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Abstract— A plane-wave spectrum method is presented for1

the fast computation of radiation integrals for source and2

observation plates, which can be arbitrarily tilted and separated3

by an intermediate-to-far-field distance. The method expedites4

the direct and inverse transforms between spatial and spec-5

tral domains using unequally spaced fast Laplace transforms.6

These fast algorithms allow one to combine fast Fourier trans-7

forms (FFTs) and contour deformation in the complex plane with8

controllable accuracy and computation times close to that of a9

single 2-D FFT. Hence, scattering interactions between plates10

of sizes up to thousands of wavelengths can now be computed11

within seconds using current desktop computers. The fast method12

is validated here for the case of radio propagation in a canyon13

street modeled with electrically large facets using the physical14

optics approximation.15

Index Terms— Contour deformation, fast Fourier transform16

(FFT), Green’s function, nonequispaced fast Fourier trans-17

form, spectral-domain method, unequally spaced fast Laplace18

transforms (USFLTs).19

I. INTRODUCTION20

THE fast Fourier transform (FFT) has been in use for21

several decades for the efficient calculation of fields22

radiated by complex sources. This is for instance the case23

for radiation from large flat apertures or for near-field to near-24

field or near-field to far-field transforms [1], [2]. The FFT is25

also often used to speed-up matrix–vector products in iterative26

solutions to method-of-moment (MoM) problems [3], [5]; the27

final goal is to compute current distributions induced in large28

finite antenna arrays [6] or in large printed radio frequency29

circuits [7]. The FFT also enables to efficiently compute array30

factors, either for regular or irregular arrays. In the latter case,31

the nonequispaced FFT (NFFT [8]) is used [9]. In a nutshell,32

the NFFT redistributes the irregular samples on a regular grid33

through a convolution. The data on the regular grid allow then34

the use of a standard FFT to compute the array factor, provided35
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that deconvolution is carried out at the end, through division 36

in the spectral domain. 37

As mentioned above, among the applications of the FFT 38

in high-frequency electromagnetics, one finds near-field to 39

near-field transforms [10], i.e., the calculation of fields in a 40

given plane, based on the knowledge of fields in another, 41

parallel, plane [11]. In this process, the Fourier transform 42

of fields may be viewed as providing the coefficients of a 43

number of plane waves composing the fields. Those plane 44

waves are, in general, regularly sampled in the wavenumber 45

domain. Each of them is then simply propagated up to the 46

other plane and recomposed into fields in that new domain 47

through an inverse Fourier transform. In passing, depending 48

on the sign used in the complex-exponential kernel, one may 49

swap the definitions of Fourier and inverse Fourier transforms. 50

Henceforth, the forward transformation from the space domain 51

to the wavenumber domain will be identified as a Fourier 52

transform, with a positive sign in the exponential, and the 53

backward transformation from the wavenumber domain to 54

the space domain will be performed via an inverse Fourier 55

transform. As explained in [23] and [24], the waves considered 56

in this transformation are not necessarily purely propagating 57

or purely evanescent. In general, the waves can carry both 58

properties, as soon as a contour deformation is used in the 59

complex wavenumber plane to carry out the Fourier transform. 60

Such deformation is not easily made compatible with the use 61

of the FFT algorithm. This is, for instance, the motivation 62

for the contour-FFT (C-FFT) [12] and chirp Z transform 63

(CZT) [13]. These techniques have been applied to layered 64

media problems [7], [12], [14], [15]. 65

Several applications require the knowledge of fields in 66

observation planes that are not parallel to the source planes. 67

For instance, this is the case for the simulation of radio 68

channels inside and outside a built environment modeled with 69

large planar facets [16], [17] or of the transmittance between 70

two aperture antennas [18]. This problem has also drawn 71

attention in optics to simulate the diffraction from the apertures 72

composing modern laser systems [19]–[21] and in signal 73

processing to generate holograms for 3-D television [22]. With 74

this configuration, the exploitation of the Fourier transform 75

appears less straightforward. Indeed, as will be detailed in 76

Section II, the propagation of plane waves may be described in 77

a Cartesian system of coordinates in which one axis is parallel 78

to the straight line that joins the center of the source domain 79

to the center of the observation domain. However, in that case, 80

the spectral samples (i.e., in the wavenumber domain) are no 81
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longer regularly spaced when viewed in systems of coordinates82

