8216

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 70, NO. 9, SEPTEMBER 2022

Fast Spectral-Domain Computation of Radiation
Integrals Over Tilted Planes Using
Unequally-Spaced Fast Laplace Transforms

Quentin Gueuning ', Christophe Craeye™, Senior Member, IEEE, and Claude Oestges

Abstract— A plane-wave spectrum method is presented for
the fast computation of radiation integrals for source and
observation plates, which can be arbitrarily tilted and separated
by an intermediate-to-far-field distance. The method expedites
the direct and inverse transforms between spatial and spec-
tral domains using unequally spaced fast Laplace transforms.
These fast algorithms allow one to combine fast Fourier trans-
forms (FFTs) and contour deformation in the complex plane with
controllable accuracy and computation times close to that of a
single 2-D FFT. Hence, scattering interactions between plates
of sizes up to thousands of wavelengths can now be computed
within seconds using current desktop computers. The fast method
is validated here for the case of radio propagation in a canyon
street modeled with electrically large facets using the physical
optics approximation.

Index Terms— Contour deformation, fast Fourier transform
(FFT), Green’s function, nonequispaced fast Fourier trans-
form, spectral-domain method, unequally spaced fast Laplace
transforms (USFLTs).

I. INTRODUCTION

HE fast Fourier transform (FFT) has been in use for

several decades for the efficient calculation of fields
radiated by complex sources. This is for instance the case
for radiation from large flat apertures or for near-field to near-
field or near-field to far-field transforms [1], [2]. The FFT is
also often used to speed-up matrix—vector products in iterative
solutions to method-of-moment (MoM) problems [3], [5]; the
final goal is to compute current distributions induced in large
finite antenna arrays [6] or in large printed radio frequency
circuits [7]. The FFT also enables to efficiently compute array
factors, either for regular or irregular arrays. In the latter case,
the nonequispaced FFT (NFFT [8]) is used [9]. In a nutshell,
the NFFT redistributes the irregular samples on a regular grid
through a convolution. The data on the regular grid allow then
the use of a standard FFT to compute the array factor, provided
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that deconvolution is carried out at the end, through division
in the spectral domain.

As mentioned above, among the applications of the FFT
in high-frequency electromagnetics, one finds near-field to
near-field transforms [10], i.e., the calculation of fields in a
given plane, based on the knowledge of fields in another,
parallel, plane [11]. In this process, the Fourier transform
of fields may be viewed as providing the coefficients of a
number of plane waves composing the fields. Those plane
waves are, in general, regularly sampled in the wavenumber
domain. Each of them is then simply propagated up to the
other plane and recomposed into fields in that new domain
through an inverse Fourier transform. In passing, depending
on the sign used in the complex-exponential kernel, one may
swap the definitions of Fourier and inverse Fourier transforms.
Henceforth, the forward transformation from the space domain
to the wavenumber domain will be identified as a Fourier
transform, with a positive sign in the exponential, and the
backward transformation from the wavenumber domain to
the space domain will be performed via an inverse Fourier
transform. As explained in [23] and [24], the waves considered
in this transformation are not necessarily purely propagating
or purely evanescent. In general, the waves can carry both
properties, as soon as a contour deformation is used in the
complex wavenumber plane to carry out the Fourier transform.
Such deformation is not easily made compatible with the use
of the FFT algorithm. This is, for instance, the motivation
for the contour-FFT (C-FFT) [12] and chirp Z transform
(CZT) [13]. These techniques have been applied to layered
media problems [7], [12], [14], [15].

Several applications require the knowledge of fields in
observation planes that are not parallel to the source planes.
For instance, this is the case for the simulation of radio
channels inside and outside a built environment modeled with
large planar facets [16], [17] or of the transmittance between
two aperture antennas [18]. This problem has also drawn
attention in optics to simulate the diffraction from the apertures
composing modern laser systems [19]-[21] and in signal
processing to generate holograms for 3-D television [22]. With
this configuration, the exploitation of the Fourier transform
appears less straightforward. Indeed, as will be detailed in
Section II, the propagation of plane waves may be described in
a Cartesian system of coordinates in which one axis is parallel
to the straight line that joins the center of the source domain
to the center of the observation domain. However, in that case,
the spectral samples (i.e., in the wavenumber domain) are no
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longer regularly spaced when viewed in systems of coordinates
associated with the source and observation planes. We will,
hence, make use of the NFFT. More precisely, two types of
NFFTs will be exploited: one that enables the fast estimation
of the Fourier transform on nonregular samples and another
one that enables the fast estimation of fields on a regular grid
from nonregularly distributed samples in the spectral domain.
More importantly, the extension of the spectral samples to the
complex domain will be essential to an efficient implementa-
tion; to this end, the complex-plane extension described in [29]
will be exploited. As opposed to existing formulations [19],
[20] based on a purely propagating plane-wave spectrum
(PWS), which exhibits numerical issues for certain rotation
angles [21], the method presented here remains accurate for
any configuration as long as the observation plate stands
at an intermediate-to-far-field distance. As shown later, the
computation times of the proposed approach are close to
that of a single 2-D FFT per transformation and vector-
ial component. Hence, it is expected to be more efficient
than methods based on the adaptive integral method [3]
that uses 3-D FFTs but also than multipole approaches [4],
which are more complex, as they include the calculation of
translation functions, the creation of hierarchical subdomains,
and interpolation and “anterpolation” steps requiring careful
parametrization.

