ¥ be a diagonal matriz with entries (0;)ic; with o; € {£1}. Let S’ be
the matriz XSX 1. Denote by (b;)icr the basis of As and by (b.);cr the basis of As. Then
b; — 05,040, is an algebra isomorphism between As and As .

Proof. If we denote by (Nikjj)i,j,kéf (resp. (Nl’l;)”kel) the structure constants of Ag (resp.
Ag), we have that

Niﬁ- = JiaijJiON{fj,
for any ¢, 7,k € I. The lemma follows easily from this equality. O

Therefore, conjugation by a diagonal matrix of signs translates into a change of signs of
the basis of the fusion algebra. Given a matrix S we are interested in the following question:

Question 1.2. Does it exist a collection of signs such that the algebra As, obtained from S’
as in Lemma 1.1, has non-negative structure constants?

It is usually not easy to give an answer to this question since the structure constants might
be tedious to compute. Nevertheless, we will later give some examples of such matrices S and
answer this question via categorical methods.
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1.2. Modular data and fusion algebras. We now define the notion of a modular datum,
which is inspired from [12, 17].

Definition 1.3. A modular datum is a quadruple (I,ig,S,T), where I is a finite set, ig is
an element of I called special or distinguished, S is a complex matrix with entries indexed
by I, and T is a complex diagonal matrix with entries indexed by I satisfying the following
conditions:

e S is symmetric and unitary,
e S and T define a projective representation of SLs(Z): there exists £ € C* such that

st =id, (ST)®=¢id, and ST =TS?,

o foralli el Sio,i 75 0,
e for all 7,7,k € I, we have

Si1S; S

ko 015,19k

Nj=2 —§ €L
lel *0,

Note that by renormalizing T by a third root of £, one can obtain a genuine representation
of SLy(Z).

Since the matrix S of a modular datum (7,149, S, T) satisfies the conditions of Section 1.1,
we have at our disposal the fusion algebra As. Even if this algebra depends only on S, we
will call it the fusion algebra associated with the modular datum (7,7, S, T).

1.3. Non-degenerate and slightly degenerate categories. Using modular categories,
one can try to categorify a modular datum whose fusion ring has non-negative structure con-
stants. In [14], the author explains how slightly degenerate pivotal fusion categories provide
a broader framework for the categorification of modular data where the fusion ring may have
negative structure constants. We quickly recall these categorical notions, and the main results
of [14].

1.3.1. Pivotal fusion categories. For the definition of a fusion category, we refer to [10, Def-
inition 4.1.1]. The tensor product will be denoted by ®, the unit object by 1, and the
associativity and unit constraints will be omitted. The set of isomorphism classes of simple
objects of a fusion category € is denoted by Irr(€) and its Grothendieck ring by Gr(6). The
latter is a free abelian group with generators given by ([X]) xcrm(¢) and the multiplication is
given by the tensor product:
(XYl = > N{yIZ)
Z€lIrr(6)

where N )?Y denotes the multiplicity of the simple object Z in the tensor product X ® Y.

The left dual (resp. right dual) (X*,evy,coevy) (resp. (*X,ev’y,coevy)) of an object X
consists of the datum of an object X*, a evaluation map evx: X*® X — 1 (resp. evly: X ®
*X — 1) and a coevaluation map coevy: 1 — X @ X* (resp. coevly: 1 — *X ® X) satisfying

(idx ®evy)o(coevy ®idx) =idx and  (evy ®idx+) o (idx» ® coevy) = idx~
(resp.

(ev'y ®idx) o (idx ®coev’y) =idy  and (idx ® evy) o (coevy ®id«x) = id«y).
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Left (resp. right) duals are unique up to unique isomorphism and a monoidal category is said
to be rigid if every object admits a left and a right dual. Recall that, by definition, a fusion
category is rigid.

If X and Y have left duals, we also have the notion of a left dual map for any f €
Homg (X, Y). It is a map f* € Homg (Y™, X*) and is defined by

[* = (evy ®idx~) o (idy* ® f ® idx+) o (idy* ® coevy).

A rigid monoidal category is said to be pivotal if there exists for all X an isomorphism
ax: X — X™* which is natural with respect to X and compatible with the tensor product,
that is axgy = ax ® ay, up to the usual identification between (X ® Y)** and X** @ Y**.

In a pivotal fusion category we have at our disposal the right quantum trace of an endo-

morphism. Given f € Endg(X), its right quantum trace is the unique scalar Tr(f) such that
the composition

(axof)®idx+
X

1 9% X @ X+ X e X*r X q

is equal to Tr(f)idy. The right quantum dimension dim(X) of an object X is simply the right
quantum trace of the identity morphism. There also exists a notion of left quantum trace
and left quantum dimension. A pivotal structure is said to be spherical if dim(X) = dim(X™*)
for every object, or equivalently if the left and right quantum traces coincide. Most of the
pivotal structures we will consider in Section 2 are not spherical.

Remark 1.4. We choose the above convention for right quantum traces which is different
to [10, Definition 4.7.1]. Our convention follows from graphical calculus, where the right
quantum trace of an endomorphism is obtained by closing a diagram on the right.

Simple objects of a fusion category have a non-zero quantum dimension [10, Proposition
4.8.4] and we define the categorical dimension of such a fusion category 6 by

dim(€) = > |dim(X)[%.

Xelrr(®)

It is a positive real number [10, Proposition 7.21.14].

1.3.2. Braided categories, degeneracy and twist. A braiding on a monoidal category is the
datum of a binatural isomorphism cxy: X ® Y — Y ® X such that the hexagon axioms are
satisfied:

cxovz = (cxz ®idy) o (idx ®cy,z) and cxygz = (idy ®cx,z) o (exy @ idz).

As an immediate consequence, the Grothendieck ring of a braided fusion category is commu-
tative.

A simple object X of a braided category is said to be transparent if cy x ® cx y = idxgy for
every object Y. The symmetric center Egym (6) of a braided category 6 is the full subcategory
of € whose objects are the transparent objects of 6.

We say that a braided fusion category is non-degenerate if its symmetric center is tensor
generated by the unit object 1. We say that a braided fusion category is slightly degenerate if
its symmetric center is equivalent to the symmetric category sVect of finite dimensional super
vector spaces, with braiding cyw (v ® w) = (—1)llly @ v for any super vector spaces V, W,
veVand weW.

We now define the S-matrix of a braided fusion category which will play a prominent role.
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Definition 1.5. The S-matriz of a braided pivotal fusion category € is the matrix S =
(Sx,v)x,yemnr(e) indexed by Irr(®€) with entries given by the right quantum trace of the
double braiding:

Sxy =Tr(cyx oexy).

If a simple object X is transparent, then for all Y € Irr(6€) we have Sx y = dim(X) dim(Y").
The converse is also true.

Proposition 1.6 ([10, Proposition 8.20.5]). Let 6 be a braided fusion category. Then
an object X € Irr(®) is transparent if and only if for all Y € Irr(6) one has Sxy =
dim(X) dim(Y").

In a rigid braided category, there always exists an isomorphism ux: X — X**, called the
Drinfeld morphism which is given by the following composition

idx ® coev y* cx, x* ®id xxx evy ®id x#x*

X XX X XXX

However, this morphism is not a pivotal structure, but satisfies

X

Uux ® Uy = UXY °CY,X ©CX,Y-

We now suppose that € is a braided pivotal fusion category. The composition of the
Drinfeld morphism and of the pivotal structure gives rise to an endofunctor § = a o u~! of
the identity. This endofunctor is a twist, that is satisfies

Oxgy =0x ®0y ocyx ocxy
and the pivotal structure a is spherical if and only if Ox+ = (0x)* for every object X, that is

a is spherical structure if and only if 6 is a ribbon.

1.3.3. Non-degenerate and slightly degenerate categories. Under some assumptions on the
symmetric center of a braided pivotal fusion category, the S-matrix and the twist give rise to
a modular datum, with fusion algebra related to the Grothendieck ring of the category.

Hypothesis: We assume that the category ‘6 is non-degenerate.

There exists an invertible object 1 such that S7y = dim(1) dim(Y™*) for every simple object
Y, see [14, §2.4]. Denote by T the diagonal matrix with entries (0x,v0x)x yenr(g), Where we
have identified #x and the unique scalar A such that x = Aidx.