associated with the source and observation planes. We will,83

hence, make use of the NFFT. More precisely, two types of84

NFFTs will be exploited: one that enables the fast estimation85

of the Fourier transform on nonregular samples and another86

one that enables the fast estimation of fields on a regular grid87

from nonregularly distributed samples in the spectral domain.88

More importantly, the extension of the spectral samples to the89

complex domain will be essential to an efficient implementa-90

tion; to this end, the complex-plane extension described in [29]91

will be exploited. As opposed to existing formulations [19],92

[20] based on a purely propagating plane-wave spectrum93

(PWS), which exhibits numerical issues for certain rotation94

angles [21], the method presented here remains accurate for95

any configuration as long as the observation plate stands96

at an intermediate-to-far-field distance. As shown later, the97

computation times of the proposed approach are close to98

that of a single 2-D FFT per transformation and vector-99

ial component. Hence, it is expected to be more efficient100

than methods based on the adaptive integral method [3]101

that uses 3-D FFTs but also than multipole approaches [4],102

which are more complex, as they include the calculation of103

translation functions, the creation of hierarchical subdomains,104

and interpolation and “anterpolation” steps requiring careful105

parametrization.106

The remainder of this article first comprises a tutorial107

part and then applies the different reviewed techniques to108

the problem described above. The explanations are organized109

as follows. Section II provides plane-wave descriptions of110

radiated or scattered fields based on the convolution theorem111

and an extension of spectral integration to the complex plane.112

Section III then tackles the problem of nonparallel source113

and observation planes, evidencing the need for nonregularly114

distributed wavenumbers in the complex plane. Through the115

use of the vector potential, the problem will be made momen-116

tarily scalar, which simplifies both the explanations and the117

implementation. In the same section, both types of NFFTs are118

also reviewed, as well as their complex-plane extension. The119

developed mathematical tools are then applied to the problem120

at hand. Section IV shows implementation examples. Finally,121

the conclusions are drawn in Section V.122

II. PLANE-WAVE SPECTRUM REPRESENTATION123

OF SCATTERED FIELDS124

Let us consider a source plate S, an observation plate O,125

which is, for now, parallel to S, and a reference system of126

Cartesian coordinates (x̂, ŷ, ẑ) with the z-axis perpendicular127

to both plates, as shown in Fig. 1. The word “plate” is used128

to designate a planar domain of finite extent rather than a129

physical structure. The source points rs = xs x̂ + ys ŷ and the130

observation points ro = xox̂ + yoŷ + zoẑ are, thus, lying in the131

planes z = 0 and z = zo, respectively. Given electric currents132

J(xs, ys) = Jx(xs, ys)x̂ + Jy(xs, ys)ŷ on plate S, the vector133

field A(ro) is obtained from a 2-D convolution integral of J134

with the free-space scalar Green’s function G135

A(ro) =
∫∫

S
J(xs, ys) G(k, R) dxsdys (1)136

Fig. 1. Illustration of geometrical quantities for the case of an observation
plate parallel to a source plate.

where R = ((xs − xo)
2 + (ys − yo)

2 + z2
o)

1/2 is the distance 137

between a source point and an observation point, and the free- 138

space Green’s function is defined by G(k, R) = e− jkR/(4πR) 139

with the imaginary unit j and the wavenumber k. A harmonic 140

time dependence e jωt is assumed and suppressed. In this 141

article, the current distribution J is given on a uniform grid of 142

side lengths Lsx and Lsy and step sizes �x and �y containing 143

Ns = Nsx Nsy spatial samples, and the scattered fields need 144

to be computed at No = Nox Noy observation points lying 145

on a grid of lengths Lox , Loy . The electric and magnetic 146

fields scattered away from the sources can then be expressed 147

in terms of a magnetic vector potential A [25]. Their brute- 148

force evaluation using (1) requires O(No Ns) operations and 149

becomes time-consuming for large electrical dimensions. 150

A. Spectral-Domain Formulation 151

In this article, we swap the convention for Fourier trans- 152

forms and call (direct) Fourier transform the transformation, 153

with a positive sign in the complex-exponential kernel, used to 154

pass from spatial (x, y) to spectral (kx, ky) coordinates. Recip- 155

rocally, the backward transformation from the wavenumber 156

domain to the space domain is identified as an inverse Fourier 157

transform. 158

Since the integral (1) corresponds to a 2-D convolution, 159

we can use the convolution theorem [26], which allows writing 160

Ã
(
kx, ky, zo

) = J̃
(
kx , ky

)
G̃(kz, zo) (2) 161

where the superscript ˜ identifies Fourier-transformed quan- 162

tities, and k = kx x̂ + kyŷ + kzẑ is the wavevector with the 163

z-component kz = (k2 − k2
x − k2

y)
1/2. The Fourier transform of 164

the current distribution J̃(kx, ky) = J̃x(kx , ky)x̂ + J̃y(kx, ky)ŷ 165

is expressed as 166

J̃
(
kx , ky

) =
∫∫

S
J(xs, ys) e jk·rs dxsdys (3) 167

where we have substituted the complex exponentials with 168

e jk·rs = e jkx xs + jky ys . The 2-D inverse Fourier transform G̃ of 169

the free-space Green’s function G has the following analytical 170
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Fig. 2. Illustration of the steepest descent path (SDP), linear, and parabolic
contours.

expression G̃(kz, zo) = e− jkzzo/(2 jkz) [11]. Knowing (2) and171

factorizing e− jkzzo out of Ã lead to the PWS representation of172

the magnetic vector potential A173

A(ro) = 1

4π2

∫∫ +∞

−∞
Ã0

(
kx, ky

)
e− jk·ro dkxdky (4)174

where Ã0(kx, ky) = Ã(kx, ky, 0) is called the field PWS. From175

there, the PWSs of the magnetic and electric fields are given176

by [11] H̃0(kx, ky) = − jk × Ã0(kx, ky) and Ẽ0(kx, ky) =177

(η/k)k × H̃0(kx, ky), where η is the free-space impedance.178

It is important to note that the components H̃0z, Ẽ0x , and Ẽ0y179

are singular at kρ = k via the spectral Green’s function G̃.180

Hence, for these components, a numerical integration along181

the real coordinates (kx, ky) is inconvenient when the spectral182

samples get too close to kρr = (k2
xr + k2

yr)
1/2 = k.183

B. Contour Deformation Technique184

To overcome numerical issues associated with the singular-185

ity of G̃ at kρr = k, the backward transformation, from the186

spectral domain to the spatial domain, is usually performed187

using a contour deformation along kρ = kρr + jkρi = kρr +188

j f (kρr ) [23], where the function f (kρr ) defines a path in the189

complex plane. This contour integral can be viewed as an190

inverse Laplace transform and reads as191

A(ro) = 1

4π2

∫∫ +∞

−∞
Ã0

(
kx, ky

)
e− jk·ro w

(
kρ

)
dkxr dkyr (5)192

where the function w(kρ) = kρ/kρr (1 + jd f/dkρr) accounts193

for the contour deformation and for a polar-to-Cartesian194

change of variables [12]. Some well-known paths are illus-195

trated in Fig. 2. In (5), Green’s function is decomposed into196

inhomogeneous plane waves (IPWs), which are both prop-197

agative and evanescent [23]. Assuming a discretization of the198

spectral integral (9) with P plane waves, a direct computation199

costs PNo operations and becomes expensive when the plates200

are electrically large and/or in the near-field of each other,201

i.e., when P is large. Hence, methods such as the C-FFT [7],202

[12] or the CZT [14], [15] have been proposed to speed up203

the computations by reformulating the integral (5) s.t. the FFT204

can be used again.205

III. FAST METHOD FOR TILTED PLATES206

A fast PWS-based method needs to accelerate both the207

computation of the spectrum Ã0 from the known source cur-208

rent J with the spatial integral (3) and the scattered magnetic209

potential A from its known spectrum Ã0 with the spectral210

Fig. 3. Illustration of geometrical quantities for the case of tilted plates.