The remainder of this article first comprises a tutorial
part and then applies the different reviewed techniques to
the problem described above. The explanations are organized
as follows. Section II provides plane-wave descriptions of
radiated or scattered fields based on the convolution theorem
and an extension of spectral integration to the complex plane.
Section III then tackles the problem of nonparallel source
and observation planes, evidencing the need for nonregularly
distributed wavenumbers in the complex plane. Through the
use of the vector potential, the problem will be made momen-
tarily scalar, which simplifies both the explanations and the
implementation. In the same section, both types of NFFTs are
also reviewed, as well as their complex-plane extension. The
developed mathematical tools are then applied to the problem
at hand. Section IV shows implementation examples. Finally,
the conclusions are drawn in Section V.

II. PLANE-WAVE SPECTRUM REPRESENTATION
OF SCATTERED FIELDS

Let us consider a source plate S, an observation plate O,
which is, for now, parallel to S, and a reference system of
Cartesian coordinates (X, ¥,Z) with the z-axis perpendicular
to both plates, as shown in Fig. 1. The word “plate” is used
to designate a planar domain of finite extent rather than a
physical structure. The source points ry = x;X + y,§ and the
observation points r, = x,X+ y,¥ + 2,2 are, thus, lying in the
planes z = 0 and z = z,, respectively. Given electric currents
J(xs, y5) = Je(xg, y)X + Jy(xg, y5)§ on plate S, the vector
field A(r,) is obtained from a 2-D convolution integral of J
with the free-space scalar Green’s function G

A(ro) = //S J(xs» ys) G(k’ R) dxsdys (1)
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Fig. 1. Tllustration of geometrical quantities for the case of an observation
plate parallel to a source plate.

where R = ((x; — x,)* + (ys — ¥o)* + 22)!/? is the distance
between a source point and an observation point, and the free-
space Green’s function is defined by G (k, R) = e /% /(4 R)
with the imaginary unit j and the wavenumber k. A harmonic
time dependence e/® is assumed and suppressed. In this
article, the current distribution J is given on a uniform grid of
side lengths Ly, and L, and step sizes Ax and Ay containing
N; = N, N, spatial samples, and the scattered fields need
to be computed at N, = N, N,, observation points lying
on a grid of lengths L,., L,,. The electric and magnetic
fields scattered away from the sources can then be expressed
in terms of a magnetic vector potential A [25]. Their brute-
force evaluation using (1) requires O(N,N;) operations and
becomes time-consuming for large electrical dimensions.

A. Spectral-Domain Formulation

In this article, we swap the convention for Fourier trans-
forms and call (direct) Fourier transform the transformation,
with a positive sign in the complex-exponential kernel, used to
pass from spatial (x, y) to spectral (k., k,) coordinates. Recip-
rocally, the backward transformation from the wavenumber
domain to the space domain is identified as an inverse Fourier
transform.

Since the integral (1) corresponds to a 2-D convolution,
we can use the convolution theorem [26], which allows writing

Alke, by, 2,) = J(ke, ky) G ks, 2,) )

where the superscript ~ identifies Fourier-transformed quan-
tities, and k = kX + k,§ + k,Z is the wavevector with the
z-component k, = (k* — k2 — k?)!/2. The Fourier transform of
the current distribution J(k,, k,) = Jy (ky, k)& 4 Jy (ky, ky)§
is expressed as

J(ky, ky) = / /S J(xg, yy) €™ dxydy, 3)

where we have substituted the complex exponentials with
e/kTs = e/kX+ikys  The 2-D inverse Fourier transform G of
the free-space Green’s function G has the following analytical
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Fig. 2. Illustration of the steepest descent path (SDP), linear, and parabolic
contours.

expression G (k,, z,) = e~ 7% /(2jk,) [11]. Knowing (2) and
factorizing e /%% out of A lead to the PWS representation of
the magnetic vector potential A

1 too .
A(r,) = ) // Ag(kye, ky) e /5% dkcdk, 4)
—00

where Ag(k,, k,) = A(ky, ky, 0) is called the field PWS. From
there, the PWSs of the magnetic and electric fields are given
by [11] Ho(ky, ky) = —jk x Ag(ky, ky) and Eo(ky, ky) =
(n/k)k x ﬁo(kx,ky), where 7 is the free-space impedance.
It is important to note that the components Ho,, Eoy, and Eo,
are singular at k, = k via the spectral Green’s function G.
Hence, for these components, a numerical integration along
the real coordinates (k., k,) is inconvenient when the spectral
samples get too close to k,, = (k2, + kir)l/2 =k.