We define the renormalized matrix S as

S _ S
/dim(€)+/dim(1)’
where y/dim(1) is a square root of dim(1).

Proposition 1.7 ([14, Theorem 2.22]). Let 6 be a non-degenerate braided pivotal fusion
category. Then (Irr(6),1,S,T) is a modular datum. The associated fusion algebra Ag is
isomorphic to the Grothendieck ring of 6.

Hypothesis: We now assume that the category 6 is slightly degenerate.
We also suppose that the twist of the simple transparent non-unit object
of 6 is of quantum dimension —1 and of twist 1.
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Denote by e the unique simple transparent of 6 such that ¢ % 1. Then e ® ¢ ~ 1,
dim(e) = —1 and 6. = 1.

Tensoring by ¢ has no fixed points on Irr(6) and then we choose a subset J C Irr(6)
containing one element for each orbit of simple object under tensorization by €. We will make
the assumption that 1 € J (hence ¢ € J). There again exists an invertible object 1 € J such
that Siy = dim(1)dim(Y*) for every simple object Y. We consider the submatrix S of §
whose entries are indexed by J. Since Irr(€) = J U J ® €, we have

S -
S = ~ .
(% %)
Denote by T the diagonal matrix with entries ((5)(7)/9)() X,yeJ, Where we have once again

identified fx and the unique scalar A such that fx = Aidx.
We define the renormalized matrix S as

§— 5 ,

3 dim(€)+/dim(1)

where /dim(1) is a square root of dim(1).

Proposition 1.8 ([14, Theorem 3.7]). Let € be a slightly degenerate braided pivotal fusion

category. Then (J,1,S,T) is a modular datum. The associated fusion algebra Ag is isomorphic
to the quotient Gr(8)/([e] + [1]) of the Grothendieck ring of 6.

The two quotients Gr(®)/([e] + [1]) and Gr(6)/([e] — [1]) have a basis indexed by J and
are both quotients of Gr(6):

Gr(6)
[Eljy wjl
Gr(8)/([e] +[1]) Gr()/([e] - [1])

One can easily describe their structure constants using the structure constants of Gr(6): for
X,Y, Z € J, the structure constants of Gr(6)/([e] + [1]) are given by N)%Y — Nf?f and the
structure constants of Gr(6)/([e] — [1]) are given by N)%Y + NZ%2. Hence, if N§7YN§<®3§ =0
for every X,Y, Z € Irr(6), the structure constants of Gr(€)/([¢] - [1]) are the absolute values
of the structure constants of Gr(€)/([¢] + [1]). The condition N )%’YN)?%? = 0 for every

X,Y, Z € Irr(B) follows often from a grading on the category 6 such that ¢ sits in non-trivial
degree.

We can now easily give an answer to Question 1.2 for the fusion algebra Az ~ Gr(6)/([e] +
[1]). Indeed, the answer is positive if and only if the slightly degenerate category € is
equivalent to €y X sVect, where sVect is the category of super vector spaces and €g is a
non-degenerate braided category. From the categorical point of view, changing a sign of a
basis element [X] of Gr(6)/([¢] + [1]) amounts to pick € ® X instead of X in the set .J.

To a slightly degenerate category € as above, one can attach a non-degenerate braided piv-
otal supercategory € by adding an odd isomorphism between X and X ® ¢, see [14, Section
4] for more details. This procedure can be thought as a super version of the modularization
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procedure for degenerate braided pivotal fusion categories, due to Bruguiéres [6] and indepen-
dently Miiger [19]. In this case, the ring Gr(®)/([¢] + [1]) is seen as the super Grothendieck

ring of 6.

2. QUANTUM gl,, AND ITS REPRESENTATIONS

In order to produce slightly degenerate categories, we consider categories of representations
of the universal enveloping algebra of the reductive Lie algebra gl,,, with the deformation
parameter being an even root of unity. The semisimplification of the category of tilting
modules will provide a semisimple category, as in the case of a simple Lie algebra, but with an
infinite number of simple objects. Nevertheless, the symmetric center has an infinite number
of non-isomorphic simple objects, and killing the one-dimensional transparent objects will
produce a non-degenerate or a slightly degenerate category. We will refer to the book [13] for
classical facts about quantum groups.

2.1. Root system for gl,. We set up some notations for the root system of gl,,. Let P = Z"
be the weight lattice of gl,, with standard basis €1, ...,e,. We equip it with the usual scalar
product, which is given by (e;,¢;) = d; ;. We also define the simple roots o; = ¢; — €;41 for
every 1 < i < n, which span over Z the root lattice Q). For 1 < j < mn,let w; =e1 +--- +¢;
be the fundamental roots which satisfy for every 1 <i <n and 1 < j <n, (w;, ) = 6; ;.
The symmetric group in n letters W acts on P by permuting the coordinates and the scalar
product (—, —) is W-equivariant. Let [ be the length function of W for its usual Coxeter
structure and we denote by wg the longest element of W which is given by wo(k) =n+1—k.
Let PT be the set of dominant integral weights

P+ = {i:)\lé_z eP

=1

/\1>)\2>-">)\n}-

Note that every fundamental weight is in PT. Let p = w1 + ... + wp_1 = y iy (n — i)ey,
which is again an element of PT.

2.2. Rational form of quantum gl . In this section, we fix ¢ an indeterminate over Z, let
A = Z[q,q" '] and k = Q(q) its field of fractions. In o, we define the following elements

g " :”i n] _  [n]
= =110, AR =t
for any n € Nand 0 < k < n.

Definition 2.1. The quantum enveloping algebra U4(gl,,) of gl, is the Q(g)-algebra generated
by E;, Fj, Ljil for 1 <i<nand 1< j <n subject to the following relations

LiL;'=L;'L; =1, LiL; = L;L;,
LiEj = ¢ E; L, LiFy = q ) F;L;,
K, — K; !
[Ei, Fy] = bij———

q9—q
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where K; = LiL;rll, and subject to the quantum Serre relations

EZ’E]' :EjEi, FiFj :FjFia if |Z_]| > 1,
E?E; — 2|E,E;E; + E;E? =0,  F’F; — 2R, FF+ F;F =0, if|i—j|=1.

Note that U,(sl,) is isomorphic to the Q(g)-subalgebra generated by E;, F; and K; for
1 <i < n. For any A € P, we also define Ly =[], Lf‘i so that L; = L., and K; = L,,. It
is trivial, but nonetheless crucial, to check that L, is a central element in U,(gl,,).
Let Uq(gl,,) <0 (resp. Uq(gl,)=?) be the subalgebra generated by (F;)1<i<n (resp. (Fj, Lj)i<i<ni<j<n),
WUq(gl,)70 (resp. Uq(gl,)=0) be the subalgebra generated by (E;)1<i<n (vesp. (Ei, Lj)1<i<ni<j<n)
and U, (gl,)° be the subalgebra generated by (L;)1<i<n. It is a well-known fact that U,(gl,,)
has the following triangular decomposition, as a Q(g)-vector space

Ug(al,) = Ug(al,) <0 @ Uq(al,,)’ @ Ug(gl,)”°,

the isomorphism being given by multiplication, see [13, Section 6.1.5].
We endow the algebra U,(gl,) with a comultiplication A, a counit ¢ and an antipode S
which turn U, (gl,,) into a Hopf algebra. These are given on the generators by

AE)=E®K+19E, AF)=Fol+K '0F,  A(L)=L®L,
e(E;) =0, e(F;) =0, e(L;) =1,
S(B) = —EiK; S(Fy) = —KiF;, S(Li)=L;!

)

S%(x) = LgprQ_pl.

The quantum group U,(gl,) has the same quasi-R-matrix as U, (sl,). It is an element
© = > yeonp+ O in a completion of WUq(0l,)70 @ Uy(gl,) <Y, see [13, Section 8.3.3] for more
details. We just give here some important properties of this quasi-R-matrix. Let ¥ be the
algebra automorphism of U,(gl,,) ® U,(gl,) given by

VE®1)=EoK; ", V(Fel) =FokK, Y(L;o1)=L;®1,
V(10 E)=K,'®FE, V(1 F) =K;® F;, V(1 L)=1®L,.