integral (5). The distinction between the spatial-to-spectral and 211

spectral-to-spatial transformations is emphasized early here 212

since, in the following, they will be evaluated using two 213

complementary but different algorithms. 214

A. Problem Statement 215

Let us assume that the current distribution J is known on 216

a first grid of step sizes �x and �y, and the vector potential 217

A must be computed on a second grid with same step sizes 218

but tilted and separated from the first grid. Defining a local 219

system of coordinates (CS) (x̂s, ŷs, ẑs) attached to the source 220

plane and another CS (x̂o, ŷo, ẑo) attached to the observation 221

plane, we can express the position of the nth source point and 222

the nth observation point, respectively, as 223

rs,n = nx�x x̂s + ny�y ŷs 224

ro,n = nx�x x̂o + ny�y ŷo + dz ẑ (6) 225

where the double indices (nx , ny) are centered and have been 226

replaced by a single index n = Nx (ny − 1) + nx with 227

Nx ∈ {Nxo, Nxs } for compactness, ẑ is a unit vector pointing 228

from the center of the first grid toward the center of the other 229

grid, and dz is the distance between those centers, as sketched 230

in Fig. 3. The discretization of spectral integral (5) along kx 231

and ky is performed using a third CS (x̂, ŷ, ẑ). This choice 232

allows the use of a minimal set of IPWs [24]. Assuming a 233

sampling with periods �kx,�ky with P = Px Py plane waves, 234

the complex-valued wavevector kp of the pth IPW is, thus, 235

given by 236

kp = (
px�kx + jkxi,p

)
x̂ + (

py�ky + jkyi,p
)

ŷ + kz,p ẑ (7) 237

where p = Px(py − 1) + px . Generally, the CS (x̂, ŷ, ẑ) 238

does neither coincide with (x̂s, ŷs, ẑs) nor (x̂o, ŷo, ẑo). Hence, 239

the dot product k · r in (3) and (4) must be computed 240

by reexpressing the wavevector k and the position r into 241
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Fig. 4. Irregular distribution of the IPW samples from a change of CS
(x̂, ŷ, ẑ) to (x̂o, ŷo, ẑo) resulting from a rotation in the xz plane by π/4.

a common CS. For instance, the exponential factor in (4)242

evaluated at ro,n becomes243

e− jkp ·ro,n = e− jkzdz e− jkox,p nx�x e− jkoy,pny�y (8)244

where the xy coordinates of kp in the CS (x̂o, ŷo, ẑo) are given245

by246

[
kox,p

koy,p

]
=

[
x̂o · x̂ x̂o · ŷ x̂o · ẑ
ŷo · x̂ ŷo · ŷ ŷo · ẑ

]⎡
⎣py�ky + jkyi,p

px�kx + jkxi,p

kz,p

⎤
⎦. (9)247

Similar relations are obtained for the plane-wave exponential248

in (3). Note that, although the spectral integral (5) is dis-249

cretized s.t. the IPWs have real variables kxr , kyr distributed250

over regular grids, the rotated spectral coordinates ksx, ksy, kox ,251

and koy have both real and imaginary parts nonuniformly252

spaced over the complex plane. This effect is illustrated in253

Fig. 4 considering a linear contour of slope 0.1 for which254

we have kxi = 0.1kxr and a rotation by π/4 in the xz255

plane. As expected, one can see that the rotated samples kox,p256

are nonregularly spread over the complex plane. The CFFT257

and the CZT do not inherently deal with irregularly spaced258

complex-valued samples. Hence, they cannot be applied here.259

Instead, we first exploit a complex-plane extension of a family260

of methods specifically invented to accelerate Fourier trans-261

forms with nonregular sampling, namely, the NFFT [8]. Then,262

we introduce a complex-plane extension of these methods,263

inspired from [29].264

In order to alleviate the explanations, the fast algorithm is265

presented first in the scalar case using an arbitrary function266

g(x, y) and its spectrum g̃(kx, ky). Indeed, one can infer that267

the backward transform (4), expressing the scattered field from268

its IPW spectrum, corresponds for each tangential component269

to the computation of g from its spectrum g̃ using270

g(x, y) = 1

4π2

∫∫ +∞

−∞
g̃
(
kx, ky

)
271

× e− jkx x− jky y w
(
kρ

)
dkxr dkyr . (10)272

Reciprocally, the transform (3), used to derive the IPW spec-273

trum from the current, involves two times the computation of274

the spectrum of g from its analytical expression275

g̃
(
kx , ky

) =
∫∫

S
g(x, y) e jkx x+ jky y dxdy. (11)276

The complete vectorial transformation using the vector fields277

A and J is presented later in Section III-D.278

Fig. 5. Unidimensional redistribution of an irregular sample g̃p located at
kxr,p on a regular grid of step size �k̄x using a Gaussian window function
ψ̃ truncated at kxm .