B. Contour Deformation Technique

To overcome numerical issues associated with the singular-
ity of G at k, = k, the backward transformation, from the
spectral domain to the spatial domain, is usually performed
using a contour deformation along k, = k, + jk,i =k, +
Jf (kyr) [23], where the function f(k,,) defines a path in the
complex plane. This contour integral can be viewed as an
inverse Laplace transform and reads as

+00
A(r,) = # / / Ao (ky, ky) e 757 w(k,) dkgdky,  (5)
—00

where the function w(k,) = k,/k,-(1 + jd f/dk,.) accounts
for the contour deformation and for a polar-to-Cartesian
change of variables [12]. Some well-known paths are illus-
trated in Fig. 2. In (5), Green’s function is decomposed into
inhomogeneous plane waves (IPWs), which are both prop-
agative and evanescent [23]. Assuming a discretization of the
spectral integral (9) with P plane waves, a direct computation
costs PN, operations and becomes expensive when the plates
are electrically large and/or in the near-field of each other,
i.e., when P is large. Hence, methods such as the C-FFT [7],
[12] or the CZT [14], [15] have been proposed to speed up
the computations by reformulating the integral (5) s.t. the FFT
can be used again.

III. FAST METHOD FOR TILTED PLATES

A fast PWS-based method needs to accelerate both the
computation of the spectrum A from the known source cur-
rent J with the spatial integral (3) and the scattered magnetic
potential A from its known spectrum A, with the spectral
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Fig. 3. TIllustration of geometrical quantities for the case of tilted plates.

integral (5). The distinction between the spatial-to-spectral and
spectral-to-spatial transformations is emphasized early here
since, in the following, they will be evaluated using two
complementary but different algorithms.

A. Problem Statement

Let us assume that the current distribution J is known on
a first grid of step sizes Ax and Ay, and the vector potential
A must be computed on a second grid with same step sizes
but tilted and separated from the first grid. Defining a local
system of coordinates (CS) (Xy, ¥s, Z;) attached to the source
plane and another CS (%X,, ¥,,Z,) attached to the observation
plane, we can express the position of the nth source point and
the nth observation point, respectively, as

Iy, = nyAx Xg+n,Ay §
Yo, = nyAx X, +n,Ay §,+d, 2 (6)

where the double indices (n.,n,) are centered and have been
replaced by a single index n = N.(n, — 1) + n, with
N, € {N,,, Ny} for compactness, Z is a unit vector pointing
from the center of the first grid toward the center of the other
grid, and d, is the distance between those centers, as sketched
in Fig. 3. The discretization of spectral integral (5) along k,
and k, is performed using a third CS (%, §, ). This choice
allows the use of a minimal set of IPWs [24]. Assuming a
sampling with periods Ak, Ak, with P = P, P, plane waves,
the complex-valued wavevector k,, of the pth IPW is, thus,
given by

K, = (px Ak + jkuip)& + (pyAky + jkyip) § +ksp2  (7)

where p = Py(py — 1) + p.. Generally, the CS (&,¥,2)
does neither coincide with (Xy, ¥, Z;) nor (X,, ¥,, Z,). Hence,
the dot product k - r in (3) and (4) must be computed
by reexpressing the wavevector k and the position r into
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Fig. 4. TIrregular distribution of the IPW samples from a change of CS
(X,¥,2) to (X, Yo, Z,) resulting from a rotation in the xz plane by = /4.

a common CS. For instance, the exponential factor in (4)
evaluated at r, , becomes

e IR Ton — pmikids p=jkoxpniAx

efjkm'»p”vay (8)

where the xy coordinates of k,, in the CS (%,, §,, Z,) are given
by

|:kox,p:| _ |:ﬁo . Xo - 3’ ﬁo . 2:|
koy,p B 3’0' 5’05’ yo‘i
Similar relations are obtained for the plane-wave exponential
in (3). Note that, although the spectral integral (5) is dis-
cretized s.t. the IPWs have real variables k,,, k,, distributed
over regular grids, the rotated spectral coordinates ks, Ky, kox,
and k,, have both real and imaginary parts nonuniformly
spaced over the complex plane. This effect is illustrated in
Fig. 4 considering a linear contour of slope 0.1 for which
we have k,; = 0.lk,, and a rotation by 7 /4 in the xz
plane. As expected, one can see that the rotated samples &, ,
are nonregularly spread over the complex plane. The CFFT
and the CZT do not inherently deal with irregularly spaced
complex-valued samples. Hence, they cannot be applied here.
Instead, we first exploit a complex-plane extension of a family
of methods specifically invented to accelerate Fourier trans-
forms with nonregular sampling, namely, the NFFT [8]. Then,
we introduce a complex-plane extension of these methods,
inspired from [29].

In order to alleviate the explanations, the fast algorithm is
presented first in the scalar case using an arbitrary function
g(x, y) and its spectrum g(ky, k). Indeed, one can infer that
the backward transform (4), expressing the scattered field from
its IPW spectrum, corresponds for each tangential component
to the computation of g from its spectrum g using

glx,y) = #//_jé(kx,ky)

X efjk"‘xijkv"y w(kp) derdkyr-

pyAky + jkyip
Px Akx + jkxi,p . (9)
ks p

> H>

(10)

Reciprocally, the transform (3), used to derive the IPW spec-
trum from the current, involves two times the computation of
the spectrum of g from its analytical expression

g(ke, ky) =//g(x,y) /MY dxdy.
S

The complete vectorial transformation using the vector fields
A and J is presented later in Section III-D.

(1)

8219

Fig. 5. Unidimensional redistribution of an irregular sample g, located at
kyr,p on a regular grid of step size Ak, using a Gaussian window function
y truncated at k.