Then one has
(2) OA(z) = (¥ 0 A)(2)0,

for any x € U,4(gl,,), where A°P denotes the opposite comultiplication. Moreover © is invert-
ible and satisfies

(3) (A &® ld)(@) = \1’23(@13)@23 and (ld ®A)(@) = \1’12(@13)@12.

Finally, one may give an explicit form of ©, see for example [13, §8.3.3].

2.3. Lusztig’s restricted integral form. Following [7, §9.3.A], we define an integral version
of Uq(gl,,) over d, which will be suitable for specializations at roots of unity.
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Definition 2.2. The Lusztig’s restricted integral form “uff (gl,,) of U4(gl,,) is the sl-subalgebra
of U,(gl,,) generated by

i

) En ) Fn . Lj;c B t qc—l—l—sLj _ qs—c—le—l
2N S T [ TR J and - S _ q—s
[n]! [n]! t ol ¢ —q
forl1<i<n,1<j<n,teNandcecZ.
We denote by Cugﬁ(grn)‘-’ = U, (gl,)" N %Lf]d(g[n) for 7 € {<0,<0,0,>0,>0}. The restricted
integral form still has a triangular decomposition as an sf-module
Ug (gl,) = UG (at,) <" © Ug (g1,)" © Ug (gl,,) "

The comultiplication, counit and antipode restrict to the integral form and endow it with
a structure of a Hopf algebra. Using the explicit form of the quasi- R-matrix ©, one may show
that it lies in (a completion of) U (gl,,)>" @ U (al,,) <.

2.4. Representations. Since U,(gl,,) is a Hopf algebra, the tensor product of two U, (gl,,)-
modules is still an Ug(gl,)-module. Using the antipode S, we also equip the dual V* of an
Uq(gl,)-module V' with a structure of an U4(gl,)-module:

(z - 9)(v) = ¢(S(x) - v),
for any = € U4(gl,), v € V and ¢ € V*.

2.4.1. Rational representations. For an U4(gl,)-module M and X € P, we define the A-weight
space of M as

M,\:{mEM‘Li~m:q()"5")m, foralllgign}.

We will only consider weight modules of type 1: these modules are direct sums of their
weight spaces as defined above. For any A € P, the Verma module of highest weight A is

M) = Uqg(gl,) Doy, (q1,)20 Qa)va,
where Q(q)v) is the one dimensional representation of U,(gl,,)=" given by
Ei-vy=0 and L;-v\= q<5j”\>v,\,
forevery 1 <i<mnand1l<j<n.

Proposition 2.3 ([13, Section 6.2.6]). If A\ € P then M(\) has a unique irreducible finite
dimensional quotient L(\). Moreover, every irreducible finite dimensional weight module is
isomorphic to a L(\) for a unique X € PT: irreducible finite dimensional weight modules are
parameterized by PT.

For A\ = kwy,, it is easy to see that L(\) is one-dimensional, and we will denote by det, the
module L(w,). Note that det; ~ L(—w,) and therefore setting det?k = L(kw,,) is coherent
with the fact that det’; ® detf] ~ detf;*l.

It is clear that if A € PT then —wy(\) € PT. Moreover, we have L(\)* ~ L(—wy())).

2.4.2. A Z-grading. Since the element L, is central in Uy(gl,,), it induces a Z-grading on the
category of finite dimensional representations of U4(gl,): a simple object L(\) is of degree
(A, p). Since L, is group-like, this grading is of course compatible with the tensor product:
every simple summand of L(\) ® L(u) is of degree (A, wy,) + (i, @n).
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2.4.3. Braiding and pivotal structures. Using the quasi- R-matrix ©, we define a braiding on
the category of finite dimensional weight modules. For M and M’ two finite dimensional
weight modules, we let © 7 2y : M @ M' — M ®@ M’ be the Q(g)-linear isomorphism given by
the action of © = 3 AEQNP+ ©,. Since M and M’ are finite dimensional, only a finite number
of ©, acts non-trivially: we indeed have ©(M, ® M;,) C M1\ ® M}, .

Now consider the map faa: M @ M’ — M @ M’ given by

fM,M’(m ® m/) — q(:u':,u/>m ® m/

for every m € M, and m € M, L,. One easily checks on the generators of Uy(gl,,) that for
every = € Uq(gl,) ® Uy(gl,), any m € M and m € M’ one has

(4) x- f(m@m') = f(¥(z)- (m@m)).

We then define cprar = 70 farmr © Opr v, where 7(m @ m') = m’ @ m. Combining (2)
and (4), one obtains that cyza is an U4(gl,)-equivariant map.
Using (3) and (4), one shows that the family of maps cps ap satisfies the hexagon axioms:

cL,meoN = (idy ®cp y) o (cpm ®idy)  and  crgmy = (cp,ny ®@idar) o (idg ®@cpr ).

Proposition 2.4. [13, Section 8.3.3] The family of maps cyrnr endows the category of finite
dimensional weight modules over Uq(gl,) with a structure of a braided category.

We now turn to pivotal structures on the category of finite dimensional weight modules
over Uq(gl,). Since the square of the antipode is given by conjugation by La,, the map
apr: M — M** sending m € M to apr(m) € M** defined by

ap (m)(¢) = ¢(Lay -m)

for any ¢ € M* is an isomorphism of U,(gl,)-modules. But conjugation by the element
L, Ly, also gives the square of the antipode since Ljg,, is central. We define therefore
analogously an isomorphism ay as: M — M**.

Proposition 2.5. The family of maps ay v endows the category of finite dimensional weight
modules over Uq(gl,) with a structure of a pivotal category. Moreover, the pivotal structure
is spherical if and only if k =1 —n.

Proof. Fix A € PT. The twist associated to the pivotal structure ay, is given on the simple ob-
ject L()\) by multiplication by ¢AA*2p+P@n) - Since L(A\)* ~ L(—wo())), the pivotal structure
is spherical if and only if for all A € PT, we have gMAt2etkan) — o (—wo(A),—wo(\)+2p+kwn)
As ¢ is an indeterminate over QQ the last condition is equivalent to (A, A + 2p + kw,) =
(—wo(N), —wo(A) + 2p + kwy,). But —wo(p) = p+ (1 — n)w, so that

(—wo(N), —wo(A\) + 2p + kwop) = (MA+2p 4+ k) +2((1 — n) — k)(\, wn),

thanks to the equivariance under the action of W and the fact that wg acts trivially on w,.
Therefore the pivotal structure ay _ is spherical if and only if £ =1 —n. O

The right quantum trace with respect to the pivotal structure ay _ is denoted Try, the
associated quantum dimension by dim;, and the associated twist by 6 _.
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2.4.4. Integral representations. Since we work with Lusztig’s restricted integral form, we need
to adapt slightly the definition of a weight space. Given M an C?,Lff(g(n)—module and A € P,
the A-weight space of M is

M,\:{mEM .

L;i-m= q<A 51) |:Li;0:| -m

- [<)\fi>]m, for all 1 giénandteN}-

We will again only consider weight modules, that is modules which are sum of their weight
spaces.

There also exists an integral version of the representations M (A) and L(A). Denote by
M(N) (resp. L*()\)) the CLL;;“(g[n)—s.ubmodule of M(\) (resp. of L()\)) generated by vy. Then

M*(\) @a Q(g) ~ M(A) and  L¥(\) @4 Q(q) = L(A).
The module L¥()) is the integral Weyl module of highest weight \.

Similarly to the braiding described above for finite dimensional weight modules over U, (gl,,),
one defines a braiding structure on the category of finite dimensional weight modules over
%ff(g[n): we have already seen that the quasi-R-matrix © lies in the Lusztig’s restricted
integral form of U,(gl,). One also has the family of pivotal structures aj, .

2.5. Specialization, tilting modules and semisimplification. Let d > 0 be an integer
and & = exp(im/d). We define the quantum group Ug(gl,,) as the specialization of Lusztig’s
restricted integral form:

Ue(gl,) = Ug (al,) ©a C,
where we see C as an f-algebra via the Z-linear map ¢ — &£. Since £ is a primitive 2d-th root
of unity, we have extra relations in this specialization: for example Eid = Fid = 0.