B. Reminder on the Nonequispaced Fast Fourier Transform 279

Dutt and Rockhlin [8] derived three types of NFFT 280

algorithms depending on whether samples are nonuniformly 281

spaced only in the domain of destination (type 1), the domain 282

of departure (type 2), or both domains (type 3). At this point, 283

the coordinates are real numbers, and the contour deformation 284

is left aside until Section III-C. We briefly recall the first two 285

types, which will be used later in this article. 286

For type 1, let us assume that the spectrum g̃ has been 287

priorly sampled nonuniformly over the kxky domain s.t. its 288

sampled version g̃s can be represented with a 2-D comb 289

g̃s
(
kxr , kyr

) =
∑

p

g̃p δ
(
kxr − kxr,p

)
δ
(
kyr − kyr,p

)
(12) 290

where g̃ p = g̃(kxr,p, kyr,p) and δ is Dirac’s delta. (kxr,p, kyr,p) 291

are nonuniformly distributed over the (so far real) (kx, ky) 292

plane. The inverse Fourier transform of g̃s corresponds to a 293

sum of complex exponentials 294

gs(x, y) = 1

4π2

∑
p

g̃p e− jkxr,p x− jkyr,p y . (13) 295

The type-1 NFFT rapidly computes this type of sum on 296

a spatial grid by first rapidly redistributing the nonuniform 297

samples g̃ p over a uniform grid (kxr , kyr ) = (qx�k̄x, qy�k̄y) 298

with integers qx and qy and by then performing the inverse 299

Fourier transform from this spectral grid to the spatial grid 300

(x, y) = (nx�x, ny�y) using the FFT. In our applications, the 301

spatial grid will correspond to that of the observation points 302

(see Section III-D). The gridding step is accomplished by 303

convolving the sampled function g̃s with an arbitrary window 304

function ψ̃ 305

g̃ψ
(
kxr , kyr

) =
∑

p

g̃p ψ̃
(
kxr − kxr,p, kyr − kyr,p

)
. (14) 306

Then, by virtue of the convolution theorem, the inverse Fourier 307

transform of g̃ψ is written as 308

gs(x, y) ψ(x, y) = 1

4π2

∫∫ +∞

−∞
g̃ψ

(
kxr , kyr

)
309

× e− jkxr x− jkyr y dkxr dkyr (15) 310

which means that gs can be reexpressed as an inverse Fourier 311

transform, followed by a division by ψ . The spectral integral 312

in (15) is usually approximated with rectangles of lengths 313

�k̄x and �k̄y. The convolution (14) can be regarded as 314

redistributing the nonuniform samples g̃ p on the regular set 315

of points (qx�k̄x, qy�k̄y). The convolution product can be 316
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computed efficiently using a rapidly decaying window function317