B. Reminder on the Nonequispaced Fast Fourier Transform

Dutt and Rockhlin [8] derived three types of NFFT
algorithms depending on whether samples are nonuniformly
spaced only in the domain of destination (type 1), the domain
of departure (type 2), or both domains (type 3). At this point,
the coordinates are real numbers, and the contour deformation
is left aside until Section III-C. We briefly recall the first two
types, which will be used later in this article.

For type 1, let us assume that the spectrum g has been
priorly sampled nonuniformly over the k.k, domain s.t. its
sampled version g, can be represented with a 2-D comb

Z gp Olker — kur p) 5(kyr - kyr,p) (12)

where g, = g(kyr.p, kyr.p) and ¢ is Dirac’s delta. (ky,p, Ky, p)
are nonuniformly distributed over the (so far real) (k,, k,)
plane. The inverse Fourier transform of g, corresponds to a
sum of complex exponentials

2 gp e —Jkrpx— Tkyrpy

The type-1 NFFT rapidly computes this type of sum on
a spatial grid by first rapidly redistributing the nonuniform
samples g, over a uniform grid (ky,, ky,) = (gx Aky, gy Aky)
with integers g, and ¢, and by then performing the inverse
Fourier transform from this spectral grid to the spatial grid
(x,y) = (ncAx,n,Ay) using the FFT. In our applications, the
spatial grid will correspond to that of the observation points
(see Section III-D). The gridding step is accomplished by
convolving the sampled function g; with an arbitrary window

function v
Z &p

Then, by virtue of the convolution theorem, the inverse Fourier
transform of g, is written as

1 +o00
g, y) wix,y) = m// 8y (ke kyr)
—0Q

x e~k x—jkyry dk,, dk,,

gs kxl 5 kyl

gs(x,y) = (13)

gx// kxl s kyl xl - er,p; kyr - kyr,p)~ (14)

5)

which means that g, can be reexpressed as an inverse Fourier
transform, followed by a division by . The spectral integral
in (15) is usually approximated with rectangles of lengths
Ak, and Ak,. The convolution (14) can be regarded as
redistributing the nonuniform samples g, on the regular set
of points (g Aky, qyAky). The convolution product can be
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computed efficiently using a rapidly decaying window function
v, as illustrated in Fig. 5, with a Gaussian window. In this
case, only a few surrounding samples p will contribute signif-
icantly to g, at a given point ¢ on the grid. The function
w should, however, be wide enough not to preclude the
redistribution in the first place. Finally, the 2-D FFT, denoted
by FFT?2 hereafter, is applied to evaluate (15)
FFT2(3,,)

1
S’Z:f 16
8s, T.I (16)

xLyWn
where v, = w(n.Ax,nyAy) and g,, = g(n:Ax,n,Ay).
Naturally, the truncation limit and the discretization rate of
the Fourier integral (15) must depend on the decay rate and
the bandwidth of g,,.

Another type of NFFT can be used to accelerate the
computations of the Fourier transform of a uniformly sampled
function

gs(x,y) = Z gn 0(x —nyAx) 5(y — nyAy) a7
n
at a set of irregularly spaced wavenumbers (ki ,,kyr,p).
We consider here the Fourier transform of g, given by

8s (er,kyr) = 2 &n elkaneAxtikyny Ay

n

(18)

The fast algorithm, qualified as type 2 in [8], is similar to a
local linear interpolation, which evaluates the spectrum g, at
any coordinates (k. , ky.,) from a small number of nearby
samples taken over a grid (. Aky, gy Aky). It expresses the
spectrum g, as a convolution between a (so far unknown)
spectral function g, and a given kernel y

+oo
gs( Xr,ps yrp // kyrs yr)

(kxl erp, kvr kyr,p) derdkyr- (19)

The function g, must now be expressed in terms of the
known spatial function g;. Again, by means of the convolution
theorem, the inverse Fourier transform of this convolution
product is g,(x,y) = w(x,y) g,(x,y). From there, g, can
be isolated, and given the definition (17) of g; as a comb
function, its Fourier transform g, is expressed as

= 8n jkerny Ax+jky ny Ay
g'//(er, kyr) = E ? el XTI ey BY
n

(20)

n
One must note that relations (19) and (20) are exact. However,
in practice, the convolution integral must be truncated and

discretized at rates Ak, and Ak,. Defining the frame function
W (ker, kyr) = wky — qeAky, kyr — gy Aky), we have

gs (era k_vr) = Z Eq VN/q (er, kyr)
q

21

with &, = Ak,Akyg,(qxAky, qyAky). This ressembles a
linear decomposition of g; using a set of basis functions 1/74
with expansion coefficients given by &,. When the window
function y exhibits a fast decay, only a few local frames
w, of indices g close to (k. ,/Aky, ky,.,/Aky) are needed

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 70, NO. 9, SEPTEMBER 2022

to interpolate g, accurately. The coefficients ¢, can be rapidly
computed from (20) with

4 2
Gy = — IFFTz{ﬁ]
AxAy Yn

where IFFT?2 stands for the inverse 2-D FFT.