The construction of a fusion category from the quantum enveloping algebra of a simple Lie
algebra extends to our situation with gl,, which is only a reductive Lie algebra. We recall
quickly the main steps of this construction:

(1) We have at our disposal the specialization of the Weyl module L#()\) @4 C. We
say that a module M over Ug(gl,) is tilting if both M and M* have a filtration by
specializations of Weyl modules.

(2) One shows that the category of tilting modules is stable under direct sum, tensor
product and duality.

(3) We semisimplify the monoidal category of tilting modules by killing negligible modules
with respect to the pivotal structure ag,— (or equivalently any ay ), see [11] for a
description of this procedure.

When doing these steps with the quantum enveloping algebra of a simple Lie algebra, one
obtains a fusion category, with a braiding and a pivotal (even spherical) structure. Here,
since we work with gl,,, we do not have a finite number of simple objects. Let us denote by
B¢ the category obtained with this procedure. One shows that the simple objects are given
by the images of the L#()\) @4 C for A in the alcove

Crna={ e P" |(N\e1—¢e,) <d—n}.
In order to distinguish the simple objects of 6 with the Weyl modules, we denote by X (\)

the simple object in ‘6 parameterized by A € C,, 4. We nonetheless use the notation det?l€

X (kwy,). The category 6¢ inherits the Z-grading from Section 2.4.2. Note that this grading

for
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is not obtained from the action of the element L, since sz,dn = 1 and we would only obtain
a grading by the group Z/2dZ.

Note that €, is non-zero if and only if d > n. From now on, we will always work under
this assumption. Even if d = n, we have an infinite number of simple objects since w,, and
its multiples are in Cj, 4. The tensor product of X (w;) with X () is given by

(5) X(w;) @ X(\) ~ P XA +ej +--+ej),
1<j1 < <gi<n
)\-i-ajl-i-"'-‘rfjiecn’d

see [1, (3.2)]. It is also easy to check that the invertible objects are exactly of the form
X((d —n)w; + rwy,) for some 1 <i <n and r € Z. Moreover,

X((d—n)w; + rw,) @ X(\) ~ X (sh*(\) + (d — n)w; + rw,),

where sh(\) = Aper + S0 Nieir if A= 307 Nies.

The category €6 is braided, with braiding given by (the image of) c_ _. We also have at
our disposal several pivotal structures, given by (the image of) aj_. As before, the right
quantum trace with respect to the pivotal structure aj _ is denoted Try and the quantum
dimension by dimg.

Proposition 2.6. The S-matriz of G¢ is given by

_ £<A+M7kw> Zwew(_1)l(w)§2<w(k+p)7u+p>
Zwew(_1)l(w)g2<w(p)7p> ’

SX (), X (1)

for all X\, € Cy, 4.

The value of the twist assoctiated with the pivotal structure ay,_ on the simple object X (X)
is given by EMAT2ZoTh@n)
Proof. 1t suffices to do it for the pivotal structure ag —. Indeed, the quantum trace Tr;, of an
element f € End(X) is given by

Tri(f) = Tr(Liw, Lapf),

where Tr is the usual trace. Since Ly, is group-like and central, it acts by a scalar on
X(A)®X(p), and it is easy to check on the highest weight vector vy ® v, that Ly, vy ®v, =
Xtmkmn) )y @ vy. The formula for p = 0 is obtained using the same arguments as in [2,
Theorem 3.3.20]. O

Note that since ¢ is a 2d-th root of unity, the pivotal structure aj, _ is spherical if k = 1—n [d]
and ap — = a_ if k =1 [2d] since Loge, acts by 1 on any X ().

2.6. Symmetric center and modularization. The category 6 has an infinite number
of simple objects and we aim to produce out of it a fusion or superfusion category with
invertible S-matrix. Therefore we need to determine the symmetric center of 6, because
having an invertible S-matrix is equivalent to having a trivial symmetric center.

Proposition 2.7. The simple objects belonging to symmetric center of G¢ are the X ((d —
n)w; + rwy) with 1 <i <n and r =1 [d]. The symmetric center of 6¢ is then pointed and
tensor generated by X ((d —n)wi + wy,).
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Proof. We will use the same strategy as in [6, Section 4] by proving first that a transparent
simple object is invertible and then detecting the transparent objects among the invertible
ones.

Let X be a transparent simple object. Then it satisfies cy,x o cxy = idxgy for all object
Y. We now use the ribbon ¢, _ and obtain that 61_, x ® 01—,y = 01—, xoy. Now suppose
that moreover Y is simple, and that X ® Y ~ @, Z;. Taking the quantum trace Tri_,, we
obtain that 01_, x01_ny Y, dimi_,(Z;) = >, dim;_,(Z;). The twist being a power of §, by
taking the norm we find that

Z dimy_p (

7

201 nZdlml n( z) .

But with the spherical structure ai_, —, the quantum dimension of any simple object is a
positive real number, and therefore

Z dimy_p (

By the case of equality in the triangle mequahty, we deduce that the argument of 6;_,, 7, dim;_,,(Z;)
does not depend on i. Since dim;_,(Z;) > 0 and 61—, z, is a root of unity, we deduce that
01—n,z, does not depend on i so that 01_,, xgy is a scalar multiple of idxgy. It is then also

291 n,Z; d1m1 n(Zz) .

true for any twist 0k _: we check that 0 x(\) = f(k+”*1)<’\’w”>91_n,x()\) and it remains to
check that (), w,) only depends on X and Y if X(\) is a summand of X ® Y. But this is
immediate since (A, w,) is equal to the degree of X ® Y for the Z-grading.

Now, we show that a simple object X such that 6y xgy is a scalar for any simple object
Y is invertible. If d = n then any simple object is invertible, so we may and will suppose
that d > n. Suppose that X ~ X ()\), we take Y = X (w;) and look at the decomposition of
X ® X (wi). Thanks to (5), it is given by

XNoX@)~ @ XO+e).
1<j<n
)\+E]'€Cn7d
Suppose that there exist 1 < i < j < n such that A +¢; € (), g and A +¢; € Cp, 4. Since
o, xey is a scalar, we have 6y x(n+e;) = 0o, x(A+e;), that is
A+ei, AN +ei+2p) = (A+ej,A+¢;+2p) [2d],

which is equivalent to 2A\; +2(n — i) + 1 =2X; +2(n — j) + 1 [2d]. Then \; — X\; =i — j [d]
and since d —n > \; —A; > 0 we have \; = \j =d+17—j. As 0> 1i—j > —n, this leads to a
contradiction.

Hence there exists a unique 1 <7 < n such that A +¢; € C), 4 and this is possible if and
only if A = (d — n)w; + rw, for some r and X is thus invertible.

We finally determine the transparent objects among the invertible ones. Let 1 < ¢ < n and
X = X((d—n)w;+rw,) be an invertible object. Since X®X (\) ~ X (sh’(\)4(d—n)w;+rwy,),
the object X is transparent if and only if 90,X(shi(>\)+(d—n)wi+rwn) = 6o,x00,x( forall A € C, 4.
This last equality is equivalent to

(sh*(\) + (d — n)w; + 1o, sh'(\) 4 (d — n)w; + rw, + 2p) =
(M A+2p) + ((d — n)w; + 1oy, (d — n)w; + rw, + 2p) [2d].



FOURIER MATRICES FOR G(d,1,n) FROM QUANTUM GENERAL LINEAR GROUPS 15

Going back to the definition of p, we find that X is transparent if and only if for all A € (), 4
we have (r —i)(\,w,) = 0 [d]. If d = n there is no condition on r and i and then every
object is transparent. If d > n, taking A = w;, we see that r = i [d] so that the only
transparent objects in 6¢ are the X((d — n)w; + rw,) with r = ¢ [d]. Finally, we need to
check that X ((d — n)w; + rwy,) is a tensor power of X ((d — n)w; + wy). We remark that
X((d—n)wi +w,)®" ~ det?d, so that, by tensoring to a suitable power of det®¢, we may and

will suppose that 0 < r < d. Then i = r and X ((d—n)w; +iw,) ~ X((d—n)w; +w,)%. O

If we want to kill the symmetric center by a process of modularization, we have to check
that every simple object in the symmetric center is of twist 1 for the chosen pivotal structure.
Let us denote by e the object X ((d—n)w1+w,,) which tensor generates the symmetric center.