ψ̃ , as illustrated in Fig. 5, with a Gaussian window. In this318

case, only a few surrounding samples p will contribute signif-319

icantly to gψ at a given point q on the grid. The function320

ψ̃ should, however, be wide enough not to preclude the321

redistribution in the first place. Finally, the 2-D FFT, denoted322

by F FT 2 hereafter, is applied to evaluate (15)323

gs,n � 1

L̄ x L̄ yψn
F FT 2

{
g̃ψ,q

}
(16)324

where ψn = ψ(nx�x, ny�y) and gs,n = gs(nx�x, ny�y).325

Naturally, the truncation limit and the discretization rate of326

the Fourier integral (15) must depend on the decay rate and327

the bandwidth of g̃ψ .328

Another type of NFFT can be used to accelerate the329

computations of the Fourier transform of a uniformly sampled330

function331

gs(x, y) =
∑

n

gn δ(x − nx�x) δ
(
y − ny�y

)
(17)332

at a set of irregularly spaced wavenumbers (kxr,p, kyr,p).333

We consider here the Fourier transform of gs given by334

g̃s
(
kxr , kyr

) =
∑

n

gn e jkxr nx�x+ jkyr ny�y. (18)335

The fast algorithm, qualified as type 2 in [8], is similar to a336

local linear interpolation, which evaluates the spectrum g̃s at337

any coordinates (kxr,p, kyr,p) from a small number of nearby338

samples taken over a grid (qx�k̄x, qy�k̄y). It expresses the339

spectrum g̃s as a convolution between a (so far unknown)340

spectral function g̃ψ and a given kernel ψ̃341

g̃s
(
kxr,p, kyr,p

) =
∫∫ +∞

−∞
g̃ψ

(
kxr , kyr

)
342

× ψ̃(
kxr −kxr,p, kyr −kyr,p

)
dkxr dkyr . (19)343

The function g̃ψ must now be expressed in terms of the344

known spatial function gs . Again, by means of the convolution345

theorem, the inverse Fourier transform of this convolution346

product is gs(x, y) = ψ(x, y) gψ(x, y). From there, gψ can347

be isolated, and given the definition (17) of gs as a comb348

function, its Fourier transform g̃ψ is expressed as349

g̃ψ
(
kxr , kyr

) =
∑

n

gn

ψn
e jkxr nx�x+ jkyr ny�y. (20)350

One must note that relations (19) and (20) are exact. However,351

in practice, the convolution integral must be truncated and352

discretized at rates �k̄x and �k̄y. Defining the frame function353

ψ̃q(kxr , kyr ) = ψ̃(kxr − qx�k̄x, kyr − qy�k̄y), we have354

g̃s
(
kxr , kyr

) �
∑

q

c̃q ψ̃q
(
kxr , kyr

)
(21)355

with c̃q = �k̄x�k̄y g̃ψ(qx�k̄x, qy�k̄y). This ressembles a356

linear decomposition of g̃s using a set of basis functions ψ̃q357

with expansion coefficients given by c̃q . When the window358

function ψ̃ exhibits a fast decay, only a few local frames359

ψ̃q of indices q close to (kxr,p/�k̄x, kyr,p/�k̄y) are needed360

to interpolate g̃s accurately. The coefficients c̃q can be rapidly 361

computed from (20) with 362

c̃q = 4π2

�x�y
IFFT2

{
gn

ψn

}
(22) 363

where IFFT2 stands for the inverse 2-D FFT. 364

C. Unequally Spaced Fast Laplace Transform 365

The NFFT algorithms have been extended in [29] to deal 366

with sums (13) and (20) in which the nonuniform spectral 367

samples (kxr,p + jkxi,p, kyr,p + jkyi,p) are complex numbers. 368

In our application, given the contour deformations in the 369

complex spectral plane (see Section II-B), such an extension 370

with complex wavenumber is necessary. The corresponding 371

algorithms have been renamed the unequally spaced fast 372

Laplace transforms (USFLTs) in [29]. 373

These algorithms are easily derived from our previous expla- 374

nations. Indeed, the type 1 USFLT is derived by assuming that 375

the spectrum g̃s in (12), to be Fourier-transformed, consists of 376

a collection of Dirac deltas shifted at complex coordinates 377

(kxp, kyp) 378

g̃s
(
kxr , kyr

) =
∑

p

g̃p δ
(
kxr − kx,p

)
δ
(
kyr − ky,p

)
. (23) 379

Hence, its inverse Fourier transform gs is computed by first 380

redistributing the complex-valued nonuniform samples onto a 381

grid on the real plane (kxr , kyr ) using 382

g̃ψ
(
kxr , kyr

) =
∑

p

g̃p ψ̃
(
kxr − kx,p, kyr − ky,p

)
(24) 383

and then by evaluating gs using (16). The only difference 384

between (12) and (24) is that the real coordinates (kxr,p, ky,rp) 385

have been replaced by the complex ones (kx,p, ky,p). Similarly, 386

the type 2 USFLT simply consists of an analytical continuation 387

of the decomposition (21) 388

g̃s
(
kx, ky

) �
∑

q

c̃q ψ̃q
(
kx, ky

)
(25) 389

where ψ̃q(kx, ky) = ψ̃(kx − qx �k̄x, ky − qy �k̄y) with 390

kx = kxr + jkxi and ky = kyr + jkyi now being complex- 391

valued. The parameterization of the USFLTs implemented 392

with Gaussian windows is provided in the Appendix. In both 393

types, the window functions ψ̃ are now evaluated at complex 394

arguments. As shown in Appendix, this implies that wider 395

windows must be used, as compared to a real-axis integration, 396

which, in turn, leads to a larger number Mx of frames for a 397

given error level ε. Despite this constraint, we will show in 398

Section IV that the computational cost of the USFLT remains 399

close to that of a single FFT when applied to the computation 400

of scattered fields. 401

D. Fast Computation of Vector Fields 402

We now explain how these USFLT algorithms can help us 403

to accelerate the computation of the vector potential A on a 404

tilted observation plate O from known electric currents J(rs) 405

on a source plate S. As mentioned in the preamble III-A, it is 406

assumed that the current distribution consists of a collection 407
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of point sources of complex amplitude Jn located on a spatial408