(22)

C. Unequally Spaced Fast Laplace Transform

The NFFT algorithms have been extended in [29] to deal
with sums (13) and (20) in which the nonuniform spectral
samples (kyr,, + jkyi,p, Kyr,p + jkyi,p) are complex numbers.
In our application, given the contour deformations in the
complex spectral plane (see Section II-B), such an extension
with complex wavenumber is necessary. The corresponding
algorithms have been renamed the unequally spaced fast
Laplace transforms (USFLTs) in [29].

These algorithms are easily derived from our previous expla-
nations. Indeed, the type 1 USFLT is derived by assuming that
the spectrum g, in (12), to be Fourier-transformed, consists of
a collection of Dirac deltas shifted at complex coordinates

(kxpa kvp)
z gp xr -

gS er > er
Hence, its inverse Fourier transform g, is computed by first
redistributing the complex-valued nonuniform samples onto a
grid on the real plane (k,,, ky,) using

z gp V/ xr _kx,p»kyr

kep) Olkyr = kyp). (23)

(24)

gl// er, kvr - ky,p)

and then by evaluatmg gs using (16). The only difference
between (12) and (24) is that the real coordinates (ky.p, ky rp)
have been replaced by the complex ones (k. ,, ky, ). Similarly,
the type 2 USFLT simply consists of an analytical continuation
of the decomposition (21)

Z 4 l//q kx, k

where w,(ke, ky) = wlke — g0 Aky ky — gy Aky) with
ky = ki + jky and ky, = k, + jk,; now being complex-
valued. The parameterization of the USFLTs implemented
with Gaussian windows is provided in the Appendix. In both
types, the window functions y are now evaluated at complex
arguments. As shown in Appendix, this implies that wider
windows must be used, as compared to a real-axis integration,
which, in turn, leads to a larger number M, of frames for a
given error level €. Despite this constraint, we will show in
Section IV that the computational cost of the USFLT remains
close to that of a single FFT when applied to the computation
of scattered fields.

s (k. ky) (25)

D. Fast Computation of Vector Fields

We now explain how these USFLT algorithms can help us
to accelerate the computation of the vector potential A on a
tilted observation plate O from known electric currents J(ry)
on a source plate S. As mentioned in the preamble III-A, it is
assumed that the current distribution consists of a collection
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of point sources of complex amplitude J, located on a spatial
grid of step size Ax, Ay. Hence, its spectrum J is given by

J(ksrs ky) = D Jy e/loemttikomay (26)

where (ksy, kyy) are the spectral coordinates reexpressed in the
source CS (X;, ¥s, Z;). Comparing (26) with (18) reveals that
the type 2 USFLT can be used to compute the two tangential
components of J at any of the nonregularly distributed coordi-
nates (kg p, kyy, p). Furthermore, knowing that Ao =J/(Q2jk,),
one can directly decompose the PWS into a set of frame
functions, as described in (21)

~ 1 -
AO (ksx ’ ksy) = ﬁ Z éq Yq (ksx > ksy)
7 q

with the vectorial coefficients computed with €&, =
472/(Ax Ay)IFFT2{J,/y,}. One must distinguish between
the z-component of the wavevector k, in (27), expressed in the
reference CS (X, ¥,%), and the source coordinates (kqy, k),
expressed in (X, ¥, Z;). Once the coefficients €, are rapidly
computed with IFFTs, the values Ao, )= Ao(ksx, p>ksy,p) of
the PWS are then evaluated with (27) at any point p using a
small number of frames lZlq.

From there, the vector potential A, = A(r, ) is computed
on the regular observation grid at coordinates r, ,, as given
in (6), by discretizing the spectral integral (5) with periods
Ak, and Ak, using P = P.P, plane waves. Using Ap =
Aksy. p, ksy.p)e Tkar this yields

1 P
_4—2 p e

where w, = Ak,Akyw(k, ,) can be regarded as integration
weights and the coordinates (ko p, koy,p) are expressed in
the CS (X,, ¥,, Z,) attached to the observation plate. One can
check that (28) is similar to the canonical sum (13) used to
explain the type 1 USFLT. Hence, by analogy with (16), the
vector potential can be rapidly computed with

27)

Jkox,phx Ax—jkoy pny Ay

(28)

FFT2{A,,}. (29)

" LeLyy,
The set A,,,q corresponds to the redistributed samples of
A over a regular grld (qukx,quk ), which, from (24),
are obtained with A.,,,q = Zp wp pl//q(koxp, oy,p)- This
concludes the description of the fast algorithm used to eval-
uate the vector potential samples A, from a set of point
sources J,, as the computations involve only FFTs and efficient
convolutions.