Lemma 2.8. We endow 6 with the pivotal structure ay, . The quantum dimension and the
twist of € are respectively (—1)*t7~1 and (—1)4+*,

Proof. Since € is an invertible object, the quantum dimension of € with respect to the spherical
structure aq_, — is 1 since the quantum dimension of a simple object is positive with respect
to this spherical structure. Therefore the quantum dimension of € with respect to the pivotal
structure aj, is E((dfn)w1+wn,(k+nfl)wn> — (_1)k+n71_

Concerning the twist, we only have to check that

((d —n)wy + wp, (d —n)w) + @y, + 2p + kwy,) = d(k + d) [2d],
which is an easy computation. O

Since we want the twist of objects in the symmetric center to be equal to 1, we will always
choose from now on a pivotal structure of the form asy.4_ with p € Z. The object £®? is
always of quantum dimension and twist equal to 1 so that we can apply the modularization
procedure of Bruguicres and Miiger. We then obtain a fusion category @¢ with symmetric
center generated by the image of . Tensoring by £¥? does not have fixed points on the
set of simple objects since this object sits in non-trivial degree for the Z-grading. Thus the
modularization procedure only adds isomorphisms between some simple objects and the image
in ¢ of every simple object in 6 is still a simple object.

The structure of the symmetric center depends now on the parity of n + d:

e if n # d [2] then the symmetric center of @ is equivalent, as a pivotal category to
Rep(Z/2Z) and D¢ is then modularizable. We then obtain a non-degenerate fusion

category éig from the modularization of 9.
o if n = d [2] then the symmetric center of &g is equivalent, as a pivotal category to
sVect and 9 is then slightly degenerate. We then obtain a non-degenerate superfusion

category 9 from the supermodularization of <.

The simple objects of 27235 are then parameterized by the orbits of Irr(6¢) under tensorization
by €.

2.7. Modular data arising from §Z§§. We turn to the computation of the modular invariants
of the category P¢. First, we determine a suitable subset of C), 4 for the parametrization of

simple objects of 9¢. This amounts to choose a representative of each orbit of isomorphism
classes of simple objects of 6, under tensorization by . We write A ~gem p for A\, p €
Cna if A = sh(u) + (d — n)wi + @y, or p = sh(\) + (d — n)wi + w,. We then define
an equivalence relation ~ on Cj, 4 as the reflexive and transitive closure of ~gem. It is
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almost immediate to see that if A ~ p then there exist 0 < & < n and 7 € Z such that
= sh*(\) + (d — n)wy + (rd + k)w,. Note that A ~ p if and only if X (\) ~ X (1) in D.
Lemma 2.9. Let A € C, 4. Then there exists a unique X' € C, 4 such that X' ~ X\ and
d—n>XN, > >N, >0.

Proof. First notice that for every A € C,, 4 we have A ~ X + dw,, since e®" ~ det?d.

Now fix A € C), 4. By adding or subtracting a multiple of dw,, we may and will suppose
that d—n > A1 > —n. If moreover \,, > 0, we have nothing to prove. Otherwise,let 1 <k <mn
be minimal such that A\ < k —n — 1. Since A, < 0 the integer k is well defined, and since
A1 > —n, we have k > 2. Let N = sh"™ "%\ + (d —n)wpp1_p + (n+1—k)w,. Then X ~ A
and we have \] = Ay +d+1—k < d—n by definition of k. Finally, X, = \y_1+n+1—k >0
again by definition of k.

For the uniqueness, suppose that A ~ p with 0 < \; < d—nand 0 < u; < d—n for all
1 <i < n. If d =n, there is nothing to do since A = u = 0. Therefore, we suppose d > n.
Since A ~ p we have —(d—n) < X\j—pj < d—nforall 1 <i,j < n. There also exist 0 < k <n
and r € Z such that u = sh®*(\) + (d — n)wy + (rd + k)w,. We want to show that k = n and
r=—1.

Suppose that k < n. Therefore, by choosing suitably ¢ and j we have —(d —n) <rd+k <
d—nand —(d—n) <rd+k+d—n <d—n. This implies that —(d —n) < rd+ k <0 and
0<rd+k+d—n<d. Butas0<k+d—n < dwe obtain that » = 0 and then k < 0, which
is a contradiction.

Then k =n and A = p+ (r + 1)dw,. As |\ — ui| < d, we necessarily have r = —1, which
ends the proof of uniqueness. O

Let Cn a be the subset of C), 4 consisting of dominant integral weights A satisfying d —n >

A1 > - > Ay > 0. We will therefore use the set C .4 to parameterize simple objects in 955
This also shows that the rank of 92)5 is equal to (n)

Lemma 2.10. The categorical dimension of gbg 18

~ dn
dim(;) = (—1)"=D/2 5.
(I (& = g=m)
Proof. Since the simple object det¢ is invertible, tensoring by det¢ does not change the square
norm |X |2 of a simple object X. Note that we have a bijection between the simple objects of
the fusion category associated with sl,, and the set of A € ), 4 with A\, = 0. Moreover, the

squared norm of the object X () is the same if we restrict to sl,,. Therefore, by [2, Theorem
3.3.20]

> IX)P = (D2 nd"” 5
Ao (I ¢ = eym)

Consider now the category C@é obtained from 6; by adding isomorphisms between powers of

det?zd. Its simple objects can be parameterized by {\ € C, 4 | 0 < A\, < 2d}, so that its
categorical dimension is equal to

dim(6¢) = 2d Z X2 = (=1)nn=D/2 ond"
AEC) 4 (H?;ll (& — g—i)n—i)

An=0

3
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Note that C@é inherits of a Z/2dnZ-grading since det?Qd sits in degree 2dn. As ¢ is of order 2n
in C@é and none of its non-trivial tensor power is of degree 0, we find that the (super)dimension

of 955 is equal to dim(6;)/2n, which ends the proof. O

Since the category 9~b5 is pivotal but not necessarily not spherical, we need to determine
the invertible object 1 among the X (\), A € Cy, 4 and its quantum dimension.

Proposition 2.11. Let p € Z and we equip 27235 with the pivotal structure aspq—. The object

1 is isomorphic to detg@pﬂkl).

Proof. The object 1 is determined by dimg,, ¢(X (A)*) dimgyy4(1) = S1 x () for all A € Cy, 4.
We first compute the quantum dimension of X (\)* by using the fact that X (A\)* ~ X (—wy()))

— 1) iw) g2{w(—wo(X)+p),p)
i o e lwo V), 2ptd)mn) 2owew (1) €
dimgy a(X(N)*) = € S e

Now we use that wo(p) = —p+ (n—1)w, and the fact that w,, is invariant under the action
of W to obtain

(w(=wo(N) + p), p) = (wurn(A + p), wo(p)) — (A, (n — 1)ez,).
Therefore, by a change of variables in the sum at the numerator, we obtain
Zwew(_l)l(w)f2<w(/\+p)’p>
S wew (1HwIg2wlp)p)

dim2p+d(X()\)*) — £_<)\7(2p+d+2(n—1))wn>
It is now an easy calculation to show that

s
_ o2 1)) S pew (1) 0

dety *PT Y x ()
dimg, 1 4 (detg—@p-‘rn—l)) 3 wer (— DI 2w ()]
= dimg,1a(X (X)),

which ends the proof. O

The unique A € én,d such that —(2p + d 4+ n — 1)w, ~ A is subtle to determine, but we
only need the value of its quantum dimension, which is then +¢&~2(@ptn—1)@n.ptpwn)

Theorem 2.12. We endow Ejbg with the pivotal structure asyiq . There exists a fourth root
of unity w such that the renormalized S-matriz of D¢ is given by

Uw) g20w(Atp).p+p)

NG :

for any A\, € én,d- The twist of the object X (X) is given by Oapyq x(n) = £AA+20+(ptd)on)

_ w§</\+u,(2p+d)wn>+2pn(p+n—1) ZwEW(_l)

Sx(0),X (1)

Proof. We need to compute the suitable renormalization of the S-matrix, which is given by
the positive square root of the categorical (super)dimension of §Z§ multiplied by a square root
of the quantum dimension of 1.