grid of step size �x , �y. Hence, its spectrum J̃ is given by409

J̃
(
ksx , ksy

) =
∑

n

Jn e jksx nx�x+ jksy ny�y (26)410

where (ksx, ksy) are the spectral coordinates reexpressed in the411

source CS (x̂s, ŷs, ẑs). Comparing (26) with (18) reveals that412

the type 2 USFLT can be used to compute the two tangential413

components of J̃ at any of the nonregularly distributed coordi-414

nates (ksx,p, ksy,p). Furthermore, knowing that Ã0 = J̃/(2 jkz),415

one can directly decompose the PWS into a set of frame416

functions, as described in (21)417

Ã0
(
ksx , ksy

) � 1

2 jkz

∑
q

c̃q ψ̃q
(
ksx, ksy

)
(27)418

with the vectorial coefficients computed with c̃q =419

4π2/(�x�y)IFFT2{Jn/ψn}. One must distinguish between420

the z-component of the wavevector kz in (27), expressed in the421

reference CS (x̂, ŷ, ẑ), and the source coordinates (ksx, ksy),422

expressed in (x̂s, ŷs, ẑs). Once the coefficients c̃q are rapidly423

computed with IFFTs, the values Ã0,p = Ã0(ksx,p, ksy,p) of424

the PWS are then evaluated with (27) at any point p using a425

small number of frames ψ̃q .426

From there, the vector potential An = A(ro,n) is computed427

on the regular observation grid at coordinates ro,n, as given428

in (6), by discretizing the spectral integral (5) with periods429

�kx and �ky using P = Px Py plane waves. Using Ãp =430

Ã(ksx,p, ksy,p)e− jkz,pdz , this yields431

An � 1

4π2

P∑
p=1

wp Ãp e− jkox,p nx�x− jkoy,p ny�y (28)432

where wp = �kx�kyw(kρ,p) can be regarded as integration433

weights and the coordinates (kox,p, koy,p) are expressed in434

the CS (x̂o, ŷo, ẑo) attached to the observation plate. One can435

check that (28) is similar to the canonical sum (13) used to436

explain the type 1 USFLT. Hence, by analogy with (16), the437

vector potential can be rapidly computed with438

An � 1

L̄ x L̄ yψn
F FT 2

{
Ãψ,q

}
. (29)439

The set Ãψ,q corresponds to the redistributed samples of440

Ãp over a regular grid (qx�k̄x, qy�k̄y), which, from (24),441

are obtained with Ãψ,q = ∑
p wpÃpψ̃q(kox,p, koy,p). This442

concludes the description of the fast algorithm used to eval-443

uate the vector potential samples An from a set of point444

sources Jn as the computations involve only FFTs and efficient445

convolutions.446

E. Computational Cost447

The sampling steps are chosen as �k̄x = 2π/L̄ x and �k̄y =448

2π/L̄ y with the extended lengths L̄ x = ν̄x Lx and L̄ y = ν̄y Ly449

being slightly larger than the original lengths Lx and L y of450

the spatial domain of interest and with the number of points451

N̄x = ν̄x Nx and N̄y = ν̄y Ny being powers of 2 to satisfy the452

FFT requirements. The number of frames Mx and My , needed453

to evaluate the coefficients in (27) or to redistribute the PWS454

on a regular grid, can be made asympotically independent of455

the electrical size kLx and kL y of the plates. This means 456

that the complexity of the convolution step can be linear w.r.t. 457

the electrical size of the plate, i.e., Mx My NO(kLx kL y). The 458

number of frames Mx is given by 459

Mx = 2k̄xm

�k̄x
= 2k̄xm Lx

ν̄x
(30) 460

with the truncation limit k̄xm parameterized with (35) in 461

Appendix for the case of Gaussian windows. From (30) 462

and (35), one can infer that Mx depends roughly on μx L2
x with 463

the variance μx also varying with Lx through μx ∝ kxim/Lx 464

where kxim is the maximum imaginary part among the nonuni- 465

form samples. Hence, for Mx and My to be asympotically 466

independent of kLx and kL y , the contour deformation must 467

be chosen s.t. kxim and kyim decrease with 1/Lx and 1/L y. 468

We will show in Section IV that this condition is easily 469

achieved, for any parallel plate configurations and for tilted 470

plates that lie in the intermediate-to-far-field of each other, 471

by choosing a contour height that is low enough. This does 472

unfortunately not hold for near-field configuration since the 473

imaginary parts of the rotated coordinates koxi , koyi , ksxi , and 474

ksyi do not necessarily decrease with kxi and kyi for plane 475

waves with kρ,r > k. 476

IV. NUMERICAL RESULTS 477

In this section, we first characterize the computational cost 478

of the fast method by analyzing the type 1 USFLT (see 479

Section III-C) for the evaluation of the scalar Green’s function 480

on either a parallel or a tilted observation plate. The cost for 481

the type 2 USFLT is similar. Then, we present two numerical 482

examples using the physical optics (PO) approximation where 483

the computation of the vector fields from the PO currents is 484

accelerated using the fast method described in Section III-D. 485

The simulations are carried out with MATLAB [34] using a 486

PC with four cores, 16 GB RAM, and Processor Intel1 Core2
487

i5-3570 CPU @ 3.4 GHz. The gridding step is single-threaded 488

and implemented in C, while the FFTs are multithreaded via 489

the FFTW library [35] called by MATLAB. 490

A. Fast Evaluation of the Scalar Green’s Function 491

The scalar Green’s function G can be evaluated numerically 492

on a uniform grid (nx�x, ny�y) of N observation points at 493

coordinates ro,n using 494

Gn � 1

4π2

P∑
p=1

wp G̃ p e− jkox,pnx�x− jkoy,p ny�y (31) 495

where G̃ p = G̃(kz,p, dz) is the pth sample of the spectral 496

Green’s function and Gn = G(k, Rn) with Rn = ||ro,n|| being 497

the distance from the origin to the nth observation point. The 498

sum (31) can be simply retrieved by replacing, in (28), the 499

vector potential An and its spectrum Ãp with Gn and G̃ p, 500

respectively. The computation of (31) will be accelerated with 501

the type 1 USFLT in two different scenarios: an in-plane 502

near-field evaluation, as encountered in the scattering analysis 503

1Registered Trademark.
2Trademarked.
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Fig. 6. In-plane evaluation of the Green’s function: the amplitude |G| and
the absolute errors |G − Gn | are shown for an observation plate of size 50λ
until a distance ρmin = λ/5.

of printed circuits, and an intermediate-field evaluation on a504

tilted observation plate, resembling the scattering interactions505

between electrically large facets.506

1) In-Plane Evaluation: Let us first assume an observation507

plate lying in the z-plane at dz = 0 and with an observation508

CS (x̂o, ŷo, ẑo) corresponding to the reference CS (x̂, ŷ, ẑ).509

In this scenario, one seeks to reconstruct G on this observation510

plate up to a minimum radial distance ρmin > 0. When this511

distance ρmin is small compared to the wavelength, a contour512

f returning to the real axis kρr is typically selected [27]513

along with truncation limits extending far beyond the visi-514

ble spectrum to accurately reconstruct the singular behavior515

of G at a small distance ρ. Here, we use the parabolic516

path [12] depicted in Fig. 2 and parameterized with a contour517

height ak. The truncation limits kxm and kym are selected with518

[32, eq. (6)]. The spatial and spectral periods are set to the519

Nyquist rates �x = π/kxm , �y = π/kym , �kx = 2π/Lox ,520

and �ky = 2π/Loy . Similar to Hubert et al. [7], we then521

select the minimum contour height ak leading to a targeted522

error level ε. This helps to reduce the cost of the gridding step523

since the number M of frames decreases with ak, as explained524

in Section III-E. Moreover, the redistribution of the purely real525

spectral samples, i.e., these with kρ,r > 2k when the parabolic526

contour has returned on the real axis, is computed here527

separately using the built-in function “conv2” of MATLAB.528

We consider now an example with a minimum distance ρmin =529

λ/5 and a square plate of sizes Lox = Loy = 50λ. From530

there, the spectral periods are selected as �kx = �ky = 0.12.531

For a target error of −30 dB, i.e., ε = 0.03, the truncation532

limits must be set to kxm = kym = 10k, and thus, the spatial533

periods are given by �x = �y = λ/20. The resulting number534

of spatial samples is N = 10242. The contour height ak is535

chosen as 0.015k. For these parameters, the required number536

of frames is equal to M = 82. Green’s function G and the537

absolute error G − Gn are shown in Fig. 6 for an observation538

path along the x-axis at y = 0. The peak appearing in the539

error at low lateral distance x results from the truncation of the540

spectral integral, while the constant level of the error at higher541

distances is caused by its discretization. One can observe542

that the −30 dB criterion is satisfied for every point along543

this observation path. The computation times of the gridding544

Fig. 7. Intermediate-field evaluation of Green’s function on a tilted plate:
the amplitude |G| and the absolute error |G − Gn | are shown in (b) for an
observation plate of size 1024λ rotated by π/4 in the xz plane and separated
by a distance dz = 1.5Lxo from the origin, as sketched in (a).