E. Computational Cost

The sampling steps are chosen as Ak, = 2z /L, and Ak, =
2r /Ly with the extended lengths L, = v,L, and Ly, = v,Ly
being slightly larger than the original lengths L, and L, of
the spatial domain of interest and with the number of pomts
Ny = 9, N, and N, = i, N, being powers of 2 to satisfy the
FFT requirements. The number of frames M, and M,, needed
to evaluate the coefficients in (27) or to redistribute the PWS
on a regular grid, can be made asympotically independent of
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the electrical size kL, and kL, of the plates. This means
that the complexity of the convolution step can be linear w.r.t.
the electrical size of the plate, i.e., M\M,No(kL,kL,). The
number of frames M, is given by

2kxm _ Zk)CHILX
NN
with the truncation limit &y, parameterized with (35) in
Appendix for the case of Gaussian windows. From (30)
and (35), one can infer that M, depends roughly on z, L2 with
the variance u, also varying with L, through u, o kyip /Ly
where ky;,, is the maximum imaginary part among the nonuni-
form samples. Hence, for M, and M, to be asympotically
independent of kL, and kL,, the contour deformation must
be chosen s.t. ky;,, and ky;, decrease with 1/L, and 1/L,.
We will show in Section IV that this condition is easily
achieved, for any parallel plate configurations and for tilted
plates that lie in the intermediate-to-far-field of each other,
by choosing a contour height that is low enough. This does
unfortunately not hold for near-field configuration since the
imaginary parts of the rotated coordinates koy;, Koyi, Ksxi, and
ksy; do not necessarily decrease with k,; and k,; for plane
waves with k, , > k.

(30)

x =

IV. NUMERICAL RESULTS

In this section, we first characterize the computational cost
of the fast method by analyzing the type 1 USFLT (see
Section III-C) for the evaluation of the scalar Green’s function
on either a parallel or a tilted observation plate. The cost for
the type 2 USFLT is similar. Then, we present two numerical
examples using the physical optics (PO) approximation where
the computation of the vector fields from the PO currents is
accelerated using the fast method described in Section III-D.
The simulations are carried out with MATLAB [34] using a
PC with four cores, 16 GB RAM, and Processor Intel! Core?
i5-3570 CPU @ 3.4 GHz. The gridding step is single-threaded
and implemented in C, while the FFTs are multithreaded via
the FFTW library [35] called by MATLAB.

A. Fast Evaluation of the Scalar Green’s Function

The scalar Green’s function G can be evaluated numerically
on a uniform grid (n,Ax,n,Ay) of N observation points at
coordinates r, , using

G,,:47[22 »

where G p = Gk, p>d;) is the pth sample of the spectral
Green’s function and G, = G(k, R,) with R, = ||r, || being
the distance from the origin to the nth observation point. The
sum (31) can be simply retrieved by replacing, in (28), the
vector potential A, and its spectrum A with G, and G s
respectively. The computation of (31) w111 be accelerated with
the type 1 USFLT in two different scenarios: an in-plane
near-field evaluation, as encountered in the scattering analysis

Kox pnxA-x ka plty Ay

€1V

Registered Trademark.
2Trademarked.
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/A

Fig. 6. In-plane evaluation of the Green’s function: the amplitude |G| and
the absolute errors |G — G| are shown for an observation plate of size 501
until a distance pmin = 4/5.

of printed circuits, and an intermediate-field evaluation on a
tilted observation plate, resembling the scattering interactions
between electrically large facets.

1) In-Plane Evaluation: Let us first assume an observation
plate lying in the z-plane at d, = 0 and with an observation
CS (X,,¥,,2,) corresponding to the reference CS (X,¥,2).
In this scenario, one seeks to reconstruct G on this observation
plate up to a minimum radial distance pp;, > 0. When this
distance pyi, is small compared to the wavelength, a contour
f returning to the real axis k,, is typically selected [27]
along with truncation limits extending far beyond the visi-
ble spectrum to accurately reconstruct the singular behavior
of G at a small distance p. Here, we use the parabolic
path [12] depicted in Fig. 2 and parameterized with a contour
height ak. The truncation limits k,,, and k,,, are selected with
[32, eq. (6)]. The spatial and spectral periods are set to the
Nyquist rates Ax = 7 /ky,, Ay = w/kyy, Aky = 21/L,y,
and Ak, = 2m/L,. Similar to Hubert et al. [7], we then
select the minimum contour height ak leading to a targeted
error level €. This helps to reduce the cost of the gridding step
since the number M of frames decreases with ak, as explained
in Section III-E. Moreover, the redistribution of the purely real
spectral samples, i.e., these with k, , > 2k when the parabolic
contour has returned on the real axis, is computed here
separately using the built-in function “conv2” of MATLAB.
We consider now an example with a minimum distance pmyin =
A/5 and a square plate of sizes L,x = L,, = 50A. From
there, the spectral periods are selected as Ak, = Ak, = 0.12.
For a target error of —30 dB, i.e., € = 0.03, the truncation
limits must be set to k, = ky,, = 10k, and thus, the spatial
periods are given by Ax = Ay = A/20. The resulting number
of spatial samples is N = 10242. The contour height ak is
chosen as 0.015k. For these parameters, the required number
of frames is equal to M = 82. Green’s function G and the
absolute error G — G, are shown in Fig. 6 for an observation
path along the x-axis at y = 0. The peak appearing in the
error at low lateral distance x results from the truncation of the
spectral integral, while the constant level of the error at higher
distances is caused by its discretization. One can observe
that the —30 dB criterion is satisfied for every point along
this observation path. The computation times of the gridding
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Fig. 7. Intermediate-field evaluation of Green’s function on a tilted plate:
the amplitude |G| and the absolute error |G — G, | are shown in (b) for an
observation plate of size 10241 rotated by z /4 in the xz plane and separated
by a distance d, = 1.5L,, from the origin, as sketched in (a).

step and the FFT step are, respectively, 0.09 and 0.07 s.
Hence, the gridding step takes about the same time as the
FFT.