Thanks to Lemma 2.10, the categorical (super)dimension of 27235 is given by

d’l’L

dim(@;) = (—1)"(=1/2 5.
(H?z—ll(gz‘ _ é‘—i)n—i)
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In order to renormalize the S-matrix, we need the positive square root of this dimension.
Using Weyl’s denominator formula we obtain

n—1 n—1
Z (_1)l(w)52<w(p)7ﬂ> — §2<p,p> H(l _ 5*22')%@' — §<(n71)wn,p> H(ﬁi _ gfi)n*i’
weW i=1 i=1

so that the desired square root is

nnya_ §0 =R VA
Z (—1)Hw) g2(wp)p)’

weW

As the dimension of 1 is ££=2(2Ptn—1)@n.p+p@n) there exists a fourth root of unity w such
that

5 — \/ang_<(2p+”_1)wn7P+Pwn>+<("—1)wmp> \/gng—Qpn(P-i-n—l)
di 1 1) — _ |
lm(%ﬁ)\/m w Z (_1)l(w)§2<w(p),p> v Z (_1)l(w)§2<w(p),p>

weWw weWw

Therefore, using Proposition 2.6 the renormalized S-matrix is given by
(—1)Hw) g2{wAtp)ptp)
Vd'

The twist has already been computed in Proposition 2.6. ]

— wéf()\-l—u,(Qp-‘rd)wn)+2pn(p+n— 1) ZwEW

Sx(0),X ()

If n = d[2] then we have seen that the category ¢ is slightly degenerate with symmetric
center tensor generated by €. This category inherits a Z/2dZ-grading from the Z-grading of
B¢ as the object €92 is of degree 2d in Ge.

Proposition 2.13. Suppose that n = d[2]. The category D¢ is equivalent to D¢ o X sVect,
where D¢ o is a non-degenerate braided fusion category, if and only if n and d are both odd or
n=d.

Proof. Suppose that n and d are both odd and consider the full subcategory ¢ o of P
with objects of even degree in Z/2dZ. Since d is odd, the object € of degree d is not in 6.
This shows that for each simple object X, either X or X ® ¢ is in ¢ and that therefore
De ~ De o K sVect.

Suppose that n = d. Then the simple objects of 9¢ are 1 and € and then ¢ ~ sVect.

Suppose now that both n and d are even, that d > n and that there exists a full subcategory
De o of De such that De ~ De o W sVect with D¢ o a non-degenerate braided fusion category.
Since d > n, the object X(w) is a simple object of D¢, and X (w;) or X(w;i) ® € is in
De 0. Because of (5), the simple object ¢ is a direct summand of X (c1)®?. Since d is even,
X(w1)%? ~ (X (1) ® £)®?. Therefore ¢ is in D¢ o which is a contradiction because the only
simple transparent object of 9¢ o is isomorphic to the unit object. ]

3. EXTERIOR POWERS AND CUNTZ’ POSITIVITY CONJECTURE

Let d > 1 be an integer and 1 < n < d be another integer. We keep the notation
¢ = exp(in/d) and let ( = &2 = exp(2in/d).
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3.1. Set-up and known results. We consider the n-th exterior power A" S of the matrix
S = (g) , which is the renormalized character table S of the cyclic group Z/dZ. We
Vi) o<ij<d

will index the entries of A" S by the set I, 4 of n-tuples (i1,...,i,) with 0 < 43 < iy <

-+ < ip < d. The matrix A" S is symmetric and unitary. For p € Z we denote by i®) the
(p) (k)

n-tuple (i7 ,...,4, ) obtained by reducing modulo d and sorting in ascending order the tuple
(p,p+1,...,p+n—1). If p=p' [d] then i??) = i®) . Explicitly, if 0 < p < d,
i(p)— (p,p—l—l,...,p—i—n—l) ifpgd—’rl,
0,1,....p+n—-1—d,p,p+1,...,d—1) otherwise.

The entry (A" S )i(p),i is always non-zero since it is a multiple of a Vandermonde determi-
nant. Therefore, we have for any a,b and ¢ ordered n-tuples, the following complex number:

¢ _ (A" S)an (A" )bk (A" S)ek
rreb Z (A" S)i@),k .

Proposition 3.1 ([9, Theorem 4.2]). For any p € Z and a,b,c € I, 4, pNgy, € Z. Therefore,
these integers are the structure constants of a Z-algebra.

keln,d

In [9], it is proven only for p = 0, but the same argument applies for any p € Z (see [8,
Wahl der Eins]). Therefore, the matrix A" S satisfies the hypothesis of Section 1.1 for any
choice of special element i?) and defines a fusion algebra App.

There also exists a T-matrix associated with S. Let T' be the diagonal matrix indexed by
I, 4 with entries given by T, = Cg;1£a2+da. Then S and T satisfy

S*=id, (ST)*=id and S°T =T5?
see [9, Proposition 5.4] and similar relations are satisfied by A" S and A" T.
3.2. Cuntz’ conjectures. In [9], Cuntz has conjectured the following positivity property:

Conjecture 3.2 ([9, §4.3]). Suppose that 1 < n < d.

(1) Suppose moreover that n and d are not both even. Then there exists a choice of
signs (0a)acl, 4 € {£1}nd such that for any a,b,c € I, 4, the integer pNg p0a0b0C i
non-negative.

(2) Suppose moreover that bothn and d are even. Then for all choices of signs (04)acr,, 4 €
{jzl}lnvd there exist a,b,c € I, q such that ,N{ o;0;04 is negative. However, the
absolute values of pNg,b define an associative Z—a?gebm.

He also conjectured in his thesis [8] that the fusion ring A defined by A" S is a quotient of
a free algebra of rank doubled.

Conjecture 3.3 ([8, Vermutung 5.1.6]). Let A’ be a free Z-module with basis {bg, b}, | a € I, 4}
and denote also by {b, | a € I,, 4} the basis of A. Let m: A" — A be the Z-module map defined
by m(by) = by and w(b,) = —b,. Define also p: A — A’ by

D Aaba = D (0x,500aba — Or,<0Aabl)-
aEIn’d aEIn’d

Then the multiplication on A’ defined by xy = @(n(x)w(y)) is associative and its structure
constants lie in N.
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The ring A’ has then two quotients, namely A obtained by identifying b; and —b/ and
another one A* obtained by identifying b; and b.. It is clear that A*S has non-negative
structure constants and that its structure constants are the absolute values of the structure
constants of A. One can depict the situation by the following diagram

A/

A Aabs

which is similar to the situation explained in Section 1.3.3.
Note that if one can find a change of basis of A by changing signs such that the structure
constants are non-negative, then Conjecture 3.3 is almost trivial.

3.3. Relationship with quantum gl,. We now relate the renormalized S-matrix of the
category P for gl,, introduced in Section 2.6 with the exterior power A" S, up to some signs.
The twists will also correspond with the diagonal matrix A" T, up to a multiplication by a

root of unity. The choice of the pivotal structure on ¢ will depend on the choice of the
special element i(P).
We define for every p € Z a map v: I,, g — Cp g by

n
a — wo (Z ai&?i) — P — PWn.

i=1
Since a is strictly increasing, t,(a) € P. Moreover, v,(a)1 — tp(a)y, = an—a; —n+1 < d—mn,

that is ¢y(a) € Cyq. We then define 7,(a) € Cy, 4 as the unique element in C), 4 such that

d

ip(a) ~ tp(a). As i, is clearly an injection, so is z,. But lényd\ = (¢

) = |In,q| and 2, is bijective.
Lemma 3.4. For all p € Z and k € Z we have 1,(i*)) ~ (k — p) w@,.