step and the FFT step are, respectively, 0.09 and 0.07 s. 545

Hence, the gridding step takes about the same time as the 546

FFT. 547

2) Intermediate-Field Evaluation on a Tilted Plate: We 548

consider here the scenario shown in Fig. 7(a) in which an 549

observation plate is rotated by π/4 in the xz plane and whose 550

center is at a distance dz = 1.5 Lox from the origin. When the 551

plate is electrically large, i.e., Lox , Loy � λ, this case corre- 552

sponds to an intermediate-field evaluation since the distance 553

dz is larger than the plate dimension Lox but much smaller 554

than the far-field distance 4L2
ox/λ. A numerical experiment 555

is carried out by increasing the plate size exponentially as 556

Lox = 2n with n ∈ [6, 10]. The mesh size is fixed to 557

�x = �y = λ/4. For this intermediate-field case, we use 558

here an unclosed linear contour of slope a, as shown in Fig. 2. 559

The contour slope a is chosen to minimize the cost M P of 560

the gridding step of the USFLT. The truncation limits kxm 561

and kym and the periods �kx and �ky are selected using 562

the sampling rules for linear contours presented in [24], and 563

the target accuracy is set to ε = 10−2. One can observe in 564

Fig. 7(b) that, as expected, the reconstructed Green’s function 565

is accurate down to two digits for the largest plate of size 566

Lox = 1024λ. The maximum errors over the observation 567

plate and the computation times of the gridding step and the 568

FFT step of the USFLT are provided in Table I for every 569

plate dimension. This table shows that the time spent for the 570

gridding step is similar to that needed for the FFT. Hence, for 571
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TABLE I

MAXIMUM RELATIVE ERROR AND COMPUTATION TIMES FOR THE
GRIDDING STEP AND THE FFT STEP OF THE USFLT FOR THE

SCENARIO IN FIG. 7 WITH PLATES OF INCREASING SIZE Lox

Fig. 8. Intermediate-field evaluation of Green’s function on a tilted plate:
comparison of the Nyquist number, the number P of plane-waves, the number
N of spatial samples, and the number of grid points M when increasing the
plate size Lox in the sketch in Fig. 7(a).

this intermediate-field evaluation, the total time for the USFLT572

should be close to twice that of a classical FFT. The evolution573

of the number P of plane waves, the number M of frames, and574

the number N of spatial samples is shown in Fig. 8. From these575

curves, one can infer that P and N both increase quadratically576

with Lx , while M remains constant. As discussed earlier in577

Section III-E, this is achieved using a contour slope a, which is578

inversely proportional to Lox . We must recall that the optimal579

contour slope selected here leads to a minimum cost M P but580

not to a minimum number Popt of plane waves. This number581

Popt , as derived in [24], is also plotted in Fig. 8 for comparison582

with P .583

B. Fast Computation of the PO Radiation Integral584

In this example, we assume that a point source oriented585

along ẑ illuminates a perfect electric conductor (PEC) plate586

with a magnetic field Hi(r), as sketched in Fig. 9(a). The587

electric surface current induced on the surface of the plate is588

then approximated using the PO formula J(r) � 2n̂ × Hi(r).589

A comparison is then made between the backscattered fields590

computed on a perpendicular observation plate using either591

the fast spectral-domain method or a brute-force spatial-592

domain integration of the radiation integrals. The source and593

observation plates, both of size 20λ, are discretized using594

sampling steps �x = �y = λ/4, as typically done when595

computing multiple scattering PO interactions. This leads to596

N = 6400 points per plate. Again, we use here a linear contour597

deformation, and the target error is ε = 10−3. Fig. 9(b) shows598

Fig. 9. Fast computation of the PO integral: (b) magnitude of the backscat-
tered field and (c) relative error of the fast method are plotted for the scattering
scenario depicted in (a).

the magnitude ||E||2 of the backscattered electric field and the 599

absolute error computed numerically with ||E(r) − Eu(r)||2, 600

where Eu is the field reconstructed with the fast method. 601

As expected, one can see in Fig. 9(b) that the field evaluated 602

with the fast method is reconstructed down to less than three 603

digits of accuracy. The relative error is slightly higher on 604

the edges of the observation domain. The required number 605

P of plane waves and the number of frames M are P = 606

550 and M = 72, respectively. The computation times of the 607

spatial-domain integration and the USFLT-based method are 608

30 and 0.2 s, respectively. Hence, the fast method provides a 609

speed-up factor of two orders of magnitude. 610

C. Radio Propagation in a Canyon 611

The fast USFLT-based method finds typical applications for 612

the characterization of radio channels inside a building or 613
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Fig. 10. (a) Radio propagation in a canyon with Tx position (cross) and Rx
path (solid line). (b) Amplitude of the scattered electric fields obtained with
the spatial-domain integration (dots), with the fast method (solid line), and
with FEKO’s MoM.