2) Intermediate-Field Evaluation on a Tilted Plate: We
consider here the scenario shown in Fig. 7(a) in which an
observation plate is rotated by z /4 in the xz plane and whose
center is at a distance d, = 1.5 L,, from the origin. When the
plate is electrically large, i.e., Loy, Loy > 4, this case corre-
sponds to an intermediate-field evaluation since the distance
d, is larger than the plate dimension L,, but much smaller
than the far-field distance 412 /1. A numerical experiment
is carried out by increasing the plate size exponentially as
L,, = 2" with n € [6,10]. The mesh size is fixed to
Ax = Ay = A/4. For this intermediate-field case, we use
here an unclosed linear contour of slope a, as shown in Fig. 2.
The contour slope a is chosen to minimize the cost M P of
the gridding step of the USFLT. The truncation limits ki,
and ky,, and the periods Ak, and Ak, are selected using
the sampling rules for linear contours presented in [24], and
the target accuracy is set to € = 1072, One can observe in
Fig. 7(b) that, as expected, the reconstructed Green’s function
is accurate down to two digits for the largest plate of size
L, = 10241. The maximum errors over the observation
plate and the computation times of the gridding step and the
FFT step of the USFLT are provided in Table I for every
plate dimension. This table shows that the time spent for the
gridding step is similar to that needed for the FFT. Hence, for
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TABLE I

MAXIMUM RELATIVE ERROR AND COMPUTATION TIMES FOR THE
GRIDDING STEP AND THE FFT STEP OF THE USFLT FOR THE
SCENARIO IN FI1G. 7 WITH PLATES OF INCREASING SIZE L,

Loz/A 26 27 28 20 210
D’I‘N{)[I‘ 29 210 211 212 213
Rel. error max | 0.01 0.02 0.03 0.02 0.02
Gridding (secs) | 0.008 | 0.03 0.1 0.5 2.2
FFT (secs) 0.006 |0.02 0.09 0.4 2
108 ‘ ‘
-=-Pay
107 =P 1
—N,
108 ¢ 3
105} E
10%¢ 3
103} 3
102 : :
102 10°
Loy /A

Fig. 8. Intermediate-field evaluation of Green’s function on a tilted plate:
comparison of the Nyquist number, the number P of plane-waves, the number
N of spatial samples, and the number of grid points M when increasing the
plate size L, in the sketch in Fig. 7(a).

this intermediate-field evaluation, the total time for the USFLT
should be close to twice that of a classical FFT. The evolution
of the number P of plane waves, the number M of frames, and
the number N of spatial samples is shown in Fig. 8. From these
curves, one can infer that P and N both increase quadratically
with L., while M remains constant. As discussed earlier in
Section III-E, this is achieved using a contour slope a, which is
inversely proportional to L,,. We must recall that the optimal
contour slope selected here leads to a minimum cost M P but
not to a minimum number P,,, of plane waves. This number
Popi, as derived in [24], is also plotted in Fig. 8 for comparison
with P.

B. Fast Computation of the PO Radiation Integral

In this example, we assume that a point source oriented
along 2 illuminates a perfect electric conductor (PEC) plate
with a magnetic field H'(r), as sketched in Fig. 9(a). The
electric surface current induced on the surface of the plate is
then approximated using the PO formula J(r) ~ 2f x H'(r).
A comparison is then made between the backscattered fields
computed on a perpendicular observation plate using either
the fast spectral-domain method or a brute-force spatial-
domain integration of the radiation integrals. The source and
observation plates, both of size 204, are discretized using
sampling steps Ax = Ay = 1/4, as typically done when
computing multiple scattering PO interactions. This leads to
N = 6400 points per plate. Again, we use here a linear contour
deformation, and the target error is € = 1073, Fig. 9(b) shows
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Fig. 9. Fast computation of the PO integral: (b) magnitude of the backscat-
tered field and (c) relative error of the fast method are plotted for the scattering
scenario depicted in (a).

the magnitude ||E||, of the backscattered electric field and the
absolute error computed numerically with ||E(r) — E“(r)||,,
where E* is the field reconstructed with the fast method.
As expected, one can see in Fig. 9(b) that the field evaluated
with the fast method is reconstructed down to less than three
digits of accuracy. The relative error is slightly higher on
the edges of the observation domain. The required number
P of plane waves and the number of frames M are P =
550 and M = 72, respectively. The computation times of the
spatial-domain integration and the USFLT-based method are
30 and 0.2 s, respectively. Hence, the fast method provides a
speed-up factor of two orders of magnitude.