Proof. We may and will suppose that 0 < k < d since A ~ A + dw,, for any A € C,, 4.
We check that

(i) = (k —p) wn if0<k<d-—n,
P —pwn + (d —n)wg—  otherwise.
Ifd—n <k <d, we see that
1p(i®) = sh?™ (k — d — p)wn) + (d — n)wa_i + (d — k)wn ~ (k — d — p) @y, ~ (k — p) @y,
which ends the proof. O
Therefore 7,(i%)) = 0 and X (z,(i("P+1=™)) ~ 1.
Theorem 3.5. Let p € Z. We equip the category §Z>5 with the pivotal structure aspq,—. The

(super)fusion category @5 is a categorification of the modular datum defined by NS and
A" T: there exist a fourth root of unity w and signs (04) € {£1} " with 0,4, = 1 such that

n n
SX((a) X@®) = wTaob(/\" Sap  and Oxg @) = G(/\ D,
where C, = C;lzl(l—d)gf(p,p>fpn(p+d)*(2p+d)(Z)‘

The (super)Grothendieck ring of @5 is then isomorphic to the ring defined by \" S with
unit parameterized by i®.
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Proof. We use the formula of the renormalized S-matrix of 955 given in Theorem 2.12. Since
for all a € C), 4 we have 1,(a) ~ ¢,(a), there exists a sign 7, € {£1} such that for all a,b € C,, 4,
1)4w) g2(w(ep(a)+p)ep (b)+0)

\/gn

Sx (7(a)) X (5, (b)) = Wiap 7@ T2 O 2ptd)mn)F2pn(pin— 1 Zwew (1)
lp > lp

Now, for any w € W, we have

(w(tp(a) + p), 1p(b) + p) = <ww0(z ai€i) — PWn, wo( Z bigi) — pwn)

—Za 1,1w02 pZal—kb + p’n,

i=1
so that

n (et wew (=1 T, £owb
SX (7 (), X (T (b)) = Wialp(—1)2i=1(@iTbi) Zwel — ! '

We now set 4 = 1,(— 1)2?—1 % . We hence find that SX( (@), X (5p(b)) = woqos(AN" S)ap- By
changing the sign of every o, if necessary, we have o, = 1
For the value of the twist, since 02,14 x(7,(a)) = 92p+d’ X(ip(a))> We find that

02p+dX (T(a) é'(LP Lp(a)+2.0+(2p+d)wn>‘

But

n

<Lp(a) ( ) +2p+ (2p—|—d wn = wO Zaz5z P_pwmwﬂ(z aifi) +p+pwn+dwn>a
i=1
and therefore 05, 4 x (7, (a)) = & ~(pp)—pr(ptd)—(2p+d)(; )521 1(@f+dai) which leads to the desired
formula. g

As a corollary, we obtain a new proof of Proposition 3.1 since the signs o, do not change
the integrality of the structure constants pNab

Corollary 3.6. For any p and r, the fusion algebras Ay, and A,, are isomorphic: the
structure of the fusion ring defined by N\ S does not depend on the choice of the special
element of the form i®).

3.4. Proof of Cuntz’ conjectures. Categorification has turned to be a powerful tool to
prove positivity conjectures, and the categorical interpretation of the matrix A" S in terms

of the category 9¢ will be crucial for proving the conjectures of Section 3.2.
Theorem 3.7. Conjecture 3.2 is true.

Proof. We start first with the case n # d [2]. The category @5 equipped with the pivotal

structure agpq4— is a non-degenerate fusion category with simple objects X () for A € én,d.
The Verlinde formula asserts that the multiplicity of X () in X («) ® X () is given by

Z Sa,ﬁgﬁ,ng'y,n: NE¢

S piVa,b0a0b0¢)
0,x

neCWi
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where 7,(a) = a,1,(b) = B, and 7,(c) = v, the equality following from Theorem 3.5. Since a
multiplicity in a fusion category is non-negative, we deduce that ,N¢ 0,040, is non-negative
for all a,b, ¢ € I, q. ’

We now turn to the case of n and d odd. Since the category 5235 is a non-degenerate
superfusion category, the same argument only proves that the structure constants are iritegers.
But we have seen in Proposition 2.13 that in this case, the category ¢, whose D¢ is a
supermodularization, is equivalent to @¢ o K sVect with D¢ ¢ a non-degenerate braided fusion
category. The modular invariants of @¢ o and 9~23§ coincide up to signs, and the end of the
proof is similar to the case n # d [2].

Finally, if both n and d are even, the category < is slightly degenerate and since n > d,
Proposition 2.13 asserts that the category ¢ is not of the form 9 o X sVect for P¢ ¢ non-
degenerate. Hence we cannot find a change of signs (04)qe Ina € {£1}/nd such that for any
a,b,c € I, 4, the integer pNgybaaabac is non-negative. ]

Theorem 3.8. Conjecture 3.3 is true.

Proof. Only the case of n and d even needs a comment. Since the fusion ring defined by
A" S is isomorphic to the quotient of the Grothendieck ring Gr(2¢) by the ideal generated by
[e] + [1], we easily check that the ring Gr(@¢) is isomorphic to the ring A" of Conjecture 3.3.
Note that we crucially need that N, N25¢ = 0 in Gr(@;), which is true since ¢ sits in non
trivial degree for the Z/ 2dZ—grading.7 ’ O

4. FOURIER MATRICES FOR G(d,1,n)

In [9], Cuntz noticed that the Fourier matrices defined by Malle [18] can be expressed
using tensor products of exterior powers A" S. Since we constructed a categorification of
these exterior powers using representations of the quantum enveloping algebra of gl,, at an
even root of unity, we now explore the categorification of the Fourier matrices for G(d, 1,n).
We fix d > 1 an integer.

Since we will simultaneously consider different values of n, we will add a subscript n to the
various objects considered in the previous sections. For example, we will denote the gl,,-weight
p by pn, the Weyl group W of gl,, by W, and so on.

4.1. Fourier matrices and exterior powers. We follow the presentation of [9, Section
3]. Let m € N, Y be a totally ordered set with md + 1 elements and 7: Y — N be a map.
Let w1 < ... < w, be such that 7(Y) = {wy,...,w,} and n; = |7~ }(w;)|. Then we have
Yoi_in;=md+ 1.

We consider the set ¥ of maps f: Y — {0,...,d — 1} such that f is strictly increasing on
77 1(q) for each i € N. If f € ¥, we define a sign e(f) € {£1} by

e(f) = (_1)\{(y,y’)€YxY | y<y" and f(y)<f(y')}

We consider the subset = of functions f € ¥ such that >_ oy f(y) = m(g) [d] and remark

that = has énzzl (f) elements. Such functions can be interpreted as symbols in the sense
of [18], which parameterize unipotent characters for the complex reflection group G(d,1,n).
For such a function f € =, we denote by f; = (fi,1,. -, fin,) the ordered tuple obtained from

f(m=Y(w;)). The datum of the function f is equivalent to the data of fi,..., f,. The Fourier



FOURIER MATRICES FOR G(d,1,n) FROM QUANTUM GENERAL LINEAR GROUPS 23

matrix is defined as the matrix indexed by = with entries

819 = (1)@= (£e(e) T] ( A" S>

1 fis9i
and to each function f € =, Malle also associate an eigenvalue of the Frobenius:

md(1—d? -6 244
Fr(f) — C12d(l ) H C12d(f(y) + f(y))7
yey

where C1122d = (. We denote by I the diagonal matrix indexed by = with entries given by the
eigenvalues of the Frobenius. Note that, up to a scalar, the eigenvalue of the Frobenius Fr(f)

coincides with [[i_; (A" T)y,.

Proposition 4.1 ([18, 4.15] and [9, Proposition 5.1]). Let Y, m and Z be as above and the
associated matrices S and T .

(1) The matriz 8 is symmetric and unitary.
(2) The matrices 8§ and I satisfy

§t=id, (89 =id and ST =TS

(3) For 1 < i < r choose p; such that fo € U defined by (fo); = i%?) is in 2. Then the
structure constants

S8, 1S
h fk2Pg,kh,k
folNjg =) ———
0 ,; 8f01k

are integers for every f,g and h € Z.

4.2. Symmetric center of some Deligne tensor products. Recall that the category
P, ¢—1 of Section 2.6 is obtained from 6,, (-1 by adding isomorphisms and that the symmetric
center of &, -1 is tensor generated by &, = X ((d — n)wi + w@,) which satisfies ¢, ® ¢, ~ 1
in P, (~1. We consider a Deligne tensor product of the categories 9,, (-1 associated with the
representations the quantum enveloping algebra of gl,, at a root of unity.

Let D, ¢e1 = Dy, e1 W KD, 1 for n = (ng,...,n;) such that 1 < n; < d and
>y ni = 1[d]. This category is a braided fusion category admitting many pivotal structures.
Its simple objects are of the form X (\) = X (A1) X --- X X(A,) where A = (Aq,...,\) with
Ai € Oy, q- Its symmetric center has 2" simple objects given by €5 = 6%9151 X...X egfr,
where § = (d1,...,0,) € {0,1}" and &, is the unique simple transparent object of Dy, -1
non-isomorphic to the unit object. The category 9, (-1 has a natural (Z/2dZ)"-grading: a
simple object X ()) sits in degree ((\i, @n,))1<i<r-

Consider now €, -1 the full subcategory of &, (-1 with simple objects X () satisfying
> i—1{Ai,@n;) = 0[d]. Thanks to the grading, it is easily seen that the category 6, (-1 is
stable under the tensor product and is thus a braided fusion category.