in an urban environment modeled with large planar facets.614

The geometry of this scenario is illustrated in Fig. 10(a) and615

resembles a narrow urban street consisting of a collection616

of square facets each of size 40λ, i.e., roughly 6 m wide617

at 1.8 GHz. A vertically polarized transmitter (Tx), mod-618

eled again with a point source, is positioned at one end of619

the canyon and illuminates all plates in line of sight. One620

seeks to evaluate the scattered electric field along a straight621

observation path lying in the middle of the street. Iterative622

implementation of the PO is used here to include second-order623

scattering interactions, i.e., double bounces. The magnitude of624

the scattered field, expressed here in d BV/m units, computed625

with the fast spectral-domain method or a direct spatial-626

domain integration, is plotted in Fig. 10(b) alongside full-wave627

simulations obtained with the MoM solver of FEKO [33].628

In this example, the USFLT-based method is used only to629

accelerate the double-bounce PO interactions that are found to630

be the most time-consuming operations since the computation631

time of the brute force integration grows as N2. One can see632

a good agreement (two digits of accuracy) between the fields633

computed with the two methods. The computation times for634

the fast and the brute-force methods are 1 s and 15 min,635

respectively. The MoM simulations, plotted additionally in636

Fig. 10(b), indicate that the scattered field is accurately esti-637

mated as long as the receiver remains between the plates where638

the specular reflections are stronger but starts to diverge at the639

beginning and at the end of the observation path where singular640

currents on the plate edges contribute more significantly.641

V. CONCLUSION642

We have presented a fast method for the computation643

of radiated fields over an observation plate from current644

distributions given on a source plate, which can be tilted 645

w.r.t. each other. The method uses a generalization of the 646

NFFT, called the USFLT [29], to rapidly perform the direct 647

and inverse transformations between the spatial and spectral 648

domains. More precisely, the USFLT allows the rapid com- 649

putation of discrete Fourier transforms from or at irregularly 650

spaced and complex-valued spectral samples, which results 651

from the numerical evaluation of the spectral-to-spatial trans- 652

form using a contour deformation technique to circumvent the 653

free-space singularity on the real axis. This is achieved by 654

either redistributing the irregular and complex-valued samples 655

on a regular grid in the real plane or by interpolating from 656

these grids at samples in the complex plane. 657

As an alternative to the C-FFT [12], the USFLT can be 658

used to rapidly compute the Fourier transforms of the singular 659

functions appearing in the simulation of printed circuits above 660

layered media using the method of moments, e.g., to perform 661

fast matrix–vector products as part of an iterative solver [7] or 662

accelerate the computation of the reaction integrals between 663

macrobasis functions [12]. The USFLT presents, however, the 664

advantage of requiring only a single FFT per transformation 665

and, thus, offers lower computational overheads. Latter studies 666

should focus on the use of the type 3 USFLT, which is suited to 667

both irregular spatial and spectral samples [29] and enables the 668

handling of problems with arbitrary planar geometry without 669

the need for extra interpolation/aggregation steps between the 670

spatial grid and the irregular mesh representing the surface of 671

the scatterer. 672

Finally, we have shown that the fast USFLT-based method is 673

well suited to accelerate the computation of radiation integrals 674

when the observation plate is tilted w.r.t. the source plate. 675

Indeed, as long as the plates stand in each other intermediate 676

fields, typically from one plate size away, the computation 677

cost of the gridding step remains similar to or lower than that 678

of the FFTs. Hence, when dealing with problems involving 679

electrically large planar structures, the proposed approach is 680

expected to be more efficient than those based on the fast 681

multipole method [4], which requires the fast computation of 682

a translation function for the interactions between each pair 683

of subdomains [23], [31], but also than those based on the 684

adaptive integral method [3] that uses 3-D FFTs. 685

APPENDIX 686

PARAMETERIZATION FOR GAUSSIAN WINDOWS 687

Throughout this article, we consider 2-D Gaussian functions 688

of variances μx and μy defined by 689

ψ̃
(
kxr , kyr

) = 2π√
μxμy

e−k2
xr /(2μx ) e−k2

yr /(2μy) (32) 690

with spatial counterpart given by ψ(x, y) = e−2μx x2−2μy y2
. 691

As described in III-C, the window functions ψ̃ in both types 692

of USFLT are evaluated at complex arguments. Hence, the 693

Gaussian functions ψ̃ can be expanded into 694

ψ̃
(
kx, ky

) = 2π√
μxμy

e− jkxr kxi /μx e− jkyr kyi /μy
695

× e−(k2
xr −k2

xi )/(2μx ) e
−

(
k2

yr −k2
yi

)
/(2μy). (33) 696
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The factorization of the exponentials in (33) indicates that,697

contrary to (32) for purely real arguments, the function ψ̃698

oscillates and decreases more slowly when evaluated in the699

complex plane. Let us now briefly analyze the errors appearing700

in the numerical evaluation of the spectral integrals (15)701

and (19) with complex samples (kx,p, ky,p) for this particular702

choice of window functions ψ̃ . Given a set of oversam-703

pling factors ν̄x and ν̄y fixing the sampling rates through704

�k̄x = 2π/(ν̄x Lx) and �k̄y = 2π/(ν̄y L y), the discretiza-705

tion errors can be controlled by parameterizing the variances706

with [29]707

μx = − ln ε

ν̄x(ν̄x − 1)L2
x

+ kxim

2Lx(ν̄x − 1)
(34)708

where one notes an extra term proportional to the maximum709

imaginary part kxim taken by the complex spectral samples710

kx,p . Hence, one must select a variance slightly larger for711

complex samples than for real ones. Then, the discrete con-712

volutions (24) and (25) can be truncated to terms of indices713

p or q satisfying |k̄xr,p − qx�k̄x | ≤ k̄xm with the truncation714

limit k̄xm given by [29]715

k̄xm = 2
(
μ2

x L2
x − 2μx ln ε

)1/2
. (35)716

This also implies that the Fourier integrals (15) and (19) must717

be truncated at kxm + k̄xm with kxm = max |kxr,p | being the718

maximum value among the spectral samples kxr,p .719
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