C. Radio Propagation in a Canyon

The fast USFLT-based method finds typical applications for
the characterization of radio channels inside a building or
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Fig. 10. (a) Radio propagation in a canyon with Tx position (cross) and Rx

path (solid line). (b) Amplitude of the scattered electric fields obtained with
the spatial-domain integration (dots), with the fast method (solid line), and
with FEKO’s MoM.

in an urban environment modeled with large planar facets.
The geometry of this scenario is illustrated in Fig. 10(a) and
resembles a narrow urban street consisting of a collection
of square facets each of size 404, i.e., roughly 6 m wide
at 1.8 GHz. A vertically polarized transmitter (Tx), mod-
eled again with a point source, is positioned at one end of
the canyon and illuminates all plates in line of sight. One
seeks to evaluate the scattered electric field along a straight
observation path lying in the middle of the street. Iterative
implementation of the PO is used here to include second-order
scattering interactions, i.e., double bounces. The magnitude of
the scattered field, expressed here in d BV /m units, computed
with the fast spectral-domain method or a direct spatial-
domain integration, is plotted in Fig. 10(b) alongside full-wave
simulations obtained with the MoM solver of FEKO [33].
In this example, the USFLT-based method is used only to
accelerate the double-bounce PO interactions that are found to
be the most time-consuming operations since the computation
time of the brute force integration grows as N2. One can see
a good agreement (two digits of accuracy) between the fields
computed with the two methods. The computation times for
the fast and the brute-force methods are 1 s and 15 min,
respectively. The MoM simulations, plotted additionally in
Fig. 10(b), indicate that the scattered field is accurately esti-
mated as long as the receiver remains between the plates where
the specular reflections are stronger but starts to diverge at the
beginning and at the end of the observation path where singular
currents on the plate edges contribute more significantly.

V. CONCLUSION

We have presented a fast method for the computation
of radiated fields over an observation plate from current
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distributions given on a source plate, which can be tilted
w.r.t. each other. The method uses a generalization of the
NFFT, called the USFLT [29], to rapidly perform the direct
and inverse transformations between the spatial and spectral
domains. More precisely, the USFLT allows the rapid com-
putation of discrete Fourier transforms from or at irregularly
spaced and complex-valued spectral samples, which results
from the numerical evaluation of the spectral-to-spatial trans-
form using a contour deformation technique to circumvent the
free-space singularity on the real axis. This is achieved by
either redistributing the irregular and complex-valued samples
on a regular grid in the real plane or by interpolating from
these grids at samples in the complex plane.

As an alternative to the C-FFT [12], the USFLT can be
used to rapidly compute the Fourier transforms of the singular
functions appearing in the simulation of printed circuits above
layered media using the method of moments, e.g., to perform
fast matrix—vector products as part of an iterative solver [7] or
accelerate the computation of the reaction integrals between
macrobasis functions [12]. The USFLT presents, however, the
advantage of requiring only a single FFT per transformation
and, thus, offers lower computational overheads. Latter studies
should focus on the use of the type 3 USFLT, which is suited to
both irregular spatial and spectral samples [29] and enables the
handling of problems with arbitrary planar geometry without
the need for extra interpolation/aggregation steps between the
spatial grid and the irregular mesh representing the surface of
the scatterer.

Finally, we have shown that the fast USFLT-based method is
well suited to accelerate the computation of radiation integrals
when the observation plate is tilted w.r.t. the source plate.
Indeed, as long as the plates stand in each other intermediate
fields, typically from one plate size away, the computation
cost of the gridding step remains similar to or lower than that
of the FFTs. Hence, when dealing with problems involving
electrically large planar structures, the proposed approach is
expected to be more efficient than those based on the fast
multipole method [4], which requires the fast computation of
a translation function for the interactions between each pair
of subdomains [23], [31], but also than those based on the
adaptive integral method [3] that uses 3-D FFTs.

APPENDIX
PARAMETERIZATION FOR GAUSSIAN WINDOWS

Throughout this article, we consider 2-D Gaussian functions
of variances u, and x, defined by

27
N Hxly

with spatial counterpart given by w(x,y) = e ¥ 2"
As described in III-C, the window functions y in both types
of USFLT are evaluated at complex arguments. Hence, the
Gaussian functions y can be expanded into

2w
My

o= (B =) /Cuy (k) (2uy)

W (ke kyr) = oK) K/ Cm) (30

i (koo ky) = o Tkrki /i g ikyrksi /ity

(33)
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The factorization of the exponentials in (33) indicates that,
contrary to (32) for purely real arguments, the function y
oscillates and decreases more slowly when evaluated in the
complex plane. Let us now briefly analyze the errors appearing
in the numerical evaluation of the spectral integrals (15)
and (19) with complex samples (k,, ,, ky ,) for this particular
choice of window functions y. Given a set of oversam-
pling factors ¥, and ¥, fixing the sampling rates through
Ak, = 27 /(L) and Ak, = 2z/(VyL,), the discretiza-
tion errors can be controlled by parameterizing the variances
with [29]

—Ine
Uy (D — L2

kxim

2L (b — 1)

My = (34)

where one notes an extra term proportional to the maximum
imaginary part k,;, taken by the complex spectral samples
k. ,. Hence, one must select a variance slightly larger for
complex samples than for real ones. Then, the discrete con-
volutions (24) and (25) can be truncated to terms of indices
p or g satisfying |ky,, — gxAky| < kyn with the truncation
limit &, given by [29]

Fom = 2(u2L> =2, ne) ", (35)

This also implies that the Fourier integrals (15) and (19) must
be truncated at ky, + kv, with ky,, = max |kxr,p| being the
maximum value among the spectral samples k. .
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