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A.1 Introduction

The starting point of the development is the examination of the constraints on
the seven intrinsic parameters of the camera (detailed in Section 2.4), provided
by observing a planar object, called the model plane.

A.2 Homography between the Model Plane and
its Image
Let (u, v, and w) be an orthonormal coordinate system attached to the observed

model plane of Fig. A.1. We can rewrite equation (2.5), if we don’t take into
account distortion d at this point, as:

: :

Ypix =) (R t) =) (’/‘1 T2 T3 t) (Al)
1 w w
1 1

where R and ¢, called the extrinsic parameters, are the rotation and translation
relating the model plane coordinate system to the WCS (r1, 72 and r3 are chosen
orthonormal, as such rotations always exist)

Without loss of generality, we assume that the model plane is on w = 0 and
contains axes u and v (cf. Fig. A.1). From (A.1) we have:

Tpix u u
Ypix =A\A (7"1 ) t) v =H v (AQ)
1 1 1

where H is a 3x3 matrix, called homography.

We will use the abbreviation A=7 for (AT)_l or (A_l)T.

A.3 Constraints on the Intrinsic Parameters

Given an image of the model plane, it was shown in [11] that a homography
between the model plane and its image can be estimated (see [11] for further
mathematical details). Let us denote it by H = (h; ho hs). From (A.2) we
have:

(hl h2 hg) =) (7"1 ) t) (A3)

Using the property that r; and ry are orthonormal, we have:

WTATA 1y = 0

WA TA Dy = hEATAh (A4
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Fig. A.1. Camera calibration. Configuration of the coordinate systems.

These are the two constraints on the intrinsic parameters of the camera,
given one homography H.

A.4 Closed-form Solution

One can find an analytical solution to the system described by (A.4). Let

By1 Bia Bis
B=ATA'=| By By B (A.5)
B31 B3z DBss

By definition, B is symmetric, so that we have:
hl Bh; = g;;b (A.6)
with
gij = (hithj1 hithjo + hiohji hiohje hishji + hihjs

hishjo 4+ hiohjz hishjs) (A.7)
b = (B11 Bi2 B2 Bis B2z Bas3)
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Therefore, the two fundamental constraints (A.4), from a given homogra-
phy, can be rewritten as two homogeneous equations in b:

( g1z ) b=0 (A.8)
gi11 — g22

If n images of the model plane are observed, by stacking all the equations
as (A.8), we obtain a system of 2n equations:

Gb=0 (A.9)

where G is a 2nx6 matrix.

If n > 3, we will generally! have a unique solution b (as we have 5 intrinsic
parameters to determine—fy, fy, Xpiz.0, Ypiz,0 and 7). Once b is estimated,
we can compute the camera intrinsic matrix A by (A.5).

A.5 Dealing with Radial Distortion

Up to now, we have not considered the lens radial distortion of the camera.
Let (@pixz, Ypiz) be the ideal (nonobservable distortion-free) pixel image coordi-
nates, and (Zpiz, Jpiz) the corresponding real observed image coordinates. By
definition of the radial distortion (2.6) and equations (2.3) and (2.8), we have:

ipiz = Tpix + (xpim - Xpim,O) d (A 10)
gpiw =  Ypiz + (ypza: - Ypia:,O) d )
that can be rewritten as:

. ® 2 ~
( Tpie (0 +9%) e (22 +97) ) ( N ) _ ( Lpia ~ Tpia ) (A.11)
2

Ypiz (332 + y2) Ypiz (352 + y2) Ypiz — Ypix

Given m points belonging to the model plane, in n images, we can stack all
the equations together to obtain a system of 2mn equations, that we can write
in the matrix form:

Lk =1 (A.12)

The linear least-squares solution is given by
k= (L") "1 (A.13)

Once k; and ko are estimated, one can refine the estimate of the other five
intrinsic parameters by solving (A.9), and alternate these two procedures until
convergence.

LIf among the n images, less than three have independent rotation matrices, there are not
enough constraints on the intrinsic parameters provided to find an unique solution.
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Another method proposed in [11] to solve this problem is what the author
calls the mazimum likelihood estimation, more complex but giving better results
in less time. As it is more based on numerical methods than on ‘intuition’, it
is not detailed here.
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