From the construction of the fusion datum of Section 4.1 and the results of Section 3, we
expect that the category €, (-1 gives a categorification of the fusion datum of Section 4.1.
We first determine the symmetric center of €, -1 in order to ensure that its S-matrix has

1 d
rank d HIZI (nz)
Since ¢; is of degree d, the objects g5 for § € {0,1}¢ are in the symmetric center of Epe1,
and there are no other simple transparent objects:
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Proposition 4.2. The symmetric center of €, ¢-1 is the full subcategory with simple objects
es for § € {0,1}4.

Proof. We use the same strategy as in the proof of Proposition 2.7. The same proof shows
that if X is a transparent simple object, then for any simple object ¥ the morphism 0xgy
is a scalar multiple of the identity, where 6 is the pivotal structure obtained from the tensor
product of the pivotal structures 6y . We now fix such a transparent simple object X (A) and
consider for 1 <4 < r the simple object ¥; = X (u()) where

(i) _ {—wnj if j # 14,

H w1 —wn, ifj=1i.

Since Z;Zl n; = 1[d], the object Y; is in €, 1. As in the proof of Proposition 2.7, consid-
ering the tensor product X (\) ® Y; shows that X ()\;) is invertible and therefore X () is also
invertible.

We hence may and will suppose that for every 1 <+¢ < r, there exist 1 <[; <n; and s; € Z
such that \; = (d — n;)w;, + s;wp,. We aim to show that I; = s;[d] for every 1 <4 <r. Then
X (A) is transparent if and only if Ox (\)gy(u) = Ox (1) 0y (u) for any p which is equivalent to

.
Z<Shlj (M]) + (d - nj)wlj + Sjwnjashlj (M]) + (d - nj)wlj + 8jWn; + 2p> =
=1
T
D gy +2p) + ((d = ng)e, + 85w, (d = ny)wr, + 55w, + 2p) [2d).
j=1

As in the proof of Proposition 2.7, one may show that this is the equivalent to

T

Z(Sj - lj)(/‘jvwnj> = 0[d].

j=1
We once again choose p = pu?) so that <,u§.i), w@n;) = 0;; —n;. Hence if X () is transparent, we
obtain that »%_; n;(lj —s;)+(si —1;) = 0[d]. But as X () is in G, -1, we have >°7_; n;(s; —
l;) = 0[d] and hence (s; — ;) = 0[d] for every 1 < ¢ < r. This shows that X () is isomorphic
to an object of the form &5. U

It is readily seen that es is in non trivial degree if there exists 1 < 7 < r such that
0; = 1. Therefore tensoring by €5 % 1 has no fixed points on the set of simple objects. As in
Section 2.6, we want to (super)modularize the category €,, -1 and therefore we need that 5
has a twist equal to 1 for the chosen pivotal structure and every § € {0,1}". We thus equip
D, ¢-1 with a pivotal structure of the form agp, 14, for some p; € Z. The category €, ¢
is then equipped with a pivotal structure that we will denote by asp4 —; the corresponding
twist will be denoted by 0o, 4q . -

Corollary 4.3. The symmetric center of €, (-1 equipped with the pivotal structure azp,q, -
is tensor generated by the objects €5 for § € {0,1}". Moreover, €5 is of quantum dimension

[Ti<i<r (=1)% and of twist 1.
niEd[Z]
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The (super)modularization %ﬂ’g—l of €, ¢—1 has its simple objects parameterized by the set

> (i, @) :o[d]}.

Eﬂ,d = {A € ém,d X X CNYm,d
i=1

Note that the resulting category %@,571 is a superfusion category as soon there exists ¢ such
that n; and d have the same parity. We summarize the results on the category 6, ~1 and its
modular invariants.

Proposition 4.4. Recall that we endow the category %&571 with the pivotal structure aspyq,— .

Then there exists a fourth root of unity w such that the renormalized S-matrixz of %&571 18
given by

(w) (Nitpn; ) pitpon;)
Hg (Nit+115,(2pi+d)won; ) —2pini (pi+ni—1) Zwewni( ) €

S 7
Aﬂ fz 1 \/&Z

for any A\ p € Eﬂyd. The twist on the simple object X(\) is given by multiplication by
& Tio1 N Ai+20+(2pi+d) ;)

Proof. This follows immediately from Theorem 2.12. The extra v/d at the denominator comes
from the fact that we work with the modularization of the subcategory é,, (~1 and not with the
modularization of the whole category 9, (1. Indeed, dim(%€,¢-1) = dim(,,¢-1)/d thanks
to the grading. O

4.3. Fourier matrix and eigenvalues of the Frobenius as modular invariants. Fi-
nally, as expected, we recover the Fourier matrix § and the eigenvalues of the Frobenius I of
Section 4.1 from the category €, .-1. We choose the integers pi, ..., p, as in Proposition 4.1,

that is such that fy defined by (fg); = i) € I, 4 is in =. This condition amounts to

5 e (2) =n(2

Using the various maps ¢, from Section 3.3, we define a map 7, ,: E — E@,d by
Tﬂ,g(f)i = anpi(fi)v

where f; € I, 4 is as in Section 4.1. Note that 7, ,(f) is indeed in E,.q since

;@m,pz fz wn yezyf ; (pini + <T;Z>> = O[d]v

the last equality following from the fact that f € = and that the integers p1, ..., p, are chosen
such that fo € E. The map i, is bijective since for every p the map ¢, is bijective and that

"—" - d Hz 1 (m) ‘En d’

Theorem 4.5. We keep the above notations. The (super)category of %2’571 s a categorifica-
tion of the modular datum defined by S and T : there exist a fourth root of unity w and signs
(of) € {£1}= with o4, =1 such that

SX (up(1) X (nple)) = WOfTgSpg  and  BOayop x(5p(a)) = Fr(fo) ™ Ty
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The (super)Grothendieck ring of %&5_1 is then isomorphic to the ring defined by § with
unit parameterized by fy.

Proof. The proof is similar to the one of Theorem 3.5 using the modular invariants of %&5_1
given in Proposition 4.4, and is then omitted.

As a corollary, we obtain an independent proof of the integrality of the structure constants
defined by the matrix §, and moreover that the absolute values of these structure constants
also define an associative ring.

Finally, note that if we choose for fy the special symbol as in [18, Bemerkung 2.25], then
it moreover satisfies Fr(fy) = 1 and the eigenvalues of the Frobenius coincide with the twist
n Eﬁ’g—l .

4.4. Ennola d-ality. Given an element f € =, Malle has defined a polynomial v;(q) whose
behavior is similar to the degree of a unipotent character of a finite group of Lie type. In
particular, a property similar to the Ennola duality exists, but it is rather a d-ality. There
exists a bijection £: Z — = such that, up to a sign, the polynomials v;(Cq) and vgs)(q)
coincide up to a sign. Therefore E< is the identity. This bijection is defined explicitly by Malle
[18, Folgerung 3.11] in terms of d-symbols, and we give the translation in terms of functions
in 2. Let f € Z. Its Ennola transform is the unique function E(f) € Z such that E(f); is
given by reducing modulo 0 and sorting increasingly the set f(7 1 (w;)) + w; — Y j_q Weny.
It is easily checked that E(f) indeed belongs to Z.

Proposition 4.6. Let n be the invertible object X (n) with n; = (w; — Y_j._y wing)@n,. Then
the objects X (inp(f)) @1 and X (inp(E(f))) are isomorphic in €, -1 the Ennola d-ality is
given by tensoring by an invertible object of trivial d-th tensor power.

Proof. Tt is clear that 7 is indeed an object in €, (-1, since Y 7 (1, wy,) = 0[d].
As X(n;) is a tensor power of det,,, -1, it suffices to show that for every 1 <7 < r we have
tnp(f) +ni ~ tnp(E(f)), which is immediate by definition of 7. O
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